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Foreword 

The book aims to include several substantial research topics in mathematical fluid 
mechanics that have enormous applications in engineering and applied sciences. 
This book should be a valuable resource for graduate students, academic research-
ers, and educators associated with areas of research or teaching, such as computa-
tional mathematics, mathematical modeling, fluid mechanics, nanofluid mechan-
ics, and various branches of applied science. The book should also be of interest to 
general readers interested in gaining knowledge of recent trends in the applied 
mathematical sciences. The book consists of ten chapters, as follows. 

Chapter 1 aims to use the single-term Galerkin approximation to study primary and 
secondary instabilities in the Rayleigh-Benard-Taylor convection in the case of rigid 
isothermal boundaries using Newtonian viscous fluid. The mathematical formula-
tion of the model is presented using the conservation laws of mass, momentum and 
energy. The critical Rayleigh number and the number of critical waves are estimated 
for the primary instability. The Taylor critical number and the critical angle between 
the intersecting rolls are obtained for the secondary Kuppers-Lortz instability. A 
comparative analysis is also presented between the results of rigid isothermal limits 
with those of free isothermal limits. 

Chapter 2 proposes a novel Rosseland quadratic approximation to study the radia-
tive heat transport when the quadratic variation of the density temperature (QDT) is 
significant. For the first time, it proposes a quadratic Rosseland approximation. 
Mathematical modeling is performed with the help of the conservation laws of mass, 
momentum and energy. It uses the shooting method to examine the heat transfer 
characteristics of a hybrid nanoliquid over a vertical plate using a single-phase 
nanoliquid model. Hybrid nanoliquids are essential for reducing manufacturing and 
operating costs of microelectronics, nano electronics, pharmaceuticals, hybrid en-
gines and fuel cells. It uses the response surface methodology to statistically ana-
lyze and optimize the heat transfer rate of hybrid nanoliquid. In addition, sensitivity 
analysis based on the multivariate quadratic regression model is also performed. 

Chapter 3 deals with the magnetohydrodynamic (MHD) free convection of a hybrid 
nanofluid in the porous cavity using the control volume finite element method. 
MHD flow and heat transfer have various industrial and manufacturing applica-
tions, such as cooling underground power cables, nuclear reactors, geothermal 
energy extraction, plastic foil, and man-made fibers. Hybrid nanoparticles volume 
fraction, Hartmann number, Rayleigh number, Darcy number and porosity are the 
parameters used to control and visualize fluid flow through isotherms, flow lines, 
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and Nusselt mean number. It ends with extensive applications of hybrid nanoliq-
uids. 

Chapter 4 simulates the magnetohydrodynamic flow of a thixotropic nanoliquid that 
has mobile microorganisms with the aid of the Buongiorno model which leads to 
consider Brownian motion and thermophoretic diffusion. This chapter also deals 
with various external physical effects such as thermal radiation, heat generation 
and Joule dissipation. Similarity theory and the MATLAB solver were used to solve 
the nonlinear differential equations that model the problem. Numerical and graph-
ical results are presented using various estimates of physical parameters. 

Chapter 5 provides the numerical solution for the flow of magnetized bioconvected 
nanofluids induced by the movement of the slippery moving sheet with Stefan's 
blowing. The dominant expressions of the physical phenomenon are converted into 
dimensionless forms using the methodology of the Lie group. The Runge-Kutta-
Fehlberg fourth and fifth order numerical scheme is used to present solutions of 
dimensionless expressions. The results of skin friction, heat transfer rate, tempera-
ture and velocity are discussed in detail. 

Chapter 6 aims to solve the boundary layer problem describimg the fully developed 
Darcy-Forchheimer-Brinkman (DFB) flow through the freely compressed porous 
medium using the computer-aided successive linearization (SLM) method. The pro-
posed method in this chapter, in general, has a quadratic convergence rate and is 
not sensitive to the initial solution unlike other numerical methods such as the 
shooting method. It concludes that the governing parameters have the least effect 
on the method, which means that the method converges even for large parameter 
values. This chapter also presents the applications of the Darcy-Forchheimer-
Brinkman (DFB) model in frontier areas such as petroleum engineering, hydrogeol-
ogy, reactor engineering, biology, medicine, etc. 

The objective of Chapter 7 is to perform the linear and non-linear stability analysis 
of the Rayleigh-Benard convection for the couple-stress fluid with a thermo-
rheological effect in the presence of an applied magnetic field. This chapter discuss-
es the three important aspects of the convection control mechanism, namely, sus-
pended particles, applied magnetic field, and variable viscosity. The Runge-Kutta 
method is used to solve the generalized Lorenz model. 

Chapter 8 proposes to present the analytical solution of two-component convection 
in a micropolar fluid subjected to an imposed boundary concentration modulation. 
Two-component convection equations and associated mathematics are presented. 
The perturbation method is used to estimate the expression of the Rayleigh number 
and the correction Rayleigh number as a function of the parameters, frequency and 
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amplitude of the micropolar fluid. The effect of various parameters on heat and 
mass transport is studied by deriving the Ginzburg Landau equation from the sixth 
order Lorenz equations. 

Chapter 9 proposes a comprehensive three-dimensional numerical model account-
ing for reaction kinetics and, heat and mass transfer for hydrogen charging and 
discharging in a LaNi5 based MH reactor. The model is compared with the experi-
mental data, and the simulation results agree closely with the experimental data. In 
this chapter a detailed parametric study is carried out to optimize the operating 
conditions of the reactor and the geometry of the Helical Coil Heat Exchanger 
(HCHX) to improve the hydrogen charging and discharging rates. The effect of es-
sential parameters such as supply/exit pressures, Heat Transfer Fluid (HTF) temper-
ature, and helical coil pitch/turns on the thermal performance and sorption rate of 
the MH bed are analyzed systematically. It shows that increasing the inlet hydrogen 
pressure and reducing the HTF temperature significantly improves the charging 
rate.  

Chapter 10 adopts the Response Surface Methodology to optimize the heat transfer 
rate of non-Newtonian Jeffrey nanoliquid flow driven by a flexible surface exposed 
to quadratic thermal radiation and Boussinesq's quadratic approximation. The 
Brownian motion and thermophoretic characteristics are also discussed here. The 
dimensionless distributions of velocity, temperature, nanoparticle concentration 
and heat transfer rate are simulated by solving the system of nonlinear differential 
equations using the finite difference-based routine. The importance of the different 
physical parameters of the problem was explored. In addition, a sensitivity analysis 
is also performed using the quadratic polynomial for the Nusselt number obtained 
from the central composite design. 

The editor thanks the contributors for their timely contribution and cooperation 
during the revision and elaboration of the chapters. The reviewers deserve sincere 
thanks for their volunteer service in providing timely reports. The De Gruyter edito-
rial team associated with this book project also deserves sincere thanks for their 
cooperation and support. The editor also wishes to thank his colleagues Dr. Fr. Jo-
seph Varghese, and Dr. Siddhartha Bhattacharyya, for their support in publishing 
this book. 

B. Mahanthesh 
Bangalore, India 
1st March 2021 
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P. G. Siddheshwar, B. N. Shivakumar 
Analytical study of Küppers-Lortz instability in 
a Newtonian-Boussinesq liquid with rigid-
isothermal boundaries 
Küppers-Lortz instability 

Abstract: The paper deals with primary and secondary instabilities in Rayleigh-
Bénard-Taylor convection in the case of rigid-isothermal boundaries. The single-
term Galerkin approximation is used in obtaining estimates of the critical Rayleigh 
number and critical wave number for primary instability and critical Taylor number 
and critical angle between the intersecting rolls in the case of the Küppers-Lortz 
secondary instability. Comparison is made between the results of rigid isothermal 
boundaries with those of free isothermal boundaries. 

Keywords: Lorenz model; Küppers-Lortz; Rigid boundaries; Isothermal; Rayleigh-
Bénard; Newtonian liquid; Convection. 

1 Introduction 

The onset of convection is known to be delayed in the case of Rayleigh-Bénard-
Taylor convection (RBTC) due to the Coriolis force and the same has been extensive-
ly examined by Chandrasekhar (5) for the case of both bounding surfaces that are (i) 
free, (ii) rigid and (iii) one bounding surface free and other rigid. Bhattacharjee (2) 
determined the Rayleigh number, critical wavenumber and frequency in rotating 
binary mixtures with both idealized and realistic boundary conditions. Siddheshwar 
and Sakshath (14) studied linear and non-linear stability analysis of RBTC. They 
have considered rigid boundaries in their study. More details on RBTC can be found 
in the book of Chandrasekhar (6). 

An interesting secondary instability was discovered by Küppers and Lortz (10), 
who showed that in a rotating Rayleigh-Bénard system with stress-free, isothermal 
boundaries, if the rotation speed exceeds a critical value, the two-dimensional roll 

|| 
P. G. Siddheshwar, Department of Mathematics, Bangalore University, Bengaluru-560 056, India, 
mathdrpgs@gmail.com 
B. N. Shivakumar, Department of Mathematics, Bangalore University, Jnana Bharathi Campus  
Bengaluru-560 056, India 
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solutions are no longer stable against perturbations by rolls with a different axis. 
Bhattacharjee and McKane (1) predicted that the Küppers-Lortz (KL) instability oc-
curs at a critical Taylor number of 𝑇𝑎௖ ൌ Ͱͨ𝜋ͬ and critical angle of 𝑡𝑎𝑛𝜓௖ ൌ ͬ/√ͭ . 
Zhong et al. (17) studied the KL-instability at a lower critical Taylor number. Boden-
schatz et al. (3) discussed the KL-instability for the rotational problem, rotated about 
a vertical axis. They observed that the dominant mechanism of the instability in-
volves the motion of boundaries between coherent regions of convection rolls of a 
given orientation. Ning and Ecke (11) showed that transition of KL-instability for 
rotating Rayleigh-Bénard convection occurs over a range of dimensionless rotation 
rates. Toral et al. (16) discussed the stabilization of the KL-instability in the Busse-
Heikes dynamic model in terms of relaxational and non-relaxational dynamics. 
Rubio et al. (13) have studied the finite rotating thermal convection to get the onset 
of KL-like dynamics for the case of idealized boundary conditions. Rameshwar et al. 
(12) investigated onset of KL-instability by assuming stress free boundary conditions 
and found that 𝑇𝑎௖ ൌ ͪͪͰͬ and 𝜓௖ ൌ ͭͰ.ͭͱ. Siddheshwar et al. (15) have investigat-
ed the effect of local thermal non-equilibrium on the onset of KL-instability in the 
rotating Brinkman-Bénard convection. They found that the critical Taylor number 
and angle between the rolls for the local thermal non-equilibrium case to be more 
compared to that of the local thermal equilibrium one. 

Clune and Knobloch (7) have considered experimental boundary conditions for 
which they have determined the 𝑇𝑎௖ and 𝜓௖ of KL-instability to be 3003.04 and 59.7 
respectively. Desaive et al. (8) made weakly non-linear analysis with rigid bounda-
ries to derive the amplitude equation and used them to study the onset of the KL-
instability. They found that KL-instability occurs at 𝑇𝑎௖ ൌ ͫͨͨͫ.ͨͬ and 𝜓௖ ൌ ͭͱ.ͯ. 
Kanchana et al. (9) investigated the effect of nanoparticles on the onset of KL-
instability for the case of rigid isothermal boundaries. In the present paper we use a 
numerical method based on the Galerkin approximation and obtain an approximate 
value for both 𝑇𝑎௖ and 𝜓௖ in the case of rigid-isothermal boundaries. 

2 Mathematical Formulation 

Consider a Newtonian-Boussinesq liquid between infinite horizontal parallel plates 
distance ℎ apart. The system is rotated about the 𝑧 െaxis with a constant angular 
velocity Ωሬሬ⃗ . The upper and lower boundaries are maintained at constant 
temperatures 𝑇଴ and 𝑇଴ ൅ Δ𝑇 respectively. The schematic of the same is shown in the 
Figure 1. 

The governing equations describing the rotating Rayleigh-Bénard instability 
situation in a Newtonian-Boussinesq liquid are: 
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Continuity Equation 

 ∇. �⃗� ൌ 0  (1) 

Momentum Equation 

 𝜌଴
డ௤ሬ⃗

డ௧
ൌ െ∇𝑝 ൅ 𝜇∇ଶ�⃗� ൅ 𝜌�⃗� െ 2𝜌଴൫Ωሬሬ⃗ ൈ �⃗�൯,  (2) 

Energy Equation 

 డ்

డ௧
൅ ሺ�⃗�. ∇ሻ𝑇 ൌ 𝜒∇ଶ𝑇,  (3) 

Equation of State 

 𝜌 ൌ 𝜌଴ሾ1 െ 𝛼ሺ𝑇 െ 𝑇଴ሻሿ.  (4) 

 

Fig. 1: Physical configuration of the Rayleigh-Bénard-Taylor convection problem. 

Taking the velocity, temperature, density and pressure in the quiescent basic state 
as follows: 

 

�⃗� ൌ �⃗�௕ ൌ ሺ𝑢௕, 𝑣௕, 𝑤௕ሻ ൌ ሺ0,0,0ሻ,
𝑇ሺ𝑧ሻ ൌ 𝑇௕ሺ𝑧ሻ,
𝜌ሺ𝑧ሻ ൌ 𝜌௕ሺ𝑧ሻ,
𝑝ሺ𝑧ሻ ൌ 𝑝௕ሺ𝑧ሻ, ⎭

⎬

⎫
, (5) 
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we obtain the quiescent state solution in the form 

 
𝑇௕ሺ𝑧ሻ ൌ 𝑇଴ ൅ Δ𝑇 െ

୼்

௛
𝑧,

𝜌௕ሺ𝑧ሻ ൌ 𝜌଴ሾ1 െ 𝛼ሺ𝑇௕ െ 𝑇଴ሻሿ,
𝑝௕ሺ𝑧ሻ ൌ െ𝑔 ׬  𝜌௕ሺ𝑧ሻ𝑑𝑧 ൅ 𝑐ଵ,

ൢ,  (6) 

where 𝑐ଵ is the constant of integration. On the quiescent basic state, we superim-
pose perturbation in the form: 

 

�⃗� ൌ �⃗�ᇱሺ𝑥, 𝑧, 𝑡ሻ,
𝑇 ൌ 𝑇௕ሺ𝑧ሻ ൅ 𝑇ᇱሺ𝑥, 𝑧, 𝑡ሻ,
𝜌 ൌ 𝜌௕ሺ𝑧ሻ ൅ 𝜌ᇱሺ𝑥, 𝑧, 𝑡ሻ,
𝑝 ൌ 𝑝௕ሺ𝑧ሻ ൅ 𝑝ᇱሺ𝑥, 𝑧, 𝑡ሻ,⎭

⎬

⎫
,  (7) 

where the primes indicate a perturbed quantity. 
Using Eq. (7) in Eqs. (1)-(4), nondimensionalizing the resulting equation using 

the following definition: 

 𝜏 ൌ
ఞ ௧

௛ͪ , ሺ𝑋, 𝑍ሻ ൌ ቀ
௫

௛
,

௭

௛
ቁ , �⃗�∗ ൌ

௛ ௤ᇲሬሬሬሬ⃗

ఞ
, 𝑝∗ ൌ

௛ͪ ௣ᇲ

ఞ ఓ
 , 𝑊 ൌ

௪ ௛

ఞ
 , Θ∗ ൌ

்ᇲ

△்
 ,   (8) 

the dimensionless form of the governing equations are given by (after omitting as-
terisks): 

 ∇. �⃗� ൌ ͨ,  (9) 

 ͩ

௉௥
 

డ௤ሬ⃗

డఛ
ൌ െ∇𝑝 ൅ ∇ͪ�⃗� ൅ 𝑅𝑎 Θ �̂�௓ െ √𝑇𝑎 ሺ�̂�௓ ൈ �⃗�ሻ,  (10) 

 డ஀

డఛ
ൌ 𝑊 ൅ ∇ͪΘ െ ሺ�⃗�. ∇ሻΘ,  (11) 

where, 

 𝑃𝑟 ൌ
ఓ

ఘబ ఞ
 is the Prandtl Number,  

 𝑅𝑎 ൌ
ఈ ఘబ ௚ ୼் ௛య

ఓ ఞ
 is the Rayleigh Number and   

 𝑇𝑎 ൌ
ସ ஐమ ௛ర

ఔమ  is the Taylor number.  

Operating curl twice on Eq. (10), we get 

 ଵ

௉௥

డ

డఛ
ሺ∇ଶ𝑊ሻ ൌ ∇ସ𝑊 ൅ 𝑅𝑎∇ଶ

ଶΘ ൅ √𝑇𝑎𝐷𝜔௓. (12) 
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Now operating curl once on Eq. (10) and taking the Z-component of the resulting 
equation, we get 

 ଵ

௉௥

డఠೋ

డఛ
ൌ ∇ଶ𝜔௓ ൅ √𝑇𝑎𝐷𝑊. (13) 

The boundary conditions for solving Eqs. (11)-(13) are: 

 

𝑊 ൌ 𝐷𝑊 ൌ Θ ൌ 𝜔௓ ൌ 0 𝑎𝑡 𝑍 ൌ െ
ଵ

ଶ

𝑊 ൌ 𝐷𝑊 ൌ Θ ൌ 𝜔௓ ൌ 0 𝑎𝑡 𝑍 ൌ
ଵ

ଶ
⎭
⎪
⎬

⎪
⎫

. (14) 

The linear stability analysis of the system (11)-(13), subjected to the condition (14), 
gives the Rayleigh number of stationary convection in the form: 

 𝑅଴ ൌ
గఋమቀ൫௞మொరାொఱ൯൫ொమ൫௞రାஜଵర൯ାଶ௞మொయ൯ିொయொల୘ୟቁ

ଶ௞మொభ
మሺ௞మொరାொఱሻ

.  (15) 

Minimising 𝑅଴ with respect to 𝑘, we get 𝑅଴௖ ൌ 1728.38 and 𝑘௖ ൌ 3.097 for 𝑇𝑎 ൌ 0. 
The various quantities appearing in the expression of the above Rayleigh number 
are recorded in the appendix. 

Now we study the marginal stationary convection in the next section. 

3 Lorenz model for primary instability-marginal 
stationary convection 

Expansions for the different fields are given by 

𝑈ሺ𝑋, 𝑍, 𝜏ሻ ൌ െ √ଶఋమ

௞గ
𝐴ሺ𝜏ሻ sinሺ𝑘௖𝑋ሻ 𝐶௙ᇱሺ𝑍ሻ,

𝑊ሺ𝑋, 𝑍, 𝜏ሻ ൌ √ଶఋమ

గ
𝐴ሺ𝜏ሻ cosሺ𝑘௖𝑋ሻ 𝐶௙ሺ𝑍ሻ,

𝜔௓ሺ𝑋, 𝑍, 𝜏ሻ ൌ √ଶఋయ

గ
𝐺ሺ𝜏ሻ cosሺ𝑘௖𝑋ሻ 𝐶௙ᇱሺ𝑍ሻ,

Θሺ𝑋, 𝑍, 𝜏ሻ ൌ √ଶఋల

௞మగୖୟ
𝐵ሺ𝜏ሻ cosሺ𝑘௖𝑋ሻ sin ቂ𝜋 ቀ𝑍 ൅

ଵ

ଶ
ቁቃ െ

ఋల

గ௞మୖୟ
𝐶ሺ𝜏ሻ 𝐹ሺ𝑍ሻ,⎭

⎪⎪
⎬

⎪⎪
⎫

,                    (16) 

where, 

 𝐶௙ሺ𝑍ሻ ൌ
ୡ୭ୱ୦ሺఓభ௓ሻ

ୡ୭ୱ୦ቀഋభ
మ

ቁ
െ

ୡ୭ୱሺఓభ௓ሻ

ୡ୭ୱቀഋభ
మ

ቁ
,   (17) 
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𝐹ሺ𝑍ሻ ൌ
ସగఓభୱୣୡ୦ቀഋభ

మ
ቁ

൫ఓభ
మାగమ൯

మ cosሺ𝜋𝑍ሻsinhሺ𝜇ଵ𝑍ሻ

൅
ଶ൫గమିఓభ

మ൯ୱୣୡ୦ቀഋభ
మ

ቁ

൫ఓభ
మାగమ൯

మ sinሺ𝜋𝑍ሻcoshሺ𝜇ଵ𝑍ሻ

െsec ቀ
ఓభ

ଶ
ቁ ቀ

ୱ୧୬ሺሺగିఓభሻ௓ሻ

ሺగିఓభሻమ ൅
ୱ୧୬ሺሺఓభାగሻ௓ሻ

ሺఓభାగሻమ ቁ ൅ 1.37137 𝑍⎭
⎪
⎬

⎪
⎫

  (18) 

and 𝜇ଵ ൌ 4.73004074 (4). 

Substituting Eq. (16) into Eqs. (11)-(13) and using the orthogonalization proce-
dure of the Galerkin technique, the following Lorenz model is obtained: 

 ௗ஺

ௗఛ
ൌ Prሺെ𝑞ଵଵሺ𝑘௖, 𝜇ଵሻ 𝐴 ൅ 𝑞ଵଷሺ𝑘௖, 𝜇ଵሻ 𝐵 ൅ 𝑞ଵଶሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐺ሻ,  (19) 

 ௗீ

ௗఛ
ൌ െPrሺ𝑞ଶଵሺ𝑘௖, 𝜇ଵሻ 𝐺 ൅ 𝑞ଶଶሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐴ሻ,  (20) 

 ௗ஻

ௗఛ
ൌ െ𝑞ଷଵସሺ𝑘௖, 𝜇ଵሻ 𝐴𝐶 ൅ 𝑞ଷଵሺ𝑘௖, 𝜇ଵሻ 𝑟𝐴 െ 𝐵,  (21) 

 ௗ஼

ௗఛ
ൌ 𝑞ସଵଷሺ𝑘௖, 𝜇ଵሻ 𝐴𝐵 െ 𝑏 𝐶, (22) 

where, 𝑏 ൌ
ସగమ

ఋమ , 𝛿 ൌ ඥ𝜋ଶ ൅ 𝑘௖
ଶ, 𝑡ଵ ൌ

గ√்௔

ఋయ  and the other quantities are recorded in the 
appendix. 

The above Lorenz model does not take care of interaction of rolls. In the next 
section we consider such an interaction. 

4 Lorenz model for secondary instability – Küppers-
Lortz 

In this section we extend the above Lorenz model to account for the KL-instability 
which is three-dimensional. We now introduce Y-dependence in the fields and so we 
take 

 
𝑈ሾ𝑋, 𝑌, 𝑍, 𝜏ሿ ൌ െ √ଶఋమ

௞గ
𝐴ሺ𝜏ሻ sinሺ𝑘௖𝑋ሻ 𝐶௙ᇲሺ𝑍ሻ

െ √ଶఋమ

௞మగ
ሾ𝑘ଵ𝐴ଵሺ𝜏ሻ ൅ 𝑘ଶ 𝛿 𝐺ଵሺ𝜏ሻሿ sinሺ𝑘ଵ𝑋 ൅ 𝑘ଶ𝑌ሻ 𝐶௙ᇱሺ𝑍ሻ

ቑ, (23) 

 
𝑉ሺ𝑋, 𝑌, 𝑍, 𝜏ሻ ൌ √ଶఋయ

௞గ
𝐺ሺ𝜏ሻ sinሺ𝑘௖𝑋ሻ 𝐶௙ᇱሺ𝑍ሻ

െ √ଶఋమ

௞మగ
ሾ𝑘ଶ𝐴ଵሺ𝜏ሻ ൅ 𝑘ଵ 𝛿 𝐺ଵሺ𝜏ሻሿ sinሺ𝑘ଵ𝑋 ൅ 𝑘ଶ𝑌ሻ 𝐶௙ᇱሺ𝑍ሻ

ቑ, (24) 
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 𝑊ሾ𝑋, 𝑌, 𝑍, 𝜏ሿ ൌ √ଶఋమ

గ
ൣ𝐴ሺ𝜏ሻ 𝐶௙ሺ𝑍ሻ cosሺ𝑘௖𝑋ሻ ൅ 𝐴ଵሺ𝜏ሻ 𝐶௙ሺ𝑍ሻ cosሺ𝑘ଵ𝑋 ൅ 𝑘ଶ𝑌ሻ൧,  (25) 

𝜔௓ሺ𝑋, 𝑌, 𝑍, 𝜏ሻ ൌ √ଶఋయ

గ
ൣ𝐺ሺ𝜏ሻ 𝐶௙ᇱሺ𝑍ሻ cosሺ𝑘௖𝑋ሻ ൅ 𝐺ଵሺ𝜏ሻ 𝐶௙ᇱሺ𝑍ሻ cosሺ𝑘ଵ𝑋 ൅ 𝑘ଶ𝑌ሻ൧,  (26) 

 

Θሺ𝑋, 𝑌, 𝑍, 𝜏ሻ ൌ √ଶఋల

గ௞మୖୟ
 𝐵ሺ𝜏ሻ cosሺ𝑘௖𝑋ሻ sin ቂ𝜋 ቀ𝑍 ൅

ଵ

ଶ
ቁቃ

൅
ఋల

గ௞మୖୟ
 𝐶ሺ𝜏ሻ 𝐹ሾ𝑍ሿ

൅ √ଶఋల

గ௞మୖୟ
 𝐵ଵሺ𝜏ሻ cosሺ𝑘ଵ𝑋 ൅ 𝑘ଶ𝑌ሻ sin ቂ𝜋 ቀ𝑍 ൅

ଵ

ଶ
ቁቃ

൅
ఋల

గ௞మୖୟ
 𝐶ଵሺ𝜏ሻ cosሺ𝑋ሺ𝑘௖ ൅ 𝑘ଵሻ ൅ 𝑘ଶ𝑌ሻ 𝐹ሺ𝑍ሻ

൅
ఋల

గ௞మୖୟ
 𝐶ଶሺ𝜏ሻ cosሺ𝑋ሺെ𝑘௖ ൅ 𝑘ଵሻ ൅ 𝑘ଶ𝑌ሻ 𝐹ሺ𝑍ሻ ⎭

⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

. (27) 

The ninth-order Lorenz model is now obtained using Eqs. (11), (12), (13), (23)-(27) as 
follows: 

 ௗ஺

ௗఛ
ൌ Prሺെ𝑞ଵଵሺ𝑘௖, 𝜇ଵሻ 𝐴 ൅ 𝑞ଵଷሺ𝑘௖, 𝜇ଵሻ 𝐵 ൅ 𝑞ଵଶሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐺ሻ, (28) 

 ௗீ

ௗఛ
ൌ െPrሺ𝑞ଶଵሺ𝑘௖, 𝜇ଵሻ 𝐺 ൅ 𝑞ଶଶሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐴ሻ,  (29) 

 

ௗ஻

ௗఛ
ൌ െ𝑞ଷଵସሺ𝑘௖, 𝜇ଵሻ 𝐴𝐶 ൅ 𝑞ଷଵሺ𝑘௖, 𝜇ଵሻ 𝑟𝐴 െ 𝐵

െ𝑞ଷହ଼ሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐴ଵ𝐶ଵ
ଵିୡ୭ୱሺటሻ

ସ
െ 𝑞ଷହଽሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐴ଵ𝐶ଶ

ଵାୡ୭ୱሺటሻ

ସ

െ𝑞ଷ଺଼ሺ𝑘௖, 𝜇ଵሻ 𝐺ଵ𝐶ଵ𝑐
ୱ୧୬ሺటሻ

ସ
൅ 𝑞ଷ଺଼ሺ𝑘௖, 𝜇ଵሻ 𝐺ଵ𝐶ଶ𝑐

ୱ୧୬ሺటሻ

ସ ⎭
⎪
⎬

⎪
⎫

,  (30) 

 ௗ஼

ௗఛ
ൌ 𝑞ସଵଷሺ𝑘௖, 𝜇ଵሻ 𝐴𝐵 ൅ 𝑞ସଵଷሺ𝑘௖, 𝜇ଵሻ 𝐴ଵ𝐵ଵ െ 𝑏𝐶,  (31) 

 ௗ஺భ

ௗఛ
ൌ Prሺെ𝑞ହହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐴ଵ ൅ 𝑞ଵଶሺ𝑘௖, 𝜇ଵሻ 𝐵ଵ ൅ 𝑞ଵଷሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐺ଵሻ,  (32) 

 ௗீభ

ௗఛ
ൌ െPrሺ𝑞଺଺ሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐺ଵ ൅ 𝑞଺ହሺ𝑘௖, 𝜇ଵሻ 𝑡ଵ 𝐴ଵሻ,  (33) 

ௗ஻భ

ௗఛ
ൌ െ𝑞଻ହସሺ𝑘௖, 𝜇ଵሻ 𝐴ଵ𝐶 ൅ 𝑞଻ହሺ𝑘௖, 𝜇ଵሻ 𝑟𝐴ଵ െ 𝐵ଵ

െ𝑞଻ଵ଼ሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐴𝐶ଵ
ଵିୡ୭ୱሺటሻ

ସ
െ 𝑞଻ଵଽሺ𝑘௖, 𝜇ଵ, 𝜓ሻ 𝐴𝐶ଶ

ଵାୡ୭ୱሺటሻ

ସ

൅𝑞଻ଶ଼ሺ𝑘௖, 𝜇ଵሻ 𝑐
ୱ୧୬ሺటሻ

ସ
 𝐺𝐶ଵ െ 𝑞଻ଶ଼ሺ𝑘௖, 𝜇ଵሻ 𝑐

ୱ୧୬ሺటሻ

ସ
 𝐺𝐶ଶ ⎭

⎪
⎬

⎪
⎫

,  (34) 

ௗ஼భ

ௗఛ
ൌ 𝑞଼ଷହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ሺଵିୡ୭ୱటሻ

ଶ
ሺ𝐵𝐴ଵ ൅ 𝐴𝐵ଵሻ െ 𝑏ା𝐶ଵ ൅ 𝑞଼଺ଷሺ𝜇ଵሻ 𝑐

ୱ୧୬ట

ଶ
ሺ𝐺ଵ𝐵 െ 𝐺𝐵ଵሻ, (35) 

ௗ஼మ

ௗఛ
ൌ 𝑞ଽଷହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ሺଵାୡ୭ୱటሻ

ଶ
ሺ𝐵𝐴ଵ ൅ 𝐴𝐵ଵሻ െ 𝑏ି𝐶ଶ ൅ 𝑞଼଺ଷሺ𝜇ଵሻ 𝑐

ୱ୧୬ట

ଶ
ሺ𝐺𝐵ଵ െ 𝐺ଵ𝐵ሻ,  (36) 

where 𝑘ଵ ൌ 𝑘௖ 𝑐𝑜𝑠ሺ𝜓ሻ, 𝑘ଶ ൌ 𝑘௖ 𝑠𝑖𝑛ሺ𝜓ሻ, 𝑘௖
ଶ ൌ 𝑘ଵ

ଶ ൅ 𝑘ଶ
ଶ, 𝑐 ൌ

ఋ

గ
 and 
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𝑏േ ൌ
4𝜋ଶ ൅ 2𝑘௖

ଶሺ1 േ cosሺ𝜓ሻሻ
𝜋ଶ ൅ 𝑘௖

ଶ . 

The other quantities appearing in the Lorenz model are recorded in the appendix. 
Assuming the solution of the form 𝑒௣௧ for the linearized nine-mode Lorenz model 
Eqs. (28)-(36), we get an equation of 5th degree in p. In obtaining this we have line-
arized the Lorenz model around the trivial solution (0,0,0,0,0,0,0,0,0) and disre-
garded those equations that are independent of other variables. The fifth-degree 
polynomial so obtained is 

 𝑝ହ ൅ 𝑙ସ 𝑝ସ ൅ 𝑙ଷ 𝑝ଷ ൅ 𝑙ଶ 𝑝ଶ ൅ 𝑙ଵ 𝑝 ൅ 𝑙଴ ൌ 0, (37) 

where the 𝑙௜′ 𝑠 are complicated functions of the parameters of the problem and are 
not recorded here due to paucity of space. From Eq. (37) we have the condition 
𝑙଴ ൌ 0, which gives us the least value of 𝑝 to be zero. This condition yields an ex-
pression for the angle of inclination in terms of the scaled Taylor number, 𝑇𝑎, the 
wave number, 𝑘, and the Prandtl number, 𝑃𝑟. 

The critical angle and the critical Taylor number at which the KL-instability oc-
curs are 𝜓௖ ൌ ͭͰ.ͯͬ and 𝑇𝑎௖ ൌ ͪͭͰͫ.ͱͱ respectively. 

5 Conclusion 

Comparing the results of our study using rigid isothermal boundaries with the cor-
rected values (Kanchana et al. (9)) of those of stress-free isothermal boundaries by 
Bhattacharjee and McKane (1), we find that 

𝑇𝑎௖
ோோ  ൐  𝑇𝑎௖

ிி and 𝜓௖
ோோ  ൐  𝜓௖

ிி. 

We also mention here that the values given above are estimates but neverthe-
less serve the purpose of qualitative comparison between the results of the two 
boundaries. 
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Appendix 

𝑄ଵ to 𝑄଺ are functions of 𝜇ଵ and are given by 

𝑄ଵ ൌ
ସగమఓభ

మ

గరିఓభ
ర, 𝑄ଶ ൌ

గ൬൫ఓభିୱ୧୬ሺఓభሻ൯ୱୣୡమቀഋభ
మ

ቁା൫ఓభିୱ୧୬୦ሺఓభሻ൯ୱୣୡ୦మቀഋభ
మ

ቁ൰

ଶఓభ
, 

𝑄ଷ ൌ
1
2

𝜋𝜇ଵ ቌ൫𝜇ଵ ൅ sinሺ𝜇ଵሻ൯secଶ ቀ
𝜇ଵ

2
ቁ െ

2൫𝜇ଵ ൅ sinhሺ𝜇ଵሻ൯
coshሺ𝜇ଵሻ ൅ 1

ቍ, 

𝑄ସ ൌ
1
2

𝜋𝜇ଵ ቌ൫𝜇ଵ ൅ sinhሺ𝜇ଵሻ൯sechଶ ቀ
𝜇ଵ

2
ቁ െ

2൫𝜇ଵ ൅ sinሺ𝜇ଵሻ൯
cosሺ𝜇ଵሻ ൅ 1

ቍ, 

𝑄ହ ൌ
1
2

𝜋𝜇ଵ
ଷ ቆሺsinሺ𝜇ଵሻ െ 𝜇ଵሻsecଶ ቀ

𝜇ଵ

2
ቁ ൅ ሺsinhሺ𝜇ଵሻ െ 𝜇ଵሻsechଶ ቀ

𝜇ଵ

2
ቁቇ, 

𝑄଺ ൌ
1
2

𝜋𝜇ଵ ቆെ2tanh ቀ
𝜇ଵ

2
ቁ ൅ ሺെ𝜇ଵሻsechଶ ቀ

𝜇ଵ

2
ቁ ൅ ൫𝜇ଵ ൅ sinሺ𝜇ଵሻ൯secଶ ቀ

𝜇ଵ

2
ቁቇ. 

The coefficients of the Lorenz model are given by 

𝑞ଵଵሺ𝑘௖, 𝜇ଵሻ ൌ
𝑝ସ𝑘௖

ଶ ൅ 𝑝ହ𝑘௖
ସ ൅ 𝑝ଷ

ሺ𝑘௖
ଶ ൅ 𝜋ଶሻሺ𝑝ହ𝑘௖

ଶ ൅ 𝑝଺ሻ
, 𝑞ଵଶሺ𝑘௖, 𝜇ଵሻ ൌ

𝑝ଶሺ𝑘௖
ଶ ൅ 𝜋ଶሻ

𝜋ሺ𝑝ହ𝑘௖
ଶ ൅ 𝑝଺ሻ

, 

𝑞ଵଷሺ𝑘௖, 𝜇ଵሻ ൌ െ
𝑝ଵሺ𝑘௖

ଶ ൅ 𝜋ଶሻ

𝑝ହ𝑘௖
ଶ ൅ 𝑝଺

, 𝑞ଶଵሺ𝑘௖, 𝜇ଵሻ ൌ
3𝜋ଶ

𝑘௖
ଶ ൅ 𝜋ଶ ൅ 1, 

𝑞ଶଶሺ𝑘௖, 𝜇ଵሻ ൌ
2 𝑝ଶ

𝜋
, 𝑞ଷଵሺ𝑘௖, 𝜇ଵሻ ൌ

13827.04𝜋𝜇ଵ
ଶሺ𝜇ଵ

ସ െ 81𝜋ସሻ

𝑝଼
, 

𝑞ଷଵସሺ𝑘௖, 𝜇ଵሻ ൌ
16𝜋𝜇ଵ

ଶሺ𝜇ଵ
ସ ൅ 39𝜋ସሻ

𝑝଼
, 𝑞ସଵଷሺ𝑘௖, 𝜇ଵሻ ൌ

8𝜋𝑝ଽ

𝑝଼
, 

𝑞ଷହ଼ሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ െ
32𝜋ଷ𝜇ଵ

ଶcscሺ𝜓ሻsecሺ𝜓ሻ൫ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ2𝜓ሻ ൅ 30𝜋ସ൯

𝑝଼𝑘௖
ଶሺcosሺ𝜓ሻ െ 1ሻ

, 

𝑞ଷହଽሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ
32𝜋𝜇ଵ

ଶሺ2ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ𝜓ሻ െ 𝜇ଵ

ସ ൅ 21𝜋ସሻ

𝑝଼ሺcosሺ𝜓ሻ ൅ 1ሻ
, 

𝑞ଷ଺଼ሺ𝑘௖, 𝜇ଵሻ ൌ
64𝜋ଶ𝜇ଵ

ଶሺ𝜇ଵ
ସ ൅ 9𝜋ସሻ

𝑝଼
, 
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𝑞ହହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ
𝑎௖

ସ൫ሺ2𝑝ହ െ 𝑝଻ሻcosሺ4𝜓ሻ ൅ 6𝑝ହ ൅ 𝑝଻൯ ൅ 8𝑝ସ𝑘௖
ଶcosଶሺ𝜓ሻ ൅ 8𝑝ଷ

8ሺ𝑘௖
ଶ ൅ 𝜋ଶሻሺ𝑝ହ𝑘௖

ଶ ൅ 𝑝଺ሻ
, 

𝑞଺ହሺ𝑘௖, 𝜇ଵሻ ൌ െ
2𝑝ଵ

𝜋
, 𝑞଺଺ሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ െ

𝑘௖
ଶcosଶሺ𝜓ሻ ൅ 4𝜋ଶ

𝑘௖
ଶ ൅ 𝜋ଶ , 

𝑞଻ହସሺ𝑘௖, 𝜇ଵሻ ൌ
16𝜋𝜇ଵ

ଶሺ𝜇ଵ
ସ ൅ 39𝜋ସሻ

𝑝଼
, 𝑞଻ହሺ𝑘௖, 𝜇ଵሻ ൌ

8𝜋𝜇ଵ
ଶሺ𝜇ଵ

ସ െ 81𝜋ସሻ

𝑝଼
, 

𝑞଻ଵ଼ሺ𝑘௖, 𝜇ଵሻ ൌ
32𝜋𝜇ଵ

ଶሺ2ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ𝜓ሻ ൅ 𝜇ଵ

ସ െ 21𝜋ସሻ

𝑝଼ሺcosሺ𝜓ሻ െ 1ሻ
, 

𝑞଻ଵଽሺ𝑘௖, 𝜇ଵሻ ൌ
32𝜋𝜇ଵ

ଶሺ2ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ𝜓ሻ െ 𝜇ଵ

ସ ൅ 21𝜋ସሻ

𝑝଼ሺcosሺ𝜓ሻ ൅ 1ሻ
, 

𝑞଻ଶ଼ሺ𝑘௖, 𝜇ଵሻ ൌ
64𝜋ଶ𝜇ଵ

ଶሺ𝜇ଵ
ସ ൅ 9𝜋ସሻ

𝑝଼
, 

𝑞଼ଷହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ
32𝜋𝜇ଵ

ଶሺ2ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ𝜓ሻ ൅ 𝜇ଵ

ସ െ 21𝜋ସሻ

𝑝଼ሺcosሺ𝜓ሻ െ 1ሻ
, 

𝑞଼଺ଷሺ𝜇ଵሻ ൌ
64𝜋ଶ𝜇ଵ

ଶሺ𝜇ଵ
ସ ൅ 9𝜋ସሻ

𝑝଼
, 

𝑞ଽଷହሺ𝑘௖, 𝜇ଵ, 𝜓ሻ ൌ
32𝜋𝜇ଵ

ଶሺ2ሺ𝜇ଵ
ସ ൅ 9𝜋ସሻcosሺ𝜓ሻ െ 𝜇ଵ

ସ ൅ 21𝜋ସሻ

𝑝଼ሺcosሺ𝜓ሻ ൅ 1ሻ
, 

𝑝ଵ to 𝑝ଽ are functions of 𝜇ଵ and are given by 

𝑝ଵ ൌ
2𝜋

𝜋ଶ െ 𝜇ଵ
ଶ െ

2𝜋
𝜇ଵ

ଶ ൅ 𝜋ଶ , 𝑝ଶ ൌ
4𝜋𝜇ଵtan ቀ

𝜇ଵ
2 ቁ

𝜇ଵ
ଶ െ 4𝜋ଶ െ

4𝜋𝜇ଵtanh ቀ
𝜇ଵ
2 ቁ

𝜇ଵ
ଶ ൅ 4𝜋ଶ , 

𝑝ଷ ൌ
𝜇ଵ

ଷሺ𝜇ଵ ൅ sinሺ𝜇ଵሻሻ

cosሺ𝜇ଵሻ ൅ 1
െ 2𝜇ଵ

ଷ ቆtan ቀ
𝜇ଵ

2
ቁ ൅ tanh ቀ

𝜇ଵ

2
ቁቇ ൅

𝜇ଵ
ଷሺ𝜇ଵ ൅ sinhሺ𝜇ଵሻሻ

coshሺ𝜇ଵሻ ൅ 1
, 

𝑝ସ ൌ 𝜇ଵሺ𝜇ଵ ൅ sinሺ𝜇ଵሻሻsecଶ ቀ
𝜇ଵ

2
ቁ െ 𝜇ଵሺ𝜇ଵ ൅ sinhሺ𝜇ଵሻሻsechଶ ቀ

𝜇ଵ

2
ቁ, 

𝑝ହ ൌ
𝜇ଵ ൅ sinሺ𝜇ଵሻ

𝜇ଵሺcosሺ𝜇ଵሻ ൅ 1ሻ
െ

2 ൬tan ቀ
𝜇ଵ
2 ቁ ൅ tanh ቀ

𝜇ଵ
2 ቁ൰

𝜇ଵ
൅

𝜇ଵ ൅ sinhሺ𝜇ଵሻ

𝜇ଵሺcoshሺ𝜇ଵሻ ൅ 1ሻ
, 

𝑝଺ ൌ
𝜇ଵሺ𝜇ଵ ൅ sinሺ𝜇ଵሻሻ

Prሺcosሺ𝜇ଵሻ ൅ 1ሻ
െ

𝜇ଵሺ𝜇ଵ ൅ sinhሺ𝜇ଵሻሻ

Prሺcoshሺ𝜇ଵሻ ൅ 1ሻ
, 
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𝑝଻ ൌ െ
4 ൬tan ቀ

𝜇ଵ
2 ቁ ൅ tanh ቀ

𝜇ଵ
2 ቁ൰

𝜇ଵ
൅

ሺ𝜇ଵ ൅ sinሺ𝜇ଵሻሻsecଶ ቀ
𝜇ଵ
2 ቁ

𝜇ଵ
 

൅
ሺ𝜇ଵ ൅ sinhሺ𝜇ଵሻሻsechଶ ቀ

𝜇ଵ
2 ቁ

𝜇ଵ
, 

𝑝଼ ൌ 𝜇ଵ
଼ െ 82𝜋ସ𝜇ଵ

ସ ൅ 81𝜋଼, 𝑝ଽ ൌ 2𝜇ଵ
଺ ൅ 78𝜋ସ𝜇ଵ

ଶ. 

Tab. 1: Comparison of 𝜓௖ and 𝑇𝑎௖ of rigid isothermal boundaries with those of free isothermal 
boundaries. 

Authors 𝑷𝒓   𝝍𝒄   𝑻𝒂𝒄  Boundaries

Bhattacharjee & 
McKane (1988) 

∞  58.52  
(corrected value) 

2337.82 
(corrected value) 

Free-isothermal

Present paper ∞  58.74 2583.99 Rigid-isothermal

Nomenclature 
 

Latin Symbols Definition 

𝐴, 𝐺, 𝐵, 𝐶,  
𝐴ଵ, 𝐺ଵ, 𝐵ଵ, 𝐶ଵ, 𝐶ଶ  

amplitudes 

�⃗�  acceleration due to gravity,ሺ0,0, െ𝑔ሻ, ሺ𝑚/𝑠ଶሻ 

ℎ  dimensional liquid layer depth ሺ𝑚ሻ 

𝑝  pressure ሺ𝑃𝑎ሻ 
�⃗�  velocity vector ሺ𝑚/𝑠ሻ 
𝑡  dimensional time ሺ𝑠ሻ 
𝑇  dimensional temperature ሺ𝐾ሻ 
𝑥  dimensional horizontal coordinate ሺ𝑚ሻ 
𝑋  non-dimensional horizontal coordinate 
𝑧  dimensional vertical coordinate ሺ𝑚ሻ 
𝑍  
Greek Symbols 
𝛼  
𝜒  
𝜇  
𝜌  
𝜏  
Θ  
Subscripts 
𝑏  
𝑐 and 𝑜 

non-dimensional vertical coordinate 
 
coefficient of thermal expansion 
thermal diffusivity 
dynamic coefficient of viscosity 
fluid density 
non-dimensional time 
non-dimensional temperature 
 
basic state 
critical and reference value at 𝑇 ൌ 𝑇௢ respectively 
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B. Mahanthesh 
Quadratic radiation and quadratic Boussinesq 
approximation on hybrid nanoliquid flow 
On quadratic Rosseland approximation 

Abstract: A novel quadratic Rosseland radiative heat phenomenon along with quad-
ratic density temperature variation (QDT) is proposed in this study to scrutinize the 
heat transfer characteristics of hybrid nanoliquid past a vertical plate, numerically. 
The effect of quadratic thermal radiation on the dynamics of fluid is studied for the 
first time. The analysis is carried out for single-phase water (𝐻ͪ𝑂) based 𝐶𝑢 െ 𝐴𝑙ͪ𝑂ͫ 
hybrid nanoliquid. The Response Surface Methodology (RSM) is utilized to perform 
the optimization procedure. Three physical parameters of quadratic radiative heat 
(ͩ ൑ 𝑅 ൑ ͫ), quadratic convection (ͨ.ͩ ൑ 𝛼 ൑ ͨ.ͱ), and nanoparticle volume fraction 
(ͨ.ͨͩ ൑ 𝜙ͩ ൑ ͨ.ͨͫ) of in three levels were chosen to achieve maximum heat transfer. 
Further, a parametric analysis is carried for the wall heat transfer flux, and the wall 
shear stress. The nonlinear equations are treated by using the Runge-Kutta-Felhberg 
based shooting method. The results showed that the thermal field in the case of 
quadratic thermal radiation higher than the linear thermal radiation case. Also, the 
sensitivity of wall heat flux to quadratic thermal radiation is positive whereas its 
sensitivity is negative to quadratic convection. 

Keywords: Hybrid nanofluid; Quadratic Rosseland thermal radiation; Quadratic 
density temperature variation; Response Surface Methodology; Sensitivity analysis. 

1 Introduction 

1.1 Quadratic density temperature variation 

The density of liquids commonly depends on the pressure, temperature, and con-
centration, and can be estimated by some subsequent equation of state. According 
to the Boussinesq approximation, i) the density fluctuation can be ignored in all but 
not in the body force term, i.e., the density can be treated as unvarying in the ex-
pressions of conservation laws of mass and momentum, except when it is associated 
with acceleration due to gravity in the buoyancy force. ii) the density variation in 

|| 
B. Mahanthesh, Department of Mathematics, CHRIST (Deemed to be University), Bengaluru-560029, 
India, mahanthesh.b@christuniversity.in  
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the advent of motion due to mainly thermal characteristics. The processes wherein 
the buoyancy force takes place solely due to thermal difference have gained signifi-
cant consideration for both non-transient and transient, internal and external flows, 
both turbulent and laminar, and with various additional imposed conditions and 
effects. For a treatise on the validity of this approximation see Gray and Giorgini (1). 
Boussinesq in the year 1903 proposed the mathematical model to govern the buoy-
ant driven flow of liquids over vertical geometries by considering body force term. 
According to Joseph Valentine Boussinesq, if 𝜌ஶ signify the ambient density of the 
fluid at the free stream where the temperature/concentration is sufficiently low 
𝑇ஶ/𝐶ஶ. The density model by using Taylor series expansion for 𝛽∆𝑇 ≪ 1 and 
𝛽∆𝐶 ≪ 1 is presented as (see Gebhart (2)). 

𝑔ሺ𝜌ஶ െ 𝜌ሻ ൌ 𝑔𝜌ሾ𝛽ሺ𝑇 െ 𝑇ஶሻ ൅ 𝛽∗ሺ𝐶 െ 𝐶ஶሻሿ,  

where 𝛽 ൌ െ
ଵ

ఘ
ቀ

డఘ

డ்
ቁ

஼,௣
 and 𝛽∗ ൌ െ

ଵ

ఘ
ቀ

డఘ

డ஼
ቁ

்,௣
 are the thermal expansion coefficient and 

solute expansion coefficient respectively.  
Gebhart and Pera (3) studied the laminar boundary layer flow driven by the 

product of gravitational force and density difference. The set of relevant equations is 
reduced by using the Boussinesq and boundary layer approximations and subse-
quent equations are treated by using the similarity approach. They established that 
“the effect of multiple buoyancy mechanisms upon laminar stability is seen to be 
very simple for all flows for which the Prandtl and Schmidt numbers are equal. 
However, multiple buoyancy mechanisms arise in the flows which are likely to have 
quite complicated and variable stability characteristics. Analysis of such problems 
must include the coupling of disturbances through buoyancy”. Demuren and Grot-
jans (4) investigated the Buoyancy-driven flows to establish the limits of applicabil-
ity of the Boussinesq approximation. Aman and Ishak (5) scrutinized the non-
transient transport over an impermeable vertical plate by using linear Boussinesq 
approximation. This research proved that the friction factor and the rate of heat 
transfer at the plate amplify as Prandtl number increases for the supplementary 
flow, while two solutions were found to exist for the contrasting flow. Makinde and 
Olanrewaju (6) used linear Boussinesq approximation to study the influence of 
thermal buoyancy in the boundary layer transport of fluid having 𝑃𝑟 ൌ  ͨ.ͯͪ about a 
convectively heated vertical plate. They achieved the similarity solution by using 
Runge-Kutta numerical method when the thermal expansion coefficient is propor-
tional to 𝑥ିͩ. Makinde and Sibanda (7) utilized the linear Boussinesq approximation 
to investigate the influence of the Buoyancy force on a steady laminar transport over 
a vertical plate in the presence of a magnetic field. Mahanthesh et al (8) studied the 
flow of a viscous fluid suspended with dust particles in a vertical squeezing channel 
in the presence of buoyancy force. Considerable attempts have been reported on 
fluid dynamics subjected to the linear Boussinesq approximation. 
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It is well known that, in processes like solar collectors, nuclear reactors, thermal 
exchangers, radiators, electronic equipment cooling devices, and combustion 
chambers the thermal difference is not necessarily sufficiently small. Hence, the 
density fluctuation is nonlinear and the linear Boussinesq approximation is no more 
appropriate in such applications. Because of this Goren (9) in the year 1966, consid-
ered density variation to vary as follows 

𝜌ஶ െ 𝜌 ൌ 𝜌𝛾ሺ𝑇 െ 𝑇ஶሻଶ  with ൌ െ
ଵ

ఘ
ቀ

డఘ

డ்
ቁ

ଶ

஼,௣
 , 

𝛾 is the thermal expansion coefficient having the dimension 𝑇ିଶ. This assumption is 
valid for temperature variations of magnitude േ4଴C away from 4଴C. The work of 
Goren (9) considered the boundary layer transport with free convection due to a 
semi-infinite plate maintained with uniform temperature. He obtained the similarity 
solution. Afterward, Sinha (10) followed the work of Goren (9) to investigate a 
steady-state free convection transport of H2O between long parallel flat plates ori-
ented in the direction of the generating body force with the effects of frictional heat-
ing and constant plate temperature. He also included the impact of quadratic densi-
ty temperature variation in the analysis. On the other hand, Vajravelu and Sastri (11) 
seen the density fluctuation with respect to temperature from a different dimension, 
that is, they expressed density (𝜌ሺ𝑇ሻ) by using Taylor series about surface tempera-
ture (Tୱ) as follows 

𝜌ሺ𝑇ሻ ൌ 𝜌ሺ𝑇௦ሻ ൅ ቀ
డఘ

డ்
ቁ

௦
ሺ𝑇 െ 𝑇௦ሻ ൅ ቀ

డమఘ

డ்మቁ
௦

ሺ𝑇 െ 𝑇௦ሻଶ ൅ ⋯  

and then they truncated the series up to second-order. Hence, the density difference 
yields 

𝜌ஶ െ 𝜌 ൌ 𝜌𝛽ሺ𝑇 െ 𝑇௦ሻ ൅ 𝜌𝛾ሺ𝑇 െ 𝑇௦ሻଶ   

with 𝛽 ൌ െ
ଵ

ఘ
ቀ

డఘ

డ்
ቁ

௦
and 𝛾 ൌ െ

ଵ

ఘ
ቀ

డమఘ

డ்మቁ
௦
. Where, 𝛽 and 𝛾 is thermal expansion coeffi-

cients having the dimension 𝑇ିଵ and 𝑇ିଶ correspondingly. Here in the above series  
expansion authors may have missed 1/2 ! in the third term from the right-hand side. 
In this chapter, this error has been corrected in the following mathematics formula-
tion section. Using the above relation for density difference, Vajravelu and Sastri 
(11) studied the heat transfer between two parallel vertical plates with free convec-
tion. In their problem, a new physical dimensionless parameter named as NDT pa-
rameter found to exist, which measures the impact of quadratic density temperature 
variation. They established that the temperature as well as the velocity field notably 
increased with positive values of the NDT parameter and declined for negative val-
ues. 
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Recently by following the work of Vajravelu and Sastri (11), Partha (12) investi-
gated the effects of nonlinear temperature-concentration-dependent density relation 
in the flow of fluid in a non-Darcy porous medium. They also proved that the veloci-
ty profile increases with the increase of nonlinear convection parameters. Kameswa-
ran et al (13) scrutinized the effects of nonlinear thermal and solute convection in a 
non-transient boundary layer transport over a vertical impermeable wall. The non-
linear/quadratic Boussinesq approximation has been employed by RamReddy (14) 
to study the natural convective flow of a power-law liquid over an inclined plate. 
Recent researches about nonlinear Boussinesq approximation are elaborated in the 
references (see (15)-(20) and therein). 

1.2 Nanofluid 

The thermally effective working liquids are essential to reduce the manufacturing 
and functioning price of microelectronics, nano-electronics, pharmaceutical prod-
ucts, hybrid power engines, and fuel cells. The performance of heat transportation 
can be augmented by using passive and active techniques. An increase in the heat 
flow via passive methods can be obtained by regulating surface geome-
try/roughness, functioning liquid properties, fluid movement (laminar against tur-
bulent), liquid additives (ultra-fine nano or microparticles) and liquid suc-
tion/injection. Whereas for inactive methods external energy sources are required, 
i.e., via thermal radiation aspect, vibration, internal heat source/sink, mechanical 
mixing, magnetic field, and rotation. These modulations have been efficiently em-
ployed to augment heat transportation, leading towards useful in heat pumps, fast-
er processing, reactors, solar collectors, and separators. Nevertheless, external en-
ergy involvement is high-priced and inappropriate under compact circumstances. 
Hence, the impact of the solid-liquid suspension on strengthening the performance 
of heat transport is elaborated experimentally and theoretically by numerous re-
searchers following Maxwell (21). However, this idea of combining working liquids 
and micro-sized particles encountered significant problems such as agglomeration, 
clogging, fouling, abrasion, and additional pressure shortfall of the system, which 
turn out to be additional challenges to address. To overcome these challenges, for 
the first time Choi (22) introduced nanoliquids by suspending ultra-fine nano-
particles (< 50nm in diameter) disseminated in base liquid. Experimentally and 
theoretically, it is proved that nanoparticles (NPs) suspension in a liquid enhances 
the thermophysical aspects of the base liquid. NPs possess exceptional thermal, 
optical, magnetic, electrical, and mechanical characteristics. Some commonly used 
NPs are Cu, Ag, Al, Fe (made up of metals), carbon nanotubes, graphite’s (made up 
of non-metals), TiO2, Cu, l23 (made up of oxides), SiC, TiC (made up of carbide 
pottery), alloys, etc. The NPs effectively enlarge the radiative features of liquids 
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which consequently improve the performance of solar collectors and many other 
devices where the heating and cooling process can be found. 

1.3 Hybrid nanofluid 

Nanoliquids are assured functioning liquids in numerous applications involving the 
heating/cooling process as they proficient well and exposed significant outcomes. 
This fact inspired the researchers to think about the suspending mixture of NPs in 
the functioning base liquids. Such liquids are called “hybrid nanoliquids”. Hybrid 
nanoliquids possess higher thermophysical, chemical, and hydrodynamic proper-
ties in comparison with mono nanoliquid. Suresh et al (23) proved that the thermal 
performance of Al2O3-Cu-H2O hybrid nanoliquid is superior to that of mono nanoliq-
uid. They also established that inserting metallic and non-metallic NPs advance the 
thermophysical and chemical features of working fluids. The spinning flow of Ag-
CuO-H2O nanofluid over a flat plate was studied by Hayat and Nadeem (24) and they 
found that the thermal field is higher in the case of hybrid nanoliquid than that of 
ordinary nanoliquid. Heat transport in hybrid base fluid (C2H6O2-H2O/ethylene gly-
col-water (50-50%)) submerged with hybrid nanoparticles (MoS2-Ag)) with natural 
convection and radiative heat is investigated by Ghadikolaei (25). The effects of Hall 
current in the transport of hybrid nanoliquid past a rotating plate under nonlinear 
Boussinesq approximation were analyzed by Amala and Mahanthesh (26). Ashlin 
and Mahanthesh (27) studied the heat transport characteristics of Cu-Al2O3-H2O hy-
brid nanoliquid with the non-coaxial rotation of the plate. Arani et al (28) have used 
experimental data to investigate numerically the problem of hybrid nanoliquid 
transport with radiative heat transfer. Shruthy and Mahanthesh (29) studied the 
Rayleigh-B�́�nard convection in hybrid nanoliquid. They found that hybrid nanoliq-
uid delays the onset of convection in comparison with mono nanoliquid. Later, 
Kanchana et al (30) analytically examined the impact of hybrid nanoparticles in 
Rayleigh-B�́�nard convection by using rigid isothermal boundary conditions. Their 
study shows that heat transfer augmentation in H2O due to the insertion of Al2O3-Cu 
hybrid nanoparticles is roughly double than that of Al2O3 nanoparticles. 

1.4 Quadratic Rosseland thermal radiation  

The pioneering study on the radiative heat phenomena in the boundary layer heat 
flow is carried out by Smith (31). The Rosseland approximation (Rosseland (32)) had 
employed by Viskanta and Grosh (33) to investigate the radiative heat aspect in the 
flow and heat transport of a radiating fluid past a wedge. The radiative heat aspect 
relevance can be found in various applications such as power plants, missile re-
entry, nuclear reactors, rocket combustion chambers, and solar collectors. Perdikis 
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and Raptis (34) studied the linearized radiative heat aspect in the dynamics of the 
fluid. Later, many researchers followed the work of Perdikis and Raptis (34) to inves-
tigate the linearized Rosseland radiative heat. The work of Cortell (35) extended by 
Pantokratoras and Fang (36) by considering the nonlinear Rosseland radiative heat 
aspect in the Sakiadis flow of viscous fluid, whereas Cortell (35) studied the linear-
ized radiative heat aspect. The non-transient free convection over a vertical iso-
thermal plate in the presence of linear or nonlinear Rosseland radiative heat was 
investigated by Pantokratoras (37). He considered the linear Boussinesq approxima-
tion in the buoyancy force. The nonlinear radiative heat analysis is carried out by 
Mahanthesh et al (38) in the study of 3D flow water-based nanoliquid over a convec-
tively heated plate. A huge amount of research can be found in the literature con-
cerned with both linearized thermal radiation and nonlinear thermal radiation as-
pect in the dynamics of fluid with various physical conditions. As stated, before this 
study deals with quadratic density temperature fluctuation in which temperature 
difference (∆𝑇) is assumed to be quite large. Hence, both linear and nonlinear Ros-
seland radiative heat aspect is inappropriate when quadratic density temperature 
fluctuation took into account. Hence, the prime focus of the study is to investigate 
the aspects of quadratic radiative heat along with quadratic density temperature 
variation in the Sakiadis flow of a hybrid nanofluid past a vertical plate. 

1.5 Response Surface Methodology (RSM) 

The Response Surface Methodology (RSM) is a statistical method used for improving 
and optimizing processes. It has various applications in improving the present de-
sign of products. In the industrial world, there are situations where several potential 
input variables impact the performance of the product or process. The origin of RSM 
is attributed to Box and Wilson (39) where they also explained the application of 
RSM in manufacturing and industrial processes. The sensitivity of the input varia-
bles is crucial in the modification of products. Hence, the researchers have started to 
study the sensitivity of various input variables involved in the system. Shirvan et al. 
(40) studied the sensitivity of the heat transfer rate with respect to the parameters 
for the porous solar cavity receiver by utilizing RSM. The heat transfer process of a 
nanofluid in a solar heat exchanger was analyzed by using the Response surface 
methodology and sensitivity analysis by Mamourian et al (41). The sensitivity of 
mean total Nusselt number and pressure drop ratio was analyzed for the variation of 
the effective parameters chosen. They reported that the Nusselt number has a nega-
tive sensitivity towards the Richardson number which is more than the sensitivity 
towards the pressure drop ratio. Recently, the response surface of the average 
Nusselt number was scrutinized by Pordanjani et al. (42) to study the sensitivity of 
the heat transfer rate towards magnetic field strength, fin relative thermal conduc-
tivity, and fin angle. The sensitivity analysis of heat transport of hybrid nanoliquid 
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along a vertical plate is still an open question. Hence in this chapter, the sensitivity 
analysis of surface heat flux and surface shear stress is proposed. 

Finally, a detailed literature survey indicates that there is no such examination 
that addresses the aspects of quadratic Rosseland thermal radiative heat and quad-
ratic convection (quadratic density temperature variation) on Sakiadis flow past a 
vertical plate. Thus, the current analysis aims to examine the mutual impact of 
quadratic convection and quadratic radiation aspects in the flow of a hybrid 
nanofluid past a vertical plate. The thermal conductivity, density, specific heat, 
thermal expansion coefficient, and viscosity of the composite nanoliquid depend 
upon nanoparticles volume fraction and computed by using phenomenological laws 
and conventional mixture theory. The relevant systems are computed by the Runge-
Kutta-Fehlberg based shooting technique. Graphical representations reflect the 
behavior of various physical variables. Also, the shear effect and Nusselt number 
are estimated and narrated briefly for the relevant variables. The optimization pro-
cedure is carried out by using Response Surface Methodology (RSM) for the effective 
parameters namely, quadratic radiation parameter (ͩ ൑ 𝑅 ൑ ͫ), quadratic convec-
tion parameter (ͨ.ͩ ൑ 𝛼 ൑ ͨ.ͱ) and nanoparticle volume fraction of 𝐶𝑢 (ͨ.ͨͩ ൑ 𝜙ͩ ൑
ͨ.ͨͫ) on the wall heat transfer flux (𝐻𝑤) and the wall shear stress (𝑆𝑤). 

2 Mathematical Statement 

2.1 Formulation of the Problem 

The governing equations for the time-dependent flow of an incompressible hybrid 
nanoliquid with radiative heat flux are given below (see (11), (26), (36) and (37)): 

Conservation of Mass 
 ∇ ∙ 𝑽 ൌ 0,  (1) 

Conservation of Momentum 

 𝜌௛௡௟ ቂ
డ𝑽

డ௧
൅ ሺ𝑽 ∙ ∇ሻ𝑽ቃ ൌ െ∇𝑝 ൅ 𝜇௛௡௟∇ଶ𝑽 ൅ 𝜌௛௡௟𝒈,  (2) 

Conservation of Energy 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቂ
డ்

డ௧
൅ ሺ𝑽 ∙ ∇ሻ𝑇ቃ ൌ െ∇ሺ𝒒 ൅ 𝑞௥ሻ ൅ 𝜇୦௡௟ Φ, (3) 

The 𝑞 is heat flux and it is given by 
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 𝒒 ൌ െ𝑘௛௡௟∇𝑇. (4) 

The 𝑞௥  is the net radiative heat flux subjected to the Rosseland approximation (32) 
for optically thick media and it is given below; 

 𝑞௥ ൌ െ
ସ

ଷ௞∗ ∇ሺeୠሻ where 𝑒௕ ൌ 𝜎∗𝑇ସ. (5) 

In the Eqns. (1)-(5), 𝑽 ൌ ሺ𝑢, 𝑣, 𝑤ሻ is the velocity vector, 𝑇 is the fluid temperature, 𝒈 
is the acceleration due to gravity, 𝐶௣ is the specific heat, 𝜌 is the density, 𝑘 is the 
thermal conductivity, Φ is the conventional function related with the thermal effect 
of the viscous heating of energy, 𝜇 is the dynamic viscosity, 𝜈 ൌ 𝜇/𝜌 is kinematic 
viscosity, 𝑝 is the pressure, 𝑒௕ is the blackbody emissive power, which is given in 
terms of the absolute temperature 𝑇 by the Stefan-Boltzmann radiation law, 
𝜎∗ ൌ 5.6697 ൈ 10ି଼ WmିଶKିସ is the Stefan–Boltzmann constant and 𝑘∗ is the Ros-
seland mean spectral absorption coefficient. Here the subscript ℎ𝑛𝑙 is for hybrid 
nanoliquid.  

 

Fig.  1: The geometry of the Problem. 

Here two-dimensional transport of a hybrid nanofluid past a vertical plate is consid-
ered. The plate is along the 𝑥 -axis and the 𝑦-axis is perpendicular to it (see Fig. 1). 
The steady-state component form of governing equations under boundary layer 
approximations are given below; 
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 డ௨

డ௫
൅

డ௩

డ௬
ൌ 0, (6) 

 𝜌௛௡௟ ቀ𝑢
డ௨

డ௫
൅ 𝑣

డ௨

డ௬
ቁ ൌ െ

డ௣

డ௫
൅ 𝜇௛௡௟

డమ௨

డ௬మ ൅ 𝜌௛௡௟𝑏௫, (7) 

 0 ൌ െ
డ௣

డ௬
൅ 𝜌௛௡௟𝑏௬, (8) 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቀ𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ቁ ൌ 𝑘௛௡௟

డమ்

డ௬మ ൅
డ

డ௬
ቂ

ସఙ∗

ଷ௞∗

డ்ర

డ௬
ቃ. (9) 

Since, the flow is driven along the 𝑥-direction, 𝑏௫ ൌ െ𝑔௫ and 𝑏௬ ൌ 0. Then the Eqs. 
(7) and (8) reduced to 

 𝜌௛௡௟ ቀ𝑢
డ௨

డ௫
൅ 𝑣

డ௨

డ௬
ቁ ൌ െ

డ௣

డ௫
൅ 𝜇௛௡௟

డమ௨

డ௬మ െ 𝜌௛௡௟𝑔௫, (10) 

 0 ൌ
డ௣

డ௬
, (11) 

now the Eqn. (11) indicate that 𝑝 is not a function of 𝑦. Thus, the pressure near to the 
plate along 𝑦-direction is the same as that far away from the plate. For this reason, 
Eqn. (10) yields 

 0 ൌ െ
డ௣

డ௫
െ 𝑔௫𝜌ஶ௛௡௟ . (12) 

Here 𝜌ஶ௛௡௟  the density of the fluid far away from the plate. Now by eliminating 
𝜕𝑝/𝜕𝑥 from the equation (10) yields 

 𝜌௛௡௟ ቀ𝑢
డ௨

డ௫
൅ 𝑣

డ௨

డ௬
ቁ ൌ 𝜇௛௡௟

డమ௨

డ௬మ ൅ 𝑔௫൫𝜌ஶ௛௡௟ െ 𝜌௛௡௟൯. (13) 

The last term of the above equation, 𝑔௫൫𝜌ஶ௛௡௟ െ 𝜌௛௡௟൯, where 𝑔௫ is the scale of the 
gravity field, downward in a coordinate system taken positive upward, with con-
densed density assumed produced over most of the flow region as the net influence 
of thermal/mass diffusion. A series development of ൫𝜌ஶ௛௡௟ െ 𝜌௛௡௟൯ in terms of 𝑇, 𝑝 
and 𝐶, at a given increase designates that the pressure (𝑝) effect may be ignored and 
also as this study only concerned about heat transfer of hybrid nanofluid flow, the 
temperature influence needs to be retained. A number of the thermal applications 
such as solar collectors, nuclear reactors, combustion, and car radiators function at 
reasonable to exceptionally elevated temperatures and in such circumstances, the 
density fluctuates nonlinearly with temperature/concentration. It can’t be ignored 
as it affects fluid dynamic characteristics significantly. Unlike conventional studies, 
in this study nonlinear Boussinesq approximation (specifically quadratic Bous-
sinesq approximation) has been employed for modeling buoyancy force (by follow-
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ing (11)). Now consider density relation in terms of temperature by using Taylor 
series as follows; 

𝜌௛௡௟ሺ𝑇ሻ ൌ 𝜌௛௡௟ሺ𝑇ஶሻ ൅ ൬
𝜕𝜌௛௡௟

𝜕𝑇
൰ ሺ𝑇 െ 𝑇ஶሻ ൅

1
2

ቆ
𝜕ଶ𝜌௛௡௟

𝜕𝑇ଶ ቇ ሺ𝑇 െ 𝑇ஶሻଶ ൅ ⋯  

Retaining only second-order terms, one can get 

⇒ 𝜌௛௡௟ ൎ 𝜌ஶ௛௡௟ ൅ ቀ
డఘ೓೙೗

డ்
ቁ ሺ𝑇 െ 𝑇ஶሻ ൅

ଵ

ଶ
ቀ

డమఘ೓೙೗

డ்మ ቁ ሺ𝑇 െ 𝑇ஶሻଶ , 

⇒ 𝜌ஶ௛௡௟ െ 𝜌௛௡௟ ൎ െ ቀ
డఘ೓೙೗

డ்
ቁ ሺ𝑇 െ 𝑇ஶሻ െ

ଵ

ଶ
ቀ

డమఘ೓೙೗

డ்మ ቁ ሺ𝑇 െ 𝑇ஶሻଶ, 

⇒ ఘಮ೓೙೗ିఘ೓೙೗

ఘ೓೙೗
ൎ 𝛽଴௛௡௟

ሺ𝑇 െ 𝑇௪ሻ ൅ 𝛽ଵ௛௡௟
ሺ𝑇 െ 𝑇௪ሻଶ , 

 ⇒ ൫𝜌ஶ௛௡௟ െ 𝜌௛௡௟൯ ൎ ሺ𝜌𝛽଴ሻ௛௡௟ሺ𝑇 െ 𝑇௪ሻ ൅ ሺ𝜌𝛽ଵሻ௛௡௟ሺ𝑇 െ 𝑇௪ሻଶ. (14) 

The quadratic term of the warmth effect need be retained for 𝛽ଵ௛௡௟
ሺΔ𝑇ሻଶ ≪ 1, where 

𝛽଴௛௡௟ ൌ െ
ଵ

ఘ೓೙೗
ቀ

డఘ೓೙೗

డ்
ቁ and 𝛽ଵ௛௡௟ ൌ െ

ଵ

ଶఘ೓೙೗
ቀ

డమఘ೓೙೗

డ்మ ቁ, are the linear and quadratic volu-

metric coefficient of thermal expansion correspondingly.  
Now in terms of Eqn. (14), the Eqn. (13) become 

𝜌௛௡௟ ൬𝑢
𝜕𝑢
𝜕𝑥

൅ 𝑣
𝜕𝑢
𝜕𝑦

൰ ൌ 𝜇௛௡௟
𝜕ଶ𝑢
𝜕𝑦ଶ ൅ 𝑔௫ሾሺ𝜌𝛽଴ሻ௛௡௟ሺ𝑇 െ 𝑇ஶሻ ൅ ሺ𝜌𝛽ଵሻ௛௡௟ሺ𝑇 െ 𝑇ஶሻଶሿ. 

So far the aspect of thermal radiation by using Rosseland (1931) approximation is 
studied in two ways. First, the aspect of thermal radiation is studied in the original 
form as given in equation (9) and it is known as nonlinear thermal radiation. This 
approach results in an additional physical parameter (i.e., the temperature ratio 
parameter (𝜃௪ ൌ 𝑇௪/𝑇ஶ)). In this method, the energy equation readily takes the 
following form; 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቀ𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ቁ ൌ 𝑘௛௡௟

డమ்

డ௬మ ൅
డ

డ௬
ቂ

ଵ଺ఙ∗

ଷ௞∗ 𝑇ଷ డ்

డ௬
ቃ. (15) 

Whereas in the second method, the temperature difference is taken to very small 
and temperature T is expressed about 𝑇ஶ by using Taylor series as given below 
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 𝑇ସ ൌ 𝑇ஶ
ସ ൅ 4𝑇ஶ

ଷሺ𝑇 െ 𝑇ஶሻ ൅ 6𝑇ஶ
ଶ ሺ𝑇 െ 𝑇ஶሻଶ ൅ ⋯  (16) 

As temperature difference supposed to be is very small, the higher-order terms are 
ignored. Thus, the above equation (linearized thermal radiation) yields 

 𝑇ସ ൎ 4𝑇ஶ
ଷ 𝑇 െ 3𝑇ஶ

ସ . (17) 

Upon using Eqn. (17), the temperature Eqn. (9) takes the following form 

 𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ൌ

ଵ

൫ఘ஼೛൯
೓೙೗

ቀ𝑘௛௡௟ ൅
ଵ଺ఙ∗

ಮ்
య

ଷ௞∗ ቁ 
డమ்

డ௬మ. (18) 

This is known as linearized Rosseland thermal radiation effect. As one can observe 
from the above equation, the thermal radiation aspect is just an add on to the ther-
mal conduction term.  

Importantly unlike the above two methods, the novel quadratic thermal radia-
tion aspect is considered in this chapter for the first time. The temperature 𝑇 is ex-
pressed about the ambient temperature 𝑇ஶ using Taylor series and then series is 
truncated after the second-order term (higher-order terms are ignored after quadrat-
ic term). As density temperature variation is assumed to be quadratic to model 
buoyancy force (nonlinear/quadratic Boussinesq approximation). In this case 𝑇ͬ 
can be expressed as 

𝑇ସ ൎ 𝑇ஶ
ସ ൅ 4𝑇ஶ

ଷሺ𝑇 െ 𝑇ஶሻ ൅ 6𝑇ஶ
ଶሺ𝑇 െ 𝑇ஶሻଶ,  

𝑇ସ ൎ 3𝑇ஶ
ସ ൅ 6𝑇ஶ

ଶ𝑇ଶ െ 8𝑇ஶ
ଷ ,  

By the virtue of the above equation, the energy Eqn. (9) become 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቀ𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ቁ ൌ ቀ𝑘௛௡௟ െ

ଷଶఙ∗
ಮ்
య

ଷ௞∗ ቁ
డమ்

డ௬మ ൅
ଶସఙ∗

ಮ்
య

ଷ௞∗

డమ

డ௬మ
ሺ𝑇ଶሻ, (19) 

This aspect is termed as quadratic Rosseland radiation effect. 

Boundary Conditions 
The governing equations are solved by using the following boundary equations: 

At 𝑦 ൌ 0: 𝑢 ൌ 𝑈௪ (Plate velocity) 

𝑣 ൌ 0 (No suction or injection velocity) 

𝑇 ൌ 𝑇௪  (Temperature of the plate) 
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As 𝑦 → 0: 𝑢 ൌ 0 (velocity is zero far away from the plate) 

 𝑇 ൌ 𝑇ஶ  (Constant Temperature). (20) 

The hybrid nanoliquid thermal properties such as dynamic viscosity, thermal con-
ductivity, specific heat, density, and thermal expansion coefficient are calculated by 
using phenomenological laws and conventional mixture theory. 

Phenomenological laws (see (25), (27), (30)) 

𝜇௛௡௙ ൌ
ఓ೑

ሺଵିథሻమ.ఱ,   𝜙 ൌ 𝜙஼௨ ൅ 𝜙஺௟మைయ
, 

          𝑘௛௡௙ ൌ 𝑘௕௙ ൬
௞ಲ೗మೀయାሺ௡ିଵሻ௞್೑ିሺ௡ିଵሻథಲ೗మೀయ൫௞್೑ି௞ಲ೗మೀయ൯

௞ಲ೗మೀయାሺ௡ିଵሻ௞್೑ାథಲ೗మೀయሺ௞್೑ି௞ಲ೗మೀయሻ
 ൰,  

          𝑘௕௙ ൌ 𝑘௙ ൬
௞಴ೠାሺ௡ିଵሻ௞೑ିሺ௡ିଵሻథ಴ೠ൫௞೑ି௞಴ೠ൯

௞಴ೠାሺ௡ିଵሻ௞೑ାథ಴ೠሺ௞್೑ି௞಴ೠሻ
 ൰.  

Mixture theory 

          𝜌௛௡௙ ൌ ሺ1 െ 𝜙ሻ𝜌௙ ൅ ሺ𝜙𝜌ሻ஼௨ ൅ ሺ𝜙𝜌ሻ஺௟మைయ
,  

          ൫𝜌𝐶௣൯
௛௡௙

ൌ ሺ1 െ 𝜙ሻ൫𝜌𝐶௣൯
௙

൅ 𝜙஼௨൫𝜌𝐶௣൯
஼௨

൅ 𝜙஺௟మைయ൫𝜌𝐶௣൯
஺௟మைయ

,  

          ሺ𝜌𝛽଴ሻ௛௡௙ ൌ ሺ1 െ 𝜙ሻሺ𝜌𝛽଴ሻ௙ ൅ 𝜙஼௨ሺ𝜌𝛽଴ሻ஼௨ ൅ 𝜙஺௟మைయ
ሺ𝜌𝛽଴ሻ஺௟మைయ

,  

          ሺ𝜌𝛽ଵሻ௛௡௙ ൌ ሺ1 െ 𝜙ሻሺ𝜌𝛽ଵሻ௙ ൅ 𝜙஼௨ሺ𝜌𝛽ଵሻ஼௨ ൅ 𝜙஺௟మைయ
ሺ𝜌𝛽ଵሻ஺௟మைయ

,  

Also, the specific heat and thermal expansion coefficients of hybrid nanoliquid are 
estimated by using the following expressions:  

 𝐶௣௛௡௙
ൌ

൫ఘ஼೛൯
೓೙೑

ఘ೓೙೑
,   𝛽଴௛௡௙ ൌ

ሺఘఉబሻ೓೙೑

ఘ೓೙೑
,   𝛽ଵ௛௡௙ ൌ

ሺఘఉభሻ೓೙೑

ఘ೓೙೑
. 

3 Similarity Solution of the Problem 

The similarity approach drops out the continuity equation from the set of governing 
equations by the introduction of the non-dimensional stream function Ψሺ𝑥, 𝑦ሻ as 
given below: 

 𝑢 ൌ
డஏ

డ௬
 and 𝑣 ൌ െ

డஏ

డ௫
. (21) 
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Upon substituting the above equation, the continuity equation is identically satis-
fied, the other governing equations along with the boundary conditions become 

Momentum equation 

𝜌௛௡௟ ቀ
డஏ

డ௬

డమஏ

డ௫డ௬
െ

డஏ

డ௫

డమஏ

డ௬మ ቁ ൌ 𝜇௛௡௟
డయஏ

డ௬య ൅ 𝑔௫ሾሺ𝜌𝛽଴ሻ௛௡௟ሺ𝑇 െ 𝑇ஶሻ ൅ ሺ𝜌𝛽ଵሻ௛௡௟ሺ𝑇 െ 𝑇ஶሻଶሿ. (22) 

Energy equation with linear thermal radiation 

 ൫𝜌𝐶௣൯
௛௡௟

ቀ
డஏ

డ௬

డ்

డ௫
െ

డஏ

డ௫

డ்

డ௬
ቁ ൌ ቀ𝑘௛௡௟ ൅

ଵ଺ఙ∗
ಮ்
య

ଷ௞∗ ቁ 
డమ்

డ௬మ. (23) 

Energy equation with nonlinear thermal radiation 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቀ
డஏ

డ௬

డ்

డ௫
െ

డஏ

డ௫

డ்

డ௬
ቁ ൌ 𝑘௛௡௟

డమ்

డ௬మ ൅
డ

డ௬
ቂ

ଵ଺ఙ∗

ଷ௞∗ 𝑇ଷ డ்

డ௬
ቃ. (24) 

Energy equation with quadratic thermal radiation 

 ሺ𝜌𝐶௣ሻ௛௡௟ ቀ
డஏ

డ௬

డ்

డ௫
െ

డஏ

డ௫

డ்

డ௬
ቁ ൌ ቀ𝑘௛௡௟ െ

ଷଶఙ∗
ಮ்
య

ଷ௞∗ ቁ
డమ்

డ௬మ ൅
ଶସఙ∗

ಮ்
య

ଷ௞∗

డమ

డ௬మ
ሺ𝑇ଶሻ. (25) 

With the boundary equations: 

At 𝑦 ൌ 0: డஏ

డ௬
ൌ 𝑈௪ ; డஏ

డ௫
ൌ 0 ; 𝑇 ൌ 𝑇௪   

 As 𝑦 → 0: డஏ

డ௬
ൌ 0;  𝑇 ൌ 𝑇ஶ . (26)  

Now, introduce dimensionless variables for stream function and temperature as 
follows; 

Ψሺ𝑥, 𝑦ሻ ൌ ඥ𝜈௟𝑥𝑈௪𝑓ሺ𝜂ሻ,  

𝑢 ൌ 𝑈௪𝑓ᇱሺ𝜂ሻ, 

𝑣 ൌ െ
ଵ

ଶ
ට

ఔ೗௎ೢ

௫
൫𝜂𝑓ᇱሺ𝜂ሻ െ 𝑓ሺ𝜂ሻ൯,  

 𝑇ሺ𝑥, 𝑦ሻ ൌ 𝜃ሺ𝜂ሻሺ𝑇௪ െ 𝑇ஶሻ ൅ 𝑇ஶ or 𝑇ሺ𝑥, 𝑦ሻ ൌ 𝑇ஶሺ𝜃ሺ𝜂ሻሺ𝜃௪ െ 1ሻ ൅ 1ሻ, (27) 
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here 𝜂ሺ𝑥, 𝑦ሻ ൌ
௬

௫
ඥ𝑅𝑒௫ ൌ

௬

√௫
ට

௎ೢ

ఔ೗
 is the similarity variable and it combines two varia-

bles (𝑥 and 𝑦) into a single variable 𝜂. It is easy to verify that 𝜂ሺ𝑥, 𝑦ሻ will be non-
dimensional by substituting the units of 𝜈௟, 𝑈௪, 𝑥 and 𝑦. The local Reynolds number 
is signified as 𝑅𝑒௫ ൌ

୙౭௫

ఔ೗
.  

In terms of above dimensionless variables, the following nonlinear differential 
equations are obtained from equations (22)-(26): 

 𝑓ᇱᇱᇱ ൅
஺భ

ଶ஺మ
𝑓𝑓ᇱᇱ ൅

஺య

஺మ
𝐺𝑟ሺ𝜃 ൅ 𝐴ସ𝛼𝜃ଶሻ ൌ 0, (28) 

 𝜃ᇱᇱ ൅
ோ

ଷ஺ఱሺఏೢିଵሻ
 

డమ

డఎమ
ሺሺ𝜃ሺ𝜃௪ െ 1ሻ ൅ 1ሻସሻ ൅

஺ల

ଶ஺ఱ
𝑃𝑟 𝑓𝜃ᇱ ൌ 0,  (29) 

 ቀ𝐴ହ ൅
ସ

ଷ
𝑅ቁ 𝜃ᇱᇱ ൅

஺ల௉௥

ଶ
 𝑓𝜃ᇱ ൌ 0, (30) 

 ቀ𝐴ହ െ
଼

ଷ
𝑅ቁ 𝜃ᇱᇱ ൅

஺ల

ଶ
𝑃𝑟 𝑓𝜃ᇱ ൅

ଶோ

ሺఏೢିଵሻ
 

డమ

డఎమ
ሺ𝜃ሺ𝜃௪ െ 1ሻ ൅ 1ሻଶ ൌ 0, (31) 

The corresponding boundary conditions are as follows: 

𝑓 ൌ 0, 𝑓ᇱ ൌ 1, 𝜃 ൌ 1 at 𝜂 ൌ 0, 

 𝑓ᇱ ൌ 0, 𝜃 ൌ 0 as 𝜂 → ∞. (32) 

The non-dimensional parameters and the constants which are involved in the above 
equations are given below: 

𝑃𝑟 ൌ
ఓ೗஼೛೗

௞೗
, (Prandtl number) 

 𝑅 ൌ
ସఙ∗

ಮ்
య

௞∗௞
, (Radiation parameter) 

 𝐺𝑟 ൌ
௚ఉబ೗ሺ்ೢ ି ಮ்ሻ௫

௎ೢ
మ ’ (local Grashof number) 

 𝛼 ൌ
ఉభ೗ሺ బ்ି்ಹሻ

ఉబ೗
, (nonlinear convection parameter) 

 𝜃௪ ൌ
்ೢ

ಮ்
, (temperature parameter) 

 𝐴ଵ ൌ ሺ1 െ 𝜙ሻ ൅
థಲ೗మೀయఘಲ೗మೀయ

ఘ೗
൅

థ಴ೠఘ಴ೠ

ఘ೗
, 

 𝐴ଶ ൌ
ଵ

ሺଵିథሻమ.ఱ, 
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 𝐴ଷ ൌ ሺ1 െ 𝜙ሻ ൅
థ಴ೠሺఘఉబሻ಴ೠ

ሺఘఉబሻ೗
 ൅

 థಲ೗మೀయሺఘఉబሻಲ೗మೀయ

ሺఘఉబሻ೗
, 

 𝐴ସ ൌ ሺ1 െ 𝜙ሻ ൅
థ಴ೠሺఘఉభሻ಴ೠ

ሺఘఉభሻ೗
 ൅

 థಲ೗మೀయሺఘఉభሻಲ೗మೀయ

ሺఘఉభሻ೗
, 

 𝐴ସ ൌ ൬
௞ಲ೗మೀయାሺ௡ିଵሻ௞೗ିሺ௡ିଵሻథಲ೗మೀయ൫௞೗ି௞ಲ೗మೀయ൯

௞ಲ೗మೀయାሺ௡ିଵሻ௞೗ାథಲ೗మೀయ൫௞೗ି௞ಲ೗మೀయ൯
൰ ቀ

௞಴ೠାሺ௡ିଵሻ௞್೗ିሺ௡ିଵሻథ಴ೠሺ௞್೗ି௞಴ೠሻ

௞಴ೠାሺ௡ିଵሻ௞್೗ାథ಴ೠሺ௞್೗ି௞಴ೠሻ
ቁ, 

 𝐴ହ ൌ ሺ1 െ 𝜙ሻ ൅
థ಴ೠ൫ఘ௖೛൯

಴ೠ

൫ఘ௖೛൯
೗

൅
థಲ೗మೀయ൫ఘ௖೛൯

ಲ೗మೀయ

൫ఘ௖೛൯
೗

.  

The wall shear stress and the wall heat transfer flux are (see (36)) 

𝑓ᇱᇱሺ0ሻ ൌ
ఔ೗

௎ೢ
మ 𝑅𝑒଴.ହ ቀ

ௗ௨

ௗ௬
ቁ

௬ୀ଴
, 

 𝜃ᇱሺ0ሻ ൌ െ
௫

்ೢ ି ಮ்
𝑅𝑒ି଴.ହ ቀ

ௗ்

ௗ௬
ቁ

௬ୀ଴
. (33) 

4 Numerical Solution of the Problem 

The subsequent set of prevailing equations (28) and (31) along with the boundary 
conditions (32) are strongly nonlinear and coupled in nature. It is arduous to obtain 
any analytical solution to this problem. This set of equations can be mutated into 
first-order coupled ordinary differential equations maneuvering reduction of order. 
The solution of the subsequent initial value problem is obtained by using the Runge-
Kutta-Fehlberg method with an aid of shooting technique. The most crucial step in 
this routine is the selection of η୫ୟ୶. For computation, the suitable value of η୫ୟ୶ is 
taken as 10 such that 

𝑓 ′ሺ10ሻ ൌ 0 and 𝜃ሺ10ሻ ൌ 0. 

Also, to achieve the convergence of the numerical solution the tolerance is set to 
10ି଺.  

5 Validation of the Solution 

To validate the accuracy of the present solutions, the numeric values of 𝑓, 𝑓ᇱ and 𝑆𝑤 
are obtained and compared with those of Cortell (34) when 𝑃𝑟 ൌ 0.7, 𝑅 ൌ 𝛼 ൌ 𝜙1 ൌ
𝜙2 ൌ 0. From Table 1, it is inferred that comparison results are found to be an excel-
lent agreement. 
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Tab. 1: Comparison of computed numerical values of 𝑓, 𝑓ᇱ and – 𝑆𝑤 with those of Cortell (34) when 
𝑃𝑟 ൌ 0.7, 𝑅 ൌ 𝛼 ൌ 𝜙1 ൌ 𝜙2 ൌ 0. 

𝜼 Cortell (34) Present Results 

 𝒇  𝒇ᇱ  െ𝑺𝒘  𝒇  𝒇ᇱ  െ𝑺𝒘

0 0 1 0.4437 0 1 0.4439
0.1 0.0977 0.9557 0.4427 0.0978 0.9556 0.4428
0.2 0.1911 0.9115 0.4395 0.1911 0.9115 0.4396
0.3 0.2801 0.8678 0.4343 0.2801 0.8678 0.4345
0.4 0.3647 0.8247 0.4274 0.3647 0.8247 0.4275
0.5 0.4451 0.7824 0.4188 0.4451 0.7823 0.4189
0.6 0.5212 0.7410 0.4088 0.5212 0.7409 0.4089
0.7 0.5933 0.7007 0.3975 0.5933 0.7006 0.3977
0.8 0.6614 0.6616 0.3853 0.6614 0.6614 0.3854
0.9 0.7257 0.6237 0.3721 0.7256 0.6235 0.3723

1 0.7862 0.5872 0.3583 0.7861 0.5870 0.3584

6 Results and Discussion 

6.1 Parametric study 

This subsection analyses the impact of Grashof number ሺ𝐺𝑟ሻ, quadratic convection 
parameter ሺ𝛼ሻ, quadratic thermal radiation parameter ሺ𝑅ሻ, temperature ratio pa-
rameter ሺ𝜃௪ሻ and nanoparticle volume fractions ሺ𝜙1 & 𝜙2ሻ on velocity 
ሺ𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ, temperature ሺ𝜃ሺ𝜂ሻሻ, wall shear stress ሺ𝑆𝑤ሻ, and wall heat transfer 
flux ሺ𝐻𝑤ሻ profiles. Throughout the analysis, the value of shape factor ሺ𝑛ሻ and 
Prandtl number ሺ𝑃𝑟ሻ is respectively taken as 3 and 6.0674 for water and spherical 
shaped nanoparticles. The value of 𝑃𝑟 is calculated using 𝜇௙ ൌ 0.00089 𝑘𝑔 𝑚/𝑠, 
𝑘௙ ൌ 0.613 𝑊/𝑚 𝐾, 𝐶௣௙

ൌ 4179 𝐽/𝑘𝑔 𝐾 and it is equal to 6.0674. Also, the thermo-
physical properties of based liquid 𝐻ଶ𝑂 and nanoparticles (𝐶𝑢,𝐴𝑙ଶ𝑂ଷ) are taken from 
Table 2. 
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Tab. 2: Thermophysical properties of base liquid and nanoparticles ((27)). 

Physical  
Properties 

Density  
(𝝆) 

Specific heat 
(𝑪𝒑) 

Thermal conduc-
tivity (k) 

Electrical 
conductivity 

(𝝈ሻ 

Thermal 
expansion 

coefficient (𝜷)

  𝑪𝒖 8933 385 401 5.96X107 1.67X10-5

  𝑨𝒍𝟐𝑶𝟑 3970 765 40 3.5X107 0.85X10-5

 𝑯𝟐𝑶 997.1 4179 0.613 5.5X10-6 21X10-5

 
The comparison between hybrid nanoliquid ሺ𝐶𝑢-𝐴𝑙ଶ𝑂ଷ-𝐻ଶ𝑂), mono nanoliquid 
ሺ𝐴𝑙ଶ𝑂ଷ-𝐻ଶ𝑂) and base liquid ሺ𝐻ଶ𝑂ሻ along with linear, quadratic and nonlinear 
thermal radiation effects on velocities (𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ and temperature ൫𝜃ሺ𝜂ሻ൯ distri-
butions are presented in Figs. 2-4. In these figures, the solid lines, dash lines, and 
dotted lines respectively correspond to linear, quadratic, and nonlinear thermal 
radiation effects. Equations (29) and (30) are used to compute the results of nonline-
ar thermal radiation and linear thermal radiation correspondingly. It is noticed that 
the velocity (𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ of the base liquid ሺ𝐻ଶ𝑂ሻ is greater than the mono 
nanoliquid ሺ𝐴𝑙ଶ𝑂ଷ-𝐻ଶ𝑂) and hybrid nanoliquid ሺ𝐶𝑢-𝐴𝑙ଶ𝑂ଷ-𝐻ଶ𝑂) but, just opposite 
results are observed in the case of temperature ൫𝜃ሺ𝜂ሻ൯ distribution. This is because 
of due to the addition of nanoparticles which exert more energy causing an en-
hancement in the temperature. The velocities (𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ and temperature ൫𝜃ሺ𝜂ሻ൯ 
profiles are found to be higher for nonlinear thermal radiation than that of quadratic 
thermal radiation followed by linear thermal radiation. Hence, utilizing nonlinear 
thermal radiation is more convenient for heating processes like thermal energy stor-
age and nuclear power plants. 

Figs. 5-7 depict the effect of quadratic convection parameter ሺ𝛼ሻ on velocities 
(𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ and temperature ൫𝜃ሺ𝜂ሻ൯ profiles. It is seen that an increase 𝛼 causes 
an enhancement in the velocity (𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ profile because of the stronger buoy-
ancy force. Whereas the effect of 𝛼 on temperature ൫𝜃ሺ𝛼ሻ൯ profile shows the declin-
ing nature related to higher values of 𝛼. Here, 𝛼 ൌ ͨ represents a linear convective 
flow situation. On the other hand, the Grashof number is involved in the term 
൅𝐺𝑟௫ሺ𝜃 ൅ 𝐴ͬ𝛼𝜃ͪሻ of Eqn. (29). Clearly, 𝐺𝑟 is the factor of 𝛼, this indicates the impact 
of Grashof number will be the same as that of the quadratic convection parameter. 
That is an increase in local Grashof number ሺ𝐺𝑟ሻ leads to an increase in velocity 
(𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ profile due to the stronger buoyancy force caused by an increase in 
the positive values Grashof number. Whereas the reverse nature can be found for 
temperature profile ൫𝜃ሺ𝜂ሻ൯.  
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Fig. 2: Transverse Velocity profile ൫𝑓ሺ𝜂ሻ൯ versus 𝜂. 

 

Fig. 3: Axial velocity profile ൫𝑓ᇱሺ𝜂ሻ൯ versus 𝜂. 
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Fig. 4: Temperature profile ൫θሺηሻ൯ versus η. 

 

Fig. 5: Transverse Velocity profile ൫𝑓ሺ𝜂ሻ൯ for different values of quadratic convection parameter ሺαሻ. 
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Fig. 6: Axial velocity profile ൫𝑓′ሺ𝜂ሻ൯ for different values of quadratic convection parameter ሺ𝛼ሻ. 

 

Fig. 7: Temperature profile ൫𝜃ሺ𝜂ሻ൯ for different values of quadratic convection parameter ሺ𝛼ሻ. 
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Fig. 8: Transverse Velocity profile ൫𝑓ሺ𝜂ሻ൯ for different values of quadratic radiation parameter ሺ𝑅ሻ. 

 

Fig. 9: Axial velocity profile ൫𝑓′ሺ𝜂ሻ൯ for different values of quadratic radiation parameter ሺ𝑅ሻ. 
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Fig. 10: Temperature profile ൫𝜃ሺ𝜂ሻ൯ for different values of quadratic radiation parameter ሺ𝑅ሻ. 

 

Fig. 11: Transverse Velocity profile ൫𝑓ሺ𝜂ሻ൯ for different values of nanoparticle volume fraction ሺ𝜙ͩሻ. 
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Fig. 12: Axial velocity profile ൫𝑓′ሺ𝜂ሻ൯ for different values of nanoparticle volume fraction ሺ𝜙ͩሻ. 

 

Fig. 13: Temperature profile ൫𝜃ሺ𝜂ሻ൯ for different values of nanoparticle volume fraction ሺ𝜙ͩሻ. 
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Fig. 14: Wall shear stress ሺSwሻ for different values of quadratic convection parameter ሺαሻ. 

 

Fig. 15: Wall heat transfer flux ሺ𝐻𝑤ሻ for different values of quadratic convection parameter ሺ𝛼ሻ. 
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Fig. 16: Residual Plots for Sw 

 

Fig. 17: Residual Plots for Hw. 
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(c) 

Fig. 18: Contour plots of 𝑆𝑤 with respect to all combinations of the factor variables. 
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(b) 

 

(c) 

Fig. 19: Contour plots of 𝐻𝑤 with respect to all combinations of the factor variables. 
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Tab. 3: Wall shear stress ሺ𝑆𝑤ሻ and heat transfer ሺ𝐻𝑤ሻ for different values of 𝐺𝑟 when 𝛼 ൌ 1, 𝑅 ൌ
5, 𝑛 ൌ 3, 𝜙1 ൌ 0.03 and 𝜙ଶ ൌ 0.03. 

Gr   Linear Thermal 
Radiation 

Quadratic Thermal 
Radiation 

Nonlinear Thermal 
Radiation 

Sw Hw Sw Hw Sw Hw

0 -0.4730 -0.3627 -0.4730 -0.1379 -0.4730 -0.0813

1 0.6836 -0.4778 1.1050 -0.2265 1.3252 -0.1481

1.5 1.1576 -0.5070 1.7208 -0.2444 2.0149 -0.1608

2 1.6009 -0.5306 2.2933 -0.2586 2.6548 -0.1708

2.5 2.0222 -0.5507 2.8350 -0.2705 3.2595 -0.1791

 Slope 0.9973 -0.0746 1.3209 -0.0523 1.4899 -0.0385

Tab. 4: Wall shear stress ሺ𝑆𝑤ሻ and heat transferሺ𝐻𝑤ሻ for different values of 𝑅 when 𝛼 ൌ 1, 𝐺𝑟 ൌ
1, 𝑛 ൌ 3, 𝜙1 ൌ 0.03 and 𝜙2 ൌ 0.03. 

𝑹  Linear Thermal 
Radiation 

Quadratic Thermal 
Radiation 

Nonlinear Thermal 
Radiation 

Sw Hw Sw Hw Sw Hw 

0  0.0943 -1.2160 0.0943 -1.2160 0.0943 -1.2160 

1 0.2968 -0.8339 0.5466 -0.4651 0.7057 -0.3147 

2 0.4307 -0.6759 0.7610 -0.3441 0.9515 -0.2282 

3 0.5323 -0.5843 0.9061 -0.2865 1.1116 -0.1886 

4 0.6145 -0.5228 1.0162 -0.2511 1.2306 -0.1646 

 Slope 0.1276 0.1636 0.2203 0.2108 0.2679 0.2229 

Tab. 5: Wall shear stress ሺ𝑆𝑤ሻ and heat transferሺ𝐻𝑤ሻ for different values of 𝜙1 when 𝛼 ൌ 1, 𝑅 ൌ
5, 𝑛 ൌ 3, 𝐺𝑟 ൌ 1 and 𝜙2 ൌ 0.03. 

𝝓𝟏   Linear Thermal 
Radiation 

Quadratic Thermal 
Radiation 

Nonlinear Thermal 
Radiation 

Sw Hw Sw Hw Sw Hw

0 0.8677 -0.5029 1.3490 -0.2393 1.6003 -0.1570
0.02 0.7859 -0.4909 1.2421 -0.2329 1.4800 -0.1524
0.03 0.7473 -0.4853 1.1916 -0.2299 1.4233 -0.1504
0.04 0.7102 -0.4799 1.1430 -0.2272 1.3686 -0.1485
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𝝓𝟏   Linear Thermal 
Radiation 

Quadratic Thermal 
Radiation 

Nonlinear Thermal 
Radiation 

Sw Hw Sw Hw Sw Hw

0.05 0.6745 -0.4747 1.0961 -0.2245 1.3158 -0.1466
Slope -3.8680 0.5653 -5.0640 0.2949 -5.6970 0.2074

Tab. 6: Wall shear stress ሺ𝑆𝑤ሻ and heat transfer ሺ𝐻𝑤ሻ for different values of 𝜙2 when 𝛼 ൌ 1, 𝑅 ൌ
5, 𝑛 ൌ 3, 𝜙1 ൌ 0.03 and Gr ൌ 1. 

𝝓𝟐  Linear Thermal 
Radiation 

Quadratic Thermal 
Radiation 

Nonlinear Thermal 
Radiation 

Sw Hw Sw Hw Sw Hw

0 0.8611 -0.5008 1.3420 -0.2379 1.5927 -0.1560
0.02 0.7916 -0.4928 1.2480 -0.2341 1.4864 -0.1533
0.03 0.7581 -0.4888 1.2025 -0.2322 1.4350 -0.1521
0.04 0.7254 -0.4850 1.1581 -0.2304 1.3847 -0.1508
0.05 0.6934 -0.4811 1.1147 -0.2286 1.3355 -0.1496

Slope -3.3560 0.3939 -4.5510 0.1857 -5.1480 0.1264

Figs. 8–10 are plotted to analyze the effect of quadratic thermal radiation parameter 
ሺ𝑅ሻ on velocities (𝑓ሺ𝜂ሻ & 𝑓ᇱሺ𝜂ሻሻ and temperature ൫𝜃ሺ𝜂ሻ൯ profiles. Here 𝑓ሺ𝜂ሻ, 𝑓ᇱሺ𝜂ሻ 
and 𝜃ሺ𝜂ሻ are increased with increasing values of 𝑅. Physically, an increase in 𝑅 
contributes more heat into the system as a result the fluid particles tend to move 
faster. Figs. 11-13 depict the behavior of nanoparticles volume fraction ሺ𝜙1ሻ on 𝑓ሺ𝜂ሻ, 
𝑓ᇱሺ𝜂ሻ and 𝜃ሺ𝜂ሻ. The inclusion of more nanoparticles makes the liquid to become 
denser, as a result, the velocity becomes a declining function of 𝜙1. Whereas, 𝜃ሺ𝜂ሻ 
increases with increases in nanoparticles volume fraction due to the advance in the 
diffusivity of base liquid. The outcomes of variation of 𝜙2 are qualitatively the same 
as the outcomes of 𝜙1. Figs. 14-15 explore the effect of 𝛼 versus 𝜙2 on wall shear 
stress ሺ𝑆𝑤ሻ and wall heat transfer flux ሺ𝐻𝑤ሻ. These figures show that 𝑆𝑤 is an in-
creasing function of 𝛼 whereas 𝐻𝑤 is a decreasing function of 𝛼. 

The numerical values of Sw and Hw for different values of Gr when R ൌ ͭ, ϕͩ ൌ
ϕͪ ൌ ͨ.ͨͫ, n ൌ ͫ,  θ୵ ൌ ͪ and Pr ൌ ͮ.ͨͮͯͬ are noted for the cases of i) linear, thermal 
radiation, ii) quadratic thermal radiation and iii) nonlinear thermal radiation in 
Table 3. Further, the amount of heightening/decline in the Sw and Hw are estimated 
by using the slope of linear regression with the help of data points. From Table 3 it is 
inferred that in all three cases Sw and Hw respectively heighten and decline as the 
value of Gr increases. Also, it is observed that the influence of Gr on Sw is more 
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significant for nonlinear thermal radiation compares to that of linear and quadratic 
thermal radiation.  

Tables 4 present the numerical values of 𝑆𝑤 and 𝐻𝑤 for different values of 𝑅 
when 𝐺𝑟 ൌ ͩ, 𝜙ͩ ൌ 𝜙ͪ ൌ ͨ.ͨͫ, 𝛼 ൌ ͩ,  𝜃௪ ൌ ͪ and 𝑃𝑟 ൌ ͮ.ͨͮͯͬ. It is found that 𝑆𝑤 and 
𝐻𝑤 heightens as the value of 𝑅 increases. The effect of 𝑅 on 𝑆𝑤 and 𝐻𝑤 is found to 
be more significant for nonlinear thermal radiation compares to that of linear and 
quadratic thermal radiation. The effect of nanoparticle volume fraction 𝜙ͩ and 𝜙ͪ 
on 𝑆𝑤 and 𝐻𝑤 are recorded in the Tables 5-6 and it is found that 𝑆𝑤 and 𝐻𝑤 are 
respectively decreasing and increasing functions of nanoparticles volume fraction. 
It is also depicted that; the nonlinear thermal radiation is more significant com-
pared to quadratic and linear thermal radiation. 

7 Optimization Procedure 

7.1 Response Surface Methodology 

The simultaneous description of parameters of interest can be obtained with the 
smallest possible quantitative data and resources utilizing an appropriate test de-
sign. This experimental design aims at optimizing the response variable which is 
affected by the independent factor variables. It is also a powerful statistical method 
to analyze the interaction of independent factors. The RSM method gives rise to a 
mathematical expression that relates the dependent variable to the factor variables. 
The most appropriate model was found to be a quadratic model as it depicts the 
interaction and square effects of the factor variables in addition to the linear effects. 
Hence, the quadratic model for three-factor variables is given as follows: 

 𝑅𝑒𝑠 ൌ 𝛽଴ ൅ ∑ 𝛽௜𝑥௜
ଷ
௜ୀଵ ൅ ∑ 𝛽௜௜𝑥௜𝑥௜

ଷ
௜ୀଵ ൅ ∑ 𝛽௜௝𝑥௜𝑥௝

ଷ
௜ୀଵ , (34) 

where, 𝛽ͨ is the intercept, 𝛽௜ are the regression coefficients of the 𝑖௧௛ linear factors, 
𝛽௜௜ are the regression coefficients of the quadratic effect of the 𝑖௧௛ factors, 𝛽௜௝ are the 
regression coefficients due to the interaction of the 𝑖௧௛ and 𝑗௧௛ factors and 𝑅𝑒𝑠 is the 
response variable (dependent variable). 

7.2 Test Method 

The effective parameters, quadratic thermal radiation (𝑅), quadratic convection 
parameter (𝛼) and nanoparticle volume fraction of 𝐶𝑢 (𝜙1) are chosen to study their 
impacts on the wall heat transfer flux (𝐻𝑤) and the wall shear stress (𝑆𝑤) by using 
the RSM model. The range of the model parameters are as follows: 
– Quadratic thermal radiation parameter (1 ൑ 𝑅 ൑ 3) 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



44 | B. Mahanthesh 

  

– Quadratic convection parameters (0.1 ൑ 𝛼 ൑ 0.9) 
– Nanoparticles volume fraction of Cu (0.01 ൑ 𝜙1 ൑ 0.03). 

These parameters and their levels are tabulated in Table 7. -1, 0 and 1 correspond to 
the low, medium, and high levels respectively. 

Tab. 7: Levels of the chosen effectual parameters. 

Parameter   Symbol Low (-1) 
Level 

Medium (-1) 
Level 

High (-1)
Level

𝑅  A 1 2 3

 𝛼 B 0.1 0.5 0.9

 𝜙1 C 0.01 0.02 0.03

A face-centered central composite design (CCF) is used to fit the polynomial in the 
equation. The number of experimental runs required is given below: 

 𝑟 ൌ 2௞ ൅ 2𝑘 ൅ 𝑑, (35) 

where 𝑘 is the number of effective parameters (Here, 𝑛 ൌ ͫ) and 𝑑 is the number of 
central points (𝑑 ൌ ͮ). Also, in the equation (35), ͪ௞ denotes the number of cube 
points, ͪ𝑘 denotes the number of axial points. Hence, in this model, there are 20 
runs with 8 cube points, 6 center points, and 6 axial points for the three independ-
ent parameters with three levels each. The experimental design and the responses 
for twenty runs are tabulated in Table 8. 

Tab. 8: Experimental Design and Responses. 

Runs Coded values Actual Values Responses 

A B C R 𝜶  𝝓𝟏  Sw Hw 

1 -1 -1 -1 1 0.1 0.01 0.2882 -0.4613 

2 1 -1 -1 3 0.1 0.01 0.5568 -0.2801 

3 -1 1 -1 1 0.9 0.01 0.6331 -0.4788 

4 1 1 -1 3 0.9 0.01 1.0189 -0.2958 

5 -1 -1 1 1 0.1 0.03 0.2338 -0.4525 

6 1 -1 1 3 0.1 0.03 0.4891 -0.2737 

7 -1 1 1 1 0.9 0.03 0.5629 -0.4695 
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Runs Coded values Actual Values Responses 

 A B C R 𝜶  𝝓𝟏  Sw Hw 

8 1 1 1 3 0.9 0.03 0.9296 -0.2889 

9 -1 0 0 1 0.5 0.02 0.4312 -0.4658 

10 1 0 0 3 0.5 0.02 0.7520 -0.2849 

11 0 -1 0 2 0.1 0.02 0.4166 -0.3343 

12 0 1 0 2 0.9 0.02 0.8220 -0.3507 

13 0 0 -1 2 0.5 0.01 0.6597 -0.3467 

14 0 0 1 2 0.5 0.03 0.5874 -0.3393 

15 0 0 0 2 0.5 0.02 0.6228 -0.3429 

16 0 0 0 2 0.5 0.02 0.6228 -0.3429 

17 0 0 0 2 0.5 0.02 0.6228 -0.3429 

18 0 0 0 2 0.5 0.02 0.6228 -0.3429 

19 0 0 0 2 0.5 0.02 0.6228 -0.3429 

20 0 0 0 2 0.5 0.02 0.6228 -0.3429 

7.2.1 Accuracy of the Model 

The ANOVA table for 𝑆𝑤 and 𝐻𝑤 are given in Tables 9 and 10 correspondingly. The 
percentage of the variation in the response variable that can be explained by the 
predictor variables in the linear model is called the coefficient of determination (𝑅ଶ). 
The value of 𝑅ଶ lies in the range from 0% to 100%. Adjusted - 𝑅ଶ is the coefficient of 
determination that is adjusted for the number of predictor variables in the model. It 
can be observed that both models have a very high coefficient of determination 
(𝑅ଶ ൌ  99.99% and 100 % respectively). Although the Adjusted 𝑅ଶ is lesser than the 
𝑅ଶ values, the model fits the data satisfactorily. Also, the F-values for the models are 
12961.62 and 1204729.73 respectively which are significantly large (when compared 
with 1). This proves the meaningfulness of the models. The F-value is the ratio of 
residual variances in a model without and with the independent predictor variables. 
If the predictor variables are not related to the response variable, then the expected 
F-value is 1. Hence, for a parameter to be significant, the F-value should be suffi-
ciently large. Also, the p-value should be less than 0.05. 
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Tab. 9: ANOVA table for Sw. 

Source Degrees 
Of 

Freedom 

Adjusted 
sum 

of squares 

Adjusted 
mean 

Square 

F-value P-value Remarks

Model 9 0.6725 0.0747 12961.62 0 Significant
Linear 3 0.6603 0.2201 38178.82 0 Significant

R 1 0.2551 0.2550 44238.21 0 Significant
𝛼  1 0.3927 0.3928 68124.54 0 Significant

𝜙1  1 0.0125 0.0125 2173.71 0 Significant
Square 3 0.0054 0.0018 310.63 0 Significant

R*R 1 0.0026 0.0026 461.72 0 Significant
𝛼 ∗ 𝛼  1 0.0003 0.0001 5.67 0.039 Significant

𝜙1*𝜙1 1 0.0001 0.0001 0.34 0.575 Insignificant
Interaction 3 0.0069 0.0022 395.40 0 Significant

R*𝛼 1 0.0065 0.0065 1133.03 0 Significant
R*𝜙1 1 0.0001 0.0002 22.98 0.001 Significant
𝛼*𝜙1 1 0.0002 0.0002 30.19 0 Significant
Error 10 0.0001 0.0001     

Lack-of-Fit 5 0.0001 0.0001 * * 
Pure Error 5 0 0     

Total 19 0.6726    
R2 = 99.99%                           Adjusted R2=99.98% 

Tab. 10: ANOVA table for Hw. 

Source Degrees 
Of 

Freedom 

Adjusted 
sum 

of squares 

Adjusted 
mean 

Square 

F-value P-value Remarks

Model 9 0.0878 0.0098 1204729.73 0 Significant
Linear 3 0.0826 0.0275 3399446.01 0 Significant

R 1 0.0818 0.0818 10096896.40 0 Significant
𝛼  1 0.0007 0.0007 82934.71 0 Significant

𝜙1  1 0.0002 0.0002 18506.94 0 Significant
Square 3 0.0052 0.0017 214560.1 0 Significant

R*R 1 0.0029 0.0029 357909.4 0 Significant
𝛼 ∗ 𝛼  1 0 0 51.57 0 Significant

𝜙1*𝜙1 1 0 0 2.94 0.117 Insignifi-
cant
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Source Degrees 
Of 

Freedom 

Adjusted 
sum 

of squares 

Adjusted 
mean 

Square 

F-value P-value Remarks 

Interac-
tion 

3 0 0 183.09 0 Significant 

R*𝛼 1 0 0 186.66 0 Significant 
R*𝜙1 1 0 0 347.71 0 Significant 
𝛼*𝜙1 1 0 0 14.89 0.003 Significant 
Error 10 0 0       

Lack-of-Fit 5 0 0 * *   
Pure Error 5 0 0       

Total 19 0.0878     
R2 = 100%                           Adjusted R2=100% 

It can be observed that the square term of 𝜙1 is not significant for both the models 
as the p-values are more than 0.05 (p-values are 0.575 and 0.117). Therefore, the 
square term of 𝜙1 will be removed from the model. Using the significant regression 
coefficients from Tables 11 and 12, the models for 𝑆𝑤 and 𝐻𝑤 can be given as fol-
lows: 

 𝑆𝑤 ൌ 0.622764 ൅ 0.159707 R ൅ 0.198188 𝛼 െ 0.035402 𝜙1 െ 0.03111 R ∗ R െ
       0.00345 𝛼 ∗ 𝛼 ൅ 0.028576 R ∗ 𝛼 െ 0.00407 R ∗ 𝜙1 െ 0.004664𝛼 ∗ 𝜙1, 

 𝐻𝑤 ൌ െ0.342884 ൅ 0.090444 R െ 0.008197𝛼 ൅ 0.003872 𝜙1 െ 0.032472 R ∗ R ൅
           0.00039 𝛼 ∗ 𝛼 ൅ 0.000435 R ∗ 𝛼 െ 0.000593 R ∗ 𝜙1 ൅ 0.000123𝛼 ∗ 𝜙1. 

Tab. 11: Regression coefficients of the RSM model for Sw 

Term Coefficient p-value Remarks

Constant 0.6227 0 Significant

R 0.1597 0 Significant

 𝛼 0.1982 0 Significant

 𝜙1 -0.0354 0 Significant

R*R -0.0311 0 Significant
 𝛼 ∗ 𝛼 -0.0034 0.0390 Significant

 𝜙1 ∗ 𝜙1 0.0008 0.5750 Insignificant

R*𝛼 0.0285 0 Significant

𝑅*𝜙1 -0.0040 0.0010 Significant
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Term Coefficient p-value Remarks

𝛼*𝜙1 -0.0046 0 Significant 

Tab. 12: Regression coefficients of the RSM model for 𝐻w. 

Term Coefficient p-value Remarks 

Constant -0.3429  0 Significant 

R 0.0904 0 Significant 

𝛼  -0.0082 0 Significant 

𝜙1  0.0039 0 Significant 

R*R -0.0324 0 Significant 
𝛼 ∗ 𝛼  0.0004 0 Significant 

𝜙1*𝜙1 -0.0001 0.1170 Insignificant 

R*𝛼 0.0004 0 Significant 

𝑅*𝜙1 -0.0006 0 Significant 

𝛼*𝜙1 0.0001 0.0030 Significant 

The residual plots in Figs. 16 and 17 are used to further evaluate the accuracy of the 
models. The points in the normal probability plot are aligned along the straight line 
which suggests the normality of the data. The histograms indicate that the data is 
roughly symmetric (bell-shaped) without much skewness. In the residual versus 
fitted values plot, it can be observed that the maximum deviation is 0.005 and 
0.0002 respectively which indicates high accuracy. Considering the above discus-
sion, it can be concluded that the model is a good fit and is meaningful.  

In Figs. 18 and 19, the contour plots of 𝑆𝑤 and 𝐻𝑤 are displayed to study the 
interaction of (a) 𝛼-𝑅, (b) 𝜙ͩ- 𝑅 and (c) 𝛼 - 𝜙ͩ when the third parameter is maintained 
at the medium level. From Fig. 18, it can be concluded that: 
– Increase in 𝛼 and 𝑅 enhances 𝑆𝑤. The highest value for Sw is observed for the 

high level of both 𝛼 and 𝑅. 
– The 𝑆𝑤 gets enhanced by increasing 𝑅 and decreasing 𝜙ଵ. It reaches the highest 

value when 𝑅 is at a high level and 𝜙1 is at a low level.  
– The increase in 𝛼 and decrease in 𝜙1 leads to an enhancement in 𝑆𝑤. The 

highest value for 𝑆𝑤 is obtained for the high level of 𝛼 and a low level of 𝜙1. 

Similarly, from Fig. 19, it can be concluded that: 
– An increase in 𝑅 enhances 𝐻𝑤. It can also be noted that the increase in 𝛼 has a 

negligible effect on 𝐻𝑤 (Though negligible, the increase in 𝛼 decreases 𝐻𝑤).  
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– The highest value for 𝐻𝑤 is observed for the high level of 𝑅 for all levels of 𝛼. 
The 𝐻𝑤 gets enhanced by increasing 𝑅. The nanoparticle volume fraction of 𝐶𝑢 
has a negligible decreasing effect on 𝐻𝑤. It reaches the highest value when 𝑅 is 
at a high level for all levels of 𝜙1.  

– The decrease in 𝛼 and increase in 𝜙1 leads to an enhancement in 𝐻𝑤. 
Therefore, the highest value for 𝐻𝑤 is obtained for the high level of 𝜙1 and low 
level of 𝛼. 

7.3 Sensitivity Analysis 

Understanding the sensitivity of the model output towards the changes in the model 
inputs is of utmost importance. The models for various practical applications can be 
made more efficient if the sensitivity of the response variable is understood. Hence, 
sensitivity analysis is an important part of the computational procedure of this 
chapter. The partial derivatives of the response variables with respect to the factor 
variables are called the sensitivity functions. These are further investigated to study 
the sensitivity of the response variables. 

The sensitivity functions for 𝑆𝑤 are: 

డௌ௪

డ஺
ൌ 0.159707 െ 0.06222 𝐴 ൅ 0.028576 𝐵 െ 0.00407𝐶,  

𝜕𝑆𝑤
𝜕𝐵

ൌ 0.198188 ൅ 0.028576 𝐴 ൅ 0.0069 B െ 0.004664 𝐶,  

డௌ௪

డ஼
ൌ െ0.035402 െ 0.00407𝐴 െ 0.004664 𝐵.  

The sensitivity functions for 𝐻𝑤 are: 

          డு௪

డ஺
ൌ 0.090444 െ 0.064944 A ൅ 0.000435 𝐵 െ 0.000593 𝐶, 

          డு௪

డ஻
ൌ െ0.008197 ൅ 0.000435 𝐴 ൅ 0.00078 𝐵 ൅ 0.000123 𝐶, 

          డு௪

డ஼
ൌ 0.003872 െ 0.000593 𝐴 ൅ 0.000123 𝐵. 

As mentioned earlier here the symbols A, B and C are signify 𝑅, 𝛼 and 𝜙1 respective-
ly. A positive value for the sensitivity implies an enhancement in the response vari-
able due to the increase in the factor variable. Similarly, a negative value for the 
sensitivity implies that an increase in the factor variable causes a decrease in the 
response variable. The sensitivity is calculated for 𝐴 ൌ 0.  

From Table 13, it can be concluded that the sensitivity of 𝑆𝑤 to 𝑅 and 𝛼 is posi-
tive but is negative to 𝜙ͩ. When 𝐵 is at the low level and the level of 𝐶 is increased, a 
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small decrease in the sensitivity of 𝑆𝑤 towards 𝐴 and 𝐵 is observed whereas the 
sensitivity of 𝐶 remains unchanged. A similar trend is observed when 𝐵 is in the 
medium and high levels. Also, an increase in the sensitivity towards 𝐴 and 𝐵is ob-
served when the level of 𝐵 is incremented whereas the sensitivity towards 𝐶 be-
comes more negative. 

Tab. 13: Sensitivity of Sw and Hw when A = 0. 

B  C 𝝏𝑺𝒘

𝝏𝑨

𝝏𝑺𝒘

𝝏𝑩

𝝏𝑺𝒘

𝝏𝑪

𝝏𝑯𝒘

𝝏𝑨

𝝏𝑯𝒘

𝝏𝑩

𝝏𝑯𝒘

𝝏𝑪

-1 0.1352 0.1960 -0.0307 0.0906 -0.0091 0.0037
-1 0 0.1311 0.1913 -0.0307 0.0900 -0.0090 0.0037

1 0.1271 0.1866 -0.0307 0.0894 -0.0089 0.0037

-1 0.1638 0.2029 -0.0354 0.0910 -0.0083 0.0039
0 0 0.1597 0.1982 -0.0354 0.0904 -0.0082 0.0039

1 0.1556 0.1935 -0.0354 0.0899 -0.0081 0.0039

-1 0.1924 0.2098 -0.0401 0.0915 -0.0075 0.0040
1 0 0.1883 0.2051 -0.0401 0.0909 -0.0074 0.0040

1 0.1842 0.2004 -0.0401 0.0903 -0.0073 0.0040

From Table 13, it can be concluded that the sensitivity of 𝐻𝑤 to 𝑅 and 𝜙1 is positive 
but is negative to 𝛼. When 𝐵 is in the low level (𝐵 ൌ െ1 and the level of 𝐶 is in-
creased, a small decrease in the sensitivity of 𝐻𝑤 towards 𝐴whereas the sensitivity 
of 𝐻𝑤 towards 𝐵 becomes less negative. The sensitivity of 𝐶 remains unchanged. A 
similar trend is observed when 𝐵 is in the medium and high levels. Also, an increase 
in the sensitivity towards 𝐴 and 𝐶 is observed when the level of  𝐵 is incremented 
whereas the sensitivity towards B becomes less negative. 

8 Concluding Remarks 

A novel quadratic thermal radiation effect is proposed to study the Sakiadis flow of 
hybrid nanoliquid past a vertical plate with quadratic Boussinesq approximation. 
The following findings can be summarized from the results obtained: 
– The quadratic Rosseland thermal radiation effect is studied for the first time and

this aspect more suitable when quadratic density thermal fluctuation had taken
into account.

– The temperature field is higher in the case of quadratic thermal radiation in
comparison with the linearized thermal radiation effect.

– The velocity field increases with increasing quadratic convection parameter.
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– By increasing the quadratic radiation parameter, the velocity and temperature
fields increase.

– The temperature ratio parameter is directly proportional to the thermal field.
– The wall heat flux is higher in the case of linear thermal convection than quad-

ratic convection.
– An increase in both quadratic convection and quadratic radiation enhances

shear stress at the wall.
– The sensitivity of wall shear stress to quadratic radiation and quadratic convec-

tion is positive.
– The sensitivity of wall heat flux to quadratic thermal radiation is positive

whereas its sensitivity is negative to quadratic convection.
– The nanoparticle volume fractions have a positive effect on wall heat flux.

As this is the first investigation dealt with quadratic thermal radiation effect. This 
effect can be included along with quadratic convection on various surfaces with 
distinct physical conditions. 
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Convective heat transfer of magneto flow of 
Fe3O4-MWCNT/H2O hybrid nanofluid in a 
porous space between two concentric cylinders 
Magneto-hybrid nanofluid flow in a porous space  

Abstract: In this chapter, MHD free convection of hybrid-nanofluid in the porous 
cavity is investigated numerically using Control Volume Finite Element Method. The 
porous cavity has two circular sides, the inside heated and the outside cooled, while 
the rest of the walls are adiabatic. The hybrid NPs volume fraction, Hartmann num-
ber, Rayleigh number, Darcy number, and the porosity are the parameters used to 
control and visualize the fluid flow through the isotherms, streamlines, and the 
average Nusselt number. The above parameters directly influence the convective 
flow, where the heat transport decreases with the increase in the magnetic field 
intensity and gradually increases with the increase in the other parameters. 

Keywords: Convection; Fe3O4-MWCNT/H2O hybrid nanofluid; Magnetic field; Nusselt 
number; Porous cavity. 

1 Introduction 

Renewable energies and especially solar energy are the solutions to the enormous 
consumption of energy as well as all the environmental concerns of this new century. 
The solar radiation is absorbed and its thermal energy is collected by the solar collec-
tors. So, solar thermal systems collect and store thermal energy via thermally insulat-
ed collectors and supply thermal energy to the system for use. The DASC, direct ab-
sorption solar collector, is the best choice due to its efficiency to exploit solar energy, 
it is characterized by a good capacity to absorb energy directly from the sun with a 
minimum of heat loss. Therefore, the development of this technology requires a new 
working fluid which efficiently absorbs solar energy with minimal heat loss. 

The choice of this working fluid, starting with the nanofluids and now the hybrid 
nanofluids, with their exceptional thermal and optical properties are the subject of 
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interest of several researchers around the world. (2, 3). 
The nanofluid heat transport rate is influenced by the thermal conductivity of 

nanoparticles (NPs). Especially this type of fluids is very used to improve the ther-
mal conductivity of the traditional fluids; ethylene glycol, water, etc. For this, there 
are many biomedical and industrial applications such as cancer therapy, food pro-
cessing, cooling, etc. MWCNT (Multi-Wall Carbon Nanotube) nano additives used in 
this study have very unique physical properties, which makes them important in the 
advancement of systems. Mohebbi et al. (1) has shown numerically that for all the 
cases of their study, the heat transfer rate increases with the insertion of MWCNT-
Fe3O4/water hybrid nanofluid. Shi et al. (4) used the Fe3O4-CNT nanofluid to control 
the heat exchange, they determined that the heat transport rate is directly related to 
the direction of the magnetic field and its intensity. In the presence of a magnetic 
field, the Fe3O4 nanofluid has immense potential to improve thermal properties 
depending on its intensity and direction. Sheikholeslami et al. (5) conducted a nu-
merical study of magneto-convection heat transfer in a lid-driven semi-annulus 
enclosure filled with Fe3O4–H2O nanofluid. Their results indicate that Nusselt num-
ber increases with Reynolds number, NPs volume fraction and reduces with Hart-
mann number. Medebber et al. (6) demonstrated that the Rayleigh number and 
Nusselt number are proportional through their analysis of nanofluid heat transfer in 
the cylindrical annulus. The NPs concentration is completely correlated with the 
Nusselt number. Zeeshan et al. (7) studied numerically the convective Poiseuille 
boundary layer flow of Al2O3/C2H6O2 nanofluid through a porous wavy channel. Mei 
et al. (8) carried out experimental research on the influence of the parallel magnetic 
field on thermo-hydraulic performances of Fe3O4-H2O nanofluids flowing in a circu-
lar tube. They found that for a low magnetic induction intensity and a high fraction 
of NPs, the exergy efficiency is perceptive to turbulent flow. Zhou et al. (9) studied 
forced convection in a circular tube filled with nanofluids based on the liquid metal. 
Heat transfer is better for nanofluids with liquid metal as base fluid than with water 
as a base fluid. The effect of a heat source on the flow of the Cu-H2O MHD nanofluid 
through a plate taking into account the heterogeneous-homogeneous reactions and 
thermal radiation, using a Corcione correlation for the dynamic viscosity and ther-
mal conductivity of the nanofluid is investigated by Dogonchi et al. (10). The con-
centration profile decreases with the increase in the heterogeneous parameter and 
the homogeneous reaction parameter. As well as the heat transport decreases with 
the increase of the internal parameters of the heat source. 

The MHD flow and heat transfer have various manufacturing and industrial ap-
plications such as cooling of underground electric cables, nuclear reactors, geo-
thermal energy extractions, plastic sheets, and artificial fibers. In the last years, 
many studies are conducted on MHD and nanofluids (11-52). The study of natural 
convection in a porous medium is of great attention due to its importance in engi-
neering and technological applications such as mechanical and civil engineering, 
heat exchangers, geothermal reservoirs and the prevention of pollution. Darcy-
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Forchheimer flow of carbon nanotubes (SWCNT and MWCNTs) with various base 
fluids over a rotating disk with partial slip and temperature jump conditions are 
analyzed by Hayat et al. (53). The heat transport rate improves by varying the esti-
mation of Forchheimer number and NPs volume fraction. 

The main objective of this work is to use the CVFEM method to resolve the flow 
of Hybrid-nanofluids in porous media. Where the effect of MWCNT- Fe3O4 hybrid 
NPs on natural convection will be determined. We will simulate the flow and tem-
perature fields taking into account the following parameters; Hartmann number, 
Darcy number, Rayleigh number, porosity, and the volume fraction of NPs. 

2 Mathematical Statement 

 

Fig. 1: Geometry of the problem. 

The outer and inner circular walls are maintained at constant temperatures 𝑇௖ and 
𝑇௛, respectively (𝑇௛  ൐  𝑇௖) while the other walls are adiabatic. Darcy-Brinkman 
model is used for modeling the porous media with hybrid nanofluid. The problem is 
shown schematically in Fig. 1. 

Conservation of Mass 

 డ௨೓೙೑

డ௫
൅

డ௩೓೙೑

డ௬
ൌ 0,  (1) 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



58 | F. Mebarek-Oudina, A. Aissa 

  

Conservation of Momentum along x-direction 

 
𝜌௛௡௙ ቀ𝑢௛௡௙

డ௨೓೙೑

డ௫
൅ 𝑣௛௡௙

డ௨೓೙೑

డ௬
ቁ ൌ െ𝜀ଶ డ௣

డ௫
൅ 𝜀𝜇௛௡௙ ቀ

డమ௨೓೙೑

డ௫మ ൅
డమ௨೓೙೑

డ௬మ ቁ

            െ𝜀ଶ ఓ೓೙೑

఑
𝑢௛௡௙

 ቑ , (2) 

Conservation of Momentum along y-direction 

 

𝜌௛௡௙ ቀ𝑢௛௡௙
డ௩೓೙೑

డ௫
൅ 𝑣௛௡௙

డ௩೓೙೑

డ௬
ቁ ൌ െ𝜀ଶ డ௣

డ௫
൅ 𝜀𝜇௛௡௙ ቀ

డమ௩೓೙೑

డ௫మ ൅
డమ௩೓೙೑

డ௬మ ቁ

                         െ𝜀ଶ ఓ೓೙೑

఑
𝑣௛௡௙ െ 𝜎𝐵଴

ଶ𝑣௛௡௙

                       ൅𝛽௛௡௙𝜌௛௡௙𝑔ሺ𝑇 െ 𝑇௖ሻ ,
 

 

⎭
⎪
⎬

⎪
⎫

, (3) 

Conservation of Energy 

 𝑢௛௡௙
డ்೓೙೑

డ௫
൅ 𝑣௛௡௙

డ்೓೙೑

డ௬
ൌ 𝛼௛௡௙ ቀ

డమ்೓೙೑

డ௫మ ൅
డమ்೓೙೑

డ௬మ ቁ, (4) 

The Eqs. (1–4) are transferred to a dimensionless form after considering the follow-
ing specifications: 

Dimensionless scales 

 𝑋, 𝑌 ൌ
௫,௬

௅
, 𝑈, 𝑉 ൌ

ሺ௨,௩ሻ௅

ఈ೑೗
, 𝜃 ൌ

்ି ೎்

்೓ି ೎்
, 

Dimensionless numbers 

 𝐷𝑎 ൌ
ఒ

௅మ, (Darcy number)  

 𝑃𝑟 ൌ  
జ೑೗

ఈ೑೗
, (Prandtl number)   

 𝑅𝑎 ൌ  
௚ఉ೑೗ሺ்೓ି ೎்ሻ௅య

ఈ೑೗జ೑೗
, (Rayleigh number)    

 𝑃 ൌ
൫௣ାఘ೓೙೑௚೤൯௅మ

ఘ೑೗ఈ೑೗
మ .  

The heat capacity and the density of Fe3O4- MWCNT/H2O nanofluid are determined as 
follows: 
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𝜌௛௡௔ ൌ ሺ1 െ 𝜙ሻ𝜌௙௟ ൅ 𝜙௦

൫𝜌𝐶௣൯
௛௡௔

ൌ ሺ1 െ 𝜙ሻ൫𝜌𝐶௣൯
௙௟

൅ 𝜙൫𝜌𝐶௣൯
௦

 ቋ,  (5) 

The coefficient of thermal expansion of Fe3O4- MWCNT/H2O nanofluid is defined as: 

 ሺ𝜌𝛽ሻ௛௡௔ ൌ ሺ1 െ 𝜙ሻ𝜌௙௟ ൅ 𝜙ሺ𝜌𝛽ሻ௦,  (6) 

The thermal conductivity and the viscosity of Fe3O4- MWCNT / H2O nanofluid are 
expressed as: 

 𝜇௛௡௔ ൌ
ఓ೑೗

ሺଵିథሻబ.మఱ,  (7) 

 ௞೓೙ೌ

௞೑೗
ൌ

௞ೞାଶ௞೑೗ିଶథ൫௞೑೗ି௞ೞ൯

௞ೞାଶ௞೑೗ାଶథ൫௞೑೗ି௞ೞ൯
 ,  (8) 

For the NPs of Fe3O4 and MWCNT, the properties are: 

 𝜙 ൌ 𝜙ி௘యைర
൅ 𝜙ெௐ஼ே்,  (9) 

 𝜌௛௡௣ ൌ
థ𝐹𝑒3𝑂4

 ఘ𝐹𝑒3𝑂4
ାథಾೈ಴ಿ೅ ఘಾೈ಴ಿ೅

థ
, (10) 

 ሺ𝐶𝑝ሻ
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ൌ
𝜙ಷ೐యೀర

 ሺ𝐶𝑝ሻ
ಷ೐యೀర

൅𝜙𝑀𝑊𝐶𝑁𝑇 ሺ𝐶𝑝ሻ
𝑀𝑊𝐶𝑁𝑇

𝜙
,  (11) 

 𝛽ℎ𝑛𝑝 ൌ
𝜙𝐹𝑒3𝑂4

 𝛽𝐹𝑒3𝑂4
൅𝜙𝑀𝑊𝐶𝑁𝑇 𝛽𝑀𝑊𝐶𝑁𝑇

𝜙
, (12) 

 𝑘ℎ𝑛𝑝 ൌ
𝜙𝐹𝑒3𝑂4

 𝑘𝐹𝑒3𝑂4൅𝜙𝑀𝑊𝐶𝑁𝑇 𝑘𝑀𝑊𝐶𝑁𝑇

𝜙
, (13) 

 𝜎ℎ𝑛𝑝 ൌ
𝜙𝐹𝑒3𝑂4

 𝜎𝐹𝑒3𝑂4൅𝜙𝑀𝑊𝐶𝑁𝑇 𝜎𝑀𝑊𝐶𝑁𝑇

𝜙
, (14) 

The local and average Nusselt numbers along the circular heated wall are calculated 
from the following two equations: 

 
𝑁𝑢௟௢௖ ൌ െ

௞೐೑೑

௞೑೗
ቀ

డఏ೛೚

డ௒
ቁ

௒ୀ଴

𝑁𝑢௔௩௘ ൌ ׬ 𝑁𝑢௟௢௖𝑑𝑋
ଵ

଴

 ቑ . (15) 

2.1 Boundary conditions 

 𝑇 ൌ 1   𝜓 ൌ 0 on the inner wall (16) 
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 𝑇 ൌ 0  𝜓 ൌ 0 on the outer wall (17) 

 డ்

డ௡
   𝜓 ൌ 0 on the other walls (18) 

The base fluid and NPs properties are presented in Table 1. 

Tab. 1: Thermo-physical properties of the Fe3O4, MWCNT, and H2O ((1) and ( 52)). 

Physical  
Properties 

Density  
(𝝆) 

 

Specific heat 
(𝑪𝒑)  

Thermal conduc-
tivity (k) 

Electrical 
conductivity 

(𝝈ሻ 

Thermal 
expansion 

coefficient (𝜷)

 𝑀𝑊𝐶𝑁𝑇 2100 711 3000 1.9X10-4 4.2X10

 𝐹𝑒ଷ𝑂ସ 5810 670 6 2.5X10-4 1.3X10-5

 𝐻ଶ𝑂 997.1 4179.0 0.613 550X10-4 21X10-5

2.2 Grid Analysis and Validation 

2.2.1 Grid analysis 

The mixture between the two methods FEM and FVM constitutes the CVFEM meth-
od. The latter is used to solve the nonlinear algebraic system. Large documentation 
on these methods and their uses are available in the literature (10, 37-46, 52). 

Various non-uniform meshes are used to obtain precise results and to optimize 
the calculation time. A semi-implicit running time is used to advance the solution. 
Table 2 presents a comparison of the average Nusselt number for diverse meshes, we 
found that the mesh of 19101 is the best for this study. 

Tab. 2: Average Nusselt number, 𝑁𝑢௔௩௚ for diverse grids. 

Mesh  𝑵𝒖𝒂𝒗𝒈 
 

770 5.1795 

1184 5.2285 

5266 5.3280 
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Mesh  𝑵𝒖𝒂𝒗𝒈 
 

19101 5.3671 

20841 5.3688 

2.3 Validation 

The governing equations have been discretized by the CVFEM method using a trian-
gular Lagrange finite elements different orders for the variables flow of and quadrat-
ic elements in the computational domain. For airflow in a cavity, a comparison of 
our numerical results with those of (24) is carried out in order to verify the used 
code. A good agreement between the two results is obtained from the dimensionless 
temperature profile with a deviation that does not exceed 2%. (see Fig. 2) 

0,0 0,2 0,4 0,6 0,8 1,0

0,0

0,2

0,4

0,6

0,8

1,0

X
/H

Temperature 

 Present model
 Khanafer et al

 

Fig. 2: Validation of our work with that of Khanfer et al. (24). 

3 Results and discussion  

In this study, numerical analysis is accomplished to study the influences of the 
controlling parameters such as Hartmann number (𝐻𝑎 ൌ  0– 100), Rayleigh number 
(𝑅𝑎 ൌ 10ଷ, 10ସ, 10ହ and 10଺), Porosity (𝜀 ൌ  0.1, 0.4, 0.6, 0.9), Darcy number 
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(𝐷𝑎 ൌ 10ିଶ, 10ିଷ , 10ିସ and 10ିହ) and volume fraction of Fe3O4-MWCNT (50/50%) 
hybrid NPs (𝜙 ൌ  0, 0.2, 0.4, 0.8) on the free convection of magnetic hybrid-
nanofluid in the porous cavity. 

 

Fig. 3: Isotherms and Streamlines for various 𝑅𝑎. 

 

Fig. 4: Streamlines and isotherms for various 𝐻𝑎. 
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Fig. 5: Isotherms and streamlines for various 𝜀. 

 

Fig. 6: Isotherms and streamlines for various 𝐷𝑎. 

Figures. 3 and 4 depict the effects of the Hartmann and Rayleigh numbers on the 
isotherms and streamlines respectively. The maximum value of the current lines is 
directly related to the Rayleigh number and an inverse relationship with Hartmann's 
number; thus, the convection intensity increases with Ra number and decreases 
with Ha number. The magnetic field plays a great role in controlling heat transfer, 
so Lorentz forces eliminate buoyancy forces. With the growth of the Ha, the fluid 
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rises along the outer circular wall with a stretching of the central line. The dominant 
heat mode for the low Rayleigh number is the conduction, from where the viscous 
forces defeat buoyancy forces, and on the contrary, when Ra increases, the convec-
tive mode dominates the heat transfer. For upper Ra and lower Ha, a temperature 
stratification is formed by the distortion of the isotherms. 

In another way, along the interior and outer circular walls, a thermal boundary 
layer is formed. The isotherms are paralyzed by the high Ha numbers, and conduc-
tion is the dominant mode of transport. In this case, the thermal boundary layer will 
be faded along the inner and outer circular walls. The influence of ε and Darcy 
number on the isotherms and streamlines are showed in Figures 5 and 6, respective-
ly. The intensity of the flow inside the cavity is the permeability of a porous medium 
where it presents here by the Darcy number. The low Darcy numbers lead to a weak 
circulation of the flow, and this circulation will be intensified with the increase in 
the Da number therefore a very good permeability. From these figures, we notice 
that the conductive transfer mode is dominant for low Darcy values with parallel 
isotherms close to each other. With the growth of Da, the isotherms deform and the 
convective mode dominates the heat transfer. The same result for the parameter ε is 
found during the processing of isotherms. 

Figures 7-10 depicts the variation of the mean Nu number (Nuavg) for various 
values of Rayleigh number, Darcy number, Hartmann number, and porosity. It is 
obvious that in all cases, the maximum value of the average Nu number occurs near 
the lower adiabatic wall. The average Nu number value increases with the increase 
in Ra number, Da number, and porosity while it reduces with increasing Hartmann 
number. The convection heat transport mode dominates due to the increase in Ra, 
Da, and ε while the increase in Ha favors the conduction mode. The Hartmann 
number has a very small effect on the average Nusselt number for low values of the 
Ra number. The evolution of the local Nu number along the hot circular wall is pre-
sented for different values of the Rayleigh number in figure 11 and for different val-
ues of the Hartmann number in figure 12. According to these two figures, the best 
heat transfer is found for the small Rayleigh number value, without magnetic field 
and at the beginning of the hot circular wall. 
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Fig. 7: 𝑁𝑢௔௩௚ vs 𝑅𝑎 for various 𝜙. 

 

Fig. 8: 𝑁𝑢௔௩௚ vs 𝑅𝑎 for various 𝜖. 
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Fig. 9: 𝑁𝑢௔௩௚ vs 𝑅𝑎 for various 𝐻𝑎. 

 

Fig. 10: 𝑁𝑢௔௩௚ vs 𝑅𝑎 for various 𝐷𝑎. 
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Fig. 11: 𝑁𝑢௅௢௖ vs 𝑆 for various 𝑅𝑎. 

 

Fig. 12: 𝑁𝑢௅௢௖ vs 𝑆 for various 𝐻𝑎. 
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4 Concluding Remarks 

The magneto-hydrodynamic natural convective flow between two coaxial cylinders 
filled with Fe3O4-MWCNT/H2O (50/50%) hybrid-nano-fluids is investigated numeri-
cally. The Control Volume Finite Element Method is utilized to achieve the necessary 
simulations. From the obtained results, the main conclusions are: 
– The increase in the average Nu number with the increase in the 𝑅𝑎 number, the 

Darcy number, and the volume fraction of the hybrid NPs while it reduces with 
the increase in the 𝐻𝑎 number. 

– The porosity of the porous medium increases with the 𝑅𝑎 number but this in-
crease is slightly for low temperatures. 

– The Hartmann number, 𝐷𝑎 number, 𝜀 parameter have a negligible effect on the 
average Nusselt number for lower values of the Rayleigh number. 

– The use of the Fe3O4-MWCNT/H2O hybrid nanofluid has a harmful effect on the 
hydrothermal aspects of the porous cavity studied.  
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Nomenclature 
 

Symbols Definition 

𝐷𝑎  
𝑁𝑢  
𝐾  
𝑃  
𝑝  
𝑃𝑟  
𝑅𝑎  
𝑅௜௡  
𝑅௢௨௧  
𝑆  
𝑇  
𝑈  
𝑢  
𝑉  
𝑣  
𝑋  
𝑥  
𝑌  
𝑦  
Greek symbols 
 𝛼 
𝛽  
𝛾  
𝜎  
𝜌  
𝜃  
𝜇  
𝜈  
𝜙  
𝜖  
𝜓  
Subscripts 
𝐴𝑣𝑔  
𝐿𝑜𝑐  
𝑐  
ℎ  
ℎ𝑛𝑓  
𝑓𝑙  
Abbreviation 
𝑁𝑃𝑠  
𝑀𝐻𝐷  
𝐶𝑉𝐹𝐸𝑀  
𝐹𝐸𝑀  
𝐹𝑉𝑀  
𝐹𝑒ଷ𝑂ସ 

Darcy number 
Nusselt number 
Permeability of porous medium (m2) 
Dimensionless pressure 
Pressure (N/m2) 
Prandtl number 
Rayleigh number 
Inner radii (m) 
Outer radii (m) 
Circular heated wall length 
Temperature (oC) 
Dimensionless velocity component in X-direction 
Velocity component in x-direction (m/sec) 
Dimensionless velocity component in Y-direction 
Velocity component in y-direction (m/sec) 
Dimensionless coordinate in the horizontal direction (m) 
Cartesion coordinate in the horizontal direction (m) 
Dimensionless coordinate in the vertical direction 
Cartesian coordinate in the vertical direction (m) 
 
Thermal diffusivity (m2/s) 
Thermal expansion coefficient (1/K) 
Angle (o) 
Electrical conductivity (1/Ω m) 
Density (kg/m3) 
Dimensionless temperature 
Dynamic viscosity (kg/m s) 
Kinematic viscosity (m2/s) 
Volume fraction (%) 
Porosity 
Stream function 
 
Average\nu 
Local 
Cold 
Hot 
Hybrid nanofluid 
Fluid de base 
 
Nanoparticles 
Magnetohydrodynamic 
Control volume finite element method 
Finite element method 
Finite volume method 
Magnetite 
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Symbols Definition 

𝑀𝑊𝐶𝑁𝑇 
𝐻ଶ𝑂 

Multi-wall carbon nanotubes 
Water 
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Abstract: During the past few years, multiple efforts have been made to apply differ-
ent techniques to boost the heat transfer in different thermal systems. Achieving 
higher heat transfer can contribute to the development of more versatile heat trans-
fer systems with higher thermal efficiencies. Therefore, the development of an im-
proved heat flow process has generated tremendous demand for new heat transfer 
technologies. The current work consists of a model that is developed for this pur-
pose. The simulation of magnetohydrodynamics flow of thixotropic nanoliquid 
having motile microorganisms is addressed in the current analysis. Thixotropic 
nanofluid model depicts important rheological aspects of fluid dynamics. Moreover, 
the nanofluid mass and heat efficiencies are achieved by testing the famous 
Buongiorno model which leads to Brownian motion and thermophoretic diffusion. 
Furthermore, the existence of thermal radiation, heat generation, and Joule dissipa-
tion is examined in the heat transport system. By introducing acceptable similarity 
transformations, the non-linear governing flow equations (PDEs) are changed into 
the nonlinear ordinary differential expressions (ODEs). The obtained nonlinear 
ODEs are solved numerically by using bvp4c solver in computational software 
MATLAB. Numerical and graphical results are obtained by employing various esti-
mations of physical numbers. Both temperature and volumetric concentration of 
nanoparticles depict decreasing trend for enhancing estimation of mixed convection 
parameter. 
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1 Introduction 

In current years, non-Newtonian liquids have fascinated many researchers and 
scientists due to their interdisciplinary features, rheology, and wide range of appli-
cations in the industrial and engineering sector. These fluids are utilized in the pro-
cessing process, technology of fiber, china clay, nuclear and chemical industries, oil 
industries, material handling, cooling of microelectronics, and many others. Several 
fluids like animal blood, mud, condensed milk, shampoos, detergents, polymer 
solution, sugar solution and coating of wires, ice flow, synovial liquid, grease, apple 
sauces, tomato ketchup, gels, ketchup, paints, and ink are also classified as non-
Newtonian fluids. Out of these, the thixotropic fluid is a shear rate fluid that extra-
dites a diminishes in liquid viscosity across time at a steady shear rate. Hayat et al. 
(1) illustrated the magnetic field aspects in thixotropic nanofluid flow across a 
stretching sheet. Features of thixotropic nanoliquid flow subject to mixed convec-
tion under the impact of the stratification mechanism are revealed by Hayat et al. 
(2). Joule heating aspects in mixed convection flow of thixotropic nanofluid across a 
flat sheet is analyzed by Hayat et al. (3). 

Nanofluids have attracted the attention of many investigators in recent years 
due to the excellent improvements in heat transfer enhancement. When nanometre-
size particles (<100nm) (i.e., titanium dioxide, carbides, silver, and metals, etc) are 
immersed in a regular fluid, the heat transfer efficiency from coolants is improved. 
The research of the flow and thermal expansion within the same concentric nanoflu-
id containing annulus, acquire consideration as it has various environmental and 
engineering applications including automobile thermal management, heat ex-
change, and energy storage, cooling of electronics appliances, and molecular biolo-
gy. Magnetic nanomaterials have been utilized to replace with radioactive techneti-
um to examine the growth of cancer including blood vessels. Nanofibers and 
nanomaterials play a vital role in the manufacture and design of novel structures for 
bone and tissue repair. In addition, the use of nanofluids in the field of pharmaceu-
ticals for imaging and sensing is increasing. Further nanomaterials have been intro-
duced into the packaging of food processing to estimate the ambient environment 
around the food keeping it safe and protected from bacterial contamination. Choi 
and Eastman (4) have introduced the idea of enhancing the thermal efficiency of 
base fluids via nanoparticles. Buongiorno (5) investigated the heat convective 
transport phenomenon of nanomaterial by considering Brownian diffusion and 
thermophoretic characteristics. Buongiorno model flow over a permeable and sub-
stantially extended surface is scrutinized by Alblawi et al. (6). Chemical reactions 
and heat generation/absorption in the boundary layer flow of Carreau nanofluid 
configured by a non-linearly stretching surface through a porous medium is illus-
trated by Eid et al. (7). Ahmad et al. (8) examined the three-dimensional second-
grade nanofluid flow due to thermophoresis and Brownian motion behaviours. As-
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ma et al. (9) demonstrated the MHD 3D nanofluid flow from a rotating disk. The 3D 
flow of MHD nanofluids through a non-linear surface with nanoparticles is illustrat-
ed by Hayat et al. (10). Hayat et al. (11) examined the 3D Carreau fluid flow in the 
occurrence of nanomaterials formed by a nonlinearly extensible surface. In view of 
the growing demand for current technologies and the industrial stages, attention 
has been paid to enhance the reach of nanofluid flow through the changed geome-
tries (12). The heat transfer in the Maxwell nanofluid flow through the solar amplifi-
cation is inspected by Khan et al. (13). More research executed in the field of 
nanofluids can be seen in attempts (14–22). Furthermore, magnetized nanoliquid is 
a unique category of fluid which possessed the characteristics of nanoparticles and 
magnet. Magnetic nanofluids are used for filtration, magnetoreception, and separa-
tion. Furthermore, magnetic nanofluid has commonly used in several fields such as 
hyperthermia treatment, imaging, and sensing, targeted drug delivery, optical 
modulators, and scanning, etc. (29). The crucial significance of the magnetic field in 
micropolar fluid flow with nanoparticles is addressed by Hsiao (24). Sheikholeslami 
and Rokni (25) reported the magnetic field aspects in the presence of nanoliquid via 
melting mechanisms. 

When the swimming microorganisms are concentrated in the higher portion of 
the fluid, bioconvection arises owing to the unbalanced dens nature of microorgan-
isms. During this phenomenon, bioconvection build-up and the microorganism 
travels from the top fluid portion to the bottom fluid zone due to the massive differ-
ence in density. Bioconvection happens as micro-organisms, which are thicker than 
water, swim forward onto the median. Hassan et al. (26) evaluated the numerical 
solution for nanofluid flow by revolving disk with microorganisms’ slips. Khan et al. 
(27) examined the bioconvection movement of nanofluid throughout the stretched 
sheet which is assumed to be oscillatory. Tlili et al. (28) examined the inspiration of 
second-order slip and activation energy on Oldroyd-B nanofluid flow with biocon-
vection. The thermal conduction mechanism of the MHD Williamson nanofluid flow 
in the presence of the motile gyrostatic micro-organism is scrutinized by Hassan et 
al. (29). Hassan et al. (30) analyzed the bioconvection flow of modified second-grade 
nanoliquids consisting of nanomaterials and microorganisms. Wang et al. (31) illus-
trated the effectiveness of Prandtl bioconvective thermally magnetized tangent hy-
perbolic nanofluids with gyrotactic motile microorganisms. Khan et al. (32) exam-
ined the bioconvection of couple stress nanomaterial subject to activation energy 
and Wu's slip. Many researchers have recently contributed to bioconvection effects 
by utilizing different fluids (33-37). 

The prime aim of this communication is to examine the bio-convection flow of 
magnetized thixotropic nanofluid involving gyrotactic motile microorganisms. The 
thixotropic model is more perfect and has novel characteristics. The governing 
equations are tackled numerically by utilizing the bvp4c scheme with the help of 
computational commercial MATLAB software. The behaviors of flow controlling 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



78 | Taseer Muhammad, Hassan Waqas, B. Mahanthesh 

  

parameters against temperature distribution, the concentration of nanoparticles, 
and rescaled motile microorganisms are graphically examined. 

2 Mathematical Statement 

Here we intend to elaborate the model of 2D magneto-thixotropic nanofluid flow 
within a swimming gyrotactic motile microorganisms across a variable ticked sur-
face. The mechanisms of stratified and convective conditions with bioconvection on 
magneto-thixotropic nanofluid are accounted. We chose Cartesian coordinates in  𝑥 
and 𝑦- ways (see Fig. 1). The stretching velocity is 𝑈௪ሺ𝑥ሻ ൌ 𝑈଴ሺ𝑥 ൅ 𝑏ሻ௡. The system 
of the current model in the absence of a porous medium is given below (38). 

 

Fig. 1: Physical sketch of the model. 

 ∂୶𝑢 ൅ 𝜕௬𝑣 ൌ 0,  (1) 
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 𝑢𝜕௫𝑁 ൅ 𝑣𝜕௬𝑁 ൅
ൣడ೤൫ேడ೤஼൯൧௕ௐ೎

൫஼೑ି஼ಮ൯
ൌ 𝐷௠𝜕௬൫𝜕௬𝑁൯, (5) 

The associated boundary conditions are 

𝑢 ൌ 𝑈௪ሺ𝑥ሻ ൌ 𝑈଴ሺ𝑥 ൅ 𝑏ሻ௡, 𝑣 ൌ 0 െ 𝑘𝜕௬𝑇 ൌ ℎ௙൫𝑇௙ െ 𝑇൯, െ𝐷஻𝜕௬𝐶 ൌ ℎ௚൫𝐶௙ െ 𝐶൯
 

െ𝐷௠𝜕௬𝑁 ൌ ℎ௠൫𝑁௙ െ 𝑁൯, 𝑎𝑡 𝑦 ൌ 𝐴ଵሺ𝑥 ൅ 𝑏ሻ଴.ହሺଵି௡ሻ
ቑ, (6) 

 
𝑢 → 0, 𝑣 → 0, 𝑇 → 𝑇ஶ ൌ 𝑇଴ ൅ 𝑑ଵ𝑥, 𝐶 → 𝐶ஶ ൌ 𝐶଴ ൅ 𝑑ଶ𝑥,

 
𝑁 → 𝑁ஶ ൌ 𝑁଴ ൅ 𝑑ଷ𝑥 𝑎𝑡 𝑦 → ∞

ൡ, (7) 

where,  

 
𝑄ሺ𝑥ሻ ൌ 𝑄଴ሺ𝑥 ൅ 𝑏ሻ௡ିଵ, 𝑇௙ ൌ 𝑇଴ ൅ 𝑎ଵ𝑥, 𝐶௙ ൌ 𝐶଴ ൅ 𝑎ଶ𝑥, 𝑁௙ ൌ 𝑁଴ ൅ 𝑎ଷ𝑥

 
ℎ௙ ൌ ℎ௙

∗ሺ𝑥 ൅ 𝑏ሻ଴.ହሺ௡ିଵሻ, ℎ௚ ൌ ℎ௚
∗ ሺ𝑥 ൅ 𝑏ሻ଴.ହሺ௡ିଵሻ, ℎ௡ ൌ ℎ௡

∗ ሺ𝑥 ൅ 𝑏ሻ଴.ହሺ௡ିଵሻ
ቑ, (8) 

in which 𝑢 and 𝑣 stand for components of velocity in 𝑥- and 𝑦- axis correspondingly, 
𝐵଴ for strength of magnetic field, 𝜎 for electrical conductivity, 𝑈௪ሺ𝑥ሻ ൌ 𝑈଴ሺ𝑥 ൅ 𝑏ሻ௡ 
for stretching velocity, 𝑅ଵ and 𝑅ଶ for material constants, ሺ𝜌𝑐ሻ௙ and ሺ𝜌𝑐ሻ௣ for fluid 
specific heat and nanoparticles specific heat respectively, 𝜌௙ for density of base 
fluid, 𝛼∗ for thermal diffusivity, 𝐷஻ for coefficient of Brownian motion, 𝐷்  for coeffi-
cient of thermophoresis diffusion, 𝑄ሺ𝑥ሻ for non-uniform heat generation/absorption  
coefficient, 𝑛 for velocity power index, ቀ ்

ಮ்
ቁ

௡భ
exp ቀെ

ாೌ

௄భ்
ቁ for modified Arrhenius  

function, 𝐸௔ for activation energy, 𝑛ଵ for fitted rate constant, 𝜎∗ for Stefan–
Boltzmann constant, 𝑘∗ for mean absorption coefficient, 𝜌௣ for fluid density, 𝜌௠ for 
density of motile microorganism, 𝑇 for temperature of nanoparticles, 𝐶 for nanopar-
ticles volume fraction, 𝑁 for microorganisms concentration, 𝑇ஶ for ambient temper-
ature, 𝐶ஶ and 𝑁ஶ for ambient volumetric nanoparticles concentration and ambient 
microorganisms field, 𝑊௖ for maximum cell speed of gyrotactic motile microorgan-
isms and 𝐷௠ for microorganisms diffusivity. Considering (1): 
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.  (9) 

where 𝜓 stands for stream function, 𝜁 for dimensionless variable and 𝑈଴ for refer-
ence velocity. By employing the above transformations, the governing system is 
reduced to the following expressions: 

 
𝐹ᇱᇱ ൅ 𝐹𝐹ᇱᇱ ൅

ሺ௡ାଵሻ

ଶ
𝐾ଵ𝐹ᇱᇱଶ𝐹ᇱᇱᇱ െ

ሺ௡ିଵሻ

ଶ
𝐾ଶ ቌ

ሺ௡ାଵሻ

ଶ
𝐹𝐹ᇱᇱଶ𝐹ᇱᇱᇱᇱ െ

ሺହ௡ିଷሻ

ଶ
𝐹ᇱ𝐹ᇱᇱଶ𝐹ᇱᇱᇱ

െ
ሺଷ௡ିଵሻ

ଶ
𝐹ᇱᇱସ ൅

ሺ௡ାଵሻ

ଶ
𝐹𝐹ᇱᇱ𝐹ᇱᇱᇱଶ

ቍ

െ
ଶ

௡ାଵ
𝑀ଶሺ𝐹ᇱሻ ൅

ଶ

௡ାଵ
𝜆ሺ𝜃 െ 𝑁𝑟𝜙 െ 𝑁𝑐𝜒ሻ ൌ 0 ⎭

⎪
⎬

⎪
⎫

, (10) 

 

ቀ1 ൅
ସ

ଷ
𝑅𝑑ቁ Θᇱᇱ ൅ 𝑃𝑟𝐹Θᇱ െ

ଶ

௡ାଵ
𝑃𝑟𝐹ᇱΘ ൅ Pr൫𝑁𝑏𝛩ᇱ𝜑ᇱ ൅ 𝑁𝑡 𝛩ᇱଶ൯ ൅

ሺ௡ାଵሻ

ଶ
𝑃𝑟𝐸𝑐𝐹ᇱᇱଶ

൅
௡ାଵ

଺
𝐾ଵ𝑃𝑟𝐸𝑐𝐹ᇱᇱସ ൅ 𝐾ଶ Pr

𝐸𝑐 ቄ
ሺ௡ାଵሻ

ଶ
𝐹ᇱ𝐹ᇱᇱସ െ

ሺଷ௡ିଵሻ

ଶ
𝐹𝐹ᇱᇱଷ𝐹ᇱᇱᇱቅ ൅

ሺ௡ାଵሻ

ଶ
𝑃𝑟𝐸𝑐𝑀𝐹ᇱଶ

൅
ଶ

௡ାଵ
ሺ𝑃𝑟𝛿𝜃 െ 𝑃𝑟𝑆ଵ𝐹ᇱሻ ൌ 0

 
⎭
⎪
⎬

⎪
⎫

, (11) 

 
φᇱᇱ ൅ 𝑃𝑟𝐿𝑒ሺ𝐹𝜑ᇱሻ ൅

ே௧

ே௕
Θᇱᇱ െ

ଶ

௡ାଵ
𝑃𝑟𝐿𝑒ሺ𝑆ଶ𝐹ᇱ ൅ 𝐹ᇱ𝜑ሻ

െ𝑃𝑟𝐿𝑒𝜎∗ሺ1 ൅ 𝛿଴Θሻ௡భ exp ቀെ
ாభ

ଵାఋబ௵
ቁ 𝜑 ൌ 0

ቑ,  (12) 

 𝜛ᇱᇱ ൅ 𝐿𝑏𝐹𝜛ᇱ െ 𝑃𝑒ሾ𝜑ᇱᇱሺ𝜛 ൅ 𝛿ଵሻ ൅ 𝜛ᇱ𝜑ᇱሿ ൌ 0, (13) 
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⎪
⎬

⎪
⎫
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Using 𝐹ሺ𝜁ሻ ൌ 𝑓ሺ𝜁 െ 𝛼ሻ ൌ 𝑓ሺ𝜁ሻ, Θሺ𝜁ሻ ൌ 𝜃ሺ𝜁 െ 𝛼ሻ ൌ 𝜃ሺ𝜁ሻ and 𝜑ሺ𝜁ሻ ൌ 𝜙ሺ𝜁 െ 𝛼ሻ ൌ
𝜙ሺ𝜁ሻ, 𝜛ሺ𝜁ሻ ൌ 𝜒ሺ𝜁 െ 𝛼ሻ ൌ 𝜒ሺ𝜁ሻ, in expressions (10)-(14), we have   
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𝑓𝑓ᇱᇱଶ𝑓ᇱᇱᇱᇱ െ

ହ௡ିଷ

ଶ
𝑓ᇱ𝑓ᇱᇱଶ𝑓ᇱᇱᇱ

െ
ሺଷ௡ିଵሻ

ଶ
𝑓ᇱᇱସ ൅

ሺ௡ାଵሻ

ଶ
𝑓𝑓ᇱᇱ𝑓ᇱᇱᇱଶ

ቍ, (15) 

 

ቀ1 ൅
ସ

ଷ
𝑅𝑑ቁ 𝜃ᇱᇱ ൅ 𝑃𝑟𝑓𝜃ᇱ െ

ଶ

௡ାଵ
𝑃𝑟𝑓𝜃ᇱ െ

ଶ

௡ାଵ
𝑃𝑟𝑓ᇱ𝜃 ൅ Pr൫𝑁𝑏𝜃ᇱ𝜙ᇱ ൅ 𝑁𝑡𝜃ᇱଶ൯

൅
ሺ௡ାଵሻ

ଶ
𝑃𝑟𝐸𝑐𝑓ᇱᇱଶ ൅

௡ାଵ

଺
𝐾ଵ𝑃𝑟𝐸𝑐𝑓ᇱᇱସ ൅ 𝐾ଶ𝑃𝑟𝐸𝑐 ቄ

௡ାଵ

ଶ
𝑓ᇱ𝑓ᇱᇱସ െ

ଷ௡ିଵ

ଶ
𝑓𝑓ᇱᇱଷ𝑓ᇱᇱᇱቅ

௡ାଵ

ଶ
𝑃𝑟𝐸𝑐𝑀𝑓ᇱమ

൅
ଶ

௡ାଵ
ሺ𝑃𝑟𝛿𝜃 െ 𝑃𝑟𝑆ଵ𝑓ᇱሻ ൌ 0 ⎭

⎪
⎬

⎪
⎫

,  (16) 
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𝜙ᇱᇱ ൅ 𝑃𝑟𝐿𝑒ሺ𝑓𝜙ᇱሻ ൅

ே௧

ே௕
𝜃ᇱᇱ െ

ଶ

௡ାଵ 
𝑃𝑟𝐿𝑒ሺ𝑆ଶ𝑓ᇱ ൅ 𝑓ᇱ𝜙ሻ

െ𝑃𝑟𝐿𝑒𝜎∗ሺ1 ൅ 𝛿଴𝜃ሻ௡భ exp ቀെ
ாభ

ଵାఋబఏ
ቁ 𝜙 ൌ 0

ቑ, (17) 

 𝜒ᇱᇱ ൅ 𝐿𝑏𝑓𝜒ᇱ െ 𝑃𝑒ሾ𝜙ᇱᇱሺ𝜒 ൅ 𝛿ଵሻ ൅ 𝜒ᇱ𝜙ᇱሿ ൌ 0, (18) 

 

𝑓ሺ0ሻ ൌ 𝛼
ଵି௡

ଵା௡
, 𝑓ᇱሺ0ሻ ൌ 1, 𝜃ᇱሺ0ሻ ൌ െ𝛼ଵ൫1 െ 𝑆ଵ െ 𝜃ሺ0ሻ൯,

 
𝜙ᇱሺ0ሻ ൌ െ𝛼ଶ൫1 െ 𝑆ଶ െ 𝜙ሺ0ሻ൯, 𝜒ᇱሺ0ሻ ൌ െ𝛼ଷ൫1 െ 𝑆ଷ െ 𝜒ሺ0ሻ൯,

 
𝑓ᇱ → 0, 𝜃 → 0, 𝜙 → 0, 𝜒 → 0 𝑎𝑠 𝜁 → ∞

 

⎭
⎪
⎬

⎪
⎫

, (19) 

Here 𝐾ଵ& 𝐾ଶ stand for material parameters of thixotropic liquid, 𝑃𝑟 for Prandtl 
number, 𝜆 for mixed convection parameter, 𝑁𝑟 for Buoyancy ratio parameter, 𝑁𝑐 for 
bioconvection Rayleigh number, 𝑀 for magnetic parameter, 𝑅𝑑 for thermal radia-
tion parameter, 𝛼 for velocity slip parameter, 𝑁𝑡 for thermophoresis number, 𝑁𝑏 for 
Brownian motion parameter, 𝜏 for heat capacity ratio, 𝐿𝑒 for Lewis number, 𝐸ଵ for 
activation energy, 𝛿 for heat generation parameter, 𝛼∗ for thermal diffusivity, 𝜎∗ for 
chemical reaction parameter, 𝛿଴ for temperature difference parameter, 𝛿ଵ for micro-
organisms difference parameter, 𝑆ଵ for the thermally stratified parameter, 𝑆ଶ for the 
solutal stratified variable, 𝑆ଷ for microorganisms stratification variable, 𝛼ଵ for Biot 
number, 𝛼ଶ for solutal Biot number, 𝛼ଷ for stratification Biot number and 𝛿ଵ for 
motile microorganism differences parameter. Such parameters are stated below: 

 

𝐾ଵ ൌ െ
଺ோభ௎బ

యሺ௫ା௕ሻయ೙షభ

ఘ೑ఔమ , 𝐾ଶ ൌ
ସோమ௎బ

రሺ௫ା௕ሻర೙షమ

ఘ೑ఔమ , 𝑃𝑟 ൌ
ఔ

ఈ
, 𝜆 ൌ

௚∗ఉ∗∗൫்೑ି బ்൯൫ଵି஼೑൯

௎బ
మሺ௫ା௕ሻమ೙షభఘ೑

,
 

𝑁𝑟 ൌ
൫ఘ೛ିఘ೑൯൫஼೑ି஼బ൯

ఉ∗∗൫ଵି஼೑൯൫்೑ି బ்൯
, 𝑁𝑐 ൌ

ఊ൫ఘ೘ିఘ೑൯൫ே೑ିேబ൯

ఉ∗∗൫்೑ି బ்൯൫ଵି஼೑൯
, 𝑀 ൌ

ఙ஻బ
మ

ఘ೑௎బ
, 𝑅𝑑 ൌ

ସఙ∗
ಮ்
య

௞௞∗ ,
 

𝐸𝑐 ൌ
௎ೢ

మ

஼೑൫்೑ି ಮ்൯
, 𝐿𝑒 ൌ

ఈ

஽ಳ
, 𝑁𝑡 ൌ

ఛ஽೅൫்೑ି బ்൯

ಮ்ఔ
, 𝑁𝑏 ൌ

ఛ஽ಳ൫஼೑ି஼బ൯

ఔ
, 𝜏 ൌ

ሺఘ௖ሻ೛

ሺఘ௖ሻ೑
,

 

𝐸ଵ ൌ
ாೌ

௞ ಮ்
, 𝛿 ൌ

ொబ

௎బሺఘ௖ሻ೑
, 𝛼∗ ൌ

௞

ሺఘ௖ሻ೑
, 𝜎∗ ൌ

௄௥మ

௔
, 𝛿଴ ൌ

்ೢ ି ಮ்

ಮ்
, 𝛿ଵ ൌ

ேಮ

ே೑ିேಮ
,

 

𝑆ଵ ൌ
ௗభ

௔భ
, 𝑆ଶ ൌ

ௗమ

௔మ
, 𝑆ଷ ൌ

ௗయ

௔య
, 𝛼ଵ ൌ

௛೑
∗

௞
ට

ଶఔ

ሺ௡ାଵሻ௎బ
, 𝛼ଶ ൌ

௛೒
∗

஽ಳ
ට

ଶఔ

ሺ௡ାଵሻ௎బ
,

𝛼ଷ ൌ
௛೙

∗

஽೘
ට

ଶఔ

ሺ௡ାଵሻ௎బ
, 𝛼 ൌ 𝐴ଵටቀ

ሺ௡ାଵሻ

ଶ
ቁ ቀ

௎బ

ఔ
ቁ 

  ⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎫

.  (20) 

The physical engineering quantities of interest such as skin friction coefficient 𝐶௙, 
local Nusselt number 𝑁𝑢 , local Sherwood number 𝑆ℎ and local rescaled of motile 
microorganism’s density number 𝑁𝑛 are expressed by 

 𝐶௙ ൌ
ଶఛഘ

ఘ௨ഘ
మ , 𝑁𝑢 ൌ

ሺ௫ା௕ሻ௤ഘ

௞൫்೑ି ഘ்൯
, 𝑆ℎ ൌ

ሺ௫ା௕ሻ௤೘

஽ಳ൫஼೑ି஼ಮ൯
, 𝑁𝑛 ൌ

ሺ௫ା௕ሻ௤೙

஽೘൫ே೑ିேಮ൯
 , (21) 
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where, 

 
𝜏ఠ ൌ ቂቀ𝜇 െ 2𝑅ଵ൫𝜕௬𝑢൯

ଶ
ቁ 𝜕௬𝑢ቃቚ

௬ୀ஺భሺ௫ା௕ሻబ.ఱሺభష೙ሻ
 , 𝑞ఠ ൌ െ𝑘൫𝜕௬𝑇൯ห

௬ୀ஺భሺ௫ା௕ሻబ.ఱሺభష೙ሻ

𝑞௠ ൌ െ𝐷஻൫𝜕௬𝐶൯ห
௬ୀ஺భሺ௫ା௕ሻబ.ఱሺభష೙ሻ , 𝑞௡ ൌ  െ𝐷௠𝜕௬𝑁ห

௬ୀ஺భሺ௫ା௕ሻబ.ఱሺభష೙ሻ

ቑ,  (22) 

By using (21) and (22), we get 

 𝐶௙ೣ 𝑅𝑒଴.ହ ൌ ටሺ௡ାଵሻ

ଶ
ቂ𝑓ᇱᇱሺ0ሻ ൅

ሺ௡ାଵሻ

ଶ
𝐾ଵ൫𝑓ᇱᇱሺ0ሻ൯

ଷ
ቃ, (23) 

 𝑁𝑢௫𝑅𝑒ି଴.ହ ൌ െටሺ௡ାଵሻ

ଶ
𝜃ᇱሺ0ሻ, (24) 

 𝑆ℎ௫𝑅𝑒ି଴.ହ ൌ െටሺ௡ାଵሻ

ଶ
𝜙ᇱሺ0ሻ, (25) 

 𝑁𝑛௫𝑅𝑒ି଴.ହ ൌ െටሺ௡ାଵሻ

ଶ
𝜒ᇱሺ0ሻ. (26) 

In which 𝑅𝑒 ൌ
௎బሺ௫ା௕ሻ೙శభ

ఔ
 stands for local Reynolds number, 𝐶௙ೣ  for dimensionless skin  

friction, 𝑁𝑢௫ for dimensionless local Nusselt number, 𝑆ℎ௫ for dimensionless local 
Sherwood number and 𝑁𝑛௫ for dimensionless local motile microorganisms’ number. 

3 Numerical Procedure 

The solution of a coupled nonlinear system (15)–(18) with dimensionless restrictions 
(19) is not possible due to its nonlinearity. Various governing numerical and analyt-
ical techniques are available for solving this system. Here numerical computations 
for the velocity field, temperature distribution, concentration field, and microorgan-
ism’s concentration are calculated by employing shooting technique via bvp4c solv-
er under computational commercial software MATLAB. The bvp4c solver has been 
employed here for the calculation of the boundary value problem. Bvp4c is a finite 
difference collocation code that employs the interesting methodology 3-stages Lo-
batto-IIIa formula. This is a collocation method and the polynomial collocation 
gives 𝐶ଵ -continuous result that is regularly specific to the 4th-order in the interval, 
where the function is integrated. The bvp4c is much harder to solve than initial 
boundary value problems and any other solver fails even with good guesses. The 
bvp4c scheme solves the nonlinear system of first-order ordinary differential equa-
tion. The bvp4c solves ODE’s by using analytical conductions. Mesh choice and 
error manage are depended upon the residual of the incessant explanation. The 
process is repeated until results are obtained within tolerance 10ି଺. Before starting 
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the simulation, firstly we convert higher-order systems into first-order problems 
such as follow: 

𝑓 ൌ 𝑝,
𝑑𝑓
𝑑𝜁

ൌ 𝑝ଵ,
𝑑ଶ𝑓
𝑑𝜁ଶ ൌ 𝑝ଶ,

𝑑ଷ𝑓
𝑑𝜁ଷ ൌ 𝑝ଷ,

𝑑ସ𝑓
𝑑𝜁ସ ൌ 𝑝ଷ

ᇱ , 𝜃 ൌ 𝑝ସ,
𝑑𝜃
𝑑𝜁

ൌ 𝑝ହ,
𝑑ଶ𝜃
𝑑𝜁ଶ ൌ 𝑝ହ

ᇱ , 𝜙 ൌ 𝑝଺, 

𝑑𝑓
𝑑𝜁

ൌ 𝑝଻,
𝑑𝜙
𝑑𝜁

ൌ 𝑝଻
ᇱ , 𝜒 ൌ 𝑝଼,

𝑑𝜒
𝑑𝜁

ൌ 𝑝ଽ,
𝑑ଶ𝜒
𝑑𝜁ଶ ൌ 𝑝ଽ

ᇱ , 

𝑝ଷ
ᇱ ൌ

ଵ

൬
ሺ೙శభሻమ

ర
௄మ௣௣మ

మ൰

⎝

⎜
⎜
⎜
⎛

𝑝ଷ ൅ 𝑝𝑝ଶ ൅
ሺ௡ାଵሻ

ଶ
𝐾ଵ𝑝ଶ

ଶ𝑝ଷ

െ
ሺ௡ାଵሻ

ଶ
𝐾ଶ ൮

െ
ሺହ௡ିଷሻ

ଶ
𝑝ଵ𝑝ଶ

ଶ𝑝ଷ െ
ሺଷ௡ିଵሻ

ଶ
𝑝ଶ

ସ

൅
ሺ௡ାଵሻ

ଶ
𝑝𝑝ଶ𝑝ଷ

ଶ

 

൲

െ
ଶ

௡ାଵ
𝑀ଶ𝑝ଵ െ

ଶఒ

௡ାଵ
ሺ𝑝ସ െ 𝑁𝑟𝑝଺ െ 𝑁𝑐𝑝଼ሻ ⎠

⎟
⎟
⎟
⎞

,

 
 

𝑝ହ
ᇱ ൌ

ଵ

ቀଵା
ర
య

ோቁ

⎣
⎢
⎢
⎢
⎢
⎢
⎡െ Pr ቀ𝑝𝑝ହ െ

ଶ

௡ାଵ
𝑝ଵ𝑝ସ ൅ 𝑁𝑏𝑝ହ𝑝଻ ൅ 𝑁𝑡𝑝ହ

ଶቁ

െ
௉௥ா௖ሺ௡ାଵሻ

ଶ
ሺ𝑝ଶ

ଶ ൅ 𝑀𝑝ଵ
ଵሻ െ

௡ାଵ

଺
𝐾ଵ𝑃𝑟𝐸𝑐𝑝ଶ

ସ

െ𝐾ଶ𝑃𝑟𝐸𝑐 ቄ
ሺ௡ାଵሻ

ଶ
𝑝ଵ𝑝ଶ

ସ െ
ሺଷ௡ିଵሻ

ଶ
𝑝𝑝ଶ

ଷ𝑝ଷቅ

െ
ଶ

௡ାଵ
ሺ𝑃𝑟𝛿𝑝ସ െ 𝑃𝑟𝑆ଵ𝑝ଵሻ ⎦

⎥
⎥
⎥
⎥
⎥
⎤

,

 
 

𝑝଻
ᇱ ൌ

െ𝑃𝑟𝑝𝑝଻ െ
ே௧

ே௕
𝑝ହ

ᇱ ൅
ଶ

௡ାଵ
𝑃𝑟𝐿𝑒ሺ𝑆ଶ𝑝ଵ ൅ 𝑝ଵ𝑝଺ሻ

൅𝑃𝑟𝐿𝑒𝜎∗ሺ1 ൅ 𝛿଴𝑝ସሻ௡ exp ቀെ
ாభ

ଵାఋబ௣௅ర
ቁ 𝑝଺

ቑ ,

 
 

𝑝ଽ
ᇱ ൌ െ𝐿𝑏𝑝𝑝ଽ ൅ 𝑃𝑒ሾ𝑝଻

ᇱ ሺ𝑝଼ ൅ 𝛿ଵሻ ൅ 𝑝ଽ𝑝଻ሿ,
 

𝑝ሺ0ሻ ൌ 𝛼
ሺଵି௡ሻ

ଵା௡
, 𝑝ଵሺ0ሻ ൌ 1, 𝑝ହሺ0ሻ ൌ െ𝛾ଵ൫1 െ 𝑆ଵ െ 𝑝ସሺ0ሻ൯,

 𝑝଻ሺ0ሻ ൌ െ𝛾ଶ൫1 െ 𝑆ଶ െ 𝑝଺ሺ0ሻ൯
 

𝑝ଽሺ0ሻ ൌ െ𝛾ଷ൫1 െ 𝑆ଷ െ 𝑝଼ሺ0ሻ൯, 𝑎𝑡  𝜁 ൌ 0
 

𝑝ଵ → 0, 𝑝ସ → 0, 𝑝଺ → 0, 𝑝଼ → 0 𝑎𝑠 𝜁 → ∞.

 

⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

    (27) 

4 Results and Discussion 

The behaviors of different flow-regulating variables namely radiation parameter 𝑅𝑑, 
Eckert number 𝐸𝑐 , Biot number 𝛼ଵ , magnetic parameter 𝑀 , mixed convection pa-
rameter 𝜆 , Lewis number 𝐿𝑒 , thermophoresis parameter 𝑁𝑡 , Prandtl number 𝑃𝑟, 
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solutal nanoparticles Biot number 𝛼ଶ , Brownian motion parameter 𝑁𝑏 , bioconvec-
tion Lewis number 𝐿𝑏 , stratification motile microorganism Biot number 𝛼ଷ and 
Peclet number 𝑃𝑒 on the volumetric concentration of nanoparticle 𝜙 , temperature 
distribution 𝜃 and motile microorganisms field 𝜒 are visualized in this section. The 
salient features of prominent parameters are captured in Figs. 2-18. Fig. 2 is the illus-
tration of the radiation parameter 𝑅𝑑 over the temperature distribution. The intense 
magnitude of the radiation parameter intensifies the temperature field. Physically, 
the dimensionless parameter refers to the relative effect of heat transfer conduction 
to thermal radiation transfer. The variation of Eckert number 𝐸𝑐 over-temperature 
field 𝜃 is delineated by Fig. 3. The output reflects that intensified paces of Eckert 
number 𝐸𝑐 give an improvement in the temperature field. The dimensionless pa-
rameter is the characteristic of continuum mechanics and the relation between ki-
netic energy and boundary layer enthalpy difference. The physical significance of 
the Prandtl number 𝑃𝑟 over-temperature distribution 𝜃 is portrayed by Fig. 4. 
Prandtl number 𝑃𝑟 is the computation of thermal distribution between fluid and 
medium. Hence the larger amount of heat transfer rate gives a reduction of tempera-
ture of nanofluid. The graphical illustration exhibits reduction in temperature coef-
ficient when the Prandtl number 𝑃𝑟 is intensified. To exhibit the variation of fluid 
temperature for larger paces of Biot number 𝛼ଵ is plotted in Fig. 5. It is notified that 
Biot number 𝛼ଵ is the reason for the incrimination of temperature 𝜃 for the larger 
variation. The significance of the magnetic parameter versus temperature field is 
illustrated by Fig. 6. The larger function of the magnetic parameter 𝑀 enhances 
temperature distribution. The physical nature of the thermophoresis parameter 𝑁𝑡 
versus the temperature field 𝜃 is revealed by Fig. 7. Here noted that when the ther-
mophoresis parameter 𝑁𝑡 is enhanced as an outcome, the temperature profile 𝜃 also 
rises. The impact of the mixed convection parameter 𝜆 over temperature distribution 
𝜃 is depicted through Fig. 8. A retarding impact of the temperature 𝜃 is analyzed for 
the privileged amount of mixed convection parameter. The physical nature of the 
thermophoresis parameter 𝑁𝑡 over the concentration profile 𝜙 is displayed by Fig. 9. 
The dimensionless parameter gives a rising trend for the concentration profile as we 
intensify it. The larger estimations of the thermophoresis parameter  𝑁𝑡 upsurge the 
concentration of nanomaterials. The ratio between thermal and mass diffusivities is 
defined by the Lewis number. The physical significance of Lewis number over the 
volumetric concentration of nanoparticles is portrayed in Fig. 10. It is observed that 
privileged values of Lewis number 𝐿𝑒 results in decay in the amount of concentra-
tion profile. Generally, the rate of mass transfer diminishes by an increment of Lewis 
number. The variation of fluid concentration 𝜙 for varying values of solutal nano-
particles Biot number 𝛼ଶ is disclosing in Fig. 11. The higher magnitude of solutal 
nanoparticle Biot number 𝛼ଶ raise the concentration field. The physical nature of 
this trend depicts that the concentration profile gives a rising behavior on a larger 
variation of solutal nanoparticle Biot number. To depict the inspiration of 𝑏 , Brown-
ian motion parameter versus volumetric nanoparticle field  𝜙 is graphed in Fig. 12. 
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The concentration profile 𝜙 shows a decreasing trend for the higher amount of 
Brownian motion parameter 𝑏 . The higher estimations of Prandtl number 𝑃𝑟 to 
observe the effect of concentration distribution 𝜙 is portrayed in Fig. 13. The 
sketched lines are evidence that the Prandtl number 𝑃𝑟 is the reason for the decreas-
ing concentration of nanoparticles. The significance of the mixed convection pa-
rameter 𝜆 over concentration distribution 𝜙 is delineated in Fig. 14. The observed 
result reveals that when we intensify the mixed convection parameter 𝜆 the amount 
of concentration field 𝜙 declines. Physically, mixed convection is the mechanism of 
collective forced and free convections. To observe the behavior of stratification mo-
tile microorganism Biot number over motile microorganism distribution, Fig. 15 is 
sketched. The observed information reveals that stratification motile microorganism 
Biot number 𝛼ଷ rises the motile microorganisms 𝜒. The motile particle inside the 
fluid to upsurges the rate of heat transfer from the fluid to the medium. The amount 
of motility distribution 𝜒 decreases in case of larger variation of Peclet number 𝑒 . 
The larger amount of Peclet number 𝑃𝑒 gives a retarding trend for the motility pro-
file of nanofluid. The physical evidence of the above discussion is presented in Fig. 
16. The significance of bioconvection Lewis number 𝐿𝑏 against microorganism dis-
tribution 𝜒 is discussed in Fig. 17. The amount of motile microorganism distribution 
𝜒 reduces on the rising magnitude of bioconvection Lewis number 𝑏 . The amount of 
motility also decreases when we undergo with mixed convection parameter. The 
above statement is illustrated graphically in Fig. 18. The numerical results of in-
volved parameters against local Nusselt number െ𝜃ᇱሺ0ሻ , local Sherwood number 
െ𝜙ᇱሺ0ሻ and rescaled density number of microorganisms െ𝜒ᇱሺ0ሻ are elaborated in 
this section. Table 1 delineates the impacts of 𝑀, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝜆, 𝑆ଵ, 𝑅𝑑, 𝑁𝑟, 𝑁𝑐 via the 
local Nusselt number െ𝜃ᇱሺ0ሻ . Here local Nusselt number െ𝜃ᇱሺ0ሻ uprises for a high-
er amount of Brownian motion  𝑁𝑏 and thermophoresis 𝑁𝑡 parameters while the 
opposite inspiration for mixed convection parameter is watched. Table 2 summariz-
es the effects of 𝑀, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝜆, 𝑆ଶ, 𝑅𝑑, 𝑁𝑟, 𝑁𝑐 on local Sherwood number. Local 
Sherwood number increases for different variations of bioconvection Rayleigh num-
ber 𝑁𝑐 and Buoyancy ratio parameter 𝑟 . The significance of the rescaled microor-
ganism’s density number against 𝐿𝑏, 𝑃𝑒, 𝜆, 𝑁𝑟, 𝑁𝑐, 𝑆ଷ is presented in Table 3. The 
microorganism’s concentration decreases for bioconvection Lewis and Peclet num-
bers. 
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Fig. 2: Variation of 𝑅𝑑 via 𝜃. 

 

Fig. 3: Variation of 𝐸𝑐 via 𝜃. 
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Fig. 4: Variation of 𝑃𝑟 via 𝜃. 

 

Fig. 5: Variation of 𝛼ͩ via 𝜃. 
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Fig. 6: Variation of 𝑀 via 𝜃. 

 

Fig. 7: Variation of 𝑁𝑡 via 𝜃. 
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Fig. 8: Variation of 𝜆 via 𝜃. 

 

Fig. 9: Variation of 𝑁𝑡 via 𝜙. 
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Fig. 10: Variation of 𝐿𝑒 via 𝜙. 

 

Fig. 11: Variation of 𝛼ͪ via 𝜙. 
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Fig. 12: Variation of 𝑁𝑏 via 𝜙. 

 

Fig. 13: Variation of 𝑃𝑟 via 𝜙. 
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Fig. 14: Variation of 𝜆 via 𝜙. 

 

Fig. 15: Variation of 𝛼ͫ via 𝜒. 
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Fig. 16: Variation of 𝑃𝑒 via 𝜒. 

 

Fig. 17: Variation of 𝐿𝑏 via 𝜒. 
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Fig. 18: Variation of 𝜆 via 𝜒. 

Tab. 1: Numerical data of local Nusselt number െ𝜃ᇱሺ0ሻ against 𝑀, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝜆, 𝑆ଵ, 𝑅𝑑, 𝑁𝑟, 𝑁𝑐. 

 

 

 

 𝑴 𝑵𝒕  𝑵𝒃    𝑷𝒓  𝝀  𝑺𝟏  𝑹𝒅 𝑵𝒓   𝑵𝒄   െ𝜽ᇱሺ𝟎ሻ 

𝒏 ൌ 𝟎. 𝟓  𝒏 ൌ 𝟏. 𝟓   

0.2 1.0 0.5 1.2 0.1 0.3 0.4 0.2 0.2 0.2579 0.2406 

0.6        0.2542 0.2322 

1.0        0.2509 0.2245 

0.1 0.1 0.5 1.2 0.1 0.3 0.4 0.2 0.2 0.2352 0.2339 

 0.6       0.2332 0.2319 

 1.2       0.2308 0.2294 

0.1 1.0 0.1 1.2 0.1 0.3 0.4 0.2 0.2 0.2329 0.2316 

  0.6      0.2312 0.2299 

  1.2      0.2290 0.2277 

0.1 1.0 0.5 1.0 0.1 0.3 0.4 0.2 0.2 0.2264 0.2249 

   2.0     0.2441 0.2432 

   3.0     0.2521 0.2515 

0.1 1.0 0.5 1.0 0.1 0.3 0.4 0.2 0.2 0.2305 0.2291 
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Tab. 2: Numerical data of local Sherwood number െ𝜙ᇱሺ0ሻ against 𝑀, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝜆, 𝑆ଶ, 𝑅𝑑, 𝑁𝑟, 𝑁𝑐. 

 

 

 

 

 
 
 

 𝑴    𝑵𝒕    𝑵𝒃   𝑷𝒓     𝝀     𝑺𝟏     𝑹𝒅   𝑵𝒓   𝑵𝒄  െ𝜽ᇱሺ𝟎ሻ 

  𝒏 ൌ 𝟎. 𝟓  𝒏 ൌ 𝟏. 𝟓   

    0.6    0.2306 0.2293 

    1.2    0.2307 0.2295 

0.1 1.0 0.5 1.2 0.1 0.2 0.4 0.2 0.2 0.1671 0.1663 

     0.4    0.2838 0.2816 

     0.6    0.3678 0.3641 

0.1 1.0 0.5 1.2 0.1 0.3 0.1 0.2 0.2 0.1838 0.1836 

     0.5   0.1917 0.1876 

     1.0   0.1956 0.1917 

0.1 1.0 0.5 1.2 0.1 0.3 0.4 0.1 0.2 0.2304 0.2290 

      1.0  0.2299 0.2288 

      2.0  0.2191 0.2277 

0.1 1.0 0.5 1.2 0.1 0.3 0.4 0.2 0.1 0.2304 0.2290 

       1.0 0.2302 0.2288 

       2.0 0.2300 0.2285 

  𝑴 𝑵𝒕  𝑵𝒃    𝑷𝒓  𝝀  𝑺𝟐  𝑹𝒅 𝑵𝒓   𝑵𝒄   െ𝝓 ᇱሺ𝟎ሻ 

𝒏 ൌ 𝟎. 𝟓  𝒏 ൌ 𝟏. 𝟓   

0.2 1.0 0.5 1.2 0.1 0.3 0.4 0.2 0.2   0.2644 0.2538 

0.6          0.2646 0.2550 

1.0          0.2648 0.2563 

0.1 0.1 0.5 1.2 0.1 0.3 0.4 0.2 0.2   0.2380 0.2365 

 0.6         0.2132 0.2105 

 
0.1 

1.2 
1.0 

 
0.1 

 
1.2 

 
0.1 0.3

 
0.4 

 
0.2 

 
0.2 

  0.1850 
0.0074 

0.1808 
0.0212 
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Tab. 3: Numerical data of density number of motile microorganisms െ𝜒ᇱሺ0ሻ against 
𝐿𝑏, 𝑃𝑒, 𝜆, 𝑁𝑟, 𝑁𝑐, 𝑆ଷ. 

 

 

 
 

 
 

  𝑴 𝑵𝒕  𝑵𝒃    𝑷𝒓  𝝀  𝑺𝟐  𝑹𝒅 𝑵𝒓   𝑵𝒄   െ𝝓 ᇱሺ𝟎ሻ 

𝒏 ൌ 𝟎. 𝟓  𝒏 ൌ 𝟏. 𝟓   

 0.1 
 
 

 0.1 
 
 

0.1 

1.0 
 
 

1.0 
 
 

1.0 

0.1 
0.6 
1.2 
0.5 

 
 

0.5 
 

1.2 
 
 

1.0 
2.0 
3.0 
1.2 

0.1 
 
 

0.1 
 
 

0.2 
0.6 
1.2 

0.3

0.3

0.3

0.4 
 
 

0.4 
 
 

0.4 

0.2 
 
 

0.2 
 
 

0.2 
 
 

0.2 
 
 

0.2 
 
 

0.2 

0.0074 
0.2026 
0.2334 
0.1843 
0.2183 
0.2338 
0.1908 
0.1911 
0.1913 

0.0212 
0.1993 
0.2212 
0.1800 
0.2160 
0.2322 
0.1870 
0.1875 
0.1881 

0.1 1.0 0.5 1.2 0.1 0.2 0.4 0.2 0.2 0.1358 0.1331 

      0.4    0.2393 0.2338 

     0.6    0.3208 0.3127 

0.1 1.0 0.5 1.2 0.1 0.3 0.1 0.2 0.2 0.2152 0.2127 

 
 

0.1 
 
 

0.1 

 
 

1.0 
 
 

1.0 

 
 

0.5 
 
 

0.5 

 
 

1.2 
 
 

1.2 

 
 

0.1 
 
 

0.1 

0.3

0.3

0.5 
1.0 
0.4 

 
 

0.4 

 
 

0.1 
1.0 
2.0 
0.2 

 
 

0.2 
 
 

0.1 
1.0 
2.0 

0.2153 
0.2155 
0.1907 
0.1890 
0.1895 
0.1908 
0.1902 
0.1895 

0.2129 
0.2131 
0.1865 
0.1848 
0.1819 
0.1866 
0.1860 
0.1852 

 𝑳𝒃  𝑷𝒆  𝝀  𝑵𝒓  𝑵𝒄  𝑺𝟑  െ𝝌ᇱሺ𝟎ሻ 

 𝒏 ൌ 𝟎. 𝟓   𝒏 ൌ 𝟏. 𝟓 

0.6 0.1 0.1 0.2 0.2 0.3 0.1933 0.1899 

1.2      0.2222 0.2201 

1.8      0.2358 0.2343 
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5 Conclusions 

In this research work, the bioconvection flow of magneto-thixotropic nanofluid with 
motile microorganisms is studied numerically. Moreover, salient features of mixed 
convection, Brownian motion, bioconvection Rayleigh number, activation energy, 
bioconvection Lewis number, buoyancy ratio parameter, and Peclet number are ad-
dressed. Both temperature field and volumetric concentration of nanoparticles depict 
decreasing trend for enhancing estimation of mixed convection parameter. The concen-
tration profile declines for the higher magnitude of the Brownian motion parameter 
and Lewis number while the reverse scenario is witnessed for thermophoresis parame-
ter and solutal Biot number. The inspiration of solutal Biot number and stratification 
rescaled microorganisms Biot number on concentration and temperature distribution is 
quite similar. Rescaled motile microorganism’s concentration is enhanced by varying 
the magnitude of stratification rescaled microorganisms Biot number. The motile mi-

  𝐿𝑏  𝑃𝑒  𝜆  𝑁𝑟  𝑁𝑐  𝑆ଷ    െ𝜒ᇱሺ0ሻ 

𝑛 ൌ 0.5 𝑛 ൌ 1.5 

1.0 0.2 0.1 0.2 0.2 0.3 0.1957 0.1924 

 0.6     0.2040 0.2016 

 1.2     0.2157 0.2134 

1.0 0.1 0.2 0.2 0.2 0.3 0.2153 0.2124 

  0.6    0.2154 0.2132 

  1.2    0.2155 0.2133 

1.0 0.1 0.1 0.1 0.2 0.3 0.2152 0.2127 

   1.0   0.2146 0.2120 

   2.0   0.2134 0.2109 

1.0 0.1 0.1 0.2 0.2 0.3 0.2153 0.2128 

    1.0  0.2151 0.2125 

    2.0  0.2148 0.2122 

1.0 0.1 0.1 0.2 0.2 0.2 0.1585 0.1572 

     0.4 0.2623 0.2586 

     0.6 0.3355 0.3295 
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croorganism’s field is diminished with enhancing variation of Peclet number, biocon-
vection Lewis number, and mixed convection parameter. 
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Nomenclature 
 

Symbols Definition 

𝑢, 𝑣  
𝑀  
𝐵଴  
𝑈଴  
𝑈௪  
ሺ𝜌𝑐ሻ௣  
ሺ𝜌𝑐ሻ௙  
𝑅ଵ, 𝑅ଶ  
𝑄ሺ𝑥ሻ  
𝑃𝑟  
𝐸𝑐  
𝑁𝑐  
𝑁𝑟  
𝑁𝑏  
𝑅𝑑  
𝑁𝑡  
𝐸ଵ  
𝐿𝑒  
𝑃𝑒 
𝐾ଵ, 𝐾ଶ 
𝐿𝑏 
𝑆ଵ 
𝑆ଶ  
𝑆ଷ 
𝑅𝑒 
𝑁𝑢 
𝑆ℎ 
𝑁ஶ 
𝑇ஶ 
𝐶ஶ 
𝐷஻  
𝐷௠  
𝐷்  
𝑇௙ 
𝐵 
𝑛ଵ 
𝑛 
𝑊௖  
𝐶௙ 
𝑁௙ 
𝑓 
𝑘∗ 
𝑁 
𝐸௔  

Components of velocity 
Magnetic parameter  
Magnetic field strength 
Reference velocity 
Stretching velocity 
Nanoparticle specific heat 
Fluid specific heat 
Material constants 
Non-uniform heat generation/absorption coefficient 
Prandtl number 
Eckert number 
Bioconvection Rayleigh number 
Buoyancy ratio parameter 
Brownian motion parameter 
Thermal radiation parameter 
Thermophoresis parameter 
Activation energy 
Lewis number 
Peclet number 
Material parameters of thixotropic liquid 
Bioconvection Lewis number 
Thermal stratified variable 
Solutal stratified variable 
Microorganism stratified variable 
Reynolds number 
Local Nusselt number 
Local Sherwood number 
Ambient fluid microorganisms 
Ambient fluid temperature 
Ambient fluid concentration 
Coefficient of Brownian diffusion 
Coefficient of microorganism’s diffusion 
Coefficient of thermophoresis diffusion 
Hot fluid temperature 
Chemotaxis constant 
Fitted rate constant 
Velocity power index 
Cell swimming speed 
Hot fluid concentration 
Hot fluid rescaled density of microorganisms 
Dimensionless velocity 
Mean absorption coefficient 
Microorganism field 
Activation coefficient 
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Symbols Definition 

𝛼ଵ 
𝛼ଶ  
𝛼ଷ  
𝛼  
𝜎  
𝜎∗  
 𝜎∗∗  
𝛼∗  
𝜆  
𝛿଴  
𝛿ଵ  
𝛿 
𝜏 
𝑞௪ 
𝑞௠ 
𝜙 
𝜃 
𝜒  
𝑔∗  
𝜌௙  
𝜌௠  
𝜌௣  
𝜏  
𝜈  

Thermal stratification Biot number 
Solutal stratification Biot number 
Microorganism stratification Biot number 
Velocity slip parameter 
Electrical conductivity 
Chemical reaction parameter 
Stefan-Boltzmann constant 
Thermal diffusivity 
Mixed convection parameter 
Temperature difference parameter 
Microorganism concentration difference parameter 
Heat generation parameter 
Heat capacity ratio 
Thermal flux 
Solutal flux 
Volumetric concentration 
Temperature distribution 
Microorganism concentration 
Gravity 
Density of fluid 
Density of microorganisms 
Density of nanoparticles 
Thermal diffusion coefficient 
Kinematic viscosity 
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Md Faisal Md Basir, S.A. Shehzad, A. Rauf 
On the features of Stefan blowing magnetized 
flow of bioconvected nanofluid through slip 
conditions 
On magnetized flow of bioconvected nanofluid 

Abstract: The examinations of convection heat transportation in nanofluid flows 
have achieved the spatial attention of investigators from all over the globe due to 
their unique chemical and physical characteristics. This study has the main focus on 
Stefan blowing aspects in magnetized bio-convected nanofluid flow induced by the 
movement of the slippery moving sheet. The modeled expressions of the physical 
phenomenon are turned into dimensionless forms by the use of Lie group method-
ology. The Runge-Kutta-Fehlberg fourth and fifth-order numerical scheme is utilized 
to express the solutions of dimensionless expressions. The aspects of controlling 
constraints (chemical reaction, magnetic field, velocity slip, heat absorption and 
generation, thermal slip, zero mass diffusion, and Stefan blowing) on the trans-
formed temperature, the local Nusselt number, velocity, the skin friction coefficient, 
concentration (nanoparticle volume-fraction), the local Sherwood number, motile 
microorganisms density, and the motile microorganisms density number are report-
ed graphically. A good match is visualized between the present and already report-
ed numerical data. 

Keywords: Nanofluid; Lie group analysis; Bioconvection; Heat transport; Stefan 
blowing; Slip conditions. 

1 Introduction 

Fluid flow investigations via stretching surfaces are of immense interest among 
scientists due to its emerging industrial applications in chemical processes and 
engineering fields (1-5). Mainly fluid flow caused due to stretching surfaces has 
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significance in the extrusion of polymers, plastic industry, paper production, chem-
ical plants, power stations, petroleum industry, and cooling systems. In the above 
industrial applications, the main focus was to enhance heat transportation and 
energy generation. Several techniques have been implemented to enhance thermo-
physical characteristics but failed due to less energy generation. To get rid of such 
types of challenges, scientists developed a stable solution of heat generation by 
dispersing nanometre size particles uniformly in the base fluid, known as nanoflu-
ids (6), and have exceptional higher thermal characteristics. Nanofluids have useful 
features in microelectronics, power generation, hybrid engines, cooling towers, 
nuclear reactors, and chemical sectors. Furthermore, magnetized nanofluids find 
significance in drug delivery, cancer treatment, gastric medications, safer surgery, 
and tumor removal. Sheikholeslami et al. (7) discussed shape factor and Brownian 
movement impacts of alumina nanofluid in the permeable enclosure by CVFEM 
technique. Sheikholeslami (8) elucidated the impact of Darcy law in natural convec-
tive nanofluid flow under Lorentz forces impacts through the porous cavity. Hayat et 
al. (9) prescribed consequences of the homogeneous-heterogeneous phenomenon in 
magnetite-nanofluid flow through stretching surface of a non-linear kind. Gireesha 
et al. (10) computed solutions via the RKF method of the radiative, hybrid nanofluid 
model by adopting permeable moving longitudinal fin configuration. Khan et al. (11) 
developed solutions of the time-dependent viscoelastic micropolar flow of nanofluid 
subjected to the oscillatory stretching surface under heat/mass fluxes. 

The expression “bioconvection” defines liquids microscopic convection that is 
created by density gradient. Bioconvection phenomenon arises due to the inde-
pendent swimming of microorganisms using organism energy. The independent 
movement of motile organisms along fixed direction causes augmentation in base-
liquid density. The attributes of the directional movement of various microorgan-
isms’ species can recognize the process behind bioconvection systems. Various 
industrial appliances are manufactured due to microorganisms’ particles, such as 
ethanol, fertilizers, biofuel, bio-microsystems, and water plants. Furthermore, bio-
diesel and hydrogen gas, promising energy sources are processed by microorgan-
isms. Raju et al. (12) numerically investigated the flow phenomenon of radiative, 
Casson fluid via moving wedge under the gyro-tactic microorganisms factor. They 
concluded that motile microorganisms can be used in the enhancement of the mass-
heat transportation rate. Waqas et al. (13) studied magnetized nanomaterial flow of 
Oldroyd-B fluid through vertical surface under gyrotactic microorganisms and 
buoyancy forces impacts. They found that the parameter of motile density stratifica-
tion declines the microorganism density field. Zaman and Gul (14) considered the 
bioconvective flow of Williamson nanofluid owing to vertical sheet accommodating 
gyrotactic microorganisms under Newtonian conditions. Khan et al. (15) analyzed 
activation energy influence in convective, magnetized flow thixotropic nanofluid 
subjected to vertical sheet in the presence of gyrotactic microorganisms using HAM. 
Naz et al. (16) discussed entropy generation in flow of Walters’ B fluid by adopting 
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horizontal cylinder configuration along with swimming microorganism. They scru-
tinized that heat flux may be increased by enhancement in the cell swimming mo-
tion of microorganisms. 

In industrial processes, there arise situations (plastic sheet extrusion, glass 
blowing, and paper manufacturing), where combined heat-mass transportation 
processes take place between fluid flow and stretching surfaces. In addition, there 
exist circumstances, where massive mass diffusion from stretching surface to ambi-
ent can occur by evaporation like paper dying mechanism. Due to temperature de-
pendency and moisture content of the wet paper surface, the species transfer can 
initiate a “blowing effect”. Such blowing impact defined the idea of Stefan's theory 
(17, 18) for mass/species transfer. The species diffusion generates a fluid bulk mo-
tion and introduces additional fluid motion. Here it is important to explain that 
blowing occurs due to flux transfer of species from impermeable surfaces to ambi-
ent. As species transportation significantly depends upon fluid field and field of 
flow is affected by mass blowing, all these cause coupling between concentration 
and momentum fields. Fang and Jing (18) investigated the blowing impacts of mass 
transportation under flux conditions in viscous fluid flow subjected to the stretching 
plate. They found that coupled blowing impacts owing to mass transfer have signifi-
cant outcomes on heat flux, flow field, and drag. Latiff et al. (19) discussed the in-
fluence of Stefan blowing in time-dependent viscous nanofluid flow subjected to 
stretchable rotating disk and revealed that local skin friction is enhanced by Stefan 
blowing. The impacts of Stefan blowing with partial slips under different flow con-
figurations can be negotiated in Refs. (20-22). 

2 Mathematical formulation 

The boundary-driven magnetized flow of viscous nanomaterial flow generated by 
the movement of the sheet is assumed. A system of Cartesian-coordinates ሺ�̄�, �̄�ሻ is 
tackled where �̄� െ axis is adopted normal to surface and �̄� െ axis settled along with 
the sheet. We adopted the steady-state nanofluid flow having gyrotactic microor-
ganisms. The suspension of nanoparticles is considered to be stable and microor-
ganisms’ swimming direction is free of nanoparticles. The motile microorganisms 
density 𝑁௪ and temperature 𝑇௪ are supposed at the wall of the boundary while 𝐶∞, 
𝑇∞ and 𝑁∞ are considered the ambient values. The nanofluid is considered to be 
diluted such that the instability of bioconvection by the augmentation of suspen-
sion’s viscosity may be avoided. Here, the base-fluid is water to satisfy the physical 
conditions for the micro-organisms survival (Xu, 2015). The following field expres-
sions demonstrated mass conservation, momentum conservation, energy conserva-
tion, nanoparticles conservation, and microorganisms conservation. The sheet is 
assumed by the multiple conditions of slip. The magnetic force of strength 𝐵଴

ଶ

 is 
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utilized in the positive direction of �̄� െ axis. Figure 1 represents the schematic flow 
chart of the problem (i) boundary-layer of momentum (ii) boundary-layer of thermal 
(iii) boundary-layer of nanoparticles volume-friction and (iv) boundary-layer of 
microorganisms. Hence, the model expressions are stated as: 

 

Fig. 1: Schematic flow chart of the model 

Continuity expression 

 డ௩̄

డ௬̄
൅

డ௨̄

డ௫̄
ൌ 0.                                                 (1) 

Momentum expression 

 �̄�
డ௨̄
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ൌ െ
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�̄� ൅ 𝜐

డమ௨̄
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Energy expression 

 �̄�
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ቁ
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ቀ
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డ஼
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డ்
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Concentration expression 

 �̄�
డ஼

డ௬̄
൅ �̄�

డ஼

డ௫̄
ൌ ቀ

஽೅

∞்
ቁ

డమ்

డ௬̄మ ൅ 𝐷஻
డమ஼

డ௬̄మ െ 𝑘ଵሺ𝐶 െ 𝐶∞ሻ.  (4) 

Microorganisms expression 

 �̄�
డ஼

డ௬̄
൅ �̄�

డ஼

డ௫̄
ൌ ቀ

஽೅

ಮ்
ቁ

డమ்

డ௬̄మ ൅ 𝐷஻
డమ஼

డ௬̄మ െ 𝑘ଵሺ𝐶 െ 𝐶ஶሻ.                          (5) 

The conditions at the boundary are (23): 

  
�̄� ൌ െ

஽ಳ

ሺଵି஼ೢሻ

డ஼

డ௬̄
, �̄� ൌ 𝑎�̄� ൅ �̄�slip, 𝑇 ൌ 𝑇௪ ൅ 𝑇slip,

డ்

డ௬̄

஽೅

∞்
൅ 𝐷஻

డ஼

డ௬̄
ൌ 0, 𝑁 ൌ 𝑁௪ at �̄� ൌ 0,

�̄� ൌ 0, 𝐶 → 𝐶∞, 𝑇 → 𝑇∞, 𝑁 → 0  as �̄� → ∞

 (6) 

in which ሺ�̄�, �̄�ሻ demonstrate the velocity components along �̄� െ and �̄� െ axes, 𝜐 the 
kinematic viscosity, 𝜎 the electric conductivity, 𝜌 the liquid density, 𝛼 the thermal 
diffusivity, 𝑐௣ the specific heat capacitance, 𝐷஻ the factor of Brownian diffusion, 𝑄଴ 
the factor of variable heat absorption or generation, 𝑘ଵ the rate of variable reaction, 
𝜏 ൌ

ሺఘ௖ሻ೛

ሺఘ௖ሻ೑
 the heat capacities ratio, 𝐷்  the factor of thermophoresis movement, 𝑊௖ the 

maximum speed of cell swimming, 𝑏෨ the chemotaxis constant, 𝐷௡ the microorgan-
ism diffusivity, �̄�slip ൌ 𝑁ଵ

డ௨̄

డ௬̄
 the momentum slip constraint and 𝑇slip ൌ 𝐷ଵ

డ்

డ௬̄
 the tem-

perature slip constraint. 

3 Nondimensionalization of Model Expressions 

The non-dimensional variables are implemented to elaborate the formulating ex-
pressions into dimensionless forms (24): 

 𝑣 ൌ
௩̄

√జ௔
, 𝑦 ൌ

௬̄

ට
ഔ
ೌ

, 𝑢 ൌ
௨̄

√జ௔
, 𝑥 ൌ

௫̄

ට
ഔ
ೌ

,  𝜙 ൌ
஼ି஼∞

஼∞
, 𝜃 ൌ

்ି ∞்
்ೢ ି ∞்

, 𝜒 ൌ
ே

ேೢ
,   (7) 

Here, a is the positive constant. The stream function can be described as 

 𝑣 ൌ െ
డట

డ௫
 and 𝑢 ൌ

డట

డ௬
.    (8) 
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The number of expressions and number of independent variables is reduced with the 
help of stream function. The dimensionless momentum, temperature, nanoparticle 
volume fraction and microorganisms expressions have the below-mentioned forms: 

 డͪట

డ௫డ௬

డట

డ௬
െ

డͪట

డ௬ͪ

డట

డ௫
ൌ െ𝑀

డట

డ௬
൅

డͫట

డ௬ͫ,  (9) 
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𝜃 ൅

ଵ

௉௥

பమఏ
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௉௥

பఏ

ப௬

பథ

ப௫
൅

ே௧

௉௥
ቀ

பఏ

ப௬
ቁ

ଶ
   (10) 
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ͩ

௉௥ ௅௘

డͪఏ

డ௬ͪ െ 𝐾௥𝜙,  (11) 
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െ
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డ௬
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డ௫
൅

௉௘

௉௥ ௅௕
ቂ

డఞ

డ௬

డథ

డ௬
൅ 𝜒

డమథ

డ௬మቃ ൌ
ଵ

௉௥ ௅௕

డమఞ

డ௬మ, (12) 

and the boundary conditions have the following non-dimensional forms: 

 

డట
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,
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డ௬
ൌ 𝑁ଵ
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ቇ
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డ௬మ ൅  𝑥, 𝜃 ൌ 𝐷ଵ
ଵ

ቆට
ഔ
ೌ

ቇ

డఏ

డ௬
൅ 1 ,

 N𝑡
డఏ

డ௬
൅ 𝑁𝑏

డథ

డ௬
ൌ 0, 𝜒 ൌ 1 at 𝑦 ൌ 0,

డట

డ௬
→ 0,  𝜃 → 0, 𝜙 → 0,  𝜒 → 0 as y → ∞ ⎭

⎪
⎬

⎪
⎫

 (13) 

Here, 𝑀 ൌ
஻బ

మఙ

௔ఘ
 the magnetic field constraint, 𝑁𝑏 ൌ

ఛ஽ಳ஼∞
ఈ

 the Brownian movement 

constraint, 𝑃𝑟 ൌ
జ

ఈ
 the Prandtl number, 𝑁𝑡 ൌ

ఛ௱்஽೅

ఈ ∞்
 the constraint of 

sis,𝐿𝑒 ൌ
ఈ

஽ಳ
 the Lewis number, 𝐿𝑏 ൌ

ఈ

஽೙
 the bioconvected Lewis number, 𝐾௥ ൌ

௞భ

௔
 the 

chemical reaction constraint and 𝑃𝑒 ൌ
௕෨ௐ೎

஽೙
 the Péclet number. 

4 Applications of Scaling Group of Transformations 

A transformation of scaling group is a special case of Lie group theory. The similari-
ty solutions of expressions (9)-(13) are equal to computing the invariant solutions of 
these expressions. To compute the invariant solutions, one parametric scaling group 
of transformation is adopted as follows (25): 

 Γ: 𝑦∗ ൌ 𝑦𝑒ఌఈమ, 𝑥∗ ൌ 𝑥𝑒ఌఈభ, 𝜓∗ ൌ 𝜓𝑒ఌఈయ, 𝜙∗ ൌ 𝜙𝑒ఌఈఱ, 𝜃∗ ൌ 𝜃𝑒ఌఈర, 𝜒∗ ൌ 𝜒𝑒ఌఈల. (14) 

Here, 𝜀 notifies a parameter and 𝛼௜ሺ𝑖 ൌ 1,2, . . . ,6ሻ are the all arbitrary constant and 
all are not zero. The expressions (9)-(12) and conditions (13) in ሺ∗ሻ forms are: 
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with conditions: 
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⎪
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  (19) 

By the implementation of Equation (14) on Equations (15)-(19), the below relation-
ship amongst the exponents is visualized in invariants if 𝛼௜′𝑠 are following: 

 𝛼ଵ ൌ 𝛼ଷ, 𝛼ଶ ൌ 𝛼ସ ൌ 𝛼ହ ൌ 𝛼଺ ൌ 0.  (20) 

Using Equation (20), transformations in Equation (14) become: 

 𝛤: 𝑦∗ ൌ 𝑦, 𝑥∗ ൌ 𝑥𝑒ఌఈభ, 𝜓∗ ൌ 𝜓𝑒ఌఈభ,  𝜙∗ ൌ 𝜙, 𝜃∗ ൌ 𝜃, 𝜒∗ ൌ 𝜒.  (21) 

The expansion through Taylor’s series in the power of 𝜀, by the negligence of higher 
powers of 𝜀 yields: 

 𝑦∗ ൌ 𝑦ሺ1 ൅ 0ሻ, 𝑥∗ ൌ 𝑥ሺ1 ൅ 𝜀𝛼ଵሻ, 𝜃∗ ൌ 𝜃ሺ1 ൅ 0ሻ, 𝜓∗ ൌ 𝜓ሺ1 ൅ 𝜀𝛼ଵሻ,
𝜒∗ ൌ 𝜒ሺ1 ൅ 0ሻ, 𝜙∗ ൌ 𝜙ሺ1 ൅ 0ሻ. ൠ  (22) 

The differential form of the equation in (22) is 

 ௗట

ట
ൌ

ௗ௫

௫
, (23) 

The following transformations are achieved through (23) by solving one by one: 

 𝜓 ൌ 𝑥𝑓ሺ𝜂ሻ𝜂 ൌ 𝑦, 𝜙 ൌ 𝜙ሺ𝜂ሻ, 𝜃 ൌ 𝜃ሺ𝜂ሻ, 𝜒 ൌ 𝜒ሺ𝜂ሻ, (24) 

here 𝜂 the independent variable, 𝑓ሺ𝜂ሻ, 𝜙ሺ𝜂ሻ, 𝜃ሺ𝜂ሻ, and𝜒 ൌ 𝜒ሺ𝜂ሻ represent the dimen-
sionless velocity, nanoparticles volume-friction, temperature and microorganisms 
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functions, respectively. With the inclusion of (24) into (15)-(19), the similarity trans-
formed expressions are obtained in terms of ODEs as follows: 

 𝑓′′′ െ 𝑓′ଶ ൅ 𝑓𝑓′′ െ 𝑀𝑓′ ൌ 0,   (25) 

 𝜃′′ ൅ 𝑁𝑏𝜃 ′𝜙′ ൅ 𝑃𝑟 𝑓 𝜃′ ൅ 𝑄 𝑃𝑟 𝜃 ൅ 𝑁𝑡𝜃′ଶ ൌ 0,  (26) 

 𝜙′′ ൅
ே௧

ே௕
𝜃′′ ൅ 𝐿𝑒 𝑃𝑟 𝑓 𝜙′ െ 𝑥 𝐾𝑟 𝑃𝑟 𝜙 ൌ 0, (27) 

 𝜒′′ െ 𝑃𝑒ሺ𝜙′𝜒′ ൅ 𝜒𝜙″ሻ ൅ 𝐿𝑏 𝑃𝑟 𝑓 𝜒′ ൌ 0, (28) 

 

𝑓 ′ሺ0ሻ ൌ 𝜀௔𝑓 ′′ ൅ 1, 𝑓ሺ0ሻ ൌ
ଵ

௅௘௉௥್

𝑁𝑡𝜃′ ൅ 𝑁𝑏𝜙′ ൌ 0,    𝜒ሺ0ሻ ൌ 1, at  𝜂ൌ0,

𝑓′ → 0, 𝜃 → 0, 𝜙 → 0,  𝜒 → 0     as   𝜂 → ∞.  ⎭
⎬

⎫
  (29) 

Here, prime specifies the derivative with respect to 𝜂, 𝑄 ൌ
ொబ

௔ఘ௖೛
 the heat absorption 

or generation constraint, 𝜀௔ ൌ 𝑁ଵ
ଵ

ට
ഔ
ೌ

 the momentum slip constraint, 𝑠 ൌ
஼∞

ଵି஼ೢ
 the 

Stefan blowing constraint and 𝜀௕ ൌ 𝐷ଵ
ଵ

ට
ഔ
ೌ

 is the thermal slip constraint. 

5 Physical Quantities 

The practically interesting quantities here are the skin friction 𝐶௙ೣ̄
, Sherwood num-

ber 𝑆ℎ௫̄, Nusselt number 𝑁𝑢௫̄ and motile microorganisms density number 𝑁𝑛௫̄ are 
defined as: 

 
𝐶௙ೣ̄

ൌ
ఛೢ

௨̄ೢ
మ ఘ

, 𝑆h௫̄ ൌ
ି௤೘௫̄ 

ሺ஼ೢ ି஼ಮሻ஽ಳ
,

𝑁𝑢௫̄ ൌ
ି௤ೢ௫̄

ሺ்ೢ ି ಮ்ሻ௞
, 𝑁𝑛௫̄ ൌ

ି௤೙௫̄

ேೢ஽೙
.
ቑ,  (30) 

here 𝜏௪, 𝑞௠, 𝑞௪ and 𝑞௡ denote the skin friction, surface mass diffusion, surface heat 
diffusion, and motile microorganism diffusion at the surface and described as: 

 𝜏௪ ൌ 𝜇 ቀ
డ௨̄

డ௬̄
ቁ

௬̄ୀ଴
, 𝑞௠ ൌ െ𝐷஻ ቀ

డ஼

డ௬̄
ቁ

௬̄ୀ଴
, 𝑞௪ ൌ െ𝑘 ቀ

డ்

డ௬̄
ቁ

௬̄ୀ଴
,  𝑞௡ ൌ െ𝐷௡ ቀ

డே

డ௬̄
ቁ

௬̄ୀ଴
.  (31) 

Substitute Equations (7), (24) and (31) into (30), obtained 
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𝑓′′ሺ0ሻ ൌ 𝑅𝑒௫̄

ଵ/ଶ 𝐶௙ ,   െ 𝜃′ሺ0ሻ ൌ 𝑅𝑒௫̄
ିଵ/ଶ 𝑁 𝑢௫̄,

െ
థᇱሺ଴ሻ

థሺ଴ሻ
ൌ 𝑅𝑒௫̄

ିଵ/ଶ 𝑆h , െ𝜒′ሺ0ሻ ൌ 𝑅𝑒௫̄
ିଵ/ଶ 𝑁 𝑛௫̄

  (32) 

𝑅𝑒௫̄ is the dimensional local Reynolds number. 

6 Numerical Solution and Validation 

The nonlinear system of partial differential model is converted into the model of 
ordinary differential expressions. The transformed system of expressions is tackled 
by the RKF45 order numerical technique by Maple 2015. To verify the correctness of 
the solution, the values of 𝑓"ሺ0ሻ are compared with (26-28) used the combination of 
variational iteration method (VIM) and the Padé approximation and Hayat et al., 
(28) employed the modified Adomian decomposition (MAD) method and the Padé 
approximation to solve the ODEs. The comparison is shown in Table 1. 

Tab. 1: Comparison values of local skin friction factor f''ሺ0ሻ for distinct 𝑀 when 𝑃𝑟 ൌ 6.8, 𝜀௔ ൌ 𝑠 ൌ
0, 𝐿𝑒 ൌ 1.   

𝑴  Hayat et al., (28) (MAD and 
the Padé approximation) 

Xu & Lee (26,27) (VIM and 
the Padé approximation) 

The present study 
(RK45)

0 -1.00000 - -1.00000
1 -1.41421 -1.41421 -1.41421
5 -2.44948 -2.44948 -2.44949

10 -3.31662 -3.31662 -3.31662
50 -7.14142 -7.14142 -7.14143

7 Results and Discussion 

The numerical results are denoted in the form of dimensionless velocity, tempera-
ture, nanoparticle volume fraction, and density of motile microorganism. The pa-
rameters that are focused on in this chapter are Stefan blowing, velocity slip, ther-
mal slip, heat absorption/generation parameter, magnetic field parameter, and 
chemical reaction parameter on the dimensionless velocity, temperature, nanopar-
ticle volume fraction, and density of motile microorganism profiles. The value of 
𝑃𝑟 ൌ 6.8, 𝑁𝑏 ൌ 𝑁𝑡 ൌ 0.1,  𝐿𝑒 ൌ 𝑃𝑒 ൌ 𝐿𝑏 ൌ 1 are fixed for every case in this problem. 

Fig. 2(a-d) is developed to execute the behavior of momentum slip constraint 𝜀௔ 
and Stefan blowing constraint 𝑠 on velocity 𝑓′ሺ𝜂ሻ, temperature 𝜃ሺ𝜂ሻ, nano-particles 
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volume fraction 𝜙ሺ𝜂ሻ and microorganisms density profile 𝜒ሺ𝜂ሻ by setting 
𝜀௕ ൌ ͨ.ͩ, 𝑄 ൌ ͨ.ͩ, 𝑀 ൌ ͨ.ͩ and 𝐾௥ ൌ ͩ. Fig. 2a demonstrates that the larger 𝜀௔ and 𝑠 
values lead to the weaker velocity. The green lines represent the profile for 𝜀௔ ൌ ͨ 
and red lines are for the case when 𝜀௔ ൌ ͩ.ͭ. We revealed that the velocity is lower in 
presence of momentum slip constraint and higher in absence of slip constraint. The 
increment in Stefan constraint implies more fluid is injected or leaving the system 
that returns in the reduction of fluid velocity. From Fig. 2b, we found that the liquid 
temperature is retards by the increasing trend of momentum slip and Stefan blowing 
constraints. The lowest curve of temperature is achieved at 𝜀௔ ൌ ͨ and 𝑠 ൌ െͩ. This 
is due to the injected factor that reduces the temperature of the fluid. The curves of 
nanoparticles volume-fraction for distinct 𝜀௔ and 𝑠 values are examined in Fig. 2c. 
Here, the curves of 𝜙ሺ𝜂ሻ demonstrate the fluctuation in the range 𝜂ሺͨ,ͫሻ and is max-
imum at 𝜂 ൌ ͨ.ͱ. The density of motile organisms profile 𝜒ሺ𝜂ሻ is weaker for the in-
crementing values of 𝜀௔ and 𝑠. The profile of 𝜒ሺ𝜂ሻ is higher in the presence of mo-
mentum slip constraint (see Fig. 2d). Fig. 3(a-c) reflects the behavior of temperature 
𝜃ሺ𝜂ሻ, nano-particles volume fraction 𝜙ሺ𝜂ሻ and microorganisms density profile 𝜒ሺ𝜂ሻ 
for the distinct thermal slip constraint 𝜀௕ and Stefan blowing constraint 𝑠 when 
𝜀௔ ൌ ͨ.ͩ, 𝑄 ൌ ͨ.ͩ, 𝑀 ൌ ͨ.ͩ 𝑎𝑛𝑑 𝐾௥ ൌ ͩ. This Fig. describes that the temperature 𝜃ሺ𝜂ሻ 
and density of motile organisms profile 𝜒ሺ𝜂ሻ is decay for the higher 𝜀௕ and 𝑠 values 
(see Fig. 3a and 3c). The involvement of thermal slip constraint is caused to the re-
duction in the profiles of 𝜃ሺ𝜂ሻ and 𝜒ሺ𝜂ሻ. on contrary, the nanoparticle's volume-
fraction is boosted in absence of thermal slip constraint (see Fig. 3b). 

Features of Stefan blowing constraint 𝑠 and magnetic constraint 𝑀 on velocity 
𝑓′ሺ𝜂ሻ, temperature 𝜃ሺ𝜂ሻ, nano-particles volume fraction 𝜙ሺ𝜂ሻ and microorganisms 
density profile 𝜒ሺ𝜂ሻ by fixing the values of 𝜀௔ ൌ ͨ.ͩ, 𝑄 ൌ ͨ.ͩ, 𝜀௕ ൌ ͨ.ͩ 𝑎𝑛𝑑 𝐾௥ ൌ ͩ are 
disclosed in Fig. 4(a-d). We discussed both hydrodynamic and magnetohydrody-
namic flow situations (here, 𝑀 ൌ ͨ leads to hydrodynamic flow problem, and 𝑀 ൐ ͨ 
is for the magnetohydrodynamic flow situation). The reducing trend in the velocity 
distribution is found for incrementing Stefan blowing and magnetic constraint (see 
Fig. 4a). The strong Lorentz force occurred due to a larger magnetic constraint that 
provides the resistance in fluid flowing due to which lower velocity distribution is 
achieved. On contrary, the temperature is boosted with the incrementing trend of 
magnetic constraint (see Fig. 4b). The resistance of the Lorentz force adds more heat 
in the fluid that returns in a higher temperature field. Fig. 4c addresses that the 
profile of 𝜙ሺ𝜂ሻ is improved by the increasing Stefan blowing constraint. From Fig. 
4d, we noted that the profile of 𝜙ሺ𝜂ሻ is decreased with larger Stefan blowing con-
straint while improved for higher magnetic constraint. Fig. 5 discusses the chemical 
reaction constraint 𝐾௥  and Stefan blowing constraint 𝑠 on motile nanoparticles vol-
ume-fraction distribution 𝜙ሺ𝜂ሻ by putting 𝜀௔ ൌ ͨ.ͩ, 𝑄 ൌ ͨ.ͩ, 𝜀௕ ൌ ͨ.ͩ and 𝑀 ൌ ͨ.ͩ. The 
distribution curves of 𝜙ሺ𝜂ሻ are decaying for the enhancing chemical reaction con-
straints. By improving chemical reactive constraint corresponds to a larger reaction 
rate that leads to a reduction in 𝜙ሺ𝜂ሻ profile. The curves of 𝜙ሺ𝜂ሻ are higher in ab-
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sence of a chemical reaction. The incrementing nature of Stefan blowing constraint 
𝑠 leads to a higher profile of 𝜙ሺ𝜂ሻ. 

Table 2 demonstrates the numerical data of 𝑓"ሺͨሻ for 𝑠 ൌ െͩ, 𝑠 ൌ ͩ and distinct 
𝜀௔ when 𝑄 ൌ 𝑁𝑏 ൌ 𝜀௕ ൌ 𝑁𝑡 ൌ ͨ.ͩ, 𝑃𝑟 ൌ ͮ.Ͱ, 𝐿𝑒 ൌ 𝐾௥ ൌ 𝐿𝑏 ൌ 𝑃𝑒 ൌ ͩ. The numeric 
values of 𝑓"ሺͨሻ are decreased by using higher 𝜀௔ values at 𝑀 ൌ ͩ and 𝑆 ൌ െͩ. The 
increment in magnetic constraint leads to higher values of 𝑓"ሺͨሻ. Further, 𝑓"ሺͨሻ 
values are larger in the case of positive Stefan blowing constraint as comparative 
negative Stefan blowing constraint. The values of െ𝜃′ሺͨሻ for distinct 𝜀௔, 𝑄 𝑎𝑛𝑑 s by 
taking 𝑁𝑏 ൌ 𝑁𝑡 ൌ 𝜀௕ ൌ 𝑀 ൌ ͨ.ͩ, 𝑃𝑟 ൌ ͮ.Ͱ, 𝐿𝑒 ൌ 𝐾௥ ൌ 𝐿𝑏 ൌ 𝑃𝑒 ൌ ͩ are computed in 
Table 3. The increasing trend of momentum slip constraint leads to decay in the 
values of െ𝜃′ሺͨሻ. Further, the heat absorption case has higher values of െ𝜃′ሺͨሻ 
comparative to the values achieved in the case of the heat generation problem. The 
values of െ𝜃′ሺͨሻ are larger in positive Stefan blowing constraint values as compared 
to negative values of this constraint. Table 4 discloses the െ𝜙′ሺͨሻ/𝜙ሺͨሻ values by 
changing 𝜀௔, 𝐾௥  and 𝑠 values when 𝑄 ൌ 𝑁𝑏 ൌ 𝜀௕ ൌ 𝑀 ൌ  𝑁𝑡 ൌ ͨ.ͩ, 𝑃𝑟 ൌ ͮ.Ͱ, 𝐿𝑒 ൌ
𝐿𝑏 ൌ 𝑃𝑒 ൌ ͩ. The higher െ𝜙′ሺͨሻ/𝜙ሺͨሻ values are achieved for higher chemical reac-
tion constraint 𝐾௥  values. Table 5 is provided to analyze the values of െ𝜒′ሺͨሻ for 
various 𝜀௔, 𝑃𝑒 and 𝑠 values by fixing 𝑁𝑏 ൌ 𝜀௕ ൌ  𝑁𝑡 ൌ 𝑄 ൌ 𝑀 ൌ ͨ.ͩ, 𝑃𝑟 ൌ ͮ.Ͱ, 𝐾௥ ൌ
𝐿𝑒 ൌ 𝐿𝑏 ൌ ͩ. The increasing trend of Peclet number values leads to decay in the 
values of െ𝜒′ሺͨሻ for both 𝑠 ൌ െͩ and 𝑠 ൌ ͩ cases whereas these values are larger for 
positive values of 𝑠 in comparison to negative values of 𝑠. 
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(b) Nanoparticle volume fraction (d) Density of motile microorganism 

Fig. 2: Effect of the Stefan blowing parameter and velocity slip parameter. 
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(b) Density of motile microorganism 

Fig. 3: Effect of the Stefan blowing parameter and thermal slip parameter. 
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(b) Nanoparticle volume fraction (d) Density of motile microorganism 

Fig. 4: Effect of the Stefan blowing parameter and magnetic field parameter. 

Tab. 2: Values of 𝑓"ሺ0ሻ when 𝑄 ൌ 𝑁𝑏 ൌ 𝜀௕ ൌ 𝑁𝑡 ൌ 0.1, 𝑃𝑟 ൌ  6.8, 𝐿𝑒 ൌ 𝐾௥ ൌ 𝐿𝑏 ൌ 𝑃𝑒 ൌ 1. 

εୟ  𝑴 ൌ 𝟏  
  

𝑴 ൌ 𝟐  
ሺ𝒔 ൌ െ𝟏ሻ   

𝑴 ൌ 𝟑  
 

𝑴 ൌ 𝟏  
 

𝑴 ൌ 𝟐  
ሺ𝒔 ൌ 𝟏ሻ  

𝑴 ൌ 𝟑

0.2 -1.022812 -1.219705 -1.371720 -1.164740 -1.340662 -1.476817
0.3 -0.916102 -1.078515 -1.200030 -1.026205 -1.167942 -1.274305
0.4 -0.830971 -0.968010 -1.068005 -0.918925 -1.036358 -1.122211
0.5 -0.761245 -0.878920 -0.961465 -0.833079 -0.932435 -1.003438

Tab. 3: Values of െ𝜃 ′ሺ0ሻ for distinct 𝜀௔, 𝑄 and s by taking 𝑁𝑏 ൌ 𝑁𝑡 ൌ 𝜀௕ ൌ 𝑀 ൌ 0.1,  

𝑃𝑟 ൌ 6.8, 𝐿𝑒 ൌ 𝐾௥ ൌ 𝐿𝑏 ൌ 𝑃𝑒 ൌ 1.  

εୟ  𝑸 ൌ െ𝟎. 𝟐   
  

𝑸 ൌ െ𝟎. 𝟏   
ሺ𝒔 ൌ െ𝟏ሻ  

𝑸 ൌ 𝟎. 𝟐  
 

𝑸 ൌ െ𝟎. 𝟐  
  

𝑸 ൌ െ𝟎. 𝟏  
ሺ𝒔 ൌ 𝟏ሻ  

𝑸 ൌ 𝟎. 𝟐 
 

0 1.269743 1.174129 0.829555 3.013480 2.918678 2.560051 
0.1 1.235234 1.135232 0.768610 2.945878 2.844020 2.449284 
0.2 1.207109 1.103299 0.716617 2.891774 2.783753 2.355610 
0.3 1.183502 1.076317 0.671043 2.846800 2.733269 2.273606 
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Tab. 4: Values of െ𝜙′ሺ0ሻ/𝜙ሺ0ሻ when 𝑄 ൌ 𝑁𝑏 ൌ 𝜀௕ ൌ 𝑀 ൌ  𝑁𝑡 ൌ 0.1, 𝑃𝑟 ൌ 6.8, and 𝐿𝑒 ൌ 𝐿𝑏 ൌ 𝑃𝑒 ൌ 1.  

εୟ  𝑲𝒓 ൌ 𝟎. 𝟓  
  

𝑲𝒓 ൌ 𝟏  
ሺ𝒔 ൌ െ𝟏ሻ  

𝑲𝒓 ൌ 𝟏. 𝟓  
 

𝑲𝒓 ൌ 𝟎. 𝟓  
  

𝑲𝒓 ൌ 𝟏  
ሺ𝒔 ൌ 𝟏ሻ  

𝑲𝒓 ൌ 𝟏. 𝟓

0 2.359787 2.783520 3.158370 15.423451 13.849742 13.144103
0.1 2.280925 2.711923 3.092505 14.623126 13.115701 12.477099
0.2 2.215792 2.652785 3.038089 13.965653 12.523684 11.943681
0.3 2.160265 2.602323 2.991607 13.406847 12.028187 11.500168

Tab. 5: Values of െ𝜒′ሺ0ሻ when 𝑁𝑏 ൌ 𝜀௕ ൌ  𝑁𝑡 ൌ 𝑄 ൌ 𝑀 ൌ 0.1, 𝑃𝑟 ൌ 6.8, 𝐾௥ ൌ 𝐿𝑒 ൌ 𝐿𝑏 ൌ 1.  

εୟ  𝑷𝒆 ൌ 𝟎. 𝟏  
  

𝑷𝒆 ൌ 𝟎. 𝟓  
ሺ𝒔 ൌ െ𝟏ሻ  

𝑷𝒆 ൌ 𝟏  
 

𝑷𝒆 ൌ 𝟎. 𝟏  
  

𝑷𝒆 ൌ 𝟎. 𝟓  
ሺ𝒔 ൌ 𝟏ሻ  

𝑷𝒆 ൌ 𝟏

0 1.217637 0.982078 0.702772 3.624454 2.639706 1.421083
0.1 1.168324 0.943313 0.675831 3.462464 2.510564 1.332424
0.2 1.128216 0.912146 0.654719 3.332086 2.407561 1.263170
0.3 1.094601 0.886323 0.637689 3.222929 2.322010 1.206727

8 Conclusions 

The Stefan blowing aspects in magneto bio-convected nanofluid flow over slippery 
moving sheets are exploited numerically. The computed numerical data is matched 
with already published numerical data and achieved an excellent agreement. The 
following conclusions are retracted from this analysis: 
– The velocity of the fluid is reduced by improving the values of Stefan's blowing 

constraint. 
– Temperature 𝜃ሺ𝜂ሻ is lower for hydrodynamic flow case and higher for magneto-

hydrodymaic flow situation. 
– The motile microorganisms density distribution curves are reduced by enhanc-

ing the thermal slip constraint.  
– The values of 𝑓"ሺ0ሻ are decaying in presence of momentum slip constraint 𝜀௔. 
– The increasing nature of chemical reaction constraint leads to larger െ𝜙′ሺ0ሻ/

𝜙ሺ0ሻ values. 
– The numeric values of െ𝜒′ሺ0ሻ are higher for the positive Stefan blowing con-

straint and lower in the case of the negative Stefan blowing constraint. 
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Computer-assisted successive linearization 
solution of the Darcy-Forchheimer-Brinkman 
flow through a rectangular channel 
Darcy-Forchheimer-Brinkman flow 

Abstract: Numerical solution of nonlinear differential equations forms an integral 
part of modeling and simulation in recent times. The nonlinear Darcy-Forchheimer-
Brinkman (DFB) model has been extensively used in frontier areas like petroleum 
engineering, hydrogeology, reactor engineering, biology, medicine, and so on. This 
well-celebrated model has been chosen as a representative problem to highlight the 
utility and significance of the computer-assisted successive linearization method 
(SLM) that in general can be applied to nonlinear boundary value problems (BVPs). 
The study aims to solve the BVP of the fully developed DFB flow through the sparse-
ly packed porous medium using computer-assisted SLM and investigate its accuracy 
and robustness. The SLM involves successively linearizing the nonlinear differential 
equations and starting with an initial solution solve the resultant iterative system of 
linearized BVPs using the spectral collocation method. The present method, in gen-
eral, has a quadratic rate of convergence and not sensitive to the initial solution 
unlike other numerical methods like the shooting method. It is found that the gov-
erning parameters have the least effect on the method which means that method 
convergences even for large values of parameters. Further, SLM is successful in 
capturing boundary and inertia effects in DFB flow. 

Keywords: Darcy-Forchheimer-Brinkman model; Rectangular channel; Successive 
linearization method. 
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1 Introduction 

Practical applications of porous media flows are quite evident in the present era and 
span over a wide range of disciples such as those mentioned in the abstract of the 
chapter. Comprehensive reviews on flow through porous media have been recorded 
in the books / edited books/review articles by Ingham and Pop (1, 2), Vafai (3), Nield 
and Bejan (4), Masuoka et al. (5), Rudraiah et al. (6), and Vadasz (7). As mentioned 
earlier the primary objective of the chapter is to highlight the implementation and 
effectiveness of computer-assisted SLM to nonlinear BVPs. Vowing to its practical 
relevance the DFB flow equation has opted as a representative BVP in order to detail 
on SLM and its effectiveness.  

In view of the aforementioned facts, we present brief literature on DFB flow 
which takes into account boundary and inertia effects. The nonlinear DFB flow 
model, based on linear Brinkman drag and the super-linear form drag takes care of 
high flow rate and permeability in porous media which were not accounted for in 
the classical Darcys law. In literature, the latter drag is associated with either the 
name Forchheimer (8) or Ergun (9). The name of Forchheimer is mostly used in 
comparison to that of Ergun. Works of Skjetne and Auriault (10), and Calmidi and 
Mahajan (11) consider nonlinear effects on the flow through porous media. Khaled 
and Vafai (12) also point out to non-linear effect in modeling flow and heat transfer 
in biological tissues. Vafai and Kim (13), and Nield et al. (14) investigated forced 
convective flows in rectangular channels embedded with porous medium. In rela-
tion to Darcy drag and shear drag due to viscosity, the flows through the porous 
medium are modeled using two viscosities, namely, the actual fluid viscosity and 
the effective viscosity. The study of Givler and Altobelli (15) is devoted to the deter-
mination of effective viscosity for the DFB flow model by means of experiments. A 
numerical study of the natural convection in a vertical porous cavity was presented 
by Lauriat and Prasad (16). Other studies that consider the boundary and inertia 
effects on flow and heat transfer in porous medium include Poulikakos and Renken 
(17), Parang and Keyhany (18), and Hooman (19, 20). 

Two-point nonlinear BVPs have been tackled either numerically or analytically. 
Finite difference/element methods, shooting method, collocation methods, varia-
tional methods of Galerkin and Rayleigh-Ritz, and other methods capture the nu-
merical solution of the BVPs. Approximate analytical solutions of BVPs could be 
constructed in the form of infinite series using methods like homotopy methods 
(homotopy analysis method - HAM (21, 22), homotopy perturbation method – HPM 
(23, 24)), variational iteration method - VIM (25, 26, 27), Adomian decomposition 
method - ADM (28, 29), differential transform method - DTM (30, 31) and so on. Suc-
cessive linearization method - SLM is a recently developed method (see (32, 33, 34, 
35) and references therein) that fits into the category of semi-analytic / semi-
numerical methods can effectively be used in solving two-point nonlinear BVPs. 
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In line with the objective of the chapter, we revisit the DFB equation with the in-
tention to put the implementation of computer-assisted SLM and its effectiveness 
into the spotlight. Application of SLM requires the two-point nonlinear BVPs to be 
linearized successively giving rise to an iterative system of linear differential equa-
tions which is in general not tractable analytically. The pseudo-spectral method 
based on Chebyshev polynomials is then used to solve the iterative system. In what 
follows we first derive the Darcy – Forchheimer – Brinkman equation for flow 
through rectangular channel embedded with porous media and detail on the im-
plementation of the computer-assisted SLM. 

2 Darcy – Forchheimer – Brinkman Flow Through 
Rectangular Channel 

The physical system, as shown in Figure 1, consists of a highly percolative medium 
of an infinite horizontal extent bounded by impermeable walls 𝑥 ൌ േ𝑏/2 and 
𝑧 ൌ േ𝑑/2. The flow is driven by a constant pressure gradient in the axial direction 
(along 𝑦 – axis). The fully-developed DFB flow in the rectangular channel filled with 
the porous medium can be described using the following equation of motion: 

 
 𝜇෤ ቀ

ௗమ௩

ௗ ௫మ ൅
ௗమ௩

ௗ ௭మቁ െ
ఓ

௄
𝑣 െ

ఘ ஼ಷ

√௄
𝑣ଶ ൌ

ௗ௣

ௗ௬
,  (1) 

 
where 𝜌 is the density of the fluid, 𝑣ሺ𝑥, 𝑧ሻ is the velocity, 𝑝ሺ𝑦ሻ is the pressure in the 𝑦 
– direction, 𝜇 is the usual dynamic viscosity of the fluid, 𝜇෤ is the effective viscosity 
due to the presence of solid matrix, 𝐾 is the permeability of the porous medium and 
𝐶ி is the dimensionless quadratic drag coefficient. We have chosen to use two vis-
cosities in the above equation as this is in keeping with the current modeling trend. 
The following ‘no-slip’ boundary conditions are imposed on equation (1): 

 
𝑣 ൌ 0   on   𝑥 ൌ േ

௕

ଶ
, ∀𝑧 ∈ ቂെ

ௗ

ଶ
,

ௗ

ଶ
ቃ ,

 
𝑣 ൌ 0   on   𝑧 ൌ േ

ௗ

ଶ
,   ∀𝑥 ∈ ቂെ

௕

ଶ
,

௕

ଶ
ቃ

 ൢ .

 

   (2) 
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Fig. 1: Schematic of the rectangular porous channel. 

We now non-dimensionalize equation (1) using the new variables defined as fol-
lows: 

          𝑥∗ ൌ
௫

௕ 
, 𝑦∗ ൌ

௬

ௗ
, 𝑧∗ ൌ

௭

ௗ
, 𝑝∗ ൌ

௣

ఓ௩బ ௗ⁄
, 𝑣∗ ൌ

௩

ቀି௩బ ೏೛∗

೏೤∗ቁ
 ,                   (3) 

where 𝑣଴ is a characteristic velocity. Substituting equation (3) into equations (1) and 
(2) and dropping asterisks for simplicity, we obtain the following BVP involving a 
second-order differential equation: 

 Λ ቀ
ଵ

஺మ

ௗమ௩

ௗ௫మ + ௗమ௩

ௗ௭మቁ െ 𝜎ଶ𝑣 െ 𝐹𝑣ଶ  ൌ െ1,  (4) 

where 𝛬 ൌ 𝜇෤ /𝜇 is the viscosity ratio,  

𝑅𝑒 ൌ
ି௩బௗ

ഋ
ഐ

ௗ௣∗

ௗ௬∗ is the Reynolds number, 

𝜎 ൌ
ௗ

√௄
 is the porous parameter,  

𝐹 ൌ 𝐶ி𝑅𝑒𝜎 is the Forchheimer number,  

𝐴 ൌ
௕

ௗ
 is the aspect ratio of the cross-section of the channel. 

The boundary conditions in (2), on using (3) and dropping asterisks, take the form 
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𝑣 ൌ 0   on   𝑥 ൌ േ

ଵ

ଶ
, ∀𝑧 ∈ ቂെ

ଵ

ଶ
,

ଵ

ଶ
ቃ ,

 
𝑣 ൌ 0   on   𝑧 ൌ േ

ଵ

ଶ
,   ∀𝑥 ∈ ቂെ

ଵ

ଶ
,

ଵ

ଶ
ቃ

 ൢ.    (5) 

If we assume that the depth of the cross-section 𝑑 is sufficiently smaller than the 
breadth 𝑏, i.e., 𝑑 ≪ 𝑏 or 𝐴 ≫ 1 then the first term of equation (3) will be negligibly 
small and the flow velocity 𝑣 will be a function of 𝑧 alone, that is 

 ଵ

஺మ

డమ௩

డ௫మ ≪ 1, 𝑣 ൌ 𝑣ሺ𝑧ሻ.       

Under these approximations, equations (3) and (4) reduce to the following BVP 

 Λ
ௗమ௩

ௗ௭మ െ 𝜎ଶ𝑣 െ 𝐹𝑣ଶ ൌ െ1   (6) 

 𝑣 ൌ 0 at 𝑧 ൌ േ
ଵ

ଶ
  (7) 

Equations (6) and (7) form a two-point BVP involving a nonlinear ordinary differen-
tial equation whereas equations (4) and (5) represent a BVP involving a nonlinear 
partial differential equation. The latter problem will be dealt within a future study 
while the former problem is considered in the present study. Having derived the 
BVP for the flow problem we now present the implementation of SLM for the same. 

3 Successive Linearization Method (SLM) 

Consider the BVP defined by equations (6) and (7). Equation (6) can be decomposed 
into linear and nonlinear parts as follows 

 ℒሺ𝑣ሻ ൅ 𝒩ሺ𝑣ሻ ൅ 1 ൌ 0, (8) 

where 

ℒሺ𝑣ሻ ൌ Λ
𝑑ଶ𝑣
𝑑𝑧ଶ െ 𝜎ଶ𝑣. 

is the linear part of equation (6) and  

 𝒩ሺ𝑣ሻ ൌ െ𝐹𝑣ଶ.  

is the nonlinear part of the equation (6). Let 𝑣଴ሺ𝑧ሻ be a solution of the linear differ-
ential equation  
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 ℒሺ𝑣ሻ ൅ 1 ൌ 0  

that takes care of boundary conditions 

 𝑣 ቀേ
ଵ

ଶ
ቁ ൌ 0.  

In general, it is not necessary that such a function satisfy the linear differential 
equation but it has to satisfy the boundary conditions. Using 𝑣଴ሺ𝑧ሻ, the solution of 
linear part, as an initial solution we construct the solution of nonlinear equation (8) 
as follows. The solution of equation (8) can be assumed in the form 

 𝑣ሺ𝑧ሻ ൌ 𝑣଴ሺ𝑧ሻ ൅ 𝑣ଵሺ𝑧ሻ, (9) 

where 𝑣ଵሺ𝑧ሻ can be regarded as the pointwise error. Substituting equation (9) into 
(8) we get 

ℒሺ𝑣଴ ൅ 𝑣ଵሻ ൅ 𝒩ሺ𝑣଴ ൅ 𝑣ଵሻ ൌ 0,  

and expanding nonlinear term about 𝑣 ൌ 𝑣଴ we obtain: 

 ℒሺ𝑣଴ሻ ൅ ℒሺ𝑣ଵሻ ൅ 𝒩ሺ𝑣଴ሻ ൅
ଵ

ଵ!
ቀ

ௗ𝒩

ௗ௩
ቁቚ

௩ୀ௩బ
𝑣ଵ ൅

ଵ

ଶ!
ቀ

ௗమ𝒩

ௗ௩మ ቁቚ
௩ୀ௩బ

𝑣ଵ
ଶ ൅ ⋯ ൌ 0. (10) 

Neglecting nonlinear terms in 𝑣ଵ, in equation (10), we get 

 ℒሺ𝑣ଵሻ ൅
ଵ

ଵ!
ቀ

ௗ𝒩

ௗ௩
ቁቚ

௩ୀ௩బ
𝑣ଵ ൌ െሾℒሺ𝑣଴ሻ ൅ 𝒩ሺ𝑣଴ሻሿ.  

On simplification we get 

 Λ
ௗమ௩భ

ௗ௭మ െ ሺ𝜎ଶ ൅ 2𝐹𝑣଴ሻ𝑣ଵ ൌ 𝐹𝑣଴
ଶ, (11) 

where 𝑣ଵ satisfies homogeneous boundary conditions 

 𝑣ଵ ቀേ
ଵ

ଶ
ቁ ൌ 0.  

Since the nonlinear terms in equation (10) are neglected, 𝑣ଵ will not be an exact 
solution and there will be still some error involved in the assumed solution (9). 
Hence one can refine the solution (9) by taking 

 𝑣ሺ𝑧ሻ ൌ 𝑣଴ሺ𝑧ሻ ൅ 𝑣ଵሺ𝑧ሻ ൅ 𝑣ଶሺ𝑧ሻ, (12) 
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where 𝑣ଶሺ𝑧ሻ can be regarded as the pointwise error at the second iteration. Substi-
tuting equation (12) into (8) and expanding the nonlinear term in Taylor series about 
𝑣 ൌ 𝑣଴ ൅ 𝑣ଵ, we get the following linear differential equation on simplification: 

  𝛬 ௗమ௩మ

ௗ௭మ െ ሺ𝜎ଶ ൅ 2𝐹 ∑ 𝑣௠
ଵ
௠ୀ଴ ሻ 𝑣ଶ ൌ 𝐹𝑣ଵ

ଶ, (13) 

The correction function 𝑣ଶሺ𝑧ሻ satisfies the homogeneous boundary condition 

𝑣ଶ ቀേ
ଵ

ଶ
ቁ ൌ 0.  

Assuming that the first 𝑛 െ 1 corrections to the initial solution are available then the 
𝑛௧௛ correction to the solution form the linear differential equation 

 𝛬
ௗమ௩೙

ௗ௭మ െ ሺ𝜎ଶ ൅ 2𝐹 ∑ 𝑣௠
௡ିଵ
௠ୀ଴ ሻ 𝑣௡ ൌ 𝐹𝑣௡ିଵ

ଶ . (14) 

The solution at this stage can be written as 

 𝑣ሺ𝑧ሻ ൌ 𝑣଴ሺ𝑧ሻ ൅ 𝑣ଵሺ𝑧ሻ ൅ 𝑣ଶሺ𝑧ሻ ൅ ⋯ ൅ 𝑣௡ሺ𝑧ሻ ൌ ∑ 𝑣௠
௡
௠ୀ଴ . (15) 

It is to be noted that the linear differential equations, in general, for the 𝑛௧௛ correc-
tion 𝑣௡, namely, equations (14) can be solved analytically, if possible. In cases 
where analytical solutions cannot be found, one has to revert to numerical methods. 
In the present chapter, we adopt Chebyshevs spectral method to solve the linearized 
equations for the corrections 𝑣௡,𝑛 ൒ 1. To this end, we rewrite equation (14) as 

 Λ
ௗమ௩೙

ௗ௭మ െ 𝑎௡ିଵ𝑣௡ ൌ 𝑏௡ିଵ. (16) 

where 𝑎௡ିଵ ൌ 𝜎ଶ ൅ 2𝐹 ∑ 𝑣௠,௡ିଵ
௠ୀ଴   

 𝑏௡ିଵ ൌ 𝐹𝑣௡ିଵ
ଶ .  

The successive corrections for the initial solution must satisfy trivial boundary con-
ditions, namely, 

 𝑣௡ ቀേ
ଵ

ଶ
ቁ ൌ 0.  (17) 

To solve the linearized BVPs (16) – (17), we use the pseudo-spectral method that 
uses Chebyshev polynomials. Chebyshev-Gauss-Lobatto collocation points are used 
in the discretization of the solution domain. 
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 𝑧௝ ൌ cos ቀ
గ௝

ே
ቁ , 𝑗 ൌ 0,1,2, … , 𝑁. (18) 

The collocation points 𝑧௝  are the points of extrema of the Chebyshev polynomial 
𝑇ேሺ𝑧ሻ ൌ 𝑐𝑜𝑠ሺ𝑁 𝑐𝑜𝑠ିଵሺ𝑧ሻሻ of degree 𝑁. It so happens that the domain of interest of 
the present problem is ቂെ

ଵ

ଶ
,

ଵ

ଶ
ቃ but the Chebyshev polynomials are defined on the 

interval ሾ– 1,1ሿ. Hence, in general, one has to transform the given interval ሾ𝑎, 𝑏ሿ to 
the computational domain ሾ– 1,1ሿ through the following linear transformation: 

𝑧 ൌ ൬
𝑏 െ 𝑎

2
൰ 𝜉 ൅ ൬

𝑏 ൅ 𝑎
2

൰. 

In the present case, the interval ቂെ
ଵ

ଶ
,

ଵ

ଶ
ቃ is transformed to ൣ– 1,1൧ be defining 

 𝜉 ൌ 2𝑧. (19) 

The Chebyshev spectral method in its original form uses a linear combination of 
Chebyshev polynomials to express the unknown variable and its derivatives but we 
use the pseudo-spectral version which uses the Chebyshev differentiation matrix 𝒟 
to express the derivatives of the unknown variable (see, Canuto et al. (36), Trefethen 
(37), Weideman and Reddy (38), Motsa and Animasaun, (39, 40)). The derivative of 
the unknown variable 𝑣௡ at the collocation points can be written, using the differen-
tiation matrix, as follows: 

 ௗ௩೙

ௗ௭
ൌ ෌ 𝐷௝௞

ே

௞ୀ଴
𝑣௡ሺ𝜉௞ሻ ൌ 𝐃𝐯௡, 𝑗 ൌ 0,1,2, … , 𝑁 (20) 

where 𝐃 ൌ 2𝒟 and 𝐯୬ is the vector that consists of values of 𝑣௡ at the collocation 
points 𝜉௝ as the entries. In this chapter we adopt the method proposed by Trefethen 
(37) to calculate the differentiation matrix using the MATLAB cheb.m script file. 

The entries of matrix 𝒟 are given by 
 

 𝒟௜௝ ൌ

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

ଶேమାଵ

଺
,     for 𝑖 ൌ 𝑗 ൌ 0,         

       
ିకೕ

ଶቀଵିకೕ
మቁ

,   for 1 ൑ 𝑖 ൌ 𝑗 ൑ 𝑁 െ 1,
 

௖೔

௖ೕ

ሺିଵሻ೔శೕ

క೔ିకೕ
,   for 1 ൑ 𝑖 ് 𝑗 ൑ 𝑁 െ 1,

 

െ
ଶேమାଵ

଺
,   for 𝑖 ൌ 𝑗 ൌ 𝑁,        

 (21) 

where 

𝑐௜ ൌ ൝
2,  for 𝑖 ൌ 0 or 𝑖 ൌ 𝑁,

 
1,  for 1 ൑ 𝑖 ൑ 𝑁 െ 1,
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and 𝒟௜௝ denote entries of matrix 𝒟. Substituting equations (18) - (21) in equation 
(16) we obtain the following linear matrix system 

 

 

⎣
⎢
⎢
⎢
⎡

1 0 ⋯ 0 0

𝐷ଶ െ 𝑑𝑖𝑎𝑔ሺ𝑎௡ିଵሻ

0 0 ⋯ 0 1 ⎦
⎥
⎥
⎥
⎤

 

⎣
⎢
⎢
⎢
⎡

𝑣௡ሺ𝜉଴ሻ
𝑣௡ሺ𝜉ଵሻ

⋮
𝑣௡ሺ𝜉ேିଵሻ

𝑣௡ሺ𝜉ேሻ ⎦
⎥
⎥
⎥
⎤

ൌ

⎣
⎢
⎢
⎢
⎡

0
𝑏௡ିଵሺ𝜉ଵሻ

⋮
𝑏௡ିଵሺ𝜉ேିଵሻ

0 ⎦
⎥
⎥
⎥
⎤

. (22) 

 
The matrix system (22) can be put in a compact form as 

 𝐀௡ିଵ𝐯௡ ൌ 𝐛௡ିଵ, (23) 

where 𝐯௡ ൌ ሾ𝑣௡ሺ𝜉଴ሻ 𝑣௡ሺ𝜉ଵሻ … 𝑣௡ሺ𝜉ேିଵሻ 𝑣௡ሺ𝜉ேሻሿ்  is the solution vector, 𝐀௡ିଵ and 𝐛௡ିଵ 
are respectively the coefficient matrix and the constant vector. It must be noted that 
the boundary conditions (17) have been enforced on the linear system (23). The iter-
ative procedure can be initiated with an initial approximation 𝑣଴ሺ𝑧ሻ and correction 
functions 𝑣௡ሺ𝑧ሻ for 𝑛 ൌ 1,2,3, … can be obtained using the following equation: 

 𝐯௡ ൌ 𝐀௡ିଵ
ିଵ 𝐛௡ିଵ. (24) 

So far, we have seen the implementation of the SLM; in what follows we present 
results that establish the accuracy and robustness of SLM. 

4 Results and Discussion 

The chapter analyses the utility of computer-assisted SLM  to solve BVP arising from 
DFB flow through a rectangular channel filled with sparsely packed porous medi-
um. We first start by establishing the effectiveness of SLM, in terms of, measures like 
rate of convergence, sensitivity to the initial solution, dependency on the parameter 
values and time complexity, and so on, with respect to the BVP.  

The rate of convergence of SLM is examined using the ratio of 𝑙ͪ norms of errors 
at the successive iterations. To this end, we define the rate of convergence in the 
following way. Suppose 𝑣∗ሺ𝑧ሻ is the true solution and 

𝑣௡
∗ሺ𝑧ሻ ൌ ෍ 𝑣௠ሺ𝑧ሻ

௡

௠ୀ଴

 

is the approximate solution at 𝑛௧௛ iteration or 𝑛௧௛ order. The error at the 𝑛௧௛ iteration 
is the 𝑙ଶ norm defined as 
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𝜖௡  ൌ ‖𝑣௡
∗ െ 𝑣∗‖ଶ ൌ ቌ෍ൣ𝑣௡

∗ ൫𝑧௝൯ െ 𝑣∗൫𝑧௝൯൧
ଶ

ே

௝ୀ଴

ቍ

ଵ
ଶ

. 

An iterative scheme is said to converge at a rate 𝑝 if  

lim
௡→∞

‖𝑣௡ାଵ
∗ െ 𝑣∗‖

‖𝑣௡
∗ െ 𝑣∗‖ଶ

௣ ൌ 𝑀, 

where 𝑀 is a positive finite constant. The above definition is equivalent to saying 
that the error at the ሺ𝑛 ൅ 1ሻ௧௛ iteration is proportional to the 𝑝௧௛ power of error at the 
𝑛௧௛ iteration  

𝜖௡ାଵ ∝ 𝜖௡
௣  ⇔  𝜖௡ାଵ ൌ 𝑀𝜖௡

௣. 

From the above expression, the rate of convergence 𝑝 can be calculated from 

log ൬
𝜖௡ାଶ

𝜖௡ାଵ
൰ ൌ 𝑝 log ൬

𝜖௡ାଵ

𝜖௡
൰, 

where 𝜖௡ାͪ, 𝜖௡ାͩ and 𝜖௡ are the 𝑙ͪ norms computed using three consecutive itera-
tions. 

We shall first establish that SLM has a faster rate of convergence by actually 
computing the rate of convergence 𝑝 from the above expression. The values of rate 
of convergence 𝑝 are tabulated in Table 1 for different choices of the initial solution 
with σ = 1, 𝐹 ൌ  ͨ.ͨͭ, and 𝛬 ൌ ͩ. It can be easily seen that 𝑝 ൎ ͪ, which establishes 
the fact that the present iterative method has a quadratic convergence irrespective 
of the choice of the initial solution. Here we have presented the results pertaining to 
2-norm. But it has been verified that the convergence rate remains quadratic for any 
choice of norm. Further, the values of the physical parameters present in the gov-
erning equations do not alter the convergence rate. These facts indicate that the 
SLM has a quadratic rate of convergence that is independent of the choice of the 
norm and the value of the parameter. 

The missing value of 𝑝 corresponding to the first row of Table 1 is due to the fact 
that in the first iteration the solution overshoots 𝑣ͨሺ𝑧ሻ thereby producing a spurious 
value for 𝑝. Similarly, the missing values in the second and third row of Table 1 are 
due to the fact the convergence has been achieved at the respective iterations mean-
ing the error is almost zero. In this situation, if we take the quotient of the two con-
secutive errors it would lead to an indeterminate form for 𝑝. Thus, whenever the 
initial solution 𝑣ͨሺ𝑧ሻ tries to converge to the true solution 𝑣∗ሺ𝑧ሻ, it always converges 
at a quadratic rate. 
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Tab. 1: Values of convergence parameter 𝑝 at various iterations with 𝜎 ൌ  1, 𝐹 ൌ  0.05, and 𝛬 ൌ 1. 

Initial Solution 
 𝒑 ൌ

𝐥𝐨𝐠൬
𝝐𝒏శ𝟐
𝝐𝒏శ𝟏

൰

𝐥𝐨𝐠ቀ
𝝐𝒏శ𝟏

𝝐𝒏
ቁ
 

 𝒏 ൌ 𝟎  𝒏 ൌ 𝟏  𝒏 ൌ 𝟐 

 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ଶ
െ |𝑧| - 2.006467 1.993099

 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ସ
െ 𝑧ଶ 1.989436 2.001950 -

 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ఙమ ቈ1 െ
ୡ୭ୱ୦ቀ ഑

√౻ 
௭ቁ

ୡ୭ୱ୦ቀ ഑
మ√౻

ቁ
቉ 

1.867407 - -

 
The implementation of SLM needs an initial guess to the actual solution. This initial 
solution can be selected to satisfy the boundary conditions of the given BVP (in the 
spirit of a Galerkin procedure). The successive iterates of this initial solution will 
have to satisfy homogeneous boundary conditions. Figures 2, 3 and 4 show the sen-
sitivity of SLM to the initial solutions chosen. Respective numerical values of the 
solutions are tabulated in Tables 2, 3, and 4. Figure 2 shows velocity profiles and 
Table 2 respective numerical values at chosen nodes, for various orders (iterations) 
of SLM with a non-smooth, very bad initial solution 𝑣଴ሺ𝑧ሻ ൌ 1/2 െ |𝑧|. We observe 
that even with this poor choice of initial solution the convergence is achieved at the 
third iteration itself. From Figure 3 and Table 3 we see that the convergence is ob-
tained at the second iteration itself with a smooth parabolic initial velocity profile 
given by 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ. Even though the second initial solution is smooth it is 
nowhere near the actual solution. Finally, with the help of Figure 4 and Table 4 one 
can observe that the convergence is achieved at the first iteration itself with a very 
good initial estimate 

 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ఙమ ቈ1 െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
మ√೰

ቁ
቉  

considered for the velocity profile. These facts suggest that the successive lineariza-
tion is not sensitive to the initial solution chosen unlike the shooting method (see 
Mahesha (41) and Abel et al. (42) for details on the shooting method). The conver-
gence is achieved even if the initial solution is non-smooth and very poor, but takes 
a few more iteration for the same. Thus, the SLM is acceptable since it can produce 
convergent results even with poor initial guesses for the solution. 
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Fig. 2: Velocity profiles at various orders of SLM with an initial solution 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͪ െ |𝑧|  
and 𝜎 ൌ  ͩ,  𝐹 ൌ  ͨ.ͨͭ, 𝛬 ൌ ͩ. 

Tab. 2: Numerical values of velocity at selected nodes at various orders of SLM with an initial solu-
tion 𝑣଴ሺ𝑧ሻ ൌ 1/2 െ |𝑧| and 𝜎 ൌ  1, 𝐹 ൌ  0.05, 𝛬 ൌ 1. 

   
 𝒛 

  𝒗ሺ𝒛ሻ ൌ ∑ 𝒗𝒎ሺ𝒛ሻ𝒏
𝒎ୀ𝟎  

 𝒏 ൌ 𝟎  𝒏 ൌ 𝟏  𝒏 ൌ 𝟐  𝒏 ൌ 𝟑  𝒏 ൌ 𝟒 

-0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
-0.4755 0.0245 0.0326 0.0110 0.0110 0.0110 
-0.4045 0.0955 0.1242 0.0398 0.0396 0.0396 
-0.2939 0.2061 0.2581 0.0749 0.0746 0.0746 
-0.1545 0.3455 0.4141 0.1030 0.1025 0.1025 
0.0000 0.5000 0.5741 0.1137 0.1131 0.1131 
0.1545 0.3455 0.4141 0.1030 0.1025 0.1025 
0.2939 0.2061 0.2581 0.0749 0.0746 0.0746 
0.4045 0.0955 0.1242 0.0398 0.0396 0.0396 
0.4755 0.0245 0.0326 0.0110 0.0110 0.0110 
0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
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Fig. 3: Velocity profiles at various orders of SLM with an initial solution 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͬ െ 𝑧ͪ  
and 𝜎 ൌ  ͩ, 𝐹 ൌ  ͨ.ͨͭ, 𝛬 ൌ ͩ. 

Tab. 3: Numerical values of velocity at selected nodes at various orders of SLM with initial solution 
𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ 𝑎𝑛𝑑 𝜎 ൌ  1, 𝐹 ൌ  0.05, 𝛬 ൌ 1. 

   
𝒛   

  𝒗ሺ𝒛ሻ ൌ ∑ 𝒗𝒎ሺ𝒛ሻ𝒏
𝒎ୀ𝟎  

 𝒏 ൌ 𝟎  𝒏 ൌ 𝟏  𝒏 ൌ 𝟐  𝒏 ൌ 𝟑  𝒏 ൌ 𝟒 

-0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
-0.4755 0.0239 0.0110 0.0110 0.0110 0.0110 
-0.4045 0.0864 0.0396 0.0396 0.0396 0.0396 
-0.2939 0.1639 0.0746 0.0746 0.0746 0.0746 
-0.1545 0.2261 0.1026 0.1025 0.1025 0.1025 
0.0000 0.2500 0.1132 0.1131 0.1131 0.1131 
0.1545 0.2261 0.1026 0.1025 0.1025 0.1025 
0.2939 0.1639 0.0746 0.0746 0.0746 0.0746 
0.4045 0.0864 0.0396 0.0396 0.0396 0.0396 
0.4755 0.0239 0.0110 0.0110 0.0110 0.0110 
0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
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Fig. 4: Velocity profiles at various orders of SLM with an initial solution 𝑣ͨሺ𝑧ሻ ൌ 
ͩ

ఙͪ  ቈͩ െ
௖௢௦௛ቀ

഑

√೰
௭ቁ

௖௢௦௛ቀ
഑

ͪ√೰
ቁ
቉ and 𝜎 ൌ  ͩ, 𝐹 ൌ  ͨ.ͨͭ, 𝛬 ൌ ͩ. 

Tab. 4: Numerical values of velocity at selected nodes at various orders of SLM with an initial solu-

tion 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ఙమ  ቈ1 െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
మ√೰

ቁ
቉ and 𝜎 ൌ  1, 𝐹 ൌ  0.05, 𝛬 ൌ 1. 

   
  𝒛  

  𝒗ሺ𝒛ሻ ൌ ∑ 𝒗𝒎ሺ𝒛ሻ𝒏
𝒎ୀ𝟎  

 𝒏 ൌ 𝟎  𝒏 ൌ 𝟏  𝒏 ൌ 𝟐  𝒏 ൌ 𝟑  𝒏 ൌ 𝟒 

-0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
-0.4755 0.0110 0.0110 0.0110 0.0110 0.0110 
-0.4045 0.0396 0.0396 0.0396 0.0396 0.0396 
-0.2939 0.0746 0.0746 0.0746 0.0746 0.0746 
-0.1545 0.1026 0.1025 0.1025 0.1025 0.1025 
0.0000 0.1132 0.1131 0.1131 0.1131 0.1131 
0.1545 0.1026 0.1025 0.1025 0.1025 0.1025 
0.2939 0.0746 0.0746 0.0746 0.0746 0.0746 
0.4045 0.0396 0.0396 0.0396 0.0396 0.0396 
0.4755 0.0110 0.0110 0.0110 0.0110 0.0110 
0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 
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(a) 

 

(b) 

Fig. 5: Error plots for different values of 𝜎 with 𝐹 ൌ 0.05, 𝛬 ൌ 1 and initial solutions 

(a) 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ and (b)  𝑣଴ሺ𝑧ሻ ൌ
ଵ

ఙమ ቈ1 െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
మ√೰

ቁ
቉. 

  

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



136 | Mahesha Narayana, P. G. Siddheshwar, S. B. Ashoka 

  

Figures 5 –7 show the parameter dependency of the SLM for various physical para-
meters like porous parameter 𝜎, quadratic drag coefficient 𝐹 and Brinkman number 
𝛬. Figures 5 (a) and (b) show the error plots for various values of porous parameter σ 
for two different initial velocities 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ and 

 𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
ͪ√೰

ቁ
቉,  

respectively. From figure 5(a) we see that the initial solution 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ pos-
sess an error of almost unit order at the first iteration and convergence is achieved at 
almost the fifth iteration even for large values of 𝜎. From figure 5(b) we see that the 
initial solution  

 𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
ͪ√೰

ቁ
቉  

is almost near to the actual solution and in this case, the convergence is achieved at 
almost the fourth iteration even for large values of 𝜎. It needs to be mentioned here 
that the computations also capture plug-flow velocity profiles for large values of 𝜎.  

 

(a) 
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(b) 

Fig. 6: Error plots for different values of 𝐹 with 𝜎 ൌ ͩ, 𝛬 ൌ ͩ and initial solutions (a) 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͬ െ 𝑧ͪ 

and (b)  𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ

഑

√೰
௭ቁ

௖௢௦௛ቀ
഑

ͪ√೰
ቁ
቉. 

Figures 6 (a) and (b) show the error plots for various values of Forchheimer number 

𝐹 with initial velocities 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͬ െ 𝑧ͪ and 𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
ͪ√೰

ቁ
቉, respectively. 

When 𝐹 ൌ ͨ, the nonlinear BVP reduces to linear BVP as a result of the solution 
converging at the third iteration itself as can be seen from figures 6 (a) and (b). From 
figure 6 (a) it is clear that when the initial solution was chosen is 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͬ െ 𝑧ͪ 
the convergence is achieved at sixth iteration for large values of 𝐹, whereas in the 

case of the initial solution  𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
ͪ√೰

ቁ
቉ the convergence is achieved at 

the fifth iteration as shown in figure 6 (b). The quadratic drag coefficient present in the 
nonlinear term of the governing BVP forces few more iterations to be taken in order to 
achieve convergence to the actual solution for large values of 𝐹. 
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(a) 

 

(b) 

Fig. 7: Error plots for different values of 𝛬 with 𝜎 ൌ ͩ, 𝐹 ൌ ͨ.ͨͭ and initial solutions 

 (a) 𝑣ͨሺ𝑧ሻ ൌ ͩ/ͬ െ 𝑧ͪ and (b)  𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ

഑

√೰
௭ቁ

௖௢௦௛ቀ
഑

ͪ√೰
ቁ
቉. 

 
Figures 7 (a) and (b) show the error plots for various values of viscosity ratio, 𝛬, for 
initial velocities 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ and 
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 𝑣଴ሺ𝑧ሻ ൌ
ଵ

ఙమ ቈ1 െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
మ√೰

ቁ
቉,  

respectively. It should be noted from equation (6) that the Brinkman number ap-
pears with the viscous shear term that is not important in the major part of the flow 
where velocity is governed by the algebraic equation  

 𝐹𝑣ଶ ൅ 𝜎ଶ𝑣 െ 1 ൌ 0,  

This implies that the Brinkman number will not have any effect on the convergence 
of the solution. The same fact is reiterated in figures 7 (a) and (b). The convergence 
is achieved at the fifth iteration for the initial solution 𝑣଴ሺ𝑧ሻ ൌ 1/4 െ 𝑧ଶ and at the 
fourth iteration in case of the initial solution 

 𝑣ͨሺ𝑧ሻ ൌ
ͩ

ఙͪ ቈͩ െ
௖௢௦௛ቀ ഑

√೰
௭ቁ

௖௢௦௛ቀ ഑
ͪ√೰

ቁ
቉  

as shown in figures 7 (a) and (b) respectively.  

5 Scope for Future Research 

The previous section points out the salient features of the SLM such as its accelerat-
ed convergence, insensitivity towards the initial solution, and stability against large 
parameter values. These facts render SLM a powerful technique designed to solve 
nonlinear BVPs. As future research work, the solution regime of SLM can be ex-
panded for the following problems which are frequently encountered in mathemati-
cal modeling of many real-world situations:  
– Non-linear BVPs involving partial differential equations 
– Boundary eigenvalue problems 
– Stiff differential equations and chaotic systems 

6 Concluding Remarks 

The chapter was aimed at highlighting the implementation and effectiveness of 
computer-assisted SLM. A fully developed DFB flow through the sparsely packed 
porous medium was chosen as a representative problem for this purpose. The pseu-
do-spectral method based on Chebyshev polynomials was used to solve the linear-
ized BVPs. The following are some of the findings:  
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– The method of successive linearization has a quadratic rate of convergence. 
– The method does not, in general, depend on the kind of initial solution chosen. 

Even with a very bad guess to the solution the convergence is guaranteed. 
– The method is also not sensitive to the parameter values chosen. It would only 

need fewer additional iteration to arrive at the convergence. This is, in general, 
not true with conventional methods. 

– The present method also captures boundary and inertial effects effectively. 
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V. Ramachandramurthy, D. Uma, N. Kavitha 
Linear and non-linear instability analysis of 
the onset of magnetoconvection in couple-
stress fluids with thermorheological effect 
Onset of magnetoconvection in couple-stress fluids 

Abstract: The Rayleigh-Benard situation for the couple stress fluid with thermorheo-
logical effect in the presence of applied magnetic field is studied using both linear 
and non-linear stability analysis. This problem discusses the three important as-
pects that concern the mechanism of the control of convection namely suspended 
particles, applied magnetic field, and variable viscosity. It is found that the thermo-
rheological parameter, Chandrasekhar number, and the couple-stress parameter 
influence the onset of convection. The effect of the thermo-rheological parameter is 
to destabilize the system whereas the couple-stress parameter and Chandrasekhar 
number stabilize the same. The generalized Lorenz's model has essentially coupled 
non-autonomous first-order differential equations and is solved numerically using 
the Runge-Kutta method to measure the heat transport. The effect of increasing 
these parameters influence the heat transfer. It is found that an effect of increasing 
thermo-rheological parameter enhances heat transfer whereas an increasing value 
of the couple-stress parameter and Chandrasekhar number diminishes the same. 
This problem has possible applications in the context of the magnetic field. 

Keywords: Rayleigh-Benard convection; Boussinesq Stokes suspension; Boussinesq 
approximation; Magnetoconvection; Lorenz model; Lie group analysis.  

1 Introduction 

In many practical situations, most of the fluids are not so pure, which may contain 
suspended particles like polymeric suspensions, liquid crystals, etc. Suspended 
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particles play a very important role in the analysis of fluid. Due to the presence of 
suspended particles, there is a large stabilizing/destabilizing effect on the thermal 
convection of the fluids. As the growing importance of non-Newtonian fluids in 
modern science and industries, investigations on fluids with suspension are desira-
ble. Many researchers have made significant contributions considering industrially 
important fluids like polymeric suspensions, chemicals, paints, also with possible 
applications related to solidifications of liquid crystals, pharmaceutical, food, and 
beverage as well as refrigeration and so on. Convection in the fluid layer with the 
variation of viscosity has drawn considerable attention in the present years due to 
its applications in various areas such as terrestrial planets, heat transfer, and so on. 
Hence the variable viscosity problems in Rayleigh-Benard convection have received 
considerable attention from many researchers (see Platten and Legros (1), Gebhart et 
al. (2), Siddheshwar and Pranesh (3), Siddheshwar (4) and references therein). 
When the viscosity varies significantly with temperature is called 'Thermorheologi-
cal effect'. In many engineering and geophysical problems, viscosity strongly de-
pends on temperature. The thermo-rheological effect which is generally in a poly-
nomial or exponential form is approximated by Taylor series approximation, which 
has been investigated by Torrance and Turcotte (5), Busse and Frick (6), Stengel et 
al. (7), Severin and Herwig (8) and so on. The experimental work on convection in 
fluids with the Thermorheological effect has been studied by Somerscales and 
Dougherty (10). Siddheshwar and Stephan Titus (11) made a detailed non-linear 
analysis on Rayleigh-Benard convection for the Newtonian fluid in the presence of a 
heat source using the Ginzburg-Landau model. The investigations as mentioned 
above dealt with the Rayleigh-Benard convection in Newtonian fluids. 

Some of the recent investigations concerning the effect of the magnetic field are 
discussed below: Rajagopal et al. (12) have studied the non-linear stability analysis 
of Rayleigh-Benard convection considering rotational modulation and magnetic 
field using the Ginzburg Landau model. They discussed the impact of various pa-
rameters in detail. The Rayleigh-Benard convection in a square enclosure filled with 
viscoplastic fluid has been investigated by Hassan and Manabendra (18), numerical-
ly as well as experimentally. A local nonlinear stability analysis using an eight-
mode expansion is performed in arriving at the coupled amplitude equations for 
Rayleigh-Benard-Brinkman convection (RBBC) in the presence of LTNE effects by 
Siddheshwar and Kanchana (21). Siddheshwar and Siddabasappa (22) studied the 
effect of local thermal non-equilibrium (LTNE) on the onset of Brinkman Benard 
convection and heat transport is investigated. Wakif et al. (23) recently investigated 
the convection mechanism in a Newtonian nanofluid layer with spatially uniform 
and non-uniform heating in Sinusoidal spatial form. They have used Buongiorno’s 
mathematical model to study the effect of control parameters and discussed the 
results for different boundary conditions. Wakif et al. (24) also discussed the effect 
of an external magnetic field on the onset of convection in nanofluids and is exam-
ined numerically using the same two phases mathematical model. Wakif et al. (25) 
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also considered both single-phase and two-phase nanofluid models for the investi-
gation of Cu-water nanofluids. They studied the combined effects of thermal radia-
tion and a uniform transverse magnetic field. Wakif et al. (26) examined the electro-
convection in a dielectric nanofluid under the influence of perpendicularly applied 
alternating electric field assuming Newtonian rheological behavior of nanofluid 
considering thermoplastic and Brownian diffusions confined between two parallel 
plate electrodes. They found that the obtained analytical solutions agree well with 
the available know values for the limiting case of dielectric fluids. Wakif et al. (27) 
studied the onset of nanofluid convection in the presence of applied magnetic field 
numerically based on the non-homogeneous Buongiorno’s mathematical model. In 
their study, they used the latest experimental correlations and powerful analytical 
models for expressing the thermophysical properties of some electrically conducting 
nanofluids. They considered three types of nanofluids including copper-water, sil-
ver-water, and gold-water, and analyzed the various pertinent parameters on the 
critical stability parameters such as critical Rayleigh number and wave number. 
Wakif et al. (28) analyzed numerically the effect of an externally applied magnetic 
field and an imposed negative temperature gradient on the onset of natural convec-
tion in a thin horizontal layer of alumina-water nanofluid for various sizes of spheri-
cal alumina nanoparticles and volumetric fractions. They have shown graphically 
the thermo-hydrodynamic stability of the nanofluidic system and the critical cell 
size of convection cells in terms of the critical thermal Rayleigh and wave numbers 
for the various values of the magnetic Chandrasekhar number, the volumetric frac-
tion, and the diameter of alumina nanoparticles. 

The present paper aims in analyzing the effect of Boussinesq-Stokes suspension 
and variable viscosity for the fluid with Rayleigh-Benard convection in the presence 
of applied magnetic fields both linearly and non-linearly. 

2 Mathematical formulation 

Consider a Boussinesq electrically conducting fluid that fills a thin horizontal layer 
of finite depth 𝑑 extending to infinity in the two horizontal directions 𝑥 and 𝑧, with 
an imposed traverse uniform magnetic field 𝐻଴ in the vertical 𝑧 - direction, situated 
between stress free electrically conducting boundaries. The fluid is originally iso-
thermal and at rest. At some time 𝑡 ൌ 0, heat is applied in an arbitrary manner with 
respect to time but uniformly with respect to the lower boundary surface. Let 
∆𝑇 ൐  0 be the temperature difference between the lower and upper surfaces with 
the lower boundary at the greater temperature than the upper boundary. Subjected 
to the Oberbeek-Boussinesq approximations, the equations which governs the phy-
sical model of the problem involving electrically conducting couple stress fluid are: 
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 ∇ . 𝑞 ൌ 0, (1) 

 ∇ . 𝐻 ൌ 0,  (2) 

 𝜌଴ ቂ
డ௤

డ௧
൅ ൫𝒒 . ∇൯𝒒ቃ ൌ െ∇𝑝 െ 𝜌ሺ𝑇ሻ𝑔𝑘෠ ൅ ∇൫𝜇௙ሺ𝑇ሻሾ∇𝒒 ൅ ∇𝒒்ሿ൯

൅𝜇௠
ଶ ሺ𝑯. ∇ሻ𝑯 െ 𝜇ᇱ∇ସ𝒒 

ൡ, (3) 

 డ்

డ௧
൅ ሺ𝒒. ∇ሻ𝑇 ൌ 𝜒 ∇ଶ𝑇,  (4) 

 డ𝑯

డ௧
൅ ሺ𝒒. ∇ሻ𝑯 ൌ ሺ𝑯. ∇ሻ𝒒 ൅ 𝜈௠ ∇ଶ𝑯, (5) 

 𝜌 ൌ 𝜌଴ሺ1 െ 𝛽ሺ𝑇 െ 𝑇଴ሻሻ, (6) 

 𝜇௙ሺ𝑇ሻ ൌ 𝜇଴𝑒ିఋሺ்ି బ்ሻ, (7) 

 

Fig. 1: Physical model of the problem 

Assuming the components of velocity 𝒒, temperature 𝑇, density 𝜌 and viscosity µ in 
the basic state as 𝒒௕, 𝑇௕ሺ𝑧ሻ, 𝜌௕ሺ𝑧ሻ and µ௙್

, the solutions obtained in the quiescent 
state of the form:  
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𝒒 ൌ ሺ0,0ሻ, 𝑇௕ ൌ 𝑇଴ ൅ ∆𝑇𝑓 ቀ
௭

ௗ
ቁ

𝜌௕ ቀ
௭

ௗ
ቁ ൌ 𝜌଴ ቂ1 െ 𝛽∆𝑇𝑓 ቀ

௭

ௗ
ቁቃ

𝑝௕ ቀ
௭

ௗ
ቁ ൌ െ ׬ 𝜌௕ ቀ

௭

ௗ
ቁ 𝑔𝑑 ቀ

௭

ௗ
ቁ ൅ 𝑐ଵ⎭

⎪
⎬

⎪
⎫

,  (8) 

We now superimpose the finite-amplitude perturbations for the basic state and ob-
tain,  

 𝒒 ൌ 𝒒௕ ൅ 𝒒ᇱ, 𝑇 ൌ 𝑇௕ሺ𝑍ሻ ൅ 𝑇ᇱ, 𝜌 ൌ 𝜌௕ሺ𝑍ሻ ൅ 𝜌′
𝑝 ൌ 𝑝௕ሺ𝑍ሻ ൅ 𝑝ᇱ, 𝑯 ൌ 𝑯௕ሺ𝑍ሻ ൅ 𝑯ᇱ, 𝜇 ൌ 𝜇௕ሺ𝑍ሻ ൅ 𝜇′

ൠ,  (9) 

where the prime denotes a perturbed quantity. Substituting Eqn. (9) in the govern-
ing equations, we get the following component equations: 

 ∇. 𝒒ᇱ ൌ 0,   (10) 

 ∇. 𝑯ᇱ ൌ ͨ,  (11) 

 
𝜌଴ ቂ

డ௤ᇱ

డ௧
൅ ൫𝒒′ . ∇൯𝒒′ቃ ൌ െ∇𝑞ᇱ െ 𝜌ᇱሺ𝑇ሻ𝑔𝑘෠ ൅ ∇൫𝜇௙ሺ𝑇ሻൣ∇𝒒ᇱ ൅ ∇𝒒ᇱ்൧൯

൅𝜇௠
ଶ ሺ𝑯ᇱ. ∇ሻ𝑯ᇱ ൅ 𝜇௠𝐻௕

డ𝑯

డ௭
 െ 𝜇ᇱ∇ସ𝒒′ 

ቑ, (12) 

 డ்ᇱ

డ௧
൅ ሺ𝒒′. ∇ሻ𝑇ᇱ ൅ 𝑤ᇱ డ்್

డ௭
ൌ 𝜒 ∇ଶ𝑇′, (13) 

 డ𝑯ᇱ

డ௧
൅ ሺ𝒒′. ∇ሻ𝑯ᇱ െ ሺ𝑯ᇱ. ∇ሻ𝒒ᇱ െ 𝐻௕

డ௪ᇲ

డ௭
ൌ 𝜈௠ ∇ଶ𝑯′, (14) 

 𝜌′ ൌ െ𝜌଴𝛽𝑇′,  (15) 

In the view of analyzing the fluid, we consider only two-dimensional disturbances, 
hence we introduce the magnetic potential 𝜙′ and the stream function 𝜓′ as 

 
𝑢ᇱ ൌ െ

డటᇲ

డ௓
, 𝑤ᇱ ൌ

డటᇲ

డ௑
,

𝐻௫
ᇱ ൌ െ

డథᇲ

డ௓
, 𝐻௭

ᇱ ൌ െ
డథᇲ

డ௑

ቑ, (16) 

The classical procedure of operating curl for the eq. (12) helps in eliminating the 
pressure 𝑝 and transforming the above system of equations to dimensionless equa-
tions using the scaling mentioned below, 

 ሺ𝑋, 𝑍ሻ ൌ ቀ
௫

ௗ
,

௭

ௗ
ቁ , 𝜓 ൌ

టᇲ

ఞ
, 𝜃 ൌ

்ᇲ

∆்
, Φ ൌ

థ

ௗு್
, (17) 

We obtain the non-dimensional governing equations as 
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ଵ

௉௥
൬

డ

డఛ
ሺ∇ଶ𝜓ሻ ൅ 𝐽ሺ𝜓, ∇ଶ𝜓ሻ൰ ൌ 𝑅ா

డ஀

డ௑
െ 𝐶∇଺𝜓 ൅ 𝑄𝑃௠ ቆ

డ൫∇మ஍൯

డ௓
൅ 𝐽ሺΦ, ∇ଶΦሻቇ

൅𝜇௙್
∇ସ𝜓 ൅

డఓ೑್

డ௓

డ

డ௓
ሺ∇ଶ𝜓ሻ,

  (18) 

 ቀ
డ

డఛ
െ ∇ଶቁ Θ ൌ

డట

డ௑
൅ 𝐽ሺ𝜓, Θሻ,  (19) 

 ቀ
డ

డఛ
െ 𝑝௠∇ଶቁ Φ ൌ

డట

డ௓
൅ 𝐽ሺ𝜓, Φሻ,  (20) 

where, 𝜇௙್
ൌ 𝜇଴𝑒ି௏ሺଵି௓ሻ and 

డఓ೑್

డ௓
ൌ 𝜇଴𝑉𝑒ି௏ሺଵି௓ሻ both will be expressed as Half-range 

Fourier cosine series in the interval (0,1), also the Jacobian 𝐽ሺ𝐹ଵ, 𝐻ଵሻ ൌ
డிభ

డ௑

డுభ

డ௓
 െ

డிభ

డ௓

డுభ

డ௑
 and the Laplacian operator ∇ଶൌ

డమ

డ௑మ ൅
డమ

డ௓మ. 

The dimensionless parameter appeared in the equations (18), (19) and (20) are 

𝑃𝑟 ൌ
ఓ

ఘబఞ
 (Prandtl Number), 

𝑃𝑚 ൌ
ఔ೘

ఞ
 (Magnetic Prandtl number), 

𝑅ா ൌ
ఉఘబ௚ௗయ∆்

ఓబఞ
 (External Rayleigh number), 

𝑄 ൌ
ఓ೘

మ ఙுబ
మௗమ

ఓ
 (Chandrasekhar number), 

𝐶 ൌ
ఓᇲ

ఓௗమ (Couple stress parameter). 

The boundary conditions for the present problem on velocity, temperature, and 
magnetic potential are 

 
𝜓 ൌ ∇2𝜓 ൌ Θ ൌ 𝐷Φ ൌ 0 𝑎𝑡 𝑧 ൌ 0

𝜓 ൌ ∇2𝜓 ൌ Θ ൌ 𝐷Φ ൌ 0 𝑎𝑡 𝑧 ൌ 1
,  (21) 

Using (21), the solutions of dimensionless equations (18), (19), and (20) are obtained. 

2.1  Linear Theory 

To perform the linear analysis we consider the equations (18), (19), and (20) in line-
arized form along with the stress-free and isothermal boundary conditions (21). 
Which means that it is essential to neglect the Jacobian’s i.e 
𝐽ሺ𝛹, 𝛻ଶ𝛹ሻ, 𝐽ሺΦ, 𝛻ଶΦሻ, 𝐽ሺ𝛹, 𝛩ሻ and 𝐽ሺ𝛹, Φሻ in Eqs. (18), (19) and (20). The neglect of 
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the Jacobian’s is essential to eradicate the products of amplitudes in the equations 
to obtain a linearized equation for the study of linear theory. 

The solution of linear versions of these equations are assumed to be periodic 
waves (see Chandrasekhar (29)) in the form 

 
𝜓ሺ𝑋, 𝑍, 𝜏ሻ ൌ 𝜓0 sinሺ𝜋𝛼𝑋ሻ sinሺ𝜋𝑍ሻ
Θሺ𝑋, 𝑍, 𝜏ሻ ൌ Θ0 sinሺ𝜋𝛼𝑋ሻ sinሺ𝜋𝑍ሻ
Φሺ𝑋, 𝑍, 𝜏ሻ ൌ Φ0 sinሺ𝜋𝛼𝑋ሻ cosሺ𝜋𝑍ሻ

ቑ, (22) 

then  

 𝑅ா೎
ൌ

ఎభ
మቆொగమା஼ఎభ

లା
ആభ

ర

మ
൫ଵିଶగమ൯௔మି௔బቇ

గమఈమ , (23) 

where, 𝜂ଵ ൌ 𝜋ଶሺ1 ൅ 𝛼ଶሻ, 𝑎଴ ൌ 2 ׬ 𝜇௙௕
𝑑𝑍

ଵ

଴
 and 𝑎ଶ ൌ 2 ׬ 𝜇௙௕

cos 2𝜋 𝑍𝑑𝑍
ଵ

଴
 are the Fouri-

er Cosine coefficients and 𝜋𝛼 the horizontal wave number. The quantities Ψ଴, 𝛩଴ and 
𝛷଴ are the amplitudes of the magnetic potential, stream function, and temperature 
respectively. 

Clearly, 𝛹, 𝛩, and 𝛷 considered in Eq. (22) satisfies the boundary conditions (21). 
Now Substituting the trial functions assumed in the equations (22) in the linearized 
version of the dimensionless equations (18), (19), and (20), using the standard Ga-
lerkin procedure (i.e integrating the equations with respect to 𝑋 and 𝑍 between 
ቂͨ,

ͪగ

గఈ
ቃ and ሺͨ, ͩሻ respectively), we obtain the set of homogeneous equations in 𝛹ͨ, 𝛩ͨ 

and 𝛷ͨ. Hence the critical value of 𝑅ா௖ as in equation (23) is obtained, which signi-
fies the onset of convection. 

The above discussion of linear theory helps in the study of convective mode 
analysis but it fails in understanding the effect of heat transfer. Now we extend the 
analysis to nonlinear theory, to understand the amount of heat transfer and the 
effect of suspended particles in the fluid. 

2.2  Nonlinear Theory 

The representation of a minimal double Fourier series for the stream function 𝛹, 
temperature 𝛩 and the magnetic potential 𝛷 which defines the finite-amplitude 
convection in the fluid is given by 

 
𝜓ሺ𝑋, 𝑍, 𝜏ሻ ൌ 𝐴ሺ𝜏ሻ sinሺ𝜋𝛼𝑋ሻ sinሺ𝜋𝑍ሻ

Θሺ𝑋, 𝑍, 𝜏ሻ ൌ 𝐵ሺ𝜏ሻ cosሺ𝜋𝛼𝑋ሻ sinሺ𝜋𝑍ሻ െ 𝐷ሺ𝜏ሻ sinሺ2𝜋𝑍ሻ
Φሺ𝑋, 𝑍, 𝜏ሻ ൌ 𝐸ሺ𝜏ሻ sinሺ𝜋𝛼𝑋ሻ cosሺ𝜋𝑍ሻ െ 𝐹ሺ𝜏ሻ sinሺ2𝜋𝛼𝑋ሻ

ቑ, (24) 

where 𝐴, 𝐵, 𝐷, 𝐸 and 𝐹 are the amplitudes to be determined from the dynamics of the 
system. Then substitute the Eq. (24) into the dimensionless Eqs. (18), (19), and (20) 
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and proceeding using the standard Galerkin procedure, we obtain the following 
nonlinear autonomous system of differential equations: 

 ௗ஺

ௗఛభ
ൌ ቂሺ𝐶𝜂ଵ

ଶ ൅ 𝐶ଵሻ𝐴 ൅ 𝐶ଶ𝐵 െ
௉௠ொగ

ఎభ
మ 𝐸 െ 𝑃𝑚𝑄 ቀ4𝜋ସ𝛼ଷ െ

ଶగమఈఎభ
మ

ఎభ
ర ቁ 𝐸𝐹ቃ,   (25) 

 ௗ஻

ௗఛభ
ൌ

ଵ

ఎభ
మ ሾ𝜋𝛼𝐴 െ 𝜂ଵ

ଶ𝐵 െ 𝜋ଶ𝛼𝐴𝐷ሿ,  (26) 

 ௗ஽

ௗఛభ
ൌ

ଵ

ఎభ
మ ቂ

గమఈ

ଶ
𝐴𝐵 െ 4𝜋ଶ𝐷ቃ, (27) 

 ௗா

ௗఛభ
ൌ

ଵ

ఎభ
మ ሾ𝜋𝐴 െ 𝑝௠𝜂ଵ

ଶ𝐸 ൅ 𝜋ଶ𝛼𝐴𝐹ሿ, (28) 

 ௗி

ௗఛభ
ൌ

ଵ

ఎభ
మ ሾെ𝜋ଶ𝛼𝐴𝐸 െ 4𝜋ଶ𝛼ଶ𝑝௠𝐹ሿ,  (29) 

where 𝐶ଵ ൌ Pr ቂቀ
ఎభ

మିଶగమ

ଶఎభ
మ ቁ 𝑎ଶ െ

௔బ

ଶ
ቃ , 𝐶ଶ ൌ

௉௥గఈோಶ

ఎభ
ర  and 𝜏ଵ ൌ 𝜂ଵ

ଶ𝜏.  

The above system of non-linear differential equations is difficult to be solved using 
the analytical procedure for the general time-dependent variable. So these equa-
tions have been solved using a numerical method like Runge-Kutta Fehlberg45 with 
the help of Mathematica 9.0 software. 

3 Heat Transport 

The amount of transfer of heat is very important in the study of convection in Bous-
sinesq Stokes suspension fluids, as convection sets in with the increase of the tem-
perature gradient across the layer of fluid, which can be identified by its effect on 
the heat transport.  

The horizontally averaged Nusselt number 𝑁𝑢, for the stationary mode of mag-
netoconvection, is given by 

 𝑁𝑢 ሺ𝜏ሻ ൌ
൤ഀ೎

మ
൬׬ ሺଵି௓ା஀ሻೋௗ௑

మൗഀ
೉సబ ൰൨

ೋసబ

൤ഀ೎
మ

൬׬ ሺଵି௓ሻೋௗ௑
మൗഀ

೉సబ ൰൨
ೋసబ

,  (30) 

Substituting the Eq. (24b) in Eq. (30), the Nusselt number 𝑁𝑢ሺ𝜏ሻ expression is ob-
tained as: 

 𝑁𝑢ሺ𝜏ሻ ൌ 1 ൅
ଶ

ቆ
ഏమഀమೃಶ೎

ആల ቇ
𝐷ሺ𝜏ሻ.  (31) 
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4 Results and discussions 

A study is made on Rayleigh-Benard convection in a weakly conducting fluid layer 
under the influence of temperature-dependent viscosity and suspended particles in 
the presence of the applied vertical magnetic field. These parameters have appeared 
in the form of thermorheological parameter 𝑉, couple stress parameter 𝐶, and the 
Chandrasekhar number 𝑄. A linear and non-linear stability analysis is performed in 
the problem with these constraints. The effects of electrical conductivity and mag-
netic field come through the parameters 𝑃௠ and 𝑄. The effect of these parameters on 
the onset of stability and heat transfer are discussed in detail.  

The linear stability analysis clearly explains the parameter influence on the ei-
genvalue of the problem whereas quantification of heat transport is analyzed 
through the non-linear theory 

4.1  Linear theory 

Some of the important highlights of linear stability analysis are 
1. deriving the expression for the half range Fourier series for basic nonuniform 

temperature gradient and the basic viscosity over the interval (0, 1), 
2. obtaining an expression for the eigenvalue, critical Rayleigh number 𝑅ா಴

 for the 
stationary convection using the Galerkin technique, 

3. plotting Neutral stability curve (Rayleigh – wave number graphs) in order to 
analyze convective instability. 

The figures from (2) to (4) are the plots of external Rayleigh number 𝑅ா  verses 
wave number 𝛼, for the different combinations of 𝑄, 𝑉 and 𝐶. It can be observed that 
both 𝑅ா೎

 and 𝛼௖ increases with the increasing values of 𝑄 which shows the stabiliz-
ing effect of the magnetic field. But it is apparent that the increasing values of 𝐶 
increases 𝑅ா೎

 and decreases the values of 𝛼௖. From these linear plots, we can clearly 
found that the system is more stable in the presence of suspended particles than the 
magnetic field. Also, these figures clearly, demonstrate an effect of Thermorheologi-
cal parameter 𝑉 which shows the destabilizing effect in the system due to the pres-
ence of variable viscosity 𝑉. 
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Fig. 2: Plot of 𝑅ா೎
 vs. 𝛼௖ for 𝑄 ൌ  ͨ.  
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Fig. 32: Plot of 𝑅ா೎
 vs. 𝛼௖ for 𝑄 ൌ  ͪ. 
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Fig. 4: Plot of 𝑅ா೎
 vs. 𝛼௖ for 𝑄 ൌ  ͬ. 

4.2  Non-linear theory 

Some of the important highlights of non-linear stability analysis are  
– Finite amplitude analysis is employed through double Fourier series representa-

tion for the magnetic potential 𝛷, stream function 𝛹 and the temperature 𝛩,  
– The non-linear system of equations is obtained in the form of a generalized 

Lorenz model, 
– Quantification of heat transport is analyzed through Nusselt number for the 

stationary mode of magnetoconvection in the Boussinesq Stokes suspension fluid.  
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– Plotting of Nusselt number variation concerning time to study the individual 
effects of the parameters involved. 

Before we start on the discussion of the results, we note that the Lorenz model of the 
problem is numerically solved by employing Runge-Kutta Fehlberg 45 method with 
the adaptive step size. In order to carry out the numerical integration of the coupled 
system, we have used the initial conditions 𝐴ሺ0ሻ ൌ 𝐵ሺ0ሻ ൌ 𝐷ሺ0ሻ ൌ 𝐸ሺ0ሻ ൌ 𝐹ሺ0ሻ ൌ
5, but dynamic of the system will remain same even for the random initial values. 
Due to the suspended particles being present in the carrier liquid, the Prandtl num-
ber of the couple-stress liquids is more than that of the Newtonian carrier liquid. 
Hence, we have taken the value of the Prandtl number as 𝑃𝑟 ൌ 10 and is maintained 
throughout the discussion.  

We have dealt with the non-linear stability analysis in the present problem. Fig-
ures from (5) to (7) shows the plots of Nusselt number 𝑁𝑢 versus time 𝜏 for different 
values of 𝑄, 𝐶, 𝑉 and for the fixed value of 𝑃𝑟 ൌ ͩͨ. The individual effects of the 
magnetic field suspended particles, and temperature-dependent viscosity can be 
observed from each of the Nusselt number plots. Figure 5 (both(a) and (b)) high-
lights the effect of variable viscosity in the absence of magnetic field 𝑄. The Nusselt 
number 𝑁𝑢 increases with increasing values of 𝑉 indicate the convective contribu-
tion to heat transport which has been clearly shown in the figure (5) by comparing 
the points 𝐶ͩ, 𝐶ͪ, and 𝐶ͫ from figure 5 (a and b).  

The influence of the magnetic field 𝑄 can be observed from the plots 5 and 6. 
From figures 5(a) and 6(a) we can notice the diminishing effect of heat transport due 
to the enhancement of the magnetic field, the same can be observed through points 
𝐶ͩ, 𝐶ͪ, and 𝐶ͫ. Hence the increase of 𝑄 corresponds to a decrease in Nusselt number 
𝑁𝑢. From all the above plots it is clear that 𝑁𝑢 decreases with the increasing values 
of 𝑄 and 𝐶. Due to the presence of suspended particles in the fluid viscosity increas-
es, so more heating is required to make the system unstable which resulting in stabi-
lizing effect of 𝐶. 
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Fig. 5: Nusselt number 𝑁𝑢 variation plot with 𝜏 for 𝑄 ൌ  ͨ, 𝑃 𝑟 ൌ  ͩͨ. 
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Fig. 6: Nusselt number 𝑁𝑢 variation plot with 𝜏 for 𝑄 ൌ  ͪ, 𝑃 𝑟 ൌ  ͩͨ. 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



158 | V. Ramachandramurthy, D. Uma, N. Kavitha 

  

 

 

Fig. 7: Nusselt number 𝑁𝑢 variation plot with 𝜏 for 𝑄 ൌ  ͬ, 𝑃 𝑟 ൌ  ͩͨ. 

5 Conclusion 

– The effect of the magnetic field and suspended particles is to stabilize the sys-
tem.  

– The effect of variable viscosity destabilizes the system  
– Both 𝑅ா೎

 and 𝜋𝛼௖ decreases as 𝑉 increases in the absence of 𝐶.  
– 𝑅ா ௖ increases and 𝜋𝛼௖ decreases as 𝐶 increases  
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– 𝑁𝑢 increases with increasing values of 𝑉 indicate the convective contribution to 
heat transport.  

– The Nusselt number decreases with an increase in 𝑄 and 𝐶. 
– Couple stress effect due to suspended particles is more dominant than the mag-

netic field effect on the onset of convection. 
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Nomenclature 

Symbol Definition 

𝑑  Depth of the fluid layer (m) 
𝑔  Acceleration due to gravity (𝑔 ൌ 9.8 𝑚𝑠ିଶ)  
𝐻଴  Magnetic field  
𝑝  Pressure (𝑃𝑎) 
𝒒  Velocity components of u, v, w (𝑚𝑠ିଵ) 
𝑃𝑟  Prandtl number 
𝑃𝑚  Magnetic Prandtl number 
𝑄  Chandrasekhar number 
 𝐶  Couple stress parameter 
𝑅ா  External Rayleigh number 
𝑁𝑢  Nusselt number 
T Temperature (𝐾) 

𝑡  Time (𝑠) 

∆𝑇  Temperature difference between the walls 

Greek Symbols  

𝜋𝛼  Wave number 

𝜇  Dynamic viscosity (𝑃𝑎𝑠) 

𝜇 ′  Couple-stress viscosity 

𝜇௠  Magnetic permeability 

𝛽  Thermal expansion coefficient (𝐾ିଵ) 

𝜒  Constant thermal diffusivity  

𝜌  Density (𝑘𝑔 𝑚ିଷ) 

𝜓  Perturbed stream function 

𝜙  Magnetic potential  

Φ  Perturbed magnetic potential 

Θ  Perturbed temperature 

Other symbols  

𝑥, 𝑦, 𝑧  Cartesian coordinates (𝑚) 

𝚤̂   Unit vector normal in x- direction 

𝑘෠   Unit vector normal in z- direction 

∇ଶ  Laplacian operator 
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J. Meghana, S. Pranesh 
Two-component convection in micropolar fluid 
under time-dependent boundary concentration 
Concentration modulation on DDC in a micropolar fluid 

Abstract: The effect of imposed boundary concentration modulation on the onset of 
convection, heat, and mass transfer in two-component convection in a micropolar 
fluid is studied. In linear theory, using the perturbation method an expression for 
the Rayleigh number and the correction Rayleigh number is obtained as a function 
of micropolar fluid parameters, frequency, and amplitude. The effect of various 
parameters on heat and mass transport is studied by deriving the Ginzburg Landau 
equation from the sixth order Lorenz equations. It is found that by increasing the 
coupling parameter 𝑁ͩ, heat transfer decreases and mass transfer increases. 

Keywords: Concentration modulation; Double diffusive convection; Micropolar 
fluid; Nusselt number; Sherwood number. 

1 Introduction 

Two Component Convection (Double Diffusive Convection-DDC) is gaining more 
importance because of its physical and engineering applications in astrophysics, 
oceanography, chemical engineering, food processing, solidification of molten al-
loys and crystal growth. Convection driven by difference in density due to the tem-
perature and concentration gradient between the upper and lower plate is called as 
DDC. The theory of DDC was proposed by Turner (1, 2). 

Rudraiah and Siddheshwar (3) examined the effect of cross-diffusion in a fluid 
with saturated porous medium and they found that by choosing the appropriate 
sign and magnitude of cross diffusion parameters it is possible to get diffusive and 
finger-instabilities in DDC. Motivated by this Malashetty and Bharati (4) did similar 
work in a Maxwell fluid. Capone and Luca (5) made a comprehensive report on ef-
fect of magnetic field on DDC in a porous medium. All the above-mentioned works 
deal with theory of DDC in the presence of porous medium. 
Micropolar fluids belong to a class of non-Newtonian fluids which consists of a vis-
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cous medium and a randomly oriented suspended particles. Eringen (6) introduced 
micropolar fluid theory which has a lot of industrial applications. The complete 
information on the micropolar fluid theory and its applications can be found in the 
book Lukasazewicz (7). The Eringen micropolar fluid model can be used to study 
complicated fluids like animal blood, oil, paints, polymeric fluid, and certain bio-
logical fluids. 

Sharma and Sharma (8) examined DDC in a micropolar fluid in presence of the 
magnetic field. They found that the solutal parameters and magnetic field stabilize 
the system. Pranesh and Arun (9) studied the effect of non-uniform concentration 
gradient on the onset of DDC using the Galerkin method. They found that by choos-
ing non-uniform concentration gradient onset of DDC can be controlled. Pranesh 
and Sameena (10) investigated linear and non-linear analyses of DDC in presence of 
the electric field. They have analyzed the effect of various micropolar fluid parame-
ters on the onset of DDC and heat and mass transfer. They concluded that an in-
crease in the concentration of suspended particles increases the Rayleigh number 
and also it increases heat and mass transport. 

Another important class of problems deals with the control of convection by 
modulating one of the parameters. Venezian (11) was the first to consider the period-
ic modulation and studied its effect on the onset of convection. Motivated by Vene-
zian work Malashetty and Basavaraja (12), Bhadauria (13), Siddheshwar et al. (14), 
Bhadauria and Kiran (15), Bhadauria et al. (16), Pranesh and Arun (17), Pranesh and 
Thriveni (18) studied DDC under different types of modulating parameters. They 
have concluded that the onset of DDC, heat, and mass transfer can be controlled by 
varying the frequency and amplitude of modulation. 

Concentration modulation is of great importance in material sciences and chem-
ical laboratories. Vinod et al. (19) studied the effects of mass transfer under the con-
centration/gravity modulation by deriving Ginzburg Landau Equation. Vinod (20) 
used Ginzburg–Landau equation to investigate the effect of the Coriolis force on 
mass transfer in a couple-stress fluid with concentration modulation. Ansa et al. (21) 
were first to examine the effect of time-dependent concentration on the onset of 
Solutal Rayleigh-Bénard Convection in a micropolar fluid. They have concluded that 
out-of-phase modulation is most stable. The literature pertaining to concentration 
modulation on DDC in micropolar fluids is missing despite its practical importance 
in many technical problems. 

Thus, in the present chapter we study the effect of concentration modulation on 
heat and mass transfer in micropolar fluid on DDC. 
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2 Mathematical Formulation 

The incompressible micropolar fluid is considered between two parallel plates 
which are at a distance d from each other. The temperature and concentration gra-
dient are maintained by heating and salting from below (see Figure 1). 

 

Fig. 1: Physical configuration. 

The continuity equation, conservation of linear momentum, angular momentum, 
energy, solute concentration, and equation of state are (10, 21, 22): 
 

  𝛻. 𝑉ሬ⃗ ൌ 0,  (1) 

 𝜌଴ ቂ
డ௏ሬሬ⃗

డ௧
൅ ൫𝑉ሬ⃗ ⋅ 𝛻൯𝑉ሬ⃗ ቃ ൌ െ𝛻𝑝 െ 𝜌𝑔𝑘෠ ൅ ሺ2𝜁 ൅ 𝜂ሻ𝛻ଶ𝑉ሬ⃗ ൅ 𝜁𝛻 ൈ 𝜔ሬሬ⃗ ,  (2) 

  𝜌଴𝐼 ቂ
డఠሬሬሬ⃗

డ௧
൅ ൫𝑉ሬ⃗ ⋅ 𝛻൯𝜔ሬሬ⃗ ቃ ൌ ሺ𝜆ᇱ ൅ 𝜂ᇱሻ𝛻ሺ𝛻 ⋅ 𝜔ሬሬ⃗ ሻ ൅ 𝜂ᇱ𝛻ଶ𝜔ሬሬ⃗ ൅ 𝜁൫𝛻 ൈ 𝑉ሬ⃗ െ 2𝜔ሬሬ⃗ ൯, (3) 

 డఏ

డ௧
൅ ൫𝑉ሬ⃗ ⋅ 𝛻൯𝜃 ൌ

ఉ

ఘబ஼ೡ
ሺ𝛻 ൈ 𝜔ሬሬ⃗ ሻ ⋅ 𝛻𝜃 ൅ 𝜒𝛻ଶ𝜃, (4) 

 డௌ

డ௧
൅ ൫𝑉ሬ⃗ ⋅ 𝛻൯𝑆 ൌ 𝜒௦𝛻ଶ𝑆  (5) 

 𝜌 ൌ 𝜌଴ሾ1 െ 𝛽௧ሺ𝜃 െ 𝜃଴ሻ ൅ 𝛽௦ሺ𝑆 െ 𝑆଴ሻሿ, (6)  
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Time dependent concentration at the boundaries is considered as: 

  𝑆ሺ0, 𝑡ሻ ൌ 𝑆଴ ൅
௱ௌ

ଶ
ሾ1 ൅ 𝜖𝑐𝑜𝑠ሺ𝜗𝑡ሻሿ, (7)  

 𝑆ሺ𝑑, 𝑡ሻ ൌ 𝑆଴ െ
௱ௌ

ଶ
ሾ1 െ 𝜖𝑐𝑜𝑠ሺ𝜗𝑡 ൅ 𝜙ሻሿ. (8)  

We study two types of modulation in this paper namely: In-phase modulation (IPM) 
(ϕ=0) and Out-phase modulation (OPM) (ϕ= π).  

The undisturbed state of the fluid is described by 

  
𝑉௕ሬሬሬሬ⃗ ൌ ሺ0,0,0ሻ, 𝜔௕ሬሬሬሬሬ⃗ ൌ ሺ0,0,0ሻ, 𝜃 ൌ 𝜃௕ሺ𝑧ሻ,

 
 𝜌 ൌ 𝜌௕ሺ𝑧, 𝑡ሻ, 𝑆 ൌ 𝑆௕ሺ𝑧, 𝑡ሻ, 𝑝 ൌ 𝑝௕ሺ𝑧ሻ

 ቑ. (9) 

The basic state solutions are obtained by substituting equation (9) into equations 
(1)-(6): 

  
డ௣್

డ௭
ൌ െ𝜌௕𝑔, (10) 

 డమఏ್

డ௭మ ൌ 0,  (11) 

 డௌ್

డ௧
ൌ 𝜒௦𝛻ଶ𝑆௕, (12) 

  𝜌௕ ൌ 𝜌଴ሾ1 െ 𝛽௧ሺ𝜃௕ െ 𝜃଴ሻ ൅ 𝛽௦ሺ𝑆௕ െ 𝑆଴ሻሿ, (13) 

The solution of equations (11)-(12) that satisfy the boundary conditions are: 

  𝜃௕ ൌ 𝜃଴ ൅ ቀ1 െ
௭

ௗ
ቁ 𝛥𝜃,  (14) 

 𝑆௕ ൌ 𝑆଴ ൅
௱ௌ

ଶ
ቂ1 െ

ଶ௭

ௗ
ቃ ൅ 𝜖𝑅𝑒 ൤𝐹ሺ𝜆ሻ𝑒

ഊ೥
೏ ൅ 𝐹ሺെ𝜆ሻ𝑒

షഊ೥
೏ ൨ 𝑒ି௜ణ௧  (15) 

where 𝜆 ൌ ሺ1 െ 𝑖ሻ ቀ
ణௗమ

ଶఞೞ
ቁ

ቀభ
మ

ቁ
, 𝐹ሺ𝜆ሻ ൌ

௱ௌ

ଶ
ቂ

௘ష೔ഝି௘షഊ

௘ഊି௘షഊ ቃ and 𝑅𝑒 stands for the real part. 

The system is disturbed by a small quantity as defined below with primes indicating 
the disturbed quantity. 

 
𝑉ሬ⃗ ൌ 𝑉௕ሬሬሬሬ⃗ ൅ 𝑉ᇱሬሬሬሬ⃗ ,   𝜔ሬሬ⃗ ൌ 𝜔௕ሬሬሬሬሬ⃗ ൅ 𝜔ᇱሬሬሬሬ⃗ ,   𝑝 ൌ 𝑝௕ ൅ 𝑝ᇱ,

 
𝜌 ൌ 𝜌௕ ൅ 𝜌ᇱ,   𝜃 ൌ 𝜃௕ ൅ 𝜃ᇱ,  𝑆 ൌ 𝑆௕ ൅ 𝑆ᇱ

 ቑ,  (16) 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



 Convection in micropolar fluid under time-dependent boundary concentration | 167 

  

Substituting equation (16) in equations (1)-(6) and using undisturbed state solution, 
eliminating the pressure, introducing the stream function in the form 𝑢ᇱ ൌ

డట

డ௭
, 

𝑤ᇱ ൌ െ
డట

డ௫
 and non-dimensionalizing by taking characteristic length as d, character-

istic time as ௗమ

ఞ
, characteristic velocity as ఞ

ௗ
, characteristic spin as ఞ

ௗమ , characteristic 

temperature as 𝛥𝜃, and characteristic concentration as 𝛥𝑆, we get the following 
dimensionless equation: 

 ଵ

௉௥

డ

డ௧
ሺ𝛻ଶ𝜓ሻ ൌ െ𝑅

డఏ

డ௫
൅ 𝑅௦

డௌ

డ௫
൅ ሺ1 ൅ 𝑁ଵሻ𝛻ସ𝜓 െ 𝑁ଵ𝛻ଶ𝜔௬ ൅

ଵ

௉௥
𝐽ሺ𝜓, 𝛻ଶ𝜓ሻ, (17) 

 ேమ

௉௥

డఠ೤

డ௧
ൌ 𝑁ଵ𝛻ଶ𝜓 െ 2𝑁ଵ𝜔௬ ൅ 𝑁ଷ𝛻ଶ𝜔௬ ൅

ேమ

௉௥
𝐽൫𝜓, 𝜔௬൯, (18) 

 డఏ

డ௧
ൌ െ

డట

డ௫
൅ 𝛻ଶ𝜃 െ 𝑁ହ

డఠ೤

డ௫
൅ 𝑁ହ𝐽൫𝜔௬, 𝜃൯ ൅ 𝐽ሺ𝜓, 𝜃ሻ, (19) 

 డௌ

డ௧
ൌ ሾെ1 ൅ 𝜖𝑓ሿ డట

డ௫
൅ 𝛤𝛻ଶ𝑆 ൅ 𝐽ሺ𝜓, 𝑆ሻ, (20) 

where 𝑓 ൌ 𝑅𝑒ൣ𝐺ሺ𝜆ሻ𝑒ఒ௭ ൅ 𝐺ሺെ𝜆ሻ𝑒ିఒ௭൧𝑒ି௜ఊ௧, 𝐺ሺ𝜆ሻ ൌ
ఒ

ଶ
ቂ

௘ష೔ഝି௘షഊ

௘ഊି௘షഊ ቃ, 𝜆 ൌ ሺ1 െ 𝑖ሻ ቀ
ఊ

ଶ
ቁ

భ
మ, 

𝛾 ൌ
ణௗమ

ఞೞ
 .  

The non-dimensional parameters 𝑃𝑟, 𝑅௦, 𝑅, 𝑁ͩ, 𝑁ͪ, 𝑁ͫ, 𝑁ͭ and 𝛤 are as follows: 

 
𝑃𝑟 ൌ

఍ାఎ

ఘబఞ
,  𝑅௦ ൌ

ఘబఉೞ௚௱ௌௗయ

ఞሺ఍ାఎሻ
,   𝑅 ൌ

ఘబఉ೟௚௱ఏௗయ

ఞሺ఍ାఎሻ
,  𝑁ଵ ൌ

఍

఍ାఎ
,

𝑁ଶ ൌ
ூ

ௗమ , 𝑁ଷ ൌ
ఎᇲ

ሺ఍ାఎሻௗమ , 𝑁ହ ൌ
ఉ

ఘబ஼ೡௗమ , 𝛤 ൌ
ఞೞ

ఞ

 ቑ. 

2.1  Linear Stability Analysis 

Linearized versions of equations (17)-(20) are obtained by taking Jacobin equal to 
zero and eliminating 𝑆, 𝜃 and ωy, we get: 

 

ቄቀ
ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ ቀ

డ

డ௧
െ 𝛻ଶቁ ቀ

డ

డ௧
െ 𝛤𝛻ଶቁ ቀ

ଵ

௉௥

డ

డ௧
െ ሺ1 ൅ 𝑁ଵሻ𝛻ଶቁ 𝛻ଶ

    െ ቀ
డ

డ௧
െ 𝛤𝛻ଶቁ ቀ

ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ 𝑅௦ሺെ1 ൅ 𝜖𝑓ሻ డమ

డ௫మ

൅ ቀ
డ

డ௧
െ 𝛻ଶቁ ቀ

డ

డ௧
െ 𝛤𝛻ଶቁ 𝑁ଵ

ଶ𝛻ସ 
ቑ 𝜓

ൌ ቄ𝑅 ቀ
డ

డ௧
െ 𝛤𝛻ଶቁ ቂቀ

ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ

డమ

డ௫మ ൅ 𝑁ଵ𝑁ହ
డమ

డ௫మ
ሺ𝛻ଶሻቃቅ 𝜓

 

⎭
⎪⎪
⎬

⎪⎪
⎫

. (21) 
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The boundary condition for solving equation (21) is in the form: see ((10, 21, 22)) 

 𝜓 ൌ
డమట

డ௭మ ൌ
డరట

డ௭ర ൌ
డలట

డ௭ల ൌ
డఴట

డ௭ఴ ൌ 0  at  𝑧 ൌ 0,  𝑧 ൌ 1. (22) 

Method of Solution 

The equation (21) is solved by taking R and ψ in the series defined below,  

 ሺ𝑅, 𝜓ሻ ൌ ሺ𝑅଴, 𝜓଴ሻ ൅ 𝜖ሺ𝑅ଵ, 𝜓ଵሻ ൅ 𝜖ଶሺ𝑅ଶ, 𝜓ଶሻ ൅ ⋯ (23) 

where 𝑅଴ represents Rayleigh number in the unmodulated case and 𝑅ଵ, 𝑅ଶ,  are cor-
rection to 𝑅଴.  

Using equation (23) in equation (21) and comparing the corresponding powers of 
𝜖 on both sides of resulting equation we get, 

 𝐿𝜓଴ ൌ 0, (24) 

 
 𝐿𝜓ଵ ൌ ቂቀ

ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ ቀ

డ

డ௧
െ 𝛻ଶቁቃ 𝑅௦𝑓

డమటబ

డ௫మ ൅ 𝑅ଵ ቀ
డ

డ௧
െ 𝛤𝛻ଶቁ

 

 ቂቀ
ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ

డమ

డ௫మ ൅ 𝑁ଵ𝑁ହ
డమ

డ௫మ
ሺ𝛻ଶሻቃ 𝜓଴

 ൢ, (25) 

 
𝐿𝜓ଶ ൌ ቂቀ

డ

డ௧
െ 𝛤𝛻ଶቁ ቀ

ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ

డమ

డ௫మ ൅ 𝑁ଵ𝑁ହ
డమ

డ௫మ
ሺ𝛻ଶሻቃ

 ሺ𝑅ଶ𝜓଴ ൅ 𝑅ଵ𝜓ଵሻ ൅ ቀ
ேమ

௉௥

డ

డ௧
൅ 2𝑁ଵ െ 𝑁ଷ𝛻ଶቁ ቀ

డ

డ௧
െ 𝛻ଶቁ 𝑅௦𝑓

డమటభ

డ௫మ

 ቑ. (26) 

where 

 

𝐿 ൌ ቀ
ேమ

௉௥

ப

ப௧
൅ 2𝑁ଵ െ 𝑁ଷ∇ଶቁ ቀ

ப

ப௧
െ ∇ଶቁ ቀ

ப

ப௧
െ Γ∇ଶቁ ቀ

ଵ

௉௥

ப

ப௧
െ ሺ1 ൅ 𝑁ଵሻ∇ଶቁ ∇ଶ

 

൅ ቀ
ேమ

௉௥

ப

ப௧
൅ 2𝑁ଵ െ 𝑁ଷ∇ଶቁ ቀ

ப

ப௧
െ ∇ଶቁ 𝑅௦

பమ

ப௫మ ൅ ቀ
ப

ப௧
െ ∇ଶቁ ቀ

ப

ப௧
െ Γ∇ଶቁ 𝑁ଵ

ଶ∇ସ

 

െ𝑅଴ ቀ
ப

ப௧
െ Γ∇ଶቁ ቂቀ

ேమ

௉௥

ப

ப௧
൅ 2𝑁ଵ െ 𝑁ଷ∇ଶቁ

பమ

ப௫మ ൅ 𝑁ଵ𝑁ହ
பమ

ப௫మ
ሺ∇ଶሻቃ

  

⎭
⎪
⎬

⎪
⎫

, (27) 

Substituting 𝜓଴ ൌ 𝑠𝑖𝑛ሺ𝜋𝛼𝑥ሻ𝑠𝑖𝑛ሺ𝜋𝑧ሻ in equation (24), we get 𝑅଴ 

 𝑅଴ ൌ
൫ଶேభାேయ௞మ൯ൣିோೞ஠మ஑మ௞మିሺଵାேభሻ୻௞ఴ൧ା୻௞ఴேభ

మ

୻௞మ஠మ஑మሾேభேఱ௞మିሺଶேభାேయ௞మሻሿ
. (28) 

The following limiting cases can be derived from equation (28) by keeping 𝑁ଷ, 𝑁ହ 
arbitrary and setting other parameters as shown in the table.  
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Parameters Equation (28) reduces to

𝑁ଵ ൌ 0, 𝑅௦ ൌ 0  Classical B�́�nard results
 𝑁ଵ ൌ 0, 𝑅௦ ് 0  Huppert and Turner (2)
 𝑁ଵ ് 0, 𝑅௦ ൌ 0 Siddheshwar and Pranesh (22)

Equation (25) using 𝜓଴ defined above reduces to 

  
𝐿𝜓ଵ ൌ െ𝑅ଵ𝛤𝑘ଶ𝜋ଶ𝛼ଶሾ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶ െ 𝑁ଵ𝑁ହ𝑘ଶሿ𝜓଴

 
െሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ𝑅௦𝑓𝜋ଶ𝛼ଶ𝑘ଶ𝜓଴

 ൡ.    (29) 

Following the analysis of Siddheshwar and Pranesh (22) we get 𝑅ଵ ൌ 𝑅ଷ ൌ ⋯ ൌ 0. 
The solution for 𝜓ଵ is obtained by using Fourier series expansion for RHS of equa-
tion (29) and by inverting operator 𝐿. 

  𝜓ଵ ൌ െ𝑅௦ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ𝜋ଶ𝛼ଶ𝑘ଶ𝑅𝑒 ∑ ஻೙ሺఒሻ

௅ሺఊ,௡ሻ
𝑒ି௜ఊ௧𝑠𝑖𝑛ሺ𝑛𝜋𝑧ሻ, (30) 

where, 

 𝐵௡ሺ𝜆ሻ ൌ
ିଶ௡గమఒమൣ௘ഊି௘షഊାሺିଵሻ೙൫௘షഊష೔ഝି௘ഊష೔ഝ൯൧

௘ഊି௘షഊሾఒమାሺ௡ାଵሻమగమሿ
,  

𝐿ሺ𝛾, 𝑛ሻ ൌ 𝑌ଵ ൅ 𝑖𝑌ଶ, 
 

𝑌ଵ ൌ
െ𝑁ଶ𝛾ସ𝑘௡

ଶ

𝑃𝑟ଶ ൅
𝑁ଶ𝛾ଶ𝑘௡

଺𝛤
𝑃𝑟

൅
𝑁ଶ𝛾ଶ𝑘௡

଺𝛤𝑁ଵ

𝑃𝑟
൅

𝑁ଶ𝛾ଶ𝑘௡
଺

𝑃𝑟
൅

𝑁ଶ𝑁ଵ𝛾ଶ𝑘௡
଺

𝑃𝑟
൅

𝑁ଶ𝛾ଶ𝑘௡
଺𝛤

𝑃𝑟ଶ
 

  ൅2𝑁ଵ𝛾ଶ𝑘௡
ସ ൅ 2𝑁ଵ

ଶ𝛾ଶ𝑘௡
ସ ൅

2𝑁ଵ𝛾ଶ𝛤𝑘௡
ସ

𝑃𝑟
൅

2𝑁ଵ𝛾ଶ𝑘௡
ସ

𝑃𝑟
െ 2𝑁ଵ𝑘௡

଼𝛤 െ 2𝑁ଵ
ଶ𝑘௡

଼𝛤

 ൅𝑁ଷ𝑘௡
଺𝛾ଶ ൅ 𝑁ଷ𝑘௡

଺𝛾ଶ𝑁ଵ ൅
𝑁ଷ𝑘௡

଺𝛾ଶ𝛤
𝑃𝑟

൅
𝑁ଷ𝑘௡

଺𝛾ଶ

𝑃𝑟
െ 𝑁ଷ𝑘௡

ଵ଴𝛤 െ 𝑁ଷ𝑁ଵ𝑘௡
ଵ଴𝛤

 ൅
𝑅௦𝜋ଶ𝛼ଶ𝑁ଶ𝛾ଶ

𝑃𝑟
െ 2𝑁ଵ𝑘௡

ଶ𝑅௦𝜋ଶ𝛼ଶ െ 𝑁ଷ𝑘௡
ସ𝑅௦𝜋ଶ𝛼ଶ െ 𝛾ଶ𝑁ଵ

ଶ𝑘௡
ସ ൅ 𝑘௡

଼𝛤𝑁ଵ
ଶ

    െ
𝑅଴𝛾ଶ𝜋ଶ𝛼ଶ𝑁ଶ

𝑃𝑟
൅ 2𝑁ଵ𝜋ଶ𝛼ଶ𝛤𝑘௡

ଶ𝑅଴ ൅ 𝑁ଷ𝑘௡
ସ𝛤𝑅଴𝜋ଶ𝛼ଶ െ 𝛤𝑘௡

ସ𝑅଴𝑁ଵ𝑁ହ𝜋ଶ𝛼ଶ

 

⎭
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎫

, 
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𝑌ଶ ൌ
െ𝑁ଶ𝛾ଷ𝑘௡

ସ

𝑃𝑟
െ

𝑁ଶ𝛾ଷ𝑁ଵ𝑘௡
ସ

𝑃𝑟
െ

𝑁ଶ𝛾ଷ𝑘௡
ସ𝛤

𝑃𝑟ଶ െ
𝑁ଶ𝛾ଷ𝑘௡

ସ

𝑃𝑟ଶ ൅
𝑁ଶ𝛾𝛤𝑘௡

଼

𝑃𝑟
൅

𝑁ଶ𝑁ଵ𝛾𝑘௡
଼𝛤

𝑃𝑟 
  

      െ
2𝑁ଵ𝛾ଷ𝑘௡

ଶ

𝑃𝑟
൅ 2𝑁ଵ𝛾𝛤𝑘௡

଺ ൅ 2𝑁ଵ
ଶ𝛾𝛤𝑘௡

଺ ൅ 2𝑁ଵ𝛾𝑘௡
଺ ൅ 2𝑁ଵ

ଶ𝛾𝑘௡
଺ ൅

2𝑁ଵ𝑘௡
଺𝛤𝛾

𝑃𝑟

 െ
𝑁ଷ𝑘௡

ସ𝛾ଷ

𝑃𝑟
൅ 𝑁ଷ𝑘௡

଼𝛾𝛤 ൅ 𝑁ଷ𝑁ଵ𝑘௡
଼𝛾𝛤 ൅ 𝑁ଷ𝑘௡

଼𝛾 ൅ 𝑁ଷ𝑁ଵ𝑘௡
଼𝛾 ൅

𝑁ଷ𝑘௡
଼𝛤𝛾

𝑃𝑟

    ൅2𝑁ଵ𝛾𝑅௦𝜋ଶ𝛼ଶ ൅ 𝑁ଷ𝑘௡
ଶ𝛾𝑅௦𝜋ଶ𝛼ଶ ൅

𝑁ଶ𝑘௡
ଶ𝛾𝑅௦𝜋ଶ𝛼ଶ

𝑃𝑟
െ 𝛾𝛤𝑘௡

଺𝑁ଵ
ଶ െ 𝛾𝑁ଵ

ଶ𝑘௡
଺

     െ2𝑅଴𝛾𝑁ଵ𝜋ଶ𝛼ଶ െ 𝑅଴𝛾𝑁ଷ𝑘௡
ଶ𝜋ଶ𝛼ଶ ൅ 𝑅଴𝛾𝑁ଵ𝑁ହ𝜋ଶ𝛼ଶ𝑘௡

ଶ െ
𝛤𝑘௡

ଶ𝑅଴𝑁ଶ𝛾𝜋ଶ𝛼ଶ

𝑃𝑟

 

⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

, 

 
𝑘௡

ଶ ൌ ሺ𝜋ଶ𝛼ଶ ൅ 𝑛ଶ𝜋ଶሻ. 

The equation for 𝜓ଶ, then becomes 
 

 
𝐿𝜓ଶ ൌ 𝑅ଶ𝛤𝑘ଶሾ𝑁ଵ𝑁ହ𝑘ଶ𝜋ଶ𝛼ଶ െ 𝜋ଶ𝛼ଶሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻሿ𝜓଴

 
     െ𝑅௦𝜋ଶ𝛼ଶ𝑓 ቀ

ିேమఊ௜

௉௥
൅ 2𝑁ଵ ൅ 𝑁ଷ𝑘௡

ଶቁ ሺെ𝑖𝛾 ൅ 𝑘௡
ଶሻ𝜓ଵ

 ቑ, (31) 

 
The time-independent part of the RHS of equation (31) has to be orthogonal to sinπz 
in order to satisfy the solvability condition. We will not solve equation (31), but we 
use the solvability condition and get an expression for 𝑅ଶ as: 

  

 𝑅ଶ ൌ
ଶோೞቀషಿమ೔ം

ುೝ
ାଶேభାேయ௞మቁ൫ି௜ఊା௞೙

మ൯

௰௞మሾேభேఱ௞మିሺଶேభାேయ௞మሻሿ
׬ 𝑓𝜓ଵ

ଵ

଴
sinሺ𝜋𝑧ሻ𝑑𝑧, (32) 

 
where overbar denotes the time average. 

Using equation (29) and on simplifying we get an expression for critical correc-
tion Rayleigh number as, 

 

 𝑅ଶ௖ ൌ െ
ோೞ

మ஠మ஑మ൫ଶேభାேయ௞మ൯

ଶ୻ሾேభேఱ௞మିሺଶேభାேయ௞మሻሿ
∑ |𝐵௡ሺλሻ|ଶ|𝑋ଵ|ଶஶ

௡ୀଵ ቂ
௅భሺஓ,௡ሻା௅భ

∗ ሺஓ,௡ሻ

ଶ|௅భ|మ ቃ, (33) 

 
where  𝑋ଵ ൌ ቀ 2𝑁ଵ ൅ 𝑁ଷ𝑘௡

ଶ െ 𝑖 𝑁ଶ 
ఊ

௉௥
ቁ   ሺെ𝑖 𝛾  ൅  𝑘௡

ଶሻ,    𝐿ଵሺ𝛾, 𝑛ሻ ൌ 𝐴ଵ
∗  𝐿ሺ𝛾, 𝑛ሻ, 𝑋ଵ

∗ and 
𝐿ଵሺ𝛾, 𝑛ሻ∗ are the conjugates of 𝑋ଵ and 𝐿ଵሺ𝛾, 𝑛ሻ. 
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Minimum Solute Rayleigh Number for Convection: 

The expression for 𝑅ଶ௖  in equation (33) represents a correction to critical Rayleigh 
number 𝑅଴௖  of order 𝜖ଶ.  𝑅ଶ௖   is evaluated for in-phase and out of phase modulation 
with 𝐵௡ሺ𝜆ሻ. 

 
Modulation  n

 
In-phase 

 𝑏௡ ൌ െ
ସ௡஠మఒమ

ሾఒమାሺ௡ାଵሻమగమሿሾఒమାሺ௡ିଵሻమగమሿ
   Even

0 Odd
 

Out-phase 
0 Even

 𝑏௡ ൌ െ
ସ௡஠మఒమ

ሾఒమାሺ௡ାଵሻమగమሿሾఒమାሺ௡ିଵሻమగమሿ
 Odd

2.2  Non-Linear Analysis 

The non-linear analysis is performed by considering the Fourier series representa-
tion of 𝜓, ωy, 𝜃 and 𝑆 to understand the amount of heat and mass transfer. The finite-
amplitude convection of the truncated system is given by: 

 𝜓ሺ𝑥, 𝑧, 𝑡ሻ ൌ 𝐴ଵሺ𝑡ሻ 𝑠𝑖𝑛ሺ𝜋𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝜋𝑧ሻ, (34) 
 𝜔௬ሺ𝑥, 𝑧, 𝑡ሻ ൌ 𝐴ଶሺ𝑡ሻ𝑠𝑖𝑛ሺπα𝑥ሻ𝑠𝑖𝑛ሺπ𝑧ሻ, (35) 
  𝜃ሺ𝑥, 𝑧, 𝑡ሻ ൌ 𝐴ଷሺ𝑡ሻ𝑐𝑜𝑠ሺπα𝑥ሻ𝑠𝑖𝑛ሺπ𝑧ሻ ൅ 𝐴ସሺ𝑡ሻ𝑠𝑖𝑛ሺ2π𝑧ሻ, (36) 
 𝑆ሺ𝑥, 𝑧, 𝑡ሻ ൌ 𝐴ହሺ𝑡ሻ𝑐𝑜𝑠ሺπα𝑥ሻ𝑠𝑖𝑛ሺπ𝑧ሻ ൅ 𝐴଺ሺ𝑡ሻ𝑠𝑖𝑛ሺ2π𝑧ሻ, (37) 

where 𝐴ଵ, 𝐴ଶ, 𝐴ଷ, 𝐴ସ, 𝐴ହ and 𝐴଺ are obtained from the dynamics of the system. The x- 
the independent term is missing in functions 𝜓 and ωy due to the discount of the 
spontaneous generation of large-scale flow.  

Using equations (34) – (37) into equations (17) – (20) we get the following sys-
tem of equations. 

 𝐴ଵሶ ൌ െ
ோగఈ௉௥

௞మ 𝐴ଷ ൅
ோೞగఈ௉௥

௞మ 𝐴ହ െ ሺ1 ൅ 𝑁ଵሻ𝑃𝑟𝑘ଶ𝐴ଵ െ 𝑁ଵ𝑃𝑟𝐴ଶ,  (38) 

 𝐴ଶሶ ൌ
ିேభ௉௥௞మ

ேమ
𝐴ଵ െ

ଶேభ௉௥

ேమ
𝐴ଶ െ

ேయ௉௥௞మ

ேమ
𝐴ଶ,  (39) 

 𝐴ଷሶ ൌ െ𝜋𝛼𝐴ଵ െ 𝑘ଶ𝐴ଷ െ 𝑁ହ𝜋𝛼𝐴ଶ െ 𝜋ଶ𝛼𝐴ଵ𝐴ସ െ 𝑁ହ𝜋ଶ𝛼𝐴ଶ𝐴ସ, (40) 

 𝐴ସሶ ൌ െ4𝜋ଶ𝐴ସ ൅
ேఱగమఈ

ଶ
𝐴ଶ𝐴ଷ ൅

గమఈ

ଶ
𝐴ଵ𝐴ଷ, (41) 

 𝐴ହሶ ൌ ሺെ1 ൅ 𝜖𝑓ሻ𝜋𝛼𝐴ଵ െ 𝛤𝑘ଶ𝐴ହ െ 𝜋ଶ𝛼𝐴ଵ𝐴଺, (42) 

 𝐴଺ሶ ൌ െ4𝛤𝜋ଶ𝐴ସ ൅
గమఈ

ଶ
𝐴ଵ𝐴ହ, (43) 
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where, over dot denotes time derivative. 
The regular perturbation expansion given below is used in the equations (38)–

(43): 

 

⎝

⎜
⎜
⎜
⎛

𝐴ଵ
𝐴ଶ
𝐴ଷ
𝐴ସ
𝐴ହ
𝐴଺
𝑅 ⎠

⎟
⎟
⎟
⎞

ൌ  

⎝

⎜
⎜
⎜
⎛

0
0
0
0
0
0

𝑅଴⎠

⎟
⎟
⎟
⎞

൅ 𝛿

⎝

⎜
⎜
⎜
⎛

𝐴ଵଵ
𝐴ଶଵ
𝐴ଷଵ

𝐴ସଵ
𝐴ହଵ
𝐴଺ଵ
𝑅ଵ ⎠

⎟
⎟
⎟
⎞

൅ 𝛿ଶ

⎝

⎜
⎜
⎜
⎛

𝐴ଵଶ
𝐴ଶଶ
𝐴ଷଶ

𝐴ସଶ
𝐴ହଶ
𝐴଺ଶ
𝑅ଶ ⎠

⎟
⎟
⎟
⎞

൅ 𝛿ଷ

⎝

⎜
⎜
⎜
⎛

𝐴ଵଷ
𝐴ଶଷ
𝐴ଷଷ

𝐴ସଷ
𝐴ହଷ

𝐴଺ଷ
𝑅ଷ ⎠

⎟
⎟
⎟
⎞

൅. .. (44) 

where 𝑡 ൌ 𝛿ଶ 𝑡, 𝜖 ൌ 𝛿ଶ 𝜖ଵ. 
Let us now take  

 ℒ ൌ

⎝

⎜
⎜
⎜
⎜
⎛

െሺ1 ൅ 𝑁ଵሻ𝑃𝑟𝑘ଶ െ𝑁ଵ𝑃𝑟
ିோబ௉௥గఈ

௞మ 0
ோೞ௉௥గఈ

௞మ 0

െ
ேభ

ேమ
𝑃𝑟𝑘ଶ െ

௉௥൫ଶேభାேయ௞మ൯

ேమ
0 0 0 0

െ𝜋 𝛼 െ𝑁ହ𝜋𝛼 െ𝑘ଶ 0 0 0
0 0 0 െ4𝜋ଶ 0 0

െ𝜋 𝛼 0 0 0   െ𝛤𝑘ଶ 0
0 0 0 0 0 െ4𝛤𝜋ଶ⎠

⎟
⎟
⎟
⎟
⎞

 

 
  

𝑍௜ ൌ ሺ𝐴ଵ௜, 𝐴ଶ௜, 𝐴ଷ௜, 𝐴ସ௜, 𝐴ହ௜, 𝐴଺௜ሻ்  𝑖 ൌ 1,2,3 

Substituting equation (44) in equations (38)-(43) and on comparing the coefficients 
of 𝛿, 𝛿ଶ and 𝛿ଷ on both sides, we get: 

First-order system: 

 ℒ𝑍ଵ ൌ 0, (45) 

Second-order system: 

 ℒ𝑍ଶ ൌ ሺ𝑅ଶଵ 𝑅ଶଶ 𝑅ଶଷ 𝑅ଶସ 𝑅ଶହ 𝑅ଶ଺ሻ், (46) 

Third-order system: 

 ℒ𝑍ଷ ൌ ሺ𝑅ଷଵ 𝑅ଷଶ 𝑅ଷଷ 𝑅ଷସ 𝑅ଷହ 𝑅ଷ଺ሻ், (47) 

where, 

 𝑅ଶଵ ൌ
ோభగఈ௉௥

௞మ 𝐴ଷଵ, 𝑅ଶଶ ൌ 0, 𝑅ଶଷ ൌ 𝜋ଶ𝛼𝐴ଵଵ𝐴ସଵ ൅ 𝑁ହ𝜋ଶ𝛼𝐴ଶଵ𝐴ସଵ, 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



 Convection in micropolar fluid under time-dependent boundary concentration | 173 

  

𝑅ଶସ ൌ
െ𝑁ହ𝜋ଶ𝛼

2
𝐴ଶଵ𝐴ଷଵ െ

𝜋ଶ𝛼
2

𝐴ଵଵ𝐴ଷଵ,  𝑅ଶହ ൌ 𝜋ଶ𝛼𝐴ଵଵ𝐴଺ଵ,  𝑅ଶ଺ ൌ
െ𝜋ଶ𝛼

2
𝐴ଵଵ𝐴ହଵ, 

𝑅ଷଵ ൌ
𝑑𝐴ଵଵ

𝑑𝑡
൅

𝑅ଵ𝑃𝑟𝜋𝛼
𝑘ଶ 𝐴ଷଶ ൅

𝑅ଶ𝑃𝑟𝜋𝛼
𝑘ଶ 𝐴ଷଵ,  𝑅ଷଶ ൌ

𝑑𝐴ଶଵ

𝑑𝑡
, 

 

𝑅ଷଷ ൌ
𝑑𝐴ଷଵ

𝑑𝑡
൅ 𝜋ଶ𝛼ሺ𝐴ଵଵ𝐴ସଶ ൅ 𝐴ଵଶ𝐴ସଵሻ ൅ 𝑁ହ𝜋ଶ𝛼ሺ𝐴ଶଶ𝐴ସଵ ൅ 𝐴ଶଵ𝐴ସଶሻ, 

 

𝑅ଷସ ൌ
𝑑𝐴ସଵ

𝑑𝑡
െ

𝜋ଶ𝛼
2

ሺ𝐴ଵଵ𝐴ଷଶ ൅ 𝐴ଵଶ𝐴ଷଵሻ െ
𝑁ହ𝜋ଶ𝛼

2
ሺ𝐴ଶଵ𝐴ଷଶ ൅ 𝐴ଶଶ𝐴ଷଵሻ, 

 

𝑅ଷହ ൌ
𝑑𝐴ହଵ

𝑑𝑡
െ 𝜖ଵ𝑓𝜋𝛼𝐴ଵଵ ൅ 𝜋ଶ𝛼ሾ𝐴ଵଵ𝐴଺ଶ ൅ 𝐴ଵଶ𝐴଺ଵሿ, 

 

 𝑅ଷ଺ ൌ
𝑑𝐴଺ଵ

𝑑𝑡
െ

𝜋ଶ𝛼
2

ሺ𝐴ଵଵ𝐴ହଶ ൅ 𝐴ଵଶ𝐴ହଵሻ, 

The solution of the first and second-order systems is given by: 
 

𝑍ଵ
் ൌ ቆ𝐴ଵ଴

െ𝑁ଵ𝑘ଶ

2𝑁ଵ ൅ 𝑁ଷ𝑘ଶ 𝐴ଵ଴
െ𝜋𝛼

𝑘ଶ 𝐴ଵ଴ ൅
𝑁ଵ𝑁ହ𝜋𝛼

2𝑁ଵ ൅ 𝑁ଷ𝑘ଶ 𝐴ଵ଴ 0
െ𝜋𝛼
𝛤𝑘ଶ 𝐴ଵ଴ 0ቇ

்

 

 

𝑍ଶ
் ൌ

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝐴ଶ଴

െ𝑁ଵ𝑘ଶ

2𝑁ଵ ൅ 𝑁ଷ𝑘ଶ 𝐴ଶ଴

𝑁ଵ𝑁ହ𝜋𝛼
2𝑁ଵ ൅ 𝑁ଷ𝑘ଶ 𝐴ଶ଴ െ

𝜋𝛼
𝑘ଶ 𝐴ଶ଴

𝑁ଵ𝑁ହ𝜋𝛼ଶ

4ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ
𝐴ଵ଴

ଶ െ
𝑁ଵ

ଶ𝑁ହ
ଶ𝜋𝛼ଶ𝑘ଶ

8ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻଶ 𝐴ଵ଴
ଶ െ

𝜋𝛼
8𝑘ଶ 𝐴ଵ଴

ଶ

െ𝜋𝛼
𝛤𝑘ଶ 𝐴ଶ଴

𝜋𝛼ଶ

8𝛤ଶ𝑘ଶ 𝐴ଵ଴
ଶ

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

 

where 𝐴ଵ଴ and 𝐴ଶ଴ denotes the arbitrary functions of 𝑡 and superscript 𝑇 denotes 
transpose. Considering the Fredholm solvability condition of the form: 

 ∑ 𝑅௜௝𝑍ଵ෢଺
௝ୀଵ ൌ 0, ሺ𝑖 ൌ 2,3ሻ (48) 

where 𝑍ଵ෢ refers to the solution of the adjoint system of equation (45). When 𝑖 ൌ 2 
and 𝑖 ൌ 3 we get 𝑅ଵ ൌ 0 and Ginzburg-Landau equation in the form: 
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 ௗ஺భబ

ௗ௧
൅

ொమ

ொభ
𝐴ଵ଴ ൅

ொయ

ொభ
𝐴ଵ଴

ଷ ൌ 0, (49) 

where, 

𝑄ଵ ൌ 1 ൅
𝑁ଵ

ଶ𝑘ସ

ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻଶ ൅
𝜋ଶ𝛼ଶ

𝛤ଶ𝑘ସ ൅
𝜋ଶ𝛼ଶ

𝑘ସ െ
2𝑁ଵ𝑁ହ𝜋ଶ𝛼ଶ

𝑘ଶሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ
൅

𝑁ଵ
ଶ𝑁ହ

ଶ𝜋ଶ𝛼ଶ

ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻଶ, 

𝑄ଶ ൌ
െ𝑅ଶ𝜋ଶ𝛼ଶ𝑃𝑟

𝑘ସ ൅
𝑅ଶ𝜋ଶ𝛼ଶ𝑃𝑟𝑁ଵ𝑁ହ

𝑘ଶሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ
൅

𝜖ଵ𝑓𝜋ଶ𝛼ଶ

𝛤𝑘ଶ , 

𝑄ଷ ൌ
𝜋ସ𝛼ସ

8𝑘ସ ൬1 ൅
1

𝛤ଷ൰ െ
𝑁ଵ𝑁ହ𝜋ସ𝛼ସ

2𝑘ଶሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻ
൅

3𝑁ଵ
ଶ𝑁ହ

ଶ𝜋ସ𝛼ସ

4ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻଶ

െ
𝑁ଵ

ଷ𝑁ହ
ଷ𝜋ସ𝛼ସ𝑘ଶ

2ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻଷ ൅
𝑁ଵ

ସ𝑁ହ
ସ𝜋ସ𝛼ସ𝑘ସ

8ሺ2𝑁ଵ ൅ 𝑁ଷ𝑘ଶሻସ

 

⎭
⎪
⎬

⎪
⎫

. 

Equation (49) is solved to get 𝐴ଵ଴. 

Heat and Mass Transport at Lower Boundary 

The expression for Nusselt number, 𝑁𝑢, and Sherwood number, 𝑆ℎ, which quanti-
fies the amount of heat and mass transfer is given by 
 

 𝑁𝑢 ൌ
ቂ ೖ
మಘ ׬

మಘ
ೖ

ሺଵି௭ା஘ሻ೥ௗ௫బ ቃ
೥సబ

ቂ ೖ
మಘ ׬

మಘ
ೖ

ሺଵି௭ሻ೥ௗ௫బ ቃ
೥సబ

, (50) 

 

 𝑆ℎ ൌ
ቂ ೖ
మഏ ׬

మഏ
ೖ

ሺଵି௭ାௌሻ೥బ ௗ௫ቃ
೥సబ

ቂ ೖ
మഏ ׬

మഏ
ೖ

ሺଵି௭ሻ೥బ ௗ௫ቃ
೥సబ

, (51) 

 
Using equation (36) and (37) in equations (50) and (51) we get 

 

 𝑁𝑢 ൌ 1 െ 2𝜋𝐴ସ ൌ 1 െ 2𝜋𝜖ଶ ቂ
ேభேఱగఈమ

ସሺଶேభାேయ௞మሻ
𝐴ଵ଴

ଶ െ
ேభ

మேఱ
మగఈమ௞మ

଼ሺଶேభାேయ௞మሻమ 𝐴ଵ଴
ଶ െ

గఈ

଼௞మ 𝐴ଵ଴
ଶ ቃ, (52) 

 

 𝑆ℎ ൌ 1 െ 2𝜋𝐴଺ ൌ 1 ൅ 𝜖ଶ ଶగమఈమ

଼௞మ 𝐴ଵ଴
ଶ , (53) 

3 Results and Discussion 

The effect of concentration modulation on DDC in a micropolar fluid is investi-
gated using linear and non-linear analyses. It is clear from equation (7) and (8) that 
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concentration at the lower plate is higher than the concentration at the upper plate 
and also concentration profile explicitly depends on position and time. The expression 
for the critical Rayleigh number and the correction Rayleigh number is obtained as a 
function of 𝑁ͩ, 𝑁ͪ, 𝑁ͫ, 𝑁ͭ, 𝑅௦, 𝛤 and 𝑃𝑟 using regular perturbation procedure. In the 
present analysis we have chosen moderate values of 𝛾 as 𝛾 is small, period of modula-
tion is very large and as 𝛾 → ∞ the modulation effects become zero.  

The sign of 𝑅ͪ௖ characterizes the stability effect of modulation. The modulation 
stabilizes the system when 𝑅ͪ௖ ൐ ͨ and destabilizes the system when 𝑅ͪ௖ ൏  ͨ. The 
effects of IPM and OPM on 𝑅ͪ௖ is studied in this paper. The result for linear analysis 
is depicted in figures (2)-(8).  

Figures 2(a)-8(a) depicts the variation of 𝑅ͪ௖ with 𝛾 for different values of pa-
rameters 𝑁ͩ, 𝑁ͪ, 𝑁ͫ, 𝑁ͭ, 𝑃𝑟, 𝑅௦ and 𝛤 for IPM. From these figures, we observe that 
when 𝛾 is very small 𝑅ͪ௖ ൏ ͨ indicating for a small frequency of modulation destabi-
lizes the system, for moderate values 𝑅ͪ௖ ൐ ͨ indicating modulation effect is stabi-
lizing and for large value 𝑅ͪ௖ ൌ ͨ, thus the modulation disappears. 

From figures 2(a)-8(a) following observations are made: 
– Increase in 𝑁ଵ increases 𝑅ଶ௖  negatively, when 𝑁ଵ increases concentration of 

microparticles increases and this particle consumes more and more energy, 
therefore the onset of convection is advanced, Hence in IPM 𝑁ଵ destabilizes the 
system. 

–  From equation (28) it is clear that 𝑅଴௖  is independent of 𝑁ଶ but it appears in 𝑅ଶ௖  
due to acceleration term, hence the effect of 𝑁ଶ on 𝑅ଶ௖  is negligible. 

–  𝑁ଷ represents the couple stress in angular momentum conservation. As 𝑁ଷ in-
creases, 𝑅ଶ௖  decreases negatively and thereby stabilizes the system. 

–  Increase in 𝑁ହ increases the heat-induced into the system, thus for IPM in the 
general increase in 𝑁ହ increases 𝑅ଶ௖  negatively and destabilizes the system. 

–  𝑃𝑟 is the ratio of the viscous force and thermal force. Increase in 𝑃𝑟 increases 
𝑅ଶ௖  negatively and thereby destabilizes the system. 

–  Increase in solutal Rayleigh number increases, 𝑅ଶ௖  becomes negatively, there-
fore 𝑅௦ destabilizes the system. 

–  Increase in diffusivity ratio increases 𝑅ଶ௖  negatively in general for IPM, there-
fore 𝛤 stabilizes the system. 

We now discuss the results obtained for OPM. Comparing the figures (2(b)) – (8(b)) 
respectively with figures (2(a)) – (8(a)), we found that 𝑅ͪ௖ ൐ ͨ for all values of 𝛾, 
whereas in IPM 𝑅ͪ௖ ൏  ͨ in general. This is due to the fact that the concentration 
field in OPM has a linear gradient varying with time, so that Rayleigh number is 
subcritical during one-half cycle and in other half cycles. The effects of the parame-
ters 𝑁ͩ, 𝑁ͪ, 𝑁ͫ, 𝑁ͭ, 𝑃𝑟, 𝑅௦ and 𝛤 is reversed in OPM when compared to IPM. It is im-
portant to that note for small values of 𝛾, 𝑁ͫ and 𝑅௦ have opposite effects. 

We now discuss the results obtained for non-linear analysis. It is well-known 
fact that linear theory gives the condition for the onset of convection and it fails to 
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explain the heat and mass transfer. Therefore, the non-linear analysis is a must to 
explain the heat and mass transfer. Heat and Mass transfer in this paper are ana-
lyzed by computing Nusselt number, 𝑁𝑢 and Sherwood number, 𝑆ℎ. 

A non-linear analysis is studied by deriving the sixth order Lorenz model. The 
multimode method is used to convert the sixth order non-autonomous Lorenz model 
to an analytically solvable Ginzburg-Landau equation in terms of amplitude 𝐴ͩͨ and 
then obtained as an expression for Nusselt and Sherwood number as a function of 
amplitude 𝐴ͩͨ. 

Figures (9(a)) -(15(a)) and figures (16(a)) -(22(a)) are the plots of 𝑁𝑢 and 𝑆ℎ ver-
sus 𝑡 for IPM. Figures (9(b)) -(15(b)) and figures (16(b)) -(22(b)) are the graphs of 𝑁𝑢 
and 𝑆ℎ, versus 𝑡 for OPM. Figures (9(b)) -(22(b)) are oscillatory in nature because of 
OPM at both the boundaries. The following observations are made from figures (9)-
(21) which is true for both IPM and OPM. 
– Increase in 𝑁ଵ, decreases 𝑁𝑢 and increases 𝑆ℎ. When 𝑁ଵ increases, particle con-

centration increases thus decreases heat transfer and increases mass transfer. 
– Effect of 𝑁ଶ on 𝑁𝑢 and 𝑆ℎ is not found, because 𝑁ଶ does not affect 𝑅௖ as ex-

plained earlier. 
–  Increase in 𝑁ଷ, decreases 𝑆ℎ and increases 𝑁𝑢, thus increases heat transfer and 

decreases mass transfer. 
–  Increase in 𝑁ହ, decreases 𝑁𝑢 and increases 𝑆ℎ, thus increases mass transfer and 

decreases heat transfer. 
– Increase in 𝑅௦, 𝛤 and 𝑃𝑟, increases the 𝑁𝑢 and 𝑆ℎ number, thus the heat and 

mass transfer increases. 
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(a) 

 

(b) 

Fig. 2: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑁ͩ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 3: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑁ͪ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 4: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑁ͫ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 5: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑁ͭ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 6: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑃𝑟 in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 7: Variation of 𝑅ͪ௖ with 𝛾 for different values of 𝑅௦ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 8: Variation of 𝑅ͪ௖ with 𝛾 for different values of Γ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 9: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑁ͩ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 10: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑁ͪ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 11: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑁ͫ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 12: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑁ͭ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 13: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑃𝑟 in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 14: Variation of 𝑁𝑢 with 𝑡 for different values of 𝑅௦ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 15: Variation of 𝑁𝑢 with 𝑡 for different values of Γ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 16: Variation of 𝑆ℎ with 𝑡 for different values of 𝑁ͩ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 17: Variation of 𝑆ℎ with 𝑡 for different values of 𝑁ͪ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 18: Variation of 𝑆ℎ with 𝑡 for different values of 𝑁ͫ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 19: Variation of 𝑆ℎ with 𝑡 for different values of 𝑁ͭ in (a) IPM and (b) OPM. 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



 Convection in micropolar fluid under time-dependent boundary concentration | 195 

  

 

(a) 

 

(b) 

Fig. 20: Variation of 𝑆ℎ with 𝑡 for different values of 𝑃𝑟 in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 21: Variation of 𝑆ℎ with 𝑡 for different values of 𝑅௦ in (a) IPM and (b) OPM. 
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(a) 

 

(b) 

Fig. 22: Variation of 𝑆ℎ with 𝑡 for different values of Γ in (a) IPM and (b) OPM. 
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4 Concluding Remarks 

The effect of concentration modulation on DDC in the micropolar fluid is analyzed 
using linear and non-linear analysis. The following conclusions are made from the 
study.  
– OPM is more stable than IPM i.e., 𝑅ை௉ெ ൐ 𝑅ூ௉ெ. 
– The onset of convection in presence of concentration modulation can be de-

layed by adding micron-sized particles i.e., 𝑅/ேభஷ଴൐ 𝑅/ேభୀ଴. 
– Effect of increase in 𝑁ଵ decreases the heat transfer and increases mass transfer 

i.e.,  𝑁𝑢/ேభஷ଴൏ 𝑁𝑢/ேభୀ଴ and 𝑆ℎ/ேభஷ଴൐ 𝑆ℎ/ேభ
ൌ 0. 

– Effect of increase in 𝑁ଷ increases heat transfer and decreases mass transfer i.e., 
𝑁𝑢/ேఱஷ଴൏ 𝑁𝑢/ேఱୀ଴ and 𝑆ℎ/ேఱஷ଴൐ 𝑆ℎ/ேఱୀ଴.  

– Effect of increase in 𝑁ହ decreases the heat transfer and increases mass transfer 
i.e,  𝑁𝑢/ேఱஷ଴൏ 𝑁𝑢/ேఱୀ଴  and 𝑆ℎ/ேఱஷ଴൐ 𝑆ℎ/ேఱୀ଴. 

– Effect of increase in 𝑅௦ and 𝛤 increases heat transfer and mass transfer i.e., 
𝑁𝑢/ோೞஷ଴ ൐ 𝑁𝑢/ோೞୀ଴ , 𝑁𝑢/୻ஷ଴൐ 𝑁𝑢/୻ୀ଴, 𝑆ℎ/ோೞஷ଴ ൐ 𝑆ℎ/ோೞୀ଴  and 𝑆ℎ/୻ஷ଴൐ 𝑆ℎ/୻ୀ଴. 
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Nomenclature 
 

Symbols Definition 

𝑑  
𝐼  
�⃗�  
𝑘෠   
𝑝  
𝑆  
𝑉ሬ⃗   
𝐶௩  
𝑁ଵ  
𝑁ଶ  
𝑁ଷ  
𝑁ହ  
𝑁𝑢  
𝑃𝑟  
𝑆ℎ  
𝑅  
𝑅௦  
Greek symbols 
𝛽  
𝛽௦  
 𝛽௧ 
𝜖  
𝜁  
𝜂  
𝜃  
𝜗  
 𝜆 
 𝜂ᇱ 
 𝜆ᇱ 
 𝜌 
 𝜌଴ 
 𝜙 
 𝜒 
 𝜒௦ 
 𝜔ሬሬ⃗  

Depth of the fluid 
Moment of inertia 
Acceleration due to gravity 
Unit vector in the vertical direction 
Pressure 
Concentration 
Velocity 
Specific heat at constant volume 
Coupling parameter 
Inertia parameter 
Couple stress parameter 
Micropolar heat conduction parameter 
Nusselt number 
Prandtl number 
Sherwood number 
Rayleigh number 
Solutal Rayleigh number 
  
Micropolar heat conduction coefficient 
Coefficient of solutal expansion 
Coefficient of thermal expansion 
Amplitude of modulation 
Coupling viscosity coefficient 
Shear kinematic viscosity coefficient 
Temperature 
Frequency of modulation 
Bulk kinematic viscosity coefficient 
Shear spin viscosity coefficient 
Bulk spin viscosity coefficient 
Density 
Density at reference temperature 
Phase angle 
Thermal diffusivity 
Solutal diffusivity 
Angular velocity 
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Abstract: The critical challenge of heat management in a Metal Hydride (MH) reac-
tor necessitates comprehensive research and development towards an effective heat 
transfer system to enhance its hydrogen charging and discharging rates. Several 
interesting strategies were reported in the literature to assist effective heat transport 
from and to the reactor. In this report, a comprehensive three-dimensional numeri-
cal model accounting for reaction kinetics and, heat and mass transfer is developed 
for hydrogen charging and discharging in a LaNi5 based MH reactor. The model is 
compared with the experimental data, and the simulation results agree closely with 
the experimental data. A detailed parametric study is carried out to optimize the 
operating conditions of the reactor and the geometry of the Helical Coil Heat Ex-
changer (HCHX) to improve the hydrogen charging and discharging rates. The effect 
of essential parameters such as supply/exit pressures, Heat Transfer Fluid (HTF) 
temperature, and helical coil pitch/turns on the thermal performance and sorption 
rate of the MH bed are analyzed systematically. The hydrogen charging simulation 
results show that increasing the inlet hydrogen pressure and reducing the HTF tem-
perature significantly improves the charging rate. From the HCHX design point of 
view, it is observed that increasing the number of coils turns benefits the hydrogen 
storage performance due to improved heat transfer from the MH bed to the helical 
coil. The influence of the exit pressure and the HTF temperature on the hydrogen 
discharge rate is also discussed in detail. The present study with multi-dimensional 
contours of temperature and hydrogen mass fraction will improve the fundamental 
knowledge of the MH reactor and shed light on the development of an effective heat 
exchanger.  
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1 Introduction 

The scarcity of fossil fuel availability and the promising candidacy of renewable 
resources as alternative energy has motivated researchers worldwide to research 
and develop its efficient utilization. Among the several alternative energy carriers, 
hydrogen is considered a high potential fuel because it is cleaner, highly efficient, 
and easy for domestic production, particularly for fuel cell applications. Apart from 
developing a hydrogen infrastructure, the main challenge is its storage and trans-
portation. Among the several methods, solid-state storage or Metal Hydride (MH) 
based storage of hydrogen has received significant attention from researchers, and 
extensive research is underway in developing combinations of solid mediums (met-
al, alloy, and intermetallic compounds) to enhance its storage performance. It 
should be noted that heat management in the MH reactor plays a significant role in 
hydrogen charging and discharging rates. Therefore, optimization of the design and 
operation parameters of a heat exchanger is important. 

Various heat transfer systems have been discussed in the literature and can be 
classified as heat exchanger method, methods to adjunct thermal conductivity, and 
latent heat storage. The internal heat exchangers are spiral tubes (1, 2), tube with 
fins (3-7), coiled tubes (8,9), helical coils (10-13), capillary tube bundles (14), double-
layered annulus reactor (15-18), and heat pipes (19,20). The methods used to sup-
plement operative thermal conductivity in a reactor are metal wire matrix (21), mul-
tilayer sheet structures (22), metal powder composite (23), metal foam (24, 25), and 
porous expanded graphite (26). Several studies devised the MH reactors with phase 
change materials (27-29). Demircan et al. (30) analyzed the effect of reactor geome-
try and operational parameters on heat transport, and subsequently, on hydrogen 
storage time in a LaNi5 bed via experimental and theoretical studies. The study em-
phasized on delineating the hydrating time and heat transfer area in the bed. Wang 
et al. (31) developed a 3D numerical model to understand the coupled mass and heat 
transport during hydrogen charging in a LaNi5 bed, and the results revealed that the 
flow of hydrogen provides extra cooling in the bed, in particular at the inlet during 
the early stages of the absorption process. However, Jemni et al. (32) on analyzing 
the heat transport by convection in an MH reactor, suggested that the convection 
effect can be neglected since the change in bed temperature was less than 1 percent. 
Burger et al. (33) developed a cylindrical reactor to test its hydrogen desorption 
performance with exit pressure above 1.7 bar, where both metal and complex hy-
drides were used and separated by a gas-permeable layer. The results showed that 
the use of metal hydride and complex hydride reduced the desorption time by a 
factor of 1.2 and a hydrogen desorption efficiency of 94%. Haneul et al. (34) devel-
oped a three-dimensional hydrogen desorption model to study desorption and the 
resultant mass and heat transfer in the reactor. The model was used to compare a 
simple cylindrical rector's desorption performance with a thin double-layered annu-
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lus reactor. The thin double-layered annulus reactor showed even distribution of 
temperature and hydrogen mass fraction and superior desorption performance. 
Nam et al. (35) performed a study to probe the influence of reactor design and hy-
drogen feed pressure on absorption kinetics. Three shapes of MH reactors, i.e., cy-
lindrical, square, and rectangular with a cooling water jacket, were used. The re-
sults revealed that the ratio of the exterior to the volume of the reactor dictated the 
absorption kinetics. Cho et al. (36) investigated the MH tank's dynamic response for 
varying operational conditions of a fuel cell by manipulating the reactor discharge 
valve. The study concluded that the circulation fluid temperature plays an im-
portant role in the discharge of hydrogen. 

Anurag et al. (5) studied the absorption and desorption characteristics of a cy-
lindrical MH reactor incorporated with an annular heat exchanger tube with circular 
copper fins by varying the supply pressure, coolant temperature, and velocity, and 
fin configurations. Mellouli et al. (25) analyzed the effects of various types of metal 
foam in the bed and its density and porosity on hydrogen storage. The results re-
vealed that hydrogen storage improved with increasing density and decreased po-
rosity of the metal foam. The presence of a concentric heat exchanger tube further 
improved the absorption kinetics. Visaria et al. (8,9) developed a helical coil with 
the objective of placing it in close proximity to metal powder in a 4 kg Ti1.1CrMn bed. 
The study emphasized that the metal powder's distance from the coiled tube and the 
coolant temperature played a significant role in the hydrating rate. In contrast, the 
effect of supply pressure was inferior. Askri et al. (37) studied the temperature dis-
tribution and storage of hydrogen in a bare reactor and a reactor with external fins 
with a concentric tube and fins attached to the concentric tube. The MH reactor, 
integrated with the concentric tube with fins showed the highest performance in 
hydrogen storage. Chippar et al. (38) studied the effect of using compartments in the 
MH bed, which facilitated fast heat removal and improved the sorption rate. The 
authors also studied an embossed plate heat exchanger embedded MH reactor for its 
hydrogen absorption rate and thermal performance (39). Wang et al. (10) investigat-
ed the influence of the helical coil's pitch and the convective heat transfer coeffi-
cient on the hydrating rate. The results revealed that faster charging times were 
achieved when the heat transfer coefficient was increased, and the charging was 
less sensitive to the coil's pitch when the metal foam was introduced in the bed. 
Dhaou et al. (1) experimentally demonstrated that fins in the spiral coil could signif-
icantly improve the charging time, and studied the influence of the geometry of fins 
and operating parameters on charging time. 

The present study was conducted to investigate the charging and discharging 
behavior of hydrogen in a cylindrical MH reactor integrated with a Helical Coil Heat 
Exchanger (HCHX). A study was carried out on the effects of operating pressure, 
HTF temperature, and HCHX geometry on temperature distribution, and absorption 
and desorption kinetics in the MH reactor. 
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2 Numerical Model 

The numerical model uses overall heat and mass balances with the following as-
sumptions: (1) ideal gas law; (2) homogeneous porous metal bed; (3) local thermal 
equilibrium hypothesis between the fluid and solid phases, and (4) the physical 
properties are independent of pressure, concentration, and temperature. 

Mass Balance 

 డఌఘ೒

డ௧
൅ 𝛻. ሺ𝜌௚𝑢ሻ ൌ െ𝑚

.
,  (1) 

The hydrogen density, 𝜌௚ is expressed as below: 

 𝜌௚ ൌ
௉೒ெ೒

ோ்
.  (2) 

For metal 

 ሺଵିఌሻడఘ౩

ப௧
ൌ 𝑚ሶ . (3) 

In Equations (1) and (3), 𝜀 and 𝑚ሶ . indicate the MH bed porosity and sorption rate of 
hydrogen per unit volume, respectively. The value of 𝑚ሶ  is calculated using the reac-
tion kinetics of LaNi5 as: 

For absorption: 𝑚ሶ ൌ 𝐶ୟ exp ቀെ
ாೌ

ோ்
ቁ ⋅ ln ൬

௉ౝ

௉౛౧
൰ ሺ𝜌ୱୟ୲

ୱ െ 𝜌ୱሻ (4) 

For desorption: 𝑚ሶ ൌ െ𝐶ୢ exp ቀെ
ா೏

ோ்
ቁ ⋅ ln ൬

௉ౝି௉౛౧

௉౛౧
൰ ൫𝜌௦ െ 𝜌௘௠௣

ୱ ൯ (5) 

Where, 𝑃௘௤ represent the equilibrium pressure in the MH bed and can be expressed 
in terms of temperature and hydrogen to metal mass fraction (𝐻/𝑀 ratio) as below 
(38,40): 

 𝑃௘௤ሺ𝑏𝑎𝑟ሻ ൌ 𝑓 ቀ
ு

ெ
ቁ 𝑒𝑥𝑝 ቆ

௱ு

ோ೒
൬

ଵ

்
െ

ଵ

்ೝ೐೑
൰ቇ. (6) 

Here, 𝑓 ቀ
ு

ெ
ቁ describes the equilibrium pressure at a given temperature as an 𝐻/𝑀 

ratio function and is estimated using a polynomial equation expressed in Eq. (7). 
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The coefficients of the polynomial expression are determined from the experimental 
P-C-T data by (40). 

For absorption: 𝑓 ቀ
ு

ெ
ቁ

௥௘௙
ൌ 𝑎௢ ൅ ∑ 𝑎௡ ቀ

ு

ெ
ቁ

௡
ଽ
௡ୀଵ . (7) 

 

𝑎଴ ൌ െ0.23691, 𝑎ଵ ൌ 16.963, 𝑎ଶ ൌ െ38.94368, 𝑎ଷ ൌ 46.25223,
 

𝑎ସ ൌ െ32.09352, 𝑎ହ ൌ 13.7198, 𝑎଺ ൌ െ3.65573, 𝑎଻ ൌ 0.59087,
 

𝑎଼ ൌ െ0.05297 and 𝑎ଽ ൌ 0.0020197

 

⎭
⎪
⎬

⎪
⎫

.   

For desorption: 𝑓 ቀ
ு

ெ
ቁ

௥௘௙
ൌ 𝑑௢ ൅ ∑ 𝑑௡ ቀ

ு

ெ
ቁ

௡
ଽ
௡ୀଵ . (8) 

 

𝑑଴ ൌ െ1.31878, 𝑑ଵ ൌ 18.41173, 𝑑ଶ ൌ െ41.04133, 𝑑ଷ ൌ 49.50453,
 

𝑑ସ ൌ െ35.54625, 𝑑ହ ൌ 15.7913, 𝑑଺ ൌ െ4.36325, 𝑑଻ ൌ 0.72797,
 

𝑑଼ ൌ െ0.06701 and 𝑑ଽ ൌ 0.0026098

 

⎭
⎪
⎬

⎪
⎫

.  

Momentum Balance  

 ଵ

ఌ

డఘ೒௨ሬሬ⃗

డ௧
൅

ଵ

ఌమ 𝛻. ሺ𝜌௚𝑢ሬ⃗ 𝑢ሬ⃗ ሻ ൌ െ𝛻𝑝 ൅ 𝛻. 𝜏 ൅ 𝑆௨ . (9) 

The source term in the above equation for the porous region is estimated by using 
Darcy’s Law 𝑆௨ ൌ

ିఓ

௞
 𝑢ሬ⃗ , while in the other regions, 𝑆௨ ൌ  0.  

Heat Balance 

The following energy equations are used in the porous and non-porous mediums. 

Non-porous medium 

 డ

డ௧
ሺ𝜌௚𝐸௚ሻ ൅ 𝛻. ൫𝑢ሬ⃗ ሺ𝜌௚𝐸௚ ൅ 𝑃ሻ൯ ൌ െ𝛻ሺ𝑘௚𝛻𝑇 ൅ 𝜏. 𝑢ሬ⃗ ሻ. (10) 

Porous medium 

 
డሺఌఘ೒ா೒ାሺଵିఌሻఘೞாೞሻ

డ௧
൅ 𝛻. ൫𝑢ሬ⃗ ሺ𝜌௚𝐸௚ ൅ 𝑃ሻ൯ ൌ െ𝛻൫𝑘௘௙௙𝛻𝑇 ൅ 𝜏. 𝑢ሬ⃗ ൯

                                           ൅𝑚
.

ൣ𝛥𝐻 ൅ 𝑇൫𝐶௣
௚ െ 𝐶௣

௦൯൧
 ൡ. (11) 
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Where 𝐸௚ and 𝐸௦ are the total energy in the fluid and solid phases, respectively. The 
energy source during the hydrogen absorption/desorption is denoted by the second 
term of the RHS of Eq. (11). The effective thermal conductivity in the MH bed is cal-
culated as the weighted porosity of the gas and metal powder.  

 𝑘௘௙௙ ൌ 𝜀𝑘௛ଶ ൅ ሺ1 െ 𝜀ሻ𝑘ெ. (12) 

The source terms of the conservation equations and properties of the MH bed were 
written as User Defined Functions (UDF) and compiled to a Computational Fluid 
Dynamics (CFD) commercial software package, ANSYS-FLUENT 17.2. The conver-
gence criteria for density, velocity, and temperature calculations were set at 10ି଺. 
The constant pressure was maintained at the inlet/outlet during hydrogen absorp-
tion and desorption. Table 1 lists the various physical properties and boundary con-
ditions used in the simulations.   

Tab. 1: Comparison boundary conditions and physical properties of LaNi5 bed. 

Description Absorption Ref. Desorption Ref. 

Inlet/Exit temperature, 𝑻, 𝑲 293.15    

Inlet/Exit pressure, 𝑃, bar 10  0.085  

Activation energy, 𝐸௔, 𝐽 𝑚𝑜𝑙ିଵ 𝐾ିଵ 21179.6 (36) 22500 (40) 

Heat of reaction, ∆𝐻, 𝐽 𝑘𝑔ିଵ 1.54ൈ 10଻ (36) 1.54ൈ 10଻ (36) 

Sorption rate coefficient, 𝐶௔/𝐶ௗ, 𝑠ିଵ 59.187 (36) 9.57 (40) 

Specific heat of hydrogen, 𝐶௉,ுమ
, 𝐽 𝑚𝑜𝑙ିଵ𝐾ିଵ 14,890 (36) 14,890 (36) 

Specific heat of metal, 𝐶௉,ெ, 𝐽 𝑚𝑜𝑙ିଵ𝐾ିଵ 419 (36) 419 (36) 

Thermal conductivity of hydrogen, 
𝐾ுమ

, 𝑊𝑚ିଵ𝐾ିଵ 0.167 (41) 0.167 (41) 

Thermal conductivity of metal, 𝐾ெ, 𝑊𝑚ିଵ𝐾ିଵ 1.5 (40) 1.5 (40) 

Metal bed porosity, 𝜖 0.5  0.5  

Hydrogen-free metal density, 𝜌଴
௦, 𝑘𝑔𝑚ିଷ 8175 (20)   
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3 Results and Discussion 

3.1 Validation of the numerical model 

The current MH model was validated against the experimental data given by Jemni 
et al. (40). A cylindrical MH reactor of 50 mm diameter, 80 mm height with 422 g of 
LaNi5 metal powder was used. The temperature at the exterior of the cylinder was 
maintained at 293K, and the convective heat transfer coefficient was specified as 
1652 𝑊 𝑚ିଶ𝐾ିଵ. The heat flux at the external wall of the cylinder was determined 
using the below equation: 

𝑘௪௔௟௟∇T௪௔௟௟ ൌ ℎሺ𝑇௪௔௟௟ െ 𝑇ஶሻ. (13) 

Fig. 1 compares the experimental and predicted temperature at three monitoring 
points in the bed during the hydrogen charging and discharging processes. As 
shown in the figure, the simulation data closely matches the experimental results 
during the hydrogen absorption process. During the initial stages of charging, the 
temperature rises sharply to 341K from the initial temperature of 293K due to the 
abundant availability of free metallic sites, low equilibrium pressure, and faster 
hydrogen absorption. A constant temperature region after the peak point indicates a 
balance between the equilibrium pressure and free metallic sites. Further, the tem-
perature gradually decreases with the retardation of absorption. For discharging, 
the bed's initial pressure is considered to be equal to the equilibrium pressure at the 
initial temperature and fully saturated state. Although the agreement at point A is 
reasonable, the predicted results closely agree at B and C with the experimental 
data. Moreover, the predicted results capture the key experimental trends during 
hydrogen desorption. Both the experimental and simulation results show a rapid 
decrease in bed temperature, indicating that heat consumption during desorption 
(endothermic reaction) is much more than the heat supplied at the walls. It should 
also be noted that desorption is driven by a strong pressure difference between the 
initial bed pressure and the vacuum pressure at the outlet (0.085 bar). After 160 s, 
the bed's temperature starts to increase, indicating that the heat supplied is in sur-
plus to the heat consumed.  
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Fig. 1: Experimental and simulation temperature at monitoring locations (A, B, and C) in a cylindrical 
MH bed: during hydrogen (a) charging and (b) discharging processes. 

3.2 Implementation of an MH model to an HCHX embedded MH 
reactor 

A cylindrical MH reactor of 80 mm diameter and 100 mm height was filled with La-
Ni5 to a height of 80 mm. The outer and inner diameters of the HCHX tube were 6 
mm and 4.8 mm, respectively. The diameter and height of the HCHX were 30 mm 
and 85 mm, respectively. The flow rate of the HTF in the HCHX was fixed at 
0.00046349 kg/s for all the simulations. The HTF flow rate was estimated based on 
the amount of heat generated in the MH bed and HTF temperature rise from the inlet 
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to outlet in the HCHX. The effects of the temperature of the HTF and supply/exit 
pressure on average bed temperature, temperature distribution, and absorp-
tion/desorption mass fraction were analyzed through several simulations. A mesh 
independence study was performed by checking the effects of mesh sizes on MH bed 
temperature to optimize the mesh attributes. Fig. 2 shows the computational domain 
and mesh configuration for the HCHX embedded MH reactor. The mesh sizes varied 
from coarse (200686 cells), medium (334072 cells), fine (455011 cells), and very fine 
(640670 cells). From Fig. 3, the bed temperature during hydrogen absorption with 
fine and very fine meshes closely matched and hence, geometry with fine mesh was 
considered for the simulations. 

 
 

 

Fig. 2: Geometry and mesh of HCHX embedded MH reactor. 

 

Fig. 3: Grid independence analysis for the MH reactor. 
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3.3 Hydrogen absorption 

First, the simulations were carried out with varying the number of turns, i.e., 3, 5, 
and 7 in the HCHX to investigate its effect on bed temperature and hydrogen absorp-
tion. The results are presented in Fig.4. The inlet temperature of the HTF and hydro-
gen supply pressure were maintained at 20௢𝐶 and 10 bar, respectively. As shown in 
the figure, an increase in the coil turns enhances the heat transfer and hence, faster 
hydrogen storage. Comparing the three simulations, the time taken for charging 
90% of saturation was 2550 s, 2000 s, and 1750 s with 3, 5, and 7 turns, respectively. 
However, the significance of the coil turns reduces when it is increased showing 
that heat transfer is limited by the low thermal conductivity of the metal hydride. 
The corresponding contours of temperature and 𝐻/𝑀 ratio at different intervals of 
time are presented in Fig. 5. During the initial stages of absorption, the bed tempera-
ture increases monotonically due to quick hydrogen absorption. As the absorption 
proceeds, the higher number of coils turns yields better heat transfer, uniformity in 
temperature distribution, and faster hydrogen absorption. 

 

Fig. 4: Evolution curves of bed temperature and hydrogen storage under different numbers of coil 
turns in the HCHX for the absorption process. 
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Fig. 5: Contours of local temperature in kelvin (A) and 𝐻/𝑀 ratio (B) under different numbers of coil 
turns in the HCHX for the hydrogen absorption process. 

Fig. 6 presents the bed temperature, and H2 storage evolution curves plotted for 
different HTF inlet temperatures with hydrogen supply pressure of 10 bar and seven 
turns in the HCHX. It is evident that the HTF inlet temperature plays an important 
role in heat removal from the bed. The average temperature in the bed at 2000 s and 
the time taken for 90% of bed saturation are 294K and 1375 s, 310K and 1750 s, and 
322K and 2375 s with HTF inlet temperatures 283.15 K, 293.15K and 303.15K, respec-
tively. The corresponding distribution contours at different time intervals are pre-
sented in Fig. 7.  

Figs. 8 and 9 present average bed temperature, hydrogen storage (wt%), and 
equilibrium pressure evolution in the bed for three different hydrogen supply pres-
sures with HTF inlet temperature at ͩͨ௢𝐶 and seven turns in the HCHX. It is known 
that the difference in the supply inlet pressure and equilibrium pressure in the bed 
determines the rate of hydrating, and the higher the difference, the faster is the 
hydrating. As shown in the figures, an increase in the supply pressure enables faster 
hydrogen absorption and, consequently, a sharp increase in the bed temperature. 
The increase in bed temperature exponentially increases the equilibrium pressure. 
Therefore, the temperature in the bed and the equilibrium pressure decreases grad-
ually as the absorption proceeds. Approximately around 1500 s, the temperature 
evolution trend for high supply pressure flips indicates faster retardation of hydrat-
ing in the bed. Concurrently, the equilibrium pressure increases slightly as it is a 
function of bed temperature and 𝐻/𝑀 ratio (see Eq. 6). Finally, when the bed is 
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entirely saturated and reaches HTF temperature, the equilibrium pressure settles 
around 4.4 bar. 

 

Fig. 6: Bed temperature and 𝐻ͪ storage under different HTF inlet temperatures for hydrogen absorp-
tion process. 

 

Fig. 7: Contours of temperature in kelvin (A) and 𝐻/𝑀 ratio (B) under different HTF inlet tempera-
tures for hydrogen absorption process. 
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Fig. 8: Evolution of bed temperature and hydrogen storage under different supply pressures for 
hydrogen absorption process. 

 

Fig. 9: Equilibrium pressure evolution curves under different supply pressures for hydrogen absorp-
tion process. 
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3.4 Hydrogen desorption 

Next, the MH model was used to study the effect of HTF temperature and exit pres-
sure on the hydrogen release rate. The effects of HTF temperature and exit pressure 
on average bed temperature, temperature distribution, and desorption rate were 
analyzed through several simulations. Fig. 10 shows the evolution of average bed 
temperature and hydrogen desorption in the MH reactor with different HTF temper-
atures. The reactor exit pressure was maintained at a vacuum 0.085 bar. The results 
showed that an increase in HTF temperature accelerated the desorption kinetics. 
This is because a significant increase in the reactor's equilibrium pressure and the 
difference between the developed equilibrium pressure and the exit pressure drives 
the reaction. At the initial stage of the desorption process, the heat consumption 
dominates the heat supplied by the HTF, and therefore, a sharp drop in temperature 
is observed, and a significant amount of hydrogen is released. Around 250 sec, the 
temperature of the reactor slowly starts to increase indicating effective heat supply 
by the HTF. The desorption retards at 3500 s, and the temperature in the reactor 
reaches that of the HTF. Fig. 11 shows the temperature distribution and 𝐻/𝑀 ratio at 
different cross-sections in the reactor at different time intervals. From the contours, 
it is clear that the increase in HTF temperature improves uniformity in the distribu-
tion of temperature and 𝐻/𝑀 ratio in the reactor. 

Fig. 12 presents the advancement of temperature and hydrogen release in the 
reactor with different exit pressures, while the HTF temperature is maintained at 
333K in the inlet. As predicted in the figure, the drop in bed temperature was large, 
with low vacuum pressure at the exit, indicating a large driving force for the desorp-
tion process. After a sharp drop, the temperature slowly increased, and around 1750 
s, the bed temperature with low exit pressure increased faster than the high exit 
pressure cases. This was due to the fast release of hydrogen during the initial stages 
and early retardation of the hydrogen desorption reaction. The time required for 
90% of hydrogen release from the reactor with 0.085 bar, 0.5 bar, and 1.01325 bar 
was 2000 s, 2300 s, and 2700 s, respectively. Fig. 13 shows the corresponding distri-
bution of H/M distribution and temperature in the reactor. Similar to Fig. 12, for low 
exit pressure case, a sharp drop in temperature and faster release of hydrogen is 
observed during the initial stages. As time proceeds, the temperature increases 
sharply, indicating retardation of the desorption kinetics. 
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Fig. 10: MH bed temperature in kelvin and 𝐻ͪ release evolution curves under different HTF tempera-
tures for hydrogen desorption process. 

 

Fig. 11: Contours of local temperature in kelvin (A) and 𝐻/𝑀 ratio (B) distribution under different HTF 
temperatures for hydrogen desorption process. 
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Fig. 12: Bed temperature in kelvin and 𝐻ͪ release evolution curves under different exit pressures for 
hydrogen desorption process. 

 

Fig. 13: Contours of temperature in kelvin (A) and 𝐻/𝑀 ratio (B) distribution under different exit 
pressures for hydrogen desorption process. 
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4 Concluding Remarks 

The present study involves developing a comprehensive 3D model for hydrogen 
absorption/desorption in a LaNi5 based reactor, and the validation of the model 
against the experimental results available in the literature. The predicted results are 
in close agreement with the experimental data. Further, the model is used to under-
stand the influence of geometry and operational parameters of the HCHX on thermal 
performance and hydrogen storage in the LaNi5 bed. The study reveals that the 
amount of hydrogen storage and heat transfer rate in the bed improves with the 
increase in the number of coils turns, but the extent of improvement diminishes 
with the increase in the number of coils turns. A significant improvement in heat 
transfer is observed by decreasing the HTF inlet temperature. Simulations by vary-
ing the hydrogen supply pressure show paramount changes in bed temperature 
during the initial stages of the hydrogen absorption process. Further, a detailed 
study was performed to understand the influence of HTF temperature and exit pres-
sure on temperature distribution and hydrogen desorption rate. The increase in HTF 
temperature significantly improved the desorption rate and improved uniformity in 
the temperature and 𝐻/𝑀 ratio distribution in the reactor. The decrease in the exit 
pressure (vacuum pressure) had a similar effect on an increase in HTF temperature, 
as both increased the equilibrium pressure and enhanced the driving force for hy-
drogen desorption. The findings of this study can help in enhancing the understand-
ing of hydrogen absorption/desorption processes in the MH bed and the influence of 
key parameters on hydrating/dehydriding kinetics. 
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Nomenclature 
 

Symbols Definition 

𝐶  
𝐶௣  
𝐸  
𝐻/𝑀  
∆𝐻  
𝑀  
𝑃  
𝑅  
𝑇  
𝑢ሬ⃗   
Greek symbols 
𝜖  
𝜌  
𝑘  
𝜇  
Superscripts 
𝑔  
𝑠  
𝑠𝑎𝑡  
Subscripts 
𝑎  
𝑑  
 𝑒𝑞 
𝐻ଶ  
𝑀  
𝑀𝐻  
𝑟𝑒𝑓  
0  
𝑒𝑓𝑓  
 

Sorption rate constant (𝑠ିଵ) 
Specific hear (𝐽 𝑘𝑔ିଵ𝐾ିଵ) 
Activation energy (𝐽𝑘𝑔ିଵ) 
Hydrogen to metal atomic ratio 
Reaction heat of formation (𝐽 𝑘𝑔ିଵ) 
Molecular weight (𝑘𝑔 𝑚𝑜𝑙ିଵ) 
Permeability (𝑚ଶ) 
Universal gas constant (8.314 𝐽 𝑚𝑜𝑙ିଵ𝐾ିଵ ) 
Temperature (𝐾) 
Velocity vector (𝑚𝑠ିଵ 𝐽 𝑚𝑜𝑙ିଵ𝐾ିଵ) 
 
Porosity 
Density (𝑘𝑔𝑚ିଷ) 
Thermal conductivity (𝑊𝑚ିଵ𝐾ିଵ) 
Dynamic viscosity (𝑘𝑔𝑚ିଵ𝑠ିଵ) 
 
Gas phase 
Solid phase 
Saturation value 
 
Absorption 
Desorption 
Equilibrium 
Hydrogen 
Metal 
Metal hydride 
Reference value 
Initial value 
Effective 
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B. Mahanthesh, T. V. Joseph, K. Thriveni
Dynamics of non-Newtonian nanoliquid with
quadratic thermal convection
On quadratic thermal radiation 

Abstract: In this chapter, the non-Newtonian  nanoliquid (Jeffrey nanoliquid) flow 
driven by flexible surface exposed to quadratic thermal radiation and quadratic 
Boussinesq approximation is examined. The Brownian movement and thermo-
phoretic characteristics are preserved. The influence of the inclined magnetic field, 
convective and second-order velocity slip boundary conditions are also accounted. 
The dimensionless distributions of velocity, temperature, nanoparticle concentra-
tion, and rate of heat transfer are simulated by solving the system of nonlinear dif-
ferential equations utilizing the finite difference method (FDM). Besides, a statistical 
analysis is also performed to enhances the understanding of heat transport behav-
ior. The surface and streamline plots are sketched to analyse various flow fields and 
heat transport. It is found that larger Deborah number, quadratic thermal radiation, 
temperature ratio, and nonlinear convection aspect due to concentration results in 
heat transport enhancement. The reduced multivariate model for the heat transport 
rate is obtained by eliminating the quadratic terms of thermophoretic and Brownian 
motion aspects. Further, the heat transport rate is found to be more sensitive to 
quadratic thermal radiation rather than the zig-zag motion of nanoparticles and 
thermophoretic characteristics. 

Keywords: Convective and slip boundary conditions; Jeffery nanofluid; Quadratic 
thermal radiation; Quadratic Boussinesq approximation; Sensitivity analysis. 

1 Introduction 

Recently, many researchers have been fascinated by the investigation of non-
Newtonian fluids due to its huge applications in the engineering and manufacturing 
process. The fluids which do not obeys Newton’s law (i.e., rate of stress is not direct-
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ly proportional to the rate of strain) are known as non-Newtonian fluids. In compar-
ison to Newtonian fluids, the constitutive equations of these fluids are very compli-
cated. Consequently, the non-Newtonian governing equations are highly non-linear. 
The non-Newtonian fluids were classified into three types namely i) rate type of 
fluid model, ii) differential type of fluid model and iii) integral type of fluid model. 
Here the impact of relaxation and retardation time was signified by the rate type of 
fluid model. Jeffrey fluid is an example of a rate type model. Which has a linear 
viscoelastic characteristic and various applications in the polymer field. Among the 
non-Newtonian fluid models, the Jeffrey fluid model is the simplest and has the 
derivative of time instead of the convective derivative. In the case of the Jeffrey 
model, the constitutive relation of non-Newtonian fluids is described as 

𝝉 ൌ െ𝑃𝑰 ൅
𝜇

ሺ1 ൅ 𝜆ଵሻ
൤𝑹𝟏 ൅ 𝜆ଶ ൬

𝜕𝑹𝟏

𝜕𝑡
൅ ∇ ∙ 𝑽൰ 𝑹𝟏൨ 

here, 𝑃, 𝜏 and 𝑅ଵ signifies the pressure, Cauchy stress tensor, and Rivlin-Ericken 
tensor ሺ𝑅ଵ ൌ ሾ𝛻𝑉 ൅ 𝛻𝑉௧ሿሻ respectively. The above model reduced to the Newtonian 
model when 𝜆ଵ and 𝜆ଶ are set to zero. There are two-time representations of the 
Jeffrey fluid model, specifically the retardation time and relaxation time. The idea of 
retardation was initially introduced by Jeffrey to examine the occurrence of wave 
propagation in the mantle of the earth and eventually in the explanation of the 
model of the Jeffrey temperature flux. Relaxation time defines the time used by the 
fluid to recover its primary equilibrium state from the deformed position. Of all 
these facts, Jeffrey’s fluid model has received a lot of attention from scientists. A 
two-dimensional magnetized Jeffery fluid past an elongated plate was examined by 
Ahmad et al. (1). It was showed that the Deborah number is favorable for the veloci-
ty field. The 3D flow of non-Newtonian fluid over a bidirectional expanding surface 
was examined by Hayat et al. (2). Their results proved that heat transport rate aug-
ments for an increase in relaxation parameter. The heat transport characteristics of 
Jeffery fluid flow over a flexible surface exposed to the magnetic field and heat 
source aspect were discussed by Hayat et al. (3). Their results proved that the fric-
tion at the surface increases for ascending values of Deborah number. The laminar 
convective flow of non-Newtonian fluid over an elongated surface was analyzed by 
Kumar (4) and found that the increase in Deborah number augments the tempera-
ture field. Raju et al. (5) studied the heat and mass transport mechanisms between 
two parallel plates filled with Jeffery fluid. Their results showed that the magnetic 
Reynold’s number declines the concentration profile.  

On the other hand, nanofluids have received considerable attention for its prac-
tical applications. A nanofluid is composed of a mixture of non-metallic or metallic 
nanoparticles and conventional heat transfer fluids. Water, lubricants, bio-fluids, 
ethylene, and oil are some examples of common base fluids. The suspension of 
nanoparticles enriches the thermal characteristics of base liquids, as a result, it has 
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a wide range of applications in the heat exchanger, vehicle cooling, biomedicine, 
and nuclear reactor. The heat transport with nanoliquid can be modeled via two 
approaches namely i) single-phase model and ii) two-phase model (Buongiorno 
model). For the first time, Choi (6) demonstrated that the utilization of nanoliquids 
in the heat transfer mechanism is more efficient compare to conventional liquid. 
Later, Buongiorno (7) proposed a mathematical model for nanomaterials by ac-
counting thermophoresis and Brownian motion effects. The significance of Jeffery 
nanofluid flow past a flexible plate subjected to the applied magnetic field was in-
spected by Nadeem et al. (8). Their findings proved that the heat transport rate re-
duces as the zig-zag motion of nanoparticles increases. Shahzad et al. (9) studied 
the MHD Jeffery nanoliquid flow and heat transport over an extending plate in the 
presence of Joule heating. Their results showed that an increase in Deborah's num-
ber advances the surface drag force. The heat and mass transport characteristics of 
MHD Jeffery nanoliquid past an extending curved surface were investigated by Saif 
et al. (10). Their results portrayed that the temperature profile enriches for the rise in 
thermophoretic aspect and hepatized motion of nanoparticles.    

In many practical applications like nuclear power plants, hot rolling, heat stor-
age systems, solar thermal systems, and electronic devices the temperature differ-
ence is quite large. In such cases, density of the fluid fluctuates nonlinearly with 
temperature/concentration. In fact, this fluctuation affects the flow and heat 
transport characteristics significantly. Therefore, it is recommended to use the 
quadratic density variation (quadratic Boussinesq approximation (QBA)) with tem-
perature to examine the impact of buoyancy force in the flow system. Goren (11) 
established the quadratic-density-temperature variation as ∆𝜌 ൌ െ𝜌𝛾ሺ𝑇 െ 𝑇௦ሻͪ in 
the buoyancy term. Later, the natural convection between two plates by employing 
the linear and quadratic variation in density with temperature was examined by 
Vajravelu and Sastri (12) and it is given by 

⇒ 𝜌ሺ𝑇ሻ ൌ 𝜌ሺ𝑇௪ሻ ൅ ቀ
డఘ

డ்
ቁ

௪
ሺ𝑇 െ 𝑇௪ሻ ൅

ଵ

ଶ!
ቀ

డమఘ

డ்మቁ
௪

ሺ𝑇 െ 𝑇௪ሻଶ,  

⇒
∆𝜌
𝜌

ൌ െሾ𝛽଴ሺ𝑇 െ 𝑇௪ሻ ൅ 𝛽ଵሺ𝑇 െ 𝑇௪ሻଶሿ. 

where 𝛽଴ ൌ ቀ
డ௣

డ்
ቁ

௪
 and 𝛽ଵ ൌ

ଵ

ଶ
ቀ

డమ௣

డ்మቁ
௪

. 

Afterward, the radiative heat transport of Jeffery nanoliquid over an extending plate 
exposed to quadratic convection was studied by Kumar et al. (13). Their findings 
revealed that the heat transport rate is higher for the quadratic convection aspects. 
The impact of nonlinear thermal radiation on the non-Newtonian nanofluid flow 
over a vertical plate subjected to convective boundary conditions was investigated 
by Waqas et al. (14). Their results showed that the nonlinear radiation augments the 
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temperature field. Aforesaid studies on QBA have been examined by employing the 
Rosseland approximation for thermal radiation either in linear or own form, which 
is inconsistent with the QBA. To overcome this inconsistency Thriveni and Mahan-
thesh (15) proposed a new way to study the thermal radiation aspect when QBA 
present in the model. Their results proved that the combination of quadratic radia-
tion and quadratic convection strengthens the friction factor. However, the studies 
related to the influence of the quadratic thermal convection and quadratic thermal 
radiation on the Jeffery nanofluid flow over a stretched surface are not available in 
the literature. 

The main objective of the current investigation is to scrutinize the combined 
impact of quadratic convection and quadratic radiation on the Jeffery nanofluid 
flow over a plate subjected to convective and second-order velocity slip boundary 
conditions. The flow is configured in a vertical plate with the mechanism of the 
strength of the inclined magnetic field ሺ𝐵ͨሻ through angle 𝛼. To the best of the au-
thor’s knowledge, such a study has not been analysed yet. The highly nonlinear 
governing equations are treated numerically and the results are analysed through 
3D surface plots and streamlines. Further, the heat transport rate is examined via 
response surface methodology and sensitivity analysis. 

2 Mathematical Formulation 

The non-transient, two-dimensional flow of Jeffrey nanoliquid on an elongated ver-
tical plate is considered. By fixing the origin, the x-axis is taken along the plate and 
y-axis perpendicular to it. The plate is maintained at the temperature 𝑇௪  and con-
centration 𝐶௪. Also, 𝑇ஶ and 𝐶ஶ signifies the ambient temperature and concentration 
respectively. The plate is elongated linearly in its plane with the velocity 𝑢௪ሺ𝑥ሻ ൌ 
𝑎𝑥, where the constant 𝑎 ൐ 0. The mechanisms of convective boundary condition, 
and second-order velocity slip are also taken into account. Due to the large tempera-
ture difference of the system, by following the work of Vajravelu and Sastri (12) the 
nonlinear (quadratic) Boussinesq approximation where density fluctuates quadrati-
cally with temperature is considered. Further to agree with this hypothesis a quad-
ratic Rosseland approximation is accounted (see (15)). The impact of viscous heat-
ing, induced magnetism, and Joule heating are ignored. The governing equations 
for an incompressible, laminar flow of Jeffrey nanoliquid exposed to aforesaid as-
sumptions are as follows (see Nadeem et al. (8), Waqas et al. (14) and Shahzadi et al.
(17)):
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Fig. 1: Physical arrangement of the problem. 

Conservation of Mass 
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൅

డ௩
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ൌ 0, (1)

Conservation of linear Momentum  
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൅ 𝑣
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డ௬య ቁቃ  

൅𝑔ሾ𝛽଴ሺ𝑇 െ 𝑇ஶሻ ൅ 𝛽ଵሺ𝑇 െ 𝑇ஶሻଶ ൅ 𝛽ଶሺ𝐶 െ 𝐶ஶሻ ൅ 𝛽ଷሺ𝐶 െ 𝐶ஶሻଶሿ   
  ቑ,  (2) 

Conservation of Energy 

𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ൌ 𝛼

డమ்

డ௬మ ൅ 𝜏 ൤𝐷஻
డ஼

డ௬

డ்

డ௬
൅

஽೅

ಮ்
ቀ

డ்

డ௬
ቁ

ଶ
൨ െ

ଵ

ఘ஼೛

డ௤ೝ

డ௬
, (3)

Now, by following the Rosseland approximation for an optically dense media, the 𝑞௥  
is given by: 

𝑞௥ ൌ െ
ସ

ଷ௞∗ ∇ሺ𝜎∗𝑇ସሻ. (4)

where 𝑘∗ – coefficient of mean absorption and 𝜎∗ -Stefan–Boltzmann constant. 
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As in Thriveni and Mahanthesh (15), expanding 𝑇ସ about 𝑇௪ by using Taylor series 
and retaining up-to quadratic term yields: 

𝑇ସ ൎ 3𝑇௪
ସ െ 8𝑇𝑇௪

ଷ ൅ 6𝑇ଶ𝑇௪
ଶ. (5)

Substituting Eqs. (4) and (5) in Eq. (3) one can have 

𝑢
డ்

డ௫
൅ 𝑣

డ்

డ௬
ൌ 𝛼

డమ்

డ௬మ ൅ 𝜏 ൤𝐷஻
డ஼

డ௬

డ்

డ௬
൅

஽೅

ಮ்
ቀ

డ்

డ௬
ቁ

ଶ
൨

൅
ଵ଺ఙ∗

ಮ்
మ

ଷ௞∗൫ఘ஼೛൯
൤ሺ3𝑇 െ 2𝑇ஶሻ డమ்

డ௬మ ൅ 3 ቀ
డ்

డ௬
ቁ

ଶ
൨ ⎭

⎬

⎫
, (6)

Concentration equation 

𝑢
డ஼

డ௫
൅ 𝑣

డ஼

డ௬
ൌ 𝐷஻

డ஼మ

డ௬మ ൅
஽೅

ಮ்

డమ்

డ௬మ, (7)

Subjected to the boundary conditions (see Jagan et al. (18) and Ibrahim (19)) 

at 𝑦 ൌ 0:  𝑢 ൌ 𝑢௪ ൅ 𝑢௦௟௜௣ ൌ 𝑎ଵ𝑥 ൅ 𝐴
డ௨

డ௬
൅ 𝐵

డమ௨

డ௬మ , 𝑣 ൌ െ𝑣௪,

𝐶 ൌ 𝐶௪, െ𝑘
డ்

డ௬
ൌ ℎଵሺ𝑇௪ െ 𝑇ሻ,      

as 𝑦 → ∞:  𝑢 ൌ 0, 𝑣 ൌ 0, 𝐶 ൌ 𝐶ஶ, 𝑇 ൌ 𝑇ஶ.           ⎭
⎪
⎬

⎪
⎫

 (8)

where ሺ𝑢, 𝑣ሻ are the velocity components along with the ሺ𝑥, 𝑦ሻ directions respective-
ly, 𝜈- kinematic viscosity, 𝜆- the ratio of relaxation to retardation time, 𝑔- accelera-
tion due to gravity, 𝛽଴ & 𝛽ଵ- coefficients of thermal expansion, 𝐶- nanoparticles 
fraction, 𝑇- temperature, 𝜆ଵ-retardation time, 𝛼- thermal diffusivity, 𝜌 െ density, 𝐷஻- 
Brownian diffusion coefficient, 𝐶௣- specific heat at constant pressure, 𝐷்- thermo-
phoretic diffusion coefficient, 𝑞௥- radiative heat flux, 𝐴 & 𝐵- first and second-order 
velocity slip factor and ℎଵ- convective heat transfer coefficient. 

The local Nusselt number and Sherwood number at the plate are defined as (see 
(8)): 

𝑁𝑢 ൌ
௫௤ೢ

ఈሺ்ೢ ି ಮ்ሻ
,

𝑆ℎ ൌ
௫௤೘

஽ಳሺ஼ೢି஼ಮሻ
,
 ቑ  (9) 

here, 𝑞௪ ൌ െ𝑘 ቀ
డ்

డ௬
ቁ ൅ ሺ𝑞௥ሻሺ௬ୀ଴ሻ is the total heat flux at the plate and 𝑞௠ signifies the 

mass flux. 
The similarity solutions of Eqs. (1)-(9) can be obtained by utilizing following 

suitable transformation (see (8)): 
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𝜂 ൌ 𝑦ට
௨ೢ

ఔ௫
,

𝜓 ൌ √𝑎ଵ𝜈𝑥𝑓ሺ𝜂ሻ,

𝜃ሺ𝜂ሻ ൌ
ሺ்ି ಮ்ሻ

்ೢ ି ಮ்
,

𝜙ሺ𝜂ሻ ൌ
ሺ஼ି஼ಮሻ

஼ೢି஼ಮ
. ⎭

⎪⎪
⎬

⎪⎪
⎫

(10)

The where 𝜂 corresponds to the similarity variable. 𝜓 is the stream function and 
𝑣 ൌ െ

డట

డ௫
, 𝑢 ൌ

డట

డ௬
 . 

Plugging Eq. (10) in Eqs. (1), (2) & (6)-(9), Eq. (1) satisfies itself, and Eqs. (2), & 
(6)–(9) reduced to: 

𝑓ᇱᇱᇱ ൅ 𝐷𝑒൫𝑓ᇱᇱଶ െ 𝑓𝑓௜௩൯ ൅ ሺ1 ൅ 𝜆ሻ൫𝑓𝑓ᇱᇱ െ 𝑓ᇱଶ൯  

൅ሺ1 ൅ 𝜆ሻ𝑀𝑐ሼ𝜃 ൅ 𝑄𝑐ଵ𝜃ଶ ൅ 𝑁ሺ𝜙 ൅ 𝑄𝑐ଶ𝜙ଶሻሽ ൌ 0,
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at 𝜂 ൌ 0: 𝑓ᇱ ൌ 1 ൅ 𝜖ଵ𝑓ᇱᇱ ൅ 𝜖𝑓ᇱᇱᇱ, 𝑓 ൌ 𝑆, 𝜃ᇱ ൌ െ𝐵𝑖ሺ1 െ 𝜃ሻ, 𝜙 ൌ 1,

as 𝜂 → ∞:  𝑓ᇱ → 0, 𝑓ᇱᇱ → 0, 𝜃 → 0, 𝜙 → 0.             
 ൡ. (15) 
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ቑ, (16)

Where 𝐷𝑒 ൌ 𝜆ଵ𝑎 (Deborah number), 𝑀𝑐 ൌ
ீ௥

ோ௘ೣ
మ (mixed convection parameter), 
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and 𝑆 ൌ
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  (suction/injection parameter). 
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3 Results and Discussion 

The highly nonlinear differential Eqs. (11)–(13) exposed to the boundary conditions 
(14) are solved numerically by utilizing the Finite Difference Method (FDM) based on 
the bvp4c algorithm. The employed algorithm has been validated by comparing the 
computational values of local Nusselt number (𝑅𝑒௫

ି଴.ହ𝑁𝑢௫) with Khan and Pop (16) 
and Nadeem et al. (8) for different values of 𝑁𝑡. The comparison shows an excellent 
association and hence it confirms the validity of the present numeric solutions (see 
Table 1).

Tab. 1: Values of 𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ as compared with published data when 𝜆 ൌ 𝐷𝑒  ൌ 𝑀𝑐  ൌ 𝑁  ൌ 𝑅் ൌ 𝑆  ൌ  

𝜖ଵ ൌ 𝜖ଶ ൌ 0  for different values of 𝑁𝑡.  

𝑵𝒕

𝑹𝒆𝒙
ି𝟎.𝟓𝑵𝒖𝒙 

Khan and Pop (16) Nadeem et al. (8) 

(fourth order Runge-
Kutta-Fehlberg method) 

Khan and Pop (16) 
(finite difference 

method-bvp4c) 

0.1 0.9524 0.95247 0.95233

0.3 0.5201 0.52013 0.52009

0.5 0.3110 0.32110 0.32109

The influence of key parameters such as Deborah number 𝐷𝑒, the ratio of relaxation 
to retardation time 𝜆, nonlinear convection parameter due to concentration 𝑄𝑐ଶ, 
mixed convection parameter 𝑀𝑐, nonlinear convection parameter due to tempera-
ture 𝑄𝑐ଵ, buoyancy force ratio 𝑁, Biot number 𝐵𝑖, suction/injection parameter 𝑆, 
first-order velocity slip 𝜖ଵ, thermophoretic aspect 𝑁𝑡, quadratic thermal radiation 
𝑅், Prandtl number 𝑃𝑟, Brownian motion aspect 𝑁𝑏 and Lewis number 𝐿𝑒 on di-
mensionless profiles like velocity 𝑓ᇱሺ𝜂ሻ, temperature 𝜃ሺ𝜂ሻ, nanoparticles fraction 
𝜙ሺ𝜂ሻ, local Nusselt number 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ and local Sherwood number 𝑅𝑒௫
ି଴.ହ𝑆ℎ௫ is 

analyzed via graphical representations. Further, a statistical analysis like RSM and 
sensitivity analysis is performed to enhance the understanding of heat transport 
behavior. For numerical computation, the default values for the key parameters 
(𝐷𝑒 ൌ 0.4, 𝜆 ൌ 0.5, 𝑀𝑐 ൌ 0.5, 𝑄𝑐_1 ൌ 𝑄𝑐_2 ൌ 0.3, 𝑁 ൌ 0.4, 𝑅_𝑇 ൌ 0.3, 𝜃_𝑤 ൌ 1.2, 𝑁𝑡 ൌ
𝑁𝑏 ൌ 0.3, 𝐿𝑒 ൌ 0.5, 𝑃𝑟 ൌ 1.5, 𝜖_1 ൌ 𝜖_2 ൌ 0.1, 𝐵𝑖 ൌ 0.5 and 𝑆 ൌ 0.5) has been care-
fully selected from standard sources, namely Kumar et al. (4) and Waqas and his 
collaborators (14). 
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3.1 Parametric analysis 

Fig. 2 (a, b, c) is plotted to demonstrate the behavior of 𝑓ᇱሺ𝜂ሻ, 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ for 
change in the value of 𝐷𝑒 when 𝜆 ൌ 0.1 and 𝜆 ൌ 0.5. The 𝑓ᇱ ሺ𝜂ሻ enhances with an 
increase in 𝐷𝑒. Physically this is due to an improvement in the retardation time, 
causing the reduction in viscous force. Further the magnitude of 𝑓ᇱሺ𝜂ሻ decreases for 
larger values of 𝜆 due to greater relaxation time. Besides the opposite trend is no-
ticed in 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ for various values of 𝐷𝑒 and 𝜆. The impact of 𝑀𝑐 and 𝑄𝑐ଶ on 
𝑓ᇱሺ𝜂ሻ, 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ is illustrated in Fig. 3 (a, b, c). Here, 𝑓ᇱሺ𝜂ሻ and 𝜃ሺ𝜂ሻ & 𝜙ሺ𝜂ሻ 
shows an increasing and decreasing nature for an ascending value of 𝑀𝑐 respective-
ly. This is because of the domination of the buoyancy force. 𝑓ᇱሺ𝜂ሻ advances for 
higher values of 𝑄𝑐ଶ. On the other hand, an increase in 𝑄𝑐ଶ, both 𝜃ሺ𝜂ሻ & 𝜙ሺ𝜂ሻ de-
creases. The effect of 𝑁 and 𝑄𝑐ଵ on 𝑓ᇱሺ𝜂ሻ is visualized in Fig. 4a. An increase in 𝑁 
and 𝑄𝑐ଵ, augments the 𝑓ᇱሺ𝜂ሻ and its associated boundary layer thickness. The mag-
nitude of 𝜃ሺ𝜂ሻ & 𝜙ሺ𝜂ሻ reduces for greater values of 𝑁, as shown in Fig. 4b. The fluc-
tuation in 𝑓ᇱሺ𝜂ሻ, 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ for different values of 𝐵𝑖 and 𝑆 is portrayed in Fig. 5 
(a, b). Here, 𝐵𝑖 has a favorable impact on 𝑓ᇱሺ𝜂ሻ, 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ. The convective con-
ditions are utilized as a key factor to control the improvement in the allied boundary 
layers. The coefficient of heat transport ℎଵ enhances with the rise in 𝐵𝑖 as a result, 
heat energy is restored in liquid. On the other hand, an increase in suction aspect 
declines the allied boundary layer thickness as displayed in Fig. 5b. Because the 
suction aspect stabilizes the boundary layer growth. The 𝑓ᇱሺ𝜂ሻ decreases for the rise 
in 𝜖ଵ when 𝑆 ൌ 0.5 and 𝑆 ൌ 0.6 as illustrated in Fig. 6. The influence of 𝑅்  and 𝑁𝑡 on 
the temperature field is depicted in Fig. 7. The 𝜃ሺ𝜂ሻ advances significantly for a 
higher value of 𝑅்  and 𝑁𝑡. The radiation mechanism generates additional heat into 
the liquid system, due to which temperature field boosts. Fig. 8 shows the signifi-
cance of 𝑁𝑏 and 𝑃𝑟 on 𝜃ሺ𝜂ሻ. The magnitude of temperature profile advances and 
reduces respectively for change in the value of 𝑁𝑏 and 𝑃𝑟. Physically, the zig-zag 
motion of nanoparticles increased by rising the value of 𝑁𝑏. On the other hand, a 
reduction in the thermal diffusivity is noticed for greater values of the Prandtl num-
ber. The impact of 𝑁𝑏 and 𝐿𝑒 on 𝜙ሺ𝜂ሻ is sketched in Fig. 9. Here the 𝜙ሺ𝜂ሻ is dwin-
dling function of 𝑁𝑏 and 𝐿𝑒. This is because an increase in Le acts as an obstacle for 
the haphazard motion of nanoparticles. The effect of 𝑁𝑡 and 𝑃𝑟 on 𝜙ሺ𝜂ሻ is visual-
ized in Fig. 10. The thermophoretic aspect and Prandtl number are favorable for 
concentration profile.  

The 3D surface plots of the Nusselt number and Sherwood number for different 
values of key parameters involved in the study are presented in Figs. 11 and 12. From 
Fig. 11 it is inferred that the heat transport rate augments by increasing the values of 
𝐷𝑒, 𝑄𝑐ͪ, 𝑅்  and 𝜃௪. While it reduces for different values of 𝜆, 𝑁𝑏, 𝑁𝑡 and 𝑄𝑐ͩ. The 
mass transport rate reduces with an ascending value of 𝑁𝑡 and 𝜆 as displayed in Fig. 
12. The 𝑅𝑒௫

ିͨ.ͭ𝑆ℎ௫ is an enhances function of 𝐷𝑒, 𝑁𝑏, 𝑄𝑐ͩ, 𝑄𝑐ͪ, 𝑃𝑟, and 𝐿𝑒. Besides, the
streamlines are disclosed in Fig. 13 for numerous values of 𝐷𝑒 when 𝜆 ൌ ͨ.ͭ, 𝑀𝑐 ൌ
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ͨ.ͭ, 𝑄𝑐_ͩ ൌ 𝑄𝑐_ͪ ൌ ͨ.ͫ, 𝑁 ൌ ͨ.ͬ, 𝑅_𝑇 ൌ ͨ.ͫ, 𝜃_𝑤 ൌ ͩ.ͪ, 𝑁𝑡 ൌ 𝑁𝑏 ൌ ͨ.ͫ, 𝐿𝑒 ൌ ͨ.ͭ, 𝑃𝑟 ൌ
ͩ.ͭ, 𝜖_ͩ ൌ 𝜖_ͪ ൌ ͨ.ͩ, 𝐵𝑖 ൌ ͨ.ͭ and 𝑆 ൌ ͨ.ͭ. 

 

(a) 

 

(b) 
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(c) 

Fig. 2: Significance of 𝐷𝑒 and 𝜆 on (a) 𝑓ᇱሺ𝜂ሻ (b) 𝜃ሺ𝜂ሻ and (c) 𝜙ሺ𝜂ሻ.  

 

(a) 
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(b) 

 

(c) 

Fig. 3: Significance of 𝑄𝑐ͪ and 𝑀𝑐 on (a) 𝑓ᇱሺ𝜂ሻ (b) 𝜃ሺ𝜂ሻ and (c) 𝜙ሺ𝜂ሻ. 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



 Dynamics of non-Newtonian nanoliquid with quadratic thermal convection | 235 

  

 

(a) 

 

(b) 

Fig. 4: Significance of 𝑁 on (a) 𝑓ᇱሺ𝜂ሻ (b) 𝜃ሺ𝜂ሻ and (c) 𝜙ሺ𝜂ሻ. 
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(a) 

 

(b) 

Fig. 5: The nature of 𝑓ᇱሺ𝜂ሻ, 𝜃ሺ𝜂ሻ and 𝜙ሺ𝜂ሻ for various values of (a) 𝐵𝑖 and (b) 𝑆. 
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Fig. 6: Significance of 𝜖ͩ and 𝑆 on 𝑓ᇱሺ𝜂ሻ. 

 

Fig. 7: Significance of 𝑅் and 𝑁𝑡 on 𝜃ሺ𝜂ሻ. 
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Fig. 8: Significance of 𝑁𝑏 and 𝑃𝑟 on 𝜃ሺ𝜂ሻ. 

 

Fig. 9: Significance of 𝐿𝑒 and 𝑁𝑏 on 𝜙ሺ𝜂ሻ. 
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Fig. 10: Significance of 𝑁𝑡 and 𝑃𝑟 on 𝜙ሺ𝜂ሻ. 

 

Fig. 11: Significance of (a) 𝐷𝑒 & 𝜆,(b) 𝑁𝑡 & 𝑁𝑏,(c) 𝑄𝑐ͩ & 𝑄𝑐ͪ and (d) 𝑅் & 𝜃௪ on 𝑅𝑒௫
ିͨ.ͭ𝑁𝑢௫. 
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Fig. 12: Significance of (a) 𝐷𝑒 & 𝜆,(b) 𝑁𝑡 & 𝑁𝑏,(c) 𝑄𝑐ͩ & 𝑄𝑐ͪ and (d) 𝑃𝑟 & 𝐿𝑒 on 𝑅𝑒௫
ିͨ.ͭ𝑆ℎ௫. 

Fig. 13: Streamlines for various values of 𝐷𝑒. 

3.2 Response Surface Methodology (RSM) 

The correlation between the response variable and the key parameters is well ex-
plained by a hybrid mathematical-statistical technique known as RSM. The RSM is 
one of the powerful tools, which is used to optimize the response. In the current 
study the impact of three effective parameters 𝑁𝑡, 𝑁𝑏 and 𝑅்  on the chosen response 
variable 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ is analyzed through the satistical RSM model. The range of three 
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key parameters at three levels (low (-1), middle (0), high (+1)) is considered as 
shown in Table 2.  

Tab. 2: Range and levels of three key parameters. 

Parameter Symbol Level 

-1 (Low) 0 (Middle) 1 (High)

 0.2 ൑ 𝑁𝑡 ൑ 0.6  𝐾ଵ 0.2 0.4 0.6
 0.2 ൑ 𝑁𝑏 ൑ 0.6  𝐾ଶ 0.2 0.4 0.6
 0.3 ൑ 𝑅் ൑ 0.7  𝐾ଷ 0.3 0.5 0.7

 
Further the statistical model having 20 runs for chosen three key parameters is tak-
en into account and is tabulated in Table 3. On utilizing face-centered central com-
posite design (CCF) the multivariate model for the current study is as follows: 

 
𝑁𝑢௥ ൌ 𝑡଴ ൅ 𝑡ଵ𝑁𝑡 ൅ 𝑡ଶ𝑁𝑏 ൅ 𝑡ଷ𝑅் ൅ 𝑡ଵଵ𝑁𝑡ଶ ൅ 𝑡ଶଶ𝑁𝑏ଶ

 
   ൅𝑡ଷଷ𝑅்

ଶ ൅ 𝑡ଵଶ𝑁𝑡 𝑁𝑏 ൅ 𝑡ଵଷ𝑁𝑡 𝑅் ൅ 𝑡ଶଷ𝑁𝑏𝑅்

 ൡ. (17) 

where 𝑡଴ is the intercept, 𝑡௜, 𝑡௜௜  and 𝑡௜௝ are respectively linear, quadratic, and interac-
tion regression coefficients.  

Tab. 3: Experimental design by using CCD. 

Runs Coded values Real Values Responses 

 K1 K2 K3 Nt 𝑁𝑏 𝑅்  𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ 

1 -1 -1 -1 0.2 0.2 0.3 0.473264 

2 1 -1 -1 0.6 0.2 0.3 0.468945 

3 -1 1 -1 0.2 0.6 0.3 0.441119 

4 1 1 -1 0.6 0.6 0.3 0.434120 

5 -1 -1 1 0.2 0.2 0.7 0.619912 

6 1 -1 1 0.6 0.2 0.7 0.615029 

7 -1 1 1 0.2 0.6 0.7 0.581801 

8 1 1 1 0.6 0.6 0.7 0.573258 

9 -1 0 0 0.2 0.4 0.5 0.531208 

10 1 0 0 0.6 0.4 0.5 0.524549 

11 0 -1 0 0.4 0.2 0.5 0.546432 
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Runs Coded values Real Values Responses 

12 0 1 0 0.4 0.6 0.5 0.509557 

13 0 0 -1 0.4 0.4 0.3 0.454537 

14 0 0 1 0.4 0.4 0.7 0.597280 

15 0 0 0 0.4 0.4 0.5 0.527939 

16 0 0 0 0.4 0.4 0.5 0.527939 

17 0 0 0 0.4 0.4 0.5 0.527939 

18 0 0 0 0.4 0.4 0.5 0.527939 

19 0 0 0 0.4 0.4 0.5 0.527939 

20 0 0 0 0.4 0.4 0.5 0.527939 

Tab. 4: ANOVA table for 𝑅𝑒௫
ି଴.ହ𝑁𝑢௫. 

Source Degrees 
of 

Freedom 

Adjusted 
sum 

of squares 

Adjusted 
mean 

Square 

F-value P-value Coefficients

   Model 9 0.0546
85 

0.0060
76 

214
898.40 

0 (Constant) 
0.527936

Linear 3 0.0546
39 

0.0182
13 

64
4145.05 

0 

𝑵𝒕  1 0.0000
99 

0.0000
99 

34
87.51 

0 -0.003140

 𝑵𝒃 

1 0.0033
76 

0.0033
76 

119
386.05 

0 -0.018373

 𝑹𝑻 

1 0.05116
4 

0.05116
4 

180
9561.59 

0 0.071529

Square 3 0.0000
20 

0.0000
07 

238
.70 

0 

𝑵𝒕𝟐  1 0.0000
00 

0.0000
00 

0.2
5 

0.63
0 

-0.000050

 𝑵𝒃𝟐 1 0.0000
00 

0.0000
00 

0.4
1 

0.536 0.000065

𝑹𝑻
𝟐  1 0.0000

11 
0.0000

11 
397
.00 

05 -0.002020

Interaction 3 0.0000
26 

0.0000
09 

311
.45 

0 
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Source Degrees 
of 

Freedom 

Adjusted 
sum 

of squares 

Adjusted 
mean 

Square 

F-value P-value Coefficients

𝑵𝒕 ൈ 𝑵𝒃  1 0.0000
05 

0.0000
05 

177
.67 

0 -0.000792

𝑵𝒕 ൈ 𝑹𝑻  1 0.0000
01 

0.0000
01 

19.
67 

0 -0.000264

𝑵𝒃 ൈ 𝑹𝑻  1 0.0000
21 

0.0000
21 

737
.02 

0 -0.001614

Error 10 0.0000
00 

0.0000
00 

    

Lack-of-Fit 5 0.0000
00 

0.0000
00 

  

Pure Error 5 0.0000
00 

0.0000
00 

    

Total 19 0.054686    
R2 = 100.00%                         Adjusted R2=100.00% 

 
From Table 4 it is inferred that the greater value of 𝑅ଶ ሺ100%ሻ for 𝑅𝑒௫

ି଴.ହ 𝑁𝑢௫, ex-
posed by the statistical analysis and test methods indicate that the obtained model 
is appropriate for calculating the values of 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ . The terms in the model are 
said to be insignificant and are ignored from the model if their p-value > 0.05 and F-
value < 1. Accordingly, the quadratic terms of 𝑁𝑡 and 𝑁𝑏 are ignored in Table 4. The 
reduced model for 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ by eliminating the insignificant terms in Table 4 is still 
significant and it is given by: 

 

𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ ൌ െ0.003140𝑁𝑡 െ 0.018373𝑁𝑏 ൅ 0.071529𝑅்

 
                  െ0.002020𝑅்

ଶ െ 0.000792𝑁𝑡𝑁𝑏 െ 0.000264𝑁𝑡𝑅்
 

െ0.001614𝑁𝑏𝑅் ൅ 0.527936.   

 

⎭
⎪
⎬

⎪
⎫

. (18) 

The residual plots obtained while designing the ANOVA is displayed in Fig. 14. Here 
the date is normal due to the appearance of all residues close to the straight line and 
the residual histogram follows the symmetrical distribution. From all these facts one 
can conclude that the modeled design is valid with a good fit. 

 EBSCOhost - printed on 2/14/2023 7:01 AM via . All use subject to https://www.ebsco.com/terms-of-use



244 | B. Mahanthesh, T. V. Joseph, K. Thriveni 

Fig. 14: Residual plots for 𝑅𝑒௫
ିͨ.ͭ𝑁𝑢௫. 

3.3 Sensitivity Analysis 

The partial derivatives of 𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ with respect to 𝑁𝑡, 𝑁𝑏 and 𝑅்  are referred to as 

the sensitivity of 𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ to those key parameters. Mathematically, the partial 

derivatives of Eq. (17) with respect to 𝑁𝑡, 𝑁𝑏 and 𝑅்  are calculated as follows: 

డ൫ோ௘ೣ
షబ.ఱே௨ೣ൯

డே௧
ൌ െ0.003140 െ 0.000792𝑁𝑏 െ 0.000264𝑅், (19)

డ൫ோ௘ೣ
షబ.ఱே௨ೣ൯

డே௕
ൌ െ0.018373 െ 0.000792𝑁𝑡 െ 0.001614𝑅், (20)

డ൫ோ௘ೣ
షబ.ఱே௨ೣ൯

డோ೅
ൌ 0.071529 െ 0.004040𝑅் െ 0.000264𝑁𝑡 െ 0.001614𝑁𝑏. (21) 

Here the positive and negative bar chart of sensitivity shows that the value of 
𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ advances and decays respectively as the value of 𝑁𝑡, 𝑁𝑏 and 𝑅்  increas-
es. The numerical values are obtained for 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ with 𝑁𝑡 at level 0, 𝑁𝑏 & 𝑅் with 
levels of െ1, 0, ൅1 and are sketched in Fig. 15. The sensitivity of 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ to 𝑅்  is 
always positive whereas it is negative for 𝑁𝑡 and 𝑁𝑏. The sensitivity of 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ to 
𝑁𝑡 enhances for change in values of 𝑅்  and 𝑁𝑏. As the value of 𝑅்  increases from -1 
to +1 the sensitivity of 𝑅𝑒௫

ି଴.ହ𝑁𝑢௫ towards 𝑁𝑏 augments. The sensitivity of 𝑅𝑒௫
ି଴.ହ𝑁𝑢௫ 

towards 𝑅்  decays for an ascending value of 𝑁𝑏 and 𝑅். Finally, the heat transport 
rate is found to be more sensitive to 𝑅்  rather than 𝑁𝑡 and 𝑁𝑏.  
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Fig. 15: Sensitivity analysis for 𝑅𝑒௫
ିͨ.ͭ𝑁𝑢௫. 

4 Conclusion 

The combined effect of quadratic thermal radiation and quadratic thermal convec-
tion on the Jeffrey nanoliquid flow over a flexible surface is investigated. In this 
study, the convective and second-order velocity slip boundary conditions were also 
considered. The highly nonlinear equations are solved numerically and validated 
with previously published data. The current research analysis reveals that: 
– The velocity field enhances when Deborah number, nonlinear convection as-

pects, mixed convection, buoyancy ratio, and Biot number are augmented.
– An increment in the ratio of relaxation to retardation time, suction/injection,

and first-order velocity slip aspects yield a lower velocity field.
– The ratio of relaxation to retardation time and Biot number corresponds to tem-

perature and concentration profiles enhances while Deborah number, nonlinear
convection aspects, mixed convection, buoyancy ratio, suction/injection, and
Prandtl number reduces the temperature and concentration fields.

– Larger Deborah number, quadratic thermal radiation, temperature ratio, and
nonlinear convection aspect due to concentration results heat transport en-
hancement.
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– The local Nusselt number profile decreases when the ratio of relaxation to retar-
dation time, thermophoretic aspect, nonlinear convection aspect due to tem-
perature and hepatized motion of nanoparticles are augmented. 

– An increasing ratio of relaxation to retardation time and thermophoretic aspect 
decreases the mass transport rate however it improves when Deborah number, 
nonlinear convection aspects, Prandtl number, Lewis number, and random mo-
tion of nanoparticles are increased.  

– The reduced multivariate model for the heat transport rate is obtained by elimi-
nating the quadratic terms of thermophoretic and Brownian motion aspects.  

– The heat transport rate is found to be more sensitive to quadratic thermal radia-
tion rather than the zig-zag motion of nanoparticles and the thermophoretic as-
pect.  

– The sensitivity of the local Nusselt number to the quadratic thermal radiation 
remains positive.  
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