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FOREWORD

The history of understanding of the phenomenon of synchronization
begins in 1665, with the famous experiment of H. Huygens with a
clock hanging on one beam. Observing the course of a wall clock
located on a beam, Huygens noticed an extraordinary coherence of
the rhythms of their movement, whereas without a common beam,
the coherence of the clock's course disappeared. He made the cor-
rect conclusion that the reason for this was the beam, which played
the role of a coupling, leading to the interaction of objects and, as a
conseguence, to the coherence of their movements. Unfortunately,
it is not known whether the genius scientist and inventor (among his
inventions, there is a pendulum clock with a trigger, invented in
1657) realized the global nature of the phenomenon that he ob-

served and its determining role in animate and inanimate nature.

The next benchmark case in the history of synchronisation is the
capture of organ tube vibrations by vibrations of the tuning fork
(forced synchronisation), which was observed by D. Raleigh
(1878), who later constructed the Theory of Sound (1878).

The systematic character of experimental studies of synchronization

is acquired only at the beginning of the 20" century resulting from
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the origination and rapid development of new areas of engineering

knowledge: radio engineering and radiolocation.

The first experimental work on synchronization of triode generators
is the work of E. V. Appleton. In 1922, studying the influence of
periodic electromotive force (EMF) on the lamp generator, Apple-
ton found forced synchronization of oscillations of this generator.
Since then, radio generators have been an extremely convenient
tool for experimental research demonstrating not only the phenom-
enon of synchronization, but also genera properties of dynamic

systems.

The lack of an adequate mathematical apparatus at the beginning of
the 20th century did not allow generalizing numerous experimental
results in the form of mathematical models, analysing them and ex-
plaining them analytically. Therefore, the essence of synchroniza-
tion as a purely nonlinear phenomenon has long been considered

terraincognita.

With regard to synchronization (and nonlinear physicsin general), a
revolutionary event was a creation of the qualitative theory of A.
Poincaré's differential equations [1] and A. Lyapunov's theory of
stability of motion [2]. The combination of these theories served as
a basis for the development of all modern nonlinear dynamics, in-

cluding the theory of synchronization.
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Analytical studies of synchronization of periodic oscillations begin
with pioneering papers of Van der Pol (1927) [3], A. A. Andronov
and A. A. Vitt (1930) [4]. Van der Pol formulated the problem of
forced synchronization of a local oscillator in the form of a non-
autonomous nonlinear differential equation of the second order,
which is nowadays known as the Van der Pol oscillator and became
one of the canonical equations of nonlinear dynamics. Van der Pol
also proposed an original method to investigate the equation, moti-
vating his actions (averaging) only by physical considerations of the
different orders of magnitude (by a small parameter) of changes of
the variables: amplitude and phase of oscillations. For a long time,
this method and its results were considered at best as “approximate”
and “engineering”. These were considered as such by A. A. An-
dronov and A. A. Vitt, who proposed a solution to the problem
based on the Poincaré method, in a more general statement, with a
mathematically rigorous justification of all “details” of the study. It
was then surprising that in the particular case of cubic nonlinearity
(Van der Pol's nonlinearity), the results of these two studies coin-
cided. Nowadays, when the meaning of Van der Pol's intuitive av-
eraging procedures has long been known, one can only be surprised

by its ingenious discovery.

Next in terms of importance and chronology are the works of L. I.
Mandelshtam and N. D. Papaleksi [5], K. F. Teodorchik [6, 7], W.
V. Lyon and H. E. Edgerton [8], L. D. Goldstein [9] and other au-
thors. An exceptional contribution to the theory of synchronization
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of various systems was made by A. A. Andronov's colleagues and
students: A. A. Vitt, S. E. Khaikin, N. A. Zheleztsov [10, 11], A. G.
Mayer [12], N. N. Bautin, E. A. Leontovich [13], Yu. I. Neimark
[14], N. V. Butenin, N. A. Fufaev [15] and subsequent generations

of this research school.

A defining event in the development of the theory of dynamical
systems in general and synchronization theory in particular, was the
discovery of H. M. Krylov and N. N. Bogolyubov of the method of
averaging (1934) [16]. As a set of theorems and algorithms, this
method did not only justify the procedure of Van der Pol (a side
result), but also initiated a whole direction of research of invariant
manifolds of dynamical systems directly related to the theory of

synchronization [17-20].

The exceptional efficiency of the method of the averaging, as well
as its relation to the method of point mappings, together with the
simplicity of the interpretation of results, have led to the massive
appearance of works on various aspects of synchronization of peri-
odic oscillations. Significant contributions to the theory of synchro-
nization of systems with direct couplings, as well as its practical
application were made by the works of N. N. Moiseev [21], I. I.
Blekhman [22, 23], R. V. Khokhlov [24], G. M. Utkin [25], P. S.
Landa [26], L. V. Postnikova and V. I. Korolev [27], V. V. Migulin
[28], I. I. Minakova [29], Yu. M. Romanovsky [30], M.F. Di-
mentberg [31], L. Cesari [32], N. Levinson [33] and many others.
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As for the directly related to the synchronization analytical studies
of nonlocal bifurcations, the destruction of invariant tori and the
formation on this base of chaotic attractors, the works of the Nizhny
Novgorod mathematical school of L. P. Shilnikov [34-36] are fun-

damental in this area.

The above refers to the case of synchronization of directly coupled

dynamical systems.

Simultaneously with the beginning of research on synchronization
of directly coupled oscillators (generators) in the field of radio
communication, a new direction emerged: systems for automatic
frequency tuning of one source (tuneable generator) to the frequen-
cy of another (“reference”) oscillator: the automatic frequency con-
trol system (AFC); and the same sense of the phase-locked loop
system (PLL). Together they are called the systems of phase syn-
chronization (SPS).

The first phase-locked loop system was proposed by B.P. Terent'ev
in 1930 [37], while the theory of these systems originates from the
works of de Belsiz [38], F. Tricomi [39], and C. Travis [40].

At present, none of the means of television and radio communica-
tion can do without systems of phase synchronization, as well as
none of the means of remote control of complex technical systems.
The modern state of the art of systems of phase synchronization

technology is due to the work of a large team of international re-
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searchers: the list of references is huge and most of it can be found

in monographs [41-44].

For the theory of oscillations as a scientific discipline that studies
the dynamics of mathematical models common to various areas of
natural science, it is important that PSS models are simultaneously
mathematical models of a large number of physical systems. These
models will be the subject of study in this monograph: dynamical
systems of phase or, in other words, pendulum type

1y + i (1+ fy (7)) @i + fi (@5)=7i + F ((Pja('Pj,\I!,X,X),
X = AX+pX(X,9,0,v), F1)
V= g.

Here i, j:l,_n, ¢ €S, ye§, Xe R™: 1, Ai, v; are the constant
parameters, A is (mxm) constant stable Hurwitz matrix; F;, X

are the functions of couplings. All functions entering (F1) are peri-

odic according to the phase variables. The system is defined in a

toroidal phase space G (@, @, y, X) =T xR™™,

Among the physical systems that have mathematical models that
belong to the (F1) class, there are autonomous and non-autonomous
systems of coupled superconducting Josephson junctions [45, 46];

systems of coupled Froude pendulums [47]; coupled electrical ma-
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chines [13, 48, 49]; vibrational mechanisms for various purposes
[22, 50-52]; unbalanced shafts that are flexible to bending and tor-
sion [50, 53, 54] and many other systems. We call equations of the

form (F1) systems of coupled rotators.

The development of new and adaptation of existing methods to
study specific dynamical systems is an independent problem that
presents one of the main tasks of the theory of oscillations. It must
be said that the priority of this problem was determined by A. A.
Andronov at the beginning of the creation of the theory of oscilla-
tions as a new scientific direction. As for systems of the class (F1),
analytical and qualitative-numerical methods are most developed
for the study of limited motions of pendulum systems. They are
developed mainly for solving problems of the systems of phase
synchronization and problems of automatic control, which is cov-
ered by papers of A. I. Lurie [55], E. A. Barbashin, N. N. Krasov-
sky, V. A. Tabueva [56, 57], V. M. Popov [58], V. A. Yakubovich,
A. H. Gelig, G. A. Leonov [42, 59, 60], V. V. Shakhgildyan [41,
61], Yu. N. Bakaeva [62], V. N. Belykh, V. I. Nekorkin [42, 63—
65], V. P. Ponomarenko, V. D. Shalfeev, L. A. Belyustina [42, 65,
66] and other authors. In this monograph, an adaptation of the
method of the averaging will be proposed for the effective study of
synchronization, dynamical chaos in the class of rotational motions

of systems of coupled rotators.
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Discovery in 1983 of synchronization of chaotic oscillations for
identical (Yamada T. and Fujisaka H. [67]) and, independently in
1986, for non-identical self-oscillating systems with chaotic dynam-
ics (V. S. Afraimovich, N. N. Verichev, M. |. Rabinovich [68])
changed the existing to date understanding of the phenomenon of
synchronization to a large extent. In contrast to classical synchroni-
zation (synchronization of periodic oscillations), due to its preva-
lence and familiarity seeming almost obvious, chaotic synchroniza-
tion, on the contrary, seemed unlikely and even impossible. The
reason for this is the prevailing belief at that time that the interac-
tion of internally unstable systems can only generate an increase in
the instability of a coupled system. However, it turned out that this
is not entirely true: as a result of the “interaction of strange attrac-
tors”, a new strange attractor (an image of synchronization) can be
born, such that the motions of the individual systems, while remain-
ing chaotic, become synchronized when a coupled system moves on
this attractor. In the course of studying the chaotic synchronization
(1985), it became clear that the very definition of synchronization,
which had previously been reduced to the commensurability of fre-
guencies, needs an updating. At that time, it was already clear that
chaotic synchronization, unique in its properties, which can be im-
plemented using simple technical solutions (in particular, radio cir-
cuits), will find the widest application, which has been confirmed

over time.
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One of the areas of application of chaotic synchronization is mod-
ern information technology. The first experiments on information
transmission based on chaotic synchronization were carried out by
A. S. Dmitriev, A. I. Panas, and S. O. Starkov [69]; L. Kocarev, K.
S. Halle, K. Eckert, L. Chua, U. Parlitz [70]; H. Dedieu, M. Kenne-
dy, M. Hasler [71]. The use of PLL systems in the transmission of
information with chaotic signals was investigated by V. V. Ma-
trosov [72].

The attractiveness of the dynamical chaos and chaotic synchroniza-
tion for the transmission of information is explained by several rea-
sons. First, by the broadband signal of the carrier, and, consequent-
ly, by the large information capacity. Second, by the possibility of
confidentiality (secrecy) of information transfer. Communication
confidentiality is achieved due to the fact that the “reference” signal
generator (oscillator), which determines the chaotic carrier of the
information signal, can be synchronized only with the signal gener-

ator (oscillator) that has analogous dynamics.

Another area of application is modelling of the biological neural
tissues and artificial neuron-like networks. Numerous physiological
observations of the activity of various parts of the brain show the
chaotic nature of their dynamics. It can be such as a reflection of a
normal life activity or arise as a result of a crisis state of the object
[73, 74]. Therefore, modelling neural networks in the form of inter-

connected dynamical systems with chaotic dynamics seems plausi-
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ble and provides quite adequate results. The number of publications
devoted to modelling of such systems is large. Some of them are
covered in reviews [75, 76]. Basically, the classical models of
Hodgkin — Hasley [77], Fitz Hugh — Nagumo [78], Kolmogorov —
Petrovsky — Piskunov [79] and their modifications are chosen as a

base of the networks.

Chaotic synchronization is a complex phenomenon, and research
into its various aspects is still ongoing. Significant contributions
were made by the studies of L. M. Pecora, T. L. Carroll [80], N. F.
Rulkov, A. R. Volkovsky [81], P. Ashwin, J. Buescu, I. Stewart
[82], S. C. Venkataramani, B. R. Hunt, E. Ott, D. J. Gaunthier, J. S.
Bienfang [83, 84], A. S. Pikovsky, J. Kurths [85], V. S. Anischenko
[86], etc. Due to the large number of papers, providing a somewhat
complete and ordered list of publications is simply impossible.
However, despite the large number of studies, the problem of chaot-
ic synchronization remains relevant to this day, and this primarily
relates to research methods. Below we describe in detail both the

phenomenon itself and its asymptotic theory.

Another area of application of chaotic synchronization is dissipative
structures, the study of which was initiated by I. R. Prigogine [87].
Chaotic synchronization adds a new aspect to the development of
this trend, which can be expressed by the phrase “ordered chaos
from universal chaos”, which in its meaning complements the dic-

tum fixed in the title of the famous monograph by I. Prigogine and
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I. Stengers “Order out of chaos” [88]. In lattices of dynamical sys-
tems (oscillators), as discrete analogues of an active continuous
medium, such structures are called “cluster” structures. In addition
to modelling processes in a continuous medium, there is also an
independent interest in the study of cluster structures in lattices of
oscillators: a large number of objects of animate and inanimate na-

ture have or may have similar structures [89-93].

It should be noted that most of the results of studies of “cluster”
dynamics were obtained by computer simulation of systems. Ana-
Iytical results are not so numerous and mainly refer to isotropic lat-
tices [94-101]. Our interest will be in ordering the theory of cluster
structures in oscillator lattices and bringing the mechanisms of their
formation in accordance with generally accepted concepts of the

phenomenon of synchronization.
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CHAPTER 1

OSCILLATORS AND ROTATORS
WITH CHAOTIC DYNAMICS

In this chapter, we discuss classical and well-known oscillators with
chaotic dynamics, which we will use as subjects of chaotic syn-
chronization to illustrate analytical results. Here we consider auton-
omous and non-autonomous models with a cylindrical phase space.
Interest in such models has two aspects. First, along with oscilla-
tors, they are of interest as subjects of synchronization. Secondly,
these systems are much less studied and described in the scientific
and technical literature, despite being of considerable interest for

their applications.

1.1. Oscillators with chaotic dynamics

Lorenz oscillator. In 1963, while studying convection in a layer of
liquid heated from below, E. Lorentz presented a visually simple

dynamic system of the form
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x=—o(x-y),
y=-y+rx—xz,
z'=—bz~|—xy. (11)

The system describes the dynamics of a fluid in the form of convec-
tive rolls. To construct it from the equations of hydrodynamics, the
Galerkin method and the Boussinesq approximation [102] were
used. The physical meaning of variables and parameters is as fol-
lows: x is the velocity of rotation of rolls; y, z is the temperature of
the fluid in horizontal and vertical directions, ¢ is the Prandtl num-
ber, » is the normalized Rayleigh number, and b is the convection
cell scale parameter. In a numerical study of equations (1.1), E. Lo-
rentz discovered a complex non-periodic behavior of the system,
which corresponds to a nontrivial attracting set in the phase space
of the model, called the strange attractor or the Lorentz attractor
(Fig. 1.1). Subsequently, the chaotic nature of this attractor was

proved in [103].

There exist numerous publications devoted to the study of various
properties of this system. The derivation of the Lorentz equations
from the Navier — Stokes equations, as well as the properties of this
system, can be learned from [104 — 108]. Note that in addition to
thermal convection in the layer, the Lorentz system also simulates
fluid convection in an annular tube, the dynamics of a single-mode
laser, and dynamics of a water wheel [106]. As it will be shown

below, this system is also related to the dynamics of vibrational

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use
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mechanisms, superconductive junctions, as well as bending vibra-

tions of shafts.

40.71 1965

-15.5 x 15.47 -15.5 X 1547

Fig. 1.1. Projections of Lorentz attractor onto coordinate planes for:

6=10,r=25 b=8/3.

In what follows, let us list certain the properties of the Lorentz sys-

tem that will be required by us later on.

1. Dissipativity. Consider a quadratic form
(2 2 2
Vzg(x +y +(z—0—r) .

The derivative of this function, calculated by virtue of system (1.1),

has the form

V =—ox? —y2 —bz? +b(c$+r)z
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and is negative outside the ball ¥ < 2((s+r)2 (it is assumed that
o >b). That is, all limit sets of trajectories in the phase space
G(x, y, z) of Lorenz system are limited by a dissipation ball. Due
to the invariance of the system to a change of the form: x —» —x,
y——y, any limit set of trajectories is symmetric with respect to

the plane x =y or has a symmetrical “twin”.

2. Equilibria. In a general case, there exist three equilibria:

0(0,0,0), O(Vr=1,4r=1,7-1) and Oy (—~r=1,=r=1,r-1).

a) For r <1, a single equilibrium O(0, 0, 0) is globally asymptoti-

cally stable (GAS). This is established using the Lyapunov function

V:sz +ly2 +lzz,
2c 2 2

the derivative of which by virtue of system (1.1)

V=—x* +(r+1)xy—y2 —bz?

is negative in the entire phase space for 0 <r <1.

b) For »>1, equilibrium 0(0, 0, O) represents a saddle with two-

dimensional stable and one-dimensional unstable manifolds,

o(c+b+3)

dimu’® =2, dimu" =1. For 1<r<
c—b-1

, equilibria O; and
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O, (“twins”) are stable knots or focuses, while for

+b+3
r>r, = M , they represent saddle-focuses with
¢ c—-b-1

dimu® =1, dimu" =2. Loss of stability occurs through the reverse

Andronov-Hopf bifurcation (“sticking” into the equilibrium of an

unstable limit cycle).

3.For r=r < r., a loop of the saddle separatrix is formed such

that for r=7 +0 a pair of saddle cycles and a strange Lorenz at-

tractor are simultaneously born out of it [103]. For the values
r<r< r. , either a strange attractor or stable equilibria are realized
depending on the initial conditions: the region of “metastable” cha-
os. For r>r, (but not too large ones), the chaotic Lorentz attractor

is the only attracting limit set of phase trajectories of the system.

4. For large r (for c=10, »=8/3, r>300), a symmetric limit
cycle exists in the system. For reduced r, this limit cycle loses its
stability with the birth of a pair of stable “twin” cycles. With a fur-
ther decrease of parameter r, these cycles undergo a period-
doubling cascade with the development of the chaotic Feigenbaum

attractor [109] (one of the scenarios).

Generalized Lurie Oscillator. This oscillator describes the dynam-
ics of a nonlinear automatic control system [55] and is governed by

differential equations of the form
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)'c:—f(x)+aTy,
ysz‘l‘bX. (12)

Here xeRl, y =(y1,y2,...,yn )T, Vi eRl, B is the constant sta-

ble Hurwitz matrix; a, b are (nx1) constant vectors.

It must be said that equations (1.2) were not investigated by the au-
thor in relation to chaotic dynamics. For this, the system was dis-
covered too early: in 1951. However, at present it represents a gen-
eralization of many known models of physical systems with chaotic

dynamics.

It is assumed in equations (1.2) that nonlinear function f (x) is a
continuous function and has a form similar to a cubic parabola with
three zeros. For this reason, we will assume that the following ine-
quality is fulfilled for all x:

xf(x)me2 -1,

(1.3)

where m, [ are some positive constants. The order of their choice
will be discussed below. This condition is satisfied for a large num-
ber of applied problems (for the case of local oscillators, it is suffi-
cient to recall the form of the current-voltage characteristics (CVC)

of tunnel diodes and of other nonlinear active elements).
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Of all the properties (1.2), here we point out only the existence of a
dissipation ball, and we provide rest of information about the dy-
namics of the system using an example of another oscillator, which

represents a particular case of (1.2).

Let us introduce an auxiliary linear system of the form

(1.4)
With respect to system (1.4), we will assume:
a) equilibrium u=0 is asymptotically stable;

b) derivative of the Lyapunov function of the form

Vzé(x2 +yT Hy), calculated along the trajectories of system

(1.4), V = —mx® +(Hb+a) xy +y"HBy = -Q(x,y), where H is
certain positive symmetric matrix, is negative in the entire phase

space.

The values of parameter m will be chosen as the minimum of those
values for which properties of system (1.4) are satisfied. This
choice has a simple physical meaning: m is the minimum active
resistance, replacing the nonlinear element, at which the corre-

sponding linear system acquires the property of absolute stability.
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In the language of phase space, such a choice defines a surface

without contact for linear system (1.4): V =const =V (my;, ),

which represents the boundary of the dissipation ball of nonlinear

system (1.2).

Let us show that under condition (1.3) and conditions of system
(1.4), system (1.2) is dissipative.

Consider the following quadratic form: V' = %(x2 +yT Hy). Taking

its derivative by virtue of system (1.2) and taking into account ine-

quality (1.3), we obtain the following form and estimate:
V= —xf(x) + (Hb + a)T xy + yTHBy < —Q(x,y) +1.

Obviously, the last expression is non-positive outside some ball
x? +|y|2 <%, In turn, the negativity of the derivative outside this

ball determines the dissipation ball )chryTHySR2 of system
(1.2).

Chua’s Oscillator. One of the electric circuit diagrams of a local
oscillator of chaotic oscillations, proposed by L. Chua [110], is

shown in Fig. 1.2. In this Figure, G* denotes nonlinear element

with current-voltage characteristic /(V).
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y* R L v
— ST
.
GJ - C C= mo
-

Fig. 1.2. Electric circuit diagram of Chua’s oscillator.

This circuit is quite simple as for practical implementation as for a
physical experiment. In addition, all the “necessary” properties of
this oscillator are found with a piecewise linear volt-ampere charac-
teristic, which makes its mathematical model as simple as possible
for analytical research. For these reasons, the dynamics of this local
oscillator (and its analogues) has been well studied experimentally,
numerically, and analytically [111]. At present, the Chua’s oscilla-

tor has actually become a classical object of nonlinear dynamics.

In physical variables and parameters, the meaning of which is re-
flected in Fig. 1.2, the dynamics of the circuit is described by the

following equations:

cv=I1-1(V),
Li=-RI+V -V,
CV =-1-GV",

where I(V) is the volt-ampere characteristic of the nonlinear ele-

ment with nonlinear conductivity G
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By introducing dimensionless time and dimensionless variables and

parameters, of the form

V=Vox, I=lyy, V =V,z, %t:r,

L _, ol (Vyx) _ah(x),

L . GL
CR? I, C'R?

B, —=—=
CR

Y

where V,, I, Vo* are the scale factors, we obtain the following

dynamical system:

f=a(y-h(x)),
y=-y+z—x,
2=y (1.5)
The idealized volt-ampere characteristic of the nonlinear element
has the form

h(x)=mx+ o — "

(Je+1=|x-1

).

where m;, m; are the constant parameters. Comparing equations

(1.5) with (1.2), we see that the Chua oscillator is a special case of

the Lurie oscillator. To pass from (1.5) to (1.2), one should assume

that yz(y,z)T, f(x)=ah(x), aT=(OL,0), B=[:; _IJ,

b=(-1,0)".
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Fig. 1.3 graphically illustrates the fulfilment of condition (1.3) for
the nonlinear function f (x)zoch(x). It follows from the figure

that the value of the parameter m can also be chosen to be arbitrari-

ly small.

fx) 1x)

Fig. 1.3. Graphical illustration of the property of a nonlinear function

(1.3).
Let us discuss some properties of dynamical system (1.5).

1. Dissipativity. Let us show that conditions of system (1.4) are sat-

isfied when its parameters are the parameters of the Chua’s oscilla-

tor. Let f (x) = mx. In this case, system (1.5) transforms into equa-

tions (1.4) and O(0,0,0) is it’s only equilibrium. Consider the
. 1 2 A 2 a - , .
Lyapunov function of the form V' = Ex +5 y +Ez . It’s deriv-

ative taken along trajectories of system (1.5) has the form
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; o . o o
V= —(mx2 + 0Ly2 + &2 ] Since the derivative is negative in the

entire phase space, the equilibrium 0(0, 0, O) is generally asymp-

0
totically  stable. In this case H-= ° , and
0 o/B

szx2 +0Ly2 +%22 >0.

Let us find a dissipation ball of system (1.5). From Fig. 1.3 and ine-

0‘(’”1“"0)

quality (1.3), we find that maximum m = , wherein

/= (X,(ml _mo)

Suppose that max (1, o, o/p)=%;, and min(m, a, ay/p)=A,.

. A Lo
In this case x* + ocy2 + 22 ¢ l_ll is the dissipation ball.
2

2. Equilibria of system (1.5). Note that due to oddness of the func-
tion h(x) , the system is invariant to the change of the variables
X—>-x, y—>—y, z——z, i.e. possesses central symmetry and all

of its limit sets of trajectories inside of the dissipation ball either
symmetric with respect to the origin, or have a “twin” symmetric
with respect to zero. Naturally, bifurcations of “twins” occur for the

same values of parameters.
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Depending on the values of parameters, the system has one or three
equilibria:  0(0,0,0), O (xy.59.29) and O, (—x5,—¥.—2)
(“twin”), whose coordinates are determined by the equations
f(x)+ (aTB_lb)x =0, y=-B 'bx. Solving these equations, we
find

X :(Y+B)(m1_m0) __ Y(m1_mo) . B(ml—mo) ‘
Y+m1(Y+B) »0 y+m1(y+B)’ 0 y+m1(y+B)

3. Bifurcations and chaos. Let us describe a typical bifurcation sce-
nario when parameter o is varied, while other parameters remain

constant.

If 0<o<ay, then equilibrium O(0, 0, 0) is unstable, while equi-
libria O; and O, are stable. The value o, is determined by the
Hurwitz stability conditions. For o =a,, equilibria O; and O, lose
stability with the birth of a limit cycle. Further, the limit cycles un-
dergo a cascade of period-doubling bifurcations with development
of two chaotic attractors — “twins” for o= o, symmetric about the
origin (see Fig. 1.4). Parameters of the oscillator are:

(o, B, v, my, m)=(9.0, 14, 0.1,-1/7,2/7).

Attractors have isolated regions of attraction and coexist as inde-
pendent objects in the interval o, <a <oaj. For o= o5 the regions

of attraction of attractors are merging (so-called crisis of attractors)
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and the affix moves on the united attractor, called the double-scroll

attractor (see Fig. 1.5). Parameters of the oscillator are:

(o, B, v, mg, my ) =(9.5,14,0.1,-1/7,2/7).

(.40 (38

038 —0.40 -
Ak 3 -
~2.40 X 0.24 —(0.24 i) 2.403

Fig. 1.4. Chaotic attractors - "twins" of the Chua’s oscillator.

In the early 1980s, many oscillators with chaotic dynamics have
been proposed. The most famous of them is the Kiyashko — Pikov-
sky — Rabinovich local oscillator [112], whose model can also be
reduced to the Lurie oscillator; the Dmitriev — Kislov ring generator
[113]; Anishchenko — Astakhov local oscillator with inertial non-
linearity [114], Rdssler oscillator [105], etc. With varying degrees
of convenience, all of them can also be used for physical or numeri-
cal approbation of analytical results that will be discussed in the

next sections.
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42

Fig. 1.5. Double-scroll Chua’s attractor.

1.2. Synchronization and chaotic rotations
of non-autonomous rotator

A non-autonomous rotator is a dynamical system of the form

1$+(1+F (9))o+F (@) =v+/(v),

V=, (1.6)

where Fl((p), F, ((p) 271 are the periodic functions, f (\V) is the

external periodic excitation (explicit time is “hidden” in the second
equation); all functions have zero mean values (the equation is al-
ways reducible to this condition); / is the moment of inertia of the

rotator, y is the constant driving moment.

Let us provide examples of physical systems, the dynamics of

which is modelled by this dynamical system.
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1. Froude pendulum [16] with periodically uneven rotation of the
shaft. The pendulum sleeve is mounted on a shaft rotating at varia-
ble angular velocity. There is viscous friction between the sleeve

and the shaft. The system is shown in Fig. 1.6a.

l',r + Asinwy

L2y siny

a b

Fig. 1.6. Froude pendulum (a) and schematic representation

of a superconductive junction in a microwave field (b).
The equation of motion has the form
mlziﬁ) +mglsing = 8(5+ Q) siny —('p), V=,

where m, [ are the reduced mass and length of the pendulum, J is
the coefficient of viscous friction between the pendulum sleeve and

the shaft.
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2 53 oy
. . . . / Q2
By introducing dimensionless parameters mel gy 20l A
52 mgl
@) ) . . . .
—0 _ 4, 2% _ ®, and dimensionless time m—glt =1, we obtain
mgl mgl )

the form of equations (1.6), where F (¢)=0, F,(¢)=sino,
F(\y) = Asiny.

2. Superconductive Josephson junction located in a microwave
field. This system is shown schematically in Fig. 1.6b. The junction
is marked with a cross. Within the framework of the resistive mod-
el, using dimensionless variables and parameters [45, 46], the equa-

tions of this system have the form (1.6) with functions
Fi(¢)=¢coso, F,(¢)=sing, f(y)=Asiny. The physical mean-
ing of variables and parameters is as follows: @ is phase difference
of quantum mechanical functions of superconductors, ¢ is their
potential difference; / is the capacitance of the junction; y is the
constant electric current of the external source; 4, ®, are the ampli-

tude and frequency of external microwave field.

Dynamical system (1.6) has been investigated for various types of
periodic functions by numerical methods in many studies (see, for
example, [42, 45, 115] and others). Analytical studies are not so
numerous [13, 42, 57, 60, 116, 117], and this “niche” is not fully
filled.
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For definiteness, we will consider the simplest form of the above

nonlinear functions. Here we will provide a brief information on the
dynamics of a fully studied autonomous rotator ( f(v) =0) [11,

13, 42, 60], which will be required for us later on.

By changing the time, we transform the equation to the form

$+A(l1+€cosp)p+sinp=y, (17

where A = \/F,

8|S1.

Fig. 1.7 shows the bifurcation diagram of parameters of an autono-

mous rotator. Fig. 1.8 shows phase portraits on the involute of the

phase cylinder ((p, (p) for the parameters of the indicated domains,

as well as for the parameters specified on the bifurcation curves.

Consider the case of |8| <lI.

P4

Fig. 1.7. Bifurcation diagram of parameters of an autonomous rotator.
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Note that equation (1.6) is invariant under the change of variables

©—>—¢, y——y. Thatis, if (1.7) is considered on the whole num-

ber line v, then for completeness of the picture, one should mirror
the bifurcation diagram shown in Fig. 1.7 about the axis A. The
phase portraits in the added area will be the same as in Fig. 1.8, if

the axes are re-designated as: ¢ > —¢, ¢ > —¢.
(2) (3)

i
\‘“\.. I \‘\h I
a b c
(1-2) (2-3) (1-3)
!‘x | %ﬁﬁ\ * | -
d e f

Fig. 1.8. Phase portraits of autonomous rotator on the involute of the phase

cylinder.

For 0 <y <1, on the phase cylinder ((p, (p) , there exist two equilib-

ria:  stable  equilibrium O (arcsiny, 0) and  saddle
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0, (n—arc siny, O). In domain (1), equilibrium O, is globally sta-
ble (see Fig. 1.8a). The pendulum reaches the equilibrium for any
initial condition. For y =1, equilibria merge to form a saddle-knot
(Fig. 1.8¢). Equilibria disappear for y=1+0. If the equation has a
limit cycle, then this cycle enclosing the phase cylinder (sometimes
it is called a limit cycle of the second kind) is unique and stable. For

A <X, then the limit cycle is softly (with zero rotation speed) born
from a loop of the saddle separatrix (Fig. 1.8d), and for A > A, it is

born from the from the saddle-knot loop (Fig. 1.8f). Bifurcation line
of the loop A= k*(y) is called the Tricomi curve. For parameters

from domain (2), either a stable equilibrium or a stable limit cycle
coexist on the phase cylinder that are realized depending on the ini-
tial conditions (Fig. 1.8b). For parameters from domain (3), the lim-
it cycle is globally stable (Fig. 1.8¢c). The rotation speed on the limit
cycle increases from zero with increased torque y, which on the

phase cylinder corresponds to its upward motion.

Let us introduce the rotation characteristic of the rotator in the gen-
eral system (F1) as a dependence of the rotation speed of the rotator
on the parameters of the system and its initial conditions. This char-
acteristic will reflect the summary information about the dynamics

of the rotator in a coupled system.
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T
Definition 1.2.1. The function Q= lim %I(’p(r, 1y )d, defined un-
0

T—o0

der the parameter space of system (F1) and the space of its initial

conditions, is called the rotation characteristic of rotator.

*

T
Let us show that Q= lim L* _[ Y (¢,1y)dt, where Ny (t,00)=
0

T —x©

= lim ¢(7, #) is the final solution for ¢(, 7).

{—0
Any solution of system (A1) for the time derivative of the phase,
which represents an instant rotational frequency, can be written in
the following form: ¢(z, £ )=(t, 1) +¢ (¢, 1), where ¢(z,2,) is
a solution that corresponds to the transient process towards the final

solution (‘p* (t, to ) The latter, depending on the initial conditions of

the system and its properties, may correspond to equilibria, limit

cycles, invariant tori, and chaotic attractors.

Since lim(t,75)=¢ (1, ), then lim ¢(z, ) =0. According to

t— T—>®©

the above definition, we obtain:

A 17
Q= — tity)dt = lim — [ ¢(t,t,)dt +
T*linooT*'([(p( 0) T*ITOOT 0 ( 0)
A
+ lim — [ ¢ (1,4)dt
T—)OOT 0
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For simplicity, we assume that stability of the final solution is ex-

ponential. At the same time
H(Pf)(t,to )H < Dexp(—kt),

where D, A ire the positive constants. Then we obtain:

ThngT—g(p t,ty)dt <T112100— j ”(p 1t “dt<

*

<11m—_[Dexp —\t)dt =0.

T >

Which means that

*

lim — [ ¢(t,5))dt =0, Q= hm—j(p t,t)dt.
50T 0 T >wT

In particular if ¢ (z,,) is a periodic solution corresponding to a
limit cycle of the second kind, then ¢ (t,7,)=Q(y)+R(¢), where
R(t) is a Fourier series with zero mean. As a result, we obtain the

speed of rotation of the limit cycle Q = Q(y) .

As one can see, the problem of qualitative study of rotation charac-

teristic is directly related to the classical problem of the theory of
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oscillations of splitting the parameter space into areas with qualita-

tively different trajectory structures in the phase space.

For applied problems, the most interesting is the dependence
Q=0Q(y), or the inversed one y=v(Q). For the Froude pendu-
lum, this is the dependence of the frequency of rotation of the pen-
dulum on the constant torque, while for a superconductive junction

this is the volt-ampere characteristic.

As an example, we will build qualitative forms of rotation charac-

teristic y = y(Q) of autonomous rotator in accordance to phase por-

traits shown in Fig. 1.8.

Suppose that parameter A corresponds to line CD on Fig. 1.7 Let us
quasistatically increase parameter y starting from zero. At all points

of domain (1), the equilibrium O, is globally stable and therefore

k

[0} (t,to ) =0 for any initial conditions. Rotation characteristic has a

vertical section Q=0, 0<y<1 on the plane (Q,y) — a “zero
step”. For y =1+ 0 equilibrium disappears and a limit cycle with the
frequency 2Q=0+0 is born from the separatrix of the saddle-knot
(transition from domain (1) to domain (3), see. Fig. 1.8f). Rotation
speed increases from zero as the torque y increases: the limit cycle

moves up on the phase cylinder. The limit cycle corresponds to L-

branch of rotation characteristic. Bisector y =€ is the asymptote of

this branch. Due to the invariance of the equation to the change
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©®— -, y—>—v, the same scenario is observed in the lower half-
plane (Q,y). The complete qualitative form of rotation characteris-

tic is shown in Fig. 1.9a. Let us comment on it.

Suppose that parameter A corresponds to line AB (cm. Fig. 1.7). If

vy =0, then rotator, starting from any initial condition, in the course
of time reaches the sable equilibrium O;, and at the same time

Q =0. For a quasistatic increase of y, the rotator remains in a stable
equilibrium O, in the entire interval of its existence by parameter y:

0<vy<l1, “not noticing” the fact of the birth of the limit cycle,

which occurs when y =y*. For y=1+0 (transition from domain
(2) into domain (3)) the equilibrium disappears and the rotator
jumps into rotation mode — to the limit cycle L, the speed of which
has already reached the value of Q> 0. If y will keep on growing,
the rotator will remain on a stable limit cycle — on the rotational
branch of the rotation characteristic. It is obvious that for increased

v, the rotational branch of rotation characteristic has an asymptote

y=Q.

A different scenario is observed when the parameter changes in the
opposite direction. For quasi-static reduction of vy, the rotator re-
mains in the rotational regime — on the limit cycle L up to its stick-
ing in the loop of the saddle separatrix and turning of its speed to

zero. Thus, there is a pronounced hysteretic loop on the rotation
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characteristic. A complete qualitative form of the rotation character-

istic is shown in Fig. 1.9b.

' o :

| ,____-7’ i —_7 '
T ] -

a

N,
L
L

N,
b
e

-
-

Fig. 1.9. A qualitative form of the rotation characteristic:

a: for variation of y along CD, b: for variation of y along AB.

Let us get back to the non-autonomous rotator. We study its dynam-

ics in the asymptotic case / o p < 1. In this case, system (1.6) is
quasi-linear and allows application of the method of the averaging.
It is known that in the case of a harmonic excitation of a quasi-
linear system, only integer harmonic resonances are “strong”: now,,
with n the integer. The resonance is called “strong” if in the re-
spected parameter domain, the nonlinear properties of a quasi-linear
system are realized in the first approximation by a small parameter.

Subharmonic resonances are “weak’ in this sense.

1) Let us investigate a simple forced synchronization of rotator’s

rotation (main resonance, # =1) in the case of “moderate” ampli-

tudes of external excitation.
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Applying the algorithms for transforming systems of rotators to the
standard form [118] (see Appendix), we obtain an equivalent sys-

tem (1.6) with a fast-spinning phase [20] of the form

é_,: “E(éa(p:n)’
T:] = Hq)(avcmn)’
¢ = +pd(E0,1), (1.8)

where n=¢—-vy, y-o,=pA are the phase and the frequency

mistunings,

. 1 A
O (¢,&)=—€sing+—cosp——cosy +&,
@o ®o

. 1 A 1 .
E(&ov)= A—(—ss1n(p+—coscp——cosw+ &}[1 ——sm(pj.
@ @ ®

By averaging system (1.8), we obtain the “truncated” equations:

%=u(—a+A—i—i2sinn}

2(,00 20)0
n=pé,
§ =y +pe, (1.9)

The first two equations in (1.9) are independent of the third one and

with respect to the variable m, for a change of time of the form
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A .
p [—st=1, are reduced to the form of equations of the autono-

20)3

mous rotator already known to us:

f+A M +sinn=7y], (1.10)

203 203
where 74 = |20 Y;ZLA_%j%,
®

Thus, from equation (1.10), we immediately obtain a bifurcation

diagram on the plane (ylr S ) of effective parameters in the main

resonance zone (see Fig. 1.10). The fundamental difference be-
tween this diagram and the diagram shown in Fig. 1.7 consists in
the presence of a “gray” parameter domain (4) located in place of
the Tricomi curve (domain (4) is a thick Tricomi curve whose width

is ~ pu In what follows, we explain the appearance of this domain.

To interpret the dynamic properties of system (1.6) in various pa-
rameter domains highlighted in Fig. 1.10, let us remind the follow-
ing fact. If " is a the limit set of a certain averaged system with zero

characteristic parameters sufficiently separated from the imaginary

axis, then for small values of parameter e (0, ”*} it corresponds

to the limit set I'xS' of the initial system including the nature of its

stability.
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(2} ﬁ//)\ (2}

a b
Fig. 1.10. Bifurcation diagram for parameters in the main resonance zone

(a) and a homoclinic structure for the domain (4) (b).

In other words, there is a correspondence: an equilibrium in the av-
eraged system corresponds to a limit cycle in the initial system; a
limit cycle corresponds to two-dimensional torus, and so on. There
is also a topological equivalence of “rough” (structurally stable)
phase portraits of the averaged system and structures of discrete
trajectories in the space of the Poincaré mapping of the secant plane
¢ =const into itself through the period of the fast-spinning phase,
built for the initial system. In this case, phase portraits shown in

Figs. 1.7a-c can be interpreted as portraits of trajectories of the

point mapping of the form (E_,, n)(p —)(E, ﬁ) ) for system (1.6)
¢o+27

[14]. Let us justify the existence of the “gray” domain (4) as a re-
gion corresponding to complex limit sets of phase trajectories. First,

there is an invariant (non-resonant) torus in domains (2) and (3), but

there is no such torus in domain (1). That is, as the parameter y;
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approaches the Tricomi curve of the averaged system, the torus,
losing its smoothness, disappears according to one of the scenarios
[35]. In most cases, a complex limit set of trajectories is formed in
its place. Second, the loop of the averaged system itself cannot be
interpreted unambiguously on the initial system. In general, stable
and unstable saddle manifolds intersect (Fig. 1.10b), and, as a re-
sult, a complex limit set of trajectories — a homoclinic structure [14,
119] arises. In particular, this fact can be established within the
framework of the Melnikov criterion [120], considering the second
approximation of the averaging method as a perturbation of the

truncated system (1.9). Based on the above, one can state that when

the parameter is y| approaches the Tricomi curve of the averaged

system from the left-hand side, the resonant torus as a manifold will
lose smoothness and collapse, as already noted, with the birth of a
nontrivial quasi-hyperbolic set [34, 35]. Thus, there exist three fac-
tors to state that instead of the Tricomi curve, there exist domain (4)
corresponding to complex limit sets of trajectories of a non-
autonomous rotator. Whether these limit sets are chaotic attractors

or not will be shown by the numerical experiment.

Rotation characteristic in the zone of resonance. From the defini-
tion of rotation characteristic and the change of the variables we

obtain

(), =on o),
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That is, in its main features, the structure of rotation characteristic
in the zone of resonance of parameters is determined by the proper-
ties of equation (1.10), and in this way it is similar to the structure
of rotation characteristic of the autonomous rotator (see Fig. 1.8). If
one would forget about the existence of domain (4), then the “non-
autonomous” rotation characteristic in the zone of resonance is, ac-
tually, an “autonomous” rotation characteristic shifted along its ro-

tational branch to the point Q =, (Fig. 1.11). The resonance step,

for which 0" =0, Q=q,, is determined by inequality ‘yi‘ <1, or

€ A € A

S P L

200 2w 200 2w

Nevertheless, the presence of domain (4) and, accordingly, of the
“gray zones” on the rotation characteristic on both sides of the res-
onance step is a fundamental property of a non-autonomous rotator.
In these areas, the rotation characteristic is infinite-valued and has
an extremely complex form. Let us clarify this. We assume that the

rotator is in the mode of quasi-periodic beatings and its average ro-

tation frequency Q >, (from the right-hand side from the step).

When parameter y; is decreased and as it “enters” domain (4), the

torus loses smoothness with the further birth of a chaotic torus-
attractor (in a general case). The rotator switches to the mode of
chaotic beatings. The chaotic dynamics is enhanced by “mixing”

the aforementioned homoclinic structure with the existing attractor.
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autonomous
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® Q

Fig. 1.11. Rotation characteristic of a non-autonomous rotator in the zone

of the main resonance.

The same thing happens when approaching the resonance from the
left-hand side. We will obtain an understanding of the structure of

the rotation characteristic in the “gray” zones if we take into ac-
count the following circumstances. First, solution (p*(r, (po),

which corresponds to a trajectory of the chaotic attractor depends
strongly on the initial conditions. This means that when one repeat-
edly passes through the zone, each time there will be different
“branches” of the rotation characteristic. The rotation characteristic
in this zone is non-reproducible and contains an infinite number of
branches. The presence of natural fluctuations and the finiteness of
the averaging time can only increase the effect of rotation charac-

teristics’ instability. The described effect is steadily observed in the
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dynamics of superconductive junctions and is called the scattering

effect of the volt-ampere characteristic [121].

Let’s turn to one of the applications of the system under considera-
tion: the dynamics of a superconductive junction in a microwave
field. As already noted, the physical meaning of the rotation charac-
teristic is the volt-ampere characteristic of the junction. The pres-
ence of a resonance step on the volt-ampere characteristic along
with the Josephson ratio is the basis in the idea of a voltage stand-

ard design (“standard volt”). The idea is simple. On the one hand,
. . 2 .
according to the Josephson ratio, o, =76V, where e is the charge

of the electron, 4 is the Planck's constant, ®,, J are the — genera-

tion frequency and potential difference of superconductors. That is,
the stability of the frequency of Josephson generation and the sta-
bility of the resulting voltage are the same. Ideally, frequency insta-
bility can only be related to the instability of an external DC source
— of the parameter y. On the other hand, if the junction is synchro-
nized by a microwave source, the instability of this parameter with-
in a step of current does not affect the stability of the frequency (see
Fig. 1.11). In other words, when synchronizing the junction by a
microwave source, the voltage stability is determined solely by the
stability of the frequency of the microwave source. Of course, dy-

namical chaos in this system is rather unwanted. However, the need
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to know the full picture of the dynamics of the system is also obvi-

ous.
2) Now let us consider the dynamics of rotator at large amplitudes

of the external excitation A~p ' >>1. This case is technically

more complicated than the previous case of “moderate” amplitudes.
However, in the framework of the method of the averaging, it is
possible to study system dynamics in the zone of an arbitrary reso-

nance.

Before applying the known algorithms, let us perform a preliminary

transformation of equation (1.6), assuming for simplicity € =0.

We make a change of the variables: (pzbsin(\y+\|10)+6,

y+y,=vy, (further, subscript n will be omitted),

v =arctgL, b= 4 ~—A As aresult, (1.6) reduc-
0 2,2
@ 030\/0301 +1 oyl

es to an equivalent equation of the form

10+0+sin(0+bsiny) =1. (1.11)

It is known that

sin(0+ bsiny)=J,sinf+ i Sy {sin(2my +0) —sin (2my - 0)} +

m=1
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3 Ty {sin((2k+1)y +0)+sin((2k +1)y -0)},
k=0

where J; =J;(b) are the Bessel functions of the first kind with an
integer argument.

Now transforming Eq. (1.11) according to the already known rule,

we obtain an equivalent system in the standard form:

E=n"?(y—nwy +J, (b)sinn) - p& - ui 3/2(“?@)}’

0 =noy +u'7E+pd(0,y),
W =ay. (1.12)

where notation “+” is used for even numbers », and “—” for odd
numbers, 1 =0-—ny.

In this case, an equation that defines function ® has the form

D
0 oy

=—J,sin0— ZJZm{s1n(2mw+9) 8,12 SIn (2my — 9)}

m=1

- i Jopsr {sin((2k+1)y+0)+3, 5. sin((2k+1)y —0)},
k=0

(1.13)
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where 6, , =1, for n#1, and 6, , =0, for n=1.

By introducing a phase mistuning =6 —ny and averaging system
(1.13) up to terms of the order of ~ pu, we obtain the following av-

eraged system:

E=n"(y—noy £J,(b)sinn) - &,
n=ng,
0= nw, + umé’;.

Implementing a time change ,/u

J, (b)| =1, , we reduce the first

n

two equations of this system to the already known equation:

r H r_ YT noy
where A, = s Yo = .
J,(b) J, (D)

Note that signs in front of function (1.14) are not of fundamental
importance. If necessary, one could remove the sign “—* by apply-
ing transformation m — n+ m. There is an interesting fact regarding
Eq. (1.18): if one would forget that A in this equation is a “large”

parameter, then the argument of the Bessel function is sufficiently

small and J; [i] ~ 4 . In this case, Eq. (1.14) turns into Eq.

03(2)1 203(2)1
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(1.10). This can be considered as another “miracle of a small pa-
rameter”, when a result that has been obtained under certain condi-

tions remains valid for other conditions.

Let us analyse Eq. (1.14). In a general case, for large amplitudes of
the external excitation, all the harmonic resonances of the quasilin-

ear rotator are essential. The magnitude of the resonance steps

equals 2|J, (b)| Neighbouring resonance steps on the rotation
characteristic can overlap. The overlap value of adjacent resonances
Sy is defined by inequality (n+1)wy —

-/

n

" (b)| <8y <nwy +

J, (b)| In this interval, one or another res-

onance is realized depending on the initial conditions of the system.
From this inequality and from the properties of the Bessel functions
[122] ], it follows that there is no overlap of the resonances for

oy >1.2, and if o, is sufficiently small, then the overlap occurs

not only for the neighbouring resonances. Fig. 1.12 exemplifies

graphs of several Bessel functions.

It follows from the properties of these functions that hysteretic
properties of the rotation characteristic strongly appearing for small
n disappear as soon as the number of resonance is increased. A
transition to the non-hysteretic rotation characteristics may be non-

monotonous. Finally, for the values of amplitudes that correspond

to the roots of equation J, (b)=0, resonance with number n is
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just absent. In particular, the main resonance is absent for
A =vm§1, v=~3.9;7.0;10.2;.... For the second resonance
v~5.2;8.4;.... Thus, by changing the parameter » we can obtain a

long gallery of different rotation characteristics with different com-

binations of values of resonance steps.

Frd =
4
=
o
o

Fig. 1.12. Graphs of Bessel functions.

Fig. 1.13 shows a qualitative example of the rotation characteristic
of non-autonomous rotator for high amplitudes of the external exci-
tation (subharmonic resonances are not shown). Rotation character-
istic in the vicinity of resonance steps (gray zones) has the same

features as described in paragraph 1.
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iy Z2eny 3y €

Pt

Fig. 1.13. Rotation characteristic of non-autonomous rotator, a “devil’s”

stairway of resonances. Subharmonic resonances are not shown here.

As an illustration of the analytical results, in what follows, we pre-

sent results of a numerical experiment. For simplicity, we assume

that F(¢)=0. The values of parameters are: n=0.2, 4=3.5,

o =0.75. Parameter y has been varied from the right-hand side to

the left-hand side in the interval [1.1177; 1.8248], covering two
resonance zones. For simplicity, system (1.6) was written in the

form

p=v+x,
x=u(—x—sin(p+Asin\|1),

W =0 (1.15)

Figure 1.14 shows the gallery of projections of trajectories of sys-

tem (1.19) onto the involute of phase cylinder (bold lines) as well as
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trajectories of Poincaré mapping ((p,E_,)W_W0 - (6,%) )2 con-
= y=yo+2n
structed for this system (dotted lines).

Starting with y = 1.8248 we start to decrease this parameter. Physi-
cally, it corresponds to the decrease in torque of the pendulum. For
the initial parameter value, the pendulum performs quasi-periodic
rotations, whose image is an ergodic torus. This dynamical regime
is realized for arbitrary initial conditions (it is globally stable). Fig.
1.14a shows quasi-periodic winding of this torus, while Fig. 1.14b
shows invariant curve of the Poincaré mapping (compare to Fig.
1.14c). During the decrease of parameter y, a subharmonic reso-
nance with rotation number of 11/5 arises on the torus (stable and
unstable limit cycles, see Fig. 1.14c). The value of a corresponding
resonance step is very small (for this reason, such resonances can-
not be “caught” using the method of the averaging). Further, limit
cycles move closer to each other and disappear. A new ergodic to-
rus is then formed. In the space of the Poincaré mapping, the sce-
nario of merging of limit cycles is almost the same as a scenario of
merging of equilibria with further origination of a limit cycle from
the separatrix loop of saddle-knot in the phase space of the autono-
mous pendulum. The only difference is: before the merging of limit
cycles, the “old” torus (as a manifold) loses its smoothness. During
such loss of smoothness, an origination of a chaotic attractor may
occur. In our case, this effect is so weak that it is almost invisible.

At least, the interval of existence of such attractor by parameter vy is
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negligibly small. Fig. 1.14d shows a projection of this torus, while
Fig. 1.14e shows an invariant curve of the Poincaré mapping. Dark
areas shown in this figure correspond to the thickening of trajecto-
ries, which represents an inheritance of the disappeared limit cycle.
Further, a new fractional resonance with rotation number 15/7 aris-
es at the appeared torus and disappears according to the same sce-
nario. Such scenario is repeated over and over until the rotator
jumps from one of such fractional resonances (at the moment of its
disappearance) to the resonance with the rotation number of 2, i.e.

to the regime of harmonic synchronization (see Fig. 1.14f).

In this case, the chaotic limit set of trajectories from the gray pa-
rameter domain is either not an attractor, or the width of this zone is
too small. In our experiment, the value of the second harmonic step

A

030\/0)(2)12 +1

equals &, () =0.32. Just to compare: b= =1.2024,

8, (v) =2/, (b)|=2/,(1.2024)=0.3198.

For y=1.35 the rotator suddenly jumps from the resonance step to

the regime of chaotic rotations. At this time, the chaotic attractor is
already formed (see Fig. 1.14g). Figurel.14g shows a small time
interval of trajectories, since otherwise trajectories would not be
distinguishable and the whole square area of a graph would be

completely black.
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Fig. 1.14. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on pp. 43 — 45).
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At the Poincaré plane, there is a torus with a “fold” and “appendices”
(see Fig. 1.14h) that indicates a chaotic character of the motion. To
clarify types of bifurcations that lead to chaos, parameter y has been
increased with a smaller step. It has been found that the chaotic at-
tractor originates according to the following scenario: “subharmonic
resonance at torus — torus loses smoothness — doubling of the pe-

riod of stable resonance limit cycle — strange attractor” [35].

With further decrease of parameter y, a stable limit cycle (subhar-
monic resonance with rotation number 5/3) originates at the chaotic
attractor (internal bifurcation, see Fig. 1.141). Further, as the param-
eter moves in the gray zone, this resonance experiences a cascade
of period doubling with further formation of the Feigenbaum attrac-
tor. Fig. 1.14p shows a small interval of phase trajectories, while
Fig. 1.14q shows Poincaré mapping. There is an ambiguous branch
in the right bottom corner. Further, a chaotic attractor related to
homoclinic trajectories of saddle resonance limit cycle (with rota-
tion number 1/1) is mixed with this attractor. A “splash” in the cha-
otic state of rotations occurs (see Figs. 1.14r,s). Further, the fre-

quency of rotation of the rotator jumps to the value Q= m, =0.75

which means a jump to the regime of simple synchronization (see

Figure 1.14t).
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Fig. 1.14. Continuation.
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Fig. 1.14. Continuation.
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1.3. Dynamics of rotator with aperiodic link

The “rotator with an aperiodic link” is a dynamic system of the

form

10+ p+sinp=y+J,
J+hJ =ap+b(sing—y), (1.16)
defined in the cylindrical phase space G((p,('p,J ) =S'xR?.

Let us list examples of physical systems modelled by this dynam-

ical system.

1. Froude pendulum with an internal movable sleeve [123].
Fig. 1.15 shows a cross-section of the Froude pendulum by the
plane passing through the shaft axis and the centre of the pendulum
disk. The sleeve of the pendulum has an additional internal sleeve,
which is movable relative to the shaft and the outer sleeve. There is
viscous damping in between the sleeves just as in between the shaft
and the external sleeve. The shaft rotates with a constant angular
speed. The moment of the friction force acting out of the shaft and
towards the pendulum has the form 9, (Q - (p) The moment of the

friction force acting from the internal sleeve has the form

Sy (co - ('p), where o is its instant angular speed. The moment of the
gravity force has the form mg/sing. The moment of the friction

force acting from the shaft towards the internal sleeve has the form
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d; (Q - co), while that acting from the external sleeve has the form

8, (¢— ). Parameters 3, 3,, 8; are the constant parameters. The

governing equations have the form

[$=38,(Q-¢)+8,(0—¢)—mglsing,
120)283(9_0))_62((,0_([:)),

TS

N

Fig. 1.15. Cross-section of the Froude pendulum with extra internal sleeve.

ES is the external sleeve, IS is the internal sleeve, and S is the shaft.

where [}, I, are the normalized moment of inertia of the pendulum

and moment of inertia of the internal sleeve, respectively.

Using the transformation of variable
J= 8—2(co— ) 9% and time mgl . _ 1, , we reduce
mgl mgl(8, +85) O,

these equations to the form (1.16), with
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I= llmgl _ Q 6182 +6163 +6283 h :i 61 +82 +6_2
8 ' mgl 8, +8, mgl\ I, L)

a=5_z[i_5_3} podid2
mgl\ 1, I, Iimgl
2. Consider one more system: an asynchronous electric motor of
finite power is coupled to an elastic shaft with a rigidly coupled
unbalanced disk (see Figure 1.16) [124]. An inertial sleeve is placed
over the shaft. There is viscous damping in between the shaft and
the sleeve. The latter cannot move along the shaft. Note that such a
coupling can play the role of a motor speed stabilizer: when the op-
erational speed of rotation fluctuates towards higher values, the
sleeve starts consuming energy of the motor, while for an opposite
fluctuation, a part of kinetic energy of the sleeve is transmitted to
the shaft. The balancing sleeve plays a role of an integrator (averag-
ing component), which is analogous to properties of a frequency

filter in electric engineering.

Let us assume that torque is a linear function of the form

M, =M, —-\p, where M =const, Ay is the normalized moment
of friction forces. Moments that act on the rotor: mgesing is the
moment of the gravity force of the unbalanced mass, where ¢ is the
eccentricity; 8(0)— (‘p) is the moment of forces of viscous damping

acting from the sleeve. The moment that acts on the sleeve from the
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shaft has the form —6(@— (p) In this case, the governing equations

take the form

Fig. 1.16. Asynchronous electric motor with unbalanced disk and balanc-
ing sleeve. M is the motor, D is the disk, BS is the balancing sleeve, S

is the shaft, and B is the bearing.

where /;, I, are the normalized moment of inertia of the pendulum
and moment of inertia of the internal sleeve, respectively; A, 6 are

the coefficients of viscous damping.

. . . ) .
Using the transformation of variable ——w=.J and time
mge

mge
A+

T =1, equations (1.17) are reduced to system (1.16) with the

following parameters:
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Iymge M, _6(%4—5) &2

I =

D = , = , d= .
(A +5)2 Y mge I,mge I,mge
3. Fig. 1.17a shows a scheme of a superconductive quantum inter-
ferometer (R-SQUID), which is used for the measurement of extra-
small magnetic fields [45, 46]. Fig. 1.17b shows Its equivalent elec-

tric scheme.

SC

J\f{/\_él"“ Lae
VY 74
J

Fig. 1.17. Superconductive quantum interferometer R-SQUID:
a: a scheme of the R-SQUID, where R is the resistor,
SC are the superconductors, I is the isolator; b: equivalent electric scheme;

c: superconductive junction loaded by RC-chain.

We obtain a dynamical model of this system using the Josephson
relation and Kirchhoff laws. For dimensionless variables and pa-

rameters, the governing equations have the form:
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Co+p+sinp=y+J,
J+hJ =ag,
]dC r 1 . . .
where 1— =vy; —=h; —; =a;r, [ are the dimensionless resistance
C

and inductance of the ring, respectively, C is the capacitance of the

junction.

The first equation is obtained from the equations for currents at
node 4. The second one comes from the equality of voltages at the
RL-chain and superconductive junction. One can see that the equa-
tions of the aforementioned systems coincide accurate within des-

ignations and physical sense of the variables.

You can make sure that the dynamics of the circuit with a super-
conductive junction shown in Fig. 1.17 is also described by the
model (1.16). Note that again there is a dynamic analogy of quan-

tum and mechanical systems.

Let us consider the dynamical properties of system (1.16).

This system has two equilibria 0((p0 , © » JO): O, (arcsiny, 0, 0)

and O, (n—arcsiny, 0, 0). Depending on the parameters of the sys-
tem, equilibrium O is stable throughout the entire domain of exist-

ence and is either a knot or a focus. Equilibrium O, can either rep-
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resent a saddle-knot or a saddle-focus, for which dimW?* =2,

dimW" =1, and W*, W" are its stable and unstable manifolds.

Oscillatory phase trajectories (bounded by ¢) do not exist in the
phase space G(¢,¢,J). In particular, if Ib(h—a)+b-a>0,
(which is valid for the systems under consideration), then this fact

can be proven with the help of the periodic Lyapunov function of

the form:
V:Ib(h_a)+b_al¢2+
2
| . N E
+5J +bI(pJ+(b+bhl—a—b I)I(smcp—y)dcp.
0

Its derivative, taken along the trajectories of system (1.16), has the

form
V==(1b(h-a)+b-a)$’ —(h—b)J* <0

and remains negative in the whole phase space.

Thus, stationary oscillatory motions (oscillatory limit cycles) can-
not exist in the system under consideration. Physically, it means
that during the change of initial conditions, the Froude pendulum
(see Fig. 1.15) and unbalanced disk (see Fig. 1.16) in the course of
time reach either equilibrium or a rotary dynamical regime, but

never in the oscillatory regime in the vicinity of the equilibrium.
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Consequently, the Josephson junction in the course of time enters
either a superconductive state or a generation regime. Rotary limit
cycles can originate from the separatrix loop of a saddle via bifurca-
tion of a doubled limit cycle that can appear due to the thickening

of phase trajectories.

Let us consider structures of rotary trajectories in more detail. Ex-
cluding variable J and using the transformation of time, we reduce

system (1.16) to the equivalent equation of the third order

BP+o+(A+ocosp)p+sing=1y, (1.18)

where 3 = Iz(h_b) o= ! A= h-a
’ C J-p) (1 nr)

(1+h1)’ J(h=b)(1+h1)

First of all, one can note that when =0, then Eq. (1.18) is the
equation of an autonomous rotator, the dynamics of which is par-
tially described in the previous section. To add to the already

known information, we consider the case a/A>1 [13, 64]. Under
this condition, on the known bifurcation diagram (see Fig. 1.17)
there is an extra curve A =A"(y) multiple (double) limit cycle (of

the second kind) (Fig. 1.18a). This curve together with the Tricomi
curve defines area (4). The qualitative structure of the trajectories
on the involute of the phase cylinder for parameters defined inside

of this area is shown in Fig. 1.18b. The intersection point of the
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curves corresponds to the zero saddle value o, =A—aq/1—-y> of
equilibrium O,. below this point o, >0, while above this point

o, <0.

Asymptotic properties of system (1.16). Let us rewrite this system

in a following form

(b:y’
y=—y—sinp+y+J,
J+hJ=ap+b(sing—7y). (1.19)
Y <'PI
) 2 () =
lo® ——b-\‘., _____ .
3) L
0,
0,
Y
a b

Fig. 1.18. Bifurcation diagram in the case of regular dynamics
(a) and two dimensional analogue of the phase portrait

for the parameters that belong to domain (4) (b).
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If 0</<1 (0<p<l), then (1.19) is a singularly perturbed sys-
tem. According to [18] in the interval Ie(O,I*] (BG(O, B*]) it

has a stable integral manifold — the surface of slow motions, which

in the zero approximation has the form y =-sing+vy+J. This cyl-

inder is filled with the phase trajectories of equation of the two-

dimensional autonomous rotator. In the zero approximation, its
equation is equation (1.18) for p=0 (I = 0). Thus, for small B the

trajectory structures shown in Fig. 1.8 and in Fig. 1.18b, are two-
dimensional analogues of the trajectory structures of equation

(1.18) for the respective parameter domains.

To illustrate other properties of equation (1.18), let us turn to re-

search [63, 64]. Consider the case o >[, corresponding to the

aforementioned examples of physical systems. Under this condi-
tion, two qualitatively different cases of decomposition of the pa-
rameter space are possible: the first one is already described above
(see Fig. 1.18), while the second one is shown in Fig. 1.19. The pe-
culiarity of the second case is the existence of a region (5) on the
bifurcation diagram. This “gray” region is associated with the bi-
furcation of the separatrix loop of the saddle-focus and, as a conse-
quence, with the existence of a complex limit set of trajectories as-
sociated with the loop containing a countable set of saddle limit
cycles [125]. In practice, this is the area of possible strange attrac-

tors.

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

56 Chapter 1

Let us clarify: for parameters that belong to the Tricomi curve be-
low the gray area, the equilibrium O, is a saddle with a saddle val-
ue of o, >0. According to [64, 125], in this case, a single unstable
limit cycle “sticks” in the saddle separatrix loop (or is born from it).
As the parameters along the curve of the loop approach domain (5),
a local rearrangement of the trajectory structure on the stable saddle

manifold and in domain (5) takes place. Equilibrium O, becomes a
saddle-focus with a saddle-focus value o >0. According to L. P.

Shilnikov's theorem, when such a loop is formed and destroyed,
there is a countable set of saddle limit cycles in its vicinity. Wheth-
er this set is an attractor or not is an open question. The question
regarding the border of domain (5) is also open. These questions are

answered by carrying out a numerical experiment.

Numerical experiment. Let us discuss the dynamics of the system
during the variation of parameters through grey zone from right to
left. By decreasing the constant component of the torque of the ro-

tator (parameter ) and by keeping all other system parameters con-
stant: p = I = 0.08; £=0.05524; a=-0.0809; b=0.021. In this
case A =0.567.
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Fig. 1.19. Bifurcation diagram in the case of existence of dynamical chaos.

Fig. 1.20 shows phase portraits and portraits of the point mapping

(x, J ) > (}, j) , obtained for an equivalent dynamical
P=0o P=0p+27

system of the form

Pp=v+x,
X=p(-x—sinp+J),
J==hJ+a(y+x)+b(singp—y).

For y=1.29 (and for y>1.29), the rotator performs periodic mo-
tions (see Fig. 1.20a). For y =1.282 the limit cycle experiences the
first bifurcation of doubling of the period (pitchfork bifurcation),
see Fig. 1.20b). . Then a cascade of pitchfork bifurcations occurs,
see Figs. 1.20c-f), that ends by origination of the Feigenbaum at-
tractor. (Fig. 1.20g). Fig. 1.20h shows the curve of a point mapping
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that corresponds to this strange attractor. This is followed by “peri-
odicity windows”. With the decrease of y, a stable rotary-oscillatory
limit cycle of a tripled period (with the main period equal to 27) is
born on the chaotic attractor (see Fig. 1.201). A typical feature of
this limit cycle consists of a rotation of the phase at a two-
dimensional stable manifold. The motion at the limit cycle occurs in
such a way that the aforementioned equilibrium would exist in the
phase space of the system (saddle-focus with two-dimensional sta-
ble and one-dimensional unstable manifolds). For this reason, this
limit cycle can be considered a “legacy” of the complex limit set
that occurs when the loop of the saddle-focus is destroyed. With the
further decrease of vy, this limit cycle loses stability, and the limit
cycle with the period of five becomes stable instead (Fig. 1.20j).
Limit cycles of a larger period of the Sharkovsky ordering [126,
127] were not observed in the experiment. After the limit cycle with
a period of five, the motions of rotator become chaotic. The form of
the attractor shown in Fig. 1.20k, 1 indicates that the motions occur
at a certain combination of the Feigenbaum attractor and the limit
set obtained at the place of the collapsed loop of the saddle-focus.
This combined set is an attractor. The respective Poincaré mapping
is shown in Fig. 1.201, m. With the further decrease of vy, the rotator
breaks from the regime of chaotic rotations mode to stable equilib-

rium O,.
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Fig. 1.20. The gallery of qualitatively different phase portraits and Poinca-

printed on 2/14/2023 2:18 PMvia .

ré mappings (continues on the next page).

Al'l use subject to https://www. ebsco.contterns-of-use



EBSCChost -

60 Chapter 1
—0.48 —0.73
/
X ST /"‘
—1.28 —.96 =
=377 P 3.770 .92 XX .70
v=12397
g h
=041 —{1. 30
x X
-1.45 —1.46
=377 ? 3.770 3,77 s 3.770
v=1233 = 1.113
; .
-(1.31 (.04
: |
e
X J”T I.
~1.36 —193
=377 P 3.770 -1.31 xrx -0.49
y= 11095
k 1

printed on 2/14/2023 2:18 PMvia .

Fig. 1.20. Conclusion.

Al'l use subject to https://www. ebsco.contterns-of-use



EBSCOhost -

Oscillators and Rotators with Chaotic Dynamics 61

Rotation characteristic. Let us present qualitative forms of the rota-
tion characteristic based on the results of the study of the dynamical

properties of the model.

For a/A <1, the qualitative forms of the rotation characteristic of
rotator in system (1.16) do not differ from the rotation characteristic
of a two-dimensional autonomous rotator, which are described in

section 1.2. We consider cases shown in the bifurcation diagrams

(see Figs. 1.18, 1.19).

1°. Consider the bifurcation diagram shown in Fig. 1.20a using
phase portraits for each of the parameter domains. Suppose, A <A.

A qualitative form of the rotation characteristic is shown in Fig.
1.21a. Let us discuss it. We increase parameter y (quasi-
statistically) starting from zero while keeping other system parame-
ters constant. For y =0, the rotator is in a stable equilibrium O, (in
domain (1), it is globally stable) until it disappears “without notic-
ing” the bifurcations occurring in the phase space. For y=1+0, the
rotator jumps into rotational motions — to a stable limit cycle, which
is globally stable in domain (3). This limit cycle was born earlier by
separating from the multiple limit cycle, when parameter y entered
domain (4). The diagonal of the plane is an asymptote of the rota-
tional branch of rotation characteristic. For the decreased y, when
“entering” domain (4), the following happens. The stable limit cy-

cle, on which the rotator is “located” moves down the phase cylin-
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der. At the same time, the unstable limit cycle, born from the sepa-
ratrix loop of the saddle, moves up, towards the stable limit cycle.
An unstable branch of rotation characteristic corresponding to an

unstable limit cycle, shown in Fig. 1.21 by a dotted line. When pa-
rameter y reaches the curve A = A0 (y) , the limit cycles merge and

disappear, and the rotator jumps back into equilibrium O, — to the

Zero step.

For Ay <A <A, the qualitative form of the rotation characteristic is
the same as that for the hysteretic rotation characteristic discussed
in section 1.2, while for A > A, it is the same as the non-hysteretic

onc.

2% Consider the bifurcation diagram shown in Fig. 1.19. We as-

sume that A; <A <A,. The rotation characteristic is shown in Fig.
1.21b. When parameter y is increased, one has the same arrange-

ment of dynamical regimes as in 1% A significant difference in
characteristics is observed when variation of parameter y is re-
versed. Once the parameter gets into the “gray” zone, the rotation
characteristic becomes undefined: the scattering effect of the rota-
tion characteristic, already described in section 1.2 takes place. For

other values of parameter A, the qualitative forms of rotation char-

acteristic are discussed in 1°,
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a b

Fig. 1.21. Qualitative forms of the rotation characteristic:
a: for A <Ag, b:for A; <A <A,.

1.4. Chaotic dynamics of a non-autonomous rotator
with aperiodic load

Let us again consider the Froude pendulum with a balancing sleeve

(see Fig. 1.15a). We will assume that the shaft of the pendulum ro-
tates with the frequency Q(7)=Q,+Q,siny, y=w,. In this
case, the governing equations have the form [123]
L9=8,(Q)—¢)+38,(0—)—mglsing+8,Q,siny,
V= (1.20)
Let us transform equations (1.20). First of all, let us remove the pe-

riodic function from the second equation by using a change of the

variables of the form o= A4, siny + 4. cosy + y, where
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(1250 )2 +(82 +63 )2

Q,, 4,=-— %5 Q,.

‘ (1260)2 +(62 +83)2

A =

s

As aresult, we obtain a system of the form

Lp+8,¢+mglsing =58 +8,(y—¢)y+Bsin(y+y,),
L{(y=¢) +(8, +83)(y—9) =82 — 839 — 1,4,
V=, (1.21)

8,4

C

where B = \/(SzAS +8,Q, )2 +(8,4, )2 s Vo= arctg—SZAs YR

Further, similarly to the autonomous case, we transform time in

(1.21): m_gll_ =1, as well as variables J= 6—2(y —¢)-
5 mgl
5,03 . .
- Q,, and y+y,=vy,. We obtain the following
mgl (82 + 03 )

system:
I+ p+sing=y+J+ Asiny,
J+h= a('p+b(sin(p—y - Asin\v),
W =0, (1.22)
B 5,
where A=——, oy =——w,, and all other parameters are the
mgl mgl

same as ones in the autonomous case. Subscript “n” is omitted here.
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Consider dynamics of system (1.22) for the different asymptotic

values of parameter /.

Asymptotic case 1 << 1. According to [18], a singularly perturbed

system (1.22) has a stable integral surface of “slow motions” in the

phase space G((p,\u,(‘p,J ) Integral curves at this surface represent

trajectories of the non-autonomous rotator. Its equation is close

(~ 1) to that obtained from system (1.22) for /= 0 [128]. The system
is reduced to equation (1.6) with functions F(¢)=ecose,
F, ((p) =sin@. In this case, parameters /, ¢, v, 4, ®, of equation

(1.6) correspond to the following parameter combinations of system
(1.22):

h-b 1 op +(h=b)"
(h—ay (h—a) " b

This case has been already sufficiently investigated in sections 1.2

and 1.3.2.

Asymptotic case I "' = p << 1. We investigate the main resonance of
the system (simple synchronization), considering the parameter

domain
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h—b\h—-a

Domain D, corresponds to the zone of a simple master-slave syn-

D, ={1_1 = h=ph';a=pa ;b=pb’; h;a(ﬁv—wo}w}-

chronization of rotator with aperiodic load that has low damping.
We apply to (1.22) a change of the variables of the form

¢ =g +ud(e,v,8),

a->b
J=—— oy +uY (o) +w.
h—>b (1.23)

It reduces (1.22) to an equivalent system in a standard form with a

fast-spinning phase:
&:u[yw—q)ai)—anj,
o

y=u(—h*y—h*Y—q>‘2—Y+a*q>—b*Aj,

(¥
=nd(&.m),
¢=w0+u®(av(pan)a (124)
A b Ab"
where ®=—-cosqp——cosy +E, Y=—-cos¢o+——cosvy,

Mg Mg ™9 ®g

n=¢ -V is the phase mistuning, A is the frequency mistuning.

Details of the changes of the variables like (1.23) are provided in
the Appendix.
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Having averaged system (1.24) over a fast-spinning phase, we ob-

tain a truncated system of the form

: 4
é=u[—&+y—2—zsmn+A}

o
. * * * A .
y=u|—-hy+a&+b —5sinn-A ||,
plon
=g,
¢ =0y +u& (1.25)

In system (1.25), we have kept old notations for the averaged varia-
bles.

o 207 . A
By transforming time MT‘C =1, and variable y=—:x we re-
®o

duce the first three equations of system (1.25) to the equivalent sys-

tem of the form

ILi+n+sinn=v" +x,
: . Ly
x+hx=an+b, (smn Y ), (1.26)

where I, :iz, v =AY, ho=RTY a =d'I7Y, b=b"T
20

Here we meet again with a remarkable fact: the obtained averaged
system (1.26), accurate within notations of variables and parame-

ters, coincides with system (2.6). This allows us to obtain important
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information about the dynamics of the non-autonomous model

(1.22) without doing any further research.

Note that when passing from the system (1.26) to the equivalent

third-order equation (1.18), we obtain the following parameters:

4 1
202 (h*—b*)(1+h*)’

. 20} — -1
M= ’ yrz[—A J A.

T

Fig. 1.22 shows bifurcation diagrams of the parameters of system as

analogues of respective diagrams for the autonomous system shown

in Figs. 1.18 and 1.19.

Fig. 1.22. Bifurcation diagrams of effective parameters of system (1.22)

in a zone of the main resonance.
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Note that Eqs. (1.26) are invariant with respect to the transfor-
mation n—>-1, x—>-x, y" >—y"(A—>-A). This means that
bifurcation diagrams shall also contain their mirrored reflection
with respect to the ordinate axis. On the complete diagram, the left-
hand side of each graph will represent transformations of the phase
space of Eqgs. (1.22) when parameter y approaches the resonance
from the left-hand side (when 7 is increased), while the right-hand
side would represent that when parameter y approaches the reso-

nance from the right-hand side (when y is decreased).

In Fig. 1.22, parameter domain (1) corresponds to the global as-
ymptotic stability (GAS) of a stable limit cycle — the synchroniza-

tion capture area. Domain (2) corresponds to the existence of stable

and saddle limit cycles, as well as a stable invariant torus T 2. De-
pending on the initial conditions for parameters from this domain,
both the synchronization regime and the stable stationary beatings
regime are possible. Domain (3) corresponds to the existence of a
globally stable invariant torus. For parameters from this area, sim-
ple synchronization mode is not possible. Note that in all cases we
consider tori as invariant manifolds, not to mentioning structures of
trajectories on these tori. These manifolds can have both a quasi-
periodic winding and a pair: stable and unstable limit cycles corre-

sponding to a subharmonic resonance.
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For parameter domain (4), there exist stable and saddle limit cycles
and stable and unstable tori. In contrast to Figs. 1.18 and 1.19,
Fig. 1.22 shows the existence of two new domains (domains (6) and
(7)). Domain (6) (“bold Tricomi curve”) corresponds to the exist-
ence of complex limit sets in the phase space that are related to the
destruction of a two-dimensional invariant torus and also to the ex-
istence of rough homoclinic curves of a saddle resonance limit cy-
cle. For the parameters transition from domain (4) to domain (1), a
merging of stable and unstable tori occurs. Such a bifurcation of
merging of tori is poorly studied. Probably, before the merging, tori
lose their smoothness. Normally, this leads to the origination of a
complex limit set. For this reason, we consider domain (7) to be
“grey” in the sense that its exact borders are not determined and
exact bifurcations leading to the chaotic state of dynamical process-
es are not known. Domains (6) and (7) are the narrow strips with a

width ~ p, which for p— 0 are shrinking to the respective bifur-

cation curves shown in Figs. 1.18 and 1.19.

Let us discuss the correspondence of chaotic attractors of initial
system (1.22) and averaged system (1.16). This applies to the at-
tractors corresponding to domain (5) in Figs. 1.26b and 1.19.

It is clear that if 4 is a strange attractor of the averaged system, then
the attractor of the original system does not represent a formal mul-

tiplication 4 x S' due to non-roughness of attractor 4 (homoclinic

trajectories do not have an unambiguous interpretation). On the
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other hand, with the decrease of parameter p, domain (5) shown in
Fig. 1.26b shrinks to the corresponding domain shown in Fig. 1.19.
It is natural to assume that some of the corresponding bifurcation
curves in these domains also converge, in particular the curves of
doubling of the period of the limit cycle in system (1.16) and the
curves of doubling of the period of the torus in system (1.22). In

other words, one can state that for any p=p,, a chaotic attractor of
the initial system contains N (Ho) number of tori of saddle type (a

“skeleton” of the chaotic attractor). Each of these tori corresponds

to a limit cycle of the averaged system and lirnON ( Ho) =o0. Due to
Ho—

this reason, hereinafter, we will state that a chaotic attractor of ini-
tial system has the same type as a chaotic attractor of the averaged
system, keeping in mind that this statement is not entirely correct.
In this sense, bifurcations of tori in system (1.22) should take place
according to the same scenario as bifurcations of limit cycles in av-
eraged system (1.26). Phase portraits of system (1.16) and forms of
trajectories of point mappings for system (1.22) (on the respective

planes) should have identical qualitative features.

Numerical study. This study is focused on bifurcations of dynam-
ical regimes of the rotator during the transition from the regime of
beatings to the regime of synchronization, which corresponds to the
transition of parameter y (while all other parameters remain fixed)

from domain (3) to domain (1).
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When parameter y is varied through domain (6), the character of
bifurcations is the same as that for the non-autonomous rotator de-
scribed in Section 1.2, therefore, this case can be skipped. Let us
discuss the case of parameter transition from domain (3) to domain
(1) through domain (5), since this is the most interesting case in

terms of the demonstration of theoretical results.

In this numerical study, phase portraits and structures of point map-

ping

(¢,x,J) —>((p,x,J )

=y y=yo+2m’

have been analysed. This point mapping has been made for a sys-

tem which is equivalent to system (1.22):

¢=v+x,
X=p(-x—sing+J + 4siny),

J =—hJ+a(y+x)+b(sin(p—y—Asin\|/),

\if e 0)0.
Experiment 1. The following parameter set has been used:
pu=h=0.006, a=-0.006, 6=0.003, 4=5, ®,=0.5. For these

parameters, A" =0.632. The gallery of phase portraits and their
corresponding point mappings are shown in Fig. 1.23. Parameter y

is varied towards the resonance step from the right-hand side.
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For y=2.0892, the rotator experiences quasi-periodic beatings

(Fig. 1.23a). The left figure shows a torus with quasi-periodic wind-
ing. The middle and right figures represent a trajectory of point
mapping of this torus (the discreteness of the trajectory is hardly

noticeable due to the high density of points). For the decreased v,

For the decreased values of y, a bifurcation of doubling of the peri-
od of torus (pitchfork bifurcation) occurs, see Fig. 1.23b. Further,
the torus changes its configuration with no further pitchfork bifur-
cations, see Fig. 1.23c). Then an opposite pitchfork bifurcation oc-
curs, see Fig. 1.23d). The obtained torus loses its stability and the
rotator suddenly jumps into the synchronization regime, see
Fig. 1.23e). Fig. 1.23d shows a trajectory of the limit cycle at the

involute of the phase cylinder.

For y=1.9412, the rotator suddenly jumps from the synchroniza-
tion regime into the regime of quasi-periodic beatings (a jump from
the lower end of the resonance step), see the torus of the doubled
period shown in Fig. 1.23f) (compare to Fig. 1.23c¢). If parameter y
would be increased, then the torus would experience an opposite
pitchfork bifurcation similar to the transition from Fig. 1.23c to
Fig. 1.23d. Further, a loss of the stability of this torus and a jump
towards the resonance step from the left-hand side would occur. A
slight visual difference of cases shown in Fig. 1.23f and 1.23¢ 8¢ is

concerned with the choice of a secant plane. For the transition from
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Fig. 1.23. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on the next pages).

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



Oscillators and Rotators with Chaotic Dynamics 75

Fig. 1.23f to Fig. 1.23h, the torus changes its configuration and then

experiences an opposite pitchfork bifurcation, see Fig. 1.23i.
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Fig. 1.23. Continuation.
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Fig. 1.23. Conclusion.
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Thus, in this case, dynamics of the rotator during the transition to
the synchronization regime is regular. Note that bifurcation scenari-
os during the transition to the regime of synchronization from the
left-hand and from the right-hand sides to the resonance step are the
same. This fact is a consequence of the invariance of the averaged

system to the applied transformations.

Experiment 2. The following parameter set has been used:

p=0.086, £=0.006, a=-0.006, b=0.003, 4=2.5. In this case,

A" =0.517 . The gallery of phase portraits and corresponding point
mappings are shown in Fig. 1.24. Parameter y has been varied from

the right-hand side towards the resonance step.

For y=3.6091, a quasi-periodic motion of the rotator occurs, see

Fig. 1.24a. For the decreased values of this parameter, the torus ex-
periences two pitchfork bifurcations, while itself remaining ergodic
and “smooth”, see Figs. 1.24b,c) (compare to Figs. 1.20b,c). After
the next pitchfork bifurcation, the torus loses smoothness, see
Fig. 1.24d. A chain of pitchfork bifurcations leads to the origination
of a strange Feigenbaum attractor, see Fig. 1.24d (compare to
Fig. 1.201). Further, like in an autonomous case, an attractor related
to the loop of the saddle-focus of the averaged system merges with
this attractor. For the decreased vy, a stable torus of the period four is
born at the united attractor, see Fig. 1.24f. Further, the torus experi-

ences a series of the opposite pitchfork bifurcations while itself re-
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maining “smooth”, see Figs. 1.24g,h,i. Finally, a torus of the period

one loses stability and the rotator suddenly jumps into the synchro-

nization regime, see Fig. 1.24;j.

3.23L
-3.77 P

-3.77 p

3770

4 3,114
.70 =377

7 =204

=l

-3.11
-3.77

- - =263
.-"r * \ ,"'.- K\
.-"' : | S
.'. .I'-,II g, T I.
! \ \
/ Ill"f \M.,__ _
= | 266! =
[ 3769 311 XX
v =3.6091
a
—: 03
T
v
=7 GhL
o, T =311 X T
v=3.6051
b

264

Fig. 1.24. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on the next pages).
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Fig. 1.24. Continuation.
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Fig. 1.24. Conclusion.
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Experiment 3. In the previous experiment, during a series of pitch-

fork bifurcations the torus lost its smoothness. The question is: is it

a rule or not?

The following parameter set has been used: p=0.006, #=0.004,

a=-0.006, b=0, A=5, ®,=0.5. In this case, A" =0.5. We

move towards the resonance from the left-hand side.

For y=1.19534 (see Fig. 1.25a), there exists a doubled smooth to-

rus. During the increase of vy, the torus experiences a cascade of
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pitchfork bifurcations, but does not lose its smoothness, see Figs.
1.25b,c. As a result of doublings of this smooth torus, a Feigen-

baum attractor is originated, see Fig. 1.25d (compare to Fig. 1.251).
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Fig. 1.25. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on the next page).
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Fig. 1.25. Conclusion.

Rotation characteristic. We will obtain a qualitative form of the
rotation characteristic of the rotator in the zone of the main reso-
nance from the rotation characteristic of the rotator in the autono-
mous system (1.16) as a result of the following transformations.
Fig. 1.21b is supplemented by its reflection relative to the origin,
and as a result, a complete resonance step with its “environment” is

obtained. Further, obtained figure is transferred along the autono-

mous rotation characteristic to the point Q=(h—a)w,/(h-b).
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Finalizing this section, we would like to draw the reader’s attention
to how the rotator returns to the “zero” resonance step, i.e. comes
from the regime of rotations to the oscillatory regime. Fig. 1.26a
shows a trajectory of a complex a rotary-oscillatory limit cycle of a
very large period, as illustrated by the point mapping. The dark part
of it corresponds to a denser concentration of trajectories. During
the decrease of parameter y, due to the trajectories thickening, a
divisible oscillatory limit cycle originates. In the moment of bifur-
cation, a period of the limit cycle becomes infinite. Such a bifurca-
tion is called the “blue sky catastrophe” [129 — 132]. For further
decrease of y, the aforementioned limit cycle splits into two limit
cycles: stable and unstable ones and the rotator moves along the

stable oscillatory limit cycle, see 1.26b.

0} 39 0,088 0137,

2 0.73% 7

3.7 n 1.77 X 002 =177 0 1769

y=1.19563 y=1.19567
a b
Fig. 1.26. Blue sky catastrophe bifurcation (a) and oscillatory regime
of rotator (b) for u=0.086, 4 =0.006, a=-0.006, b=0.003,

A=25,00=0.8.
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1.5. Chaotic dynamics of the “rotator — oscillator” system

The “rotator — oscillator” system is a dynamical system of the form

[118,133]

I1p+p+sine=y+J,

J+8J +wpd =dp+bip, (127)

defined in the phase space G((p,('p,J,J)le xR> and in the pa-

rameter domain D={I>0,y>0, 8>0, o, >0, b, d}, where [,y
moment of inertia and driving moment of the rotator, respectively;
d, w, dissipation coefficient and natural frequency of the oscillator,

b, d are the parameters of the coupling.

Let us provide examples of physical systems modelled by equations
(1.27).

1. Torsional vibrations of a flexible rotor in a system with an energy

source of limited power.

Consider dynamics of a torsional-elastic shaft driven by an energy
source of limited power. A scheme of this model is shown in Fig.

1.27a.
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Fig. 1.27. Asynchronous motor with unbalanced disk and adduction disk
of the elastic shaft (a): M is the motor, ES is the elastic shaft, D/ is the
unbalanced disk, SS is the solid shaft, D2 is the adduction disk of elastic
shaft, B is the bearing; an equivalent scheme of the system “superconduc-

tive junction — resonator” (b).

An asynchronous electric motor is taken as an example, but in gen-
eral an engine of any other type could be chosen. We consider a
simple model, when an elastic shaft, (distributed system) including
other systems installed on it, is modelled as one disk with known
moment of inertia [54]. The disk is placed in the centre of the shaft
(one mode model). We will assume that all resistance forces are
linear with respect to angular speed and elastic restoring force is

linear with respect to the angle of twist.
The Lagrange function for this system has the form

L=T+V=%('p2 +%092+mge(l—cosq>)+§((p—9)2,
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where ¢, 9 are the angles of rotation of the imbalanced disk and
adduction disk, respectively; I;, [, are their moments of inertia,

respectively; m, e are the imbalance and the eccentricity, respective-

ly; k is the torsional stiffness of the elastic shatft.

By assumption, the motor driving torque is a linear function of the
rotational speed M, =M, —A¢p. We also account for the fact that

the whole system can operate inside a viscous environment (like
electric submersible pumps). We assume that all moments of dissi-
pative forces acting on the imbalanced disk are described by the

term —A¢ in the expression for the torque. We also assume that the
moment of external forces acting on the adduction disk has the form

—809. Finally, we assume that there exists a hypothetical moment
of forces of internal torsional friction g ((‘p—é). Under these as-
sumptions, the governing equations have the form:

Ilép+mgesin(p+k((p—8) =M, - Ao,
I8 +k(8—9)=—3,+20(¢—9).

Introducing a new variable L(8 - (p) =J and time %’E =1

mge

no

Iimge

we reduce the system above to the form (1.27), with [ = Z
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2
M A
y=—2, 5=(8g+e)ly —, 0 = 1(—j ,
mge e mge
bz_L’ go %0 2
mge AL 0

2. The “superconductive junction — resonator” system. In one-mode
approximation, an equivalent electric scheme is shown in Fig.

1.27b.

Using Kirchhoff laws and Josephson relation, we obtain dimension-
less governing equations with dimensionless variables, parameters,

and time:

cO+Q+sinp=y+J,
loJ + 10 =V ==¢,J =—coV =i V.

By excluding variable ¥, we obtain system of the form (1.27) with

the following parameters:

S:Co’”o”lﬂo’ mg:L(lJrr_O} bz_l, PR
coloti coly i ly Coloni

The list of physical systems modelled by equations (1.27) or similar

equations is not limited to these examples [134 — 138].

Consider the dynamics of system (1.27) in the following parameter

domain:
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D, ={Il =uxl, d=uph, y+i—0)0 =uUA }
@

For these conditions, system (1.27) represents a quasi-linear rotator

coupled to a high-quality oscillator. The last equation in D, deter-

mines the mistuning of the normal frequencies of the rotator and the

oscillator.

According to the transformation algorithms described in Appendix,

the system, which is equivalent to system (1.27)

1o+ p+sinp=y+J,
J=W +bjp—puhl,
W=-oiJ +d¢

by applying changes of the variables

J =Gsin(p+ncoscp+i,
®o

W =(6cosp—mnsing)w, —bay,
('p=c00+u®(9,1”l,(P»‘:) (128)

is reduced to an equivalent system in a standard form with a fast-

spinning phase of the form
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QZM@)(GJ’I»@(P),
n=pT(6,n.8,9),
E=p=(0,1m.8,9),

¢ =0y +ud(0,1,8,0), (1.29)

where

0= £n+bsin(p+ic05(pj® —h(Gsin(p+ncoscp)sin(p+isin(p,
®o o

T=(bCOS(p—9—iSil’l(ijD —h(esin(p+ncoscp)coscp+icos¢,
®o ®o

E=A- ai)@JraETJraECDHD ,
00 on o

1- .
O =—ecoscp+ls1n(p+§.

Mg Mg

By averaging (1.29) by a fast-spinning phase, we obtain a system of

the form

n(-bE+b0+bn+A),
u(—b49+bsn +n§+b6),
=(~bym b0 -05+;),
P=wy+ug

§
0
n
with parameters
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0] 2

0 2009 g 209
d b
bg=—=, by =—.
2w 2,

Further, a change of the variables of the form
x=b' (&+bs), y=(bm+b,0)/bib, - A,

z=(b0-byn)/biby + R, phyt=r, (1.30)

reduces the averaged system to a Lorenz type system of the form
x=—o(x-y)+p,
y=-y+Rx-xz,
z=—z+xy+Ax, (131)

whose parameters are expressed as follows:

byby — bybg A byb, + bybg

o=b/b . R= )
1/ bb? bb2

b

p=(A+(Bibybs +bsby + by )by )by

Let us discuss some of the dynamical properties of the averaged

system (1.31).
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1) The system is a dissipative system. This property is justified with
the help of quadratic form V = %(xz + (y + A)2 + (Z -c— R)z),

whose derivative taken along the vector field of system (1.31) has

the form ¥ =—-ox* —(p-ocA)x—y* ~Ay—z* +(c+R)z. It is ob-

vious that it is negative outside a sphere J < I?. This means that all

limit sets of trajectories remain inside a bounded spherical domain

of the phase space G (x,y,z)=R>.

2) Depending on the parameters, this system has up to three equilib-

ria with coordinates:
Xg =0, Y =(R0)—Am2)/(1+032), 2 =(R002 +Aw)/(1+m2),

where o, , 5 are the solutions of equation

f=(o+(Am2—R(o)/(l+(92). (132)

Parameter o it has a sense of the mistuning of the normal frequen-

cies of the rotator and oscillator.

3) If system (1.31) has one equilibrium O(xo, yO,ZO), then this

equilibrium is globally asymptotically stable. This can be proven

with the help of the Lyapunov function Vzé(mxl2 + y12 +zlz),
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where x; =x-xy, ¥ =y—)y, 7 =2z—2z. The derivative of this
function, taken along the vector field of system (1.31) has the form
V=—(oyx +)’1)2 —(ayx +Zl)2 <0,Y(x,y,2), where o=
=—(6m+R—ZO)/2, o, =—(¥ +A)/2, m is a positive root of
equation o’m” + 26(R—zy—2)m+(R -z, )2 +(yo + A)2 =0. It

may be proven that conditions of existence of a positive root and

conditions of unicity of the equilibrium are the same.

4) Stability of equilibria. A characteristic equation for an arbitrary

equilibrium  O(x,5y,zy) of system (1.31) has the form

P +ayp® +a,p+a, =0, where

ay=0+2,
A®—R
a1=20+1+m2+0(L2),
1+o
R’ +2A0—R )
a2=0(1+0)2) 1+ % .
1+

If =0 (p = 0) , then equilibrium 0(0, 0,0) is stable if R<1. For

o # 0 the Hurwitz conditions are equivalent to a set of the follow-

ing inequalities:
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a >0: f>(<)fi, ay>0: f>(<) 1,
agay —a, >0: [ >(<) f3, ©>0(w<0),

where flz—o)(cs-l—1+oo2)/0, fzz—m(R—1+m2)/2,

f =—(,0(G2 +4($—0R+2+20)2)/02. Therefore, if ®>0 (»<0),

the criterion of stability of any equilibrium of the system consists of
a location of a point of the curve (1.32), corresponding to equilibria,

above (below) all curves f;,3. Equations f = fi,3, f=p/c de-

fine bifurcation surfaces, which correspond to transformations of

structures of trajectories at manifolds of equilibria.

The auxiliary functions have two simple properties that help study-

ing the stability:

— function f, crosses f in the positions of extrema and at the
origin;

— All curves cross each other at the origin and at three points

W5 = i\/(3G—GR +2)/(c-2).

Properties of equilibria will be discussed in more detail during the

consideration of the rotation characteristic.

5) Chaotic attractors.
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a) Lorenz attractor. For p=A =0 equations (1.31) represent the

Lorenz system (see Section 1.1). It is known that parameter b
in the Lorentz system is a scale parameter and its value in relation

to the properties of the system is not of fundamental importance. In

this case, b=1. As stated above, for o= c*, R=R"> R.,
R, = (02 + 46) / (cs - 2) , strange attractor is a unique attracting lim-

it set of trajectories. According to paragraph 4, the expression for

R, is defined by the condition of the coincidence of the zeros of

functions f'and f;. This condition corresponds to the loss of stabil-
ity of the equilibria O, 5 (i R—1, +~R—1, R —1) caused by the
fact that unstable limit cycles get stuck in them. These limit cycles

have been earlier born (by varying parameter R) from the separatrix

loop of saddle O, (0,0,0). Le us remind that strange attractor be-

gins to exist for R = R, where R" is the value of the parameter R

that corresponds to the separatrix loop of the saddle. In the interval

R <R< R, , the strange attractor and stable equilibria coexist, hav-

ing non-overlapping attraction domains. In this interval of values of
parameter R, depending on initial conditions, either a strange attrac-

tor or one of two stable equilibria would be born.

“Deformation” and degeneration of the Lorenz attractor for nonzero
parameters p and A have been studied in a numerical experiment.

For A =0, and by increasing parameter p from zero, the attractor
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loses its symmetry since the affix remains mostly in the vicinity of
the right-hand saddle-focus (for the projection onto (x,z)-plane).
Further, this equilibrium becomes stable after the birth of a saddle
limit cycle (Andronov-Hopf bifurcation in reversed time). In this
case, depending on the initial conditions, either equilibrium or a
chaotic attractor may originate. With further increase of parameter
p, the saddle limit cycle gets “stuck” in the separatrix loop of a sad-
dle and the equilibrium becomes globally stable. Due to invariance
of system (1.31) with respect to a change of the variables of the
form (x,y,z)(-x,—y,z), p+>—p the same scenario of the de-
generation of the Lorenz dynamical chaos occurs with the change
of the parameter p towards lower values. The only difference is that
now the right-hand equilibrium becomes globally stable. The same

order of bifurcations also takes place for the small values of |A|

Asymmetric Lorenz attractors are shown in Figs. 1.28a,c. Note that

for pA >0 and small values of |A| there exists a value of p, for
which the attractor loses its visual symmetry (see Fig. 1.28b).

b) The Feigenbaum attractor and the alternation. This type of cha-
otic attractors has been found for pA >0 and sufficiently large ab-
solute values of A. In the numerical experiment |A| >7. The

Feigenbaum attractor is shown in Fig. 1.29a. For A <—7 and for
increased parameter p, the left equilibrium of system (1.31) loses

stability when a stable limit cycle is born. Further, this cycle expe-

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Oscillators and Rotators with Chaotic Dynamics 97

riences a series of bifurcations of doubling of the period (pitchfork
bifurcations). In some interval of values of parameter p the chaotic
attractor is born and has the attraction domain isolated from the at-
traction domains of other limit sets. With the further increase of
parameter p, the attraction domain of the attractor intersects with
the attraction domain of another chaotic limit set (it has not been
studied, which one exactly, but probably this limit set is an “inher-
itance” of the asymmetric Lorenz attractor). As a result, a typical
alternation [7] is observed, see Fig. 1.29b. Since system (1.31) is
invariant with respect to transformation (x,y,z)r (-x,-y,z),

p——p, Ar>—A, the same scenario occurs for A>0 and de-

creased values of parameter p.

2 i 1] L] r =20 =0 ] i 1 -2 =] 1] | X

Fig. 1.28. Asymmetric Lorenz attractors (a: for 6=9.7, R=27, A=-1,
p=28.53,c:for 6=9.7, R=27, A=-1, p=-31.67) and attractor

with a visual symmetry (b: for 6=9.7, R=27, A=-1, p=-3.5).
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For negative values of R and any values of other parameters, no

chaotic attractors have been found in system (1.31).

4=
3

20

{ T
=20 =10 { 10 ' g

a b
Fig. 1.29. The Feigenbaum attractor: a: for 6 =9.7, R=27, A=-7;
b:for 6=9.7, R=27, A=-7, p=-36.27.

In the previous section, we have discussed the relationship between
the properties of the averaged system and the initial system. In this
case, the theory guarantees the existence of an arbitrarily large
number of saddle-type tori in system (1.31) conditioned that chaotic
attractors exist in this system. The same can be said about the bifur-
cation of doubling of the period of the torus. In other words, phase
portraits of system (1.31) and portraits of the point mappings of
system (1.27) must contain the same qualitative features. Let us

illustrate this using the results of a numerical experiment.
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Numerical experiment. For the sake of convenience, the Poincaré

mapping (x,O,n)(P:QDO —>(;,§,’r_])(p=(p0+2n for the following system

that is equivalent to system (1.27):

(b:(DO +].UC,
X=—-px—sin@+0sin@+mncose+y—w,

6= pxn—6(6sin(p+ncoscp)sin(p+[bsin(p+icosq)j(m0 +px),
o

n= —uxe—8(Gsin(p+ncosgo)coscp+(bcoscp—isin(pj(ooo +LLX).
®g

(1.33)

During the transformation to system (1.33) transformation of the

form (1.28) has been made for @ = x.

Experiment 1. The following parameter set has been used:
d=-0.27508, pn=0.01, 6=0.0134, b=-0.005016, w,=0.5.
The parameters are chosen such that their combinations are close to
the values of parameters in the numerical experiment for averaged
system (1.31). Fig. 1.30 shows a gallery of phase portraits and
Poincar¢ mappings. Parameter 5 =—0.005016 is chosen to be small
in order to correspond to a small value of parameter A of the aver-
aged system. During the variation of parameter vy, the resonance

zone is passed from left to right.
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For y=1.0448906 and lower values, a periodic motion (limit cycle)

is observed in system (1.33), see Fig. 1.30a. Fig. 1.30b shows a
transient process of formation of a fixed point of the Poincaré map-

ping that represents a focus.

Similarly to the dynamics of an average system, for the increased
values of parameter vy, the fixed point loses stability via the opposite
Andronov-Hopf bifurcation, i.e. due to the sticking of the invariant
curve (that corresponds to two-dimensional torus) in the equilibri-
um. As far as the phase space of system (1.33) is concerned, a stick-
ing of an unstable torus into a limit cycle occurs that is followed by
instability “transfer” from the torus to the limit cycle. As a result of
this bifurcation, our system suddenly jumps from the regime of pe-
riodic motions to the regime of chaotic vibrations. As a result of
this bifurcation, the system jumps from the periodic regime to the
chaotic oscillation regime. Fig. 1.30c shows a segment of the chaot-
ic phase trajectory on the involute of the phase cylinder, while Fig.
1.30d shows the corresponding segment of the discrete trajectory of

the asymmetric Lorentz attractor in the space of the Poincaré point

mapping.
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Fig. 1.30. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on the next page).
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Fig. 1.30. Conclusion.

For the increased values of y the strange attractor, first, becomes
symmetric (see Figs. 1.30e,f), and then becomes asymmetric to the
right. Further, the stability of the right fixed point (limit cycle)
changes: being unstable, it becomes stable with the separation of an
unstable invariant curve (torus) out of it. Further, the fixed point

becomes globally stable (see Figs. 1.30g,h). Thus, in this case, the
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bifurcation scenario described in paragraph 5a) for the averaged

system is observed.

In what follows, let us numerically demonstrate the adequacy and
effectiveness of the method of the averaging with respect to the pe-

riod-doubling bifurcations of the torus.

Experiment 2. The following parameter set has been used:
d =-0.27508, n=0.01, $=0.01252, b=-0.01875, ®,=0.5.
Note that parameters of the averaged system are quite “sensitive” to
changes of initial parameters, in particular, parameter b. For select-
ed parameters of system (1.27), the value of parameter A in system
(1.31) is large and corresponds to the existence of the Feigenbaum

attractor in the averaged system.

Fig. 1.31 shows a gallery of phase portraits and Poincaré mappings.
Parameter v is varied such that it approaches the resonance frequen-

cy from the right-hand side. For y <1, a stable limit cycle is ob-

served — a fixed point of the Poincaré mapping. Further, this fixed
point loses stability during the origination of a stable invariant
curve (torus), see Fig. 1.31a. For increased y, the torus including the
quasi-periodic winding experiences a cascade of pitchfork bifurca-
tions (see Figs. 1.31b-d). The series of bifurcations ends with origi-
nation of the strange Feigenbaum attractor, see Figs. 1.31e,f). Fur-
ther, a crisis occurs that consists of an alternation of the Feigen-

baum attractor with “remains” of non-symmetrical Lorenz attractor,

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



104

Chapter 1

see (Figs. 1.31g,h). In this case, the affix remains most of the time in

the vicinity of the Feigenbaum attractor, performing random ejections

towards the right-hand fixed point and rapidly coming back again. For

a further increase of y, the same scenario of development and degrada-

tion of the dynamical chaos as described in Experiment 1 occurs.

Such scenario of appearance and development of the chaos is the

same as scenario described in paragraph 5b for the averaged system.
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Fig. 1.31. The gallery of qualitatively different phase portraits and Poinca-

ré mappings (continues on the next page).
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Fig. 1.31. Conclusion.

Using obtained results, let us study qualitative forms of rotation
characteristic of rotator’s rotations and resonance characteristic of

the oscillatory system.

Rotation characteristic. First, we note that from the formulae of

transformations of variables and parameters from (1.30)

to system (1.31), it follows that y~A ~p, &(¢)~x(¢) (linear rela-
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tions), i.e. rotation characteristic yzy(f—,*(t,to)) and curve

p= p(X* (t,to)) have identical qualitative features. For the sake of
convenience, we will consider this curve as arotation characteristic.

Resonance characteristic.

Definition. The function A(Q)=max
t

, defined under

limJ(t,ty)

tow

parameter space and space of initial conditions in system (1.27) is

caled the resonance characteristic of oscillations. Since

tIimJ(t,to):J*(t,to), where J"(t,ty) is the final solution for
—0

J(tty), then A(Q)= mtax‘\]* (tto)]

In Example 1, physicaly, the resonance characteristic defines a
maximal angle of twist of the flexible rotor with respect to the fre-
guency of rotation of the motor and initial conditions. In particular,
if the motor (the energy source) has an unlimited power and its fre-
guency is independent of the loading, then a resonance characteris-
tic represents an amplitude-frequency characteristic of the oscillato-

ry system.

Let us perform simple transformations. From the formulae of transi-

tion from Egs. (1.27) to the system in a standard form, we obtain
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J—izﬂe2 +1? sin(@+¢g), i.e. the expression for the ampli-
™

tude of vibrations A= \/62 + nz. On the other hand, the formulae

of transition to system (1.31), we obtain
2p2 Jb? +b?
(AP +(zRP =B (02 4?),  de  A=YETE,
b3 +b2 b1b4

X \/(y* +A)2 + (Z* —R)2 , where y* (t,to), z (t,to) is a stationary

solution of system (1.31). For equilibria of system (1.31) (limit cy-

cles of initial system (1.27)), we obtain
. 2, 2 RZ4A? 2 BNRY+A?
(v +A) +(2 =R =B e 4B L
I+o bib, \/1+032

Since we are interested in qualitative forms of the resonance char-

acteristic, let us consider its normalized form:

1 (elp) (1.34)

It is easy to see that both characteristics are interrelated. Having
obtained the rotation characteristic, we also know the resonance

characteristic, including the stability of its various sections.
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1. For values of parameters A and R, satisfying the inequality

R+8

33

sis-free) curve that is stable at all points. In this case, the behavior

|A| < v1—R, rotation characteristic is a one-to-one (hystere-

of system (1.27) is similar to a linear system, and the resonance
characteristic has a form similar to the amplitude-frequency charac-
teristic of a linear oscillator, which follows directly from expression

(1.34). The case is of a little interest.

2. Suppose that =10, A =0 (for which, system (1.31) takes the

form of the Lorenz system), while parameter R >1 and we keep
increasing it. The qualitative forms of rotation characteristic and
resonance characteristic for R=10 and R = 27 are shown in Fig.
1.32. As usual, bold lines indicate stable sections of rotation and
resonance characteristics, while dashed lines indicate the unstable

ones. Thin lines indicate graphs of auxiliary functions f; , 5, defin-

ing stability of equilibria of system (1.31).

For all R>1, the rotation characteristic in the zone of resonance

has a symmetric hysteretic loop. And for all values from the inter-
val 1<R<(35+2)/c, only the falling section of the rotation char-
acteristic is unstable and, accordingly, the upper section of the res-
onance characteristic, enclosed between the vertical tangents is also
unstable. This follows from the condition of the existence of the

intersection point of curves f,; (see properties of the averaged
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system). In system (1.31), the only bifurcations are bifurcations of
merging and disappearing equilibria that occur at the extrema of the
rotation characteristic. Consequently, the frequency jumps of the
rotator from the state of resonance to the post-resonant regime and
vice versa taking place from the upper and lower extrema. The re-
spective amplitude jumps occur from intersection points with a ver-
tical tangent. This case is not depicted, but it can be restored from

the next one.

For R> (3G+2) / o, certain sections of positively sloped rotation

characteristic curves become unstable, see Fig. 1.32a. As described
above, the limit cycle of (1.27) loses stability due to “sticking” of
an unstable torus. As a result, the frequency jumps of the rotator are
performed from the points of positively sloped sections as shown in
Fig. 1.32a. Accordingly, the jumps of the oscillator’s amplitudes
occurs from points below the vertical tangent (Fig. 1.32b). The
depth of the hysteretic loop decreases to zero as parameter R ap-

proaches the value of R_.
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Fig. 1.32. Rotation and resonance characteristics for A =0 and R =10 (a,

b) and R =27 (c, d), respectively.

When parameter R grows above R, then a “gray” area that corre-
sponds to chaotic oscillations appears at both rotation and reso-
nance characteristics (Figs. 1.32¢,d). In this area, the rotation fre-
quency of the rotator and the amplitude of vibrations of the oscilla-
tor make random transitions from the pre-resonant to the post-

resonant state. In this case, the average frequency and amplitude
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have uncertain values. The forms of rotation and resonance charac-
teristics are uncertain. The reasons for this have already been dis-

cussed in the previous sections.

3. The asymmetry of rotation and resonance characteristics, hardly

noticeable for small values of A, becomes apparent for increased
|A|. Fig. 1.33 shows a gallery of rotation and resonance characteris-

tics for A =-3 and various values of R. In this case, rotation char-
acteristic is hysteretic including the small values of R, while reso-
nance characteristic turns to the right (see Figs. 1.33a,b). As param-
eter R is increased further, unstable sections of rotation and reso-
nance characteristics increase (see Figs. 1.33c,d). The dynamics of

the system, as in the previous case, remains regular for all p.

For the increased values of R, the depth of the hysteresis decreases
to zero, and then the uncertainty zone of rotation and resonance
characteristics appears, which corresponds to the chaotic dynamics
of the system (see Figs. 1.33f,g). The scattering effect of rotation
and resonance characteristics discussed above occurs in the shaded
areas. The bifurcation scenario for the development of dynamic
chaos with a slow increase in the torque of the rotator is explained

above in Numerical Experiment 2.
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plo

Fig. 1.33. Rotation and resonance characteristics for A = -3 and different

values of R (continues on the next page).

4. For the increased values of |A , the zones of uncertainty of both

characteristics decrease and disappear for some ‘A ‘ and given R.

In other words, for all “moderate” values of parameter R and large
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A

, the system dynamics is regular for all values of parameter p.

Fig. 1.34 shows a gallery of rotation and resonance characteristics

for A =-20 and different values of R.

1 0 i T —
L& -15=l0 =5 0 5 10 ple

e

A=-3,R=27

Fig. 1.33. Conclusion.
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Fig. 1.34. Rotation and resonance characteristics for A =-20 and various

R (continues on the next page).
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Fig. 1.34. Conclusion.

For the given value of A and aforementioned values of R, the dy-
namics of the system is regular throughout the zone of resonance.
Jumps in the frequency of the rotator and in the amplitude of the
oscillator’s vibration are conditioned by bifurcations of periodic
motions of system (1.27) (equilibria of system (1.31)). Figs. 1.34a,b
are plotted for R = 0.5. The frequency jump towards the right-hand
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side takes place from the maximum of the rotation characteristic,
which corresponds to the merging of stable and unstable equilibria,
followed by the disappearance of a complex fixed point as parame-
ter p increases. The frequency jump towards the left-hand side is
associated with the loss of stability of the equilibrium due to the
“sticking” of an unstable limit cycle. For the increased values of R,
a part of the left positively sloped section of rotation characteristic
and the respective section of the resonance characteristic become

unstable (see Figs. 1.34c-f); R=10 and R =27, respectively.

To interpret dynamical properties of the model onto the physical

system “flexible shaft — asynchronous electric motor”, we remind

that parameter p is proportional to the torque, while amplitude A
is proportional to the amplitude of torsional vibrations of the shaft.
It is obvious that the regime of chaotic vibrations, which is per-
formed by multiple spontaneous and, at the same time, significant
jumps in the rotation frequency and the amplitude of the angle of
twist of the shaft, is extremely unfavourable for the system and can
lead to its failure. In the case of a “superconductive junction — reso-
nator” system, rotational speed of the rotator is proportional to the

voltage at the junction; parameter p is proportional to the current of

the external source; and the amplitude A is proportional to the
amplitude of the first harmonic of the resonator. Thus, the above
types of rotation characteristic are types of volt-ampere characteris-

tic of the superconductive junction. Bifurcations of dynamical re-
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gimes of this system (periodic — quasiperiodic with doubling of the
period — chaotic) can be identified by the change in the vibration

spectrum when it passes from linear to continuous form.

Finally, let us provide expression for the width of the “gray” area
I, for A=0.1tis evident that I, =o( f ()~ f()), Where o,
are the roots of equation f(®)= f;(w). Solving this equation and

applying transformations, we obtain the expression for /, :

A =(R—4—\/(R—4—20)2 +8ij

x |2l R—4-20+,(R-4-20)" +8R |-1.
{ilr-soamed )

For instance, for c =10, R=27: Zp/c =5.3066, while for =10,

R=27, A=-3 (see Figs. 1.34¢,f), the width of the area equals

5.8, which has not much difference to the case A =0.

Note that from the condition /, >0, we obtain already familiar ine-

quality R>R,. = (02 + 46) / (c—2), which determines the condi-

tion of existence of Lorenz attractor being a unique attracting limit

in the phase space of the system.
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1.6. Dynamics of coupled rotators

A model of coupled rotators is governed by a system of differential

equations of the form [139]

1§ +06,¢; + o sin@; =7, +a;¢, + by sin,,
195 + 8,0y + 0, 8InQ,y =75 +ay Py + by sing,. (1.35)

This system is defined in a toroidal phase space
G((pl’2 , ¢1,2)= 7% x R* and it will be considered in the following

parameter domain:

We will be interested in solving the following problems of dynam-

ics of system (1.35):

e determination of parameter domains that correspond to vari-
ous topologically different motions of the system: oscillatory
motions, rotary-oscillatory motions, and rotary motions of ro-
tators;

o study of qualitative forms of trajectories and bifurcations of
rotary motions;

e obtaining qualitative forms of rotation characteristics of rota-

tors.
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1. Dynamics of rotators and attracting sets of trajectories of system
(1.35).
It has been shown in [139], that, in the phase space G((pL2 , ¢1,2)

of system (1.35), there exists a toroidal absorbing region
G*( { )= v Oy =0 <Py SO + @
P12 P12 Q12> W2 =W SP S0 +O; ),

_ 110 + 74 0, = 28 + 1149

(’01 s 2 5
88, —aa, 8,8, —aya,

such that all trajectories that enter it remain there forever, i.e. for
T—o0. It means that for parameters that belong to domain D, all

limit sets of trajectories of the system under consideration remain in
the absorbing region G* of the phase space and any solution

(¢1(7.70)> @2(1.79) ) has finite derivatives ¢;(t.,7)), §,(.T))-

Let us subdivide the limit sets of phase trajectories within domain

%,
G into sub-classes:

e K, is the class of trajectories bounded by ¢, and @,;

e K, 1is the class of trajectories bounded by ¢, and not

bounded by ¢,;
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e K,y is the class of trajectories not bounded by ¢, and

bounded by ¢,;

o K is the class of trajectories not bounded by ¢, and not

bounded by ¢,.
It is evident that <(’p1k>1 -0, <<p§>T =0, if L' €Ky <('pT>T £0,
(02) =0. if L'ekys (o) =0, (d3) #0, if L' eKys
<(p1k> =0, <(p§> £0, if L' e K,.. Determination of parameter
T T

domains that correspond to various classes of non-wandering trajec-
tories will be carried out by the method of two-dimensional com-

parison systems [42].

For each equation of system (1.35), we introduce comparison sys-

tems of the form

A7 1§ 8y +oysingy = oy +y
Ay 11§ +85(y + 0, 8in @y =8y0, + 113, (1.36)
where
81001, +H, = sup (Y1,2 +a1Pyp +bysnQ ),

V(012,012 )G
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Opa®pn + My = inf (Y1,2 +a5¢1 5 + by sin (Pl,z),
V(tm,z,(Pl,z)EG

+ 0
Mio = J—r(‘cﬁ,z‘@u + ‘b1,2‘)-

Trajectories of the comparison systems define surfaces that have no

contact with the vector field of system (1.35) in the phase space
G((pl’2 , ¢1,2) . This can be proven by considering the rotation of the
vector field of the system on the trajectories of the comparison sys-
tems. It means that if both systems A,f (“plus” and “minus”) have
topologically similar structures of trajectories on the involutes of
cylinders ((pk , ('pk), then projections of limit sets K(.) onto these
involutes turn out to lie between special manifolds of comparison
systems (see Fig. 1.35). Fig. 1.35 shows separatrices of saddles and
limit cycles of comparison systems. Arrows indicate direction of

the component of the vector field of system (1.35) along these tra-

jectories.

Let us introduce the following notations: D(J‘[))k, D(J‘E),)k, D(J‘;)k,
k =1,2 for the parameter domains, for which both comparison sys-

tems A,f (separately for each index k) have a globally stable equi-

librium, a globally stable equilibrium and a limit cycle, and globally

stable limit cycle, respectively (see Fig. 1.35, as well as Section
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1

1.2). For parameter planes (Kk,y%), where A, =38, (Io;) 2,

*
O + My

y;‘; = , these domains are separated by line yi =1 (bifur-

Ok
cation of equilibrium) and Tricomi curve A, = X: (yi) (bifurcation

of the separatrix loop). Bifurcation diagrams of comparison systems
are shown in Fig. 3.12. The hatching shows the projections of the
absorbing regions for various classes of trajectories. Bifurcation
diagrams of comparison systems are shown in Fig. 1.36. The hatch-
ing shows the projections of the absorbing regions for various clas-

ses of trajectories.

lF‘:I

IS

\\

G

a b c
Fig. 1.35. Qualitative forms of trajectories of comparison systems
and orientation of projection of the vector field of system (1.35)

on their special trajectories.
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oy LT YA S PR
Fig. 1.36. Combined bifurcation diagram for comparison systems.

It is evident that for parameter domains D(lf) :D(f)k N Dy > com-

parison systems A/;‘r have similar structures of trajectories on invo-
lutes (¢;, ¢y ). From the aforesaid case, we can make the follow-

ing statements regarding parameter domains of existence of the

aforementioned classes of limit sets of trajectories of system (1.35).

For parameter domain Dy, = D ng , there exists a limit set of
trajectories K, € Gy x Gy, which is realized for any initial condi-
tion; for parameters D, = D, ><D,2 , there exists a globally stable

limit set K, €GyxG?, from any initial condition, the system

reaches the state when the first rotator experiences oscillatory mo-
tion, while the second one is rotating (we are not yet talking about

specific forms of movements); for parameter domain

D, =Di><D§ there exists a globally stable limit set
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Ko € Gy % Gg, for parameters Dy, = D, ><D,2 , there exists a glob-

ally stable limit set K, € Gy xGZ, Outside of those parameter do-

mains, there exist populations of sets of trajectories of different
types that are realized depending on the initial conditions. A mutual

distribution of parameter domains is shown in Fig. 1.37.

Let us introduce another form of system of coupled rotators, for

which we consider a physical example [140].

Fig. 1.38 shows an electric scheme of two superconductive junc-

tions with a capacitive coupling.

LELEW 1

A,

3 oy o o o=

Fig. 1.37. Decomposition of parameter ~ Fig. 1.38. Electric scheme of
plane into domains that correspond to dif-  two superconductive junc-

ferent classes of trajectories. tions with capacitive cou-

pling.
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In physical variables and parameters, the Kirchhoff rules and the
Josephson relation result in the following dynamical model of the

system under consideration:

vy | - , d(Vi+V)
C,—L+RW, +1,sing;=1-Cy—1—22,
1 i 1 V1t Sy 0 i

dav. _ . d(V +V.

ﬂ;ﬂ}/ _d(p2 ZEV

1> 2-
dt @, dt @, (137)

Here V), are the potential differences of superconductors; C,,,

Ry, 1

.l.c2 are their capacitances, normal resistances, and values of

critical overcurrent, respectively; C, is the capacitance of the cou-
pling.

We introduce physical and dimensionless parameters, as well as

dimensionless time, as follows:

I,+1
_==dl 02,R=R1+R2, 2TER]C=Q, Qt=1, C,QR=c,,
2 2 @, ’ ’

Ry, Iy 1

CQQR=cy, rnr=—=, v, = I=—
0 0> N2 1.2 .
R 1.7 1

C C

I

Instead of system (1.37), we obtain a dimensionless system of the

form
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.. ~1- . . .. ..
a1 @ tvisme=1—-¢ ((Pl "'(Pz),

¢y +75 Py + vy 8ing, =i—cy (1 + ). (1.38)

By solving system (1.38) with respect to higher-order derivatives,
we obtain system (1.35). Parameters of these two systems are relat-

ed to each other as follows:

CiCy+C (c +¢y) c 1 c
e+l o _ 2,1 B 2.1
1 _— 9 61,2 _ 1+ ] 9 01,2 _ 1+ VI,Z,
Co S Jh,2 Co

Gy . 1

Yip=—"1L 2=
C,

) b1,2 =V1, W5 =H)l.
0 Hi

In what follows, in addition to system (1.35), we consider an equiv-
alent system (1.38). The following statement answers the question

on the composition of the limit set of trajectories K.

System (1.38), as well as system (1.35), has no closed limited phase
trajectories (limit cycles of oscillatory type). This property is prov-

en by means of the periodic Lyapunov function
1&g &%, : 1, .
V=§chc0 Prtey Y _[ (v singy —i)do, +§((p1+(p2) ,

k=1 k=10,

the derivative of which along the vector field of system (1.38) has

the form

I 1y
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i.e. the derivative is non-positive in the whole phase space

G((P1,2a P12 )

This means that limit trajectories of limit set K, are (only) the

equilibria: stable equilibrium

O, (91, 95, ¢, ¢, )=0, [arcsini, arcsinL,O,Oj (knot or focus)
4l V2

and saddle-type equilibria: O, (n - arcsini, arcsinL,O,Oj,
Vi V2

O{arcsini, n—arcsini, 0, OJ, 0, (n—arcsini,n—arcsini, 0, 0].
k! V2 ! V2

The only bifurcation of equilibria is the fusion of the entire four

equilibria that is followed by the formation of a complex equilibri-

um that disappears at i = min(v,,v,)+0=i, +0.

2. Structures of trajectories and bifurcations of rotary motions of

rotators.

Let us consider a qualitative structure of the set of rotary motions
K,.. We will select parameters of the system from those domains,
for which rotary motions of both rotators occur (see Fig. 1.37). This
can take place for initial conditions for a part of the phase space if

parameters are chosen from domains D(Or)(or), D(Or)r, D, o) OF
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for the whole phase space if parameters are chosen from domain

D,,. Let us consider asymptotic case [ > 1.
Using a change of the variables (see Appendix) of the form

P =0 +HCD1((P1 P2 ’xl)» Py =, +HCD2((P17(P2 ’xz),

c b c b
D, =—Lcosp, ——-cos@p, +x, D, =—2c05Q, ——2COSP; + X, ,

o ®; ®; &

p=1"

we reduce system (1.35) to an equivalent system with fast-spinning

phases @;,. In the zone of the main resonance of ®; = ®,, the

averaged system has the form

ﬁ:p(A+x1—x2). (1.39)

Here n =@, — ¢, is the phase mistuning, ®; —®, =pA is the fre-

_b(o;+b) 2 :b2(62 +b)

quency mistuning, B = . Note that

b

20,0, 20,0,
the condition of closeness of normal frequencies of rotators ©, ,

means that, first, parameters of the system are chosen from a small

vicinity of the diagonal line of plane (031 , My ), and, second, close-

ness of parameters 7, : pA=(r —r)i.
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In turn, Egs. (1.39) for a change of time pQyt=r1,,
1

QO:

(31(52—a2)+32(81—a1)

2
, are reduced to an already
O, +9,

known equation of the third order (see Sections 1.3 and 1.4)
BT+ +acosnmn+A f+sinn=7", (1.40)
where

8 +8, Qy(8,+8,) Q(8,+8,)

p

r_ 015 —aa A

Y
05 (3, +8,)

Qualitative structures of trajectories of this equation are already
known (see Section 1.3), while their interpretation onto system

(1.35) is provided in Section 1.4.

Note that, for identical symmetrically coupled rotators, system

(1.39) has a unique globally stable integral manifold x; =—x,. This

manifold is decomposed into trajectories by trajectories of the equa-

tion of a free pendulum:

f1+(8+a)n+2Bsinn=0. (1.41)
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During the transformation of system (1.39) to system (1.41), a

transformation of time has been made pt=rt,. In turn, this equa-
tion has equilibrium O(n,ﬁ)zO(0,0), which is globally stable,

i.e. the dynamics of identical slightly nonlinear rotors in the param-
eter domain D is quite simple: for any initial condition over the
course of time, a synchronization of rotary motions is observed in

the coupled system.
3. Rotation characteristics of rotators.

By studying equilibria of system (1.38) we have solved the problem
of zero steps of the rotation characteristics of rotators that corre-
spond to the superconducting branches of the current-voltage char-
acteristics of the superconductive junctions in the scheme shown in

Fig. 1.38. Zero steps exist and are stable in the interval 0<i <i,.

Synchronization of rotations of the rotators. Let us turn to system

(1.39) and to Eq. (1.40). Eq. (1.40) has two equilibria:

0, (n.M,1)=0, (arcsin 7", 0, O) (knot or  focus) and

Oz(n—arcsiny",0,0) (saddle). Equilibrium O, is stable in the

whole area of existence (see Section 1.3) and corresponds to the
limit cycle of system (1.35), i.e. to the regime of stable mutual syn-
chronization of rotators. A holding range (range of existence) of

synchronization is defined by a system of inequalities |y"|<1

b
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i>i . The first one corresponds to existence of equilibrium of Eq.

(1.40), while the second one defines the domain of rotations of rota-

Jk

tors. i defines the border that separates the domain of rotations

from the domain of global stability of equilibrium of system (1.38).

The exact value i* is determined experimentally. Also, the follow-

. . . . . Jk — *_ — *_
ing estimation is valid: i =rnax<r1 o7, o, ) In the expanded

form, the region of existence of synchronization is determined by a

double inequality of the form

I . ( CoViVa }3
1 <1<lx, Ix= .
|}"1 _1"2|(Cl +C2)(C1C2 +Cocl +Cocz)

In the regime of synchronization the mean value of partial frequen-

O+, KB
1 > 2 =12 which is quite natural.

cies Q; =Q, =

To obtain the full picture of the rotation characteristic, it is neces-
sary to add branches that correspond to the regimes of beatings of

rotators to the synchronization branch.

From the boundedness of derivatives ¢, it follows that

<(pT> —<(p§> = <n*> =0. In this case, by using a change of varia-
T T T

bles and system (1.39), we obtain:
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Q= +d”! ((62,1 + al,z)(<h*>r - MA) +u(B +B, )<sinn*>1),
d=08,-98,+a,—a,.

(1.42)

It follows from the properties of Eq. (1.40) that for increased pa-

rameter y" (increased parameter A, and, therefore, increased pa-

rameter i) <n*> — A, <sinn*> — 0. Therefore, Q,, = o, ,, i.e.
T T ? ?

lines i= ”1,_2191,2 represent asymptotes for the branches of beatings.

We we assume that 7 >7,. In this case, y" >0, <n*> >0, and,
T

therefore, Q; —Q, = <n*> >0, Q, >Q,. The branches of the par-
T

tial frequencies of the rotation characteristics that correspond to the
beatings are located on the opposite sides of the synchronization

branch. We also note that when the parameter i is varied, then pa-
rameters y" ~i° and A" ~i vary along line y" =a(kr)3, where
o>0.

Fig. 1.38 shows one of the bifurcation diagrams in the plane

3
(Kr, yr) and lines L; 3 (y’ =a1,2’3(x") ], which correspond to

qualitatively different cases.
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_\_-_. v

Fig. 1.38. Bifurcation diagram of parameters of Equation (1.40).
Let us remind the reader that for the parameters from region (1) in
the phase space of system (1.35), there exists a stable (synchroniza-

tion) and unstable limit cycles lying on the resonance torus T % For

the parameter domain (4), resonance limit cycles, as well as stable
two-dimensional torus le and unstable two-dimensional torus 7
(beatings), exist in the phase space. For the parameter domain (2),

there exist aforementioned limit cycles (lying on the torus; T 2 gets

destroyed in the parameter domain (6)), as well as invariant torus

le (beatings). For the parameter domain (3), there exists torus

le which is globally stable if parameters are chosen in the parameter
domain D,,. It is possible that for certain variations of parameters,

subharmonic resonances that correspond to multiple synchronization

may originate and disappear on the aforementioned tori [141, 142].
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Fig. 1.39 shows qualitative forms of rotation characteristics of both

rotators for various parameters of the system.

[ i &

Fig. 1.39. Qualitative forms of rotation characteristics of rotators.

Case 1. Suppose that parameter i is quasi-statically increased from
zero, and parameters A", y" are varied (increased) along line L,.

In this case, rotators that remain in the equilibrium for i =0, remain
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there until equilibrium disappears for i =i, +0. This situation de-
fines a zero branch of the rotation characteristic of both rotators.
For i=i,+0 both rotators suddenly jump into the regime of rota-
tions. Depending on the initial condition, a simple periodic regime
of the synchronization or a regime of quasi-periodic beatings can be
realized. In the synchronization regime, rotation characteristics
have a common branch, shown in Fig. 1.39 by a straight line (with-
in the first approximation by a small parameter). Then the synchro-
nization regime, if it has been realized, is abruptly (the bifurcation
of the fusion of stable and unstable resonant limit cycles and their
disappearance) replaced by the regime of beatings. The branches of
rotation characteristic that correspond to the beatings are located on
opposite sides of the synchronization branch. Let us now assume
that parameter i is decreased and motions of parameters along line

L, occur in parameter domain (3). In this case, each rotator remains
in the regime of stable beatings until torus le disappears due to the
merging with unstable torus T22 in domain (7). In the point of dis-

appearance of le , rotators jump to the regime of synchronization.
The upper shaded area corresponds to parameter domain (6). In this
area, a destruction of the resonance torus and formation of homo-
clinic structures related to the homoclinic curve of the saddle reso-
nance limit cycle occur. On the rotation characteristic, this domain

is quite narrow, and so is domain (6) (~ 1), and the chaotic limit set
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is not an attractor itself. The lower shaded area is related to an un-
explored area of parameters. One can state only one thing: the tran-
sition of rotators to equilibrium cannot be related to any limiting

sets of trajectories of oscillatory type (regular or chaotic).

Case 2 differs from the previous one: the system returns from the
regime of beatings to the regime of synchronization through the
chaotization of the rotator’s rotations. As it is known from Section
1.3, parameter domain (5) corresponds to chaotic attractors that are

associated with the bifurcation of the destruction of the resonant
torus 72 during the transition of parameters from domain (1) to
domain (5); with the bifurcation of the destruction of torus 7;* dur-

ing the transition of parameters from domain (3) to domain (5); and
with bifurcation of a homoclinic trajectory of saddle resonance limit
cycle, as well as with the period doubling (pitchfork) bifurcations of
a two-dimensional torus. Chaotic attractors are illustrated by the
numerical experiment in Sections 1.3 and 1.4. A scattering of the

rotation characteristic of rotators occurs in upper shaded domain.

Case 3 differs from the previous ones by a soft origination of the
regime of quasi-periodic beatings at the moment when the system
exits the regime of synchronization: the branches of the rotation
characteristic that correspond to the regime of beatings adjoin to a

straight line that corresponds to the synchronization.
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For a system with Josephson junctions, rotation characteristics

shown in Fig. 1.38 represent their volt-ampere characteristics.

Note that for parameter values outside of domains Dy, and D,,,

the system of coupled rotators can behave similarly to the rotator-
oscillator system, since in these cases such dynamical regimes can
be realized, for which motions of one of the rotators remain bound-

ed (one pendulum rotates and the other one oscillates).
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CHAPTER 2

CHAOTIC SYNCHRONIZATION
OF DYNAMICAL SYSTEMS

The Chapter discusses the synchronization of a pair of coupled os-
cillators with individual chaotic dynamics — chaotic synchroniza-
tion. The history of this phenomenon and its properties are present-
ed here. A general definition of the synchronization is provided,
which applies both to the case of regular and to the case of chaotic
synchronization. Based on this definition, an asymptotic theory of
chaotic synchronization of dynamical systems with regular and sin-
gular perturbations is constructed, using the theory of perturbations
and integral manifolds. Mutual and forced synchronization is con-
sidered. Examples of applications of the chaotic synchronization are

provided.

2.1. Chaotic synchronization of parametrically excited
oscillators. General definition of synchronization

Synchronization of chaotic oscillations (chaotic synchronization) of
dissipative-coupled non-identical dynamical systems has been dis-

covered in 1986 [68] when studying the dynamics of coupled para-
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metrically excited oscillators (generators) on an analogue machine.

Such system is governed by equations of the form:

X =y, n=—ky —(1+610089+X12)xl —&(n -12),

X =Yy, r=—kyys —(1+q6089+x§)xz +&(n =12),

6=0. 2.1

A parametric oscillator of the form

N 3
X¥+hki+(1+gcosQt)x+x” =0 2.2)

demonstrates chaotic dynamics in a wide range of parameters g, k.
Its properties were sufficiently studied by that time [143—145] and
reproduced in an analogue experiment. The types of chaotic attrac-
tors of the oscillator are shown in Fig. 2.1. Due to the invariance of
Eq. (2.2) to replacement x — —x, in the case shown in Fig. 2.1a,
there is also a second attractor that is symmetrical to the one shown
(a “twin”). The transition to the case shown in Fig. 2.1b during the
variations of parameters & or ¢ occurs trough the “crisis of attrac-
tors”, i.e. through the merging of the of attraction domains of the

“twin” attractors.
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3947

Fig. 2.1. Various types of chaotic attractors of the oscillator

(¢ =50, Q=2): a: k= 0.56; b: k = 0.46.

First, the chaotic synchronization of identical generators was inves-
tigated. Unfortunately, at that time, the authors were not aware of
the work [67]. Because of that, it was not included in the list of ref-

erences in [68]. The existence a critical value of the coupling pa-

rameter ¢ , was found experimentally such that for all &> ¢ , there

was a full isochronous synchronization of chaotic oscillations,

while for e=¢ - u, where p>0 and is sufficiently small, only a

“partial” synchronization was observed. In this case, the oscillo-
grams of dynamic variables are represented by long synchronized
chaotic zugs, alternating with desynchronization and with the resto-

ration of synchronous regime after a short time (see Fig. 2.2).
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Fig. 2.2. The regime of partial chaotic synchronization of identical oscilla-

tors for g =50, Q =2, k=0.46, ¢ = 0.33.

With an increase of the parameter of coupling, the deviation of the

projection of the phase trajectory from the diagonals of the planes
of the same-titled variables, in particular (x;, x,),decreases and

diagonals take the form of straight lines covered with “bubbles”.
Subsequently, this dynamical regime, which precedes the mutual
capture of oscillations, was called the “bubbling synchronization”
[146, 147]. Further, the synchronization becomes stable, and the
affix does not leave the diagonal. Fig. 2.3 shows projections of the

phase trajectory of the coupled system on “partial” phase planes, as
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well as the projection onto plane (xl, xz) and oscillograms

x(t, %), x5 (1, 1), illustrating the establishment of mutual cap-

ture mode and the synchronization itself. There is a short transient
process, after which the motions of the oscillators become synchro-
nized. In the synchronization regime, the “partial” phase portraits of
oscillators are identical, and the movement of projections of the
affix on the planes of the same-titled variables occurs on diagonals.
This can serve as a criterion for whether the synchronization has

occurred. “Partial” phase spaces are understood as subspaces

(x;, %, t) of the phase space of system (2.1). Note that for values

of the parameter of coupling € = ¢ +o, where o.>0 and is suffi-
ciently small, the synchronization is stable for the most part, but not
globally. Along with the chaotic attractor corresponding to the syn-
chronization, there exist other attractors. They can be either chaotic
or regular (limit cycles) and they correspond to the regimes of cha-
otic beatings or to classical (periodic) non-isochronous synchroni-
zation of oscillators. In dissipative systems, with the increase of the
parameter of coupling, these attractors disappear and the regime of

chaotic synchronization mode becomes globally stable.
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Fig. 2.3. The establishment of the regime of complete chaotic synchroniza-
tion: ¢ =50, 2=2,k=0.46,e=1.5.

From a formal point of view, the existence of synchronization of

identical systems seems almost obvious, since it follows directly
from equations (2.1) that x, (¢)=x,(¢), »(¢)=y,(¢) is a solution

(more precisely, an integral manifold) of the system. This solution
corresponds to the synchronization and exists regardless of the val-
ue of the coupling parameter. On the manifold, system (2.1) splits
into a pair of synchronized oscillators, and if the partial oscillator is
chaotic, then both their synchronous movements have a chaotic

character. The role of coupling is to ensure the stability of chaotic
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synchronization. In other words, for identical systems, there is only

one synchronization problem — the problem of its stability.

For non-identical oscillators, the situation is completely different.
In this case, the diagonal as an integral manifold does not exist, and
in the regime of synchronization (if there is one), the projection of
the chaotic trajectory on the plane of the same-titled variables of
oscillators occupies the region absorbing the diagonal (Fig. 2.4
shows a small segment of the trajectory). Based on visual observa-
tions of the nature of movements in these planes, it is generally im-

possible to conclude that oscillations are synchronized.

Let us pay attention to the motions of the projection of the affix on-
to the partial phase portraits and oscillograms of vibrations (see Fig.

2.4). Despite the significant difference in parameters (k; =0.82,
ky =0.1), partial phase portraits in the regime of synchronization

are qualitatively the same. This can also be seen from the oscillo-
grams of oscillations below. They contain a certain time shift (in
this case, a small one) and can be translated into each another by
stretching the coordinates. Phase portraits have the same property:
they can be translated into one another by a continuous mapping.

This fact is crucial.

We have carried out an experiment for various parameters of sys-
tem (2.1), as well as for oscillators with chaotic dynamics of the

different types [148]. As a result of observations, in [68], a general
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definition of synchronization has been proposed, covering both

classical synchronization of periodic oscillations and chaotic syn-

chronization.
3266 12,73 10,45
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Fig. 2.4. Relationship of partial phase portraits of non-identical oscillators

in the regime of synchronization: ¢ =50, Q =2, k; =0.82, k, =0.1,

e=1.5.

Definition 2.1.1. Consider the following dynamical systems of two
oscillators: X, =F,(X;), X, =F,(X,), X;eR", X, eR".Sup-
pose that each of these systems has attractors 4, and A4,, respec-

tively. Consider a coupled system of the form
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We say that a synchronization of oscillators takes place (in particu-
lar, chaotic one) for the values of the coupling parameter from the

interval €, <e<g,, if for these values of ¢, there exists attractor

A

€9

such that:

1) its images m, (Aa) and m, (Ag) representing projections on “par-
tial” spaces are translated into each another using a one-to-one, mu-

tually continuous mapping, i.e. they are homomorphic (m; and m,

are the natural projections onto subspaces X; and X,);

2) there exists a homoeomorphic mapping g : m;(4,) = 7, (4,)
with the following properties: a) g-Lipshitz continuous at mw; (Ag),
b) for any trajectory {Tt(Xl,Xz)}cAs, where T’ is the shift

mapping along trajectories of the coupled system

g(nl (' (x,. X, ))) —n, (T’”“(’) (X1.X; )), such that
_rt+afr) ,

lim ———= =r 1s a rational number.

t—w© t

If » = 1, then the synchronization is called simple synchronization.
In other cases, synchronization is called multiple synchronization.

Multiple synchronization of chaotic oscillations with the number of
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rotation 7 = 2 has been discovered in [149]. Note that the introduced
rotation number 7 is analogous to the Poincaré rotation number on
the torus. For example, let us assume that a synchronization of peri-
odic rotations is realized in the “non-autonomous rotator” system
(see Section 1.2). In this case, the solution for the rotator’s phase

has the form

O=ry+ (), y =0 +y,

2n
where [ ®(y)dy=0. This defines the mapping of circles
0

So = g(S\V) with all the properties specified in the definition of

synchronization. In this case, the following is valid for the number

of rotations
tim 2 iy P W) - L)

Fig. 2.4 illustrates the above definition of synchronization.

The behavior of the dimension and of the power spectra [106] of
oscillators (2.1) during the system transition to the synchronization
and in the synchronization regime was studied in a numerical ex-

periment in [150].

Fig. 2.5 shows the evolution of a fractal dimension of the attractor

of the coupled system as a result of the increase of the coupling pa-
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rameter. As the coupling increases, a monotonous drop in dimen-
sion occurs and it stabilizes when the system enters a full synchro-
nism. We will explain this graph by, first, recalling the nature of the
change in the dimension of the attractor of a coupled system in the

case of classical synchronization.

4

It

B -

L
0 05 1.0 e 16} -

Fig. 2.5. Evolution of the fractal dimension of the chaotic attractor

of system (2.1).

Suppose, there is a pair of coupled weakly non-identical (for sim-
plicity) self-oscillating systems with periodic dynamics, for in-
stance, a pair of Van der Pol oscillators. In this case, scenarios of

origination of the synchronization are known. For a certain value of
the coupling parameter €= e -0,a regime of quasi-periodic beat-
ings occurs, whose image in the phase space of the system is attrac-
tor A _,: torus with a quasi-periodic winding. In this case,
dim 4, =2. As the coupling parameter reaches the value &= e, a

multiple limit cycle is born on the torus, which then splits into sta-
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ble and unstable limit cycles. The attractor of the coupled system
becomes a stable limit cycle (synchronization), and the dimension

Jjumps to one, dim4, ., =1. It remains so throughout the entire

interval of the cycle's existence. The jump-like change in the di-
mension of the attractor of a coupled system that occurs during the
bifurcation of a birth of a limit cycle is a property of the classical

synchronization. Now let us turn to the system (2.1). Let ¢ =0; and

suppose that 4, and 4, are the strange attractors representing
combinations of a countable set of saddle limit cycles and a contin-

uum of trajectories stable by Poisson. Suppose, Cl.1 and Cl.2 are the

aforementioned limit cycles of attractors numbered according to the
ascending order of the periods. In other words, in a formally unified

system, there is a countable set of saddle tori of the form
I, = Ci1 x Cl.z. There exist other tori, but we are interested in those

ones that can have resonances with a rotation number equal to one.
As in the given example, as the coupling parameter increases, sad-
dle limit cycles (local resonance) are born on each of these saddle
tori, which builds the “skeleton” of the future chaotic attractor,
which represents an image of the synchronization. Due to each of
these internal bifurcations, there is a local ordering of motions in
the phase space of the system: jumps of the dimension of a small
amplitude that is imperceptible in the experiment. In practice, the

sequence of these minor jumps appears to be a monotonous drop in
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dimension — a “stretched” jump in relation to the coupling parame-

ter — with its further stabilization.

Note that the above definition guarantees equality of partial dimen-
sions equal to the dimension of the attractor itself in the regime of

the synchronization:
dimm, (4, )=dimmn, (4,)=dim 4,.

The definition also guarantees qualitatively identical spectra of syn-

chronized chaotic oscillations of oscillators, which can serve as its

physical criterion. Fig. 2.6 shows the power spectra of x;(¢) and

x(1)=x(¢)—x,(¢) in the regime of the chaotic synchronization.

Since the 1990s and until the present time, research on chaotic syn-
chronization has been developing intensively, acquiring its own
terminology. This includes the aforementioned “bubble synchroni-
zation” [146, 147], as well as the “generalized synchronization”
[151 — 153], “phase synchronization™ [154], “lag synchronization”
[155], “riddled basins of attraction” [156 — 159], and “on—off in-
termittency” [160 — 162]. An extensive bibliography is contained in

[80].
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A1), dB

x(f)=x(1)-x (1)

1] | 2 Qw

Fig. 2.6. Power spectra of realizations of the variables in the regime

of chaotic synchronization of oscillators.

At the end of the section, we will make a note about the definitions

of the phase and of the amplitude of oscillations. Let us assume that

X(t) is a certain signal (realization of regular or chaotic process),

which we consider the reference signal, i.e. “1” is the reference am-

[IP:4)
t

plitude, while time is the reference phase. Assume, there is a

second signal of the form AX(rt + oc). In this case, 4 is the ampli-
tude, 7t + o is the phase of this signal, which are measured in units
corresponding to the reference parameters. For instance, for func-
tion Asin(mt+(p) such reference is sin¢. That is, the amplitude,
the frequency, and the phase are (just) the conversion parameters of
the reference signal. If the reference is not mentioned, then the ref-

erence is implicitly implied. Talking about the amplitude and about

the phase of a chaotic signal, having implicitly assumed a periodic
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motion, is a nonsense. Unfortunately, sometimes this can be found

in the literature on chaotic synchronization.

In the case of interacting systems, the reference can be the vector of
variables of any of the oscillators, while in the case of forced exci-
tation, it is natural considering the vector of variables of the master

oscillator as such.

Due to its generality, the proposed definition allows us to consider
the synchronization of chaotic oscillations in the context of the gen-
eral theory of synchronization of dynamical systems and to use ex-
isting and already established terminology, in particular, terminolo-

gy from the theory of systems of phase synchronization (SPS).

Next we will consider a simple chaotic synchronization and deal

with chaotic realizations of the form AX(t+oc(t)). In this case,

according to definition (x(t) is the phase difference of one of the
oscillators relative to another one (reference one). If

a(t) = A =const, then there is a simple chaotic phase synchroniza-
tion in the coupled system, while for <oc(t, t )>t = A =const there is

a “mean” phase synchronization. In the SPS terminology: the pa-
rameter area for all points of which there is a stable synchronization
is called the holding area; while the parameter area for all points of
which the regime of chaotic synchronization mode is globally stable

is called the synchronization capture area [21]. This definition will

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

152 Chapter 2

form the basis of the asymptotic theory, a special case of which is
described in [148] based on the example of chaotic synchronization

of Lorentz systems.

2.2. Mutual and forced chaotic synchronization
of identical systems

Let us generalize the definition of oscillator and rotator.
Definition 2.2.1. A dynamic system of the form

X=F(X, 1),

T, xeR, F(X,t):R™ >R",

X =[x xy x| (2.3)

having in the generalized phase space G(X, t) at least one attrac-

tor A(l), different from an equilibrium, is called the generalized
oscillator. If one of the scalar variables is cyclic x = @(mod2m), the

equation (2.3) is called the general rotator.

We assume that function F(X, t) is cyclic in time. Further on we

will be assigning additional properties to equations (2.3), such as
dissipativity, when it will be necessary. In what follows, the term

“generalized” is omitted.

By definition, an oscillator or a rotator can be attached to another
subsystem coupled to it and considered as a single object: a general-

ized oscillator (rotator). For example, a non-autonomous excitation
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can be added to an autonomous rotator (see Section 1.1) and system
(1.1) can be considered as a generalized rotator. The same applies
to the aperiodic link (see Section 1.2) or to the oscillator (see Sec-
tion 1.4). In what follows, we will use all classical oscillators with

chaotic dynamics (see Section 1.1).

We will assume that the dynamical properties of system (2.1) are

known. In particular, we assume that the maximum Lyapunov ex-

ponent X(l) of attractor A(l) is known. The latter represents the

maximum exponent of the equation in variations

U=F'(¢(1))U, 2.4)

where &(1)e A(1), F'(X)= 61;(XX) is the Jacobi matrix. Note that

for assumptions made, the following is valid ||U||=Dexpi(1)s,

D =const.

Taking into account the assumptions made, we consider a coupled

system of the form

X, =F(X;, 1)-&C(X, -X;),

X, =F(X,, t)+&C(X; - X,). (2.5)

In system (2.5), matrix C=(mxm)=diag(c;,¢,, ...,c,, ) defines a

set of coupled variables. Elements ¢; >0; ¢, €, are the scalar
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coupling parameters. If g, =0, then we have a case of forced exci-
tation of the first system onto the second one; while for g #0,

g, #0, we have a case of the interacting systems.

Some properties of chaotic synchronization have already been dis-
cussed in the previous section. Here, we establish the relation of
synchronization with integral manifolds of the coupled system, for

which we formulate the following definition.

Definition 2.2.2 [163]. Set of points M of the space (X, ¢) of a cer-
tain dynamical system is called the integral manifold if for any
point (X, fy)eM , the following is valid: (X, f))eM where
X(t) is the solution of this system with initial conditions X=X,
t=t,, while 7 takes any value from the interval of existence of so-

lution X(1).

Integral manifold M represents a surface (a hyperplane, to be pre-
cise) in the phase space of the dynamical system. This surface is
filled by phase trajectories, which, if necessary, can be interpreted
as trajectories of e certain subsystem, defined on this manifold and

having its dimension [17, 18].

In case of system (2.5), hyperplane M = {Xl, X, |X1 =X2} repre-

sents its integral manifold. This is easy to prove by taking the dif-

ference in the equations. For the resulting equation,
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U =X, - X, =0 will be the solution. By definition, any phase tra-
jectory that starts on a manifold remains on that manifold. It is easy

to see that any solution with initial conditions at M, corresponds to

the synchronized motions of the oscillators. This follows directly
from system (2.5): when the phase point moves on the manifold

M, , the system splits into a pair of equations of synchronized os-

cillators. We can say that the dynamics of a coupled system on a
manifold is equivalent to the dynamics of a single oscillator gov-
erned by Eq. (2.1) defined at this manifold, in the sense that the dy-
namical variables of the interacting oscillators are coupled algebrai-

cally to the corresponding variables of the said oscillator.

In this case, the dynamics of the first and second oscillators as sub-
jects of the system (2.5) is shown by synchronous motions of “par-
tial” affixes on the respective partial phase portraits. These affixes
are projections of a point moving over a manifold. Hence, partial
phase portraits represent projections of the phase portrait of a single
oscillator to the partial phase spaces. This is the essence of any syn-
chronization: the collective dynamics is equivalent to the dynamics
of one “effective element”, and the motions of each of the collec-
tive elements are rigidly (functionally) coupled to the motions of

this element.
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According to Definition 2.1.1, synchronization of identical systems

is expressed by relations of the form m (4(1))=mn,(4(1)) and

Thus, the synchronization stability problem is equivalent to the sta-
bility of manifold M, more precisely, to the stability of the part of
this manifold containing attractor A4(1)e M. If this manifold is
stable, then any phase trajectory that starts from, at least, a small
vicinity of this manifold is attracted by the surface, and hence by
attractor A(l). In accordance with the aforesaid, the chaotic syn-
chronization will be observed over time in the coupled system (2.5),
the dynamic properties of which will be determined by the proper-

ties of the chaotic attractor A(l) of oscillator governed by Eq.

@2.1).

We investigate the influence of the structure of oscillator’s cou-
plings (form of matrix C) on the stability of synchronization. To do
so, we study the conditions of globally stable synchronization of

certain specific dynamic systems.

1. Global asymptotic stability of a mutual chaotic synchronization

of Lorentz oscillators.

Consider a symmetrically coupled system of two Lorentz oscillators

of the form
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X 2_0(3‘1 _yl)_gcl(xl _xz),
N ==y —xz —ec (J’1 _)’2)7
Z)=—Z1+ X)) — €3 (Zl _Zz),

Xy =—G(X2 —y2)+801 (x1 _XZ)’
y2 =—y2 +er _X222 +802 (y] _yZ)’

ZZ =_22 +.ny2 +8€3(Z1 _Zz)

(2.6)

Let us show that system (2.6) is dissipative. Consider the following

quadratic form:

2

Vle[x,?+y,%+(zk —cs—r)z}.
2=

It’s derivative, taken along trajectories of system (2.6) has the form

. 2
V=—Z[G)C,§+y,%+z,§ —Zk(6+}"):|—
k=1

2 2 2
—801 (xl _XZ) _802(_)/1 _yz) _803(21 _22) .
From this expression, one can note that dissipative couplings do not
affect the sphere of dissipation of the coupled system. This sphere
is the product of the dissipation spheres of two uncoupled Lorentz

systems (see Section 1.1).

Thus, all phase trajectories of system (2.6) for ¢t — o are absorbed

by the region of the phase space
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G = {‘xl,z‘ <R,

)’1,2‘§R, ‘21’2 —c—r‘SR, R=\/§(G+r)}. 27

Let us perform the following change of the variables in Eq. (2.6):

X=Xy, +u, y;=y,+v, z;=z,+w. Note that variables u,v, w

represent transversals to manifold M, = {Xl, X, |X1 =X2}, where

T .
X; =(x, », z) . With respect to transversals, we obtain a system

of the form

u= —G(u - v) - 2equ,

V=—v+(r—z;)u—x,w—uw-_2ec,v,

W=—=W+ You + X,V +uv —2eczw. (2.8)

It is evident that conditions of global stability of solution u =0,
v=0, w=0 of this system are the conditions of global stability of
the manifold and, therefore, conditions of synchronization of Lo-

renz oscillators is system (2.6).

Consider the Lyapunov function V = %(u2 +v2 +w? ) Its deriva-

tive taken along the vector field of system (2.8) has the form

V=-0,
D= (2801 +cs)u2 +(28€2 -I—l)v2 +(28C3 -l—l)w2 -

_(G+7"_Zz)uv+y2uw. (29)
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The derivative is negative in the whole phase space if the quadratic
form @ with variable coefficient will be positive for any values of

u,v, w. Due to already established dissipativity of system (2.6), the

values of variables y,, z, can be taken from inequalities (2.7).

Consider results of the visual analysis of quadratic form ®. First, if
the number of coupled variables increases, then conditions of global
stability improve, which means the decrease of the scalar coupling
parameter €, which is important for global stability. The best condi-
tions are realized for the coupling matrix C=1= diag(l, 1, 1). Sec-
ond, if one consider a problem of minimizing the number of cou-
plings determining the regime of synchronization, then it is suffi-

cient to have a coupling by the first variable, i.e. the coupling ma-
trix may have the form C =diag(1,0,0). In the case of matrices of
the form C= diag(O, 1, 0) and C= diag(O, 0, 1) , the conditions of
global stability are not reachable for arbitrary values of parameters
c and r. If, for some reason, coupling by variables x;, x, is impos-
sible, then global stability can be provided by matrix
C= diag(O, 1, 1). These simple conclusions follow from the forms

of the coefficients at squared variables and from the form of “cross”

terms of the quadratic form.

All coupling matrices C, for which a global stability of the syn-

chronization is possible, will be referred to as acceptable.
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Conditions of global stability of oscillators with coupling matrix

C=diag(1,0,0) are expressed by inequality

8>%((G+r—22)2 +y; —c).

Let us denote

* 1 2 2
e = sup —((c+r—z) +y —-ocl.
yz,ZZVG*

From inequality (2.6), it follows that
% 2 (e}
e =2(oc+r) ——.
(o) -2

Thus, when the following inequality is satisfied: € > ¢, an isochro-

nous chaotic synchronization is a globally stable. Not that obtained

value ¢ it is greatly overestimated in comparison with the real one,
which can be attributed to the “imperfection” of the Lyapunov

function. For example, the numerical experiment shows that already

at ¢ =10, chaotic synchronization of Lorentz oscillators is global-

ly stable for 6 =10, r=27.

2. Global asymptotic stability of the synchronization of Lorenz —
Chua oscillators (see Section 1.1). Consider a coupled system of

the form
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X =—f(x)+oy —eq (x—x,),

==X -n-g _Scz(Jﬁ _yz),

21 =Py — vz —&c3 (21 _Zz),

X, =—f(x)+ay, +ec (x—x,),
==X =y, — 2 +ec (1 = 1,)s

2, =Py, —vz2 +e03 (25— 7). (2.10)

We will assume that f(x) is a differentiable function with condi-

tions discussed in Section 1.1. We investigate the effect of cou-
plings on the dissipation sphere of the system.
. . 1 2 2 2 O - .
Consider the quadratic form V' = 5 Dol X oy + EZk . Its deriva-
k=1

tive taken along the vector field of system (2.10) has the form

2

Vz—aZ[xkf(xk)A—ay,% +%22J—

k=1

—ee,(n—x,)" —ee, (n —22) —8e3 (5 - 22)
Analysing the derivative, we conclude that, first, the expression
under the sum sign is a derivative in the direction of the field of a
single oscillator (see Section 1.1), and secondly, that dissipative
connections do not affect the sphere of dissipation of the coupled
system. Just as in the previous case, this sphere represents the prod-

uct of the spheres of two uncoupled oscillators.
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Let us study global stability of isochronous synchronization. We
applying to system (2.10) a change of the variables of the form
X =Xy +u, y=y,+v, z;=2z,+w. As a result, we obtain the
following system:

=—f"(&)u+ov—2ecu,

V=—V—u-—-w-2¢ec,v,

Ww=Bv—yw-2ec;w. @2.11)

In the transition from system (2.10) to system (2.11), the Lagrange

theorem was applied, & e [xl, xz] is a certain point from the inter-

val. Because of the arbitrariness of x;, x,, & is also arbitrary.

Consider the Lyapunov function
Vzl u? + o’ +gw2 .
2 p

Its derivative taken along the vector field of system (2.11) has the

form
V=—(1"(8)+2ec,)u” —(o+2ec, )v* —[ﬂ+ 2SC3JW2.
B 2.12)

It follows from expression (2.12) that elements c¢,, c¢; of the cou-

pling matrix do not affect conditions of global stability. In other

words, conditions of global stability of synchronization of oscilla-

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Chaotic Synchronization of Dynamical Systems 163

tors with coupling matrix C= diag(l, 0, O) are the same as for any

other one that has ¢, =1.

We find conditions of global stability by assessing the derivative of

the Lyapunov function

V=—(h(&)+2e)u’ —an’ I <—(~|my| +2¢)u* —o? -2,

where inf f'(x)=my <0. From here, we obtain that the derivative
Vx

m
is negative in the whole phase space if ¢ >%. This is the condi-

tion of global stability of isochronous chaotic synchronization of

oscillators.

Note that study of the global stability of forced synchronization can
be performed with a complete analogy with mutual synchroniza-

tion.

From the results of the study of global stability of the synchroniza-
tion of oscillators with different types of nonlinearity, we make an
important conclusion: there always exists a coupling matrix C and
an interval of values of the scalar parameter €, at which the chaotic

synchronization of oscillators is stable.

Let us turn to the study of conditions of local stability of the chaotic

synchronization.
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We introduce variable U =X, — X, in system (2.5) — transversal of

a manifold — and consider the following equation:

U=(F(&(t))~ (e +&)C)U, 2.13)

here §(7)=X; =X, is the solution of Eq. (2.3) that corresponds to

a trajectory of the chaotic attractor 4(1). That is, Eq. (2.13) is line-

arized equation with respect to the manifold.

Note that for g, =€, =0, this equation coincides with equation in
variations (2.4). The maximum Lyapunov exponent of solutions for
this equation is A(1). The following theorem [164] is valid for the

conditions of local stability of synchronization as conditions of sta-

bility of solution U =0 of equation (2.13).

Theorem 2.2.1. 1. If the coupling matrix C =1, then a mutual cha-
otic synchronization is stable for ¢ +¢, >X(l). the opposite ine-

quality, the synchronization is unstable. 2. For all other possible

coupling matrices, the synchronization is stable for

g+, > € (l(l)) For the opposite inequality, the synchronization

is unstable. The threshold value & (k(l)) is determined by the

structure of couplings of oscillators. 3. Conditions of stability of
forced synchronization are governed by the same inequalities, for

which g, =0.
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Proof.

1. Suppose that C=1. We perform a change of the variable

U= e_(81+£2)tV, so that equation (2.13) is reduced to the form
V=F(g(t))V.

This equation, accurate within notations, coincides with system
(24), i.e. |V|=DexpA(1)t. As a result of this change, we obtain
| — e V| = P22 ) Erom here it follows that if
g +&, > (1), then ||U|— 0 for r — o and the synchronization is

stable, while if € +&, <A(1), then ||U||—>0 for ¢ — oo, which

means tha the synchronization is unstable.

2. Assume that matrix C belongs to the number of allowed matri-
ces. Since global stability of the synchronization is possible with

such a matrix, then its local stability is also possible. In other words
there is a threshold value & (k(l)), which depends on matrix C,

such that for & +&, >¢ (1(1)), the synchronization is stable, while

for the opposite inequality it is unstable.

3. The condition & =0 (forced synchronization) does not change
the reasoning. Note that if attractor A(l) is regular (e.g. represents

a limit cycle), then k(l) <0 and the synchronization is stable for an

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

166 Chapter 2

arbitrary small coupling of the oscillators, which is a well-known
fact [26]. The existence of threshold values of the coupling parame-
ters that determine the holding range of chaotic synchronization is

one of its distinctive and defining properties. In the case of a sym-

metrical mutual connection, the threshold equals to X(l) / 2 or to
g (X(l)) / 2, while in the case of a forced synchronization it equals

to k(l) orto ¢ (k(l)) , depending on the form of matrix C.

In addition, this theorem justifies a fast, simple and, as practice
shows, fairly accurate method for measuring the maximum Lya-
punov exponents of chaotic attractors when visually observing syn-
chronization on a monitor or on an oscilloscope screen (in a field
experiment). It is more convenient to use a forced synchronization.
The order of the measurement is as follows. First, the forced syn-
chronization scheme is modelled according to equations (2.5). Sec-
ond, a regime of a chaotic attractor, the maximum value of which
should be measured is set in the master oscillator. Third, a fairly
large value of the coupling parameter € is set, for which the slave
oscillator is synchronized and the motion of the affix occurs on the

diagonal of the same-titled variables, as Fig. 2.3 shows. Further, is

decreased to the value 8*, for which the affix begins to leave the
diagonal (the boundary of stability of the synchronization). This

value of the parameter equals to the Lyapunov exponent, which is

being measured: & =1(1).
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The theorem is tested on the Lorentz system with parameters
{o,r,b} ={10,26,8/3}. Measurements according to theorem 2.2.1
result in k(l) =0.89 [164]. For the same parameters, in the frame-
work of standard algorithms A(1)=0.9 [165]. Fig. 2.7 shows re-

sults of the measurement of the Lyapunov exponents for the Lo-

rentz and Chua attractors. Parameters of the Lorenz oscillator are:

{G,b, r}={10, 8/3,r}. Parameters of the Chua oscillator are:

(o, B, v, my, my ) =(0,14,0.1,-1/7,2/7).

A1) (1)

0.95 | 03]
0.90 | ]
] 0.2]
0.85 | |
0.80] 0.1
O T T T T T
2406 28 30 32 P 9092 94 96 98
a b

Fig. 2.7. Lyapunov exponents. a: Lorenz oscillator, b: Chua’s oscillator.
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2.3. Asymptotic theory of mutual chaotic synchronization
of slightly non-identical systems

According to Definition 2.1.1, the structure of the synchronization
theory provides solutions for the following problems [166, 167]:

1) Existence and stability of synchronization;

2) Determination of the mapping of partial phase portraits of oscil-

lators in the regime of synchronization;

3) Determination of an effective dynamic system with attractor

A4, that represents an image of the synchronization.

The proposed theory is a generalization of various special cases

[148, 168, 169].

We consider a cross-coupled system of non-identical chaotic oscil-

lators of the form

X, =F (X;)-£C(X, -X,),
X, =F(X,)+eC(X; - X,). (2.14)

Here X, €R", F,:R" - R", C=diag(c;,cs,...¢,), ¢

>0,

£>0.
We will assume that the dynamical systems of individual oscilla-

tors, as well as the coupled system (2.14) are dissipative, i.e. there

is a sphere of dissipation in the phase space (2.14), and all its solu-
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tions are bounded for ¢ — . We will also assume that functions

F,, (X) are analytic.

Let us represent nonlinear functions in the form F (X,)=
=F(X,)+uF (X;), F(X,)=F(X,)+uF,(X,), where p is a

certain small parameter, associated with parameters of non-identity

of the oscillators. In this case, system (2.14) takes the form

X, =F(X;)-eC(X; - X,)+uF (X, 1),

X2=F(X2)+£C(X1—X2)+HF;(X2v“)- (2.15)

For =0, (2.15) represents a couple system of identical oscillators,
which we call the generating system, and its integral manifold
M, = {Xl, X, |X1 = X2} is called the generating integral manifold.
Let's introduce a new variable U=X, -X, in the system (2.15)

and consider an equation of the form

U=(F(8(1)-26C)U+uF (X, (1), U)o (0

Here F'(.) is the Jacobi matrix for function F(X), F' =F —F,.

As before, the Lagrange theorem was applied during the transition

from system (2.15) to equation (2.16), §(¢)€[X, X, ]. Generating

manifold (p=0) corresponds to solution U =0 of this equation.
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Next, we will use the theory of integral manifolds of quasilinear
systems developed in [17-19]. If &(¢)e M, then Eq. (2.16) for
p=0 is an equation in variations with respect to the generating
manifold M, while for n=0, =0, &(r)e A(1)e M, it repre-

sents an equation in variations (2.4) for the equation of a single os-

cillator (2.3). We assume that the maximum Lyapunov exponent of

its attractor is known and equals to X(l).

Let's assume that matrix C is selected from the number of valid ma-

trices. In this case, according to Theorem 2.2.1, the trivial solution
U =0 is stable for e >¢" (X(l)), i.e. all characteristic exponents of

solutions of the generating equation (2.16) are strictly negative.
Under these conditions, equation (2.16) for small p is a quasi-linear

equation with limited perturbations (non-critical case). Such an

equation in the interval p e [0, u*) has a stable, smooth, and unique

integral manifold of the form U = pU" (X2 (1), U, u) [17 — 19]. Re-

formulating the above for system (2.15), we obtain that it has a

unique and stable manifold of the form
M, = {Xl, X, ‘Xl =X, +pX (Xs, p)} , coinciding with the gener-

ating manifold for p=0. In this case, the nature of the stability of

manifold M, is the same as of M. Its stability conditions exactly
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match the stability conditions given in Theorem 2.2.1 within the

accuracy of L.

Thus, under the conditions of Theorem 2.2.1, a stable hypersurface

M, exists in the phase space of system (2.15), the dimension of

which is equal to the dimension of a single oscillator. The phase
trajectories of this manifold are the trajectories of some “effective”

oscillator with attractor 4,,. Projections of the phase trajectories of

this attractor on the partial phase spaces of the oscillators determine
the partial phase portraits. These phase portraits are functionally
related, and in this case, by definition, the motions of the oscillators

are synchronized. In other words, the existence of manifold M, is

equivalent to the existence of synchronization in the oscillator sys-
tem. We will consider the first problem solved, and the chaotic syn-

chronization implemented.

Let's turn to the solution of the second and third problems, which
consist in determining the mapping of partial phase portraits and a

dynamical system on manifold M, with attractor 4, representing
an image of the synchronization.
Let us rewrite the coupling of oscillator’s variables in the regime of

synchronization in parametric form: in the form of power series by

a small parameter:
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X; = X+ uX;; (X)+ 12X, (X) +..o,

X, = X+ Xy (X)+ 13 Xpy (X) +.... 2.17)

Note that equations (2.17) are a parametric notation of manifold

M, with parameter X.

Suppose that manifold M|, is divided into trajectories by the phase

trajectories of a dynamic system of the form

X = F(X)+pF. (X) + p?Fou (X) + ... (2.18)

If we find functions F:(X), Fu(X),..., X;(X), X;;(X),.. ina

certain way, then equations (2.17) determine (parametrically) the
desired mapping of partial phase portraits of oscillators along the

trajectories of attractor 4, of dynamical system (2.18). We will

choose functions from the right-hand side of equation (2.18), so that
equations defining functions (2.17) have a bounded solution with a
stability condition that coincides with the stability condition of the

generating manifold.

We use the technique of a small parameter. We perform the decom-
position of functions F(X;) and F; (X;), i=1,2,into power series

by a small parameter:

F(X+pX; (X)+...)=F(X)+pFX; +...

b
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*
F (X +pX (X)+...)=F (X)+...

and substitute equations (2.17) into system (2.15). Given the form
of the equation (2.18) and equating the terms of the same orders by
a small parameter, we obtain a system of equations that define the
desired functions. In particular, in the first approximation, the equa-

tions for the functions have the form
F + X5, = F' Xy, +6C(X; ~ X5 )+ F.
. . , OF . . . .
Hereinafter, expression F (X) = = is a Jacobi matrix for function

F(X). The next step is to select functions F., X;, X,).

Note that with respect to variable U = X, + X, an equation of the

following form is valid:
2F.+U=F U+F +F,. (2.19)
We select function F. in the following way: F. =(F1* +F, ) /2+
+eCU. In this case, Eq. (2.19) takes the form
U=F'U-2:CU.

This equation coincides with the generating equation (2.16) and has

the same meaning. When the following inequality is satisfied:
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£>& (A )» Solution U=0 of this equation is stable and equa-

tions for functions X;; and X,, have the form

X0 =X,

Xy =F' X, - 26CX), +(F —F§)/2. (2.20)

Note that due to the stability of the homogeneous equation and the

boundedness of F = (Fl* —F; )/2 , any solution of (2.20) is bound-

ed.

The following partial differential equation corresponds to the sec-

ond equation of the system (2.20):

Pip- L x, 4260, =(F -F;) /2.

oX oX (2.21)

Suppose X;; =X;;(X) is a solution of Eq. (2.21). In this case,
formulae X; =X +pX;,(X), X, =X-pX;;(X) (within the accu-

racy of uz) determine the parametric coupling of variables in re-

gime of the synchronization. In this case, the properties and param-

eters of the synchronous chaotic regime (spectrum, dimension, etc.)
are determined (within the accuracy of uz) by the properties of

attractor Au of an “arithmetic mean” oscillator of the form
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1
X= E(F1 (X)+F,(X)).

Thus, the problem of the form of the mapping of partial phase por-
traits is reduced to the solution of the quasilinear equation (2.21). In
a general case, this task is quite time-consuming. Solving this equa-
tion makes sense for specific systems and specific types of pertur-

bations. We will indicate one of such solutions related to actual ap-

plications. Let vector F = (Fl* —F; ) / 2 be collinear to the vector

F, F' =vF, where v is a number. We assume that (for simplicity)
C=1 In this case, function X;; =A-F(X), A=v/2¢ is the solu-

tion of equation (2.21). This can be confirmed by a direct substitu-
tion. We show that this solution is stable. In Eq. (20) we will make

a change of a variables of the form X, = AX +1. We obtain equa-

tion of the form
AX + 1= F'AX + F'n—2e AX — 2en+ 2e AF.
Taking into account that X= F'X, we obtain the following equa-

tion with respect to m: =Fn—2en. A trivial solution n=0 of

this equation is stable for >4, /2.

The coupling of variables of the oscillators in the regime of syn-

chronization is  written as  follows: X, =X+uA X,
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X, =X~ nAX. Or, within the accuracy of uz,

X (1)=X,(1+2pA).

Thus, in the case of perturbations of equations of the oscillators of
the specified type, the phase synchronization of oscillators takes

place in the system. The mapping of phase portraits of oscillators is
identical, acting at a constant phase shift a(t) =2uA =const. That
is, if one observes the motions of the affixes in “partial” phase
spaces, one would find out that they move along the same trajecto-
ries, but with a constant time shift — with the phase difference,
which is equal to (x(t) =2nA=const. By “partial” affixes we
mean projections of the affix in the phase space of the coupled sys-

tem moving on attractor 4,. Note, if F" =VCF, then then the

aforementioned solution of equation (2.21) also exists.

We solve the inverse problem that has an applied interest. The
problem is formulated as follows: to determine the type of perturba-
tions of equations of the oscillators, as well as the matrix C, if the
coupling of the variables of oscillators in the regime of synchroni-

zation is set.

We will demonstrate the solution to this problem using the example
of cross-coupled Lorentz systems. We consider a system of the

form (2.15), with
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Xip= (xl,z’ N2 212 )T )
F(X)z(—c(x—y),—y+rx—xz,—bz+xy)T.

Let us assume that the coupling of the variables in the regime of

synchronization (mapping of the phase portraits) has the form
X; =X+pXp, X;=X-pXy,

where X;;=aX+AX, o and A are certain set numbers. We need

to find the perturbation vector uF* (X) and matrix C, correspond-

ing to a given coupling of the variables of the Lorentz oscillator. In
addition, we require a minimum number of coupled variables of the
oscillators. The vectors and matrices necessary for solving the prob-

lem have the form

—o(x-y) o + Ax - o 0
F=|-y+mx—xz|, X, =|ay+4ay|, S—f(: r—z -1 —x|,
—bz+xy oz + Az y x —b
a—-Ac Ao 0
K| A(r-z) a-A  —Ar
oX

Substituting these expressions in equation (2.21) and performing

transformations, we obtain the equation for the perturbation vector

*

F :
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0 ax —C1G(X_J/)
o —xz |+ 28| e,y |+2eA| ¢ (~y+mx—xz) |=F .
Xy €3z c (—bz + xy)

From the condition of the minimum number of couplings, we as-

sume that ¢, =0. Secondly, if (additionally) we require a linearity

of the perturbations, we obtain the following conditions for the pa-

rameters: o+2eAc, =0, a+2eAcy=0. As a result, the desired

perturbation vector is of the form F = (0, MX+A,, k3z)T ,
A =—o, Ay=-or, Ay=(Ab—a)o/A.Thus, for linear perturba-

tions of the second and third equations of Lorentz systems (suffi-

cient to take place in one of the systems), in the regime of synchro-

nization within the accuracy of uz , variables of the oscillators are

coupled by the following equations:
x=x+p(ax+Ax), x, =x—p(ax+Ax),
n=y+u(ay+Ay), yy=y-p(ay+Ay),
z=z+p(oz+Az), z;=z—plaz+Az).

By excluding x, y, z from these equations, we obtain explicit cou-

pling of variables of the oscillators in the regime of synchronization

(within the accuracy of uz) :
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X (t) =(1+2uoc)x2 (t +2uA), N (t) =(1+2u0c)y2 (t+ ZHA),

2, (1) =(1+2u0) 2, (1 + 2uA).

Thus, under perturbations of the Lorentz equations of the indicated
type, the mapping of phase portraits of oscillators in the regime of

synchronization represents a uniform compression (tension) acting
at a constant phase shift a(t) =2uA. Moreover, the nature of the

synchronous motions is determined by the Lorentz system, which
has parameter values equal to the arithmetic mean values of param-
eters of the interacting oscillators. One can say that this type of per-
turbation of parameters of the oscillators leads to a perturbation of
the amplitude and phase of chaotic oscillations of one oscillator
with respect to another, which is taken as a standard (reference os-

cillator).

Note. The proposed theory is considered as a qualitative one, rather
than a theory of engineering calculations. Our interest is related
precisely with the qualitative changes (it does not matter that they
are small) in the synchronization regimes when varying the parame-
ters of the systems, and not with their quantitative characteristics.
For this reason, it is sufficient to consider only the first approxima-
tions by a small parameter since they contain practical information

about the significant properties of synchronization.
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2.4. Mutual synchronization of strongly non-identical
systems

Systems of oscillators with nonidentity of all or of a part of their
parameters ~p°, where  is a small parameter are called strongly
nonidentical systems. A simple analysis of system (2.14) shows that

synchronization of such oscillators is possible if the scalar coupling

parameter for strongly non-identical scalar equations of the oscilla-

tors is sufficiently large, &~ “—1 (strong coupling). For equations

with weakly non-identical parameters, the strong coupling condi-

1

tion is not required. Here, we take p=¢  as a small parameter

[166, 167].

Suppose that parameters of k equations of coupled system (2.14) are
strongly non-identical and contain strong coupling, while parame-
ters of m—k equations are weakly non-identical and the corre-
sponding equations do not contain strong couplings. By separating
both types of equations into groups, we consider a coupled system

of the form

Xl :Fl(X1,Y1)—H_1C(X1 _Xz)s
Y, =®(X,,Y,)-D(Y, - Y, ) + 1@ (X, Y;),
X2 :F2 (Xz,Yz)‘i‘M_lC(Xl _Xz),

Vo =®(X,, Vo) 4 D(Y =V )+ a3 (Xo, V). )
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Here X, e RF, Y, e Rk, C=diag(cy, ¢, ..., 1),

D =diag(d,,d,,....d,_), ¢ >0, d; >0, ¢ l=p is a small pa-

rameter.

System (2.22) is a system with singularly-regular perturbations
(multiplying the first and third equations by p, we obtain a small
parameter in front of the derivatives). It is easy to see that the gen-
erating manifold of this system is M, ={X; =X,, Y, =Y,}. It is
also easy to reduce this system to a special form [18] and thereby to

show that it has a unique and stable integral manifold M, asymp-

totically close to manifold A,. That is, we consider that the prob-
lem of existence and stability of synchronization is resolved. As in
the previous case, we are searching for a parametric representation

of manifold M, in the form of power series by a small parameter

of the form

X; =X+ X (X, Y) + 12X (X, Y) +.oe
Y, =Y +uY (X Y)+ 1Y (X, Y) +.oo,
X, =X+ X5 (X, Y) + 17X, (X, Y) +.o,

Y, =Y+ Yy (X, V) + 12 Yoy (X, Y) +.... (2.23)

We assume that the dynamical system at the manifold has the form
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X=F(X,Y)+pE(X,Y)+ 1 Fu (X, Y) +...,

Y=0(X,Y)+p®: (X, Y)+ P @ (X, Y) +.... (2.24)

Substituting (2.23) into system (2.22), expanding the functions into
power series and equating terms of the same orders, we obtain
equations that determine the functions of the right-hand sides of
system (2.24) and functions (2.23). In particular, equations of the

first approximation have the form

. OF, OF
F +uF. + =F +pu| /=X, +—Y;,; |[-C(X;; -X5),
uE + X, =K M(GX ntay 11} (X1 —Xy)

oF oF (2.25)
F+uF +1X,, =F, +u| —2 X, +—2Y,, [+C(X,; - X,,).
4 WAy 2 H( X 21 oY 21} ( 11 21)
. oD oD *
D +Y) =—X;+—Y; -D(Y}, - Y, )+ D,
oX oY
. . (2.26)
@ +Y, =—X, +—Y, +D(Y;; =Y, )+ D5,
21 6X 21 8Y 21 ( 11 21) 2

Adding the equations of system (2.25) and choosing the functions F

and F. as follows:

F*Zl %XII+EX21+%YII+%YZI R
2\ X oX oY oY

We obtain equation
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R(Xpp + X ) =-2C(Xy; +Xy).

Due to the nondegeneracy of matrix C, solution X;, +X,,; =0 of

this equation is stable. Taking this into account, after adding equa-

tions (2.26), we choose the function ®. as follows:
®, = (@] + @} ) 24+ D(Y;; +Yyy).

As a result, we obtain equation

. 0D
(Y +Yy) =6—Y(Y11 +Y,)-2D(Y; +Yy)).
We are interested in the stability of solution Y;; +Y,; =0 of this

equation. There are two possibilities for this:

a) a trivial solution Y;; +Y,; =0 is stable for D =0. In this case, it

is stable for any of the possible matrices D. In other words, dissipa-
tive couplings with respect to the corresponding variables are not

decisive to ensure the synchronization of such oscillators;

b) a trivial solution of this equation with matrix D=0 is unstable.
In this case, there is always such a matrix D (structure of cou-

plings), in which the aforementioned solution will be stable.

Thus, the required stability condition is always achievable. We will
assume that it is fulfilled. Given that X;; +X,, =0, Y;;+Y,, =0,

equations for the sought functions have the form:
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. 1 o(F, —F O(F, —-F
HX11:§(F1—F2)—2CX11+H( ( IGX 2)X11+ ( gY 2)Y11],

: oD oD 1« *
Y, =—Y; -2DY|, + =X + =D, - D, ).
=5y T 2( 1 2)

(2.27)
As singularly perturbed, the first equation of system (2.27) has a
stable integral surface of slow motions, which, in the zero approxi-
mation, is defined as follows: X;; =C™'(F, - F, )/4 Given this

solution, to find the function Y;,, we solve the second equation of

the system or a corresponding to it partial differential equation of

the form

aYll F+%(I)—82YH +2DY11 :@Xll +((I)T_(I);)/2
X oY oY X

Thus, in the stable regime of synchronization, the phase variables of

the oscillators are coupled (accuracy by uz) by parametric equa-

tions of the form

X, =X+pC (R (X, Y)-F(X.Y))/4, Y, =Y+py,,
X, =X-pC (R (X, Y)-F(X,Y))/4, Y,=Y-pY,.

In this case, the properties of the synchronous regime within the
accuracy of uz are determined by the properties of chaotic attractor

4, of dynamical system of the form
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X=(F (X, Y)+F,(X,Y))/2+pF.,
Y=(® +®,)/2.

Note that if F,=F, =F, ®, =®, =®, then F. =0 and solutions
X1 =X5, =0, Y}, =Y,, =0 are stable, that is, there is a transition

to the identical synchronization regime.

Example 1. Consider synchronization in a coupled system of Lurie

oscillators

iy =0y (= () +a"y; )+ (v —x),
¥1 =By +bx,
X =0y (—f(x2)+aTy2)—g(x2 -x),

Y2 =By, +bx,. (2.28)

Suppose that parameters o, and o, differ significantly. In this
case, the value of the coupling parameter ¢ shall be large enough

and suppose that gl= p is a small parameter. The case that has

been already discussed above takes place. A dynamic system whose

attractor 4, defines the properties of the synchronous regime, has

the form

X=F(x,y)+pF,
y=By+bx, (2.29)
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where  F(x,y)= %(al +a, )(—f(x) + aTy). Accordingly, for

. . 1
function X;; we have expression X, :Z(Fl —Fz) =

N7 g AF=Ax, where A=
2(oy +0,) 2(oy +0,)

O — 0y

(term pF

belongs to the next approximation).

Let us show that function Y;;, has the same form, i.e. Y;; =Ay.

Indeed, taking into account that @ =By + bux, 6;():]3’ @:b,
oy ox

(I)’lk =(I); =0, and substituting expression Y;; =Ay into the sec-

ond equation of system (2.27), we obtain an equation of the form

Ay =ABy+Abx or y=By+bx, i.e. the second equation of sys-
tem (2.29).

Thus, in this case, there is phase synchronization of chaotic oscilla-
tions of oscillators with a phase shift ¢, =2A =———.

e(oy +ay)
Example 2. Synchronization of chaotic self-oscillations of two Chua

oscillators: numerical experiment. Consider a coupled dynamical

system of the form
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i =y (0 —h(x))—e(x —x),
N=x-y+z,

2 =Py vz,

By =ay () —h(xy)) +e(x —x,),
Yy =Xy =Yy + 1y,

Zy =—Byy =12,

h(x) = m1x+%(m2 —ml)(|x+l| —|x—l|).

The values of parameters are:
{ag, 0y, B, v, my, my, €} ={14,4,14,0.1,—1/2,2/7,2}.  Projections
of attractor 4, onto the coordinate planes of the oscillators and the

time histories of the corresponding variables, illustrating the phase

shift, are shown in Fig. 2.8.

Note that in the experiment, the parameter p = el= 1/2 is far from
small. However, the result shows that the obtained conclusion about
the properties of the synchronization remains valid (the well-known
“miracle of a small parameter”). It also remains in force that the

attractor 4, of a coupled system has properties close to the attrac-

tor of a single oscillator with parameter o = (oc1 +a, ) / 2=9. This

is already revealed at the visual level, from observing the trajecto-
ries of the attractor of a coupled system and the attractor of a single
oscillator with parameter oo =9. We also note that this system is not

smooth, but results of the theory remain valid.
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Fig. 2.8. Projections of attractor A4, onto the coordinate planes of the os-

cillators and segments of the same-named time-histories illustrating the

phase shift ¢O = ((X.l ) )/8((11 +(12) .

2.5. Forced synchronization of chaotic oscillations

All theorems on the existence and stability of integral manifolds,
which justify the mutual synchronization, are also valid the case of
systems with nonreciprocal couplings. In addition, for the asymp-
totic study, a forced synchronization is technically simpler, since in
this case the dynamical system at the integral manifold is pre-

scribed, and represents a system of the master oscillator. That is, if
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the conditions for the existence and stability of synchronization are
considered fulfilled, then the task is reduced to determining the
mapping of the phase portraits of the master and slave oscillators,
which, in turn, will determine the properties of their synchroniza-

tion. In this case, this mapping will be presented explicitly.

Similarly to the case of the mutual synchronization, we will consid-
er the cases of weakly and strongly non-identical systems [166,

167].

Weakly non-identical systems. Consider a coupled system of the

form

X=F(X),

X, =F(X;)-sC(X; —X)+ k] (X,). (2.30)

Here p is some small parameter associated with the weak non-
identity of the parameters of the systems. The first equation defines
the master oscillator, while the second defines the slave one.

It follows from equations (2.30) that for p =0 this generating sys-
tem has integral manifold M, ={X =Y}. Under the condition that

will be indicated below, theorems on integral manifolds [17—19] for

sufficiently small p#0 guarantee the existence of manifold M, in

(2.30), transforming to M, for p=0. As already noted, for coupled
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systems, this is equivalent to the fact that their synchronization ex-

ists.
Similarly to the case of mutual synchronization, we define integral
manifold M, of system (2.30) as a power series by a small parame-

ter:
X; = X+ Xy (X)+ 07X (X) .o

Substituting this series into (2.30) and performing the same trans-
formations as before, we obtain the equations defining functions

X,;. In particular, for the function of the first approximation, we

obtain an equation of the form

. oF x
oX (2.31)
The respective partial differential equation has the form
oX oX (2.32)

Note that for £ =0 and F; (X)=0 equation (2.31) coincides with

the equation in variations for the solution corresponding to the tra-
jectory of the chaotic attractor of the master oscillator. Suppose

Amax > 0 1s the maximum Lyapunov exponent of solutions of this

equation. In this case, among the number of admissible matrices,
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there is a nonzero matrix C, for which homogeneous equation

(Ff(X)zO) corresponding to (2.31) will be stable. By Theorem

max )

2.1.1, the stability condition is defined by inequality &> e (X

Due to the boundedness of perturbation F, (X) any solution of

equation (2.31) is bounded for the given C and ¢, that is, the condi-
tions for the convergence of the power series are satisfied. This
condition is the condition for the existence of a (stable) manifold

M, , 1.e. the condition of systems synchronization.

Thus, similarly to the case of mutual synchronization, the problem
of the required mapping of the phase portraits of the oscillators has

been reduced to solving the quasilinear partial differential equation
(2.32) for a given perturbation vector F, (X). Solving this equation

is a technically challenging task. However, the inverse problem,

which is more interesting for applications, consists in determining
the type of perturbation Fl* (X) for a given type of function X,

solved without much difficulty. Recall that the form of this function
determines the properties of synchronization. If these properties are
determined in advance, then the corresponding perturbation vector

is determined from (2.32).

We only note one of the solutions of equation (2.32). Let us assume

that the perturbation in (2.30) has the form F; (X)=vCF, where v
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. . % . . .

is a number. In this case X;; =—F(X) is the solution to this equa-
€

tion.

This can be confirmed by a direct substitution.

Example 1. Consider a forced synchronization in a coupled system

of non-identical Lurie oscillators:

J'c=oc(—f(x)+aTy),

y =By +bx,
X :a1(—f(x1)+aTY1)+8(x_x1)a

To write this system in the form (2.30), the necessary vectors and

the coupling matrix are as follows:

X :(_x, y)T’ Xl :(xl’ yl)T> C:dlag(la 05 EREE) 0)5

T
F(X)= (oc(—f(x) +aTy), By +bx) ,
F (X;)= (al (—f(xl)JraT)ﬁ)a By, +bx1).
We write vector F, (X ) in the following way:

F (X)) =F(X,)+uCF (X,),

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



Chaotic Synchronization of Dynamical Systems 193

T
where F' (XI)Z(M(—f(Xl)-FaTyI), By1+bxlj . Com-
n

paring this expression with the right-hand side of the second equa-

tion of system (2.30), we obtain
F (X)=uvCF(X),
where v=a"/o, o =(o —a)/p.

One can see that this example fits the above-described type of per-

turbation of the equations of the slave oscillator. From here we ob-
. A% V. o A\T . . .
tain X;; =—F(X)=—(x, y) . This means that in the regime of
€ €

synchronization, the variables of the oscillators are linked by the

relations
x| =x+},tx)'c+ O(uz),
€
V.
yi=y+u=y+0(n’)
8 .
or (within the accuracy of uz) by relations of the form

x(t)=x(t+0),

Yi(t)=y(t+9),

a p—
where ¢ =
ea
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Strongly non-identical systems with strong couplings. Here, as in
the case of the mutual synchronization, we divide the equations of
the slave oscillator into groups with strong and weak non-identity

of the respective parameters.

Suppose that the parameters of & equations of the slave oscillator
are differ significantly from the corresponding parameters of the
master oscillator. As already known, in this case, in order to
achieve the synchronism between the systems, the equations must
have a strong coupling. We take the value of the connection as a
“large” parameter. Let us assume that the parameters of the remain-
ing m—k equations are weakly non-identical, and the equations
themselves contain either a “moderate” coupling or do not contain
it at all. Combining the corresponding equations into groups, we

consider a coupled system of the form
X=F(X,Y),
Y=0(X,Y),

Y, =®(X,.Y;)-D(Y, - Y)+u®(X,.Y)). (2.33)

Here X, e RF, Y, e Rk, C=diag(cy, ¢, ..., 1 ),

D =diag(dy,d,...d,_;), ¢ >0, d; 20, g =p is a small pa-

rameter.
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As in the previous case, we define an integral manifold of the sys-

tem M in the form of power series by a small parameter of the

form

X; =X +pX (X, Y)+ 12X, (X, Y) + ..oy
Y =Y +uY (X Y)+ 1Y, (XY ) + .o

Performing the already known transformations with power series,
we obtain the following equations for the functions of the first ap-
proximation:

OF,

: oF,
X, =F -F-CX;| +p| —X;; +—Y; |,
naqpp =X 11 H(ax 1T oy 11}

: oD oD *
Y, =—Y,, -DY, + =X, +D,.
n=5y e A 1

(2.34)

As a singularly perturbed, the first equation of system (2.34) has a

stable integral surface of slow motions, which in the zero approxi-
mation is defined as follows: X;;=C! (F,—F). Since X, is

found, the function Y;; is found by solving either the second equa-

tion of the system or the corresponding partial differential equation
of the form
oY, P oY, oP oD

oX oY oY oX (2.35)
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Assume that we have found a solution to this equation. In this case,
the coupling of the variables of oscillators in the forced synchroni-

zation regime is determined by equations of the form
X, =X+pC ' (F (X, Y)-F(X,Y)), Y, =Y+ny,,

where X =X(7), Y=Y(¢) is the solution corresponding to a cer-
tain trajectory of the chaotic attractor of the master oscillator. The

accuracy of the found equations is uz.

Example 2. Let us consider the same system of Lurie oscillators,

now assuming a significant difference in the parameters
(o —a)/ a~p’ and considering the inversed value of the cou-
pling parameter as a small parameter. In this case C=1 (scalar),

D=0, @ =0, F(xy)-F(xy)=o(-f(x)+a’y)-

- a7 (x)+aTy) =P (ry) = 2

x. By direct substitu-

tion in (2.35), we find that Y;; =1 %@ =X"%y is his deci-
o o

sion. Thus, within the accuracy of uz the regime of synchronization

defines the coupling of the variables of oscillators in the same form

o —a . o —a
X, Y1:y+

as in Example 1: x =x+ y or

ea
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X (t) = x(t + (p), N (t) = y(t + (p) with the same expression for the

phase shift ¢ = N %

ea

Numerical experiment. Fig. 2.9 shows the phase portraits of the
chaotic attractors of the master Chua oscillator and the slave oscil-

lator synchronized by it for the following parameter set:
12
{a, o, By, my, my, €} = 9.1,4.0,14,0.1,—7,7,3.0 :

As one can see, the value of the coupling parameter is not so large,
and its inverse value (1/3) is of the same order as the relative
mistuning of the parameters. Nevertheless, the fact of synchroniza-

tion of oscillators is obvious even at the “visual” level.

Fig. 2.10 shows the segments of time histories of synchronized
chaotic oscillations of the oscillators, illustrating the phase shift. In
this case, the phase shift is negligible. This effect will manifest it-
self more clearly in the stream chain of oscillators, the study of

which will be discussed in Section 3.6.
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Fig. 2.10. Segments of chaotic time-histories of synchronized oscillations.

A note on systems with slowly varying parameters. Suppose that
X,;; =X, (X(t),a) is some solution of the respective equation for
the function of the first approximation, where a is a constant vector
of parameters. Suppose a = a(n) is a smooth or piecewise-smooth

function with a bounded derivative, and 1 =u, where p is a small

parameter, i.c. aza(ut) is a slowly varying parameter. In this

case, the expression for the derivative of the solution has the form

: X1« 0X
X zux_,_m%

p. It follows from these conditions that
oX da 0On

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Chaotic Synchronization of Dynamical Systems 199

X . .
Hu 68 1 Sa <uK (by virtue of the natural assumption about the
a on

smoothness of the right-hand sides of equations of the oscillators
with respect to parameters, the partial derivatives of solutions of the

equations for functions X;;, Y;; are bounded by the respective pa-

jja

X1y % will deter-
da On

rameters [128]). This means that expression p

mine the function of the asymptotic series X, (approximation

uz ). In other words, in the case of slowly varying parameters, equa-

tions for the functions if the first approximation that determine the
mapping of the phase portraits of the oscillators will be the same as
in the case of constant parameters. This means that conclusions of
the theory of synchronization of systems with constant parameters
are also valid for the case of systems with slowly varying parame-
ters with an appropriate interpretation of the results. This topic is of
a great practical importance and deserves an independent discus-

sion.
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2.6. Formation of signals with a given modulation law
of a chaotic carrier and information transfer

Consider an oscillator (self-oscillator) with chaotic dynamics. What
parameters of the oscillator should be modulated such that the cha-
otic oscillations of this oscillator would have a given modulation
law with respect to the chaotic oscillations of the unperturbed oscil-
lator (standard) [166, 167]. Let's formulate this problem using the

language of synchronization: consider a coupled system of the form
X=F(X)+uf(X,n),
X, =F(X;)-C(X; -X),
n=u. (2.36)

Here p is a small parameter, f (X, n) is a function with slowly var-

ying parameters, which we will call a modulator. It is necessary to

find a modulator f (X, n) and matrix C such that in the regime of

forced synchronization, the specified coupling of the variables of

the master and slave oscillators is ensured.

We search for the solution to this problem using the technique dis-

cussed above.

1. We define the coupling of variables X; and X in the form of

power series

X, =X+MX11(X, T])+M2X12(X’n)+"'_ (2.37)
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2. We substitute this series into the second equation of system
(2.36). Carrying out the necessary expansions of functions and tak-
ing into account the form of the first equation of the system, we
obtain the following equation for the function of the first approxi-

mation:

oX oF

oX (2.38)

Since function X,; is given, then equation (2.38) determines the

sought modulator.

For example, let the vector function X;; have the form
X[ =aX+AX, where oc(ut) is a diagonal matrix, A(ut) is a
scalar function. In this case, from equation (2.37), we obtain that
X = (I + uoc(pt))X(t + uA(pt)) (within the accuracy of uz). That
is, this form of function X,; corresponds to the amplitude-phase

modulation of the chaotic carrier of the master oscillator. If

A(ut)zO, then a pure amplitude modulation takes place, and if

o(pr)=0 then a phase one takes place.

Example. Let us find a modulator that sets the phase modulation of

chaotic oscillations of the Lorentz oscillator.

Substituting expression X, =AX=AF into equation (2.38), we

obtain the equation defining the modulator:
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—clcs(x—y)
eAl ¢, (—y+rx—xz) =f(X, n).
e (—bz+xy)

From the condition of simplicity of the modulator as the minimum
number of modulated parameters, we determine the elements of the

matrix C: ¢, =1, ¢, =0, ¢; =0 (admissible matrix). As a result, we

obtain vector f(X,pr)= (—sA(ut)G(x -»),0, O)T. The equations

of the Lorentz oscillator with a phase modulation of a chaotic carri-

er have the form

X= —(1+ usA(ut))c(x—y),
y=-y+rx—xz,
zZ=-bz+ Xy. (239)

The information signal A(us) can be any bounded function,

smooth function, or piecewise-smooth function bounded derivative.
It is possible that this signal itself can be an implementation of a
random process. Fig. 2.11 shows a simple block-diagram of the in-
formation transfer with a direct synchronization of oscillators and
phase detection of the sought signal. Figs. 2.12, 2.13 show the re-
sults of a numerical experiment carried out according to the dia-

gram shown in Fig. 2.11. The master self-oscillator is the Lorentz

oscillator (2.39) with a modulation signal A(pt)=Asinpwr. Pa-

rameters of the Lorenz system are: c=10, r=27, b=8/3. An
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unperturbed Lorentz oscillator with the same parameters represents

a tunable oscillator. The coupling of the oscillators is made accord-

ing to equations (2.39) with the matrix C= diag(l, 0, 0). The filter

1S resonant.

x(¢,
oo
A(pt)“ "xl (1)
¢(A)
M > MP » F —>

Fig. 2.11. Block diagram of information transmission: MO is the master
oscillator, SO is the tunable oscillator, M is the modulator, MP is the mul-

tiplier, F is the filter.

Fig. 2.12 illustrates the regime of beatings of oscillators: the cou-
pling parameter € =0.5 is small, therefore, the tuned oscillator is
out of the synchronization holding range. On surface (A, (p(A)), a
chaotic movement is observed.

Fig. 2.13 illustrates the regime of locking the synchronization of
chaotic oscillations of oscillators (¢ =10). The narrow strip on the
plane (x;, x), the width of which ~ p, is the projection of manifold
M|, onto this plane. On the plane (A, (p(A)) , a periodic movement

with a period of the modulation signal is observed.
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The use of chaotic signals generated by dynamical systems as carri-
ers of useful information is only one of the applications of chaotic
synchronization, which, one might say, lies on the surface. The dia-
gram shown in Fig. 2.11 is technically incomplete for a real appli-
cation and serves only as an illustration of the proposed theory and
the of a fundamental possibility of transmitting information with a
chaotic carrier. In reality, however, technical problems arise associ-
ated, for example, with the effective detection of a useful signal and

its filtering.
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T 2.0
(.03 - ...___\_ 281.2¢
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Fig. 2.12. System dynamics out of the synchronization holding range.
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Fig. 2.13. System dynamics in the synchronization locking regime.
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CHAPTER 3

SYNCHRONIZATION IN HOMOGENEOUS
AND INHOMOGENEOUS LATTICES

Many objects of animate and inanimate nature have a lattice, net-
work structure. In particular, these are antenna arrays and networks
of phase synchronization systems [65], neural ensembles [75, 76],
and neuron-like networks for information processing [74—76]. In
addition, lattice structures can arise in active continuous media,
which makes it possible to adequately model the respective pro-
cesses with discrete oscillator lattices [79, 80]. In particular, this
can be done to study the mechanisms of turbulence development.
As an example, Fig. 3.1a shows a diagram of convective rolls aris-
ing in alayer of liquid heated from below. Visualization of the pro-
cess shows [170] that in a steady state regime, the flow represents a
system of convective cellswith identical, synchronized fluid motion
in each of them. In general, the flow is such that, in fact, the liquid
layer can be divided into cells by ideal walls without disturbing its
structure (Fig. 3.1b).
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00000 90600

Fig. 3.1. Diagram of convective rolls (a)

and a system of convective tubes (b).

According to results of experiments, the perturbed structure in the
course of time comes to its initial state with the same set of ele-
ments (the structure is stable). In this case, the thermodynamic pa-
rameters of an individual convective roll, its geometrical dimen-
sions and shape are reproduced. The number of convective cells in
the gutter is constant for the fixed parameters of the experiment.
This means that a single cell can be referred to as a basic structure
element. Without pretending for a complete adequacy of the model,
the system of rolls can be represented as a chain of interacting
“convective tubes” [106, 171]: toroidal tubes with liquid (see Fig.
3.1b). It is known that the flow in such a tube is governed by the

Lorentz system
X =0x+0y,
y=-xz+rx-y,

z=xy—bz,

where x is the flowrate, y, z is the liquid temperature at the middle

and at the lower points of the tube, respectively; the dot denotes the
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derivative over the dimensionless time. Parameter b is determined

by the shape of the tube (for a circular tube, b = 1).

Let us consider the physical meaning of the coefficients of this sys-

tem in more detail:

1. 6=- is the Prandtl number, depending on the properties of the
X

liquid, such as viscosity and thermal diffusivity: the higher the

thermal diffusivity, the lower the Prandtl number.

4 . . . .
2. b= — where a is the ratio of geometric dimensions.

(1+a)

R . 0L’
3. r=R— is the external control parameter, where R :& is
¢ \24

the Rayleigh number (proportional to Archimedean force and in-
versely proportional to viscosity and thermal diffusivity),

nt (a2 +n? )
R.=—————" is the critical value of the Rayleigh number.

¢ 2
a

2

Thus, within certain limits, such dynamical regime of convection in
a liquid layer can be considered as a synchronization regime in a

chain of discrete Lorentz oscillators.

This chapter is devoted to the study of the stability of synchroniza-
tion in homogeneous lattices of dynamical systems, which deter-

mines the spatially homogeneous dynamic state of the lattices or a
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quasi-homogeneous state in the inhomogeneous lattices. Lattices of
various geometric dimensions with diffusive couplings are consid-

ered.

3.1. General information about synchronization in lattices
of dynamical systems

Consider a homogeneous lattice of diffusive-coupled dynamical

systems of the form

X; =F(X;, 1)+eC(X,; —2X; + X, ),
i=LN. (3.1)
An individual system in (3.1) is governed by equation
X=F(X, ?),
X=(x1,x2,...,xm)T, xeR', F(X):Rm — R™. (3.2)

In principle, any model of physical systems discussed in the previ-

ous sections can act here as an individual dynamical system.

We will assume that the dynamical properties of system (3.2) are

known. In particular, we assume that in the extended phase space

G(X, t) there exists attractor A(1) with maximum Lyapunov ex-

ponent k(l). The latter represents the maximum exponent of the

equation in variations
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U=F(g(0)U.

where &(t)e A(1), F'(X)= 61;(XX) is the Jacobi matrix. Note that

for assumptions made the following is valid: ||U||=Dexpi(1)z,

D =const.

Matrix C in Egs. (5.1) defines a structure of couplings of partial

systems, while € represents a scalar parameter.

Coming back to modeling convection in a liquid layer, we recall
that system (3.2) for a convective cell can be obtained from the
equations of hydrodynamics by the Bubnov — Galerkin method.
Within the framework of this method, the three-mode approxima-
tion of the Navier — Stokes equations (under the Boussinesq condi-

tions) gives the well-known Lorentz system [102, 104]. In this case
T

X=(x, y, z)T, F(X)z(—c(x—y),—y+rx—xz,—bz+xy) ,

x, v, z are the dimensionless amplitudes of modes, o = v/ Kk 1is the

Prandtl number, v, « are the coefficients of kinematic viscosity and

thermal conductivity, » = R/R, is the Rayleigh number normalized
3
to the critical one: R = g'\{h3AT/VK, R, = nta™? (1+a2) , ais the

ratio of the vertical and horizontal dimensions of the convective
cell, g is the gravity acceleration, y is the coefficient of thermal ex-

pansion of the liquid, / s the thickness of the layer, AT is the tem-
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perature difference between its surfaces, b is the coefficient associ-

ated with the geometry of the convective cell.

To determine the coupling of the oscillators, we proceed from the
following natural assumptions: a) in the steady state, all the respec-
tive dynamic parameters of the oscillators are the same:
X, =X;,, i=1, 2, .., N-1; b) in the steady state, dynamic cou-
plings turn to zero (vanish); c¢) the nature of the interaction of any
oscillator with its neighbors (left, right) is physically the same.
Within the framework of these assumptions, we come to the con-

clusion that the sought-for coupling of the oscillators has the form

—(F (=X +X;)+f(X; —X;,)), and £(0)=0.

If the coupling is linear or the perturbations of the stationary struc-
ture are small, then it takes the form —SC(—XI;1 +2X,; - X H),
where C is a constant matrix, € is a scalar parameter. To determine

the matrix and the parameter, additional assumptions shall be made

or experimental data must be used. In particular, for the case of a

chain of interacting convective tubes C=diag(0, 1, 0), & is the

coefficient of thermal conductivity.

If one of the scalar variables (3.2) is cyclic x = @(mod27), then the
system can be interpreted as a generalized rotator. The name is jus-
tified by the fact that all the mathematical models considered above

can be reduced to the form (3.2), if the rotator itself is considered as
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a system with one degree-of-freedom in conjunction with external
disturbances and loads. We assume that function F(X,7) is cyclic

In time.

For the boundary conditions of the form X, =X;, Xy=Xy,
system (3.1) represents a chain, while for X, =Xy, X; =Xy, it

represents a ring.

It will be seen from further discussion that the synchronization,
which represents our main interest, is closely related to the exist-
ence of so-called integral manifolds representing singular surfaces
in the phase space of coupled systems filled with trajectories. This
mathematical object is such that if the initial conditions of the sys-
tem are specified on the integral surface, then the affix that moves

along the corresponding phase trajectory never leaves this surface.

It follows directly from system (3.1) that hyperplane
My ={X; =X, =..=X,_; =Xy} represents its integral manifold.
We can draw this conclusion by solving equation
X, ; —2X; + X,,; =0. The traces of this hyperplane on coordinate
planes of the corresponding variables of different partial systems
are the bisectors of the first and third coordinate angles. We also
note that the geometric dimension of the hyperplane coincides with

the dimension of the phase space of the individual system.
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Our special interest in this manifold will become clear from the fol-
lowing considerations. Let us imagine that the initial conditions for

system (3.1) are given at M. In this case, as it directly follows

from (5.1), the coupled system falls into N separate systems of the
form (3.2). Apart from that, the motions of these independent sys-
tems will be synchronized, since, in principle, these are the motions
of identical systems with identical initial conditions. In other words,
the synchronization of interest corresponds to the motion of a phase
point along trajectories located on the integral manifold of system
(3.1). The question that remains is: what is the nature of these tra-
jectories? The answer is quite simple: since projections of these
trajectories onto the phase spaces of individual systems (partial
phase portraits) are the trajectories of partial systems, then trajecto-

ries on the hyperplane M|, are induced by the same system of the

form (3.2).

Of course, setting up exact initial conditions (on an integral mani-
fold) lays behind the scope of a real experiment. To solve the prob-
lem of synchronization, the problem of stability of an integral mani-

fold must be solved.

Assume that the integral manifold is stable. In this case, the process
of synchronization can be described as follows. For any initial con-
dition from the neighborhood of the manifold (at least from a small

neighborhood of it), the affix runs to the surface of M, and, after

some time, starts moving almost along the trajectory of attractor

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

214 Chapter 3

A(l) of system (3.2) defined on this manifold. In this case, all of

the partial phase points in the spaces of individual systems (projec-
tions of the phase point of system (3.1)) move in mutual synchro-

nism along the corresponding trajectories of their partial phase por-

traits, i.e. along identical trajectories of identical attractorsA(l). In

other words, there is a stable regime of mutual synchronization of
interacting subjects in the lattice (3.1).Synchronization in a chain.

Consider the local stability of synchronization as a local stability of

a “part” of the manifold that contains attractor A(l). It can be es-
tablished that, with respect to transversals U = (Ul, U,, ..., U p) of

manifold M, where U, =X, - X, k=1,p, p=N-1, linear-

ized system (3.1) can be reduced to one equation of the form

U=(1,®7J,(t)-¢D, ®C)U. 33)

Here Jm(ﬁ(t)) is the Jacobi matrix of an elementary oscillator,
g(t)e A(1), ® is the symbol of the direct (Kronecker) product of
matrices, I, is the unit matrix of the corresponding order, D, is

the symmetric matrix of the form
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2 -1 0
-1 2 -1 0
0
-1 2 -1
0 0 -1 2
D,=
2 -1 0 0
-1 2 -1 0
0
0 -1 2 -1
0o 0 -1 2

Stable isochronous synchronization corresponds to the stable solu-
tion U=0 of Eq. (3.3). This equation has one property that radical-
ly simplifies solution of the problem that we formulate in the form
of a lemma (see also [172].

Lemma 3.1.1. Suppose Apyin =A; <Ay <Ay <..<h, <A, =Ny

is the spectrum of eigenvalues of constant matrix D ,. In this case,

Eq. (3.3), as a result of a nondegenerate transformation U =SV | is

reduced to the form

V,=(J,(t)-er,C)V;,

J=Lp. (3.4
Proof. Suppose S, is the transform matrix of matrix D, while S
1s the transform matrix of  matrix D » ®C, 1.€.

SBlDPSO =D, = diag(xl,xz,..., Xp). It is known that the roots of
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matrix D, ®C are all possible products of the roots of matrix-

factors:  Ajc, Moy vy MCps RoCpy Mgl s MpCys s RpCy,

kpcz, ...,chm, ie. §7! (DP®C)S:DO®C. Let us show that

S=8§,®I,,. Applying the properties of direct product of matrices
[173, 174], we obtain

s (D, ®C)s=5"(S,DyS ¢ ®1,CL, s =
=57(S,®1,)(D, ®C)(S;' ®1,,)$ =D, ®C.
From here it follows that $~' (Sy®IL,)= I,, and S=S,®I,.

Let us perform the transformation U =SV in Eq. (3.3). As a result,

we obtain an equation of the form
e -1
v=s"(1,®J,)sV-s8"'(D,®C)SV.

Let us show that matrix S~ (I » ®J, ) S is cell-diagonal. Using the

properties of the direct product of matrices, we obtain:

$7(1,®4,)8=(85 ®L,)(1,®3,)(S, ®1,,) =

=(S1,8)®(1,9,1,)=1,®4,, =diag(3,,,,,,..9,,).

m> = m?>
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Taking into account all transformations with respect to the coordi-
nates of vector V we obtain system of Egs. (3.4), equivalent to Eq.

(3.3).

We note that the transformation of Eq. (3.3) to Eq. (3.4) is analo-
gous by sense to the reduction of a system of linear and linearly

coupled oscillators to normal vibrations (normal form).

On the basis of this lemma, we formulate the following theorem on

the local stability of synchronization.

Theorem 3.1.1. Suppose X(l) is the maximal exponent of attractor

A (1) of a partial oscillator, while A M. are, respectively, the

min> ““max
minimum and maximum eigenvalues of matrix D,. If matrix then

synchronization in a coupled system of oscillators is stable for

€ >A(1)/Apin - For €<A(1)/Apa it is unstable in all directions

transverse to manifold M. For intermediate values of the parame-

ter of coupling, the synchronization is multistable. For the other

matrix C (among the admissible matrices) the same inequalities are
valid, but for a change 7\,(1)—)8* (k(l)), where the value of &
depends on this matrix.

Proof. Suppose that C=1. Let us perform a change of the variables

in Eq. 3.4) V,; = e_ngth. which results in a system of identical

equations of the form
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By their form, each of these equations is an equation in variation

with respect to the solution corresponding to a trajectory of the at-
tractor of a single oscillator, i.e. HW, ” = Ce}”(l)’, where C is a cer-

tain constant. As a result of the change of the variables, we obtain
HVJH = Ce(x(l)_gx-/)t. From here, it follows that if & > X(l)/Xj , then
HVJ-H—>O for t—>o, as well as HV]H —>o for t—ow, if

g <A(1)/%,. It means that if &>A(1)/Ay, , then all Egs. (3.4) are

stable, and if € <A(1)/A then all equations of (3.4) are unsta-

max >
ble. According to the lemma, the conditions of stability and insta-
bility are also transferred to Eq. (3.3). For intermediate values of
parameter € a number of equations is stable and the rest are unsta-
ble: solution V =0, and, therefore, also U=0 have a saddle type,
which corresponds to multistable, or, in other words, to partial syn-

chronization.

The property of function 8*(X(1)): equals to zero for k(l)SO

and grows for X(l) > 0. Apart from that, it depends on the structure

of coupling of the oscillators representing elements ¢; of matrix C.

In particular, if C=1, then ¢ (k(l)) = (1).
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Let us analyze conditions of stability of synchronization. Determi-

nation of the eigenvalues of matrix D, [173, 175] for the minimum

root results in: A, =4sin’ % After this, the condition of stabil-

ity of synchronization takes the form

£> 8*(%(1))/(4Sin2271tvj' (3.5)

Let us assume that the attractor of an individual system is regular

(such as with a stable limit cycle or torus), i.e. k(1)<0,

e (l(l)) =0. As one can see from (3.5), in this case, synchroniza-

tion in the chain is stable for any value of the parameter of cou-
pling, including arbitrary, small values. And this is the case for

chains with any number of elements.

A completely different situation arises in the case when the attractor

of an individual system is chaotic. In this case, k(1)>0,

e (l(l)) >0, and, therefore, the right-hand side of (3.5) establishes
a threshold value of the parameter of coupling that depends on the
degree of randomness of the attractor, the measure of which is
A(1), as well as on the number of dynamical systems N in the
chain. For a fixed value of €, the number of systems in the chain for

which a chaotic synchronization can take place is defined by an in-

equality of the form
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N<Ny=|———|, V)
0 chcosv} v Je

In particular, if Ny >>1, then the following asymptotic formulae

are valid: £>n>N%e (1(1)), N<N, = [nxls/s* }

Synchronization in a ring. Consider the stability of the synchroniza-
tion in the ring. Taking into account boundary conditions

Xo =Xy, X;=Xy,, with respect to variables U, =X, - X, |,

k=1,N —1 representing transversals to the “part” of the manifold

that contains the chaotic attractor, we obtain an equation of the

same form as (3.3), with matrix Dp, p =N —1, of the form

30 1 1 1 1 1 1
-1 2 -1 0 0 0 0 O
0o -1 2 -1 0 0 0 O
0o 0 -1 2 0 0 0 O
D,=| i G i N
0 0 0 O 2 -1 0 0
0 0 0 O -1 2 -1 0
0 0 0 O 0o -1 2 -1
I 1 1 1 1 0 3

Eigenvalues of matrix D, are expressed by formula

kj = 4sin? th/N, j=LN-1, from which it follows that
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Doy = 4sin® =, and A, :4sin2%, where ;" =

N
mi N 2

, if Nis an
even number, and j* = NTH, if Nis an odd one.

Thus, isochronous synchronization in a ring of dynamical systems
K

1s stable if € > 8*/4sin2 %, and it is unstable if € < 8*/4sin2 %

Synchronization in a two-dimensional lattice. Consider the stability
of the synchronization of dynamical systems in a two-dimensional

rectangular lattice modeled by differential equations of the form

i=1,2,...,N1, j:1,2,...,N2, (36)

with boundary conditions X, =X;, Xy 1;=Xy;, X;0 =Xy,
XiN2 + = XiN2 .

Using the chain as an example, we have seen that the study of the
stability of synchronization is ultimately reduced to the study of the

eigenvalues of matrix D, which is responsible for couplings of

individual systems. Obviously, the same should take place in the
case of Egs. (3.6). The problem of finding the corresponding matrix
can be solved by a fusion of a two-dimensional lattice from the cor-

responding chains, using them as “elements” of the lattice.
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Consider a rectangular lattice as a “parallel” coupling of chains. To
do so, we equip the vectors of the elementary oscillator in (5.1)

with a second subscript: we introduce vectors Y=

=col(X;;. Xy . Xy ). cD(Yj)zcol(F(xlj),F(xzj),...,F(lej))

and rewrite an arbitrary chain (system (3.1)) with one equation:

Y, =0(Y,)-¢(By, ®C)Y,, 57)

where B, is a diffusion matrix of the form

1 -1 0
-1 2 -1 - - 0 0
o -1 2 . . 0 0
B, = SR
2 -1 0
0 0 O -1 2 -1
o o0 - 0 -1 1

Since, for a parallel coupling of the chains, all elements of vector

Y, are coupled to the corresponding elements of the neighboring
vectors Y, ; and Y, the matrix of the fusion of the lattice from
the elements of (3.7) represents a unit matrix I . Taking the

aforesaid parts, as well as Egs. (5.7), the equations of the lattice

take the form
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Y, =0(Y;)-¢(By, ®C)Y, —¢(Ly, ®C)(-Y,, +2Y,-Y,,,),
j=12,., N,
(3.8)

The boundary conditions in system (3.8) have the form Y, =Y,

YN2 = YN2+1'

Performing matrix operations and writing this system with respect
to elementary oscillators, one can verify the equivalence of systems
(3.8) and (3.6). Let us pay attention to the similarity of the forms of
Egs. (3.8) and (3.1).

In contrast to the previous section, where the linearization was car-

ried out for variables U; = X; —X,; (transversals of the manifold),
here we will linearize Egs. (3.8) in a standard way, for variables

U; =X;; —&(¢) in the vicinity of solution X;; =&(7) e 4(1).
After convolving the linearized system into one equation, we obtain
U=1Iyy, ®J,()U-¢(Iy, ®By +By ®I, |®CU. (39

We note that the method of linearization does not fundamentally
change the essence of the matter. The formal difference is that, in
this case, the dimension of matrix D, =1, ®By +By ®1, is
one unit higher than the one that would be obtained from the first

case, and in its spectrum there is one zero root. All other eigenval-
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ues are positive and coincide with the eigenvalues of the matrix ob-
tained in the first case (the matrices are related by equivalent trans-
formations). Without going into much detail, in what follows, we

will not take the zero root into account.

As one can see, Eq. (3.9) falls under the above formulated lemma.
Consequently, the stability of the synchronization is determined by

the roots of matrix D, =Iy, @By +By @I .

A study of this matrix shows that its minimal eigenvalue is ex-

pressed by the formula, which is already familiar to us from the
previous section: A ;. = 4sin? %, where N =max{N,, N,}. We

obtain an interesting and unexpected result: the condition of the

e (r(1
stability of synchronization is defined by inequality & > M,
2

.2 T
4sin” —
2N
coinciding with the condition of stability of synchronization in a

chain whose “length” is equal to the greatest “side” of a rectangular

lattice of oscillators.

Synchronization in a three-dimensional lattice. We consider the
stability of a spatially homogeneous structure in a three-
dimensional lattice of dynamical systems governed by equations of

the form
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Xy =F (X ) -

—&C (6Xijk =Xk~ Xk — Xiok — X — X — X ),

i=1,2,.,N, j=12,.,N,, k=12,..,N;.

(3.10)

To find the desired matrix, we proceed analogously to the two-
dimensional case, by considering a three-dimensional lattice in the
form of a “parallel” coupling of layers — two-dimensional lattices of
the form (3.6). We equip each elementary oscillator in (3.8) by the

third index and write the equation of an arbitrary layer (system

(3.8)) in the form of a single equation:
2, =H(Z;)-5(I, ®By +By, 1, |©CZ,.

Now, by considering the three-dimensional lattice as a “parallel

coupling of layers”, we rewrite it in the following form:

2, =H(Z;)-¢(ly, ®By, +By, @I, |®CZ; -
—&(Tyy, ®C)(-Z;_y +22; ~ Z,),
kzl, 2,..., N3

with boundary conditions Z =Z,, Zy, =Zy_,;.

Obtained system is equivalent to (3.10). It’s linearization in the vi-

cinity of solution X;; =&(¢)€ 4(1) and its subsequent reduction to

one equation gives the following result:

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



EBSCOhost -

226 Chapter 3

U = IN1N2N3 ®Jm (é)U -
—&(Iy, ®1y, ®By, +1y, @By, ®Ly +By, @1y, |JOCU.

As one can see, this equation has the required form of the equation
of the lemma. Consequently, the problem of stability of the syn-
chronization is reduced to determining the eigenvalues of matrix

During the study of this matrix, we establish the aforementioned

- . .2 W
fact: the minimum root of matrix D, equals to 4smzﬁ, where

N = maX{N 1» Ny, N3}. Hence, we obtain the synchronization sta-

bility = condition, which is already known to us:
8>8*(k(1))/(4sin227;\[j, where N =max{N,, N,, N;}. The

conclusions regarding the influence of parameters of the attractors
of an individual dynamical system and the parameters of the lattice
on the stability of the synchronization will be the same as in the

case of a chain.

3.2. Spatially homogeneous autowave processes — global
synchronization in systems with transport and diffusion

Autowave processes for a wide class of physical, biological, chemi-
cal, and other systems [176] are modeled by differential equations

of the form [177]
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ox r ox  O%x
=—f(X)+a y+g(t)+kg+das—2,

o
ngy+bx+q(t).
ot (3.11)
Here x is a scalar, y :( Vis Vasees Y )T, B is a constant Hurwitz
(stable) matrix, a, b are (n X 1) constant vectors, &, d are the coef-
ficients of transfer (flow) and diffusion, g(t) is a scalar
and q(7) is (nmx1) vector bounded functions: ||g(t)||<D1,

||q(t)|| <D,, s is a spatial coordinate, s €[0, L]. It is assumed that

functions g(7) and q(¢) can be any functions, including that they

can be time-histories of a random process.

Examples of systems modeled by equations (3.11) are nonlinear
long lines, nerve fibers, and distributed chemical systems with au-

tocatalysis [176]. Equations (3.11) can be considered a generaliza-
tion of known basic models: if a=0, k=0, g(z)=0, then Egs.
(3.11) are the equations of Kolmogorov — Petrovsky — Piskunov
(KPP); if n=1, k=0, q(t) =0, g(t) =0, then (3.11) are the Fitz-
Hugh — Nagumo equations [78, 79, 178]; if k=d =0, q(7)=0,
g(t)=0, n=2, then (3.11) are the equations of various Chua oscil-

lators, etc. The physical meaning of variables and parameters will

be deciphered below using the example of a physical system.
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Spatially homogeneous states are the most accessible class of dy-

ﬁxEO, @EO,

namic processes for research. In this case 2 .
s s

Ox _dx Oy _dy

ot dt’ ot dt

of the respective system of ordinary differential equations. If we

and x(s, £)=x(¢), y(s, t)=y(¢) is the solution

assume that the dynamical properties of this system are known, then
only the question of stability of the indicated solutions in the phase
space of system (3.11) remains open. This problem is very difficult,
so we will replace it with the problem of studying stability in the
finite-difference model of system (3.11).

Following the method of finite differences (writing the spatial de-

rivatives by finite differences [179]) and taking into account the

=0, a—x

=0, we ob-
s=0 Os

s=L

. ox
homogeneous boundary conditions P
s

tain a finite-difference model of equations (3.11) [177, 180]:

X :—f(xk)+aTyk+sl(xk_1 —x) =& (X = X451 ) +2(2),

Vi =By, +bx, +q(t), k=LN,

(3.12)

. i k
with boundary conditions x, =x;, xy =x,,,. Here g :Z+_2’
h

d . . o
€ = IPR h 1s the discretization step.
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Thus, system (3.11) is modeled by a chain of non-autonomous Lu-

rie oscillators

x=—f(x)+aTy+g(t),
y=By-+bx+q(7). (3.13)

The spatially homogeneous autowave motions of the system (3.11)
correspond to isochronous synchronization of the oscillators of the

chain (3.12).

Let us provide an example of a physical system modeled by these
equations. Fig. 3.2 shows the electric circuit diagram of a chain of

dissipativity coupled Chua oscillators (see Section 1.1).

In physical variables and parameters, the meaning of which is re-
flected in Fig. 3.2, the dynamics of the chain is governed by equa-

tions of the form

T Ve Vi—Vin
Ry Ry

Liy ==RI +V, =V},

CV,=-1,-GV,, k=1,N,

CVk =1 —I(Vk)

b

where [ (V) is the current-voltage characteristic of a nonlinear el-

ement with nonlinear conductivity G
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HU r,:‘ R-u I|‘|
- — 1 3 , A— | . -
e R L 1) R L )
— e
I lisy
(¢} — o G" Gl | ==t Ce= (¢
T = i3 ) -

Fig. 3.2. The chain of Chua’s oscillators.

By introducing dimensionless variables and parameters:

Ve=VoxXes L =Loye, Vi =Wz,

—t=7 L =q L =B ﬂ—y
L 7 crR* ~ CR T CR "
L ol (Vox

S LU T
CRR, I,

We obtain dynamical system of the form

G ==f (%) + oy +e (g 2% + X)),
k==Yt 25— X

Z =By — vz kzla_]va (3.14)

with boundary conditions xy, =x;, Xy =Xy,;-

Based on what has been said in Section 1.1, we assume that for the
autonomous system (system (1.2)) corresponding to system (3.13),
conditions (1.3) are satisfied, and the properties of the auxiliary sys-

tem (1.4) are also satisfied.
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The indicated conditions for the partial system are sufficient to
formulate the conditions for the global stability of isochronous syn-

chronization in the chain (3.12) for various cases of couplings.

We consider equations (3.13) for ¢, #0, €, #0. The conditions of

the global asymptotic stability of synchronization of oscillators (of
a spatially homogeneous state) are formulated in the form of the
following theorem.

Theorem 3.2.1. Suppose A, =vinfRf'(x), xf(x)zmx* =1, xeR

and conditions (1.8) are satisfied for the autonomous system corre-

sponding to system (3.13). Then, under the conditions

Iy _
1) &y %0, 0<v<l, NSN():[ ™ } o torEte —m

arccosv | g +&,

2) €, #0, v>1 and arbitrary large N

the isochronous synchronization in system (3.12) is globally stable.
Proof. We transform system (3.12) to variables U, =x;, —x;,,

Wi =¥r = Vi :

Uk :—}\,k (&k)Uk +aTWk +81(Uk71 _Uk)_gz(Uk _Uk+1)’
W, =BW, +bU,,
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Here X, =/"(&), & €[x» %] (Lagrange's theorem) and

boundary conditions U, =0, U, =0.

Note that in this case x;, x;,, are the coordinates of an arbitrary

point of the phase space of system (3.12). Consider the Lyapunov
. R 2 T . . .
function V = ) > (U P +W HW) It is easy to proof that its deriv-
k=1
ative calculated along the trajectories of system (3.15) satisfies the

g1 1¢&;

N-1
Y (2vUF —20,U41),

. Nl
inequality V' <—3 Oy (U, W, )—
k=1 k=1

81 +82 +7\.0 —-m

where v= . In turn, this derivative is negative in

€ t¢&

the entire  phase space if the quadratic  form

N-1
P=> (ZVU,f —2UkUk+1) is positive.
k=1

It can be proven that the values of the major minors A, of a matrix

of the quadratic form P
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2v. -1 0 0
-1 2v -1 O
0 0
0O -1 2v -1
0O 0 -1 2v
0 0
2v. -1 0 0
-1 2v -1 O
0 0
-1 2v -1
0O 0 -1 2v

are solutions of a recurrent equation of the form

1) If 0<v <1, then solution (3.16) has the form

A, = sin(k+1)9

b

sin 0

where ©O=arccosv. From this we obtain that for all

e

NSNoz{ }, the values A, >0, k=1,N-1. That is,

arccosv

quadratic form P is positive in the whole phase space and hence the
trivial solution (3.15) corresponding to isochronous synchronization

is a globally stable.

2) If v>1, then the solution of recurrent equation (3.16) has the

form
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Hence, we obtain that all minors of the quadratic form P are posi-
tive for arbitrarily large value of N, which proves the second part of

the theorem.

Let us draw conclusions from this theorem. First, since parameter m

can be arbitrarily small (a chain of Chua oscillators), the parameter
g +ey+tAhg—m
v=lit& tho _

A
=1+—2
81+82 81+82

From this we obtain that if

Ao = inf f '(x) >0, then synchronization of oscillators is globally
VxeR

stable for a chain of an arbitrarily long length. Under this condition,
the function f (x) (current-voltage characteristic of a nonlinear
element of the respective oscillator) increases everywhere and equi-
librium O(0, 0,0) of a single oscillator is globally stable (under-

excited self-oscillator). This is easy to prove using the same Lya-

punov function V' = %xz + % y2 + %22 , applied to the autonomous

oscillator system from system (3.15). Under these conditions, the
oscillator has no oscillatory properties and its dynamics is similar to
a linear stable system. Physically, this case is mot of a major inter-

est.
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Apart from that, one cannot but pay attention to the fact that the
conditions of local and global stability of synchronization coincide
in their form: under the conditions of global stability, inequality

T . . . . .2 T
N <——— is equivalent to inequality &> |X0 —m|/4 sin® —
arccosv 2N

(e; =€, =€), and the condition of local stability is defined by an

inequality of the form &> € / 4sin? % Hence, it can be assumed

that the condition for the stability of synchronization will mostly

have the same form.

Finally, the conditions of both local and global stability of synchro-
nization are related to the finite value of the number of oscillators
N. One can say that a “moderate” diffusive coupling is capable of
providing synchronization of only a limited (and, moreover, a rela-
tively small) number of oscillators with chaotic dynamics. In other
words, if one imagines the formation of chains as auto-synthesis in
a homogeneous “brine of oscillators™, then chains of limited length,

determined by the stability conditions, will be synthesized.

Fig. 3.3 shows a sequence of phase portraits corresponding to a
globally stable isochronous chaotic synchronization in a diffusive

chain of N =6 identical Chua oscillators. Oscillator coupling ma-

trix C=diag(1, 0, 0). other parameters of the experiment:

(o By, my, my,€)=(9.5,14,0.1,-1/7,2/7,5.0).
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Fig. 3.3. Stable isochronous chaotic synchronization in the diffusive chain

of Chua’s oscillators.

3.3. Synchronization of rotations in a chain and in a ring
of diffusive-coupled autonomous and non-autonomous
rotators

Let us study the processes of synchronization in a system of cou-

pled rotators of the form

1§; +@; +sing; =y +&(dy —2¢; + ¢y ) + Asiny,
W=y,
i=1LN,

(3.17)

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



EBSCOhost -

Synchronization in Homogeneous and Inhomogeneous Lattices 237

with boundary conditions of two types: a) @y =®;, Oy =Py,

corresponding to a chain, and b) @y =@y, @y, =@, correspond-

ing to a ring.

Variables and parameters in system (3.17) are dimensionless, and
this system is defined in the toroidal phase space

G(Ppsees O Yo Pps s Py ) = TV« RN, Parameters >0, y>0
have a sense of the moment of inertia and constant torque of rotator,
respectively; A4, ogare the amplitude and frequency of external
force (see Section 1.2), respectively; and € the parameter of cou-

pling of the rotators.

Let us provide examples of physical systems, whose dynamics is

modeled by Egs. (3.17).

Example 1. Fig. 3.4 shows a chain of Froude pendulums [181].
Sleeves of identical pendulums are mounted on the shaft, which is
driven into rotational motion with a constant speed of rotation
Q=® or into rotational-oscillatory motion with frequency

Q=w+ BsinQt. There is viscous friction between all sleeves and

the shaft as well as between all contacting couplings.
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Fig. 3.4. A chain of Froude pendulums.

In physical variables and parameters, the equations of motion of the

chain have the form

mi*; +d; + mglsing, = R(w+Bsiny —¢; )+
+ k(¢i_1 —('p,-)+7»(¢i+1 —‘i)i)’
Y =9,

i=LLN,

where m, [ are the reduced mass and length of the pendulum, re-

spectively; d is the constant coefficient of viscous damping of the
medium; R(o+ Bsiny —@;) is the moment of force of viscous
friction acting from the shaft side; A(¢;_; —@;), (P —¢;) are
the moments of the friction forces from the neighboring pendulums;

and R, A are the constant coefficients.
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Dividing the equations by mg!/ and introducing dimensionless time

mgl
d+R

t=1, we obtain Egs. (3.17). The relation between dimen-

sional and dimensionless parameters is defined by formulae

g

0y =Q , A=
d+R 0 0

l(mgzjz y:& ) d+R RB
mgl™ " g4+ R’ mgl

Example 2. As stated in Section 1.2, a dynamical state of a super-
conductive junction is governed by two variables: ¢, representing
the difference of phases of quantum-mechanical functions of order,

and @ =V the potential difference of superconductors (the Joseph-

son ratio in dimensionless time). In a resistive model written in di-
mensionless variables and parameters, a separate non-autonomous

superconductive junction is described by a pendulum equation.

Fig. 3.5 shows a chain of dissipative-coupled superconductive junc-
tions with uniform injection of a constant current in an external mi-

crowave field. Superconductive junctions are indicated by crosses.

Equations for electric currents (we consider nodes 4;) define the

dynamical system of the chain

o PPN DU
ey +; +5in; =7+~ (01 = 0;)+—(Gs01 — 0;) + Asin,
Y =y,

i=LLN,
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with boundary conditions @y =@, ¢y =@,,,. Here, the dimen-
sionless parameters are: ¢ is the capacitance of the junction; y is the
constant electric current of the external power supply; 4, o, are
the amplitude and frequency of external microwave field, respec-
tively; and r is the resistance of the coupling. Assuming 1/r=¢
(dimensionless conductivity), we obtain Egs. (3.17). Condition
<('pl~ >[ =0 (equilibriums and oscillatory motions of the i-th pendu-
lum, see. Fig. 3.4) corresponds to the superconducting state of the

respective junction, and rotational motion of the pendulum corre-

sponds to its resistive state (generation mode).

v+ Asiny v+ Asinyy

| i l

Fig. 3.5. A chain of superconductive junctions.

Example 3. Fig. 3.6 shows a block-scheme of a ring of dissipative-
coupled superconductive junctions. By writing the physical equa-

tions for each of them, we obtain dynamical system (3.18) with pe-
riodic conditions @y =@y, @y, =¢;. The count of the sequential

number of junctions starts from an arbitrary element.
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From a comparison of equations of physical systems outlined in
Examples 1 and 2, we obtain the following electromechanical anal-
ogy of the variables: V' (voltage) ~ ¢ = (frequency of rotation),
1/R (conductivity of the coupling) ~¢ (coefficient of viscous
damping), J (current); and ~ M (moment). The expression for the

electric current of the coupling (Ohm's law) (Vl "] —Vi) / R=J mn,

that flows from junction (i+1) to junction i, is equivalent to the

expression for the moment of force of viscous friction acting from

pendulum (i+1) on pendulum i.

Fig. 3.6. A ring of dissipative-coupled Josephson junctions.

An autonomous chain and a ring.

Assuming 4 =0 in (3.17) and transforming time '/ o= T,, W€

obtain a system of the form
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¢; + L@, +sing; =Y+G(¢i_1 —2¢; +(i)i+l)’

i=LN, (3.18)

where L=+I"', c=¢eVI™!. The boundary conditions have the

form @y =@, Oy =Py OF Qg =Qp, Oy =0

Let us list some general properties of system (3.18).

1) In the phase space of the system G(¢, §)=T" x R" there are no

closed trajectories of vibrational type (O-trajectories). This property
is established by means of the periodic Lyapunov function: we con-

sider the function (quadratic form plus integral of the nonlinearity)

N ?;

of the form V=Y 1 b7 + | (sing; —y)de; | Whose derivative
=1 2 9oi

taken along trajectories of Egs. (3.18),

N ¢
V= Z[%(plz + | (sing, —y)do; ] The negative sign of the deriva-
=1 9oi

tive in the whole phase space G (o, ¢) proves the property.

Thus, the possible attractors of system (3.18) can be: equilibrium
states, rotational-oscillatory and rotational limit cycles, tori, and,

perhaps, chaotic attractors with a rotating phase.
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2) In the phase space of the system, there exists the “main” integral
manifold My ={¢, =@, =..=@y, ¢, =@, =...= ¢y} representing
cylinder ((p, ('p), filled by phase trajectories of the equation of a sin-

gle rotator, i.e. a pendulum equation:
O+ Ap+sine=y.

This property is obvious. Properties of the pendulum equation are

described in detail in Section 1.2.

Let us study stationary, spatially homogeneous dynamical regimes
of the chain (synchronization) that correspond to stable limit sets of

phase trajectories lying on the main manifold A ,,. Stable equilibri-
um Ol(arcsiny, 0) corresponds to the resting Froude's pendula,

located at the same angle with respect to the vertical. The limit cy-
cle corresponds to the in-phase rotation of all of the pendula of the
chain. Using the example of this system, let us repeat the proof that
these limit sets are stable along directions that are transverse to

M.

Using a change of the variables u; =¢; —¢,,;, u;, =v, we reduce

Eqgs. (3.18) to manifold M, we obtain

v; =—Av; —(cos&; )u; + (v —2v; + vy,
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The boundary conditions in (3.19): v, =0, vy =0. During the
transition to system (3.19) the Lagrange theorem is used:

€ e ((pi’ (Pi+1)-

We remind thatif & =@, =@, =&, =...= @y = ¢, where (p(t) is an
arbitrary solution and ((p, (p) € M, then system (3.19) is a system
in variation with respect to the whole manifold. If solution
o(t)=¢ (¢)(¢,9) € My, corresponds to a certain limit set of tra-

jectories of the pendulum equation (equilibrium, limit cycle), then
system (3.19) is a system in variations with respect to the “piece”

M, containing this limit set and its domain of attraction. If a trivi-

al solution to system (3.19), written with respect to &(¢)=¢ (¢), is

stable, then the respective spatially homogeneous dynamical regime

of the chain is also stable.
We investigate the stability of manifold M.
We rewrite system (3.19) as a single equation of the form

U=(Iy,®J,(&)-oDy_, ®C)U,

(3.20)
Where U—(MI,Vl,uz,Vz,..-,uN_lng_l) ) J()= _COS& _7\’ )

0 0
C= :
o
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2 —1 0
12 -1 0
0 -1 2 -1 0
0 0 -1 2
Dy =
2 -1 0 0
12 -1 0
0
0 -1 2 -1
0 0 -1 2

According to Lemma 3.1.1 equation (3.20) is decomposed into
N -1 two-dimensional systems with respect to (x;, y; )T =V, of

the form

xi =yi5
Vi =—\y; —(Cosii)xi —o\ Vi,
i=1, N-1,

(3.21)

where A ; = 4sin? j / 2N, j=1,N—1 are the eigenvalues of matrix

DN—l'

If 0=0, then each of these systems is a stable system in variation
(unperturbed system) with respect to the solution that corresponds
to one of the stable limit trajectories of the pendulum equation (sta-

ble equilibrium, stable limit cycle). On the other hand, if c#0,

then for any fixed ¢=¢, there is a right rotation of the vector field
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of each of systems (3.21) on the trajectories of the unperturbed sys-
tem. In other words, since all trajectories of the unperturbed system

(in the extended phase space) enter inside some cylinder

Z{t>t0, 24?2 <R? (%o )}, ;iigloR(lO):O’ and stay there, then

the same holds for trajectories of the perturbed system. Thus, the
stability of each system from (3.21) follows from the stability of the
unperturbed system. Consequently, the solution V =0, and, there-
fore, U=0 is also stable. Physically, this fact is quite understanda-
ble: an additional dissipation is introduced into the stable system,

which, naturally, only improves its stability.

Thus, the spatially uniform dynamical regime of the chain (syn-
chronization) is stable for any value of diffusive coupling, including

arbitrarily small ones.

Let us turn to the bifurcation diagram shown in Fig. 1.7. For the

parameters from domain (1), and for the initial conditions given in
the general case in a small neighborhood of manifold M (1) the
spatially uniform state of the chain is the equilibrium state: all of

the pendula of the chain in the course of time come to equilibrium;

that is, they hang under one angle. In parameter domain (2), de-
pending on the initial conditions on manifold M (1) , equilibrium
for a spatially homogeneous regime of synchronous rotations of

pendula of the chain can be realized. Finally, in parameter domain

(3), for any initial conditions given in a neighborhood of manifold
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M (1) , a spatially homogeneous regime of in-phase rotations is re-

alized.

For an autonomous ring, we obtain an equation of the form (3.20)

with matrix Dy_; from Section 3.1. Therefore, for the ring we ob-

tain the same conclusions as for the chain of rotators.
Non-autonomous chain and a ring.

Let us study dynamical properties of non-autonomous system (3.17)
using a method of the averaging in the zone of main resonance. Fol-
lowing the algorithms for transformation of systems of coupled ro-
tators, using a change of the variables of the form

cos@; Acosy

§; = +1F; (01, v, 8), Fy = T =0 mV

Q0] Q0]

we obtain a system equivalent to (3.17) in a standard form

bob o vl <26 4By}
ﬁi ZHE%
v =0y, (3.22)

where p=17 - Y-, = pA is the frequency mistuning (zone of the

main resonance), and, 1, = ¢; —y are the phase mistunings.
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Further we assume that the parameters of an individual rotator are
selected from region (2) or (3) shown in Fig. 1.17, for which, in the
phase space, there is a rotational limit cycle. We assume that

p<l.

Having averaged system (3.22) over a fast-spinning phase and

transforming time pt=r1,, we obtained a system of the form

ﬁi ng

A .
E.’l' = —E_”. —2—2$1n1”|i +A+ G(&i—l - 2E_>l + E.>i+1)
o2 (3.23)

with boundary conditions &, =¢&;, &y =&y,,;. Then, by using a

. f A .
change of time of the form 2—21,, =1,, system (3.23) is reduced
@

to equations

ij; + A M; +sinn; =y{ + 0, (fli—l =20 + My ),

i=LN, (3.24)

with  boundary conditions my=m,, mnNy=my,, Where

. }2(02 2 2
A = 70’ Yf=—201):A, Go = _2(:0 0.

As one can see, the averaged system (3.24) has the same form as

the system of equations of the autonomous chain. This means that

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Synchronization in Homogeneous and Inhomogeneous Lattices 249

the character of the spatially homogeneous dynamic regime of the

chain is determined by the dynamics of the “averaged” rotator:
A+ A +sinn=1v].

The bifurcation diagram of this equation on the parameter plane

(yf, Xf) is shown in Fig. 1.10. What remains is to interpret the re-

sult obtained. Let us recall that from the principle of the averaging

it follows that if L is some limit set of trajectories of the averaged

autonomous system, then L x stisa corresponding limit set of the

non-autonomous system including conditions of stability of L.

Based on this, domain (1) on the parameter plane (yf Sy ) is a do-

main of global asymptotic stability of the limit cycle of a non-

autonomous rotator (synchronization region); (3) is the area of ex-

istence of a single and stable two-dimensional torus 7 2, (2) is the
domain of existence of both limit sets, which are realized depending
on the initial conditions; (4) is the domain of existence of chaotic
attractors associated with bifurcations of destruction of a two-

dimensional torus.

Interpreting this for a chain, we find that for the parameters from
domain (1), there is a spatially homogeneous regime of synchro-
nous rotations in the chain of non-autonomous rotators (3.17); for
domain (3) there is a regime of quasiperiodic rotations; for domain

(2) there can be either one or the other regime is implemented de-
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pending on the initial conditions. According to the property of the
autonomous system proven above, the listed dynamical regimes are

stable for an arbitrarily small value of the coupling parameter o,,.

According to the results presented in Section 1.2, the parameter
domain (4) corresponds to complex limit sets of trajectories and
their bifurcations, including stable ones. The corresponding chaotic

attractors also lie on the integral manifold M|, (the equation of a

non-autonomous rotator is defined on the manifold). These attrac-
tors correspond to the inphase synchronization of chaotic rotations.
In contrast to the previous cases, the stability of this dynamic re-
gime is realized when the coupling values are not smaller than the
threshold one, which depends both on the Lyapunov exponents of
the attractors and on the number of rotators in the chain (or ring)

(see Section 3.1).

In conclusion of this section, we make a remark about one of the
possible applications of chains of superconductive junctions. Sec-
tion 1.2 has already discussed the use of the Josephson effect in the
design of the volt standard. In the case of a single element, the sta-
bilized voltage is a few millivolts, which is an inconveniently small
value. In this regard, the use of synchronized chains, such as one
shown in Fig. 3.7 presents a simple way to improve the perfor-
mance of a standard. In the synchronized state of the chain, the

voltage at its ends is V' = NV,), where V), is the stabilized voltage at

one junction.
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-

Xp ¥ x|

Fig. 3.7. An example of application of synchronized chains.

3.4. Regular and chaotic synchronization in a homogene-
ous chain of dynamical systems of “rotator — oscillator”

type
Dynamics of the “rotator — oscillator” system have been studied in
Section 1.5. In particular, we have established the existence of Lo-
renz and Feigenbaum chaotic attractors, as well as alternation of
chaos in the phase space of this system. Below, we will consider
dynamics of a chain of diffusively coupled systems of this type
[164, 175, 182], i.e. synchronization of rotary motions of rotators,

loaded by oscillatory links.

A physical example. Fig. 3.8 shows a chain of superconductive
junctions, each of which is loaded by an oscillatory circuit. We as-
sume that all junctions, as well as all similar elements of the electric

schemes, are identical.
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Fig. 3.8. A chain with superconductive junctions.

In dimensionless variables and parameters (see Section 1.5), the
dynamics of the chain is governed by a system of equations of the

form

C(bk +(pk +Sin(Pk :Y+8((pk_1 _2(Pk +¢k+1)+Jk’
jk +6jk +0‘)%Jk Zb(pk +d(Pk’

k=LN, (3.25)

with boundary conditions @, =@, @y = Q.-

The relation of parameters of system (3.35) with dimensionless pa-

rameters of the above scheme is as follows:

azcorol’l'i'lo mgzL(l_Fr_O}b:_i’ d=— 1 1

s 4 .
Coloi Colo i ly colon ,
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The study of synchronization will be carried out using the technique
of averaging that has been discussed in Section 1.5. Consider

parameter domain

D, ={c_1 =u<xl,d=yph, y+i—m0 =uA},
®o
for which system (3.25) is a chain of diffusive-coupled quasilinear
rotators loaded with high-Q resonant oscillators. It is not difficult to

prove that Egs. (3.25) are equivalent to a system of the form:

P+ +sin, =y +J; +&(Pp — 205 + Ppir),
Ty =Wy +boy —phJy,

. 2 X

In turn, equations (3.26) by the change of variables (see Appendix)

J =0, sin@; +n; cos, +i,
®

Wy = (0) cos oy = sin gy )y —bay,
('Pk = Q)O —l—],lq)k(ek,nka(pk’ék)’
Nk =Pk — P15

) i :
k cos oy + e iy ¢y +&;, are reduced to an equiv-

®g Mg

where ©; =

alent system in a standard form:
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O =10 (0, > 015 &)

N =Ty (ek’nka@kaak)a

Er =1Z; (00 e 015 Eicts ks Epat)s (3.27)
Vi =p(@ D)),

¢ = +u®1(91,m,<r>1a§1)

The functions on the right-hand sides have the form:

0, =(nk +bsing, +icosq)k](bk -
@

— h(0y sing; + My cos @y )sing, +isin(pk,
@

T, =(bcos<pk -0, —isin(pk}bk -
®o

— h(0; sin g, + My cos @y )cos +iCOS(pk,
@

oD oD oD
Esz—[ k@, +—ET, + kCDk+CDk]+s(CDk1—2d)k+CDk+l).
0y ong 00y,

The averaged system for system (3.27) has the form:
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( bi&y +by0 +byny + A+ B (&g — 28, + §k+1))a
(=ba®y +bsy + & +b5),
(=bymy —bsO; =0, +b7),
u(ik &1)
¢ =g +pE, (3.28)

1)
u
1

with boundary conditions &, =¢&;, £y =&y, and parameters:

blzl_iz’ b2=0, b3=L2, b4:l h+iz N bszi,
d b

A change of the variables of the form

X :bil(ék +bs),J’k :(bsﬂk +b29k)/b1b4 —-A
zp =(b0, —byn; ) /biby + R, pby=1,

reduces the first 3N equations of the averaged system (3.28) to a
chain of diffusive-coupled systems of the Lorenz type:

).Ck Z_G(xk _yk)+p+8(xk71 _2xk +xk+1),
Vi ==Y+ R =Xz,
k=1,N,

(3.29)

with boundary conditions x, =x;, xy =x,;. Parameters in (3.29)

are expressed as follows:
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boby =bsbs  _ biby + b

sz b 5 R= 5
o bb} bb}

b

p=(A+(bibybs +bsby +bobg )by )by, e =b£.
4
In what follows, we will investigate isochronous synchronization in

the chain (3.29) to interpret the results for the original system
(3.25).

Dynamical properties of the partial system in (3.29) have been stud-
ied in Section 1.5; in particular, its dissipativity has been shown.

The dissipation sphere is set using a quadratic form

v, =%(x,% + (3 +A) +(z -0 -R)).

The derivative of this quadratic form, taken along the vector field of

the partial system, has the form

V=-0x"~(p-cA)x-y*~Ay—z* +(c+R)z

Outside of the sphere U, :x; + (¥, +A)2 +(z; —cs—R)2 <I?, the
derivative of the quadratic form Vk <0. L is a constant that depends

on parameters o, R, A and p. Using this property of the partial sys-
tem, let us formulate the dissipative proper-ty of the coupled system

(3.25) in the form of a lemma.
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N
Lemma 3.4.1. System (3.29) is dissipative into sphere U = U U,.

k=1
N
Proof. Consider the quadratic form ¥ =) V. Its derivative taken
k=1

along the vector field of system (3.29) has the form and estimate

M=

(% =2 )2 =

M=
M=

(52 +(r+ A +(z 0= RY |-

k=1 k

Il
—

k=1

Since each of the terms of the last sum is negative outside the

sphere U,, then V<0 outside of the sphere of dissipation

N
U = U U, of system (3.29).
k=1

This lemma allows us to formulate sufficient conditions for the
global asymptotic stability of synchronization in system (3.29) in a

form of the following theorem.

Theorem 3.4.1.If £ >0/2, where

@+R—4f+b%+Af_

o= sup

G|,
V(xk Vi 2k )er 4

then integral manifold M, =(xk = X441 Vi = Vsl 2k = zkH),

k:I,_N in chain (3.29) with the number of oscillators
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N < N, =[n/arccosv], where v=(2e—a)/2e, is globally asymp-

totically stable.

Proof. Let us write system (3.29) with respect to variables
Up =X, —Xpy1s Vi =Ve — Viel» Wi =Zp —Zp4 that represent trans-

versals to manifold M :

Uy =—G(uk _Vk)"'g(“k—l —2uy +”k+1)’
“)k =V +(R_Zk)1/lk — X Wy +l/lka,
W = =Wy + (Ve + A)uy +xv — v,

k=1,N—1, u,=0.

(3.30)
. . 1! 2 2 2
Consider the Lyapunov function V = 5 D Vi Vi =up +vi +w.
k=1

Its derivative taken along the vector field of system (3.30) has the

form

1
Vz—Z((G+oc)u,%+v,%+w,%+(G+R—zk)ukvk+(yk+A)ukwk)—sd),
k=1
o= (2vi2 -2

k:I( i =2 ) (3.31)

where v=1-0/2¢, and o is a parameter that is to be chosen.

According to the Lemma, all phase trajectories of (3.29) reach in-

N

side sphere U = U U, and stay there forever, i.e. for # — 0. For
k=1
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this reason, the expression under the sign of the first sum is consid-
ered inside of the sphere dissipation. Let us select the value of pa-
rameter o as follows:

(G+R—Zk)2 +( +A)2

o= sup — O
V(xk V> Zk )er 4

In this case, each of the quadratic forms under the first sum sign is
positive. Further, as in Theorem 3.2.1, we establish that the quadrat-
ic form @ is positive if the inequalities indicated under the condi-
tions of the Theorem are satisfied. That is, under the conditions of

the theorem, manifold M, and, therefore, the synchronization in

chain (3.29) are globally stable.

To determine the conditions for local stability of isochronous syn-
chronization of oscillators in chain (3.29), one should refer to Theo-

rem 3.1.1. The coupling matrix of oscillators in a chain:

C=diag(1,0,0) is admissible, and the local stability condition in

this case is determined by inequality € > € / 4sin? %

The method of the averaging, within the accuracy of ~p guaran-
tees the fulfillment of the obtained conditions of global stability and
of conditions of local stability of synchronization in the original
chain (3.25) with one caveat: when using the method of averaging

over the fast phase (¢, in equations (3.27)) it is assumed that the
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parameters of the system are in the range of existence of rotator’s
rotations. That is, if the rotational motions (the nature of the rota-
tions is unimportant) of the rotators are realized for any initial con-
dition of system (3.25), then the conditions of the global stability in
chain (3.29) are the conditions of the global stability of the corre-
sponding synchronization in the initial chain (3.25). If, in addition
to the limit sets of rotational trajectories in the phase space (3.25),
there are oscillatory limit sets, including equilibria, then the condi-
tions of global stability in chain (3.29) should be interpreted as the
conditions for the stability of synchronization for the most part for

the chain (3.11).

As for the physical interpretation of the results, for example, in rela-
tion to a chain of superconductive junctions, then, it is easy to pro-
vide it using the results of Section 1.5. In a synchronized state, the
dynamics of all superconductive junctions is identical and coincides
with the dynamics of one junction loaded by an oscillatory system.
All types of rotation characteristic and resonance characteristic, as
well as their properties described in Section 1.5, are types of volt-
ampere characteristics of this junction and types of resonance char-
acteristics of an oscillatory system including all their nontrivial fea-

tures.
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3.5. Synchronization of oscillators in an inhomogeneous
chain and in a ring with diffusion

In this section, we will extend the asymptotic theory, presented in
Section 2.2 for two oscillators, for a chain and for a ring. Just as in
the case of a pair of oscillators, we consider two cases: 1) weakly
non-identical oscillators with moderate diffusive coupling, 2)

strongly non-identical oscillators with strong diffusion.
A chain and a ring of weakly non-identical oscillators.

Consider a dynamical system of the form

X; = F(X;)—C(—X; +2X; = Xy ) +1F; (X, 1),
i=LN, (3.32)

with boundary conditions X, =X,, Xy =X,; for a chain and
Xy =Xy, X;=Xy,, foraring; uis some small parameter associ-

ated with the non-identity of the parameters of the oscillators.

If u=0 (the generating case is a system of identical oscillators),
then system (3.32) has a generating integral manifold
M, ={X; =X, =..=Xy_, =Xy}, filled by trajectories of the gen-
eralized oscillator. The attractor of this oscillator 4, (1)< M,. We

will assume that the stability conditions for the manifold are satis-
fied (Theorem 3.1.1) and that all characteristic exponents of the

respective linear system in variations of the form (3.3) are strictly
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negative. In this case, the theorems [17 — 19] guarantee the exist-

ence in system (3.32) of a smooth, stable and one-to-one invariant

manifold Mu’ containing attractor Au (1) In this case, M“ turns

inM,, and 4, (1) turns in 4, (1) for p=0. The conditions for sta-

bility of synchronization of oscillators in system (3.32) coincide
with the corresponding conditions for isochronous synchronization

in a chain of identical oscillators within the accuracy of p.

Thus, the problems of existence and stability of synchronization in
the inhomogeneous chain (3.32) are considered solved. Further, we
will be interested in the features of this synchronization, defined by
the nature of the mistuning of the parameters and by the nature of
the coupling of the oscillators. In this case, we will appeal to the

definition of synchronization given in Section 2.1.

Using in the technique outlined in Section 2.2, we define the para-
metric coupling of the variables of oscillators in the regime of syn-

chronization (the parametric representation of manifold M) as a

power series by parameter pi:

X; = X+ Xy (X) + 17X (X) + .. (3.33)

Moreover, we assume that manifold A, is decomposed into trajec-

tories by phase trajectories of a dynamic system of the form
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X = F(X)+ B (X) + 1 Fex (X) +.. (3.34)

The task is to define function F(X), Fu(X),..,
X1 (X), X;;(X), .... The choice of F.(X), Fu(X), ... is carried
out from the condition of independence of these functions from the

number of the oscillator (index i), and also from the requirement of

boundedness of the solutions of equations defining functions

X; (X).

We consider the expansion of functions F(X;) and F; (X;),

i=1, 2, into a power series by a small parameter:
F(X+pX, (X)+...)=F(X)+pFX,; +...,
F (X+pX; (X)+..)=F,
. , OF . . .
Expression F (X) = X is the Jacobi matrix.

Substituting equations (3.33) into (3.32) and equating terms of the
same orders by |, we obtain a system of equations defining the re-
quired functions. In particular, equations for the functions of the

first approximation have the form

E+X, =F'X; -eC(-X, |, +2X;, - X, )+F (339

1
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with boundary conditions X, =X;;, Xy,;; =Xy, for a chain

and Xy, =X, Xo; =Xy, foraring.

Summing up all equations (3.35), we obtain

. N *
NF.+V=FV+>)'F,,
i=1
. (3.36)

v=YX,.
i=1

Let us choose the required function in equation (3.36) in the form
E:%gﬁ+%%aL

where A, >0 is a constant. Let us show that with this choice

X; () are the bounded functions of time.

An equation with respect to variable V has the form
V=F'V-¢\,CV. (3.37)

By defining constant A, as the minimum root of matrix D,_; from

Section 3.1 A,=A

.2 T .
min> Where A . =4s1n2ﬁ for a chain

.2 T . . . .
Amin = 4sin’ N for a ring, we obtain that the trivial solution V=0
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. )
q. (3.37) is stable for & > . . Here A(1) is the maximum

min
Lyapunov exponent of the attractor 4 (1) (see Section 3.1).
On the other hand, introducing variables U;=X;—X;,
i=1,N-1 in system (3.35), we obtain an equation for the vector

U=(U;, Uy, Uy )

U=(1,,®F)U-¢(Dy  ®C)U+F, (3.38)

where F :(F11 -5, B —-Fy, ., Fy o —Fy ) , and Dy_; 1is

the matrix from section 3.1, corresponding either to a chain or to a

ring.

According to Theorem 3.1.1, the solution U =0 the homogeneous

()

min

equation corresponding to (3.38) is stable for all &>

Therefore, due to the boundedness of the vector F , solutions of the

inhomogeneous equation (3.38) are bounded. The boundedness of

these solutions and the stability of equation (3.37) imply the bound-

edness of the functions X;; (X()).

Equations (3.35) are equivalent to a system of partial differential

equations of the form
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oX; OF *

i=LN, (3.39)

with boundary conditions X, =X;;, Xy, =Xy, for a chain

Xyi11 =Xq1, Xg =Xy, for aring.

Let us assume that for the given perturbations (Fi* —F*), system

(3.39) has been solved by us. In this case, within the accuracy of uz

we obtain the equation of the oscillator, the attractor of which de-
termines the synchronous oscillation regime of the oscillators of the

chain or of a ring:

(3.40)

as well as parametric expressions for variables of the oscillators in
the regime of synchronization:

X; = X+pX; (X). (3.41)

By excluding parameter X from equations (3.40), we obtain an ex-
plicit relation between the variables of the oscillator in the regime
of synchronization — the mapping of the partial phase portraits of

the oscillators (see the definition of synchronization given in Sec-
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tion 2.1). Note that for N =2, Eq. (3.39) coincides with equation
(2.21).

Let us solve the problem of the relation between the synchronized
motions of the oscillators in a specific case. We assume that pertur-

bations of the right-hand sides of equations of the oscillators have

the following expressions: F' (X)zochF(X), i=1,N. In this

1
case, the solutions of system (3.39) have the form X,; = A, F(X),
where A; are undefined coefficients. Their physical meaning for

the case of two oscillators is explained in Section 2.2. In this case, it

1s the same.

We write down the equations of the first approximation relating the

variables of arbitrary oscillators: X; =X+pA X and X ;=
=X+pA jX. From these equations, within the accuracy of p* we
obtain X, (t) =X; (t + (pl-j), where ¢; = H(Ai —Aj) is the phase

difference of oscillations of j-th oscillator with respect to the oscil-
lations of i-th one. The fact that only parameter differences have a

physical meaning A, (phase difference) is quite natural for the mu-

tual synchronization. This is a reflection of the fact that in the recip-

rocal case, any oscillator can be taken as a reference (standard) one.

Substituting expressions X, =A,;F(X) into equations (3.39), we

obtain the following system with respect to the parameters A, :
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S(Ai—l =27+ A, ) = O — O‘j (3.42)

with boundary conditions A, =A,, Ay, =Ay for a chain and
1Y .
Ays =4, Ay=Ay for aring. Here o. =—Y a; and for sim-
i=1

plicity it is assumed that C =1.

System (3.40) with respect to parameters A; is undefined (the rank
of the system matrix is N —1). It can be solved in different ways,
depending on this, resulting in a different meaning of parameters
A,;. For example, if we set A; =0, then all other parameters will be

the phase differences of the oscillations of the respective oscillators
with respect to the first one. System (3.39) can be considered as

defined with respect to the differences of parameters Ay —A;

(phase difference), having previously discarded one of the equa-

tions. Finally, one of the equations can be replaced by a new equa-

N
tion, for example by: > A; =0. In this case, parameters A, will
i=1

make sense of the phase differences of oscillators of a chain (ring)

and the “arithmetic mean” oscillator (3.40).

The chain. Consider a system of N —1 equations of system (3.42)
with respect to variables 0, =A; —A;_; (up to a factor — the phase

difference of neighboring oscillators) of the form
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0,1 —6; =é(a* —oc?),

i=L,LN-1, (3.43)

with the initial condition 6, =0.

From (3.43), we obtain expressions for the phase differences of any

neighboring oscillators:

Ay —A _k i%a*—lia*
TR NS kST k=1TN-L

Expressions for phase differences of arbitrary oscillators (n-th

and j-th, 1< j<n):

A, A, =
1{(n=j)n+j-1N . VA s
=—(( S+ )Za,-—(n—J)Z%— > ("—J—’)O‘jﬂ‘j'
€ 2N i=1 i=1 i=1

In particular, the expressions for the phase differences of arbitrary

(n-th) and first oscillators have the form:

An—AI{[M%a:f—i(n—i)a?}

2N 5 inl

The ring. Solving system (3.43) with the boundary conditions of

N
thering 8, =A, - Ay, .6, =0, we obtain
i=1
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b= tv-y = e -2

eN i=1
k(1Y « 18 .
01 =0 —Ap=—| =D o, ——D o; |+
k+1 k+1 k S(NIZ% i klg lj

+L(N1(N—z)a ——‘1§ j

A chain and a ring of strongly non-identical oscillators.

As in the case of two oscillators (see Section 2.3), we subdivide
equations of each of the oscillators of the chain into groups of equa-
tions: one group represents equations with strongly non-identical
respective parameters, while the second one represents equations
containing weakly non-identical or identical right-hand sides. Then,

we consider a system of the form

X; =F,(X;, Y;) -0 'C(-X,; +2X; - X,,),

i» Yi)=D(=Y, +2Y, - Y+1)+H(D (X:,Y;)

(3.44)
with boundary conditions X,=X;, Xy=Xy,;, Y=Y,
Yy =Yy, for a chain and X,=X,, X;=Xu,;, Y=Yy,
Y,=Y,, for a ring Here X,eRF Y eR"*,
C= diag(cl, Cryeens Cp ), D= diag(dl, dz, ceey dmfk ), C; > O, dj 2> 0,

n= ¢! is a small parameter.
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System (3.44) is a system with singularly-regular perturbations
(multiplying the first equations by L, we obtain a small parameter in
front of the respective derivatives). As in the case of a pair of oscil-
lators, it is easy to reduce this system to a special form [17], thereby

demonstrating that it has a unique and stable integral manifold M,

which is asymptotically close to manifold M,,. That is, the problem

of the existence and stability of synchronization is considered re-

solved.

Next, we proceed by analogy with the case of a pair of oscillators:

we search for a parametric representation of manifold M, in the

form of power series by a small parameter of the form

X; =X+ X, (X, Y) + 12X, (X, Y) +..o,

Y, =Y +uY (X Y)+ 1Y, (XY ) + ..o, (3.45)

We assume that our dynamical system on the manifold has the form

X=F(X,Y)+puE (X, Y)+ W Ea (X, Y) +...,

Y=0(X,Y)+p®: (X, Y)+ P @ (X, Y) +.... (3.46)

Substituting expressions (3.45) into system (3.44), expanding the
functions into power series and equating terms of the same orders,
we obtain equations that determine the functions of the right-hand
side of system (3.44) and functions (3.45). In particular, the equa-

tions of the first approximation have the form
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F+uF +pX, =
=F + (GF X 8F llJ C(_Xi—l +2X, _XH—I)’
x oy (3.47)
. oD oD *
O +Y,;, =—X;+—Y; -D(-Y_;; +2Y;, - Y, +@,.
il oX il oY il ( i-1,1 il l+1,1) i
(3.48)

Summing up all the equations of system (3.47) and choosing the

functions F, F. using the same considerations as above, we obtain

expressions

d X +%Yil
oX oY

and the equation for variable U: pU =—-CU. Since C is a non-

=WZF+ —CU, U= ZX,I, E:—Z(

i=1 i=1

degenerate matrix, then solution U=0 of this equation is stable.
Summing up all equations (3.48) and taking into account condition

U =0, we choose function @. in the form

1y 1
@, =—> @ +DV, V=N2Yﬂ.
i=1 i=

As a result, we obtain an equation for variable V:

v-22y_pv.
oY
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There are two possibilities regarding the stability of solution V =0

of this equation:

a) if matrix 2;;) is stable, then solution V =0 is stable for any ma-

trix of the number of possible diagonal matrices D, including
D =0. In this case, dissipative couplings in the respective variables

are not decisive for ensuring the regime of synchronization;

b) a trivial solution to this equation with the matrix D=0 is unsta-
ble. In this case, obviously, there is always such a matrix D (struc-

ture of couplings), in which the mentioned solution will be stable.

Thus, the stability of solution V =0 can always be realized. The

stability conditions will be considered satisfied.
Singularly perturbed equations (3.47) have a unique stable surface

N
of slow motions [17]. Assuming the condition ) X, =0 fulfilled
i=1

for selected functions F and F., its equations in the zero approxi-

mation have the form

-1
X +2X; - Xy, =C (Fi _F)’

i=LN. (3.49)
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Let us point out one of the simple solutions of (3.49). Let us assume
that F; =v,F and C=1. In this case, X; =A,F, where A, are the

undefined coefficients, is a solution for (3.49). The equations for

determining the coefficients look familiar:
Aig =20+ Ay =1-v,

Obtained equation turns into (3.42) by a simple transformation of

k
the form v, =a;/a,, €—>a,, where a,=> 0, Therefore, we
-1

immediately obtain expressions for the phase differences of our in-

terest (up to a factor p=1/¢):

— expressions for the phase differences of any neighboring oscilla-

tors:

k
A _A =— — (X,i - ai s P —
kel =Tk aO(NE k% ] k=1,N-1L (3.50)

— expressions for the phase differences of arbitrary oscillators (n-th

and j-th, 1< j<n):
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— expressions for the phase differences of an arbitrary (n-th) and

first oscillator:

A ()
B Al_ao[ v 5l l)ai]' (3.52)

Suppose that the linear algebraic system (3.49) is solved. In this
N

case, for the selected @, and condition ) Y; =0, equations (3.48)
i=1

define limited functions Y;;. Within the accuracy of p these equa-

tions are equivalent to a system of partial differential equations of

the form

oY. oY. oD
8)1(1 F+ 6_31(1(1) + a_YYil - D(_Yifl,l +2Y; = Y ) -

D *

X (3.53)

Solving equations (3.53), we find functions Y;,.

Thus, in the stable synchronization mode, the phase variables of the

oscillators are coupled (accuracy uz ) by parametric equations of

the form

X; =X+pX;, Y =Y+puYy.
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In this case, the properties of the synchronous regime, within the
accuracy of uz are determined by the properties of the chaotic at-

tractor 4, of a dynamical system of the form

Note that if F; = F,=F, ®,=0,=0, then F. =0, and solutions

X1 =X =0, Y; =Y, =0are stable, i.e., we have a transition to

isochronous synchronization in a homogeneous chain.

Example. Consider synchronization in a chain of non-identical Lu-

rie oscillators:

xl. :al.(—f(xi)+aTyi)+8(xi_1 —in +xl~+1),

y; =By, +bx;. (3.54)

Suppose that parameters o; in (3.54) are strongly different. For

¢ !=p<1 we have the considered asymptotic case. Since the
equations for vector y are identical, then C=1. The dynamical

properties of the regime of synchronization in the chain are deter-
mined by an attractor of the system of the form (zero approxima-

tion)

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Synchronization in Homogeneous and Inhomogeneous Lattices 277

x:(%gaiJ(—f(X)“Ty)’

y =By +bx.

The functions of the first approximation that determine the relation-
ship of dynamical variables in the regime of synchronization are

determined by equations (5.49).

Note that the form of the right-hand sides refers to the case of equa-

tion (3.49) considered above.

Numerical experiment. The experiment has been carried out for a

chain of six Chua’s oscillators with parameters {B, Y, my, my, e} =

={14,0.1,—%,%,3} and {o;, i=1-6]={4,14,14,4,4,14}. The

synchronization in the chain is stable. Fig. 3.9 shows partial phase
portraits of synchronized oscillators. They represent projections of
the attractor of the “effective” Chua’s oscillator with parameter

a=0,=9 onto the respective subspaces. This oscillator is set on
manifold M, and determines properties of the synchronization in
the chain oscillators.

It is easy to see that there are two groups (two clusters) of oscilla-

tors. In each group, the phase portraits of the oscillators are identi-

cal. The first group: (X;, X4, Xs), the second one: (X,, X3, X¢).
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Fig. 3.9. Partial phase portraits of synchronized oscillators of the chain.

In the regime of synchronization X;=X,=Xs and X, =X;=X,.
It must be said that the formation of these groups is not accidental,
but is a consequence of the specially selected parameters of the os-
cillators of the chain. A separate chapter will be devoted to the clus-
ter dynamics of systems of coupled oscillators. In this case, our in-

terest is concerned with testing of results of the theory. Fig. 3.10
shows the segments of the time-histories of variables x; (¢) of os-
cillators of the chain. As one can see, the oscillograms of oscillators
from different groups have a phase shift. The fact that this shift is

insignificant is not important, it is important that it exists. For the

phase difference of arbitrary oscillators, we have expression
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0y =u(Ai—AJ-). Using formula (3.50), we obtain ¢,, =5/27,

03, =0, @43 =5/27, ¢s54=0, @gs=5/27. From formula (3.51),
we obtain @, =5/27, ¢3,=5/27, 94, =0, 05;,=0, ¢ =5/27
that is, we observe a complete qualitative agreement between the
results of theory and experiment. Note that there is also a quantita-
tive similarity of the results: according to Fig. 3.10, the phase shift

is close to value 5/27.

2158

]
M \/;\/\/\/\
030 ]
[k ' 10,04
2384
2
=0.17
LT " LR
2384
T_'|
.17
00, Oy

(Wb [N
2.158
s \_/—\/\/\_/\
030 s L
LR T LR 4]

i
1
]
1
i
]
1
1
1
i
1
!
i
:
T
i
]
1
i
1
1
1
1
i
]
1
i
i
i

0.0 AR

Fig. 3.10. Time-histories of oscillators in the regime of chaotic

synchronization.
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3.6. Dynamics of a homogeneous and of a heterogeneous
flow chain

The study of the nonlinear dynamics of oscillator lattices began
from the flow chains [183 — 186, etc.], the reason for which was
their convenience in studying the mechanisms of transition from
regular movements to chaos as the spatial coordinate of the chain
(oscillator number) changes and thus obtaining a clear picture of the
processes of nucleation and development of turbulence in flow sys-
tems (in particular, this concerns the nucleation of turbulence in

hydrodynamic flows).

Consider the dynamics of the flow chain: system (3.12) for ¢, =0:

T )

Vi =By +bx +q(1) (3.55)

with boundary condition x, = x;. Our interest is concerned with the

case of a chain segment k=I1,N with boundary condition
Xy =Xy, and also the case of a chain, which is non-bounded

from the right-hand side.

The conditions of the global stability for a spatially homogeneous
state (isochronous synchronization for a segment of the chain of

oscillators (3.55)) are formulated as a theorem.
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Theorem 3.6.1. Suppose Ay = inf f'(x), xf(x)>mx* -1, xeR,
VxeR

and conditions a and b for system (1.4) (Lurie oscillator) are ful-

filled. Then for g, >m -2, an isochronous synchronization in sys-

tem (3.55) is a globally stable.

Proof. We transform system (3.55) to variables U, =x;, —x;,,,
Wi =Yk —Yin:

' T

Up == (&) Ui +a" W+ (U Uy ),

W, =BW, +bU,,

Here A, =f"(&), & €[ %] (Lagrange's theorem) and
boundary conditions U, =0, Uy =0. Due to the boundary condi-
tion U, =0, the first subsystem in (3.56) (k =1) is independent. Its
solution U; =0, W, =0 is globally stable for & >m—2. This is

: . . 1
established using the Lyapunov function V' =E(U12 +W1THW1).

Its derivative, calculated by virtue of the first two equations of Egs.

(3.56), has the expression and estimate:

V' ==0(Up, W) =(h —m+& ) U} <= O(U;, W) +(hg —m-+2,)U} |
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It is negative if & >m—Ai,. It means that ||[U)|<M g™,
Wi < g7 My, >o0.

For any £ >2 we rewrite system (3.56) in the form

Zk = Ak (T) Zk + SZk71 (T),
k

I
o
=
L

_ _ T 0
where Zk=(Uk,Wk)T, Ak:[ 7‘1((;) & ;} 82(81 lxnj‘

Note that all matrices A, (t) are stable for & >m—2L,.

If k=2, then, due to the stability of A, (r) and of the and indigna-
tion norm ||Z,| < Me™", we obtain that ||Zk||k=2 <M,e™" [187],

i.e. solution Z, =0 is globally stable. Further, the reasoning is re-

peated for all k£ >3. Thus, the trivial solution of equation (3.57)

(isochronous synchronization of oscillators) is globally stable.

It seems that this theorem can be extended to the case of an un-
bounded chain. This would be true if it were possible to show that

constants M, in the estimates of the norms of solutions do not

have unlimited growth as the number of the oscillator increases. If
the named constants grow exponentially with the number of the
oscillators, then, obviously, one will be dealing with convective

instability [188] of a spatially-homogeneous state.
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Let us investigate the stability of a spatially homogeneous state of a
semi-infinite chain with respect to perturbations at the boundary —
perturbations of equations of the first oscillator (the right-hand sides
of its equations). Note that if a larger number of oscillators is dis-
turbed in the chain, then the entire “disturbed” segment, from the
beginning to the penultimate disturbed oscillators, can be discarded.
The last perturbed oscillator can be taken as the beginning of the
chain, thereby reducing the problem under consideration to a prob-

lem with perturbations on the chain’s boundary.

Fully tracing the downstream evolution of attractors of individual
oscillators (all components of attractors) is an analytically difficult
task. Let us study the evolution of equilibriums, more precisely, the
coordinates of equilibriums of partial oscillators along the chain
under perturbations of these coordinates in the first oscillator. This
will provide some idea of the evolution of the downstream attrac-
tors. For simplicity, we assume the chain to be autonomous. The

equations for the equilibriums of system (3.55) have the form

—f<xk)+aTyk + 8(xk71 —xk)=0,
By, +bx; =0,
k=1,N.

Eliminating vector y, from these equations, we obtain an implicit

form of the recurrent equation relating the coordinates of the equi-
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libriums of the previous oscillator with the coordinates of the next
one: a one-dimensional mapping of the form

Xk :F_l(xk—l)’ (3.58)

1 _
F(.xk_l ) = xk_l +E(f(xk_1 ) + aTB lbxk_l)

with the initial condition x;, =x;. The fixed points of mapping

(3.58) (xk =Xp_ = x*) are the roots of equation

f(x)+a"B 'bx=0.

It is easy to see that the coordinates of the fixed points coincide
with the coordinates of the equilibriums of isolated oscillators (for

e=0).

For simplicity, we assume that the nonlinearity has the form of a
cubic parabola. In this case, two qualitatively different types of

mapping (3.58) are shown in Fig. 3.11.

In the first case (see Fig. 3.11a), each of the partial self-oscillators
is under-excited and their stable equilibrium at the origin is globally
stable. At the same time, as one be seen from the Figure, the non-
moving point at the origin is also stable. It's obvious that in this
case, the dynamics of the chain is trivial: for any disturbance of the
equilibriums at the boundary of the chain, an equilibrium is estab-

lished, which in the limit by the number of elements coincides with
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the equilibrium of the unexcited partial oscillator. In other words, in
this case, there is an absolute stability (in space and time) of the
discrete environment of the oscillators. In the second case (see Fig.
3.11b), the partial self-oscillators are perturbed. In particular, if one
deals with a chain of Chua’s oscillators, then, depending on the pa-
rameters in the partial oscillator, either a periodic oscillatory re-
gime, or a chaotic oscillation regime on one of Chua's attractors, or,
finally, on a combined double-scroll attractor can be observed (see
Section 1.1). The evolution of the coordinates of the equilibriums of
the partial attractors of each of the oscillators of the chain under the
perturbation of the coordinates in the first oscillator is shown in the

Figure.
'l." &

X ok

0,

4
L 3

A -1 & A

-
|

()

a b
Fig. 3.11. Different types of mapping (3.58) depending on the parameters

of the oscillator.
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In this case, the fixed point O is unstable. From the instability con-

(o)

!
dition >1 we obtain inequality
X:X*

0<—%(f'(x*)+aTB_1b) <s.

In particular, for the Chua’s oscillator we have the expressions:

-1 -
a’ = (a,0), bz( ] Bl-_! [ ! j a’B'b=—2

0 “Beylp -l
Equilibrium O(0,0,0) of the isolated oscillator, which for these
parameters represents a saddle, corresponds to the fixed point 0,
For this point f(0)=0, f'(0)= ViylclefRf,(x) =Ly =amy <0. The

condition for its instability has the form

0<g(|m0 —Lj<8.
2 v+P

It is easy to establish that the condition of global stability for a

segment of a chain s>oc|m0|+m and the resulting condition of

spatial instability (along the chain) are compatible.

Thus, if an individual oscillator had a single equilibrium

0(0,0,0), then the chain would exhibit pure convective instabil-

ity. In reality, nonlinear dissipation suppresses this instability rather
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quickly, which together leads only to a deformation of local attrac-
tors downstream from point to point. This fact is reflected in the

diagram of the evolution of equilibriums shown in Fig. 3.3b.

Since the fixed points of the mapping O, and O, are stable, then

the perturbed equilibrium of the individual oscillator o (k is it’s

number) approaches without limit O; or O, depending on the sign
of the perturbation at the boundary. Consequently, Olk — 0, and
Oé‘ — 0,, i.e., in the limit (for £k — ) equilibrium ot merges
with one of the equilibriums O, or O, Without further research, it

can be predicted that or k — o, a spatially homogeneous dynamic
regime will be established in the chain; however, it will not be as-
sociated with the attractor of the partial oscillator, although it may

contain some of its visual outlines.

Numerical experiment. Note that numerical and full-scale experi-
ments with flow chains are associated with a number of difficulties,
including the long-term establishment of stationary states of the
chain, the high sensitivity of dynamical regimes to changes in the
initial conditions arising from the existence of numerous attractors
in the phase space of the system (a large number of potentially pos-
sible regimes), high sensitivity of dynamical regimes with respect
to spatial perturbations, etc. Below are the results of a numerical
experiment studying the evolution of dynamical regimes of a chain

(flows) along the chain under various perturbations at the boundary.
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The experiment was carried out for a chain of a small number

(N =6) of Chua’s oscillators. This is sufficient for general conclu-

sions regarding the established limiting regimes. The results of
studying quasiperiodic wave motions in a flow chain of 120 ele-

ments are presented in [186].

We consider a constantly acting disturbance on the boundary: in the

first oscillator, whose equations have the form

)'c=0c(y—h(x)+c),
y=—y+z-x,

Zety-e (3.59)

Note that the change in the perturbing parameter ¢ (shift of the
nonlinearity) physically corresponds to the shift of the operating
point on the volt-ampere characteristic of the nonlinear element.
Note also that for ¢ #0, the equations of the oscillator lose their

symmetry, which is reflected in its attractors.

The coupling between the oscillators is naturally interpreted as the
flow rate, o — as a parameter of the environment’s activity, oc
according to equations (3.59) — as an excitation parameter. In the
experiment, the choice of parameters is made such that the coordi-
nates of the equilibriums of individual oscillators would approach
their limiting values (see Fig. 3.11) close enough for a small num-
ber of iterations. At a low flow rate and low excitation, the flow

chaoticity develops through a certain number of spatial bifurcations
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that occur in individual oscillators as their number increases. The
number of period doubling bifurcations of the limit cycle is always

finite [178] (see Fig. 3.12).

The fact that the beginning of the doubling of the cycle period
should end up in a spatial chaos is not a rule in this case. There are
parameter values at which, after several doublings of the limit cy-
cle’s period, there is a return to a cycle of the single period with a
further establishment of a spatially-homogeneous periodic motion

(see Fig. 3.13).

0.35 0.37 (1Y)

¥ Ya 3

| |

035 0.38 0,400

-2.22 x| -0.37 -2.30 x»  -0.37 -2.3] vy =013
(41 0427 042

Va . BT

- ] i

i |

-0.40 —0.4] 041

234 Xi 0.03 -2.37 Xs 0.24 239 Y 0.44

Fig. 3.12. Bifurcation diagrams for parameters

(a, By v, mg, mys €, ¢) = (8.51,14,0.1,-1/7,2/7,0.2,0.01),

C =diag(1,0.1,0.1).
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0.57 (.41 - (.30
|
|
| Vs by
0,57 _0.44 | 0251
~0.0] o 2.999-0.30 v, 2442 096 X3 2068
019 0.14 010
V4 ¥3 Vi
-0.17 -0.12 008k
[.142 Xy 1.932 |.255 X 1.822 1.335 Y 1.741

Fig. 3.13. Bifurcation diagrams for parameters
(OL, B, v, my, my, &, c) = (8.45,14,0.1,—1/7,2/7,0.2,0.08),

C=diag(1,1,1).

A cascade of spatial bifurcations is not a prerequisite for the emer-
gence of a chaotic regime. With an increase in excitation, the peri-
odic movement of the first oscillator can immediately lead to chaot-
ic movements of the second one (see Fig. 3.14) with a further estab-

lishment of spatially-homogeneous chaos.
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0.59 041 0249

-0.60° =) 46 —(1.24
—.12 ¥ 3087 -0.62 X3 2482 098 X3

0.20

2.037

L0165
1.130 Xy 1.948 1.167 Xg

Fig. 3.14. Bifurcation diagrams for parameters

(o, By v, mg, my, €, ¢) = (8.57,14,0.1,-1/7,2/7, 0.2, 0.09),

C= diag(l, 1, 1) .

Note that at small values of the coupling parameter, there exists
such a phenomenon as the stabilization of the dimension of (fractal)
chaotic motion on separate segments of the chain of oscillators,
which was first discovered in a numerical experiment [189]. The
effect is explained by a partial synchronization of the oscillators
with the numbers on these segments. In this case, on the graph of
the dependence of the dimension of the chaotic motion of an indi-
vidual oscillator on its number, there are almost horizontal
“shelves”, similar to the resonant “shelves” on the previously stud-

1ed rotation characteristics.
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If the level of the excitation at the boundary is significant, then, de-
pending on the initial conditions, various spatially-homogeneous
dynamical regimes can be realized in the chain. For example, Fig.
3.15 and 3.16 show the order of establishing of spatially homoge-
neous regimes in the chain with different initial conditions. Starting
from the sixth one, the dynamics of the oscillators of the chain with

subsequent numbers is almost the same.

0.73 0.43
N
/ |
¥y u\ Ya
=0.77 051
087  x 3.662-243
(.36 e 0377
!'__1 'I'q
034l L0.38"
0.55 x4 2299 023  xs

Fig. 3.15. Bifurcation diagrams for parameters

(o, By, mg, my, e, ¢ )=(8.7;14;0.1;—-1/7;2/7; 0.2; 0.141),

C=diag(1,1,1).

Switching waves. The spatially-homogeneous chaotic regime,
which is established in the flow system at a sufficient distance from

its boundary, is sensitive to the magnitude and type of perturbations

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



Synchronization in Homogeneous and Inhomogeneous Lattices 293

applied to the boundary. In this case, the observed phenomena are
in many respects similar to those occurring in potentially unstable
(excitable) media when an external pulse is triggered. In this case, a
switching wave can arise in the excitable medium, which corre-
sponds to the transition of the medium from one state to another.
Similar transitions — switching waves of the “order/chaos” type and
vice versa — can be observed in the flow chain under consideration.
In particular, the “switch” of the state of the medium from chaotic
to laminar can be a periodic perturbation that synchronizes the mas-
ter oscillator and acts during the required time. In this case, if the
first state of the master oscillator is described by equations (3.59),

then the second one is described by equations of the form

0.75 (14T — ()41

Fig. 3.16. Bifurcation diagrams for parameters
(o, By, mg, my, €, ¢ )=(8.7;14;0.1;—1/7;2/7; 0.2; 0.141),
C=diag(1,1,1).
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Fig. 3.17. Bifurcation diagrams for parameters
(o B, v, mg, my, €, ¢, a, ®) =(8.56,14,0.1,-1/7,2/7,0.2, 0.09, 0.25, 3.21),

C =diag(1,1,1).
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Fig. 3.18. Bifurcation diagrams for parameters

(o, B, v, mg, my, €, ¢, a, ®) =(9.268,14,0.1,-1/7,2/7, 0.2,0.01, 0.2, 3.21),

C =diag(1,1,1).
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5c=a(y—h(x)+c+asinoor),
y=_y+Z—x)
z=—Py-rz.

Figs. 3.17 and 3.18 show the results of a numerical experiment with
a chain for the various parameters, with constant and periodic exci-
tations at the boundary. When perturbations change, there exists a
wave of switching the state of the medium (the chain) from turbu-

lent to laminar and vice versa.

Further, we will consider the properties of synchronization of oscil-
lators, extending the theory outlined in Section 2.5 for a pair of os-

cillators to an inhomogeneous chain.

A chain of weakly non-identical oscillators. Consider a coupled sys-

tem of the form

X=F(X),
X; =F(X;)-eC(X; - X, )+ uF; (X;),
i=1,N,

(3.60)

with boundary condition X, = X. Here p is a certain small parame-

ter that determines the small mistuning of parameters of the oscilla-
tors of the chain in relation to the respective parameters of the mas-
ter oscillator. As before, we assume that each oscillator is a dissipa-

tive system, which is also the case for the coupled system (3.60),
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i.e., all its phase trajectories are bounded by a sphere as well as the

corresponding to them solutions.

We consider the conditions for the stability of a spatially-
homogeneous state in the respective homogeneous chain to be ful-
filled, and the synchronization regime of the oscillators to be real-
1zed. As in the case of two oscillators, we determine the relations of
the variables of oscillators of the chain with the variables of the

master oscillator in the form of power series by a small parameter:
2
X; =X+ pX, (X)+p X, (X) +...

Performing the same procedures with the series as in the case of
mutual synchronization, we obtain the equations defining functions

X;;- In particular, for the function of the first approximation, we

obtain equations of the form

X, - g—ixﬂ —eCX;; =eCX,_; +F; (X)

1

(3.61)
with boundary condition X, =0.

Note that for e=0 and F; (X)=0, X, ;=0 each of equations

(3.61) coincides with the variational equation for the master oscilla-

. . OF . . .
tor. Moreover, the Jacobi matrix = is considered with respect to

the solution corresponding to the trajectory of its attractor Ao(l).
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And if k(l) >0 is the maximum Lyapunov exponent of solutions

of this equation, then, by Theorem 2.1.1, for & > e (X(l)) the trivi-

al solution of the homogeneous equation corresponding to Egs.
(3.61) is stable. Due to the assumed dissipativity of system (3.60)
and the aforementioned stability, the solution of each inhomogene-
ous equation of system (3.61) is bounded, which means that func-

tional power series by a small parameter will converge.

The partial differential equation corresponding to equation (3.61)

has the form

RKitp_ a—FXn +eCX;) =eCX,y, +F, (X).
P (3.62)

We recall that in order to pass from (3.61) to (3.62), the terms ~

are discarded. More precisely, they move to the next approximation

by a small parameter.

For given vectors of disturbances Fl-* (X) functions X;; are found

by successive solution of equations (3.62).

Example 1. Consider the already familiar form of perturbations of
vectors Fl.* (X) = ochF, corresponding (according to Section 2.5) to

phase synchronization. In this case, the change in the phase shift of

the oscillations downstream is of our interest.
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In this class of perturbations, the solution to system (3.62) has the

form X;; =A, F(X), where constants A; are a solution to a simple

recurrent equation of the form
— -1 *
A=A_ +e a;

with initial condition A, =0. Parameter A; has a sense of the

phase difference between the i-th and the master oscillators.

. : . 1&
Solving the recurrent equation, we obtain A, =—>"a;.
€i=|
Similarly to Example 1 from Section 2.5 for a chain of Chua’s os-
cillators that differs in parameter o, the relation of the variables of

n-th oscillator with variables of the master oscillator is determined

by the vector equation X(t)zXn (t+(pn), where the difference

between their phases ¢, expressed by formula ¢, = éi(ai o: ¢ j
i=1
A chain of strongly non-identical strongly coupled oscillators. As in
the case of two oscillators, we define different groups of oscillator
equations with different degrees of non-identity. Let us assume that
the right-hand sides of k equations of each of the oscillators of the
chain are “strongly” different and contain a strong coupling, while
parameters of m —k equations have a “weak” non-identity and con-

tain a “moderate” coupling, or no coupling at all. Combining the
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respective equations into groups, we consider a coupled system of

the form

X=F(X,Y),

Y=0(X,Y), (3.63)
X; =F(X;,Y;)-eC(X; - X;,),

1 1

Y, =®(X,.Y;)-D(Y, —Y,~71)+u‘1)?(xw Y;).

1

Here XlﬁzeRk, Yl,zeRm_k, C=diag(c,c;,....c;), D=

=diag(d,,d,,....d, 1), ¢;>0, d; >0, ¢ !=p is a small param-

eter.

As in the case of a pair of oscillators, we search for a representation

of the manifold A, in the form of power series by a small parame-

ter of the form

X; =X+ X5 (X, Y) + X5 (X,Y) +..os
Y =Y+ Y, (X, Y)+ 1Y, (X, Y) +....

Performing the procedure with power series, we obtain equations

for the functions of the first approximation

. OF; OF.
X, =F -F-CX; +CX;;; + M(a—)é X+ a_YlYil j’

. oD oD *
Y oy i +DY; :&Xil +®@, +DY,

(3.64)
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with boundary conditions X, =0, Y, =0.

We remind that, by condition, all solutions of a dynamic system
representing a chain, regardless of parameters of the oscillators and
the coupling parameter, are bounded. This means that all partial
derivatives in system (3.64) are bounded. System (3.64) is a system

with singular perturbations.

In another words, it is a system with “fast” and “slow” motions.
The first equation determines the fast motion of the system to a cer-
tain surface (more precisely, a hypersurface) in the phase space of
Egs. (3.64), while the second equation determines the “slow” mo-
tion of the affix on this surface. Since matrix C is nondegenerate by
hypothesis, then, according to [17], the surface of slow motions is
stable. The equation of the “zero” approximation for this surface is

found from the first equation in (3.64) by setting pn=0:
X; =X, +C ' (F,-F), Fy(X, Y)=F(X, Y), Xy, =0. (3.65)

This approximation is the main one for us. All functions X, are
found by solving the simple recurrent equation (3.65), so this prob-
lem will be considered solved. In this case, the remaining problem

to find function Y;;.

Let us justify the boundedness of the solutions of the second equa-

tion (3.64).
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Since Y, =0, then (3.64) can be considered as a sequence of non-

autonomous equations: for each number i, the right side of the re-
spective equation can be interpreted as an external perturbation. On

the other hand, the respective homogeneous equation for D=0 ac-

curate within notations, is part of the system in variations for the
master oscillator. If this equation is stable, then the complete equa-
tion (non-autonomous) has a bounded solution for any matrix D (by
hypothesis, it is non-negative). If the above equation in variations is
unstable, then the Lyapunov exponent of its solutions at least does
not exceed the Lyapunov exponent of the chaotic attractor of the
master oscillator. As it is known, in this case there is always a posi-
tive matrix D, “shifting” the exponents of solutions of the corre-
sponding homogeneous equation (3.65) into the left half-plane. In
other words, the case of a stable homogeneous equation is always
realized, which means that all solutions of inhomogeneous equa-
tions of sequence (3.64) are bounded. This condition is necessary
for the convergence of power series, representing the relation of

variables of oscillators in the regime of synchronization.

For known X, functions Y, are found by solving the “flow”

chain of partial differential equations of the form

aYil F+ 8Y,~1 @ _aEYil +DYi1 :aEXil + (I);k + DYifll

with boundary condition Y,; =0.
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Example 2. Consider a Chua’s oscillator stream chain with strongly

different parameters o, while other parameters are identical. In

this case, the sought vectors and matrices have the form: X=ux,
Y =(y, Z)T, F(x,y)z(x(y—h(x)), D(x,y,z)=

(

T *

-ytz—x, _By_yz) 5 Fi(an/)Z(xi(y_h(x))a (I)izoa

D=0, C=1 (scalar). It is easy to see that

F(x,y)=(o;/a)F(x,y)=(0o;/a)% Solving the recurrent equa-
n

tion (3.65), we obtain X, =A%, where A, = (o, —a)/a
i=1

Moreover, it is easy to prove that Y,; =A,Y is a solution of equa-

tion (3.66). It means that x,(¢)=x(1+9,), Y,(1)=Y(t+9,),
that is, in this case, again, we are dealing with the phase chaotic
synchronization of oscillators. The phase incursion between the os-

cillations of the master and arbitrary oscillators of the chain is

—1 .
¢, =¢ A, (seeFig. 3.19).
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Fig. 3.19. Bifurcation diagrams for parameters {P, v, m,, my, €} =

={14,0.1,-1/7,2/7,3}, {a;,i=1-6]={9.1, 4.0,1.34,1.0, 2.4, 0.4} .
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CHAPTER 4

EXISTENCE, FUSION AND STABILITY
OF CLUSTER STRUCTURESIN LATTICES
OF OSCILLATORS

We come across pictures of cluster structures quite often, including
in our everyday life. Such examples are, for instance, are multi-
colored or patterned parquets and borders, when one somehow col-
ored “piece” of the object's surface is connected to its own copy and
this is repeated over and over. As a result of a certain number of
iterations, the entire surface of the object acquires a periodic color-
ing. An attentive observer would find many examples of structured
objects in the surrounding world. Similar patterns, however, aready
dynamic ones arise, in particular, in hydrodynamic flows, when
secondary flows appear against the background of the main flow,
forming a complex ordered structure. Similar phenomena of interest
arise in the lattices of active oscillators (self-oscillators), when in-
dividua oscillators are combined into groups, and then these
groups, as new subjects, organize a new dynamic order. At the
same time, the synchronization of motions of the subjects is the

cause and basis of the emerging “cluster” dynamic pictures.
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This chapter is devoted to various aspects of the structural dynam-
ics (cluster dynamics) of lattices of various geometric dimensions
and shapes. We will try to answer the following questions: how are
group oscillators (cluster oscillators) formed and what cluster struc-
tures do they generate in a given lattice? What types of structures
can exist depending on the geometric dimension and shape of the
lattices? What are their properties and their number depending on
the size of the lattice? Are these structures stable? And many other

questions like that.

4.1. Physics of cluster structures

Consider already known to us chain of the oscillators whose equa-

tions, for reasons of convenience, we rewrite as follows:

X;

1

F(X;, t)+eC(X; —2X; +X,,1),

iZI,N, XO Exl, XN EXN+1' (4.1)

As stated before, system (4.1) has integral manifold
M, ={Xl. =X, izl,_N}. Its existence is obvious, and it has

played a role in the study of the synchronization of oscillators (rota-

tors), which generated a spatially uniform state of the lattice. It is
less obvious that in equations (4.1), apart from M, there are other

so-called “cluster” invariant manifolds [94 — 101]. In particular, if

N =6, then there are two such manifolds
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Mg 5 { =X6- =X, X5-=X5,7Xy- =X3}

This means that by controlling the initial conditions (if such control
is possible), the dynamical regimes of the oscillators corresponding
to these manifolds can be realized in the lattice. These regimes are

shown symbolically in Fig. 4.1.

l 2 3 4 3 & | . 3 4 5 6

Fig. 4.1. Cluster structures in a chain of N =6 oscillators.

[oscillators of the chain. Note that due to the homogeneity of the
lattice, their dynamics is identical by all parameters. The order of
numbers of the synchronized oscillators is determined by the pre-
sented manifolds. The nature of the dynamical regimes of individu-
al oscillators is not yet important for us. Thus, we have two “bor-
ders”: two cluster dynamic structures. In what follows, such images

will be referred to as schemes of cluster structures.

The dynamics of lattices on manifolds was studied in papers [94 —
101] and called “cluster synchronization”. Below we will formulate
the cluster dynamics of lattices using the common language of clas-

sical synchronization [190 — 192], without appealing to their cluster
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manifolds, and the latter will be obtained, if necessary, as conse-

quences.

Subjects of cluster structures. To define group oscillators (hereinaf-
ter we will say “cluster oscillators”), we will forget for a while the
formalism of integral manifolds and use elementary knowledge
about the synchronization of self-oscillators as well as the infor-

mation about equivalent transformations of electrical circuits.

Equivalent transformations of electrical circuits. We remind that
transformations of electrical circuits are called equivalent if they do
not change the currents and potentials of all points outside of the
converted part of the circuit. In what follows, we will need only
three mental operations: connecting the equipotential points of clus-
ter circuits into a node (short circuits), cutting equipotential points
(removing the connection between them) and, as the opposite one,
connecting the “pieces” of circuits at equipotential points. Note that
in other areas of physics, biology and other sciences there are al-

ways analogs of currents and potentials.

In the inductive order, we start with a pair of interacting oscillators,

whose equations have the form

X, =F(X)+eC(X, -X,),

X, =F(X,)+C(X, - X,), (4.2)
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where C is a matrix that determines the structure of coupling of the

elementary oscillators, and, € is a scalar parameter.

It is clear that in the usual case all stationary dynamic modes of this

system can be divided into two types:

a) a regime of isochronous regular or chaotic mutual synchroniza-
tion. This regime corresponds to the solution X, (7) =X, (¢)=X(¢).
The form of the synchronous movements of the oscillators is de-
termined by the parameters and type of the attractor (regular, chaot-
ic) of a single oscillator A4(1). Important: in this case, coupled sys-

tem (4.2) decomposes into a pair of synchronized oscillators;

b) a regime of non-isochronous dynamics that corresponds to attrac-
tor AS(2). This regime can represent either stationary beatings
(regular or chaotic), or non-isochronous synchronization. In case
when the affix moves over attractor AS(2) Xl(t);tXZ (t) We

note that, in this case, system (4.2) is a single object that is indivisi-

ble in this sense.

To illustrate what has been said, Fig. 4.2 shows the regime of chaot-
ic synchronization and the regime of beatings of chaotic Chua self-
oscillators [89, 90]. A single Chua’s oscillator is described by a dy-

namical system of the form
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)'c=oc(y—h(x)),
y:_y+Z_xa
z=—Py—-vz,

where h(x)=m1x+mO;mI(|x+1|—|x—1), my<0; a, B, 7,

m;>0 are the parameters. Parameters of the experiment:
(o, By, my, my,€)=(9.5,14,0.1,-1/7,2/7,1.0), the matrix of cou-

plings of oscillators: C =diag(1, 0, 0).

Figure shows in the first case, the phase portraits are completely
identical, and this is additionally confirmed by the diagonal in the

phase plane of the same-titled variables (the third one in the upper
row). This is the projection of attractor A(l) of the system onto the
given plane. In the second case, the projection of A, (2) is different
from the diagonal.

Schematically, the dynamics of system (4.2) in the indicated re-

gimes are shown in Fig, 4.3.
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Fig. 4.2. Dynamical regimes of system (4.2): (a) attractor 4 (1) of the

regime of isochronous synchronization; (b) attractor A, (2), which corre-

sponds to the regime of chaotic beatings in projections onto the coordinate

planes of the oscillators.

. " " . ;
HE-u 8 B85
.\ll = .\i:. I\I.l_ = K: XI - K:
a b
Fig. 4.3. Stationary dynamical regimes a and b of the coupled system. A

symbolic knife is shown above the coupling of the oscillators.
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As was previously said, in the regime of synchronization, system
(4.2) decomposes into a pair of synchronized oscillators (by the
condition of exact synchronism). Physically, this fact corresponds
to the removal of the coupling between the corresponding oscilla-
tors without violating their dynamic regime. In particular, if the os-
cillators physically represent radio-frequency self-generators, then
this procedure corresponds to cutting the connections between
equipotential points, which represents one of the methods of equiv-
alent transformations of electric circuits. We note that a spatially
homogeneous structure is cut into individual oscillators, while the
cluster structure (see Fig. 4.1) is cut into identical blocks. In the
future, such a procedure of cutting the schemes of cluster structures
(couplings between “same-colored” oscillators) will be used as a
method for their equivalent transformations, as well as, on the con-
trary, connection of oscillator blocks through the corresponding
points (connection of “same-colored” oscillators) during the fusion

of cluster structures.

Let us turn again to system (4.2). Suppose there is attractor A (2)

in this system and its motions take place along this attractor. In this
case, the system represents an indivisible object, i.e. a generalized
oscillator, the dynamics of which are described by a vector equation

of the form (system (4.2) rewritten in vector form)

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



Existence, Fusion and Stability of Cluster Structures in 313
Lattices of Oscillators

X=H(X). (4.3)

where X=(X,,X,)", H(X)=(F(X,), F(X,)) +¢B, ®CX,
-1 1
B, = .
)
We will call (4.3) the cluster forming oscillator (or C-oscillator)

and denote it as O, (2). Index s reflects the symmetry of cluster

matrix B, and 2 is the number of elementary oscillators in the C-

oscillator that produces clusters (the exact definition of the C-
oscillator will be given below). Schematically, the C-oscillator in
the stationary “operational” mode is shown in Fig. 4.3b. Note that

the vector coordinates X;, X, play the same role as scalar coordi-

nates of the elementary oscillator.

Suppose now that we have an exact dynamic copy of a given C-
oscillator, which is described by a vector variable Y =(Y;, Y, )T

(dynamic processes in the originals and in the copies happen syn-
chronously). The answer to the question of how these two C-
oscillators should be connected in an order not violating their dy-
namic regimes is contained in the previous reasoning regarding the
cutting/connecting of equipotential points that correspond to the

same coordinates. In other words, the couplings of a C-oscillator in

the synthesized lattice should have the form (C* ®C)(X—Y) or

(C* ® C)(X - Y), where C is an already known matrix that deter-
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mines the number of coupled scalar variables of elementary oscilla-
tors, C =diag(1,0), C.=diag(0,1) are the matrices that deter-
mine the number of coupled oscillators themselves that belong to
one and to another C-oscillator (matrices of fusion). The first matrix
determines a coupling along the first coordinates (Xl, Yl), while

the second one determines a coupling along the second coordinates

(X5, Y,).

Taking the aforesaid matters into account, we consider a system of

two coupled C-oscillators of the form

X=H(X)+¢(C.®C)(Y-X),

Y=H(Y)+&(C.®C)(X-Y). (4.4)

First, we note that Egs. (4.2) and (4.4) do not differ in form. Sec-
ond, if system (4.4) is written coordinate-wise (with respect to ele-
mentary oscillators), assuming in this case that Y, =X,, Y, =Xj,
then it represents a chain of 4 elements. Third, this system, in the
case of classical synchronization of C-oscillator that is expressed by

equality X =Y, defines the cluster structure shown in Fig. 4.1b
(X, X,) =(Y,, Vo) or X, =X,, X, =X;), for which the os-

cillators with numbers 5 and 6 are removed. For a complete picture,

one should couple an extra C-oscillator to system (4.4).
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Suppose that we have one more dynamical copy of C-oscillator
O, (2), described by vector Z=(Z,, Z, )T. By coupling this C-

oscillator with the second C-oscillator in system (4.4), we obtain a

system of the form

X=H(X)+¢(C.®C)(Y-X),
V=H(Y)+5(C.®C)(X-Y)+5(C" ®C)(Z-Y),

Z=H(z)+:(C’ ®C)(Y-2). 45)

The same can be repeated for (4.5) as has been done for (4.4). Then,

supposing that Z, =X, Z, =X, we can see that this system rep-

resents a reformatted chain of 6 elements. Secondly, the classical
synchronization of this triple C-oscillator generates the cluster

structure depicted in Fig. 4.1b.

Consider one more example. Assume we have a C-oscillator of the

type O(3), composed of three elementary oscillators:
X=(X, XZ,X3)T, as well as its copy with vector

Y=(Y., Y5, Y3 )T. Equations for O, (3) have the same form as

-1 1 0
@43)with B,=| 1 -2 1]
0 1 -1
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A synthesized pair of such C-oscillators will have equations of the

same form as (4.4), where the fusion matrix is replaced by

C. = diag(O, 0, 1).

In the regime of synchronization of these C-oscillators, we obtain
(X}, X5, X5 )T =(Y, Y5, Y3 )T. Under the condition that
Y;=X,, Y,=X5, Y =X, we obtain equations X;=Xg,
X, =X5, X;=X,, i.e. we obtain the cluster structure shown in

Fig. 4.1a.

To illustrate the aforesaid scenario, Fig. 4.4 shows cluster attractor
A, (3) of C-oscillator O, (3) , obtained in a numerical experiment

with a homogeneous chain of three Chua’s oscillators for the fol-

lowing parameter set:
(o By, my, my,€)=(9.5,14,0.1,-1/7,2/7,0.37).

Fig. 4.5 shows a cluster structure in a chain of six Chua’s oscillators

as a result of classical synchronization of two C-oscillators O (3).
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Fig. 4.4. Projections of cluster attractor A4, (3) of C-oscillator O; (3)

onto the coordinate planes.

As an intermediate conclusion, we state that in a chain of N ele-

ments, the number of cluster structures that can be synthesized,
based on the O, (n) type of C-oscillators, is equal to the number of

dividers of number N and, in each specific case, all of these struc-

tures are representable.

These types of C-oscillators do not exhaust the types of cluster
structures in the chains. In particular, if number N is simple, then
we can confidently say that the cluster structure in such a chain will
belong to another type. Further we shall consider structures in

chains with an odd number of oscillators N =2k +1.
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Fig. 4.5. Cluster structure in a homogeneous chain of N =6

Chua’s oscillators as a synchronization of two C-oscillators O; (3).

Let us consider the simplest case of a cluster structure in a chain of
three elementary oscillators (see Fig. 4.6). As one can see from Fig.
4.6a, the structure is axisymmetric, as well as that in this case, the
base C-oscillator, which determines this structure, is not clearly de-
fined: like in the previous cases, the structure cannot be cut into

blocks.
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a b
Fig. 4.6. Schematic representation of a cluster structure of a simple cell (a)

and C-oscillator O, (2) (b).

Let us imagine that this figure is printed on a sheet of paper and this
paper is folded along line L. By rolling the sheet, we obtain the sche-
matic representation shown in Fig. 4.6b. One can see that this figure
can pretend to depict a C-oscillator under the condition that obtained
“half-picture” of a central elementary oscillator would have a physical
sense. To find out this physical sense, let us turn to the example of
Froude pendula shown in Fig. 4.7, considering the process of rolling

the figure in the opposite direction: from C-oscillator to the structure.

Fig. 4.7. Physical interpretation of C-oscillator O, (2) and simple cell

based on this cluster forming oscillator.

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



EBSCOhost -

320 Chapter 4

Let us assume that there are two adjoining pendula that are placed
on a rotating shaft. The second pendulum represents a “half” of the
first “whole” pendulum (see Fig. 4.7a). One can imagine that such a
“half-pendulum” is obtained as a result of “sawing” the “whole”
pendulum in a plane perpendicular to the sleeve and passing
through it in the middle. Suppose that there is viscous friction be-
tween the sleeves and the shaft. The same friction also exists be-
tween the sleeves of pendula. The equations of motion of the sys-

tem have the form

mi*@y +diy +mglsing = R(Q—¢y )+ (¢, —y),

my. d. m . R ) ..
512@2 +- P+ glsing, =5(Q—<Pz)+7»(<m ~®,).

Here R(Q—(pl) is the moment of force of viscous friction acting

on the first pendulum and, %(Q—('pz) is the moment of force of

viscous friction acting on the second pendulum (they are propor-

tional to the contact area between the sleeve of the pendulum and
the shaft); A(¢, —¢;) and A(¢; —@,) are the mutual moments of
the friction forces of the pendula; and d is the coefficient of the vis-

cous friction of the medium. After the introduction of dimension-

mgl
d+R

less time t=1, we obtain the dynamical system for C-

oscillator O, (2)
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X, =F(X,)+eC(-X; +X,),
X, =F(X,)+2eC(X, - X;), 4.6)

where

X, :((Plv &1)Ta X, =((P2» az)T,
F(Xl):(Y*'rlip -§ —Sin(Pl)T,

-1 . T
F(Xz)=(v+1 &z,—&z—smtpz) s C=diag(0,1),

zi(mgljz _RQ gy
g\d+R) " " mg’ *Tu g

One can see that, in contrast to C-oscillator O, (2) (4.2), in which

-1 1
elementary oscillators are coupled by matrix B =( { J, and

in the case of C-oscillator O, (2) (4.6), the matrix of couplings is

-1 1
an asymmetric matrix B, = ( 5 2) Naturally, the difference in

the structure of the couplings fundamentally affects the conditions

of existence and the character of cluster attractors of these C-

oscillators. However, the main difference between O (2) and

a

0,(2) consists of the fact that if the first one is a full-fledged sub-

ject of cluster structures, then the role of the second in this sense is

limited. Figs. 4.7b,c show the process of combining the original
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@)

., (2) with its mirrored copy and the subsequent formation of a
clustered and indivisible object of a new type, which we will here-
inafter call the simple cell. The process of formation of the cluster
structure of a simple cell can also be interpreted as follows: after
establishing a rigid coupling between the half-oscillators (note the
jumper in Fig. 4.7b), their synchronization occurs immediately
(and, in fact, they become a “whole” oscillator). The side oscillators

that indirectly interact with each other (through the central oscilla-

tor) synchronize their movements.

Let us repeat the aforesaid scenario using the language of equations.

We rewrite system (4.6) in the form of one equation:

X =H(X). (4.7)

where X=(X,X,) , H(X)=(F(X,),F(X,)) +&B, ®CX,

-1 1
B, = .

Let us suppose that we have an exact copy of this C-oscillator de-
scribed by vector Y =(Y;, Y, )T . Consider a system of a pair of C-
oscillators of the form

X=G(X)+eD®C(-X+Y),

Y=G(Y)+sD®C(X-Y). (4.8)
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Here X=(X,,X,) , Y=(Y,,Y,)", D=£(1) EJ A>0 is a pa-

rameter responsible for the magnitude of couplings of “half-
oscillators”. If A has moderate values, then system (4.8) is, in prin-
ciple, similar to system (4.4), including the synchronization-
generated cluster structure corresponding to solution X =Y (with-
out the fifth and sixth elements). However, if A —>o (a rigid

“jumper” is installed between half-oscillators), then one can show
that ||X2 —Y2|| —¢ 2" _5 (. That is, as expected, there is a degen-

eration of the number of degrees-of-freedom by one elementary
oscillator in system (4.8) (the “halves” are glued together). Assum-

ing now that X, =Y,, Y, =X; and by introducing a new vector

X= (Xp X5, X; )T , instead of system (4.8), we obtain a system of

the form
X=8(X). (4.9)
where
11 0
S(X)=(F(X,), F(X,), F(X;))' +¢B,®CX, B,=| 1 -2 1
0 1 -l

One can see that Eq. (4.9) coincides by its form with the equation of

C-oscillator O, (3). However, its internal content is fundamentally
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different. First, this equation is considered under the condition of
the existence of attractor 4, (2). Second, Eq. (4.6) is considered in
a certain part of the phase space: either in the vicinity of attractor
A,(2) (during the study of stability of structures), or on the attrac-
tor itself, as long as one deals with a fusion of schemes of the corre-
sponding cluster structures. For these conditions, Eq. (4.9) repre-
sents a structured (or potentially structured, see Fig. 4.6a) and indi-
visible (in a sense) object: a simple cell. Considering the aforesaid

matter, a simple cell can be interpreted as a limiting case of a sys-

tem of two coupled C-oscillators of the type O, (n) Fig. 4.8 shows

a “working” attractor of C-oscillator O, (2), which has been ob-
tained during a numerical study of system (4.6) of two Chua’s os-
cillators. The following parameter set has been used:

((x, B, v, mo,m1,8)=(9.5,14, 0.1,—1/7,2/7,0.215), as well as ma-

trix C= diag(l, 0, 0).

0.4 0.4 2.0
0.24 0,24
»n N vy O

024 —10,2+

|:|__1: e ¥ E ”-I-.' N . — I ”_5_. S PO SR LT S

24 -l6 -0.% 0 050 05101520 -24 -16 08 0
X X5 X

Fig. 4.8. Attractor 4, (2) of C-oscillator O, (2) in projections

onto coordinate planes.
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Fig. 4.9 shows an “operational” regime of simple cell (4.9) that rep-

resents a dynamical cluster structure based on O, (2). The follow-
ing parameter set has been used: (oc, B,y, my, my, s) =

=(9.5,14,0.1,-1/7,2/7,0215), C=diag(1,0,0).

Thus, a simple cell, similarly to the C-oscillator of the type O, (n),

is a subject in the formation of cluster structures in lattices. Moreo-
ver, due to the symmetry of its own cluster structure, the fusion ma-
trix for one-dimensional lattices (chain, ring) with a cluster struc-

ture (as synchronization of simple cells) can be any of the matrices:

C. or C. Let us illustrate this using the language of equations.

04 0.4+ 04

-0.2+4 024 0.2-

O— e B

24 16 -0.8 0 05 0 05101520 24 =16 -DB 0
¥| X4 ¥y

~

Fig. 4.9. Cluster structure of a simple cell based on O, (2

Suppose there is a simple cell (4.9) with a certain cluster structure
and its dynamical copy is described by vector Y =(Y,,Y,,Y; )T.
Consider a system of the form

X=8(X)+¢(C. ®C)(Y-X),

V=5(Y)+&(C. ®C)(X-Y), (4.10)
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where C. =diag(0,0,1).

From the condition of synchronization in (4.10) and the form of the
structure of the simple cell, we obtain
(X, X5, X3) =(V1, Yo, ¥5)7 or X =X;=Y,=2Y;, X, =Y,
By reassigning coordinates of vector Y as Y;=X,, Y,=X,,
Y, =X, we obtain the coordinate notation of the cluster structure
in the chain of N =6 elementary oscillators that appears based on
synchronization of simple cells: X;=X;=X,=X;, X, =Xj.
Note that this notation also represents an integral manifold that oc-

curs in the phase space of a lattice with 6 elements (see the begin-

ning of this section).

Fig. 4.10 shows results of the numerical experiment performed for
system (4.10), the elements of which represent chaotic Chua’s os-

cillators. The following parameter set has been used:

(o, By, my, my,€)=(9.5,14,0.1,-1/7,2/7,0.215), and matrix
C=diag(1,0,0).

As one can see, the cluster structure shown in Fig. 4.10 is “cut” into

a pair of blocks — a pair of synchronized simple cells.

Let us summarize. First, the phenomenon of “cluster synchroniza-
tion” represents the case of classical synchronization in the conven-

tional understanding of this process and in this sense is not a new
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physical phenomenon. Second, in the case of systems with a small
number of oscillators, two types of subjects have been identified,
the classical synchronization of which generates cluster structures
in a chain of dynamical systems. The considered, particular cases of
cluster structures with a small number of elements can be naturally

generalized to a general case.

0.4 0.4 0.47

04— i ”_4: . T - ﬂ_l: | 1 m

2.4 1.6 s LU 05 0 05101520 24 1.6 .5 4]
Xy ¥s Uy

0.4 0.4

032 0.24
Ty [1: 1e 0A Ve (H
0.2 LJJ
0.4 .- EI 0.4+

24 —16 -08 i 05 0 u"tlﬂl"r"li ':_. 6

vy L s

Fig. 4.10. Cluster structure in a chain of N =6 elementary Chua’s oscilla-

tors as a result of synchronization of two simple cells of O, (2) type.

Namely: the first subject of cluster structures in chains is a C-

oscillator of the type O, (n); the second one is a simple cell, a
structured object that appears as a result of synchronization of a pair

of C-oscillators of the type O, (n). As it will be shown in the next
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sections, these two types of subjects exhaust all possible types of
cluster structures in chains of oscillators, which represent the sim-

plest form of lattices.

Note. The structure and role of O, (n) and O,(n) in formation of

cluster structures involuntarily impose an analogy with quantum-
mechanical quasiparticles: bosons and fermions. It is known that
the former ones play an independent role in interactions, and the
latter ones, before becoming subjects of interactions, were previ-
ously combined into pairs (they are born and “die” in pairs). Within
the framework of these representations, it is possible to propose a

quantum-mechanical interpretation of cluster dynamics of lattices.

Using properties of number N (divisibility) and properties of O, (n)
and O, (n) it is possible to establish all of the integral manifolds in

the phase space of a lattice and, similarly to the energy levels, to
order them according to the number of clusters. As it will be shown
below, most of such levels (or all levels) are metastable. This means
that (in a typical case) when a portion of energy is transferred to
oscillators of the lattice (initial conditions), which corresponds to
the upper energy level, the interaction of particles (elementary os-
cillators) will lead to the origination of an ensemble of interacting
quasiparticles, i.e. a cluster structure of a certain type that corre-
sponds to the “upper” manifold. Since the energy level is unstable,

then, after a while, this state of the lattice disappears. Due to the

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



Existence, Fusion and Stability of Cluster Structures in 329
Lattices of Oscillators

dissipative property of the system, a part of the energy is absorbed,
i.e. the system goes from a lower energy level, to another metasta-
ble cluster structure and so on, up to the level that corresponds to

integral manifold M,,. In general, such a scenario can resemble the

process of transformation of a disturbed hydrodynamic flow into a

laminar state through a sequence of successive structures.

4.2. Fusion and general properties of circuits of cluster
structures

It must be said that the nature of the cluster structures that we have
revealed (i.e. the synchronization of generalized oscillators (cluster
forming oscillators) and simple cells) actually predetermines rules
for the fusion of circuits of cluster structures, properties of these
circuits, and their equivalent transformations, which are valid re-

gardless of the geometric dimension of the lattices and their shape.

Let us provide a list of verbal definitions, general principles of the
internal arrangement as well as elementary (equivalent) transfor-

mations of circuits of cluster structures.

1. Two directly connected, synchronized elementary oscillators,
depicted in the diagram of the cluster structure using the same col-
or, will be called the cut pair. The coupling between such oscilla-
tors can be removed by means of cutting (in the case of electric cir-
cuits, this corresponds to cutting the de-energized sections of the

circuit representing equipotential points). On the contrary, any pas-
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sive coupling can be established between same-colored schematic

images and, in particular, a short-circuit can be made.

2. If a circuit has at least one cut pair, then we will call it the cut

circuit, and otherwise the system is called the non-cut circuit.
3. The circuit of the cluster structure of a simple cell is non-cut.

4. If a certain circuit does not have any cut pairs, then it is either a
circuit of a simple cell or a circuit of a separate cluster forming os-

cillator, or this circuit is not correct.

5. The procedure for combining two or more self-colored images by
bending the circuit through the axes of symmetry or in another way
will be called the convolution of the circuit (for the electric circuit,
this corresponds to the procedure for connecting the equipotential

points).

6. A circuit of a simple cell can be convoluted to the circuit of its
basic cluster forming oscillator; that is, to a circuit that does not

contain synchronized (same-colored) elementary oscillators.

7. Any circuit of a cluster structure, if it is not a circuit of a single
cell or a circuit of a separate cluster forming oscillator, during the
cutting of all cut pairs, is decomposed into identical blocks depict-
ing the basic cluster forming oscillator (boson) or a circuit of the

basic simple cell (fermion).
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On the basis of these simple principles and equally simple elemen-
tary transformations of circuits (corresponding to the level of school
physics), we will establish all possible types of cluster structures in
a chain and in a ring of elementary oscillators. Also, mathematical-
ly non-trivial statements concerning the completeness of the aggre-

gates of these types of structures will be proved.

Let us turn to the fusion of circuits of cluster structures. Like the
connection of electric conductors, the connection of circuits of C-
oscillators as parts of the complete circuit of the cluster structure,
depicted in Fig. 4.11, we will call the sequential coupling (sequen-

tial fusion of a circuit of a cluster structure).

LXK Xy % X, i T
a

n=22n=1 2y il

Fig. 4.11. A circuit (scheme) of C-oscillator O, (n) and sequential fusion

of cluster structure on its basis (a); an image of a simple cell of C-

oscillator O, (n) and sequential fusion of a cluster structure on its basis

(b).
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Matrix D =diag(d,,, dy,,...,d,), in which the diagonal elements

>SS
d;; equal either O or 1, will be called the fusion matrix of the cluster
structure. The subscripts of the unit elements determine the number
of coupled elementary oscillators as elements of the C-oscillator or
simple cell. The dimension of this matrix is equal to the number of

oscillators forming the cluster forming oscillator (m =n, see Fig.

4.11a) or simple cell (m =2n—1, see Fig. 4.11b). By definition, the

matrix of sequential fusion is matrix D=C" =diag(1, O,...,O) or

C. = diag(O, o,.., 1).

The coupling shown in Fig. 6.12 will be called the parallel cou-

pling. In this particular case, the fusion matrix

D= diag(l, L..., 1) =1 is a unit matrix.

All other types of fusion of block schemes from identical circuit-
blocks (cluster forming oscillator or simple cell) are classified as a

mixed type (see. Fig. 4.13).
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I
X,

a b
Fig. 4.12. A circuit (scheme) of C-oscillator O, (n) (a); a parallel fusion —

tape-like cluster structure in a two-dimensional lattice (b).

Once again, we pay attention to the features of existence and coex-
istence of cluster structures in homogeneous lattices: if a synthe-
sized circuit of the cluster structure uniquely determines the lattice
itself, then, in a general case, this does not mean that the given
structure will be unique in the resulting material lattice. A synthe-
sized structure, as well as its accompanying structures, are associat-
ed with certain initial conditions of the obtained lattice. For exam-
ple, for the circuit shown in Fig. 4.1a, in addition to this structure,
in the corresponding lattice of six elements, accompanying struc-
tures can be observed, the circuits of which are shown in Figs. 4.1b
and 4.10. In other words, cluster structures in homogeneous lattices,
as a rule, are rigidly related to the initial conditions of the respective

dynamical system, as well as with their stability. This means that in
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order to implement structures in applications, one needs, among
other things, to find a way to control the dynamical state of the sys-

tem (initial conditions).

X:

g Y, Y, Ea
4 L
Tl

X, By W W, &

Fig. 4.13. Examples of a mixed type of fusion of cluster structure based on

C-oscillator O, (2).

As a result of the aforesaid matter, questions arise about the fusion
of structures in lattices by introducing a predetermined ordered in-
homogeneity into the material part of the lattice. All problems of
the fusion of orderly inhomogeneous lattices with the correspond-
ing cluster dynamics have a positive solution, and it lies within the
framework of the same principles and techniques as in the case of

homogeneous lattices. It is sufficient to assume that the operating
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mode of the cluster forming oscillator (attractor) is caused not by
the initial conditions, but by the inhomogeneity of the parameters of
the elementary oscillators that form it. A synthesized cluster struc-
ture in such a lattice may have global stability and controllability,

including a remote control.

Here are two more examples of “clustering” of rather non-ordinary
objects — objects with fractal properties. They represent one of the
most outstanding directions of modern theoretical and applied re-

search [193, 194].

The Cayley Tree. As a mathematical object, the Cayley tree is formed
as follows. A figure is constructed in the form of an equilateral letter
“H”. Then a similar figure with a similarity factor of 1/2 is superim-
posed on each of the ends of this figure. The process of building is end-
less. Three iterations are shown in Fig. 4.14a. In practice, such a tree is
produced by spraying or etching a thin film [193]. Naturally, in practice,
the number of iterations is finite and is determined by the level of the
technological process, i.e. physical objects have a pseudofractal struc-

ture, but their properties are close to the properties of the real fractals.
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Fig. 4.14. The Cayley tree (a); and a part of the clusterized tree (b).

Let us assume that technology allows us to construct some active
nonlinear elements (conditional — oscillators) of sufficiently small
sizes. In this case, taking as a basis a circuit of some C-oscillator of
a chain with the number of elements » or a circuit of a simple cell
with 2n—1, we “lay out” this circuit (according to the rules of the
fusion) on each branch of the smallest element of the tree (in Fig.
4.14, it is indicated by a dashed line) the required number of times.
Thus, we determine the necessary number of conditional oscillators
to be placed on each branch of the tree. In the same way, the syn-
thesis of the structure extends to the entire tree. As a result, we ob-

tain a “clustered” tree, a segment of which is shown in Fig. 4.14b,

which depicts the structure based on O, (3), However, other C-

oscillators or simple cells could be chosen as well.

Now let us assume that all of the conditional oscillators are identi-

cal. In this case, we will deal with a homogeneous lattice, although
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differently than for previous examples by its over-the-original form.
The physics remains the same. We know that, along with the con-
structed cluster structure, other structures are potentially possible in
this lattice. For this reason, in order to realize a necessary process, it
is necessary to have the technical ability (a skill) to define specific
initial conditions of the lattice (before it is put into operation). In
addition, in the case of instability of this structure, additional
measures are required to maintain its metastable state. Since control
of the initial conditions represents an almost irresolvable task, it is
most likely the case that the entire task is useless. A completely dif-
ferent situation can arise if the oscillators are controlled by some
parameter like, for example, the frequency or phase of the oscilla-
tions. In this case, we will deal with an orderly inhomogeneous lat-
tice, in which the cluster dynamic regime, on the one hand, will be
stable, and on the other hand will have controllable parameters. In
addition, controlling the parameters of the oscillators will create a
possibility of switching the lattice from one cluster structure to an-
other one. It could be possible to, in the case of antennas with a
fractal lattice, obtain directional patterns with new unusual proper-

ties using the same approach.

The Sierpinsky carpet. This object is constructed as follows: a
square is divided into nine equal squares; the middle square is re-
moved, and with the remaining squares the division procedure is
repeated. The process is endless. The resulting shape represents a

so-called Sierpinsky carpet. Three iterations of a square are shown
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in Fig. 4.15a. The unfinished carpet is marked by a black color, and

a white color shows the removed parts of the square.

As in the previous example, we choose the smallest element of the
carpet — the square, which is highlighted in Fig. 4.15 with a dotted
line, as well as a diagram of the required C-oscillator or simple cell.
The dimensions of the conditional oscillators as the “body” of the
lattice, as determined by the possibilities of the manufacturing
technology, must correspond to each other. Fig. 4.15b shows an
example of the base element: a circuit of the square simple cell
(3%3) with two clusters. Following the rules, we synthesize a circuit
of the cluster structure, first in this element and then on the entire
surface of the carpet. A fraction of the cluster structure is shown in
Fig. 4.15b. The couplings of the elementary oscillators are repre-
sented by the contact of the sides of the squares. The properties of
the obtained structures in homogeneous and non-homogeneous lat-

tices are discussed above.

The principles of fusion of circuits of cluster structures do not ex-
clude the fact that the elementary oscillators forming the C-
oscillator can be different in their parameters, and also that they can
be oscillators of different types. Let us provide an example illustrat-
ing what has been said above. Fig. 4.16 shows individual phase por-

traits of three oscillators representing “candidates” for C-oscillator

O, (3). The first and the second ones are Chua’s oscillators with

parameters  (B,y,my, m )=(14,0.1,-1/7,2/7) and  a; =9,
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o, =9.5, respectively. The third one is the Lorenz oscillator with

parameters 6 =10, »=24 and b=1.

Fig. 4.16. Chaotic attractors of the oscillators before origination of C-

oscillator Oy (3).

Fig. 4.17 shows projections of a cluster attractor of C-oscillator

O, (3) onto coordinate planes. The matrix of couplings of elemen-

tary oscillators has the form ¢C =0,51.
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5,59 X 6,361 549 t 1079 -137 P 14.54

Fig. 4.17. Projections of cluster attractor onto the coordinate planes.

Fig. 4.18 shows a regime of synchronization of a pair of C-

oscillators with matrix and scalar parameter of coupling

eCx =25diag(0,0,1).

2083 3507 B4

237 = E

|98 -2
13.7 Xy 14.54 —5.50 s 1080 -5.59 X 6.362

Fig. 4.18. Cluster structure as a synchronization of pair of C-oscillators of

the type O, (3).
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A visual comparison of the phase portraits of the oscillators is suffi-
cient to state that we are dealing with the synchronization of a pair
of C-oscillators. The synchronization is stable. Note that inhomo-
geneity in the circuit of a C-oscillator can be introduced through the

magnitude of the couplings between its elementary oscillators.

In conclusion of this section, we would like to show an example

from biology [194].

Being unfolded, a DNA molecule has the form of stairs consisting

of separate links (in fact, it is twisted in a helix). The number of

links is ~10°. A segment of such a ladder is shown in Fig. 4.19a. In
this figure, the following notations have been used: S denotes sugar
molecules; F denotes molecules of phosphoric acid; T, A, G, and C
denote nucleotides: thymine, adenine, guanine, and cytosine, re-
spectively. In this case, nucleotides are assigned the role of condi-
tional elementary oscillators. We classify sugars and phosphates as
the “coupling” elements of the conditional oscillators T, A, G, and
C. Under these conditions, a scheme of the cluster structure of a
segment of the staircase is shown in Fig. 4.19b. One can see from
the figure that the circuit of the structure does not have any cut pair.
It means that it is uncut and, therefore, it can represent the circuit of
the structure of a simple cell. In this case, after short-circuiting con-
ditional equipotential points, it must contract to one C-oscillator. In
this case, the procedure of convergence of a simple cell geometri-

cally corresponds to the overlapping of two blocks after the rotation

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



EBSCChost -

342 Chapter 4

of the second one by 180 degrees. Thus, the block (T, A, G, C) rep-
resents a C-oscillator, and the structure shown in Fig. 4.19a is the

cluster structure of a simple cell.

Fig. 4.19. A segment of the unfolded DNA molecule.

4.3. C-oscillators of a chain and the fullness of types
of their cluster structures

From the standpoint of cluster structures, a homogeneous chain is
the simplest object. Numerous publications are devoted to its vari-
ous applications for various physical systems and phenomena [96 —
98, 195 — 198]. Below, within the framework of the interpretation
of cluster structures as mutual synchronization of generalized oscil-
lators, we will show (we will prove) that all cluster structures in a
chain are limited to only two types. And this applies to both homo-

geneous and orderly heterogeneous chains.

Let us formulate a general mathematical definition of the aforemen-

tioned C-oscillator of the type O, (n).
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Definition 4.3.1. A dynamical system of n coupled elementary os-

cillators of the form

4.11)

1 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0

B, = R
2 -1 0
0 0 0 -1 2 -1
0 0 0 0 -1 1

is called the C-oscillator of the type O, (n) conditioned that in the
phase space there exists attractor A (n), such that for
V(X Xy, X, ) e 4 (n), Xp =X, i#j, i, j=12,..,m
B, ® C is the coupling matrix of elementary oscillators.

Elementary oscillators in Eq. (4.11) can be either identical, which
corresponds to a homogeneous chain, or not identical by their pa-

rameters or even by their nature. The coupling of the oscillators in

(4.11) is assumed to be homogeneous and local, although this cir-
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cumstance is not fundamental and does not change the general es-

sence of the matter.

By writing system (4.11) coordinate-wise, it is easy to verify that it
corresponds to a segment of a chain with Neumann boundary con-
ditions, which are satisfied “automatically” since they are embed-

ded in the coupling matrix. For convenience, Fig. 4.20 shows once

again a scheme of C-oscillator of the type O, (n) in its “operation-
al” dynamical regime (on attractor A, (n) ), while Fig. 4.21 shows a

process of fusion of a circuit of the cluster structure in a chain based

on this C-oscillator.

E-m -2
I | R n
Fig. 4.20. A circuit of O, (n)

1 . (e | n n+l nm+ 2n—1 n I+l 2n+2

Fig. 4.21. The fusion of a circuit of cluster structure based on O, (n)

By analogy, let us formulate the definition of a C-oscillator of the

type O, (n)

Definition 4.3.2. We call a system of coupled elementary oscillators

of the form
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V= H(V), (4.12)

V=(X,X,, .. X,),

H(V)=(F (X, ), B(X; ), F, (X, ))T ~¢(B, ®C)V,

I -1 0 0 0
-1 2 -1 " - 0 0
o -1 2 - . 0 0
B,=| i oo,
2 -1 0
0 0 -1 2 -1
0 0 O 0 2 1

The C-oscillator of the type O, (n) is conditioned that in the phase
space  G(V) there exists attractor A,(n), such that for
V(X Xy, X, )4, (n), Xp=X;, i#j, i, j=12,..,m
B, ® C is the coupling matrix of elementary oscillators.

The sense of the variables and parameters of Eq. (4.12) is the same

as explained above.

Recall that a C-oscillator of this type exists only in pairs. The mutu-
al synchronization of such a pair in the limiting (rough) case of the
connection of two C-oscillators to each other determines the cluster
structure of the simple cell. In turn, the formed simple cells are the

potential subjects of cluster structures in the chain. We note that
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after a rigid coupling of the pair of terminal elementary oscillators
of the C-oscillator, they actually merge and, as a consequence, de-
generate in the number of degrees of freedom of the coupled system
by the number of degrees of freedom of one elementary oscillator.
In this case, the number of acting elementary oscillators in a simple
cell becomes equal to 2n—1. Equations of a simple cell are the
equations of a segment of the chain with Neumann boundary condi-
tions and number of elementary oscillators of 2n—1. A fusion of a

circuit of a cluster structure of a simple cell can be interpreted as an

addition to circuit O, (n) of its mirrored image (Fig. 4.22). The

bold vertical line in the figure symbolizes a mirror. Fig. 4.23 shows

a fusion of a circuit of a cluster structure in a chain based on a cir-

cuit of the simple cell of the type O, (n).
By - By s NE
| 3 =1 m - =1 L] n 2n-2 2n

Fig. 4.22. A circuit of the C-oscillator of type O, (n) and a fusion of a

circuit of a cluster structure of a simple cell on its base.

Fig. 4.23. A fusion of the circuit of a cluster structure based on a circuit of

a simple cell of the type O, (n).
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As already mentioned regarding to the general principles of the the-
ory of cluster structures, the division of systems into oscillators and
rotators does not make a difference. The significance of this divi-
sion appears only in the study of specific systems and their attrac-
tors, when systems of rotators exhibit specific features associated
with the cylindricality of the phase space. For this reason, in what
follows, we keep the adopted terminology and notation. Speaking
of oscillators, we will bear in mind that the same applies to rotators
as well. Let us just add to the aforesaid matter an illustration of a
numerical experiment for cluster structures in a chain of rotators, a

physical example of which is shown in Fig. 4.24.

| E¥]

Fig. 4.24. A chain of Froude pendula with structured dynamics.

We have numerically studied a chain of rotators with the following

. T
vectors of dynamical state of elements: X;=(¢;,x;)" and

F(X;)=(x;, —Ax; —sing; +y+ Asin coo‘r)T , with scalar coupling
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0
parameter ¢ and matrix C =(0 J, In particular, such a system

models dynamics of a chain of Froude pendula shown in Fig. 4.24.

1. Cluster structures of autonomous chain. It is not difficult to
demonstrate examples of cluster structures in a chain of rotators.
For instance, in parameter domain (2) (see Fig. 1.7), a single rota-
tor, depending on the initial conditions, may either be in equilibri-
um or in rotational motion. This means that, in the phase space of a
pair of coupled rotators, there exists a stable oscillatory-rotational
limit cycle (at least, for a weak coupling, this is guaranteed by the
continuity of solutions by parameter). This limit cycle represents
one of the cluster attractors of the system (see Fig. 4.25). The first
of the coupled pendula rotates, while the second one experiences

slight oscillations in the vicinity of the lower equilibrium.

45 0.0008
‘hl 'lil"': |
36 0 [I
2.7 _0.0008 - E !
0 32 ™ 64 0.3168 03171 92 03174

Fig. 4.25. Projections of attractor 4 (2) onto coordinate planes of C-

oscillator Oy (2): A=0.07,y=0.28, 6= 0.09.
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Further, we have studied a chain of 8 elements, for which, for the
same parameters, the same cluster structure has been obtained (see

Fig. 4.26). Looking ahead, we say that it is stable.

For parameters of the individual rotators from parameter domain (2)

(see Fig. 1.7), a C-oscillator of the type O,(2) has been modeled
according to Definition 4.3.2. Its attractor 4, (2), with the parame-

ters of the coupled system A = 0.07, y = 0.28, 6 = 0.29, is shown in

Fig. 4.27. The similarity with attractor 4, (2) is only in appearance,

but they are fundamentally different.

For parameters of the individual rotators from parameter domain (2)

(see Fig. 1.7), a C-oscillator of the type O,(2) has been modeled
according to Definition 4.3.2. Its attractor 4, (2), with the parame-

ters of the coupled system A = 0.07, y = 0.28, 6 = 0.29, is shown in

Fig. 4.27. The similarity with attractor 4, (2) is only in appearance,

but they are fundamentally different.
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Fig. 4.26. Cluster structure based on synchronization of four C-oscillators

of O, (2) type in a chain of N =8 elementary rotators.
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0008 3
o | 3

0 - 2.25-

0,008 =t :
0.343 035 © 0357 0 32 ™ 64

Fig. 4.27. Projections of attractor 4, (2) into same-titled coordinate

planes of the C-oscillator of the type O, (2).

Fig. 4.28 shows a cluster structure of a simple cell of C-oscillator

0,(2) (stable), which has been obtained for the same parameters in

a chain of three elements.

0,008 . 0,008 .
: Y ) i g N
[ { -.II iy Py .'I ".I
|
0 : 2.25 0 { :
Il, f :u_ f
0008 ]2 OO0 _
0343 035 ® 0357 0 31 T2 64 0.343 035 30,357

Fig. 4.28. Cluster structure of a simple cell of C-oscillator O, (2) .

Further, for the same parameters, we have studied a chain of 6 ele-
ments, in which a cluster structure shown in Fig. 4.29 has been ob-

tained.

2. Cluster structures of non-autonomous chain. In this case, to se-

lect parameters that are necessary for the existence of cluster attrac-
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tors, we turn to the bifurcation diagram shown in Fig. 1.10a. As one
can see from the figure, parameters from all domains suffice except
for parameter domain (1): for these parameters a globally stable in-
phase synchronization occurs, while we are looking for different

partial dynamics of rotators.

An example of cluster attractor A, (2) is shown in Fig. 4.30. The

following parameter set has been used: A = 0.07; y = 0.51; o =

=0.079; A =0.28; ® = 0.56.

0,008, 0,008 -~
L ! ."'. @
0 |I | o
L II.'\'.
0008 St 1.8 _ 0,008
0343 035 P10.357 0 32 71 b4 0343 0359 0.357
0,008 e 0.008 o
iy _,"' ‘ Py
ol | ' 0 '
00084 4 | 4 —0,00% - Ny
0343 035 240357 0 32 s 64 0343 0.35 P60.357

Fig. 4.29. Stable cluster structure as a synchronization of two simple cells

of the type Oy (2).
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Fig. 4.30. Projections of attractor A4, (2) into same-titled and cross-

coordinate planes of C-oscillator O (2).

In this case, a cluster attractor is a three-dimensional torus T 3,
which corresponds to the regime of beatings of rotators with each
other as well as with the periodic external force, which means the
absence of both mutual and master-slave synchronization. In what
follows, without going into much detail, we show results of the nu-
merical experiment (Figs. 4.31 —4.34). All cluster structures are sta-

ble.

Now let us subdivide all cluster structures in a lattice into different
types. A type of set of structures will be determined according to
the type of basic C-oscillator that defines each structure of this set,
i.e. the number of types of structures in a lattice is the number of all

types C-oscillators that are possible in this lattice.
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0 32 0 64 0 3.2 9: 64 0 32 3 6.4
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0 32 94 64 0 32 5 64 0 32 % 64

Fig. 4.31. Stable cluster structure based on the synchronization of three C-

oscillators of the type O (2).

8.1 8.1
‘ht '-P: ’f\
721 124 f

63 6.3+

0 33 M 6.4 0 72 ™ 81

Fig. 4.32. Projections of attractor 4, (2) onto the coordinate planes of C-

oscillator O, (2) The following parameter set has been used: A = 0.07, y =

=0.51,6=0.079, A=0.28, ® = 0.56.
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Fig. 4.33. Stable cluster structure of a simple cell O, (2).

8.1 .1

iy “"ﬁ%:ﬁ;
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Fig. 4.34. Stable cluster structure based on the synchronization of two

simple cells O, (2).

Theorem 4.3.1. O,(n) and O, (n) constitute the full set of types of

cluster forming oscillators in a chain of elementary oscillators with
Neumann boundary conditions. Synchronization of these C-
oscillators and their simple cells defines all possible types of cluster

structures existing in the chain [181].
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Proof. We will use an electric scheme of the chain of oscillators
(rotators) shown in Fig. 4.35. Let us rewrite equations for a chain in

a common form

X; =F,(X;, t)+eC(X; —2X; +Xy,)

(4.13)

with the boundary condition at the left end X, = X|. The boundary

condition at the right end will be formulated during the proof. For
the proof, we use equivalent transformations of circuits of struc-

tures as elementary transformations of this electrical circuit.

V- Vy Pt
| n-1 n it+ 1 o N

Fig. 4.35. A chain of oscillators (rotators).

Let us assume that a certain cluster structure is realized in the chain.
Starting with the first one, we select all consecutive unsynchronized
oscillators. Let us assume that their number is # (see Fig. 4.35). In
this case, (n + 1)-th elementary oscillator is synchronized with one

of the oscillators of the selected group.

Suppose that this oscillator is synchronized with some
k-the one, where k<n-2, elementary oscillator of the selected
group. In this case, values of all same-titled variables of this pair of

oscillators are identical at any moment of time. The points at their
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“inputs” are equipotential: V, =V, ,,. We perform equivalent circuit
transformations that correspond to the transformation of the circuit
of the cluster structure: after connecting (short-circuiting) equipo-
tential points with a bridge, we perform a sequence of transfor-

mations, as shown in Fig. 4.36.

Let us write equations for the electric currents of synchronized os-

cillators in the first and last positions of the circuit, respectively:
Vn _ZV}’H—I +Vn+2 :IR, Vk+1 _ZVk +Vl’l+2 :]R

From these equations, we obtain V, =V,,,. Except for cases k=n
and k=mn-1, this contradicts the condition of the non-
synchronization of the first n oscillators. Thus, the (rn + 1)-th oscil-
lator cannot be synchronized with any k£ <n—2 oscillator. Two

remaining cases are: 1) k=n, 2) k=n-1.

1) Suppose that, k =n, so that we obtain V,

n = Vn+1 and In :]n+1'
On the other hand, the following equations are valid for these oscil-

lators: Vn—l - Vn = InR’ Vn+2 -V, 1= I

i 241 R. From here, we obtain

V,.1 =V,.» 1.e. the condition of the synchronization of the (n — 1)-
th and (n + 2)-th oscillators. Writing the Kirchhoff equations for
this pair of oscillators, we obtain: V, ,+V, -2V, =1, R,

Viiz ¥Vt —2V,i0 =1,,»R, from which it follows that V, _, =V 3

n

and the corresponding pair of oscillators is also synchronized.
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Fig. 4.36. Equivalent transformations of the chain of oscillators shown

in Fig. 4.35.

Continuing the successive writing of equations for synchronized
oscillators, we obtain V| =V,,. Further, we obtain a “fork™: the os-

cillator with number (2n + 1) can be synchronized with the 2n-th or
with the (2n — 1)-th one. Let us assume that it is synchronized with

the (2n — 1)-th, one, so that V,,,, =V,,_;. From the equations for
the first and 2n-th oscillators, we obtain: V, -V, =1R,
Voo +Vap =2V5,01 =1,,R. Thus V, =V,, but this contradicts the

condition of absence of the synchronization for the first n oscilla-

tors.

Thus, the (2n + 1)-th oscillator is synchronized with the 2n-th one.
Repeating such kind of reasoning again and again, we obtain the

order of synchronized oscillators in the chain, as shown in Fig.

4.21, i.e. the structure based on O (n). We show that, in this case,
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the cluster structure contains an integer number of images of C-
oscillators O, (n), N =mn. Let us assume the opposite: the num-

ber of non-synchronized rotators in a finite interval is k <n. Let us
remove all of C-oscillators from the chain (we cut the circuit) by
leaving the penultimate cluster forming oscillator as well as the
aforementioned segment. Then, we renumber the remaining oscilla-
tors from 1 to &k + 7 . In this case, we obtain a scheme similar to one
shown in Fig. 4.21 with the number of oscillators n + k. According
to the condition, we have: V, ;.. =V, ssi>» i=L2,..,k Letus
write equations for the last and for the (n — k£ + 1)-th synchronized
oscillators:  V, ., =V, .x =RI, Vi =2V, ki1 ¥ Vekin = RI,

Vi =Viekst> Voske1 =V,_i42- From these equations and condi-

tion V. .p =V, ts15 Virko1 =Vager We obtain v, , =V, ;.. From
here, it follows that if & # n, then the system of the first » rotators
does not represent a C-oscillator, which is a contradiction, while if

k =n, then V,, =V,, which represents a boundary condition.

Eventually, the final conclusion of this part of the proof is: if

X, =X,,,;, and if the first n oscillators are not synchronized, then
the cluster structure is formed based on synchronization of C-
oscillator of the type O, (n) Considering this equality in system
(4.13), we find that it represents Eq. (4.11) in the expanded form. In
contrast, by converging (4.13), we obtain Eq. (4.11) with cluster

matrix B;.
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2) Coming back to the beginning of the proof, we now assume that
the (n + 1)-th oscillator is synchronized with the (» — 1)-th one, i.e.

=V,,,. Writing the Kirchhoff equations for these oscillators,

we obtain: V, , -2V, +V, =IR, V,.,-2V, ,+V,=IR. From
here it follows that V,_, =V, ,,. From this equality, as well as from
the equations for all subsequent oscillators, we obtain the general
expression V; =V,,_;, i=1,2,...,n—1. Therefore, the conclusion is:
in this case, the dynamical structure of the system of 2n—1 oscilla-
tors represents a cluster structure of a simple cell (see Fig. 4.22).
Taking into account condition X, ; =X, ., in system (4.13), we
find that it represents an extended form of the equation of C-
oscillator O, (n) (4.12) with cluster matrix B,. The proof that, in
this case, the complete circuit of the cluster structure of the chain
consists of an integer number of simple cell’s circuits (see Fig.

4.24) is carried out analogously to one considered in the first sec-

tion of the Proof.

The final conclusion is: O, (n) and O,(n) constitute a full set of

types of structure forming objects that cover all types of possible

cluster structures that could be realized in a chain of oscillators.

Remark. In the proof of the theorem, the condition of chain homo-
geneity was not used. We have proceeded only from the condition
that a certain structure in the chain is realized. This means that the

theorem also holds for an inhomogeneous chain. It would have fol-
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lowed from the proof that this heterogeneity should have a periodi-
cally ordered form; that is, to implement a particular structure in the
chain, an individual order of non-identical oscillators should be or-

ganized in accordance with the circuit of the given cluster structure.

Conclusion 1. On a number of structures in a chain for a given
number N. If p is the number of all even products (simple and com-
posite) of number N, excluding the number itself and 1, then in a

chain consisting of N elementary oscillators, there exist p cluster
structures based on O (n) for different n. If ¢ is the number of all

odd multipliers (simple and composite) of number N, including this

number if it is odd, then there exist g cluster structures based on a

simple cell of C-oscillator O, (n) for different n. The full number

of cluster structures in a chain with a given number N equals p +g¢.

Proof. First, according to the theorem, all cluster structures in the

chain are synthesized based on O, (n) or based on a simple cell of

the type O, (n) Second, all cluster structures consist of an integer
number of corresponding blocks (see Figs. 4.21, 4.24). For a cluster
structure based on O, (n) , the following equality is valid: N =mn,
m=>2, n>2. Hence, we obtain the number of cluster structures on
its base that is equal to p. For structures based on simple cell,
0,(n) N=m(2n-1), m>1, n>2, and that means that the num-

ber of such structures equals g. The total number of structures
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equals p+g. For an inhomogeneous chain, this means that such

and only such a number of structures can be produced in a chain by

manipulating its heterogeneity.

Example. Consider N =100, in this case, p=7, and ¢=2, i.e. 9
structures can be realized in the chain. Let us list these structures:

O, (2) (the structure contains m = 50 pieces of such cluster form-

ing oscillators), O, (4) (contains 25 pieces), O, (5) (contains 20
pieces), O, (10) (contains 10 pieces), O,(20) (contains 5 pieces),
O, (25) (contains 4 pieces), O,(50) (contains 2 pieces), O, (13)
(contains m =4 simple cells O, (13)),), O,(3) (contains 20 piec-

es).

Conclusion 2. On integral manifolds of a chain of oscillators as a
dynamical system. Based on the arithmetic properties of the number
of oscillators in the chain N, as well as on Conclusion 1 of Theorem
4.3.1, it is possible to obtain all integral manifolds of the chain pre-
sented in [97 — 99]. Their mathematical representations are obtained
by equating the vectors of dynamic variables of synchronized oscil-
lators. According to the theorem proven, it can be stated that there

are no other than these “cluster” integral manifolds in the chain.
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4.4. C-oscillators and cluster structures of a ring

Along with the chain, the ring of oscillators is one of the basic
models of the theory of oscillations and waves [199]. In particular,
the ring is a model for studying autowave processes in active media
with periodic boundary conditions, for studies of the dynamics of
collective phase synchronization systems, ring systems of super-
conducting transitions, and it is also used in modelling biological,

chemical, and other systems [65, 96, 98, 200 — 203].

In the development of the theory of cluster structures, in what fol-
lows, we will consider cluster-forming objects of the ring and estab-

lish all existing types of cluster structures [204].

Cut cluster structures of the ring. Suppose that the circuit of the
cluster structure of the ring contains a cut pair. Cutting this pair re-

duces the circuit in the ring to the equivalent circuit in the chain. This
means that the basic, known-to-us C-oscillators of the chain, O, (n)
and O, (n) are also the basic ones for the ring. Definitions of these

cluster forming oscillators are provided in the previous section.

A fusion of the schemes of the cut cluster structures is carried out in

a similar way as it was done for the chain, but with one remark: the

number blocks of C-oscillators O, (n) in a circuit of the cluster

structure is always even. This is not difficult to explain: first, if, as a
result of cutting the cut pair, the circuit of the ring turns into a cir-

cuit of the chain, then conversely, the circuit of the chain turns into
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a circuit of the ring as a result of connecting the oscillators. Second,
since in this procedure the above oscillators are “same-coloured”,

the corresponding structure in the chain is centrally symmetric.

Hence, the conclusion: the number of circuit blocks O, (n) in a

corresponding structure is always even. Fig. 4.37 shows a circuit of

a cut cluster structure synthesized based on O, (n).

As an example, Fig. 6.38 shows a cut cluster structure as a synchro-
nization of the pair of C-oscillators O, (3) in a homogeneous ring
of N =6 diffusive coupled Chua’s oscillators. The following pa-
rameter set has been used: {(x, B, v, my, my, 8} =
={9.5,14,0.1,—-1/7,2/7,0.34}. The first and sixth, as well as the

third and fourth, elementary oscillators are two cut pairs of the clus-

ter structure.

Fig. 4.37. A fusion of the cluster structure of a ring based on C-oscillator

of the type Oy (n).
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Fig. 4.38. Cut cluster structure based on a pair of C-oscillators of the type

0

< (3)-

n n=1

In contrast to structures based on O, (n) the number of simple cells

based on O, (n) in the cluster structure of a ring can be arbitrary —

even or odd. Fig. 4.39 shows a fusion of the circuit of a cut cluster

structure based on simple cells O, (n).
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Fig. 4.40. Cut cluster structure as a synchronization of a pair of simple

cells of the type O, (2).

To illustrate the aforesaid matter, Fig. 4.40 shows a result of the

numerical experiment: it shows a cut cluster structure as a synchro-

nization of two simple cells Oa(2) in a homogeneous ring of

N =6 Chua’s oscillators. The following parameter set has been

used: {o, B, v, my, my, e} ={9.5;14;0.1,-1/7;2/7;0.2175}.

Uncut cluster structures of the ring. Suppose that the structure of
the ring contains no cut pairs. In this case, it represents a simple cell
and, therefore, its circuit shall be converged to the circuit of a cer-
tain (sought) C-oscillator. In a homogeneous ring, it is natural to
associate procedures of convergence with the different types of

symmetry.
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1. Mirrored cluster structures of the ring. According to our
knowledge of a chain, one of the procedures of convergence — fold-
ing of a circuit of the structure of the simple cell along the its axis
of symmetry, can be also considered as a mirroring. In the case of a
ring, this axis is a diameter that passes through the centers of fig-
ures of the oscillators (we consider the ring as a circumference with
a homogeneous distribution of oscillators). For another case of the
axis of symmetry — diameter that passes through centers of cou-
plings, the structure would be a cut structure, which has been al-

ready discussed above.

Suppose that the circuit of the cluster structure is symmetric with
respect to a certain diameter AF. By folding the circuit over this
diameter and aligning the same-coloured images, we obtain the case
shown in Fig. 4.41a. Elementary oscillators are placed over a radial
arc and the first and last ones are half-oscillators. The physical
sense of these half-oscillators is clear. If all oscillators of the arc are
not synchronized (have different colours), then their circuit is the

sought C-oscillator and the procedure of convergence is finished.

Let us, however, suppose that there is a general case when there are
synchronized oscillators among the oscillators of the arc (same-

colored ones), see Fig. 4.41a. Then the circuit of oscillators of arc

AF represents an integer number of circuits of C-oscillators. The

circuit of a basic C-oscillator shall be such that it would occupy the

whole arc AF (with half-oscillators at the ends). In the opposite
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case, the transition to this case would be absent for the increased

number of oscillators of the cluster forming oscillator.

B

Fig. 4.41. Convergence of the circuit of a “mirrored” cluster structure

of the simple cell.

Staring from oscillator F, we select all successive “multicolored”
clementary oscillators — an arc of oscillators. Continuing to bend
this and similar arcs through the middle of the final oscillator, we

obtain the picture shown in Fig. 4.41c. Fig.46.41b shows the arc

before the last iteration. Elementary oscillators on arc AF represent
the circuit of the sought C-oscillator, the basic one for the cluster

structure, which we will call the mirror cluster structure. We denote

itas O, (n).

Definition 4.4.1. A system of n>2 coupled elementary oscillators

of the form

X=G(X)-¢B, ®CX, (4.14)

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conl terns-of -use



Existence, Fusion and Stability of Cluster Structures in 369
Lattices of Oscillators
X=(X.X,....X,) . G(X)=(F (X)), B(X,),... F,(X,)) .
2 2 0 0
-1 2 -1 0
o -1 2 -1
0o -1 2
B/ = :
2 -1 0 0
-1 2 -1 0
0o -1 2 -1
o o0 =2 2

is called the mirror cluster oscillator O),(n) and, conditioned that,
in the phase space, there exists attractor A (n) , such that for
V(X Xy, X, ) €4y (n), X;#X,, i#j, i=Ln, j=Ln

Eq. (4.14) can be obtained in different ways, and in particular, from
Eq. (4.13), for which the following boundary conditions should be

taken: X, =X,, X, ;=X,_,.

Fig. 4.42 shows a mirror cluster structure in a homogeneous ring of

N =6 Chua’s oscillators. The following parameter set has been
used: {a, B, v, my, my, e} ={9.11,14,0.1,-1/7,2/7,0.25}. The sur-
face of a “mirror” passes through the first and fourth oscillators.

The fusion of the circuit of the mirror structure is carried out in the

order opposite of convergence: by a series of a chain of mirror re-

flections of the circuit of mirror cluster forming oscillator: its mir-
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ror reflection is attached to the arc of the oscillators 4B and so on,

up to the closure of the circuit of the structure into the ring.

It is not difficult to derive a formula for coupling the number of os-
cillators in the ring with the number of C-oscillators in the fusion of

the structure and the number of elementary oscillators in the cluster

forming oscillator itself: N =2m(n—1), where m is the number of

C-oscillators that “cover” a half of the ring. From this formula, it

follows that if r is the number of all multipliers of number N/2,

including the number itself, then in the ring there exist » mirror

cluster structures based on C-oscillator O (n). For instance, for
N =12, there exist three structures based on O} (n): one consist-
ing of two C-oscillators O, (7), one consisting of four C-

oscillators O, (4), and one consisting of six C-oscillators O, (3).
For N =6, there exists one mirror structure in the ring based on the
synchronization of O, (4) the example of which is shown in Fig.

4.42.
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Fig. 4.42. Mirror cluster structure based on Oy, (4).

2. Cyclic cluster structures of the ring. This type of cluster structure
is associated with the symmetry of the rotation of the ring. Howev-
er, we come to the existence of such structures and define their base
C-oscillator based on the physical principles reflected in the ele-
mentary transformations and the coagulability of circuits of the
structures. Suppose that a certain uncut n-cluster structure is real-
ized in the ring. We reduce all of the elementary oscillators of one
cluster to a single node (by short circuiting, see Fig. 4.43a). As a
result, we obtain a figure resembling an m-petal “rose” (see Fig.

4.43b).
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Fig. 4.43. Convergence of a circuit of the cyclic cluster structure.

Suppose that, among the oscillators of each petal, there are no sin-
gle-coloured ones (from different clusters). Now we prove that, in
this case, the order of the oscillators on the petals is the same: con-
tinue the convergence of the circuit of the cluster structure by turn-
ing the “petals” until the matching of same-coloured oscillators
(short circuits). As a result, a ring of unsynchronized oscillators is
formed (see Fig. 6.43c). This ring also represents the sought C-

oscillator of “cyclic” structures.

The fusion of the circuit of the cyclic structure is carried out in the
reverse order: we assume that there are m identical rings (cluster
forming oscillators) superimposed on each other. Further, this sys-
tem unfolds with respect to the image of any oscillator (more pre-
cisely, a node of m identical oscillators) into an m-petal “rose”.
Then the images of the oscillators located in the nodes blossom in
their places. The same result is obtained as a result of successive

rotations of the arc of “multi-coloured” oscillators.
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We denote the basic cluster forming oscillator of cyclic cluster

structures as O} (n).

Definition 4.4.2. A system of n>3 coupled elementary oscillators

of the form

X=G(X)-¢B] ®CX,

X=(X. Xy, X, ). G(X)=(F(X).F, (X,), . F,(X,))

2 -1 0 O 0 0 0 -1
-1 2 -1 0 0 0 0 O
0 -1 2 -1 0 0 0 O
0 0 -1 2 0 0 0 O
B.=|: i S A A

0 0 O 2 -1 0 O

0 0 O -1 2 -1 0
0 0 0 O 0 -1 2 -1
-1 0 0 O 0 0 -1 2

is called the cyclic C-oscillator O] (n) and is conditioned that, in

the phase space, there exists attractor A, (n) such that

forV(X;, Xy,... X, )e 4; (n), X; =X, i#j, i=Ln, j=ln

One can see that Eq. (4.15) represents a ring of # oscillators.
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It is not difficult to see that Eq. (4.15) represents a ring of # oscilla-
tors. Fig. 4.44 shows a cyclic cluster structure obtained in a homo-

geneous ring of N =6 Chua’s oscillators. The following parameter

set has been used: {o, By, my, my, &} =

={9.5,14,0.1,-1/7,2/7,0.08}.

It is evident that the number of synchronized C-oscillators and the
number of clusters are related to the number of oscillators in the
ring by a simple relation: N =mn. This allows formulation of a
simple statement: if s is the number of all multipliers of number N,
excluding A itself, then the number of cyclic structures in the ring

equals s. For instance, for N =12, there exist four cyclic structures

based on O;(n): a structure of two C-oscillators of the type
O; (6), a structure of three C-oscillators of the type O; (4), a
structure of four C-oscillators of the type O; (3) and a structure of

six C-oscillators of the type O; (2). For N=6 and a structure of

six C-oscillators of the type Fig. 4.44.
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Fig. 4.44. Cyclic cluster structure based on O; (3)

Above, we have defined four types of cluster structures of the ring.

The inner conviction suggests (everything is taken into account,

nothing else can be) that a complete group of cluster forming oscil-

lators is found. Let us try to prove it. We formulate a simple lemma.

Lemma 4.4.1.

1) If the oscillators at the ends of two parallel chords are synchro-

nized in pairs (see Fig. 4.45a), then the oscillators at the ends of all

of the chords of the bundle are synchronized in pairs.

2) If the oscillators at the ends of two intersecting chords are syn-

chronized in pairs (see Fig. 4.45b), then the oscillators at the ends
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of all of the chords of the bundle are synchronized in pairs (oscilla-

tors are distributed along the ring in an appropriate way).
Proof.

1) Consider oscillators of chord EF. We write the Kirchhoff equa-

tions for oscillators 4 and B:

Fig. 4.45. Example for Lemma 4.4.1.

According to condition V, =V, V-=Vp, 1, =15 (synchroniza-
tion). Hence, we obtain the equality V; =V}, i.e. oscillators £ and

F are synchronized. Further, the reasoning is repeated for the oscil-

lators of all other chords of the bundle.

2) The proof is similar to the first case. Consider oscillators of
chord EF. The Kirchhoff equations for oscillators 4 and B have the

form:
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According to the condition V, =Vy, V.=V, I,=1y (synchroni-
zation). Hence, we obtain equality V; =V, i.e. oscillators £ and F

are synchronized. Further, the reasoning is repeated for the oscilla-

tors of all other chords of the bundle.

Theorem 4.4.1. Cluster forming oscillators O, (n), O,(n),
O, (n)and O; (n) constitute a full set of types of C-oscillators in a

ring of oscillators and define all types of cluster structures that can

exist in the ring.

Proof. Let us assume that some cluster structure is realized in the

ring. We select arc AF with the maximum number 7 of unsynchro-
nized oscillators and number them counter-clockwise, starting at

one end (see Fig. 4.46).

By the condition, the oscillator G is synchronized with one of the

oscillators of arc AF We will consider various cases. If in each of
them the cluster structure is represented by one of the four of these
C-oscillators, then this will be a proof of the theorem, excluding, of

course, physically impossible cases.

1) Suppose that oscillator G is synchronized with oscillator F. In

this case, this pair of oscillators is a cut pair and, therefore, this
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cluster structure is also a cut structure. The basic cluster forming

oscillators of such structure are O, (n) or O, (n).

Fig. 4.46. For Theorem 4.4.1.

2) Suppose that oscillator G is synchronized with oscillator E. Ac-
cording to p.1 of Lemma 4.4.1 (a special case when one of the
chords is tied to the point), oscillators at the ends of all chords that
are parallel to GE are synchronized, and we have a structure that is
symmetric with respect to the diameter passing through the oscilla-
tor F. If the number of oscillators in the ring is odd, then the last

short chord of the bundle contracts the cut pair; that is, there is

again a cut structure with the basic C-oscillator O, (n). If the num-

ber of oscillators is even, then diameter FIL passes through the mid-

dle of the oscillators. Suppose that, among the oscillators of arc

LG, there is no cut pair (otherwise the structure is cut and its C-

oscillator is O, (n) ). In such a case, this cluster structure (symmet-
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ric with respect to diameter FL) is a “mirror” and its C-oscillator is
0. (n).

3) Suppose that oscillator G is synchronized with oscillator C. We
make equivalent transformations of the cluster structure: synchro-
nized oscillators C and G are “tightened” into a node, and then we

“move” them along different circles (see Fig. 4.47a,b).

We write the Kirchhoff equations for oscillators G and C in the first

and second positions of the system:

Vago vV, =2V = IGR, Vk71+Vk+2_2VC =1I-R,

Vk—l + Vn+2 _2VC ZICR» Vk+1 + Vn _2VG ZIGR.

Fig. 4.47. Equivalent transformations of the circuit of a cluster structure.

Taking into account equalities V; =V, I; =1 (synchronization),
we obtain V, =V, and V, , =V,,,. For any k>1, these equa-

tions contradict the condition that the first n oscillators are not syn-

chronized, and when k=1, taking into account that V;, =V, we
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obtain equalities V,, =Vy, V,,, =V,. According to Lemma 6.1, the
latter equations define a cyclic cluster structure with basic C-

oscillator O (n). (see Fig. 4.47c). The theorem is proven.

Conclusion. If p is the number of all multipliers (simple and com-
posite) of number N/2, including the number itself, and ¢ is the

number of all odd multipliers of number N, including the number
itself if it is odd, then the full number of cut structures in the ring

equals p+gq. If 7 is the number of all multipliers of number N/2,
including the number itself, then in the ring there exist » “mirror”

cluster structures based on C-oscillator O, (n) If s is the number of
all multipliers &, excluding V, then the number of cyclic structures
based on C-oscillator O} (n) equals s. The full number of cluster

structures of all types equals p+qg+7r+s.

The proof of the conclusion is actually given above, during the in-

vestigation of types of cluster oscillators.

For example, if N =12,then, according to Conclusion, there are 11

cluster structures in the ring. Listing them is not difficult. Note that

in the case of a simple A, there exists a unique simple cell (it is also

a cut one) in the ring based on simple cell O, (n) with number of

clusters n=(N + 1)/2.
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Fig. 4.48. Examples of cluster structures based on different cluster struc-

tures and based on the different C-oscillators of the ring:
a) structure based on C-oscillators Oy, (5), b) structure based on C-

oscillators Oy (4), c¢) structure based on C-oscillators O, (2), d) structure

based on C-oscillators O (4).

At the end of this section, we also note that the above types of clus-
ter forming oscillators can serve as the basis for the circuits of
structures, not only in the ring, but also in other lattices, for which

the ring is an element of their construction (see Fig. 4.48).
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4.5. C-oscillators, simple cells and cluster structures
in two-dimensional lattices

Two-dimensional lattices of oscillators are common models of the
theory of oscillations and waves. A lot of papers [100, 205 — 213,
etc.] are devoted to the study of dynamic processes from various
fields of natural science, modeled with the help of these objects. We
are interested in studying the existence and systematization of vari-

ous types of cluster structures in these lattices.

The study of structures will be carried out in the context of syn-

chronization of C-oscillators and their simple cells [190, 191].

The equation of a two-dimensional oscillator lattice has the follow-

ing form:

(4.16)
We define the boundary conditions in (4.16) later on.
One-dimensional C-oscillators of two-dimensional gratings.

1) Note that the chain is a special case of a two-dimensional lattice.
Its equations are obtained from Egs. (4.16) by imposing boundary

conditions of the form X,;=X;;=X;, X =X};=X,
X5, =X, =X, X,y =X, =X,. For this reason, C-oscillators

of the chain: O, (n) and O, (n) are the same for a two-dimensional
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lattice. We denote O (n) as O, (1xn). Further under the notation *

m x n”, we will mean both the dimensions of the respective lattice

and the product mn. It is obvious that the denoted C-oscillator and

O, (lxn) physically identical and must be classified as one type:

up to notation, they are represented by the same equations and have
the same “working” attractors. However, structures based on one or
the other, synthesized in the same lattice, will be different. This fact
should be taken into account. An example is shown in Fig. 4.49.
Hereinafter, the couplings between the images of elementary oscil-

lators are depicted by joining the sides of the squares.

Let us formulate a statement about the number of structures of this

type in the lattice N, x N,.

Fig. 4.49. Examples of one-dimensional C-oscillators of two-dimensional

lattices based on C-oscillators O, (1xn) and O, (nx1).

Statement 1. Suppose p and g are the numbers of all multipliers of

numbers N; and N, accordingly, including the numbers N; and

N, themselves in the number of multipliers, then the total number
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of structures based on C-oscillators O, (1xn) and O, (nx1)in the

lattice with dimension N, x N, equalsto p+gq.

2) The second type of C-oscillators of chains O, (n) is also a struc-
ture-forming C-oscillator of two-dimensional lattices. We denote it
as O, (Ixn). The latter is defined by system of oscillators (4.16)
for i=1, j =1,_n and with boundary conditions X, j= X, ;= X s
X0 =X =X, Xy, =X, =X, X, =X, =X,,. It is assumed
that the system contains a cluster attractor A4, (n) in its phase space.
Similarly to above, C-oscillator O, (nx1) is identified with C-

oscillator O, (1 X n) with reservations made regarding the fusion of

circuits based on them. Examples of circuit fusion based on this C-

oscillator are shown in Fig. 4.50.

Statement 2. Suppose p and g are the numbers of all odd multipliers

of numbers N; and N, accordingly, including the numbers N, and
N, themselves in the number of multipliers, if they are odd. In this
case, the total number of structures based on C-oscillators

0,(1xn) and O, (nx1) equalsto p+gq.

Two-dimensional C-oscillators.

Since we are dealing with a rectangular lattice, it is natural to as-

sume that simple cells have the same form. This assumption is, ac-
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tually, correct. If the circuit is not cut, then it entirely represents a
rectangular circuit of a simple cell. If it is cut, then by simple
means, one can prove that the cut line cannot be a broken (non-
straight) line. When folding the simple cell, we will use various

types of symmetry of rectangles (and/or squares) [214].

B EE o m EEEEED
III|+ & 8 4. - %
B EE 6 M T
a b

Fig. 4.50. Cluster structures of simple cells of C-oscillators

0, (1xn) and O, (nx1).

3) Let us assume that a certain cluster structure is realized in the
lattice under consideration and its circuit is cut into identical circuit
blocks of simple cells. We will evaluate various options of how the
cluster structure of the simple cell itself can be “arranged”. The first
of the possible cases is the case of the maximum number of clus-
ters, or, in other words, the case when all the oscillators of the sim-
ple cell are unsynchronized. In this case, the simple cell is special,
and it also represents a special C-oscillator: a two-dimensional ana-

logue of O (n) in the chain. We denote it as Oy, (mxn) and define

it as a system of oscillators (4.16) with boundary conditions

Xo; =Xy, X=X, X =X,» X =X, (rectangular

m+1j
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mx n -lattice) provided there is a cluster attractor A (mn) in its

phase space.

Statement 3. Suppose p and g are the numbers of all multipliers of
numbers N, and N, accordingly, including the numbers them-
selves in the number of multipliers, then in a lattice with dimension

Ny xN,, there exist pg—1 of cluster structures based on C-

oscillator Oy (mxn), m>2, n>2.

Note that O, (n) can be considered as a special case O (mxn),

when one of the numbers equals to one.

An example of the fusion of a circuit of cluster structure based on
C-oscillator O, (2 X 3) in a rectangular lattice with dimension
(4><6) depicted in Fig. 4.51a, while Fig. 4.51b shows an example

of a “free” fusion of a circuit of the cluster structure in an “irregu-

lar” lattice based on the same C-oscillator (as a by-product).

Fig. 4.51. Fusion of a circuit of cluster structure based on C-oscillator

O, (2x3): a) in a rectangular lattice; b) in the “irregular” lattice.
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4) Suppose that a rectangular (or square) simple cell is not special,
that is, there are synchronized oscillators among its elements. Con-
sequently, its circuit in one or another way should be reduced to the
circuit of C-oscillator. We will take into account the experience of
folding simple cells of a chain and of a ring using different types of

symmetry. We start with the case of one iteration of folding.

Suppose that the circuit is symmetric with respect to one of the
symmetry planes (as one knows, there are two of them). In this
case, the respective side of the rectangle contains an odd number of
elements, and the trace of the mirror passes through the middle of
images of the oscillators. Otherwise (the number of oscillators on
the side is even), the trace of the mirror would be a cut line, which
would contradict the property of the simple cell. Bending the cluster
structure through the mirror’s trace, we obtain the image of the C-
oscillator (see Fig. 4.52). Suppose that an odd number of oscillators

is located in a column (see Fig. 4.52a). In this case, the C-oscillator,
which we denote is determined by system (4.16) for i= 1,m,
j=Ln with boundary conditions X, =Xy X=X,

m X., =X,,,;» which has a cluster attractor in the

m+lj»
phase space 4, (mn) A simple cell of this C-oscillator consists of
a pair of rigidly coupled C-oscillators. Her size is (2m—1)xn. Asa

check, one can make sure that the equations of the simple cell are

represented by a pair of systems of coupled C-oscillators and de-
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compose into a pair of these systems in the regime of data synchro-
nization of C-oscillators. This is a formal criterion for the fact that

the found object actually represents a C-oscillator.

The fusion of the circuit of the cluster structure of a simple cell oc-
curs in the reverse order — by attaching its mirror image to the im-
age of C-oscillator.

o L

Fig. 4.52. An example of a mirror transformation of cluster structure —

the folding of simple cells based on C-oscillators O, (mxn)

and Oy, (mxn).

If the cluster structure of a simple cell is symmetric with respect to

another plane (see Fig. 4.52b), then we come to the definition of C-
oscillator O, (m X n). This will be system (4.16) for i= I,_m,
j=Ln and with boundary conditions Xo; =Xy, X=Xy,
Xin-1 = Xins1» Xpyj = X,51,- In this case, the size of the simple cell
mx(2n—1). An example of C-oscillator Oy, (2x3) and of the fu-

sion of the simple cell is shown in Fig. 4.52b. Both C-oscillators

belong to the same type. Note that C-oscillators O, (Ixn) and
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O,(mx1) can be considered a special case of these two-

dimensional C-oscillators.

Based on the size of simple cells and the size of the lattice N;xN,,
we obtain the following statement about the number of structures

based on C-oscillators O, (mxn) and Oy, (mxn).

Statement 4. Suppose p and ¢ are the numbers of all odd multipliers

of numbers N, and N,, accordingly, including the numbers N,
and N,, themselves in the number of multipliers if they are odd. If
n, and n, are the numbers of all odd multipliers of numbers N,
and N,, including the numbers themselves in the number of multi-
pliers. Then in this lattice there exists pn, and gn; cluster struc-
tures based on C-oscillators O, (mxn) and O,,(mxn), respec-
tively. The total number of structures of this type pn, +gn,. For
example, in the lattice 3x6 p=1, g=1, n =1, n, =3,that is,

there are four cluster structures of this type. All of their fusion dia-

grams are shown in Fig. 4.53.

Note, if N; and N, are integers, then in the lattice N;x N, there
are only two cluster structures of this type. One of them has the

number of clusters N, (N, +1)/2, while the second one —

N, (N, +1)/2.
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Fig. 4.53. An example of the fusion - cluster structures based on

C-oscillators O, (mxn) and Oy, (mxn) in the lattice with dimension 3x6.

5) Suppose that the circuit of a cluster structure of the simple cell
obtained as a result of one iteration of folding (as a result of bend-
ing the circuit through one of the axes) contains synchronized oscil-
lators. This figure is symmetric about the second plane of sym-
metry, the trace of which also passes through the middle of images
of the oscillators. Otherwise, the cluster structure would be cut,
which contradicts the condition. Performing the second bend of the
circuit through the trace of the second mirror, we obtain the circuit
of the desired C-oscillator. Such a procedure of folding a circuit
that is mirrored with respect to two planes is shown in Fig. 4.54.
Here the “quarter” of the image of an elementary oscillator has the

same meaning as the “half”.
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Writing the equations of a simple cell in the form of a quadruple of
coupled systems, one can make sure that the resulting object indeed
represents a circuit of the C-oscillator.

We denote the resulting C-oscillator O, (mxn) and define it as
system (4.16) for i = 1,m, j= 1,n (rectangular lattice of mn oscilla-
tors) with boundary conditions of the form X,; =X, X, =X,
Xon-1; = X1 Xiog = Xy under the condition of existence of a
cluster attractor A,,(mn). A simple cell of this type consists of

four coupled C-oscillators and has dimensions (2m—1)x(2n—1).

7]

a b c
Fig. 4.54. The order of folding the circuit of the cluster structure with

double axial symmetry.

From what has been said, we formulate a statement about the num-

ber of structures based on O, (mxn) in the lattice with dimension

leNz.
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Statement 5. Suppose {p}, {q} are all odd multipliers of numbers
N, and N,, including the numbers N, and N, themselves if they
are odd. Then the number of cluster structures based on O, (mxn)

in the lattice N, x N, is equal to the number of all possible pairs

( Dis qj). The number of clusters in each structure 1is
mnz(pi+1)(qj+1)/4.

6) Let us turn to the circuits of simple cells with central symmetry.
Suppose that in mxn cell, a cluster structure with central sym-
metry is implemented and at least one of its dimensions is an even
number. The procedure for folding the circuit of the cluster struc-
ture in this case will look as follows. Let us mentally draw a
straight line (perpendicular to the even side) dividing the circuit
into two parts, containing identical sets of non-synchronized oscil-
lators (see Fig. 4.55a). In this case, the circuits of both parts can be
combined as a result of turning one of them by 180° relative to the
center (see Fig. 4.55b). We assume that couplings of the oscillators
adjoining along the named line are preserved. Carrying out this pro-
cedure, we obtain the diagram shown in Fig. 4.55¢. The set of oscil-

lators of this lattice represents a C-oscillator, which we denote
03, (mn/2) and will call it the mrectangle. Here mn/2 is the

number of clusters in the cluster structure of the simple cell.
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Fig. 4.55. The order of folding the circuit of the cluster structure with cen-

tral symmetry based on O3, (mn/2)

Statement 6. Suppose p and ¢ are the numbers of all even multipli-

ers of numbers N, and N,, including the numbers N, and N,
themselves if they are odd. Suppose n; and n, are the numbers of
all multipliers of numbers N, and N,, including the numbers N,

and N, themselves. Then in this lattice there exists pn, +gn; clus-

ter structures based on O3, (mn/2).

7) Let us assume that a simple cell with a centrally symmetric clus-
ter structure has dimensions m x n , where both numbers are odd. In
this case, the center of the lattice is located on the image of the cen-
tral elementary oscillator. The procedure for folding the circuit of
the cluster structure scheme to the circuit of C-oscillator will be as
follows. Let us mentally draw a three-link broken line, crossing the
central oscillator and dividing the circuit into two identical blocks,
composed of their “multi-colored” oscillators (see Fig. 4.56a). The

resulting pair of circuits is united as a result of turning one of them
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by 180° relative to the center of the lattice (see Fig. 4.56b). We as-
sume that the couplings between all oscillators are preserved. As a

result of rotation, we obtain an image of the C-oscillator (see Fig.

4.56¢). We denote this C-oscillator OF, ((mn +1)/2) and will call

it 77flag. Here (mn+1)/2 is the number of clusters produced by

this C-oscillator. The fusion of the circuit of the cell occurs in the

reverse order.

Based on the size of the simple cell, we formulate the following
statement about the number of cluster structures in the lattice

Ny xN,, whose circuits can be synthesized based on
o¥ ((mn +1)/2).

Statement 7. Suppose {p}, {q}are the numbers of odd multipliers

numbers N, and N,, including the numbers N, and N, them-
selves if they are odd. Then the number of cluster structures based

on O,,(mxn) in the lattice Ny x N, is equal to the number of all

possible different pairs ( Pi>4; )

The list of C-oscillators of two-dimensional lattices will be incom-
plete if we do not add to it the types of C-oscillators that define
cluster structures in square simple cells and are associated with

their additional diagonal symmetry.
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a b c

Fig. 4.56. Folding of the cluster structure with central symmetry based on

0 ((mn+1)/2).

8) Let us start with the case of the maximum number of clusters of
a cluster structure in a square simple cell. Let us assume that the
number of unsynchronized (“multi-colored”) oscillators on the side
of the square equals to n and the cluster structure is symmetric with
respect to one of its diagonals. By over-bending the circuit of the
structure via the diagonal (mirror trace, see Fig. 4.57a), we obtain

the circuit of a C-oscillator (see Fig. 4.57, b). We denote this C-
oscillator Of, (n(n+1)/2) and will call it flag 2. Here n(n+1)/2
is the number of cluster produced by the C-oscillator.

Based on the simple problem of the number of ways to cover the

lattice N;x N, by all possible squares, we will formulate a state-

ment about the number of cluster structures, the base of which can

be OZfa (n(n + 1)/2) for the different .
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a b

Fig. 4.57. Folding of a circuit of a simple cell based on O~2’; (n (n + 1)/2) .

Statement 8. Suppose {p}, {q} are the numbers of all multipliers

of numbers N, and N,, including these numbers themselves. Then
the number of cluster structures based on 0J, (n(n+1)/2) in the
lattice N;xN, equals to the number of possible pairs

( Pi»4; = pl.) of identical multipliers.

9) To continue the study of the types of C-oscillators, it is necessary
to separate the cases of an even and an odd number of oscillators

located on the side of the square.

Suppose that the number of oscillators on the side of the square is
even, n=2k. Let us also assume that after the first iteration (the
first bend via the diagonal), the resulting figure contains synchro-
nized oscillators, symmetric with respect to the second diagonal
(see Fig. 4.58a,b). Bending the last figure through the second diag-

onal, we get a figure filled with unsynchronized oscillators: a circuit
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of C-oscillator. Let us denote this C-oscillator O{a ((n2 +2n) /4)

and we will call it flag 4.

In this case, the simple cell consists of four coupled C-oscillators.

The meaning of the halves of the oscillators is already known.

Let us formulate a statement about the number of structures of a

given type in a lattice of given dimensions.

Statement 9. Suppose {p}, {q} are the numbers of all even multi-

pliers of numbers N, and N,, including these numbers themselves

if they are even. Then the number of cluster structures based on

O‘{a ((n2 +2n)/4) in the lattice N, x N, equals to the number of

possible pairs ( Pi»4q; = pl-) of identical multipliers.

a b c

Fig. 4.58. The order of folding of a circuit of simple cell based on

Of, ((n*+2n)/4).
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10) Suppose that the number of oscillators of the square is odd,
Oé{a ((n2 +2n) /4) Let us also assume that after the first iteration
(bending via the diagonal), synchronized oscillators, symmetrical
with respect to the second diagonal, remain in the resulting figure

(see Fig. 4.59b). Performing the second iteration, we obtain a figure

filled with unsynchronized oscillator: a circuit of C-oscillator (see
Fig. 4.59c). We denote this C-oscillator Of, ((n+1)2 /4) and we

will call it pyramid 4. Simple cell consists of four coupled C-

oscillators.

Let us formulate a statement about the number of structures of a

given type in a lattice of given dimensions.

i A

a b c

Fig. 4.59. The order of folding of a circuit of simple cell based on
Of, (n+1? /4).
Statement 10. Suppose {p}, {q} are the numbers of all odd multi-

pliers of numbers N; and N,, including these numbers themselves

if they are odd. Then the number of cluster structures based on
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o}, ((n+1)2 /4) in the lattice N, xN, equals to the number of

possible pairs ( Pi»4q; = pl-) of identical multipliers.

11) The structure in a square with an odd number (n =2k +1) of

oscillators has one more C-oscillator. Let us assume that after two
iterations performed in paragraph 10, in the resulting circuit (see
Fig. 4.59c¢), there remain synchronized oscillators, which are sym-
metric about its plane of symmetry. In this case, the folding of a
circuit of the cell can be continued by bending through the respec-

tive axis. The sequence of iterations is shown in Fig. 4.60. We de-
note the resulting C-oscillator as O, ((n+1)(n+3)/8) and will
call it flag 8.

The fusion of the circuit of a cluster structure of the simple cell oc-
curs in the reverse order. The simple cell consists of eight rigidly

coupled C-oscillators. The meaning of 1/8 of the oscillator’s image

1S the same as one for 1/2.

The number of structures based on Of, ((n+1)(n+3)/8) is defined
by Statement 10.
Remark. There are no similar structures in a square with an even

number of oscillators: when carrying out reverse iterations of the

respective triangle shown in Fig. 4.60 (in the order: d, c, b, a) we
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would obtain a cut structure (see Fig. 4.61). This contradicts the

fact that a square lattice represents a simple cell.

e

Fig. 4.60. The order of folding of a circuit of simple cell based on

o, ((n+1)(n+3)/8).

> A

Fig. 4.61. Illustration for the Remark: (example of a cut structure).

Apparently, (n+1)(n+3)/8 is the minimum number of clusters in
the structure, which is possible in a square oscillator lattice with an

odd number of elementary oscillators and, (n2 + 2n) / 4 is the min-

imum number of clusters in the structure, which is possible in a
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square oscillator lattice with an even number of elementary oscilla-

tors.

Above, we have considered all types of symmetries of structural
schemes of rectangles and squares. The case of a special C-
oscillator is also considered. Thus, there is enough confidence to
believe that the presented set of types of C-oscillators is complete

for a two-dimensional lattice. We omit the proof of this simple fact.

4.6. Stability of cluster structures

The phase space of homogeneous lattices of oscillators is compli-

cated. In the general case, along with an attractor representing the
cluster structure of interest (for example, A4 (n), 4,(n), etc.),
there also exist other attractors in the phase space. These attractors
can include attractor A(l), which corresponds to spatially-
homogeneous state of the lattice, which occurs always. This cir-
cumstance substantially complicates the problem of studying the

stability of structures, including narrowing the set of research

methods (excluding the second Lyapunov method). In addition, if
the intrinsic properties of the main attractor A(l), which we dealt
with earlier, do not depend on parameter of the lattice €, then this
cannot be said of cluster attractors. Their properties, in particular

the Lyapunov exponents, as well as the existence of these attractors,

are determined by this parameter, which excludes the possibility of
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formulating the stability conditions explicitly, like in the case of
spatially homogeneous structures. This creates additional difficul-
ties in the refinement of the analytical conditions of stability and

suggests additional numerical or full-scale studies.

The stability of structures was considered from different positions
in [94, 95, 98 — 101, 215 — 222, etc.]. We will solve this problem
within the framework of the aforementioned concepts of structures

as products of synchronization of group oscillators.

Further, we assume that attractors of the cluster structures of inter-
est exist and their properties are known. In particular, we assume

that the maximal Lyapunov exponents of attractors are known.

¥, 1 W,

a b

Fig. 4.62. A circuit of C-oscillator O; (n), a); and tape cluster structure on

its basis, b).
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Stability of the simplest cluster structure based on O, (n) during

the parallel fusion.

Fig. 4.62 shows a circuit of C-oscillator O, (n) as well as a circuit

of a cluster structure on its base.

Equations of the lattice are composed using the experience from the

previous sections. For vectors of the dynamical state of C-oscillator
Yj = col(XU, ij, v an ), j=1,N,, these equations take the
form

Y, =G(Y,)-5(1,®C) (=Y, +2Y, Y ,,),

j=12,...,N. (4.17)
With boundary conditions: Y, =Y, Yy =Yy .
Let us study the local stability of attractor A (n), by linearizing
(4.17) in the vicinity of solution Y;=Y, =...= Yy, = &(t) €A, (n)

T
With respect to vector U= (Up U,, ..., UNS_I) ,  where
U, =Y, -Y,,, the corresponding linear system, written in a form

of one equation, has the form

U=(1,®J(g)-eD, ®1, 8C)U. (4.18)
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where p=N, -1, J,; (&k) is the Jacobi matrix of the elementary

oscillator, J(&)=diag(J, (&), J5(&,), ... J,(E,))—€B, ®C is
the Jacobi matrix of C-oscillator O, (n), and D, is a matrix of the

form

2 -1 0 0
12 -1 0
0 -1 2 -1 0
0 0 -1 2
D, - .
2 21 0 0
12 -1 0
0
0 -1 2 -1
0 0 -1 2

Eq. (4.18) complies with Lemma 3.1.1, and, consequently, with
Theorem 3.1.1 under the condition of replacement of matrix C (in

Lemma and in Theorem) by matrix I, ® C. Taking this into ac-
count and considering that eigenvalues of matrix D, are known to

us, we obtain conditions of stability of the cluster structure in a

form of the following inequalities 8>7»S(n)/4sin22]7z], if

N

C=1,, and e>¢ (A, (;1))/4sin2 % in a general case of matrix

N

C.
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As we see, the inequalities obtained for the stability of a given clus-
ter structure and the corresponding inequalities in the case of a spa-
tially homogeneous structure in the chain are identical in their
forms: the circuit shown in Fig. 4.63 can be interpreted as a “chain
of chains”, so the number of elementary oscillators is replaced by
the number of blocks — C-oscillators. The principal difference is
that, in this case, the Lyapunov exponent depends on number &:

Ay =Ag (n, 8). That is, these parameters are implicit in the coupling

parameter, which means that additional numerical or full-scale stud-
ies of the dependence of the Lyapunov exponent on this parameter
are required for the completeness of the picture. In [172], circuits,
mathematical justification, and a procedure for measuring the expo-
nents in a full-scale experiment are described. This concerns the
case of chaotic cluster attractors. In the case of regular attractors,

the situation looks simple: if the cluster attractor is regular, i.e. if
Ay (n, s) <0, then structure is stable for any corresponding values
of € including the arbitrary, small ones. Obviously, we will arrive at
a result of the same form in the case of a three-dimensional cluster

structure based on Oy, (mxn) in a parallel fusion (see Fig. 4.63).
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o
o

Fig. 4.63. A circuit of a three-dimensional cluster structure in parallel syn-

thesis of C-oscillator: a) a circuit of C-oscillator O (3 X 4), b) a diagram

of a tape-mosaic cluster structure in a three-dimensional lattice 3x4x3.

Stability of cluster structure based on Og(n) during the sequential

fusion.

For the beginning, let us study the case of two C-oscillators (see

Fig. 4.64).

iXp Xy Xy XpiiXe  Xn2 Xas Xpal

Fig. 4.64. A circuit of the cluster structure based on Oy (n).

With respect to vectors Yj =c01(X1j, ij, - an), j=12, the

dynamical system has the form

Y, =G(Y))-¢(C.®C)(Y, - Y,),
Y, =G(Y;)+5(C: ®C)(Y, - V), (4.19)
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where C. =diag(0, 0...,0,1) is the fusion matrix. A linearization

of (4.19) by variable U =Y, —-Y, leads to the equation

U=(J(5)-£2C. ®C)U. (4.20)

Directly from Eq. (4.20), we find that a structure with regular inter-
nal dynamics is stable. This follows from the fact that matrix

€2C, ®C is diagonal and can be considered as a perturbation of
Jacobian J (i) Such perturbations do not increase the Lyapunov

exponents of solutions [174, 223, 224]. In contrast to the parallel

connection, where the fusion matrix was a unit matrix (C* -1, ),

in this case, it is impossible to formulate the stability conditions
directly from Eq. (4.20) or, at least, it is difficult. To overcome

technical difficulties, we formulate an additional lemma.

Lemma 4.6.1. Assume that the norm of variable matrix A(¢) is
bounded: ||A(t)||=u, and A, >0 is the least root of constant

symmetric matrix B. Then, for &>u/A a trivial solution of

min >
equation
¥=(A(1)-B)y (4.21)

is asymptotically stable.
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Proof.  Suppose  that Y(t, to) is a matriciant of equation
§=-cBy.Then ¥(ty)=e ™) and [V (1) =e o0

Taking expression A(t)y as an external perturbation, we rewrite

(4.21) in an integral form:
t
y(z)= IY(t, r)A(T)y(r)dr+Y(z, fy)e,
lo

where ¢ is an arbitrary constant vector. Estimating the norm of the

right- and left-hand sides of this equation, we obtain the inequality

Iy TV Ay (e v )

fo

b

which, taking into account the proposed conditions, is transformed

to the form

[y (o) < ] uly ()] e mntas + Cehma,
Q)

where C is an arbitrary constant. After applying the well-known
lemma (about the integral inequality) [225] to the given inequality,

and after further minor transformations, we  obtain
”y(t)”SCe_(almm_” )=o) From this inequality, it follows that: if
e>p/h then y(t) — 0 for ¢t — oo. The Lemma is proven.

min »
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Let us establish relation of Egs. (4.20) and (4.21). To do so, we se-
lect a variable part A(7)= diag(Jl (&), 32(&), -0 J,, (&n )) (trun-

cated  Jacobian) in  the Jacobian of  C-oscillator

J(&) Zdiag(']l(‘tal)a 3,(&), .. J, (Em))—an ®C, while cluster

matrix B, will be merged with matrix 2C. :

1 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 2
B=(B,+2C,)®C= ®C.
2 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 3

In this case, Eq. (4.20) takes the form of Eq. (4.21). The norm of

the truncated Jacobian:

|A(0)]=max (3, (&) 92 (22)

3, (&)]) =0 (&) =

9 eeey

Here we denote the “partial” Jacobian of the elementary oscillator

with maximal norm J (éo ) It is known that the minimal eigenval-

ue of matrix B, +2C, equals A ;. =4sin24l (see Appendix).
n

Summarizing the aforesaid matter, we formulate stability conditions
for the trivial solution (4.20) (structure): the cluster structure, in the

case of a pair of coupled C-oscillators, is stable if the following in-
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equalities are satisfied: 8>u/4sinzf, it C=I,, and
n

e>¢ (u) 4sin> " in a general case of matrix C. These condi-
4n

tions are sufficient.

Remark. The obtained stability conditions are known to be “rough”.
It may happen that when they are fulfilled, the “working” attractor
of the C-oscillator has already ceased to exist, then the inequality
reflects the stability of the respective integral manifold: the hyper-
surface, on which the mentioned attractor was located. In this case,
the motion of the affix (phase) in the phase space of the lattice will
be as follows: the phase point, starting from the neighborhood of
the respective manifold, approaches it without limit, and then
moves along the manifold to some of its stable submanifolds. With

a large enough ¢ (area of global sustainability of A4(1)), after pass-

ing through all the “empty” submanifolds, the affix approaches
manifold M, and, therefore, attractor A(1), that corresponds to the
spatially homogeneous state of the lattice. If the process is recorded
on the monitor in the form of a chain of phase portraits of elemen-
tary oscillators, then a kaleidoscope of alternating pictures of clus-
ter structures will be observed as a result of the movement of the

phase point “in the tracks” of the former cluster attractors.

Let us consider the case of an arbitrary number of C-oscillators of

the type O, (n). With respect to vectors

s
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Yj = col(le, ij, - an), j=L12,..., k, we obtain the following
system of equations:

Y, =G(Y)+¢(C. ®C)(Y, -Y)),

YV, =G(Y,)-¢(C. ®C)(Y, - Y,)+¢(C"®C)(Y; - Yy),

V3 =G(Y3)-¢(C"®C)(Y; - Y,) +8(C. ®C)(Y, - Vs),

Vi =G(Y)+¢(C" @C)(Yis - Vi), (4.22)

where Cx = diag(0,0,...,0,1) and c =diag(1,0,...,0,0) are the fu-
sion matrices.

System (4.22) is written for odd k. In the case of even ones, in the

last equation the following change is to be done C" > C.. We

study sufficient conditions of stability of the cluster structure.

With respect to vectors U; =Y; —Y,,;, the lincarized system has

the form:
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U, =J(§)U1 -¢(2(c. @)y, —(C* ®C)u,),

J(&) U, —¢(~(C.®C)U, +2(C" @)U, - (C*®C)U3),

2 e((
J(E)U;—5(-(C’ @C)U, +2(C. @ C) U - (€ @ C)U,

U, =3(8)U, —s(—(c* ®C)U,_, +2(C- ®C)Uk_1).

(4.23)

System (4.23), written in a form of one equation has the form

U=1,_, ®(diag(J,(&),95(&,), -9, (&,)) B, ®C)U-

~¢(D, 4y ®C)U, w2t

where U=(U,, Uy, ..., Uy, )T , and matrix

2C. -C 0

—C, 2c* —C. 0

0 -C° 2C.

D,k =
2c. -C 0
0 .

-C. 2C° -C.
0 -C 2C.
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Applying Eq. (4.24) to Lemma 4.6.1, we obtain: A(t) =In(k_1) ®
Ddiag(J;(&1): I2(82): - 34 (80)):

B= (Ik_1 ®B, + Dn(kfl) ) ® C. As we can see, the norm of the vari-
able matrix remains the same. In addition, the minimum root of ma-

trix I, ®B, +Dn(k—1) s Apin = 4sin2ﬁ. Everything together

gives stability conditions of the structure, which are formulated in

the same form.
Stability of cluster structures based on simple cells O, (n)

For convenience, we reconstruct the cluster structure diagram in a

simple cell based on O, (n) and a circuit of a structure based on
simple cells in sequential fusion (see Fig. 4.64).
First of all, we investigate the stability of the structure of the very

simple cell, considering its equations as the equations of a chain of

elementary oscillators with number N =2n-1:

(4.25)

Due to symmetry of the cluster structure, we carry out linearization
of (4.25) by variables U, =X, -Xy_,;;, i=1,n—1. A linearized

system has the form
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(4.26)

b

Fig. 4.65. A circuit of the cluster structure of a simple cell, a), and a circuit

of the structure in the sequential fusion of simple cells, b).

System (4.26) written in a form of one equation

U=(J*(a)—gDP®C)U, “27

where J*(E)):diag(J1 (&), J2(&2)s on I, 1 (E,)) s the trun-

cated Jacobian of a  C-oscillator of the  type

0,(n), (&1.&, .., &, ) € 4,(n), and matrix D, has the form

1 -1 0 0 o0
-1 2 -1 0 0
0o -1 2 .0 0
D,= T
: : - 2 -1 0
0 0 0 -1 2 -1
0 0 0 0 -1 2
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As one can see, Eq. (4.27) falls completely under Lemma 4.6.1. The

norm of the variable matrix remains the same, and the minimal root

of the matrix D, has the form A, = 4sin? . Thus, sta-

T
2(2n-1)
bility conditions of a cluster structure of the simple cell has an al-
ready known form: &> u/A if C=1, and &> 8*(p)/knﬁn in

min >
the case of matrix C of the general form.
Consider structures based on simple cells in sequential fusion (see

Fig. 4.64b). We will assume that the conditions for the stability of

the structure of the simple cell itself are satisfied.

Compared to a structure in a chain based on O, (n) , in this case,

the situation is simplified due to the symmetry of the internal struc-

ture of the simple cell. At each step, the fusion matrix will be the
same matrix Cx =diag(0,0,...,0,1) or c =diag(L,0,...,0,0) with
dimension 2n —1. it does not matter which one of them would it be
exactly. Thus, one can use system (4.23) after the change C" > C..

In this case, matrix Dn(k_l) (change n—2n—1,) takes the form

D(Zn—l)(k—l) = Dk—l ®C*, where
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2 -1 0 0 0
-1 2 -1 0
0 -1 2 0 0
D, = '
2 -1 0
0 0 . -1 2 -1
0 0 0 - 0 -1 2

Taking into account the aforesaid matters, Eq. (4.24) takes the form

U=I,,®J(&)U-¢(D,_, ®C.®C)U, (4.28)

where J(&)=diag(J, (&), J,(&;), - J5,1(§;))—€B,, ®C s
the Jacobian of the simple cell. As one can see, Eq. (4.28) falls un-
der Lemma 3.1.1, and, consequently, the stability problem (4.28)
reduces to the corresponding problem for an equation of the form

U=J(&)U-¢h,,,C- ®CU, (4.29)

.2 T . .
where A, =4sin’ — is the minimal root of matrix D, ;.
2k

Equation (4.29) is not an end of the problem solution since it has
the same problem as one for Eq. (4.20). For this reason, we contin-
ue transformations (4.29) under Lemma 4.6.1, performing the same
procedures as for Eq. (4.20). As a result, we obtain the norm for the
variable matrix as the largest norm of the partial Jacobians of the

oscillators of simple cells, as well as the minimum eigenvalue of

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



Existence, Fusion and Stability of Cluster Structures in 417
Lattices of Oscillators

the constant matrix — the minimum root A, ; of matrix
B,, | + A, Cx:
1 -1 0
-1 2 -1 0 0
0o -1 2 . .. 0 o0
By, i +hinCe =1 : o o T s |
: T 2 -1 0
0O 0 O -1 2 -1
0O 0 O 0 -1 a

a =1+4sin2i.
2k

In particular, if k=2, then A _; = 4sin2L; if k=3, then
4(2n - 1)
Apin = 4sin>—" . The cluster structure (see Fig. 4.66) is sta-
2(4n - 1)

ble for > p/A if C=1, and €> 8*(u)/Amjn is the case of ma-

min »

trix C of a general form.

The solution of the problem of stability of structures, whose circuits
are the result of parallel fusion of circuits of one-dimensional sim-
ple cells (see Fig. 4.66), will not differ from the respective problem

with C-oscillator (see above).
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(11

Fig. 4.66. Cluster structure obtained during a parallel fusion

based on £>¢& (u)/Amjn .

To obtain the required matrices and stability conditions (inequali-

ties) for the case under consideration, it suffices to replace

Ag(n)—>k,(n), n—2n-1 in the respective matrices and ine-

qualities. The same applies to the problem of stability of structures
in three-dimensional lattices, the circuits of which are formed dur-
ing the parallel fusion of circuits of two-dimensional simple cells.

Such an example is shown in Fig. 4.67.

Studies of the stability of structures, the circuits of which are
formed as a result of mixed fusion, ideologically will not differ
from those carried out above. Difficulties that may arise along this
path will be of a technical nature, associated with the problem of

the dimension of dynamical systems.
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Fig. 4.67. A scheme of the cluster structure in a three-dimensional lattice
based on the circuit of a simple cell of C-oscillator O, (5x4) in parallel

fusion.
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ALGORITHMS OF TRANSFORMATION
OF SYSTEMS OF COUPLED ROTATORS
TO THE STANDARD FORM

Al.1. Systems of coupled rotatorswithout additional loads

Consider a case when each of the rotators is not loaded by any addi-
tional aperiodic or oscillatory loads. In this case, system (F1) has

the form

13y +8) (1+ Py (@ ) ) dxc + ok (9 ) =
]= ]=

v =y, (A.L2)
where<fkj ((pj)>(pj =0, (fi(v)), =0, n=1""

In other words, we consider a system of rotators coupled by angular

speeds and angular accelerations that results in couplings by period-

ic functions and “other couplings” expressed by terms uF, (9).

We need to determine a form of transformation (@,$) —(9,&),
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which reduces system (Al.1.1) to a system in a standard form with
fast spinning phases

& =Sy (P, 1.8),
Gy = o + Dy (@,9,Ey ),
W =0, (Al.1.2)

where o, i (0,y,&), @ (9,v,E,) are the unknown parameters

and functions to be determined.

Functions 2, (¢,y,&) and @, (¢,vy,&) are bounded by all phase

variables (there are no secular terms for @), which correspond to

their periodicity by these variables.

Substitution of the second equation from system (Al.1.2) into
(Al.1.1) leads to an equation that determines the sought parameters

and functions of the transformation:

n oD, .
j= j

—vk+Zlf|q+le3k,(® +ud; )+fk( )+ uFy (9).
]_

(Al.13)

Using the condition of boundedness, we obtain the equations for

normal frequencies of rotators:
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n -
Skﬂ)k—Zqu'O)J':’Yk, k=1,n.
= (Al.1.49)

These equations are obtained after the elimination of all constants

from (Al.1.3). Taking into account the form of the first equation in

system (Al.1.2) (£ ~p), we obtain equations for determining func-

tions @, (elimination of terms not proportional to p):

n od 0Dy
Zlﬁmj +—ooo+8kookF1k(<Pk)+ Fox (‘Pk)
j=1 0@j

=Zn: fkj ((pj)+ fk(\y).

=1 (Al.15)

Linear system (Al.1.4) is easy to solve. Eqg. (Al.1.5) is also simple.

The sought solution has the form

o, = _Jflq((Pj)d(Pj+_Ifk )dy =8y [ Fi (@ ) dopy —
j=10j

1
——[For (ox )doy + &y
Ok

These functions are bounded by phase variables (this is a result of

the elimination of constants). For functions =,, we obtain

expressions
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Ey = Zr_]:([}kj _TJ}D =8 @y (1+ Fy )+ Fy .
As it was already said, for the interacting quasi-linear systems, the
“strong” resonances are the harmonic resonances corresponding to
an integer ratio of the frequencies. By saying “strong”, we mean
that resonance takes place in an averaged system in the first approx-
imation. According to this terminology, subharmonic resonances
are “weak”. Generally, the most significant is the first (main) reso-
nance. We consider self-oscillating systems and, therefore, the main
resonance corresponds to the “simple” mutual synchronization of
oscillations and all other resonances correspond to a multiple (“di-
visible") synchronization. The same can be said with respect to the
master-slave synchronization of a self-oscillatory system by an ex-
ternal force. To study harmonic resonances in system (Al.1.2), we

introduce phase and frequency mistunings of the form
QPk — PV =Ny, G — Pc®o = KAy, where p /g =n, arein-
tegers. The value of n, =1 corresponds to the simple synchroniza-

tion. As aresult, we obtain a system with one fast spinning phase y

of theform

&k =y (nv,§),
Nk = M(Ak + Py (n,w,x)),
W = . (Al.1.6)

We apply the method of the averaging to obtain:

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



424 Appendix |

21

L« 1 .— 1 21
Ex(n,x) = [ Zx (X w0y, P [ (A + 0Dy 0w = A + &y
0 0

and an averaged system of the form

& =Ex(n.8),
Mk = Ay + O Ek- (Al.1.7)

In system (Al.1.7), we have kept old names for the averaged varia-
bles and transformed time pt=rt,. By studying system (Al.1.7),

one can particularly obtain rotation characteristics of rotators in the

I o/
resonance zones: ((y ). = = Mg +a<nk>r.

During the interpretation of dynamical properties of averaged sys
tem (Al.1.7) onto the origina system (F1), we take into account
that if G is alimit set of trajectories of the averaged system, then

Gx St isalimit set of trajectories of the original system with some
limitations described above. Also, one needs to remember the rela-
tion between the trajectories of the averaged system and the trajec-
tories of the point mapping (Poincaré mapping) for the original sys-
tem.

Remark 1. The choice of a“fast” phase for the averaging in system
(Al.1.2) is normally done according to considerations of conven-
ience. If a system is non-autonomous, then such phase is a phase of

external force y. If systems (Al.1.1) and (Al.1.2), respectively, are
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autonomous, then any phase can be chosen. If such phaseis ¢, = o,
then phase and frequency mistunings of the form g, @, — P® =Ny,
OO, — P =pAy, Wherep, q areintegers, are to be introduced to

study the synchronization.

Remark 2. If system (Al.1.1) is non-autonomous, then during the

transformations it is convenient to choose a form of equations for

the phases of rotatorsin the form ¢y = Ny + u®, (@, y,& ). If the
system is autonomous, then ¢, =no+pd, (¢,& ), where o isa

normal frequency of the “averaging” rotator, and n, are the inte-

gers. In this case, frequency mistunings pass into the equation for
variable €. Note that the choice of the frequency does not affect the

result, but reduces the procedure of transformations.

Al.2. Systems of coupled rotatorswith aperiodic loads
First we consider one rotator with an aperiodic load, the equations
of which have an arbitrary dimension. Suppose that matrix A has
real roots and, without loss of generality, we consider that it is di-
agonal. We also assume that the load has a small dissipation, i.e.

A =uB, where B is a diagona nondegenerate matrix. Under the

above assumptions, we consider a dynamical system of the form

16+ 3(1+ Fy () o+ Fp () =y +a" z+ f (w)+uF (9,2),

2=p(Bz+bo+cfy (¢) +dfy(w)), (A1.2.2)
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where a, b, ¢, and d are the constant vectors.

It is easy to see that a “generating” solution for the second equation

(equation for the load; solution for w=0) issolution z=const. This

means that if one would transform the equation for the rotator to the
standard form directly from (Al.2.1), then variable z will be includ-
ed in to the “generating” frequency of the rotator. This circum-
stance will complicate the entire procedure of the averaging. The
ideal caseis acase when a“generating” frequency does not depend
on slow variables (i.e. it is a parameter). Due to this reason, let us

perform the following transformation of the equation for the load:
Z=p+u¥(p.v)+ny, (A1.2.2)

where constant vector B and vector-function ¥ (,y) areto be de-

termined. Substituting Eq. (Al.2.2) into the second equation of
(Al.2.1) and taking into account that the equation for phase ¢ has

the form ¢ = 0y + nd, we obtain:
oY oY
—(0g+pD )+ —wg+Yy =
P (0g +u@) oy oty

=HB(¥ +y)+ BB +bwg + ub® +cfy (@) +dfa(v). (a3

Equations that determine B and Y (¢,y), are obtained using the

following simple considerations: first, the equation for variable y
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has to have a standard form; second, function Y (¢,y), has to be
bounded. For these conditions, the sought equations have the form

oY oY
%(DO +EO\)O = Cfl( )+df2(W),

Solving Egs. (Al.2.4) is not difficult:
=—I fi (o d(p+—J. fy(y)dy,
B =-B~ 1b0)0.

For the found solutions, Egs. (Al.2.1) take the form

|<p+5(1+ Fl((p))('p+ Fo(¢)=y+a B+ f(w)+
+ua (P+y)+uF (9,2),
J (Al.2.5)

y:u£8y+B‘I’—a—lPCD+bCD .
o

And now let us transform the equation for the rotator. Substituting
into the first equation of (Al.2.5) the equation for the phase

¢ =g +nud(p,y,&), weobtan
o0 oD oD,
g(“’o + “‘D)erwo +a_a&+6(1+ Fi(9))(0p+nd)+Fy ()=

=y+a'B+ f(y)+pa’ (¥+y)+uF (9,2). (Al.2.6)
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The equation for function CD((p,\V,E_,) is obtained using the same

considerations as those for (F1):

odb
— g +— oy — g +30gF () + Fy(9)=f (v).
Its solutions are:

®=—6IF1((p (p——_[Fz d(p+—ff Jdy +E&.

Relation y+a' B — 3wy =pA determines the resonance zone of the

parameters.

Eventually, we obtain system of equations in a standard form,

which is equivalent to system (Al.2.1):

E=pE,
y=nY,
n=po,
¢ =0+, (Al1.2.7)

-5(1+ Fl((p))d)—g%d)+a (Z+y)+F (¢,2),

[1]
Il

where
o¥ , N

Y:By+B‘P—a—cD+b(D, n=¢ -y isthe phase mistuning.
¢

Remark 3. We have considered the case of a non-autonomous sys-

tem. Here, the generating frequency has been determined and it was
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afrequency of external force w,. In the autonomous case, the gen-
erating frequency of the rotator is a priori unknown. Formally, it is
found using the resonance relation. Namely, assuming A =0, we

obtain the generating frequency of the rotator:

Y
Oy=7—7—""""-~.
" (B +5)

Consider a system of an arbitrary number of coupled rotators with
aperiodic loads. Suppose that the equations for all aperiodic loads
are transformed in the aforementioned way and the system of cou-

pled rotators has the form

16y +8(1+ Fuye (01 ) )P + Farc (01 ) =i + @By + fic (w) +

n n .
+Zlfkj (<Pj )+ _Zlﬁkj(Pj +pag (P +Yi )+ uF (9,2),
j= j=
g~ (A1.2.8)

Transformation of the equations for the rotators in system (Al.2.8)
is the same as that for system (Al.1.1). Moreover, since the impact
of the loads on the rotatorsis “weak” in system (Al.2.8), then func-

tions @, will not depend on vectors y,. They will have the same

expressionsasin (F1).

Performing transformations and determining the necessary func-

tions, we abtain the system in a standard form equivalent to system
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(A1.2.8) that has the form

& = nEy (9,v,E,Yy ),

Vi =Y (0. v.8,yy),

Py = O + 1Dy (@9, E ),

W =g (A1.2.9)

The equations and, consequently, expressions for functions @, are

the same as those in (F1):

no1 1
D= —[fy ((Pj )d(Pj +—[ fi (w)dy =8, [ Fy (oy ) doy —
EL ®o

1
——[Fo (ok ) depy + &
Oy

Expressionsfor Z, and Y, :

n *
J

b 4
Yk = Bkyk + Bka —Z_kq)k +bkq)k
Pk

Consequently, expressions for the generating frequencies of the ro-

tators have the form

n
(5k +aIBE1bk)mk - 2By =7k,
i

k=1n.
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Further, taking into account Remarks 1 and 2, system (Al.2.9) isto
be reduced to the system in a standard form with one fast spinning

phase and the procedure of the averaging isto be carried out.

Al.3. Systems of coupled rotatorswith oscillatory loads

First, let us consider a case of one rotator interacting with a mul-

tifrequency oscillatory load.

Asit was said above, a quasi-linear rotator effectively interacts with
an oscillatory load only in the resonance case, when the oscillator

has a high quality (small damping). We will suppose that all dissi-
pative terms of oscillators are described by function Z(z,¢,¢,y)

of system (F1). We will also assume that the ratio of al frequencies
of oscillators to the least frequency (or to the frequency of externa

. . . i 2 2 2
impact) is close to an integer, i.e. ®f =njwy +uv;, where n; are

integers. Suppose that all terms of the equation concerned with fre-

quency mistunings (uv;), ae aso described by function

Z(z,9,¢,v). Also, we assume that the vector equation for an os-

cillatory system is transformed to the equilibrium in the origin. The
named conditions are easy to fulfil using elementary transfor-
mations of equations of an oscillatory system and we assume that
these transformations are performed. The systems considered

throughout this work can serve as examples.
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Taking these into account, consider a dynamical system of the form

1$+3(1+ F(0)) 0+ Fy(0)=y+a'z+ f (y)+uF (¢,2),
2=Az+pZ(z,9),

v =0y, (Al.3.1)
where a is a constant vector and matrix A has imaginary eigenval-

0 1
ues and Jordan form with cells of the form A= 2 2 ,

j=1m, dim(z,2)=2m

It is easy to see that the generating vector equation for the oscillato-
ry system (equation for p=0) represents a system of independent

harmonic oscillators. Let us rename the variables: z,;_; =X;,

22].*1:)( szzyj, ZZJZYJ

j ’

According to Remark 2, let us determine the form of the equation

for the phase of the rotator using the form ¢ = o +pd and trans-

form all quasi-linear equations of oscillators using a modified van

der Pol change in the same manner. In each system of the form

2m§x+ pnY

X=y+uX, y=-n
we perform a change of the variables of the form

x=0sinnp+ncosng, y=(6cosne—nsinne )nwy,
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As aresult, we obtain the system in a standard form
0=pO, N=yT,
where

O=md+ Xsinn(p+iYcosn(p,
N

T=-n0D + X cosn(p—iYsinn(p.
n(x)o

In the new variables, the equations for the oscillatory system have a
standard  form  with respect to 0=(6;,..,0,) , and

n= (nl,...,nm)T , While system (Al.3.1) takes the form

1§+3(1+ Fi(0)) 0+ Fp () =y +b x+cTy+ f (w) +1F (9,2),
0=10,
n=uT,
=y,
(A1.32)

m m
where bTx =3l (6;sinng+n cosne), c'y=> ¢ (6;cosno-
i=1 i=1

—n;sinng)nag; b, G are the odd and even coordinates of vector
a.

Now, let us transform the equation for the rotator. Substituting the
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expression for phase ¢ =g +pd(¢,y,£,0,1) into the first equa-

tion of system (Al.3.2), we obtain:

oD oD m o5d
— (g + D) +——wg + D, —4O); +Z—HT +E+
5¢( o+ He)+ Y =T-"] Son,

+3(L+ ) (0 + 1) + Fy =y +b X+ €Ty + F () +1F (0,2).
(A1.33)

Keeping in mind requirements for function @, using (Al.3.3) we

obtain the equation for determining this function

o ° ov (Al.3.4)

And the resonance zone of parameters y —dwg = pA.

The solution of Eq. (Al.3.4) hasthe form:

=—6fFl d(p——-[Fz d(p+—'|.f )do+
ij d<p+—jcy )do+E,

where

1 T 1mh : 1 T
— [b"x(¢)dp=—"3" (-6 cosne+1; SNne )— [c'y(¢) do=
%I (9) (%En(. Ne+n n)%I (9)
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m

=G (6, Snno+mn cosno).
i=1l

The expression for function= :

m m .
E:A—aEcD—B(HFl)q)—zaﬁ@j—zaﬁTj+F (9,2).
e j200) a0,
Eventually, we obtain the system in a standard form, which is

equivalent to system (Al.3.1):

E=1E
0=10,
n=uT,
*=nd,
p=0p +p, (A1.3.5)

where y = @ —y isthe phase mistuning.

Consider now the system of coupled rotators, where each of them is
loaded by an oscillatory load. Equations for loads can have different
dimensions and frequency spectra. We will suppose that all of the
aforementioned conditions for oscillatory systems are satisfied and

their equations are transformed to the standard form.

Consider adynamical system of the form
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169y + 8y (1+ Py (0 )) @xc + Pk (@1 ) =i + Fi (W) +

n n
+2 fiy ((Pj )+ 2 By + by X +CrYy + HF (9,2),
i1 =t

ék = U6y,

Mk = 1Ty,

W =, (A1.3.6)
where

m
br X —th (65 SINNP+1g COSNGP ), CLY | = D G (04 COSNGp—
i=1 i=1

—Mi SINNKP) N, ¢ is one of the phases of the rotators.

Having defined a form of the eguations for the phases

O =g + 1D (0, y,0;,my, &, ) and substituting these expressions

into the equations for rotators, we obtain equations for functions

@y (0, y,0,, M. ), expressions for functions E, , and resonance

zones of parameters

N, 0P oD,
j=10<P:( O+Wm0+6km0|:1k((pk)+F2k(‘Pk)

n
= _Zlfkj ((Pj )+ fi (\V)"'blxk +CEY|<,
j=

n _
Tk _[Sk +a By by - ZBkj]mO =uA, k=1n
= (A1.3.7)

The sought solution of Eq. (A1.3.7) isnot difficult to find:
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12 1
Dy Z—ZI fig ((Pj )d(Pj +—[ fi (w)dy =8 [ Fy (oy ) doy —
®o j=1 ®o

1 1 1
- —I Foi ((Pk)d(Pk +_Jb-ll<—xk ((P)d(PﬁL—IClyk (<P)d(P+ Ek-
®p ®o ®p

The expressions for functions =, :

- 4 oD
=17 :Ak + Z(Bkj ——k]CDJ —Schk(l‘l' Flk)_

j=1 0]
m od m od X
—za—k@)kj _Za_kaj +Fy.
i=1 00y i=10Myg

Eventually, we obtain a system in a standard form with a fast spin-

ning phase, which is equivaent to Egs. (Al.3.6):
é;k = H=
By =10y,
Nk = KTy,
Tk = (@ -Dy),
(b =0q + H(D,
where y, = —¢, are the phase mistunings, and ¢ is one of the

phases of rotators.
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APPENDIX I

CALCULATION OF EIGENVALUES

OF MATRICES

Consider matrix A p and determinant A D of theform

-1
0
0
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2v -1 O
1 2v 1 0
0O -1 2v
0 0
2v -1 O 0
0 0 -1 2v -1 0
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2v. -1 0 O
-1 2v -1 O
0 -1 2v -1 0
O 0 -1 2v
A,= 0 0 :
2v. -1 0 O
-1 2v -1 0
0 Y
0 -1 2v -1
0O 0 -1 2v

It can be established that, for main minors of the determinant, the

following recurrent equation isvalid [177]
Ak :2VAk—l_Ak—2’ k::L_pv

with boundary conditions A _; =0, A, =1. In the cases that are of
interest, |v| <1. Under this condition, this equation has the follow-

ing solution:

A _Sn(k+1)

K - , ©=arccosv.
sino

Consider polynomial P(v)=detA ,. Expanding the determinant of

the matrix on the first, and then on the last line, we obtain the ex-

pression of the desired polynomial:

P(v)=(2v+a)(2v+B)A p o —(4v+a+B)A j 3+A 4.
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Taking into account the recurrence equation, the polynomial is sim-
plified:

P(v)=A b +(a+PB)A p1 TOBA .
If we assumein this equation that v=1-21/2, then P(v)=P(1) is

the characteristic polynomial of the matrix, and P(A)=0 is its

characteristic equation. Let us consider several cases of parameter

values.

1) a=-1 B=1 Inthiscase,

sin(p+1)6—sin(p-1)6
sin@

P(v)=Ap,-A, = = 2cos pb.

The characteristic equation has the form
cospo =0.
By solving it, we obtain the eigenvalues of the matrix:

xj=4sin2“ZF2)"J, j=0p-1

2) a=-1, B=0. In this case, we obtain the following characteris-

tic equation:

_cos(p+1/2)6 0

P(v)=4 Pt cosf/2

p—A
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By solving it, we obtain the eigenvalues of the matrix:

4sin? 27 S
2(2p+1)
_ sin(p+1)0 .
3) a=0, B=0. Inthiscase, P(v)=A,=———"—. By solving
sind
it, we obtain the eigenvalues of the matrix:
4sin’mj . —
A= , j=1p.
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