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Preface

The idea to write this book was born long ago, when the joint monograph [99] of Pro-
danov, Stoyanov and the second named author was out of print, yet it cannot be con-
sidered as a second edition of [99] as originally planned. Indeed, the overlap with [99]
is contained only in Chapters 11-13 and part of Chapter 14, whereas the intersection of
the rest of [99] (namely, minimal groups and their properties) with this book is limited
only to the final page of §8.4 and a few exercises in §8.8. As a matter of fact, [99] was
largely used as a base for various courses on topological groups held by the second
named author: “Topologia 2” at Udine University (started in 1998/99), as well as four
courses in the framework of the PhD programs at the Department of Mathematics at
Naples University and Milan University, the Department of Geometry and Topology at
the Complutense University of Madrid, and the Department of Mathematics at Nan-
jing Normal University in 1994, 2006, 2007, and 2016, respectively. As a result, the lec-
ture notes of these courses gradually arose, including necessarily an introductory part
(Chapters 2-10 in this book) that was not present in [99], and grew to the necessary
critical level to become an independent source available online over the years. In 2019
came the generous offer to publish these notes in the series Studies in Mathematics of
de Gruyter Editors that we gladly accepted.

Our sincere thanks go in the first place to de Gruyter who made this publica-
tion possible and to Dr. Nadja Schedensack and Dr. Apostolos Damialis for their valu-
able advice and assistance. It is a pleasure to thank Luchezar Stoyanov for his kind
concession to use some results from [99] in this book. We thank also our colleagues
F. De Giovanni, E. Martin Peinador, M. J. Chasco, M. G. Bianchi, Wei He, X. Domingues,
M. Bruguera, S. Ardanza Trevijano, and E. Pacifici, who made the above mentioned
courses possible. We thank also G. Bergman, P. Spiga, and G. Lukacs for their useful
advice.

The first and third named authors wish to thank their respective husbands Horst
Forster and Alberto Urli for their versatile support, patience, and permanent assis-
tance during the genesis of this book.

Lydia Aufienhofer
Dikran Dikranjan

Anna Giordano Bruno
Udine, Passau, July 4, 2021

https://doi.org/10.1515/9783110654936-201
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This monograph is dedicated to the memory of

William Wistar Comfort, Adalberto Orsatti, and Ivan Prodanov
whose original contributions to Topological Groups and

the Pontryagin-van Kampen Duality and its applications
opened new horizons in this fascinating field.
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1 Introduction

Topological groups provide a natural environment where algebra (more specifically,
group theory) and topology interact in a very fruitful way. Topological groups arise
in several ways: as transformation groups (in a typical nonabelian context), or as
function spaces (in the framework of functional analysis), or as objects related to
p-adic analysis (in number theory), etc. Given the many faces of the main object of
study (a pair of a group structure and a topology on the same set, with a simple com-
patibility condition), there are two opposite tendencies in this field. One is mainly
focused on the topological properties of the underlying topological space, by using
the favorable circumstance to have homogeneity and other merely superficial ingre-
dients due to the algebraic structure; this can be roughly called the topological the-
ory of topological groups. The alternative approach, that is usually referred to as topo-
logical algebra, studies mainly algebraic properties of groups equipped with certain
(group) topologies that frequently have a strong impact on the algebraic structure of
the group.

This book is somewhat closer to the second tendency: although the topological
aspect has a relevant place in the exposition (so, for example, it is more topology ori-
ented than [169, 198]), it has a stronger focus on topological abelian groups (e. g., more
than [270]). This explains our choice to enhance the role of the functorial topologies
on abelian groups, and of the Pontryagin-van Kampen duality and its applications.
Of those, the latter notably prevails and can be pointed out as the main topic of the
book. We provide a completely self-contained exposition of this remarkable duality,
following the line first adopted by Iv. Prodanov in [235, 237] and in [99] (see also the
recent paper [109] and the much earlier monograph [214]).

Let £ denote the category of locally compact abelian groups and continuous ho-
momorphisms, and let T = R/Z be the unit circle group written additively. For G € £,
denote by G the group of continuous homomorphisms G — T (shortly, continuous
characters of G) equipped with the compact-open topology. The assignment G — Gin-
duces a contravariant endofunctor : £ — £, and the celebrated Pontryagin-van Kam-
pen duality theorem (see [228] and Theorem 13.4.17) says  that this functor is an involu-
tive duality: if G is a locally compact abelian group, then G is topologically isomorphic
to G in a canonical way. Moreover, the Pontryagin-van Kampen duality functor : £ —
L sends compact abelian groups to discrete abelian groups and vice versa, that is, it de-
fines a duality between the subcategory C of £ of compact abelian groups and the sub-
category D of £ of discrete abelian groups. This is a very efficient and fruitful tool for
the study of compact abelian groups, reducing many problems related to topological
properties in C to the corresponding problems concerning algebraic properties in D.

The reader is advised to give a look at Mackey’s beautiful survey [205] for the con-
nection of characters and the Pontryagin-van Kampen duality with number theory,
physics, and elsewhere. This duality inspired a huge amount of related research also

https://doi.org/10.1515/9783110654936-001
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in category theory; a brief comment on a specific categorical aspect (uniqueness and
representability) can be found in §16.2.1.

As mentioned above, we provide a self-contained proof of the Pontryagin-van
Kampen duality theorem, with all necessary steps, including the basic background
on topological groups and the structure theory of locally compact abelian groups.
The abelian case of the Peter-Weyl theorem, asserting that the continuous characters
of compact abelian groups separate the points (see Corollary 11.5.1), is certainly the
most important nonelementary tool in proving the Pontryagin-van Kampen duality
theorem. The Peter-Weyl theorem is valid for arbitrary compact groups, but then
continuous characters must be replaced by finite-dimensional irreducible unitary
representations, and the usual proof of the theorem in this general case involves Haar
integration. Since in the abelian case the finite-dimensional irreducible unitary rep-
resentations turn out to be one-dimensional, that is, continuous characters, we prefer
here a different approach. Namely, in the abelian case the Peter-Weyl theorem can be
obtained as an immediate corollary of the Falner theorem (see Theorem 11.3.5), whose
(relatively) elementary proof uses nothing beyond elementary properties of finite
abelian groups, a local version of the Stone—Weierstraf theorem (see Corollary B.5.22),
and the Cech-Stone compactification of discrete spaces. As another application of the
Folner theorem, one can characterize precompact abelian groups (i. e., the subgroups
of compact abelian groups) as those having a topology generated by continuous char-
acters. As a third application of the Fglner theorem, we obtain the existence of the
Haar integral on locally compact abelian groups for free (see Theorem 12.2.9, whose
proof follows [99, § 2.4, Theorem 2.4.5]).

There are several topics we regretfully could not include in the book for the lack
of space, the most important one being free topological groups (the reader can find an
excellent presentation in [7]).

Another one is the existence of convergent sequences in topological groups; the
interest in this phenomenon is triggered by the fact that compact groups have lots
of nontrivial convergent sequences, yet many classes of compact-like nonmetrizable
groups fail to have them (see the survey [102] for more details). Only very recently
Hru$ak, van Mill, Ramos-Garcia, and Shelah [179] resolved a long standing problem
by producing the first example in ZFC of a countably compact group without nontrivial
convergent sequences.

Another topic, namely, topological generators of topological groups, was only su-
perficially touched by monothetic groups and compactly generated groups in Theo-
rem 8.3.5, Theorem 8.3.7, and Corollary 8.3.5. We refer the reader to the last 2021 edi-
tion of the monograph [177] for a recent progress in the field of suitable sets.

For dualities of non-locally compact abelian groups and the Mackey topology
problem (see §13.8) the reader may consult the survey [14].

Although we pay some attention to the categorical aspects of topological groups
(via pointing out a wealth of functorial topologies and functorial dualities, reflections
and coreflections in the category TopGrp of topological groups, etc.), there is at least
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one important topic that remained uncovered by the book, namely, categorically com-
pact groups introduced in [115]. The early stages of the development of this topic are
nicely covered in Lukacs’ monograph [200]. The reader may be interested to find a re-
markable Tichonov theorem obtained by Clementino and Tholen for products of cat-
egorically compact objects in a quite general context in [52]. Its value, as far as the
category TopGrp is concerned, was recently increased by the impressive examples
of noncompact categorically compact groups obtained by Klyachko, Ol'shankii, and
Osin in [185] (these examples are strongly related also to nontopologizable groups, see
§4.3).

The book is organized as follows. Chapter 2 contains background on topological
groups, starting from scratch. Various ways of introducing a group topology are con-
sidered (see §2.2), of which the most prominent one is by means of functorial topolo-
gies, and in particular by means of characters (see §2.2.2).

Chapter 3 contains general properties of topological groups. In particular, in §3.1
we discuss subgroups and separation axioms. In §3.1.3 we briefly introduce the princi-
ple of the extension of identities in Hausdorff groups, which, roughly speaking, says
that a Hausdorff group inherits nice algebraic properties (commutativity, nilpotency,
etc.) from its dense subgroups. Quotients are dealt with in §3.2. Both §§3.3 and 3.4 have
a more categorical flavor; more specifically, §3.3 is focused on initial and final topolo-
gies, while §3.4 explains how the general case can be reduced to that of Hausdorff
groups.

In Chapter 4 Markov’s problems on the existence of nondiscrete Hausdorff group
topologies are discussed. In §4.1 we introduce the Markov and Zariski topologies that
allow for an easier understanding of Markov’s problems. These two topologies coin-
cide on abelian and permutation groups; for the latter case, see §4.2. The first two
examples of nontopologizable groups, given by Shelah and Ol’shanskii, respectively,
are discussed in §4.3. The problems arising in the extension of group topologies are
the topic of §4.4.

Chapter 5 is dedicated to cardinal invariants and metrizability of topological
groups. In §5.1 we discuss several cardinal invariants (weight, character, pseudochar-
acter, density character) and their interrelations. The next section provides a proof of
the Birkhoff-Kakutani metrization theorem and some corollaries. In §5.3 we recall the
construction of Protasov and Zelenyuk from [241] of group topologies making a given
sequence in an abelian group convergent to 0.

Connectedness and related properties in topological groups are discussed in
Chapter 6. To this end, four components measuring the degree of connectedness
are introduced and discussed. Special attention is paid to hereditarily disconnected
groups.

Chapter 7 is dedicated to completeness. We use the Cauchy nets to define com-
pleteness for topological groups, and then to build the Raikov completion of a Haus-
dorft group. We discuss also Weil completeness and the Weil completion. Finally, we
describe the completion equivalently using filters.
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Chapter 8 contains specific properties of (locally) compact groups used essentially
in this book. Of those, we mention here only the most relevant ones. The open map-
ping theorem is discussed in §8.4, where we very briefly mention also minimal and
totally minimal groups, which need not be locally compact, yet the open mapping
theorem holds. Section 8.5 is focused on the impact of (local) compactness on con-
nectedness in topological groups. In §8.6 we give the first (external) construction of
the Bohr compactification bG of a topological group G as the compact group that “best
approximates” G.

In Chapter 9 we describe the structure of all closed subgroups of R" (giving two
different proofs), as well as the closure of an arbitrary subgroup of R". These groups
play an important role in the whole theory of locally compact abelian groups. As an
application, we show that the group T is monothetic.

Chapter 10 starts with §10.1, in which big and small subsets of abstract groups are
introduced. Section 10.2 is dedicated to precompact groups. In particular, in §10.2.1 we
give an internal description of precompact groups using the notion of big subsets, and
we show that the precompact groups are precisely the subgroups of compact groups.
The precompact group G* that “best approximates” a topological group G is intro-
duced in §10.2.2. This allows us to obtain a second, internal, construction of the Bohr
compactification bG of G, since the completion of G* coincides with bG. In §10.2.3
we establish the precompactness of the topologies generated by characters. In §10.3 a
third characterization of the Bohr compactification is given, using unitary representa-
tions.

Chapter 11 deals with the Fglner theorem and its applications, following the line
of [99]. Sections 11.1 and 11.2 prepare some of the ingredients for the proof of this theo-
rem. An important feature of the proofis the crucial idea, due to Prodanov, to eliminate
all discontinuous characters in the uniform approximation of continuous functions
via linear combinations of characters obtained by means of the Stone-Weierstraf3 ap-
proximation theorem. This step is ensured in §11.3 by the Prodanov lemma, which has
many other relevant applications towards independence of characters and the con-
struction of the Haar integral for locally compact abelian groups. Then, we give vari-
ous applications of the Fglner theorem. The first one is a description of the precompact
group topologies on abelian groups in §11.4. The main application of the Fglner the-
orem is an immediate proof of the abelian case of the Peter-Weyl theorem in §11.5. In
§11.6 compactly generated locally compact abelian groups are described explicitly and
useful information on the dual group of a locally compact abelian group is gathered.

Chapter 12 is dedicated to almost periodic functions and the Haar integral. Here
we introduce almost periodic functions and briefly comment their connection to the
Bohr compactification. As another application of the Fglner theorem, we give a proof
of the Bohr—von Neumann theorem describing almost periodic functions on abelian
groups as uniform limits of linear combinations of characters. Among other things,
in §12.2, as a by-product of Prodanov’s approach, we obtain an easy construction of
the Haar integral for almost periodic functions on abelian groups, in particular for all

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

1 Introduction =—— 5

continuous functions on a compact abelian group. In §12.2.2 we build a Haar integral
on arbitrary locally compact abelian groups, using the construction from §12.2.1 in the
compact case.

Chapter 13 is dedicated to the Pontryagin-van Kampen duality. In §§13.1, 13.2,
and 13.3 we construct all tools for proving the Pontryagin-van Kampen duality the-
orem. More specifically, §§13.1 and 13.2 contain various properties of the dual group
that allow for an easier computation in many cases. Using further the properties of
the dual group, we see in §13.3 that many specific locally compact abelian groups G
satisfy G = G. In §13.4 we stress the fact that the topological isomorphism G = G is
natural by studying in detail the natural transformation w between the functors 1,
and ~, induced by the map wg;: G — G connecting the locally compact abelian group
G with its bidual G. It is shown in several steps that wg is a topological isomorphism,
considering larger and larger classes of locally compact abelian groups where the
Pontryagin-van Kampen duality theorem holds (compact abelian groups, discrete
abelian groups, elementary locally compact abelian groups, compactly generated
locally compact abelian groups). The last step uses the fact that the Pontryagin-van
Kampen duality functor is exact, and this permits us to use all previous steps in the
general case.

In Chapter 14 we give various applications of the Pontryagin-van Kampen du-
ality theorem. As an immediate application, we obtain the main structure theorem
for locally compact abelian groups, a complete description of the monothetic com-
pact groups, the torsion compact abelian groups, and the connected compact abelian
groups with a dense torsion subgroup. In §14.3.1 we focus on a topic of a more topo-
logical flavor, namely, the dimension of locally compact groups. Section 14.3.2 is ded-
icated to a characterization of the algebraic structure of abelian groups admitting a
compact group topology (known as Halmos problem), and the following §14.3.3 to the
Bohr topology of a discrete abelian group. In §14.4 we consider a precompact version
of the construction from §5.3 of group topologies making a fixed sequence converge in
an abelian group to 0.

In Chapter 15 we describe some relevant facts concerning countably compact and
pseudocompact groups. Among them we mention the criterion for pseudocompact-
ness due to Comfort and Ross (see Theorem 15.2.1).

Chapter 16 is dedicated to topological rings and fields (see §16.1), and to topolog-
ical modules and vector spaces (see §16.2). While §16.2.1 concerns uniqueness of the
Pontryagin-van Kampen duality, §16.2.4 is focused on locally linearly compact vector
spaces and to the Lefschetz duality, a duality from [195] inspired by the Pontryagin-van
Kampen duality. There we discuss also the more general duality for linearly compact
modules due to Kaplansky, MacDonald, and Ahn.

Exercises are given at the end of each chapter to ease the understanding of the
arguments treated in that chapter. At the end of most of the chapters, a brief section
of notes and comments is provided.
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The reader who is interested mainly in abelian groups can skip §§84.2-4.4 and take
all groups abelian in Chapters 3 and 5-8. Conversely, the reader interested in the non-
abelian context may dedicate more time to Chapters 4-10. Minimal groups appear in
§88.4, 8.7, 8.8, 10.5, 11.8 and minimal rings in §16.4.

For those interested in getting as soon as possible to the proof of the Pontryagin-
van Kampen duality theorem, and having sufficient knowledge of topological groups,
a possible route can be to read Chapters 10-13, and then Chapter 14 for the applica-
tions.

The reader of this book is not supposed to have a solid background either in group
theory or in topology. In the Appendix we provide the necessary background in three
directions, recalling in Appendix A, B, and C basic results and notions on group the-
ory, general topology, and category theory, respectively, used in the book. For general
notation and terminology, see the initial part of Appendix A or the Index and the In-
dex of Symbols. Further general information on topological groups can be found in
the monographs or surveys [8, 81, 82, 99, 177, 200, 223, 228].
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2 Definition and examples

2.1 Basic definitions and properties

2.1.1 Definition

We start with the fundamental concept of this book.

Definition 2.1.1. A topology T ona group (G, -) is a group topology if the map GxG — G,
(x,y) — xy~!, is continuous. A topological group is a pair (G, T) of a group G and a group
topology 7 on G.

We simply write that G is a topological group, when there is no need to explicitly
write the group topology on G.

Remark 2.1.2. A topology 7 on a group G is a group topology if and only if

wGxG -G, (x,y)— xy, and 26— G, x—x",

are continuous when G x G carries the product topology. Clearly, 1: G — G is a homeo-
morphism. For a subset M of G, we denote «(M) by M.

If 7 is a group topology on a group G and 7 is Hausdorff (respectively, compact, lo-
cally compact, connected, etc.), then the topological group (G, 7) is called Hausdorff
(respectively, compact, locally compact, connected, etc.). Analogously, if G is cyclic
(respectively, abelian, nilpotent, etc.), the topological group (G, 7) is called cyclic (re-
spectively, abelian, nilpotent, etc.).

Here we propose some examples, starting with two trivial ones.

Example 2.1.3. For every group G, the discrete topology 8 and the indiscrete topology
I on G are group topologies.

A nontrivial example of a topological group is the additive group R of the reals,
equipped with its usual Euclidean topology. Clearly, R is a noncompact locally com-
pact abelian group. This extends to all finite powers R”, endowed with the product
topology.

Example 2.1.4. For every n € IN_, the general linear group GL,(R) equipped with the
topology induced by R” is a locally compact group and for n > 2 it is not abelian.
Analogously, GL,(C) equipped with the topology induced from Cc”isa locally com-
pact group.

Example 2.1.5. For every prime p, the group J, of p-adic integers (see §A.4.2), consid-
ered as the ring of all endomorphisms of the Priifer group Z(p*), embeds into the
product Z(pm)z(poo). Then J, is a topological group with the topology induced by the
product topology of the discrete topology of Z(p™).

https://doi.org/10.1515/9783110654936-002
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The same topology on J, is induced by the product topology of [ [,,ciy Z|p"Z.,when
we consider J,as the inverse limit }iLnHGN Z./p"Z. (for more details, see Example 3.3.8).

Other examples of group topologies are given in §2.2.

Lemma 2.1.6. Let G be a topological group. For every a € G, the left translation ,t: G —
G, x — ax, the right translation t,:G — G, x — xa, and the inner automorphism
¢a:G — G, x—axa”\, are homeomorphisms.

Proof. Since y: G x G — G, (x,y) — xy is continuous by Remark 2.1.2, both ,t = u(a, -)
and its inverse ., ¢, are continuous, for every a € G. Hence, ,t is a homeomorphism
for every a € G. A similar proof works for t,. Since, for every a € G, ¢, = ,t o t,1, it
follows that ¢, is a homeomorphism. O

Making use of Lemma 2.1.6, one can prove that a topological group is homoge-
neous as a topological space (see Exercise 2.4.1). Consequently, a topological group G
is discrete if and only if e is isolated, namely, the singleton {e;} is open.

For example, this permits showing the following property.

Lemma 2.1.7. Let G be a countable topological group. If G is of second category, then G
is discrete. Consequently, if G is a Baire space then G is discrete.

Proof. The second assertion follows from the first, since every Baire space is of sec-
ond category, by Lemma B.5.19. Assume that G is of second category. As the union
G = Ugegig} is countable, there exists g € G with Int{g} # 0, so {g} is open. By the
homogeneity of G as a topological space, we deduce that G is discrete. O

Notation 2.1.8. For a group G, a subset M of G, and a € G, we denote by
aM := ,t(M) = {am:m e M}

the image of M under the left translation ,¢. This is extended also to families of subsets
of G, in particular, for every filter 7 on G, we denote aF := {aF:F € F}. Analogously
we define Ma and Fa.

2.1.2 The neighborhood filter of the neutral element

For a topological group (G,7) and g € G, the filter V; .(g) of all neighborhoods of g
in G is also denoted by V;(g), V,(g), or V(g), when no confusion is possible. As an
immediate consequence of Lemma 2.1.6, we have the following property.

Lemma 2.1.9. For a topological group G and a € G, V(a) = aV(e;) = V(eg)a.

This property determines the central role played by the filter V(e;;). The next the-
orem collects its properties, which completely describe the situation. Of those (gt3) is
vacuously satisfied for abelian groups.
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Theorem 2.1.10. Let G be a group. If T is a group topology on G, then:

(gtl) forevery U e V. (e;), there exists V € V, (eg) with VV < U;

(gt2) for every U € V,(e;), there exists V € V,(eg) with V™! ¢ U;

(gt3) forevery U € V,(eg) and a € G, there exists V € V,(eg) withaVa™ ¢ U.

Conversely, if V is a filter on G satisfying (gt1), (gt2), and (gt3), then there exists a unique
group topology T on G such that V = V,(e;).

Proof. Let T be a group topology on G. Then (gt1) and (gt2) hold by the continuity of
uw:GxG — G, (x,y) — xy, at (e;, ;) and the continuity of : G — G, x — XL, at eg (see
Remark 2.1.2), while (gt3) follows from the continuity of the inner automorphism ¢,
at e; for every a € G proved in Lemma 2.1.6.

Now let V be a filter on G satisfying the conditions (gt1) and (gt2).

First, we verify that every U € V contains e;. Indeed, by (gt1) there exists W € V
with WW c U. By (gt2), there exists O € V with 0! ¢ W. Then, for V=0n 0" c W,
e € VV! ¢ U. This shows that

for every U € V there exists V € V such that vwlcu. (2.1)

Lett = {O € G:Vx € O, 3V € V, xV < 0}. Obviously, §,G € T and 7 is stable under
taking arbitrary unions. If 0;,0, € T and 0; N O, # 0, let x € 0; N O,; by definition of
7, there exist V;, V, € V such that xV; € O; and xV, € O,;thenV = V;nV, € V and
xV ¢ 0; n 0,, therefore 0; N 0, € T. We conclude that 7 is a topology on G.

Now we verify that

gV =V.(g) foreverygeG. (2.2)

The inclusion V,(g) < gV follows from the definition of 7. To prove the converse in-
clusion, let U € Vand let O = {h € gU:3W e V,hW ¢ gU}. Obviously,g € O c gU. It
remains to check that O € 7. In fact, for every x € O, by definition, there exists W € V
with xW < gU, and by (gt1) there exists V € V with VV ¢ W; then xV ¢ 0, since for
everyv e V,xvexV cxW ¢ gU and xvV c xVV ¢ xW ¢ gU.

To verify that 7 is a group topology, we assume that V satisfies also (gt3). We have
to check the continuity of f:G x G — G, (x,y) — xy*, at a fixed pair (x,y) € G x G.
By (2.2), a T-neighborhood of xy~! has the form xy™'U, where U ¢ V. By (gt3), there
exists W € V with Wy ¢ y™!U, and by (2.1) there exists V € V with VV~! ¢ W. Then
0 = xV x yV is a neighborhood of (x,y) in G x G and f(0)< xVVly c xWy~1c xy 'U.
Hence, f is continuous at (x, y). O

Definition 2.1.11. For a topological group G, a base B of the filter V(e;) is called base
of the neighborhoods of e, (or briefly, local base at e;;) in G and the elements of 5 are
called basic neighborhoods. A neighborhood U of e; in G is symmetricif U = U™,

For every U € V(eg) in a topological group G, Un U™ € V(e;) is symmetric, hence
the symmetric neighborhoods of e; form a base of V(e;).
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Remark 2.1.12. Similarly to the reduction to symmetric neighborhoods, in a topolog-
ical group G one may achieve further nice properties of the elements of a base B of
V(e;), including global properties of 5, as having small size |B|. Of those the best in-
stances are the topological groups G admitting a countable base B = {U,:n € N} of
V(e;). Indeed, under this assumption, by further applying (gt1) and (gt2), one can as-
sume without loss of generality that

Up1Ups1 SU, and U,=U,' foreveryneN. (2.3)
Example 2.1.13. Consider the group R with the Euclidean topology. Then
V(0) = {U c R:3e € R,, (-¢,¢€) < U}

The base B = {(-¢,¢):€ € R,,} of V(0) consisting of symmetric open neighborhoods
of 0 has size ¢. One may choose also the countable base B; = {(-1/n,1/n):n € N, } of
V(0), or even the smaller one B, = {U,:n € N}, where U, = (27",2") for n € N, ; note
that B, has the additional property (2.3).

The following observation is of fundamental relevance for our treatment of topo-
logical groups in the sequel, when we use mainly filter bases instead of filters.

Remark 2.1.14. In Theorem 2.1.10, for a topological group (G, 7), instead of the filter
V,(e;) one can characterize a base of V,(e;). To this end, take a filter base B on G
satisfying (gt1), (gt2), and (gt3). In this case, for the unique group topology 7 on G
ensured by the conclusion of Theorem 2.1.10, the filter V; (e;;) coincides with the filter
generated by B.

To characterize the local base 5 at e; formed by the open neighborhoods of e; in
T, one has to add to (gt1), (gt2), and (gt3) also the following property:

(gt4) for every U € B and every x € U, there exists V € B such that Vx ¢ U.
It guarantees that B is a filter base of open sets of V,(e;), where 7 is again the
group topology on G given by the conclusion of Theorem 2.1.10.

Definition 2.1.15. The core of a topological group (G, 1) is core(G, 1) := [ V,(es); we
denote it simply by core(G) when the topology is clear.

Lemma 2.1.16. For a topological group G, core(G) is a normal subgroup of G.

Proof. Let N = core(G). Clearly, e; € N.Ifx,y € N, then xy € N by (gt1), whilex ' € N
for x € N can be deduced from (gt2). Finally, for g € G, the inclusion gNg™* < N follows
from (gt3). O

Remark 2.1.17. Let (G, 7) be a topological group and let N = core(G, T).
(@) ThenN = @T. In fact, forx € G, x ¢ @T if and only if there exists a symmetric
U € V,(e;) withe; ¢ xU (i.e., x ¢ U).
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(b) Incase N € V,(e;), wehave N € 7 (if U € T with e; € U ¢ N, then for every y € N,
y € yU € N, as N is a subgroup of G; so N € 7). In this case V,(e;) has the smallest
possible base, namely, B = {N}. The 7-open sets are unions of cosets of N, hence
T is an Alexandrov topology (see Example B.1.16).

Definition 2.1.18. An Alexandrov group topology T on a group G is a group topology
that is an Alexandrov topology, and (G, 1) is called Alexandrov group.

The Alexandrov group topologies are the simplest examples of group topologies
that are neither discrete nor indiscrete.

The morphisms in the category TopGrp of topological groups are the continuous
group homomorphisms.

Definition 2.1.19. Let G, H be topological groups and let f:G — H be a homomor-
phism. If f is simultaneously an isomorphism and a homeomorphism, then f is called
topological isomorphism; in this case, we say that G and H are topologically isomorphic
and write G = H. In case G = H, a topological isomorphism G — G is called topological
automorphism.

The topological isomorphisms are the isomorphisms in the category TopGrp.

The continuity of a group homomorphism can be characterized in terms of the
neighborhood filters of the neutral element, or filter bases generating them, as follows.
We often use this characterization without giving reference to it.

Lemma 2.1.20. Let G, H be topological groups and f: G — H a homomorphism. Then

the following conditions are equivalent:

(a) fis continuous;

(b) fis continuous at eg;

(c) forevery U € Vy(ey) there exists V € V;(eg) such that f(V) c U;

(d) for Bg, By local bases at e, ey in G, H, respectively, for every U € By there exists
V € B such that f(V) c U.

Moreover, f is open if and only if f(U) € Vy(eg) for every U € Vg (eg).

Proof. (a)e(b) immediately follows from the homogeneity of topological groups (see
Exercise 2.4.1), while (c) and (d) are clearly equivalent forms of (b). O

Example 2.1.21. If G, H are Alexandrov groups, a homomorphism f:G — H is con-
tinuous precisely when f(core(G)) < core(H). Therefore, the category of Alexandrov
groups is isomorphic to the category of pairs (G, N) of a group G and a normal subgroup
N of G, where the morphisms (G,N) — (H,L) are group homomorphisms f:G — H
with f(N) ¢ L.
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2.1.3 Comparing group topologies

Fora group G, denote by £(G) the set of all group topologies on G. Clearly, £(G) < 7(G),
where T(G) is the complete lattice of topologies on G with the partial order given by
inclusion (see Definition B.1.13 and Remark B.1.14).

Consider £(G) with the partial order inherited from 7(G), and note that if 7, 7’ are
group topologies on G, then the identity map (G, 7) — (G, 1) is continuous if and only
if T’ ¢ 7. We say that 7’ is coarser than 7 or that 7 is finer than 7/, and we denote this
partial order also by 7’ < 1.

Both posets (7(G), <) and (£(G), <) share the same top and bottom element (i. e.,
the discrete and the indiscrete topology, respectively) and £(G) is likewise a complete
lattice, but there is a subtle difference between these two cases: the lattice operations
in £(G) are not the same as in T(G), as pointed out below. We consider separately both
underlying semilattice structures.

Remark 2.1.22. Fora group G, £(G) is a complete join-semilattice considered as a sub-
poset of 7(G). Take a family {r;:i € I} < £(G). To check that the join sup;; 7; taken in
the larger lattice 7(G) is also a group topology on G, it suffices to consider the filter
base B formed by the family of all finite intersections U; n---n U,,, where U;. € VT,-k (eg)
fork e {1,...,n}, {i},...,i,} runs over all finite subsets of  and n € IN, . Since B satisfies
(gt1), (gt2), and (gt3) from Theorem 2.1.10, it gives a group topology T on G having B
as a local base at e;. Since all topologies 1; are group topologies, T = sup;¢; 7;. This
completely describes the semilattice structure of (£(G), sup).

Since the poset £(G) has a bottom element, this suffices to conclude that £(G) is
a complete lattice (see [30]):

Proposition 2.1.23. If G is a group, then £(G) is a complete lattice.

The simple argument leading to Proposition 2.1.23 gives no idea about how the
meets look like in this complete lattice. In fact, the meet in £(G) fails to coincide with
the meet in the lattice 7(G), since the intersection of group topologies need not be a
group topology (see Exercise 2.4.5). In case G is abelian, the meet of two topologies in
£(G) is described as follows (see Exercise 2.4.2 for the general case).

Example 2.1.24. If Gis an abelian group and 74, 7, € £(G), then it is easy to check that
the family {U; + U,: U; € V;,(0), i = 1,2} is a base of the filter Viyg(, 1,,(0) ((gt1) and (gt2)
from Theorem 2.1.10 are satisfied).

Remark 2.1.25. Due to Theorem 2.1.10, for a group G, one can conveniently describe
the poset £(G) by the poset F(G) of all filters F on G satisfying conditions (gt1), (gt2),
and (gt3). The poset §(G) is ordered again by inclusion (of filters).
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2.2 Examples of group topologies

Here we give several series of examples of group topologies, introducing them by
means of the filter of neighborhoods of the neutral element, as explained above. Fur-
thermore, in all cases we avoid to treat the whole filter and we prefer to deal with a
conveniently described filter base (see Remark 2.1.14).

2.2.1 Linear topologies and functorial topologies

Let G be a group and let B = {N;:i € I} be a filter base consisting of normal subgroups
of G. Then B satisfies (gt1), (gt2), (gt3), and also (gt4), hence by Remark 2.1.14, B gen-
erates a group topology T on G with B < 7 a base of the filter V,(es). For every g € G,
the family of cosets {gN;:i € I} is a base of the filter V,(g). The group topologies of this
type are called linear topologies, and a group endowed with a linear topology is called
linearly topologized.

The simplest example of linear topologies are the Alexandrov group topologies. It
is easy to see that every linear group topology on a group G is a supremum, in £(G),
of Alexandrov group topologies on G.

Example 2.2.1. Let G be a group and let p be a prime. We list examples of filter bases

B > G consisting of normal subgroups of G giving rise to group topologies:

(@) the profinite topology w, with 3 the family of all normal subgroups of G with finite
index;

(b) the pro-p-finite topology w’(’;, with B the family of all normal subgroups of G with
finite index that is a power of p;

(c) the pro-countable topology g, with 3 the family all normal subgroups of G with
at most countable index;

(d) the p-adic topology v’(’;, with B, = {N,:n € N} and, for n € N, N,, the subgroup
(necessarily normal) of G generated by {g”" :g € Gl

(e) the natural topology (or Z-topology) v, with B, = {M,:n € N,} and, forn ¢ N,
M,, the subgroup (necessarily normal) of G generated by {g": g € G}.

Clearly, @}, < @ and v}, < v;; for every prime p.

When G is an abelian group, for every n € N the basic subgroup N, defining the
p-adic topology of G has the form N,, = p"G, and analogously for every n € N, the
basic subgroup M,, defining the natural topology of G has the form M,, = nG.

Example 2.2.2. Let p be a prime. The basic open neighborhoods of 0 in the topology
of J, described in Example 2.1.5 are the subgroups p"]Ip of (J,, +) for n € IN, that is, the
topology of J, is its p-adic topology vll?p. Actually, each p"]]p is an ideal of the ring J,
(see Claim A.4.16).
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Moreover, the p-adic topology of J, coincides with its natural topology, that is,
Vi =Vy,; in fact, form € IN_, mJ, = ps]lp, where s € N is such that m = m;p® for some
m; € N, with (my,p) = 1. Moreover, for J, the p-adic topology coincides also with the
profinite topology, as well as with the pro-p-finite topology (see Exercise 2.4.11), but it
differs from the pro-countable topology (see Exercise 3.5.15).

The usual topology 7 on the field Q,, of p-adic numbers is given by declaring J,
open in Q,, that is, {p”]Ip: n € N} is a filter base of V;(0) in Q,,.

Remark 2.2.3. Furstenberg [144] used the natural topology v, of Z to find a new proof
of the infinitude of prime numbers (see Exercise 2.4.12).

In the next lemma one can appreciate the special behavior of the above topologies
with respect to the continuity of group homomorphisms.

Lemma 2.2.4. Let G,H be groups and let f:G — H be a homomorphism. Then f
is continuous when both groups G,H are equipped with their profinite (respectively,
pro-p-finite, pro-countable, p-adic, natural) topology.

Proof. If N is a subgroup of H of finite index, then f}(N) is a subgroup of finite index
of G. The other cases are similar. O

This lemma suggests that the topologies from Example 2.2.1 have a “natural” ori-
gin, that is made more precise by the following notion.

Definition 2.2.5. Assume that every abelian group G is equipped with a group topol-
ogy 7, such that for every group homomorphism f: G — H between abelian groups,
f:(G,7g) — (H,1g) is continuous. Then we say that the class of group topologies
T = {15: G abelian group} is a functorial topology.

Clearly, every functorial topology gives rise to a functor AbGrp — TopGrp
through the assignments G — (G, 1) and f — f for G € AbGrp and f € Hom(AbGrp).

All five topologies in Example 2.2.1 are functorial, other examples of functorial
topologies are given below.

Remark 2.2.6. In view of Lemma 2.2.4, one could extend the above definition to non-
abelian groups. Nevertheless, we prefer to limit our field of interest in the abelian case,
where these topologies were originally introduced (see [40, 43, 206, 207] and also [138,
p-33)).

2.2.2 Topologies generated by characters
Here we introduce a functorial topology that is not linear, and which is of vital im-

portance for our exposition. The argument Arg(z) of a complex number z is taken in
(—=m, m].
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Definition 2.2.7. A character of an abelian group G is a homomorphism y:G — S,
where § is the unitary circle in C. Let G* := Hom(G, S).

For an abelian group G, y € G*, and § > 0, let
Ug(x: 6) := {x € G: [Arg(x(0)| < 6.
For characters xy,...,x, of Gand § > 0, let
Us(1s - - Xns 0) = {x € G:|Arg(y;(x))| < 6, Vi€ {1,...,n}}, (2.4)

namely,

U - X3 8) = [ | Usxss 6 (2.5)

i=1

Remark 2.2.8. One can describe (2.4) alternatively, using as target group the abelian
group T = R/Z instead of $ (clearly, T = S). Forz = r+ Z ¢ T,let |z| = |r +
Z) := d(r,7Z) = min{(d(r,m)): m € Z} where d denotes the Euclidean metric on R. In
such a case, characters y: G — T of an abelian group G must be used and, for x € G
and § > 0O, the inequality |[Arg(x(x))| < 6 must be replaced by [y(x)|| < §/2r. We use
the multiplicative version with § mainly when some more subtle computations are
involved.

For an abelian group G and a subset H of G*, the family
By = {Us((p>-- X 6):6>0,ne N, x; € H, ie{l,...,n}}

is a filter base satisfying the conditions (gt1), (gt2), and (gt3). Moreover, By satisfies
also (gt4): consider U (X1, - - .- Xn3 8) € By, X € Ug(Xy> - - -»Xns 6) and letnp > O be such that
|Arg(x;(x))| + n < 6 foreveryi € {1,...,n}; then x + Us(xq, - > X3 1) € Uy - - - X3 0)-
Therefore, By is a filter base of open neighborhoods of e; in a group topology 75 on
G by Remark 2.1.14.

Definition 2.2.9. Let G be an abelian group. For a subset H of G*, the group topology
Ty is the topology generated by the characters of H. The topology B := 7;+ generated
by all characters of G is the Bohr topology of G and we use the abbreviation G' =
(Ga 7?}* )'

Example 2.2.10. Let G be an abelian group, fixy € G*, and denote T = T

(@) Theny: (G, 7)’() — Sis continuous, so ker y is a closed subgroup of (G, 7}) contained
in U;(x; 6) for every § > 0. On the other hand, every subgroup of G contained in
U (x; 1/2) is contained in kery as well, since S, = {z € $:Re(z) > 0} contains no
nontrivial subgroups.
For a subset H of G*, one has Ty = sup{7,:x € H}, by (2.5).
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(b) Forn € 7\ {0}, consider the character ": G — S defined by (y")(x) = (x(x))" for
every x € G. Then Tyn €Ty as Us(x; 8/Inl) € Ug(x"; 6) for every 6 > 0.

(c) Obviously, 7, = 7,. Moreover, for G = Z and x,§ € Z" with kery = ker{ = 0 the
equality 7, = 7 holds true if and only if § € {x, X1} (see Exercise 13.7.1).

Lemma 2.2.11. Let G be an abelian group and H a subset of G*. The assignment
P(G*) — £(G), H — Ty, is monotone increasing and Ty = Th-

Proof. 1fH ¢ H' ¢ G*, then Ty; < Ty ; this proves the first assertion and that 7;; < Ty
The converse inclusion 7 g, < T follows from Example 2.2.10(b) and the fact that, for

XvXz2 € Hand 6 > 0, Us(x1x2; 6) 2 Ug(X1,X2; 6/2), and thus 7, ,, < Ty. O

Due to Lemma 2.2.11, it is worth studying the topologies 7y only when H is a sub-
group of G*.
Next we verify that the Bohr topology is functorial.

Lemma 2.2.12. Let G, H be abelian groups and let f: G — H be a homomorphism. Then
f:G* = H" is continuous.

Proof. Lety;,....xn € H* and § > 0. Then

F U0 X3 8) = UKy o f oo Xn o 3 6).
To conclude apply Lemma 2.1.20. O

This lemma shows that for an abelian group G, among all topologies of the form
Ty, with H a subgroup of G, the Bohr topology 7 plays a special role, being a func-
torial topology. This is why we introduced the special notation B for 7;-.

As we shall see below, for an abelian group some of the linear topologies intro-
duced above are also generated by appropriate families of characters.

2.2.3 Interrelations among functorial topologies

In the next proof we make use of the simple observation:

Remark 2.2.13. If 7,7’ are two linear topologies on a group G and B., B, are local
bases at e; of 1,7’, respectively, formed by normal subgroups, then a local base at
eg of inf{r, 7'} is given by the family of normal subgroups {NN':N ¢ B,,N' € B.}.

Proposition 2.2.14. For every group G and every prime p,

ol <wg <V 2V

. and of =inf{wg, v}

Proof. The first and the last inequality are obvious. To prove the inequality @; < vg,
it suffices to note that if N is a finite-index normal subgroup of G, with [G : N] = m,
then N contains the subgroup M,, = (g™: g € G).
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To prove the equality w’(’; = inf{wg, v’(’;}, take into account that mf; < v’G’, by an argu-
ment similar to that above. So, it only remains to check the inequality w’é > inf{wg, v‘c’;}.
In view of Remark 2.2.13, a basic neighborhood of e; in inf{wG,vZ} has the form
NN,,, where N is a finite-index normal subgroup of G, while N, is the normal sub-
group (gpn: g € G) of G for some fixed n € N. Then G/NN,, is a finite p-group, hence
NN, € wf; O

The profinite topology of an abelian group is contained in its Bohr topology:
Proposition 2.2.15 ([86]). For every abelian group G, w; < inf{%B, v;}.

Proof. Inview of the inequality @; < v established in Proposition 2.2.14, it is enough
to prove that @; < B;.

Let H be a subgroup of G of finite index; we show that H is open in G". Being a
finite abelian group, G/H has the form C; x- - -x C,,, where each C; is a finite cyclic group
fori € {1,...,n}. Let ¢: G — G/H be the canonical projection. For everyi € {1,...,n},
let p;: C; x --- x C,, — C; be the ith projection and g; = p; - ¢: G — C;; then G/H; = C;
with H; = ker g;. Identifying C; with Z(m;) < T, we can consider g;: G — C; — T as a
character of G. Then, H; = U(g;;1/2m;) € B. Hence, H = (L, H; € Bg. O

I

For an abelian group G, a character y: G — T is torsion if there exists n € N, such
that ny is trivial; equivalently, the character y is a torsion element of the group G*.
In other words, y vanishes on the subgroup nG = {nx:x € G} of G, and this means
that the subgroup y(G) of T is finite cyclic. Therefore, G* is torsion-free when G is
divisible.

Lemma 2.2.16. Let G be an abelian group and H a subset of G*. Then Ty < wy if and
only ifevery x € H is torsion (i.e., H € t(G)).

Proof. Let x € H be torsion and § > 0. Then Ug(x; 6) contains kery. Since x(G) =
G/ kery is finite, kery is an open neighborhood of e; in @, and so Us(x; 6) € Vg, (€5)-
Hence, 75 < @w;. Now assume that 7; < wg and let y € H. Then Ug(y; 7/2) must
contain a finite-index subgroup N of G, and so N < ker y by Example 2.2.10(a). Thus,
ker x has finite index in G, and consequently y is torsion. O

Theinequality w; < inf{*B, v} proved in Proposition 2.2.15 is actually an equality
that we prove in the sequel. Now we establish it when the abelian group G is bounded
(v is discrete for such a group G by Exercise 2.4.8).

Theorem 2.2.17. For an abelian group G, B; = @ if and only if G is bounded.

Proof. By Proposition 2.2.15, m; < B;. If G is bounded, then every character of G is
torsion, so Lemma 2.2.16 gives B; < wg.
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Now assume that B; = @;. According to Lemma 2.2.16, the group G* is torsion.
This immediately implies that G is torsion, since otherwise G has an infinite cyclic sub-
group C and by Theorem A.2.4 any embedding j: C — S can be extended to a character
of G, that results to be nontorsion. It remains to prove that G is bounded.

Assume that G is not bounded. If r, (G) # O for infinitely many pairwise distinct
primes p,, n € N, then we find a subgroup G, of G isomorphic to EB,KM Z(p,). Take
an embedding j: G; — S and extend j to a character of the whole group G (using The-
orem A.2.4). It cannot be torsion, a contradiction. Then r,(G) # 0 for finitely many
primes p. Since G is infinite, this yields that at least one of the primary components
ty(G) is not bounded. If r,(G) < oo, then t,(G) contains a copy of the group Z(p) by
Example A.4.12(b). Now take an embedding j: Z(p™) — $ and extend j to a charac-
ter of the whole group G (using Theorem A.2.4). It cannot be torsion, a contradiction.
Hence, r,(G) is infinite and ty(G) contains no copies of the group Z(p®); then there
exists a subgroup of t,(G) isomorphic to L = (Pc Z(p"). In the latter case it is easy
to build a surjective homomorphism h: L — Z(p™®) c S. Now extend h to a character
of G, that cannot be torsion, a contradiction. O

We introduce a partial order between functorial topologies by letting 7 < S when-
ever 7; < S; for every abelian group G. This makes the class §t of all functorial topolo-
gies a large complete lattice with top element § and bottom element «.

We enrich here our supply of examples of functorial topologies.

Example 2.2.18. Let G be an abelian group and p a prime. The p-Bohr topology is %’(’; =
Thom(G,z(p>)) Where we consider Z(p®) < T, and so Hom(G, Z(p™)) < G*.

Remark 2.2.19. It can be proved that:
(a) @ = inf{B, v} (see Exercise 3.5.17);
(b) analogously, @’ = inf{v?, B8P} = inf{\*, w} = inf{B*, w}.

In the large complete lattice §t of functorial topologies one has the following dia-
gram:
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2.2.4 The pointwise convergence topology

The topology that we consider in this section mainly appears in transformation groups
and in function spaces. The function spaces were the first instances of topological
spaces.

Definition 2.2.20. Let X be a nonempty set and let Y be a topological space. The point-
wise convergence topology on the set YX of all maps X — Y has as a base the family
{f € YX.vx e F,f(x) € U,}, where F is a finite subset of X and all U,, x € F, are
nonempty open sets of Y.

Remark 2.2.21. Let X be a nonempty set and let Y be a topological space. If we iden-
tify the function space Y* with the Cartesian power, then the pointwise convergence
topology coincides with the product topology of Y~

The name pointwise convergence topology comes from the fact that {f,},c4 is a
netin Y* that converges to f € Y* with respect to the pointwise convergence topology
precisely when for every x € X the net {f,(x)},c4 converges to f(x) in Y. In particular, if
Y is discrete this means that for every x € X there exists a; € A such that, foralla > aj

inA, f,(x) = f(x).

Sincein Y* the target Y of the functions (e. g., the reals, the complex number field,
etc.) usually has a topological group structure itself, the function spaces Y* have a
very rich structure from both points of view — topological and algebraic. Indeed, when
Y is a topological group, the pointwise convergence topology on Y* is a group topology.

Example 2.2.22. For a nonempty set X, let S(X) denote the group of all permutations
of X. The stabilizer S, = {f € S(X):f(x) = x} of x € X in S(X) is a subgroup of S(X).
Consider on S(X) the filter base

By = {Sp: F ¢ X finite}, where Sp:= ﬂ S, ={f eSX):Vx € F, f(x) =x}.

xeF

Since the subgroups S, are pairwise conjugated, one can easily check that By satisfies
all conditions (gt1), (gt2), (gt3), and (gt4), so by Remark 2.1.14, By induces a group
topology Tx on S(X) for which all subgroups Sy are open.

Remark 2.2.23. The topology-minded reader has already observed that for an infinite
set X, the topology Ty introduced in Example 2.2.22 on S(X) can be described also as
the topology induced by the natural embedding of S(X) into the Cartesian power xX
equipped with the product topology, where X has the discrete topology. In other words,
Ty coincides with the pointwise convergence topology on S(X) inherited from X% (see
Remark 2.2.21).

Here comes a further specialization of the pointwise convergence topology from
linear algebra and module theory.
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Example 2.2.24. Fix U,V vector spaces over a field K and consider on the space
Hom(V, U) of all linear maps V' — U the so-called finite topology 75, This is the topol-
ogy generated (in the sense of Theorem 2.1.10 and Remark 2.1.14) by the filter base
B = {W(F):F ¢ V,F finite}, where W(F) = {f ¢ Hom(V, U):Vx € F,f(x) = 0}. It is easy
to see that each W(F) is a linear subspace of Hom(V, U), and so B satisfies conditions
(gt1), (gt2), (gt3), and (gt4).

The finite topology 75, on Hom(V, U) coincides with the pointwise convergence
topology when Hom(V, U) is considered as a subset of U" and U carries the discrete
topology (see Exercise 2.4.19(a)).

Remark 2.2.25. The finite topology 75, is especially useful when imposed on the dual
V* := Hom(V, K) of the vector space V over the discrete field K. In this case (V*, Ty,)
is a linearly compact vector space (see [195] and §16.2.3).

The finite topology can be introduced in the same way for modules over an arbi-
trary ring, so in particular for abelian groups.

2.3 Semitopological, paratopological, and quasitopological
groups

The group topology 7 built in Theorem 2.1.10 starting from a filter V on a group G with
the properties (gt1), (gt2), and (gt3) was defined by letting the neighborhood filter at
g € G to be the filter gV = Vg. The coincidence of these two filters is ensured by
(actually, equivalent to) property (gt3). In case (gt3) fails, one obtains two topologies
7, and 7; on G, having aslocal bases at g € G the filters Vg and gV, respectively. For the
pair (G, 7,), all right translations x — xg are continuous (actually, homeomorphisms);
respectively, all left translations x — gx are continuous for the pair (G, 7;). Pairs of
a group and a topology on it with this property are called right topological groups,
respectively left topological groups.

Definition 2.3.1. A pair (G, 1), of a group G and a topology 7 on G, is a semitopological
group if it is simultaneously a left and a right topological group.

The filter V of neighborhoods of the neutral element of a semitopological group
satisfies (gt3).

The right topological groups were introduced by Namioka [218] and largely used
since then. Ellis, in his two fundamental papers [131, 132], proved that locally compact
semitopological groups are topological. Later this was generalized by Bouziad [39] to
Cech-complete groups.

Along with right topological groups, left topological groups and semitopological
groups, one can find in the literature also the following weak versions of the notion of
topological group.
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Definition 2.3.2. A pair (G, 7), of a group G and a topology 7 on G, is called:

(i) a quasitopological group when the multiplication map is separately continuous
in both variables and the inverse map is continuous (i. e., it is a semitopological
group such that the inverse is continuous);

(ii) aparatopological group when the multiplication map is jointly continuous in both
variables.

The filter of neighborhoods of the neutral element of a quasitopological group has
the properties (gt2) and (gt3), while that of a paratopological group has the properties
(gt1) and (gt3).

For paratopological groups, having some nice compact-like properties (as pseudo-
compactness, etc.), one has analogues of Ellis’ result. More details on this issue can
be found in the survey [274] and the monograph [7].

Now we provide an example of a paratopological group that is not topological:

Example 2.3.3. Consider the filter base B = {[x,x + 1/n):n € N,,x € R} on R. Since
V(0) = {[0,1/n):n € N,} satisfies (gt1) and (gt3), it gives rise to a topology 7, on R,
known as the Sorgenfrey topology, while R, = (R, 7,) is known as Sorgenfrey line. Then
R, is a paratopological group, but it is not a topological group since (gt2) fails.

In Chapter 4 we introduce two topologies 3, and 9 (called Zariski topology and
Markov topology, respectively) for every group G. Then (G, 3;) and (G, 9;;) are always
quasitopological groups, but quite rarely topological groups.

2.4 Exercises

Exercise 2.4.1. Prove that every topological group is a homogeneous topological
space.

Exercise 2.4.2. If G is an abelian group, describe inf;; 7; for a family {7;:i € I} in £(G).

Exercise 2.4.3. Let G be a group and {r;:i € I} a family in £(G). Prove that if {a,},c\ is
a sequence in G with a,, — e; in 7, for every i € I, then a,, — e also in sup;¢; 7;.

Exercise 2.4.4. Prove that the join (supremum) of all p-adic topologies on Z, when
p runs over the set of all primes, coincides with the natural topology on Z, that is,
SUDPpep Vi = Vz.

Exercise 2.4.5. Let p # g be prime numbers. Show that the intersection v’% n V% of the
p-adic topology sz and the g-adic topology v% is not a group topology on Z.

Hint. Using the fact that p"Z + q™Z = Z for all n,m € N, deduce that inf{v%,qu} is the indiscrete
topology. On the other hand, the set Z \ {0} is open in both topologies, so the intersection v% n v% of
these topologies is not the indiscrete topology, hence cannot be a group topology.
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Exercise 2.4.6. Let G be a group. An atom (respectively, coatom) in the lattice £(G)
is an element 7 € £(G) \ {15} (respectively, T € £(G) \ {65}) such that there exists no
element 1 € £(G) with 1; < 1 < T (respectively, T < 7 < ;).
Let N be a normal subgroup of G and denote by 7, the Alexandrov topology on G
with core(G, Ty) = N.
(@) Prove that if the index [G : N] is a prime number, then 7y is an atom in £(G); if N
is a finite minimal nontrivial normal subgroup of G, then 7y is a coatom of £(G).
(b) Prove thatif T € £(G) is an atom, then G/core(G, ) is a simple group.
(c) Prove that all atoms in £(G) have the form described in (a), when G is abelian.
(d) Describe the supremum of all atoms in £(Z).
(e) For which abelian groups G the lattice £(G) has no atoms?

Exercise 2.4.7. For a prime p, prove that Y, p" converges in Q, (see Example 2.2.2)
and compute the sum.

Exercise 2.4.8. Let G be a group. Prove that:

(@) the profinite topology of G is discrete (respectively, indiscrete) if and only if G is
finite (respectively, G has no subgroups of finite index); in case G is abelian, the
profinite topology of G is indiscrete if and only if G is divisible;

(b) the pro-p-finite topology of G is discrete (respectively, indiscrete) if and only if G
is a finite p-group (respectively, G has no normal subgroups of index power of p);

(c) the p-adic topology of G is discrete if and only if G is a p-group of finite exponent;
moreover, if G is abelian, then the p-adic topology of G is indiscrete if and only if
G is p-divisible;

(d) the natural topology of G is discrete if and only if G is a group of finite exponent;
moreover, if G is abelian, the natural topology of G is indiscrete if and only if G is
divisible;

(e) the pro-countable topology of G is discrete (respectively, indiscrete) if and only if
G is countable (respectively, G has no normal subgroups of countable index); in
case G is abelian, the pro-countable topology of G is indiscrete if and only if G is
trivial; give an example of a nonabelian group where the pro-countable topology
is indiscrete;

(f) if G is abelian and m,k € IN, are coprime, then mG n kG = mkG; hence v; =
sup{vh:p € P}.

Hint. () Note that every finite-index subgroup H of G contains a finite-index normal subgroup (namely,
its normal core Hg := (yeg X HX).

(e) Prove that in every abelian group G the intersection of all subgroups of G with countable
index is trivial. Deduce from this fact that every uncountable abelian group has (plenty of) countable-
index subgroups. On the other hand, under the assumption ¢ = w, = 2*1, for a set X with |X| = w,
every proper subgroup G of S(X) with [S(X) : G] < 2“! must have index precisely w; in view of [125,
Observation 3], so S(X) has no proper subgroups of countable index.
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Exercise 2.4.9. Prove that the Euclidean topology t on R is not functorial, and that
the same holds for T.

Hint. If T were functorial, then every automorphism R — R would be 7-continuous. But while the
continuous automorphisms of R are of the form ¢(x) = ax for some a € R \ {0}, i. e., c-many, the au-

tomorphisms of R are 2°-many. The same argument works for T (the only continuous automorphisms
of T are idy and —idr).

Exercise 2.4.10. Let p be a prime,n € N, and G = Z".

(a) Show thatw; = vg.

(b) Show that@f, = v{.

(c) Show that (a) and (b) remain true for every subgroup G of Q".
(d) Describe the abelian groups G for which (a) holds true.

Exercise 2.4.11. Let p be a prime. Show that the p-adic topology of J, coincides with
its profinite topology as well as with the pro-p-finite topology.

Hint. It suffices to note that if H is a subgroup of J, containing mJj,, for some m # 0, then H has finite
index.

Exercise 2.4.12. Prove that there are infinitely many primes in Z using the natural
topology v, of Z.

Hint. If p;,p,, ..., p, Were the only primes, then consider the union of the open (hence, closed) sub-
groups pyZ,...,pyZ of (Z,v;) and use the fact that every n € Z\ {0, +1} has a prime divisor, so belongs
to the closed set F = | JIL, p;Z. Therefore, the set {0, +1} = Z \ F is an open neighborhood of 0, so must
contain a nonzero subgroup mZ, a contradiction.

Exercise 2.4.13. (a) Give an example of a group G where the profinite topology of G
and the Bohr topology of G differ.

(b) Let G be an abelian group and H = t(G*). Prove that Ty = @;.

(c) Let H be the family of all characters y of an abelian group G such that y(G) is finite
and contained in the subgroup Z(p*) of T. Prove that 7;; = @?.

Hint. (b) Lemma 2.2.16 implies that 75 < @;. For the proof of the other inclusion it remains to argue
as in the proof of Proposition 2.2.15 and to observe that the characters appearing there are torsion.

Exercise 2.4.14. Prove that, for an abelian group G and a prime p, w’é = B if and
only if G is a bounded p-group.

Exercise 2.4.15. For an abelian group G, let S; be the group topology on G with the
family {nG + Soc(G): n € N} as a local base at 0. Prove that:

(@) S; is a functorial topology and S; = t; when G is divisible;

(b) ([234]) every nondiscrete group topology on G is contained in a coatom of £(G);

(c) *([234]) the infimum M_; of all Hausdorff coatoms of £(G) coincides with sup{S;, B}
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Exercise 2.4.16. Let G be a group. Prove that:

(@) (Taimanov [271]) the family of centralizers {c;(F): F < G finite} is a local base at e;
in a group topology ¥, called Taimanov topology, that is not necessarily linear;

(b) ¥ isdiscrete if and only if there exists a finite subset of G with trivial centralizer;

(c) %;isindiscrete if and only if G is abelian;

(d) if f:G — H is a surjective homomorphism, then f: (G, %;) — (H,Ty) is continu-
ous;

(e) is (d) trueif f is not surjective?

Exercise 2.4.17. Let X be an infinite set. Prove that S,,(X) is a dense normal subgroup
of (S(X), Tx).

Exercise 2.4.18. Let X be a nonempty set. Prove that (S(X), Tx) has a local base at idy
formed by open subgroups, yet its topology is not linear.

Exercise 2.4.19. Let U, V be vector spaces over a field K. Prove that:

(@) the finite topology 14, of Hom(V, U) coincides with the pointwise convergence
topology when Hom(V, U) is considered as a subset of U" and U carries the dis-
crete topology;

(b) the finite topology of Hom(V, U) is discrete if and only if dim V is finite;

(c) ifdim U is finite, then for every finite subset F of V, the linear subspace W(F) has
finite codimension in Hom(V, U) (i. e., dim Hom(V, U)/W(F) < 00).

Exercise 2.4.20. Equip a group G with the cofinite topology y; (see Example B.1.5).
Then (G, y;) is a quasitopological group. Prove that (G, y;) is a topological group if
and only if G is finite; in this case y; is discrete.

2.5 Further readings, notes, and comments

For an infinite abelian group G, £(G) has the maximum possible cardinality |£(G)| =
ZzlG‘, but this size may collapse in the nonabelian case. The group G built in Exam-
ple 4.3.5 has size |G| = ¢, while G is simple (see Remark 4.3.6(a)) and so |£(G)| = 2, the
minimum possible size when G is a nontrivial group. Atoms and coatoms (i. e., max-
imal nondiscrete topologies) in the lattice of group topologies were studied by many
authors (see [27, 50, 243]); these authors describe, among other things, also the atoms
in £(Z), although this was done much earlier by Mutylin [215].

The functorial topology M ; from Exercise 2.4.15 was introduced by Prodanov [234]
under the name submaximal topology.

The lattice 7(X), for a topological space X, is complemented. The situation com-
pletely changes in the lattice £(G) for a group G. Therefore, one can split the notion
of complementation into two natural components, of those we consider only one. Fol-
lowing [112], call a pair 7,0 € £(G) \ {65} transversal if T v ¢ = 8. The submaximal
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topology is related to complementation in £(G) as follows: a Hausdorff t € £(G) has
a transversal topology if and only if T £ M (see [112]). This implies that every infi-
nite abelian group admits a pair of transversal group topologies, since M, is never
maximal for an infinite abelian group G (i. e., G admits at least two distinct maximal
topologies which are, of course, transversal).

Separation axioms for topological groups will be discussed in Chapters 3 and 5.
More precisely, we show that for topological groups all separations axioms T,—T; ; are
equivalent (Proposition 3.1.15 and Theorem 5.2.14).

For paratopological groups the situation changes dramatically: all T,,—T; are dis-
tinct [274]. The question of whether T; and T;; coincide as well remained open for
about 60 years and was affirmatively resolved only recently by Banakh and Ravsky [17].
The Ellis theorem mentioned in §2.3 requires the Hausdorff axiom, for paratopological
groups it was improved in Ravsky’s PhD thesis in 2003 (see also the survey [274]) as
follows: every locally compact (not necessarily Hausdorff) paratopological group is a
topological group. There is a wealth of results in the spirit of the Ellis-Ravsky theo-
rem ensuring that paratopological groups with some compactness type condition are
topological groups. The reader can find more in this direction in [274, § 3], in particu-
lar [274, §3.4] is focused on the case of semitopological and quasitopological groups
(e.g., a pseudocompact quasitopological group need not be a topological group, in
contrast with the case of paratopological groups mentioned in §2.3).

Finally, we briefly mention a useful tool in the study of paratopological groups.
Namely, for a paratopological group (G, T) with neighborhood filter V,(e) at e, one can
easily observe that the family {U™: U ¢ V,(e)} is a neighborhood base of a paratopo-
logical group topology, named the conjugate topology of T and denoted by 7~*. The join
7% = Tv1 !isa group topology, with neighborhood base {UnU': U € V,(e)}. It is easy
to see that this is the coarsest group topology on G finer than 7. Therefore, the assign-
ment (G,T) — (G,T") is a coreflection from the category of paratopological groups to
its subcategory of topological groups. For the nice properties of this coreflection, the
reader may consult [274, § 4.1].
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3 General properties of topological groups

3.1 Subgroups and separation

We start computing the closure H of a subset H of a topological group G.

Lemma 3.1.1. Let G be a topological group. Then:
(a) forasubset A of G,

A= () vAU= () UA= () AU= () UAV;
UeV(eg) UeV(eg) UeV(eg) U,VeV(eg)

(b) ifH is a (normal) subgroup of G, then H is a (normal) subgroup of G.

Proof. LetV =V(egz).

(a) For x € G, one has x ¢ Aifand only if there exists a neighborhood W of x such
that WnA = 0. Since G x G — G, (a, b) — axb, is continuous, we can find a symmetric
open U € V such that UxU ¢ W. The latter implies UxU N A = @, and hence x ¢ UAU.
The other inclusions can be shown similarly.

(b) Let x,y € H. According to (a), to verify that xy € H, it suffices to see that xy ¢
UHU for every U € V, and this follows from x € UH and y € HU for every U € V. Since
the inversion is a homeomorphism, we obtain «(H) =y, H'U ™" = H, hence His a
subgroup.

Assume H is normal. To prove that its closure H is normal, take an inner automor-
phism f of G. Then f(H) = H. Since f is a homeomorphism by Lemma 2.1.6, f takes H
to itself, and this gives that H is normal. O

From Lemma 3.1.1(b) we deduce that, in every topological group G, {e;} is a closed
normal subgroup of G, as observed in Remark 2.1.17(a) and Lemma 2.1.16. Moreover,
we get the next useful description of the closure of singletons in a topological group.

Corollary 3.1.2. Let G be a topological group and N = @. Foreveryx € G, {x} = xN =
Nx.

Corollary 3.1.3. If A, B are nonempty subsets of a topological group G, then AB < AB.
If one of the sets A, B is a singleton, then AB = AB.

Proof. The inclusion follows from Lemma 3.1.1(a), as A B ¢ UABU for every U € V(eg)-
In case B = {b} is a singleton, AB = Ab = t,(A). Since t; is a homeomorphism by
Lemma 2.1.6, AB = Ab = t,(A) = t,(A) = Ab < AB. O

Clearly, A B is dense in AB, as it contains the dense subset AB of AB. Therefore,
the equality A B = AB holds true precisely when A B is closed. Later we show that this
often fails even in the group R (see Example 3.1.12). On the other hand, we show in
Lemma 8.2.1(a) that equality holds when B is compact.

https://doi.org/10.1515/9783110654936-003
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Remark 3.1.4. For a subset A of a topological group G and x € G, x € A precisely when
thereisanet {x,},c4 in A converging to x. We can assume without loss of generality that
all converging nets {x,},c4 in G have the same directed set A as domain, namely, the
filter V(e;) ordered by inverse inclusion, or a fixed base B of V(e;). Indeed, if {x,}4eq
is a net in G that converges to x € G, then for every U € B there exists a;; € A with
xp € U forall B > ay in A. This gives a net {x, }ycp that converges to x. If necessary,
we specify this fixed B and call {x, }yp a B-net, otherwise we write generic nets of G
as {Xa}aeas Waltacas etc., knowing that we can choose the same domain A.

3.1.1 Closed and dense subgroups

A subgroup H of a topological group G becomes a topological group when endowed
with the subspace topology 1 [ induced by the topology 7 of G. Sometimes we refer
to this situation by saying that H is a topological subgroup of G.

Example 3.1.5. The circle group § is a closed subgroup of the multiplicative group
C \ {0}, equipped with its usual topology. So, § itself is a topological group. Moreover,
§ is a compact and connected abelian group.

For a subgroup H of a topological group (G, T), the filter
% [H:: {H nNV:V e VT(eG)} = VT[H(eH)

on H satisfies (gt1), (gt2), and (gt3).

Definition 3.1.6. Let G be a topological group and H a subgroup of G. If f: H — f(H) <
G is a topological isomorphism, where f(H) is a topological subgroup of G, then f is
called a topological group embedding, or shortly embedding.

We start with properties of the open subgroups.

Proposition 3.1.7. Let G be a topological group and H a subgroup of G. Then:
(@) Hisopenin G if and only if H has nonempty interior;

(b) if H is open, then H is also closed;

(c) if[G: H] < oo, then H is closed if and only if H is open.

Proof. (a) Let@ + V < H be an open set of G, and let h, € V. Then e; € halV CH-=
hy'H. Now U := h'V ¢ H is open, contains e;, and h € hU ¢ H for every h € H.
Therefore, H is open.

(b) If H is open, then every coset gH, with g € G, is open and consequently G\ H =
Ugec\nr 8H is open. So, H is closed.

(c) In view of (b), it remains to add that when H is closed, G \ H is closed as well,
being a finite union of cosets of H. O
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Definition 3.1.8. A subgroup H of a topological abelian group G is called:

(i) dually embedded if every continuous character of H can be extended to a contin-
uous character of G;

(ii) dually closed if every point x € G \ H can be separated from H by a continuous
character of G; more precisely, there exists a continuous character y of G such
thatx(x) # 0and y [g= 0.

If H is a dually closed subgroup of a topological abelian group G, then for every
x € G\H there exists a continuous character y, of G withy, € Az(H) suchthaty,(x) # 0,
so H = [\{kery,:x € G\ H}. Since each kery, is closed, we conclude that H is closed.
Hence, dually closed subgroups are closed.

Next we see that every subgroup is dually embedded and dually closed, hence
closed, in the Bohr topology.

Proposition 3.1.9. Let G be an abelian group and H a subgroup of G. Then H is (dually)
closed in (G,*Bs) and B [y= By.

Proof. To see that H is dually closed, pick x € G \ H. Now it suffices to apply Corol-
lary A.2.6 to the quotient G/H and deduce that for the nonzero element x + H of G/H
there exists a character &: G/H — T with £ (x+H) # 0. Now ¢ composed with the canon-
ical projection G — G/H gives a character y of G that vanishes on H and y(x) # O.
The inclusion j: H* — G* is continuous, by Lemma 2.2.12. To see that j:H* —
j(H) is open, take a basic neighborhood Ug(x;, .. .,Xn; 6) of 0 in H*, where Xi>-->Xn €
H*. By Theorem A.2.4, each x; can be extended to some character & ¢ G*, hence
Ug(>-- X 0) = HNUg(&, ..., &,;6) is open in j(H). This proves that the subgroup
topology B [y of H coincides with B. O

Remark 3.1.10. In Lemma 2.2.4 we have seen that if f: G — H is a homomorphism
of abelian groups, then f is continuous when both groups are equipped with their
profinite (respectively, pro-p-finite, p-adic, natural, pro-countable) topology. Proposi-
tion 3.1.9 shows that f is actually a topological embedding if f is simply the embedding
of a subgroup and one takes the Bohr topology on both groups. One can show that this
fails for the profinite, pro-p-finite, p-adic or the natural topology (take, for example,
G=ZandH = Q).

The next example shows that the closed subgroups of R have a very simple de-
scription. The closed subgroups of R" are completely described in Chapter 9.

Proposition 3.1.11. For a proper subgroup H of R, the following are equivalent:
(@) His cyclic;

(b) H is discrete;

(c) His closed;

(d) HisnotdenseinRR.
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Proof. (a)=(b) It is easy to see that a cyclic subgroup of R is discrete.

(b)=(c) Let £ > 0 and let the neighborhood U = (-¢, &) of 0 witness the discrete-
ness of H, that is, U n H = {0}. Then obviously |h — h'| > £ whenever h, h' are distinct
elements of H. To see that H is closed, pick x € R\ H and note that the neighborhood
V = (x —€/2,x + £/2) meets at most one element of H in view of the above observation.
Hence, we can pick O < 17 < £/2 such that the smaller neighborhood V' = (x — 1, x + 17)
of x misses H.

(c)=(d) This is obvious.

(d)=(a) Since subgroups of cyclic groups are cyclic, and since the closure of a
nondense subgroup is still nondense, we can replace H by H and assume without loss
of generality that H is a closed proper subgroup of R.

Let hy = inf{h € H:h > 0}. If h = O, then for every € > O there exists h € (0,&) N H,
and this yields that H hits every open interval of R of length &. This implies that H is
densein R, a contradiction. Therefore, h, > 0 and h, € H as H is closed. We prove now
that H = (hy).Indeed, for h € H, pick the greatest m € Z such that mhy < h < (m+1)hg;
then O < h —mh < hy and h — mhy € H, hence h - mh, = 0, thatis, h € (hy). O

It is not hard to see that every subgroup G of R has the same property, namely, for
every subgroup H of G all properties (a)—(d) of Proposition 3.1.11 are equivalent (with
(d) replaced by “H is not dense in G”). Obviously, the equivalence between (c) and (d)
holds for subgroups H of finite prime index of every topological group.

Example 3.1.12. According to Proposition 3.1.11, a proper subgroup of R is dense if
and only if it is not cyclic. In other words, the topological property of being dense is
completely described by the purely algebraic one of being not cyclic.

This gives easy examples of closed subgroups H;, H, of R such that H; + H, is not
closed in R. Since such H;, H, are necessarily cyclic, we can take H; = Z and H, any
cyclic subgroup generated by an irrational number. Then H; + H, is a proper noncyclic
subgroup of R, so by Proposition 3.1.11 it is dense in R.

It is natural to expect that a cyclic subgroup need not be closed in general.

Definition 3.1.13. For a topological group G, let M; = {x € G: (x) = G}. We say that G
is:

(i) monothetic if M; + 0;

(ii) strongly monothetic if every nontrivial subgroup of G is dense.

As shown in the next example, T is monothetic; moreover, the groups T", with
n e N,,aswellas TN, are monothetic (see Exercise 3.5.19). Actually, even T* is mono-
thetic and contains a dense homomorphic image of R, as we shall see later (see The-
orem 9.4.8).

Example 3.1.14. Let go: R — T be the canonical projection.
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(a) A proper subgroup H of T is either closed (precisely when H is finite and cyclic),
or dense (when H is infinite). Indeed, L = qgl(H ) is a proper subgroup of R con-
taining Z. So, if H is closed then L is closed, hence cyclic by Proposition 3.1.11 and
generated by a rational since Z ¢ L; therefore, H is a finite cyclic subgroup of T. If
H is infinite, then L is dense in R by Proposition 3.1.11, and so H = q,(L) is dense
in T as well.

(b) The group T is monothetic. Indeed, pick an irrational a € R. Then the subgroup
N = Z+(a) of Ris noncyclic, hence it is dense by Proposition 3.1.11. So, {(gy(a)) = T
and g, (a) € My. This proves that My = T\ ¢(T).

We see in Corollary 3.1.23 that a Hausdorff monothetic group is necessarily
abelian.

Clearly, strongly monothetic groups are monothetic, and Example 3.1.14(b) shows
that this implication cannot be inverted.

Easier examples are offered by the cyclic group Z, which is monothetic even
when equipped with the discrete topology, whereas a Hausdorff group topology T on
7, makes it a strongly monothetic group precisely when (Z,7) has no proper open
subgroups. For more properties of these groups see Corollary 3.1.23, Exercises 3.5.21
and 3.5.22 (see also Corollary 9.4.7 as well as Theorems 9.4.8 and 10.2.9).

3.1.2 Separation axioms

Here we discuss separation axioms in topological groups. Making use of Lemma 3.1.1,
now we show that for a topological group all separation axioms T,—T; are equivalent.
Here, T; stands for “regular and T;” (see Appendix B).

Proposition 3.1.15. Let G be a topological group. Then G is a regular topological space
and the following conditions are equivalent:

(@ GisTy;

(b) Gis T (i.e., {eg} = {egh);

(c) Gis Hausdorff;

(d) GisTs.

Proof. Since G is a homogeneous topological space, to prove regularity of G it suffices
to check that for every U € V(e;;) there exists V € V(e;) such that V < U. According to
Lemma 3.1.1, it suffices to pick a V € V(ez) such that VVV c U. Then V ¢ VV c U. This
property proves also the implication (b)=(d). Indeed, beyond being regular, G is a T;
space. The latter property follows from the fact that all singletons {g} of G are closed,
as {eg} is closed.

On the other hand, clearly (d)=(c)=(b). Therefore, the properties (b), (c), and (d)
are equivalent, and obviously imply (a). It remains to prove the implication (a)=(b).
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Let N = {e;} and assume for a contradiction that there exists x € N \ {e;}. Then
{x} = xN = N according to Corollary 3.1.2, and hence e; € {x}. This contradicts our
assumption that G is Tj. O

The following is a consequence of Proposition 3.1.15 and Remark 2.1.17(a).
Corollary 3.1.16. A topological group G is Hausdorffif and only if (| V(eg) = {eg}-

It is not hard to check that a topological subgroup of a Hausdorff group is Haus-
dorff. Next we see that a discrete subgroup of a Hausdorff group is always closed.

Proposition 3.1.17. Let G be a topological group and H a subgroup of G. If H is discrete
and G is Hausdorff, then H is closed.

Proof. Since H is discrete there exists U € V(e;) with U N H = {e;}. Choose V € V(e;)
with V7'V ¢ U. Then |xV n H| < 1for every x € G,as h; = xv; e xV nHand h, = xv, €
xV N H give h1*1h2 e (VW)nH-= {eg}, hence h; = h,. Therefore, if x € G\ H, one can
find a neighborhood W of x such that W < xV and Wn H = 0 (i.e., x ¢ H). Indeed, if
xV nH = 0, just take W = xV. In case xV n H = {h} for some h € H, one has h + x as
x ¢ H.Since Gis Hausdorff, W = xV'\{h} is open, so the desired neighborhood of x. [

One cannot relax T, in Proposition 3.1.17, as shown in Exercise 3.5.4(a).
We discuss below stronger separation axioms and we shall see that every Haus-
dorff group is also a Tichonov space (see Theorem 5.2.14).

Remark 3.1.18. (a) Countable Hausdorff groups are normal, since they are regular by
Proposition 3.1.15 and they are obviously Lindel6ff: moreover, every regular Lin-
deloff space is normal (see Theorem B.5.10(b)).

(b) Asfarasnormalityis concerned, the situation is not so clear for uncountable topo-
logical groups. In fact, uncountable Hausdorff groups need not be normal as topo-
logical spaces (see Exercise 3.5.8). A nice “uniform” counterexample to this was
given by Trigos [275]: for every uncountable abelian group G, the topological group
G" is not normal as a topological space.

Here we briefly discuss the question of when some functorial topologies are Haus-
dorff, other instances can be found in §3.5.

Definition 3.1.19. Let G be an abelian group and H a subset of G*. We say that the
characters of H separate the points of G (or that H separates the points of G) if for
every x € G \ {0} there exists y € H with y(x) # 1.

According to Corollary A.2.6, G* separates the points of G.

Proposition 3.1.20. For an infinite abelian group G and a subgroup H of G*:
(@) 7Ty is Hausdorff if and only if the characters of H separate the points of G;
(b) Ty is nondiscrete.
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Proof. (a) Assume that H separates the points of G and pick a nonzero a € G. Then
there exists y € H such that y(a) # 1. Let § = %|Arg(x(a))|. Then U(y; ) is a neighbor-
hood of 0 in G missing a. This shows that 7 is Hausdorft.

Now assume that 7 is Hausdorff. To show that H separates the points of G pick
a € G\ {0}. Then there exists a basic 7;-neighborhood W of 0 that misses a. We can
take W = Ug(Xp,--->Xn3 6), withn € N, x3,...,X, € Hand § > 0. Then a ¢ W gives
Arg(x;(a)) > 6 for somei € {1,...,n}. Hence, x;(a) # 1.

(b) Suppose, for a contradiction, that 75 is discrete. Then there exist x;,...,x, € H
and 6 > 0 such that U(xy, ..., X,; 6) = {0}. In particular, ("}, kery; = {0}, hence the di-
agonal homomorphism f = y; x -+ X x,: G — S", g8 = (X1(8), . .., Xn(g)), is injective and
f(G) = Gis an infinite discrete subgroup of $", by our hypothesis. According to Propo-
sition 3.1.7, f(G) is closed in $", and consequently compact. This is a contradiction,
since compact discrete spaces are finite. O

Proposition 3.1.21. For a group G the following conditions are equivalent:
(@) the profinite topology w;, of G is Hausdor(f;
(b) G is residually finite.

If G is abelian, then they are equivalent also to:
(c) the natural topology v of G is Hausdor(f;
d G'={o}.

Proof. (a)e(b) and (c)e(d) are obvious, in view of Corollary 3.1.16. Since @; < vg,
the first pair of conditions imply those of the second one. (d)=(a) follows from the
fact that G! coincides with the intersection of all subgroups of G of finite index (see
Proposition A.4.6(d)). O

By the above proposition, one obtains a purely topological proof of the fact that
a reduced abelian group G has no nontrivial divisible subgroups: if D is a divisible
subgroup of G, equip G and D with their profinite topologies; this makes the inclu-
sion j: D — G continuous. Since D is indiscrete, j(D) is an indiscrete subgroup of the
Hausdorff group G. Therefore, D = j(D) is trivial.

3.1.3 Extension of identities in Hausdorff groups

Hausdorff groups have a remarkable property that we shall briefly refer to as extension
of identities, where identity is meant in the sense of Remark C.1.9. The following theo-
rem treats the specific identity xy = yx (written also in the form [x,y] = 1) that defines
the variety of all abelian groups:

Theorem 3.1.22. If G is a Hausdorff group containing a dense abelian subgroup H, then
G is abelian.
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Proof. Take x,y € G. Then by Remark 3.1.4, there exist nets {h,},ca, {84} aca in H such
thatx = lim,4 hy, andy = lim,, g,, whereitis easy to see that [x,y] = lim,c4 [y, 8] =
eg as H is abelian. Then [x,y] = e; by the uniqueness of the limit in Hausdorff groups
(see Lemma B.2.6(d)). O

An immediate application of Theorem 3.1.22 gives:
Corollary 3.1.23. A Hausdorff monothetic group is necessarily abelian.
Theorem 3.1.22 has the following counterpart for nilpotent groups.

Theorem 3.1.24. If G is a Hausdorff group containing a dense nilpotent subgroup H of
class s, then G is nilpotent of class s.

Proof. For gy,81,...,8s € G, by the density of H in G and Remark 3.1.4, we can write,
for every n € {0,1,...,s}, g, = limy4 hy, , Where {h, ,},c4 is @ net in H. Then, as H is
nilpotent of class < s,

[[ .. [[go’g1]>g2],- . -]>gs] = }xlgql[[ .. [[hO,a’hl,a]’hZ,a] .. ~]>hs,a] = €g-

Therefore, [[...[[80,81]-82],---].8s] = e by the uniqueness of the limit in Hausdorff
groups (see Lemma B.2.6(b)). O

One can prove similarly that if G is a Hausdorff group containing a dense solvable
group, then G is solvable (see Exercise 3.5.3). More generally, if 2 is a variety of groups
(see Definition C.1.8 and Remark C.1.9), then one can prove that, if G is a Hausdorff
group containing a dense subgroup H that belongs to 2, then G € .

Example 3.1.25. For a Hausdorff group G, the centralizer c;(g) of each g € G and so
the center Z(G) are closed subgroups of G. Indeed, for every g € G, by Exercise B.7.12
we conclude that c;(g) is closed in G. Then also Z(G) = ﬂgeG c;(g)is closed in G.

3.2 Quotients of topological groups

Let G be a topological group, H a normal subgroup of G, and g: G — G/H the canonical
projection. The quotient G/H can be equipped with a topology, named quotient topol-
ogy, in two equivalent ways. First, as {g(U): U € V;(es)} is a filter on G/H satisfying
(gt1), (gt2), and (gt3), it gives rise to a group topology on G (by Theorem 2.1.10) that
makes g continuous and open (see Lemma 3.2.1). The second alternative is to just take
the finest topology on G/H that makes the canonical projection g: G — G/H continu-
ous, that is, the quotient topology defined in the category of topological spaces. Since
we have a group topology on G, the quotient topology consists of all sets g(U), where
U runs over the family of all open sets of G (as g (q(U)) is open in G in such a case).
So, both approaches give the same topology on G/H, that we refer to as the quotient
topology of G/H.
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Lemma 3.2.1. Let G be a topological group, H a normal subgroup of G, and let G/H be

equipped with the quotient topology. Then:

(@) the canonical projection q: G — G/H is open;

(b) iff: G/H — G, is a homomorphism to a topological group G, then f is continuous if
and only if f » q is continuous.

Proof. (a) Let U # 0 be an open set of G. Then g '(q(U)) = HU = Uner MU is open,
since each hU is open. Therefore, g(U) is open in G/H.

(b) If f is continuous, then the composition f - g is obviously continuous. If f o g is
continuous and W in an open set of G,, then (f - q)‘l(W) = q‘l(f‘l(W)) is open in G,
so f~}(W) is open in G/H. This proves that f is continuous. O

Remark 3.2.2. If G is a topological group and H simply a subgroup of G, the quotient
set G/H consisting of left cosets of G need not be a group, yet it carries the quotient
topology that makes it a homogeneous topological space, and the continuous map
q:G — G/H is open.

Theorem 3.2.3 (Frobenius theorem). Let G, H be topological groups, f:G — H a con-
tinuous surjective homomorphism, and q: G — G/ ker f the canonical projection, and let
fi: G/ ker f — H be the unique homomorphism with f = f; - q:

G—f>H
* /1
G/ kerf

Then f; is a continuous isomorphism. Moreover, f; is a topological isomorphism if and
only if f is open.

Proof. It follows immediately from the definitions of quotient topology and open map,
and from Lemma 3.2.1. O

As a first application of Frobenius theorem 3.2.3, we show that the quotient topol-
ogy is invariant under topological isomorphism in the following sense.

Corollary 3.2.4. Let G, H be topological groups and f:G — H a topological isomor-
phism. Then for every normal subgroup N of G the quotient H/f (N) is topologically iso-
morphic to G/N.

Proof. Obviously, f(N) is a normal subgroup of H and the canonical projection g: H —
H/f(N) is continuous and open by Lemma 3.2.1. Therefore, h = qgof: G — H/f(N) is an
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open continuous surjective homomorphism with ker h = N.

f

G——H

N,

G/N - — > H/f(N)

We conclude that H/f(N) is topologically isomorphic to G/N by Frobenius theo-
rem 3.2.3. O

One can order the continuous surjective homomorphisms with common domain
the topological group G calling a continuous surjective homomorphism f: G — H pro-
jectively larger than another continuous surjective homomorphism f': G — H' when
there exists a continuous homomorphism n: H — H' such that f' = 5o f:

In the next proposition we show that, roughly speaking, the projective order
between open continuous surjective homomorphisms with the same domain corre-
sponds to the order by inclusion of their kernels.

Proposition 3.2.5. Let G, H;, H, be topological abelian groups and f;: G — H;, i = 1,2,
open continuous surjective homomorphisms. Then there exists a continuous homomor-
phism n: H; — H, such that f, = n o f; if and only if ket f; < ker f,. Moreover, n is a
topological isomorphism if and only if ker f; = ket f,.

Proof. The necessity is obvious. So, assume that kerf; < kerf,. By Frobenius theo-
rem 3.2.3 applied to f;, fori = 1, 2, there exists a topological isomorphism j;: G/ ker f; —
H; such that f; = j; - g;, where g;: G — G/ ket f; is the canonical projection. As ker f; <
ker f,, we get a homomorphism ¢: G/ ker f; — G/ ker f, that makes the diagram

fi f
4 5]

n
commute. Moreover, t is continuous by Lemma 3.2.1(b). Obviously, 17 = j, ot oj; ! works.

If kerf; = kerf,, then t is a topological isomorphism, hence 1 is a topological
isomorphism as well. O
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Regardless of its simplicity, Frobenius theorem 3.2.3 is very useful since it pro-
duces topological isomorphisms as in the above proof. The openness of f is its main
ingredient, so from now on we are interested in providing conditions that ensure open-
ness.

Lemma 3.2.6. Let X,Y be topological spaces and let f:X — Y be an open continuous
map. Then for every subspace P of Y with PN f(X) # 0, the restrictionf' = f | g H — P
to the subspace H; = f\(P) is open.

Proof. To see that f’ is open, choose a point x € H; and a neighborhood U of x in Hj.
Then there exists a neighborhood W of x in X such that U = H; n W. To see that f'(U)
is a neighborhood of f'(x) in P, note that if f(w) € P forw € W, then w € H;, hence
we H nW =U.Thus, f(W)nPc f(U) =f'(U). O

We shall apply Lemma 3.2.6 when X = G and Y = G; are topological groups and
f = q: G — G, is an open continuous homomorphism. Then the restriction qgiP)—>P
of g is open for every subgroup P of G;.

Nevertheless, even in the particular case when g is surjective, the restriction H —
q(H) of g to an arbitrary closed subgroup H of G need not be open:

Example 3.2.7. For G = T the continuous homomorphism y,:G — G, x — 2x, is
surjective and open. Let now H = Z(3%°) < T. The restriction y: H — 2H = H of i, is
a continuous isomorphism.

To see that ) is not open, it suffices to notice that the sequence {Xntnen, in H,
defined by x,, = Yx_, 1/3 for every n € IN,, is not convergent in H (as it converges to
the point 1/2 € T \ H). On the other hand, obviously yg(xn) =2, » 0inH.

Next we see some relevant isomorphisms related to the quotient groups.

Theorem 3.2.8. Let G be a topological group, N a normal subgroup of G, and q:G —

G/N the canonical projection.

(@) If H is a subgroup of G, then the homomorphism q;: HN/N — q(H), defined by
q,(xN) = q(x) for every x € H, is a topological isomorphism.

(b) If H is a normal subgroup of G with N ¢ H, then q(H) = H/N is a normal subgroup
of G/N and the map j: G/H — (G/N)/(H/N), defined by j(xH) = (xN)(H/N) for every
x € G, is a topological isomorphism. If H is closed, then also q(H) is closed.

(c) IfH is asubgroup of G, thenthemap s: H/HNN — (HN)/N, defined by s(x(HNN)) =
xN for every x € H, is a continuous isomorphism. It is a topological isomorphism if
and only if the restriction q [y: H — (HN)/N is open.

(The quotient groups are always equipped with the quotient topology.)

Proof. (a) As HN = qil(q(H )), we can apply Lemma 3.2.6 and conclude that the re-
striction q': HN — q(H) of q is open. Now Frobenius theorem 3.2.3 applies to ¢’ and
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implies that the unique homomorphism g;: HN/N — q(H) satisfying g, p = q', where
p:HN — HN/N is the canonical projection, is a topological isomorphism.

\ 7
-
-
p _ 4

HN/N

q(H)

(b) Since H = HN, item (a) implies that the induced topology of q(H) coincides
with the quotient topology of H/N. Hence, we can identify H/N with the topological
subgroup g(H) of G/N. The composition f: G — (G/N)/(H/N) of g with the canonical
projection1: G/N — (G/N)/(H/N) is open, the latter being open. Lets: G — G/H be the
canonical projection. Applying Frobenius theorem 3.2.3 to the open homomorphism f
with ker f = H, we find a topological isomorphism j' making the diagram

66— L~ mymm

7

7~
-
S s
P

commute. Since also j makes the diagram commutative and s is surjective, we deduce
thatj = j' is a topological isomorphism.

If H = HN is closed, then G \ HN is open, so (G/N) \ q(HN) = q(G \ HN) is open as
well. Therefore, g(H) is closed.

(c) To the continuous surjective homomorphism g [;:H — (HN)/N we apply
Frobenius theorem 3.2.3 to find a continuous isomorphism s: H/HNN — (HN)/N, that
is necessarily defined by s(x(H n N)) = xN for every x € H, as it makes the diagram

H An (HN)/N
7

7~
-
' ~ s
q -

H/HnN

commute, where ¢’ is surjective. By the same theorem, s is a topological isomorphism
ifand only if g [y: H — (HN)/N is open. O

Example 3.2.7 shows that the continuous isomorphism s: H/HNN — (HN)/N need
not be open: take G = T, H = Z(3*),and N = (1/2),sothat HN N = {0} and s: H —
(H +N)/N = q(H) is not open.

The next theorem gives a precise description when this occurs:

Theorem 3.2.9. Let G be a topological group, N a closed normal subgroup of G, and
q:G — G/N the canonical projection. If H is a dense subgroup of G, then q, := q [:
H — q(H) is openifand only if N n H is dense in N.
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Proof. LetN; =HNN.

Assume that g, is open and consider first the case when N; = {e;}. This assump-
tion implies that G is Hausdorff, and hence the limits of nets are unique. Assume for
a contradiction that N # N; and pick x € N \ {es}. By the density of H in G, there ex-
ists a net {g,}4e4 in H converging to x. Then q(g,) — eg/y in q(H) equipped with the
topology induced by G/N. Therefore, the isomorphism (in this case) g;: H — q(H) is
not open, as g, + € in G, a contradiction.

In the general case, consider the canonical projections : G — G/N; and q": G/N; —
G/N, and their restrictions m, = 7 [:H — n(H) and q] = q' [ gy 7(H) — qH) =
q'(n(H)):

G—>G/N

oA

G/N,

The openness of ¢; = q; -, and the surjectivity of 77; imply that g; is open. Hence, the
above argument applied to G/Nj, its closed subgroup N/N;, and its dense subgroup
n(H) implies N = N;. In fact, 71(H) N N/N; = {e¢, }, and so also 77(H) N N/N; = {ey,}
since G/N, is Hausdorff; by the above argument, N/N; = {e,y, } as well, thatis, N = N;.

Vice versa, assume that N = N; and pick U,V € Vy(eg) with VV < U. Then V «
Vs(eg), s0 q(V) € Vg n(egy). Hence, it suffices to check that q(V) n g(H) < q(U). Pick
h € Hsuchthatq(h) € (V) sothath = v'xwithv' € V,x € N = Hn N. Then there exist
nets {h,} e and {V,},e4 in H N N and V, respectively, such that h, — x and v, — v'.
This implies v,h, — v'x = h, and so hh'v;' — e; in H. Therefore, there exists f € A
such that hh’lvlg1 €V, henceh ¢ Vvﬁhﬁ c VVN. This implies that g(h) < q(VV) < q(U),
and we can conclude that g(U) € V) (eg/n)- O

Now, for a normal subgroup H of a topological group G, we relate properties of the
quotient G/H to those of H.

Lemma 3.2.10. For a topological group G and a normal subgroup H of G:
(@) G/H is discrete if and only if H is open;
(b) G/H is Hausdorffif and only if H is closed.

Proof. Let q:G — G/H be the canonical projection.

() If G/H is discrete, then H = ¢! (eg ,i) is open since the singleton {e; 4} is open.
If H is open, then {e;;} = q(H) is open since the map g is open.

(b) If G/H is Hausdorff, then H = q‘l(eG/H) is closed since {eg,/y} is closed. If H is
closed, then {e; 4} = q(H) is closed, by Theorem 3.2.8(b). O

Example 3.2.11. An Alexandrov group G is simply an extension of an indiscrete group
=T{eg} by the discrete one G/N.

EBSCChost - printed on 2/10/2023 4:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

40 — 3 General properties of topological groups

Here we consider the counterpart of Remark 3.1.10 for quotient groups.

Proposition 3.2.12. Let G,H be abelian groups and f:G — H a surjective homomor-
phism. Then f is (continuous and) open when both G, H are equipped with their profinite
(respectively, pro-p-finite, p-adic, natural, pro-countable) topology.

Proof. For the profinite and for the pro-countable topology use that fact that for a sub-
group N of G the homomorphism f;: G/N — H/f(N) induced by f is surjective. The
remaining cases are trivial. O

We shall see in the sequel (see Corollary 11.2.8) that if G is an abelian group
equipped with its Bohr topology and H is a subgroup of G, then the quotient topology
of G/H coincides with the Bohr topology of G/H.

3.3 Initial and final topologies: products of topological groups

Proposition 3.3.1. Let {G;:i € I} be a family of topological groups. The direct product
G = [;e; Gi» equipped with the product topology, is a topological group.

Proof. The filter V(e;) in the product topology of G has as a base the family of neigh-
borhoods

n
p;' ) = U, x---xU; x [ Gy
k=1 iel\J

where J = {ji,...,j,} varies among all finite subsets of I and U; € V(eG]_) forallj e J. It
is easy to check that the filter V(e;;) satisfies the conditions (gt1), (gt2), and (gt3) from
Theorem 2.1.10. Due to (gt3), for an arbitrary element a € G, one can easily check that
V(a) = aV(e;) = V(eg)a. Hence, G is a topological group. O

Definition 3.3.2. For a group G, a family {K;:i € I} of topological groups, and a family
F = {fi:i € I} of group homomorphisms f;: G — K;, the initial topology of F is the
coarsest group topology on G that makes continuous all f; € F.

Namely, the initial topology of F is obtained by taking as local base at e; the fam-
ily {iey f ' (Up):J < I finite, Vi € J, U; € Vg (ex)}.

The initial topology is introduced in the same way for topological spaces and con-
tinuous maps (see Exercise B.7.6). For a group G, a family {K;:i € I} of topological
groups, and a family 7 = {f;:i € I} of group homomorphisms f;: G — K;, the ini-
tial topology of F introduced above coincides with the initial topology for topological
spaces.

Example 3.3.3. (a) For a topological group G and a subgroup H of G, the subgroup
topology of H is the initial topology of the inclusion map H — G.
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(b) For a family {G;:i € I} of topological groups, the product topology of G = [];¢; G;
is the initial topology of the family {p;:i € I} of the projections p;: G — G;.

(c) Let G be a group, let {K;:i € I} be the family of all finite quotient groups K; = G/N;
of G equipped with the discrete topology and, for everyi € I, let f;: G — K; be
the canonical projection. Then the profinite topology @ of G coincides with the
initial topology of the family {f;:i € I}.

(d) For a fixed prime p, the pro-p-topology of a group G can be described in a simi-
lar manner as the profinite topology, using the finite quotients G/N; of G that are
p-groups. The p-adic topology of G is obtained if one takes all quotients of G of
finite exponent that is a power of p.

(e) To obtain the natural topology of a group G as an initial topology in the above
sense, one has to make recourse to all quotients of G of finite exponent.

(f) The cocountable topology of a group G can be obtained as the initial topology in
the above sense, if one takes all countable quotients of G.

(g) For G an abelian group and a set H = {f;:i € I} of characters f;: G — T of G, the
initial topology of H coincides with the topology 75 defined in §2.2.2. In particular,
the Bohr topology B, of G is the initial topology of G*.

Remark 3.3.4. Let G be a group, {K;:i € I} a family of topological groups, and F =
{f;:i € I} a family of group homomorphisms f;: G — K;. The initial topology of F on G
coincides with the initial topology of the single diagonal map

Ar:G — [ [ K x = (F(0).
iel

The map Ar: G — [];; K; is injective if and only if 7 separates the points of G. In this
case the initial topology of F coincides with the subgroup topology of G induced by
the product topology of [[;; K;, when G is identified with A (G).

Now we define an inverse system of topological groups and its inverse limit.

Definition 3.3.5. Let (I, <) be a directed set.

(i) An inverse system of topological groups, indexed by a directed poset (I, <), is a
family {G;:i € I} of topological groups and continuous homomorphisms v;: G; —
G; for every pairi < j in I, such that v; = idg, for everyi € I and, for every trlple
i<j<kinl, vyovy =vy:

e

N, A

We briefly denote by [G;, (v Vi), 1] this inverse system.
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(i) An inverse limit of an inverse system [G;, (i), Il is a topological group G and a
family {p;:i € I} of continuous homomorphisms p;: G — G; satistying p; = v;; o p;
for every pairi <jinlI,

such that, for every topological group H and every family of continuous homo-
morphisms g;: H — G; satistying g; = v;; o g; for every pairi < j in I, there exists a
unique continuous homomorphism ¢: H — G such that g; = p;  t for everyi € I.

As the inverse limit of the inverse system [G;, (vy,), I] determined in item (b) exists
and it is unique up to isomorphism, we denote it by liLnieI G;:

Proposition 3.3.6. Let [G;, (v;), 1] be an inverse system of topological groups.
(@) Inthe product H = [];; G;, consider the subgroup

G = {x = (Xp)jer € H:v5(x;) = x; whenever i < j}

and, for every i € I, denote by p;: G — G; the restriction to G of the canonical pro-
jection H — G;. Then:
(a1) G along with the family {p;:i € I} is an inverse limit of [G;, (v;),1];
(a,) G has the initial topology of {p;:i € I}.
(b) The inverse limit liLnid G; is unique up to isomorphism.

Proof. (a) This is straightforward, since p;: G — G; is continuous for everyi ¢ I.

(b) Suppose that G with {p;:i € I} and L with {g;:i € I} are inverse limits of
[G;, (v),1]. Then N = Mier ker g; = {0}, since there must be a unique t: N — L such
that g; o t = 0 for all i € I and both the inclusion map j: N — L and the zero morphism
z:N — L satisfy this condition, so j = z yields N = {0}.

There exists a unique continuous homomorphism f: L — G such that g; = p; o f for
every i ¢ I, and there exists a unique continuous homomorphism f': G — L such that
pi=q;of foreveryiel.Foreveryiel,p;o(fof')=p;

hence f of' = id;. Analogously, for everyi € I, g; o (f' of) = g;, hence f' of = id; (using,
in both cases, the equalities [);; ker p; = {0} and [;; ker ¢; = {0}). We conclude that
f is a topological isomorphism. O
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Remark 3.3.7. Proposition 3.3.6 yields that, for an inverse system [G;, (v;), I] of topo-
logical groups, @id G; (identified with G) is a closed subgroup of [[;; G;.

Very often the inverse systems have a more simple form as follows.

Example 3.3.8. Let {G,:n € N} be a family of topological groups and let {¢,,: n € N} be
a family of continuous homomorphisms ¢,: G,,; — G,. Putting, for every pair m,n ¢
Nwithm>n, @ =Py 0 Ppq: Gy — Gy,

(o G- oM oM
Gm : Gm—l L . Gn+1 an

we obtain an inverse system [G, (¢,,,), N] that we simply write as [G,,, (¢,,), N].
In these terms, if p is a prime and ¢,,;: Z(p"*!) — Z(p") is the canonical projection
for n € N, the inverse limit of the inverse system [Z(p"), (¢,,), N] is Jp-

Definition 3.3.9. Let G be a group and {K;:i € I} a family of topological groups. For a
given family F = {f;:i € I} of group homomorphismsf;: K; — G, the final topology of the
family F is the finest group topology on G that makes continuous all homomorphisms
fieF.

Analogously to the initial topology, the final topology is introduced in the same
way for topological spaces and continuous maps (see Exercise B.7.7).

The main example in this direction is the quotient topology of a quotient group
G = K/N of a topological group K. It is the final topology of the canonical projection
q:K — G. This is a simple example, since the map q is surjective.

When surjectivity is missing, the final topology is less transparent even in the case
of a single injective homomorphism, say a subgroup embedding i: K — G. In this spe-
cific case, denote by 7 the topology on K; the final topology 7 of {i} on G exists, it is sim-
ply the supremum of all group topologies ¢ on G with o [< 7. This yields, of course,
T [x< 1. Nevertheless, although somewhat surprising, this final topology 7 need not
satisfy T [x= 7, i. e., need not be an “extension” of 7. More details on this subtle issue
are given in Chapter 4.

3.4 The Hausdorff reflection of a topological group

This subsection is motivated by the simple fact reported in Lemma 3.4.1. According to
Lemma 2.1.16 and Remark 2.1.17(a), the core of a topological group G is a closed normal
subgroup of G and coincides with the closure of {e;}.

Lemma 3.4.1. Let (G, 1) be a topological group, N := core(G) = @, and q:G — G/N
the canonical projection. Then:

(a) N is anindiscrete closed normal subgroup of G and G/N is Hausdorff;

(b) T coincides with the initial topology of q;
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(c) every continuous homomorphismf:G — H,where H is a Hausdor{f group, factorizes
through q:

Proof. (a) Since N ¢ U for every U € V,(e;), N is indiscrete. The last assertion follows
from Lemma 3.2.10(b).

(b) Let V € V,(e;) be open. Then N ¢ V. Fix arbitrarily x € V. Then there exists
U € V,(es) such that xU € V. Since N ¢ U ¢ V, we conclude that xN ¢ V. This proves
that VN < V. On the other hand, V ¢ VN, hence V = VN = q’l(q(N)). Therefore, T
coincides with the initial topology of ¢: G — G/N.

(c) Let L = ker f. Then L is a closed normal subgroup of G, so N ¢ L. By Frobenius
theorem 3.2.3, there exists a continuous injective homomorphism f;: G/L — H such
that f = f; - 1, where m: G — G/L is the canonical projection. Since N ¢ L, there exists
a homomorphism h: G/N — G/L such that m = h - q. Moreover, h is continuous by the
continuity of 7 = h o g. Now the composition = f; - h: G/N — H provides the desired
factorizationf =noq:

| G/IN~

i
i y

h
G/{ O

This lemma shows that the properties of a topological group G are easily deter-
mined from the corresponding properties of the Hausdorff quotient G/core(G). This is
why it is not restrictive to work mainly with Hausdorff groups. Therefore, most often
the topological groups in the sequel are assumed to be Hausdorff.

Now we put this observation in a more categorical framework.

Proposition 3.4.2. Let (G, T) be a topological group.

(@) The quotient topology of the group bG := G/core(G, T) is Hausdorff.

(b) Iff:(G,T) — H is a continuous homomorphism to a Hausdor{f group H, then there
exists a unique continuous homomorphism f;: )G — H such that f; - q = f, where
q: G — G is the canonical projection:
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Proposition 3.4.2(b) shows that the Hausdorff quotient group hG associated to a
topological group G is its best approximation by Hausdorff groups.

Let us see that the assignment G — hG induces a functor from the category of all
topological groups to its subcategory TopGrp, of Hausdorff groups, so that f; = hf in
the above proposition (while H = hH, as H is Hausdorff).

Proposition 3.4.3. Let G, H be topological groups and f:G — H a continuous homo-
morphism. Then bf:hG — hH, defined by hf (x core(G)) = f(x) core(H) for every x € G,
is a continuous homomorphism commuting with the canonical projections q;: G — HG
and qg: H — bH. Iff is an embedding, then so is bf.

Proof. Since f(e;) = ey, Proposition 3.4.2(a) implies that f(core(G)) < core(H). This
proves the correctness of the definition of hf and the commutativity of the following
diagram:

G;-H

o e

hG — > bH

The continuity of hf easily follows from the continuity of f and gy, and the properties
of the quotient topology of hG and q;.

Now assume that f is an embedding. For simplicity we assume that G is a topolog-
ical subgroup of H and f: G — H is the inclusion. Furthermore, we let g = gy for the
sake of brevity.

Obviously, core(G) = core(H) N G, so that hf is injective, as ker g; = core(G) and
ker g = core(H). It remains to prove that bf: hG — q(G) = bf (hG) is open, when g(G) =
hG carries the topology induced by hH. According to Theorem 3.2.8(c), it suffices to
see that g [;:G — q(G) is open. To this end, take U € V;(es;); we have to prove that
q(U) € Vyyleyn)- Pick W, W, € Vg(eg) such that U = GNnW and W, is symmetric with
W, W; ¢ W. We prove that

qg(Wy) ng(G) < qg(W nG). (31

This equality implies that (W n G) is a neighborhood of ey in q(G) equipped with
the topology induced by hH.

To prove (3.1), pick w € W, such that g(w) € g(W;) n g(G), namely, g(w) € q(G).
Then there exists g € G such that w = gy, where y € ker g = core(H). As core(H) ¢ W,
thisimplies thatg = wy™! € W, W, ¢ W, sog € WnG. Therefore, gq(w) = q(g) € g(WnG)
and (3.1) is proved. O

This shows that h: TopGrp — TopGrp, is a reflection, since hG = G in case G is a
Hausdorft group (in fact, core(G) = {e;}). We collect further properties of the reflection
functor  and the map ¢;:
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Remark 3.4.4. We shall often use in the sequel the following facts making use of the

notation above:

(@) If H is a topological group and G is a closed (respectively, open) subgroup of H,
then G contains core(H), and gy (G) is a closed (respectively, open) subgroup of
hH.

(b) If a continuous homomorphism f: G — H of topological groups is closed (respec-
tively, open), then also hf: hG — hH is closed (respectively, open). This follows
from Theorem 3.2.8(b) and the fact that G contains core(H).

(c) If{G;:i € I} is a family of topological groups, then h([[;; G;) = [Lie; HG;-

(d) hG is discrete for a topological group G precisely when G is an Alexandrov group.

3.5 Exercises

Exercises on separation axioms and products

Exercise 3.5.1. Let H be a discrete subgroup of a topological group G. Prove that H is
topologically isomorphic to the semidirect product of H and @, carrying the product
topology, where H is discrete and {e;} is indiscrete.

Exercise 3.5.2. Consider a group G endowed with the Taimanov topology % (see Ex-

ercise 2.4.16).

(a) Prove that T is Hausdorff if and only if the center Z(G) of G is trivial.

(b) If Z(G) is trivial, consider G as a subgroup of Aut(G) (making use of the inner au-
tomorphisms). Identify Aut(G) with a subgroup of the power G® and show that
% coincides with the topology induced by Aut(G) equipped with the pointwise
convergence topology 7 (when G carries the discrete topology).

(c) Under the standing hypothesis that Z(G) is trivial, consider Aut(G) as a subgroup
of S(G) in the natural way and show that 7 coincides with the topology induced
on Aut(G) by T;.

Exercise 3.5.3. Prove that a Hausdorff group containing a dense solvable group is
solvable.

Exercise 3.5.4. (a) Let H be a nontrivial discrete group and let G = H x N, where N
is an indiscrete nontrivial group. Prove that H x {e;} is a discrete dense (hence,
nonclosed) subgroup of G.

(b) If H is a normal Hausdorff subgroup of a topological group G and N = {e;}, prove
that H contains HN and the subgroup HN is topologically isomorphic to the direct
product H x N equipped with the product topology.
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Hint. (a) follows from the more general item (b). The first assertion of (b) is obvious. Since {e;} is dense
in the Hausdorff subgroup H n N, it follows that H N N = {e;}. The set-wise product HN is a subgroup
of G (as N is normal subgroup of G) and the map f: H x N — HN, (h,n) — hnis an isomorphism, since
H NN = {eg}. Since f [fye; and f [y are continuous, f is continuous as well. On the other hand,
the compositions of f ! with the canonical projections of the product H x N are continuous, so f ! is
continuous.

Exercise 3.5.5. Prove that T/Z(m) = T for everym € N,.

Hint. The subgroup H = (1/m) of R containing Z satisfies H/Z = Z(m), so T/Z(m) = (R/Z)/(H/Z) =
R/H. It remains to note that R/H = R/Z = T, as the automorphism ¢: R — R defined by ¢(x) = x/m
takes Z to H.

Exercise 3.5.6. Let Hbeagroup, G = HxH and 7,7’ € £(H). Endow G with the product
topology T x T’ and consider the diagonal map Ay: H — G, defined by Agx(h) = (h, h)
for h € H. Show that A;; becomes an embedding when H is equipped with sup{r, 7'}.
Formulate and prove the corresponding property with respect to the diagonal map
Ay: H — H' in the case of arbitrary Cartesian powers.

Exercise 3.5.7. Let G;, G, be groups and G = G; x G,. Identify G, and G, with the sub-

groups G, x {eg,} and {eg, } x G, of G, respectively. For a group topology 7 on G, denote

by 7; the topology induced on G; by 7, withi = 1,2.

(a) Prove that 7 is coarser than the product topology 1; x 7, of G.

(b) Incase G, and G, are abelian, conclude that (G, 7, x T,) is the coproduct of (G;, ;)
and (G,, 7,) in the category of topological abelian groups.

Hint. Let W be a neighborhood of e; in T and V be a -open neighborhood of e; with VV ¢ W. Now
V N G; is a 7;-open neighborhood of eg, in (G;, 7;) fori = 1,2, and

T XT3U=nG)x(VNGy)=(VNnG) x{eh{e} x (VNGy)) cVV W,
therefore, W is a neighborhood of e; also in 7; x 7,.

Exercise 3.5.8 ([174]).* Prove that the group Z™ equipped with the product topology
of the discrete topology of Z is not a normal space.

Exercises on initial and final topologies

Exercise 3.5.9. For a group G, a family {K;:i € I} of topological groups, and a family

F ={f;:1 € I} of group homomorphisms f;: G — K;, prove that:

(@) the initial topology of the family F coincides with sup;; 7;, where 7; denotes the
initial topology of the single homomorphism f; € F;

(b) a homomorphism h: H — G is continuous with respect to the initial topology of
the family 7 on G if and only if all compositions f; - h: H — K; are continuous.
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Exercise 3.5.10. Let G be a group and 7 = {7;:i € I} a family of group topologies
on G. Prove that sup;; 7; coincides with the initial topology of the family F of all maps
idg: G — (G, ;) and also with the topology induced on G by the diagonal map A;: G —
[Tic; G = G, in other words, (G, sup;; 7;) is topologically isomorphic to the diagonal
subgroup A = {x = (x;);¢; € G:x; = x; foralli,j € I} of [ [;¢/(G, 7).

Exercise 3.5.11. Let G be a group, {K;:i € I} a family of topological groups, and F =
{f;:i € I} a family of group homomorphisms f;: K; — G. Prove that a homomorphism
h: G — H is continuous with respect to the final topology of the family F on G if and
only if all compositions h - f;: K; — H are continuous.

Exercise 3.5.12. Prove that:

(@) if V,U are vector spaces over a field K, then the finite topology of Hom(V, U)
is the initial topology of the family {f,:v € V} of all linear transformations
f,sHom(V,U) — U, of the form ¢ — ¢(v) for ¢ € Hom(V, U), when U is equipped
with the discrete topology;

(b) if U = K = Z(p) is a prime finite field, then the finite topology of V* coincides with
the profinite topology of V*.

Exercises on functorial topologies

Exercise 3.5.13. Let 7 be a functorial topology. Prove that:

(@ Tgx6, = T, x T, for every pair G,, G, of abelian groups;

(b) T = [lier Tg, for every family {G;: i € I} of abelian groups with G = [[;¢; G;;

(c) Ty = Tg [y for every abelian group G and every subgroup H of G;

(d) (Te)g = Tou for every abelian group G and every subgroup H of G where (T6)q
denotes the quotient topology of (G, 7;).

Hint. (a) Consider the projections p;: (G, TGngz) - (GI»,7]’») for j = 1,2, which are continuous by the
definition of functorial topology. Then, for every neighborhood U; x U, of 0 in (G; x G,, T; X T3), there
exists a neighborhood W of 0 in (G, X G,, 7, ¢,) such that p;(W) ¢ U; forj = 1,2, thatis, W € U; x U,.
Hence, T6,x6, = Tg, x Tg,- To prove the converse inequality, note that the inclusions ij: (G;, 7g,) —
(G1XGy, Tgx6,)-J = 1,2, are continuous by the definition of functorial topology. Then 7, ., < inf{7g, x
86,206, % Tg,} = Tg, % Tg,-

To prove (b), proceed as in the first part of the proof of item (a). For (c) and (d), it suffices to
note that by definition the inclusion (H, 7y) — (G, 75) and the projection (G, 7¢) — (G/H, Tgy) are
continuous.

Exercise 3.5.14. Let G be an abelian group. Show that every countable subgroup is
discrete in the pro-countable topology of G.

Hint. Let A be a countable subgroup of G. It is enough to find an open subgroup H in the pro-countable
topology of G with H n A = {0}. To this end find (using the Zorn lemma) a subgroup H of G with

HnNA = {0} and maximal with this property. Then the quotient projection g: G — G/H has the property
to be injective when restricted to A. Let us see that gq(A) is an essential subgroup of G/H. Indeed, if
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Cngq(A) = {0} in G/H, then ¢}(C) N A = Hn A = {0}. Since H < q"!(C), the maximality of H implies
H = q_l(C) and hence C = q(q'l(C)) = {0}. Now the essentiality of g(4) in G/H implies that G/H is
countable, so H is open in the pro-countable topology of G.

Exercise 3.5.15. Let p be a prime. Show that the p-adic topology of J, differs from the
pro-countable topology.

Hint. While Z is not discrete in the p-adic topology, it is discrete in the pro-countable topology, due to
Exercise 3.5.14.

Exercise 3.5.16. Let G be a group, N a normal subgroup of G, p a prime, and q: G —

G/N the canonical projection. Prove that:

(@) g is open whenever both groups carry the profinite, pro-p-finite, natural, p-adic,
or pro-countable topology;

(b) if G is abelian, then g is open whenever both groups carry their Bohr topology.

Hint. (a) The openness of g: (G, @) — (G, @g ,n) follows from the fact that whenever H is a finite-index
subgroup of G, then g(H) is a finite-index subgroup of G/N. A similar proof goes for the other four
functorial topologies.

(b) The fact that the Bohr topology of G/N coincides with the quotient of the Bohr topology of G
is proved in Corollary 11.2.8.

Exercise 3.5.17. Prove that @; = inf{7;:,v;} for an abelian group G.

Hint. The inequality wg < inf{7;+,vs} was already proved in Proposition 2.2.15 and the equality was
proved in case G is bounded in Theorem 2.2.17.

To prove the inequality w; > inf{7;+,vs}, suppose that G is not bounded and take a basic neigh-
borhood of 0 in the latter topology of the form mG + U, where U € VTG . (0). It is enough to check that
mG + U € wg. Let ¢: G — G/mG be the canonical projection. If we use item (b) of the previous exer-
cise, then it suffices to use the fact that g(U) is a neighborhood of 0 in the Bohr topology of G/mG, so
q(U) contains a finite-index subgroup H of G/mG in view of the equality @¢/m¢ = inf{7(6/mc)*> Ve/ma}-
Hence, U + mG = ¢~ (g(U)) contains a finite-index subgroup of G and we are done.

Here we give a proof, without any recourse to Corollary 11.2.6, of the weaker inequality

wg = sup{inf{7;(, Vgl
XeG*

To this end, fixy € G* and H = x(G) = G/kery. Pick U € VE(O)‘ So, U = )(‘l(V), where V is
a neighborhood of 1 in S. Working with U + U (still a basic neighborhood of V7} (0)) in place of U,
we have to prove that U + U + mG € . If H is finite, then kery is a finite-index subgroup of G, so
U 2 ker y contains a finite-index subgroup and we are done. Suppose that H is infinite, then H is dense
in S. Now consider the subgroup mH = y(mG) of H. Then mH + x(U) = mH + (As N H). Since H is an
infinite subgroup of S, it is not bounded, so mH is infinite as well, and mH is dense in $. In particular,
mH is dense in H, hence mH + (V n H) = H. This proves that

mG+U+U2mG+U+Kkery Qx_l(mH +x (1)) :x_l(mH+ VNnH) :X_I(H) =G.

Clearly, this is a neighborhood of 0 in any topology, in particular U + mG € wg.
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Miscellanea

Exercise 3.5.18. Prove that if a compact abelian group G has a dense divisible sub-
group, then G is divisible as well.

Exercise 3.5.19. Is T2 monothetic? What about TN?

Hint. The questions have positive answer, see Chapter 9.

Exercise 3.5.20. For a continuous surjective homomorphism f: G — H of topological
groups, prove that f(M;) € My. In particular, My is dense in H whenever M, is dense
in G.

Exercise 3.5.21. Prove that:
(a) every infinite strongly monothetic Hausdorff group is torsion-free;
(b) every torsion-free subgroup of T is strongly monothetic.

Exercise 3.5.22. Let 7 be a Hausdorff group topology on Z. Prove that either T admits
a coarser Hausdorff linear topology or there exists a 7-open subgroup H of Z that is
strongly monothetic.

Exercise 3.5.23. Let G be a linearly topologized abelian group and let H be a topolog-
ical subgroup of G. Prove that H is linearly topologized and for every open subgroup
U of H there exists an open subgroup V of G with VnH = U.

Exercise 3.5.24. Prove that a Hausdorff group topology on Z which is coarser than a
nondiscrete linear group topology is linear itself.

Hint. Fix U € V,(0). By hypothesis there exists n € N, such that nZ ¢ U and hence nZ ¢ U, the
closure taken in 7. By Lemma 3.1.1, nZ is a -closed subgroup of Z containing nZ, so nZ is also T-open
by Proposition 3.1.7(c). This, combined with the regularity of (Z, ), shows that 7 is a linear group
topology.

Exercise 3.5.25. Let 7 be a Hausdorff group topology on Z coarser than v% for a
prime p. Prove that 7 = v}
Hint. By Exercise 3.5.24, 7 is linear. If mZ is a T-open subgroup of Z, then it must be also v%-open. So,

mZ. contains p"Z for some n € IN_, i.e., m | p". Hence, m = pk for some k € N. Since all 7-open
subgroups have this form and since 7 is Hausdorff, 7 = v;.
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4 Markov’s problems

4.1 The Zariski and Markov topologies

Let G be a Hausdorff group, a € G, and n € N. Then the set {x € G:x" = a} is obviously
closed in G. This simple fact motivates the following:

Definition 4.1.1. A subset S of a group G is called:

(i) elementary algebraic if there existn € N, ay,...,a, € Gand g,...,&, € {-1,1}
such thatS = {x € G : x"'a;x2a, - - - a,_x" = a,};

(ii) algebraic if S is an intersection of finite unions of elementary algebraic subsets;

(iii) unconditionally closed if S is closed in every Hausdorff group topology on G.

We denote by €; the family of all elementary algebraic subsets of G, by ¢g the
family of all finite unions of elementary algebraic sets of G, and by 2(; the family of all
algebraic subsets of G. Clearly,

E; C 2 < A

In the sequel we assume that G is nontrivial, this allows us to obtain 0 € &;. Since
2; is closed under intersections and finite unions and contains all finite subsets of G,
it is the family of all closed sets of some T; topology 3. on G, called Zariski topology.
In other words, the 35-closed sets in G are precisely the algebraic subsets of G.

Example 4.1.2. (a) ForG = Z, ¢, = {Z,0}u{{n}:n € Z}, and consequently A, = &, =
{Z} u [Z]*”. Hence, 3 is the cofinite topology y,, of Z.

(b) Analogously, if G is a torsion-free abelian group and g € G, then the set S = {x €
G:nx +g = 0} € &; either coincides with G or |S| < 1, so 3 is the cofinite topology
Y of G.

More generally, 3. is non-Hausdorff for all infinite abelian groups G (see Exer-
cise 4.5.9).

Example 4.1.3. (a) Let G be a group. Clearly, each centralizer c;(a) of some a € G is
an elementary algebraic subset of G. Consequently, Z(G) is an algebraic set.

(b) We saw in Example 4.1.2(b) that for a torsion-free abelian group G, 3; = y;- This
property fails if we replace “abelian” with its closest approximation “nilpotent
of class 2”. (Indeed, if G is the Heisenberg group H, then Z(G) = Z is a proper
infinite 34-closed subgroup of G.)

The family of all unconditionally closed sets of G is closed under arbitrary inter-
sections and finite unions and contains all finite subsets of G, hence it coincides with
the family of all closed sets of a T, topology 9Jt; on G, namely, the infimum in 7(G) of
all Hausdorff group topologies on G. We call 9t; the Markov topology of G.

https://doi.org/10.1515/9783110654936-004
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Since an elementary algebraic subset of a group G must be closed in every Haus-
dorff group topology on G, one always has

36 <M.

Remark 4.1.4. In 1944 Markov [209] asked if the equality 3; = 9 holds for every
group G. He showed that the answer is positive in case G is countable. Moreover, in
the same manuscript Markov attributes to Perel'man the fact that 3; = 901 for every
abelian group G (a proof has never appeared in print until [103]). An example of a
group G with 3; + M1 was given by Hesse [173].

Remark 4.1.5. For any group G, (G, 3;) and (G,9%;) are quasitopological groups,
i.e., the inversion and the translations are continuous (see Exercise 4.5.2). On the
other hand, when G is infinite abelian, (G, 3;) and (G, 9;) are not group topologies
since they are T;, but non-Hausdorff (for the fact that 3 is not T, for every infinite
abelian group see Exercise 4.5.9, for infinite torsion-free abelian groups see also Ex-
ample 4.1.3(b)).

4.2 The Markov topology of the symmetric group

Let X be an infinite set. In the sequel we consider the pointwise convergence topology
Ty of the infinite symmetric group S(X) introduced in Example 2.2.22. It turns out that
the Markov topology of S(X) coincides with Ty.

Theorem 4.2.1. Let X be an infinite set. Then Mgy, = Tx.
This theorem follows immediately from an old result due to Gaughan:

Theorem 4.2.2 (Gaughan theorem). Let X be an infinite set. Every Hausdorff group
topology on S(X) is finer than Ty.

The proof of this theorem that we give below follows more or less the line of the
proof exposed in [99, §7.1] with several simplifications. The final stage of the proof
is preceded by a number of claims (and their corollaries) and two facts about purely
algebraic properties of the group S(X) (namely, Lemmas 4.2.4 and 4.2.7).

Definition 4.2.3. Let X be an infinite set. A subset A of S(X) is m-transitive for some
m e N, if for every subset Y of X of size at most m and every injection f: Y — X, there
exists a € A that extends f.

We briefly say transitive in place of 1-transitive. A countable subset H of S(X) can-
not be transitive unless X itself is countable.

The leading idea is that a transitive subset A of S(X) is placed “generically” in
S(X), whereas a nontransitive one is a subset of some subgroup of S(X) that is a direct
product S(Y) x S(X \ Y) where @ # Y ¢ X. (Here and in the sequel, for a nonempty
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subset Y of X, we tacitly identify the group S(Y) with the subgroup of S(X) consisting
of all permutations of S(X) that are identicalon X \ Y.)

The first fact concerns the stabilizers S, = {f € S(X):f(x) = x} of points x € X,
which constitute a prebase of the filter of Tyx-neighborhoods of idy.

Lemma 4.2.4. For an infinite set X and x € X, the subgroup S, of S(X) is maximal.

Proof. Assume that H is a subgroup of S(X) properly containing S, . To show that H =
S(X), take any f € S(X). If f(x) = x, thenf € S, < H, and we are done. Assume that
y:=f(x)#+xandleth € H\S,. Thenz = h(x) # x, so x ¢ {y,z}. There exists g € S(X)
such that g(x) = x, g(y) =zand g(z) = y.Theng € S, € H and f(x) = g(h(x)) =y, that
is, h (g }(f(x))) = x. Therefore, h 'g'f € S, < H,and sof € ghH = H. O

Claim 4.2.5. Let X be an infinite set, T a Hausdor{f group topology on S(X), and x € X.
IfS, is T-closed, then S, is also T-open.

Proof. As S, is T-closed, for every fixedy € X, y # x, letting 0, , = (xy) be the transpo-
sition with support {x, y}, the set

V, = {f € SX):F(X) # ¥} = SX) \ 0., S,

is T-open and contains idy. So, there exists a symmetric neighborhood W of idy in T
such that WW ¢ V,,. Define Wx = {f(x): f € W} and similarly Wy. Then WxnWy = 9, by
the definition of V. Since X = (X\ Wx) U (X \ Wy), either |X\ Wx| = |X| or | X\ Wy| = |X].
Suppose that |[X \ Wx| = |X|. Then one can find f € S(X) with f(Wx \ {x}) € X \ Wx and
f(x) = x. Such an f satisfies f 'Wf n W < S,, as f (Wf(x)) n Wx = {x} by the choice
of f. In view of Proposition 3.1.7(a), this proves that S, is T-open.

An analogous argument works for Sy when |X \ Wy| = |X|. Since S, and S, are
conjugated, this will prove that S, is T-open. O

Corollary 4.2.6. If X is an infinite set and T is a Hausdorff group topology on S(X) such
that S, is T-closed in S(X) for some x € X, then Ty < T.

Proof. Since all S, are conjugated, the hypothesis implies that S, is T-closed for every
x € X. By Claim 4.2.5, S, is T-open for every x € X. As the subgroups S, of S(X) form a
prebase of the filter of neighborhoods of idy in (S(X), Tx), this implies that Ty < T. O

This was the first step in the proof. The next step consists in establishing that all
Syy = Sxy}» With distinct x,y € X, are never dense in any Hausdorff group topology
on S(X) (see Corollary 4.2.10). We need the subgroup

Sy = If € SE:FUX YD) = Y1 = Sy (9)) € SX)

that contains S, , as a subgroup of index 2. Note that §X)y is precisely the subgroup of
all permutations in S(X) that leave the doubleton {x, y} setwise invariant.

Lemma 4.2.7. For an infinite set X and any doubleton {x,y} in X:
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(@) the subgroup §X,y of S(X) is maximal;
(b) every proper subgroup of S(X) properly containing S, , coincides with one of the
subgroups S,,S,,, or S, .

Proof. (a) Let H be a subgroup of S(X) that properly contains §X,y. Our goal is to prove
that S, ¢ H. Then, analogously, S, ¢ H, and an application of Lemma 4.2.4 yields
H = S(X).

Fixg € S,.1fg(y) =y, theng € §,, € EXJ, € H. We may assume that z := g(y) ¢
{x,y}. By assumption, S, , is a proper subgroup of H. So, we can choose hy € H\ S, .
Hence, either hy(x) ¢ {x,y} or hy(y) ¢ {x,y}. Since (xy) € Syy € H, we may assume
that z’ := hy(y) ¢ {x,y}.Ifz' = z, let h = hy, otherwise h = (zz')hy; so h € H in both
cases. Choose t € X\ {x,y, h(x), hil(y)}; then let v = h(t) € X \ {x,y,z}, and hence
(zt),(zv) € Sy, € H. Then (yt) = h™'(zv)h € H, and it is straightforward to check that
hy == (yt)(zt)g € Sy, < H. This implies that g € H, as desired.

(b) Assume that H is a proper subgroup of S(X) properly containing S,y such that
H+S,andH + Sy. We aim to show that H = Sx,y, i.e., (xy) € H.

By Lemma 4.2.4 applied to S, = S(X \ {x}) and its subgroup S, , (the stabilizer of y
in S,), we conclude that S, , is a maximal subgroup of S,. It follows that Hn S, = S, ..
Analogously, HnS, = S, ,. Takef € H\ S, . Thenf ¢ S, andf ¢ S,. Letz = f(x) and
t=f(y);thenz # x, t #+ y and z # t. Consider the following cases.

CASE 1: {z,t} = {x,y}. This is possible precisely when z = y and t = x. Then (xy)f €
SX’y C H, and thus (xy) € H.

CASE 2: {z,t} N {x,y} = 0. Then (zt) € S,, < H, so (xy) = f ' (zt)f € H.

CASE 3: {z,t} n {x,y} = {z} = {y}. So, x # t. Since (tyx)f € S,, < H, we deduce that
(xyt) = (tyx)_1 € H.Choosev € X\ {x,y,t}; then (tv) € Sx,y, and so f; = (xt)(yv) =
(xyt)(tv)(xyt)(tv) € H. Since fi(x) = t ¢ {x,y} and fi(y) = v ¢ {x,y}, we can apply the

argument from Case 2 with f; € H to get (xy) € H. O

Claim 4.2.8. Let X be an infinite set and T a Hausdorff group topology on S(X). Then
there exists a T-neighborhood of idy that is not 2-transitive.

Proof. Assume for a contradiction that all T-neighborhoods of idy are 2-transitive. Fix
arbitrarily distinct u, v, w € X. We show that the 3-cycle (uvw) € V for every arbitrarily
fixed T-neighborhood V of idy; this contradicts the Hausdorffness of T. Indeed, choose
a symmetric T-neighborhood W of idy such that WW ¢ V. For f the transposition (uv),
U := fWfnW is a symmetric T-neighborhood of idy and fUf = U. Since U is 2-transitive,
there exists g € U such that g(u) = u and g(v) = w. Then (uvw) = (uw)(uv) = gfg"'f €
W({Uf) c WW c V. O

Claim 4.2.9. Let X be an infinite set, m € N,, and T a group topology on S(X). Then
every T-neighborhood V of idy in S(X) is m-transitive if and only if every stabilizer Sy
with |F| = mis T-dense.
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Proof. Assume that Sy is T-dense for every finite subset F of X with |F| = m. Let V be
a T-neighborhood of idy. Let F = {xy,...,x,,} and {y;,..., ¥} be two subsets of X of
size m. We have to show that there exists f € V such that f(x;) = y; foralli € {1,...,m}.
Take an arbitrary g € S(X) such that g(x;) = y; foralli € {1,...,m}. Since S is dense
in S(X) by assumption, S(X) = VSg holds. So, there exist f € V and h € Sg such that
g = fh. Then y; = g(x;) = f(h(x;)) = f(x;) for every i € {1,...,m}. This shows that V is
m-transitive.

Conversely, assume that all T-neighborhoods V of idy are m-transitive. Let F be
a finite subset of X of cardinality m. We have to check that Sy is T-dense in S(X). So,
fix a T-neighborhood V of idy and g € S(X). By assumption, V is m-transitive, hence
there exists f € V such that f(x) = g(x) for all x € F. This means that f'g € Sg, and
therefore g € fSr € VS, thatis, S(X) = VSp. O

What we really need further on is that the density of the stabilizers S, , implies
that every T-neighborhood V of idy in S(X) is 2-transitive.

Corollary 4.2.10. Let X be an infinite set and T a Hausdorff group topology on S(X).
Then for every pair x,y € X with x # y, the stabilizer S, , is not T-dense in S(X).

Proof. By Claims 4.2.8 and 4.2.9, there exist distinct x',y’ € X such that S, is not
T-dense. The assertion follows from the fact that all stabilizers of the form S, , with
distinct x, y are conjugated. O

Proof of Theorem 4.2.2. Assume for a contradiction that T is a Hausdorff group topol-
ogy on S(X) that does not contain Ty. By Corollaries 4.2.6 and 4.2.10, all subgroups of
the form S, are T-dense and no subgroup of the form S, , is T-dense.

Fix a pair x,y € X with x # y, and let G, , denote the T-closure of S, ,. Then G, ,
is a proper subgroup of S(X) containing S, ,. Since S, is T-dense, G, , cannot contain
Sy» 80 S, N G, is a proper subgroup of S, containing S, . By Lemma 4.2.4, S, , is a
maximal subgroup of S,. Therefore, S, N G, , = S, . This shows that S, is a T-closed
subgroup of S,. By Claim 4.2.5 applied to S, = S(X \ {x}) and its subgroup S, ,, we
conclude that S, , is a T-open subgroup of S,. Since S, is T-dense in S(X), the closure
Gy, of S, is T-open in S(X). Since S, is a proper T-dense subgroup of S(X), S, cannot
contain G, . Analogously, S, cannot contain G, either. So, G, # S, thatis, G, is
a proper subgroup of S(X) containing S, , and S, # Gy, # S,. Therefore, G, , = S, by
Lemma 4.2.7(b). This proves that S, , is T-open. Since all subgroups of the form S, ,
are pairwise conjugated, all subgroups S, , are T-open.

Now we can see that the stabilizers Sp with |F| > 2 are T-open, as

Sp=( 1Sy : .y € F,x #y}.

This proves that all basic neighborhoods Sy of idy in Ty are T-open. In particular, also
the subgroups S, are T-open, contrary to our hypothesis. O
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A generalization of Theorem 4.2.2 was obtained by Banakh, Guran, and Pro-
tasov [16]. Indeed, for an infinite set X, denote by S,,(X) the subset of all permutations
of finite support in S(X). In [69] Dierolf and Schwanengel proved that for each infinite
set X and each subgroup G of S(X) containing S,,(X), the topology Ty [ is a minimal
Hausdorff group topology on G (see Definition 8.4.3), and it was conjectured in [99,
p. 220] (see also [201]) that for an infinite set X and a subgroup G of S(X) containing
Sy (X), the topology Ty [ is the coarsest Hausdorff group topology on G. In [16] this
conjecture was proved:

Theorem 4.2.11. For an infinite set X and a subgroup G of S(X) containing S,,(X), the
topology Tx [ is the coarsest Hausdorff group topology on G, i.e., M = Ty [¢-

This result is based on another fact, which is interesting on its own:

Theorem 4.2.12 ([16]). Let X be an infinite set and G a subgroup of S(X) containing
Sy, X). Then 3 coincides with the topology induced by Tx on G.

The following consequence of the above theorem answered [102, Question 38]
about the coincidence of 3, and Mgy, (see Remark 4.1.4).

Corollary 4.2.13. Let X be an infinite set and G a subgroup of S(X) containing S,,(X).
Then 35 = M.

We conclude with a relevant property of the groups (S(X), Ty).
Call a topological group G topologically simple if G has no proper closed normal
subgroups.

Corollary 4.2.14. If G is a nontrivial Hausdorff group, X is an infinite set, and
f:(8X),Tx) — G is a continuous surjective homomorphism, then f is a topological
isomorphism.

Proof. Since (S(X), Ty) is topologically simple (see Exercise 8.7.7) and f is surjective
and nontrivial, we deduce that f is a continuous isomorphism. Theorem 4.2.2 implies
that f is open. O

4.3 Existence of Hausdorff group topologies

According to Proposition 3.1.20, every infinite abelian group admits a nondiscrete
Hausdorff group topology, for example, the Bohr topology. This gives:

Proposition 4.3.1. Every group with infinite center admits a nondiscrete Hausdorff
group topology.

Proof. The center H = Z(G) of the group G has a nondiscrete Hausdorff group topology
7, by Proposition 3.1.20. Obviously, Vg 1) (e) is a filter base satisfying conditions (gt1),

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

4.3 Existence of Hausdorff group topologies =—— 57

(gt2), and (gt3), so it forms a local base at e; of a nondiscrete Hausdorff group topology
on G. =

In 1946 Markov set the problem of the existence of a (countably) infinite group G
that admits no Hausdorff group topology beyond the discrete one. Let us call such a
group a Markov group, or nontopologizable. Obviously, G is a Markov group precisely
when 91, is discrete, and a Markov group must have finite center, by Proposition 4.3.1.

Remark 4.3.2. According to Remark 2.1.17(a) and Lemma 2.1.16, the closure of the neu-
tral element of every topological group G is always a normal subgroup of G. There-
fore, a simple topological group is either Hausdorff or indiscrete. Therefore, a simple
Markov group G admits only two group topologies, the discrete and the indiscrete.

The equality 3; = 9, established by Markov for countable groups G was in-
tended to help in finding a countably infinite Markov group G. Indeed, a countable
group G is Markov precisely when 3 is discrete. Nevertheless, Markov failed in build-
ing a countable group G with discrete Zariski topology. This was done much later, in
1980, by Ol'shanskii [222] making use of the so-called Adian groups A = .A(m, n) (con-
structed by Adian to negatively resolve the famous 1902 Burnside problem on finitely
generated groups of finite exponent).

In order to sketch here Ol'shanskii’s elegant short proof, we need to give first a
description of A(m, n).

Example 4.3.3 ([222]). Let mand nbe odd integers > 665. The Adian group A = A(m, n)
has the following properties:

(a) Ais generated by n elements;

(b) A is torsion-free;

(c) the center C of A is infinite cyclic;

(d) the quotient A/C is infinite, of exponent m (i.e., y™ € C for every y € A).

The finitely generated infinite quotient A/C of exponent m negatively resolves the
Burnside problem.

Ol'shanskii used the group A = A(m, n), which is countable by (a), and its sub-
group C,, := {c™: ¢ € C} as follows:

Theorem 4.3.4. Let m and n be odd integers > 665 and A = A(m,n). The group G =
A/C,, has discrete Zariski topology.

Proof. Let us see that (b), (c), and (d) jointly imply that the Zariski topology of the
infinite quotient G = A/C,, is discrete (so G is a countable Markov group). Let d be a
generator of C. Then x™ € C\ C,, for every x € A\ C. Indeed, if x™ = d™ for s € Z, then
(xd™*)™ = e,, as d is central; by (b), xd° = e,4, so x € C, a contradiction. Hence,

Yu € G\ {eg},3a € C/C,, \ {eg}, such thateitheru = aoru™ = a. (4.1)
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As |C/C,,| = m, this means that every u € G\ {e;} is a solution of some of the 2(m — 1)
equations in (4.1). Thus, G \ {e;} is closed in the Zariski topology 3 of G. Therefore,
3 is discrete. O

Now we recall an example, due to Shelah, of an uncountable nontopologizable
group. It appeared somewhat earlier than the above ZFC-example of Ol'shanskii.

Example 4.3.5 ([260]). Under CH, there exists a group G of size w; satisfying the fol-

lowing conditions (a) (with m = 10000) and (b) (with n = 2):

(a) there exists m ¢ N such that A™ = G for every subset A of G with |A| = |G;

(b) for every subgroup H of G with |H| < |G|, there existn € N, and xy,...,x, € Gsuch
that the intersection (), x; ' Hx; is finite.

To see that G is a Markov group (i. e., M1 is discrete), assume that T is a Hausdorff

group topology on G. There exists a T-neighborhood V of e; with V' # G. Choose a

W e Vr(eg) with W---W < V. Now V # G and (a) yield [W| < |G|. Let H = (W). Then
m

|H| < |W|-w < |G|. By (b), the intersection O = ﬂ?zl X; 1Hx,- is finite for somen € N, and
Xi,...,X, € G.Since each x; 'Hyx; is a T-neighborhood of e, this proves thateg € O € T.
Since T is Hausdorff and O is finite, it follows that {e;} is T-open, and therefore T is
discrete.

Hesse showed in [173] that the use of CH in Shelah’s construction of a Markov
group of size w; can be avoided.

One can see that even the weaker form of (a) with m depending on a subset A of
G with |A] = |G| yields that every proper subgroup of G has size < |G|. In the case
|G| = w,, the groups with this property are known as Kurosh groups. By the time when
Shelah’s paper appeared, the existence of Kurosh groups was an open problem. The
group G built by Shelah (see Example 4.3.5) is a Kurosh group. Actually, it is a Jonsson
semigroup of size w;, i.e., an uncountable semigroup whose proper subsemigroups
are countable (the existence of Jénsson semigroups was an open problem as well). The
group G by Shelah furnished also the first consistent example to a third open problem
that we discuss in item (c) of the next remark.

Remark 4.3.6. We list some properties of Shelah’s group G described in Example 4.3.5.

(a) The group G is simple. Indeed, assume that N is a proper normal subgroup of G.
Since G is a Kurosh group, |N| < |G|. Then Example 4.3.5(b) implies that N is fi-
nite. Hence, every proper normal subgroup of G is finite. Since G is torsion-free
(see [260]), we deduce that N is trivial.

(b) Clearly, G has no maximal subgroups, as for every proper subgroup H of G one
has |H| < |G|, so any x € G\ H gives rise to a larger subgroup H; = (H, x) of size at
most max{|H|, w}, hence |H;| < |G|. Therefore, Fratt(G) = G.
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(c) Since the diagonal subgroup A; of G x G is a maximal subgroup (see Exer-
cise 4.5.15), this shows that taking the Frattini subgroup “does not commute” with
taking finite direct products, in the sense that Fratt(G x G) # Fratt(G) x Fratt(G) =
GxG.

In conclusion, it is good to mention the following nice result of Zelenyuk [291].

Theorem 4.3.7. Every infinite group admits a nondiscrete Hausdorff topology T such
that (G, 1) is a quasitopological group.

The Markov and Zariski topologies cannot provide an alternative solution to this
issue, since they need not be Hausdorff (in fact, they are never Hausdorff if G is infinite
and abelian).

Sipacheva showed in [261] that an appropriate version of Shelah’s example can
produce, under the assumption of CH, a group G with 9t; # 3.

4.4 Extension of group topologies

The problem of the existence of Hausdorff nondiscrete group topologies can be con-
sidered also as a problem of extension of Hausdorff nondiscrete group topologies.

Remark 4.4.1. The theory of extensions of topological spaces is well understood. If a
subset Y of a set X carries a topology 7, then it is easy to extend 7 to a topology 7* on
X such that (Y, 1) is a subspace of (X, 7").

The easiest way to do it is to consider X = YU (X\Y) as a partition of the new space
(X, 7") into clopen sets and define the topology of X \ Y arbitrarily. Usually, one prefers
to define the extension topology 7* on X in such a way to have Y dense in X. In such a
case the extensions of a given space (Y, T) can be described by means of appropriate
families of open filters of Y (i. e., filters on Y having a base of 7-open sets).

The counterpart of this problem for groups and group topologies is more compli-
cated because of the presence of the group structure. Indeed, let H be a subgroup of
a group G and assume that 7 is a group topology of H. Now one has to build a group
topology 7" on G such that (H, ) is a topological subgroup of (G, 7).

The first idea to extend 7 is to imitate the first case of extension considered above
by declaring the subgroup H a 7*-open topological subgroup of the new topological
group (G, 7"). Let us note that this would immediately determine the topology 7" in
a unique way. Indeed, every coset gH of H in G must carry the topology transported
from H to gH by the translation gt:G — G, x - gx; this means that the 7*-open sets of
gH must have the form gU, where U is an open set of (H, ) and g € G. In other words,
the family {gU:0 + U € 1,g € G} isabase of 7.

This idea has worked in the proof of Corollary 4.3.1 where H is the center of G.
Indeed, this idea works in the following more general case.
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Lemma 4.4.2 ([103]). Let H be a subgroup of a group G such that G = Hc;(H). Then for
every group topology T on H, the above described topology T* is a group topology on G
such that (H, T) is an open topological subgroup of (G, T™).

Proof. The first two axioms, (gt1) and (gt2), on the neighborhood base are easy to
check. For (gt3), pick a basic 7*-neighborhood U of e;; in G. Since H is T*-open, we
can assume without loss of generality that U < H, so U is a T-neighborhood of e;. Let
x € G. We have to produce a 7*-neighborhood V of e;; in G such that x 'Vx ¢ U. By
our hypothesis, there exist h € H and z € c;(H) such that x = hz. Since 7 is a group
topology on H, there exists V € Vg .(es) such that h™'Vh c U. Then, as z ¢ cg(H),
x7'Wx = z'h"'Vhz ¢ z7'Uz = U. This proves that T* is a group topology on G. O

Clearly, the condition G = Hcs;(H) is satisfied when H is a central subgroup of G.
It is satisfied also when H is a direct summand of G. On the other hand, subgroups H
satisfying G = Hc;(H) are normal. The condition G = Hcg(H) imposed in the above
lemma for the extension problem is only sufficient, it need not be necessary. In Ex-
ample 4.4.8 we show that the extension problem may have negative outcome even for
subgroups H of index 2.

Our next theorem shows that the difficulties of the extension problem are not hid-
den in the special features of the extension 7*.

Theorem 4.4.3 ([103]). Let H be a normal subgroup of the group G and let T be a group

topology on H. Then the following conditions are equivalent:

(@) the extension T* is a group topology on G;

(b) T can be extended to a group topology of G;

(c) forevery x € G, the automorphism ¢, [ of H induced by the inner automorphism
¢, of G is T-continuous.

Proof. (a)=(b) is obvious, while (b)=(c) follows from the fact that the conjugations
are continuous in any topological group (see Lemma 2.1.6).

(c)=(a) Assume that all automorphisms of H induced by the conjugation by ele-
ments of G are T-continuous. Take the filter of all neighborhoods of e; in (H, 1) as a
base of neighborhoods of e; in the group topology 7" of G. This works since we only
have to check the axiom (gt3), i. e., to find for every x € G and every T*-neighborhood
U of e; a T*-neighborhood V of e; such that x 'Vx ¢ U. Since we can choose U, V
contained in H, this immediately follows from our assumption of t-continuity of
the restrictions to H of the conjugations in G and property (gt3) for the topological
group H. O

Now we see that, under the hypotheses of the above theorem, one can always
extend 7 if it makes all automorphisms of the group H continuous:
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Corollary 4.4.4. If H is a normal subgroup of a group G and 7 is a group topology on H
such that every automorphism of H is T-continuous, then T can be extended to a group
topology on G.

Corollary 4.4.5. For a Hausdorff group (H, T), the following conditions are equivalent:

(a) every automorphism of H is T-continuous;

(b) for every group G containing H as a normal subgroup, T can be extended to a group
topology on G;

(c) T can be extended to a group topology on G = H x Aut(H).

Proof. (a)=(b) follows from Corollary 4.4.4 and (b)=(c) is trivial.

(c)=(a) Extend 7 to a group topology 7’ on G and note that the automorphisms of
H act as restrictions of inner automorphisms of G on H. As the inner automorphisms
of G are 7'-continuous in G, their restrictions to H are obviously 7-continuous. O

Corollary 4.4.4 gives a series of examples when the extension problem has always
a positive solution.

Example 4.4.6. Let p be a prime number. If the group of p-adic integers N = J, is a
normal subgroup of some group G, then the p-adic topology of N can be extended to
a group topology on G. Indeed, it suffices to note that if £: N — N is an automorphism
of N, then obviously £(p"N) = p"N. Since the subgroups p"N define the topology of N,
this proves that every automorphism of N is continuous. Now Theorem 4.4.3 applies.

Clearly, the p-adic integers can be replaced by any topological group N such that
every automorphism of N is continuous (e. g., products of the form l—lpdp ]I,I;” xF,, where
k, < w and F), is a finite abelian p-group).

It remains to see that the extension problem cannot be resolved for certain triples
G,H, T of a group G, its normal subgroup H, and a group topology 7 on H. By Corol-
lary 4.4.4, to produce an example when the extension is not possible, we need to pro-
duce a triple G, H, T such that at least some conjugation by an element of G is not
T-continuous when considered as an automorphism of H. Inspired by Corollary 4.4.5,
we are going to use semidirect products. So, to produce the required example of such
atriple G, H, 1, it suffices to find a group K and a group homomorphism 6: K — Aut(H)
such that at least one of the automorphisms 6(k) of H is 7-discontinuous. One can sim-
plify the construction by taking the cyclic group K; = (k) instead of the whole group K,
by choosing k € K such that the automorphism (k) of H is not 7-continuous. A further
simplification can be possibly arranged by taking k in such a way that the automor-
phism f = 6(k) of H is also an involution, i. e., fof = idy. Then H is an index 2 subgroup
of G.

The following lemma is needed to build an example as above. Its proof exploits
the fact that the arcs are the only connected subsets of T. Hence, y € T sends any arc
to an arc, and end points to end points.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

62 —— 4 Markov’s problems

Lemma 4.4.7. The only topological automorphisms y: T — T are +idy.

Proof. Forn e N,, let ¢, = go(1/2") be the generators of Z(2*°) < T. Then ¢; = g,(1/2)
is the only element of T of order 2, hence x(c;) = ¢;. Therefore, the arc 4; = g,([0,1/2])
either goes onto itself, or goes onto its symmetric image —A;. Assume that x(4,) = 4;.
Then y(c,) = ¢, as 0(g(c,)) = 4 and *c, are the only elements of order 4 of T. Now the
arc 4, = [0, ¢c,] is sent to itself by x, hence for c; we must have y(c3) = c;3 as c; is the
only element of order 8 on the arc A,. We see in the same way that x(c,) = ¢, for every
n € N,, hence y is identical on the whole subgroup Z(2°°). As this subgroup is dense
in T, we conclude that y = idy. In the case y(4;) = —A;, we replace y by —y and the
previous proof gives —y = idy, that is, y = —idy. O

Example 4.4.8 ([103]). Here is an example of a topological abelian group (H, ) admit-
ting an involution f that is not 7-continuous. Then the triple G, H, T such that 7 cannot
be extended to G is obtained by simply taking G = H x (f), where the involution f acts
on H. Take as (H, 1) the circle group T with the usual topology. Then T is algebraically
isomorphic to (Q/Z) & Q(‘), so T has 2° involutions. Of these, only the involutions
+idy of T are continuous, by Lemma 4.4.7. A more general example will be given in
Chapter 13.

4.5 Exercises

Exercise 4.5.1. Prove that for every infinite set X and every group topology on S(X) the
stabilizers S, with x € X are either closed or dense.

Hint. Use the fact that S, is a maximal subgroup of S(X) by Lemma 4.2.4.
Exercise 4.5.2. Show that (G, 3;) and (G, ;) are quasitopological groups.

Exercise 4.5.3. Show thatif (G, -) is an abelian group, then every elementary algebraic
set of G has the form {x € G:x" = a} fora e Gandn € N.

Exercise 4.5.4. Show that in an abelian group G every nonempty set in &; has the
form a + G[n], for some a € G and n € N,. Deduce from this that every descending
chain in &; stabilizes, and that & is stable under finite, and consequently arbitrary,
intersections.

Hint. For the first assertion, use Exercise 4.5.3. To prove the second assertion, it suffices to note that
every descending chain of subgroups of G of the form G[n] stabilizes. Furthermore, to prove that &;

is stable under finite intersections, show that if I = (a + G[n]) n (b + G[m]) # @, thenI = ¢ + G[d] for
an appropriate ¢ € G and d = (n, m), the greatest common divisor of n and m.

Exercise 4.5.5 ([103])." Show that 3; = 9, for an abelian group G.

Exercise 4.5.6. Let G be an abelian group.
(@) Prove that 3 coincides with the cofinite topology y;; in case G is torsion-free.
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(b) Show that the conclusion of item (a) remains true also when r,(G) is finite for every
prime p or when the group G has exponent p for some prime p.

(c) Prove that if 3; = y;, then 1,(G) is finite for every prime p or the group G has
exponent p for some prime p.

Hint. (b) In case G has prime exponent p, deduce with Exercise 4.5.4 that G and the singletons are the
only elementary algebraic sets of G. In the second case show that for every prime p the subgroup G[p"]
is finite for every n € N and deduce that every subgroup of the form G[m] is finite.

(c) Assume that 3 = y; and that G is not of prime exponent. Then for every prime p, the subgroup
G[p] must be finite, so r,,(G) is finite.

Exercise 4.5.7. Show that in an abelian group G every descending chain of 3;-closed
sets of G stabilizes and deduce that 2; = &Z.

Hint. Obviously, @g is stable under taking finite intersections. We need to show that every descending
chain in & stabilizes. Assume for a contradiction that there exists a descending chain

FioF,2>---2Fy > (4.2)

in ¢¢. We can assume without loss of generality that F; = E € &g. (If F; = E;U- - -UE, with E; € &, then
at least one of the descending chains {E; N F,;:n € N} does not stabilize, and so we can replace (4.2)
by the chain E := E; > E;nF, > --- > E;nF, > ---) Since &g satisfies the descending chain condition,
we can assume additionally that E = F, is minimal with this property. Now write F, = E; U---UE| with
E] € €; and consider for eachi € {1,...,1} thechain E > E] > E/ nF3 > --- > ---. Since the inclusion
E> Ei’ is proper, the chain E] > E/ nF; > --- > --- stabilizes by our assumption of minimality of E.
Since all these I-many chains stabilize, also (4.2) stabilizes.

Exercise 4.5.8. Show that for an abelian group G the space (G, 3) is Noetherian (i. e.,
every ascending chain of 3;-open sets of G stabilizes) and hereditarily compact (i. e.,
every subspace of (G, 3) is compact).

Hint. According to Exercise 4.5.7, descending chains of 3;-closed sets of G stabilize. This means that

the space (G, 3;) is Noetherian. Since this property is stable under taking arbitrary subspaces, this
proves that (G, 3) is hereditarily compact.

Exercise 4.5.9. Prove that 3, is Hausdorff for an abelian group G if and only if G is
finite.

Hint. Assume that (G, 35) is Hausdorff. Then, in view of Exercise 4.5.8, every subset of G is compact,
so closed. This means that (G, 3) is discrete. Since (G, 3) is also compact, we deduce that G is finite.

Exercise 4.5.10. Prove that the Zariski topology is not functorial, in the sense that
group homomorphisms need not be continuous when both the domain and the
codomain carry their Zariski topology.

Hint. Note first thatiff: X — Y is a map between two topological spaces carrying their cofinite topology,
then f is continuous if and only if it is finitely-many-to-one.

Consider the canonical projection g: Q — Q/Z. By Exercise 4.5.6, the Zariski topology of both
Q and Q/Z is the cofinite topology. According to the general fact we mentioned above, ker g must be
finite. But ker g = Z is infinite.

Another easy example can be obtained by taking any infinite group G of prime exponent and an
infinite proper subgroup H of G. Then the canonical projection q: G — G/H is not continuous by the
above argument.
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Exercise 4.5.11. Let G be an abelian group and m € IN, . Prove that the endomorphism
Um: G — G, x — mx, is 3;-continuous.

Hint. By Exercise 4.5.3, every E € &; has the form E = {x € G:nx = a} for appropriatea € Gandn € N.
Deduce that yr'nl (E) € &;.

Exercise 4.5.12. For an abelian group G and a subgroup H of G, prove that 3 coin-
cides with 3; 4.
Hint. Check that EN H € &y forall E € &g, by applying Exercise 4.5.3.

Exercise 4.5.13." Prove that for an abelian group G, 3 is completely determined by

its subsets that carry the cofinite topology in the following sense: an infinite subset A

of G is a 3;-atom if its induced topology is the cofinite one (see [104]).

(@) Prove that, for an infinite subset M of G, g € 1\_/[36 if and only if either g € M or
there exists a 35-atom A € M such that {g} U A is still a 3;-atom.

(b) Deduce from (a) that every infinite abelian group G contains a 3;-atom.

Hint. A proof of (a) can be found in [104].

Exercise 4.5.14. LetG = [[,cp ]If,” xF,, where k,, € N and F), is a finite abelian p-group.
Endow G with the product topology and show that all endomorphisms of G are con-
tinuous.

Hint. Use the fact that the product topology of G coincides with v;.

Exercise 4.5.15. Show that for the group G from Example 4.3.5 the diagonal subgroup
A¢ of G x G is a maximal subgroup.

Hint. Assume that H is a subgroup of G x G properly containing A;. Then Hy = {h € G: (h,eg) € H} is
a nontrivial subgroup of G. Let us see that H, is a normal subgroup of G, so Hy = G, since G is simple.

This would imply G x {eg} € H which, along with A; € H, would entail H = G x G.
Pickg € Gand h € Hy, so that (h,eg) € H. Then (g, g), (g7,g™") € H. Hence,

©.8)hes) g g = (ghg "e) € H,
so ghg’1 € Hy.

Exercise 4.5.16." Let X be an infinite set. Prove that:

(@) if H is a subgroup of S(X) containing Sy for some finite F of X and F is not
H-invariant, then there is a proper subset F' of F such that H 2 Sp/;

(b) A, (X) :=J{A(F):F € [X]*“}is dense in (S(X), Ty).

Hint. (a) Argue by induction on n = |F| (for n = 1 use Lemma 4.2.4). See [99, Proposition 7.1.1] for more
detail.

(b) We prove that SpA,,(X) = S(X) for every F € [X]<“. Since A, (X) is a normal subgroup of S(X),
each SpA, (X) is a subgroup of S(X).

We proceed by induction on n = |F|. The case n = 1 follows from Lemma 4.2.4. Assume that |F| =
n > 1and let H = SpA,(X). Clearly, F is not A, (X)-invariant and so not H-invariant. By item (a), there
exists a proper subset F' of F such that H 2 S - S0, by inductive hypothesis, H = Sp/ A, (X) = S(X).
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4.6 Further readings, notes, and comments

Definition 4.1.1 is due to Markov [209], but the Zariski topology was explicitly defined
only in [42] under the name verbal topology. Our preference goes for the term Zariski
topology coined by most authors as in [26]. The Markov topology was introduced
in [102, 103]. Various applications of these topologies are given in [105, 107], more
details can be found in the survey papers [113, 114].

The property from Exercise 4.5.13 shows the analogy between the Zariski topology
of an abelian group and metric (or, more generally, Fréchet-Urysohn) spaces, where
the converging sequences completely describe closures, hence the topology (see [104]
for further details).

Following Markov [209], call a subset A of a group G potentially dense in G if there
exists a Hausdorff group topology T on G such that A is 7-dense in G. Markov proved
that every infinite subset of Z is potentially dense in Z and asked which subsets of a
group G are potentially dense in G. The Zariski topology was applied in [105] for a com-
plete answer in the case of countable subsets as follows. First, one can easily see that
a potentially dense subset A of a group G is also 3;-dense; moreovet, if A is countable,
then necessarily |G| < 2, in view of Lemma 5.1.5. It was proved in [105] that these nec-
essary conditions turn out to be also sufficient in case G is abelian: a countable subset
A of an abelian group G is potentially dense if and only if A is 3;-dense and |G| < 2°.

Further applications of the Zariski topology will be given in Chapter 10.

The following questions, inspired by Theorem 4.3.7, seem to be open.

Question 4.6.1. Does every infinite group G admit a nondiscrete Hausdorff topology
7 such that (G, ) is a paratopological group? In particular, do the groups from Theo-
rem 4.3.4 and Example 4.3.5 admit such topologies?

More information on extension of group topologies can be found in [48, 49].

Note added in proofs September 20, 2021: Recently Shakhmatov and Yafiez proved
that 3 = 9y for every free non-abelian group F, obtaining in this way a positive
answer, for free non-abelian groups, to the Markov problem on coincidence of these
two topologies (see Remark 4.1.4). The proof is heavily based on the reflection principle
characterizing the groups G with 3; = 9. in [103].
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5.1 Cardinal invariants of topological groups

The cardinal invariants of topological groups are cardinal numbers, say p(G), associ-
ated to every topological group G such that p(G) = p(H) for topologically isomorphic
groups G and H. For example, the cardinality |G| is the simplest cardinal invariant.
The cardinal invariants that we study here for topological groups G are the weight
w(G), the character x(G), the pseudocharacter (G), and the density character d(G)
(see §B.3). Due to the homogeneity of topological groups, the character y(G) coincides
with the character y(G, e;) at e;.

Remark 5.1.1. Let G be a topological group. Here we pay special attention to the case

when the cardinal invariants w(G), x(G), and d(G) are finite.

(a) Assume that d(G) is finite. If X is a finite dense subset of G and G is Hausdorff
(i.e., G = G), then X = G (as X is closed), so G is finite discrete. Otherwise, if G
is not Hausdorff, G need not have a finite dense subgroup (of size d(G)). Indeed,
take G = Z with the topology given by taking 27 with the indiscrete topology and
declaring 27 open in Z; in particular, hG = Z/27. is discrete. Now d(G) = 2 and G
has no finite dense subgroups.

(b) In particular, d(G) = 1if and only if G is indiscrete, if and only if w(G) = 1. More-
over, both w(G) and d(G) may attain all possible finite values m € IN,: take, for
example, the discrete group Z(m) with w(Z(m)) = d(Z(m)) = m.

(c) Onthe other hand, either y(G) = 1or y(G) is infinite, and the same applies to (G).
Moreover, x(G) = 1if and only if hG is discrete (i. e., there exists a local base at e;
in G consisting of a single element N, and so N = @). This occurs, in particular,
when G is discrete or when G is indiscrete.

(d) More generally, y(G) = x(hG), d(G) = d(hG), and w(G) = w(hG). Combining with
(a), we conclude that hG is finite if and only if d(G) is finite, in such case d(G) =
w(G) = |hG| = x(G) = 1. If hG is infinite, then d(G) is infinite as well, and so G has
a dense subgroup of size d(G).

We start relating the local bases at e; in G to those of a subgroup H of G:

Lemma 5.1.2. If H is a subgroup of a topological group G and B is a base (respectively,
local base at e;) of G, then {U N H: U € B} is a base (respectively, local base at e;;) of H.

Now we consider the case when H is a dense subgroup of G.

Lemma 5.1.3. If H is a dense subgroup of a Hausdorff group G and B is an open local
base at e; in H, then {ﬁG: U e B}isalocal base at e; in G.

Proof. Since G is a regular space by Proposition 3.1.15, the closed neighborhoods of e
in G form alocal base at e; in G. Hence, for V € V;(eg), one can find V, € V;(es) such

https://doi.org/10.1515/9783110654936-005
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that V,, ¢ V. Since V,, n H is a neighborhood of e; in H, there exists U € B such that
U ¢ VynH.By Lemma 5.1.2, and since U is open in H, there exists an open W € V;(e;)
such that U = W n H and W ¢ V,,. Hence, by Lemma B.1.19, T° = W° as His dense in
G and W is open in G. Thus, 7° =W’ c Vg c Ve Vgs(ep). O

Proposition 5.1.4. Let H be a dense subset of a topological group G and let B be a local
base at e in G consisting of symmetric neighborhoods. Then {hU:U € B,h € H}is a
base of the topology of G.

Proof. Let x € G and let O be an open set of G containing x. Then there exists a sym-
metric U € B with xUU < O. Pickh € HnxU.Thenx'h ¢ U,soh™'x ¢ U™ = U.
Therefore, x € hU = xx*hU < xUU < O. O

Lemma 5.1.5. Let G be a topological group. Then:
(@) d(G) < w(G) <299);
(b) in case G is Hausdorff, Y(G) < |G| < 2¥©,

Proof. (a) To see that d(G) < w(G), choose a base B of the topology on G with |B| =
w(G), and for every @ # U € B pick a point dy € U. Then theset D = {dy;:U € B}is
dense in G and |D| < w(G).

To prove that w(G) < 249, note that in case hG is finite this obviously follows from
Remark 5.1.1(d), hence we can assume in the sequel that G is infinite. Consequently,
G has a dense subgroup D of size d(G). According to Proposition 3.1.15, G is a regular
space, hence every base 5 of the topology on G consisting of open subsets of G contains
a base B, of the same size consisting of regular open subsets of G. Fix such a base B,
of sizew(G).If U,V e B,andUnD =V nD,thenU=UNnD=VnD=V.With Uand
V being regular open, the equality U = V implies U = V. Hence, the map B, — P(D),
U — U n D, is injective, so w(G) < 24(6)

(b) Since G is T;, the complement of every singleton {x}, where x € G \ {es}, is an
open neighborhood of e; in G. The intersection of these neighborhoods is {e;}, and
this witnesses the inequality (G) < |G]|.

Let B a base of the topology on G with |B| = w(G). To every point x € G assign
the set O, = {U € B:x € U}. Then the axiom T, guarantees that the map G — P(B),
x — 0,, is injective. Therefore, |G| < MO, O

Remark 5.1.6. Three observations related to Lemma 5.1.5(b) are in order here.

(@) Let G be a dense cyclic subgroup of T¢ (see Theorem 9.4.8). Then w(G) = w(T*) =
¢ = 2% in view of Lemma 5.1.8(b) and Theorem 5.1.15.

(b) Although x(G) does not appear in Lemma 5.1.5(b), one can say at least that Y(G) <
x(G) < w(G) for a Hausdorff group G, but one cannot prove that y(G) < |G|. Ac-
tually, we shall see that X(G#) =2l6l 5 |G| for every infinite abelian group G (see
Exercise 13.7.2).
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(c) Without the assumption that G is Hausdorff, one can only prove that |HG| < (@)
in view of Remark 5.1.1(d), while |G| = |core(G)| - |hG| < |core(G)| - 2*©. So, the
inequality |G| < 20 fajls for every indiscrete G with |G| > 2.

Now we see another precise relation among the weight, character, and density
character.

Lemma 5.1.7. Let G be a topological group. Then w(G) = x(G) - d(G).

Proof. The inequality w(G) > x(G) is obvious. The inequality w(G) > d(G) was proved
in Lemma 5.1.5(a). This gives w(G) > x(G) - d(G).

To prove the inequality w(G) < x(G) - d(G), pick a dense subset D of G of size d(G)
and a base B of symmetric open sets of V(e;) with [B| = x(G), and apply Proposi-
tion 5.1.4. O

The next lemma concerns the behavior of the cardinal invariants with respect to
taking subgroups.

Lemma 5.1.8. Let H be a subgroup of a topological group G. Then:
(@) w(H) <w(G) and x(H) < x(G); moreover, Y(H) < Y(G) if G is Ty;
(b) if H is dense in G, then x(G) = x(H), w(G) = w(H) and d(G) < d(H).

Proof. (a) This follows from Lemma 5.1.2, as [{U n G:U € B}| < |B| for every base
(respectively, local base at e;;) 3 of the topology on G. A similar argument applies for .

(b) We prove first y(G) = y(H). The inequality y(G) > x(H) follows from item (a).
To prove the opposite inequality, fix an open local base B of Vy(e;) with |B| = y(H).
By Lemma 5.1.3, B* = {ﬁH: U € B} is a base of V;(eg). Since |B*| < |B| = x(H), this
proves x(G) < x(H).

The inequality d(G) < d(H) follows from the fact that the dense subsets of H are
dense in G as well.

The inequality w(G) > w(H) follows from item (a). By the above argument,
X(G) = x(H). Now w(G) = x(G) - d(G) < x(H) - d(H) = w(H), where the first and
the last equality follow from Lemma 5.1.7 and the inequality from d(G) < d(H). O

The strict inequality d(G) < d(H) in item (b) of Lemma 5.1.8 is possible. For ex-
ample, G = T¢ has d(T°) = w, by Remark 5.1.6(a). On the other hand, the Z-product
H = XT° is a dense subgroup of G with d(H) > w.

Concerning the pseudocharacter, the equality {(H) = (G) may fail in general
(see Exercise 5.4.5).

Next we see that these cardinal invariants behave well with respect to continuous
images.

Lemma5.1.9. Let G, H be topological groups. If f:G — H is a continuous surjective
homomorphism, then d(H) < d(G). Iff is open, then also w(H) < w(G) and x(H) < x(G).
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Proof. If Dis adense subset of G, then f(D) is a dense subset of H with |f(D)| < |D|. This
proves the first assertion. The second assertion follows from the fact that if 5 is a base
(respectively, a local base at e;;) of the topology on G, then B, = {f(B): B € B} is a base
(respectively, local base at ej;) of the topology on H, if f is open, and |3, < |B|. O

The inequality w(H) < w(G) may fail if f is not open:

Example 5.1.10. Since in Lemma 5.1.9 H is a continuous image of G by means of

the continuous surjective homomorphism f: G — H, the canonical projection G —

G/ kerf is open, and there exists a continuous isomorphism G/ kerf — H (which is

open if and only if f is open), we have to find a group G with two group topologies

T, < Ty and w(G, 77) < W(G, Ty).

(@) Let G be an infinite abelian group and 7, = §;, so that w(G, T,) = |G|. Moreover, let
T, = B;. Then w(G, 7;) = w(G*) = 2 > |G| = w(G, 1,), by Corollary 13.3.12.

(b) Let G be a countably infinite abelian group and consider 7, = 83, so w(G,T,) =
w. In view of Remark 5.3.10(a), there exists a T-sequence A = {a,},en Of G (see
Definition 5.3.1). Then the topology 7; = Tia,} (defined right after Definition 5.3.1)
is not metrizable in view of Remark 5.3.10(b), and so (G, T,) = 1 < w = w(G, T,) <
X(G,11) < w(G, 1;) by Birkhoff-Kakutani theorem 5.2.17.

Now we discuss the behavior of the cardinal invariants d(-), w(-), and y(-) with
respect to taking direct products of topological groups.

Theorem 5.1.11. If {G;:i € I} is a family of topological groups and G = [];¢; G;, then
sup{d(G;):i € I} < d(G) < |I| - sup{d(G;):i € I}.

Proof. Applying Lemma 5.1.9 to the projection p;: G — G;, we deduce d(G;) < d(G).
Hence, sup{d(G;):i € I} < d(G).
For each i € I, let D; be a dense subset of G; containing e; and such that
d(G;) = |D;|. Then D = P, D; is a dense subset of G with
ID| < [I| - sup{|D;|:i € I} = |I| - sup{d(G;):i € I}.
So, d(G) < |I| - sup{d(G;):i € I}. O

Example 5.1.12. The topological groups G with d(G) < w are precisely the separable
groups. If {G;:i € I} is a family of separable groups, then d([[;.; G;) < max{w, |I|}, by
Theorem 5.1.11.

A stronger, yet nontrivial, inequality holds for this type of products in view of
Hewitt—Marczewski—Pondiczery theorem B.3.15: for an infinite cardinal k, the inequal-
ity d([T;; G;) < x holds, whenever |I| < 2° and all groups G; are separable; in partic-
ular, [;; G; is separable whenever |I| < ¢. We give a proof of this result for compact
abelian groups in Exercise 14.5.2 by means of the Pontryagin-van Kampen duality.

Remark 5.1.13. (a) If {G;:i € I} is a family of topological groups, then G = [];; G; is
indiscrete if and only if each G; is indiscrete; in view of Remark 5.1.1(b), this can
be equivalently stated as w(G) = 1if and only if w(G;) = 1 for everyi € I.
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(b) If G;, G, are topological groups, G = G; x G, and G, is indiscrete, then hG = hG;,
and hence d(G) = d(G,), x(G) = x(G;), and w(G) = w(G;).

(c) More generally, consider a family {G;:i € I} of topological groups and G = [];; G;.
LetJ = {j € I: G; nonindiscrete}, let G; = [];; G; and Gy = [[iepy G; (e put Gy =
{eg}if ] = I, and similarly G; = {es} if ] = 0). Then G = G; x G, and G, is indiscrete
according to item (a). Therefore, y(G) = x(Gy), d(G) = d(G;) and w(G) = w(G;) by
item (b).

By Remark 5.1.13(c), it is safe to assume in the sequel that all topological groups
appearing in the following products are nonindiscrete.

Lemma5.1.14. Letn € N, let G,,..., G, be topological groups and G = G; x - -+ X G,.
Then

X(G) =x(Gy)---x(G,) and w(G) =w(Gy)---w(Gy).
If the groups G; are Hausdorff, then (G) = P(Gy) - - - P(Gy).

Proof. We prove the assertions for n = 2. Then one can proceed by induction. Let 5;, 5,
be local bases at g , e, respectively in Gy, G,. Then

B={UxV:UeB,V e B}

is a local base at e; in G with |B| = |B;] - |3,]. This shows that x(G) < x(G;) - x(G,). The
missing inequality x(G;) - x(G,) < x(G) follows from Lemma 5.1.8(a).

According to Remark 5.1.1, w(G) = w(hG), w(G;) = w(hG,), and w(G,) = w(hG,).
Since hG = hG; x hG,, this allows us to assume from this point till the very end of the
proof that G; and G, are Hausdorf. If both groups are finite, then w(G;) = |G;l, so the
desired equality obviously holds. Assume now that at least one of the groups, say G;,
is infinite. Then both w(G;) and d(G;) (hence also w(G) and d(G)) are infinite as well,
so Theorem 5.1.11 yields d(G) = d(G;) - d(G,), while x(G) = x(G;) - x(G,), by the first part
of the proof.

By Lemma 5.1.7, w(G) = d(G) - x(G), so

w(G) = (d(Gy) - d(Gy)) - (X(Gy) - x(Gy)) =
= (d(Gy) - X(Gy)) - (d(Gy) - X(Gy)) = W(Gy) - W(G,).
A proof, similar to the case of y(G), applies for {(G). O

An alternative proof of the last assertion of the above lemma can be obtained also
from Exercise 5.4.6.
In view of Lemma 5.1.14, in the sequel we can consider infinite products.

Theorem 5.1.15. Let {G;:i € I} be an infinite family of nonindiscrete topological groups
and G = [];¢; G;. Then

X(G) = |I|-sup{y(G,;:i e I} and w(G) = |I| - sup{w(Gy):i € I}. (5.1)
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Moreover, if all G; are Hausdorff, then Y(G) = |I| - sup{y(G;):i € I}.

Proof. Foreveryi € I, let B; be a base of VGi(eGi) with |B;] = x(G;). For any finite subset
J ¢ Iand for U; € B; wheni € ], let

Wy = H Ui x H G,

i€] iel\J

which is a basic neighborhood of e; in the product topology of G. Then the family
B = {Wj ,,,:J <1 finite, U; € B; fori € J} is a base of V(es) and

[B| < |I| - sup{|B;l:i € I} = |I| - sup{x(G;):i € I}.

Hence, x(G) < |B| < [I| - sup{x(G;):i € I}.

Clearly, x(G;) < x(G) for every i € I by Lemma 5.1.8(a). Hence, to prove the first
equality in (5.1), it remains to show that |[I| < y(G). Let B be a base of V;(e;) with
|B] = x(G). By assumption, G; is not indiscrete for every i € I. Hence, for everyi € I,
there exists B; € B such that p;(B;) # G;, where p; denotes the canonical projection.
To see that the mapping ¢:I — B, defined by ¢(i) = B;, is finitely-many-to-one (so,
|I| < |Bl), note that by the definition of open sets in the product topology, for B €  the
set Fg = {i € I: p;(B) # G;} is finite. Since (},’fl(B) ¢ Fg for every B € B, we are done.

To prove the remaining inequality in (5.1), put k = sup{w(G;):i € I}. Clearly, w(G) >
w(G;) for every i € I, by Lemma 5.1.8(a). Hence, w(G) > k. Moreover, w(G) = x(G) > I,
by the above proof. This proves the “>” part of the second equality in (5.1). It remains
to check that w(G) < |I| - k. By Lemma 5.1.7, w(G) = d(G) - x(G). Since d(G;) < w(G;) <
foreveryi € I, Theorem 5.1.11implies d(G) < |I|-x. Similarly, x(G;) < w(G;) < k for every
i € I, so the first equality in (5.1) implies y(G) < [I| - k. Therefore, w(G) = d(G) - x(G) <
[ - x.

When all G; are Hausdorff, a proof, similar to the case of y(G), applies for (G). O

The equalities in (5.1) may fail when 1 < |I] < co.

5.2 Metrizability of topological groups

5.2.1 Pseudonorms and invariant pseudometrics in a group

Following Markov [211], we recall the following definition.

Definition 5.2.1. A pseudonorm on a group G is a function v: G — R such that:
(i) v(eg) =0;

(i) v(x!) = v(x) for every x € G;

(iii) v(xy) < v(x) + v(y) for every x,y € G.

A pseudonorm v on G is a norm if it has the additional property:

(i*) v(x) = 0ifand onlyif x = e;.
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If (iii) is replaced by the stronger property:
(iii*) v(xy) < max{v(x),v(y)} for every x,y € G,

the (pseudo)norm is called non-Archimedean.

Remark 5.2.2. The values of a pseudonorm on a group G are necessarily nonnegative
reals, since for every x € G,

0=v(eg) = v(x’lx) < v(x’l) +v(x) = v(x) + v(x) = 2v(x).

Example 5.2.3. The simplest example of a norm is the usual norm on R defined by the
absolute value |a| for every a € R.

Remark 5.2.4. The norms defined on a real or complex vector space V are obviously
norms of the underlying abelian group, although they have a property stronger than
(ii), namely, v(Ax) = [Alv(x) forallA e K € {R,C}and x € V.

Sometimes a norm on a real vector space V can be induced by an inner product
(or, scalar product) defined as a symmetric bilinear function (- | -): V x V — R such
that (x | x) > O for every x € V \ {0}. Then, letting |Ix|| = /(x | x) for every x € V, one
obtains a normon V.

In R" the standard scalar product is defined by letting (x | y) := Y, x;; for every
X=Xy Y = W1 r V) € RN

Keeping the idea from pseudometrics (see §B.3.2), for a pseudonorm v on a group
G, we still denote by B)(e;) := {x € G:v(x) < r} the open ball with center e; and radius
r € R, . Every pseudonorm v on an abelian group G generates a group topology 7, on
G by way of the filter base B" := {B)(e;):r € R,,} (see Exercise 5.4.11). It is a relevant
fact that Ve, (€6) has a countable base given by {B{,n(eG): neN,}

Remark 5.2.5. Let G be a group. Every pseudonorm v on G generates a pseudometric
d, on G defined by letting

d,(x,y) = v(x'y) foreveryx,y € G.

This pseudometric is left invariant, i.e., d,(ax,ay) = d,(x,y) for every a,x,y € G. In
particular, for every r € R, By (es) = va(e(;).

Conversely, every left invariant pseudometric d on G gives rise to a pseudonorm
on G defined by

va(x) =d(x,e;) foreveryx eG.

The assignment v — d, defines a bijective correspondence between pseudonorms
on G and left invariant pseudometrics on G, as d = d,, for a left invariant pseudomet-
ric d.

Clearly, d, is a metric if and only if v is a norm. The above bijective correspon-
dence between norms and left invariant metrics takes non-Archimedean norms to left
invariant ultrametrics.
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Similarly, right invariant pseudometrics are defined, which are in a similar bijective
correspondence with pseudonorms.

Example 5.2.6. Let ¢, denote the set of all sequences x = {x,},cn Of real numbers
such that the series ¥, X2 converges. Then ¢, has a natural structure of vector space
(induced by the Cartesian product RN 2 ¢,) usually called Hilbert space. Let ||x|| =

\ Y nen X2 for every x = {x,},en € 6. This defines a norm on the abelian group (£, +),
that provides an invariant metric on #, making it a metric space and a topological
group.

Example 5.2.7. Forn e N,, q € [1,c0) and x = (x;,...,X,) € R", let

n i
||x||q=(2|x,-|"> .
i=1

(i) For g =2, the norm ||, = /Y-, X} provides the Euclidean metric.
(ii) For g =1, the norm ||x|l; = YI., |x;| provides the taxi driver metric.

,,,,,

board metric.

See Example B.3.6.

Example 5.2.8. For a prime p, the p-adic norm | - |,,: Q — R, (see Example B.3.12) is
anon-Archimedean norm on the abelian group (Q, +). It gives rise to the p-adic ultra-
metric on Q.

Now we provide an example of a norm on a typically nonabelian group.

Example 5.2.9. For S(N), the permutation group of N, let v(idy) = 0, and for g €
S(N) \ {idy}, let s(g) = min{n € N:g(n) # n} and v(g) = 275®) Then v is a non-
Archimedean norm on S(IN), which induces an ultrametric on S(IN).

The next example comes from geometric group theory.

Example 5.2.10. Let G be a finitely generated group and let S = S™! be a finite set of
generators of G. Given g € G\ {e;}, its word norm €5(g) with respect to S is the shortest
length of a word in the alphabet S whose evaluation is equal to g:

¢5(g) =min{n e N,:g =5;---Sp, Si,...,S, € S}.
Moreover, let £5(e;) = 0. It is easy to check that the function ¢5 satisfies the conditions
that determine a word norm:

- &g = t5(g) forevery g € G;
- C5(gh) < €5(g) + £5(h) for every g, h € G.

The word metric dg on G with respect to S is the left invariant metric associated to 5.
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The growth of the size of the balls BZS(eG) = {g € G:¢5(g) < n} is one of the main
topics in geometric group theory, starting from the Milnor problem (see [212]) and the
Gromov theorem (see [161]). More precisely, for every n € N, let y¢(n) = |BZ5 (eg)l- The
function

ys:N = N, n— [BS(eg)l,

is called the growth function of G with respect to S. If G is infinite, the function y; is
strictly monotone increasing, i. e., ys(n) < ys(n + 1) for every n € N.

Depending on the type of growth of yg, the group G = (S) is said to be of poly-
nomial, exponential, or intermediate growth rate. It can be shown that this type of
growth does not depend on S. See [208] for a further reading on this topic.

5.2.2 Continuous pseudonorms and pseudometrics

Definition 5.2.11. Let G be a topological group. A pseudonorm v on G is continuous if
v:G — R, is continuous. Similarly, a pseudometric d on G is continuous if d: G x G —
R, is continuous.

If (G, 7) is a topological group and d is a pseudometric on G, then d is continuous
precisely when the topology 7, induced by d is coarser than the topology 7 (i. e., every
open set with respect to the metric d is T-open).

Remark 5.2.12. Clearly, a left invariant pseudometric d is continuous precisely when
the related pseudonorm v, is continuous.

Our next aim is to build a continuous pseudometric on a topological group G start-
ing with a decreasing chain Uy 2 U; 2 --- 2 U,, 2 --- of symmetric neighborhoods of
eg in G with

Uy1Upi € U, foreveryn e N. (5.2)

To this end, we need the following lemma providing a continuous pseudonorm that
we use further to produce the desired continuous pseudometric.

Lemma 5.2.13. Let (G, 1) be a topological group and {U,:n € N} a decreasing chain
of symmetric neighborhoods of e; in G as in (5.2). Then there exists a continuous
pseudonorm v: G — [0, 1] such that, for everyn € N,,

B-w(eg) € U, € By nia(eg) (5.3)

and H = (e Uy is a closed subgroup of G with H = {x € G:v(x) = 0}. So, v is a norm if
and only if H = {eg}.

Proof. Denote by D = {zﬂn: m € N, n € N} the set of positive dyadic rational numbers.
We are going to construct a collection {V,:r € D} of neighborhoods of e as follows. If
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r>1,weputV, = Gandforl e N, let V, = Uy, in particular V; = U,. For r € D of the
form

:zill+2—t+--~+2% (5.4)
withl,...,l, e N,, [ <, <--- <l,,n € N, we define V, as follows:
V=V Vyy - Vo, = G U, -+~ Uy (5.5)
Let us prove that
V, <V, whenr<sinD. (5.6)
We may assume that s < 1 and write s € D as
s:2—r1m+2—r1nz+--~+2% (5.7)

withmy,...,my € N,, my <m, < --- < my. Clearly, [; > my, otherwise [; < m; — 1, and
this would imply

< <—<1,
2m1—1 211

a contradiction. Assume that m; = ;,...,my_; = ,_;, but my, < [;.. Taking into account
the definition in (5.5) of V, and V, it is not restrictive to assume that k = 1. Now, from
m; < l; we deduce thatm; <1, -1, so

T<—1 < L <
21 = om =%

as above. From (5.2), (5.5), and these inequalities, we deduce V, € V41 € Vym < V.
Further, we have:

n
V,VyrcV,,a forrz=1 or r= Y2%eD and 1>1, (5.8)
z k=1
The first assertion is trivial as V, i1 = G ifr = 1. The second assertion follows directly
from the definition of V, i1 = V,Ul2 =V, V,, sincel > I,.
2

Now, for x € G, let
f(x)=inf{r e D:x € V,} and v(x) = sup{|f(zx) - f(2)|:z € G}.

Observe that f(eg) = 0 and hence v > f, so that x € V, implies f(x) < r, and that
f(x) <1forall x € G. This implies v(G) ¢ [0, 1]. Conversely, if f(z) <r € D, thenz € V,.
Indeed, by the definition of f, there exists s € D, s < r, such that x € V; and (5.6) yields
x € V,. Further,

v(x"") = sup{lf(zx ") - f(2)l:z € G} = sup{lf (zxx”") - f(2x)|:z € G} = v(x)
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holds for all x € G. Next, for x,y € G,

v(xy) = sup{lf (zxy) - f(2)|:z € G}
< sup{lf(zxy) - f(zx)| + If(zx) - f(2)|:z € G}
< sup{lf (zxy) — f(zx)|: zx € G} + sup{|f (zx) — f(2)|:z € G}
=v(y) +v(x).

This proves that v is a pseudonorm and implies that H is a subgroup.
Letn € N,.Ifu € G\ Uy, thenu ¢ V,-» = U, therefore v(u) > f(u) > 27", that is,
u ¢ B, .(eg). This shows that B, .(es) < Uy, thatis, the first inclusion in (5.3).

Now assume thatn € N, andu € U,,sou,u”" € V,n. Pickan arbitrary z € G. There
exists k € N such that 2,{‘—,1 <flz) < é‘,ﬂ =: r. This implies z € V,. As a consequence
1

of (5.8), we obtain zu, zu~! € V,Vyn €V, 1 and hencef(zu) < r+2ln andf(zu"l) STt
2"

Since f(z) > 2,1—]‘,1, we conclude that

k k+1 k 1 3
1 = ot " it = (5.9)

flaw) ~f@) <+ o -

and analogously

fu™) -f(2) < 23—,, (5.10)

These inequalities hold for all z € G. So, replacing z by zu in (5.10) gives f(z) - f (zu)
1

2%. Combining this with (5.9) yields v(u) < 2% < 3= Now we have shown that U,
B’ ...(eg), namely, the second inclusion in (5.3).

It remains to check that v:(G,7) — R, is continuous. For x,y € G, v(x) =
vix(y ) = vy My) < vy ™) + v(y) and this proves that v(x) — v(y) < v(xy™).
Exchanging the roles of x,y, we get v(y) — v(x) < v(yx‘l) = v(xy‘l). Therefore, the de-
sired inequality [v(x)-v(y)| < v(xy!) follows, and so the continuity of v: (G, T,) — R.g.
Since 1, = 7 in view of (5.3), the continuity of v: (G, ) — R is proved.

Finally, the continuity of v implies that H is closed. O

N IA

The following result improves Proposition 3.1.15 as promised.
Theorem 5.2.14. Every Hausdor{f group G is a Tichonov space.

Proof. Let @ + F be a closed set of G with a ¢ F. By the homogeneity of G, we may
assume that a = e;;. Then we can find a chain {U,: n € N} as in (5.2) of symmetric open
neighborhoods of e; with U,,,,U,,,; < U, for everyn € IN, and such that Fn U, = 0. Let
v be the continuous pseudonorm v: G — [0, 1] given by Lemma 5.2.13. Then v(F) = {1}
and v(e;) = 0. O

The following result can be easily deduced from Lemma 5.2.13.
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Corollary 5.2.15. Let G be a topological group and let {U,:n € N} be as in (5.2) a de-
creasing chain of symmetric neighborhoods of e; in G with U,,,U,,; < U, for every
n € IN. Then there exists a continuous left invariant pseudometric d on G such that, for
everyn € N,, Bg,,.(eG) cU, ¢ B‘zi,m(eG) and H = (,en Uy is a closed subgroup of G
with the property H = {x € G:d(x,eg) = 0}. So, d is a metric if and only if H = {e;}.

Remark 5.2.16. Let G be a topological group.

(a) If the chain {U,;:n € IN} as in (5.2) and in Corollary 5.2.15 has also the property
xU,,1x"' ¢ U, forevery x € Gand for every n € N, then the subgroup H = Mnen Un
is also normal. Moreover, the pseudometric d produced by Corollary 5.2.15 de-
fines a metric d on the quotient group G/H by letting d(xH, yH) = d(x, y) for every
X,y € G. The metric d induces the quotient topology on G/H.

(b) Assume that U, is a subgroup of G and that U,, = U, in (5.2) for every n € N. Then
this stationary chain satisfies the hypothesis of Corollary 5.2.15. The pseudometric
d is defined as follows: d(x,y) = 0 if xU, = yU,, otherwise d(x,y) = 1.

5.2.3 The Birkhoff-Kakutani theorem

The metrizability problem for topological groups has a relatively simple solution:

Theorem 5.2.17 (Birkhoff-Kakutani theorem). A Hausdorffgroup G is metrizable if and
only ifx(G) < w.

Proof. The necessity is obvious as every metrizable space is first countable.

Suppose now that V(e;) has a countable base. Then one can build a chain {U,;:n €
N} as in (5.2) of symmetric neighborhoods of e; in G with U, U,,; < U, for every
n € IN, that is a base of V(e;). In particular, (,n U, = {es} since G is Hausdorff. Then
the pseudometric produced by Corollary 5.2.15 is a metric that induces the topology of
the group G. O

Example 5.2.18. Let {G;:i € I} be an infinite family of nontrivial metrizable Hausdorff
groups. Then G = [, G; satisfies x(G) = |I| by Birkhoff-Kakutani theorem 5.2.17 and
by Theorem 5.1.15.

If G; is separable for every i € I, in view of the equality w(G) = x(G) - d(G) from
Lemma 5.1.7 and the inequality d(G) < |I| from Example 5.1.12, we conclude that w(G) =
X(G) = Il

The following are consequences of Birkhoff-Kakutani theorem.

Corollary 5.2.19. Every Hausdorff abelian group G embeds into a product of metrizable
abelian groups.

Proof. Denote by 7 the topology of G and let B = {U € V;(0): U open}. For every
U € B, build a decreasing chain {U,:n € N} of symmetric open neighborhoods of
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0 with Uy € U and U,,,; + U, < U, for every n € N. By Corollary 5.2.15, the countable
family {U,: n € N} is a local base at 0 of a pseudometrizable group topology 1 on G.
Moreover, Hy; = (,en Un is @ Ty-closed subgroup of G, by Corollary 5.2.15. Denote by
my: G — G/Hy the canonical projection and let 7;; be the quotient topology of G/Hy;.
Then (G/Hy, Ty) is Hausdorff, hence metrizable.

Let P = []yep(G/Hy,Ty) and let j: (G,7) — P be the diagonal map of the family
{my: U e B}. Then kerj = (\ycp Hy is trivial since 7 is Hausdorft, so j is a continuous
injection. To check that j: G — j(G) is open, take U € B. To prove that j(U) € Vj,(0),
it suffices to show that j(U) 2 j(G) n W, where W = mi;(U;) x HVEB\{U} G/Hy € Vp(0).
Indeed, if j(x) € W for some x € G, then rry;(x) € my(U;), sox € U+ Hy < Uy + U; € U,
s0 j(x) € j(U). This proves that j is an embedding. O

This theorem fails for nonabelian groups. Indeed, for an uncountable set X, the
permutation group S(X), equipped with the topology Ty described in Example 2.2.22,
admits no nontrivial continuous homomorphism to a metrizable abelian group G. In-
deed, such a homomorphism S(X) — G must be a topological isomorphism, by Corol-
lary 4.2.14. This contradicts the fact that (S(X), Ty) is not metrizable when X is uncount-
able.

Call a topological group submetrizable if it admits a coarser metrizable group
topology.

Corollary 5.2.20. Every Hausdorff abelian group (G, T) of countable pseudocharacter is
submetrizable. In particular, every countable Hausdorff abelian group is submetrizable.

Proof. Let {U,:n € N} be open neighborhoods of 0 in 7 with (), U, = {0}. It is not
restrictive to assume that they form a decreasing chain as in (5.2) and Corollary 5.2.15.
Call 7, the group topology on G having as a local base at 0 the countable family
{U,:n € N}. By Corollary 5.2.19, 7, is metrizable and 7,,, < 7.

By Lemma 5.1.5, G has countable pseudocharacter when G is countable. O

5.2.4 Function spaces as topological groups

We already introduced in §2.2.4 a topology on function spaces, namely, the pointwise
convergence topology on the set Y* of all maps X — Y from a nonempty set X to a
topological space Y. This topology was nothing else but the product topology on Y*.
Now we define two more topologies for function spaces (i. e., subsets of Y¥) in
case Y is a metric space. We start by an example where the target space is just C.

Example 5.2.21. Following the counterpart of Example 5.2.7(iii) for C" in place of R",
here we extend the definition of the sup-norm from C" to the C-algebra C*(X) of all
bounded complex-valued functions of an arbitrary nonempty set X, by simply letting

If]l := sup{lf(x)|:x € X} for every f € C*(X).
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This norm gives rise to the invariant metric d = d;_; described by

df,g) = If — gll = sup{lf (x) —g(x)|:x € X} foreveryf,g e C*(X).

The metric topology related to this metric takes the name uniform convergence topol-
ogy. It is a group topology finer than the pointwise convergence topology.

The above example can be generalized as follows:

Definition 5.2.22. Let X be a nonempty set, (Y, d) a metric space and let C*(X,Y) be
the set of all maps f: X — Y with bounded range (i. e., diam(f (X)) < o). Define

d(f,g) = sup{d(f(x),g(x)):x € X} foreveryf,g e C"(X,Y).
The metric topology related to d is called the uniform convergence topology on C* (X, Y).
There is a third topology that is coarser than the uniform convergence topology:

Definition 5.2.23. Let X be a topological space, (Y, d) a metric space, and let C(X,Y)
be the set of all continuous maps X — Y. The compact-open topology is defined on
C(X,Y) by taking as a base of the filter of the neighborhoods of f € C(X,Y) the family

WK, e,f):={g e CX,Y):Vx € K,d(f(x),g(x)) < €},
where K is a compact subset of X and € > 0.

The compact-open topology need not be metrizable in general; indeed, when X is
an uncountable discrete space and Y a metric space, the compact-open topology on
C(X,Y) = Y coincides with the pointwise convergence topology, which is nonmetriz-
able (see Theorem 5.1.15 in case Y is a metrizable topological group).

In case X is a compact topological space and (Y, d) a metric space, C(X,Y) ¢
C*(X,Y), so one can consider the uniform convergence topology on C(X,Y), which
coincides with the compact-open topology in this case.

Remark 5.2.24. (a) The compact-open topology can be introduced more generally on
the set C(X,Y) of all continuous maps X — Y between two topological spaces,
with prebase the family

WK, U) :={f e CX,Y):f(K) c U},

where K ¢ X and U ¢ Y vary among all compact (respectively, open) sets of X
(respectively, Y).

(b) In case X is a topological space and Y is a metrizable topological abelian group
with an invariant metric d, the compact-open topology makes C(X, Y) a topologi-
cal group (see Exercise 5.4.12), and a local base at the constant function f = ey is
given by the subsets

W(K,e) := W(K,e,f) ={g € C(X,Y):Vx € K,d(g(x),ey) < &},

where K ¢ X is compact and € > 0.
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(c) Since finite sets are compact, the compact-open topology on C(X,Y), where X, Y
are topological spaces, is finer than the restriction of the pointwise convergence
topology to C(X, Y) c Y*. Clearly, the pointwise convergence topology may be ob-
tained as a compact-open topology when X is equipped with the discrete topology
(and so C(X,Y) = Y%).

These topologies have many applications in analysis and topological algebra. In
particular, for X = G a topological abelian group, the compact-open topology is used
to define the Pontryagin dual G of G, taking as target the group Y = T (see Chapter 13).

We conclude with a further example of a group topology on a function space, by
taking Y = X.

Example 5.2.25. Let (X, d) be a compact metric space and consider on X the metric
topology induced by d. Then the group Homeo(X) of all homeomorphisms of X admits
anorm v defined by

v(f) = sup{d(x,f(x)) + d(x,f_l(x)):x € X} foreveryf € Homeo(X).

This norm induces an invariant metric d, on Homeo(X), and the metric topology rela-
tive to d, is a group topology on Homeo(X) known as Birkhoff topology.

Since surjective isometries X — X of a compact metric space X are homeomor-
phisms with respect to the metric topology on X, it makes sense to consider the sub-
group Iso(X) of all surjective isometries X — X. The restriction of the Birkhoff topology
on Iso(X) coincides with the uniform convergence topology on Iso(X).

5.3 Topologies and subgroups determined by sequences

5.3.1 T-sequences

Let G be an abelian group and let A = {a,},cn be a sequence in G. The question of the
existence of a Hausdorff group topology on G that makes A converge to O is not only
a mere curiosity. Indeed, assume that some Hausdorff group topology 7 on Z makes
the sequence {p,},cn Of all primes converge to zero. Then p,, — 0 in 7 would yield
DPn — Pns1 — 0in 7, so this sequence cannot contain infinitely many entries equal
to 2. This would provide a very easy negative solution to the celebrated problem of
the infinitude of twin primes (actually this argument would show that the shortest
distance between two consecutive primes converges to co).

Definition 5.3.1 ([240]). A one-to-one sequence A = {a,},cn in an abelian group G is
a T-sequence if there exists a Hausdorff group topology 7 on G such that a,, — 0in 7.

Since we consider only sequences without repetitions, the convergence to zero of
the sequence {a, } .y depends only on the set {a,:n € N} and does not depend on the
enumeration of the sequence.
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Example 5.3.2. We shall see below that the sequence {p,},cn Of all primes is not a
T-sequence in Z (see Exercise 10.4.12). So, the above mentioned possibility to resolve
the problem of the infinitude of twin primes does not work.

We consider a couple of examples and nonexamples in Z.

Example 5.3.3. (a) The sequences {n’},. and {n’},y are not T-sequences in Z.
Indeed, suppose for a contradiction that some Hausdorff group topology 7 on Z
makes {nz}nelN converge to 0. Then {(n + l)z}nE]N converges to 0 as well. Taking the
difference of {(n+1)?},,c and {n’},c, we conclude that {2n + 1}, converges to 0
as well, and so also its subsequence {2n + 3}, converges to 0. After subtraction
of the latter two sequences, we conclude that the constant sequence 2 converges
to 0. This is a contradiction, since 7 is Hausdorff.

We leave the case of {n®},.\ as an exercise to the reader.

(b) A similar argument proves that the sequence {P(n)},cn, Where P(x) € Z[x] is a
fixed polynomial with deg P = d > 0, is not a T-sequence in Z.

(c) Thecelebrated Fibonacci sequence {f, },cn, defined by fy = f; = 1andf,,, = f.1+fn
forall n € N, is a T-sequence, witnessed by the Hausdorff group topology 7 on Z
induced by the embedding Z — T defined by 1 — a + Z € T, where a = “T‘@ is
the golden ratio (see Exercise 5.4.18 for a more general statement).

(d) For a prime p, the sequence {p"},,c is a T-sequence in Z (witnessed by the p-adic
topology); this remains true for any geometric progression {a"},,., where a > 1is
an integer (this is witnessed by the p-adic topology for any prime p dividing a).

(e) The natural topology (or the p-adic topology for any prime p) witnesses that the
sequence {n!}, is a T-sequence.

5.3.2 Topologically torsion elements and subgroups

Braconnier [41] and Vilenkin [281] gave the following related notion.

Definition 5.3.4. Let G be a Hausdorff group and p a prime. An element x € G satisfy-
ingx” — e (respectively, x™ — e;) is topologically p-torsion (respectively, topologi-
cally torsion). The sets

G, := {x € G:x topologically p-torsion} and G!:= {x € G:x topologically torsion}

are the topological p-component and the topological torsion part of G, respectively.
Moreover, G is topologically p-torsion (respectively, topologically torsion) if G = G, (re-
spectively, G = G!).

When G is abelian, G, and G! are subgroups of G. If G is discrete, then G is topo-
logically p-torsion (respectively, topologically torsion) precisely when G is p-torsion
(respectively, torsion).
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Remark 5.3.5. Let G be a residually finite group. Since (G, v;) is Hausdorff, every el-
ement of G is topologically torsion and for every non-torsion element x, {n!x}, ¢y is a
T-sequence. If (G, v‘é) is Hausdorff, then for every nontorsion element x of G, the se-
quence {p"x},e, is a T-sequence of G.

For other equivalent forms with respect to the following notions, see Exercise
5.4.13.

Definition 5.3.6. Let G be a Hausdorff group and p be a prime. Call x € G:
(i) quasi-p-torsion if (x) is either a finite p-group or isomorphic to (Z, v%);
(ii) quasitorsion if (x) is either finite or nondiscrete and has a linear topology.

Let tdp(G) := {x € G:x quasi-p-torsion} and td(G) := {x € G: x quasitorsion}.

Remark 5.3.7. Let G be a topological abelian group. Then td,(G) and td(G) are sub-
groups of G (see Exercise 5.4.13(e)), and obviously ¢,(G) ¢ td,(G) < G, and t(G) ¢
td(G) c G!

We shall see in Corollary 11.6.9 that td,(G) = G, when G is a locally compact
abelian group. In this case Gp carries a natural structure of a ]Ip-module, since for x €
Gp\t,(G) the subgroup (x) isomorphic to J,; moreover, the multiplication J,xG, — G,
is continuous (see [99, 3.5.8]). In particular, G, is g-divisible for every prime q # p. In
case G is p-divisible, Gp is obviously p-divisible as well, so GIZJ is divisible.

5.3.3 Characterization of T-sequences

The existence of a finest group topology 7, on an abelian group G that makes an arbi-
trary given sequence A = {a,},n in G converge to O is easy to prove as far as we are
not interested in imposing the Hausdorff axiom. Indeed, as a,, — O in the indiscrete
topology, 74 is simply the supremum of all group topologies 7 on G such that a, — 0
in 7 (see Exercise 2.4.3). Clearly, 7, is Hausdorff if and only if A is a T-sequence.

In [241] Protasov and Zelenyuk established a number of nice properties of this
topology. One can easily describe 74 as follows.

Remark 5.3.8. For an abelian group G and a family {4,:n € N, } of subsets of G, let

Z A=A+ +A,+-- = U (A +---+A).
nelN, nelN,

If A = {a,},en is @ sequence in G, for m € N, let
Ay = {am Apyqy-.} and Ay :={0}UA, U-A;,

calling A;, the “m-tail” of A. For k e N, let A(k,m) := A, + -+ + Ap,.

k times
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Forn € N, and a sequence {m;};cn, in N, let

A(my,...,m,) =A +"'+Am,, so A(m) = A,

my

and A(my,...,my,) = {0} when n = 0 (i. e., the sum is empty).
Furthermore,

Almy,....my,...) = Z Ap, = U A(my,...,my),

nelN, nelN,

Then the family
By =1{A(my,...,my,,...): {mn}neﬂ\h sequence of natural numbers}

is a filter base, satisfying the axioms of group topology (gt1), (gt2), and (gt3). Let T be
the group topology given by Remark 2.1.14. Then 1 = 7,4. Indeed, obviously a,, — 0 in
(G, 1) and 7 contains any other group topology with this property.

Next, by using the topology 74, we characterize the T-sequences A = {a,},cn in
an abelian group G. In the above notation, for every k € N, , we have

A(k,m) c A(my,...,my,...), (5.11)

where m = max{m;, ..., my}. The sets A(k,m), for k, m € N,, form a filter base, but the
filter they generate need not be the filter of neighborhoods of 0 in a group topology.
The utility of this family becomes clear now.

Theorem 5.3.9. A sequence A = {a,},cn in an abelian group G is a T-sequence if and
only if

ﬂ A(k,m) ={0} foreveryk e N,. (5.12)

meN,

Proof. Obviously, A = {a,},en is @ T-sequence if and only if 7, is Hausdorft. If 74 is
Hausdorff, then (5.12) obviously holds by (5.11).
Clearly, 74 is Hausdorff if and only if

(  Amm,....m,..)={0}. (513)

{Mpbpen, SNN*

So, it remains to see that (5.12) implies (5.13).
We prove first that, for every [ € N and every I-tuple (my,...,m;),

() Amy,....m) +A) = A(my, ..., m)). (5.14)
ieIN,

The inclusion (ien, (A(my, ..., my) + A;) 2 A(my, ..., my) is obvious since O € 4;.
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We argue by induction on ! € N. The case | = 0 follows directly from (5.12) with
k=1.

Now assume that! > 0 and that (5.14) is true for I-1and all (I-1)-tuples m;, ..., m;_;.
Takeg € [enw(A(my, ..., my) + 4;). Then foreveryj € {1,...,1} and every i € N, one can
find b;(i) € Aml_ and a(i) € 4; such that

g =Dby(0)+ -+ b(@) + a(d).

If there exists somej € {1,..., 1}, such that b]-(i) = O for infinitely manyi € N,, then
8 € Yyeq,..in i} Am, + A; for infinitely many i € IN,. Since {A;:i € N,} is a decreasing
chain, the inductive hypothesis gives

geﬂ( > Amv+A,->: Y Ay, CA(M,...m).
ve{l

N, \vefl NGy /0 vell., I}

Hence, we may assume that there exists i, € N, such that b;(i) # 0 foralli > i,
and forallj € {1,...,1}. Then foralli > i, and for all j € {1,..., [} there exists m;(i) > m;
so that b;(i) = Ay (i) € Amj.

If m;(i) — oo forallj € {1,...,1}, then g € A(l + 1,i) for infinitely manyi € IN_, so
ge ﬂiem A(l+1,i) = {0} by (5.12). Hence, g = 0 € A(my, ..., m,).

Otherwise there exist some j € {1,...,l} and h € N, such that m;(i) = h > m;
for infinitely many i € N,.Let N, = {i € N,:m;(i) = h}. Theng" = g - a; €

..........

is decreasing. By inductive hypothesis,

g e ( D Amv+Al->: Y A,
ve{l

€N, \vefl,.., I} velL...l\{j}

Therefore, since gy, € Amj,

g=a,+8 eay+ z Ay CA(my,...,my).
vell, I}

This proves (5.14).

To prove (5.13), assume that g € G\{0O}. Then using our assumption (5.12) and (5.14),
itis easy to build inductively a sequence {m,} ¢\, suchthatg ¢ A(m,...,m,) forevery
neN,,i.e,g¢A(my,...,my,,...),namely, forg € G\{0}, there exists m; € N such that
g ¢ A(,my) = A, . Suppose thatn > 2and m; ..., m,,_; have already been constructed
such thatg ¢ A(my,...,m,_). According to (5.14), g ¢ ﬂie]N+ (A(my,...,my_1) + 4;). So,
there exists m, € N, such thatg ¢ A(m;,...,m,_4) + A, =A(my,...,my). O

Remark 5.3.10. (a) According to Exercise 5.4.9, every infinite abelian group G admits
anondiscrete metrizable group topology. This gives rise to a plenty of T-sequences
A ={a,}pen Of G.
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(b) The topology 7(, ; is never metrizable (see Exercise 7.3.2), but it is always complete
(see Example 7.1.6(b)). More precisely, 7, ; is sequential, but not Fréchet-Urysohn
(see [240]).

The topology 7, ; can be studied essentially on countable abelian groups:

Lemma 5.3.11. Let G be an abelian group and {a,},n a T-sequence of G. Then the sub-
group H of G generated by the countable set {a,:n € N} is 7(, ,-open.

Proof. Denote by 7" the supremum of T(q,} @nd the Alexandrov group topology on G
with H as the smallest neighborhood of 0. Then * > 7,  and obviously a, — Oint".
Since 7y, ; is the finest group topology with this property, we deduce that ™ = Tia,}»
and consequently H is 7, ;-open. O

This lemma helps us understand better the properties of 7, ;, since the fact that
the countable subgroup H = (a,:n € N) is 7y, y-open and carries its own topology
generated by the T-sequence {a,},cn Of H reduces completely the study of the topology
T(q,) ONly to countable abelian groups.

A notion similar to that of T-sequence, but defined only with respect to topologies
induced by characters, is given in §14.4. From many points of view, it turns out to be
easier to deal with that notion than with the notion of a T-sequence. In particular, we
shall see easy sufficient conditions for a sequence of integers to be a T-sequence.

We give without proof the following technical lemma that is useful in §14.4.

Lemma 5.3.12 ([240]). For every T-sequence A = {a,},cn in Z, there exists a sequence
{by}nen in Z such that for every choice of the sequence {e,},cn, Where e,, € {0,1} for
every n € N, the sequence {qy},cn defined by g,, = b, + e, and q,,_; = a, forn e Nisa
T-sequence.

5.4 Exercises

Exercises on cardinal invariants

Exercise 5.4.1. Let G be a Hausdorff group. Prove that:

(@) w(G) =w(hG), x(G) = x(hG), and d(G) = d(hG);

(b) d(U) = d(G) for every nonempty open set U of G, if G is nondiscrete Lindel6ff;

(c) if G is Hausdorff, then y(G) is finite if and only if G is discrete, and in such a case
Xx(G)=1;

(d) if G is Hausdorff, then w(G) is finite if and only if G is finite, if and only if d(G) is
finite.

Hint. (b) Show first that d(U) < d(G) using the fact that U is open. There exists a countable subset X
of G such that G = XU, since G is Lindeloff. If D is a dense subset of U with |D| = d(U), then |D| > w
and XD is a dense subset of G with |XD| = |D| = d(U). This proves the equality d(U) = d(G).
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Exercise 5.4.2. Let G be an abelian group and H an infinite subset of G*. Prove that
w(G, Ty) < |HI.

Hint. Since (G, Ty ) is a topological subgroup of st one has w(G, Ty) < W(SH) = |H| by Theorem 5.1.15
(see also Example 5.2.18).

Exercise 5.4.3. Show that w(-), y(-), and d(-) are cardinal invariants in the sense
explained above: if the topological groups G, H are topologically isomorphic, then
w(G) = w(H), x(G) = x(H) and d(G) = d(H).

Exercise 5.4.4. Making use of Lemma 5.1.5, prove that w(G) < ¢ for a monothetic
group G.

Exercise 5.4.5. Show that y(H) < (G) may occur for a dense subgroup H of a Haus-
dorff group G.

Hint. Take G = Z(2)° with Y(G) = ¢ > w = Y(H) for every dense countable subgroup H of G. By
Hewitt-Marczewski—Pondiczery theorem B.3.15, G is a separable Hausdorff group with (G) > w.

Exercise 5.4.6. Prove that if N is a closed normal subgroup of a Hausdorff group G,
then ¥(G) < max{yp(N), P(G/N)}.

Hint. Let {U;:i € I} € Vs(eg) be a family with |I| < max{yp(N), Y(G/N)} such that Nn(;; U; = {eg} and
Mier UiN = {eg/n} in G/N. If x € G\ {eg}, then x ¢ (;; U;incasex € N.Ifx € G\ N, then xN # eg/y
in G/N, so there exists i € I such that xN ¢ U;N, hence x ¢ U;. This proves that ();; U; = {eg}, so
P(G) < max{i(N), Y(G/N)}.

Exercises on metrizable topological groups

Exercise 5.4.7. Prove that subgroups, countable products, and Hausdorff quotients of
metrizable groups are metrizable. Prove that a product of metrizable groups is metriz-
able if and only if all but countably many of these groups are trivial.

Exercise 5.4.8. Let G be an abelian group and H a countable set of characters of G
separating the points of G. Prove that 7y is metrizable.

Exercise 5.4.9. Show that every infinite abelian group admits a nondiscrete metriz-
able group topology.

Hint. Let G, be a countably infinite subgroup of G. Then there exists a countable set H of characters of
G, separating the points of G;. By Exercise 5.4.8, this gives a nondiscrete metrizable topology 7 on G;.
Now extend 7y to a group topology 7 on G with Vg, (0) as alocal base at 0. Clearly, 7 is metrizable and
nondiscrete.

Exercise 5.4.10. Prove that the profinite topology of an infinite bounded abelian
group is not metrizable.

Hint. Since metrizability is preserved under taking subgroups, it suffices to assume that G is a p-group.
For the same reason, and since G is bounded, we can assume that G = G[p], that is, G has exponent p.
Let {U,: n € N} beadecreasing chain of neighborhoods of 0 in the profinite topology @;. To show that it
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cannot be a base, we find a finite-index subgroup of G that contains none of these neighborhoods. One
can inductively choose a sequence {x,,} ,ci; of elements of G such that x, = O and x,, € U, \ {(xy,...,X_1)
for all n € N, because U, is a subgroup of finite index while (x;, ..., x,_;) is a finite subgroup. Then
the family {x,:n € IN,} is independent and we can define a homomorphism f: G — Z(p) by letting
f(x,) = a € Z(p) for all n € IN, where a # 0 is a fixed element of Z(p); this homomorphism can be
extended then to the whole group G. The finite-index subgroup V = ker f does not contain any Uy,
since x,, € Uy, while x,, ¢ V foreveryn € N,.

Exercise 5.4.11. Let v be a pseudonorm on an abelian group G. Show that the filter
base B = {B) (e;):r € R,,} satisfies (gt1) and (gt2), as well as, vacuously, (gt3). Hence,
B generates a pseudometrizable group topology 7, on G.

Exercise 5.4.12. Establish that the compact-open topology defined in Remark 5.2.24(b)
in case X is a topological space and Y is a metrizable topological abelian group with
an invariant metric d is a group topology.

Hint. Fix compact subsets K,K;,K, of X and ¢,&,&, > 0. Since W(K;, &) N W(Ky, &) 2 WK U
K,, min{e, &,}), -W(K,e) = W(K,e) and W(K,e) + W(K,e) ¢ W(K,2e), the family of sets B =
{W(K,e):K < G compact, € > 0} forms a base of open neighborhoods of the constant function
f = ey. (For g € W(K,¢), the compactness of g(K) < B,(ey) implies that Bs(g(K)) < B.(ey) for some
6 > 0, hence g + W(K, 6) € W(K, ), so W(K,¢) is open.) Finally, observe that W(K,¢,f) = f + W(K, €)
for f € C(X,Y)and € > 0, so the topology generated by BB coincides with the compact-open one.

Exercises on T-sequences

Exercise 5.4.13. Let p be a prime. Show that:

(a) if T is a Hausdorff group topology on Z such that k,p" — 0 for every sequence
{k;}nen in Z, then T =V ;

(b) if T is a Hausdorff group topology on Z such that k,n! — 0 for every sequence
{k,}nen in Z, then 7 is a nondiscrete linear topology on Z;

(c) if Gis a Hausdorff abelian group, then x € G is:
(c;) quasi-p-torsion if and only if k,p"x — 0 for every sequence {k, },c,y in Z;
(c,) quasitorsion if and only if k,n!x — 0 for every sequence {k,},cn in Z;

(d) x € td,(G) (respectively, x € td(G)) if and only if there exists a continuous homo-
morphism f: (Z,V5) — G (respectively, f: (Z,v,) — G) with f(1) = x;

(e) td,(G) and td(G) are subgroups of G.

Hint. (@) If U € V,(0), pick a sequence {k,}pcn in Z in which every integer appears infinitely many
times. Then k,p" — 0 yields k,p" € U for all sufficiently large n, so p"Z < U for some n € N. This
proves T < v’%. Now apply Exercise 3.5.25. For (b), apply the argument from the hint of (a) to deduce
that for every U € V,(0) there exists n € IN, such that n!Z ¢ U. Now apply Exercise 3.5.24 to conclude
that 7 is linear.

For (c;) and (c,), use items (a) and (b). Deduce (d) from (c;) and (c,) (or from (a) and (b)). Finally,
(e) can be deduced from (c).

Exercise 5.4.14. For a Hausdorff abelian group G and a prime p, show that:

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

5.4 Exercises =— 89

(a) ifHisasubgroupof G, thentd(H) = td(G)nH, H, = G,nH, and td,,(H) = td,(G)nH;

(b) if f:G — H is a continuous homomorphism into a Hausdorff abelian group H,
then f(td(G)) < td(H), f(G,) < H,, and f(td,(G)) < td,(H);

(© td([Tie Gi) = Tlier td(Gy)s (Tier Go)p = Ilier(Gi)p and tdy([Tie; Gi) = Tlies tdy(Gy)
for every family {G;: i € I} of Hausdorff abelian groups;

(d) the sum wtd(G) := Y pep tdy(G) is direct.

Hint. (a)-(c) Use (c;) or (d) of the previous exercise.

(d) To see that the sum Y pep td,(G) is direct, assume that 0 # g € td,(G) N i td,, (G), where all
primes p, q;, ..., q, are distinct. For every m € IN,, the numbers a,,, = (¢; ---¢,)™ and p™ are coprime,
501 = u,p"+vpa,, forsome u,,, v,, € Z.Sinceg € Y1, td,, (G) implies thatv,,a,g — 0,and g € td,(G)
implies that u,p™g — 0, we deduce that g = u,,,p"'g + v,a,g — 0, a contradiction.

Exercise 5.4.15." Show that T, = td,(T) = Z(p®) and wtd(T) = td(T) = Q/Z.

Hint. The proof of the equality T, = Z(p™) can be found in [8] and it implies the remaining ones,
except for td(T) = Q/Z. To check that, it suffices to verify that for every x € T \ Q/Z the subgroup (x)
is strongly monothetic, so x ¢ td(T).

Exercise 5.4.16. Show that, for some topological group G and a prime p, the inclusion
td,(G) < G, may be proper.
Hint. By Exercise 7.3.2, G = (Z,tymy) is not metrizable, so tdp(G) ={0}¢Z= Gp.

Exercise 5.4.17. Let G = H x N, where H and N are abelian groups. Prove that if a, =
(a,b,) € Gwith mb, = 0 for all n € N, while ma # 0, then {a,},\ is not a T-sequence
of G.

Hint. Use the fact that if {a,,} ,c\y is a T-sequence of G, then so is the sequence {ma,, } .y for everym € IN.

Exercise 5.4.18. Let @ € R be an irrational number and let Zﬁ be the convergents of

the continued fraction representing a. Prove that {g,},c\ is @ %-sequence.

Hint. From the known inequality |a — 22| < !
qdn Indn+1

conclude that {g,a + Z} ¢ is a null sequence in T.

deduce that |g,al < ﬁ for the norm in T and
n+

Exercise 5.4.19. (a)*Prove that there exists a T-sequence {a,},en in Z with
lim,,_,, a,.1/a, = 1 (see [240] and also Example 14.4.17).

(b)* Every sequence {a,} ¢ in Z with lim,,_, a{;” = +oo is a T-sequence (see [21, 240]
and Theorem 14.4.6). !

(c)* Every sequence {a,},cn in Z such that lim,,_, ., ag: € R is transcendental is a
T-sequence (see [240]).

Exercise 5.4.20. Show that td(T) = Q/Z is a proper subgroup of T! and that T! is a
proper subgroup of T.

Hint. If z € T \ Q/Z, then no nonproper subgroup of (z) can be open, so z ¢ td(T).
The elements X,y of T determined by x = e-2 = ¥ .0, % € Randy = "Zil € Rsatisfyx € T!\Q/Z
andy € T\ T!
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6 Connectedness in topological groups

This chapter is dedicated to the notions of connectedness and hereditary disconnect-
edness for topological groups, and moreover, we consider the connected component,
arc component, quasicomponent, and the fourth component given by the intersection
of all open subgroups.

6.1 Connected and hereditarily disconnected groups

We start with an elementary property of connected sets in a topological group.

Lemma 6.1.1. Let G be a topological group.

(@) IfC,...,C, are connected subsets of G, then also C, - - - C, is connected.

(b) If C is a connected subset of G, then C™, as well as the subgroup (C) generated by
C, is connected.

Proof. (a) Consider the case n = 2, the general case easily follows by induction. The
subset C; x C, of G x G is connected. Now the multiplication p: G x G — G, (x,y) — xy,
is continuous and u(C; x C,) = C;C,. So, by Lemma B.6.4(a), also C;C, is connected.
(b) Since C is connected and C™! is the continuous image of C under the inversion
map=:G — G,x — x~!, we conclude that C! is connected as well, by Lemma B.6.4(a).
To prove the second assertion, consider the set C; = CC™1, which is connected by item
(a). Obviously, e; € C;,50 CUC™! € C,C; = Cf.Since (C) = (Cy) = Upen C'» and each set
C} is connected by item (a), we conclude that (C) is connected, by Lemma B.6.5. [

We see that connectedness and hereditary disconnectedness are properties stable
under extension:

Proposition 6.1.2. Let G be a topological group and N a closed normal subgroup of G.
IfN and G/N are connected (respectively, hereditarily disconnected), then also G is con-
nected (respectively, hereditarily disconnected).

Proof. Let q:G — G/N be the canonical projection.

Assume that N and G/N are connected and let A be a nonempty clopen set of G. As
every coset aN with a € Gis connected in view of Lemma B.6.4(a) and Lemma 2.1.6, one
has eitheraN ¢ AoraN n A = 0. Hence, aN ¢ A foreverya € A,andso A = q‘l(q(A)).
This implies that g(A) is a nonempty clopen set of the connected group G/N. Thus,
q(A) = G/N, and consequently, A = G.

Now suppose that N and G/N are hereditarily disconnected. Assume that C is a
connected subset of G. Then g(C) is a connected subset of G/N by Lemma B.6.4(a), so
q(C) is a singleton by our hypothesis. This means that C is contained in some coset xN.
Since xN is hereditarily disconnected as well, we conclude that C is a singleton. This
proves that G is hereditarily disconnected. O

https://doi.org/10.1515/9783110654936-006
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Corollary 6.1.3. A topological group G is connected if and only if hG is connected.

Proof. Since hG = G/core(G) and core(G) is connected (being indiscrete), Proposi-
tion 6.1.2 and Lemma B.6.4(a) apply. O

Corollary 6.1.4. If a connected group G is not indiscrete, then |hG| > c.

Proof. Inview of Corollary 6.1.3, we can assume without loss of generality that G = hG
is Hausdorff. Then G is also a Tichonov space by Theorem 5.2.14, so we can arrange for
a nonconstant continuous function f: G — [0, 1]. Since G is connected, the image f(G)
is connected by Lemma B.6.4(a), so a subinterval of [0, 1]. Since f(G) is not a singleton,
we deduce that |[f(G)| = ¢. Hence, |G| > «. O

This corollary shows that certain groups cannot carry a connected Hausdorff
group topology. Obviously, these are all nontrivial groups of size < ¢. But one can get
also less trivial examples like those pointed out below.

Example 6.1.5. (a) Let G = Z(2) x Z(3)“; clearly, |G| = c. Assume that T is a con-
nected Hausdorff group topology on G. Then the multiplication by 3 defines a
continuous endomorphism y3: G — G, and so u3(G) = 3G must be connected by
Lemma B.6.4(a). But [3G| = 2, so 3G cannot carry any connected Hausdorff group
topology in view of Corollary 6.1.4, a contradiction.

(b) Obviously, the argument from item (a) produces similar examples of abelian
groups that admit no connected Hausdorff group topology, that is, when the
starting abelian group G has the property that, for some m € N,, mG is nontriv-
ial and |mG| < ¢ (e.g., G = H x Z(m)® with 1 < |mH| < ¢), G cannot carry any
connected Hausdorff group topology.

(c) Surprisingly, the necessary condition for having a connected Hausdorff group
topology from item (b) turns out to be also sufficient: every abelian group G
such that for every m € N, the subgroup mG is either trivial or has size > ¢ ad-
mits a connected Hausdorff group topology (see also Chapter 4). The proof given
in [107] makes substantial use of a construction by Hartman and Mycielcki [168]
of a group HM(G) defined for every abelian group G that carries a connected
group topology and is algebraically isomorphic to G (see also [70]). In particu-
lar, the group Z(m)'” carries a connected group topology for every m € N with
m> 1.

In the next remark we discuss zero-dimensionality. We recall that in general, un-
der the axiom T, zero-dimensionality implies total disconnectedness, which yields,
in turn, hereditary disconnectedness (see §B.6).

Remark 6.1.6. (a) A topological group G is zero-dimensional if and only if hG is zero-
dimensional. On the other hand, a zero-dimensional group G is totally discon-
nected if and only if G is Hausdorff.
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(b) Proposition 3.1.7(b) yields that every linearly topologized group G is zero-dimen-
sional; in particular, when G is Hausdorff, it is totally disconnected and so also
hereditarily disconnected.

The next statement is true for regular spaces as well, but not for countable Haus-
dorff ones.

Proposition 6.1.7. Every countable Hausdor{f group G is zero-dimensional.

Proof. Using the Tichonov separation axiom, for every U € V(e;), there exists a con-
tinuous function f: G — [0,1] such that f(eg) = 1and f(G \ U) = {0}. The subset
X = f(G) of [0, 1] is countable, hence there exists a € [0,1]\f(G). Then W = (a,1]nf(G)
is a clopen set of f(G). Therefore, f {(W) < U is a clopen set of G containing eg- This
shows that G has a base of clopen sets. O

Example 6.1.8. (a) The countable Hausdorff group G = Q/Z is zero-dimensional yet
has no proper open subgroups (see Exercise 6.3.1), so its topology is not linear.

(b) Every proper subgroup H of T is zero-dimensional. Indeed, H is either finite
or dense, in view of Example 3.1.14(a). If H is finite, then it is clearly zero-
dimensional. If H is dense, then for any fixed a € T \ H also a + H is dense
and disjoint with H. Hence, {I', . N H: b, ¢ € a + H}, where I, . is an open arc with
ends b, c is a base of the induced topology on H consisting of clopen sets of H.

Van Dantzig theorem 8.5.1 will show that every zero-dimensional locally compact
group G has a local base at e;; consisting of open subgroups. Example 6.1.8(a) shows
that local compactness is essential.

6.2 The four components

The first of the four components that we recall in this section is the connected compo-
nent, that we will use also in the sequel.

Definition 6.2.1. For a topological group G, denote by c(G) the connected component
C,, of e; and call it briefly the connected component of G.

Proposition 6.2.2. The connected component c(G) of a topological group G is a closed
normal subgroup of G. The connected component of an element x € G is simply the coset
xc(G) = c(G)x.

Proof. To prove that c(G) is stable under multiplication, it suffices to note that c(G)c(G)
is still connected by Lemma 6.1.1(a) and contains e, so must be contained in the con-
nected component ¢(G). Similarly, an application of Lemma 6.1.1(b) implies that c(G)
is stable with respect to the inversion map G — G, x — x "1, so ¢(G) is a subgroup
of G. Moreover, for every a € G, the image ac(G)a ' under the conjugation ¢, byais
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connected by Lemmas 2.1.6 and B.6.4(a), and contains e, so must be contained in the
connected component c(G). Therefore, c(G) is a normal subgroup of G.

The fact that ¢(G) is closed follows from the fact that the closure of ¢(G) is a con-
nected subgroup of G, by Lemmas 3.1.1(b) and B.6.4(b).

To prove the last assertion, it suffices to recall that, for all x € G, the translations
Ly - xyandt,:y — yx are homeomorphisms, by Lemma 2.1.6. O

Our next aim is to see that the quotient G/c(G) is hereditarily disconnected.

Lemma 6.2.3. For every topological group G, the quotient G/c(G) is hereditarily discon-
nected.

Proof. Let ¢:G — G/c(G) be the canonical projection and H = g 1(c(G/c(G))). Apply
Proposition 6.1.2 to H and its connected quotient H/c(G) = ¢(G/c(G)) to conclude that
H is connected. Since H contains c(G), we have H = ¢(G). Hence, G/c(G) is hereditarily
disconnected. O

Next comes the second component that we introduce for every topological group.

Definition 6.2.4. For a topological group G, denote by a(G) the set of points x € G
connected to e; by an arg, i. e., there exists a continuous map f: [0,1] — G such that
f(0) = e; and f(1) = x. We call arc the image f([0,1]) in G and arc component the
subset a(G). The group G is called arcwise connected if a(G) = G.

Obviously, all points of f([0, 1]) belong to a(G).
The following result can be proved in analogy to Proposition 6.2.2.

Propeosition 6.2.5. For a topological group G, the arc component a(G) of G is a normal
subgroup of G.

Proof. By Exercise 6.3.3(a) and the continuity of the multiplication :G x G — G,
(x,y) — xy, we get a(G)a(G) < a(G). Analogously, using the continuity of the inversion
map :G — G, x — x !, we get that a(G)™! < a(G). Then a(G) is a subgroup of G. To
show that a(G) is stable under conjugation, use Exercise 6.3.3(b) and the continuity of
the conjugation from Lemma 2.1.6. O

Clearly, a(G) = a(c(G)) < c(G) for any topological group G, so it makes sense to
study the subgroup a(G) for connected groups G. In general, a(G) need not be closed
in G. Actually, the subgroup a(K) is dense in c¢(K) for every compact abelian group K
(see Exercise 13.7.13).

The third component in our list is the quasicomponent, which always contains
the connected component.

Definition 6.2.6. For a topological group G, denote by Q(G) the quasicomponent of
the neutral element e; of G (i. e., Q(G) is the intersection of all clopen sets of G con-
taining e;) and call it the quasicomponent of G.
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Proposition 6.2.7. For a topological group G, the quasicomponent Q(G) is a closed nor-
mal subgroup of G. The quasicomponent Q, of x € G coincides with the coset xQ(G) =

Q(G)x.

Proof. Let x,y € Q(G). To prove that xy € Q(G), we need to verify that xy € O for every
clopen set O of G containing e;. Let O be such a set, then x,y € 0. Obviously, Oy is
a clopen set containing eg, hence x € Oy~!. This implies xy € 0, and so that Q(G) is
stable under multiplication. For every clopen set O of G containing e, the set 07! has
the same propriety, hence Q(G) is stable also with respect to the inversion 1: G — G,
x — x~. This implies that Q(G) is a subgroup of G. Moreover, for every a € G and
for every clopen set O of G containing e;; its image aOa™! under the conjugation by
a € G is a clopen set containing e;, by Lemma 2.1.6. So, Q(G) is stable also under
conjugation, hence Q(G) is a normal subgroup of G. As an intersection of clopen sets,
Q(G) is closed. O

Clearly, for a topological group G,
a(G) < c(G) < Q(G).

According to the general Lemma B.6.11, c(K) = Q(K) for every compact group K. Actu-
ally, this remains true also in the case of locally compact groups G (see Corollary 8.5.4),
as well as for countably compact groups (see [75]).

The fourth component that we consider is the following.

Definition 6.2.8. Foratopological group G, denote by o(G) the intersection of all open
subgroups of G.

Clearly, core(G) < o(G) for every topological group G.
Since the conjugate of an open subgroup is still open, o(G) is a closed normal
subgroup of G and

Q(G) < o(G).

This inclusion may be proper as G = Q/Z shows: here Q(G) = {0}, while o(G) = G (see
also Example 6.1.8(a), where the weaker property that G is not linearly topologized
was pointed out).

For a Hausdorff group G, always o(G) = {e;} whenever G has a linear topology, or
more generally, when V(e;) has a base of open subgroups.

6.3 Exercises

Exercise 6.3.1. Show that the group Q/Z is zero-dimensional but has no proper open
subgroups.

Exercise 6.3.2. For G a connected group and H a Hausdorff group, prove that:
(a) if h: G — H is a continuous homomorphism, then h is trivial whenever ker h has
nonempty interior;
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(b) if f;,f5: G — H are continuous homomorphisms that coincide on some neighbor-
hood of e; in G, then f; = f,.

Hint. (a) Use that ker f is an open subgroup of G, so must coincide with G.
(b) In case G, H are abelian, apply (a) to the homomorphism h = f; — f,: G — H. Otherwise, use
that the subgroup A = {a € G:f;(a) = f,(a)} is open, so H = G.

Exercise 6.3.3. (a) If G, H are topological groups, prove that c(G x H) = c(G) x c(H),
a(Gx H) = a(G) x a(H), Q(G x H) = Q(G) x Q(H), and o(G x H) = o(G) x o(H).

(b) If f:G — H is a continuous map of topological groups with f(e;) = ey, then
f(c(G)) € c(H), f(a(G)) < a(H), and f(Q(G)) < Q(H). Moreover, if f is also a homo-
morphism, prove that f induces continuous homomorphisms f: G/c(G) — H/c(H)
and f :G/Q(G) — H/Q(H) commuting with the respective projections G — G/c(G),
H — H/c(H),and G — G/Q(G), H — H/Q(H).

(c)* Let G be a topological abelian group and I(G) the set of elements x € G such that
there exists a continuous homomorphism f: R — G with f(1) = x. Check that I(G)
is a subgroup of G contained in a(G). If G is also locally compact, a(G) = I(G).

(d) Can (a) be extended to arbitrary products?

Hint. (c) The last assertion is not trivial, a proof can be found in [123].

Exercise 6.3.4. Prove that the group SO3(R) of all rotations of R® is connected. Is
GL3(R) connected? What about GL,(R)?

Exercise 6.3.5." Prove that for an abelian group G the following are equivalent:
(@) (G, 3) is connected;

(b) for every m € N, the subgroup mG is either trivial or infinite;

(c) forevery m e IN,, G[m] either coincides with G or has infinite index.

Hint. (a)=(b) If (G, 3;) is connected, then mG is connected, by Exercise 4.5.11. Hence, mG must be a
singleton (necessarily {0}), if it is finite.

(b)e(c) For every m € N, G[m] = ker p,,, s0 G/G[m] = mG.

For a proof of the implication (c)=(a), see [104].

Exercise 6.3.6.” Deduce from Exercise 6.3.3(b) that:

(@) the assignment G — c¢(G) (respectively, G — a(G)), along with the inclusion
c(G) — G (respectively, a(G) — G), defines a monocoreflection from the category
TopGrp to its full subcategory of all connected (respectively, arcwise connected)
topological groups;

(b) the assignment G — G/c(G) (respectively, G — G/Q(G)), along with the canonical
projection G — G/c(G) (respectively, G — G/Q(G)), defines an epireflection from
the category TopGrp to its full subcategory of all hereditarily (respectively, totally)
disconnected groups.

Does the assignment G — Q(G) define a coreflection?

Hint. To negatively answer the question, note that Q(G) = G precisely when G is connected. Next use
the fact that there exist topological groups G such that Q(G) is not connected (see [74]).
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In this chapter we explicitly construct the Raikov completion using Cauchy nets, we
discuss it also by means of filters, and compare it with the Weil completion.

7.1 Completeness and completion via Cauchy nets

7.1.1 Cauchy nets and completeness

Definition 7.1.1. A net {g,},c4 in a topological group G is a Cauchy net if for any U €
Vi (eg) there exists ay € A such that g;lgﬁ eU> gﬂg;I forevery a,f > aj.

Clearly, every convergent net is a Cauchy net, but the converse does not hold true:

Example 7.1.2. Consider Q with the subgroup topology induced by the Euclidean
topology of R. Then {(1 + 1/ n)”}ndN+ is a Cauchy net in Q not converging in Q.

Remark 7.1.3. It is easy to see that if H is a subgroup of a topological group G, then a
net {h,},c4 in H is Cauchy if and only if it is a Cauchy net of G. In other words, this is
an intrinsic property of the net and it does not depend on the topological group where
the net is considered.

Consequently, a net {h,},c4 is Cauchy in H if and only if it is a Cauchy net of the
subgroup (h,:a € A) of H.

By Exercise 7.3.1(a), a net {g,},c4 in a topological group G is a Cauchy net when-
ever it converges in some larger topological group H containing G as a topological sub-
group. Our aim in this subsection is to see that all Cauchy nets of G arise in this way
(see Theorem 7.1.10); moreover, there is a topological group H, in which G is dense,
witnessing this simultaneously for all Cauchy nets of G.

Lemma 7.1.4. Let G be a topological group.

(@) A Cauchy net {g,}4ca Of G is convergent if and only if it has a convergent subnet.

(b) If {84} aea is a Cauchy net of G, then also {g;"} 44 is a Cauchy net of G.

(© Ifx' = {Xa}pea andy' = (¥} uea are Cauchy nets of G, then also {X,Y 4} qea is @ Cauchy
net of G.

Proof. (a) Let {gay}yer be a subnet of {g,},c4 With 8, DX € G. We prove that g, — x.
Let U € V;(es) and let V € V(e;) be symmetric and such that VV ¢ U. Since 8a, = X,
there exists y, € I' such that 8a, € Vx for every y > y,. Moreover, there exists a, € A
such that ay > @, and g‘,(gl;1 € Vforeverya,f>ayinA.Let f=a, . Theng, € VVx ¢
Ux for every a > a, that is, g, — x.

(b) is clear from the definition.

https://doi.org/10.1515/9783110654936-007
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(c) Let Uy € Vs(eg) and let U € V;(eg) with UU < U,,. Moreover, let V € V;(eg) be
symmetric and such that VVV < U. There exists a; € A such that xﬁx;l e V for every
a, B> ag. Let W € Vi(eg) with x, Wx;; ¢ Vand W c U. Then, for every a > ay,

x,,lWx,;1 = (x,,(x‘;;)(x,xO Wx;;)(x%x;l) cVVV cU.

By hypothesis, there exists a; € A such that & > ag and x,x5' € W and y,y;' € W
for every a, 8 > a;. Therefore, for every a,f > ay,

XoYalg X' € X Wiz XoXg' € Uxoxg' € UW € UU € U,

Analogously, there exists a’ € A such that, forall a, 8 > &', y3'x5'XaV € Up- O

Definition 7.1.5. A topological group G is complete (in the sense of Raikov) (or, Raikov
complete) if every Cauchy net of G converges in G.

Example 7.1.6. (a) A discrete group G is complete, since every Cauchy net of G is
eventually constant and so convergent.

(b) If Gisanabelian group and {a,},c is a T-sequence of G, then (G, 7)) is complete
(see [240]) and nonmetrizable (see Exercise 7.3.2).

Of course, one can define Cauchy nets and completeness also in non-Hausdorff
groups. In such a case the Hausdorff reflection provides a nice connection between
Cauchy and convergent nets of G and its Hausdorff reflection hG:

Proposition 7.1.7. Let G be a topological group and q: G — hG its Hausdor(f reflection.

Then:

(@) a net {x,},ca in G is convergent (respectively, Cauchy) if and only if {q(X,)}uea 1S
convergent (respectively, Cauchy) in hG;

(b) Gis complete if and only if hG is complete.

Proof. (a) follows from Exercise 7.3.1(b) and Lemma B.3.2; (b) follows from (a). O

The class of complete Hausdorff groups is closed under taking closed subgroups
and products:

Proposition 7.1.8. Let G be a complete Hausdor{f group and H a subgroup of G. Then
H is complete if and only if H is closed.

Proof. Assume that H is a closed subgroup of the complete Hausdorff group G and let
{h,}aca be a Cauchy net of H. Since G is complete, {h,},c4 converges to some g € G.
Since H is closed, g € H. This proves that H is complete. Conversely, suppose that H is
complete and let {h,},.4 be a net in H that is convergent to some x € G. Since {h,},ca
is a Cauchy net of H, necessarily there exists h = lim,.4 h, € H. As G is Hausdorff,
x = h € H. Hence, H is closed. O
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Proposition 7.1.9. Let {G;:i € I} be a family of topological groups. Then G = [[;¢; G; is
complete if and only if G; is complete for every i € I.

Proof. Assume that G; is complete for everyi € I and let {x,},c4 be a Cauchy net of G =
[Lic; G;. Since for every i € I the projection p;: G — G; is continuous, the net {p;(x,)}4ca
is a Cauchy net of G; by Exercise 7.3.1(b), and hence p;(x,) — y; € G;. Therefore, {x,}4ca
converges to (¥;)ie € G.

Now suppose that G is complete. Let {x,},.4 be a Cauchy net in G; and denote by
i;: G; — G the canonical embedding. Then {;(x,)}4e4 is @ Cauchy net in G, which con-
verges by assumption. Hence, {p;(t;(xz))}zea = {Xa}aca CONVerges, so G; is complete. [

Combining Propositions 7.1.8 and 7.1.9, one can prove that for every topological
group G there exist a complete Hausdorff group cG and a continuous homomorphism
f:G — c¢G such that f(G) is dense in cG, and that the assignment G — ¢G induces
a functor (a reflection) from the category TopGr to its full subcategory of complete
Hausdorff groups. But at this point we cannot say much about the map f: G — ¢G. It is
proved in the next section that it is an embedding when G is Hausdorff, and then cG
will be given the name completion of G.

7.1.2 Completion via Cauchy nets

The proof of the next general theorem is deferred to the end of this section. In order
to make that proof easily accessible to the reader, we precede it with the much easier
proofs in the metrizable and abelian cases.

Theorem 7.1.10. For every Hausdorff group G, there exist a complete Hausdorff group
G and a topological embedding t: G — G such that (G) is dense in G.

For a Hausdorff group G, the pair (G, 1) given by Theorem 7.1.10 is called (Raikov)
completion of G. We see below that it is unique up to topological isomorphisms.

We use Lemma 7.1.12, based on the next notion, which makes sense since a local
base BB at e;; in a topological group G is a directed set when endowed with the contain-
ment order (B, 2) (see also Remark 3.1.4).

Definition 7.1.11. Let G be a topological group and B a local base at e;. A B-net in G is
anet {xylycpinG.

Lemma 7.1.12. Let G be a topological group and B a local base at e;. Then G is complete
if and only if every Cauchy B-net of G converges in G.

Proof. Let {x,},c4 be a Cauchy net of G. For every U e B, there exists ay € A such
that, for every a, B > ay, x;lxﬂ € Uand xﬂx;I € U. We prove that {x, }yep is a Cauchy
net of G. In fact, let W € B and let W, € B be such that WyW, ¢ W.Let U,V € B be
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contained in W,; for every a € A witha > ay, a > ay,

-1 _ -1, -1
Xoy X, = Xay Xy XoXq, € UV S WoWo < W,

x;;xau = x;;xax(;lxal] eVU c WoWy cW.
Since the B-net {x,, }yp is a Cauchy net of G, it is convergent by hypothesis, so let

x € G be alimit of {x,, }ye3. Now, according to Lemma 7.1.4(a), X, — X, too. O
The use of B-nets allows us to use only sequences in metrizable groups:

Lemma 7.1.13. A metrizable group is complete if and only if every Cauchy sequence of
G converges in G.

Proof. By Birkhoff-Kakutani theorem 5.2.17, there exists a countable base B = {U,:n €
N} of Vi (es). Foreveryn € Nlet V, = Uyn---nU,. Then B’ = {V,:n € N}isa countable
base of V;(es) and V,,,4 € V,, for every n € N. By Lemma 7.1.12, it suffices to consider
B'-nets of G, and these are sequences. O

In the next theorem we offer a proof of Theorem 7.1.10 for metrizable groups; as a
consequence, we obtain a proof also for abelian groups.

Theorem 7.1.14. The completion G exists for every metrizable group G.

Proof. Fix a countable base B = {U,:n € N} of V;(e;) (see Birkhoff-Kakutani theo-
rem 5.2.17). Let G be the group of all sequences of elements of G. Consider the sub-
group G, of GN consisting of all null sequencesin G (i. e., all sequences in G converging
to eg) and let G be the larger subgroup of GN consisting of all Cauchy sequences of G.
There exists an injective homomorphism {:G — G¢, g ~ {g.8,...,8,...}. For every
k € N, let

Uy = {IXy}new € Ge:Ing € N, Vn = ng, x,, € Up ).

Then the filter base B~ = {U,;: n € N} on G satisfies (gt1), (gt2), and (gt3), so it can be

taken as a base of V; ({(e;)) in a group topology 7 on G. Clearly:

(i) ¢(G)isdensein (G, 1) (for x™ = {x,}en € Gc and Uy, € B, there exists n, € N such
that xnox,;1 € Uy forall n > ny; then {(x, ) € Upx™);

(ii) core(Ge,T) = Gy;

(iii) forn € N, {(U,) = U, N {(G), so {: G — {(G) is a topological isomorphism;

(iv) a sequence {x,},cn in G is a Cauchy sequence of G if and only if {{(x,)},cn IS @
Cauchy sequence of G;

) {(G)Nn Gy = {¢(ep)}-

We show that G/G, is the desired completion G. To see that G is complete, let {x}; },,cn
be a Cauchy sequence of G.. By the density of {(G) in G, for every n € N there exists
gn € Gsuch that {(g,) € x,U,. Then, for everyn € N, y, = x, (g, € U,, and
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hence {y; },,on is a null sequence of G¢. Since {(g,) = x,y, for every n € N, being a
product of Cauchy sequences of G, {{(g,)}nen 1S in its own turn a Cauchy sequence
of G¢. This implies that {g,},cn is @ Cauchy sequence of G in view of (iv), namely,
{8unen € Ge. We verify that X7 = {g,}pen € limy §(g,): fix Uy € B7; since {g,} e
is a Cauchy sequence of G, there exists n, € IN such that, for every n,m > n, g, €
8,Uy; thus, for every m > ny, {(g,,) € {8}nenUr = X" Uy, namely, {(g,) — x~. Hence
lim,, ¢\ €(8,)v, o lim,,¢ X,;, 50 G¢ is complete, by Lemma 7.1.13.

Letq: G — G/Gg = hG, be the Hausdorffreflection of G.. Then G := G/G, = hG,
is Hausdorff, and G is complete by Proposition 71.7. Let 1 = g o {:

—>G6¢/Go =

\/

Since G, is indiscrete, Gy N {(G) = {{(e;)} is dense in G, so q [((G): {(G) - q((G))is
open by Theorem 3.2.9, hence i: G — G is a topological embedding. O

An easy example shows that the sets U;” in the above proof need not be open.

Example 7.1.15. Let Q be endowed with the usual topology. For every k € N, let U, =
(-mt/k, k)N Q; clearly, {Uy: k € N, } is a base of V(0). Let {x,} ¢ be a sequence of Q
such that x,, € U, for every n € N, and x,, —» 7 in R; so {x,,},cn is @ Cauchy sequence
of Q that does not converge in Q.

Now {x,},cn € Uy, but there exists no m € N, such that {x,,},,en + Uy, € U7

Proposition 7.1.16. If a topological group G is metrizable, then its completion G is
metrizable as well.

Proof. Since G is Hausdorff, by Birkhoff-Kakutani theorem 5.2.17 it suffices to prove
thatin case there exists a countable base {U,: n € IN} of V;(e;), there exists a countable

base of V;(eg). This countable base is {Uﬁ: n € N}, by Lemma 5.1.3. O

This can be deduced also from the proof of Theorem 7.1.14, where we furnish a
countable local base at €G> which gives a countable local base at eg-

Corollary 7.1.17. The completion G exists for every Hausdorff abelian group G.

Proof. According to Corollary 5.2.19, G is isomorphic to a subgroup of a product
[Tic; M;, where each abelian group M; is metrizable. By Theorem 7.1.14, every M; has

a completion M;. Then P = [[;.; M; is complete by Proposition 7.1.9. The closure G is
—P
complete by Proposition 7.1.8, so G is the completion of G. O

As promised at the beginning of this section, now we are in position to prove the
general theorem showing the existence of the completion.
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Proof of Theorem 7.1.10. Fix a base B of V;(es) and let G~ be the family of all Cauchy
B-nets of G. For x™ = {xylyen, ¥~ = Wylues € G, letX"y™ = {xyyylyen- According to
Lemma 714, x"y" € G™. Forx™ = {xy}yep € G~, also {X{]l}UEB € G” by Lemma 71.4, so
it is the inverse of x™. Then G~ is a group with identity the constant net {e;}y.z. Let
¢:G — G” be the injective homomorphism sending each g € G to the constant Cauchy

net {(g).
For every U € B, let

U™ = {ixylyes € G:3V € BVV € Vo, xy e UY G

One can check that the filter base B~ = {U™:U ¢ B} satisfies (gt1), (gt2), and (gt3),
so it can be taken as a base of the filter of the neighborhoods of the neutral element
{(eg) of G™ in a group topology on G~. Since {(U) = U™ n {(G) for every U € B, the
homomorphism {:G — {(G) is a topological isomorphism. Moreover, {(G) is dense
in G”. To checkit, pick x™ = {)(W}WE 5 € G” and a neighborhood U~ € B~ of e;-~. There
ex1sts V, € Bsuch that x;x,' € Uforall O,V € B, with O,V ¢ V,. Letg = xy,. Then
gxo € U for all O € B with O ¢ V,,. This proves that {(g) € U"x"~

Since (B,2) — (B~,2), U — U~, is a monotone bijection, we can consider B-nets
of G™ instead of B™-nets. We use below that a B-net {xy}yz of G is a Cauchy B-net of
G if and only if {{(xy)}yep is @ Cauchy B-net of G™.

To see that G™ is complete, it is enough to see that every Cauchy B-net {xj;} ;5 of
G~ converges (see Lemma 7.1.12). By the density of {(G) in G~, for every U € B there
exists gy € G with {(gy) € U™xy;. Thenyy; = ((gU)x[,‘1 € U™, hence {y}yep is anull
B-net of G7, and therefore a Cauchy 5-net of G~. We conclude that since {{(gy)}yes =
{yy xglues is a product of Cauchy B-nets of G, {{(gy)}ycp is in its own turn a Cauchy
B-netof G™.

This implies that {gy}yp is a Cauchy B-net of G. We verify that x™ := {gy}ycp €
limyp {(gy): fix W™ e B7; since {gylyep is a Cauchy B-net of G, there exists U, €
B such that gy, € gy, W for all U;,U, € B contained in Uy; thus, for every U; € B
contained in Uy, {(gy,) € {8ylyesW™ = x”"W". This yields {(gy) — x™. Hence x™ €
limyep ya_l((gU) = limyp X7, 50 G™ is complete.

Letq: G~ — hG™ = G™/core(G™) be the Hausdorff reflection of G™. Then G:= hG™ is
Hausdorff and G is complete by Proposition 7.1.7. Since core(G™) = (5 U~ coincides
with the subgroup of G™ of all null B-nets of G, core(G™) N {(G) = {{(e;)}. Lett =g (:

G— -G /core(G™) =

Since core(G™) is indiscrete, core(G™) N {(G) = {{(es)} is dense in core(G™), so
q T¢6):$(G) — q({(G)) is open by Theorem 3.2.9, hence 1:G — G is a topological
embedding. O
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The complete group G has an important universal property.

Theorem 7.1.18. Let G be a HausdorfF group and let G be a complete Hausdorff group
together with a topological embedding 1: G — G such that ((G) is dense in G. Iff:G — H
is a continuous homomorphism, where H is a complete Hausdorff group, then there is a
unique continuous homomorphism f:G — H withf = f o1

Proof. Let g € G. There exists a net {g,}qc4 in G such that g = lim,4 g,. Then {g,} 4ea
is a Cauchy net, hence {f(g,)}c4 is @ Cauchy net of H by Exercise 7.3.1(b). By the com-
pleteness of H, it must be convergent.

Put f(g) = lim,e, f(g,)- To see that this limit does not depend on the choice of the
net {g,},ca With g = lim,4 g,, pick another net {x,},c4 in G such that g = lim,4 x,.
Then again {f(x,)},ca is @ Cauchy net of H, so there exists h € H such that f(x,) — h.
On the other hand, {x,'g,},ca converges to e in G, hence in G as well. Therefore,
f (x;lga) — ey, by the continuity of f. Since f (x;l) =f (xa)‘1 — h7lin H, we deduce
that f(x;'g,) — h™" lim4 f(g,). By the uniqueness of the limit, h™' lim,, f(g,) = ex>
soh= limaeAf(ga).

To see that f is continuous, pick W,V € Vg(ey) with VV ¢ W. By the continuity
of f, there exists U € V;(e;) with f(U) ¢ V. Itis enough to check that f(U) ¢ W, where
the closure is taken in G. If u € U, then u = limgp ug with {ugg.p a netin U. Then

fw = lim f (1) efU)fUVCVV CW.

This proves thatf(ﬁ) cw.

To verify the uniqueness of the extension f, suppose that f':G — H is another
continuous homomorphism with f = f o 1. This means that f’ and f coincide on the
dense subgroup «(G), so f = f. O

From the two theorems above, one can deduce that every Hausdorff group has a
unique, up to topological isomorphisms, (Raikov) completion (G, 1), and we can as-
sume that G is simply a dense subgroup of G.

Corollary 7.1.19. Let {G;:i € I} be a family of Hausdorff groups and G = [];.; G;. Then
G= [Tier Ei'

Proof. By Proposition 7.1.9, the product [[;¢; G, is complete. Since G is a dense sub-
group of [[;; G;, Theorem 7.1.18 applies. O

The following is a direct consequence of Theorem 7.1.18.
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Corollary 7.1.20. For Hausdorff groups G,H and a continuous homomorphism f:G —
H, there exists a continuous homomorphism f: G — H extending f.

This corollary shows that the assignments G — G and f — f define a reflector
from the category TopGr, to its full subcategory of complete Hausdorff groups.

Remark 7.1.21. Obviously, composing the completion functor with the functor G —
hG of the Hausdorff reflection, one obtains a reflector from the category TopGr to the
full subcategory of complete Hausdorff groups, but now the maps G — hG are not
injective any more.

The next proposition gives a useful characterization of completeness in terms of
“absolute closedness”. (Recall that H-closed spaces were introduced by Alexandrov
and Urysohn as those Hausdorff spaces which are always closed whenever embedded
in some Hausdorff space.)

Proposition 7.1.22. A Hausdorff group G is complete if and only if for every embedding
j: G — H into a Hausdorff group H the subgroup j(G) of H is closed.

Proof. Assume that there exists an embeddingj: G — H into a Hausdorff group H such
thatj(G) is not a closed subgroup of H. Then there exists anet {y,},c4 inj(G) converging
tosome element h € H that does not belong to j(G). By Remark 7.1.3, {y,},c4 is a Cauchy
net of j(G). Since it converges to h € H \ j(G), and H is a Hausdorff group, we conclude
that this net does not converge in j(G). Since j: G — j(G) is a topological isomorphism,
this provides a nonconvergent Cauchy net of G. Hence, G is not complete.

Now assume that G is not complete and consider the dense inclusion t: G — G.
Since G = «(G) is a proper dense subgroup of G, we conclude that «(G) is not closed
inG. O

Some compactness-like properties (like local compactness) imply completeness
(see Remark 7.1.28 and Proposition 8.2.6). Here is another obviously stronger property:

Definition 7.1.23 ([115]). A Hausdorff group G is h-complete if every continuous homo-
morphic image of G is complete.

For example, discrete groups are complete but not h-complete, so this complete-
ness property is strictly stronger. One can prove that abelian (actually, nilpotent)
h-complete groups are compact (see [115]).

On the other hand, other relatively strong compactness-like properties (as count-
able compactness) do not imply completeness. To face this phenomenon, a weaker
form of completeness was proposed in [110, 111]:

Definition 7.1.24. A topological group G is sequentially complete if every Cauchy se-
quence {g,},en Of G is convergent.

A topological group G is sequentially complete if and only if G is sequentially
closed in its completion. We shall see in the sequel that countably compact groups
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are sequentially complete, although they need not be complete in general (see Re-
mark 15.2.6).

Groups without nontrivial convergent sequences are sequentially complete (see
Exercise 7.3.7), so for every abelian group G the group G" is sequentially complete
(since it has no nontrivial convergent sequences, in view of Glicksberg theorem 11.6.11
— see Theorem 13.4.9 for a proof in the present case), yet it is quite far from being com-
plete, as we shall see in the sequel.

Plenty of results on the remarkable class of sequentially complete groups can be
found in [80, 93, 102, 110, 111].

7.1.3 Weil completion

Historically the following concepts (see also Definition 7.1.27) appeared before that in
§7.1.1.

Definition 7.1.25. A net {g,},., in a topological group G is a left (respectively, right)
Cauchy net if for every neighborhood U of e; in G there exists a,, € A such that g;lgﬁ €
U (respectively, g,;g;l e U) forevery a, 8 > aj.

Clearly, a net is Cauchy if and only if it is both a left and a right Cauchy net.

Lemma 7.1.26. Let G be a Hausdor(f group. Every left (respectively, right) Cauchy net of
G with a convergent subnet is convergent.

Proof. Let {g4}qca be a left Cauchy net of G and let {gp}s.p be a subnet convergent to
x € G, where B is a cofinal subset of A. Let U be a neighborhood of e; in G and V
a symmetric neighborhood of e; in G such that VV ¢ U. Since gg — x, there exists
Bo € Bsuch that gg € xV for every 8 > B,. On the other hand, there exists a; € A
such that ay > B, and, for every a,y > ay, gy"lga € V, thatis, g, € g,V < xVV ¢ xU.
Therefore, for every a > ay, g, € XU, namely, g, — x. O

Definition 7.1.27. A topological group G is complete in the sense of Weil (or Weil com-
plete) if every left Cauchy net of G converges in G.

Remark 7.1.28. (a) For every left Cauchy net {g,},c4 of a topological group G, the net
{g;l},,‘E 4 is right Cauchy. Therefore, if every left Cauchy net of G converges in G,
then the same applies to all right Cauchy nets of G. Hence, a topological group G
is Weil complete if and only if every right Cauchy net of G converges in G.

(b) We shall see in the sequel that locally compact groups are Weil complete (see
Proposition 8.2.6).

Obviously, every Weil complete group is also Raikov complete, but the converse
does not hold in general (see Proposition 7.1.29). Clearly, these two concepts coincide
for abelian groups.
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It is possible to define the Weil completion of a Hausdorff group in analogy with the
Raikov completion. If a Hausdorff group G admits a Weil completion H, then H = G
is the Raikov completion of G, in view of Exercise 7.3.3. The converse does not hold
true:

Proposition 7.1.29. For an infinite set X, let S(X) be equipped with Ty :
(a) S(X) is Raikov complete;
(b) S(X) admits no Weil completion (and S(X) is not Weil complete).

Proof. (a) Let {f,},c4 be a Cauchy net of S(X). For every finite subset E of X, there exists
®y € Asuch that for every a, B > ao, f3 'f, € Spand fof" € Sg; in particular, f, 5= f3 [
and f,;" 1= f" I Taking E = {x} for x € X, this means that {f,(0)}aes and {f; ()} zea
are convergent in the discrete space X; so, let

f00) =limf,() and g(x) = limf, " (x).

Hence, we have defined two maps f,8: X — X such thatfog = gof =idy, sof € S(X),
and f, — f in Ty. This proves that S(X) is complete.

(b) To see that S(X) is not Weil complete, we produce a left Cauchy net that does
not converge. Let Y = {x,:n € N, } be a subset of X (with pairwise distinct elements).
Forn e N, definef,: X — X by

fux) = x5 foried{l,...,n-1},

fn(xn) = Xl:

i) =x forx € X\ {xq,...,x,}.

Then {f,},en, is a left Cauchy net of S(X): for a finite subset E of X, let k € N, with
EnY c{x;,....x¢}; 50, form,n > k, f, [g= fi 1, that is,f,;,lfn € Sg. We see that {f,}en,
does not converge in S(X). Let f: X — X be defined by

f(x;) = x;,4 foreveryie N,
fx)=x foreveryx e X\ Y.

Then f, — fin X% endowed with the pointwise convergence topology, but f(X) =
X\ {x;}, so f ¢ S(X). It follows that {f, },cn, does not converge in S(X). Thus, S(X) is
not Weil complete.

By Exercise 7.3.3, S(X) cannot admit a Weil completion, otherwise the above left
Cauchy sequence {f,},cn Would be also a right Cauchy sequence, and so it would
converge by item (a). O
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7.2 Completeness via filters

7.2.1 Cauchy filters

The proof of Theorem 7.1.10 becomes particularly involved when G is not metrizable.
This is why many authors prefer to avoid the Cauchy nets for the construction of the
completion. This can be done by means of the following notion.

Definition 7.2.1. A filter 7 on a Hausdorff group G is Cauchy if for every U € V;(e;)
there exists F € F such that FF"' UF"'F ¢ U.

One can define a Cauchy filter base in the same way, or, equivalently, by asking
that the filter generated by this filter base is Cauchy. If 7, H are filters on G, we denote
by F - H the filter on G generated by the filter base {FH: F € F,H € H}.

Lemma 7.2.2. Let G be a Hausdorff group.
(a) For a filter F on G, the following conditions are equivalent:
(a;) the filter F is Cauchy;
(a,) the filter 7! .= {F"\.F € F}is Cauchy;
(as) the filters F' - F and F - F~' converge to eg;
(a,) for every U € Vi (eg), there exists g € G such that Ug € F and gU € F.
(a5) for every U € V;(eg), there exist g, h € G such that Ug € F and Uh € F.

(b) If Fis a Cauchy filter on G and xp € F for every F € F, then the net {Xp}pcr is a
Cauchy net (here F is considered as a directed partially ordered set with respect to
inclusion).

(©) If{Xy}qea is a Cauchy net of G and F, = {xg: B € A, B > a}, then the family {F,: a € A}
is a Cauchy filter base on G.

(d) If F,H are Cauchy filters on G, then the filter F - H is Cauchy.

Proof. The verification of (a)-(c) is a straightforward application of the definitions.

(d) Pick U € V;(eg) and V € Vs(e;) with VV ¢ U. According to (a,), there exist
H e Hand h € Gsuch that H ¢ hV. Since hVh™! ¢ V¢ (eg), according to (a,) there exist
F ¢ Fand g € Gsuch that F c ghVh™'. Now

FH < ghVh™'hV < ghVV c ghU.

Similarly, one can prove that there exist g',h’ € G, F' ¢ F and H' ¢ #, such that
F'H' c Un'g’'. We conclude that F - # is a Cauchy filter. O

We immediately deduce from Lemma 7.2.2 the following characterization of com-
plete Hausdorff groups by means of filters.

Proposition 7.2.3. A Hausdorff group G is complete if and only if every Cauchy filter on
G converges.

The proof of Theorem 7.1.10 uses essentially Cauchy nets, whereas the construc-
tion of the completion in Theorem 7.2.10 is based on Cauchy filters. Nevertheless, it is
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important at this stage to realize that the use of filters does not lead to a new notion
of completeness, since the completion is unique up to topological isomorphisms,
by Theorem 7.1.18 (see also Lemma 7.2.9). Our motivation to rigorously carry out the
Raikov completion procedure also in terms of Cauchy filters is due to its simplicity
with respect to its counterpart based on the use of Cauchy nets. For example, the com-
pletion procedure with Cauchy filters in Theorem 7.2.10 does not require the “second
step”, i. e., taking a quotient of the group of minimal Cauchy filters, in order to obtain
a Hausdorff group.

One can define left and right Cauchy filters on a Hausdorff group in analogy with
left and right Cauchy nets and Definition 7.2.1, so that the Cauchy filters are those fil-
ters that are simultaneously left and right Cauchy. As observed above for the Raikov
completeness and the Raikov completion, developing the Weil completeness and the
Weil completion in terms of left (or right) Cauchy filters in full details gives nothing
new with respect to what we already did in terms of left (or right) Cauchy nets. This is
why we are not going to do that.

7.2.2 Minimal Cauchy filters

Let us see that one can relax the criterion for completeness by imposing convergence
only on a much smaller family of Cauchy filters introduced as follows.

Definition 7.2.4. A Cauchy filter 7 on a Hausdorff group G is minimal if for every F € F
there exist F' € 7 and U € V;(eg) such that UF'U c F.

A leading example of a minimal Cauchy filter are the neighborhood filters V;(x)
(see Proposition 7.2.6). Clearly, the minimal Cauchy filters are open (i. e., have a base
of open sets). Nevertheless, an open Cauchy filter need not be minimal even if it is
convergent.

Example 7.2.5. Let R be equipped with the usual Euclidean topology, and let B =
{(0,1/n):n € N, }, which is a filter base consisting of open sets of R. Since 3 converges
to 0, it generates an open Cauchy filter F. But F is not minimal, as F = (0,1) € F does
not contain any set of the form F’ + U, where F' € F and U = (-1/m, 1/m) for some
m € N,. This shows also that a convergent open filter need not be minimal.

As the next proposition shows, the minimal Cauchy filters on a topological group
G are precisely the minimal elements in the poset of all Cauchy filters on G ordered by
inclusion; in particular, if 7 # G are minimal Cauchy filters on G they are not com-
parable, that is, neither 7 € G nor F 2 G. This explains the use of the term minimal,
introduced by Bourbaki [38] in the framework of uniform spaces.

Proposition 7.2.6. Let G be a Hausdorff group and F a Cauchy filter on G. The following
conditions are equivalent:
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(a) Fis minimal;
(b) if 7 is a Cauchy filter on G such that 7, € F, then F; = F;
(C) F=F- VG(eG) = VG(eG) - F.

In particular, V;(x) is a minimal Cauchy filter for every x € G.

Proof. (a)=(b) Let F ¢ F. By the minimality of F, there exist F/ ¢ Fand U € V(ez)
such that UF'U c F. Moreover, there exists F; € F such that F,F Tu F; 'F, ¢ U. Since
F, € F, € F > F',clearly F; n F' # 0; pickx € F; n F'. Then x'F; ¢ F;'F, ¢ U, and so
F, ¢ xU c F'U c UF'U ¢ F. We can conclude that F € 7.

(b)=(c) By Lemma 7.2.2(d), F - V;(eg) and V;(eg) - F are Cauchy filters on G con-
tained in F.

(c)=(a) Our hypothesis implies F = V;(eg) - F - Vg(es). To prove that F is min-
imal, pick an F ¢ F and using this equality find U € V;(e;) and E € F such that
UEU c F. O

Lemma 7.2.7. Let G be a topological subgroup of a Hausdorff group H. Let F be a
Cauchy filter on H such that the restriction F [g:= {GN U:U € F}is a filter base on G.
Then F [ is a Cauchy filter on G.

(@) If Fis minimal, then F | is minimal.

(b) IfGisdensein H and F is open, then F [ is open.

Proof. To verify that F [ is Cauchy, let V € V;(eg); so V = UNG for some U € Vy(ey).
Let Be Fsuchthat BB'UB'BcU.ThenC=BnGe FlgandCCluC'Cc V.

(a) This is straightforward as above.

(b) Clearly, if B is a base of F consisting of open sets of H, then {BN G:B € B}isa
base of F [ consisting of open sets of G. O

Lemma 7.2.8. Let G be a topological group. If 7, H are minimal Cauchy filters on G, then
also F - # and F~' are minimal Cauchy filters on G.

Proof. We already noticed that 7 - % and 7 are Cauchy filters in Lemma 7.2.2. The
proof that they are minimal is straightforward. O

Lemma 7.2.9. If G is a topological subgroup of a Hausdorff group H and h € EH, then
F = Vgx(h) I is a minimal Cauchy filter on G. Consequently, a Hausdorff group G is
complete if and only if every minimal Cauchy filter on G converges.

Proof. The first assertion follows from Lemma 7.2.7 applied to F = Vy(h).

To prove the second assertion, in view of Proposition 7.2.3 we only need to check
that if every minimal Cauchy filter on G converges then G is complete. To this end,
argue by contradiction and let G be a proper (dense) subgroup of its completion G. By
the first assertion, any element h € G \ G gives rise to a minimal Cauchy filter Ve(h) [6
on G, which is not convergent in G. O
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It follows from Lemma 7.2.9 that the Raikov completion G of a Hausdorff group G
can be built also by using the minimal Cauchy filters on G. More precisely, one im-
poses on the extension G of G these two conditions: G is dense in G and every minimal
Cauchy filter on G converges in G (i. e., G is complete, according to Lemma 7.2.9).

Theorem 7.2.10. Let (G, T) be a Hausdorff group, let
G = {F: F minimal Cauchy filteron G} and :G — G, x — Vg(x).

Then G with the binary operation (F, 1) — F-H is a group that admits a complete Haus-
dorff group topology T such that «(G) is a dense subgroup of G topologically isomorphic
to G. Therefore, (G, 1) is (topologically isomorphic to) the Raikov completion of G.

Proof. Due to Lemma 7.2.8, G is a group with binary operation (F, H) — F - #. More-
over, ((G) is a subgroup of G and ( is injective.
For every open set V of G, let V = {F € G: V € F}. Then

B ={V:V € Vs(eg), V open}

satisfies (gt1), (gt2), and (gt3), so it is a filter of neighborhoods of e in a group topology
T on G. Let us see that B satisfies also (gt4). To this end, let U € B and F € U. Since
U € Fand Fis minimal, there existan open V € V(e;) and F € Fsuchthat VFV c U.
IfG e V,thenG- F € G, in view of Lemma 7.2.8. Moreover, G - F € U, since VF € G - F
and VF ¢ VFV ¢ U. This means that V - 7 ¢ U. Then B satisfies (gt4), so B ¢ T by
Remark 2.1.14. In other words, {V:V € 7} is a base of T. (Observe that for x € G and
V € Vg(eg) open, XV = Vg(x) - V holds.)

To see that T induces on ((G) the topology (), let V be an open set of G; we verify
that

VnuG) = V). (7.1)

Ifx € V, then V € Vg(x), s0 Vs(x) € V, namely, 1(x) € V n 1(G). Vice versa, let (x) =
Vs(x) € V;thenx e V.

By the definition of T and (7.1), every nonempty T-open set of G hits 1(G), therefore
((G) is dense in G.

To see that (G, ) is Hausdorff, let F € G with F # ez = V(eg). Since F and Vg (eg)
are minimal Cauchy filters, this implies that V;(e;) ¢ F by Proposition 7.2.6(b). Then
there exists an open W € V;(e;) such that W ¢ F. Therefore, F ¢ W e Ve(eg). This
proves that G is Hausdorff.

Let us see that for a minimal Cauchy filter 7 on G, the filter & generated by the
filter base (F) on G converges to F € G. We have to verify that

V(F) € 8. (72)

A basic member of V(F) is a T-open set of the form V 5 F, where V is an open set
of G. This means that V ¢ F. Since V 2 «(V) by (7.1), and «(V) € «(F) as V € F, we

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

7.2 Completeness via filters = 111

conclude that V € &. This proves the inclusion (7.2), which means that & converges
to F.

To show that (G,T) is complete, take a minimal Cauchy filter § on G. By Lem-
ma 7.2.7, § [ ) is @ minimal Cauchy filter on «(G), hence of the form ((F) for a suitable
minimal Cauchy filter 7 on G. Since § is a minimal Cauchy filter, it has a base C con-
sisting of open sets. So, the filter & generated by ((F) is the filter generated by the sets
{Un(G): U € C}. Denote by & the filter generated by the closures of the elements of &.
Then we obtain that @ is the filter generated by the sets {U N «(G): U € C} = {U:U € C} <
T (where we apply Lemma B.1.19, since ((G) is dense in G). This implies & < 3.

By (7.2), ® contains Ve(F). Since T is regular, the filter Vz(F) has a base of 7-closed
sets of G; hence, also the filter V(F), generated by the closures of the members of
Vz(F), equals Vz(F). Combining the results, we obtain V¢(F) = V¢(F) € & < §. This
shows that § converges to F.

In view of Lemma 7.2.9, we conclude that (G, T) is complete. Hence, G (with o) is
the completion of G, by Theorem 7.1.18. O

7.2.3 Completeness of the linearly topologized groups

Proposition 7.2.11. Let G be a Hausdorff linearly topologized group and let {N;:i € I}
be a base of V;(e) consisting of open normal subgroups of G. Then the completion G of
G is isomorphic to the inverse limit lilniel G/N; of the discrete quotients G/N;. Moreover,

G= mid G/N; is compact if and only if all N; have finite index in G.

Proof. Since [;; N; is trivial, there is a natural embedding of G in the product
P = Tli; G/N; of the discrete quotients G/N;. Clearly, P is complete, by Proposi-
tion 7.1.9. Hence, the closure EP is complete. It is easy to realize that EP coincides with
liLnieI G/N;, in view of Remark 3.3.7. The last assertions is obvious. O

Now we discuss a property stronger than completeness in the class of Hausdorff
linearly topologized abelian groups.

Definition 7.2.12. A Hausdorff linearly topologized abelian group G is linearly com-
pact if every collection of closed cosets of subgroups of G with the finite intersection
property has nonempty intersection.

Lemma 7.2.13. Closed subgroups and continuous homomorphic images (provided they
are Hausdorff and linearly topologized) of a linearly compact abelian group G are lin-
early compact.

Proof. Obviously, closed subgroups of linearly compact groups are linearly compact.

Assume that H is a Hausdorff linearly topologized abelian group and that f: G —
H is a continuous surjective homomorphism. If F is a filter base of closed cosets of
subgroups of H, then 7* = {f 1(F): F € F}is a filter base of closed cosets of subgroups
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of G. Since G is linearly compact, F* has nonempty intersection. Therefore, F has a
nonempty intersection as well. O

Theorem 7.2.14. A linearly compact abelian group G is complete.

Proof. To see that G is complete, it suffices to check that every minimal Cauchy filter
F on G converges. From the definition of minimal Cauchy filter and the fact that G is
linearly topologized, we deduce that 7 has a base consisting of cosets of open sub-
groups. Now the linear compactness of G implies that F is fixed; let x € (] F. Since F
has a base of open sets, this means that 7 < V;(x). Since V;(x) is a minimal Cauchy
filter, this yields V;(x) = F, and so F — x. O

In Exercises 7.3.12 and 7.3.13 we describe the linearly compact abelian groups.

7.3 Exercises

Exercise 7.3.1. Let G be a topological group. Prove that:

(a) if Gis a subgroup of a topological group L, and {g,},c4 is a net in G that converges
to some element [ € L, then {g,},c4 is a Cauchy net;

(b) if H is another topological group, f: G — H is a continuous homomorphism, and
{8} aca is a (respectively, left, right) Cauchy net of G, then {f(g,)}4c4 is a (respec-
tively, left, right) Cauchy net of H.

Exercise 7.3.2. Let G be an abelian group and {a,},cn @ T-sequence of G. Prove that
(G, 74q,;) is not metrizable.

Hint. According to Lemma 5.3.11, the subgroup H of G generated by the countable set {a,:n € N} is
T(a,)-0pen. Therefore, it suffices to prove that (H, 7, ) is not metrizable. Since (G, 7)) is complete by
Example 7.1.6(b), (H, T(q,}) is complete as well. Since complete metrizable groups are Baire spaces by
the Baire category theorem B.5.17, and since a countable topological group that is a Baire space must
be discrete (see Corollary 2.1.7), we deduce that (H, Tiq,}) 1S NOt metrizable (as it is not discrete).

Exercise 7.3.3. Prove that if a Hausdorff group G admits a Weil completion, then in G
the left and right Cauchy nets coincide, so they are simply the Cauchy nets.

Exercise 7.3.4. Let X be an infinite set and let G = (S(X), Ty). Prove that:

(@) anet{f,},cain Gisleft Cauchyif and only if there exists a (not necessarily bijective)
map f: X — X suchthatf, — fin X%, and such an f must necessarily be injective;

(b) anet {f,}4eq in G is right Cauchy if and only if there exists a (not necessarily bi-
jective) map g: X — X such that f, ! _, gin X¥, and such a g must necessarily be
injective.

Exercise 7.3.5. Prove that:
(@) if G is a Weil complete group and H is a subgroup of G, then H is Weil complete if
and only if H is closed;
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(b) for a family {G;:i € I}, the product [];; G; is Weil complete if and only if G; is Weil
complete for everyi € I.

Exercise 7.3.6. Prove that a filter 7 on a Hausdorff group G is Cauchy if and only if for
any U € V;(e) there exists g € G such that gU € F > Ug.

Exercise 7.3.7. Prove that if G is a Hausdorff group without nontrivial convergent se-
quences, then G is sequentially complete.

Exercise 7.3.8. Let G be a discrete group. Prove that C* (G) equipped with the topology
of uniform convergence is complete.

Exercise 7.3.9. Let U,V be vector spaces over a field K. Prove that the group
Hom(V, U), equipped with the finite topology 74,, is complete.

Exercise 7.3.10. (a) Let p be a prime number. Prove that the completion of (Z, v‘z’) is
the compact group J, of p-adic integers.
(b) Prove that the completion of (Z,v,) is isomorphic to [Lyep Jp-

Exercise 7.3.11. Let p be a prime number. Prove that:

(a) Z admits a finest group topology 7 such that p" — 0 in 7 (this is Ty} in the nota-
tion of §5.3);

(b)*([240, 241]) (Z, T) is complete;

(c) conclude that 7 is not metrizable.

Exercise 7.3.12. Let G be a linearly compact abelian group. Prove that:

(a) if Gis discrete, then G is torsion and contains no infinite direct sums;

(b) conclude, from (a), that when G is discrete, G is isomorphic to a subgroup of
[T, Z(p°), where the primes p, ..., p, are not necessarily distinct;

(c)* for every linearly topologized abelian group H, the projection p: G x H — H sends
closed subgroups of G x H to closed subgroups of H.

Exercise 7.3.13. Prove that:

(a) thegroups G of the form described in Exercise 7.3.12(b) are precisely those in which
every descending chain of subgroups stabilizes (briefly called DCC groups);

(b) every DCC group G is linearly compact in the discrete topology;

(c) products and inverse limits of linearly compact groups are linearly compact;

(d) alinearly topologized abelian group G is linearly compact if and only if G is com-
plete and G/U is a DCC group for every open subgroup U of G;

(e) for alinearly topologized abelian group G the completion G is linearly compact if
and only if G/U is a DCC group for every open subgroup U of G.

Exercise 7.3.14. Prove that a dense subgroup H of a topological abelian group G is
dually embedded.

Hint. Since T is complete, the continuous characters of H can be extended to continuous characters
of G, by Theorem 7.1.18.
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8 Compactness and local compactness — a first
encounter

A topological group G is locally compact if there exists a compact neighborhood of
e; in G (compare with Definition B.5.5(v)). Since a group G is (locally) compact if and
only if its Hausdorff reflection bG is (locally) compact, we assume without explicitly
mentioning it that all locally compact groups are Hausdorff.

8.1 Examples

Obviously, T = § is compact, so as an immediate consequence of the Tichonov theo-
rem, we obtain the following generic example of a compact abelian group:

Example 8.1.1. Every power T of T, as well as every closed subgroup of T/, is com-
pact. It becomes clear in the sequel that this is the most general instance of a compact
abelian group: every compact abelian group is topologically isomorphic to a closed sub-
group of a power of T (see Corollary 11.5.2).

The above example helps us to produce another important one.

Example 8.1.2. For every abelian group G, the group G* = Hom(G, T) of all characters
of G is closed in the product TC. In fact, considering the projections T, T® — T for
everyx € G,

G = [ {f e T f(h+g) =f(h)+f(g)}

hgeG

= [ I € T g () = () + me(H))
hgeG

= () f e T (my + Mg — My )(f) = O} = () Ker(my + g — Tys).
h,geG h,geG

Since 71, is continuous for every x € G and {0} is closed in T, all kernels ker(m;, + g —
Ty.g) are closed; so, G* is closed, too. As T is compact by Example 8.1.1, G* (endowed

with the topology inherited from T) is compact, too.

It becomes clear with Theorem 13.4.7 that this example is the most general one:
every compact abelian group is topologically isomorphic to some compact abelian group
of the form G*.

The next lemma, based on the previous two examples, contains a useful fact: the
existence of a “diagonal” convergent subnet of any given net of characters.

Lemma 8.1.3. Let G be an abelian group and N = {y,}4ca @ net in G*. Then there exist
X € G* and a subnet S = {Xﬂﬂ}ﬁeB of N such that)(aﬁ(x) — x(x) foreveryx € G. If G is
countable, then every sequence in G has a convergent subsequence.

https://doi.org/10.1515/9783110654936-008
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Proof. By Example 8.1.1, the group T¢ endowed with the product topology is compact.
Since G* is a topological subgroup of T, there exist y € T and a subnet S = {)({,(l3 }gen
of N that converges to y (see Lemma B.5.7(c)). Therefore, Xa (x) = x(x) foreveryx € G

andy € G*, because G* is closed in T® by Example 8.1.2. To prove the second assertion,
it suffices to note that TC is also metrizable when G is countable. O

An example of a nonabelian compact group can be obtained as a topological sub-
group of the full linear group GL,(C) considered in Example 2.1.4:

Example 8.1.4. Forn € N, the set U(n) of all n x n unitary matrices over C (a matrix is
unitary if its inverse coincides with its conjugate transposed) is a subgroup of GL,(C).
As a subset of (C"Z, U(n) is closed and bounded. So, U(n) is compact, by Example B.5.6.
It is easy to see that U(1) = S.

Clearly, U := Hnem U(n) is compact, as well as all powers U’ and all closed sub-
groups of U’. It is a remarkable fact that every compact group is isomorphic to a closed
subgroup of a power of U (see Corollary 10.3.4).

Here we collect examples of locally compact groups.

Example 8.1.5. (a) Obviously, every discrete group is locally compact. Vice versa, ev-
ery countable locally compact group G is discrete; indeed, G is of second category
by Theorem B.5.20, and since G is countable, G is discrete by Corollary 2.1.7.

(b) Foreveryn € N, the group R" is locally compact (and not compact).

(c) A topological group with a compact open subgroup is locally compact.

(d) Since finite products preserve local compactness (see Theorem B.5.15(b)), it fol-
lows from (a) and (b) that every group of the form R" x G, where G has a compact
open subgroup, is necessarily locally compact. According to Theorem 14.2.18, ev-
ery locally compact abelian group has this form.

(e) Let {G;:i € I} be a family of topological groups and let K; be a compact open sub-
group of G; for every i € I (so each G; is locally compact). The local direct product
of {G;:1 € I} modulo {K;:i € I} is the subgroup

loc
[ ]Gk = {(xi)id e [ [ Gix; € K; for all but finitely many i € 1}

iel iel
of [];¢; G; endowed with the topology with respect to which K = [];.; K; is open
loc
and equipped with the (compact) product topology. This makes [];,;(G;, K;) a lo-
loc
cally compact group. If all groups G; are abelian, [[;;(G;, K;) = K + s G;-

Example 8.1.6. The Hilbert space (¢,, || - ||) of square summable real sequences is not
locally compact. Indeed, the closed unit disk is not compact: since ¢, is metrizable,
it is enough to observe that the sequence {e,} )y of the vectors of the canonical base
has no Cauchy subsequences (so no convergent subsequences), as |le, — e[| = V2 for
alln # min N. A similar argument shows that no neighborhood of 0 is compact. More
generally, every locally compact real or complex normed space is finite-dimensional.
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8.2 Specific properties of compactness and local compactness

Lemma 8.2.1. Let G be a topological group and C, K closed sets of G.

(a) IfK is compact, then both CK and KC are closed.

(b) If both C and K are compact, then CK and KC are compact.

(c) IfK is compact and K < U for an open set U of G, then there exists an open neigh-
borhood V of e; such that KV < U.

Proof. (a) Let {x,}4ca be a net in CK such that x, — x; € G. One has to show that
Xy € CK. For every a € A, there exist y, € C and z, € K such that x, = y,z,.
Since K is compact, there exist z, € K and a subnet {zaﬁ}ﬂGB such that Zgy = Z0
(see Lemma B.5.7(c)). Thus, {(XaﬁJa,;)}pe 5 is a netin G x G which converges to (xy, zy)-
For every B ¢ B, lety,, = xaﬁz;ﬁl; then y, — XoZo', because the map G x G — G,
(x,y) — xy~!, is continuous. Since Vay € C for every 8 € B and C is closed, xoza1 € C,
and so xg = (xoz(;l)z0 € CK. Analogously, KC is closed.

(b) The product C x K is compact by the Tichonov theorem and the continuous
map u: G x G — G, (x,y) — xy, sends C x K onto CK. Thus, CK is compact.

(c)Let C = G\ U.Then Cis a closed set of G with CNK = 0. Since themap: G — G,
x +— x~1, is continuous, K ! is compact. Moreover, e; ¢ K'Cas CnK = 0. By (a), K™'C
is closed, so there exists a symmetric neighborhood V of e; that misses K7'C. Then
KV n C =0, and consequently KV ¢ U. O

Compactness of K cannot be omitted in Lemma 8.2.1(a). Indeed, K = Z and C =
(V2) are closed subgroups of R, but the subgroup K + C of R is dense (see Proposi-
tion 3.1.11 or Proposition 9.4.6).

Now we see that the open canonical projection g:G — G/K from a topological
group G onto its quotient G/K over a closed normal subgroup K of G is also closed in
case K is compact.

Lemma 8.2.2. Let G be a topological group and K a compact normal subgroup of G.
Then the canonical projection q: G — G/K is closed.

Proof. Let C be a closed set of G. As q_l(q(C)) = CK is closed by Lemma 8.2.1(a), we
may conclude that g(C) is closed. O

This lemma says that the canonical projection g: G — G/K is a perfect map when
K is a compact normal subgroup of G. (Recall that amap f: X — Y between topological
spaces is perfect if f is closed and f\(y) is compact forally € Y.)

Lemma 8.2.3. Let H be a closed normal subgroup of a topological group G.
(@) IfGis compact, then G/H is compact.
(b) IfH and G/H are compact, then G is compact.

Proof. (a) is obvious, since the canonical projection q: G — G/H is continuous.
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(b) Let F = {F,:a € A} be a family of closed sets of G with the finite intersection
property. Then g(F) is a family of closed sets of G/H with the finite intersection prop-
erty, by Lemma 8.2.2. By the compactness of G/H, [ \,c4 9(F,) # 0 (see Lemma B.5.7(a)),
so there exists x € G such that g(x) € g(F,) for every a € A. Then F, = F, nxH # 0 for
every a € A. It follows that the family {F}:a € A} of closed sets of the compact set xH
has the finite intersection property (again by Lemma B.5.7(a)). Thus, (\,e4 Fy # 0, and
S0 also (yeq Fy # 0. O

Another proof of Lemma 8.2.3(b) is provided by Lemma 8.2.2, as inverse images
of compact sets under a perfect map are compact, hence G = g }(G/H) is compact
whenever H and G/H are compact.

Remark 8.2.4. Every closed subgroup of a locally compact group is locally compact.

The counterpart regarding products is more delicate.

(a) Finite products of locally compact groups are locally compact.

(b) An infinite product of locally compact groups is locally compact if and only if all
but finitely many of them are compact. In particular, GY is locally compact if and
only if G is compact (so RY is not locally compact).

Lemma 8.2.5. Let G be a locally compact group, H a closed normal subgroup of G, and
q: G — G/H the canonical projection. Then:

(@) G/H is locally compact, too;

(b) if C < G/H is compact, there exists K < G compact with q(K) = C.

Proof. Let U be an open neighborhood of e;; in G with compact closure.

(a) Consider the open neighborhood q(U) of e;,y in G/H. By the continuity of g,
q(U) < q(U) and q(U) is compact in G/H. Since G/H is Hausdorff by Lemma 3.2.10(b),
q(U) is closed and contains g(U). So, q(U) = q(U) is compact.

(b) Since q is open, {q(sU):s € G} is an open cover of G/H. Since C is compact,
there exists a finite subcover {g(s;U):i € {1,...,m}} of C. The compact set K = (slﬁ u
-y smﬁ) n q’l(C) ¢ G obviously satisfies g(K) = C. O

Proposition 8.2.6. A locally compact group G is Weil complete.

Proof. Let U be a neighborhood of e; in G with compact closure and let {g,},c4 be a
left Cauchy net of G. Then there exists a;, € A such that g, lgﬁ € Uforevery a,f > ay.
In particular, gg € g, U for every 8 > a,. By the compactness of g, U, there exists a
convergent subnet {g, . }ge (for some cofinal B ¢ A) such that 8oy 2 8 € G. Then also
g, — 8, by Lemma 7.1.26. O

Consequently, every locally compact abelian group is (Raikov) complete.

Proposition 8.2.7. The character and the pseudocharacter of a locally compact group
G coincide.
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Proof. Clearly, Y(G) < x(G).

Let U be an open neighborhood of e; such that U is compact. To prove that x(G) <
Y(G), pick a family B = {V;:i € I} of neighborhoods of e; with ;¢; V; = {eg} and
II| = Y(G) (in case G is discrete |I| = 1, otherwise I is infinite). Since G is a regular
space, we can assume that V; c U for every i € I and actually ;;; V; = {e;}. Now
pick an arbitrary open neighborhood W of e;; contained in U. Then ;; V; = {eg} € W
andY =U\Wis compact. According to Lemma B.5.9, there exists a finite subset J of
I'such that N;g; V; N'Y = 0, that is, (;¢; V; € W. This shows that the family 3, of all
finite intersections of members of 55 forms a local base at e; in G. Since |B;| = |B], we
conclude that y(G) < |B;| = |B| = |I| = Y(G). O

For compact groups we can say even more.
Corollary 8.2.8. Any infinite compact group G satisfies Y(G) = x(G) = w(G).

Proof. We are going to prove that d(G) < x(G). Let B be alocal base at e, of cardinality
X(G) consisting of symmetric sets. For every U € B, choose a finite subset F; of G such
that G = F;U. Then (Fy;: U € B) is dense in G. Indeed, let O be a nonempty open set
of G and let x € 0. Choose U € B such that U ¢ x !0 and y; € Fy such that x € y,U.
Then y; € xU < O. Since [(Fy: U € B)| = |B| = x(G), we have shown that d(G) < x(G).
Combining Proposition 8.2.7 with Lemma 5.1.7 and Remark 5.1.6(b) yields

P(G) = x(G) <w(G) = x(G) - d(G) < x(G).

This implies Y(G) = x(G) = w(G). O

8.3 Compactly generated locally compact groups

Now we introduce a special class of o-compact groups that plays an essential role in
determining the structure of locally compact abelian groups.

Definition 8.3.1. A topological group G is compactly generated if there exists a com-
pact subset K of G which generates G, that is, G = (K) = UnEIN+ (KuK™hHn.

Lemma 8.3.2. If G is a compactly generated group, then G is o-compact.

Proof. There exists a compact subset K of G such that G = (J,en, (KUK )", Since K is

compact, (K U K™)"is compact for every n € N 4 O

While o-compactness is a purely topological property, being compactly generated
involves essentially the algebraic structure of the group. For example, the discrete
o-compact groups are simply the countable discrete groups, while the discrete com-
pactly generated groups are the finitely generated discrete groups.

Corollary 8.3.3. A locally compact group is a normal space.
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Proof. By hypothesis and Lemma 8.3.2, G contains a o-compact open subgroup N.
Then N is Lindel6ff by Lemma B.5.18, so a normal space by Theorem B.5.10(b). Now
G = | Jgec 8N is a normal space as well. O

Lemma 8.3.4. Let G be a locally compact group.

(@) IfK is a compact subset of G and U is an open set of G such that K < U, then there
exists an open neighborhood V of e; in G such that (KV)U(VK) < U and (KV) U (VK)
is compact.

(b) If G is compactly generated, then there exists an open neighborhood V of e; in G
such that V is compact and V generates G.

Proof. (a) By Lemma 8.2.1(c), there exists an open neighborhood V of e;; in G such that
(KV)u (VK) c U. Since G is locally compact, one can choose V with compact closure.
Thus, KV is compact by Lemma 8.2.1(b). Since KV ¢ KV, one obtains KV < KV, and
so KV is compact. Analogously, VK is compact, so (KV) u (VK) = KV U VK is compact.

(b) Let K be a compact subset of G such that K generates G. So, KU{e;} is compact
and, by (a) applied with U = G, there exists an open neighborhood V of e; in G such
that Ku{egl c V, V is compact, and V generates G since K < V. O

For first countable topological groups Fujita and Shakmatov [143] described the
precise relationship between g-compactness and the stronger property of being com-
pactly generated:

Theorem 8.3.5 ([143]). A metrizable group G is compactly generated if and only if G is
o-compact and, for every open subgroup H of G, there exists a finite subset F of G such
that F U H algebraically generates G.

Corollary 8.3.6. A o-compact metrizable group G is compactly generated in each of the
following cases:

(@) G has no proper open subgroups;

(b) G is connected;

(c) Gis totally bounded (see Definition 10.2.1).

Theorem 8.3.7 ([143]). A countable metrizable group is compactly generated if and only
if it is algebraically generated by a null sequence (possibly eventually constant).

Examples showing that the various conditions above cannot be omitted can be
found in [143]. The question of when a topological group contains a compactly gener-
ated dense subgroup is considered in [142].
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8.4 The open mapping theorem

Theorem 8.4.1 (Open mapping theorem). Let G,H be locally compact groups and
f:G — H a continuous homomorphism. If G is g-compact and f is surjective, then f
is open.

Proof. Let U be a neighborhood of e; in G. There exists a symmetric open neighbor-
hood V of e; in G such that VV ¢ U and V is compact. Since G = |J,cxV and G
is Lindel6ff by Lemma B.5.18, there exists {x,:n € N} < G such that G = | J,en X, V-
Therefore, H = |J,o f(x,,V), because f is surjective. Put y,, = f(x,) for every n € N;
hence H = | Jen Vof (V), where f(V) is compact and so closed in H. Since H is locally
compact, Theorem B.5.20 yields that there exists n € IN such that Int (y,,f (7)) is not
empty, so there exists a nonempty open set W of H such that W ¢ f(V).Ifw € W, then
w e f(V),and sow = f(v) for some v € V = (V)!. Hence,

eg ew "W cw ' f(V) = fv )F(V) < f(VV) S f(U),

and this implies that f(U) is a neighborhood of e; in H. By Lemma 2.1.20, this proves
that f is open. O

The following immediate corollary is frequently used.

Corollary 8.4.2. If G, H are Hausdorff groups, f: G — H is a continuous surjective ho-
momorphism, and G is compact, then f is open.

The topological groups for which the open mapping theorem holds are known
also under the name totally minimal. Compact groups are totally minimal, by Corol-
lary 8.4.2. More precisely, one has the following pair of concepts.

Definition 8.4.3. A Hausdorff group G is:

(i) totally minimal if every continuous surjective homomorphism of G onto a Haus-
dorff group H is open;

(ii) minimal if every continuous isomorphism of G to a Hausdorff group H is open.

Remark 8.4.4. Clearly, totally minimal groups are minimal, and a Hausdorff group is
totally minimal if and only if all its Hausdorff quotients are minimal.

Here we provide only a couple of examples (compare with Exercise 8.7.9 and §8.8).

Example 8.4.5 ([93]). The question when an infinite abelian group G may carry a min-
imal group topology has been studied thoroughly. It is known that none of the groups
Q" ZP™), ZE™)", ZpP) @ - & Z(p)Y), where n € N, and p,py,...,p, are primes,
carries a minimal group topology, while the group Qp) = {a/b € Q:(b,p) = 1} (i. e,
the additive group of the localization of the ring Z at the prime ideal (p)) admits a
unique minimal group topology.
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Example 8.4.6. In view of Corollary 4.2.14 and Exercise 8.7.7, the groups (S(X), Ty),
where X is an infinite set, are totally minimal.

8.5 Compactness vs connectedness

As already observed in Remark 6.1.6(b), a linear Hausdorff group is zero-dimensional,
so hereditarily disconnected. Linearity and hereditary disconnectedness coincide for
compact groups and for locally compact abelian groups:

Theorem 8.5.1 (van Dantzig theorem [276]). Every hereditarily disconnected locally
compact group G has a local base at e consisting of compact open subgroups. More-
over, a hereditarily disconnected locally compact group that is either abelian or compact
has a linear topology.

This can be derived from the following more precise result.

Theorem 8.5.2. Let G be a locally compact group. Then:

(@) if Gis hereditarily disconnected, every neighborhood of e contains a compact open
subgroup of G;

(b) c(G) coincides with the intersection of all open subgroups of G.

If G is compact, then the open subgroups in items (a) and (b) can be chosen normal.

Proof. (a) By Vedenissov theorem B.6.10, there is a neighborhood base O at e; con-
sisting of compact symmetric clopen sets. Let U € O. Then, by Lemma 3.1.1(a),

U=U=[)UV:VeO,VcU}

where every set UV is compact by Lemma 8.2.1(b), hence closed. Since U is open,
{UV\U: VeO, V ¢ U} is a family of closed compact subsets with empty inter-
section contained in the compact set UU. So Lemma B.5.9 implies that there exist
Vi,...,V, € Osuchthat(;_, UV, < U, so U = ;_, UV. Then, for

V:Un(ﬁvk>gu,

k=1

one has UV = U. In particular, V" ¢ U for every n € N,. So, since V is symmetric,
the subgroup H = (V) is contained in U as well. From V ¢ H, one can deduce that
H is open, so closed by Proposition 3.1.7(b), and hence compact as H ¢ U and U is
compact.

In case G is compact, the normal core H; := (), X ' Hx of H in Gis a closed normal
subgroup of G. As the number of distinct conjugates x 'Hx of H in G is finite (being
equal to [G: N;(H)] < [G:H] < o0), H;; is an open normal subgroup of G contained in
H,soalsoin U.
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(b) Letting C = ¢(G), the quotient G/C is hereditarily disconnected by Lemma 6.2.3,
hence {eg,(} is the intersection of all open (respectively, open normal, in case G is
compact) subgroups of G/C by item (a). The intersection of the inverse images of these
subgroups with respect to the canonical projection G — G/C coincides with C. O

According to Example 6.3.1, none of the items (a) and (b) of Theorem 8.5.2 remains
true without the hypothesis “locally compact”. The next example shows that the last
assertion of Theorem 8.5.2 (as well as that of van Dantzig theorem 8.5.1) fails too, if the
group is not compact or abelian.

Example 8.5.3. Letpbeaprimeand G = Q,xZsuchthatZ = {p":n € Z}actson Q, by
multiplication by p, and the subgroup O = Q, x {1} of G is taken to be open carrying its
natural p-adic topology. Then G is a hereditarily disconnected locally compact group.
It has as a local base of neighborhoods at e; the family of compact open subgroups
U, = p"J, x {1}, withn € N.

Nevertheless, the only compact open normal subgroups of G are those containing
0 = Q, x {1}. Indeed, if V is a compact open subgroup of G, there exists n € N such
that U,, < V. Since the normal closure of U, (i. e., the smallest normal subgroup of G
containing U,) is O, we deduce that V = 0. This contradicts the fact that Q, is not
compact.

Corollary 8.5.4. Let G be a locally compact group. Then o(G) = Q(G) = c¢(G). So, G is
hereditarily disconnected if and only if it is totally disconnected.

Proof. It is always true that c¢(G) < Q(G) < o(G). By Theorem 8.5.2(b), c(G) is the inter-
section of open subgroups, so c(G) 2 o(G). O

Remark 8.5.5. If G is a hereditarily disconnected compact group, then G has a local
base {N;:i € I} at e;; consisting of open normal subgroups, by Theorem 8.5.2(a). Then
G = !iLnG/N,-, by Proposition 7.2.11 (with the inverse system (G/N, vy, 1) defined as
there).

Definition 8.5.6. The topological groups that are inverse limits of finite groups (re-
spectively, finite p-groups for a prime p) are named profinite groups (respectively,
pro-p-groups or pro-p-finite groups).

The next equivalence follows from Remarks 8.5.5 and 3.3.7.
Corollary 8.5.7. A compact group is hereditarily disconnected if and only if it is profinite.

Remark 8.5.8. The (compact) topology of a profinite group is coarser than its profinite
topology, and in general they need not coincide (see Exercise 8.7.10).

For every residually finite group G (i. e., the profinite topology @ on G is Haus-
dorff), the completion of (G, @) is a profinite group, by Proposition 7.2.11.

In general, total disconnectedness is not preserved under taking quotients. The
first example to this effect can be found in [7, Chapter 3, p. 21, Exercise 211], where R is
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presented as a quotient of a totally disconnected group. Later Kaplan [181] showed that
R is also a quotient of a zero-dimensional metrizable group. Arhangel’skii [6] pushed
this further by proving that every second countable topological group is a quotient of
a second countable zero-dimensional group (see also [79]).

Corollary 8.5.9. A quotient of a hereditarily disconnected locally compact group G is
hereditarily disconnected.

Proof. Let N be a closed normal subgroup of G. It follows from Theorem 8.5.2(a) that G
hasalocal base at e; formed by compact open subgroups. This yields that the quotient
G/N has the same property. In particular, G/N is hereditarily disconnected, too. [

Corollary 8.5.10. Let G, H be locally compact groups and f: G — H a continuous surjec-
tive homomorphism. If G is o-compact, then:

(@) f(c(G)) = c(H), provided c(G) is compact;

(b) if G is hereditary disconnected, H is hereditary disconnected, too.

Proof. (a) Since c(G) is a compact normal subgroup of G, f(c(G)) is a compact (so,
closed) normal subgroup of H, as f is surjective. The group G/c(G) is hereditarily dis-
connected by Corollary 8.5.9 and f induces a continuous surjective homomorphism
f:G/c(G) — H/f(c(G)). Since G/c(G) is o-compact, the open mapping theorem (The-
orem 8.4.1) implies that f is open. Hence, by Corollary 8.5.9, H/f(c(G)) is hereditarily
disconnected. Since f(c(G)) <€ c(H) and c(H)/f(c(G)) is a connected subgroup of the
hereditarily disconnected group H/f(c(G)), this implies c(H) = f(c(G)).

Item (b) follows from (a). O

Remark 8.5.11. (a) Item (a) of the above corollary fails when ¢(G) is not compact, even
when H = c¢(H) is compact (see Example 14.3.12).

(b) If G, H are locally compact abelian groups and f: G — H a continuous surjective
homomorphism, then f(a(G)) = a(H) (see [177, Theorem 8.30(iv)]).

8.6 The Bohr compactification

Theorem 8.6.1. For every topological group G, there exist a compact group bG and a
continuous homomorphism bg:G — bG with bg(G) = bG such that for every continu-
ous homomorphism f: G — K, where K is a compact group, there exists a (necessarily
unique) continuous homomorphism f':bG — K with ' o b; = f:

b
G— -G

7
/7
f\« 2
K

Moreover, b;: G — bG is unique (up to isomorphism) with this property, i.e., if K is a

compact group and h: G — K is a continuous homomorphism with h(G) = K and such
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that for every continuous homomorphism f:G — C, where C is a compact group, there
exists a unique continuous homomorphism f':K — C with f' o h = f, then there exists a
topological isomorphism j: bG — K such that j - b; = h.

Proof. Let{N;:] € J} be the family of all kernels of continuous homomorphisms G — C
where Cis a compact group. Foreveryj € ], letg;: G — G/N; be the canonical projection
and let 7 = {1 ;): a € A;} be the family of all group topologies on G/N; coarser than the
quotient topology of the topology on G such that the completion K; ;) of (G/N;, 7(; 4))
is compact. LetI = {(j,a):j € ], a € Aj} and, for every i = (j,a) € I, let h;: G — K; be the
composition of g;: G — G/N; with the inclusion G/N; — Kj; 4) = K;.

Let h:G — [[;¢ K; be the diagonal homomorphism of the family {h;:i € I} and
bG := h(G). For every i € I, denote by p;: [Lser Ks — K; the canonical projection. Then
the corestriction bg: G — bG of h has the desired property.

In fact, let f: G — C be a continuous homomorphism where C is a compact group.
Thenkerf = N; forsomej € Jand f = f °g;, where f: G/N; — Cisacontinuous injective
homomorphism when G/N; carries the quotient topology 7. Let 1’ denote the initial
topology induced by f. Then 7’ < 7 holds. Since the completion of (G/N;, 7')is compact

(isomorphic tof(G/Nj)), one obtains 7’ = T(j,q) fOr some a € A;. So, f: (G/N;,T(j,q) — C
is a topological embedding, and by Corollary 7.1.20 there exists a continuous extension
fi,:K;, — Cforig = (j,a) such that f; oh; =f.Letf' =f, op; lpg:bG — C.Now itis
clear that, for every x € G,

f' (b6 00) = £, (03, (b6 00)) = £, 0y, (B0O)ie)) = f, (hy, (0) = F0).

Hence, f' o b; = f, as required. The uniqueness of f' is a consequence of the density
of b;(G) in bG.

To show the uniqueness of bG, assume that h: G — K is a continuous homomor-
phism with h(G) = K and such that for every continuous homomorphism f:G — C,
where C is a compact group, there exists a unique continuous homomorphism f': K —
C with f' o h = f. In particular, there exists a continuous homomorphism f*:K — bG
such that f* o h = b;. Analogously, by the properties of b; and bG, there exists a con-
tinuous homomorphism h": bG — K such that k' o b; = h.

To prove that f* and k' are topological isomorphisms, note that idg ch = h' o b; =
h' o f* o h. So, the homomorphisms id; and h' o f* coincide on the dense subgroup
h(G) of K, and hence id; = h' o f*. Similarly, id,; = f* o h'. So, both f* and h' are
topological isomorphisms witnessing that h: G — K coincides, up to isomorphism,
with b;: G — bG. O

Definition 8.6.2. Foratopological group G, the compact group bG and the continuous
homomorphism b;: G — bG from Theorem 8.6.1 are called Bohr compactification of G.
The von Neumann kernel of G is n(G) := ker b.

A relevant property of the Bohr compactification (directly following from Theo-
rem 8.6.1 and Definition 8.6.2) is that every y € G factorizes through bs: G — bG:
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Corollary 8.6.3. Fora topological abelian group G, the group bG is abelian and for every
character y € G there exists a character & € bG such that x=¢&°bg.

The term compactification used here substantially differs from the notion of com-
pactification used in general topology to describe compact spaces K containing a given
Tichonov space X as a dense subspace. Nevertheless, the Bohr compactification can
be seen as an appropriate counterpart of the Cech—Stone compactification X of a Ti-
chonov space X, due to the property described in the above theorem, which says that
the assignment G — bG induces a functor (reflector) from the category TopGrp to
its subcategory of all compact groups (exactly as the Cech-Stone compactification SX
provides a functor from Tops;; to CompTop; the analogy becomes complete if one
defines the compact space X also for non-Tichonov spaces X as the Cech—Stone com-
pactification of the Tichonov reflection T; ;X of X — see Remark C.2.11). From this point
of view, the Bohr compactification bG of a topological group G is the compact group
that best approximates G in the sense of Theorem 10.2.15.

According to J. von Neumann, we adopt the following terminology concerning the
injectivity of the map b;:

Definition 8.6.4. A topological group G is:
(i) maximally almost periodic (briefly, MAP) if by; is injective (i. e., n(G) = {e;});
(ii) minimally almost periodic if bG is a singleton (i. e., n(G) = G).

Clearly, every compact group G is MAP as bG = G.

Example 8.6.5. According to Corollary A.2.6, every discrete abelian group G is MAP.
Further examples will be given below, we prove in particular that bG coincides with
the completion of G" (see Theorem 10.2.15).

The terms maximally/minimally almost periodic are justified by the notion of al-
most periodic function (see Definition 12.1.1) and its connection with the Bohr com-
pactification.

8.7 Exercises

Exercise 8.7.1. Prove that the group topology on J,, described in Example 2.1.5 is com-
pact.

Exercise 8.7.2. (a) Prove item (c) of Lemma 8.2.1 directly, without making any re-
course to item (a).
(b) Deduce item (a) of Lemma 8.2.1 from item (c).

Hint. (a) If U is an open set of G containing the compact set K, then for each x € K there exists an open
V, € V(eg) such that xV, V, < U, and moreover K < |J,.x XxV,. Hence, there exist xy,...,x, € K such
that K € Uy X Vy, - For V = i, V., show that KV ¢ U.
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(b) Argue as in the proof of Lemma 8.2.1(c): if x € G \ KC, then for the compact subset K~} of
G one has K™'x n C = 0, so the compact set K~!x is contained in the open set U = G \ C of G. By
Lemma 8.2.1(c), there exists an open neighborhood V of e such that K~'xV < U.Hence, K'xVNC = 9,
and consequently xV N KC = @. This proves that KC is closed.

Exercise 8.7.3. (a) Prove that if K is a compact abelian group and m € NN, then the
subgroup mK of K is closed.
(b) Show that (a) may fail if K is only locally compact.

Hint. (a) The image of the continuous endomorphism y,,,;: K — K, x — mx, is mK.

(b) Consider the compact group G = Z(mz)]N , its subgroups H = zm)N and H, = Z(mz)(N>,
and the local direct product K = Hlnoch(Z(mz),Z(m)), i.e., K = H + H;. Then K is locally compact.
Nevertheless, mK = zm)™ is a proper dense subgroup of H, so not closed in K.

Exercise 8.7.4. Let K be a compact torsion-free divisible abelian group. Prove that for
everyr € Q\{0}, the multiplication y,: K — K, x + rx, is a topological automorphism.
Hint. Write r = n/m. The multiplication y,,: K — K, x +— mx, is a continuous automorphism. By the
compactness of K and the open mapping theorem (Theorem 8.4.1), i, is a topological automorphism.
In particular, its inverse y,’nl:K — K, x — %x, is a topological automorphism, too. Since n # 0, the
multiplication p,,: K — K, x + nx, is a topological isomorphism as well. Being the composition of the
two topological automorphisms y,’nl and p,, also y, is a topological automorphism.

Exercise 8.7.5. (a) Give examples of g-compact groups that are not compactly gener-
ated.
(b) Show that every connected locally compact group is compactly generated.

Exercise 8.7.6. A dense subgroup G of a Hausdorff group K is essential in K if every
closed normal subgroup of K that trivially meets G is trivial. Prove that:

(a) if Gis minimal, then G is essential;

(b) if K is compact and G is essential, then G is minimal.

Hint. Denote by T the topology of G.
(a) Assume that G is minimal and N is a closed normal subgroup of K with N n G = {e;}. Let
q:K — K/N be the canonical projection. Since N N G = {e;}, the restriction g [5: G — K/N is injective
(and continuous). By the minimality of G, g [ is open. By Theorem 3.2.9, NnG=N,henceN = {eg}.
(b) Assume that G is essential and T’ < 7 is a Hausdorff group topology on G. Then the identity

map idg: (G, 1) — (G,7') is a continuous isomorphism. Consider its extension f:K - (G,7') and let
N = kerf. Since GNN = {eg}, we conclude by essentiality of G that N = {e;}. Hence, f is a continuous
injective homomorphism into G. Since K is compact, we deduce that f:K — f(K) is a topological
isomorphism and so is its restriction id;;. This proves that 7’ = 7.

Exercise 8.7.7. Prove that (S(X), Tx) is topologically simple for an infinite set X.

Hint. We verify that a nontrivial closed normal subgroup N of S(X) necessarily coincides with S(X). By
Exercise 8.7.6, N; = S,,(X) NN is a nontrivial normal subgroup of S, (X), since S,,(X) is a dense minimal
subgroup of S(X) in view of Theorem 4.2.11. Since S,,(X) = U Fepxj<o S(F), there exists a finite subset F,
of X, with |Fy| > 5, such that N; n S(F;) is nontrivial. For all finite subsets F of X with F > F, N; N S(F)
is a nontrivial normal subgroup of S(F), so N; contains the alternating group A(F). This proves that
N; 2 A, (X). By Exercise 4.5.16(b), A, (X) is dense and so N; = S(X).

(For an alternative proof, see [99, Proposition 7.1.2(b)].)
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Exercise 8.7.8. Making use of Theorem 3.2.9, prove that if G is a totally dense subgroup
of a compact group K (i.e., N n G = N for every closed normal subgroup N of K), then
G is totally minimal.

Exercise 8.7.9. Let p be a prime. Show that:

@ (z, v%) is totally minimal, yet not compact;

(b) forG = (Z, v%), the square G x G is not minimal, and conclude that minimality is
not preserved by products;

(c) the subgroup G = Q/Z of T is totally minimal and its subgroup Soc(G) is mini-
mal, but not totally minimal; deduce that minimality is not preserved by taking
quotients.

Hint. Apply Exercise 8.7.6. For (b), find a closed subgroup N of Jp xJp with N N (Z x Z) = {0}.

Exercise 8.7.10. Let G = Z(2)™. Show that:

(@) G equipped with its product topology is profinite;
(b) w of G is strictly finer than the product topology;
(c) no proper dense subgroup of G is minimal.

Hint. Apply Exercise 8.7.6.

Exercise 8.7.11. Prove that td(K) = K! = K for a hereditarily disconnected compact
abelian group K.

Hint. According to van Dantzig theorem 8.5.1, the topology of K is linear, hence for every x € K the
group (x) is either finite or nondiscrete and carries a linear topology.

Exercise 8.7.12. If G = td(G) for some topological abelian group G, then td,,(G) = G,.
In particular, td,(K) = K, = K for a pro-p-finite group K.

Hint. Since the inclusion tdp(G) C Gp is known, we have to prove Gp « tdp(G). Pick an element x € Gp
and put C = (x).If Cis finite, then it is discrete, so x € Gy yields that x is p-torsion, therefore x € tdp (G).
Assume now that C is infinite. Then our hypothesis G = td(G) implies that C = (Z, 7), where T is a linear
topology on Z. If {m,Z:m, € N,,n € N} is a local base at 0 of 7, then x € G, implies that p" — 0
in (Z,1). Hence, for every fixed k € NN there exists n, such that p™ € mZ, i.e., my | p™, somy is a
power of p. This implies that T < v}). By Exercise 3.5.25, T = v}, Therefore, x € td,(G).

8.8 Further readings, notes, and comments

Corollary 8.2.8 is also a consequence of the fact that a compact group G of infinite
weight « is a continuous image of {0,1}* (so compact groups are dyadic compacta)
in view of a theorem by Kuz’minov [192]. Moreover, d({0,1}) = logx by Hewitt-
Marczewski—Pondiczery theorem B.3.15, so by Lemma 5.1.9,

d(G) < logk < x = x(G),

and thus w(G) = d(G) - x(G) = x(G) = P(G), by Lemma 5.1.7 and Proposition 8.2.7.
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Minimal groups were introduced simultaneously and independently by Stephen-
son in [264] and by Doitchinov in [126], where the first examples of noncompact
minimal groups can be found (see also Exercise 8.7.9(a)). The first examples of mini-
mal non-totally minimal groups can be found in [97] (see Exercise 8.7.9(c)), where the
notion of a totally minimal group was explicitly given (it was introduced somewhat
later also by Schwanengel [253]). Answering a question of Choquet, Doitchinov [126]
showed that minimality (unlike compactness) is not preserved even under finite direct
products (see Exercise 8.7.9(b)). A complete description of the cases when minimality
is preserved under (arbitrary) direct products can be found in [73]. The surveys [77]
and [80] contain various information on minimal groups. The recent progress in this
field is outlined in [93]. A crucial role in obtaining the results pointed out in Exam-
ple 8.4.5 is played by the criterion for minimality of dense subgroups of compact
groups due to Prodanov [231] and Stephenson [264] (see Exercise 8.7.6).

In the nonabelian case, complete (in particular, locally compact) minimal groups
need not be compact (see [245] and §10.5 for a wealth of results in this direction). Stoy-
anov proved in [269] that the unitary group of an infinite-dimensional Hilbert space is
totally minimal, complete, and noncompact.

Recall that a topological space is locally (arcwise) connected if every point ad-
mits a neighborhood base consisting entirely of (arcwise) connected open sets. Since
¢(G) is open for a locally connected topological group G, it makes sense to study these
properties of topological groups only for connected ones. Connected and locally ar-
cwise connected spaces are obviously arcwise connected. In the opposite direction,
Rickert [247] proved that locally compact arcwise connected groups are locally arcwise
connected. This is why in the sequel we pay attention only to local connectedness and
arcwise connectedness of the connected locally compact groups.
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We denote by ey, ..., e, the vectors of the canonical base of R".

9.1 Lifting homomorphisms with domain R"

Every continuous homomorphism f:R" — H, where H is a Hausdorff group, is
uniquely determined by its restriction to any neighborhood of 0 in R" (see Exer-
cise 6.3.2(b)). Now we prove that every continuous map f: B,(0) — H defined only on
some ball B,(0) in R" can be extended to a continuous homomorphism f": R" — H
under a minor (necessary) additivity restraint.

Lemma 9.1.1. Letn € N,, H a topological abelian group, and € > 0. Then every map
f:B.(0) — H such that f(x +y) = f(x) + f(y) whenever x,y € B,,(0) can be uniquely
extended to a homomorphism f':R" — H. Moreover, f' is continuous if and only if f is
continuous.

Proof. Put U = B,,(0). For x € R", there exists m € N, such that %x € U, and we put

flix) = mf(%x).

To see that this definition is correct, assume that %x € Uaswelland puty = ﬁx. Then
iy € U foralli < max{k, m}, and a simple inductive argument shows that f (my) = mf(y)

and f(ky) = kf (y). So,
K (%) = K my) = lanf(y) = mf (k) = mf (-x).

To verify that f’ is a homomorphism, take x,y € R". There exists m € N, such that
1,11 .
=X, Y, - (x +y) € U. By our hypothesis,

' B 1 B 1 1 o '
Foceyy=mf (—Gcey)) =mf (—x) +mf (~y) =f'00+1 0.
The uniqueness of f' follows from Exercise 6.3.2(b). For a direct proof, assume that

f":R" - H is another homomorphism extending f. Then for every x € R", there exists
m e N, suchthaty := 1x € U.So, f"(x) = f"(my) = mf" (y) = mf(y) = f' ().

m
Sincef’ isahomomorphism, it suffices to check its continuity at 0, and this follows
from the continuity of f: U — H. O

The global structure of R", and in particular the fact that it is torsion-free, played
a prominent role in the above proof. The next example shows that the counterpart of
the theorem with T in place of R" fails.

https://doi.org/10.1515/9783110654936-009
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Example 9.1.2. Let U = (—% %) +Z, thatis, U = B,;,(0) in T. Moreover, let f:U —
(—%, l) ¢ R be the inclusion map, more precisely, f is the unique section of the canon-
ical projection g,: R — T restricted to U and with values in (—% %) Then f satisfies

the additivity restraint from Lemma 9.1.1, but f cannot be extended to T.

The next lemma is used frequently in the sequel. Again the above example shows
that T does not have the “lifting” property established for R" (e. g., for the identity
map f = id: T — T, the discrete subgroup D = Z of R and the canonical projection
qo:R — T).

Lemma 9.1.3 (Lifting lemma). Let H be a topological abelian group, D a discrete sub-
group of H, and p: H — H/D the canonical projection. For every continuous homomor-
phism f:R" — H/D, with n € N,, there exists a unique continuous homomorphism
f':R" - Hsuchthatpof' =f:

H

’ 7
;o lp

s
]R"—f>H/D

Iff is open, then f' is open.

Proof. Let W be a symmetric open neighborhood of 0 in H such that (W + W)nD = {0}.
(If f is open, then f(R™) is open in H/D, so we pick W such that p(W) < f(R").) Then
the restriction p [y: W — p(W) is a bijection; moreover, both p [ and its inverse
&:p(W) — W are homeomorphisms. Pick a symmetric open neighborhood W; of 0 in
H such that W; + W; ¢ W. Then

§x+y)=80(x) +4(y) foreveryx,y € p(W;). (9.1)
For U, = f }(p(W,)), pick an € > 0 with B,(0) < U, and put
f*=8&f1p,0):B:(0) = H,

so that f*: B.(0) — H is continuous, as a composition of the continuous mappings
f and £. Moreover, (9.1) yields f*(x +y) = f*(x) + f*(y) whenever x,y € B,/,(0). By
Lemma 9.1.1, the continuous map f*: B,(0) — H can be uniquely extended to a con-
tinuous homomorphism f: R" — H. Since (p o f')u) = (p o f*)(u) = f(u) for every
u € B,(0), the homomorphisms p o f' and f coincide on B,(0), hence p o f' = f, by
Exercise 6.3.2(b).

Let f": R" — H be a continuous homomorphism such that p o f"" = p o f' holds.
Then g = f' — f" is a continuous homomorphism R" — H which satisfies pog = 0, so
g(R™) c D. Since D is discrete, g~1({0}) is an open subgroup of R", hence g"}({0}) = R".
This shows that g = 0, or equivalently "/ = f'.

Assume that f is open. Then f(Uy) = f(f " (p(W,))) = p(W,) n f(R") = p(W,), since
W, ¢ W and p(W) < f(R"). In order to prove that f’ is open, it suffices to show that
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f'(V) = f*(V) is open for every open neighborhood V of 0 contained in Up. But this is
clear, since f*(V) = £ o f(V) is open, as &: p(W) — W is a homeomorphism and f was
assumed to be open. O

9.2 The closed subgroups of R"

Our main goal here is to describe the closed subgroups of R". In the next example we
outline two important instances of such subgroups.

Example 9.2.1. Letn,m € N, and letv;,...,v,, be linearly independent in R".

(@) The linear subspace V = Rv; + --- + Rv,, = R™ spanned by v,,...,v,, is a closed
subgroup of R".

(b) The subgroup D = (v;) + -+ + (V) = (vq,...,V,,) = Z" generated by v,,...,v, isa
discrete (hence, closed) subgroup of R".

We prove that every closed subgroup of R" is topologically isomorphic to a product
V x D of a linear subspace V = R® and a discrete subgroup D = Z™, with s,m € N and
s + m < n. More precisely:

Theorem 9.2.2. Let n € N, and let H be a closed subgroup of R". Then there exist
s,m € N, with s + m < n, and linearly independent vectors v, ..., Vs, ..., Vg, SUch that
H = V x D, where V = R°® is the linear subspace of R" spanned by v;,...,v; and D =
(Vests -+ > Vsam) = Z™, so D is discrete and V is open in H.

We give two proofs of this theorem. The first is relatively short and proceeds by in-
duction. The second proof splits into several steps. Before starting the proofs, we note
that the dichotomy imposed by Example 9.2.1 is reflected in the following topological
dichotomy resulting from the theorem:

(i) the closed connected subgroups of R" are always linear subspaces of R", so iso-

morphic to R® for some s < n;

(ii) the closed hereditarily disconnected subgroups D of R" are free and have free-rank

19(D) < n; in particular, they are discrete.

Remark 9.2.3. It follows from Theorem 9.2.2 that, for every closed subgroup H of R",
H =V x D, where c(H) = V = R® is open in H with s < n, and D = Z™ is discrete with
m < n - s; in particular, H contains a discrete subgroup D, x D of free-rank s + m.

The next lemma prepares the inductive step in the first proof of Theorem 9.2.2.

Lemma 9.2.4. IfH is a closed subgroup of R", L = R is a one-dimensional subspace of
R", and H n L # {0}, then denoting by p: R" — R"/L the canonical projection, p(H) is a
closed subgroup of R"/L.

Proof. If n =1, then R"/L is trivial, so we are done.
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Assume that n > 1and consider the nonzero closed subgroup H; = HNnLof L = R.
If H, = L (i.e., L ¢ H), then the assertion follows from Theorem 3.2.8(b). Now assume
that H; # L = R. Then H; = (a) is cyclic, by Proposition 3.1.11. Making use of an
appropriate linear automorphism a of R" and replacing H by a(H), we may assume
without loss of generality that

L=Rx{0}"' and a=e (i.e., H =Zx{0}" ).

Consider the canonical projection m: R" — R"/H,. Since H is a closed subgroup of
R" containing H,, its image 71(H) is a closed subgroup of R"/H, = T x R"!, by The-
orem 3.2.8(b). Next observe that the projection p: R" — R"! is the composition of 7
and the canonical projection ¢: R"/H; — R

p

N

R"/H, = T x R

]Rn ]Rn—l

Since kerq = L/H; = T is compact and 7(H) is closed in R"/H;, we conclude that
p(H) = q(n(H)) is a closed subgroup of R"!, by Lemma 8.2.2. O

We shall see in §9.3 that “closed” can be replaced by “discrete” in the conclusion
of this lemma. Let us see that the hypothesis H n L + {0} is relevant.

Example 9.2.5. Take the discrete (hence, closed) subgroup H = Z? of R? and the line
L = Rvin R?, where v = (1, V2). Then LN H = {0}, while ]R2/L = R, so Proposition 3.1.11
yields that, denoting by p: R> — R%/L = R the canonical projection, the noncyclic
image p(H) = Z? of H in R is dense, so fails to be closed.

First proof of Theorem 9.2.2. We proceed by induction on n € N,, and the casen =1
is Proposition 3.1.11.

Assume that n > 1. If H is a linear subspace of R", then H = V, and we are done.
So, assume that H is not a linear subspace. Then there exists a nonzero h € H such that
theline L = Rhis not contained in H. Thus, the closed nonzero subgroup H; = HNnL of
L = Ris proper, hence cyclic, by Proposition 3.1.11; so, let H; = (a) for some a € H;\{0}.
By Lemma 9.2.4, the canonical projection p: R" — R"/L = R"! sends H to a closed
subgroup p(H) of R".

By the inductive hypothesis, there exist s, m € N, with s+ m < n, and s+ m linearly

independent vectors v},..., v, v}, ..., v}, in R"/L = R"" such that
pH)=V'xD', withV'=Rvj+---+Rv.=R° and D' =l ....vl,) =2Z"

Since both H and p(H) are locally compact abelian groups by Remark 8.2.4 and H is
also g-compact (as a closed subgroup of R"), it follows from the open mapping theo-
rem (Theorem 8.4.1) that the continuous surjective homomorphism p [y: H — p(H) is
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open, thatis, p(H) = H/H, topologically. Since H, is discrete, we can apply Lemma 9.1.3
to obtain an open continuous homomorphism f: V! — H such that p - f = j is the in-
clusion of V' = R® in p(H). Since j = p - f is injective, so is f. Hence, letting V = f(V'),
we get that f: V! — V is a topological isomorphism.

Letv; = f(v]) foreveryi € {1,...,s}. For everyj € {1,...,m}, find Vs,j € H such that
p(vg,j) = v, Let vy = a. Since the canonical projection p: R" — R"/L is R-linear, the
vectors v, Vy, . . .» Vg, Vgi1s - - - » Vo @re linearly independent, so D = (Vg, Vgy1s - - > Voym) =
7™ is discrete (see Example 9.2.1(b)). From

p(H)=V'xD' and kerp|y=HnL=H, = (a),

we deduce that H = V x D = R® x Z™", O
Corollary 9.2.6. For every n € N,, the only compact subgroup of R" is {0}.

Proof. Let K be a compact subgroup of R". By Theorem 9.2.2, K = V x D, where, for
some s,m € N, V = R® is a linear subspace of R" and D = Z™ is a discrete subgroup
of R". The compactness of K yields that both V and D are compact, and R® is compact
only for s = 0 while Z™ is compact only for m = 0. O

9.3 The second proof of Theorem 9.2.2

The second proof of Theorem 9.2.2 makes no recourse to induction, so from a certain
point of view gives a better insight in the argument.

By Proposition 3.1.11, every discrete subgroup of R is cyclic. The first part of this
proof consists in appropriately extending this property to discrete subgroups of R" for
everyn € N, (see Proposition 9.3.2). The first step, namely, Lemma 9.3.1, is to prove di-
rectly that the free-rank r,(H) of a discrete subgroup H of R" coincides with the dimen-
sion of the linear subspace of R" generated by H. Note that the elements x;, ..., x; € R"
are independent if and only if they are Q-linearly independent.

Lemma 9.3.1. Let H be a discrete subgroup of R". If the elements v,,...,v,, of H are
independent, then they are also R-linearly independent.

Proof. LetD = (v;,...,V,,) = Z™, and let V = R¥ be the linear subspace of R" gener-
ated by H. We need to prove that k > m. We can assume without loss of generality that
V=R"(.e., k =n).

Assume for a contradiction that m > n. Since vy,...,v,, generate the vector
space R", after possibly changing their enumeration, we can assume that the vectors
V..., V, are R-linearly independent, so form a base of R". Moreover, we can assume
without loss of generality that v, = ey,...,v, = e,. Indeed, as v, ..., v, are R-linearly
independent, there exists an R-linear isomorphism a: R" — R" with a(v;) = e; for
everyi € {1,...,n}. Clearly, a(H) is still a discrete subgroup of R" and a(D) = D = Z™.
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Let h = a(v,,1); so,
(ey,...,ephy = 7", (9.2

As H is discrete, there exists € > 0 with max{|x;|:i € {1,...,n}} > ¢ for every x =
(X35 ...>%,) € H\ {0}. Pick an integer M > 1/¢ and let
i i+1

Ci:liﬁ)ﬁjl forallieF::{O,l,...,M—l}.

Further, let
n
C=[]¢c, fori=(,...,i,) e F".
k=1

These “small cubes” C; represent the standard cube C = [0,1]" in R" as a finite union
Urern G; such that each one of the small cubes has edges of length < e.
Asusual, forr € Rlet {r} =r — |r] and forj € Z let

C > a;= (g}, i) = jh = (Ui, lihy)) € jh+ Z" € H.

Then a; # a, for every pair k # l in Z, since otherwise (k - Dh € Z" = {e,,...,e,) with
k~1# 0in contradiction with (9.2). Among the infinitely many points g; € C, there exist
two elements a; # a; of H belonging to the same small cube C;. Hence, |{kh;} - {lh;}| < €
foreveryj € {1,...,n}. So, a;, — a; € Hn (-&,&)" = {0}, and this contradicts a; # a;. O

Observe that it is essential to assume H to be closed: e. g., the elements 1, V2 of
the subgroup H = (1, V2) of R are Q-linearly independent, but not R-linearly inde-
pendent.

The aim of the next step is to see that the discrete subgroups of R" are free.

Proposition 9.3.2. For a discrete subgroup H of R", H is free and ro(H) < n.

Proof. Since by Lemma 9.3.1 there are at most n independent vectors in H, we have
m := ry(H) < n. Then there exist mindependent vectors vy, ..., v,, of H. By Lemma 9.3.1,
the vectors vy, ..., v,, are also R-linearly independent.

Let V = R™ be the linear subspace of R" generated by vy, . .., v,,,. Obviously, H ¢ V,
since H is contained in the Q-linear subspace of R" generated by the free subgroup
F={(vy,...,v,,) of H. As H is a discrete subgroup of V too, we can argue with V in place
of R", so we can assume without loss of generality that ro(H) = m = nand V = R".
Next we verify that H/F is finite; from this we obtain that H is finitely generated and
torsion-free, so H must be free, by Theorem A.1.1.

Since the vectors vy, ..., v, are R-linearly independent, we can assume without
loss of generality that F = Z" ¢ H. Indeed, let a: R" — R" be the linear isomorphism
with a(v;) = e; for everyi € {1,...,n}. Then a(H) is still a discrete subgroup of R",
Z" = a(F) < a(H) and H/F is finite if and only if a(H)/a(F) = H/F is finite.
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To check that H/F is finite, consider the canonical projection g: R" — R"/Z" = T™.
According to Theorem 3.2.8(c), g sends the closed subgroup H onto a closed (hence,
compact) subgroup q(H) of T"; moreover, H = q_'(q(H)), therefore the restriction of ¢
to H is open and g(H) is discrete. We conclude that g(H) = H/F is both compact and
discrete, so finite. O

The next lemma sharpens Lemma 9.2.4 to the case of discrete subgroups of R".

Lemma 9.3.3. Let H be a discrete subgroup of R" and L = R a one-dimensional lin-
ear subspace of R" with H n L # {0}. Then, denoting by p: R" — R"/L the canonical
projection, p(H) is a discrete subgroup of R"/L.

Proof. If n = 1, then L = R, so this case is trivial. Assume n > 1 in the sequel. Since
{0} # H; = H n L is a discrete subgroup of L = R, we conclude that H; = {a) is cyclic,
by Proposition 3.1.11. Making use of an appropriate linear automorphism a: R" — R"
and replacing H by a(H), we assume without loss of generality that

L=Rx{0}"! and a=e,
where we consider L as a subgroup of R"” = R x R*"!, Thus,
H, =Zx{0}". (9.3)
For € > 0, let B.(0) = (-¢,&)" and U, = B,(0) + L. Let us prove that for some € > 0 also
U,nH=27Zx{0}"" (94)

holds true. Assume for a contradiction that U, N H ¢ L for every k € IN,, and pick
b = (Goyi) € Uy NH € Rx R withy, # 0. Since Z x {0}""" ¢ H by (9.3), we
can assume without loss of generality that 0 < x; < 1 for every k € IN,. Then there
exists a converging subsequence x;, — z, and so , — (2,0) € H. Since H is discrete,
this sequence is eventually constant, so y, = O for all sufficiently large k € N, a
contradiction. This proves that U, n H ¢ L n H = H; and hence (9.4) holds for some
€ > 0. Let p: R" - R"! be the canonical projection along L. Then U, = p‘l(p(Bg(O))),
so (9.4) implies that p(B,(0)) N p(H) = {0} in R™L. Thus, p(H) is discrete. O

Exercise 9.5.1 provides a shorter alternative description of the discrete subgroups
of R", so of the first part of Theorem 9.2.2 carried out in Proposition 9.3.2.
Now we pass to the case of nondiscrete closed subgroups of R".

Lemma 9.3.4. If H is a nondiscrete closed subgroup of R", then H contains a line
through the origin (i. e., there exists u, € H such that Ruy € H).

Proof. It is enough to prove that if H is a closed subgroup containing no line then H
is discrete. In order to do so, we consider S = {x € R™|x|, = 1} and the function
@:S — R,y U {oo} defined as follows: for all u € S with Run H = {0}, we put ¢(u) = co.
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If RunH = (au) for some a > 0, we define p(u) = a. We are going to show that
F, = ¢ ((0,b]) is closed in S for every b € R.,. So, fix b € R, and let {u}ren
be a sequence in F; which converges to i € S. We have to show that ¢(i1) < b. By
assumption, by := @(u) € (0, b]. So, the bounded sequence {b; };n has a convergent
subsequence. We may assume without loss of generality that {b; };, converges to b €
[0,b].1f b > 0, since bii = lim;_, . byuy € H (with H being closed by assumption), we
obtain that ¢(i1) < b<b.

Let us assume now that b = 0, and fix ¢ > 0. We can assume without loss of
generality that, for all k € N, b, € (0,¢), and so we can choose m;, € N such that
myby € [g,2¢]. Since {myb;};cn is bounded, we may assume that it converges to an
element € € [g,2¢]. So, {mbiuy}ren converges to € € H, hence 0 < @(il) = € < 2¢.
Since € > 0 was arbitrary, we deduce that ¢(&1) = 0, a contradiction. So, the second
case cannot occur. This shows that, forall b € R, , F, is closed, hence its complement
V= (p_l((b,oo]) is open. Since S = Ub€R>0 V,, the compactness of S implies that there
exists by > Owith S = V- BY the definition of ¢, ||x||, > b, for every x € H\{0}. Hence,
H is discrete. O

Second proof of Theorem 9.2.2. 1f H is a closed subgroup of R" and V,, V, are linear
subspaces of R" contained in H, then also the linear subspace V; + V, of R" is con-
tained in H. Therefore, H contains a largest linear subspace A(H) of R". Since A(H) is a
closed subgroup of R” contained in H, the canonical projection p: R" — R"/A(H) = R¥
(where k = n— dim A(H)) sends H to a closed subgroup p(H) topologically isomorphic
to H/A(H) of RK, by Theorem 3.2.8(b). Moreover, p(H) contains no lines L, since such
a line L would produce a linear subspace p~'(L) of R" contained in H and properly
containing A(H). By Lemma 9.3.4, p(H) is discrete, and this means that A(H) is an open
subgroup of H. Since A(H) is divisible, by Corollary A.2.7 it splits, so H = A(H) x H’,
where H' is a discrete subgroup of H (and of R"). By Proposition 9.3.2, H' = z™. O

9.4 Elementary LCA groups and the Kronecker theorem

9.4.1 Quotients of R" and closed subgroups of T*

The next corollary of Theorem 9.2.2 describes the quotients of R".

Corollary 9.4.1. A quotient of R" is isomorphic to RFxT™, where k+m < n. Inparticular,
a compact quotient of R" is isomorphic to T™ for some m < n.

Proof. Let H be a closed subgroup of R". By Theorem 9.2.2, H = V x D, with V = R®,
D = Z™ discrete and s + m < n. Let V, be the linear subspace of R" spanned by D.
Pick a complementing linear subspace V, of R” for V + V;; then dim V, = k, where
k =n-(s+m),and R" = V x V; x V,. Therefore, R"/H = (V,/D) x V,. Moreover,
V,/D = T™, and hence R*/H = T™ x Rk, O
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This corollary implies, of course, that for k, m € N, a quotient of the group RExT™
is isomorphic to R x T® for some I,s e Nwithl < kand [ +s < k + m.

We introduce two classes of topological abelian groups that completely describe
the closed subgroups of TX and R" x T, respectively.

Definition 9.4.2. A topological abelian group is:

(i) elementary compact if it is topologically isomorphic to T" x F, where n € N and F
is a finite abelian group;

(ii) elementary locally compact if it is topologically isomorphic to R" x Z™ x T° x F,
where n,m,s € N and F is a finite abelian group.

The class of elementary locally compact abelian groups is closed under taking
quotients, closed subgroups, and finite products (see Exercise 9.5.2). The following
result shows that the elementary (locally) compact abelian groups are very natural.

Corollary 9.4.3. Every closed subgroup C of R" xTkis elementary locally compact. Con-
sequently, every closed subgroup of T° is elementary compact.

Proof. Let ¢: R™* — R" x TX be the canonical projection. Then H = ¢"(C) is a closed
subgroup of R™*. By Theorem 9.2.2, H is a direct product H = V x D with V = R®
and D = Z™ for some s,m € N. Since the restriction g [z:H — q(H) = C is open
by Theorem 3.2.8(c), g(V) is an open subgroup of C. Moreover, q(V) is also divisible
(being a quotient of the divisible abelian group V), so C = q(V) x B by Corollary A.2.7,
where the subgroup B of C is discrete by Lemma 3.2.10(a).

As a quotient of V = R, g(V) = R! x T" for some I, h € N by Corollary 9.4.1. On the
other hand, the chain of standard isomorphisms

B= C : H/kerq - H - H/V : 2
q(V)  (V+kerq)/kerq V+kerq (V+kerq)/V D,

where D; = (V + Kkerq)/V, shows that B is isomorphic to a quotient of D = Z™, so
B = 75 x F for some g € N and some finite abelian group F. Therefore, C = R! x T" x
78 x F. O

Also the converse implication is true, namely, every elementary locally compact
abelian group can be embedded as a closed subgroup of R” x T* for some n, k € N
(see Exercise 9.5.4).

9.4.2 Closure in R"
Our next aim is the description of the closure of an arbitrary subgroup of R".

Every base (v;,...,v,) of R" admits a dual base (v{, e v;l) defined by the relations:
for everyi,j € {1,...,n}, (v; | v{) = 6;. For a subset X of R", its orthogonal subspace is

X ={ueR%vxeX, (x|u) =0}
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If X = {v} # {0} is a singleton, then X° is the hyperspace of R" orthogonal to v. So, X°
is always a linear subspace of R", being an intersection of hyperspaces. If V is a linear
subspace of R", then V° is the orthogonal complement of V, so R" = V x V°.

For a subgroup H of R", its associated subgroup is

H ={ueR%“VxeH, (x|u) e Z}.

Clearly, H° ¢ H', (zZ")' = Z", and {0}" = R", while H' = R" implies H = {0}. We
describe H for every subgroup H of R™:

Lemma 9.4.4. Let H, H, be subgroups of R". Then:

(@) H'is closed subgroup of R" and the correspondence H — H' is monotone decreas-
ing;

(b) )" =H";

(c) ifH is a linear subspace of R", H° = H';

(d) H+H) =H" nH].

Proof. The map R" x R" — R defined by (x,y) + (x | y) is continuous.
(a) Let go: R — T = R/Z be the canonical projection. For every a € R”,

Xa=4o°(@|-):R" > T, x - go((alx)),

is a continuous homomorphism, so )(;1(0) ={u ¢ R%(a | u) € Z}is closed in R".
Therefore, H' = [,y X, (0) is closed in R", too. The same equality proves that the
correspondence H — H' is monotone decreasing.

(b) From the second part of (a) one has (H)" ¢ H'. Suppose that u € H'. For every
x € H, by the continuity of the map R" — T, x — x,(u) = x,(x), one can deduce that
Xu(X) = 0, since y, (h) = O for every h € H. Hence, u € (H)".

(c) Lety e H'. To prove that y € H°, take any x € H and assume that m := (x | y) #
0.Thenz := ﬁx €eHand(z |y) = % ¢ 7., a contradiction.

(d) The inclusion (H + H;)" ¢ H" n H{ follows from item (a). On the other hand, if
x € H' n H{, then obviously x € (H + H;)". O

We study in the sequel the subgroup H' associated to a closed subgroup H of R".

Proposition 9.4.5. For every subgroup H of R", H = (H")'. In particular, H is dense in
R" if and only if H' = {0}.

Proof. By Lemma 9.4.4(b), (H)" = H', so we can assume without loss of generality that
H = H is closed. According to Theorem 9.2.2, there exist a base (vy,...,v,) of R" and
k < nsuchthat H = V + L, where V is the linear subspace generated by v,,..., v, for
somes € {0,...,k}and L = (vg,q,..., V). Let (v{, . ,v;l) be the dual base of (v;,...,v,).
Let V! = Rvj +...+ Rv,, L' = (vi,y,...,v;) and W' = Rvp,; + ...+ Ry,. Then
V=V =RV, +...+Rv))eW and L" = V'eL'e W' since (v],...,v}) is the dual base
of (vi,...,v,). By Lemma 9.4.4(d), H' = VI nL' = L' e W'. Similarly, H')' = V+L=H
since (vy,...,Vv,) is the dual base of (v},...,v)). O
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The next proposition is a particular case of the well-known Kronecker theorem.

Proposition 9.4.6. Let v;,...,v, € R. Then, forv = (v;,...,v,) € R", the subgroup
(v) + Z" of R" is dense if and only if vy = 1,vy,...,Vv, € R are linearly independent as
elements of the vector space R over Q.

Proof. Assumethatvy =1,v;,...,v, € Rarelinearlyindependent and let H = (v) +Z".
Then H' ¢ Z" = (z")". Therefore, some z € Z" belongs to ((v))' if and only if z = 0.
Thus, H' = {0}. Consequently, H is dense in R" by Proposition 9.4.5. Conversely, if
Yo kiv; = 0 is a nontrivial linear combination with k; € Z, then k = (ki,...,k,) € Z"
is nonzero and k € H'. Thus, H" # {0}, so H is not dense. O

Now we prove that T" is monothetic for every n € IN,.

Corollary 9.4.7. Let qy: R — T be the canonical projection. Forn e N, and vy,...,v, €
R such that 1,vy,...,v, € R are Q-linearly independent in R, {((qo(v1),-.-.,qo(V,)) is
denseinT".

Proof. By Proposition 9.4.6, with v = (v;,...,v,) € R", the subgroup H = (v) + Z" of
R" is dense. Consider the canonical projection m: R" — T" = R"/Z". Then n(H) =
((qo(y), - .., qo(vy))) is a dense subgroup of T". O

We can finally verify with Proposition 9.4.6 that T has a dense cyclic subgroup:
Theorem 9.4.8. The group T° is monothetic.

Proof. Let Bbe a Hamel base of R on Q that contains 1and let B, = B\{1}; in particular,
|Bo| = |B| = ¢. To see that the element x = (xb)bEBo € TP, defined byx, =b+Z € R/Z =
T for every b € By, is a topological generator of the group TP, it suffices to check that
for every finite subset B; of B, the projection p: T — T sends H = (x) to a dense
subgroup of TZ!. This follows from Corollary 9.4.7. O

Clearly, T is not monothetic in case x > ¢, since a separable group has weight < c.

9.5 Exercises

Exercise 9.5.1. Prove by induction on n € N, that for every discrete (so closed) sub-
group H of R" there exist m < n and m linearly independent vectors v,,...,v,, € H
suchthatH = (v,...,v,) = Z™".

Hint. The case n = 1is Proposition 3.1.11. Assume n > 1. Pick any h € H \ {0} and let L be the line Rh
in R". Since H; = H n L #+ {0} is a discrete subgroup of L = R, we conclude that H = (a) is cyclic,
by Proposition 3.1.11. We can apply Lemma 9.3.3 to claim that the image p(H) of H along the canonical
projection p: R" — R"/L = R"! is a discrete subgroup of R""!. Then our inductive hypothesis yields
p(H) = (v},...,v),) for some linearly independent vectors vj,...,v,, in R"/L. Pick v; € H such that
pv;) = v{ fori € {2,...,n}. Then, with v; = a, we have the desired presentation

H=p V) = () @ (Voo s V) = Z@Z™ L = 2™,
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Exercise 9.5.2. Prove that the class £C of elementary compact abelian groups is stable
under taking closed subgroups, quotients and finite direct products.
Hint. Use Corollary 9.4.3.

Exercise 9.5.3. Prove that every elementary locally compact abelian group is a quo-
tient of an elementary locally compact abelian group of the form R" x Z™.

Exercise 9.5.4. Prove that every elementary locally compact abelian group can be em-
bedded as a closed subgroup of R" x T for some n, k € N.

Exercise 9.5.5. Determine for which of the following six possible choices of the vector
v € R* the subgroup (v) + Z* of R* is dense:

(V2,V3, V5, V6), (V2, V3, V5, V7), (log2,log3,log5,1og6), (log2,1og3,10g5,log7)
(log3,1log5,10g7,10g9), and (log5,log7,10g9,log1l).

Exercise 9.5.6. Let V beahyperplanein R" determinedby Y, a;x; = 0, fora,,...,a, €
R, such that there exists at least one coefficient a; = 1. Prove that the subgroup
H =V +Z" of R" is not dense if and only if all the coefficients g; are rational.

Hint. Clearly, V = (Ra)° = (Ra)", where a = (aj,...,a,). Hence, H' = (Ra)"" n (z")" = Ran Z", by
Lemma 9.4.4(d). Clearly, Ra n Z" + {0} if and only if all coefficients g; are rational. On the other hand,
H' = RanZ" # {0} if and only if H is not dense in R", by Proposition 9.4.5.

Exercise 9.5.7. (a) Prove that a subgroup H of T is dense if and only if H is infinite.
(b) Determine the minimal (with respect to inclusion) dense subgroups of T.
(c)* Determine the minimal (with respect to inclusion) dense subgroups of T?.

Exercise 9.5.8. Prove that if ¢: R" — R" is a continuous endomorphism, then ¢ is
also an R-linear transformation.
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10.1 Big subsets of groups

Definition 10.1.1. A subset B of a group G is left (respectively, right) big if there exists
a finite subset F of G such that FB = G (respectively, BF = G). Moreover, B is big if it is
simultaneously left and right big.

The notions of left and right big subsets coincide for abelian groups, but this need
not be true in general.

Example 10.1.2. Let G be the free product of a cyclic group A = (a) of order 2 and
an infinite cyclic group C = (b). Every element of G \ C can be uniquely written as a
product

w=b".a-b"-a-b™---a-b" - a- b, (10.1)

where k € N,, and ny,...,n; are integers such that if k > 1 then n,,...,n;_; are
nonzero, while n, and n; may also have value 0. Obviously, the elements w € C can
be obtained in the form (10.1) with k = 0 (and consequently, w = b™). One refers
to (10.1) as the reduced form of the element w € G. The product w; - w, of two words
w; and w, can be brought to a reduced form after a finite number of cancelations, i. e.,
either w; - w, is already in reduced form, or there exist factorizations w; = w; - u and
W, = U - W, such that w, - w, = W, - W, is in reduced form.
Set

Y={weGkeN,andn, =0in(10.1)} and X=G\Y.

Note that Y = Xa, so that X = Ya, too. Thus, both X and Y are right big, since G =
X uUXa = YuYa. Let us see now that neither X nor Y is left big. Since Y = Xa, it suffices
to see that X is not left big.

Let us first note that the inverse of an element w as in (10.1) is given by

wlz=p™.q.b"™ .q-b™2.q...a-b™.a-b"™,

Assume that G = U§:1 g;X for some gy,...,8; € G. There exist n #+ m in N, such that
b"a € g X and b™a € g;X for somei € {1,...,1}. Then, for some x € X, onehas b"a = g;x,
and so g; = b"ax . Now x = b ab™ab™a- - - ab™'ab" with either x = 1 or n; # 0. In
both cases the leading term of the reduced form of the word g; is b"a. An analogous
argument shows that the leading term of the reduced form of the word g; is b™a, a
contradiction.

On the other hand, a subset B of a group G is left big if and only if B! is right big;
S0, in case B is symmetric, B is left big precisely when B is right big.

Moreover, every nonempty subset of a finite group is big, while every big subset
of an infinite group is necessarily infinite.

https://doi.org/10.1515/9783110654936-010
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Example 10.1.3. An infinite subset B of Z is big if and only if:

(a) Bisunbounded from above and from below; and

(b) if B = {b,:n € Z} is a one-to-one monotone enumeration of B, then the set {b,,,; —
b,:n € Z} is bounded.

We list some basic properties of big subsets.

Lemma 10.1.4. (a) Assume that B; is a left big subset of the group G;, for j € {1,...,n}.
Then By x - -- x B, is a left big subset of G; x - -+ X G,

(b) Let G,H be groups and f: G — H a surjective homomorphism. Then:
(b,) if Bis a left big subset of H, then f (B) is a left big subset of G;
(b,) if B' is a left big subset of G, then f(B') is a left big subset of H.

Proof. (a) and (b,) follow directly from the definition.

(b,) Assume that there exists a finite subset F of H such that FB = H. Let E be a
finite subset of G such that f(E) = F. Then we see that G = Ef (B), and so f (B) is left
big in G. In fact, for x € G, there exists a € F such that f(x) € aB; for ¢ € E such that
f(c) = a, we get f(x) € aB = f(c)B, so that f(c'x) € B, and hence ¢"'x € f'(B), that s,
x € Ef1(B). O

If the group homomorphism f: G — H in Lemma 10.1.4(b) is not surjective, then
the property may fail (e. g., taking the inclusion f:G = 2Z — Z = H,then B = 1 + 2Z
is big in H, yet f '(B) is empty). The next proposition gives an easy remedy.

Proposition 10.1.5. Let G be a group and B a left big subset of G. Then:
(@) for every subgroup H of G, B"'Bn H is a big subset of H;
(b) forevery a € G, there exists n € N, such that a" € B71B.

Proof. (a) Let F be a finite subset of G such that FB = G. For f € F,if fBNH # 0, choose
ar € fBNHandletE = {as:f € F,fBn H # 0}. For every h € H, there exists f € F such
that h € fB; since a; € fB, a;lh € B'B.So, H ¢ E(B"'Bn H), thatis, B"'Bn H is left big
in H. Since B"'B n H is symmetric, it is also right big.

(b) Take H = {a). If H is finite, there is nothing to prove as a" = e ¢ B7!B, where
n € N, is the order of a. Otherwise, H = Z and, since B 'BnH is bigin H by (a), there
exists n € N, such that a" € B™'B, by Example 10.1.3(a). O

Combining Proposition 10.1.5(a) with Lemma 10.1.4(b,), we get

Corollary 10.1.6. Let G, H be groups and f: G — H a group homomorphism. If B is a left
big subset of H, then f (B™'B) is a left big subset of G.

Now we introduce a concept in the opposite direction of being big.
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Definition 10.1.7. Call a nonempty subset S of an infinite group G left (respectively,
right) small if there exist elements {g,;: n € N} of G such that g,Sng,,S = @ (respectively,
Sg, N Sg,, = ¥) whenever m # nin N.

Clearly, a nonempty subset S of an infinite group G is left small if and only if S~
is right small.

Lemma 10.1.8. Let G be an infinite group and S a subset of G.
(a) IfSis finite, then S is left and right small.

(b) IfSis left big, then S is not right small.

(c) IfSis left small, then S is not right big.

(d) IfSis symmetric and small, then S is not big.

(e) IfSS7'is not big, then S is left small.

Proof. (a) obviously follows from (e).

(b) Let F be a finite set in G such that G = FS. To show that S is not left small, pick
an arbitrary faithfully indexed sequence {g,,},ci in G. Then there exist f € F and two
distinctn,m € Nsuchthatg, € fS > g,,, sothatg, = fs; and g,,, = fs, forsomes;,s; € S.
Hence, g,;,lgn = s;ls1 and consequently, g,,sl_1 = gmsgl. Therefore, gnS‘1 n ng_1 # 0.
Hence, S is not left small, i. e., S is not right small.

(c) follows from (b), while (d) follows from (c).

(e) Build the required infinite subset {g,: n € N} of G by induction, using the fact
that FSS™! # G for every finite subset F of G, by hypothesis. Put g, = e; and assume
that F = {gy,...,g,} is already found. Then there exists g,,,; € G\ FSS™', and it is
straightforward to prove that g,,,;S N g;S = 0 for everyi € {0,...,n}. O

10.2 Precompact groups

10.2.1 Totally bounded and precompact groups

Using big subsets, we give the following fundamental definition.

Definition 10.2.1. A topological group G is totally bounded if every nonempty open set
U of G is left big, and G is precompact if it is Hausdorff and totally bounded.

Clearly, compact groups are precompact.

Remark 10.2.2. The notions of total boundedness and precompactness defined by us-
ing left big subsets are only apparently asymmetric. Indeed, a topological group G is
totally bounded if and only if every nonempty open set U of G is right big (see Exer-
cise 10.4.1).

Lemma10.2.3. If f:G — H is a continuous surjective homomorphism of topological
groups, then H is totally bounded whenever G is totally bounded. If G carries the initial
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topology of f and H is totally bounded, then also G is totally bounded. In particular, G is
totally bounded if and only if hG is precompact.

Proof. To prove the first assertion, it suffices to recall that the homomorphic image of
a left big subset under a surjective homomorphism is left big, by Lemma 10.1.4(b,).
The second assertion follows from the fact that the open sets of G are preimages of the
open sets of H. So, Lemma 10.1.4(b;) applies.

The last assertion follows from the first and second since hG = G/core(G) carries
the initial topology with respect to the canonical projection G — G/core(G). O

The simple connection between total boundedness and precompactness from
Lemma 10.2.3 is frequently used in the sequel. Most often we deal with precompact
groups, leaving the obvious counterpart for totally bounded groups to the reader, or
vice versa.

Proposition 10.2.4. If {G;:i € I} is a family of topological groups, then G = [];¢; G; is
totally bounded if and only if each G; is totally bounded.

Proof. If G is totally bounded, then each G; is totally bounded by Lemma 10.2.3.
Assume that each G; is totally bounded and let U be a nonempty open set of G.
Then there exist a finite subset J of I and a nonempty open set V of G; = [[;; G; such
that p}l(V) ¢ U, where p;: G — Gy is the canonical projection. Since py is surjective
and V is left big in G; by Lemma 10.1.4(a), it follows from Lemma 10.1.4(b,) that U is
left big as well. O

Now we see that total boundedness is preserved under taking subgroups.

Proposition 10.2.5. All subgroups of totally bounded groups are totally bounded. In
particular, all subgroups of compact groups are precompact.

Proof. Let H be a subgroup of G. If U € Vg(e;), there exists W € V;(eg) such that
U=WnH.Pick V € V;(ez) such that V=V c W. Since V is left big in G, (V'W)nH
is left big in H, by Proposition 10.1.5(a). Since (V'W)nH c WnH = U, we conclude
that U is left big in H. O

One can show that the precompact groups are precisely the subgroups of the com-
pact groups. This requires two steps as the next theorem shows.

Theorem 10.2.6. (a) A Hausdorff group G having a dense precompact subgroup H is
necessarily precompact.
(b) The compact groups are precisely the complete precompact groups.

Proof. (a) For every U € Vg(es), choose an open V € V;(eg) with VV < U. By the
precompactness of H, there exists a finite subset F of H such that H = F(V n H). Then
G=HV =F(VnH)V cFVV c FU.

(b) Compact groups are complete by Proposition 8.2.6 and precompact.
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To prove the other implication, take a complete precompact group G. To prove
that G is compact, it suffices to verify that every ultrafilter / on G converges (see
Lemma B.5.7(b)). First, we show that ¢/ is a Cauchy filter. Indeed, if U € V;(e;), then
U is a big subset of G and so there exist g,...,8, € G such that G = | J, g;U. Since
is an ultrafilter, g;U € U for some i € {1,...,n}. Analogously, one can prove that there
exists g € G such that Ug € Y. By Lemma 7.2.2(a), U is a Cauchy filter. According to
Proposition 7.2.3, we conclude that ¢/ converges. O

We have described the precompact groups internally (as the Hausdorff groups
having big nonempty open sets), or externally (as the subgroups of the compact
groups). Now we describe total boundedness in terms of small subsets.

Lemma 10.2.7. For a topological group G, the following are equivalent:
(a) Gis not totally bounded;

(b) G has a left small nonempty open set;

(c) G has aright small nonempty open set.

Proof. (b)e(c) since a subset S of G is left small if and only if S~ is right small, while
(b)=(a) is a consequence of Lemma 10.1.8(c).

(@)=(b) If U € V;(eg) is not left big, choose V € V;(es) such that VV~! c U.Then
V is left small by Lemma 10.1.8(e). O

The following result shows that totally bounded groups satisfy a much stronger
version of the axiom (gt3).

Lemma 10.2.8. If G is a totally bounded group, then for every U € V(e;), there exists
V e V(eg) such thatg Vg c Uforallg € G.

Proof. Let W € V(es;) be symmetric and such that WWW < U. By hypothesis, G = FW
for some finite subset F of G. For every a € F, pick V, € V(e;) such that a'V,a ¢ W,
and let V = (,cp V. Then g g c Uforevery g € G:if g € aW for some a € F, then
g = aw for some w € W, and so

g Vg =wlaVaw ¢ w_la_IVaaw cwlww c U. O

The next theorem reveals a remarkable dichotomy concerning monothetic locally
compact groups.

Theorem 10.2.9 (Weil lemma). Let G be a locally compact monothetic group. Then G is
either compact or discrete (in the latter case, G is cyclic).

Proof. By Corollary 3.1.23, the group G is abelian, so we denote it additively.

Let x € G be such that @ = G. If G is finite, then G is both compact and discrete.
We can suppose without loss of generality that (x) = Z is infinite, and so also that Z
is a subgroup of G (thus, G = Z).
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If the induced topology 7 on Z is discrete, then Z is closed by Proposition 3.1.17,
and so G = Z is discrete. Suppose now that 7 is not discrete. Our aim is to show that
T is precompact. Then, as G is locally compact and so complete by Proposition 8.2.6,
the density of Z in G yields that G = Z = Z is compact, by Theorem 10.2.6.

To verify that 7 is totally bounded, we need the following property of (Z, 7):

(P) every open set of Z has no maximal element, and so in particular every nonempty
open set of Z contains positive elements.

Indeed, let U be an open set of Z. Since the assertion is true for U = ¢, assume that
U # ¢and 0 € U.If U has amaximal element, then -U is an open set of Z that contains
0 and it has a minimal element, so UN-U is a finite open neighborhood of 0 in Z; thus,
T is discrete against the assumption.

Pick a compact neighborhood U of 0 in G and a symmetric open neighborhood V
of 0 in G with V + V ¢ U. Since U is compact and V is open, there exist g;,...,8, € G
suchthat U c U, (g;+V). By (P), there exist positive n,, ..., n,, € Zsuchthatn; € g;+V
for everyi € {1,...,m}; equivalently, g; € n; - V = n; + V. Thus,

m m m
Ucl g+ e Jm+V+v)c|Jm; + ),
i=1 i=1 i=1

and this implies
m
unzc|Jn+Unz). (10.2)
i=1

We show that U n Z is a big subset of Z; more precisely, (U N Z) + F = Z, where
F={1,...,N}and N = max{n,,...,np,}. Let t € Z; since U N Z has no maximal element
by (P), there exists s € U n Z such that s > t. Define

S;=min{s e UNZ:s > t}.

By (10.2), s; = n; + u; for some i € {1,...,m} and u; € U n Z. Since n; > 0O for every
i € {1,...,m}, we conclude that u; < s;, and so u; < t by the choice of s;. Hence,
u <t<s.Thent-u, <s;—u =n; € F.Thus, t = u; + (t —uy) e (UNZ) +F and
consequently, (U N Z) + F = Z. Therefore, the topology 7 is totally bounded. O

Corollary 10.2.10. Let G be a locally compact group and x € G. Then (x) is either com-
pact or discrete.

Corollary 10.2.11. Let G be a locally compact group such that Mg, is dense in G. Then G
is compact, connected and w(G) < «.

Proof. The compactness of G and w(G) < ¢ follow, respectively, from Theorem 10.2.9
and Exercise 5.4.4 (the weaker hypothesis M; # 0 is sufficient). Now assume that G
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is not connected. Then G has a nontrivial proper open subgroup U, by Theorem 8.5.2
(note that G cannot be discrete by the density of the proper subset M;; of G). By the
density of M, the open set U \ {0} meets M;. Pick 0 # x € U n M;. Then (x) ¢ U
cannot be dense in G, a contradiction. O

Remark 10.2.12. Let a be an infinite cardinal. A topological group G is a-totally
bounded (shortly, a-bounded) if for every nonempty open set U of G there exists a
subset F of G of size < a such that FU = G. Clearly, the w-totally bounded groups
are precisely the totally bounded groups. As in the case of totally bounded groups,
the counterpart of this notion using the equality UF = G does not lead to a different
notion.

The w,;-bounded groups are also known under the name w-narrow groups; they
were introduced by Guran [162] under the name N,-bounded groups. It is known that
every w-narrow group is topologically isomorphic to a subgroup of a product of second
countable groups (see [162]).

10.2.2 A second (internal) approach to the Bohr compactification

Proposition 10.2.13. For every topological group (G, T), there exists the finest totally
bounded group topology T+ on G coarser than 1.

Proof. Let {1;:1 € I} be the family of all totally bounded group topologies on G coarser
than 7, and let 7° = sup{r;:i € I}. Then (G,7") is topologically isomorphic to the di-
agonal subgroup A; = {x = (x;);; € G:x; = x; forevery i,j € I} of [[;;(G, T;) (see
Exercise 3.5.10), which is totally bounded, by Propositions 10.2.4 and 10.2.5. Hence, *
is still totally bounded, and it is the finest totally bounded group topology on G coarser
than 7. O

For a discrete group (G, 8;), we denote §; by P;. In case G is abelian, P; is a
precompact functorial topology, by Proposition 10.2.14.

Proposition 10.2.13 produces, for every topological group G, a “universal” precom-
pact continuous surjective homomorphic image ¢: G — G*:

Proposition 10.2.14. For every topological group (G, 1), the quotient group
G'=Gflegt =b(G.1")

equipped with the quotient topology of T* is precompact, and every continuous homo-
morphism f: (G, 1) — P, where P is a precompact group, factors through the canonical
projectionq:G — G”.

Proof. The precompactness of the quotient G* with the quotient topology of t* fol-
lows from Lemma 10.2.3. Let 1, be the initial topology of G with respect to f:G — P.
According to Proposition 10.2.5, we may assume that f is surjective. Then 7; < 7 and
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T, is totally bounded by Lemma 10.2.3, so Proposition 10.2.13 implies that 7; < 7°.
Therefore, f:(G,7") — P is continuous as well. Now we can factorize f through the
canonical projection g: G — G* according to Lemma 3.4.1. O

According to Proposition 10.2.14, the assignment G — G* induces a functor from
the category of all topological groups to the subcategory of all precompact groups.
Now we see that G* = bG. To this end, letj;: G — G* be the composition of the canon-
ical homomorphism ¢: G — G* and the inclusion of G* — G*.

Theorem 10.2.15. For every topological group G, there exists a topological isomorphism
i:bG — G* such thatio b; = j;.

Proof. In view of Theorem 8.6.1, it suffices to prove that j;: G — G* has the universal
property of b;: G — bG.

Let f:G — K be a continuous homomorphism, where K is a compact group. By
Proposition 10.2.14, f factorizes through q:G — G”, i.e., there exists a continuous
homomorphism h: G* — K such thatf = ho g:

/
Jo

GZ—"—=G" |n

\ jf’

K

+

By Proposition 8.2.6, the group K is complete, being compact. In view of Corol-
lary 7.1.20, we can extend h to a continuous homomorphism f’: G* — K with f'o jc=f-
The uniqueness of f' follows from the fact that j;(G) is dense in G O

The above theorem implies that for (G, 7) one has n(G) = core(G,t") = @T , SO
(G, 1) is MAP (respectively, minimally almost periodic) precisely when 7+ is Hausdorff
(respectively, 7" is indiscrete). In particular, precompact groups are MAP.

10.2.3 Precompactness of the topologies induced by characters

For a subset E of an abelian group G, wesetE,) = E-E,Ey, =E-E+E-E, Eg =
E-E+E-E+E-E,andsoon.

Now we adopt a different approach to describe the precompact abelian groups,
based on the use of characters. Our first aim is to see that the group topologies induced
by characters are always totally bounded.

Proposition 10.2.16. If G is an abelian group, § > 0, and xy,...,Xs € G* withs € IN,,
then U(xy, ..., Xs; 0) is a big subset of G. Moreover, for every a € G, there exists n € N,
such that na € U(xy, .- -,Xs 0)-
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Proof. Leth:G — $°, x = (x;(), ..., xs(x)), and let

B- {(21,...,23) € $%: |Arg(z)| < g fori e {1,...,5}}

S

_ {z € $:|Arg(2)] < g} .

Then B is big in $°, as {z € S:|Arg(z)| < g} is bigin §$ and

B'BcC:= {(z,...,25) € $°:|Arg(z;)| <6 forie{l,...,s}}.

Therefore, U(x;, .. .,xs; 6) = h™1(C) is big in G, by Corollary 10.1.6.

The second statement follows from Proposition 10.1.5(b), since

6 6
U<X1»~-->Xs;§) —U()(l,...,)(s;§> cUWXyp---5Xs30)- O

Corollary 10.2.17. Let G be an abelian group and H a subgroup of G*. Then Ty is to-
tally bounded. Moreover, Ty is precompact if and only if H separates the points of G. In
particular, B is precompact.

It requires a considerable effort to prove that, conversely, every totally bounded

group topology on an abelian group G has the form 7 for some subgroup H of G (see
Theorem 11.4.2).

Remark 10.2.18. (a) At this stage, since every abelian group G admits the finest to-

(b)

(c)

tally bounded group topology P;; by Proposition 10.2.14, Corollary 10.2.17 gives so
far only the inequality P; > B, which implies that also P is precompact.

It follows easily from Corollary 10.2.17 and Proposition 10.2.16 that for an abelian
group G and every neighborhood E of 0 in the Bohr topology 98 (namely, a subset
E of G containing a subset of the form U(x, ..., x,; €) with characters y;: G — § for
ie{l,...,n}and ¢ > 0) there exists a big subset B of G such that B, < E: just take
B=Uy,.-->Xn: €/8)-

Surprisingly, the converse is also true. Namely, we shall obtain as a corollary of
the Fglner lemma that every subset E of G satisfying B(g, < E for some big subset
B of G must be a neighborhood of 0 in 9B (see Corollary 11.2.6). This means that
Pg = B (see Corollary 11.2.7).

According to a classical result of E. Fglner, a topological abelian group G is MAP
if and only if for every a € G \ {0} there exists a big subset B of G such that a does
not belong to the closure of B,. A weaker form of this theorem is proved in Fglner
theorem 11.3.5 (with the bigger set By, in place of B(,).

10.3 Unitary representations of locally compact groups

The nice structure theory of locally compact groups (see §11.6 for the abelian case)
is due to the Haar integral and the Haar measure of locally compact groups. Every
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locally compact group G admits a right Haar integral (see §12.2). The Haar integral gives
the possibility to obtain unitary representations of locally compact groups (one can
see in §12.1.2 how these unitary representations arise in the case of compact abelian
groups).

For a complex Hilbert space #, denote by U(#H) the group of its unitary operators
(briefly, unitary group of #) equipped with the strong operator topology (this is, the
coarsest topology on U(#) such that, for each fixed x € H, the evaluation map U(H) —
H, T — T(x), is continuous with respect to the norm topology of #).

Definition 10.3.1. A unitary representation of a locally compact group G is a contin-
uous homomorphism V:G — U(H), where # is a complex Hilbert space. A unitary
representation V: G — U(H) of G is said to be irreducible if the only V-invariant closed
subspaces of H are {0} and H.

Associated with any unitary representation V of G one has a cardinal number
d(V), called the degree of V, which is by definition the cardinality of an orthonormal
base (briefly, the dimension) of the complex Hilbert space H. If d(V) is finite, then the
unitary group U(#H) = U(d(V)) is compact (see Example 8.1.4).

Theorem 10.3.2 (Gel'fand-Raikov theorem). For every locally compact group G and
a € G\ {eg}, there exists an irreducible unitary representation V:G — U(H) of G by
unitary operators of some Hilbert space H such that V(a) # ey -

The proof of this theorem can be found in [174, 22.12].

If G is compact, all irreducible unitary representations of G have finite degree;
this case is further discussed in Theorem 10.3.3. In particular, a topological group G is
MAP if and only if the finite-degree irreducible unitary representations of G separate
the points (see Corollary 10.3.6).

The smaller class of locally compact groups G with the property d(V) < oo for
every irreducible unitary representation V of G was introduced and characterized by
Moore [213] (later these locally compact groups were named Moore groups in [246,
248]). In the same paper, Moore characterized also the locally compact groups G such
that all degrees d(V), when V varies among all irreducible unitary representations of
G, are bounded by some natural number.

The compact case of the Gel fand-Raikov theorem is known as Peter—Weyl-van
Kampen theorem, which shows that the compact groups are Moore groups:

Theorem 10.3.3 (Peter—-Weyl-van Kampen theorem). Let G be a compact group. For ev-
ery a € G\ {e;}, there exist n € N, and a continuous homomorphism f: G — U(n) such
that f(a) # eg.

The proof of the Peter—-Weyl-van Kampen theorem can be found in [174, 22.13]. We
give now several relevant consequences.
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Corollary 10.3.4. If G is a compact group, then G is isomorphic to a (closed) subgroup
of some power U of the group U.

Proof. In view of Theorem 10.3.3, there exist a nonempty set I and a family {f;:G —
U:i € I} of continuous homomorphisms that separate the points of G. Then the diag-
onal map determined by {f;: G — U:i € I} is a continuous injective homomorphism
G > U, x — (fi(x))jc1- By the compactness of G and the open mapping theorem
(Theorem 8.4.1), this is the required embedding. O

Now we provide an alternative way to describe the Bohr compactification b;: G —
bG of a topological group G. By Theorem 10.2.15, b;: G — bG has the property:

(Bc) every continuous homomorphism f: G — U(n) with n € N factorizes through b,
by means of a unique continuous homomorphism f': bG — U(n) with f' o b = f:

U(n)

Our aim now is to show (without any recourse to Theorem 10.2.15) that a continu-
ous homomorphism h: G — K, with K = h(G) compact and satisfying (Bc), exists and
coincides, up to isomorphism, with b;: G — bG.

Proposition 10.3.5. The Bohr compactification of a topological group G can be equiva-
lently defined by the property (Bc).

Proof. First, we verify that if a continuous homomorphism h: G — K, where K is a com-
pact group, has the property (Bc) (i. e., every continuous homomorphism f: G — U(n)
for some n € N factorizes through h by means of a unique continuous homomorphism
f':K — U(n)withf'ch = f), then h: G — K has also the (stronger) universal property of
the Bohr compactification bG, so must coincide, up to isomorphism, with b;: G — bG,
by Theorem 8.6.1.

Pick a continuous homomorphism f: G — C with C compact. By Corollary 10.3.4,
we can assume that C is a subgroup of a product P = [];;; U(n;). Leti € I and let
p;i: P — U(n;) be the canonical projection. Then our hypothesis applied to p; o f: G —
U(n;) provides a continuous homomorphism f/:K — U(n;) with f/ o h = p; o f. The
diagonal homomorphism f’: K — P of the family {f/:i € I} satisfies f' o h = f (compose
with p; and use the fact that f/ < h = p; - f).

The proof of the existence of a continuous homomorphism h: G — K, with a com-
pact group K, satisfying (Bc) is similar to the proof of Theorem C.2.10, so we only give
a brief sketch. There exists a set of continuous homomorphisms h;: G — U(n;) with
i € I so that every continuous homomorphism f: G — U(n) is isomorphic to some h;.
Take the diagonal homomorphism d: G — [];; U(n), let K = d(G), and let h: G — K
be the corestriction of d to K. This h does the job. O
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Corollary 10.3.6. A topological group G is MAP if and only if the continuous homo-
morphisms G — U(n) (with n varying in IN) separate the points of G, while G is mini-
mally almost periodic if and only if for every n € N the only continuous homomorphism
G — U(n) is the trivial one.

In the case of an abelian group G, the irreducible unitary representations have
degree 1, so they simply are the continuous characters G — T. Hence:

Corollary 10.3.7 ([174, 22.17]). A topological abelian group G is MAP if and only if the
continuous characters G — T separate the points of G, while G is minimally almost
periodic if and only if G is trivial.

Using Peter-Weyl-van Kampen theorem 10.3.3, in the abelian case one can prove
that every locally compact abelian group is MAP. The proof of this fact (see Theo-
rem 11.6.3) requires several ingredients that we develop in Chapter 11.

Examples of minimally almost periodic groups are less easy to come by. The first
known ones came from functional analysis, namely, the topological real vector spaces
V having no nontrivial continuous linear functionals V — R, e.g., L, with0 < p < 1.
This is the space of equivalence classes of measurable functions [0,1] — R with
j; If(x)Pdx < oo, endowed with the topology induced by the metric dp:LIIJ xL, —

[0, 00), ([f],[g]) — jol If (x) — g(x)|Pdx. Day [64] showed that the null-function is the
only continuous linear form of L, and hence the trivial character is the only continu-
ous character of L,.

Minimally almost periodic group topologies on Z were built by Nienhuys [221].
Prodanov [230], unaware of the already existing examples, produced an elemen-
tary example of a minimally almost periodic abelian group (his idea was further
developed in [55, 108, 257, 258]). Further examples were produced in [3, 240]. Re-
mus [244] noticed that the connected group topologies on the bounded abelian
groups produced by Markov [210] are necessarily minimally almost periodic (see
Exercise 10.4.14). Comfort [54] raised the problem of the description of all abelian
groups admitting a minimally almost periodic group topology. Gabriyelyan gave a
solution in the countable case in [148, 149], the solution in the general case can be
found in [106].

It is easier to encounter minimally almost periodic groups in the nonabelian case,
e.g., S(N) or SL,(R).

10.4 Exercises

Exercise 10.4.1. Prove thata topological group G is totally bounded if and only if every
nonempty open set U of G is right big.

Hint. We can assume without loss of generality that e; € U. Take any open V € V(eg) such that
V™! ¢ U. Since V must be left big in case G is totally bounded, V~!isright big, so U is right big as well.
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Exercise 10.4.2. Prove that for no infinite set X the group S(X) admits a precompact
group topology.
Hint. According to Theorem 4.2.2, if S(X) admits a precompact group topology, then also Ty is pre-

compact. Since the subgroups S, of S(X) are open in Ty, this would imply that S, has finite index, a
contradiction.

Exercise 10.4.3. Prove that, for an infinite group G and a subgroup H of G, the follow-
ing conditions are equivalent:

(@) H has infinite index;

(b) H is not left big;

(c) H is not right big;

(d) H is left small;

(e) H isright small.

Exercise 10.4.4." Show that no infinite abelian group G is a finite union of small sub-
sets.

Hint. Since G is abelian, it admits a finitely additive invariant (Banach) measure y defined on the power-
set of G and u(G) = 1. Clearly, every small subset of G has measure 0, while u(G) = 1. So, G cannot be

a union of finitely many sets of measure 0.
For an elementary proof, due to U. Zannier, see [283] or [99, Exercise 1.6.20].

Exercise 10.4.5 ([100])." Prove that every infinite abelian group has a small set of gen-
erators.

Exercise 10.4.6.” Describe the abelian groups G such that v is precompact; the same
with V0.

Exercise 10.4.7." Let a be an infinite cardinal.

(@) Show that the class B, of a-totally bounded groups is stable under taking sub-
groups, continuous homomorphic images and products.

(b) Deduce from (a) that every group G admits the finest a-totally bounded group
topology which is finer than the pro-a topology on G (having as basic open neigh-
borhoods of e all subgroups of G of index < a).

Exercise 10.4.8. Describe the abelian groups G such that v is w;-totally bounded; the
same with V..

Exercise 10.4.9. Show that every separable group is w;-totally bounded.

Exercise 10.4.10. Show that for a metrizable group G the following conditions are
equivalent:

(a) Gissecond countable;

(b) G is Lindeloff;

(c) Gisseparable;

(d) G is w,;-totally bounded.
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Hint. The implications (a)=(b)=(c) are well known and are actually equivalences. The implication
(c)=(d) is Exercise 10.4.9. To prove the missing implication (d)=(c), fix a countable local base {Uy,: n €
IN} at e;. For every n € N, there exists a countable set F,, such that F,,U,, = G. Then the countable set
F = Upen Fy satisfies FU, = G for every n € N. This means that F is dense in G, so G is separable.

Exercise 10.4.11. If G is a countably infinite Hausdorff abelian group, show that for
every compact subset K of G the set K, is big fornon € IN,.

Hint. By Lemma 8.2.1, every set K|,y is compact. So, if K(,,, were big for some n € N,, then G itself
would be compact. Now Lemma 8.1.5(a) applies.

Exercise 10.4.12. Prove that:

(@) if S = {a,}pen is @ one-to-one T-sequence of an abelian group G, then for every
n € N the set S, is small in G;

(b)* the sequence {p,} e Of all prime numbers in Z is not a T-sequence.

Hint. () Consider the (countable) subgroup generated by S. If a, — 0 in some Hausdorff group topol-
ogy T on G, then S U {0} is compact in 7, so Exercise 10.4.11 applies.

(b) Use (a) and the fact that there exists a constant m € IN, such that every integer number is the
sum of at most m primes. More precisely, according to the positive solution of the ternary Goldbach
conjecture, there exists a constant C € IN, such that every odd integer > C is the sum of three primes
(see [286] for further details on the Goldbach conjecture).

Exercise 10.4.13. Prove that, for a direct product (G, 1) = (G;, 7;) x (G,, T,) of topolog-
ical groups, one has n(G) = n(G;) x n(G,) and G* = G{ x G;. Hence, bG = bG, x bG,.

Hint. The group (G, x G,,7] x 73) is totally bounded and for every totally bounded group topology
o < TonG,onehaso l6,<Tl6=Ti»s00 [g,< 7/ fori = 1,2. By the properties of the product topology
on finite products, o < 77 x 73. This proves that 7] x 73 = 77, and consequently, n(G) = n(G;) x n(G,).
Therefore, G* = G/n(G) = G,/n(G;) x G,/n(G,) and this is a topological isomorphism whenever G* and
G{ = G;/n(Gy), for i = 1,2, carry the quotient topology. Therefore, G* = G{ x GJ and bG = bG; x bG,.

Exercise 10.4.14. Show that every infinite bounded connected abelian group is mini-
mally almost periodic. Deduce that for a connected abelian group G and everym € N,
the quotient G/mG is MinAP.

Hint. Prove that for such a group G every continuous character G — T is trivial and apply Corol-
lary 10.3.7. The second assertion immediately follows from the first one.

10.5 Further readings, notes, and comments

The fact that every infinite abelian group has a small set of generators (see Exer-
cise 10.4.5) was extended to arbitrary infinite groups in [100]. One can find in the
literature also different (weaker) forms of smallness in [10, 29].

Next, we discuss a remarkable connection, established by Prodanov and Stoy-
anov, between two compactness-like properties that partially inverts the implication
“compact = minimal” due to the open mapping theorem (see Corollary 8.4.2):

Theorem 10.5.1 ([239]). Minimal abelian groups are precompact.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

10.5 Further readings, notes, and comments =—— 157

A simplified proof of this theorem can be found in [99, Theorem 2.7.7]. Combining
it with Exercise 8.7.6, one can deduce that minimal abelian groups are precisely the
dense essential subgroups of compact abelian groups. A significant generalization of
Theorem 10.5.1 was recently obtained by Banakh [15].

Theorem 10.5.1 was conjectured by Prodanov in 1971 and partial results for some
classes of minimal abelian groups were obtained in the consequent twelve years; we
list here some of them. He showed in [232] that countable minimal abelian groups
are precompact. Stoyanov [267] pushed further this result to abelian groups G satis-
fying |G/(div(G) + t(G))| < c. The totally minimal abelian groups were proved to be
precompact in [233]. Motivated by this result, Dierolf and Schwanengel [69] found the
first example of a nonprecompact totally minimal group: the symmetric group S(X) of
any infinite set X (see §4.2), which is also complete, by Proposition 7.1.29. (Actually,
S(X) admits no precompact topologies whatsoever - see Exercise 10.4.2.) Answering
[77, Question 3.5(a)], it was shown by Megrelishvili and the second named author in
[92, Corollary 5.5] that precompactness of minimal topologies fails even in nilpotent
groups of class 2.

An original method to approach Theorem 10.5.1 for some abelian groups was pro-
posed by Prodanov [234]. He observed that for every abelian group G the submaximal
topology M;; is finer than any minimal topology on G. Hence, if M; = B, then ev-
ery minimal topology on this group G is precompact. (Divisible abelian groups and
finite-rank torsion-free abelian groups have this property, as M; = B, occurs pre-
cisely when S; < B, i.e., [G : (nG + Soc(G))] < oo for every n € N, — see Exer-
cise 2.4.15.) This technique enabled him to prove that a relevant subgroup of every
minimal abelian group must be precompact.

As far as complementation in the lattice of group topologies is concerned (see
§2.5), a precompact group topology T on a group G admits no transversal topologies,
since obviously T < B; < Mg, so the criterion from §2.5 applies.

It was proved by Freudenthal and Weil that a connected MAP locally compact
group has the form R” x G, where G is compact (and necessarily connected).

The terms Bohr topology and Bohr compactification have been chosen as a reward
to Harald Bohr for his work [18] on almost periodic functions closely related to the
Bohr compactification (see Theorems 12.1.9 and 12.1.12). Otherwise, the Bohr compact-
ification is due to Weil [288]. More general results were obtained later by Holm [178]
and Prodanov [238] concerning the Bohr compactification of rings and other universal
algebras.

The standard exposition of the Pontryagin-van Kampen duality exploits the Haar
measure for the proof of the Peter-Weyl-van Kampen theorem. Our aim here is to ob-
tain a proof of the Peter-Weyl-van Kampen theorem in the abelian case without any
recourse to the Haar integration and tools of functional analysis. This elementary ap-
proach, based on the Fglner theorem mentioned above and ideas of Prodanov, can be
found in [99, Chapter 1]. It makes no recourse to the Haar measure at all; on the con-
trary, after giving a self-contained elementary proof of the Peter-Weyl-van Kampen
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theorem in the abelian case, one obtains as an easy consequence the existence of the
Haar measure on locally compact abelian groups (see Theorem 12.2.5 for the compact
case and Theorem 12.2.9 for the locally compact one).

Now we reveal the subtle (virtual) connection between the Zariski topology, the
von Neumann radical and minimal almost periodicity. Why are we using “virtual” be-
comes clear immediately from the first connection. Namely, it is proved in [106] that
an abelian group admits a minimally almost periodic group topology if and only if it is
connected in its Zariski topology. (For example G = Z(2) x Z(3)N does not admit min-
imally almost periodic group topologies, since G[3] = 2G is a proper open subgroup
of (G, 3¢), 50 (G, 3¢) is not connected.) In particular, every unbounded abelian group
admits a minimally almost periodic group topology (see [104, Theorem 4.6(ii)]). This
answers positively a question set by Comfort [54].

The second connection involves the “realization as the von Neumann kernel” in
the following sense. Following [106], we shall say that a subgroup H of an abelian
group G can be realized as the von Neumann kernel of G when there exists a Hausdorff
group topology 7 on G such that n(G, t) = H. Clearly, the whole group G can be realized
as the von Neumann kernel of G precisely when G admits a minimally almost periodic
group topology. Hence, the problem of realization as the von Neumann kernel in the
above sense is more general than the previous one. It is proved in [106] that a subgroup
H of an abelian group G can be realized as the von Neumann kernel of G if and only
if H is contained in the connected component of zero of G with respect to the Zariski
topology of G.

In the above example G = Z(2) x Z(3)Y, the connected component C of 0 in (G, 3¢)
coincides with the subgroup G[3] = 2G = {0} x Z(3)N of G. Indeed, 2G is an open
subgroup of G, so it contains C. On the other hand, (2G, 3,5) is connected since 3,; =
Ya6» by Exercise 4.5.6(b). By Exercise 4.5.12, 3,; coincides with 3; 1,5, hence 2G is
connected in (G, 3;) as well. This proves that C = 2G. Therefore, the above mentioned
general result implies that the subgroup H = Z(2) x {0} of G cannot be realized as the
von Neumann Kkernel of G. More precisely, the subgroups of G that can be realized as
the von Neumann kernel of G are precisely the subgroups of 2G.
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The first half of this chapter is entirely dedicated to the Fglner theorem. In the second
half we prove the Peter-Weyl theorem in the abelian case by applying the Fglner the-
orem. Moreover, we use the Prodanov lemma to describe the precompact topologies
on abelian groups.

Recall that, for an abelian group G, we denote by G* = Hom(G, S) the group of
all characters of G. In case G is endowed with a group topology, we denote by G the
subgroup of G* consisting of all continuous characters of G.

11.1 Fourier theory for finite abelian groups

In the sequel G is a finite abelian group, so G* = G (see Exercise 11.7.1), hence in par-
ticular |G*| = |G|.

Here we recall some well-known properties of the scalar product! (- | -) in finite-
dimensional complex vector spaces V = C". We normalize the scalar product in such
a way to let the vector (1,1,...,1) (i.e., the constant function 1) have norm 1, i. e., for
U= (Uy,...,Uy),v=_>y...,v,) € V,welet

@|v)==Yuv,

i=1

:I>—‘

By taking a finite group G of size n, we can consider V = C% = C", so that we have also
an action of G on V. In these terms, for every f,g € C°,

fleg) = Z fog).
|G| xeG

Let us see that the elements of the subset G* = Hom(G, S) of V = CC are pairwise
orthogonal and have norm 1:

Proposition 11.1.1. Let G be a finite abelian group and @,x € G*, x,y € G. Then:
1 ifp=y,

(@ (<p|x)={ ,‘p X
0 ifp+yx;

ifx=y,

— 1
() g7 e XOXW) = {O Fxiy

1 Frequently (- | -) is called also Hermitian product. We keep the same notation that we use for the
standard scalar product of R".

https://doi.org/10.1515/9783110654936-011
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Proof. (a) If ¢ = x, then X(X)m = )((x))((x)*1 = 1. If ¢ # x, there exists z € G such that
©(2) # x(2). Therefore, the equalities

— _¢2)
XZG PLOX(X) = ) XEZGco X -z){(x-z) = ( ) XEZGfp(x)x(x)

imply that ¥, . X (x) =

(b) By Exercise 11.7.1, G* is a finite group. For every x € G, the evaluation map
G* — S, x — x(x), is a homomorphism, so belongs to G**. Now the assertion follows
from (a). O

Definition 11.1.2. Let G be a finite abelian group and f ¢ C°. For every X € G*, the
Fourier coefficient of f corresponding to y is

=(flx= Z FOOX ().

xeG

16l
Forf,g € CY, define the function f = g by letting, for every x € G,

(f *8)x) = Z gx+y)fy) = (g | P,

16l e
where g, (y) =gx+y)forally € G.

Observe that if f and g are real-valued (nonnegative) functions, so is f * g. Propo-
sition 11.1.1(a) shows that G* is an orthonormal subset of C°.

Proposition 11.1.3. Let G be a finite abelian group and f € CY with Fourier coefficients

{ :X € G*}. Then:

(a) G* is an orthonormal base of C°;

(b) fx) = Z)(eG* ¢ X (x) for every x € G;

(c) if g is another complex-valued function on G with Fourier coefficients {d,:x € G*},
then f = g has Fourier coefficients {c,d:x € G*};

@ (F * N0 = Tyeqr 16 x00) and 5 Ty IFOOP = Tyeqe Iy

Proof. (a) According to Proposition 11.1.1(a), G* is an orthonormal set of cardinality
|G| in €, hence an orthonormal base.

(b) Since G* is an orthonormal base of C° by item (a), we obtain for f € CC that
f= ZXGG*(f XX = ZXEG* CX-

(c) The Fourier coefficient of f * g corresponding toy € G* is

frgly = Z(f g)00x(x) =
161 &

Y Y g@f () xz-y)

zeGyeG

> Y g+ y)f(y) x(x0)

1GI2
|G| xeGyeG

:@
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<|G| Zf(y)x(y)> < Gl Y g(z)x(z)>

yeG zeG

(d) The first equality follows from item (c) with g = f.
For x = 0, it becomes (f = f)(0) = er(;* |CX|2, while the definition gives (f = f)(0) =
\_}EI ZyeG If(»)I?, so we obtain the second equality of item (d). O

Corollary 11.1.4. Let G be a finite abelian group, f:G — Ry a function, and E = {x €
G:f(x) > 0}. Then, forg .= f = f and x € G:

(@) g(x) >0ifandonlyifx € E,

(b) gx) = ZXGG* |CX|2X(X), where the ¢y are the Fourier coefficients of f.

Proof. (a) Forx € G, by definition g(x) > Oifand only if there existsy € E withx+y € E,
that iS, X € E - E = E(Z)'
(b) follows from Proposition 11.1.3(d). O

11.2 The Bogoliouboff and Fglner lemmas

Lemma 11.2.1 (Bogoliouboff lemma). IfF is a finite abelian group and E is a nonempty
subset of F, then there exist Xy,....X;m € F*, where m = [(ﬂ)zj, such that

|E|
U(X]) e )Xm) _) < E(4
Proof. Letf:F — {0,1} ¢ Cbe the characteristic function of E. By Proposition 11.1.3(b),
foreveryx € F,

fO =) cxt, withe, = — Z FOx). (11.1)

XEF* |F| x€eF

Denote g = f = f and h = g = g. By definition, f and g have real values, and by Corol-
lary 11.1.4(b), for every x € F,

g0 =) lgx) and h() =) le,lx(0); (11.2)

XEF* XEF*

by Corollary 11.1.4(a), g(x) > 0 if and only if x € E,), and analogously

h(x) >0 ifandonlyif x € Egy,. (11.3)
By Proposition 11.1.3(d),
|E|
Y el = = ¥ 0P = (11.4)
XEF* |F | xeF |F|
Seta = :ﬂ and order the Fourier coefficients {c, ,c,,,...,¢,} of f so that

|CX0| > |cX1| > > IchI.
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Taking into account the fact that f is the characteristic function of E, it easily follows
from (11.1) that the maximum value of |CXi| is attained for the trivial character y, = 1,
namely, ¢, = a. Foreveryj € {0,...,k}, by (11.4),

j
. 2 2 2
G+l P < Yl < Y gl =a
i=0 XeF*

and so

2

4 a
| < —=. 11.5
' < 5o a15)

Now let m = minfk - 1, [%J} We are going to show that with x;,...,x,, € F*, for
x € Gwe get

h(x) >0 foreveryx ¢ U(Xl,...,)(m; g) (11.6)

Letx e UQq--->Xms %). Clearly, Re(x;(0)) =0 forj e {1,...,m}, and thus,

m

4 4

a* + ) le %00
Jj=1

m
> Re <a4 + Z chjll*)(j(x)) > a. (11.7)
j=1

On the other hand, using also the equality

¥ 1 i < 11 ) 1
o i+ 2 \j o+l m+l k+1
(11.5) yields
k k 2 k 2
a 2 1 a
Ygl's Y ——=<a < . (11.8)
i emm U 1)? o Ji+) T m+1

Since h has nonnegative real values, (11.2), (11.7), and (11.8) give

k m k
h(x0) = |heol = |a* + ) ley 00| = |a* + Y g I = Y g I*
j=1 j=1 j=m+1
2
>at - a 2a2(a2— )>O
m+1 m+1
This proves (11.6). Therefore, by (11.3), U(X; - - - > Xims %) CEy. O

Remark 11.2.2. Let us note that the estimate in Lemma 11.2.1 for the number m of char-
acters is certainly not optimal when E is too small compared to k = |F|. For example,
when E is the singleton {0}, the upper bound given by the lemma is just |F|?, while
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one can certainly find at most m = k — 1 characters y;,...,X,, (namely, all nontrivial
characters yy,...,Xx_1 € F*) such that Uy, ..., Xums %) = {0}. (For certain groups, e. g.,
F = Z(2), one can find even a much smaller number, say m = log, |F|.) Therefore,
one can always assume (as implicitly done in the proof) that m < k - 1, since the k - 1
nontrivial characters y;,...,xx_1 of F give U(Xy, .. .> Xi-15 %) = {0} € E(,), for arbitrary
0+ECF.

Nevertheless, in the cases relevant for the proof of the Fglner theorem, namely,
when the subset E is relatively large with respect to F, this estimate seems more rea-
sonable.

The next technical lemma is needed in the following proofs.

Lemma 11.2.3. Let A be an abelian group and {A}nen, a sequence of finite subsets of
A such that, forevery a € A,

lim |(An B (1) mAnl _
n—oo |An|

1

Ifk € N, and V is a subset of A such that k translates of V cover A, then for every € > 0
there exists N > 0 such that, for everyn > N,

1
VN4, > (E—e) A, . (11.9)

Proof. Letay,...,a; € AbesuchthatA = U;‘:I(ai + V). Let £ > 0. By hypothesis, there
exists N > 0 such that, for everyn > N and everyi € {1,...,k},

|(An - ai) mAnl > (1 - €)|An|)
and consequently,
[(An — a;) \ Apl < €|Ay]. (11.10)
Since, foreveryn e N, 4,, = Uf-‘;l(ai + V)N A, there exists i, € {1,...,k} such that
1
ElA"l <l(a;, +V)NA,l =1V (4, -a )l (11.11)

Since VNn(4,-a;) € (VNA)U((A,-a; )\ Ap), (11.10) and (11.11) yield that for every
n>N,

1
%IAHI <V, -a)l < VAl + (A - a; )\ Apl < IV N Ay +€lA,. O

Lemma 11.2.4 (Bogoliouboff-Fglner lemma). Let A be a finitely generated abelian
group andletr = ry(A). Ifk € N, and V is a subset of A such that k translates of V cover
A, then there exist py, ..., ps € A*, where s = 3k, such that Uy (py, ..., ps: ) € V).
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Proof. By Theorem A.1.1, we can identify A with the group Z" x F, where F is a finite
abelian group. For every n € N,, define

A, = (-n,n]" xF.
Fix arbitrarily a = (a;,...,a,;f) € A,ne N, andi € {1,...,r}. The set
Jwi=nnln(-n-asn-anZ
satisfies |, ;| = 2n - |a;| when 2n > |q;|. In particular, for everyi € {1,...,r},
Jni#0 foreveryn>ng:=max{la;:i€{l,...,r}}.

Foralln > ny, as (A, — a) N Ay, = [[i_, Jn; ¥ F,

r
(A, - a)n Ay = IF| [ J@n - la;)).
i=1

Since |A,| = |F|(2n)" for every n € N,, we can apply Lemma 11.2.3. Thus, for every
€ > 0, there exists N, > 0 with N, > n, such that (11.9) holds for all n > N,.

Forn > N,, define G, = A/(6nZ") and E = q(V nA,) where g: A — G,, is the canon-
ical projection. Observe that g [ is injective, as (A, — A,) Nkerq = {0}. Then (11.9)
gives

El = VA, > (% —e)|An| _ (% —e)(2n>’|F|,

and so

|Gyl (6n)'|F| 3k

< = .
El = (z-e)@ny|F| 1-ke

Fix € > 0 sufficiently small to have [%J = 3”k? and pick n > N,. Now apply
Lemma 11.2.1 to find s = 3’k characters &€& € G, such that

i

Us, (‘fl,n’ N 5) CEyy.

Forje{l,...,s}, defineg;, = §,-q € A™:
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Ifa e AyNUy(@ps--->05n5 5), theng(a) € Ug (&1, .- & s 5) € E(4), and so there exist
by, by, b3, b, € VN A, and ¢ = (¢;)i_; € 6nZ’ such thata = b; - b, + b; — b, + c. Now

C=a—b1+b2—b3+b4E(An)(4)+An

implies |¢;| < 5nforeachi € {1,...,r}. So, c = 0 as 6n divides c; for eachi € {1,...,r}.
Thus, a € Vigy and we conclude that, for every n > N,,

s
Ay Ux (01505 E) < Vi (11.12)

By Lemma 8.1.3, there exist p;,...,05 € A™ and a subsequence {n;}je Of {n}ye,
such that, for everyi € {1,...,s},

0;(a) = llim Oin(a) foreverya e A. (11.13)
We prove that
m
Uy (Ql’ - Oss 5) € Vig). (11.14)

Takea € Uy(0y,..-,05 5). Since A = | JZ, A, forany t € N, and by (11.13) we can pick
l € Ntohaven; > N, such thata ¢ Ay, and |Arg(Q; n (@))] < 11/2 foreveryi e {1,...,s},
i.e., a € Uy@ipp---s0sns5) N Ay Now (11.12), applied to n;, yields a € V4, and this
proves (11.14). O

Our next aim is to eliminate the dependence of the number m of characters on the
free-rank of the group A in the Bogoliouboff-Fglner lemma. The price to pay for this
is taking V(g instead of V4.

Lemma 11.2.5 (Fglner lemma). Let A be an infinite abelian group. If k € N, and V is a
subset of A such that k translates of V cover A, then there exist x;,...,xm € A*, where
m = k%, such that Uy (X, ... Xms 3) € Vig)-

Proof. First, we consider the case when A is finitely generated, and let r = ry(4). By
Lemma 11.2.4, there exist g;,...,0, € A*, where s = 3%7K2, such that

Uy (91’-~->Qs; g) < V.

As above, by Theorem A.1.1, we can identify A with Z" x F, where F is a finite abelian
group. For t € {1,...,r}, define a monomorphism i;: Z — A by letting, for everyn € Z,

it(n) =(0,...,0,n,0,...,0;0) € A.
t

Then each k;, := g; o i, wherej € {L,..., s}, t € {1,...,r}, is a character of Z:

Kj)[ S
N
A
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By Proposition 10.2.16, the subset
L=U, (e €l oshtefl. o) <
iz ar

is big in Z and so unbounded from above and from below. Let

r
L’ =Jiw cA.
t=1

Then obviously L° < Uy (oy,. .., 0s; & )» and therefore,

0 Vi
Loy € Us (01---06 5) < Vi (11.15)

1
6k"*

Then [(&)ZJ = k?, since k% < % < & < %‘il < k* + 1. As in Lemma 11.2.4, the

sequence {An}nem satisfies the hypotheses of Lemma11.2.3,and so |VN4,| > (%—e)lAn|
for sufficiently large n € IN, . Moreover, we choose n € L. Let

For every n € N,, define A, = (-n,n]" x F and pick € > 0 such that € <

G, =A/(2nZ’) = z(2n)" x F

and E = g(V nA,), where g: A — G, is the canonical projection. Then g [, is injective
as (A, -A,)nker g = {0}, so g induces a bijection between A, and G,, on the one hand,
and between V N A,, and E, on the other hand. Thus,

1
1Gol = 14,1 = @nIFI and  |E| = [V 0 Al > (1 - €) 1A,

and so

2

() = () once | () )< () |-

To the finite group G, apply Lemma 11.2.1to get & ,,..., &, , € G,, where m = k?, such
that

UGn (gl,n’ e ’gm,n; g) S E(4)‘

Foreveryje {l,....,m},lety;, =& oq € A™.

Ifa e A, N Us(ips-- > Xmns 5)5 then q(a) € Ug (& s> & 5) € E(s)- Therefore,
there exist by, by, b3, b, € VN A, and ¢ = (¢;))]_; € 2nZ" such thata = b; - b, + b; -
b, + c. Since, for every i € {1,...,r}, 2n divides c¢; and |¢;| < 5n, we conclude that
¢; € {0,+2n, +4n}. Since n € L, c can be written as a sum of at most 4r elements of IO,
socC € L&r) ¢ V{4 by (11.15), and consequently a € V(g). We have proved that

V4
A, nUy (Xl,n, - o Xmns E) = V(S)'
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By Lemma 8.1.3, there exist x;,..., X, € A” and a subsequence {n};cn Of {N}yen, e
such that Xj(a) = lim_, )(]-,nl(a) for every j € {1,...,m} and for every a € A. Since
A = U{Ap:1 > j,m € L} for every j € IN,, we can conclude, as in the last part of the
proof of Lemma 11.2.4, that Uy (X1, .- Xms 5) € V(g)-

Consider now the general case. Let gj,...,8; € A be such that A = Uﬁ‘:l(gi + V).
Suppose that G is a finitely generated subgroup of A containing g;,...,8;. Then G =
Uﬁ‘zl(gi + (V n G)), and so k translates of V' N G cover G. By the above argument, there
exist 9;,..., P € G, where m = k?, such that

n
Us (<P1G)-~-»<Pmc§ E) c(VnG)g < V).

By Corollary A.2.5, we can extend each @;; to a character of A, so that we can assume
from now on that @;;,..., 9, € A*, and so

GNnUy ((Pm’ e PG g) =Ug (§01G>~~-)§0m6; g) < Vig)- (11.16)

Let G be the family of all finitely generated subgroups G of A containing g, ..., 8.,
which is a directed set under inclusion. For everyj € {1,...,m}, we get a net {p;c}ceg
in A*; by Lemma 8.1.3, there exist a subnet {¢;; ,Jpep and ; € A” such that

Xj(@) = }3161}31 (ijﬁ(a) for every a € A. (11.17)

From (11.16) and (11.17), we conclude, as in the finitely generated case, that
bd
UA (Xl"")Xm;E)QV(S)' O
As a corollary of the Fglner lemma, we obtain the following internal description

of the neighborhoods of 0 in the Bohr topology of an abelian group A.

Corollary 11.2.6. For a subset E of an infinite abelian group A, the following conditions
are equivalent:

(@) E contains Vg, for some big subset V of A;

(b) foreveryn € N, E contains V,, for some big subset V of A;

(c) Eis aneighborhood of O in the Bohr topology of A.

Proof. (a)=(c) follows from Fglner lemma 11.2.5, while (c)=(b) follows from Corol-
lary 10.2.17 and Proposition 10.2.16, and (b)=(a) is obvious. O
The previous and the next corollary should be compared with Remark 10.2.18(b).

Corollary 11.2.7. For an abelian group G, the Bohr topology B; = Ts+ coincides with
the finest precompact group topology Pg.

Corollary 11.2.8. For a subgroup H of an abelian group G, the Bohr topology By of
G/H coincides with the quotient topology of the Bohr topology B ;.
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Proof. Let ¢:G — G/H be the canonical projection. The quotient topology B, of the
Bohr topology 9B is a precompact group topology on G/H (as H is closed in G* by
Proposition 3.1.9). Hence, B < Peu = Bgu- On the other hand, g: G* - (G/H)*
is continuous by Lemma 2.2.12, hence By < B, by the properties of the quotient
topology. We conclude that B = B JH- O

11.3 The Prodanov lemma and independence of characters

In the sequel various linear subspaces of the C-algebra C*(G) of all bounded complex-
valued functions of an abelian group G are used (see Example 5.2.21).

Let G be a topological abelian group. We denote by X(G) the C-linear subspace of
C*(G) spanned by all continuous characters of G, and by X,(G) its C-linear subspace
spanned by the nontrivial continuous characters of G. Then

X(6) = C 10 %,(G)

(by Corollary 11.3.7) and both X(G) and X(G) are invariant under the action of G on
C*(G) such that, foralla € G, f — f,, where f,(x) = f(xa) forall x € G.
Moreover, let

A(G) = {f € C*(G):Ve > 0,3g € X(G), If —gll < €},

namely, 2(G) is the closure of X(G) in C*(G) with respect to the uniform convergence
topology of C*(G). Hence, 2(G) is a C-subalgebra of C* (G) containing all constants and
closed under complex conjugation. Since X(G) is contained in C(G) and the uniform
limit of a sequence of continuous functions is again continuous, it follows that 2((G)
is a subalgebra of C(G).

Furthermore, let

Ao(G) = {f € C7(G):Ve > 0,3g € X,(G), If - gl < &},
namely, 2,(G) is the closure of X, (G) in C* (G) with respect to the uniform convergence
topology. It is easy to see that 2/, (G) is a C-linear subspace of 2A(G) (hence of C*(G) as
well). Moreover,
A(G) = C-1+2y(G),
where C-11is the one-dimensional C-subalgebra consisting of the constant functions.

Following the spirit of the setting of §B.5.4, we adopt this notation also for an ab-
stract group G, assuming silently that G carries the discrete topology.
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11.3.1 The Prodanov lemma and the Fglner theorem

The next lemma, due to Prodanov [237], allows us to eliminate the discontinuous char-
acters in uniform approximations of continuous functions via linear combinations of
characters. In [99, Lemma 1.4.1] it is proved for abelian groups G that carry a topology
T such that, for every g € G and n € Z, the functions x — x + g and x — nx are contin-
uous in (G, 7). The fact that this topology is not assumed to be Hausdorff is crucial in
the applications of the lemma.

Recall that a subset C of a real or complex vector space is said to be convex if, for
allx,y e Candallt € [0,1],(1-t)x + ty € C.

Lemma 11.3.1 (Prodanov lemma). Let G be a topological abelian group, U an open set
of G, f:U — C a continuous function, and M a convex closed set of C. Let k € IN,,
Xi>-- Xk € G*,andcy, ..., c, € C be such that

k
Z Cxj(x) —f(x) e M foreveryx e U. (11.18)

If Xmp> - > Xmg» Withmy < -+ < mg, s € Nand {my,...,mg} < {1,...,k}, are precisely
all continuous characters among xy, ..., X (- €, X+ - Xm,} = G N {Xp,.... X)) then
Y21 CmXm, (X) = f(x) € M for every x € U.

Proof. Assume that x; € G* is not continuous; then it is not continuous at 0. Conse-
quently, there exists a net {x,} ¢, in G such that x, — 0 and {y(x,)},c4 does not con-
verge to 1in S. Using the compactness of § and passing to a subnet, we may assume
that it converges, i.e., y := limycy xx(x,) # 1. Furthermore, exploiting the compact-
ness of S, and passing subsequently to subnets, we can arrange to achieve also the
nets {y;(x,)},ca to converge for allj € {1,...,k - 1}; lety; = lim,, x;(x,). Obviously,
y; = 1when; is continuous because x, — 0.

Fort e N,y € A, and for every x € U, let

k k
zg, (x) = Zlchj(X)Xj(Xy)t -fx+tx,) = Z;Cin(X +x,) - fx + tx,).
j= j=

Fix t € N. Since x, — 0, we get x + tx, € U for every x € U and for every sufficiently

large y € A; thus, by (11.18), zt’y(x) € M and so, passing to the limit fory € A,

k
Z/(x) = lyiglzt,y(x) = Z chj(x)y; -fx)eM, (11.19)
j=1

because f is continuous and M is closed.
Take an arbitrary n € IN. By the convexity of M and (11.19) for t € {0,...,n}, for
everyx € U,

. 1 n 1 n k
20 (x) = m;} =— Z (Z cx;(0y; —f(x)> eM
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n+l
Note that Y, y,t( =Y ;k;ll because y, # 1. Hence, for everyj € {1,..., k — 1}, letting

G Nt
Ci, = —— sy
m n+1tzzoy1

we get, for every x € U,

n+1
a 1-Y

1+n 1-y,

k-1
2700 =Y gy + Xi(x) - f(x) € M.
j=1

Now for everyj e {1,...,k -1},
D lcjul < 5] Yoyl = Igj| (because |y;| = 1), and

n+l

(@) ify; =1, then ¢, = c;.

By the boundedness of the sequences {¢j,}pe forj € {1,..., k — 1}, there exists a sub-
sequence {Ny}pen, Of {n}nen, such that all limits cj' = lim,,_,o, Cjp,, €Xist. On the other
hand, [y;| =1, so

n+1

N-yi <1+ lypi<2

and hence

cx 1_ylr(z+1 o

im
n—ool+n 1-y,

For every x € U, we get

k-1
,&H%OZ(HM)(X) = Z c]f)()-(x) —f(x) e M; (11.20)
j=1
moreover, c}-' =g foreveryj € {1,...,k — 1} such that X; is continuous by (2).
The condition in (11.20) is obtained from the hypothesis, removing the discontin-
uous character y;, in such a way that the coefficients of the continuous characters re-
main the same. Iterating this procedure, we can remove all discontinuous characters

among xy, - - - » Xk- O

This lemma allows one to “produce continuity out of nothing” in the process of
approximation. Moreover, a careful analysis of the proof shows that one can safely
replace the group topology of G with a semitopological group topology such that for
every n € Z, the function x — nx on G is continuous.

Corollary 11.3.2. Let G be a topological abelian group, f: G — C a continuous function,
ande > 0.If || Z]’lecjxj —fll < eforsomek € N,,xq,....Xx € G*,and cy,...,c, € C, then
also | Y3, CmXm;, — Il < & where {Xp» ... Xm } = X1+ -5 X} NG, withm, < --- < m,.
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In particular, if f = Z]’-‘zl cjxj for some k € N, x1,....xx € G*,and ¢y,..., ¢, € C,
then also f = Y5y Cyn X, With {pm,>-- s X } = W1>--->Xn} N G.

In other words, denoting by G, the topological abelian group G considered with
the discrete topology, C(G) N X(G,) coincides with the C-subalgebra X(G) of C*(G)
generated by G.

Corollary 11.3.3. For every topological abelian group G, C(G) N 2A(Gy) = 2A(G).

In other words, as far as continuous complex-valued functions are concerned, in
the definition of 2((G) it is irrelevant whether one approximates via (linear combina-
tions of) continuous or discontinuous characters.

Now we give a version for topological abelian groups of the local Stone—Weierstraf3
theorem (see Corollary B.5.22).

Proposition 11.3.4. Let G be a topological abelian group and H a subgroup of G. If X is

a nonempty subset of G and f € C*(X), then the following are equivalent:

(@) f can be uniformly approximated on X by a linear combination of elements of H with
complex coefficients;

(b) for every e > 0, there exist 6 > 0 and xy,...,X,, € H such that, for every x,y € X,

x-y € Usg(Xp>--->Xms 0) yields |If (x) - f(¥)| < €.

Proof. (a)=(b) Let € > 0. By hypothesis, there exist c;,...,¢c,, € Cand xy,....xm € H
such that || Y2, c;x; — fll < £ on X, that is, for every x € X,

¥ i) - f(x)

i=1

£
< —.
4

On the other hand, for every x,y € X,

m m

Y i) = Y cxay)

i=1 i=1

< z |Ci| : |Xi(X) _Xi(y)l
i=1

and, for everyi € {1,...,m},
ix =) = 1 = X)) ™ =1 = i) - x;)l-

Take
€

.....

Forx,y e X,x-y € Uy ..>Xms 0) implies |x;(x —y) — 1| < |Arg(x;(x — ¥))| < b for every
ief{l,...,m},so

Y cxit0 - Y )] < Y leil- 0 i)l < 5
i=1 i=1 i=1
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consequently,
FOO) = FWI < | F00) = Y ep| +{ D caxi00 = Y cxi)| + | X coxi ) —f)| < €.
i=1 i=1 i=1 i=1

(b)=(a) Let BX be the Cech-Stone compactification of the discrete space X. If
the function F: X — C is bounded, there exists a unique continuous extension FP
of F to BX. Let S be the collection of all complex-valued continuous functions g of
BX such that g = Z}'zlcjxf with x1,....x, € H, ¢,...,¢, € C,and n € N,. Then
S is a C-subalgebra of C(B8X) closed under complex conjugation and containing all
constants. To see that S is a C-subalgebra, it is enough to note that for x,¢ € H,
Xﬁiﬁj ¢ )P € S.Tosee that S is closed under complex conjugation, it suffices to check
thatx? = ()f € S.Indeed, i = 1yields 1¥ = (xx)® = x* @)%, and henceyf = o) = .

Now we see that S separates the points of X separated by fﬁ , to apply the lo-
cal Stone-Weierstraf} theorem (see Corollary B.5.22). Let x,y € X and o) + P ).
Consider two nets {x;};; and {y;};c; in X such that x; - x and y; — y. Since f# is contin-
uous, f'B (x) = lim;¢; f(x;) and fﬁ (y) = lim;¢; f(y;). Along with fﬁ x) + f'B (y), this implies
that there exists € > 0 such that |f(x;) — f(y;)| = € for every sufficiently large i € I. By
hypothesis, there exist § > 0 and x, ..., x,, € H such that foru,v € X,

if u-veUs(p- > xms6) thenl|f(u)-f(v)| <e. (11.21)

Assume that)(f(x) = Xf(y) holds for everyj € {1,...,m}. Then x; = y; € Us(X1>- - > X3 6)
for every sufficiently largei € I. This, together with |f(x;)—f (y;)| > €, contradicts (11.21).
So, each pair of points of fX separated by fﬁ is also separated by S.

Since X is compact, one can apply the local version of the Stone-Weierstraf3 the-
orem, that is, Corollary B.5.22, to S and fﬁ. So, fﬁ can be uniformly approximated by
elements of S. To conclude, note that ifg = Z;’;l cj)(f on X for somec;,...,c, € Cand

Xt>-->Xn € H,then g [y= Z;I:I GiXj- -

The reader familiar with uniform spaces will note that item (b) is nothing else but
uniform continuity of f with respect to the uniformity on X induced by the uniformity
of the whole group G determined by the topology 7.

The use of the Cech-Stone compactification in the above proof is inspired by
Nobeling and Bauer [25], who proved that if S is a C-subalgebra of C*(X) for some
nonempty set X, and S contains the constants and is stable under complex conjuga-
tion, then g € C*(X) belongs to the closure of S with respect to the norm topology
if and only if for every net {x,}4c4 in X the net {g(x,)},c4 is convergent whenever the
nets {f(x,)}4ca are convergent forallf € S.

Theorem 11.3.5 (Fglner theorem). Let G be a topological abelian group. If k € N, and
E is a subset of G such that k translates of E cover G, then for every U € V;(0) there exist
Xis---Xm € G, wherem = k?, and & > 0 such that Ug(xy, ..., X3 8) € U — U +Eg.
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Proof. We can assume, without loss of generality, that U is open. By Fglner lemma 11.2.5,
there exist ¢;,..., ¢, € G" such that Us (¢y,..., @3 5) S Eg); our aim is to replace
these characters by continuous ones by “enlarging” Eg) to U - U + Eg,.

It follows from Lemma 3.1.1 that

C:= E(S) +UC E(S) +U-U. (11.22)
Consider the open set X = U U (G \ C) and the function f: X — C defined by

0 ifxeU,

f0= {1 ifx e G\C.
Then f is continuous, as X = U U (G \ C) is partition of X in two clopen sets.

Let H = (¢1,....¢p). Take x,y € X withx -y € Ug(@y,..., Qs %) € Eg). So, if
y € U, thenx ¢ Eg + U, and consequently x ¢ G\ Eg +U =G\C, thatis, x € U.In
the same way it can be shown that x € U yields y € U. This gives f(x) = f(y), by the
definition of f. By Proposition 11.3.4, one can uniformly approximate f on X by linear
combinations of elements of H, namely, one can find §,...,& € Hand c;,...,¢; € C
such that, for every x € X,

1
< - 11.23
3 (11.23)

t
Y &) - f(x)
j=1

Since X is open and f is continuous, we can apply Prodanov lemma 11.3.1 to the convex
closedset M = {z € C:|z| < %}, and this permits us to assume that all &,...,¢; are
continuous. Letting x = 0 in (11.23), we get | Z§=1 cjl < %, and consequently,

<

WIN

t
Y- 1‘ : (11.24)
j=1

Let now ® = H n G. By Theorem A.1.1, there exist y;,...,x,, € ® such that ® =
1>+ ->Xm)- Since for every j € {1,...,t} the character & is continuous and belongs to

si0) . Sml)
1

H, § € @, so each §; can be written as a product § = x <XV’ for appropriate

$1G)s .. »Sp() € Z.
Choose € > 0 with

d 1
Sz |C]| < §
j=1
By the continuity of y;, ..., X, € @, there exists § > 0 such that, forallj € {1,...,¢},

1§;(x) =1l <& wheneverx € Us(Xy, - > Xms 6)-
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To prove that Us(Xy, . ... Xm; 6) € U = U + Eg), assume for a contradiction that there is
some z € Ug(Xy- .. Xms 6) \ (U = U + Eg)). In view of (11.22), z € G\ C < X. Thus, by
the definition of f (which yields f(z) = 1), (11.23), (11.24), and |§;(z) - 1| < ¢ for every
jefl,... t},

t

2 4 t ¢ .
IR E Y ¢(1-§@)| + | ¢i&(@) - f(2) ng|cj|+§'
=1 j=1 j=1 j=1
These inequalities together give * < & Zle |c;|, against the choice of €. O

11.3.2 Independence of characters

Now we apply Prodanov lemma 11.3.1 for an indiscrete abelian group G and U = G.
Note that this necessarily yields that f is a constant function.

Corollary 11.3.6. Let G be a topological abelian group, g € 2,(G), and M a convex
closed set of C. If ¢ € C is such that g(x) + ¢ € M for every x € G, thenc € M. In
particular, ife > 0 and |g(x) — c| < € for every x € G, then |c| < €.

Proof. Assume first that g € X,(G). Suppose that for every x € G, g(x) = Z]I-‘Zl Cix;(x) for
some cy,..., ¢, € Cand nonconstanty,...,x, € G. Apply Prodanov lemma 11.3.1 with
G indiscrete, U = G, and f the constant function —c. Since all characters x;, ..., x; are
discontinuous, we conclude that ¢ € M.

Assume now that g € 2,(G) and assume for contradiction that ¢ ¢ M. Since M is
closed, there exists £ > 0 such that ¢ ¢ M + D, where D is the closed (so compact) ball
with center 0 and radius €. Let h € X,(G) with ||g —hl| < €/2. Since M + D is still a closed
convex set of C and h(x) + ¢ € M + D for every x € G, we conclude with the first case of
the proof that ¢ € M + D, a contradiction.

For the second assertion, take as M the closed disk of center O and radiuse. O

Corollary 11.3.7. Let G be an abelian group and xy.x1>----Xx € G* pairwise distinct
characters. Then xg,X1> - - - » X are linearly independent.

Proof. Let cy,cq,...,¢c, € C be such that Zf:o cixi(x) = O for every x € G. Then
21’-(:1 cixiOXo ()™ + ¢y = 0 for every x € G. By hypothesis, the function g:G — C,
X — Zf‘(ﬂ cix:OXo ()™ is in X4(G), so Corollary 11.3.6 with € = 0 implies ¢, = O.
Proceeding by induction, one can prove that ¢; = 0 foralli € {0,1,..., k}. O

Using this corollary, we see that for an abelian group G the characters G* not only
span X(G) as a base, but they have a much stronger independence property.

Corollary 11.3.8. Let G be an abelian group and Xo,Xy»----Xx € G pairwise distinct
characters. Then || Z]Ile CiXj — Xoll = 1foreverycy,...,c; € C.
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Proof. Lete = Z,]F:l CiXj — Xoll- Then, for every x € G,

<e. (11.25)

k
¥ e (0 = xo ()
j=1

According to Corollary 11.3.7, X, X1> - - - » Xx are linearly independent, hence € > 0.
By our assumption, §; := ijc‘)l is nonconstant for everyj € {1,...,k}. So, g :=
Z}’-‘:l Cj§j € Xo(G), and (11.25) yields that, for every x € G,

lg00) - 1] = <e

k
¥ oK () - 1
i

According to Corollary 11.3.6, |1] < €. O

Corollary 11.3.9. Let G be an abelian group, H a subgroup of G*, and lety € G* be such
that there existk € N, x1,....Xx € H,and cy,..., ¢, € Cwith

. 1
Yooy —x|| < > (11.26)
st

Then there exists i € {1,...,k} such that x = x; (in particular, x € H).

Proof. We assume without loss of generality that y;,...,x; are pairwise distinct. As-
sume for a contradiction that y # y; for allj € {1,...,k}. Then Corollary 11.3.8 applied

t0 X, X1 - - Xi Vields | T cx; - xIl = 1, against (11.26). 0

As a consequence of Corollary 11.3.9, the continuous characters of (G, 75) are pre-
cisely the characters of H.

Proposition 11.3.10. Let G be an abelian group. Then H = (E,?H) for every subgroup H
of G*.

Proof. Obviously, H ¢ (E,?H). Now let y € (ﬁ). For every fixed € > 0, the set
0 = {a € S:|la - 1] < €} is an open neighborhood of 1 in $. Hence, W = )(‘1(0) is
Tg-open in G. So, there exist x;,...,X,, € Hand 6 > 0 such that Us(x;,...,xm; 6) € W.
Ifx-yeUz(-- > Xms 6), theny(x —y) :)((x))((y)‘1 € 0, and so |)((x))((y)‘1 -1 <¢gin
particular, [y(x)-x(¥)| < €. In other words, y satisfies condition (b) of Proposition 11.3.4,
and hence there existy;,...,x, € Hand c;,..., ¢, € Csuch that "Zj"il CiXj —X" < % By
Corollary 11.3.9, y € H.

11.4 Precompact group topologies on abelian groups

Let us recall here that for an abelian group G and a subgroup H of G* = Hom(G, S),
the group topology 7 generated by H is the coarsest group topology on G that makes

EBSCChost - printed on 2/10/2023 4:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



176 —— 11 The Fglner theorem

every character from H continuous. We recall its description and properties in the next
proposition.

Proposition 11.4.1. Let G be an abelian group and H a subgroup of G*. A local base at O
in (G, Ty) is given by the sets U(Xy, . - > Xm; 0), Where Xy, ..., Xm € H and 6 > 0. Moreover,
(G, Ty) is a Hausdorff group if and only if H separates the points of G.

Now we can characterize the totally bounded group topologies on abelian groups.

Theorem 11.4.2. Let (G, 1) be a topological abelian group. The following conditions are
equivalent:
(a) Tt is totally bounded;
(b) the neighborhoods of 0 in G are big subsets;
(0 = T(/GB'
Proof. (a)=(b) This is the definition of totally bounded topology.

b)=C)IfH = (G/:?) then 7y < 7. Let U, V be open neighborhoods of 0 in (G, 7)
such that V ;5 ¢ U. Then V is big by hypothesis, and by Fglner theorem 11.3.5 there
exist§ > 0andyj,...,X, € Gsuch that Ug(xy....Xm 8) < Vo) € U. Thus, U € V. (0),
and this proves that 7 < 7.

(c)=(a) follows from Corollary 10.2.17. O

For the sake of completeness, we give the obvious counterpart for precompact-
ness:

Corollary 11.4.3. Let (G, 1) be a topological abelian group. The following conditions are
equivalent:
(@) Tisprecompact;
(b) T is Hausdorff and the neighborhoods of 0 in G are big subsets;
(c) H := (G, 7) separates the points of G and T = Ty.
Theorem 11.4.4 allows us to sharpen this property (see Corollary 11.5.3).
Theorem 11.4.4. For an abelian group G, let

D(G) = {H < G*: H separates the points of G},
‘P = {r: T precompact group topology on G}.

Then the following is an order-preserving bijection:
T:D(G) > P, He— Ty (11.27)
(i.e., if H, H, € D(G) then Ty, < Ty, ifand only if H; € H,).

Proof. Corollary 11.4.3 yields that 7; € P for every H € D(G) and that T is surjective.
By Proposition 11.3.10, 7y, = Ty, for H;, H, € D(G) yields H, = H,. Therefore, T is
a bijection. The last statement of the theorem is obvious. O
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We proved in Proposition 11.3.10, that for an abelian group G and a subgroup H of
G* the continuous characters of (G, Ty) are precisely the characters of H. This allows
us to prove that w(G) = x(G) = |G| for a precompact abelian group G:

Corollary 11.4.5. If G is an infinite abelian group and H a subgroup of G* that separates
the points of G, then w(G, Tg) = x(G, Tg) = |H|.

Proof. Let x = x(G, Ty) and note that x cannot be finite. (Indeed, otherwise x = 1 and
Ty must be discrete, so being also precompact, this would imply that G is finite, a
contradiction.) According to Exercise 5.4.2, k < w(G, Ty) < |H|.

We aim to prove that |H| < k. Pick a base B of V. (0) of size k. We can assume that
every B € B can be written as B = Us(X1,8, - - -»Xn, 5 6p), Where ng € N, 6z > 0, and
Xip € Hforie{l,...,np}. Then the set

X={pBeBic{l,...,ng}}cH

has size at most k and 7;; = Ty, by the choice of B. Let H' = (X); then |H'| < xand 7j; =
Tx = T, by Theorem 11.4.4. Since the correspondence (11.27) from Theorem 11.4.4 is
bijective, we deduce that H' = H. Therefore, |H| = |H'| < . O

Corollary 11.4.6. Let G be an abelian group and H a subgroup of G* such that Ty is
metrizable. Then H is countable.

11.5 The Peter-Weyl theorem for compact abelian groups

Let us start with the following important direct consequence of Corollary 11.4.3, which
is the Peter-Weyl theorem in the abelian case.

Corollary 11.5.1 (Peter—-Weyl theorem). IfK is a compact abelian group, then the group
topology on K coincides with T, and K separates the points of K.

Corollary 11.5.2. If K is a compact abelian group, then K is topologically isomorphic to
a (closed) subgroup of TX.

Proof. Since K separates the points of K by Corollary 11.5.1, the diagonal map deter-
mined by all characters in K defines a continuous injective homomorphism Ag:K —
TX. By the compactness of K and the open mapping theorem (Theorem 8.4.1), Az is
the required topological embedding. O

If K is not elementary compact, the power TX is the smallest possible one with
this property. Indeed, if the compact but not elementary compact abelian group K
topologically embeds into some power T, then x is infinite, so k = w(T*) > w(K) =
K|, by Corollary 11.4.5.

As a corollary of Theorem 11.4.4, we obtain the following useful fact that completes
Corollary 11.5.1. It is essentially used in the proof of Pontryagin-van Kampen duality
theorem 13.4.17.
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Corollary 11.5.3. If (K, ) is a compact abelian group and H is a subgroup of K that sep-
arates the points of K, then H = K.

Proof. By Corollary11.5.1, T = 7. Since Ty < T by Theorem 11.4.4 and Ty is Hausdorff,
Ty = Tz = T, as T is compact and due to the open mapping theorem (Theorem 8.4.1).
Now again Theorem 11.4.4 yields H = K. O

We show now that every compact abelian group is an inverse limit of elementary
compact abelian groups (see Definition 9.4.2).

Proposition 11.5.4. Let K be a compact abelian group and U an open neighborhood
of 0 in K. Then there exists a closed subgroup C of K such that C < U and K/C is an
elementary compact abelian group. In particular, K is an inverse limit of elementary
compact abelian groups.

Proof. By Corollary 11.5.1, the topology on K is 7z, hence there exists a finite subset F
of K such that C = (yerkery < U. Define g = [[,cpx:K — TF. Thus, kerg = C and
K/C is topologically isomorphic to the closed subgroup g(K) of T in view of the open
mapping theorem (Theorem 8.4.1). So, K/C is elementary compact, by Corollary 9.4.3.

To prove the last statement, let {U;:i € I} be the family of all open neighborhoods
of 0 in K. For every i € I, fix a closed subgroup C; of K with C; ¢ U; and such that
K/C; is elementary compact. For i,j € I, K/C; n C; is elementary compact, as K/C; n C;
is topologically isomorphic to a closed subgroup of K/C; x K/C;, which is again an
elementary compact abelian group. So, enlarging the family {C;:i € I} with all the
finite intersections of its elements, we obtain a family {Cj: j € J} that gives an inverse
system [K/C;, vj;,J] of elementary compact abelian groups, where the homomorphisms
v;;:K/C; — K/C;, when C; < Cj, are simply the canonical projections. Then the inverse
limit K’ of this inverse system is a compact abelian group together with a continuous
homomorphism f: K — K’ induced by the projections p;: K — K/C; withi € J.

Let x € K\ {0} and pick on open neighborhood U of 0 in K such that x ¢ U. By the
first part of the proof, there exists C; € U for some i € J; hence x ¢ C;, and therefore
p;i(x) # 0, so f(x) # 0 as well. This proves that f is injective. To check the surjectivity
of f, take an element x' = (x; + C;);f € K’ < [;¢; K/C;. Then the family {x; + C;:i € J} of
closed cosets in K has the finite intersection property, so has nonempty intersection.
For every element x of that intersection, one has f(x) = x'. Finally, the continuous
isomorphism f: K — K’ must be open, by the compactness of K and the open mapping
theorem (Theorem 8.4.1). O

For a topological group G, we say that G has no small subgroups, or shortly, G is
NSS, if there exists a neighborhood U of 0 such that U contains no nontrivial sub-
groups of G. For example, T is NSS.

Corollary 11.5.5. A compact abelian group K is NSS precisely when K is an elementary
compact abelian group.
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Proof. IfK is NSS, then K must be elementary compact, by Proposition 11.5.4. To prove
the inverse implication, note first that T is NSS. Moreover, the class of NSS abelian
groups is stable under taking finite products and subgroups, by Exercise 11.74(a).
Thus, all powers T", as well as their subgroups, are NSS. Since by definition all ele-
mentary compact abelian groups can be obtained in this way, we are done. O

11.6 On the structure of compactly generated LCA groups

From now on, all topological groups are Hausdorff; quotients are taken with respect
to closed subgroups, and so they are still Hausdorff.

Proposition 11.6.1. Let G be a compactly generated locally compact abelian group.
Then there exists a discrete subgroup H of G such that H = Z° for some s € N and G/H
is compact.

Proof. Suppose first that there exist g;,...,8, € G such that G = (gl—gm) We pro-
ceed by induction on m € IN,. For m = 1, apply Theorem 10.2.9: if G is infinite and
discrete, take H = G, and if G is compact, let H = {0}. Suppose now that the property
holds for m > 1and that G = (g, ..., gmn.1)- If every (g;) is compact, then so is G, and
we can take H = {0}. Suppose without loss of generality that (g,,,;) is discrete and
consider the canonical projection g: G — G; = G/{g,,1). Since G; = m,
by inductive hypothesis there exists a discrete subgroup H, of G, such that H, = Z"
and G,/H, is compact. Therefore, H = g '(H,) is a closed countable subgroup of G.
Thus, H is locally compact and countable, hence discrete by Example 8.1.5(a). Since
H is finitely generated, it is isomorphic to H, x F, where H, = Z° for some s € N and
F is a finite abelian group (see Theorem A.1.1). Now G/H is isomorphic to G;/H; and
H/H, is finite, so G/H, is compact thanks to Lemma 8.2.3(b).

Now consider the general case. There exists a compact subset K of G that gener-
ates G. By Lemma 8.3.4, we can assume without loss of generality that K = U, where
U is a symmetric neighborhood of 0 in G. We show that there exists a finite subset F
of G such that

K+Kc(F)+K: (11.28)

pick a symmetric neighborhood V of 0in G such that V+V ¢ U; since K € | J, g (x+V),
there exists a finite subset F of K such that K < |J,z(x + V) = F + V, and so

K+K<cF+F+V+VCc(Fy+UCc(F)+K.
Since G = (K), an easy inductive argument and (11.28) show that

G=(F)+K.
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Let G; = (F) and let g:G — G/G; be the canonical projection. By the equality G =
K + Gy, the quotient g(K) = G/G, is compact. By the first part of the proof, there exists
a discrete subgroup H of G, such that H = Z° for some s € N and G,/H is compact. By
Theorem 3.2.8(b), (G/H)/(G,/H) = G/G, is compact. Since G,/H is a compact subgroup
of G/H, also G/H is compact, in view of Lemma 8.2.3(b). O

Proposition 11.6.2. Let G be a compactly generated locally compact abelian group.
Then there exists a compact subgroup K of G such that G/K is elementary locally com-
pact.

Proof. By Proposition 11.6.1, there exists a discrete subgroup H = Z° of G such that
G/H is compact. Consider the canonical projection g: G — G/H and let U be a compact
symmetric neighborhood of 0 in G such that (U + U + U) n H = {0}. So, q(U) is a
neighborhood of 0 in G/H and, applying Proposition 11.5.4, we find a closed subgroup
L of G such that H ¢ L and the closed subgroup C = L/H of G/H satisfies

CcqU) and (G/H)/C=G/L=T'xF, (11.29)

where F is a finite abelian group and t € N (i. e., G/L is elementary compact).

The set K = L n U is compact, being closed in the compact neighborhood U. Let
us see that K is a subgroup of G: ifx,y € K, thenx -y € Land g(x-y) € C < q(U), thus
q(x —y) = q(u) for someu € U; asq(x —y —u) = 0in G/H,

x-y-ue(U+U+U)nH={0},

and hencex -y =u € K.

Now take x € L; consequently, g(x) € C < q(U), and so q(x) = q(u) for someu € U.
Clearly, u € K, hence q(L) = q(K). Thus, L = K + H, and since also K n H = {0}, the
canonical projection I: G — G/K restricted to H is a continuous isomorphism of H onto
I(H) = I(L). Let us see now that I(H) is discrete. By Lemma 8.2.2, I(H) is closed. Since
H is discrete, {Os} is openin H, so A = H \ {Os} is a closed set of H, and hence of G as
well. Again by Lemma 8.2.2, I(A) = I(H) \ {Og/k} is closed in G/K. Hence, {Og/k} is open
inl(H)and (L) = I(H) = H = 7Z° is discrete in G/K.

Observe that (11.29) and Theorem 3.2.8(b) yield the isomorphisms

(G/K)/IL) = (G/K)/(L/K) = G/L = T" x F.

Denote by p the canonical projection G/K — G/L and recall that kerp = I(L) = I[(H) is
a discrete subgroup G/K. Hence, to p: G/K — G/L and the composition m: Rf — G/L
of the canonical projection R — T' and the obvious inclusion of T in G/L, apply
Lemma 9.1.3% to obtain an open continuous homomorphism f: R — G/K such that

2 The reader who is familiar with covering maps may deduce the existence of such a lifting from the
facts that p is a covering homomorphism and R’ is simply connected.
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G/K

ya
0
IRt—n>G/L

In particular, N = f(R!) is an open subgroup of G/K. As f: R — N is open, N is iso-
morphic to a quotient of R!, so N = R x T™, where k + m < ¢ by Corollary 9.4.1; in
particular, N is elementary locally compact. Since N is divisible, by Corollary A.2.7
there exists a subgroup B of G/K such that G/K = N x B. Since N n B = {0} and N is
open, B is discrete; moreover, B is compactly generated as it is a quotient of G, and so
Bis finitely generated. Therefore, G/K is elementary locally compact. O

To prove Pontryagin-van Kampen duality theorem 13.4.17, we need the next theo-
rem, generalizing Corollary 11.5.1 and showing that all locally compact abelian groups
are MAP.

Theorem 11.6.3. If G is a locally compact abelian group, then G separates the points
of G.

Proof. LetV beacompactneighborhood of Oin G. Takex € G\{0}. Then G; = (Vu{x}) is
an open (it has nonempty interior) compactly generated subgroup of G. In particular,
G, is locally compact. By Proposition 11.6.1, there exists a discrete subgroup H of G,
such that H = Z° for some s € N and G,/H is compact. Thus, (¢, nH = {0}, and so
there exists n € IN, such that x ¢ nH. Since nH is discrete and hence closed in G;, and
H/nH is finite, the quotient G, = G,/nH is compact, by Lemma 8.2.3(b). Consider the
canonical projection g: G; — G, and note that g(x) # 0 in G,. By Corollary 11.5.1, there
exists & € G, such that &(g(x)) # 0. Consequently, y := & o g € G, and y(x) # 0. By
Theorem A.2.4, there exists ¥ € G* such that ¥ [ = x. Since G, is an open subgroup of
G, X is continuous, namely, ¥ € G. O

Corollary 11.6.4. If G is a locally compact abelian group, then every compact subgroup
K of G is dually embedded.

Proof. Clearly, H = {y € K:3¢ € G, & = x} is a subgroup of K. By Theorem 11.6.3,
G separates the points of G, so H separates the points of K. Now apply Corollary 11.5.3
to conclude that H = K. O

Corollary 11.6.5. Let G be a nontrivial locally compact abelian group.

(@) Then G is connected if and only if y(G) = T for every nontrivial y € G.

(b) If for every x € G the image x(G) is a proper subgroup of T, then G is hereditarily
disconnected. The converse implication holds when G is also o-compact.

Proof. (a) If G is connected and y € G is nontrivial, then x(G) is a nontrivial connected
subgroup of T, hence y(G) = T (see Example 6.1.8(b)). If G is not connected, then G
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has a proper open subgroup H, by Theorem 8.5.2(b). Pick a nontrivial character ¢ of
the discrete group G/H such that £(G/H) # T. Then the composition y of £ and the
canonical projection G — G/H gives a nontrivial y € G with x(G) # T.

(b) Assume that x(G) is a proper subgroup of T for every y € G. Since the proper
subgroups of T are hereditarily disconnected (see Example 6.1.8(b)), x(G) is hereditar-
ily disconnected for every y € G. According to Theorem 11.6.3, the diagonal homomor-
phismf:G — erf; Xx(G) is continuous and injective. Since the product is hereditarily
disconnected, we deduce that also G is hereditarily disconnected since this property
is preserved under taking subgroups and finer topologies.

Now assume that G is o-compact and hereditarily disconnected. Consider y € G
and assume for a contradiction that y(G) = T. Theny: G — T is open by the open map-
ping theorem (Theorem 8.4.1), so T is a quotient of G. As hereditary disconnectedness
is inherited by quotients of locally compact groups (see Corollary 8.5.9), we conclude
that T must be hereditarily disconnected, a contradiction. O

One cannot remove “o-compact” in the above corollary.

Example 11.6.6. Let G denote T equipped with the discrete topology. Then G is hered-
itarily disconnected, although the identity map provides a character y: G — T with
x(G) =T.

Algebraic properties of the dual group G of a compact abelian group G can be de-
scribed in terms of topological properties of G. We prove in Corollary 11.6.7 that G is
torsion precisely when G is hereditarily disconnected; compactness plays an essen-
tial role here, and we shall see examples of hereditarily disconnected o-compact and
locally compact abelian groups G such that no continuous character of G is torsion

(e.8., G = Q).

Corollary 11.6.7. For a compact abelian group G, the following are equivalent:
(@) Gis profinite;

(b) G is hereditarily disconnected;

(c) Gistopologically torsion (i.e., G = G!);

(d) G is torsion;

(e) x(G) # T foreveryy €G.

Proof. (a)e(b) is Corollary 8.5.7, (b)=(e) is Corollary 11.6.5(b), (b)=(c) was proved in
Exercise 8.7.11.

(b)e(d) The image x(G) under a continuous character y of G is a compact, hence
closed, subgroup of T. Thus, y(G) is a proper subgroup of T precisely when it is finite.
By Corollary 11.6.5(b), G is hereditarily disconnected if and only if y(G) is finite for
every x € G, and this means that the character y is torsion.

(c)=(e) Pickanyy € G. Since every x € G is topologically torsion, y(x) is a topolog-
ically torsion element of T, so y(x) € T!. Hence, x(G) € T! ¢ T, by Exercise 54.20. [
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Corollary 11.6.8. For a compact abelian group G and a prime p, the following conditions
are equivalent:

(@) Gis pro-p-finite;

(b) G is topologically p-torsion (i.e., G = G, );

(c) Gis p-torsion;

(d) x(G) € Z(p™) forevery x € G.

Proof. (a)=(b) This was proved in Exercise 8.7.12.

(b)=(d) Pick any y € G. Then every x € K being topologically p-torsion implies
that y(x) is a topologically p-torsion element of T, so y(x) € Z(p®°) (see Exercise 5.4.15).

(d)=(c) By the equivalence (d)<(e) in Corollary 11.6.7, G is torsion. Now Xx(G) ¢
Z(p™) implies that x(G) is a finite p-group, so G is p-torsion.

(c)=(a) Since every continuous character of G has as range a finite p-subgroup of
T, G has a local base at 0 formed by open subgroups of finite index that is a power of
p. Hence, G is pro-p-finite. O

Corollary 11.6.9. For a locally compact abelian group G, one has td,(G) = G, for every
prime p.

Proof. Fixaprime p.Inview of Remark 5.3.7, always td, (G) < G,. To prove the opposite
inclusion, let x € Gy; so p"x — 0in G. If (x) is finite, then x ¢ tpy(G) < td,(G). If (x)
is infinite, then (x) cannot be discrete since p"x — 0. So, in view of Theorem 10.2.9,
K = {(x) is compact. Let x € K. Then y(x) € T, = Z(p™) (see Exercise 5.4.15), s
K = Z(p™). Since the precompact topology Tz of Z coincides with w%, we deduce
that x € td,(K). O

Here is the counterpart of Corollary 11.6.7 for the connected case:

Proposition 11.6.10. Let G be a topological abelian group.
(@) IfG is connected, then G is torsion-free.
(b) If G is compact, then G is torsion-free if and only if G is connected.

Proof. (a) For every nonzeroy € G, the image X(G) is a nontrivial connected subgroup
of T, so we deduce that y(G) = T (see Example 6.1.8(b)). Hence, G is torsion-free.

(b) If G is compact and not connected, then by Theorem 8.5.2(b) there exists a
proper open subgroup N of G. Take any nonzero character ¢ of the finite group G/N.
Then m¢ = O for some m € N, (e.g., m = [G : N]). Now the composition y of ¢ and the
canonical projection G — G/N satisfies my = 0 as well. So, y € G is a nonzero torsion
continuous character of G. O

In view of Theorem 11.6.3, every locally compact abelian group (G,7) is MAP.
Then, as a consequence also of Proposition 10.2.13, the group G* is simply the group
G equipped with the finest totally bounded group topology T+ with t* < 7.
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According to the following theorem, due to Glicksberg, these two topologies share
the same compact sets:

Theorem 11.6.11. For a locally compact abelian group (G, 1), its Bohr modification G* =
(G,T") has the same compact sets as (G, T).

A proof of this theorem in the discrete case will be given in Theorem 13.4.9.

11.7 Exercises

Exercise 11.7.1. Prove that G* = G for every finite abelian group G.

Exercise 11.7.2. Let G be a torsion abelian group. Apply Proposition 11.1.3(a) to show
that G* is C-linearly independent in C°.

Hint. Let;, ..., xm be pairwise distinct characters of G. There exists a finite subset F of G which sepa-
rates these characters. Let H be the (finite) subgroup of G generated by F and let y; denote the restric-

tion of y; to H forj € {1,..., m}. According to Proposition 11.1.3(a), i1, . . ., ¥,,, are linearly independent.
Hence, also i, ..., X, are linearly independent.

Exercise 11.7.3. Prove Corollary 11.2.8 using the explicit description of the neighbor-
hoods of 0 in G* given in Corollary 11.2.6.

Hint. Since q: G- (G/H )# is continuous, it remains to show that it is also open. To this end, take a
neighborhood U of 0 in G". Then U contains some V(s)» where V is a big subset of G. Since g(V) is big

in G/H and q(V) ) = q(V(g)) < q(U), we deduce from Corollary 11.2.6 that g(U) is a neighborhood of 0
in (G/H)*.

Exercise 11.7.4. Prove that:

(a) theclass of NSS groups is stable under taking finite product and subgroups; show
that no infinite products of nontrivial groups can be NSS;

(b) every NSS group is Hausdorff;

(c) strongly monothetic non-indiscrete groups are NSS;

(d) amonothetic group need not be NSS;

(e) every Hausdorff group topology on Z is either NSS or admits a coarser Hausdorff
linear topology;

(f) every elementary locally compact abelian group is NSS;

(g) if Gis an abelian NSS group, td(G) = t(G) and tdp(G) =t,(G) forp e P.

Hint. (a), (c) and (g) are immediate.

(b) If G is an NSS group, then the subgroup core(G) is contained in every neighborhood of the
identity eg.

For (d), use the fact that TN is monothetic.

For (e) and (f), apply Exercise 3.5.22 and Exercise 9.5.4, respectively.

Exercise 11.7.5. Prove that for a direct product G = [];; G; of topological groups, one
has n(G) = [[;e; n(Gy), G* = [1;; G, and bG = [[;; bG;.
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Hint. For finite I, this follows from Exercise 10.4.13 by induction.

In the general case apply Proposition 10.3.5 and the fact that a continuous homomorphism f: G —
U(n) factorizes asf = fop; through some of the projections p;: G — G; := [[;¢; G; for some finite subset
Jof I and f: G; — U(n). Indeed, choosing U € Vy ) (e) witnessing NSS, there exists W € V;(es) with
f(W) ¢ U. As W contains a subproduct of the form A = Hiel\] G; for some finite subset J of I, the
subgroup f(A) ¢ U must be trivial. This gives the desired factorization f = f; o p;.

By Exercise 10.4.13, bG; = [];¢; bG;, so f; can be extended to fy: [T;e; bG; — U(n). Let f' = f < pj,
where py: [;¢; bG; — [lies bG; is the canonical projection. This provides the factorization f = f "ob
witnessing the universal property of the Bohr compactification for the inclusion b: G = [];; G; —
[Tic bG;.

11.8 Further readings, notes, and comments

It follows from results of Faglner [136] obtained by less elementary tools that condi-
tion (a) in Corollary 11.2.6 can be replaced by the weaker assumption V(,, < E (see
also the work by Ellis and Keynes [133] or by Cotlar and Ricabarra [63] for further im-
provements). Nevertheless, the following old problem concerning the group Z is still
open (see Cotlar and Ricabarra [63], Ellis and Keynes [133], Fglner [136], Glasner [157],
Pestov [227, Question 1025], or Veech [279]):

Question 11.8.1. Does there exist a big subset V of Z such that V — V is not a neigh-
borhood of 0 in the Bohr topology of G?

Every infinite abelian group G admits a big subset with empty interior with respect
to the Bohr topology (see [10]); more precisely, these authors proved that every totally
bounded abelian group has a big subset with empty interior.

Using Fglner theorem 11.3.5, as well as [98] and [232], Stoyanov [266] proved that
the minimal metrizable torsion abelian groups are precompact.

The results from §11.4 can be attributed to Comfort and Ross [60].

Making use of the argument of Proposition 11.5.4 (and Theorem 10.3.3, instead of
Corollary 11.5.1), one can prove that for a compact (not necessarily abelian) group K
and U € Vg(ey) there exists a closed normal subgroup C of K with C ¢ U and K/C
isomorphic to a subgroup of a finite product U(n;) x - - - x U(ny,). But since this group is
isomorphic to a subgroup of U(n; +-- -+ ny ), one can claim that K/C is isomorphic to a
subgroup of some U(my;), my; € IN,. This fact calls attention to the closed subgroups of
the groups U(n) (known under the term Lie groups, defined alternatively as locally Eu-
clidean groups, i. e., groups locally homeomorphic to R" for some n € IN, ). We will not
enter now in a detailed exposition of the properties of this remarkable class of groups
(see, for example, [177]). Let us only mention that the compact Lie groups (defined in
this way) are NSS, so these are exactly the compact NSS groups, and from the above
argument one can deduce that every compact group is an inverse limit of compact Lie
groups. The compact abelian Lie groups are nothing else but the elementary compact
abelian groups.
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The closed subgroups of compact Lie groups are obviously compact Lie groups.
Since a compact Lie group L is locally arcwise connected (being locally homeomorphic
to R"), the subgroup c(L) = a(L) is open, so a finite-index normal subgroup of L.

The notions of topologically torsion element and topologically p-torsion element
are widely known, due to their intuitively more natural definition compared to those
of quasitorsion and quasi-p-torsion element, introduced by Stoyanov [265] to resolve
specific problems on minimal abelian groups (see below). On the other hand, the re-
spective subgroups G, and G! contain in general too many elements (unlike the respec-
tive smaller subgroups td,(G) and td(G), determined by a condition involving more
algebra). The equality td,(G) = G,, for a compact abelian group G was proved in [99,
§ 4] (containing also Corollary 11.6.8). Corollary 11.6.9 obviously remains true also for
subgroups of locally compact abelian groups (see [81, Proposition 2.13]). Nevertheless,
these results do not imply the equality td(G) = G! even for G = T (see Exercise 5.4.20).

The subgroup wtd(K) of a compact abelian group K is always totally dense
(see [265]), hence wtd(K) is a dense totally minimal subgroup of K, by Exercise 8.7.8.
As pointed out in §10.5, the minimal abelian groups are precisely the dense essential
subgroups of the compact abelian groups. As total density is a transitive property, a
subgroup G of a compact abelian group K is totally dense in K if and only if G nwtd(K)
is totally dense in the much smaller group wtd(K). Hence, to build an embedding of an
abelian group G into a compact abelian group K as a dense totally minimal subgroup,
it suffices to embed G as a totally dense subgroup in wtd(K). Using this trick the (to-
tally) minimal torsion abelian groups G were described in [98], while their compact
completions K (named exotic tori there) were described by various equivalent proper-
ties (e. g., wtd(K) = t(K), which means that K contains copies of JJ,, for no prime p). In
particular, a divisible torsion abelian group G admits a minimal topology if and only
if G = (Q/Z)" for some n € N.
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12.1 Almost periodic functions

12.1.1 The algebra of almost periodic functions

In this chapter, for a topological group G, the Banach space (C*(G), || — ||) of bounded
complex-valued continuous functions on G with the supremum norm | - || will always
carry the uniform convergence topology. For f € C*(G) and a € G, define the translate
f, € C*(G) of f by a letting f,(x) = f(xa) forall x € G.

The definition of almost periodic functions on R is due to Bohr [35]; here we use
the generalization of the equivalent definition given by Bochner [33].

Definition 12.1.1. For a topological group G, a function f € C*(G) is almost periodic if
Ky := {f: a € G} is compact in C*(G).
Denote by A(G) the family of all almost periodic continuous functions on G.

Here we give an equivalent condition to that of Definition 12.1.1.

Lemma 12.1.2. For a topological group G, a function f € C*(G) is almost periodic if and
only if every infinite sequence of translates {f}, }nen of f admits a Cauchy subsequence.

Proof. 1f f is almost periodic, then Ky = {f;: a € G} is compact by hypothesis, so every
sequence in K; admits a convergent subsequence.

Assume now that every infinite sequence of translates {f;, },cx off admits a subse-
quence that is Cauchy in C*(G). According to Exercise 7.3.8, C*(G,) is complete, where
G, denotes the discrete group G. So, each Cauchy sequence of C*(G) converges uni-
formly to a bounded function. Since the uniform limit of continuous functions is again
continuous, the limit function belongs to C* (G). This gives the desired convergent sub-
sequence. Hence, K; is compact and f is almost periodic. O

If G is a compact group, then every continuous function G — C is almost periodic.
More precisely, the almost periodic continuous functions of a topological group G are
related to the Bohr compactification bG of G as follows.

Remark 12.1.3. For a topological group G, every almost periodic continuous function
f:G — C admits an extension to bG (see [124], and for the proof of this fact in the
abelian case see Corollary 12.1.10). In other words, the almost periodic continuous
functions of G are precisely the compositions of b; with complex-valued continuous
functions of the compact group bG. Therefore, G is MAP if and only if the almost peri-
odic continuous functions of G separate the points of G.

Theorem 12.1.4. For a topological group G, A(G) is a closed C-subalgebra, stable under
complex conjugation, of C*(G).

Proof. The closedness of A(G) under complex conjugation is obvious.

https://doi.org/10.1515/9783110654936-012
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To check that A(G) is a C-linear subspace of C*(G), take f,g € A(G) and ¢, ¢, € C.
Since h = ¢;f + c,g is continuous, it remains to see that h is also almost periodic.
It suffices to consider the case ¢c; = ¢, = 1, since ¢,f and c,g are obviously almost
periodic. Then the closures Ky = {f;:a € G} and K, = {g,: a € G} are compact. Hence,
Ky + K, is compact as well. Since (f +g), = f, +8, € Ky +K, forevery a € G, we conclude
that f + g is almost periodic.

Analogously one can prove that if f, g € A(G), then fg € A(G) as well.

Next we check that A(G) is closed. Pick f € C*(G) and assume that f can be uni-
formly approximated by almost periodic continuous functions. To prove that f € A(G),
pick a sequence {g(’")}mEIN+ in A(G) such that, for every m € IN_,

el 3 =2

Then, for every sequence {f, },¢x of translates of f, one can inductively define a series
of subsequences of {a,},cn as follows.
For the first one, pick a subsequence {ay, }ien Of {@p}nen Such that the subse-
quence {g\V }; o of the sequence {g{V}, . converges in C*(G) and such that [|jgt) —
Ilk n nk
gfll) | <1/2forall k,1 € N.

Then pick a subsequence {ank }sen Of {ay, Hien Such that the subsequence {g(z) }SE]N

of the sequence {ga }keN converges in C*(G) and also

o2 - g ” < 1/2 for all

s,t € N. Continue by taking iterated subsequences of {an}ne]N such that at the mth
stage the respective translates of the function g™ obtained by means of the new mth
subsequence is uniformly convergent and the members of the sequence of these trans-
lates are at pairwise distance < 1/2™. Finally, take the diagonal subsequence {a,} ¢
relative to this infinite series of iterated subsequences, namely, {a,},; is given by

Ay, Ay iy > Gy e

Then each m-tail of the sequence {a, } ¢ isa subsequence of {a,,} e chosen at the mth
stage. So, for every m € N, the sequence {g )},¢; converges in C*(G) and satisfies

Hg(m) "‘) || < zim for everyv,u > m. (12.2)

By (12.1) and (12.2), forallm > 2and all v, u > m,

Ve, 1ol = e,

Therefore, {f, }, is a Cauchy sequence in C*(G), and so Lemma 12.1.2 yields that f €
A(G). O

A N A R
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12.1.2 Almost periodic functions and the Bohr compactification of abelian groups

Example 12.1.5. Let f: R — C be a function. One says that a € R is a period of f if
f(x+a) = f(x) foreveryx € R(i.e., f, = f). Clearly, ifa € Ris a period of f, then also ka
is a period of f for every k € Z. More precisely, the periods of f form a subgroup II(f)
of R. Call f periodic if II(f) + {0}.

It is easy to see that a periodic function f: R — C has period a € R\ {0} if and
only if f factorizes through the canonical projection g: R — R/{a), that is, there exists
a function f': R/{a) — Csuchthatf =f' o q:

R/{a) =T

Since R/{a) = T is compact, this explains the great importance of the periodic func-
tions R — C, namely, these are the functions that can be factorized through the com-
pact circle group T.

If f is continuous, then also f' is continuous. In this case, since f’ is almost peri-
odic by Corollary 12.1.10 below, we can conclude that the periodic continuous function
f:R — C is almost periodic.

This example can be generalized to periodic functions on an abelian group (see
Exercise 12.3.3).

Definition 12.1.6. Let G be a topological abelian group, f € C*(G), and € > 0. An
element a € G is an e-almost period of f if |f - f,|| < €. Moreover, let

T(f,€) := {a € G:a e-almost period of f}.

Given an abelian group G and f € C*(G), the family {T(f,&):e > 0} is a filter base
of the neighborhoods of 0 in a group topology T; on G (see Exercise 12.3.5). Now we
use the group topology T; to find an equivalent description of almost periodicity of
f € C*(G).

Proposition 12.1.7. Let G be a topological abelian group and f € C*(G). Then the fol-
lowing conditions are equivalent:

(a) f is almost periodic (i.e., f € A(G));

(b) Ty is totally bounded.

Proof. Clearly, T; is totally bounded if and only if for every € > O the set T(f, €) is big,
i.e,, for every € > O there exist a;,...,a, € Gsuch that G = U;‘:l a; + T(f,e).

(@)=(b) Arguing for a contradiction, assume that Ty is not totally bounded. By
Lemma 10.2.7, there exists € > 0 such that T(f,¢) is small, so there exists a sequence
{b,}hen in G such that the sets in {b,, + T(f,€):n € N} are pairwise disjoint. Since f
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is almost periodic, the sequence of translates {f;, },cn admits a Cauchy subsequence,
by Lemma 12.1.2. So, there exist n < min N such that ||f, - f, | = |f - f, _p | <&; this
means that b,,-b, € T(f,€), and hence (b,,+ T(f,€))N(b,+T(f,€)) # 0, a contradiction.

(b)=(a) By Lemma 12.1.2, it suffices to check that every infinite sequence of trans-
lates {fy, }men Of f admits a subsequence that is Cauchy in C*(G). Assume for a con-
tradiction that some sequence of translates {f}, },,cn admits no Cauchy subsequence.
This means that for every subsequence {fbmk e there exists € > 0 such that for some
subsequence {my_}sen Of {Mytiens

||fbmk ~fv,, >2¢ foralls#t. (12.3)
S t

- “ f- fb"’ks 7b’"k[

By hypothesis T(f,e/2) is big, so there exist a;,...,a, € G such that G = U}'zl aj +
T(f,e/2). Then there exists j € {1,...,n} such that infinitely many bmk are in @; +
T(f,e/2). We deduce that for distinct s and ¢t with b,, " bmkt €a;+ T(f,/2),

by,

-b,, €T(f,e/2)-T(f,e/2) < T(f,e).

ks ke

Therefore,

Lf —fo. b H < €, which contradicts (12.3). O
Mks Mk

Example 12.1.8. Let G be a topological abelian group and y ¢ G. For € > 0, one has
x(x + a) — x(x)| = [x(a) — 1| for every x € G, hence

T(x,€) =1{a € G:|x(a) - 1| < &}

So, there exists § > 0 such that U;(x;8) < T(x,€). Since Ug(x; 6) is big by Proposi-
tion 10.2.16, also T(y, €) is big, and Proposition 12.1.7 yields that y is almost periodic.

Moreover, Theorem 12.1.4 yields that linear combinations with complex coeffi-
cients of continuous characters are still almost periodic continuous functions. In other
words, X(G) ¢ A(G).

The next theorem reinforces the above inclusion to the more precise equation
A(G) = A(G) (see [99, Theorem 2.2.2] for more details).

Theorem 12.1.9 (Bohr-von Neumann theorem). If G is a topological abelian group,
then A(G) = A(G) (i.e., f € C*(G) is almost periodic if and only if f can be uniformly ap-
proximated by linear combinations with complex coefficients of continuous characters
of G, namely, functions from X(G)).

Proof. According to Example 12.1.8, X(G) < A(G). By Theorem 12.1.4, A(G) is closed in
C*(G), and 2A(G) is the closure of X(G) in C*(G), so A(G) < A(G).

To establish the converse inclusion, let f € A(G) and fix € > 0. By Proposi-
tion 12.1.7, the set T(f, €/10) is big. Hence, Fglner theorem 11.3.5 applies with U = E =
T(f,£/10) to give x;,...,x, € G and § > O such that

Us(ps -+ > Xns 8) < T(f,€/10) 0, < T(f, €).
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Ifx,y € Gsatistyx -y € Us(Xy,---,Xn; 0), thenx —y € T(f,€), and so |If - f,_, |l < &
in particular, |f(x) - f(y)| < €. Then f satisfies condition (b) of Proposition 11.3.4 with
H =G, and hence f € 2(G). O

Corollary 12.1.10. For a compact abelian group G, every continuous function G — C s
almost periodic (i. e., C(G) = A(G) = 2A(G)).

Proof. 1t follows from Corollary 11.5.1 and Theorem B.5.21 that X(G) is dense in C(G),
so C(G) = X(G) = A(G) = A(G), by Theorem 12.1.9. O

For a compact abelian group G, the above corollary gives Cy(G) = C(G) = A(G). On
the other hand, it is easy to prove that if C;(G) Nn A(G) # {0} for a topological abelian
group, then G is compact. In other words, G is compact if and only if C,(G) = A(G).

Recall that a map f: G — H between topological abelian groups is said to be uni-
formly continuous if for every U € V(0) there exists V € V;(0) such that for x,y € G
withx —y € Vone has f(x) - f(y) € U.

Corollary 12.1.11. Let (G,T) be a topological abelian group and f € A(G,t). Then
f:(G, ") — C is uniformly continuous.

Proof. By Theorem 12.1.9, f: G — C can be uniformly approximated by functions from
X(G). On the other hand, X(G, ) = X(G,7") and these functions are uniformly contin-
uous. Therefore, f: (G, 7*) — C is uniformly continuous. O

Now we are in position to prove that the almost periodic continuous functions
on a topological abelian group G are precisely those that factorize through the Bohr
compactification b;: G — bG.

Theorem 12.1.12. Let G = (G, 1) be a topological abelian group. Then a continuous
function f:G — C is almost periodic if and only if there exists a continuous function
f:bG — Csuchthatf = f o bg:

Proof. Assume that there exists a continuous function f: bG — C such that f = f o b;.
Then f is almost periodic by Corollary 12.1.10, and Exercise 12.3.1 implies that f is al-
most periodic, too.

Now let f € A(G). By Theorem 12.1.9, f can be uniformly approximated by func-
tions from X(G), so X(G) separates the points of G separated by f.

Let x,y € G. Then

g(x)=g(y) foreveryg e X(G) ifandonlyif bg;(x)=bgs(y).

In fact, if bg(x) = bg(y), then x(x) = x(y) for every y € G by Corollary 8.6.3, and so
g(x) = g(y) for every g € X(G). Conversely, if g(x) = g(y) for every g € X(G), then
X(x) =x(y) for every y € G, and so bg(x) = bs(y).
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We conclude that f(x) = f(y) whenever bs(x) = bs(y). Therefore, recalling that
bs(G) = G* and bG is the completion of G*, there exists a function f"": G* — C such
that f = "' o bg.

By Corollary 12.1.11, f: (G, t*) — C is uniformly continuous. Since the canonical
projection g: (G, ") — G is an open continuous homomorphism, f":b;(G) — C is
uniformly continuous as well. Now, f” extends to a uniformly continuous function
f:bG — C by [134, Theorem 8.3.10], and so f = f o b. O

We recall that for a topological abelian group G, 2A(G) = 2,(G) + C-1, where C - 1
is the one-dimensional subalgebra consisting of the constant functions. We shall see
below that 2(,(G) N C - 1 = {0}, so 2, (G) has codimension 1 in 2((G).

Lemma 12.1.13. For every topological abelian group G,
A(G) = C- 18 Uy(G). (12.4)

Moreover, if f € C*(G) is written as f(x) = ¢r + 8p(x), with ¢y € C and gy € 2y(G), then
Icel < IIfIl. Finally, ¢ > O whenever f is real-valued and satisfies f(x) > O for all x € G.

Proof. Assume thatc-1= g € 2,(G) for some c € C. Apply Corollary 11.3.6tog—-c =0
and M = {0}, to get ¢ = 0. Hence, 2,(G) n C - 1 = {0}, that is, (12.4) holds.

For f € 24(G), the projections f — g € A(G) and f — g eC-1 related to the
factorization in (12.4) can be obtained as follows. By the definition of (G), for every
n € N, there exists h,, € X(G) such that h,, = g, + ¢,,, with g,, € X,(G) and ¢, € C, and
for every x € G,

If(x)_gn(x)_cn| < . (*n)

S

Applying the triangle inequality to (*,) and () one gets, for every x € G,

1 1
€ — Cx + 8n(X) — g(X)] < n + X

Corollary 11.3.6, applied to the closed disk M with center O and radius % + %, yields
that |c, — ¢;| < % + % Hence, {cp}nen is @ Cauchy sequence in C. Let ¢ := lim,,_,, ;-
Then g = f- ¢y € 2y (G) since, according to (),

1
”f_cf_gn" < Ilf_cn_gn"'(cn_cf)" < H+|Cn_cf|

becomes arbitrarily small when n — co.

Iff = 0, then ¢; = 0 and there is nothing to prove. Assume f # 0 and let € = ||f]..
Then |f|| = lgr +crll <€ yields lcrl < &, by Corollary 11.3.6.

To prove the last assertion, apply Corollary 11.3.6 to the closed convex subset of C
consisting of all nonnegative real numbers. O

According to Lemma 12.1.13, the projection A(G) — C, f — ¢f, is a continuous
positive linear functional. We show in the sequel that this is the Haar integral on 2((G)
(see Theorem 12.2.3).
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12.2 The Haar integral

Definition 12.2.1. Let G be a topological abelian group and J(G) a translation-invar-
iant C-linear subspace of C*(G) closed under complex conjugation. A Haar integral on
J(G) is a nontrivial linear functional I;): J(G) — C which is

(i) positive (i. e., Iy ) (f) > O for any real-valued f € J(G) with f > 0), and

(i) invariant (i. e., I (fy) = ;) (f) forany f € J(G) and any a ¢ G).

In case J(G) contains all constant functions and I;;)(1) = 1, we call Iy, a normed Haar
integral on J(G).

In the sequel we adopt two choices for J(G). In §12.2.1 J(G) = (G) and in §12.2.2
J(G) = Cy(G) for a locally compact abelian group G. Both cases give 2A(G) = Cy(G) =
C(G)in case G is compact. To avoid heavy notation, we briefly write I; instead of I, in
both cases, although these two specific choices of J(G) must be kept in mind through-
out these two subsections. Following the standard terminology, we will simply say
that I = I¢ () is @ Haar integral on G in the latter case.

12.2.1 The Haar integral for almost periodic functions on topological abelian
groups

We see in Corollary 12.2.4 that there is a unique normed Haar integral on 2((G). To this
end, we show first that every Haar integral vanishes on 2(,(G). Recall that for every
x € G* the inverse y ' of y in G* is the character y: G — S, x — x(x).

Proposition 12.2.2. Let G be a topological abelian group and I; an arbitrary Haar in-
tegral on A(G). If p € G is nontrivial, then Iz () = 0.

Proof. Let @ € G and a € G be such that @(a) # 1. For every x € G, p,(x) = p(a)p((x),
so I5(p) = I5(p,) = p(a)l;(p), and thus I;(p) = 0. O

Theorem 12.2.3. For every topological abelian group G, the assignment
I;:AG) - C, [+ Cr>
with ¢¢ € C defined as in Lemma 12.1.13, gives a normed Haar integral on 24(G).

Proof. Fix f € 2(G). Since I; is the projection on the first component in (12.4), it is
linear. Moreover, it was established in the same lemma that this linear functional is
positive. To check the invariance, note that if f = g5 +c; with g € 2,(G), then for every
a € G, (g, € 2p(G) and f, = (gf), + ¢5. Hence, I5(f,) = ¢f = I(f). Finally, for f = 1,
clearly c; = 1. O

Corollary 12.2.4. Let G be a topological abelian group. Then the Haar integral I; de-
fined in Theorem 12.2.3 is the unique normed Haar integral on 2(G).

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



194 — 12 Almost periodic functions and Haar integrals

Proof. Let I be a Haar integral on 2(G). Let f € 2(,(G). For every € > 0, there exists
g € Xy(G) such that ||f - gl < €. Since I(g) = 0 by Proposition 12.2.2, we get [I(f)| < &
(see Exercise 12.3.6). Therefore, I(f) = 0.

Now assume additionally that I is normed. Then Lemma 12.1.13 guarantees that
the functionals I and I; coincide since they coincide on C - 1 and have 2(,(G) as
kernel. O

According to Corollary 12.1.10, every continuous complex-valued function on a
compact abelian group G is almost periodic, namely, C(G) = A(G) = 24(G). This fact
gives a natural way to define the Haar integral on a compact abelian group:

Theorem 12.2.5. For every compact abelian group G, the assignment I;:C(G) — C,
f + ¢, defines the (unique) normed Haar integral on G.

12.2.2 The Haar integral on LCA groups

In this section we show that every locally compact abelian group G admits a Haar
integral I; on Cy(G). The following simple property of the Haar integrals will be useful
later on.

Lemma 12.2.6. Let I; be a Haar integral on a locally compact abelian group G. If h €
Cy(G) is real-valued, h > 0 on G, and h(x,) > O for at least one x, € G, then I;(h) > O.

Proof. There exists a neighborhood V of 0 in G such that h(x) > a := h(xy)/2 for all
Xexg+V.

There exists f € Cy(G) with I;(f) # 0. Since f = u + iv for some real-valued u,v ¢
Cy(G), one has either I;(u) # 0 or I;(v) # 0. So, without loss of generality we may
assume that f is real-valued. Setting, for every x € G, f, (x) = max{f(x),0} and f_(x) =
max{—f(x), 0} gives functions f,,f_ € Cy(G) such thatf, > Oand f. > O on G and
f =f, —f_. Thus, either I;(f,) # 0 or I;(f_) # 0. So, we may assume thatf > 0 on G
and I;(f) # 0. Hence, I;(f) > 0.

Since f € Cy(G), there exists a compact subset K of G with f = 0 on G \ K. There
exists a finite subset F of G such that K ¢ F + V. If A = max,;f(x), then A > 0.
Moreover, for every g € F and every x € g + V, one has hxo_g(x) >a,sincexy+x-g ¢
Xo + V. Thus, for every x € K, there exists g € F such that af (x) < Ahxo,g(x). So, for all
x € G,

002 Y g0

geF

and therefore
A
0<I;(f) < 2 |F|I5(h),

which shows that I;(h) > 0. O
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The following two lemmas are the main steps in the proof of the existence of Haar
integrals on locally compact abelian groups.

Lemma 12.2.7. If G is a discrete abelian group, then G admits a Haar integral.

Proof. For f e Cy(G), which has finite support, set I;(f) = Y, f(x). One checks easily
that I; is a Haar integral on G. O

Lemma 12.2.8. If G is a locally compact abelian group and H is a closed subgroup of G
such that both H and G/H admit a Haar integral, then also G admits a Haar integral.

Proof. Letf € Cy(G). Thenf, [y€ Co(H) for every y € G. Let, for everyy € G,

F(y) =Ig(f, ).

Then F: G — C is a continuous function. Indeed, let y, € G; we prove that F is con-
tinuous at y,. Fix € > 0. There exists a nonempty compact subset K of G such that
f =0o0nG\K.Let U be an arbitrary compact symmetric neighborhood of 0 in G. There
exists h € Cy(G) such that h: G — [0,1] and h(C) = {1}, where C = -y, + U + K. Indeed,
for B = G \ (C + U), the closed subsets C and B of G are disjoint, and G is a normal
space by Corollary 8.3.3. By Urysohn lemma B.5.2, there exists a continuous function
h: G — [0,1] with h(C) = {1} and h(B) < {0}. In particular, the support of h is compact,
being contained in C + U.

Sincef is continuous and U+K is compact, there exists a symmetric neighborhood
Vof 0in G such that V ¢ U and

fx)-fy) <e foreveryx,yecU+K, x-yeV. (12.5)

We show that |F(y) — F(yy)| < eforally e yo+ V.Giveny € yo + V (so,y -y, € V), let
us first check that, for x € G,

Ifx+y) = f(x +yo)l < €h(x). (12.6)

Indeed, if x € G is such that f(x +y) = f(x + y,) = O, then (12.6) is obviously true.
Assume that either f(x +y) # O or f(x +y,) # 0. Then eitherx +y € Korx +y, € K,
soeitherx € -y +K € -y, + V+Korx € -y, + K. Inboth cases x € -y, + U + K and
X+Y,Xx+Yyq € U+ K. Moreover,

X+y)-(x+yo)=y-yo €V,

so (12.5) and h(x) = 1imply |[f(x +y) - f(x + )| < € = € h(x), i. e., (12.6) holds true.
From (12.6) it follows that Ify T ) = fy0 lg ()| <ehly (x) for every x € G, so, as
a consequence of Exercise 12.3.7,

IF(y) —F(yo)l < Ig(fy Iy —fy, Ta D) < eIg(hTg).

This proves the continuity of F at y,,.
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Next, for any x,y € Gwithx -y € H,

FOO =Ig(fi Tw) = Ig((fy)xy Tw) = In(fy TH) = F(y).

Then there exists a continuous function F: G/H — C such that F = F o p, where p: G —
G/H is the canonical projection:

6G—F . ¢
N A
G/H

Moreovet, F € Co(G/H).
Set, for every f € Cy(G),

I6(f) = Ig g (F).

We check that I;; is a Haar integral on G.

Indeed, the linearity of I; follows from that of I; JH and the fact that, forany a, § €
Candanyf,f; € Cy(G), letting | = af; +ff,, wehave L = aF; +SF,, soalso L = aF; +BF,.
Iff € Cy(G) is areal-valued function with f > 0, then F > 0, too, so I(f) = I, (F) > 0.
To check the invariance, notice that for any x € G, setting [ = f,, we have L=(F )p(x),
o)

I6(f) = Igu(L) = Igp((F)yw) = Iou(F) = I(F).

We show that I; is nontrivial. Take an arbitrary compact neighborhood U of 0 in G.
Proceed as in the construction of the function h above, to produce a function f € Cy(G)
such that f:G — [0,1] and f(U) = {1}. Then f > 1on U n H, so by Lemma 12.2.6,
F(0g) = Iy(f Tg) > 0, which gives F(OG/H) > 0. Moreover, f > 0 implies F > 0 on G/H,

so using Lemma 12.2.6 again, I;(f) = I;/y(F) > 0. Thus, I;; is a Haar integralon G. [

We are ready to prove the existence of Haar integrals on general locally compact
abelian groups:

Theorem 12.2.9. Every locally compact abelian group G admits a Haar integral.

Proof. 1f G is compact or discrete, then Theorem 12.2.5 or Lemma 12.2.7 apply, respec-
tively. In case G is compactly generated, G has a discrete subgroup H such that G/H
is compact by Proposition 11.6.1. So, both H and G/H admit a Haar integral. It follows
from Lemma 12.2.8 that G admits a Haar integral, too.

In the general case, G has an open subgroup H which is compactly generated:
just take the subgroup of G generated by an arbitrary compact neighborhood of 0
in G. Such a subgroup H is locally compact (and compactly generated), hence admits
a Haar integral by the above argument, while G/H is discrete, so it also admits a Haar
integral by Lemma 12.2.7. Finally, Lemma 12.2.8 implies that G admits a Haar integral,
too. O
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12.2.3 The Haar integral of locally compact groups

Every locally compact group G admits a right Haar integral (see [174, Theorem (15.5)]):

Definition 12.2.10. A right Haar integral on a locally compact group G is a nontrivial
linear functional I;: C,(G) — Cwhich s positive and right invariant (i. e., I;(f,) = I(f)
forany f € C,(G) and any a € G).

Moreover, if ] is another right Haar integral on G then there exists ¢ € R, such
that I; = c/. Analogously, a locally compact group admits a unique, up to a positive
multiplicative constant, left Haar integral.

The Haar integral gives the possibility to obtain unitary representations of locally
compact groups (see also [174]).

Remark 12.2.11. In the presence of a right Haar integral I; on a locally compact group
G, one can define also a scalar product on Cy(G) making it a pre-Hilbert space, by
letting, for f,g € Cy(G),

f1g) =15(fg).

This scalar product is invariant, namely, (f, | g,) = (f | g) for every a € G. Hence, the
assignments f — f, are unitary operators of the pre-Hilbert space C,(G). This provides
a unitary representation G — U(C,(G)) similarly as in Definition 10.3.1.

Aright Haar integral I;; on a locally compact group G induces — by Riesz represen-
tation theorem (see [174, Theorem (11.37)] or [252, Theorem (2.14)]) — a right invariant
measure m on the g-algebra B(G) of all Borel sets of G such that I;(f) = j fdm for all
f € Cy(G). Right invariance means that m(Ba) = m(B) holds for all B € B(G) and all
aceqG.

Definition 12.2.12. Let G be a locally compact group. The measure m induced by a
right Haar integral on G on B(G) is called a right Haar measure.

A locally compact group G has finite right Haar measure m if and only if G is com-
pact. In such a case m is determined uniquely by the additional condition m(G) = 1.
Every compact group G admits a unique Haar integral that is right and left invariant,
such that its Haar measure satisfies m(G) = 1 (see Theorem 12.2.5 in the case of a com-
pact abelian group).

Remark 12.2.13. Alternatively, the Haar measure of a compact group G is a function

m: B(G) — [0,1] such that:

(@) m is g-additive (i.e., m(U,en Bn) = Ynew M(By) for every family {B,:n € N} of
pairwise disjoint members of B3(G));

(b) mis left and right invariant (i. e., m(aB) = m(Ba) = m(B) for every B € B(G) and
every a € G);

(c) m(G) =1.
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It easily follows from (b) and (c) that m(U) > 0 for every nonempty open set U of G.
The Haar measure is unique with the properties (a), (b), and (c).

12.3 Exercises

Exercise 12.3.1. Let G, H be topological groups and h: G — H a continuous homomor-
phism. Prove that iff: H — C is an almost periodic function, thenalsog = foh:G —» C
is almost periodic.

Hint. Let {ap}nen be a sequence in G. Letting b, = h(a,) for n € N, the sequence {f; }ney has a uni-
formly convergent subsequence {fbnk Yeen in C*(H). Then {gank ke is @ convergent subsequence of
{84, tnen in C*(G). Thus, g € A(G).

Exercise 12.3.2. For a nonconstant periodic continuous function f: R — C, prove that
there exists a smallest positive period a of f.

Exercise 12.3.3. Let G be an abelian group. Call a € G a period of a function f: G — C

if f(x + a) = f(x) for every x € G. Prove that:

(@) the subset I1(f) of all periods of f is a subgroup of G and f factorizes through the
canonical projection G — G/II(f);

(b) II(f) is the largest subgroup such that f is constant on each coset of II(f);

(c) if Gis atopological group and f is continuous, II(f) is a closed subgroup of G.

Exercise 12.3.4. Let f:R — R be a continuous function. Show that:

(a) fisalmost periodic if and only if for every £ > 0 there exists a trigonometric poly-
nomial P,(x) = Y}_, @i cosrix + by sinrgx, ay, by, 1. € Rsuch that || - P, < &

(b) iff is periodic with period 1, then given € > 0, there exists a trigonometric polyno-
mial P, (x) = ag + Y p_; aj cos 2knx + by, sin 2knx, ay, by € Rsuch that |If - P, < €.

Hint. (@) Use Theorem 12.1.9 and the fact that a continuous character of R has the form y: R — §,
X — cosrx +isinrx € S forsomer € R.

(b) Use the fact that f factorizes through the canonical projection go: R — T, so f = f' o g, and
f: T — Ris almost periodic, as T is compact.

Exercise 12.3.5. Let G be a topological abelian group and f € C*(G). Prove that
{T(f,€):€ > 0} is alocal base at 0 in a group topology Ty on G.

Hint. For every € > 0, -T(f,€) = T(f,€) and T(f,&/2) + T(f,€/2) € T(f,¢€).

Exercise 12.3.6. Let G be a topological abelian group and I; a Haar integral on a
translation-invariant C-linear subspace J(G) of C*(G) containing all constant func-
tions and closed under complex conjugation which satisfies I;(1) = 1. Prove that if
f €J(G) and |f] < €, then also |I;(f)| < .

Hint. First, consider the case when f is real-valued.
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Exercise 12.3.7. Let G be alocally compact abelian group and I; a Haar integral on G.
Prove that |I;(f)| < I(If]) for all f € Cy(G).
Hint. We may assume that I;(f) # 0. Choose a € S§ such that I;(af) = |[;(f)]. Since |af| = |f], we

may assume that I;(f) > 0. So, if f = u + iv with real-valued functions u,v € Cy(G), Iz(v) = 0 and
I6(F) = Is) < Ig(lul) < Is(IfD)-

Exercise 12.3.8. For a continuous homomorphism ¢: G — H of topological abelian
groups, define A(¢p): A(H) — A(G) by A(p)(f) = f o ¢ for f € A(H). Show that the
assignments G — A(G) and ¢p — A(¢) define a contravariant functor from the category
of abelian topological groups to the category of C-Banach algebras.

12.4 Further readings, notes, and comments

Almost periodic functions on the real line were first introduced in 1923 by Bohr [35],
inspired by the work [34] of Bohl on e-periodicity. An equivalent definition was fur-
nished by Bochner [33], which was later generalized to arbitrary topological groups
(see [174]). Using Bochner’s definition, von Neumann [284] studied almost periodic
functions on general groups. A third approach to almost periodic functions using the
Bohr compactification was given by Weil [288]. Other classical references for almost
periodic functions are [197] and [124].

Theorems 12.2.5, 12.2.9 and Lemma 12.2.8 are [99, Lemma 2.4.3, Theorem 2.4.5,
Lemma 2.4.5] (and also [109, Theorem 7.1, Theorem 7.5, Lemma 7.4]), respectively.

Uniform continuity can be defined also for maps between arbitrary topological
groups, but we preferred to remain in the abelian case in order to avoid technical com-
plications related to the various uniformities that appear in the nonabelian case. In
particular, when G is a compact group, then every continuous function f:G — C is
uniformly continuous. This property can be extended to pseudocompact groups (see
§15.5).
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13 The Pontryagin-van Kampen duality

The main aim of this chapter is to introduce in detail the dual group of a topological
abelian group and to prove the Pontryagin-van Kampen duality theorem for locally
compact abelian groups.

13.1 The dual group

Here we write the circle additively as T and denote by g,: R — T = R/Z the canonical
projection. As {(-=, =) :k € N,} is a local base at 0 in R, letting, for every k ¢ N,,

T3k 3k
(55 50)

we obtain a local base {A;:k € N,}at 0in T.

For an abelian group G, we let G* = Hom(G, T, equipped with the compact topol-
ogy inherited from T (i. e., the pointwise convergence topology — see Example 8.1.2).
This topology coincides with the compact-open topology (see below) if we consider G
as a discrete group.

For a subset K of G and a subset U of T, let

W (K, U) = {{ € G*:x(K) < U}.

For any subgroup H of G*, we abbreviate H n W« (K, U) as Wy (K, U). When there is
no danger of confusion, we shall write only W(K, U) in place of W (K, U).

If G is a topological abelian group, the dual group G of all continuous characters of
G carries the compact-open topology (see Remark 5.2.24): the basic neighborhoods of
0in G are the sets Wg(K, U), where K is a compact subset of G and U is a neighborhood
of 0 in T. We show in Theorem 13.1.2(f) that W (K, U) coincides with W;- (K, U) when
U ¢ A; and K is a neighborhood of 0 in G; therefore, we use mainly the notation
W(K, U) when the group is clear from the context.

Let us start with an easy example.

Proposition 13.1.1. Let G be a topological abelian group.
(@) IfGis compact, then G is discrete.
(b) IfG is discrete, then G is compact.

Proof. 1f G is compact, then Wz(G,A;) = {0}, as A; contains no subgroup of T be-
yond {0}. If G is discrete, then G = G* is compact, as explained above. O

Both implications can be inverted as we will see in Corollary 13.4.18.
Now we prove that the dual group of a topological abelian group G is always a
topological group (see Theorem 13.1.2(c)), and if G is locally compact, then G is locally
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compact, too (see Corollary 13.1.3(a)). This is the starting point of the Pontryagin-van
Kampen duality theorem.

Theorem 13.1.2. For a topological abelian group G, the following hold true:

(@) ifxeTandk e N, thenx € A ifandonly ifx,2x, ..., kx € Ay;

(b) x € G* is continuous if and only if x"'(A\,) is a neighborhood of 0 in G;

() Gisa topological group and {W(K, A,):K < G, K compact} is alocal base at O in G;
(d) forevery subset A of G and every integer s > 1,

Wa(A, Ag) + W5(A, Ag) € We(A, Ajgp)s

(e) if Fis a closed set of T, for every subset K of G, W« (K, F) is closed in G* (hence,
compact);
(f) if U is neighborhood of 0 in G, then:
(f,) Wz(U,V) = Wg. (U, V) for every neighborhood V ¢ A, of 0 in T;
() W, A,) has compact closure;
(f;) if U has compact closure, then W(U, A,) is a neighborhood of 0 in G with com-
pact closure, so G is locally compact.

Proof. (a) Fors € N, sx € Ajifand only if x € A, = qq (é) + A for some t €
{0,...,5—-1}. On the other hand, A, = A;and A;nAg,, # #ifand only if t = 0. Hence,
if x € Agand (s + 1)x € Ay, then x € Ag,;. Inductively we obtain sx € A; for every
se{l,...,k}ifand only if x € A,.

(b) Suppose that y !(A;) € V;(0). We have to see that x '(Ay) € V;(0) for all
keN,.PickV € Vs0O)withV +---+V ¢ X‘l(Al). Now sy(y) € A, foreveryy e V

and every s € {1,..., k}. By item (a),kx(y) € Ay and soy(V) € A.

(c) The first assertion follows from Exercise 5.4.12. Moreover, the family
{Wz(K, A):K < G,K compact,k € N,} is a local base at 0 in G.Letk € N, and K
a compact subset of G containing {0}. Define L = K + - - - + K, which is a compact sub-

set of G, and take y € Wg(L, A). For every x € K and sk € {1,...,k}, sy(x) € Ay, and so
X(x) € Ay by item (a). Hence, Wa (L, Ay) € Wi(K, Ay). This proves the second assertion.

(d) is obvious.

(e) If m: TC® — T is the projection defined by the evaluation at x, for x € G, then
We- (K, F) = Nyex X € G*:x() € F} = yex (1 (F) 0 G*) is closed as each 7' (F) N G*
is closed in G”.

(f;) follows immediately from item (b).

(f,) To prove that the closure of W, = Wg (T, A,) is compact it is sufficient to note
that W, ¢ W; = W;(U, A,) and prove that W is compact. Let 7, denote the subspace
topology of W, in G; we prove that (W, 7,) is compact. Consider on the set W, also the
weaker topology 7 induced from G* and consequently from TC. Observe first, that,
dueto (f), W, = W;(U, A,) = W (U, A,). By item (e), (W;, 7) is compact. It remains to
show that both topologies 7, and t coincide on W;. Since 7, is finer than 7, it suffices
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to show that if a € W; and K is a compact subset of G, then (a + W (K, A;)) n W, is also
a neighborhood of a in (W;, 7). Since K is compact, there exists a finite subset F of K
such that K ¢ F + U. We verify that

(@+ Wge (F, 1)) N W, € (@+ W(K, Ap) N Wy (13.0)

Let& € Wi« (F,Ay), sothata + & € W,. As a € W, as well, we deduce from item (d) that
&) < A, < Ay, since & = (a+ &) — a € W, — W,. Consequently, & € G by item (b) and
E(K) < &(F+U) < Ay + A, € A,. This proves that & ¢ W (K, Ay), and so (13.1).

(f;) follows from (f,) and the definition of the compact-open topology. O

Corollary 13.1.3. Let G be a locally compact abelian group. Then:
(@) Gis locally compact;

(b) if G is metrizable, then G is o-compact;

(¢) if G is o-compact, then G is metrizable.

Proof. (a) follows immediately from Theorem 13.1.2(f;).

(b) Since G is metrizable, there exists a countable base {U,:n € N} of V;(0),
with U,,,; ¢ U, for every n € N. By Theorem 13.1.2(f,), W(U,, A,) has compact clo-
sure K. Let y € G. By the continuity of y, there exists n € N such that y(U,) < Ay, so
X(Up,1) € A, thatis, x € W5(Up,;, A,). In particular, y € K,,;. Therefore, G = Upen Ky
is o-compact.

(c) If G is o-compact, then G is hemicompact (see Exercise B.7.13), 50 G = | J,en K
where each K, is a compact subset of G and every compact subset K of G is contained
in some K,,. Then W(K, A;) 2 W(K,, A;). Hence, the neighborhoods W(K,,, A;) form a
countable base of V;(0) by Theorem 13.1.2(c). By Birkhoff-Kakutani theorem 5.2.17, G
is metrizable. O

Local compactness is not needed for the proof of (b), while the proof of (c) needs
only hemicompactness, not local compactness (plus -compactness).

The proof of Theorem 13.1.2 shows also that, for a topological abelian group G
and a neighborhood U of 0 in G, the neighborhood W (U, A,)of0in G carries the same
topology in G and G*; nevertheless, the inclusion map j: G — G* need not be an em-
bedding since W(U, A,) need not be a neighborhood of 0 in j(G) equipped with the
topology induced by G*. More precisely, one has:

Corollary 13.1.4. For a locally compact abelian group G, the following conditions are
equivalent:

(@) theinclusion map j:G — G* is an embedding;

(b) G is compact.

Proof. (a)=(b) Assume that j:G — G* is an embedding. By Corollary 13.1.3(a), G is
locally compact, hence complete by Proposition 8.2.6. By Proposition 7.1.22, j(G) = G
is closed in the compact group G*, and consequently j(G) is compact. Therefore, G is

compact.
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(b)=(a) Since the compact-open topology of G is finer than the pointwise conver-
gence topology of G*, the inclusion map j:G < G* is a continuous injective homo-
morphism, and j is an embedding by the open mapping theorem (Theorem 8.4.1). [

13.2 Computation of some dual groups

The next lemma is used for the computation of the dual groups in Example 13.2.4.

Lemma 13.2.1. Every continuous homomorphism x: T — T has the form k id, for some
keZ.

We give two proofs of this fact. The first, straightforward one, is based on Lem-
ma 9.1.3, the second one on Lemma 4.4.7.

First proof of Lemma 13.2.1. Applying Lemma9.1.3toq := yoqy:R —» Tandgy: R — T,
we can find a continuous homomorphism n: R — Rsuch thatgyen =g =x-q,i.e.,
one has the following commutative diagram:

(13.2)

Asx(qo(Z)) = {0}, we deduce that g,(n(Z)) = {0} as well. Therefore, n(Z) < ker q, = Z.
By Exercise 9.5.8, there exists p € Rsuch thatn(y) = py foreveryy € R.Thus,n(Z) ¢ Z
yields p € Z. Hence, x(x) = px for every x € T. O

Second proof of Lemma 13.2.1. For k € N,, the endomorphism y;: T — T, x — kx, is
surjective, continuous, and ker y; = Z(k). Let now x: T — T be a nontrivial continu-
ous homomorphism. Then kery is a proper closed subgroup of T, hence kery = Z(k)
for some k € N,. Let ¢: T — T/Z(k) be the canonical projection. Since x(T) is a
connected nontrivial subgroup of T, one has y(T) = T (see Example 6.1.8(b)). Apply
Proposition 3.2.5with G = H, = H, = T, f, = x, and f; = y;. Since ker f; = kerf, = Z(k),
4, = @, = g, and the homomorphism ¢ in Proposition 3.2.5 is the identity map of
T/Z(k), we obtain this commutative diagram:

T (13.3)
IR
q
T <—T/2(k) —=T
-~ 7~
n

Since y; and y are open in view of the open mapping theorem (Theorem 8.4.1), by
Proposition 3.2.5 we have that : T — T is a topological automorphism, so = +idy
according to Lemma 4.4.7. Therefore, y = 4. O
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For a topological abelian group G, the equality y = +¢ for continuous characters
X>&:G — T implies kery = keré and x(G) = £(G). More generally, if y = k¢ for some
k € Z,ker¢ c keryandy(G) < ¢(G). Now we see that this implication can be (partially)
inverted under appropriate hypotheses.

Corollary 13.2.2. Let G be a a-compact locally compact abelian group and y,¢:G — T
continuous surjective characters of G. Then there exists m € Z such that £ = my if and
onlyifkery c ker&. Ifkery = keré, then & = +x.

Proof. Argue as in the final part of the second proof of Lemma 13.2.1. Since y and ¢ are
open by the open mapping theorem (Theorem 8.4.1), Proposition 3.2.5 can be applied
with H; = H, = T and the diagram (13.3) (with G in place of T at the top) can be used
to conclude. O

Corollary 13.2.3. Let G be a topological abelian group and x,¢: G — T continuous char-

acters of G such that ker & € kery.

(@) If1¢(G)| = mfor some m € N_, thenx = k¢ for some k € Z; moreover, kery = ker&
if and only if x(G) = £(G), and in such a case k is coprime to m.

(b) Ifkery = keré = Nisopenandy(G) = £(G) = H, then there exists an automorphism
n of H (equipped with the discrete topology), withxy = no&.

Proof. (a) If |£(G)| = m for some m € N,, then G/ker¢ = &(G) = Z(m) < T. The hy-
pothesis ker & ¢ kery implies that G/ kery = y(G) = Z(n) < T with n | m, as G/ kery
is isomorphic to a quotient of G/ keré = Z(m). Therefore, y(G) < &(G). Since both
&:G — &(G) and x: G — x(G) are open (as the groups é(G) and y(G) are discrete), there
exists a homomorphism 1: £(G) — x(G) such thaty = n¢, by Proposition 3.2.5. The in-
clusion x(G) = Z(n) < £(G) = Z(m) implies that n must be the multiplication by some
k € 7, therefore y = k&. Moreover, kery = ker ¢ precisely when 7 is an isomorphism,
and so this means y(G) = &(G). Clearly, x(G) = &(G) if and only if k # 0 is coprime to
m.

(b) The assertion follows from Proposition 3.2.5. O

Example 13.2.4. Let p be a prime. Then
Zp®) =Y, J,=2p®), T=7Z Z=T, and R=R

The first isomorphism follows from our definition J, = End(Z(p™)) =
Hom(Z(p™), T) = Z/(pa) and the fact that the topology on Jp = Z/(pE) described in
Example 2.1.5 coincides with the pointwise convergence topology of Z/(p; ) = Z(p*>)*.

To verify the isomorphism ﬁp = Z(p™), consider first the canonical projection
Mn:, — Jp/p"), = Z(p") < T for n € N,. With this identification, we consider
Nn € J,- As kern, = p"J, is open, 1, € ﬁp. It is easy to see that under this identifi-
cation pn,, = 1, for every n € IN, . Therefore, the subgroup H of J, generated by the
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characters 1, is isomorphic to Z(p™). To see that H = ﬁp, take any nontrivial continu-
ous character x:J, — T.Then N = kery is a proper closed subgroup of J,. By the open
mapping theorem (Theorem 8.4.1), x(G) = G/ ker(x). Moreover, N # {0} as J, is not
topologically isomorphic to a subgroup of T. Indeed, J,, # T (since T is connected,
while J, is disconnected) and all proper closed subgroups of T are finite (see Exer-
cise 9.5.7). Thus, N = p”]Ip for somen € N, . Since N = ker n,,, Corollary 13.2.3(b) yields
X = kn, for some k € Z coprime to p, so y € H. We conclude that ﬁp =H = 7(p*).

The isomorphism g: Z — T is obtained by setting g(x) = x(1) for every y: Z — T.
It is easy to check that this isomorphism is topological.

According to Lemma 13.2.1, every y € T has the form y = y; = kidy for some
k € Z. This gives a homomorphism T — Z, u;, +— k, which is obviously bijective.
Hence, T = Z since both groups are discrete (see Proposition 13.1.1(a)).

To prove R = R, for every r € R, consider the map p,: R — R defined by p,(x) =
rx. Then x, = g, o p, is a continuous character of R. If r # 0, then x, # 0, so the
homomorphism

g:lR—>ﬁ, reXp

has kerg = {0}. To see that g is surjective, consider any nontrivial y € R. Applying
Lemma9.1.3toy: R — T and gy: R — T, we find a continuous homomorphism 7: R —
Rsuchthatgyen =x:

R—>R

N

T

Let r = n(1). It is easy to check that = p,, and so y = x,. Then g is an isomorphism.
Its continuity follows from the definition of the compact-open topology of R. As R is
o-compact, g is also open by the open mapping theorem (Theorem 8.4.1).

We need the next result to compute the dual of Q,,.

Proposition 13.2.5. Let G be a hereditarily disconnected locally compact abelian group.
Then ker x is an open subgroup of G for every x € G.

Proof. According to Theorem 8.5.2, G has a local base at 0 formed by open subgroups.
Hence, there exists an open subgroup O of G such that x(0) < A,. Since A, contains no
nontrivial subgroup, x(0) = {0}, and so O < kery. Therefore, ker y is open. O

Example 13.2.6. Letp be a prime. Then Q, = Q,,.

Consider the character x;: Q, — T obtained simply by the canonical projection
Q, > Q/J, = Z(p™) c T. As Jp is openin Qp, x; € (ﬁp. For every § € Q,, consider
the map y;: Q, — Qp, x — &éx. Then its composition x; = x; o p; with x; gives a
continuous character of Qp- If & # 0, then Xe # 0, so the homomorphism

g:Qp_)Qp> {’_}Xéﬂ
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has kerg = {0}. To see that g is surjective consider any nontrivial y € (ﬁp. By Propo-
sition 13.2.5, N = ker is an open subgroup of Q,, and so N = pm]Ip for some m € Z.
Let x' be defined by x'(x) = x(p™"x) for all x € Q,. Then kery’ = J,, = ker;. On the
other hand, y;(Q,) = X (Qp) = Z(p™). By Corollary 13.2.3(b), there exists an auto-
morphism 1 of Z(p®™) such that y' = 1 o x;. Moreover, there exists ¢ ¢ J, such that
n(x) = éx for every x € Z(p*). Since all three homomorphisms y;: Q — Z(p*™),
X" Q, — Z(p™), and n: Z(p*’) — Z(p*) are J,-module homomorphisms, we deduce
that x'(x) = (&) for all x € Q. Consequently, y(x) = x' (p™éx) for all x € Q,,. In other
words, X = Xpmg = g(P™¢). Therefore, g: Q, — @p is an isomorphism.

To check its continuity, note first that every compact subset of Q, is contained in
some of the compact open subgroups p‘"‘]Ip for m € IN. Then the basic neighborhood
Uy, == W(p™™J,, Ay) of 0 in Q, coincides with the set of ally € Q,, that vanishonp™7J,,
(as A; contains no nontrivial subgroups). Hence, for every m € IN, g"l(Um) is open
as it contains the open subgroup p’"]Ip of Q. This proves the continuity of g. As Q,
is o-compact, since Q, = Une]N+ p*"]Ip, g is also open by the open mapping theorem
(Theorem 8.4.1).

13.3 Some general properties of the dual group

13.3.1 The dual of direct products and direct sums

We start proving that the dual group of a finite product of topological abelian groups
is the product of their dual groups.

Lemma 13.3.1. IfG, H are topological abelian groups, then G x H = G x H.

Proof. The isomorphism ®: G xH — m, defined by @(x1, x5) (X3, X2) = X1(x1) +x2(x2)
for every (x.x,) € G x H and (x;,x,) € G x H, is a particular case of (A.3) when the
target group is T and only continuous homomorphisms are taken into account.

Now we show that @ is continuous. Let W(K, U) be an open neighborhood of 0
in GxH (namely, K is a compact subset of G x H and U is an open neighborhood
of 0 in T). Since the projections 71; and 7 of G x H onto G and H, respectively, are
continuous, K := 715(K) and Ky := my(K) are compact in G and H, respectively. Taking
an open neighborhood V of 0 in T with V + V ¢ U, since K < K;; x Ky, it follows that
OW(Kg, V) x W(Ky, V) € WK, U).

It remains to prove that @ is open. Consider two open neighborhoods W (K, Ug)
of 0in G and W(Ky, Uy) of 0 in H, where K; < G and Kj; ¢ H are compact and Uy, Uy
are open neighborhoods of 0 in T. Then K := (K; U {0}) x (Ky U {0}) is a compact
subset of G x H and U := U; n Uy is an open neighborhood of 0 in T with W(K, U) <
OW(Kg, Ug) x W(Ky, Uy)). O
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By Examples 13.2.4 and 13.2.6, T, Z, Z(p*°), Jps R, and Q, satisfy E = G, namely,
they satisfy the Pontryagin-van Kampen duality theorem (a more precise form is given
in Definition 13.4.4, but we prefer to anticipate this weaker one). Using Lemma 13.3.1,
this property extends to all finite direct products of these groups.

As a matter of fact, all finite groups (see Example 13.3.3(a)), as well as the groups
R and Q, (see Examples 13.2.4 and 13.2.6) satisfy the even stronger condition G=G

(which immediately implies E = (G in view of the obvious fact that if G = H, then also
G = H). This motivates the following notion:

Definition 13.3.2. Call a topological abelian group G selfdual if G = G.

Example 13.3.3. (a) Any finite abelian group F is selfdual. Indeed, F = F* and we
prove that F* = F. Recall that F has the form F = Z(n;) x - -- x Z(n,,) for suitable
ny,...,N, € N, by Theorem A.1.1. So, applying Lemma 13.3.1, we are left with the
proof of the isomorphism Z(n)* = Z(n) for every n € N,. The elements x of T
satisfying nx = 0 are precisely those of the unique cyclic subgroup Z(n) of order
nof T, so Z(n)* = Hom(Z(n), Z(n)) = Z(n).

(b) As already mentioned, R and Q,, by Examples 13.2.4 and 13.2.6, and all finite
abelian groups by item (a) are selfdual. By Lemma 13.3.1, finite direct products
of selfdual groups are selfdual, hence all groups of the form F x R™ x Q", where
F is a finite abelian group and m, n € N, are selfdual.

Example 13.3.3 and Lemma 13.3.1 provide a large supply of topological abelian
groups G satisfying G = G:

Proposition 13.3.4. Let P, P,, P; be finite sets of primes, m,n,k,k, € N withp € P;,
n, € N, withp € P; and my, € N, with p € P,. Every group of the form

G:T“xz"'x]R"xeHZ(pO")"va]JZ"’xHQ’;”,

pep, PEP, peP;

where F is a finite abelian group, satisfies E = G. Such a group G is selfdual if and only
ifn=m, P, = P,,and n, = my, for allp € P, = P,. In particular, G = G holds true for all
elementary locally compact abelian groups G.

Proof. Example 13.2.4 gives that Z = T and T = Z, hence Z = ZandT = T.

Analogously, ZTpE) = J, and ﬁp = Z({p*) yield Z(p*™°) = ZTpE) and J, = fp. So,
H € (T, Z, Z(p*), ]} satisfies H = H. Moreover, R = R, Q, = Q,, and F = F were al-
ready checked (see Examples 13.2.4, 13.2.6, and 13.3.3(a)). The conclusions follow from
Lemma 13.3.1. O

The problem of characterizing all selfdual locally compact abelian groups is still
open (see [140, 141]).
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Theorem 13.3.5. Let {D;:i € I} be a family of discrete abelian groups and let {G;:i € I}
be a family of compact abelian groups. Then

@ =[]D; and r/[a =P (13.4)

iel iel iel iel

Proof. Let D = P, D;, let x: D — T be a character and, fori € I, let x;: D; — T be its
restriction to D;. The isomorphism @: D — [[;.; D; in (13.4) is defined by x — (x;)ic;- TO
see that @ is continuous, pick a prebasic neighborhood V = WDX,0 (Fo» M) X[ Tiengiy) D; €
VH,-ezﬁi(O)’ with iy € I and F a finite subset of D; . Let F = Fy & (jep,3{0}; then
®(Wp(F, A,)) € V. Finally, @ is open, by Corollary 8.4.2 and Proposition 13.1.1(b).

Let G = [, G;, pick a continuous character y:G — T and V € V;(0) with
X(V) € A,. There exists a finite subset F of I such that V 2 B := [[;c{0} X [[iep\r Gi-
Since y(B) <€ A, is a subgroup of T, x(B) = {0}. Hence, y factorizes through the pro-
jection p:G — [;cr G; = G/B; so there exists a character y': [[;cr G; — T such that
X =X' °p. Obviously, ' € @;cr G; € @;c; G;- Then the assignment y + y' induces the
second isomorphism in (13.4). Since both groups are discrete by Proposition 13.1.1(a),
this is a topological isomorphism. O

In order to extend the isomorphisms (13.4) to the general case of topological
abelian groups, one has to consider a specific topology on the direct sum (see [18,
14.11] or [182]).

Example 13.3.6. Using the isomorphism Q/Z = EBPE]P Z(p*°), where Q/Z is discrete,
Example 13.2.4 and Theorem 13.3.5, we obtain Q/Z = [Tpep Jp-

13.3.2 Extending the duality functor to homomorphisms

Let G, H be topological abelian groups. If f: G — H is a continuous homomorphism,
then the function f: H — G, x  x of, is well-defined since y » f is continuous. Clearly,
a subgroup H of a topological abelian group G is dually embedded if and only if the
map i: G — H is surjective, where i:H — G is the inclusion map. Open subgroups H
are dually embedded (for a continuous character y: H — T, any extensiony’:G — T
of y is continuous, and such an extension y’ exists by Theorem A.2.4.

Lemma 13.3.7. If G, H are topological abelian groups and f:G — H is a continuous

homomorphism, then f: H — G is a continuous homomorphism as well.

(@) Iff(G)is densein H, thenf is bijective.

(b) Iff is an embedding and f(G) is dually embedded in H, thenf is surjective.

(c) Iff is a surjective homomorphism such that every compact subset of H is covered
by some compact subset of G, then f is an embedding.

(d) Iff is a quotient homomorphism and G is locally compact, then f is an embedding.

(e) IfH = Gandf = idg, thenf = idg. -

(f) Ifg:H — L is a continuous homomorphism, theng of = f o g.
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Proof. Clearly, f is a homomorphism. Assume that K is a compact subset of G. Then
f(K) is a compact subset of H, so W := Wx(f(K), A;) is a neighborhood of 0 in H and
f(W) € Wx(K, Ay). This proves the continuity of f.

The proofs of items (e) and (f) are immediate.

(@) Iff(x) = 0 fory € H, thenyf = 0. By the density of f(G) in H, this yields y = 0.
By Exercise 7.3.14, dense subgroups are dually embedded, sof is surjective.

(b) Lety € G.Theny':f(G) — T, defined by x' (f(x)) = x(x) for x € G, is continuous
since f is an embedding. Since f(G) is dually embedded in H, x’ can be extended to a
continuous character ¢ of H. This yields f({ ) =X.

(c) Assume that L is a compact subset of H. By hypothesis, there exists a compact
subset K of G such that f(K) = L. Therefore, we get f (Wg(L,Ay)) = fH)n W (K, Ay).
This proves that f is an embedding.

(d) follows from (c) and Lemma 8.2.5. O

Corollary 13.3.8. Let G be a locally compact abelian group, H a subgroup of G, and
i:H — G the canonical inclusion of H in G. Then:

(@) i:G — H is surjective if H is dense or open, or compact;

(b) iis injective if and only if H is dense in G.

Proof. (a) If H is compact, apply Corollary 11.6.4, otherwise Lemma 13.3.7(b).
(b) If H is dense, then i is injective by Lemma 13.3.7(a). Conversely, assume that H
is a proper subgroup of G and let : G — G/H be the canonical projection. By Theo-

rem 11.6.3, there exists a nonzero y € G/H. Then ¢ = y - g € G is nonzero and satisfies
§(H) = {0}, i. e.,f(é’) = 0. Then{is not injective. O

If H denotes the category of all Hausdorff topological abelian groups, the Pontrya-
gin—van Kampen duality functor, defined by

“H—>H, GoG and fe—f,

for objects G and morphisms f: G — H in H, is a contravariant representable functor
(see Lemma 13.3.7). In particular, the following property holds.

Corollary 13.3.9. If G, H are topological abelian groups and f: G — H is a topological
isomorphism, then f:H — G is a topological isomorphism as well.

The next corollary is valid for arbitrary locally compact abelian groups, but that
stronger form will be proved later on. The case of discrete abelian groups considered
in this corollary follows immediately from Corollary 13.3.8(a).

Corollary 13.3.10. If G is a discrete abelian group and H a subgroup of G, then |H| < |G|.
We use this corollary to compute the size of G = G* for a discrete abelian group G:

Theorem 13.3.11 (Kakutani theorem). If G is an infinite discrete abelian group, then
G| = 2!,
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Proof. The inequality |G| < 2!°! is obvious since G is contained in the Cartesian power
T¢ which has cardinality 2/°!. It remains to prove the inequality |G| > 2/°!. We consider
several cases using each time the inequality |G| > |H| from Corollary 13.3.10 for an
appropriate subgroup H of G with |H| > 2161,

CASE 1. Ifr(G) is finite, G is countable by Lemma A.4.14, so we have to check that IG| > «.
According to Lemma A.4.14, G = Gy @ F @ (D, Z(p{°), where the primes p;, ..., p,, are
not necessarily distinct, F is a finite abelian group, and G, is a subgroup of Q" for
n = ry(G). Since G is infinite, either n > 0 or m > 0. In the first case, G contains
a subgroup H = Z, in the latter case, G contains a subgroup H = Z(p;°) for some
ie{l,...,m}.Inbothcases, |H| = ¢,as|Z| = |T| = candlZTp?ﬂ =l =c respectively.
This proves the desired inequality |G| > ¢.

Cask 2. If r(G) is infinite, according to Lemma A.4.14, G has a subgroup H such that
H = @;¢; C;, Il = |G| and each C; is cyclic. Then H = [];; C; by Theorem 13.3.5, and
so |H| = 2 = 2l6l since each C‘i is either finite or has size c. This proves the desired
inequality |G| > 2! in this case. O

From Corollary 11.4.5 and Theorem 13.3.11, we obtain:

Corollary 13.3.12. For every infinite abelian group G, w(G) = 291,

Remark 13.3.13. As we shall see in the sequel, every compact abelian group K has
the form K = G for some discrete abelian group G. Moreover, G can be taken to be K.
Applying Kakutani theorem 13.3.11 to K = G, we obtain |K| = |G| = 2!°!, while w(K) =
IK| = |G| according to Corollary 11.4.5. Combining these equalities yields |K| = pAASN

This property can be established for arbitrary compact groups. Since the inequal-
ity K| < 2"% holds true for every Hausdorff group, it remains to use the deeply
nontrivial fact, due to the joint efforts of Hagler—Gerlits—Efimov (see [256] for a direct
proof), that a compact group K contains a copy of the Cantor cube {0, o having
size 2®_ The compactness plays a relevant role in this embedding theorem. Indeed,
there are precompact groups that contain no copy of {0,1}™ (e. g., all groups of the
form G* with G an abelian group, as they contain no nontrivial convergent sequences
in view of Glicksberg theorem 11.6.11, whereas {0, 1} contains nontrivial convergent
sequences).

We conclude this section studying the dual group Q.

Example 13.3.14. Let K denote the compact group Q. Then:
(a) K contains a closed subgroup H isomorphic to Q/Z such that K/H = T;
(b K =Q.

To verify (a), consider the continuous character p: K — Z = T obtained by the re-

striction to Z of every y € K (i.e., p = 7, where j:Z — Q). Then p is surjective by
Lemma 13.3.7(b) and H := kerp = {y € K:x(Z) = {0}} is a closed subgroup of K with
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K/H = p(K) = T.ToseethatH = 6/\2, note that the characters of Q/Z correspond pre-
cisely to those characters of Q that vanish on Z, and these are precisely the elements
of H.

To prove (b), note that K is divisible and torsion-free, by Exercise 13.7.3. Hence,
every r € Q \ {0} defines a continuous automorphism A, of K by setting A,(y) = ry for
every x € K (see Example 8.74). Then the composition p o A,: K — Z = T defines a
character , € K with kern, = r'H. For the sake of completeness, let n, = 0. We prove
now that K = {n,:7 € Q} = Q.

Indeed, letn € K be nonzero. Then n(K) is a nonzero closed divisible subgroup of
T, hence n(K) = T. By Exercise 13.74, H is a totally disconnected compact group. On
the other hand, N = kern is a proper closed subgroup of K such that N + H # K, as
n(H) is a proper closed subgroup of T, by Corollary 11.6.5(b). Hence, n(H) is finite, say
of order m € IN,. Then N + H contains N as a finite-index subgroup, more precisely
[N+H:N]=[H:NnH]=m,andsomH < N. Consider the character n,,-: of K having
kern,,-+ = mH < N. By Corollary 13.2.2, there exists k € Z such thatn = kn,,-1 = n,,
wherer = km™ € Q.

13.4 The natural transformation w

Let G be a topological abelian group. Define w;: G — E, by ws(x)(x) = x(x) for every
x € G and for every y € G.

Proposition 13.4.1. If G is a topological abelian group, then w;(x) € G for every x €
G and w; is a homomorphism. The restriction of wg to every compact subset of G is
continuous. In particular, if G is locally compact or metrizable, then wg, is continuous.

Proof. Foreveryy,i € Gandx € G,

W)X + ) = (Y + P)(X) = x(X) + P(X) = weX) () + we(X)(W).

If U is an open neighborhood of 0 in T, then ws;(x)(W({x}, U)) ¢ U. This proves that

w¢(x) is a continuous character of G, that is, ws;(x) € G.
Moreover, w is a homomorphism, since for every x,y € G and every y € G,

we(x +y)(X) = x(x +y) = x(X) +x(¥) = wcO) + ws(y)()-

Fix a compact subset C of G and x € C. We are going to show that w [ is continu-
ous in x. Let K be a compact subset of G. Since C - C is still compact, U := Wz(C-C,Ay)
is a nonempty open set of G, so there is a finite subset F of K such that K ¢ F + U. Fix
V € V;(0) such that x(V) € A, forall y € F. Our aim is to prove that

W e (x+V)NC) € wgx) + WE(K’ Ayp). (13.5)
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Since K is an arbitrary compact subset of G, this shows that wg [ is continuous. To
prove (13.5), picky € (x + V)n Cand y € K. Then therearey; € F,x, € Uandv € V
suchthaty = x; +y,andy =x+v e C.Asv e C-Candy, € U, we have x,(v) € A,.
Moreover, y;(v) € Ayasv e Vandy; € F, so

wg [c W) —wg Tc COK) =x¢) —x0) =x(V) = x1(v) + xa(v) € Ay + Ay = .

In other words, w; [ (V) — wg [¢ (x) € WE(K’ A,). This proves (13.5).
Since continuity is a local property and every point in a locally compact abelian
group G has a compact neighborhood, we obtain that w is continuous in this case.
Finally, let G be a metrizable group. Since the continuity of w; can be shown by
considering the images of convergent sequences in G (which are compact), also in this
case wg is continuous. O

Remark 13.4.2. For a topological abelian group G, wg; is injective if and only if G sepa-
rates the points of G. Hence, by Theorem 11.6.3, w,; is injective for every locally compact

abelian group. Moreover, w;(G) is a subgroup of G that separates the points of G.

Let us see that local compactness is essential in Proposition 13.4.1.

Example 13.4.3. For an infinite discrete abelian group G the map w;: G' 5 GF =G
is not continuous. Indeed, G* = G*, since the groups G" and G have the same dual
group, namely, Hom(G, T). Furthermore, the only compact subsets of G* are the finite
ones, according to Glicksberg theorem 11.6.11 (see also Theorem 13.4.9 for a proofin the
discrete case, relevant in this example). Hence, G* has the same compact topology as
G*, namely, the pointwise convergence topology, so G* =G is discrete, by Proposi-
tion 13.1.1(a). The canonical mapping w:: G* — G*is not continuous, since G* is an
infinite precompact group by Corollary 10.2.17, so {0+ } is not open, but it is the inverse
image under w+ of the open set {05}.

Here we adopt a more precise approach to the Pontryagin-van Kampen duality
theorem, by asking w; to be a topological isomorphism:

Definition 13.4.4. A topological abelian group G is said to satisfy the Pontryagin-van
Kampen duality theorem, or shortly, to be reflexive, if wg; is a topological isomorphism.

Lemma 13.4.5. If, fori € {1,...,n}, the topological abelian groups G; are reflexive, then
also G =[]}, G; is reflexive.

Proof. To obtain a topological isomorphism j: [i, @,- — G, apply Lemma 13.3.1 twice.
Then the product 71: G — [[f; G; of the topological isomorphisms wg : G; — G; com-
posed with j gives precisely wg. O
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Let £ be the full subcategory of # having as objects all locally compact abelian
groups. According to Corollary 13.1.3(a), the functor ~: H — H sends £ to itself, i. e.,
defines a functor ": £ — L. Pontryagin-van Kampen duality theorem 13.4.17 states that
w is a natural equivalence from 1, to =. £ — £, where = =~ We start by proving that
w is a natural transformation.

Proposition 13.4.6. w is a natural transformation from 1, to ™ L — L.

Proof. By Proposition 13.4.1, w; is continuous for every G € L. Moreover, for every
continuous homomorphism f: G — H of locally compact abelian groups, the following
diagram commutes:

Infact,ifx e Gand ¢ ¢ H, then wyg(f(x))(&) = &(f(x)). On the other hand,

(Fws0))@) = @600 « F)E) = w0 (FE)) = we()E o f) = £(F(0)).

Hence, wy (fF(x)) = f(wg(x)) for every x € G. 0

13.4.1 The compact or discrete case

Now we can prove the Pontryagin-van Kampen duality theorem in the case when the
topological abelian group G is either compact or discrete.

Theorem 13.4.7. If the topological abelian group G is either compact or discrete, then
wg s a topological isomorphism.

Proof. If G is discrete, then G separates the points of G by Corollary A.2.6, and if G is
compact, then G separates the points of G by Corollary 11.5.1. Therefore, w; is injective
by Remark 13.4.2.

If G is discrete, then G is compact by Proposition 13.1.1(b) and the charicters from

w;(G) separate the points of G, in view of Remark 13.4.2. Hence, ws(G) = G by Corol-
lary 11.5.3. Since E is discrete, w is a topological isomorphism.

Let now G be compact. Then w; is a continuous injective homomorphism by
Proposition 13 4.1 and Remark 13.4.2. Suppose by contradiction that w;(G) is a proper
subgroup of G By the compactness of G, w;(G) is compact, hence closed in the com-
pact group G (see Proposition 13.1.1). By Corollary 11.5.1 applied to G/wG(G) there

exists & € G \ {0} such that &(w;(G)) = {0}. Since G is discrete by Proposition 13.1.1(a),
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w¢ is a topological isomorphism by the first part of the proof, and so there exists y € G
such that wg(Y) = £.So, forx € G,

0 =¢(we(0) = wz((we(X) = we (X)) = x(X).

Hence, y = 0, and so also ¢ = 0, a contradiction. Therefore, w is surjective.
Finally, w is open by the open mapping theorem (Theorem 8.4.1). O

Our next step is to prove the Pontryagin-van Kampen duality theorem for elemen-
tary locally compact abelian groups.

Theorem 13.4.8. If G is an elementary locally compact abelian group, then w; is a topo-
logical isomorphism.

Proof. According to Lemma 13.4.5 and Theorem 13.4.7, it suffices to prove that wy, is a
topological isomorphism. The mapping g: R — R, r + y,, where y,(x) = qo(rx) € T for
x € R, was shown to be a topological isomorphism in Example 13.2.4. For x,r € R, we
have wy (x)(g(r)) = g(r)(x) = x;(X) = X, (1), S0 WR(X) o g = X, = 8(x). Since wy(x) - g =
8(wr(x)) = & o wg(x), this implies (g7 0§ o wy)(X) = x, 508 ' 0§ o Wy = idy. Hence, wy
is a topological isomorphism, since g and g are topological isomorphisms. O

Here is a second argument proving that wy, is a topological isomorphism, using in
a crucial way the (Z-)bilinear map

ARXxR—-T, (xy) - AXY):=qoxy).

For every y € R, the map x, := A(-,y):R — T, x — A(x,y), is an element of R.
Hence, the second copy {0} x R of R in R x R can be identified with R, since by Ex-
ample 13.2.4 every continuous character of R has this form. On the other hand, every
element x € R gives a continuous character R — T, y — A(x,y), so can be consid-
ered as the element wp (x) of R. We have seen in Example 13.2.4 that every ¢ € R has
this form, that is, wy is surjective. Since wy is continuous by Proposition 13.4.1, we
conclude that wy, is a topological isomorphism by the open mapping theorem (Theo-
rem 8.4.1) and Theorem 11.6.3.

The following is an application of Theorem 13.4.8 to the Bohr topology.

Theorem 13.4.9. For G an abelian group, G* has no infinite compact subsets. In partic-
ular, G* admits no nontrivial convergent sequence.

Proof. The assertion is obviously true when G is finite, so we suppose from now on
that G is infinite.

Suppose that C is an infinite compact subset of G* and pick a countably infinite
subset X of C. Then the subgroup H = (X) of G is countably infinite and closed in
G* by Proposition 3.1.9. Therefore, C; = Cn H is compact, as a closed set of C, and
C, is countably infinite, as H is countable and X < C; is infinite. Since the countable
subgroup H of G carries its Bohr topology, we shall work from now on in H #
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According to Theorem B.5.11, C; has a nontrivial convergent sequence {x,},en-
Since it is contained in H along with its limit, it is not restrictive to assume that it
is a null sequence in H*, This means that X ()} e converges to O in T forall y € H*.
Algebraically, H* coincides with the dual group K of the discrete group H. By Propo-
sition 13.1.1(b), K is compact and

Wy (X)) =x(x,) > 0in'T foreveryy € K. (13.6)

Hence, letting for everyn € N, F, = {y € K:Vm > n,wy(x,)(x) € A,}, we get an
increasing chainFy, ¢ F; € --- € F, < ---of closed sets of K with K = | J,,¢ Fr- Since K is
compact, from Theorem B.5.20 we deduce that some F,, must have nonempty interior,
i.e., thereexist§ € Kand U € Vi (0) with § + U € F,, . Hence, wy(x,)(§ + U) € A, for
all m > n,. From (13.6) we deduce that there exists n; € N such that wy(x,,)(§) € A,
for all m > n,. Therefore, wy (x,,)(U) < A, for all m > n, = max{ng, n;}.

From (13.6) we deduce that, for every y € K, there exists n, € Nsuchthaty(x,) € A,
foralln > n,. By the compactness of K = {J, ¢ (X +U), there existy, ..., xs € K such that
K =i, (x; + U). Let n; = max{n -+ >y} and n, = max{n,, n3}. Then wy (x,)(K) € A
for all m > n,. As A; contains no nontrivial subgroups, wg(x,,) = O for all m > n,. This
entails x,, = 0 for all m > n,, since wy is an isomorphism in view of Theorem 13.4.8.
Thus, {x,,} e iS trivial, a contradiction. O

13.4.2 Exactness of the duality functor

For a topological abelian group G and a subset X of G, the annihilator of X in G is
Ag(X) = {x € G:x(X) = {o}},
and for a subset Y of G the annihilator of Y in G is
Ag(Y) :={x € G:x(x) = O forevery y € Y}.

When no confusion is possible, we omit the subscripts and write A(X) and A(Y).

Lemma 13.4.10. Let G be a topological abelian group and M a subset of G. Then:
(@) Ag(M)is a closed subgroup of G;

(b) the correspondence M Az (M) is monotone decreasing;

(©) Ag(M) = Az((M));

(d) ifoeMcGand0O e M cG, then Az(M +M) = Ap(M) nAG(M’);

(e) Ag(mG) = G[m] for everym € IN,.

Proof. (a) Assume that {y,},c4 is a net in A;z(M) converging to x in G. Since the net
converges also in the (coarser) pointwise-convergence topology, x,(x) — x(x) for every
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X € M. As y,(x) = Oforall a € A, we deduce that y(x) = O forallx € M, i.e., x € Az(M),
hence this set is closed.

(b) is obvious.

(c) Use (b) and the fact that when x € G vanishes on M, it also vanishes on (M).

(d) The inclusion Az (M + M') < Az(M) n Ag(M') easily follows from (b) and M <
M + M' > M'. The other inclusion is obvious.

(e) For & € G, ¢ € G[m] if and only if £(mG) = {0}, namely, ¢ ¢ Az(mG). O

Next we show a first use of the annihilator in a direct consequence of Theo-
rem 11.6.3.

Proposition 13.4.11. Every closed subgroup of a locally compact abelian group G is du-
ally closed.

Proof. Let H be a closed subgroup of G and let a € G\ H. By Theorem 11.6.3, G/H is
MAP, that is, (T/T{ separates the points of G/H, and so there exists & ¢ CT/?I such that
¢(q(a)) # 0, where g: G — G/H is the canonical projection. Now y = £ > q € A;(H) and
x(a) #0. O

Call a continuous homomorphism f: G — H of topological groups proper iff:G —
f(G) is open, when f(G) carries the topology inherited from H. A continuous surjec-
tive homomorphism is proper if and only if it is open, while an injective continuous
homomorphism is proper if and only if it is an embedding.

h
A short sequence 0 — G; N G — G, — 0in £, where f and h are continuous
homomorphisms, is exact if f is injective, h is surjective and imf = ker h; we call it
proper if f and h are proper.

Proposition 13.4.12. Let G be a locally compact abelian group, H a closed subgroup of
G, i:H — G the canonical inclusion, and q: G — G/H the canonical projection. Then the
sequence

— =1 =

0-GHLGSH

is exact, q is proper, and im q = Ax(H). If H is open or compact, i is open and surjective.

Proof Accordlng to Lemma 13.3.7(d), g is an embeddmg, so it is proper. We have that
ioq = qoz = 0, hence img < keri. If & € keri = Ag(H), then §(H) = {0}. So, there
exists & € G/H such that & = & o q (i.e., £ = (&), and we can conclude that keri =
im g = A;(H). Thus, the sequence is exact.

If H is open or compact, Corollary 13.3.8(a) implies that i is surjective. It remains
to show that 7 is open. If H is compact, then H is discrete by Proposition 13.1.1(a), so
i is obviously open. If H is open, let K be a compact neighborhood of 0 in G such
that K ¢ H. Then W = W(K, A,) is a compact neighborhood of 0 in G. Since i is
continuous and surjective, V = i(W) = Wg(K, A,) is a compact neighborhood of 0 in
H.Now M = (W) and M, = (V) are compactly generated open subgroups of G and H,
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respectively, and i(M) = M,. Since M is o-compact by Lemma 8.3.2, we apply the open
mapping theorem (Theorem 8.4.1) to i [,;: M — Mj, and so i is open. O

The next corollary of Proposition 13.4.12 says that the duality functor preserves
proper exactness for some sequences.

h
Corollary 13.4.13. If the sequence 0 — G, N G — G, — 0in L is proper exact, with G,

—~ h =~ —
compact or G, discrete (i. e., G, open), then0 — G, — G N G, — 0is proper exact with
the same property (i. e., 61 is discrete or (72 is compact).

Corollary 13.4.14. For a locally compact abelian group G and a closed subgroup H of
G, G/H = Ag(H). If H is open or compact, then H = G/Az(H).

Corollary 13.4.15. Let G be a locally compact abelian group and H a closed subgroup
of G. If H is open (respectively, compact), then Az(H) is compact (respectively, open).

Proof. If H is open, then G/H is discrete by Lemma 3.2.10(a) and so CT/TI = Az(H)
is compact by Corollary 13.4.14 and Proposition 13.1.1(b). If H is compact, then H =
@/AG(H ) is discrete by Corollary 13.4.14 and Proposition 13.1.1(a), so Az (H) is open by
Lemma 3.2.10(a). O

For the duality functor, f is an epimorphism in £ if and only iff is a monomor-
phism:

Corollary 13.4.16. Let f:G — H be a continuous homomorphism of locally compact

abelian groups. Then the following conditions are equivalent:

(@) f(G)isdenseinH;

(b) f is injective (i. e.,f is a monomorphism in the category L);

(c) ifgof = hof fora pair of morphisms g,h:H — Lin L, theng = h(i.e., f is an
epimorphism in the category L);

(d) ifgof =0 foramorphismg:H — Lin L, theng = 0.

Proof. (a)=(b) If f(G) is dense in H then f is injective by Lemma 13.3.7(a). As far as
the second assertion is concerned, it is easy to check the monomorphisms in £ are
precisely the continuous injective homomorphisms (see Exercise 13.7.5).

(b)=(c) Assume that g + h. Then the subgroup N = {x € H:g(x) = h(x)} is a proper
closed subgroup of H containing f(G). By Proposition 13.4.11, there exists a nonzero
X € Az(N).Sincef(G) < N,onehasyof = f(x) = 0. This contradicts the injectivity of f.

(c)=(d) Apply (c) for the pair of morphisms g and 0.

(d)=(a) Assume that f(G) is not dense in H. Then f(G) is a proper closed subgroup
of H. Leta € H \ f(G). By Proposition 13.4.11, there exists y € Ag()ﬁ) such that
x(a) # 0. In particular, y # 0. On the other hand, our choice of y entails y o f = O,
which leads to y = 0, according to our hypothesis applied to g = y. This contradiction
proves that f(G) is dense in H. O
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13.4.3 Proof of the Pontryagin-van Kampen duality theorem

Now we can prove the Pontryagin-van Kampen duality theorem, namely, that w is a
natural equivalence from 1, to : £ — L.

Theorem 13.4.17. If G is a locally compact abelian group, then w;: G — 5 is a topolog-
ical isomorphism.

Proof. We know by Proposition 13.4.6 that w is a natural transformation from 1, to
“:L£ — L. Our plan is to chase the given locally compact abelian group G into an

h
appropriately chosen proper exact sequence 0 — G, N G — G, — 0in £, with G,
compact or G, discrete, such that both G; and G, satisfy the Pontryagin-van Kampen
duality theorem. By Corollary 13.4.13, the sequences

O—>62£>6—>62—>0 and 0— a LEHEQ—»O

are proper exact. By Proposition 13.4.6, the following diagram commutes:

0 6, —— ¢ . g, 0
ol
0 El - E - EZ 0
f h

According to Remark 13.4.2 and Proposition 13.4.1, w;,, wg, and wg, are injective con-
tinuous homomorphisms. Moreover, w; and wg, are surjective by our choice of G,
and G,. Then w; must be surjective too, by Lemma A.5.3.

If G is compactly generated, by Proposition 11.6.2 we can choose G; compact and
G, elementary locally compact. Then G; and G, satisfy the Pontryagin-van Kampen
duality theorem by Theorems 13.4.7 and 13.4.8, so w; is a continuous isomorphism
by Lemma A.5.3. Since G is o-compact by Lemma 8.3.2, we conclude with the open
mapping theorem (Theorem 8.4.1) that w; is a topological isomorphism.

In the general case, we can take a compactly generated open subgroup G, of G.

This produces a proper exact sequence 0 — G, L G LN G, — Owith G; compactly gen-
erated and G, = G/G, discrete. By the previous case, wg, is a topological isomorphism
and wg, is anisomorphism thanks to Theorem 13.4.7. Therefore, w,; is a continuous iso-
morphism by Lemma A.5.3. Since f is an embedding with open image, to show that w;

is open, it is enough to verify that w;of = foa)G (the equality due to Proposition 13.4.6)

is open. As w, is a topological isomorphism, it is enough to prove that f G1 - G is
h — —

open. Since 62 is compact, Corollary 13.4.13 applied to 0 — 62 - G > G1 - 0

yields that the homomorphism f is an embedding. Further, im f ker h Az (1m h)
by Proposition 13.4.12. As im h is compact, we conclude that Aa(lm h) is open by Corol-

lary 13.4.15. So, f is open. O
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We give a first application of Theorem 13.4.8, with Proposition 13.1.1:

Corollary 13.4.18. A locally compact abelian group G is compact (respectively, discrete)
if and only if G is discrete (respectively, compact).

Proof. If Gis compact (respectively, discrete), Proposition 13.1.1 implies that G is dis-
crete (respectively, compact). So, the assertions follow from Theorem 13.4.17. O

Finally, let us discuss the uniqueness of the Pontryagin-van Kampen duality. For
topological abelian groups G, H denote by Chom(G, H) the group of all continuous
homomorphisms G — H equipped with the compact-open topology. It was pointed out
already by Pontryagin that the group T is the unique locally compact abelian group L
with the property Chom(Chom(T, L), L) = T (note that this is much weaker than asking
Chom(-, L) to define a duality of £).

Much later Roeder proved:

Theorem 13.4.19 (Roeder theorem [250]). The Pontryagin-van Kampen duality functor
is the unique functorial duality of L, i. e., the unique involutive duality of L.

See §16.2.1 for a more rigorous formulation and further results in the realm of topo-
logical modules.

13.5 Further properties of the annihilators

Our last aim concerning the annihilators is to prove that they define an inclusion-
inverting bijection between the family of all closed subgroups of a locally compact
abelian group G and the fanlily of all closed subgroups of its dual G. We use the fact
that one can identify G and G by the topological isomorphism wg.

Lemma 13.5.1. If G is a locally compact abelian group and H a closed subgroup of G,
then H = Ag(Ag(H)) = wg'(Az (A5 (H)).

Proof. Clearly, H < A;(Az(H)), the equality H = A;(Az(H)) follows immediately from
Proposition 13.4.11. The second equality follows from the first and Exercise 13.7.14. O

Remark 13.5.2. Let G be a locally compact abelian group.

(a) LetH asubgroup of G. The equality H = Ag(Az(H)) holdsifand onlyif H is a closed
subgroup of G by Lemma 13.5.1, Lemma 13.4.10(a), and by Pontryagin-van Kampen
duality theorem 13.4.17. In particular, one can deduce from this equivalence and
Lemma 13.4.10(c) that A (A (H)) = H for an arbitrary subgroup H of G.

(b) According to Lemma 13.4.10(e), E[m] = Az(mG) for every m € N, hence Lem-
ma 13.5.1 and item (a) give A(G[m]) = A;(A;(mG)) = mG.

(c) IfK isacompact subgroup of G, then A;(K) is open in G. Indeed, A(:;(K ) is open in

E by Corollary 13.4.15, and A;(K) = wgl (A(:;(K )) by Exercise 13.7.14.
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For a locally compact abelian group G, let S(G) denote the complete lattice of all
closed subgroups of G.

Corollary 13.5.3. Let G be a locally compact abelian group. The pair of maps
Az S(G) > S(G) and Ag:S@G) - S(G)

define a complete lattice antiisomorphism. For every family {H;:i € I} in S(G),

Ag <ZH,-> =(AgH) and Ag <ﬂH,-> =Y Ag(H)). (13.7)

iel iel iel iel

Analogously, for every family {L;:i € I} in S@G),

Ag <ZL,-) =()A4c) and Ag <ﬂLi> =Y Ag(Ly). (13.8)

iel iel iel iel

Proof. The map Az:S(G) — S(G) is monotone decreasing by Lemma 13.4.10(b). By
Lemma 13.5.1, the maps A3:S(G) — S (G) and AG:S(E) — 8(G) are inverse to each
other, so they are bijective and A; is monotone decreasing as well.

To prove (13.7), note that the inclusion Ag (Y;c; H;) < (ie; Ag (H;) follows from the
monotonicity of Az, while the opposite inclusion is immediate from the definition of
the annihilator. Analogously, one can prove that A; (Y;c; L) = g Ac(L;) in (13.8).
As the subgroups of the second equalities in (13.7) and (13.8) are closed, it is sufficient
to prove that their annihilators in G, respectively in G, are the same. Remark 13.5.2(a)
gives Ag(Yie; Ag(H) = Ag(Ties Ag(H)) = Nier Ag(Ag(H)) = Nier Hi = Ag(Ag(NHy)).
The remaining equality in (13.8) can be shown analogously. O

Corollary 13.5.4. Let G be a discrete abelian group. If H is a pure subgroup of G, then
Ag(H) is a pure subgroup of G.

Proof. Put for brevity K = G and pickanm € N +- The purity of H gives mH = mG N H,
so taking the annihilators and making use of Corollary 13.5.3, as Ax(mG) = K[m] by
Lemma 13.4.10(e) and Lemma 13.5.1, we get Ag (mH) = Ax(mG)+Ag(H) = K[m]+Ag(H).
As Ag(mH) = {y € K:my € Ax(H)} by Example A.4.9(b), this shows that Ax(H) is a pure
subgroup of K. O

We can extend the isomorphism in Corollary 13.4.14 to the general case:

Proposition 13.5.5. Let G be a locally compact abelian group and H a closed subgroup
of G. Then Ag(H) = G/H and G/A;(H) = H. More precisely, G/Ag(H) — H, x +Az(H) —
X [& is a topological isomorphism; in particular, this shows that H is dually embedded
in G.
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Proof. The first assertion follows from Corollary 13.4.14. We apply this result to
E/AG(H ) in order to deduce that

—

Az(Ag(H) — G/AGUHD), = (¢ +Ag(H) = n(),

is a topological isomorphism. According to Lemma 13.5.1, ws;(H) = A(:;(AG(H )). Com-
posing wg [ with the above topological isomorphism gives that

—

¢:H > G/Az(H), hw (x+AzH) - wg(W)() = x(h)),

is a topological isomorphism. Hence, also $ is a topological isomorphism by Corol-

lary 13.3.9. Composing with the topological isomorphism wg JA(H) (see Pontryagin-van
G

Kampen duality theorem 13.4.17), one obtains the topological isomorphism

p:GlAz(H) » H, x+AzH)— ¢o Wgya- i X + Ag(H)).
Forh ¢ H,

o WX+ AgUEDR) = Wy X + A (@(R)) = X(h).

This shows that p(x + Agz(H)) = x [y, as desired. O

13.6 Duality for precompact abelian groups

Another duality can be obtained for precompact abelian groups as follows. First of
all, for every topological abelian group G, the dual G of G equipped with the topol-
ogy of the pointwise convergence instead of the finer compact-open topology will be

denoted by Epw. Then @pw is a subgroup of G. Moreover, for every x € G obviously

—

wWe (W (fx} Ay)) € Ay, ie., ws(x) € Epw. Therefore, the image of w;; is actually con-

tained in Epw for every topological abelian group G. This allows us to define the ho-

momorphismyg;: G — (Epw)pw by simply putting y;(x) = wg(x) for every x € G. Hence,
disregarding the topology of the second dual group (and the larger codomain), this
map coincides with wg.

The next lemma follows directly from the definitions.

Lemma 13.6.1. For a topological abelian group G, xi,...,Xn € G, 6 > 0, and the
neighborhood U = {z € S$:|Arg(z)| < 6} of 0in T = S, we have Us(xy,..--Xn30) =
Ve (Wa(ltn - Xah U))-

Immediately we can give the promised duality for precompact abelian groups.
Theorem 13.6.2. The assignment G — Epw defines a duality in the category of precom-
pact abelian groups, more precisely y;:G — (Epw)pw is a topological isomorphism for
every precompact abelian group G.
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Proof. By the definition of Epw, its topology coincides with 7;. This proves that y; is
surjective in view of Proposition 11.3.10. The injectivity of y; follows from Remark 13.4.2
and the precompactness of G. The continuous characters of G separate the points of G
by Proposition 3.1.20(a). That y; is a homecg_ngrphism follows from Lemma 13.6.1 and

the fact that a basic neighborhood of 0 in (Gpw)pw has the form Wé({)(p ..>Xnh, U) for
somey;,...,X, € G and a neighborhood U of 0in T = S. O

13.7 Exercises

Exercise 13.7.1. Fory,& € Z" with kery = ker¢ = {0}, prove that 7, = T, if and only if
§=x"

Hint. Use the completion and that +idy are the only topological automorphisms of T.

Exercise 13.7.2. For an infinite abelian group G, prove that d(G#) = |G|, )((G#) =
w(G*) = 21!, while (G*) = log|G].

Hint. To prove the first equality, use the fact that every subgroup of G" is closed. To prove the second
chain of equalities, apply Corollary 11.4.5 and use the fact that |G*| = 2/61 (see Theorem 13.3.11). For the

third one, use the fact that if |G| < 2* for some infinite cardinal x, then G is isomorphic to a subgroup
of T*.

Exercise 13.7.3. Let G be a discrete abelian group, p a prime, and y € G. Prove that:
(@) x € pGifand only if x(G[p]) = {O};
(b) px = 0in G if and only if y(pG) = {O}.

Conclude that:

(c) adiscrete abelian group G is divisible (respectively, torsion-free) if and only if Gis
torsion-free (respectively, divisible);

(d) the groups Q and Q,, are torsion-free and divisible.

Exercise 13.7.4. Let G be a discrete abelian torsion group. Show that G is a hereditarily
disconnected compact group.

Hint. For every x € G, the neighborhood W5 ({x), A) is an open subgroup of G.

Exercise 13.7.5. Prove that the monomorphisms in £ are precisely the continuous in-
jective homomorphisms.

Hint. Clearly, all continuous injective homomorphisms between locally compact abelian groups are
monomorphisms in L. If f: G — H is a noninjective continuous homomorphism of locally compact
abelian groups, pick a € kerf \ {0} and consider the homomorphism g: Z — G defined by g(1) = a.
Obviously, f e g =0 =f 00, yet g # 0, where O denotes the zero morphism Z — G.

Exercise 13.7.6. Prove that b;: G — bG is a bimorphism in £ for every locally compact
abelian group G. Deduce that a locally compact abelian group G is:

(a) compact if and only if every bimorphism G — H in £ is an isomorphism;

(b) discrete if and only if every bimorphism H — G in £ is an isomorphism.
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Deduce from (a) and (b) an alternative proof of Proposition 13.1.1.
Hint. Apply Corollary 13.4.16 and Exercise 13.7.5.

Exercise 13.7.7. Let H be a subgroup of R". Prove that every y € H extends to a con-
tinuous character of R”.

Hint. Applying Theorem 7.1.18, extend y € H to a continuous character of H and apply Theorem 9.2.2.

Exercise 13.7.8. Prove without recourse to tlle Pontryagin-van Kampen duality theo-
rem that a discrete abelian group G satisfies G = G whenever:

(a) Gis divisible;

(b) Gis free;

(c) Gis of finite exponent;

(d) Gistorsion and every primary component of G is of finite exponent.

Hint. (a) Use Example 13.2.4, Example 13.3.14(b), and the fact that every divisible abelian group is a
direct sum of copies of Q and of Z(p°), with p prime (see Theorem A.2.17).

(c), (d) Use that fact that every abelian group of finite exponent is a direct sum of cyclic subgroups
(i. e., Priifer theorem A.1.4).

Exercise 13.7.9. Prove that, for every locally compact abelian group G, the group GxG
is selfdual.

Exercise 13.7.10. Give an example of:

(@) a selfdual locally compact abelian group G such that some quotients and some
closed subgroups of G are not selfdual;

(b) a selfdual locally compact abelian group G such that all nontrivial quotients and
all proper nontrivial closed subgroups of G are not selfdual.

Exercise 13.7.11. Let G be a reflexive group. Show that also G is reflexive.

Exercise 13.7.12. Show that a compact group K admits a continuous homomorphism
f:R — K with f(R) = K if and only if K is connected, abelian, and w(K) < «.

Hint. The necessity follows from the connectedness of f(R) and the fact that f(R) is separable, so
w(K) = w(f(R)) < c. For the sufficiency, note that if G is connected and w(K) < ¢, then K is a torsion-
free abelian group of size < ¢. Hence, there exists an injective homomorphism j:K — R. Then com-
posing j: R — K with the topological isomorphisms R = R and w,}l we obtain the desired continuous
homomorphism f: R — K. By Corollary 13.4.16, it has dense image since j is a monomorphism in L.

Exercise 13.7.13. Show that a(K) is dense in c(K) for every compact abelian group K.

Hint. 1t suffices to see that a(K) is dense in K when K is a connected compact abelian group. Let H =
a(K) and note that H contains the union U of all connected metrizable closed subgroups of K, by
Exercise 13.7.12. In view of (U) < H, it suffices to show that (U) is dense in K. To this end consider the
torsion-free dual X = K and pick for every non-zerox € X asubgroup Y, of X maximal with the property
Y, n (x) = {0}. Then X/Y, is a rank-one torsion-free abelian group, so its dual K,, = X//?X =A(Y,)isa
connected metrizable closed subgroup of K, so K, € U. Since (\yex\(o; Yx = {0} and Y, = A(K,), we get
A(erX\{o) K,) = nxeX\{O) A(K,) = {0}, so erX\{O} K, =K. Since erX\(O} K, < (U), this yields that (U)
is dense in K, and we are done.
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Exercise 13.7.14. Let G be a locally compact abelian group and Y a subset of G. Prove
that AE(Y) = ws(As(Y)).

Exercise 13.7.15. Deduce from Glicksberg theorem 11.6.11 that for locally compact
abelian groups G, H, a group homomorphism f:G — H is continuous if and only if
X °f:G — T is continuous for every y ¢ H.

13.8 Further readings, notes, and comments

Here we briefly explain how the Pontryagin-van Kampen duality theorem was ex-
tended to some non-locally compact topological abelian groups and the relation to
the duality theory of locally convex spaces.

The dual space V' of a normed vector space V over the field K € {R,C} is the
set of all continuous linear forms V' — K. With pointwise defined operations and en-
dowed with the strong topology (a neighborhood base at 0 is given by suitably de-
fined polars of bounded subsets), it is again a normed space, which allows one to it-
erate this process. A normed space V is called reflexive if the canonical map V — V",
x — (f — f(x)) is a topological isomorphism. Many famous and important Banach
spaces, €. g., the sequence spaces #” for p ¢ {1, oo}, are not reflexive in this sense. Sur-
prisingly, Smith [262] showed that every Banach space satisfies the Pontryagin-van
Kampen duality theorem. Although the dual space of a real normed vector space is
canonically isomorphic to its dual group (when considered as a topological abelian
group), the dual objects are endowed with different topologies: the compact-open
topology is strictly coarser than the strong topology in case V has infinite dimen-
sion.

Now we discuss a property of reflexive groups that is not sufficient for reflexivity
but much easier to deal with. Vilenkin [282] introduced the notions of quasi-convexity
and local quasi-convexity as follows. A subset A of a topological abelian group G is
called quasi-convex if for every x € G\ A there exists y € G such that XA) ¢ T,
and y(x) ¢ T, where T, = {t+Z:|t| < %} This notion generalizes convexity in lo-
cally convex vector spaces due to the description of closed convex sets given by the
Hahn-Banach theorem. A topological abelian group is locally quasi-convex if it has
a neighborhood base at 0 consisting of quasi-convex sets. The dual of every topologi-
cal abelian group is locally quasi-convex, so reflexive groups are locally quasi-convex,
while locally quasi-convex Hausdorff groups are MAP.

A topological vector space is locally quasi-convex if and only if it is locally con-
vex (see [18]). The class of locally quasi-convex groups is closed under taking arbitrary
products and subgroups, but it fails to be closed under taking Hausdorff quotients (ac-
tually, every Hausdorff group is a quotient of a locally quasi-convex Hausdorff group).
Since every reflexive group is locally quasi-convex, this property is necessary but not
sufficient — as we shall see soon — for reflexivity.
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While the local quasi-convexity of a topological abelian group G implies that the
canonical map w; is open with respect to its image, the injectivity of w is equivalent
to G being MAP. However, the continuity and surjectivity of w; are not as well classi-
fied. While the continuity is somehow related to k-space properties of the group G, the
surjectivity requires some forms of completeness (e. g., a metrizable reflexive group
must be complete). However, the group Z = LZZ([O, 1]) of all square-integrable almost
everywhere integer valued functions on [0, 1] is a closed subgroup of the Hilbert space
L2([0,1]), so complete and metrizable. Nevertheless, the dual homomorphism?of the
inclusion map i:Z — Lz([O, 1]) is a topological isomorphism (see [11]), which implies
that Z = LZZ([O, 1]) is not reflexive. The group Z is locally quasi-convex (being a sub-
group of the Hilbert space L%([0, 1])) and w; is continuous by Proposition 13.4.1. So, w,
is an embedding with closed image, which is not surjective.

In general, the dual group of a metrizable abelian group G is not only o-compact
(see Corollary 13.1.3(b)), but also hemicompact which means that G can be written as
a countable union of compact sets such that every compact subset of G is contained
in one of these. Further, G is a k-space (see [11, 44]). Due to Proposition 13.4.1, wg is
continuous. Since G is locally quasi-convex, the canonical mapping wg is an embed-
ding. For example, the group Z = Lzz([o, 1]) is metrizable but not reflexive. Its character
group is topologically isomorphic to the reflexive character group of L?([0,1]), hence
reflexive. So, in this particular case w; is not only an embedding, but a topological
isomorphism.

However, it is an open question whether the dual group of a metrizable abelian
group G is reflexive in general (see [11, (5.23)]). Only the surjectivity of w; remains to
be proved or disproved. Since the dual group of a metrizable abelian group is a hemi-
compact k-space (and by Corollary 13.1.3 also vice versa), the above question can be
equivalently reformulated: let H be a topological abelian group which is a hemicom-
pact k-space. Is H reflexive?

Also in this situation, examples which suggest a positive answer are available:
for every compact space K, the free abelian topological group A(K) is a hemicompact
k-space, but A(K) is reflexive if and only if K is hereditarily disconnected (see [11, 220,
226]), while its character group is reflexive for all compact spaces (see [11, 151]).

It was shown by Kaplan [182] that arbitrary products of reflexive groups are re-
flexive. Leptin [196] gave an example of a closed subgroup C of a product P of discrete
groups such that w is not continuous but open and bijective. (Observe that P is reflex-
ive due to Kaplan’s result.) The same failure of reflexivity arises with quotient groups:
every infinite dimensional Banach space E has a discrete free subgroup D which is not
dually embedded and with E/D minimally almost periodic (see [18]).

As described above, closed subgroups and Hausdorff quotient groups of Banach
spaces are in general not reflexive. The situation changes when we consider locally
convex nuclear vector spaces instead of Banach spaces. The intersection of these two
classes of topological vector spaces consists of the finite-dimensional vector spaces.
Although the definition of a locally convex nuclear vector space is a bit technical, many
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famous function spaces, such as the space of harmonic functions or that of holomor-
phic functions (with the compact-open topology), are nuclear vector spaces. It was
shown by T. and Y. Komura [186] that every real locally convex nuclear space can be
embedded into a product of the sequence space X of rapidly decreasing sequences

% = {(t)nen, € RN sup{n’|x,l:n € N,} <coVr e N}

when X is endowed with the vector space topology induced by the family {p,:r ¢ N}
of norms where p,:X — R,, (Xp)pen, sup{n’|x,|:n € N,}. Locally convex nuclear
vector spaces share many common properties with locally compact abelian groups.
This motivated Banaszczyk to introduce the class of nuclear groups containing the
class of all locally convex nuclear vector spaces and all locally compact abelian groups
(see [18]). This class of groups consists of Hausdorff groups and is closed under taking
subgroups, Hausdorff quotient groups, arbitrary products, and countable sums. Ba-
naszczyk proved that every nuclear group is locally quasi-convex. Since every Haus-
dorff quotient group of a nuclear group is again nuclear, hence a locally quasi-convex
Hausdorff group, it is MAP (as mentioned above). This easily implies that every closed
subgroup of a nuclear group is dually closed. Moreover, every subgroup of a nuclear
group is dually embedded. Nuclear groups have very strong duality properties, as the
following examples shall demonstrate: every complete metrizable nuclear group is re-
flexive (see [18]) and the canonical mapping w of every complete nuclear group G is
surjective (see [11]). However, Leptin’s example C, which is a subgroup of a product
of discrete groups and hence nuclear, provides an example of a nonreflexive nuclear
group. There exists noncompact precompact groups (which are, of course, nuclear),
which are reflexive (see [154, 5]). This shows that completeness is sufficient for the
surjectivity of w;; in the class of nuclear groups, but it is not necessary.

Characterizations of reflexive groups were proposed by Venkatamaran [280] and
Kye [193], but they contained flaws. These gaps were removed in the recent paper [170]
of Hernandez. While a vector space V that is topologically isomorphic to its bidual V"
need not be reflexive (in the vector space sense), the question whether every topolog-
ical group G which is topologically isomorphic to G is reflexive is still open. Further
references to this topic can be found also in [44, 151, 172, 45].

According to Glicksberg theorem 11.6.11, the compact sets of a locally compact
group (G, ) coincide with the compact sets of the Bohr modification (G, ") of (G, 7).
In [19] it was shown that a nuclear group (G, 7) and its Bohr modification (G, 7") share
the same compact, countably compact, and pseudocompact subsets.

We do not discuss here noncommutative versions of duality for locally compact
groups. The difficulties arise already in the compact case: there is no appropriate (or
at least, comfortable) structure on the set of irreducible unitary representations of a
nonabelian compact group. The reader is referred to [174] for a historical panorama of
this trend (Tanaka—Krein duality, etc.). In the locally compact case, one should see the
pioneering paper [47] of H. Chu, as well as the monograph [175] of Heyer (see also [176]).
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The reader can find the last achievements in this field in the survey [153] of Galindo,
Hernandez, and Wu (see also [84, 171]).

The well-known Mackey—-Arens theorem says that a Hausdorff locally convex vec-
tor space has a finest compatible topology. A locally convex vector space that carries
this finest compatible topology is called a Mackey space. Varopoulos [278] studied the
analogue question for locally precompact groups. In 1999, this was further general-
ized for locally quasi-convex groups by Chasco, Martin Peinador, and Tarieladze [46]:
for such a group (G, 1), one can define similarly the notion of a compatible (locally
quasi-convex) group topology n by asking (G,n) to have the same continuous char-
acters as (G, 1), i.e., (G/?) = @ as abstract groups. Denoting by C(G, 1) the poset
of all compatible with 7 topologies on G, ordered by inclusion, one can immediately
see that C(G, 1) has a bottom element, namely, the weak topology *. The question
of whether C(G, 7) has also a top element (named Mackey topology) already posed in
1999 remained open for almost twenty years. The survey [14] presents recent (negative)
answers to this problem (see [12, 13, 150]) and many other related results.
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14.1 The structure of compact abelian groups

First, we give a characterization of the connected compact abelian groups.

Proposition 14.1.1. For a compact abelian group K, the following are equivalent:
(a) K is connected;

(b) K is divisible;

(c) K is torsion-free.

Proof. (a)e(c) is Proposition 11.6.10.

(b)e(c) For m € N, since Ax(mK) = K[m] by Lemma 13.4.10(e), mK = K if and
only if K[m] = {0}. So, K is divisible precisely when K[m] = {0} for every m ¢ N,,
namely, K is torsion-free. O

Remark 14.1.2. Proposition 14.1.1 fails in the noncompact case: (b)#(a) is witnessed
by Q, = Qv divisible (see Example 13.2.6), but not connected; while (c)#(b) is wit-
nessed by Exercise 14.5.1.

On the other hand, one can prove that if G is a divisible locally compact abelian
group, then G is torsion-free following the proof of Proposition 14.1.1, while a con-
nected locally compact abelian group G is of the form R" x K, wheren ¢ Nand K is a
connected compact abelian group by Corollary 14.2.11(a) below, and so G is divisible
since K is divisible by Proposition 14.1.1.

As an application of the Pontryagin-van Kampen duality theorem, we describe
the structure of some classes of compact abelian groups, such as the monothetic or
the bounded ones.

Theorem 14.1.3. Let K be a compact abelian group. Then K is monothetic if and only if
K admits an injective homomorphism into T.

Proof. The group K is monothetic if and only if there exists a homomorphism Z — K
with dense image. According to Corollary 13.4.16, this is equivalent to the existence of
an injective homomorphism K — T. O

Corollary 14.1.4. Let K be a compact abelian group.

(a) IfK is connected, then K is monothetic if and only if w(K) < c.

(b) IfK is hereditarily disconnected, then K is monothetic if and only if K is isomorphic
to a quotient group of Hpelp Tp-

Proof. By Proposition 13.1.1(a), G = K is discrete.

(a) By Proposition 14.1.1, G is torsion-free, so G admits an injective homomorphism
into T precisely when ry(G) < ¢ by Example A.2.16(b); equivalently, |G| < c. It remains
to recall that w(K) = |G| by Corollary 11.4.5. To conclude, apply Theorem 14.1.3.

https://doi.org/10.1515/9783110654936-014

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

230 —— 14 Applications of the duality theorem

(b) By Corollary 11.6.7, G is torsion. Since t(T) = Q/Z, the torsion abelian group G
admits an injective homomorphism into T if and only if G admits an injective homo-
morphism into Q/Z. This is equivalent to being K isomorphic to a quotient group of
[LepTp = Q/Z, by Proposition 13.4.12 and Theorem 13.4.17. O

Now we provide more information on the set My of topological generators of a
compact abelian group K.

Theorem 14.1.5. Let K be a compact abelian group. Then:

(@) Mg = {x € K: wg(x) is injective};

(b) My is the intersection of at most K| open sets;

(c) ifK is connected and metrizable, My, is a dense Gg-set of K.

Proof. (a) Letx € Mg and y ¢ K.If wg(x)(x) = x(x) = 0, then y(K) = {0}, and soy = 0
(by assumption). This shows that ker wg(x) = {0} and hence that wg(x) is injective.
Conversely, assume that x € K is not a topological generator of K, i.e., m + K. By
Proposition 13.4.11, there exists a nontrivial continuous character y € AE(@)- This
character satisfies 0 = y(x) = wg(x)(x). Since y was not the trivial character, this yields
that wy(x) is not injective.

(b) Fory € K\ {0}, the set U, = K\ kery is open. In view of @), Mg =N

ek U

s
so M is an intersection of at most |K| open sets.

(c) Since K is compact and metrizable, K is countable by Corollary 13.1.3(b). More-
over, as K is connected, ker y has empty interior for every y € K\ {0}, i. ., the open set
U, = K\ kery is dense. Theorem B.5.20, applied to the compact group K, yields that

My = ﬂxeR\{O} U, is a dense G4-set. O
Now we describe the torsion compact abelian groups.

Theorem 14.1.6. Every torsion compact abelian group K is bounded, and there exist
m,...,m, € N, and cardinals a,, ..., &, such that K =[]}, Z(m;)%.

Proof. Since K = [Jyen, K[n!] is a union of closed subgroups, we conclude, with The-
orem B.5.20, that K[n!] is open for some n € IN,, so must have finite index, by the
compactness of K. This yields mK = {0} for some m € N,, so also mK = {0}. By
Priifer theorem A.1.4, there exist my,...,m, € N, and cardinals aj, ..., a, such that
K = ]‘[?:1 Z(mi)(“i). Then by Theorems 13.4.7 and 13.3.5, as well as Example 13.3.3(a),

K=K =[], z(m)™~. O

Next we compute the density character of a compact abelian group K as a function
of its weight w(K) = K| (see Corollary 11.4.5 for this equality). More precisely, given
the already known inequality w(K) < 2% from Lemma 5.1.5, valid for all topological
groups, now we see that the density character d(K) has the smallest possible value
(with respect to w(K)).

Proposition 14.1.7. For K an infinite compact abelian group, d(K) = log w(K).
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Proof. Let x = min{B: w(K) < 2%}. Then the inequality w(K) < 29K (see Lemma 5.1.5)
implies x < d(K).

Since 1,(T") = ro(T") = 2", the inequality K| = w(K) < 2%, given by Corol-
lary 11.4.5, and the divisibility of T ensure that there exists an injective hAomomor-
phism j: K — T*. Therefore, the continuous homomorphism j: Z® = TX — K = K has
dense image by Corollary 13.4.16. This proves d(K) < k. O

Now we consider the case of connected compact abelian groups.

Proposition 14.1.8. For a connected compact abelian group K, the subgroup t(K) is
dense in K if and only if K is reduced. Consequently, every connected compact abelian
group K has the form K = K; x Q" for some cardinal a, where K, = t(K).

Proof. Since K is discrete by Proposition 13.1.1(a) and torsion-free by Proposition 14.1.1,
K is reduced if and only if ﬂmem mK = {0}, by Proposition A.4.6(e). Since Ax(mK) =
K[m] by Lemma 13.4.10(e), so Corollary 13.5.3 implies

AK< N mI?): Y Kiml= [ ] K[m] = t(K).

melN, melN, meN,

Therefore, the equality ﬂmem mK = {0} is equivalent to the density of t(K) in K.

To prove the second assertion, consider the torsion-free and discrete dual K and
its decomposition K = div(K) x R, where R is a reduced subgroup of K, given by Theo-
rem A.4.3. Since K is torsion-/fr_e& there exists a cardinal a such that div(K) = Q%, by
Theorem A.2.17. Therefore, div(K) = Q% in view of Theorem 13.3.5. On the other hand,
by the first part of the proof, the connected compact abelian group K, = R has dense
torsion part ¢(K;). Since K = K = Q" x K, by Theorems 13.4.7 and 13.3.5, and Q" is
torsion-free by Exercise 13.7.3(d), the torsion subgroup of I:< coincides with ¢(K;), so its
closure gives K;. O

I

We conclude with a result on the structure of hereditarily disconnected compact
abelian groups.

Theorem 14.1.9. A compact abelian group K is hereditarily disconnected if and only if
K = []pep K, where each K,, is a closed topological J,-module. The closed subgroups M
of K are of the form M = [],cp M, where M), is a closed subgroup of K,, for every p € P.

Proof. By Corollary 11.6.5(b), K is hereditarily disconnected if and only if X is tor-
sion, which is equivalent to K = EBPE]P tp(l? ). According to Corollary 11.6.8, the group
X, = tp(IA() is topologically p-torsion, and so X,, < K,,. Since K = [[,p X,, by Theo-
rems 13.3.5 and 13.4.7, and as (X,), = {0} for every g € P\ {p} by Corollary 11.6.9 and
Exercise 5.4.14(d), we conclude that for every prime p necessarily K, = X,; in particu-
lar, K,, is closed as X, is compact by Proposition 13.1.1(b). Thus, K = [1pep K, where
each K, is a J,-module by Remark 5.3.7.
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The last assertion follows from the first one applied to M and the fact that M,, =
M n K, (see Exercise 5.4.14(a)), so M,, is a closed subgroup of K,,. O

By Corollary 8.5.7, K in Theorem 14.1.9 is equivalently profinite. Each K, is a
pro-p-group in view of Corollary 11.6.8.

Remark 14.1.10. For an arbitrary compact abelian group K, the sum of the family of
all closed hereditarily disconnected subgroups of K coincides with td(K) and plays
a prominent role (recall that td(N) = N for all closed hereditarily disconnected
subgroups N of K, by Exercise 8.7.11). Since K, = tdp(K) ¢ td(K) for all primes p
(by Corollary 11.6.9), td(K) contains the sum wtd(K) of all subgroups K, (see Exer-
cise 5.4.14(d)) and it is, like the subgroups K,,, functorial, so td([[;¢; K;) = [];¢; td(K;),
td(H) = H n td(K), and td(K/H) = (td(K) + H)/H for a closed subgroup H of K (see
Exercises 14.5.3 and 5.4.14).

14.2 The structure of LCA groups
14.2.1 The subgroup of compact elements of an LCA group

Definition 14.2.1. For a topological group G, let B(G) be the union of all compact sub-
groups of G. Moreover, G is compactly covered if G = B(G).

Clearly, if G is compact, then G = B(G), that is, G is compactly covered. On the
other hand, a locally compact group G satisfies G = B(G) precisely when G contains
no subgroups isomorphic to Z, according to Theorem 10.2.9.

Example 14.2.2. (a) Forevery n € N, B(R") = {0}.

(b) If G is a proper subgroup of T properly containing ¢(T), then B(G) = t(T) # G. In
particular, B(G) is a proper dense subgroup of G. This shows that B(G) need not
be closed.

Remark 14.2.3. Let G be a topological group.

(a) For every closed subgroup H of G, B(H) = B(G) n H.

(b) If f: G — H is a continuous homomorphism, then f(B(G)) < B(H).

(c) IfG = [l;¢; G; for a family {G;:i € I} of topological groups, then B(G) = [];; B(G;).

The following lemma is a direct consequence of the definition.

Lemma 14.2.4. Let G be a topological abelian group. Then B(G) is a subgroup of G and
t(G) < B(G).

In the nonabelian case, B(G) may fail to be a subgroup of the topological group G.
Indeed, B(G) = t(G) in a discrete group G, so it suffices to take a discrete group G such
that t(G) is not a subgroup of G (e. g., G = Z x Z(2)).

Our aim is to prove in Corollary 14.3.10 that the conclusion of the following propo-
sition characterizes the hereditarily disconnected locally compact abelian groups.
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Proposition 14.2.5. For a locally compact abelian group G and every prime p, the sub-
group G, is contained in B(G). If G is hereditarily disconnected, then B(G) is open and
G, is closed in G.

Proof. Pick an element x ¢ Gp. If x is torsion, then x € B(G). Otherwise, the infinite
cyclic subgroup (x) is nondiscrete, as p"x — 0. By Theorem 10.2.9, (x) is contained in
B(G).

If G is hereditarily disconnected, then G has a compact open subgroup K, by van
Dantzig theorem 8.5.1. Since K ¢ B(G), this entails that B(G) is open. Moreover, by The-
orem 14.1.9, K, is compact and hence K,=Kn Gp (see Exercise 5.4.14(a)) is a compact
open subgroup of G,, so G, is locally compact, in particular closed in G by Proposi-
tion 8.2.6. O

The locally compact abelian groups G with B(G) = G and ¢(G) = {0} are known
also under the name periodic locally compact abelian groups:

Definition 14.2.6 ([169]). A locally compact abelian group G is periodic if G is heredi-
tarily disconnected and compactly covered.

Van Dantzig theorem 8.5.1 implies that a locally compact abelian group G is peri-
odic if and only if G has a hereditarily disconnected compact open subgroup K such
that G/K is torsion and (necessarily) discrete. Therefore, for such a group G, the dual
G is periodic as well, since A(K) = G/K is a hereditarily disconnected compact open
subgroup of G and G/A(K) = K is torsion (see also Corollary 14.2.16).

Remark 14.2.7. Any two compact open subgroups K, K; of a (necessarily) locally com-
pact abelian group are commensurable, namely, the indices [K : KnK;] and [K; : KNK;]
are finite.

The next theorem, due to Braconnier (see [41]), describes the structure of the pe-
riodic locally compact abelian groups via local direct products.

Theorem 14.2.8. For a periodic locally compact abelian group G, the subgroup G, is
loc

closed for every prime p and G = [[,cp(G,, K,,)), where K = [],¢p K, is a compact open
subgroup of G.

Proof. By van Dantzig theorem 8.5.1, G has a compact open subgroup K, which splits
in a direct product K = [[,cp K}, as in Theorem 14.1.9.

According to Proposition 14.2.5, the subgroup G, is closed. Moreover, the open-
ness of K in G yields that G, = {x € G:3n € N, p'x € Ky} In particular, G,/K, is a
p-torsion group.

By Exercise 5.4.14(d) and Corollary 11.6.9, wtd(G) = EBpe]p Gp.

Let us see that G = K +wtd(G). Indeed, fix g € G. Since the group G/K is compactly
covered and discrete, it is torsion. So, there exists m = pll(1 “e pé‘s € N, such that mg ¢
K, where py,...,p, are pairwise distinct primes, k;,...,k; € N,,ands € N,. Let P =
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{p1,....pst and M = [ ,cp\p K5 We prove that

geM+ ) G, <K+wtd(G).
peP

Write mg = h' + h"', where h' ¢ [Tpep K, and h" € M. Since M = mM by Remark 5.3.7,
we can write h'" = mz, withz € M. Then m(g - 2) = h' € [],,cp K,,. Letting g, = g - z, it

suffices to show t}lat 81 € Y,ep G- Observe that in case s = 1 this means that h' € K,
St

and thenmg, =p;'g; =h' € Ky ,s08; € G, .

Letm; = m/pl’."' foreveryi € {1,...,s}, so the greatest common divisor of my, ..., mq
is1,and hence 1 = Y} , u;m; for suitable uy, ..., us € Z. Therefore, g, = ¥;_, u;m;g;. The
above discussed case s = 1 applies to show that m;g; € G, foreveryi € {1,...,s}, and
this proves that g, € Y ,cp G,. Consequently, g =z +g; € M+ 3 ,cp G, asrequired. [

14.2.2 The structure theory of LCA groups

Using the full power of the Pontryagin-van Kampen duality theorem one can prove the
following structure theorem.

Theorem 14.2.9. Let G be a compactly generated locally compact abelian group. Then
G =R"xZ™ x K, where n,m € N and K is a compact abelian group.

Proof. According to Proposition 11.6.2, there exists a compact subgroup K of G such
that G/K is an elementary locally compact abelian group. Taking a bigger compact
subgroup, one can get the quotient G/K to be of the form R" x Z™ for some n,m € N.
Now, by Proposition 13.5.5 and Theorem 13.3.5, A(K) = G/K =R"xTMisan open sub-
group of G, as A(K) = W(K, A,) (by the definition of the compact-open topology). Since
A(K) is divisible, G = R" x T™ x D by Corollary A.2.7, and D = G/A(K) = K (again by
Proposition 13.5.5). Taking the duals, Pontryagin-van Kampen duality theorem 13.4.17
gives G=G =R"x Z™ x K. O

Making sharper use of the annihilators, we describe in Theorem 14.2.18 the struc-
ture of locally compact abelian groups. Theorem 14.2.9 can be obtained as a corollary,
but we need Theorem 14.2.9 for the proof of Theorem 14.2.18.

We first propose some consequences of Theorem 14.2.9.

Corollary 14.2.10. If G is a locally compact abelian group, then B(G) is closed.

Proof. Letx € B(G)and let H be a compactly generated open subgroup of G with x € H.
By Theorem 14.2.9, H = R" x Z"™ x K for some compact subgroup K of G and n,m € N.
Hence, B(H) = K is closed in H.

Next we show that B(G) n H < B(G) N H. Indeed, pick y € B(G) n H and a neigh-
borhood W of y in G. Since y € H and H is open, we can assume that W ¢ H. So,
Wn(B(G)nH) = WNB(G) # 0.Hence, y € B(G) n H. This gives, also by Remark 14.2.3(a),
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x € B(G)NH < B(G) nH = B(H) = B(H) < B(G). So, x € B(G), and this proves that B(G)
is closed. O

Corollary 14.2.11. Let G be a connected locally compact abelian group. Then:

(@) Giscompactly generated, so G = R" x C for some connected compact abelian group
Candn € N;

(b) C = B(G) is the largest compact subgroup of G (so fully invariant) and n is the largest
possible dimension of an affine subgroup V (i.e., V.= R™ for some m € N) of G, in
particular n is uniquely determined by G.

Proof. (a) If U is a compact neighborhood of 0 in G, then U generates an open sub-
group H of G that is obviously compactly generated. Since G is connected, H = G.
From Theorem 14.2.9 we deduce that G = R" x C for some compact group C that is
necessarily connected, as G is connected.

(b) Let p: G = R"xC — R" be the canonical projection. By Remark 14.2.3, p(B(G)) ¢
B(R™) = {0}, according to Example 14.2.2. Therefore, B(G) < C, and hence C = B(G) is
the largest compact subgroup of G.

Now assume that V = R"™ is an affine (so, necessarily closed) subgroup of G. Since
the kernel C of the projection p is compact, p is a closed map, by Lemma 8.2.2. Hence,
p(V) is a closed subgroup of R". Since C n V = {0}, the restrictionp [,: V — p(V)isa
continuous isomorphism between locally compact abelian groups.

Since V is o-compact, the open mapping theorem (Theorem 8.4.1) implies that
p v is open. So, p(V) = V = R™ is a connected closed subgroup of R". This implies
m < n, by Theorem 9.2.2. O

Remark 14.2.12. (a) It follows from the above corollary that for an arbitrary locally
compact abelian group G there is a highest dimension n for the affine subgroups
V = R" of G (it suffices to note that each V is necessarily contained in the closed
subgroup c(G), so Corollary 14.2.11 applies to c(G)).

(b) It follows from Exercise 13.7.13 and the above corollary that a(G) is dense in c¢(G)
for every locally compact abelian group G.

Theorem 14.2.13. If G is a locally compact abelian group, then

c(G) = Ag(B(G)) and B(G) = Ag(c(G)).
Proof. Let {K;:i € I} be the family of all compact subgroups of G. By definition, B(G) =
Yier K;. By Remark 13.5.2(c), {A¢(K;): i € I} is precisely the family of all open subgroups

of G, so Theorem 8.5.2(b) yields (;; A¢(K;) = c(G). To conclude, Corollary 13.5.3 and
Lemma 13.4.10(c) give

c(G) = [Ag(K) = Ag (Z I(l-) = A;(B(G)).

iel iel
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This equality and Theorem 13.4.17 imply that
c(G) = Ag(B(G)) = Ag(wg(B(G))) = Ag(B(G)).

Hence, as B(G) is closed by Corollary 14.2.10, Remark 13.5.2(a) implies that B(G) =
A(Ag(B(G))) = Ag(c()), as desired. O

Proposition 14.2.14. Let G be a locally compact abelian group. Then B(G) +c(G) is open
and B(G) n ¢(G) is the maximal connected compact subgroup of G.

Proof. Let H be a compactly generated open subgroup of G. By Theorem 14.29, H =
R @ D & K topologically, where K is a compact subgroup of G, R = R", D = Z™ and
n,m € IN. Clearly, ReK is an open subgroup of H, hence of G as well. On the other hand,
R ¢ ¢(G) and K < B(G). So, R & K is an open subgroup of G contained in c(G) + B(G).
Therefore, c(G) + B(G) is open.

By Corollary 14.2.11, ¢(G) = S® C, where S = R™ and C = B(c(G)) is a connected
compact subgroup of ¢(G). As C = B(G)Nc(G) (see Remark 14.2.3(a)) obviously contains
all connected compact subgroups of G, we are done. O

Corollary 14.2.15. For K a compact abelian group, c(K) = A(t(K)).

Proof. Now K is discrete by Proposition 13.1.1(a), hence B(K) = t(K), so Theorem 14.2.13
applies. O

From Theorem 14.2.13 and Corollary 14.2.10, we obtain also the following charac-
terization of hereditarily disconnected locally compact abelian groups as those locally
compact abelian groups with compactly covered dual group, or vice versa, a character-
ization of compactly covered locally compact abelian groups as those locally compact
abelian groups with hereditarily disconnected dual group.

Corollary 14.2.16. A locally compact abelian group G is hereditarily disconnected (re-
spectively, compactly covered) if and only if G is compactly covered (respectively, hered-
itarily disconnected). In particular, G is periodic if and only if G is periodic.

The next is the last step before proving Theorem 14.2.18.

Lemma 14.2.17. Let G be a locally compact abelian group and let K, L be closed sub-
groups of G such that algebraically G is the direct sum of the subgroups K and L and K
is compactly generated. Then the topology on G coincides with the product topology of
KeolL.

Proof. Let C be a compact subset of K that generates K and let U be a compact neigh-
borhood of 0 in G. Then H = (C + U) is a compactly generated open subgroup of G
containing K and algebraically H = K& (LN H),as K € H.

Since the inclusion maps of K and L N H in H are continuous, the identity isomor-
phismidy: Ke(LNH) — H is continuous when K& (LN H) is endowed with the product
topology. As K and LN H (as closed subgroups of H) are o-compact, idy: K&(LnH) — H
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is open by the open mapping theorem (Theorem 8.4.1). Therefore, also the identity map
id;: K ® L — G is a topological isomorphism, as L n H is open in L. O

Theorem 14.2.18. If G is a locally compact abelian group, then G = R" x G,, where
n € N and G, is a closed subgroup of G containing a compact open subgroup.

Proof. By Corollary 14.2.11(a), there exist connected compact subgroups C of G and K
of G and closed subgroups R = R" of Gand S = R™ of G such that ¢(G) = R& C and
¢(G) = S @ K topologically. We verify that

R+AsS)=G and S+A:(R)=G. (14.1)

Observe first that S + Az(R) is an open subgroup of G. Indeed, R < ¢(G) and hence
Theorem 14.2.13 implies B(G) = Az(c(G)) < Az(R). So, ¢(G) + Az(R) 2 ¢(G) + B(G),
which is an open subgroup according to Proposition 14.2.14. Analogously, R + A;(S) is
an open subgroup of G. By Example 14.2.2 and Remark 14.2.3, {0} = B(R) = B(G) N R.
By Corollary 13.5.3 and Theorem 14.2.13, G =cG) + A (R), as the latter subgroup is
open and hence closed. Analogously, G = ¢(G) + A;(S). By Theorem 14.2.13 and the
compactness of C,

C < B(G) = Ag(c(G)) < Ag(S),
where the last inclusion follows from S < ¢(G), by Lemma 13.4.10(b). Consequently,
R+Ag(S) 2R+ C+Ag(S) =c(G)+As(S) =G,

and this proves the first equality in (14.1). The second equality is proved similarly.
By Corollary 13.5.3, (14.1) yields Az(R)nS = {0} and A;(S) NR = {0}. Consequently,

ReAgS) =G and SeA;(R)=G.

By Lemma 14.2.17, G and G are endowed with the respective product topology, since R
and S are compactly generated. By Remark 14.2.12 and by the choice of R, this implies
that A;(S) contains no copies of R.

It remains to prove that A;(S) admits a compact open subgroup. Let H be a com-
pactly generated open subgroup of A;(S); as A;(S) contains no copies of R, Theo-
rem 14.2.9 implies that H = Z* x H,, where H; is a compact subgroup of H and k € .
Since H; is open in H, it is open also in A;(S). O

This is the strongest structure theorem concerning locally compact abelian
groups. The affine subgroup R" is not uniquely determined (one can see that in
R x T), but its dimension n is. According to [9, p.595], the group G, is unique up to
topological isomorphism. If n = 0, we say that G is line-free.

According to Corollary 11.4.5, w(K) = |K| = w(K) for a compact abelian group K.
Now we extend this equality between weights.
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Corollary 14.2.19. If G is a locally compact abelian group, then w(G) = w(G).

Proof. Since this equality is obviously true for finite groups, we assume that G is infi-
nite. By Theorem 14.2.18, G = R" x G,,, where G, is a closed subgroup of G containing a
compact open subgroup K. Then G = ]R"xég. So, it suffices to prove that w(G,) = w(ég)
in view of Theorem 5.1.15.

As AQ(K) = G/O/\K by Proposition 13.5.5 and it is a compact open subgroup of G\O

(by Remark 13.5.2(c)), G, JAg(K) = K is discrete. Next we use the fact that, for an open
subgroup H, of a topological group H, one has w(H) = w(H,) - |H/H,|. Applying this
to the pairs (AEE(K)> f}g) and (K, Gg), we get

w(Go) = w(4g(K)) - K| = 1Go /K] - w(K) = w(Go),

since w(K) = |K| and W(AE;;(K)) = |Gy/K]|, by Corollary 11.4.5. O
As another consequence of Theorem 14.2.18, one obtains:

Corollary 14.2.20. Every locally compact abelian group is topologically isomorphic to
a closed subgroup of a group of the form R" xD x C, where n € N, D is a discrete divisible
abelian group, and C is a compact abelian group.

Proof. Let G = R"xG, withn, G, and K as in Theorem 14.2.18. By Corollary 11.5.2, there
exist a cardinal x and an embedding j: K — T*. Since T* is divisible, one can extend
j to a homomorphism j;: G, — T, which is continuous by the continuity of j and by
the openness of K in G,.

Since G,/K is discrete, there exists an injective homomorphism j,: Go/K — D with
D a discrete divisible abelian group. Then the diagonal map f = (jy, j,o7): Gy — T*xD,
where 1: G, — G,/K is the canonical projection, is injective and continuous. Since K
is compact, the restriction of f to K is an embedding, by the open mapping theorem
(Theorem 8.4.1). Since K is open in Gy, this yields that f: G, — T* x D is an embedding.
This provides an embedding v of G = R" x G, into the group R" x T* x D. The image
v(G) = Gis a closed subgroup of R" x T* x D since locally compact groups are complete
(see Propositions 8.2.6 and 7.1.22). O

14.3 Topological features of LCA groups

14.3.1 Dimension of locally compact groups

In the sequel we discuss the dimension of a locally compact abelian group (see [78,
254, 255] for further information on dimension theory for topological groups). There
are three major dimension functions for a topological space X: the covering dimension
dim X, the small inductive dimension ind X, and the large inductive dimension Ind X
(see Definition 14.3.1). We are not going to define the covering dimension here, since
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according to a well-known theorem of Pasynkov [225], in the realm of locally compact
groups X,

dimX =Ind X = ind X. (14.2)

The small inductive dimension ind was introduced by Urysohn and Menger. The
intuitive idea behind it is that a nonempty topological space X has ind X = 0 precisely
when it is zero-dimensional in the sense of Definition B.6.6(b); the dimension function
Ind X is introduced similarly. Here are the formal definitions:

Definition 14.3.1. Let X be a topological space.

(i) PutindX = -1for X = 0, and for n € IN, putind X < nif X has a base of open sets
U, such that ind Fr(U) < n.

(ii) PutIndX = -1for X = @, and for n € N put Ind X < nif every closed set F of X has
a base of open sets U such that ind Fr(U) < n.

Thenind X = nforsomen € N, ifind X < nandindX ¢ n-1;ifind X £ nforalln € N,
we put ind X = co. Analogously for Ind X.

Remark 14.3.2. For a topological space X and n € N, note that indX < n is a local
property: if every point x € X has a neighborhood U with ind U < nthenind X < n.

Obviously, ind X < Ind X for every T;-space X. Moreover, dim X < Ind X for a nor-
mal space X, and furthermore ind X < IndX = dim X for every metrizable space X,
according to a theorem of Katétov. While P. S. Alexandrov established that every com-
pact Hausdorff space X satisfies dim X < ind X < Ind X (see [134]). In particular, (14.2)
holds when X is a compact metric space. Moreover, according to a theorem of Urysohn
(see [134]), the equality (14.2) is available for all separable metric spaces, in particular
for all spaces considered in the next example.

Example 14.3.3. (a) It is easy to see that ind R = 1and ind R" < n for every n € N,.
By Remark 14.3.2, ind T" < n for every n € N, since T" and R" are locally home-
omorphic.

(b) The highly nontrivial equality dim R" = n is due to Lebesgue who introduced the
covering dimension. Since T" and R" are locally homeomorphic, we deduce that
dimT" = n.

(c) The Menger—No6beling theorem from 1932 (see [134]) states that if X is a separable
compact metric space with dim X = n, then it embeds as a subspace in R***!,

Since all locally compact groups satisfy (14.2), from now on we use only dim G for
such groups. Recall that for such groups zero-dimensionality is equivalent to heredi-
tary disconnectedness (see Vedenissov theorem B.6.10).

The following classical additivity result for the covering dimension turns out to
be crucial for the dimension theory of locally compact groups. We refer to [217] for a
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proof. Here, G/H denotes the quotient space, that need not be a group if the subgroup
H is not normal.

Theorem 14.3.4. Let G be a locally compact group and H a closed subgroup of G. Then
dim G = dim G/H + dim H. In particular, if K is another locally compact group, then
dim(G x K) = dim G + dim K.

Theorem 14.3.4 implies that the dimension function is monotone decreasing with
respect to taking quotients and closed subgroups. In items (a) and (c) of the next re-
mark, we discuss two extremal values of the dimension.

Remark 14.3.5. (a) By van Dantzig theorem 8.5.1, hereditarily disconnected locally
compact groups are zero-dimensional and have a local base of compact open sub-
groups (local compactness plays a relevant role here, since dim Q/Z = 0, yet Q/Z
does not carry a linear topology, see Example 6.1.8).

(b) Theorem 14.3.4 yields dimG = dimc(G) for a locally compact group G, as
dim G/c(G) = 0. Thus, the dimension theory of locally compact groups is worth
studying in connected groups.

(c) In Theorem 14.3.4, the locally compact group G is not necessarily finite-dimen-

sional, so it implies that dim G = oo precisely when (at least) one of G/H and H,
where H is a closed subgroup of G, is infinite-dimensional.
According to [51, Theorem 1] (see also [51, Remarks (ii)]), a locally compact group
G is homeomorphic to R" x K x D, where K is a compact subgroup of G and D is a
discrete space. Since dimension is invariant under homeomorphisms, this (in con-
junction with (b)) shows that dim G = dim(R" x K x D) = dim(R" xK) = n+dimK.
Hence, a locally compact group is infinite-dimensional if and only if it contains an
infinite-dimensional compact subgroup. This is why we mainly concentrate on the
compact case.

(d) In order to better exploit Theorem 14.3.4 also in the case of infinite-dimensional

connected compact groups K, only for such groups K we put dim K := w(K) (e. g.,
dim T = « for an arbitrary infinite cardinal k).
For every compact connected group K, the group K/Z(K) is center-free and
K/Z(K) = K'/(Z(K) N K') = [J;; L;, where I is either finite (when K’ is a Lie
group), or infinite with |I| = w(K) and each L; is a simple connected compact Lie
group. Moreover, K = K'c(Z(K)).

(e) With K and {L;:i € I} as in (d), denote by L, the covering group of L;. This is
a connected compact Lie group with finite center Z(L;) such that L;/Z(L;) = L;.
Moreover, for L = [;.; L; there exists a closed totally disconnected subgroup N of
c(Z(K)) x Z(L), such that K = (c(Z(K)) x Z(L))/N and K’ = L/Ln N.

Theorem 14.3.6. Let K be a compact abelian group. Then dimK = rO(IAO and:

(a) forevery hereditarily disconnected closed subgroup H of K such that K/H = T*, one
has x = dimK = dimK/H; N

(b) there exists a subgroup H of K as in (a), so ro(K) > max{c,24™K} = max{c, 20"},
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Proof. For H as in (a), one has dimH = 0, by Remark 14.3.5(a). So, Theorem 14.3.4
applied to K and H gives dimK = dimK/H = dimT* = x, where the last equality
comes from Remark 14.3.5(d).

Next we put G = K and p = 14(G), and we prove (b) and p = k. Fix a free sub-
group F = Z® of G such that Y = G/F is torsion. By Lemma 13.4.10(a), H = Ag(F)
is a closed subgroup of K such that, in view of Corollary 13.4.14, K/H = F =Tr. By
Corollary 11.6.7, H = Y is hereditarily disconnected. This proves the first assertion in
(b). By the conclusion of item (a), p = dim K = k.

The second assertion in (b) follows from ry(K) > ry(T”) > max{c, 2°}. O

The next corollary is covered by the more general Theorem 14.3.8, yet we prefer to
give a direct proof in this case:

Corollary 14.3.7. A nontrivial finite-dimensional connected compact abelian group K is
metrizable, |K| = ¢, and rp(K) < dim K for every prime p.

Proof. Letn = dimK and G = K. Then G is torsion-free by Proposition 11.6.10(b) with
1o(G) = n by Theorem 14.3.6. Hence, D(G) = Q" by Lemma A.2.14, and in particular G
is countable. Thus, K is metrizable by Corollary 13.1.3(c). Moreover, |K| = 2/°! = ¢, by
Theorem 13.3.11.

Since A;(K[p]) = pG, by Lemmas 13.4.10(e) and 13.5.1, we deduce from Corol-
lary 13.4.14 thatK/[E] = G/pG. As G is a torsion-free abelian group of rank n, r,(G/pG) <
n. Indeed, if gy,...,8,,1 € G, then there exist k;,...,k,,; € Z not all 0 such that
Z}fll kig; = 0. We may assume that p does not divide all k;. Then 0 = Z}’:ll kig; € pG, and
so0 8; + PG, ...,8,.1 + PG are dependent in G/pG. Hence, r,(G/pG) < n and each G/pG

is finite. By Example 13.3.3(a), K[p] = K[p] = G/pG is finite as well, and we conclude
that r,(K) = r,(K[p]) = r,(G/pG) < n. O

Theorem 14.3.8. Let K be a nontrivial connected compact abelian group with o =

dim K.

(@) There exists a continuous surjective homomorphism q:Q° — K with N = kerg
hereditarily disconnected and N,, = ]IZ," for cardinals y, < o for every prime p, con-
sequently, ry(K) = |K| = 2¥%,

(b) Foreveryqasin(a),y, =r,(K), ify, < 0o, otherwise M = 1,(K).

Proof. (a) Since K is connected, G = K is discrete and torsion-free by Proposi-
tion 13.1.1(a) and Proposition 11.6.10(a), and 8 := |G| = w(K) according to Corol-
lary 11.4.5. By Theorem 14.3.6, r,(G) = 0, so G contains a subgroup F = 7' with G/F
torsion and = max{o, w}. The divisible hull of G is D(G) = Q'”, by Lemma A.2.14.
Put

L=D(G)=Q’,
sow(l) = |Q9 = B and L is a compact torsion-free abelian group by Proposi-

tion 13.1.1(b) and Exercise 13.7.3(c). We identify in the sequel G with K in view of
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Pontryagin-van Kampen duality theorem 13.4.17. Let us see that the dual homomor-
phism ¢:L — K = G of the inclusion G — D(G), which is obviously continuous
and surjective, is the desired surjective homomorphism. Indeed, the group D(G)/G is
torsion and divisible, hence D(G)/G = @,cp Z(p™)"), where

Yp = 1,(D(G)/G) < 1,(D(G)/F) =0 < B (14.3)

by Proposition A.4.13. Further, N := kerq = D@G is hereditarily disconnected by
Corollary 11.6.7, and N = [],cp N, by Theorems 13.3.5 and 14.1.9, where N, = ;’,” for
every prime p.

Since L is torsion-free, ry(L) = |L| = P} , by Remark 13.3.13. By Theo-
rem 14.3.6, ro(K) = 25 , and K is a quotient of L, so we get - ro(L) = ry(K) = 25,
Hence, ry(K) = 2= |K|, by Theorem 13.3.11.

(b) For L, g, and N as in (a), put Y, = {y € L: py € N} for every prime p. We prove
first that

K[p) = q(¥,) = Y, /N, = N,/pNj,

so r,(K) = r,(N,/pN). Indeed, the inclusion q(Yp) € K[plis trivial. To check the op-
posite inclusion, pick x € K[p]. Then x = q(y) for some y € L withpy € N = [[,cp N,-
Let

M= ] N, sothatN=N,xM.
reP\lp}

Then we canwrite py = (y,),cp € Naspy =y, +z, wherey, € Nyand z = (z,),cp\(py € M.
Since N, is p-divisible for all primes r # p by Theorem 14.1.9 and Remark 5.3.7, M is
p-divisible as well. So, z = pu for some u € M and py = pu + y,. This means that
Yp =Py —u),s0y —u € Y, As q(u) = 0, we have x = q(y) = q(y - u) € q(Y}). This
proves that K[p] = q(Y}).

Our next aim is to compute ker g [YP: Y, N N. Clearly, Y, n N 2 N,,. On the other
hand, p(Yp NN)c Np and pN n Np = pr, since Np is a direct summand of N. Hence,
p(Y, nN) < pNnN, = pN,. As L is torsion-free, we deduce that Y, N N ¢ N, so
ker g [ypz Y,NN =N,.

Combining the equalities ker g [Yp: N, and K[p] = q(Y,), we obtain that K[p] =
Y, /N, (since q is continuous and Y), is compact, Frobenius theorem 3.2.3 and the open
mapping theorem (Theorem 8.4.1) imply that this isomorphism is topological). Now
it only remains to note that pr = Np, as L is divisible; moreover, the injective con-
tinuous homomorphism p,:L — L, x + px, induces a topological isomorphism
Jj:Y, — N, which induces in turn a topological isomorphism Y,/N, = pY,/pN, =
N,/pN, = Z(p)"». Hence,

1 (K) = 1, (N, /pN,) = 1,(Z(p)"?).

Therefore, either r,(K) =y, < 00, or r,(K) = 2» when y, > . O
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In the sequel we discuss properties of the subgroup G, first in case the group G is
connected and compact, and then for G hereditarily disconnected and locally compact
abelian.

Theorem 14.3.9. For a connected compact abelian group K, the subgroup K, is dense
and proper for every prime p.

Proof. Let us start with K = Q, which has dim K = r,(Q) = 1in view of Theorem 14.3.6.
Since K is divisible, for every prime p the group K, is divisible by Remark 5.3.7; so, H :=
K, is divisible as well (see Exercise 3.5.18). There exists a continuous surjective homo-
morphism ¢: K — T, by Example 13.3.14(a). By Exercise 14.5.4(b), q(K,) = T, # {0},
hence H # {0} is a nontrivial connected compact abelian group by Proposition 14.1.1,
and consequently dimH > 0. By Theorem 14.3.4, dimK/H = 0, as dimK = 1 and
dimH > 0. Since the quotient K/H is connected, we deduce that H = K, i.e., K, is
dense in K.

Now let K = QY for a cardinal o. According to Exercise 5.4.14 and Corollary 11.6.9,
K, = ((@)p)”, hence K, is dense in K as a consequence of the fact above that (@)p is
dense in Q.

In the general case, if 0 = dim K, there exists a continuous surjective homomor-
phism g: Q" — K, by Theorem 14.3.8. Since L := ((Q),)’ is dense in Q° and ¢(L) < K,
by Exercise 5.4.14, we conclude that K, is dense in K. By Exercise 5.4.14(d) and Corol-
lary 11.6.9, the sum of all K, is direct, hence the density of each K, yields proper-
ness. O

The above property does not hold in the noncompact case: for example, R, = {0}
for every prime p.

Corollary 14.3.10. A locally compact abelian group G is hereditarily disconnected if and
only if G is line-free and all subgroups G,, are closed.

Proof. We can assume without loss of generality that G contains no copies of R, so
that G has a compact open subgroup K by Theorem 14.2.18.

If G is hereditarily disconnected, then each G, is closed by Proposition 14.2.5. If G
is not hereditarily disconnected, then K is not hereditarily disconnected either. Hence,
c(K), is a proper dense subgroup of ¢(K) by Theorem 14.3.9. As ¢(K),, = G, N ¢(K), and
¢(K)p is not closed in c¢(K), we deduce that Gp is not closed in G. O

The compact group Q is closely related to the Adele ring Aq of the field Q, the

loc
subring of Rx [[,cp Q, defined by A := Rx [[,ep(Qp, Jp) (more details can be found
in [94, 117, 205, 289]).

Theorem 14.3.11. The diagonal subgroup Q := {(r, (Npep) € Aq:T € Q} ofA(Q is discrete
and Aq/Q = Q is compact.
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Proof. LetK = Ag/Qand let g: A, — K be the canonical projection. We show first that
K is compact.

To this end, consider the closed subgroup N = {0} x 1]gi:pdp((Qp, Jp) of A, its com-
pact subgroup H = {0} x [[,ep J, and u = (0, (1,)pep) € H. Then the subgroup Q - u =
{(0,(Npep):r € Q}is contained in N, since forr = n/m € Qone hasr - L, e, for all
primes p } m. Moreover, a standard proof using the Chinese remainder theorem shows
that (u) is dense in H. This implies that

Q-u+H=N and Q-uisdenseinN.

Indeed, for x € N there exists m € N, with mx € H. As mH is open and (u) is dense in
H, there exists k € Z such that ku € mx + mH, i.e., mx € ku + mH. Pick a ¢ € H with
mx = ku + mé, then x = (k/m)u+ & € Q- u+ H. This proves the equality N = Q- u + H,
which yields the density of Q - uin N, as (u) is dense in H.

Consider the open neighborhood U = ((-1/2,1/2) x {0}) + H of 0 in Agq. Since
QnJ, = {% keZ,p+t m} for every prime p, we get U n Q = {0}, so the subgroup Q
is discrete, hence closed in Ag,. Thus, L := Q + H is closed in Ag, by Lemma 8.2.1(a).
Since Q x {0} + Q- u = (Q x {0}) + Q, one has

Nc(@Qx{0Oh)+N=Qx{0})+Q - u+H=(Qx{0}))+Q+H=(Qx{0})+L.

Therefore, Aqg = (Rx {0}) + N = (Rx {0}) + L. AsQn H = {0}, q(L) = q(H) = H, and so
q(L) is a compact subgroup of K; moreover,

K/q(L) = (Aq/Q)/(L/Q) = Ag/L = (Rx{0}) + L/L = Rx {0}/(Rx {0}) L = R/Z,

where the isomorphism Rx{0}/(Rx{0})NL — Aq/L = (Rx{0})+L/L is topological. In-
deed, it is continuous, by Theorem 3.2.8(c), and it is open since the domain is compact.
This proves that K/q(L) is compact. Therefore, K is compact, by Lemma 8.2.3(b).

It remains to see that K = Q. By using Pontryagin-van Kampen duality theo-
rem 13.4.17, it is enough to check that K = Q.

Next we prove that K is connected. To this end, we note that (Rx{0}) + Q is a dense
subgroup of A because it contains the dense subgroup Q - u of N. Since g((R x {0}) +
Q) = g(Rx {0}), this is a dense connected subgroup of K, so K is connected as well. By
Proposition 11.6.10(a), K is torsion-free.

Moreover, since Q is discrete, Theorem 14.3.4 gives dim K = dim Ag = dim c(Ag) =
dim R = 1. Hence, r¢(K) = 1, by Theorem 14.3.6.

Finally, to show that K = Aqg/Qis torsion-free, we consider the following alge-
braic isomorphisms: the subgroup B := (Q + N)/Q = N of K is torsion-free and K/B =
(Ag/Q/(Q+N)/Q = (R x {0}) + N)/((Q x {0}) + N) = R/Q is torsion-free as well. By
Exercise 13.7.3(c), K is divisible.

Since we have seen that the discrete abelian group K is torsion-free, divisible and
of rank 1, we deduce that K = Q. O
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Example 14.3.12. This theorem allows us to consider the quotient K = Ao/Q as the
dual of Q. According to Remark 8.5.11(b), g(a(Aq)) = a(K). As a(Aq) = c(Ag) = Rx {0}
and q [y is injective, this entails that a(K) = g(R x {0}) is a continuous isomor-
phic image of R. For the surjective continuous homomorphism g: A — K, one has
q(c(Ag)) # c(K) = K. Indeed, otherwise R — K, x + q(x,(0)), would be a contin-
uous isomorphism and by the open mapping theorem (Theorem 8.4.1) a topological
isomorphism. (Compare this with Corollary 8.5.10.)

14.3.2 The Halmos problem: the algebraic structure of compact abelian groups

Halmos [163] noticed that the compact group Q, being divisible and torsion-free with
|Q| = ¢, is algebraically isomorphic to R = Q'9, and deduced that one can endow the
reals with a compact group topology. He posed the problem to determine all abelian
groups that support a compact group topology, in other words, to describe the alge-
braic structure of all compact abelian groups.

In the attempt to give a solution to the Halmos problem, a new relevant class of
abelian groups, namely, that of algebraically compact groups, was introduced by Ka-
plansky as those abelian groups that are summands of abelian groups admitting a
compact group topology.

Definition 14.3.13. An abelian group G is algebraically compact if it is a direct sum-
mand of every abelian group containing it as a pure subgroup.

These groups are also named pure-injective because of the following equivalent
form, due to Maranda, that we are not going to use here:

Fact 14.3.14. Anabelian group G is algebraically compact if and only if for every abelian
group H, any homomorphism from a pure subgroup of H to G can be extended to a ho-
momorphism H — G.

Remark 14.3.15. We recall some properties of algebraically compact abelian groups

(even if not all are used in the sequel):

(@ ([174, Theorem (25.21)]) compact abelian groups are algebraically compact ;

(b) ([223]) a reduced abelian group is algebraically compact if and only if it is Haus-
dorff and complete in the Z-adic topology ;

(c) ([138]) every abelian group can be embedded as a pure subgroup in an alge-
braically compact group;

(d) ([137, Theorem 3]) every linearly compact group is algebraically compact.

Remark 14.3.16. The connected component c¢(K) of a compact abelian group K is di-
visible by Corollary 14.1.1 and K/c(K) is hereditarily disconnected, so profinite. There-
fore, K = c(K) x K/c(K) algebraically, and div(K) = c(K) admits a connected compact
group topology, while the reduced profinite part R = K/c(K) admits a hereditarily dis-
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connected compact group topology. Since hereditarily disconnected compact groups
are profinite (see Remark 8.5.5), we deduce that the abelian groups admitting heredi-
tarily disconnected compact group topologies are actually residually finite.

Since, for an abelian group G, Theorem A.4.3 implies that G = div(G) x R where R
is a reduced subgroup of G, if we equip div(G) with a compact (necessarily connected)
group topology and R with a compact (necessarily hereditarily disconnected) group
topology, we can take the compact product topology on G.

In this way we are left with these two cases. We start with the second.

Theorem 14.3.17. A reduced abelian group K admits a compact group topology if and
only if there exist cardinals {0,: p € P} and {a,, ,: p € P,n € N} such that

K is algebraically isomorphic to l_[ (]]Zp x H Z(p”)“"vﬁ> ) (14.4)

pelP nelN,

Proof. Starting with the necessity of (14.4), assume that K is a reduced abelian group
that admits a compact, necessarily hereditarily disconnected, group topology. Then
K = []pep K, where each K, is a Jj,-module, by Theorem 14.1.9. First, we note that
ﬂnEN p"K = {0} for all primes p. Indeed, the discrete dual group K is a p-group, so

= D neN K [p"], and we obtain {0} = (\,en Ag, (K p") = ﬂneNp”K from Corol-
lary 13.5.3, Lemma 13.5.1, and Lemma 13.4.10(e).

On the other hand, K, is g-divisible for all primes g # p, so one has K, =
(men, (mp)=1 MK. Therefore, the subgroups K, = {x € K:p"x — 0} are determined
also by a purely algebraic condition. Hence, one can “localize” the problem by study-
ing the algebraic structure of the hereditarily disconnected compact abelian groups
of the form K),.

According to Theorem A.4.11, the dual X = K, has a basic subgroup B. Then B =
©Dnen, Z(p™) %), for cardinals ay, withn € N, Bis a pure subgroup of X and X/B =
Z(p™)"), with a suitable cardinal 0p, is divisible. Identifying X with K, in view of
Theorem 13.4.7, we obtain a closed subgroup N = AKp (B) of K,, such that, in view of
Proposition 13.5.5, Example 13.2.4, and Theorem 13.3.5,

N=X/B=J, and K,/N=B= [] z@p") .
nelN,
According to Corollary 13.5.4, the purity of B implies that N is a pure subgroup of K,,.

Since N = ]IZ" is compact, we deduce from Remark 14.3.15(a) that N is algebraically
compact, hence algebraically splits in K,,. In other words,

K, is algebraically isomorphic to ]]Z” X H Z(p™) (14.5)
nelN,

Summarizing, we showed that if a reduced abelian group K admits a compact group
topology, then K = ]'[pdP K, and the subgroups K, (which are determined by a purely
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algebraic condition regardless of the specific compact group topology on K) sat-
isfy (14.5). This proves the necessity of (14.4)

On the other hand, if an abelian group K satisfies (14.4) for appropriate cardinals
0, and a, ,, then we can first identify (algebraically) K with the product HPE]P(]J;,TP X
[Then, Z(P™)*). Since each K, = ]Jg” X [Tnen, Z(p")™» admits an obvious compact
group topology, taking the product topology on K = [],¢p K}, we obtain also a compact
group topology on K. O

The splitting (14.5) need not be topological in general (see Exercise 14.5.7).

In the next theorem we describe the algebraic structure of the connected (so, di-
visible) compact abelian groups. Since the trivial group G = {0} is both divisible and
connected in any topology, we rule out this trivial case in the next theorem.

Theorem 14.3.18. A divisible abelian group G + {0} admits a compact group topology
if and only if there exist cardinals B and {y,:p € P} with

Yp yp<oo,

(14.6)
2% otherwise.

B> w, rO(G):Zﬁ and VpeP y,<f and rp(G):{

Furthermore, G admits a finite-dimensional compact group topology if and only if
10(G) = ¢ and all {r,(G):p € P} are bounded by some m € N. In this case dimG >
Sup,cp I'p(G) when G carries such a topology.

Proof. Suppose first that G is a divisible abelian group which admits a compact group
topology that is necessarily connected. Put ¢ = dim G and § = max{o, w}. Then, |G| =
2, indeed, if o is finite, this is a consequence of Corollary 14.3.7; in case ¢ is infinite,
IG| = 2/° = 2(©) = 2% by Theorem 13.3.11, Corollary 14.2.19, and Remark 14.3.5(d).
So, Theorem 14.3.8 gives r,(G) = 2% and r,(G) for appropriate cardinals {y,:p € P} as
in (14.6).

To verify the sufficiency, let G be a divisible abelian group satisfying (14.6) for car-
dinals B and {y,: p € P} as stated there.

Put p = sup,p 1,(G). In case p < co and = puto= p, otherwise let 0 =  (so
@ = & = 2 in both cases). Let K = Q°. Dualizing the short exact sequence 0 — Z —
Q - Q/Z — 0, one gets a closed subgroup H = HPE]P Ty of Q with Q/H = T. There-
fore, K contains a closed subgroup L = H? = Hpe]P J?, such that K/L = T°. Moreovet,
L obviously contains a closed subgroup N = [[,cp N, With N, = ]I;/," , ¥p < 0 for every
prime p. Since dim N = 0, Theorem 14.3.4 gives dim K/N = ¢. This yields w(K/N) =
in case o is infinite (so o = f), since in this case 0 = dim K/N = w(K/N). Otherwise, if
o is finite, K/N is metrizable by Corollary 14.3.7, so w(K/N) = w, so WEIN) ¢ = of s
by the definition of o. Hence, WKIN) _ 9B in bhoth cases. Now Theorem 14.3.8, ap-
plied to the nontrivial connected compact group K/N, yields r,(K/N) = VKN DB
r,(K/N) =y, = r,(G) incaser,(G) is finite; otherwise, r,(K/N) = W = r,(G) whenr,(G)
is infinite. Since both groups G and K/N are divisible and have the same free-rank and
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the same p-rank for every prime p, these groups are algebraically isomorphic in virtue
of Theorem A.2.17. This isomorphism of abstract abelian groups produces a connected
compact group topology on G.

The necessity of the condition |G| = cand p < dimG < oo follows from Corol-
lary 14.3.7, when G admits a finite-dimensional connected compact group topology
(see also (14.3)). On the other hand, if G satisfies the condition |G| = ¢ and p < oo,
then choosing any finite o with p < o < oo the above argument produces a connected
compact group topology on G with dim G = dimK = o. O

Theorem 14.3.18 shows that the existence of a compact group topology on an
abelian group may bring relevant restraints on the algebraic structure of the group.
One may try to relax compactness to a weaker compactness-like property:

(@) Inthe case of precompactness, one has an immediate answer: every abelian group
admits a precompact group topology (for example, the Bohr topology). Yet some
nonabelian groups admit no precompact group topology, e. g., the infinite per-
mutation groups S(X) (see Exercise 10.4.2), or the group SL,(C) (see [285]), just to
mention two examples.

(b) In the case of pseudocompactness, the problem has been completely resolved
(see [101] for a partial solution), reported in Chapter 15, where some information
about the countable compactness can be found as well.

14.3.3 The Bohr topology of abelian groups

For a discrete abelian group G, the Bohr compactification bG is simply the comple-
tion of G* (see the proof of Theorem 10.2.15). The Pontryagin-van Kampen duality can
be used to easily build the Bohr compactification bG in the more general case of a lo-
cally compact abelian group G. Indeed, next we see that ﬂlﬁ’ Bohr compactification
of any locally compact abelian group G can be obtained as Gd, where Gd denotes the
group G equipped with the discrete topology. This result can be seen as a consequence
of [4, Theorem 2] characterizing the Bohr compactification of a locally compact abelian
group by means of dual groups. For a comment on the nonabelian case, see [82, 153].

Theorem 14.3.19. Let G be a locally compact abelian group, Ed its dual equipped with
the discrete topology, and i: Ed — G the continuous identity map. The Bohr compacti-
fication b;: G — bG of G coincides, up to isomorphism, with the composition i o wg of
wg:G — Gandi:G — G,.

Proof. To see that ¢ := 1o ws:G — G, is the Bohr compactification of G, pick a con-
tinuous homomorphism f: G — K to a compact group K. We can assume without loss
of generality that f(G) is dense in K. Then K is abelian, by Theorem 3.1.22. The dual
homomorphism f:I? — G, as well as g = it of:IA( — @d, are continuous since K is
discrete, by Proposition 13.1.1(a). Then g : G; — K is a continuous homomorphism,
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by Lemma 13.3.7. Moreover, as f = i o g, we deduce that g o = ]% by Lemma 13.3.7(f).
Composing with w;, we get

Since wg is a topological isomorphism by Pontryagin-van Kampen duality theo-
rem 13.4.17, f = wy' > 8 o ¢. Then f' := wy' o g with f’ - ¢ = f witnesses the uni-
versal property of the Bohr compactification of G, so ¢ = bs:G — Ed is the Bohr
compactification of G. O

From a rapid look at the cardinal invariants (of topological nature, introduced so
far in this book) of the group G*, for an abelian group G, one can see that they de-
pend only on |G| and no other features of the group G (see Theorem 13.3.12 and Exer-
cise 13.7.2). This motivated E. van Douwen to pose in [277] the following challenging
problem (see also [153]): if G and H are abelian groups of the same size, must G*, H be
homeomorphic? The first negative solution was obtained by Kunen [190]. Following
his notation, we write V7, := Z(m)™ for a cardinal x, and m € N .

Theorem 14.3.20 ([190]). For primesp # q, (V;’j)# and (V?)# are not homeomorphic.

Independently, and by using a simpler argument, Watson and the second named
author proved in [116] that (Vg)# and (Vg)# are not homeomorphic whenever x > 2.
Motivated by these results, we give the following:

Definition 14.3.21. A pair G, H of infinite abelian groups is:

(i) Bohr-homeomorphic if G* and H* are homeomorphic;

(ii) weakly Bohr-homeomorphic if G* can be homeomorphically embedded into H*,
and H* can also be homeomorphically embedded into G*.

Obviously, Bohr-homeomorphic abelian groups are weakly Bohr-homeomorphic,
the status of the converse implication is unclear so far (see Question 14.3.30(ii)).
Clearly, two finite groups G, H satisfy the condition in (ii) if and only if |G| = |H|. More-
over, van Douwen’s problem has obviously a positive answer for finite groups. This
is why in this definition, as well as in the sequel, we consider only pairs of infinite
abelian groups.

The notion of weak Bohr-homeomorphism provides a more flexible tool for study-
ing the Bohr topology than the more rigid notion of Bohr-homeomorphism, e.g.,
V;’ and Vg’ are not even weakly Bohr-homeomorphic for distinct primes p and g
(see [190]).

Remark 14.3.22. If G is an abelian group such that G homeomorphically embeds
into H* and H is a bounded abelian group, then also G must be a bounded abelian
group (see [156, Theorem 5.1]). So, boundedness is invariant under weak Bohr-
homeomorphisms, i.e., if G, H are weakly Bohr-homeomorphic abelian groups and
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G is bounded, then H must be bounded as well. Hence, the study of (weak) Bohr-
homeomorphisms can be carried out separately for bounded and for unbounded
abelian groups.

Starting with the class of bounded abelian groups, recall that every bounded
abelian group has the form [}, Wﬁi for certain integers m; € IN, and cardinals x;,
by Priifer theorem A.1.4. For this reason, the study of the Bohr topology of bounded
abelian groups can be focused on the groups V7.

Definition 14.3.23 ([65, 156]). For a bounded abelian group G, the essential order
eo(G) of G is the smallest m € IN, such that mG is finite.

Example 14.3.24. A bounded abelian p-group G = Z(p)* & --- & Z(p™) ), forp € P,
has eo(G) = 1in case G is finite and eo(G) = pk for some k € {1,...,n}, when ay is
infinite, but all a;, with k < i < n, are finite, provided k < n. Therefore, 1,(G) = w fora
countably infinite bounded abelian group G and a prime p, if and only if p | eo(G).

Definition 14.3.25. Two infinite abelian groups G, H are:

(i) ([165]) almost isomorphic if G and H have isomorphic finite index subgroups;

(i) ([65]) weakly isomorphic if a finite-index subgroup of G is isomorphic to a subgroup
of H and a finite-index subgroup of H is isomorphic to a subgroup of G.

The first of these notions was motivated by the following result of Hart and Kunen:

Theorem 14.3.26 ([165]). Almost isomorphic abelian groups are Bohr-homeomorphic.

It is unclear whether the implication in the above theorem can be inverted for
bounded abelian groups:

Question 14.3.27 ([190]). Are Bohr-homeomorphic bounded abelian groups almost
isomorphic?

By [65], a pair of infinite bounded abelian groups G, H is weakly isomorphic if and
only if

ImG| = |/mH| whenever m € N and |mG]| - |mH| > w. (14.7)

By Theorem 14.3.26, weakly isomorphic bounded abelian groups are weakly
Bohr-homeomorphic. On the other hand, if G" embeds into H* for bounded abelian
groups G, H, then eo(G) | eo(H) and r,(G) < r,(H) whenever 1,(G) is infinite, ac-
cording to [65, Theorem 1.16]. Hence, weakly Bohr-homeomorphic bounded abelian
groups satisfy the following simple algebraic conditions:

eo(G) = eo(H) and 1,(G) =r,(H) for all p € P with 1,(G)-1p(H) 2 w.  (B)
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The above arguments show that the following implications hold for a pair of infinite
bounded abelian groups:

weakly isomorphic = weakly Bohr-homeomorphic = (B). (14.8)

Now we discuss the opposite implications. By Example 14.3.24, if eo(G) = eo(H)
for countable bounded abelian groups G, H, then they satisfy (B) and they are weakly
isomorphic (see Exercise 14.5.14(a)). By Exercise 14.5.14(b), for bounded abelian
groups of square-free essential order, (B) implies almost isomorphism, hence Bohr-
homeomorphism, by Theorem 14.3.26. In summary:

Theorem 14.3.28 ([65, 156]). For a pair G, H of infinite bounded abelian groups that are
either countable or have square-free essential order, all three properties in (14.8) are
equivalent.

Therefore, the essential order is an invariant that alone allows for a complete
classification, up to (weak) Bohr-homeomorphism, of all countable bounded abelian
groups.

The situation changes completely even for the simplest uncountable bounded
abelian groups of essential order 4. Indeed, G = VZ” and H = V‘z"l x V§ are not weakly
isomorphic because w; = [2G| > |2H| = w. However, we do not know whether these
groups are weakly Bohr-homeomorphic. More generally:

Question 14.3.29. Let p be a prime, x > w a cardinal, and k > 1 an integer.

(i) Are V;k and V), x V;’k weakly Bohr-homeomorphic? Can this depend on p?

(ii) If (V;k)# can be homeomorphically embedded into (V;;k,1 x ng)# for an infinite
cardinal A, is then necessarily A > x?

If the answer to Question 14.3.29(i) were positive for all cardinals x > w, primes
p, and integers k > 1, then two bounded abelian groups G, H would be weakly Bohr-
homeomorphic if and only if (B) holds. Item (ii) is an equivalent form of the strongest
negative answer to (i).

Question 14.3.30 ([190]). (i) Are V; and V¥ x V; Bohr-homeomorphic?
(ii) Are weakly Bohr-homeomorphic bounded groups always Bohr-homeomorphic?

Question 14.3.31. Suppose that G, H are infinite bounded abelian groups such that G*
homeomorphically embeds into H*. Does there exist a subgroup G’ of G of finite index
that algebraically embeds into H?

A positive answer to this question would imply, in particular, that weak Bohr-
homeomorphism coincides with weak isomorphism for infinite bounded abelian
groups. Hence, a positive answer to this question would imply a positive answer to
Question 14.3.29(ii).

Now we leave the “bounded world” and turn to the class of unbounded abelian
groups. The implication of Theorem 14.3.26 and the first implication in (14.8) cannot
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be inverted: Q and Q/Z x Z are Bohr-homeomorphic (see [53]), and yet these groups
are not even weakly isomorphic.

The question on whether the pairs Z,Z? and Z, Q are Bohr-homeomorphic is
raised in [56, 153]. Let us consider here the version for weak Bohr-homeomorphisms:

Question 14.3.32. (i) Are Z and Q weakly Bohr-homeomorphic?
(ii) Are Z and Q/Z weakly Bohr-homeomorphic?

A positive answer to Question 14.3.32(i) would yield that all torsion-free abelian
groups of a fixed finite free-rank are pairwise weakly Bohr-homeomorphic.

14.4 Precompact group topologies determined by sequences

14.4.1 Characterized subgroups of T

Large and lacunary sets (mainly in Z or elsewhere) are largely studied in number the-
ory, harmonic analysis, and dynamical systems (see [63, 133, 152, 153, 157, 227]).

Let us consider a specific problem. For a strictly increasing sequence A = {a,},n
of integers, the interest in the distribution of the multiples {a,a:n ¢ N} of a nontor-
sion element a of T = R/Z has roots in ergodic theory (e. g., Sturmian sequences and
Hartman sets — see [290]) and furthermore in number theory, according to the Weyl
theorem: a sequence {x,},cn in T is uniformly distributed if for all [a,b] < T (with
a,b €[0,1)),

I{j € {0,...,n}:xj € [a, bl}|
n

— la-bl;
by the Weyl theorem, the set W, = {f € T:{a,B},en is uniformly distributed} has
Lebesgue measure 1 (e. g., see [189]).

Definition 14.4.1. For a sequence A = {a, } oy Of integers, the subgroup
t4(T) :={a € T:a,a — 0}

of T is called topologically A-torsion subgroup. We say also that the sequence A charac-
terizes a subgroup H of T, or that H is characterized by A, if H = t4(T); we briefly call
H a characterized subgroup if H = t,4(T) for some sequence A = {a,,} iy Of integers.

With respect to the above definition, note that we can always assume that the se-
quence Aisin IN,.

Topologically A-torsion subgroups were introduced in [81, 99], while the term
characterized subgroup was first coined in [32].

Example 14.4.2. (a) If H is a finite subgroup of T, then H is cyclic and it is straight-
forward to verify that H is characterized.
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(b) Asequence A in Z characterizes T precisely when A is eventually zero. Indeed, in
case A = {a,},c Characterizes T, then a,, — 0 in Z*, and so A is eventually zero
by Theorem 13.4.9. The converse implication is obvious.

Example 14.4.3. It was observed by Armacost [8] that, for A = {p"},n, where p is a
prime, t,(T) = £,(T) = Z(p®).

Armacost posed the question of describing the subgroup t,(T) for the sequence
A = {n!},e, - This was done in [36], [99, § 4.4.2], and [66].

In [66, 89, 99] an analogous more general problem was considered of describing
t,(T) for an increasing sequences A = {a,},cn Of integers with a, = 1and a,, | a,,; for
everyn € N.

For a sequence A = {a, } i Of integers, the subgroup ¢, (T) is a Borel set, since

am = U N {reTlax< g}

N>2meN n>m

actually, this proves that t,(T) is an F-set.

Remark 14.4.4. Inspired by a construction of Aaronson—-Nadkarni [1], Bird [31] showed
that the F;-subgroups of T need not be characterized. His proof is based on the crucial
point that the characterized subgroups of T are Polishable, that is, they admit a finer
Polish group topology; this topology is unique by a result of Solecki [263].

We state now Bird’s result; first recall that a nonempty subset K of T is a Kronecker
set if K is compact and, for every continuous function f: K — T and every § > 0, there
exists n € Z such that max; [f (k) — nk| < & (i.e., f can be uniformly approximated
by characters of T).

Theorem 14.4.5 (Bir6 theorem [31]). Let K be an uncountable Kronecker set in T. Then
the subgroup (K) is not Polishable. In particular, (K) cannot be characterized.

Since (K) is obviously F,, this provides an example of a noncharacterized F,-sub-
group of T, thereby answering a question of the second named author (see also [91],
where some special classes of F-subgroups were shown to be characterized).

Being a Borel set, t,(T) is measurable and either countable or has size ¢ (see [184,
Theorem 13.6]).

Egglestone [127] proved that, for a sequence of positive integers A = {a,,} x> the
asymptotic behavior of the sequence of ratios {g,},en, With g,, = a{;’” for every n €
N, may have an impact on the size of the subgroup t,(T) in terms of the following

remarkable “dichotomy”:

Theorem 14.4.6 ([127]). Let A = {a,},cn be an increasing sequence in N,
(@) Iflim it = 400, then |ty (T)| = c.

n—oo g,

b) If {a”zl tnen IS bounded, then t,(T) is countable.

a
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If A is sequence of integers and ¢,(T) # T, then t,(T) has Haar measure zero, as
every proper subgroup of T has infinite index. A measure zero subgroup H of T of size
¢ that is not even contained in any proper characterized subgroup ¢, (T) of T was built
in [21] (under the assumption of Martin axiom) and later in [166, 167] (in ZFC).

Theorem 14.4.7 (Borel theorem [36]). Every countable subgroup of T is characterized.

Three proofs of Borel theorem 14.4.7 were given in [32].

Unaware of Borel’s result, Larcher [194], and later Kraaikamp and Liardet [188],
proved that the cyclic subgroups of T are characterized. In this specific case they ex-
plicitly described characterizing sequences of a subgroup (g,(a)) of T, with a € R\ Q,
in terms of the continued fraction expansion of a.

In particular, as an illustration we propose the following example (related to Ex-
ample 5.3.3(c) and Exercise 14.5.16), which answers [81, Question 3.11].

Example 14.4.8 ([22]). Let ¢ be the golden ratio, that is, ¢ = “T‘@ Then

{qo()) = tp(T), (14.9)

where F = {f,} < is the Fibonacci sequence.

This is a particular case of the more general form of sequences A = {a,},cn in Z
considered in [81], namely, those which satisfy

a, | ap, —a,; forallneNN,. (14.10)

Inspired by (14.9) and, more generally, by the class of sequences satisfying (14.10),
the paper [23] describes the algebraic structure of the subgroup t,(T) when the se-
quence A = {a,},c Verifies a linear recurrence relation of order < k, that is,

a, = Ll;l)an,l + Ll;z)an,z +ooo uﬁlk)an,k

for every n > k with uﬁ? eZforie{l,... k}.

14.4.2 Characterized subgroups of topological abelian groups

In [32] the authors conjectured that Borel theorem 14.4.7 of characterizability of the
countable subgroups of T can be extended to compact abelian groups in place of T,
without providing any precise formulation. There is a natural way to extend the def-
inition of ¢, (T) to an arbitrary topological abelian group G by letting, for a sequence
A = {a,}nen Of integers,

t4(G) == {x € G:ax — 0in G}.
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Prominent examples are provided by the sequence of integers {p"},n, With p a
prime, and {n'},c\ , defining respectively the topologically p-torsion and the topolog-
ically torsion elements — see Definition 5.3.4. For locally compact abelian groups G,
one can easily reduce the computation of t4(G) to that of ¢,(T) (see [81]), and inde-
pendently on their relevance in other questions, the subgroups t,(G) turned out to be
of no help in the characterization of countable subgroups of compact abelian groups
other than T. Indeed, a much weaker condition, turned out to determine the circle
group T in the class of all locally compact abelian groups:

Theorem 14.4.9 ([67]). In a locally compact abelian group G, every cyclic subgroup of
G is an intersection of subgroups of the form t,(G), where A is a sequence of integers, if
andonlyif G = T.

One can remove the “abelian restraint” in the above theorem, recalling that in the
nonabelian case t,(G) is just a subset of G, not a subgroup in general (see [66]).

Theorem 14.4.9 suggested to use in [95] a different approach to the problem, re-
placing the sequences of integers (that can be seen as characters of T) by a sequence
A = (ay)pen in the dual group G of alocally compact abelian group G.

Definition 14.4.10 ([95]). Let G be a topological abelian group and A = {a,},cn @ se-
quence in G. Define

54(G) :={x € G:ay(x) » 0in T}.

A subgroup H of G is called characterized if there exists a sequence 4 in G such that
H = 54(G). We say that H is characterized by A and that A characterizes H.

If G = T, then we can identify T = Z, so t,(T) = s4(T) for a sequence A in Z.
For a topological abelian group G,

26 = U N {xe G layon < ]%}

N>2meN nzm

So, if K is a compact abelian group, then:

(1) s4(K) is a Borel set (actually, an Fgs-set), and so either s,(K) is countable or
[sa(K)] = ¢;

(2) u(sy(K)) = 0if A is faithfully indexed (see [57, Lemma 3.10], and see [242] for
locally compact abelian groups).

For G an abelian group and a subgroup H of G, let

g6(H) = [){sa(G):A € G, H < 5,(G)};

we say that the subgroup H of G is g-closed if H = g;(H).

It is proved in [95] that a topological abelian group G is maximally almost periodic
if and only if every cyclic subgroup of G is g-closed. The following positive answer
to [95, Problem 5.1] was given independently and simultaneously in three papers.
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Theorem 14.4.11 ([28, 91, 199]). All countable subgroups of a compact abelian group
are g-closed.

Moreover, Borel theorem 14.4.7 was extended independently in two papers:

Theorem 14.4.12 ([28, 91]). If K is a metrizable compact abelian group, then every
countable subgroup of K is characterized.

As observed above, every characterized subgroup of a metrizable compact abelian
group K is F 5. Inspired by Bir6 theorem 14.4.5, Gabriyelyan proved in [146] that if K is
an uncountable Kronecker set of an infinite metrizable compact abelian group X, then
(K) is not Polishable. In particular, (K) cannot be characterized.

Moreover, Gabriyelyan [146] showed that every characterized subgroup H of a
compact metrizable abelian group K is Polishable (and the finer Polish group topology
is also locally quasi-convex). For further results in this direction, see [90, 147, 145, 219].

14.4.3 TB-sequences

Another motivation for the study of characterized subgroups ¢, (T) comes from the fact
that they lead to the description of precompact group topologies on Z that make the
sequence of integers A = {a,},cy converge to 0 in Z (see Corollary 14.4.16).

In other words, we discuss a counterpart of the notion of T-sequences, defined
with respect to group topologies induced by characters, i.e., precompact group
topologies. Recall from Theorem 11.4.2 and Corollary 11.4.3 that 7 is a totally bounded
group topology on an abelian group G precisely when 1 = 7y for some subgroup H of
G, and moreover T is precompact if and only if H separates the points of G.

Definition 14.4.13 ([21, 23]). A sequence A = {au},en in an abelian group G is a
TB-sequence if there exists a precompact group topology 7 on G such that a, — 0
inT.

Clearly, every TB-sequence is a T-sequence (see Proposition 14.4.18 for a T-se-
quence in Z that is not a TB-sequence). The advantage of TB-sequences over T-se-
quences is in the easier way of determining sufficient conditions for a sequence to be
a TB-sequence (see [21, 23]).

Let us start by an easy to prove general fact:

Fact 14.4.14 ([21]). A sequence A = {a,},cn in a totally bounded abelian group G con-
verges to 0 in G if and only if y(a,) — 0 in T for every x € G.

In the case of G = Z, the characters of G are simply elements of T, i.e., a to-
tally bounded group topology on Z has the form 7 for some subgroup H of T. Thus,
Fact 14.4.14 for G = Z can be reformulated as follows: for a subgroup H of T, a se-
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quence A = {a,},cN in Z converges to O in 7 if and only if a,x — 0 for every x € H
(i. e., simply H c t,(T)). This was generalized in [95] for any abelian group:

Theorem 14.4.15 ([95]). Let A = {a,},cn be a nontrivial sequence in an abelian group
G. Then:

(a) given a subgroup H of G, a,, — 0 in Ty if and only if H < 54(G);

(b) 7;,;(3) is the finest totally bounded group topology on G with a,, — 0 in 7;A @’

(c) Aisa TB-sequence if and only if s4 (E) is dense in G.

Corollary 14.4.16. A sequence A = {a,},cn in Z is a TB-sequence if and only if the sub-
group t4(T) of T is infinite.

Example 14.4.17. If A = {a,},y is a sequence in Z with lim,,_, a(;”l = +00, then A is
a TB-sequence (see [127]). On the other hand, there exists a TB-sequence A = {a,}pen
in Z with lim,,_, “a"” =1 (see [23]).

Here is an example of a T-sequence in Z that is not a TB-sequence.

Proposition 14.4.18 ([240]). For every TB-sequence A = {a,},cn in Z such that t,(T) is
countable, there exists a sequence {C,},cn in Z such that the sequence {q,},cn, defined
by @y, = ¢, and q,,_1 = a,, is a T-sequence but not a TB-sequence.

Proof. Let{z,...,z,,...} be an enumeration of t,(T).

According to Lemma 5.3.12, there exists a sequence B = {b,,} i in Z such that for
every choice of the sequence {e,},n, Where e, € {0, 1}, the sequence {g,},c defined
by g5, = b, + e, and g,_; = a,, is a T-sequence. Now we define the sequence {g,},en
with g5, = a,, and g, = b, when m is not a prime power. Let p;,...,p,,... be all
prime numbers enumerated one-to-one. Now fix k and define e; € {0, 1} depending on
lim,,_,, bz as follows:

(1) iflim,_, bynzi =0, letey = 1;
(2) iflim,,_,, bz # 0 (in particular, if the limit does not exists) let e, = 0.

Now let Dopr = bp; + ey forn € N. To see that Q = {g,,} i is not a TB-sequence, assume
that y: Z — T is a character such that y(g,) — 0in T. Then x = x(1) € T satisfies
gnx — 0,50 x € to(T) < t,(T). Hence, there exists k € N with x = z;. In particular,
Qopr2y — 0.

Assume first that lim,_, bpgzk = 0.Thene, = 1and 0 = lim,_,, Dpr2ic = Zk
implies z;, = 0. Conversely, if lim,,_,, bpﬁzk # 0, then e, = 0, and hence one obtains
the contradiction 0 = lim,,_,, Dopr2i # 0. This proves that every character y:Z — T
such that y(g,) — 0in T is trivial. In particular, Q not a TB-sequence. O

The above proof gives more. Since g, — 0 in 7y, (the topology Ty} Was in-
troduced in §5.3), it shows that every Ty,}-cONtinuous character of Z is trivial, i.e.,

(m 1) = {0}. Therefore, (Z, Ty, isa minimally almost periodic group.
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14.5 Exercises

Exercise 14.5.1. Let p be a prime, G = J%, and K = pG. Equip G with the topology that
makes the compact abelian group K, equipped with the product topology, open in G.
Prove that G is a torsion-free periodic locally compact abelian group, yet G is neither
divisible nor torsion-free.

Hint. Since D = G/K = Z(p)Y is discrete, the dual G has a compact open subgroup D = Z(p)* with

G/D=K= Z(p‘x’)(N) countable. Hence, G is torsion and pG, being isomorphic to a quotient of G/D, is
countable, thus G # pa is not divisible.

Exercise 14.5.2. Prove that:

(a) a compact abelian group G is separable if and only if |G| < ¢, if and only if G is
isomorphic to a quotient of (Q x HPE]P ]]p)‘;

(b) aproduct of at most ¢ separable compact abelian groups is still separable.

Exercise 14.5.3. Let K be a compact abelian group. Prove that:

(@) td(K) = wi'(Hom(K, Q/Z));

(b) if f:K — G is a continuous surjective homomorphism onto a compact group G,
then f(td(K)) = td(G);

(c) td(Q) contains a subgroup H = [],,p J, such that td(Q/H) = td(T) = Q/Z.

Hint. (a) Fix x € td(K) and y € K. If (x) is finite, then y(x) € Q/Z. In case (x) is an infinite cyclic
group endowed with a nondiscrete linear topology, the continuity of y implies that an open (nontrivial)
subgroup is mapped to A; and hence to 0. This yields that y(G) is finite and hence y(x) € Q/Z.

On the other hand, if x € w,}l(Hom(K Q/Z)), then for every y € K the subgroup (x(x)) of T'is
finite. Since (x) is isomorphic to a subgroup of HX & (X)) and the latter group has a linear topology,
we deduce that (x) has a linear topology as well, so x € td(G).

(b) Sincef isinjective and Q/Z is divisible, the following holds: for everyn € Hom(G, Q/7), there
exists rl’ € Hom(K, Q/Z) such that n’ of = n. Combined with (a) this yields that for every g € td(G)
exists x € td(K) such that wg(g) = wg(x) of = f(wK(x)) = wg(f(x)). Since w;; is injective, one obtains
g € f(td(K)).

Exercise 14.5.4. Let G be a discrete abelian group and K = G. Prove that:

(@) K, = Hom(G, Z(p®)) equipped with the topology induced from the product topol-
ogy of Z(p™®)¢, where Z(p™) carries the topology induced by T;

(b) deduce thatif f: K — L is a surjective homomorphism of compact abelian groups,
then f (K,) =L, and f(wtd(K)) = wtd(L).

Exercise 14.5.5. Deduce Theorem 14.2.9 from Theorem 14.2.18.

Hint. Let G be a compactly generated locally compact abelian group and let C be a compact subset
of G generating G. By Theorem 14.2.18, we can write G = R" x G,, where G, is a closed subgroup of
G containing a compact open subgroup K. Since the quotient group Go/K = G/(R" x K) is discrete,
the image of C in G/(R" x K) is finite. Since G is generated by C, this yields that G/(R" x K) is finitely
generated, so isomorphic to 7% x F for some finite abelian group F and d € N. By taking a suitable
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compact subgroup K; of G containing K, we can assume that G/(R" x K) = 7. Since the group z%is
free, the group G splitsas G = R" x K x z°.

Exercise 14.5.6. Show that:

(a) divisible abelian groups and bounded abelian groups are algebraically compact;

(b) summands and products of algebraically compact groups are algebraically com-
pact.

Exercise 14.5.7. Letp be a prime, G = [, Z(p"), and X = ¢(G). Show that:

(a) B= ODren, Z(p") is a basic subgroup of X and X/B = Z(p™)'®, so the short exact
sequence 0 - B — X — X/B — 0 does not split;

(b) the subgroup N = A(B) of K = X is pure and satisfies N = II;, so it splits alge-
braically, yet N does not split topologically.

Hint. (a) It is easy check that B is a pure subgroup of X. To show that X/B is divisible it is enough to
check that X = pX + B. Since X is reduced, X cannot contain a subgroup isomorphic to X/B, so the
subgroup B does not split.

(b) The subgroup N splits algebraically by Remark 14.3.15(a). The rest follows from the exactness
of the duality functor (see also the proof of Theorem 14.3.17). For an alternative argument to see that the
subgroup N does not split topologically, assume that K = N x G. Then obviously ¢(K) = Upen K[P"],
being contained in G, is not dense. On the other hand, A(t(K)) = Npen AKP"]) = Npen "X = {0} by
Remark 13.5.2(b) and Corollary 13.5.3, so t(K) = K by Remark 13.5.2(a), a contradiction.

Exercise 14.5.8. Let K be a connected compact abelian group. Show that the following
conditions are equivalent:

(a) for some prime p the group ]Iff embeds into K;

(b) for all primes p the group II}I;‘I embeds into K;

(c) dimK = oo.

Exercise 14.5.9. Show that a nontrivial connected compact abelian group K admits
21 involutive discontinuous automorphisms.

Hint. By Theorem 14.3.8, K is a divisible abelian group with ry(K) = |K|, there is an algebraic isomor-
phism K = t(K) x Q(‘K D. Since Aut(Q(lK”) is isomorphic to a subgroup of Aut(K) and contains g'Kl
involutions, so does Aut(K). Using Pontryagin—-van Kampen duality conclude that at most |K| = PR
Aut(K) of them are continuous. So, the remaining 2l involutive automorphisms are discontinuous.

Exercise 14.5.10. Show that a nontrivial connected compact abelian group K admits
an extension G, such that [G : K] = 2 and the compact topology of K cannot be ex-
tended to a group topology of G.

Hint. By Exercise 14.5.9, there exists a discontinuous automorphism f of K of order 2. Arguing as in
Example 4.4.8, show that the group G = K x (f) has the desired property.

Exercise 14.5.11. Show that for every locally compact abelian group G the subgroup
wtd(G) is dense in B(G).
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Hint. Since B(G) is a union of compact subgroups, it is enough to consider the case when G itself is com-
pact. Apply Theorem 14.3.9 to deduce that N = wtd(G) contains c(G). Let g: G — G/c(G) be the canon-
ical projection. Since G/c(G) is hereditarily disconnected, G/c(G) = dep(G/c(G))p, so wtd(G/c(G)) =
@pelp(G/c(G))p is dense in G/c(G). Since g(wtd(G)) = wtd(G/c(G)) by Exercise 14.5.4, we deduce that
q(N) is dense in G/c(G) = wtd(G/c(G)). As g(N) is compact and contains kerq = c(G), this implies
N =K.

Exercise 14.5.12. Let K be a compact abelian group and p a prime. Show that K[p] =
Z(p)'P(K/pK). In particular, rp(K) = rp(R /pfe) if these cardinals are finite, otherwise
r,(K) = 27&IP0,

Exercise 14.5.13. Let G be a discrete abelian group. Show that:

(a) w(bG) = x(bG) = Y(bG) = 2! in case G is infinite;

(b) bG is metrizable if and only if G is finite;

(c) bG is connected if and only if G is divisible;

(d) bG is hereditarily disconnected if and only if G is bounded torsion;
(e) bG is torsion-free if and only if G is torsion-free, in such a case

b6 =@ x [] 2l

peP

where B, = 1,(G/pG) if 1,,(G/pG) < oo, otherwise B, = 27(6/p0),

(f) describe bG for the following discrete abelian groups G: Z, Q, Z(p*°), Q/Z,
Z(p)™, and ZE™®, withp € P,k > w, and m ¢ N, , making use of Theo-
rem 14.3.19.

Hint. (a) Use the fact that bG = G* and apply Corollary 11.4.5.

(b) follows from (a).

(c), (d) Use the fact that the topological properties (connectedness or hereditary disconnected-
ness) depend only on the algebraic properties of G. Therefore, bG is connected if and only if G is
torsion-free if and only if G is divisible, while bG is hereditarily connected if and only if G is torsion if
and only if G is bounded torsion.

(e) If bG is torsion-free, then G is torsion-free as a subgroup of bG. If G is torsion-free, then G is
connected, hence divisible. Therefore, bG, as a dual of the discrete group Gd, is torsion-free.

(f) It is easy to see that bZ = Q° x pep Jp» PQ = QS bZE™™N) = ZE™)*, and b(Z{Ep)®) =
Zp) .

For G = Z(p®™), note that G = Jp. For the (discrete) group Jp, the subgroup Z is dense in the
natural topology of J,, hence Z + nJ, = J, for every n € N. This means that the quotient group J,/Z
is divisible. A more careful look at this group shows that Jj,,/Z = Qm o EBqE]p\ ) Z(q™). Therefore, bG
has a (large) closed torsion-free subgroup N = Q° x [Tgep\p} Jq such that bG/N = T.

Show that for G = Q/Z, the dual group G = [],¢p J, contains a dense pure infinite cyclic sub-
group. Then an argument similar to the previous one shows that b(Q/Z) contains a closed subgroup
N = Q° such that b(Q/Z)/N = T.

Exercise 14.5.14. Let G, H be bounded abelian groups. Prove that:
(a) if G, H are countable with eo(G) = eo(H), then they are weakly isomorphic;
(b) if (B) holds and eo(G) = eo(H) is square-free, then G, H are almost isomorphic.
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Exercise 14.5.15. Give examples of (countable) bounded abelian groups G, H that are
weakly isomorphic, but not almost isomorphic.
Hint. Try Vi and V¥ x V{.

Exercise 14.5.16. (a) Prove that the Fibonacci sequence is a TB-sequence.

(b) Let {an}nen, be a sequence of positive integers. Define the sequence {u,},en by
letting uy = 1, u; = a; and u, = a,u,_; + u,_, for any n > 1. Prove that {u,}, is a
TB-sequence.

Hint. (a) See Example 5.3.3(c).
(b) Apply Exercise 5.4.18 to the irrational number a determined by the continued fraction
[al, a,as,.. .].

14.6 Further readings, notes, and comments

An application of the structure theorem for locally compact abelian groups reduces the
characterization of arcwise connected or locally connected locally compact abelian
groups to compact abelian groups with the corresponding properties. It was shown by
Pontryagin [228] that a compact abelian group is locally connected if and only if it is
the character group of a discrete abelian L-group. A discrete abelian group D is called
an L-group if every finite subset F of D is contained in a finitely generated subgroup
H of D such that D/H is torsion-free. Free abelian groups are L-groups and countable
torsion-free L-groups are free. Hence, the countable products of tori are the only ex-
amples of connected and locally connected compact metrizable groups.

A compact abelian group K is arcwise connected if and only if the discrete group
D = K is a Whitehead group, which means that Ext(D, Z) = {0}. Obviously, free abelian
groups are Whitehead groups, while Whitehead groups are always torsion-free. White-
head asked whether every Whitehead group is free. Shelah proved that this question is
undecidable under the axioms of Zermelo—Fraenkel and the axiom of choice (see [259]
or [128] or [177, p. 654]). This question is, of course, equivalent to: is every arcwise
connected compact abelian group a product of tori? The answer is affirmative in the
metrizable case, since countable Whitehead groups are free (see [138]).

As we mentioned in §8.8, arcwise connected compact (abelian) groups are locally
(arcwise) connected, so Whitehead groups are L-groups. The discrete Specker group
7N is an L-group but not a Whitehead group (see [123, 138]), so its dual group is a
connected and locally connected compact abelian group which is not arcwise con-
nected.

The survey papers [68, 87, 147] offer more information on characterized subgroups
of T (the first one, for this direction see also [67]), on characterized subgroups of arbi-
trary topological abelian groups (the second and third, whereas the latter offers also a
discussion of the nonabelian counterpart of the characterized subgroups of a compact
abelian group). For the quite recent variation of statistically characterized subgroups
of the circle, using statistical convergence in place of the usual one, see [37, 83].
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For the connection of characterized subgroups of T (and of R) with thin sets from
harmonic analysis, such as Arbault sets and Dirichlet sets, see [20], where Dirichlet
sets of T are studied, in connection to the Erd6s—Kunen—-Mauldin theorem from [135]
(see also the improvement by Elias [130]). Moreover, in [24] the problem of the inclu-
sion of a characterized subgroup in another is resolved under suitable hypotheses.
This problem is connected to Arbault sets (see Elias [129]).

J. Pelant conjectured in 1996 that V‘z" and Vg" are not Bohr-homeomorphic, he had
a proof with a gap he could not fill.

Many nice properties of Z* can be found in [191]. For a fast growing sequence
{ap}nen in 7¥, the range is a closed discrete set of 7* (see [153] for further properties
of the lacunary sets in Z*), whereas for a sequence {a,},,.;; determined by a polyno-
mial P(x) € Z[x], thatis, a, = P(n) for every n € N, the range has no isolated points
(see [191, Theorem 5.4]). Moreover, the range P(Z) is closed when P(x) = x* is a mono-
mial. For quadratic polynomials P(x) = ax? + bx + c with a, b, ¢, € Z \ {0}, the situation
is already more complicated: the range P(Z) is closed if and only if there is at most one
prime that divides a, but does not divide b (see [191, Theorem 5.6]). This leaves open
the general question from [191]:

Problem 14.6.1 ([102, Problem 954]). Characterize the polynomials P(x) € Z[x] such
that P(Z) is closed in z*.
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This chapter deals with pseudocompact groups, which will be supposed to be Haus-
dorff. The first section gives fairly general properties of pseudocompact and countably
compact topological spaces.

15.1 General properties of countably compact and
pseudocompact spaces

Lemma 15.1.1. (a) Closed subspaces and continuous images of countably compact
spaces are countably compact.

(b) Continuous images of pseudocompact spaces are pseudocompact.

(c) Countable compactness implies pseudocompactness.

Proof. (a) The first assertion is obvious. To prove the second, assume that X is a count-
ably compact space and f: X — Y is a continuous surjective function. Let &/ = {U,:n €
N} be an open cover of Y, so V = {f }(U,):n € N} is an open cover of X; by hypoth-
esis, there exists a finite subcover {f‘l(Un): n e {1,...,k}} of V, and, clearly, {U;:n ¢
{1,...,k}} is a finite subcover of 1.

(b) This is obvious.

(c) Assume that X is a countably compact space and consider a continuous func-
tion f:X — R.Foreveryn € N, let U, = {x € X:|[f(x)| < n}. Then {U,:n € N}isa
countable open cover of X, which has a finite subcover since X is countably compact.
Therefore, f is bounded. O

Pseudocompact T,-spaces are countably compact (see Exercise 15.4.3). In partic-
ular, pseudocompact metric spaces are countably compact, hence compact.

There exist regular spaces without nonconstant real-valued functions, they are
vacuously pseudocompact. This is why pseudocompactness is treated only in Ti-
chonov spaces. Here comes a criterion for pseudocompactness of such spaces. Recall
that a family {A;:i € I} of nonempty subsets of a topological space X is locally finite if
for every x € X there exists an open neighborhood U of x in X such that U n 4; + 0 for
finitely many i € I.

Theorem 15.1.2. For a Tichonov space X, the following are equivalent:

(a) X is pseudocompact;

(b) every locally finite family of nonempty open sets of X is finite;

(©) Npen Vi # @ for every chain {V,:n € N} of nonempty open sets of X with

Vi €V, foreveryneNN. (15.1)

https://doi.org/10.1515/9783110654936-015

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

264 —— 15 Pseudocompact groups

Proof. (a)=(b) Assume that {V,;: n € N, }is an infinite locally finite family of nonempty
open sets of X. For every n € IN_, fix a point x,, € V,;; since X is Tichonov, there exists
a continuous function f,;: X — [0, 1] such that f,, vanishes on X \ V,, and f, (x,) = 1.
Define a function f: X — Rby letting f(x) = },cn, nf(x) for every x € X. Since {V,;:n €
N, } is locally finite and each f, is continuous, f is continuous as well. Obviously, f is
unbounded, as f(x,) = n for every n € N,. This contradicts the pseudocompactness
of X.

(b)=(c) is obvious.

(c)=(a) Assume that f: X — R is an unbounded continuous function. Then for
every n € N the open set V,, = f }(R \ [-n,n]) is nonempty, and obviously (15.1) and
MNnen Vi = 0 hold, a contradiction. O

Proposition 15.1.3. If X is a dense pseudocompact subspace of a Tichonov space Y,
then X is Gg-densein Y.

Proof. Let O be a nonempty Gg-set of Y. Then there exist y € O and open sets U, of Y
such that O = (e Up. By the regularity of Y, we can find, for each n € IN, an open
set V,, of Y such that V,, c V,_ foreveryn e N, andy € V,, ¢ V,, < U, for every n € N.
Hence,y € 0' = ),en Vo € Oand O’ is a Gg-setin Y.

For every n € N, let A, = X n V,,, which is an open set of X with 4, = V, , in
view of the density of X in Y and Lemma B.1.19. So, for every n € N,, A_nX =XnA, -
Xn VHY € XnV,, =A,, and hence ,cn A_nX = Nnen An # 0, by Theorem 15.1.2.
Therefore, XN 02X N 0" =X N[ Npen Vi = MNen An # 9. O

If the topological space Y is only regular, one can prove that, if X is a dense count-
ably compact subspace of Y, then X is Gs-dense in Y (see Exercise 15.4.2).
A consequence of Proposition 15.1.3 is the next useful criterion.

Corollary 15.1.4. A Tichonov space X is pseudocompact if and only if X is Gg-dense in
BX.

Proof. Assume that X is not pseudocompact and arrange for an unbounded contin-
uous function f:X — R with f(x) > 1forall x € X. Theng := 1/f:X — (0,1] has
inf{g(x):x € X} = 0, so its continuous extension g: X — [0,1] has 0 € g(8X). Thus,
&71(0) # 0 is a Gg-set of BX that does not meet X, namely, X is not Gs-dense in X.
The converse implication follows from Proposition 15.1.3. O

Theorem 15.1.5. Every pseudocompact Tichonov space X is a Baire space.

Proof. Any compactification Y of X is a Baire space, by Theorem B.5.20. Since X is
Gg-dense in Y by Proposition 15.1.3, Exercise 15.4.1 applies. O
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15.2 The Comfort-Ross criterion for pseudocompact groups

15.2.1 The Comfort—Ross criterion and first applications

The following characterization of pseudocompact groups, due to Comfort and Ross
[61], makes them a very convenient class to work with.

Theorem 15.2.1 (Comfort—Ross criterion). A topological group G is pseudocompact if
and only if G is precompact and Gg-dense in its (compact) completion.

Proof. Assume that the topological group G is not precompact. By Lemma 10.2.7, there
are a symmetric neighborhood V € V;(e;) and a sequence {g,},cn in G such that
g,V N g,V = 0 whenever m # n in N. Pick a symmetric open W € V;(es) with
WW < V. Then the family {g,W:n € IN} of nonempty open sets is locally finite. This
contradicts the pseudocompactness of G, by Theorem 15.1.2. For the second assertion,
apply Proposition 15.1.3. So, every pseudocompact group is a dense — and by Proposi-
tion 15.1.3 even a G4-dense — subgroup of its compact completion.

Conversely, let G be precompact and Gg-dense in its completion K. Assume for
contradiction that 7 = {x,,U,:n € N} is an infinite locally finite family in G, where
U, € Vs(es) is open and x,, € G for all n € IN. Write U, = G n W, for an appropriate
open W,, € Vx(eg), forn € N. Then x,W, NG = x,,U, foralln e Nand W = (,cn Wy
is a Gg-set of K. For every n € N, let V,, = i XUy and V; = Jjop Xx Wy; note that

. . . =G —G
Vy NG = V,. The local finiteness of F implies V, = ., X Ui , hence

N7 =0 (15.2)

nelN

since every z € G has an open neighborhood O that does not meet mG forall k >
n and sufficiently large n € N, hence z ¢ VHG. Since K is compact, there exists an
accumulation point x of the sequence {x; };< in K. By the Gs-density of G in K, there
exists g € xW N G. Then g = xy for somey € W. For a fixedn € N, since g = xy is
an accumulation point of the sequence {x;¥};en in K and xy € x; W € x, W, € V7 for
every k > n, we deduce that

— G —
geVinG=VinG =7,

Theng € (yen VnG, which obviously contradicts (15.2). So, the family 7 must be finite,
and G is pseudocompact by Theorem 15.1.2. O

Corollary 15.2.2. If G is a Gg4-dense subgroup of a pseudocompact group H, then G is
pseudocompact.

Proof. Since Gg-density is transitive, G is Gs-dense in the completion of H. So,
Comfort-Ross criterion 15.2.1 applies. O
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Corollary 15.2.3. Direct products of pseudocompact groups are pseudocompact.

Proof. If{G;:i € I} is a family of pseudocompact groups, then their completions {K;:i €
I} are compact and the completion of G = [];; G; is K = [];¢; K;. Then K is compact
and G; is Gg-dense in K; for each i € I, so G is Gs-dense in K. Now Comfort-Ross crite-
rion 15.2.1 applies. O

Corollary 15.2.4. Every countably compact group is precompact. In particular, a count-
ably compact group is compact precisely when it is complete.

Proof. This follows from Comfort—Ross criterion 15.2.1, since every countably compact
group is pseudocompact by Lemma 15.1.1(c) and Theorem 10.2.6. O

The following example shows that not all countably compact groups are compact.
For an example of a pseudocompact group that is not countably compact, see Exer-
cise 15.4.6.

Example 15.2.5. The Z-product ZTR = U{"JTA:A c R, |A| < w} (here T is considered
as a subgroup of TR) is countably compact and noncompact.

Corollary 15.2.4 and Example 15.2.5 allow us to distinguish countable compactness
from compactness. In particular, countably compact groups need not be complete.
Nevertheless, countably compact groups are sequentially complete:

Remark 15.2.6. To see that a countably compact group G is sequentially complete,
consider its completion G. If G is sequentially closed in G, then G is sequentially com-
plete. Assume that G is not sequentially closed in G. Then there exist x € G \ G and a
sequence {x,},n in G such that x,, — x. So, {x,;},,cn is @ Cauchy sequence of G with
no accumulation points in G, against the countable compactness of G (see Proposi-
tion B.5.8).

15.2.2 The Gs-refinement and its relation to pseudocompact groups

Now we present an alternative way to prove that a pseudocompact group is Gz-dense
in its (compact) completion, by showing that the G4-refinement of a compact group is
linear.

Notation 15.2.7. Let (X, 1) be a topological space. The family of all nonempty G4-sets
of (X, 1) is a base of a finer topology 74 on X, called G4-refinement of t. The space (X, 1)
isa P-spaceif g = 1.

The following elementary properties can be proved straightforward.

Lemma 15.2.8. (a) The Gg-refinement of a topological space is a P-space.
(b) The Gg-refinement of a topological group is a topological group.
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(¢) Iff:(X,1) — (Y,0) is a continuous map (respectively, an embedding of topological
spaces), thenso is f5: (X, 15) — (Y,0), x = f(x).

(d) A subset Y of a topological space (X, T) is Gs-dense if and only if it is dense in the
topology 1.

For a topological group G, we define
A(G) := {H < G:H closed Gg4-set} and A4(G) :={N < G:N closed Gg-set}.

Lemma 15.2.9. Let (G, ) be a topological group. Then A(G) is a neighborhood base at
eg of (G, 7). If G is precompact, then A (G) is a neighborhood base at e; of (G, Ts); in
particular, the Gg-refinement is linear.

Proof. ltis clear that every H € A(G) is a neighborhood of e, in 75. Conversely, let O =
(Mnen Un» Where each U, is an open neighborhood of e in 7. We can build inductively
a chain {W,: n € N} of symmetric neighborhoods of e; in 7 such that, for every n € N,
W, ¢ U, and W,,;W,,; € W,,. Then H := [,y W, < O is a closed Gz-subgroup of G,
as desired. In case G is compact, we can additionally assume that y ' W,,,,y < W, for
alln e Nandy € G. In this case, H is a closed normal Gg-subgroup of G.

Finally, assume that G is precompact and let G be the compact completion. There
exist a sequence {U,},cx of open neighborhoods of e such that U, N G = U, and N ¢
A4(G) contained in (. U,. Then N := N N G € A,(G) has the desired properties. [

Lemma 15.2.10. Let (G, 1) be a topological group and H a subgroup of G. Then:

(a) ifH € A(G) and L € A(H), then L € A(G);

(b) His Gg-densein G if and only if HL = G for every L € A(G);

(c) if H is Gg-dense in G and N € A(G), then N n H is Gg-dense in N; if additionally,
N € A,(G), thenH/HNN = HN/N = G/N.

Proof. (a) The subgroup L of G is 7-closed and L € (1 [g)s € T4, Since H € 4.

(b) The subgroup H is Gg-dense in G if and only if H is dense in (G, 74). This is
equivalent to HL = G for all L € A(G), by Lemma 15.2.9.

(c) The first assertion follows from Lemma B.1.19 applied to the topology 75, since
N € 15. Assume now that N € A4(G). Since HNN isin particular dense in N, the second
assertion is a consequence of Theorem 3.2.9 and (b). O

Remark 15.2.11. Let K be a compact group. Obviously, Y)(K/N) < w for a closed normal
subgroup N of K implies N € A4(K). Ontheother hand, if N € A (K), thenN = (), Oy,
with O, € V(eg) open for all n € N. By Lemma 8.2.1, for all n € N, there exists
U, € V(ex) with NU,, € O,,. Obviously, N = [, NU,,, hence {NU,:n € N} witnesses
Y(K/N) < w. Since compact groups of countable pseudocharacter are metrizable by
Theorem 8.2.7 and Birkhoff-Kakutani theorem 5.2.17, we deduce that N € A,(K) pre-
cisely when K/N is metrizable.
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In conclusion, an alternative way to establish the G-density of a pseudocompact
group G in K = G is the following. By Lemma 15.2.10(b), this is equivalent to prov-
ing that if N € A4(K) then GN = K, namely, the canonical projection g:K — K/N
satisfies g(G) = K/N. By Remark 15.2.11, K/N is metrizable, so its dense subgroup
q(G) is metrizable as well. On the other hand, q(G) is pseudocompact (as a contin-
uous image of G). Hence, q(G) is compact, and by its density in K/N we conclude that
q(G) = K/N.

15.3 C-embedded subsets and Moscow spaces

15.3.1 C-and C*-embedded subgroups and subspaces

Let us recall that a subset Y of a topological space X is C-embedded (respectively,
C*-embedded) if every continuous function f:Y — R (respectively, f: Y — [0,1])
extends to X. According to Tietze theorem B.5.3, a closed subset of a normal space
is C-embedded. Every C-embedded subspace Y of a topological space X is also
C*-embedded. Indeed, let f:Y — [0,1] be a continuous function. Then there is a
continuous extension g: X — R of f. The function f = max{min{g, 1}, 0} is continuous,
extends f, and has values in [0, 1].

Let us see that C*-embeddedness is equivalent to C-embeddedness for a pseudo-
compact Gg-dense subset.

Lemma 15.3.1. Let X be a topological space and Y a pseudocompact Gg-dense subset
of X. Then Y is C-embedded in X if and only if Y is C*-embedded in X.

Proof. By the above remark, it is sufficient to prove that Y is C-embedded if it is
C*-embedded. Pick a continuous function f: Y — R. Since Y is pseudocompact, f is
bounded, and so we can assume without loss of generality that f(Y) < (0, 1). There ex-
ists a continuous extension f: X — [0, 1] of f. Since Y is Gg-densein X, f(Y)is Gs-dense
in f(X), thus f(X) = f(Y) < (0,1) as f(Y) is pseudocompact by Lemma 15.1.1(b), and so
compact. Then f: X — Ris a continuous extension of f, and therefore Y is C-embedded
in X. O

Claim 15.3.2. IfX is a Tichonov space and O is a nonempty Gg-set of X with x € O, then
there exists a nonempty zero-set Z of X such thatx € Z € O.

Proof. Assume that O # 0is a Gs-set of X, and let O = (¢, U, for open sets U, of X.
Pick x € O and build a zero-set x € Z < O as follows. As X is a Tichonov space, for
every n € N, there exists a continuous function f,: X — [0, 1] such that f,(x) = 0 and
fn(X\ Un) = {1}. Put

f: Z zlnfn)

nelN,
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which is a continuous function f: X — [0, 1] and obviously x € Z := ffl(O). Ifz € Z,
then f(z) = 0; thus, f,(z) = 0, and so z € U, for every n € N,. Hence, z € O. This
proves that Z < O. O

There is a well-known fact, due to Gillman and Jerison, that connects C-embed-
dedness of a dense subspace of a Tichonov space to its Gs-density:

Theorem 15.3.3. Ifa dense subspace Y of a Tichonov space X is C-embedded in X, then
Y is Gg-dense in X.

Proof. Assume that Y is dense but not Gs-dense in X. We build a continuous real-
valued function on Y that cannot be extended to X.

Let O be a nonempty G4-set contained in X \ Y and let x € O. By Claim 15.3.2, there
exists a zero-set Z of X such that x € Z ¢ 0. Let the continuous function f: X — R
witness Z = f‘l(O). Then 0 ¢ f(Y), so the function g := 1/f:Y — R is continuous.
Since Y is dense in X, g cannot be extended to a continuous function g: X — R, as
the equality f(y)g(y) = 1, valid for every y € Y, cannot be extended to f(y)g(y) = 1on
X\Y. O

Corollary 15.1.4 ensures the pseudocompactness of a topological group G which is
Gg-dense in BG. In Corollary 15.3.7 we see that K = G in case G is a Gg-dense subgroup
of a compact group K. This amounts to check that every continuous function f: G —
[0,1] extends to K, in other words, that G is C*-embedded in K.

Unfortunately, the implication in Theorem 15.3.3 goes in the “wrong direction”.
Indeed, we need to deduce C*-embeddedness from Gg-density and this is apparently
not always possible in the framework of topological spaces. But fortunately, this is the
case when G is a Gg-dense subgroup of a compact group K.

The argument we give here is inspired by the original proof of the Comfort—Ross
criterion with due modifications and simplifications.

We make use of the following sharpening of the property from Lemma 15.2.9:

Lemma 15.3.4. In a compact group K, for every nonempty open set U of K, there exists
N € A4(K) such that U = UN.

Proof. According to [251, Theorem 1.6], U is a Baire set, hence [164, Theorem 64 G|
applies. O

In other words, if ex € U, then U not only contains a subgroup N € A_(K), but it
is actually a union of cosets of N.

Remark 15.3.5. If in Lemma 15.3.4 the compact group K is metrizable, then one can
take N = {eg} to achieve that U = UN. Also when K = [[;;; M;, where each M; is a
metrizable compact group, the statement of Lemma 15.3.4 is obviously true for U =
W x [liepy M;, a basic open set of K, with W ¢ [[;; M; open and J a finite subset of I:
indeed, take N = [[jc;{ex} x [ [iepy M;-
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The following lemma, combined with Theorem 15.3.3, shows that a precompact
group is C-embedded in a maximal possible subgroup of its completion.

Lemma 15.3.6. Let G be a precompact group with completion (K, ). Then G is C-em-
bedded inH := G, the closure of G in (K, 7).

Proof. Fix a continuous function f:G — R and a countable base of open sets B =
{A:n € N} of the topology on R. For every n € N, let U, = f~!(A,) and find an open
set W, of K such that U,, = Gn W,,. By Lemma 15.3.4, for n € N there exists N,, € A (K)
such that

W,N, =W, (15.3)

(here and in the sequel all closures are taken in K). Let N = (), Ny € A4(K). Let us
see first that W,N = W, for every n € N: the inclusion W,, < W,N is obvious, while
W,N ¢ W,N, = W, comes by (15.3).

We check that, for x,y € G,

if xN=yN then f(x)=f(). (15.4)

Assume for a contradiction that f(x) # f(y) in R. Then there exist n,m € N such that
A, A, = 0and f(x) € A,, while f(y) € A, thatis, x € U, and y € U,,. From xN = yN,
we deduce thaty € xN ¢ W,N = W,, and soy € W,, n W,. Moreover, W, = U, by
Lemma B.1.19. Therefore, f(y) € f (Fnﬂ G) ¢ f(_Un) c A_n On the other hand, f(y) € A, €
A, and so f(y) € A, N A, against A, N A, = 0.

By (15.4), there exists a correctly defined function f':G/(N n G) — R such that
f = f' o q, where ¢:G — G/(N n G) is the canonical projection. Since f = f' o g is
continuous, the standard property of the quotient topology of G/(N n G) guarantees
that f' is continuous as well.

G R (15.5)

/1
7
q i

G/(Nﬂz})

Since G is Gg-dense in H and N n H € A (H), Lemma 15.2.10(c) yields that G/(G n N)
is topologically isomorphic to H/(H n N). So, the composition H — H/(H N N) —

G/(GNN) f—> R is a continuous extension of f. O

The following corollary reinforces one of the implications of Comfort—Ross crite-
rion 15.2.1.

Corollary 15.3.7. If G is a Gg-dense subgroup of a compact group K, then K = fG and G
is pseudocompact.

Proof. In view of Lemma 15.3.6, G is C-embedded in K, and hence K = SG. Since G is
Gs-dense in K = G, G is pseudocompact by Corollary 15.1.4. O
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Corollary 15.3.8. If G is a pseudocompact group, then bG = G = fG.

Proof. Since G is pseudocompact, G is Gg-dense in G by Theorem 15.2.1. By Corol-
lary 15.3.7, G = BG. That bG = G follows from Theorem 10.2.15, since G is precompact
by Theorem 15.2.1. O

15.3.2 R-factorizable groups and Moscow spaces

We discuss here two remarkable notions in view of their utility for the study of topo-
logical groups, even if we are not using them.

The above proofs of Lemma 15.3.6 and Corollary 15.3.7 show also the following
interesting property.

Proposition 15.3.9. If G is a pseudocompact group and f: G — R is a continuous func-
tion, then there exist a second countable group M, a continuous homomorphism h: G —
M, and a continuous function f':M — Rsuch thatf = f' - h.

The factorization property in Proposition 15.3.9 appeared implicitly in many pa-
pers and monographs, starting with Pontryagin [228]. Topological groups with this
property were called R-factorizable by Tkachenko who carried out a deep study of this
remarkable class of groups [272, 273]. In particular, he proved that precompact groups
are R-factorizable (see [7] where further results can be found).

A Tichonov space X is said to be a Moscow space if for every open set U in X and
x € U there exists a Gg-set Pof X such thatx e P ¢ U (hence, the closure of an open set
is a union of closures of Gs-sets). It was proved by Tkachenko and Uspenskij (see [7])
that a Tichonov space X is a Moscow space if and only if every dense subset Y of X is
C-embedded in its Gs-closure in X.

Lemma 15.3.4 shows that compact groups are Moscow spaces. Actually, all pre-
compact groups are Moscow spaces (see [7]).

15.3.3 Submetrizable pseudocompact groups are compact

To prove the statement in the subsection title, we need the following:

Lemma 15.3.10. If X is a pseudocompact Tichonov space, then every singleton {x} in X
that is a Gg-set in X is also a Gg-set in BX.

Proof. According to Claim 15.3.2, if a singleton {x} in a Tichonov space X is a G4-set,
then {x} is functionally closed, i. e., there exists a continuous function f: X — [0,1]
such that f1(0) = {x}. Let us see that {x} is functionally closed in BX as well. Indeed,
let f: BX — [0,1] be the continuous extension of f. Assume thaty ¢ f “10)\X, and pick
a continuous function g: fX — [0,1] with g(x) = 1and g(y) = 0. Then, forh = g + f,
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one has h > 0 on X, while h(y) = 0. On the other hand, h(X) < (0,2] is compact, in
view of the pseudocompactness of X. Hence, h(8X) = hX) < h(X) = h(X) < (0,2], a
contradiction (in view of h(y) = 0). O

Corollary 15.3.11. A pseudocompact submetrizable group G is compact.

Proof. By Theorem 15.2.1, G is precompact. Let K be the compact completion of G. If
G admits a coarser metrizable group topology, then the singleton {e;} is a Gs-set of G.
Since K = BG by Corollary 15.3.7, Lemma 15.3.10 yields that {e;} is a Gs-set of K = G
as well. Therefore, K is metrizable, so G is metrizable as well. Since G is Gs-dense in K
by Theorem 15.2.1, we get that G = K is compact. O

Corollary 15.3.12. A metrizable compact group admits no strictly finer pseudocompact
group topology.

Proof. If (G, ) is a metrizable compact group and 7’ > 7 is a finer pseudocompact
group topology on G, then 7' is submetrizable, hence compact by Corollary 15.3.11.
Since compact groups are minimal, this entails 7’ = . O

This corollary is a part of a more precise theorem due to Comfort and Robert-
son [58], treating the question of when a compact abelian group G admits a strictly
finer pseudocompact group topology:

Theorem 15.3.13 ([58]). A compact abelian group G admits a strictly finer pseudocom-
pact group topology if and only if G is not metrizable.

15.4 Exercises

Exercise 15.4.1. Let Y be a Baire space and X be a G4-dense subspace of Y. Prove that
X is a Baire space as well.

Exercise 15.4.2. Prove that if X is a dense countably compact subspace of a regular
space Y, then X is Gg-dense in Y.

Hint. Proceed as in the proof of Lemma 15.1.3.

Exercise 15.4.3. Prove that a pseudocompact T,-space X is countably compact.

Hint. Assume for a contradiction that X is not countably compact. Then there exists a sequence A =
{xXn}nen in X with no accumulation point; in particular, A is discrete and closed. Let f: A — R be defined
by f(x,) = n for every n € N. By Tietze theorem B.5.3, there exists a continuous extension of f to X,
which is clearly unbounded.

Exercise 15.4.4. Prove that a group having a dense pseudocompact subgroup is nec-
essarily pseudocompact.

Exercise 15.4.5. Show that a countably infinite Hausdorff group cannot be pseudo-
compact.
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Hint. If G is a countably infinite Hausdorff group and it is also pseudocompact, then it is discrete, being
a Baire space in view of Theorem 15.1.5. By Theorem 15.2.1, pseudocompact groups are precompact, so
G must be finite, a contradiction.

Exercise 15.4.6. Give examples of pseudocompact groups having closed nonpseudo-
compact subgroups. Deduce from Lemma 15.1.1 that there exist pseudocompact groups
that are not countably compact.

Hint. Let K = T® and G, = =T®; moreover, let Q = (Q/Z)® N Ay = Q/Z, where Ag denotes the

diagonal. By Example 15.2.5 and Exercise 15.4.4, G = G, + Q is pseudocompact. Yet Q = G N Ag is a
closed subgroup of G that is not pseudocompact, in view of Exercise 15.4.5.

Exercise 15.4.7. Show that for an infinite abelian group G, the group G* cannot be
pseudocompact.
Hint. Show first that G admits a subgroup H such that G/H is countably infinite. Then use the fact that

H is aclosed subgroup of G" and (G/H)* coincides with the quotient G*/H, somustbe pseudocompact.
This contradicts Exercise 15.4.5.

15.5 Further readings, notes, and comments

The fact that metrizable pseudocompact groups are compact triggered another ques-
tion that was aggressively attacked by Comfort and his coauthors. Namely, the ne-
cessity in Theorem 15.3.13 can be interpreted by saying that a metrizable pseudocom-
pact group (G, 1) is r-extremal, in the sense that it admits no strictly finer pseudo-
compact group topology. The question of whether this implication can be inverted,
i. e., whether the r-extremal pseudocompact groups are necessarily metrizable turned
out to be rather hard (see [59, 88] for some partial results). The final affirmative so-
lution came only twentyfive years later in [62]. A generalization of this problem for
a-pseudocompact groups was resolved in [155].

The structure of groups admitting pseudocompact group topologies, as well as
many other features of pseudocompact groups, is discussed in [101]. The final solu-
tion of the problem of the description of the algebraic structure of pseudocompact
groups was given by Shakhmatov and the second named author (unpublished). An
alternative proof of the necessity part of this characterization was given later in [85] as
an application of the new cardinal invariant (divisible weight) introduced there. This
cardinal invariant motivated the introduction in [107] of a similar one (divisible rank)
that turned out to have relevant applications (along with the divisible weight) for the
solution of various problems (see [106, 107, 108, 257]).

As a relevant consequence of Corollary 15.3.7, one can deduce that all real-valued
continuous functions on a pseudocompact group are uniformly continuous.
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16.1 Topological rings and fields

Definition 16.1.1. A topology T on a ring A is a ring topology if the maps f:A x A — A,
xy)—»x-y,andm:AxA — A, (x,y) — xy, are continuous when A x A carries the
product topology. A topological ring is a pair (4, 1) of a ring A and a ring topology 7
on A.

For every ring A, the discrete and indiscrete topologies on A are ring topologies.
Nontrivial examples of topological rings are provided by the fields R and C.

Example 16.1.2. For every prime p, the group J, of p-adic integers carries also a ring
structure and its compact group topology is also a ring topology.

Other examples of ring topologies are given in Example 16.1.7.

Obviously, a topology 7 on a ring A is a ring topology if and only if (4,+,7) is a
topological group and the map m: A x A — A is continuous. We shall exploit this fact
and in particular that, for a € A, the filter V. (a) coincides with a + V,(0).

The following theorem is a counterpart of Theorem 2.1.10.

Theorem 16.1.3. Let A be a ring and V(0,) the filter of all neighborhoods of 04 in some
ring topology T on A. Then (gt1), (gt2), and the following conditions hold:

(rt1) foreveryU € V(04) and a € A, thereis V € V(04) with Vau aV < U;

(rt2) for every U € V(0y), there exists V € V(04) with VV < U.

Conversely, if V is a filter on A satisfying (gt1), (gt2), (rt1), and (rt2), then there exists a
unique ring topology T on A such thatV = V,(0y).

Proof. Since (A, +,T) is a topological group, (gt1) and (gt2) hold by Theorem 2.1.10. To
prove (rt2), it suffices to apply the definition of continuity of the multiplication m at
(04,04) € A x A. Analogously, for (rt1) use the continuity of the multiplication m at
(04,a) e AxAand (a,04) € AxA.

Let V be a filter on A satisfying all conditions (gt1), (gt2), (rt1), and (rt2). By The-
orem 2.1.10, there exists a group topology 7 on (4, +) such that V = V_(0,). It remains
to check that 7 is a ring topology, i. e., the multiplication m: A x A — A is continuous
at every pair (a, b) € A x A. Pick a neighborhood of ab € A; it is not restrictive to take it
of the form ab + U, with U € V. Next, choose V € V such that V + V + V ¢ U and pick
WeVwithWW cV,aW < V,and Wb c V. Then

mia+W)yxb+W)=ab+aW + Wb+ WW cab+V+V+V cab+U.

This proves the continuity of the multiplication m: A x A — A at (a, b). O
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16.1.1 Examples and general properties of topological rings

Remark 16.1.4. Let V = {J;:i € I} be a filter base consisting of two-sided ideals of a
ring A. Since V satisfies (gt1), (gt2), (rt1), and (rt2), by Theorem 16.1.3 it generates a
ring topology on A having as a local base at a € A the family of cosets {a + J;:i € I}.
Ring topologies of this type are called linear ring topologies.

Let (4, ) be a topological ring and let 2 be a two-sided ideal of A. The quotient ring
A/, equipped with the quotient topology of the underlying abelian group (A4/2, +),
is a topological ring that we call the quotient ring.

If (A, 1) is a topological ring, the closure of a two-sided (respectively, left, right)
ideal of A is again a two-sided (respectively, left, right) ideal of A. In particular, A =
core(A) is a closed two-sided ideal. As we already know, the quotient ring hA = A/l is
Hausdorff and shares many of the properties of the topological ring (A, 7). This is why
we consider exclusively Hausdorff rings.

Definition 16.1.5. A Hausdorff ring (4, 1) is called complete if it is complete as a topo-
logical group.

If (A, 7) is a Hausdorff ring, the completion A of the topological group (4, +, T) car-
ries a natural ring structure, obtained by the extension of the ring operation of A to A
by continuity using the fact that the product of two Cauchy nets of A is a Cauchy net
(see Exercise 16.3.1). In this way, A becomes a topological ring.

As far as connectedness is concerned, one has the following easy to prove fact:

Theorem 16.1.6. The connected component of a topological ring is a two-sided ideal.
Hence, every topological ring that is a division ring is either connected or hereditarily
disconnected.

Let us see some basic examples of linear ring topologies.

Example 16.1.7. Let A be a ring and 2l a two-sided ideal of A. Then {(™:n € N} is a

filter base of a ring topology, named the 2(-adic topology.

(a) The p-adic topology of the ring J, coincides also with the pJ,-adic topology of the
ring J,, generated by the ideal pJ,,.

(b) Let k be a field and A = k[x] the polynomial ring over k. Take 2 = xA = (x); then
the 2-adic topology has as basic neighborhoods of 0 the principal ideals x"A.

(c) The completion A of the ring A = k[x], equipped with the (x)-adic topology is the
ring k[[x]] of formal power series over k (elements of k[[x]] are the formal power
series of the form Y 2 a,x", with a,, € k for all n). The topology of the completion
A coincides with the xA-adic topology of A.

(d) Letkbeafield,n € N,,and A = k[x;,...,x,] the ring of polynomials of n variables
over k. Take 2 = x;A + - -- + x,,4; then the 2-adic topology has as basic neighbor-
hoods of 0 the ideals (2A™), m € IN, where the power 2A™ consists of all polynomials
having no terms of degree less than m.
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(e) Foreveryn € N,, the completion A of the ring A = k[xy,...,x,], equipped with
the (xq,...,x,)-adic topology, is the ring k[[x;, ..., x,]] of formal power series of n
variables over k. The topology of A coincides with the (x;A+- - -+x,A)-adic topology.
Moreover, A is compact precisely when k is finite.

16.1.2 Topological fields

Definition 16.1.8. A topology 7 on a field K is said to be a field topology if (K,T) is a
topological ring and the map «: K \ {0} — K \ {0}, x — x ", is continuous. A topological
field is a pair (K, 1) of a field K and a field topology 7 on K.

The next example provides instances of infinite locally compact fields.

Example 16.1.9. (a) Clearly, R and C are (connected) locally compact fields.
(b) For every prime p, the field Q, is a locally compact field.

The example in item (a) gives all connected locally compact fields:

Theorem 16.1.10 (Pontryagin [228]). The only connected locally compact fields are R
and C.

According to Theorem 16.1.6, a topological field that is not connected is necessar-
ily hereditarily disconnected. In the sequel we discuss the hereditarily disconnected
locally compact fields.

A subset B of a topological ring A is bounded if for every U € V(0) there exists a
V € V(0) such that VB ¢ U and BV ¢ U.If A = K is a topological field, a subset B ¢ K
containing O is retrobounded if (K \ B)! is bounded. If every neighborhood of 0 in K
is retrobounded, K is said to be locally retrobounded.

Example 16.1.11. An absolute value on a field K is a norm x — |x| of the additive group
(K, +) such that |xy| = |x]-|y| for x,y € K. The metric topology 7 generated by this norm
makes (K, ) a retrobounded topological field, where the bounded sets are precisely
those which are bounded for the metric (see Exercise 16.3.5). The usual absolute values
in R and C, as well as the p-adic norm | - |p in Q,, are absolute values in this sense.

Theorem 16.1.12. If K is a locally retrobounded field, then:

(a) ([216, Theorems 2 and 6]) every finite dimensional K-vector space admits a unique
topological K-vector space topology, namely, the product topology;

(b) ([287, Theorem 13.9]) the completion K is a locally retrobounded field.

Since locally compact fields are locally retrobounded (see [287]), item (a) of this

theorem applies for locally compact fields. Item (b) provides examples of topological
fields that are not locally retrobounded (see Exercise 16.3.6).
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The locally compact fields from Example 16.1.9 have characteristic 0. Kowal-
sky [187] proved that a hereditarily disconnected locally compact field K of character-
istic 0 is necessarily a finite extension of Q,,, for some prime p. By Theorem 16.1.12(a),
we can assume that K carries the Tichonov topology, so K = (Qg as a Q,-vector space,
whered = [K : Qpl-

Here comes an example of a locally compact field of positive characteristic.

Example 16.1.13. Take the compact ring k[[x]], where k is a finite field, and its field of
fractions K = k((x)), consisting of formal Laurent power series of the form zg‘;no a.x",
ny € Zand a, = 0 for all n < n,. By declaring the subring k[[x]] of K open, with
its compact topology, one obtains a locally compact field topology on K having the
same characteristic as k. Moreover, since K = K™ « kN as topological groups, where
KN = k[[x]] is open and compact while the first summand is discrete, one has K = K,
i.e., K is selfdual.

The topology in the above example is generated by an appropriate absolute value
of K (e. g., letting |[f| = 2™ for a nonzero f = Z;”;HO a,x" € K witha, # 0, and |0] = 0)
and the same applies to the finite extensions of Q, mentioned above. More generally,
every locally compact field K admits an absolute value and carries the metric topology
induced by this absolute value (see [180, 289]). An infinite locally compact field K of
finite characteristic p is necessarily of the form described in Example 16.1.13 for some
finite field k of characteristic p (see [289, Theorem 8]).

Since R, Q,, and Z/pZ((x)) are selfdual and this property is preserved by taking
finite products, we deduce that all locally compact fields are selfdual.

16.2 Topological modules

Definition 16.2.1. Let A be a topological ring. A (left) A-module M is a (left) topological
A-module if M is a topological group and the module multiplication A x M — M is
continuous when A x M carries the product topology.

A proof in the line of the proof of Theorem 16.1.3 shows that:

Theorem 16.2.2. IfAis a topological ring, then a left A-module M equipped with a group
topology 7 is a topological A-module if and only if its filter V(0,,) of neighborhoods sat-
isfies, beyond (gt1) and (gt2), also these three properties:

(mt1) forevery W € V(0y), there exist U € V(04) and V € V(0y,) with UV € W;

(mt2) forevery U € V(0y) and x € M, there exists V € V(04) with Vx c U;

(mt3) forevery U € V(0y) and a € A, there exists V € V(0y;) withaV c U.

Conversely, if V is a filter on M satisfying (gt1), (gt2), (mt1), (mt2), and (mt3), then there
exists a unique topological A-module topology T on M such that V = V(0y).
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Remark 16.2.3. Combining (mt1) and (mt2), one can show that for every U € V(0y)
and x € M there exists V € V(04) and W € Vy;(x) such that VW ¢ U. Using this, one
can show that for every U € V(0,,) and every compact set K € M there exists V € V(0,)
such that VK ¢ U.

16.2.1 Uniqueness of the Pontryagin-van Kampen duality

In this subsection R will be a locally compact commutative unitary ring and Ly the
category of locally compact topological unitary R-modules and continuous R-module
homomorphisms. The commutativity of R allows us to avoid distinguishing between
left and right R-modules and gives the possibility to define, for a morphism f:M —
Nin Lp and r € R, the morphism rf:M — N by (rf)(x) = rf(x) for x € M. For the
discrete ring Z, £, is the whole class of locally compact abelian groups. However,
for the discrete ring Q, L, consists only of the torsion-free divisible locally compact
abelian groups (for more examples, see Exercise 16.3.8).

The Pontryagin-van Kampen dual M of M € Ly has a natural structure of an
R-module (with (ry)(x) = x(rx) fory e Mand r € R) and M € Ly (see Exercise 16.3.10).
For a morphism f: M — N in Ly and r € R, one has r? =1f.

Roeder theorem 13.4.19 on the uniqueness of the Pontryagin-van Kampen duality
functor was rediscovered independently by Prodanov [235] several years later in the
much more general setting of the category Lp, as follows.

Definition 16.2.4. A functorial duality *: £, — L is an involutive duality of £, such
that (rf)# = rf# for each morphism f:M — Nin Lz and r € R.

The above observation shows that the restriction of the Pontryagin-van Kampen
duality functor on Ly, is a functorial duality, so there is always a functorial duality on
Lg, that we shall briefly call Pontryagin-van Kampen functor (duality) of Lg.

Theorem 16.2.5 (Stoyanov [268]). If R is a compact commutative ring, then the
Pontryagin-van Kampen functor is the only functorial duality on L.

Surprisingly, the case of a discrete ring R turned out to be more complicated. From
now on R is discrete.

Let us recall that X € Ly is a (co)generator if for every nontrivial M € Ly there
exists a nontrivial morphism X — M (respectively, M — X). Clearly, every functo-
rial duality # Lr — Lp takes generators to cogenerators, and vice versa. Furthermore,
# takes the subcategory Cg of compact R-modules to the subcategory Dy of discrete
ones, and vice versa (use an argument as in Exercise 13.7.6 tailored for £yp).

Of primary importance is the compact R-module T = R¥, named the torus of the
functorial duality *: £ — L (in particular, R is the torus of the Pontryagin-van Kam-
pen functor). Since R is a discrete projective generator of Ly, T is a compact injective
cogenerator of L, with CHomg(T, T) = R canonically. Let us denote by ¥ the family of
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isomorphism classes of R-modules T with these properties, i. e., T is a compact injec-
tive cogenerator of £ with CHomg(T, T) = R. To every functorial duality *: £, — £
we associated the R-module T = R* € T;. For the sake of brevity, we denote by Dy the
family of all (equivalence classes under natural equivalence of) functorial dualities #
on Lg. Then the assignment *: R — R* defines a correspondence ®p: D — T which
need not be one-to-one in general.

Let us see now that @y, is surjective. To this end, for T € Ty, define the R-module
Ar(X) := CHomg(X, T) of all continuous R-module homomorphisms equipped with the
compact-open topology. The elements of A (X) are called continuous T-characters of X
and it is easily checked that Ar(X) € Lg. The assignment Ar: Lp — Lg, X — Ar(X), in-
duces a contravariant functor which is a functorial duality. The natural equivalence
@ between 1, and Ay - Ay is defined by the evaluation homomorphisms wx: X —
Ar(Ap(X)), i.e., for x € X and y € Ar(X), wx(x)(x) = x(x) (see [96, Theorem 5.2]).
Moreover, Ar(R) = CHomg(R,T) = T, so T is the torus of A;. This shows that each
T € Ty is the torus of some functorial duality on L. This is why we briefly call torus
any R-module T € Tp.

In order to discuss injectivity of the correspondence ®@z: O — T, pick a functo-
rial duality *: £ r — Lpand its torus T. As we already discussed above, there is already
a functorial duality, namely, Ay, with torus T. The question is whether A} coincides
with (namely, is naturally equivalent to) . It is easy to find an algebraic isomorphism
iy:X* — Ap(X) for every X € Lp, obtained as a composition of the algebraic isomor-
phisms

Xx* - Homg(R,X*) - CHomg(X*,R*) - CHomg(X,R") = A7 (X),

where the first is given by the assignment x — ¢, with ¢ (r) = rx for x € X* and
r € R, thesecond is induced by the functorial duality, and the third by the isomorphism
ex:X — X** given by the natural equivalence between 1 ¢, and #.# (see [96]).

Remark 16.2.6. Denote by X' the R-module A;(X) equipped with the topology that
makes iy: X* — X' a topological isomorphism. Then iy:X* — X' defines a natural
equivalence between #and’ (i. e., they coincide in ©y), so modulo this identification
one can assume that the elements of X* are the T-characters X — T, but the topology
of X* need not be the compact-open one (see [96, Proposition 4.2]). This topology will
be described later on.

Definition 16.2.7. A functorial duality * £z — Ly is continuous if for each X € £ the
isomorphism iX:X# — Ar(X) is also topological (so, #is naturally equivalent to Ar);
otherwise * is discontinuous.

The topological isomorphisms iy: X — Az (X), X € L, witnesses that:

Fact 16.2.8 ([96]). The Pontryagin-van Kampen duality functor of Ly is a continuous
functorial duality.
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As stated above, the continuous dualities of Ly are classified by their tori, hence
by means of the discrete Pontryagin-van Kampen duals of those tori, which are the
projective finitely generated R-modules V with Endg(V) = R. They form the Picard
group Pic(R) of R: this is the set of isomorphism classes of finitely generated projective
R-modules V satisfying End(V) = R with group operation [V]+[V'] = [Veg V'] (where
[V] denotes the isomorphism class of V; the neutral element of the group Pic(R) is
[R] and the opposite of [V] is Homg(V, R)). Therefore, roughly speaking, (up to the
bijection T — Pic(R), T — T, composed with @) the continuous functorial dualities
of Ly form a group, namely, Pic(R).

Theorem 16.2.9 ([96, Theorem 5.17], [99, §3.4]). Let R be a discrete ring. The unique
continuous functorial duality on Ly, is the Pontryagin-van Kampen duality if and only if
Pic(R) = {0}.

Prodanov proved in [235] (see also [99, §3.4]) that every functorial duality on £ =
L is continuous. In view of Pic(Z) = {0}, this result, combined with Theorem 16.2.9,
gives another proof of Roeder theorem 13.4.19.

Continuous dualities were studied in the noncommutative context in [159].

While the Picard group provides an excellent tool to measure the failure of unique-
ness for continuous dualities, there is still no completely efficient way to capture it for
discontinuous ones. The first example of a discontinuous duality was given in [96,
Theorem 11.1] (see Example 16.2.10).

The classification of the discontinuous functorial dualities with a given torus T
amounts to the description of the “fiber” ®y'(T) of ®p: Dp — Tp. According to [96,
Theorem 4.4], for every functorial duality * with torus T there is a (not necessarily
continuous) automorphism x: T — T such that the natural equivalence e between
1, and *# satisfies ex(x) = x o wy(x) for every X € Ly and x € X. Moreover, k o k:
T — T is a topological isomorphism, hence a multiplication by an invertible element
r € R (see [96, Theorem 4.8]). For this reason, x is called the involution of # anditis
continuous precisely when x is a multiplication by an element of R. In these terms, the
duality * is (dis)continuous precisely when « is (dis)continuous. The torus T and the
involution x determine the duality # up to natural equivalence (see [96, Theorem 9.3]).
The question of which involutions of a torus T are involutions of a functorial duality
is highly nontrivial.

To summarize, the existence of nonisomorphic tori (i. e., Pic(R) # {0}) leads to
nonuniqueness of (continuous) functorial dualities; nevertheless, the existence of dis-
continuous functorial dualities does not always lead to nonuniqueness (see Exam-
ple 16.2.11).

In order to describe very briefly the construction of the duality * with assigned
torus T and involution x, we need to recall the following facts (proofs can be found
in [96, 99]). For a torus T and (X,7) € Ly, the weak topology of all continuous
T-characters X — T coincides with 7*. Hence, the topology of X € L is uniquely
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determined by its continuous T-characters y: X — T (i.e., if X, Y € Ly have the same
underlying abstract module and the same continuous T-characters, then they coin-
cide topologically). Using this fact, the following counterpart for £ of Exercise 13.7.15
was proved in [96, §6]: if T is a torus and X,Y € Lg, a homomorphism f:X — Y of
abstract R-modules is continuous if and only if y o f: X — T is continuous for every
continuous T-charactery: Y — T.

This permits us to build, for each functorial duality *: £ — £ with torus T and in-
volution k, a functor (concrete equivalence) u: Lr — Ly (see [96, §6]). More precisely, u
leaves unchanged the underlying abstract R-modules and their R-module homomor-
phisms, but the continuous T-characters y: u(X) — T are the R-module homomor-
phisms y:X — T such that x™' o y:X — T is continuous. Then y = 1 ¢, if and only
if u(T) = T (if and only if s continuous). Moreover, u preserves exact sequences,
U(Cr) = Cg and u(Dg) = Dg. An R-module homomorphism h: X — Y is continuous if
and only if h: u(X) — u(Y) is continuous.

On the other hand, starting from T, k, and p with the above properties, one obtains
the isomorphisms 17y: Ar(u(X)) — u(Ap(X)), letting 7y (x) = k' o for every continuous
T-character y: X — T and X € L. They give a natural equivalence between Ay - y and
- Ar, and the assignment X — X* := A;(u(X)) induces a functorial duality *: £ — £p
out of a torus T with involution x and a concrete equivalence u related to T and k as
above (see [96, 6.7]).

Let Eg be the full subcategory of £ with objects all R-modules having a compact
open submodule. This subcategory contains Cy and Dy, and each functorial duality
*.Lp — Lg sends £ to £3. This permits us to consider the restriction of * to £$ as a
functorial duality on £3. On the other hand, we can associate to each functorial duality
# on Cg a torus and an involution as we did for £z, and speak of (dis)continuity of #
Then a compact module T is a torus in £} if and only if it is a torus in L.

Example 16.2.10. It turns out that £) has much more functorial dualities than the cat-
egory Lp. Actually, every pair (T,x) where T is a torus T and x: T — T an involution
give rise to a functorial duality # on E}% with torus T and involution « (see [96, 10.2] —
by means of k, one builds a concrete involutive equivalence y: Cp — Cz which extends
to Eg and defines X* = Ar(u(X)), as above). In particular, ﬁg has always discontinuous
dualities. Using this fact, one can produce examples of rings R (e. g., any field R with
char(R) = 0and |R| > ¢ —see [96, Theorem 11.1]) with £ = z:,%, so L has discontinuous
dualities.

It was conjectured by Prodanov that in case R is an algebraic number ring, all
functorial dualities are continuous (so uniqueness is available if R is a principal ideal
domain). This conjecture was proved to be true for real algebraic number rings, but it
was shown to fail in case R = Z][i] (see [76] for more detail).

Example 16.2.11. A full subcategory of L, containing E?Q is finitely closed if it is closed
with respect to isomorphisms, taking quotients (with respect to closed submodules),
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finite products, and closed submodules. Using the fact that the Adele ring A, has no
ring automorphisms beyond the identity (see [117]), it was proved in [94] that all du-
alities of the finitely closed subcategories of L, are continuous (actually, among all
finitely closed subcategories L of L, exactly those with Ag, € £ have this property),
whereas L and L, where R and C are considered with the discrete topology, admit
discontinuous dualities. Nevertheless, there is a unique functorial duality both on £
and L.

16.2.2 Locally linearly compact modules

In the sequel A will be a Hausdorff topological ring.

Definition 16.2.12. A topological A-module M is linearly topologized if it is Hausdorff
and admits a local base at 0O consisting of open submodules of M.

Discrete modules are obviously linearly topologized.

Given a linearly topologized A-module M, a linear variety V of M is a coset x + N,
where x € M and N is a submodule of M. A linear variety x + N is open (respectively,
closed) in M if N is open (respectively, closed) in M.

Definition 16.2.13. A linearly topologized A-module M is linearly compact if any
collection of closed linear varieties of M with the finite intersection property has
nonempty intersection. A topological ring A is linearly compact if A is a linearly com-
pact A-module.

Inspired by the same notion for vector spaces given by Lefschetz [195] (see §16.2.3),
linearly compact modules were introduced by Zelinsky [292]. Linear compactness is
largely used for the study of ring and module structure (e. g., see [224]).

We collect basic properties concerning linearly compact modules that are very
similar to the properties of compact groups:

Proposition 16.2.14 ([292]). Let M be a linearly topologized A-module.

(@) Then M is linearly compact if and only if any collection of open linear varieties of M
with the finite intersection property has a nonempty intersection.

(b) IfN is a linearly compact submodule of M, then N is closed.

(c) If M is linearly compact and N is a closed submodule of M, then N is linearly com-
pact.

(d) If M is linearly compact, N a linearly topologized A-module, and f:M — N is a
continuous surjective A-module homomorphism, then N is linearly compact.

(e) IfN is a closed linear submodule of M, then M is linearly compact if and only if N
and M/N are linearly compact.

(f) The direct product of linearly compact modules is linearly compact.

(g) Aninverse limit of linearly compact modules is linearly compact.

(h) If M is linearly compact, then M is complete.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

284 —— 16 Topologicalrings, fields, and modules

Definition 16.2.15. Alinearly topologized A-module M is strictly linearly compact if ev-
ery continuous surjective A-module homomorphism f: M — N, onto a linearly topol-
ogized A-module N, is open.

There exist linearly compact modules that are not strictly linearly compact. A dis-
crete strictly linearly compact module is Artinian (see Exercise 16.3.12).

Since linearly compact modules are complete, similarly to Proposition of 7.2.11,
one can see that a linearly compact module is an inverse limit of discrete linearly com-
pact modules. So, a linearly compact module is strictly linearly compact if and only if
it is an inverse limit of discrete Artinian modules. In particular, every linearly com-
pact module over an Artinian ring (in particular, a division ring) is necessarily strictly
linearly compact.

As in [195] for vector spaces, we introduce the following concept in the obvious
way (a slightly weaker notion under the same name was discussed in [2, 204], see
Definition 16.2.24).

Definition 16.2.16. A linearly topologized A-module M is locally linearly compact if
there exists an open submodule of M that is linearly compact.

Thus, an A-module M is locally linearly compact if and only if it admits a local base
at 0 consisting of open linearly compact submodules of M. Clearly, linearly compact
A-modules and discrete A-modules are locally linearly compact.

Example 16.2.17. Let G be a topological abelian group considered as a topological
Z-module. Then G is a linearly compact Z-module if and only if G is linearly compact.
If G is locally compact and hereditarily disconnected, then G is linearly topologized
by Theorem 8.5.2(a) and G is a locally linearly compact Z-module.

Proposition 16.2.18. Let M be a linearly topologized A-module.

(@) If M islocally linearly compact, then M is complete.

(b) IfN is a locally linearly compact submodule of M, then N is closed.

(c) IfNisaclosed linear submodule of M, then M is locally linearly compact if and only
if N and M/N are locally linearly compact.

Proof. (a)is a consequence of Proposition 16.2.14(h) and implies (b), since a complete
topological subgroup of a Hausdorff group is closed by Proposition 7.1.22.

(c) If M is locally linearly compact, then N and M/N are locally linearly compact as
well. Conversely, assume that N and M/N are locally linearly compact and let us show
that M has a linearly compact open submodule U. To this end, let W be a linearly
compact open submodule of N and O a linearly compact open submodule of M/N. We
can assume without loss of generality that there exists an open submodule B of M such
that BN N = W. Moreover, let ;: M — M/N be the canonical projection and set A =
n71(0), which is an open submodule of M. Therefore, U = Bn A is an open submodule
of Mand U ¢ A. Hence, m(U), as an open submodule of the linearly compact A-module
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0, is linearly compact as well. Since both U/(UNN) = n(U)and UNN =BnANN =
AnNW = W are linearly compact, we deduce from Proposition 16.2.14(e) that U is
linearly compact. O

16.2.3 The Lefschetz—Kaplansky—MacDonald duality

Here we concentrate on the special case proposed by Lefschetz [195], that is, K is a
discrete field, and we consider the category LLC, with objects being all locally linearly
compact vector spaces over K and morphisms all continuous linear transformations.
First, we see that locally linearly compact vector spaces have a very simple structure:

Theorem 16.2.19. Every V € LLCy is topologically isomorphic to V.. x V;, where V. and
V, are linear subspaces of V, with V.. linearly compact open and V,; discrete.

Proof. Let V. be an open linear subspace of V that is linearly compact. There exists a
linear subspace V,; of V such that V = V.eV,, where V, is discrete, being topologically
isomorphicto V/V,.Itis straightforward to prove that the isomorphism between VV and
V. x V; is a topological isomorphism. O

The duality theory of LLCg, for a discrete field K, proposed by Lefschetz [195],
was inspired by the Pontryagin-van Kampen duality, with which it shares many
common features. Let CHom(V, K) be the vector space of all continuous function-
als V — K. For a linear subspace A of V, the annihilator of A in CHom(V,K) is
At = {y € CHom(V,K):x(4) = {0}}, while for a linear subspace B of CHom(V, K),
the annihilator of Bin Vis B" := {v € V:x(v) = 0 for every x € B}.

Definition 16.2.20. For V ¢ LLCg, the Lefschetz dual V" of V is CHom(V,K) en-
dowed with the topology having as a local base at 0 the family of linear subspaces
{A*: A linearly compact linear subspace of V}.

Since, for a linearly compact open linear subspace A of V, Theorem 16.2.19 implies
V = A x B for some discrete subspace B of V, it follows that A* = B" is linearly com-
pact. Therefore, V" € LLCk and V is discrete if and only if V" is linearly compact. Let
M LLCx — LLCg be the Lefschetz duality functor, which is defined on the objects by
V — V" and on the morphisms sending f: V — W to f": W" — V" such thatf(x) = xof
for every y € W”. This is a contravariant representable functor. The biduality functor
M.LLCx — LLCy is defined by composing " with itself. Here is a counterpart of the
Pontryagin-van Kampen duality theorem.

Theorem 16.2.21 (Lefschetz duality theorem [195, Theorem 29.1]). The biduality func-
tor "":LLCx — LLCg and 1y;¢ :LLCx — LLCy are naturally isomorphic. This induces
a duality between the subcategories LCy of linearly compact vector spaces over K and
Vecty of discrete vector spaces over K.
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As in Pontryagin-van Kampen duality theorem 13.4.17, one proves that, for every
locally linearly compact vector space V, the evaluation map wy: V — V", v = wy(v),
with wy (v)(x) = x(v) for every y € V", is a topological isomorphism.

Corollary 16.2.22. Let V be a linearly compact vector space over a discrete field K. Then
Viscompactif and only if K is finite. In particular, V is a hereditarily disconnected locally
compact abelian group whenever K is finite.

Proof. By Exercise 16.3.16, V = [[;; K; with K; = K for all i € I. If V is compact, then
each K; is compact as well, hence K is finite, being compact and discrete. Conversely,
if K is finite, then each K; is compact, so V is compact. O

Example 16.2.23. The Pontryagin-van Kampen duality functor, when restricted to
p-torsion discrete abelian groups, gives a duality between p-torsion discrete abelian
groups and abelian pro-p-groups. Both categories consist of J,,-modules; moreover,
G = Hom(G,T) = Hom]]p(G, Z(p™)) for a discrete p-torsion abelian group G, and

K = CHom(K,T) = CHome (K, Z(p™)) for an abelian pro-p-group K, since y(K) is a
finite cyclic p-group for every y € K.

Kaplansky [183] and MacDonald [204] succeeded to cover both Example 16.2.23
and the Lefschetz duality as follows. Assume that R is a commutative local Noetherian
ring with maximal ideal m such that R is complete in the m-topology 7. An R-module
M is primary if for every x € M the ideal Ann(x) = {a € R:ax = O} is T-open in R, i.e.,
the discrete R-module M is a topological (R, T)-module.

Definition 16.2.24. Call an R-module M:

(i) linearly discrete if every primary quotient of M is discrete;

(il) KM:-locally linearly compact if M has a linearly compact submodule N such that
M/N is linearly discrete.

Property (ii) is obviously weaker than local linear compactness.

Denote by LLCﬁM the category of KM-locally linearly compact R-modules. Let E
be the injective hull of the (unique) simple R-module R/m equipped with the discrete
topology. For every M ¢ LLCﬁM , the continuous R-module homomorphisms M — E
(i. e., the continuous E-characters) separate the points of M. Following [204, 8.1], de-
note by M' the R-module CHomg (M, E) carrying the topology with local base at 0 the
family {A*: A linearly compact submodule of M}.

Theorem 16.2.25 ([204, 9.13]). In the above notations, for every M € LLC§M alsoM' €
LLCﬁM and the evaluation map wy;: M — M'" defined as above is a topological isomor-
phism. This gives a natural equivalence between the functors 1;; cn and ™ hence T is a

duality of LLCKM.

Remark 16.2.26. (a) With R = K a discrete field (so, m = {0} and E = K), one obtains
the Lefschetz duality.
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(b) According to [204, 9.4], if M is a discrete R-module, then M is linearly compact
and m-separated (i. e., ﬂnem m™M = {0}), while M is discrete when M is linearly
compact and m-separated. So, the restriction of the duality ": LLCKX" — LLCK"
gives a duality between discrete R-modules and linearly compact m-separated
R-modules.

With R = J, the discrete R-modules are the abelian p-groups M, and their duals
M, coinciding algebraically with M, are pro-p-finite groups with a possibly finer
topology. This is why M' is pY,-separated (having a Hausdorff topology coarser

than wﬁ’/ﬁ, by Corollary 11.6.8). This gives Example 16.2.23.

16.3 Exercises

Exercise 16.3.1. Prove that the product of two Cauchy nets of a topological ring is a
Cauchy net.

Hint. Let {X4}qca and {y,}qeq be Cauchy nets in a topological ring. To see that {x,b,}4c4 is a Cauchy net
as well, pick U € Vand V € Vwith VV + VV + V + V ¢ U. Pick ay € A such that x, — x,; € V and
Ya— Vg € Vioralla,a' > ain A. Now choose W € V with XgoW €V, Wy,, € Vand W ¢ V. There
exists a; > &g in A such thatx, —x, € Wandy, -y, € Wforalla,a’ > a;in A. Then Xy, Xy Yy € U
foralla,a' > a; in A, SO {X4Yg}eea is Cauchy.

Exercise 16.3.2. For a topological ring A prove that:

(a) the family of bounded subsets of A is stable under taking subsets and finite
unions;

(b) every compact subset of A is bounded;

(c) if A has a linear topology, then A is bounded;

(d)*if A is a precompact unitary ring, then A is linearly topologized.

Hint. (d) Let U € V(0). There exist x;,..., X, € A such that U’ := (L, x;*(A;) € U. By (a) and (b), there
exists V € V(0) such that AV U VA c U'. Then y;(Av) U x;(vA) € A, for every v € V. Since A, contains
no nontrivial subgroup of T, this yields x;(Av) = x;(vA) = 0. Hence, kery; 2 J; := (AV U VA) 2 V.
Therefore, J; is an open two-sided ideal and ([, J; € U’ < U. So, A is linearly topologized.

Exercise 16.3.3. Deduce from Exercise 16.3.2(d) that compact fields are finite.

Exercise 16.3.4. Prove that a subfield of a locally retrobounded field is locally retro-
bounded.

Exercise 16.3.5. Prove that the metric topology 7 generated by an absolute value on a
field K makes (K, 1) a retrobounded topological field.

Exercise 16.3.6. Let A be a commutative unitary ring. Prove that:

(@) if o, T are ring topologies on A, then sup{o, 7} is a ring topology on 4;

(b) if A is a field and o, T are field topologies on A, then sup{o, 7} is a field topology
onA;
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(c) forevery prime p, the p-adic topology 7, on Q is a locally retrobounded field topol-
ogy that is not locally compact;

(d) fordistinct primes p, g, the topology sup{z,, 7,} on Q is a field topology that is not
locally retrobounded.

Hint. (c) Apply Exercise 16.3.5 and note that Q is countable and nondiscrete, so cannot be locally com-
pact.

(d) According to Theorem 16.1.12, the completion of a locally retrobounded field is a field. It re-
mains to observe that the completion Q, x Qg of (Q, sup{r,, 7,}) is not a field.

Exercise 16.3.7. Deduce from the above hint that the completion of a topological field
need not be a field.

Exercise 16.3.8. Show that £, where R is the ring of reals with the usual topology,
consists of all groups topologically isomorphic to R" for some n € N.

Exercise 16.3.9. For a discrete commutative unitary ring R, construct the Bohr com-
pactification in Ly following the line of the proof of Theorem 8.6.1 (or, in alternative,
the proof of Theorem 14.3.19, using the torus R in place of T).

Exercise 16.3.10. Prove that if M € Ly, then M is a topological R-module.

Hint. Fix a basic neighborhood W (K, A;) € Vy;(0), where U € V(0) and K = U is compact.

To check (mt1), fix an open O € V,;(0) with C = O compact. By Remark 16.2.3, there exists V €
Vz(0) such that VK ¢ C, then VW(C, A;) € W(K, A;) proves (mt1). To check (mt2), pick y € M, then
0= x‘l(Al) € Vy(0) is open. So, again by Remark 16.2.3, there exists V € V(0) such that VK < O.
Now Vy € W(K, A,), and this proves (mt2). Finally, to check (mt3), pick r € R and put C = rK. Then rC
is compact and rW (rC, A;) € W(K, ;).

Exercise 16.3.11. Compute Pic(Z), Pic(Z[i]), Pic(J), Pic(Q), Pic(Q[x]), and Pic(R).
Show that Pic(R) is trivial when R is a principal ideal domain.

Exercise 16.3.12. Prove that a discrete strictly linearly compact module M is Artinian.

Hint. To show that M satisfies the descending chain condition on submodules, assume for a contra-
diction that {N,: n € N} is a proper descending chain of submodules of M and let N = (), Ny, Then
M/N has a nondiscrete linear topology 7 with local base {N,/N:n € N}. Therefore, M — (M/N, 1) is
not open, a contradiction.

Exercise 16.3.13. Let I/ be a linearly topologized vector space. Prove that:
(@) ifdimV < co, then V is linearly topologized if and only if V is discrete;
(b) if V is discrete, then V is linearly compact if and only if it has finite dimension.

Exercise 16.3.14. Let V be a locally linearly compact vector space. Prove that:
(a) CHom(V,K) separates the points of V/;

(b) ifdim V < oo, then V is discrete and V" = V is the algebraic dual of V;

(c) Visdiscrete if and only if V" is linearly compact;

(d) V islinearly compact if and only if V" is discrete;

(e) if Bis alinear subspace of V", then wy,(B") = B*.
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Exercise 16.3.15. Let f:V — W be a continuous homomorphism of locally linearly
compact vector spaces. Prove that:

(@) iff is injective and open onto its image, then f is surjective;

(b) iff is surjective, then f is injective.

Exercise 16.3.16. Deduce from the Lefschetz duality theorem that every linearly com-
pact vector space is a product of one-dimensional vector spaces.

Exercise 16.3.17. Let V be a locally linearly compact vector space and A, B linear sub-
spaces of V. Prove that:

(a) ifA ¢ B, then B* c A*;

(b) A* = A" and A* is a closed linear subspace of V";

(c) ifAisaclosed, then (44)" = A.

Exercise 16.3.18. Let V be a locally linearly compact vector space and U a closed lin-
ear subspace of V. Prove that (V/U)" = U* and U" = V"/U"*.

Exercise 16.3.19. Prove that the linearly compact abelian groups are strictly linearly
compact Z-modules, and the same about ]Ip-modules.

16.4 Further readings, notes, and comments

Minimal topological rings can be introduced in analogy to the minimal topological
groups [72]. As fields equipped with a topology induced by an absolute value are min-
imal (see [72]), minimal commutative rings need not be precompact (this should be
compared with the precompactness of minimal abelian groups, see Theorem 10.5.1).

For the connection of minimal ring topologies to Krull dimension, see [71, 72].

A complete proof of Roeder theorem 13.4.19 on the uniqueness of Pontryagin-van
Kampen duality in £ = £, following the line of §16.2.1 can be found in [99, §3.4]. The
backbone of §16.2.1 is the unpublished manuscript [235] of Prodanov. Its results, along
with some further development, were published in [96], where the reader can find
complete proofs of his results announced in §16.2.1 without proof. For a more general
setting of dualities, see [121, 122, 229].

The fact that the Pontryagin-van Kampen functor on £y, is a functorial duality mo-
tivated Prodanov to raise the question of how many functorial dualities can carry £y
(Theorem 16.2.5 answers this question in case R is compact) and to extend this ques-
tion to other well-known dualities and adjunctions, such as the Stone duality, the
spectrum of a commutative rings (see [236]), etc., at his Seminar on dualities (Sofia
University, 1979/1983 - see [118] for the part concerning the theory of abstract spec-
tra). His conjecture that the Stone duality (see §C.2.3) is the unique functorial duality
between hereditarily disconnected compact Hausdorff spaces and Boolean algebras

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



290 —— 16 Topologicalrings, fields, and modules

was proved to be true by Dimov [120] (for more recent results see also [119] and the
references therein).

Gregorio [158] extended Theorem 16.2.5 to the general case of not necessarily com-
mutative compact rings R (here left and right R-modules should be distinguished, so
that the dualities are no more endofunctors). Later Gregorio jointly with Orsatti [160]
offered another approach to this phenomenon.

A more general result than Theorem 16.2.25 was obtained by Ahn [2]; we do not
formulate it explicitly, while we preferred to explicitly formulate the Kaplansky-
MacDonald duality, due to its nicer features: the duality functor, CHom(—, E), as well

as its domain and codomain LLCK", has a rather simple form.
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A Background on groups

We start with general notation and terminology, for undefined terms and notation
see [134, 138, 139, 174, 177, 184, 203]. The symbols Z, Q, R, C denote the integers,
rationals, reals, and complex numbers, respectively. Let also R, = {r € R:r > 0} and
R,y = {r € R:r > 0}. We denote by P, N, and IN_, respectively, the set of positive
primes, the set of natural numbers, and the set of positive integers. For x € R, we de-
note by |x] the unique integer (called integral part of x) such that |x] < x < [x] + 1.
The symbol X, = |N| denotes the smallest infinite cardinal, while ¢ = |R| stands for
the cardinality of the continuum. For a set X, we denote by [X]“ the family of all
nonempty finite subsets of X. For a cardinal k, let log k = min{A: 2* > k}.

Generally, a group G is written multiplicatively and the neutral element is denoted
by e;, simply e when there is no danger of confusion. For abelian groups, we use the
additive notation, consequently O denotes the neutral element.

For subsets A4, A, A,, ..., A, of a group G, we denote

A'={aacA} and A4, --A,={aqa,---aya; €A,ic{l,... n}} (A1)

and, ifall 4; = A for A4, - -- A, we write

At =AA---A. (A.2)
n
Clearly, the counterparts of (A.1) and (A.2) for subsets A, A;,A,,...,A, of an abelian
group G are -A, A +A, +---+A,,and nA = {na:a € A}.

For a family {G;:i € I} of groups, we denote by [[;; G; the direct product of the
groups G;: the underlying set is the Cartesian product [];.; G; and the operation is
defined coordinatewise. When I is empty, we define [];; G; to be the trivial group {e}.

For x = (X;)ie1 € [lier Gi» the support of x is supp(x) = {i € I:x; # e }. The direct
sum P G; is the subgroup of [;.; G; consisting of all elements of finite support. If
all G; are isomorphic to the same group G and |I| = a, we denote [;;; G; = [[; G = G
also by ], G or G* and @B, G; = @, G also by @, G or G'“. Moreover, the diagonal
subgroup of Glis Ag = {(X)jer € G':x € G).

For every i € I, consider e;, € D; ¢ G;. The o-product of the family {D;:i € I} is
PBic; D; = {x € [1ic; Di: Isupp(x)| is finite}, while the Z-product of {D;:i € I} is ;;D; =
{x € [Tie; D;: Isupp(x)| < Ro}; if G; = G and D; = D for every i € I, we denote the
-product also by =D’

For groups G, H, we denote by Hom(G, H) the group of all homomorphisms from
G to H where the operation is defined pointwise. Moreover, we denote by Aut(G) the
group of the automorphisms of G; an automorphism f of G is involutive (or, an involu-
tion) iff o f = id;;.

When the groups G, H are abelian, the group Hom(G, H) is abelian and written ad-
ditively. We leave to the reader the verification of the following isomorphisms related

https://doi.org/10.1515/9783110654936-017
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to families of abelian groups {G;:i € I}, {H;:i € I} and abelian groups G, H:

Hom (H, l_[ Gi> = HHom(H, G;) and Hom <€B H;, G) = HHom(Hi, G). (A3)

iel iel iel iel

For m € N,, we use Z(m) for the finite cyclic group of order m. For an abelian
group G and m € N, let G[m] = {x € G:mx = 0}. Denoting u,, = mid;, x — mx,
clearly G[m] = ker u,,. It is straightforward to verify that

Hom(Z,G) =G and Hom(Z(m),G) = G[m]. (A.4)

The group T = R/Z and the group Hom(G, T), for an abelian group G, play a
central role in this book, and they are always used in additive notation. The multi-
plicative form S = {z € C:|z| = 1} of T and G* = Hom(G, S) = Hom(G, T) are used as
well, when necessary (e. g., concerning easier computation in C, etc.). The elements
of Hom(G, T) = Hom(G, S) are called characters of G. For m € N,, we identify Z(m)
with the unique cyclic subgroup of order m of the circle group $ = T.

A standard reference for abelian groups is the monograph [138] (see also its latest
version [139]) and for nonabelian groups we refer to [249]. Here we give only those
facts or definitions that appear very frequently in the book.

A.1 Torsion abelian groups and torsion-free abelian groups

The torsion elements of an abelian group G form a subgroup of G denoted by t(G) =
Umem G[m]. For a prime p, t,(G) = Upen G[p"] is a subgroup of G called p-primary
component of G. It is not hard to check that t(G) = @pdp tp(G).

Since the subgroup G|[p] is a vector space over the finite field Z/pZ, the p-rank
1,(G) of G is the dimension of G[p] over Z/pZ. The socle of G is the subgroup Soc(G) =
Dpep Glpl. The nonzero elements of Soc(G) are precisely the elements of square-free
order of G.

Let us start with the structure theorem for finitely generated abelian groups, that
extends the Frobenius—Stickelberger theorem on the structure of finite abelian groups.
We provide a proof of Theorem A.1.1 after Theorem A.3.4.

Theorem A.1.1. If G is a finitely generated abelian group, then G is isomorphic to a finite
direct product of cyclic groups. If m € N, and G has m generators, then every subgroup
of G is finitely generated and has at most m generators.

Definition A.1.2. An abelian group G is:

(a) torsionif t(G) = G;

(b) ap-group, for a prime p, if £,(G) = G;

(c) torsion-freeif t(G) = {0};

(d) bounded (or, bounded torsion) if mG = {0} for some m € IN,.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

A.1 Torsion abelian groups and torsion-free abelian groups =—— 293

In case an abelian group G is bounded and m = min{n € N,:nG = {0}}, we say
that G has finite exponent m, denoted by m = exp(G).

Example A.1.3. (a) The additive groups Z, Q, R, and C are torsion-free. The class of
torsion-free abelian groups is stable under taking direct products and subgroups.

(b) The groups Z(m), for m € IN,, and Q/Z are torsion. The class of torsion abelian
groups is stable under taking direct sums, subgroups, and quotients.

(c) Letmy,...,m € Nwithm; > 1fori € {1,...,k}, and let a;,..., a; be cardinal
numbers. Then G = @f-‘:l 7(m;)™ is bounded, as clearly m, - -- m;.G = {0}. We see
next that every bounded abelian group has this form.

Since a direct sum of cyclic groups which has finite exponent has necessarily the
form given in Example A.1.3(c), all bounded abelian groups have that form:

Theorem A.1.4 (Priifer theorem). Every bounded abelian group G is a direct sum of
cyclic groups.

Proof. Since G = @,cp t,(G), we can assume without loss of generality that G is a
p-group for some prime p, so Soc(G) = G[p] and p"G = {0} for some n € N,. We
proceed by inductiononn € N,.

If n = 1, then G = G[p] is a vector space over the finite field Z/pZ, so G is a direct
sum of cyclic groups all isomorphic to Z(p).

Assume that n > 1and that the assertion is true for all p-groups of exponent p™~*.
The subgroup pG has exponent p"!, so pG = Dic;(a;) for appropriate elements a; €
pG. Then for alli € I, there exists x; € G with a; = px;. Let H = ¥ ;.;(x;); we prove that

H = x). (A.5)
iel
Assume, aiming for a contradiction, that for distinct elements i;, ..., € I there exist
nonzero elements y; € (xl-]_), with j € {1,...,k} such that Z}‘zl yj = 0. Theny; = mx;
with1 < m; < ptforallj e {1,...,k}, and in particular Z}‘:l mx; = 0. Let us consider
two cases.

Casel.Ifforallj e {1,...,k}, p | m;, then m; = pm]f for some m]’ € Z, and we obtain
]I-Ll m]faii = 0 by taking into account the equality X = a;. Since the sum P;;(a;)
is direct, this yields to the conclusion that, for allj € {1,...,k}, m}aii = 0, and conse-
quently also y; = mx; = m]' px; = m}’
CasE 2. Assume that there exists j € {1,...,k} such that p + m;. Suppose for simplicity
thatj = 1. From Z,l-;l mx; =0, we getx; = Z]l'{:z Ijxi,_ for appropriate [; € Z. Multiplying
by p and taking into account the equality px; = q; for alli € I, we deduce that a; =
Z]’-‘:Z lia; . This contradicts the fact that the sum pG = e (a;) is direct.
This concludes the proof of (A.5). Next we see that G = H + G[p]. Indeed, for any
g € G, one has pg € pG = pH, so pg = ph for some h € H. Hence, p(g — h) = 0, and we

conclude that g — h € G[p]. Therefore, g € H + G[p].

a; = 0, a contradiction.
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As G[p] is a vector space over Z/pZ, its Z/pZ-linear subspace H N G[p] splits,
namely, there exists a Z/pZ-linear subspace S; of G[p] such that

Glp] = HNG[p)) &S,. (A.6)

Then G =H +G[p] =H+(HnNG[p])+S; =H +S;. Moreover, HNS; = HNG[p] n Sy, as
S; € G[p], and hence HNS,; = (HN G[p])nS; = {0} by (A.6). We proved that G = He S;.
As S, is a vector space over Z/pZ., S, is a direct sum of copies of Z(p). In view of (A.5),
G is a direct sum of cyclic subgroups. O

This generalizes the Frobenius-Stickelberger theorem about the structure of the
finite abelian groups (see Theorem A.1.1).

A.2 Divisible abelian groups

Divisible abelian groups G are defined by the property that the equations of the form
mx = g have solutionin G forallg e Gand m € N, :

Definition A.2.1. An abelian group G is:
(i) divisible if G = mG for every m € N,;
(ii) p-divisible, for p a prime, if G = pG.

As, for G an abelian group, nG N mG = nmG whenever n,m € N, are coprime, G is
divisible if and only if it is p-divisible for every prime p.

Example A.2.2. (a) The groups Q, R, C, and T are divisible.

(b) Forp € P, we denote by Z(p™) the Priifer group, namely, the p-primary component
of the torsion abelian group Q/Z (so that Z(p*) has generators {c, = 1/p" +Z:n ¢
IN}). The group Z(p™) is divisible.

(c) A torsion-free divisible abelian group D is a Q-vector space, hence D = Q™ with
k = dimg, D.

Remark A.2.3. The class of divisible abelian groups is stable under taking direct prod-
ucts, direct sums, and quotients. In particular, every abelian group G has a maximal
divisible subgroup, denoted by div(G).

If X is a nonempty set, a set Y ¢ Z% of functions from X to a nonempty set Z
separates the points of X if for every x,y € X with x # y, there exists f € Y such that
f(x) # f(y). In Corollary A.2.6 of the next result, we see that the characters separate
the points of a discrete abelian group.

Theorem A.2.4. Let G be an abelian group, H a subgroup of G and D a divisible abelian
group. Then for every homomorphism f: H — D there exists a homomorphism f: G — D
such that f [g=f.If a € G\ H and D contains elements of arbitrary finite order, then f
can be chosen such thatf(a) + 0.
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Proof. Let H' be a subgroup of G such that H ¢ H' and suppose that g: H' — Dis such
that g [ 5= f. We prove that for every x € G, defining N = H' + (x), there existsg: N — D
such that g [ = g. There are two cases.

If (x) n H = {0}, define g(h + kx) = g(h) forevery h ¢ H' and k ¢ Z. Then
g is a homomorphism. This definition is correct because every element of N can be
represented in a unique way as h + kx, where h € H' and k ¢ Z.

If C = (x) n H' is not {0}, then C is cyclic, being a subgroup of a cyclic group. So,
C = (Ix) for somel € Z, 1 + 0. In particular, Ix € H' and we can consider the element
g(Ix) € D. Since D is divisible, there exists y € D such that g(Ix) = ly. Now define
g:N — Dby putting g(h + kx) = g(h) + ky forevery h+ kx ¢ N, where h ¢ H' and k ¢ Z.
To see that this definition is correct, suppose that h + kx = h’ + k'x for h, k' € H' and
kk' eZ.Thenh-h' =k'x —kx = (k' —k)x € C.So k' — k = sl for some s € Z. Since
g:H' — Dis ahomomorphism and Ix € H’,

g(h)-g(h')=gh-h') =g(slx) = sg(lx) = sly = (K - k)y = k'y - ky.

Thus, from g(h) - g(h') = k'y — ky, we conclude that g(h) + ky = g(h') + k'y. Therefore,
g is correctly defined. Moreover, g is a homomorphism and extends g.

Let M be the family of all pairs (H;,f;), where H; is a subgroup of G containing H
and fi: H; — D is a homomorphism extending f: H — D. For (H;,f;), (H;.f;) € M, let
(Hy.f;) < (H,f;) if H; < H; and f; extends f;. In this way (M, <) is partially ordered. Let
{(H;,f;):1 € I} be a totally ordered subset of (M, <). Then H, = | J;; H; is a subgroup of
G and fy: Hy — D, defined by f,(x) = f;(x) whenever x € H;, is a homomorphism that
extends f; for every i € I. This proves that (M, <) is inductive and so we can apply the
Zorn lemma to find a maximal element (H .y, fmax) Of (M, <). Using the first part of
the proof, we can conclude that H,,,, = G.

Suppose now that D contains elements of arbitrary finite order. If a € G\ H, we can
extend f to f on H + (a) defining it as in the first part of the proof. If (a) N H = {0}, then
f(h+ka) = f(h)+ky for every k € Z, wherey € D\ {0}. If (a) n H # {0}, since D contains
elements of arbitrary finite order, we can choose y € D such that f(h + ka) = f(h) + ky
with y # 0. In both cases f(a) = y # 0. O

Corollary A.2.5. Let G be an abelian group and H a subgroup of G. For a € G\ H, any
X € Hom(H, T) can be extended to ¥ € Hom(G, T), with x(a) + O.

Proof. Since T has elements of arbitrary finite order, Theorem A.2.4 applies. O
Corollary A.2.6. For an abelian group G, Hom(G, T) separates the points of G.

Proof. If x # y in G, thena = x —y # 0, and so, by Corollary A.2.5, there exists y €
Hom(G, T) with y(a) # O, that is, y(x) # x(¥)- O

Corollary A.2.7. If G is an abelian group and D a divisible subgroup of G, then there
exists a subgroup B of G such that G = D & B. Moreover, if a subgroup H of G satisfies
H n D = {0}, then B can be chosen to contain H.
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Proof. Since the first assertion can be obtained from the second one with H = {0}, let
us prove directly the second assertion. As HN D = {0}, we can define a homomorphism
f:D+H — D, (x + h) — x. By Theorem A.2.4, we can extend f to a homomorphism
f:G — D. Then put B = kerf and observe that H ¢ B, G = D+ Band D n B = {0};
consequently, G = D & B. O

Call a subgroup H of a not necessarily abelian group G essential in G if every non-
trivial normal subgroup of G nontrivially meets H.

Example A.2.8. Obviously, every group G is an essential subgroup of G itself. On the
other hand, a direct summand H of G (in particular, any divisible subgroup of an
abelian group G) is essential in G if and only if H = G.

Here come some less trivial examples (see also Exercise A.7.8).
(a) Every nontrivial subgroup (in particular, Z) is essential in Q.
(b) Every essential subgroup of an abelian group G contains Soc(G).
(c) For an abelian group G, Soc(G) is essential in G if and only if G is torsion.

Lemma A.2.9. Let G be an abelian group. Then:

(@) G has no proper essential subgroups if and only if G = Soc(G);

(b) a subgroup H of G is essential if and only if every homomorphism f:G — G, of
abelian groups, such that the restriction f [y is injective, is injective itself.

Proof. (a) Apply Example A.2.8(b) and Exercise A.7.4.
(b) Apply the definition to the subgroup N = kerf. O

The following property follows from Exercise A.7.4 and Theorem A.1.4.

Lemma A.2.10. Every abelian group contains an essential subgroup that is a direct sum
of cyclic groups.

Next comes a more general version of Exercise A.7.5.

Lemma A.2.11. Let{G;:i € I} be a family of abelian groups and H; an essential subgroup
of G; fori € I. Then P;¢; H; is an essential subgroup of Pj¢; G;.

As Z is an essential subgroup of Q, while ZY is not an essential subgroup of QY,
so the above property cannot be extended to infinite direct products.
For a proof of the next theorem, see [138].

Theorem A.2.12. For every abelian group G, there exists a divisible abelian group D(G)
containing G as an essential subgroup. If D' is another group with the same properties,
there exists an isomorphism i: D(G) — D' such that i | ;= id;.

The divisible abelian group D(G) defined above is called divisible hull of the
abelian group G. When G is torsion-free, D(G) is torsion-free as well, so it is a Q-vector
space (it is built explicitly in Lemma A.2.14 below).
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Example A.2.13. (a) Forpaprime, D(Z(p)) = Z(p™) and, for a cardinal a, D(Z(p)"”) =
Z(p™)@,
(b) If G is a torsion divisible abelian group, then G = D(Soc(G)). So, if G is a torsion
abelian group, then D(G) = D(Soc(G)).
(c) If G is an abelian p-group for a prime p, then D(G) = Z(p™)"(®),
Item (a) follows from Theorem A.2.12 and Lemma A.2.11, while (b) from Exam-
ple A.2.8(c). For (c), Theorem A.1.4 gives that Soc(G) = Z(p)™'%), and so we can use
item (a).

A subset X of an abelian group G is independent if ', k;x; = 0, with k; € Z and
distinct elements x; of X fori € {1,...,n}, imply k; = k, = --- = k, = 0. The maximum
size r,(G) of an independent subset of G is the free-rank of G.

The next pair of lemmas takes care of the correctness of the definition of r,(G).

Lemma A.2.14. For a torsion-free abelian group G:

(a) the divisible hull D(G) is a vector space over the field Q containing G as a subgroup
and such that D(G)/G is torsion; moreover, dimg(G) = r4(G);

(b) for G and D(G) as in (a), a subset X in H is independent (respectively, maximal in-
dependent) if and only if it is linearly independent in (respectively, a base of) the
Q-vector space D(G);

(c) all maximal independent subsets of G have the same size (namely, dimq(G) ).

Proof. (a) In this specific case one can build the divisible hull D(G) independently
of Theorem A.2.12. To this end, consider the relation ~ in X = G x IN, defined by
(g,n) ~ (g',n') precisely when n'g = ng’. The quotient set D(G) = X/~ carries a bi-
nary operation defined by [(g,n)] + [(g',n')] = [(n'g + ng'), nn']. It is easy to show that
D(G) is the desired Q-vector space.

Item (b) is immediate and (c) follows from (b). O

Lemma A.2.15. Let G be an abelian group and consider the canonical projection q: G —
G/t(G). Then:

(a) ifX is a subset of G, then X is independent if and only if q(X) is independent;

(b) all maximal independent subsets of G have the same size;

(©) 16(G) = 15(G/t(G)).

Proof. The proof of (a) is straightforward, (b) follows from (a) and Lemma A.2.14, and
(c) follows from (a) and (b). O

Example A.2.16. (a) The divisible abelian group R has r4(R) = ¢, in view of Lem-
ma A.2.14(a).

(b) Thedivisible abelian group T has t(T) = Q/Z, andsory(T) = cby Lemma A.2.15(c).
Hence, algebraically T is isomorphic to Q/Z & Q.
If G is any torsion-free abelian group, then D(G) = QU6 by Lemma A.2.14(a),
and so G can be algebraically embedded in T if and only if 7, (G) < c.
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The following result describes precisely the structure of divisible abelian groups
in terms of their ranks.

Theorem A.2.17. Every divisible abelian group G has the form QM@ g
(Dper Zp™)""' D).

Proof. The subgroups t(G) and t,(G) are divisible (for t,(G) use Exercise A72),50G =
G, o @pe]p t,(G), where G; = G/t(G) is torsion-free by Exercise A.7.1, with ry(G;) =
15(G) by Lemma A.2.15(c), and divisible by Remark A.2.3. By Example A.2.2(c), G,
Q@ The divisible abelian group t,(G) coincides with D(Soc(t,(G))) = D(G[p]
hence t,(G) = Z(p™)"»*) by Example A.2.13(c).

’

O m

A.3 Free abelian groups

An abelian group G is free if G has an independent set of generators X. In such a case,
G = 7%, where the isomorphism is given by g — (k,), with g = ¥ ., k.x (only
finitely many k, # 0, so effectively (k,),cx € Z*’). Since the empty-set is vacuously
independent, the trivial group {0} is free of rank 0. So, given a cardinal a, we can speak
about the free abelian group of rank a, that is, Z®.

Lemma A.3.1. An abelian group G is free if and only if G has a set of generators X with

the following property:

(F) every map f:X — H to an abelian group H can be extended to a homomorphism
f:G - H.

Proof. Withoutloss of generality, let F = 7% be the free abelian group of rank | X[, and
let 1, denote the generator of the xth copy of Z in F. The set S = {1,: x € X} generates
F. Every map f:S — H to an abelian group H extends to a homomorphism f:F — H
by letting f(YiL, kily) = YLy kf (1)

Now assume that G has a set of generators X with the property (F). To prove that
G is free, we show that X is independent. As above, let F = Z% and S = {1:x € X},
and define f: X — F by f(x) = 1, for every x € X. Let f:G — F be the extension of f
given by (F). Since f(X) = S is independent in F, we deduce that X is independent in
G as well. O

Clearly, a set of generators of a free abelian group G with the property (F) is a
maximal independent set of generators. In the sequel we briefly refer to such a set of
generators as a basis of G.

Next we collect some useful properties of free abelian groups.

Theorem A.3.2. (a) Every abelian group is (isomorphic to) a quotient group of a free
group.

(b) If G is an abelian group such that for a subgroup H of G the quotient group G/H is
free, then H is a direct summand of G.

(c) A subgroup of a free abelian group is free.
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Proof. (a) follows from Lemma A.3.1, while for (c) see [138].

(b) Fix an independent set of generators X of G/H and let ¢:G — G/H be the
canonical projection. For every x € X, pick an element s(x) € G such that g(s(x)) = x.
By Lemma A.3.1, there exists an homomorphism f: G/H — G extending s: X — G. Then
qeof =idg gy as qos = idy. This implies that H N f(G/H) = {0} and H +f(G/H) = G, that
is, G = He f(G/H). O

Remark A.3.3. A free abelian group F is divisible if and only if F is trivial. Indeed, if
F = 7% with nonempty X, then, for p a prime, pF = (pZ)*, so F/pF = z(p)® is
nontrivial.

Also in order to ensure a proof to Theorem A.1.1 (see below), we provide a proof of
Theorem A.3.2(c) for free abelian groups of finite rank:

Theorem A.3.4 (Stacked bases theorem). Let F,, be a free abelian group of rankne N,.
If H is a subgroup of F,, then H is free. Moreover, if H is nontrivial, there exist bases
{hy, hy, ...y} and {f1, />, . ... f,} of H and F,, respectively, such that k < n, and there
exist my,my,...,m; € N, with h; = myf; for everyi € {1,...,k} and m; | m;,, for every
ie{l,....k-1}

Proof. We proceed by induction on n € N,. The case n = 1 is clear, so assume that
n > 1and that the statement holds for n - 1. Let B = {f}, b,, ..., b,} be a basis of F,, and
let a € H \ {0} be such that the pair (B, a) has the property:

n
m;ina = myf; + Z s;b; is positive and minimal. (A7)
i=2

We prove first that m; | s; for every i € {2,...,n}. Indeed, for everyi € {2,...,n},
there exist g;,1; € Z with's; = g;m; +r; and 0 < r; < my. Letting f] = f; + YL, q;b;, we
have

n
a= mlfll + z r,~b,~ (A.8)

i=2
withO <r; <m;.Ifr; > O for somei € {2,...,n}, then
B* = {bi’bZ’""bi—l’fll’bi+l""’bn}

is a basis of F,,, such that, due to (A.8), the pair (B, a) gives rise to a positive coefficient
1; relative to b; smaller than m;. This contradicts the choice of the pair (B, a) with (A.7).
Hence, r; = O foreveryi € {2,...,n}; so, my | s; = g;m; foreveryi € {2,...,n} and

a=mf. (A9)
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Let us anticipate that f] and a are precisely the first elements of the bases of F,
and H, respectively, we are building. But before exposing the whole bases, we need
to establish another property of f/ and a with respect to the basis B’ = {f/, b,,...,b,}
of F,,. Namely, if h € H has the presentation h = mf{ + Y., t;b;, with m,t; € Z, with
respect to the basis B, then m; | m. Indeed, let g, r € Z be such that m = gm, + r with
0 <r < my; in view of (A.9),

n n
h=qmf] +1f] + Z tib; = qa +rf] + Z t;b;.
i2 i=2

Therefore, H 5> h - qa = 1f] + Y., t;b;. By the choice of (B, a) with (A.7), r = 0, hence
m = gm,. This shows that letting

Fn—1=<b2""’bn> al’ld KZHﬂFn_lan_la

h=qa+ Z?:z t;b; € (a) + K for every h € H. Since obviously (a) N K = (a) N F,_; = {0},
this proves that H = (a) @ K, and we can apply the inductive hypothesis to K < F,,_;.
Seta, = a.

By the inductive hypothesis, F,_; and K admit bases {f,,...,f,} and {a,,...,a},
respectively, such that a; = myf; for every i € {2,...,k} and m; | m;,, for everyi €
{2,...,k-1}.In order to show that B" = {fl’,fz, ....fxyand {ay, ay,..., a;} are therequired
bases of F,, and H, respectively, it remains to verify that m; | m,. To thisend, letq,r € Z
withm, = gm; +rand 0 < r < m;.Thena, - a;, € Hand a, - ¢; = myf, - mf] =
my(qf, - f{) + rf>. With respect to the basis {gf;, — f{.f>.f5, .. fa} Of Fy, the coefficient
of a, — a; € H relative to f, is r < m,. By the choice of the pair (B, a) with (A.7), this
implies r = 0. Therefore, m; | m,. O

Proof of Theorem A.1.1. Let G be a finitely generated abelian group. By Theorem A.3.2,
G is isomorphic to a quotient Z"/H of Z" for some n € N, and some subgroup H
of Z". By Theorem A.3.4, there exist bases {h;,h,,..., .} and {f;.f,,....f,} of H and
Z", respectively, such that k < n, and there exist m;, m,,...,m, € N, with h; = mf;
for everyi € {1,...,k} (and m; | my,, for everyi € {1,...,k - 1}). Then G = Z"/H =
Z(my) x -+ x Z(my) x Z"°K, O

A.4 Reduced abelian groups

Definition A.4.1. An abelian group G is reduced if the only divisible subgroup of G is
the trivial one, that is, div(G) = {0}.
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A series of reduced abelian groups can be given right away:

Example A.4.2. According to Remark A.3.3, every free abelian group is reduced. More-
over, every bounded abelian group is reduced as well. Finally, every proper subgroup
of Q is reduced.

Our initial supply of reduced abelian groups can be extended due to the nice
properties of this class, which is stable under taking subgroups and direct products
(see Exercise A.710(a)). Yet this class is not stable under taking quotients (see Exer-
cise A.7.10(b)). Another source of reduced abelian groups is based on Exercise A.7.10(a)
and the fact that finite abelian groups are reduced.

Now, as a consequence of Corollary A.2.7, we obtain the following important fac-
torization theorem for arbitrary abelian groups.

Theorem A.4.3. Every abelian group G can be written as G = div(G) @ R, where R is a
reduced subgroup of G.

Proof. By Corollary A.2.7, there exists a subgroup R of G such that G = div(G) @ R. To
conclude that R is reduced, it suffices to apply the definition of div(G). O

In particular, this theorem implies that every abelian p-group G can be written as
G= Z(poo)(") x R, where x = rp(div(G)) and R is a reduced abelian p-group.

Call an abelian group G almost divisible if there exists m € IN, such that mG is
divisible. Obviously, divisible abelian groups, as well as bounded abelian groups, are
almost divisible. The class of almost divisible abelian groups is closed under taking
finite direct sums and quotients. In this class the factorization from Theorem A.4.3 has
more subtle properties:

Proposition A.4.4. An abelian group G is almost divisible if and only G/div(G) is
bounded iff G = div(G) @B, where B is a bounded subgroup of G. If f: G; — G, is a surjec-
tive homomorphism of abelian groups and if G, is an almost divisible abelian group, then
so is G,. Moreover, if G; = div(G;) ® B;, with B; bounded fori = 1,2, f(div(G,)) = div(G,),
and f(B;) = B,.

Proof. Let G = div(G) ® R as in Theorem A.4.3 where R is a reduced group. For every
m € N_, we have mG = div(G) @ mR and div(G) is also the maximal divisible subgroup
of mG. So, G is almost divisible iff mR = {0} for some m € N, iff R is bounded. Since
R = G/div(G), the first assertion follows.

If m € N, is such that mG, is divisible, then mG, = f(mG,) is divisible as well. So,
G, is almost divisible.

To see that f(div(G,)) = div(G,), note first that f(div(G,)) < div(G,). The opposite
inclusion follows from div(G,) € mG, = f(div(G,)) + f(mB;) = f(div(G,)) for a suitable
m € IN,. Since f(B;) n f(div(G,)) is a bounded divisible group, it is trivial. This shows
that G, = f(div(G;)) @ f(B;) = div(G,) @ f(B,), and hence f(B;) = B,. O
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A.4.1 Residually finite groups

Definition A.4.5. A group G is residually finite if G is isomorphic to a subgroup of a
direct product of finite groups. The Ulm subgroup G! of an abelian group G is G' =

ﬂne]N+ nG.

We prove item (a) in the following result for not necessarily abelian groups.

Proposition A.4.6. Let G be an abelian group. Then:

(@) (incase G is not necessarily abelian) G is residually finite if and only if the intersec-
tion of all normal subgroups of G of finite index is trivial;

(b) if G is residually finite, G is reduced;

(c) G is residually finite if and only if G* = {0};

(d) G' coincides with the intersection of all subgroups of G of finite index;

(e) if G is torsion-free, div(G) = G'; hence, G is reduced if and only if G is residually
finite, that is, G* = {0}.

Proof. (a) Suppose that G is (isomorphic to) a subgroup of the direct product P =
[Lie; F; of finite groups F;. If p;: P — F; is the ith canonical projection, then ker p; is
a normal subgroup of P of finite index, hence N; = G n ker p; is a normal subgroup of
G of finite index and obviously [;¢; N; is trivial.

Vice versa, if {N;:i € I} is a family of normal subgroups of G of finite index with
Nict N; = {eg}, then the diagonal homomorphism G — [[;; G/N; of the family of
canonical projections g;: G — G/N; has trivial kernel ();.; N;, and so G is isomorphic to
a subgroup of the product [];.; G/N; of finite groups.

(b) follows from Exercise A.7.10(a), since finite groups are reduced.

(c) Assume that G' = {0}. Then the family of canonical projections q,;: G — G/nG,
forn € N,, gives rise to a diagonal homomorphism ¢:G — [],en, G/nG which is
injective, since kerq = G' = {0}. Hence, it suffices to see that each group G/nG is
residually finite. Since G/nG is bounded, G is a direct sum G = &P, F; of finite cyclic
groups F; by Theorem A.1.4, and hence G is a subgroup of the direct product [ [;.; F; of
finite cyclic groups.

To prove the converse implication, it suffices to note that the Ulm subgroup has
the following remarkable property:

if f:N — H is a group homomorphism, then f(N') c H. (A.10)

Then for every direct product H = [[;; H;,

1
H' = <HH1~> c[]H. (A.11)

iel iel

by applying (A.10) to the canonical projections of the product.
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Now assume that G is a subgroup of a product P = [, F; of finite abelian groups.
Then Fi1 = {0} forevery i € I, so P' ¢ []; Fi1 = {0}, by (A.11). Applying (A.10) to the
inclusion homomorphism G — P, we deduce that G'= {0}.

(d) For every m € IN,, each mG is an intersection of finite index subgroups of
G, since G/mG has finite exponent and so it is a direct sum of finite cyclic groups by
Theorem A.1.4, thus the intersection of the finite index subgroups of G/mG is trivial.

(e) It is enough to prove that div(G) = G', where the inclusion div(G) ¢ G'is
obvious. To verify the inclusion G! c div(G), itis enough to see that G' is divisible. Fix
aprimepandg € G'  pG. Then there exists a unique element x € G such that px = g.
To see that x € G', fix m € N,. As g € G', we know that g € pmG, so g = pmy for some
y € G. As G is torsion-free, px = pmy gives x € mG, and hence x € G. O

Proposition A.4.6(e) allows us to conclude that for torsion-free abelian groups the
notions “reduced” and “residually finite” coincide. This fails in the torsion case:

Example A.4.7. Letpbeaprime, G = Pen, Z(p"), and for every n € N, let b, denote
a generator of Z(p"). Let

H = (b, - pby, b, — p’bs,...,by - p" by, ...),

N = G/H,and b, = b, + H € N.Then N! = (b;) # {0}, so N is not residually finite.
Nevertheless, N is reduced since div(N) ¢ N, consequently, div(N) = pdiv(N) ¢
pN' = {0}.

Clearly, direct sums of cyclic groups are reduced (since cyclic groups are reduced).
The notion of a basic subgroup we introduce below allows for a nice “approximation”
of reduced abelian p-groups by direct sums of cyclic subgroups. First, we need the
following notion that can be introduced for arbitrary abelian groups:

Definition A.4.8. A subgroup H of an abelian group G is pure if mGNH = mH for every
me IN,.

Example A.4.9. (a) Direct summands are always pure subgroups. The torsion sub-
group t(G) of an abelian group G is pure, as well.

(b) For an abelian group G, one can obviously write the equality in Definition A.4.8
also as u,,(H) = u,,,(G) N H. Since inverse images commute with intersections, this
is equivalent to

Ho (H) = oy (3 (G) 0V H) = iy (g (H)) = kex py + H = G[m] + H,
which means that {g € G:mg € H} = y;nl(mH) =G[m] +H.

If G is an abelian p-group and m € N,, mG = p"G where p" | mand p™*' 4 m. Then
a subgroup H of G is pure if and only if p"G n H = p"H for every n € N.

Definition A.4.10. A subgroup B of an abelian p-group G is a basic subgroup if B is a
direct sum of cyclic subgroups, B is pure and G/B is divisible.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

304 — A Background on groups

Theorem A.4.11 ([138]). Every abelian p-group admits a basic subgroup.
The case considered in the next example is the one that we use in this book.

Example A.4.12. Let G be an abelian p-group.

(a) If Bis abounded basic subgroup of G, then B splits off as a direct summand of G,
so G = BeD for some subgroup D of G, where D = G/B s divisible. Indeed, if p"B =
{0}, then p"G N B = {0}. On the other hand, G = p"G + B (as p"(G/B) = (p"G + B)/B,
so the divisibility of G/B yields (p"G + B)/B = G/B), hence this sum is direct.

(b) If 1,(G) < 00 and G is infinite, then G is almost divisible and G = div(G) @ B where
div(G) = Z(p"o)k for some k > 0 and Bis a finite subgroup of G. Indeed, fix a basic
subgroup B of G which exists by Theorem A.4.11. Then r,(B) < r,,(G) is finite, so B
is bounded (actually, finite). Hence, by (a), G = B® D holds with D = Z(p"")k and
k < rp(G). Since B is finite, necessarily k > 0, and the group G is almost divisible
by Proposition A.4.4.

(c) Areduced abelian p-group of finite rank is finite. Indeed, by Theorem A.4.11, there
is a basic subgroup B of G. Since B is a direct sum of cyclic groups and has finite
p-rank, B is a bounded p-group, hence finite. By (a), the subgroup B splits, i.e.,
G = D & B holds for a suitable divisible subgroup D of G. Since G is reduced, D
must be trivial. Hence G = B is finite.

Proposition A.4.13. IfGis atorsion abelian group and H is a subgroup of G, thenr,(G) >
r,(G/H).

Proof. Since G = P ep t;(G) and H = P ,p t,(H), we may assume that G is a p-group
and that G/H has exponent p. Let f: G — G/H be the canonical projection.

CASE 1: Let G be a finite p-group. Since pG is contained in the kernel of the projection
f, it can be factorized f: G — G/pG — G/H. By Exercise A.79, r,(G) = 1,(G/pG). Since
G/pG and G/H are vector spaces over the field Z/pZ, we obtain 1,(G/pG) = r,(G/H).
Combining both results yields the assertion in this case.

CASE 2: Assume now that r,,(G) is infinite. Since G = |, G[p"] and |G[p"]| = |G[p]| =
1,(G) holds for every n € IN,, we obtain |G| = r,(G). This gives the desired inequality
r,(G/H) < |G/H| < |G| = 1,(G).

CASE 3: Finally, suppose that r,(G) is finite and G is infinite. Example A.4.12(b) and
Proposition A.4.4 yield that G and H are almost divisible. So, G = div(G) @ F; and
H = div(H) @ Fg for finite subgroups F; of G and Fy of H.

If G is divisible, by Corollary A.2.7 there exists a divisible subgroup D of G contain-
ing Fy such that G = div(H) @ D. Hence, G/H = D/Fy = D. So, 1,(G/H) =1,(D) < 1,(G).
In case G itself is not divisible, the quotient G/H is almost divisible hence G/H =
div(G/H) @ F;;y for a suitable bounded p-group Fg;/; < G/H by Proposition A.4.4 and
the surjective homomorphism f: G — G/H satisfies f(div(G)) = div(G/H) and f(F;) =
Fg,p. Since div(G) is divisible and has finite p-rank, rp(div(G)) > rp(div(G/H )), by the
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above argument. Since f induces a surjective homomorphism F; — Fg/p, the estimate
rp(Fg) 2 1,(Fg/m) holds by case 1. So, r,(G/H) = rp(diV(G/H)) +1,(Fgm) < rp(div(G)) +
r,(Fg) = 1,(G). O

Define the rank r(G) of an abelian group G by r(G) = ry(G) + Zpelp 1,(G). Then one
can easily prove the following properties of this rank:

Lemma A.4.14. Let G be an abelian group. Then:

(@ r(G) < coifand only if G = Gy ® F & (D, Z(p®), where the primes p;, ..., p, are
not necessarily distinct, F is a finite abelian group and G, is a subgroup of Q" for
n =ry(G);

(b) ifr(G)isinfinite, then |G| = r(G) and G contains a subgroup H such that H = ;; C;,
|I| = |G| and each C; is cyclic; moreover, H can be chosen to be essential and each
group C; to be either infinite or of finite of prime order.

A.4.2 The p-adic integers

Here we describe, for p € P, the ring of endomorphisms of the group Z(p*), known
as the ring of p-adic integers and denoted by J,,. We shall see that it is isomorphic to
the inverse limit liLnneN Z(p") of the finite rings Z(p").

In order to describe the ring J, = End(Z(p®)), write Z(p™) = Unen, Z(p™) and,
for n € N, denote by ¢, the generator r% +Zof

p-1

n

Z(p")={0+Z,I%+Z,..., +Z}sZ(p°°)=tp(T).

Let a € End(Z(p®)). Every subgroup (c,) = Z({p")=Z{p*>°)[p"] of Z(p*°) is a-invariant,
hence

a(c,) = kyc, (A12)
for some k;, € Z, and the sequence of integers k = (k;),en, € ZN+ satisfies
ki1 = k,(mod p™) (A.13)

as pCp,q = Cy. Vice versa, every k = (kp)pew, € 7N+ satisfying (A.13) defines an endo-
morphism &, € End(Z(p™)) with (A.12).

Fork = (kyyen,» k' = (pew, € 2N+, putk ~ k" if k, = kj(mod p") for every
n € N,. Obviously, a; = a; ifand only if k ~ k’. Let

B = {k = (ky)pew, € Z™*:knyy = ky(mod p") Vn € N}

Then B is a subring of the ring Z™+ and setting u(k) = a;, we define a surjective ring
homomorphism y: B — J,. Let ] be the ideal pZ x p°Z x -+ x p"Z x - - of the ring Z™*
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andI = J n B. Then I is an ideal of B such that k — k' € I ifand only if k ~ k’. In other
words, I = Kker p. This gives the isomorphism J, = B/I.

Obviously, one can identify the ring J, also with the subring B of the quotient
ZN|] = Z(p) x Z(p*) x - - - x Z(p") x - - - defined by the relations

B= {x = (Gp)nen, € H Z([P"): Pp(Xpe1) = X, foralln € 1N+} ,

nelN,

where @,: Z(p™') — Z(p") is the canonical homomorphism with kernel the principal
ideal (p") of the ring Z(p™*).

Theorem A.4.15. For p a prime, J, is a domain with unique maximal ideal L = {a €
Jp:a(c,) = O} = pJ,, and group of units U(J,) = J,, \ pJ,.

Proof. Ifa ¢ J,\{0}, then there existsn € N, such that a(c,) # 0 (hence, also a(c,,) # O
forallm > n). Let B ¢ J, \ {0} There exists m € N, such that a(c,,,) # 0 and (c,,) # O;
hence, letting k = (k,)pen @and k' = (k),)pen be the sequences in B corresponding to a
and B, respectively, p™ } k,,, and p™ } k;,. Since

K = kyp(modp™) and k), = kb, (modp™),

clearly p™ 4 ky,, and p™ 4 kb,.. Then p™ } kykb,,, and therefore a(B(c,y,)) # O. This
proves that aB # 0.

Moreover, J, is commutative, as a(Blcy)) = kmk;ncm = k;nkmcm = B(a(c,,)) for every
m € N,. Since J, is a unitary ring, this proves that J, is a domain.

Next we recall that Aut(Z(p™)) = U(J,) is the set of units of J,,. If « € U(J,),
then a is injective, and so clearly a(c;) # 0 and a € Jp \ L. To prove that ug,) =
Jp \ L, pick an a € Jp \ L. Then a is injective, as ker a trivially meets Soc(Z(p™)) =
Z(p) which is essential in Z(p*) by Example A.2.8(c), and so ker a = {0}. Hence, D =
a(Z(p™)) is a divisible subgroup of Z(p™) containing Z(p). As Z(p*°) is divisible, by
the uniqueness of the divisible hull, we deduce that D = Z(p™), so a is also surjective,
hence an automorphism. Therefore, a € U (]Ip).

The last assertion L = pJ, is deduced from the more general result in
Claim A.4.16. O
Claim A.4.16. Let a € Lsatisfy a(c;) = --- = a(c,) = 0 and a(cy,1) # 0. Then a = p"B for

someff € U Tp)- Consequently, p"]Jp, forn € N, are exactly all the nonzero ideals of Jp
and (e p"Jp = {0}

Proof. Let a = (k) with k = (k,),en, € B. Our hypothesis yields k; = --- = k, = 0.
By (A.13), p" | k,, for all m > nand p™! 4 k,,q, since a(c,,;) # 0. Let k! = ky.p ™"
Then k' = (k));en, € B, as k;, = ky,,(mod p"). Moreover, B = (k') ¢ L, asp { k; and
so B(c;) # 0. By the above argument, f is an automorphism of Tps thatis, B e U Tp)-
Obviously, a = p"B. O
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Remark A.4.17. The field of quotients Q, of JJ, is called field of p-adic numbers. Some-
times we shall consider only the underlying groups of these rings and simply speak
of “the group of p-adic integers”, or “the group of p-adic numbers”. Since all nonzero
ideals of Jj,, are of the form p"]Ip, for n € N, one can write Q, = ¢z, p"]Jp, i.e., every
element of Q,\J, can be written as p™'n, with n € uag,) andn € N.

A.4.3 Indecomposable abelian groups

We have seen that the finitely generated abelian groups, the divisible abelian groups,
the bounded abelian groups and the free abelian groups are direct sums of very simple
groups, actually indecomposable ones:

Definition A.4.18. An abelian group is indecomposable if it is not a direct product of
any pair of its proper subgroups.

Example A.4.19. The groups Z, Q, Z(p"), for a prime p and n € N,, and Z(p*) for a
prime p, are indecomposable.

The reader may have the impression that every abelian group is a direct sum of
cyclic groups or copies of Q or the Priifer groups Z(p®). This fails in a spectacular
way: there exist arbitrarily large indecomposable abelian groups (hence, nonisomor-
phic to any of the groups Z, Q, Z(p") and Z(p™)). As the next theorem shows, Jp is
indecomposable (note that [Jpl = ¢, see Exercise A.7.13). There exist also smaller inde-
composable groups (e. g., subgroups of Q?).

Theorem A.4.20. For p a prime, J,/pJ, = Z(p). Consequently, the group (J,, +) is inde-
composable.

Proof. The isomorphism is given by the first theorem of homomorphisms applied to
the surjective homomorphism p: Jp = Z(p), a = a(cy).

Suppose that J,, = A @ B for a pair of subgroups A, B of J,. Then pJ, = pA & pB,
soJ,/p), = A/[pA® B/pB. As ], /pJ, = Z(p) and both A/pA and B/pB are of exponent
D, they must be isomorphic to direct sums of copies of Z(p). Hence, either A/pA = {0}
or B/pB = {0}. Suppose that A/pA = {0}. We prove that then A = {0} as well. In fact,
A/pA = {0} implies A = pA, and so A = p"A for every n € N. By Remark A.4.16, this
yields A = {0}. O

A.5 Extensions of abelian groups

Definition A.5.1. Let A, C be abelian groups. An abelian group B is an extension of A
by C if Bhas a subgroup A’ = A such that B/A' = C.
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In such a case, if i:A — B is the injective homomorphism with i(A) = A’ and
B/A' = C, we shall briefly denote this by the diagram

0 A— % ,¢ 0 (A.14)

where q is the composition of the canonical projection B — B/i(A) and the isomor-
phism B/i(A) = C. More generally, we shall refer to (A.14), as well as to any pair of group
homomorphisms i:A — B and q: B — C with kerg = i(A), keri = 0, and cokerq = 0,
as a short exact sequence.

Example A.5.2. A typical extension of a group A by a group C is the direct product

B = A x C. We call this extension trivial extension.

(a) There exist nontrivial extensions: Z is a nontrivial extension of Z and Z(2).

(b) In some cases only trivial extensions are available of A by C: take A = Z(2) and
C=127(3).

For more examples, see Exercise A.7.18.

A property & of abelian groups is called stable under extension (or, three space
property) if every abelian group B that is an extension of two abelian groups, both
having &, necessarily has &.

Lemma A.5.3. Assume that the two horizontal rows are exact in the following commu-
tative diagram of abelian groups and homomorphisms:

41

0 Gy h G G, 0
A
0 H, H H 0
i, P2

If the homomorphisms f, and f, are surjective (respectively, injective), then also f is sur-
jective (respectively, injective).

Proof. Assume that both f; and f; are surjective. Since the second row is exact, ker g, =
imi,. We prove first that

kerg, = imi, < f(G). (A.15)

Indeed, if x € Hj, then i,(x) € i,(f;(Gy)) = f(i1(Gy)) € f(G) by the surjectivity of f;.
Now to check the surjectivity of f, pick y € H. Then q,(y) € f5(q:(G)) = ¢,(f(G)), by
the surjectivity of f, and gq;. Therefore, q,(y) = q,(z) for some z € f(G). This yields
y € z+Kkergq, € f(G) +f(G) = f(G), by (A.15).

Now assume that both f; and f, are injective. To prove that f is injective, assume
that f(x) = O for some x € G. Then 0 = q,(f(x)) = fo(gq;(x)). By the injectivity of f,
g,(x) = 0. Hence, x € i;(G;). Let x = i;(y) for somey € G;.So, f(x) = f(i;(y)) = L,(L(Y)) =
0. As both i, and f; are injective, y = 0. Therefore, x = 0. O
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Let us find a description of an extension B of given abelian groups A and C. Sup-
pose for simplicity that A is a subgroup of Band C = B/A. Let ¢:B — C = B/A be the
canonical projection. Since it is surjective one can fix a section s: C — B of g (namely,
a map such that g(s(c)) = c for all ¢ € C) with s(0) = 0.

For b € B the element r(b) = b — s(q(b)) belongs to A = ker g. This defines a map
r:B — A such thatr [ 4= id4. Therefore, every element b € B is uniquely described by
the pair (q(b),r(b)) € C x Aby b = s(q(b)) + r(b). If s is a homomorphism, the image
s(C) is a subgroup of B and B = s(C) x A splits.

From now on we consider the general case. Then, for ¢, ¢’ € C, the element

fi(c,c') :=s(c) +s(c'y-s(c+c')eB (A.16)

certainly belongs to A, as g is a homomorphism. This definesamap f;:CxC — A
uniquely determined by the extension B and the choice of the section s. When s is a
homomorphism, f; = 0.

We leave to the reader the verification of the fact that the commutativity and the
associativity of the operation in B yield, for all ¢,c’,c" € C,

fi(c,c) =f(c',c) and fi(c,c")+fi(c+c,c")=fc.c' +c")+fi(c".c"). (A17)
As the section s satisfies s(0) = 0, forall c € C,
fs(c,0) = f5(0,¢) = 0. (A.18)

Definition A.5.4. Let C, A be abelian groups. A function f: C x C — A satisfying (A.17)
and (A.18) is a factor set on C to A.

We denote by Fact(C, A) the set of all factor sets on C to A. One can easily see that
Fact(C, A) is a subgroup of the abelian group (A€ 4.
The proof of the next proposition is straightforward.

Proposition A.5.5. Let A, C be abelian groups. Every f € Fact(C, A) gives rise to an ex-
tension By of A by C defined in the following way. The support of the group is By = C x A,
with operation

(ca)+(c,d)=(c+c,a+d +f(c,c")) forc,c' eC,a,a €A

and the subgroup A' = {0} x A = A is such that B;/A" = C. For the section s: C — By of
the canonical projection q: By — C, defined by letting s(c) = (c, 0) for every c € C, we get
f=F

It is important to note that the subset C x {0} = s(C) need not be a subgroup of By;
it is a subgroup of By precisely when f = 0.
Proposition A.5.5 shows that there exists a correspondence

Fact(C,A) — {extensionsof Aby C}, f+ By,
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and this correspondence is such that, for the section s:C — Bs with s(c) = (c, 0), we

getfs=f.
The trivial extension is determined by the identically zero factor set f, if the section
s(c) = cis chosen. More precisely one has:

Example A.5.6. Let A, C be abelian groups and identify C and A with subgroups of
the trivial extension B = C x A. Every section s:C — B of the canonical projection
q:B — C, with s(0) = 0, is defined by s(c) = ¢ + h(c) for ¢ € C, where h: C — A is map
with h(0) = 0. The factor set f; obtained from (A.16) satisfies, for ¢,c’ € C,

fi(c,c')y = h(c) + h(c") - h(c + ¢"). (A.19)

Inspired by this example, for abelian groups C, A, now we consider two sections
51,53: C — B, with 5;(0) = 0 = s5,(0), of the same arbitrary extension B of A by C. For
every ¢ € C, let h: C — A be defined by

h(c) = s,(c) = s5(c) € A;
in particular, h(0) = 0. The factor sets f; and f;, satisfy
fs,(c.c") = fs,(c.¢") = h(c) + h(c") — h(c + ). (A.20)

This motivates the following definition.

Definition A.5.7. Let A, C be abelian groups. Call two factor sets f;, f,: C x C — A equiv-
alent if (A.20) holds for some map h: C — A with h(0) = 0.

Definition A.5.8. Let A, C be abelian groups. Call two extensions B;, B, of A by C equiv-
alent if there exists a homomorphism &:B; — B, such that the following diagram,
where both horizontal rows describe the respective extension, is commutative:

b1 q

0 A B, C 0
idAl l.,f lidA (A.21)
0 A B, c 0
i, D@

It follows from Lemma A.5.3 that the homomorphism ¢ in the above definition is
necessarily an isomorphism, provided it exists.

Theorem A.5.9. Let A, C be abelian groups and f,,f, € Fact(C,A). The two extensions
By, By, of A by C are equivalent if and only if the factor sets f,,f, are equivalent. On the
other hand, if B is an extension of A by C with section s, then for f, € Fact(C,A) the
extension By is equivalent to B.
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Proof. Assume that the factor sets f;,f, are equivalent, namely, there exists a map
h:C — A with h(0) = 0 and such that (A.20) holds. Fori = 1,2, let and ¢: B; — By,
(c,a) — (c,a+h(c)). We leave the verification of the fact that ¢ is an isomorphism and
the extensions By , By, are equivalent to the reader.

Now assume that the extensions By, By, are equivalent. From the commutativity
of (A.21), we deduce that the isomorphism &:B; — B, must be of the form &(c,a) =
(c,a + h(c)), where h: C — A is a map with h(0) = 0. For ¢,c’ € C, one has

(c+c hc+)+file,c)) =&+ file,c')) = (¢, 0) +; (¢, 0))
=&(c,0) +, &(c',0) = (¢, h(c)) +, (', h(c") = (c + ¢, fole, ¢') + h(c) + h(c")).

This gives h(c + ¢') + fi(c,c") = f5(c,c") + h(c) + h(c'), so f;, f, are equivalent.

To prove the last assertion, assume that (A.14) is an extension of A by C with
section s. It is easy to check that the required isomorphism §:B — By is defined by
&(b) = (r(b),q(b)), whereb e Bandr =soq. O

The factor sets f of the form (A.19) obviously form a subgroup Trans(C,A) of
Fact(C, A). Hence, the above theorem tells us that the set Ext(C, A) of all equivalence
classes of extensions of A by C admits a bijection with the set of all equivalence classes
of factor sets. But since these equivalence classes of factor sets form precisely the quo-
tient group Fact(C, A)/Trans(C, A), we see that Ext(C, A) carries a structure of abelian
group transported from the group Fact(C, A)/Trans(C, A). In particular, using the fact
that Ext(C,A) is a group, we write Ext(C,A) = {0} to say that there are only trivial
extensions of A by C.

See [202] for a different equivalent definition of the group structure of Ext(C, A).

A.6 Nonabelian groups

Recall that a simple group is a nontrivial group whose only normal subgroups are the
trivial group and the group itself.

In a group G, the centralizer of a € G is the subgroup c;(a) = {x € G:xa = ax} of
G, and more generally for X < G, c;(X) = {x € G:xg = gx for every g € X}. The center
of G is Z(G) = ¢;(G); it is a normal subgroup.

For x,y € G, denote by [x,y] = x"'y xy the commutator of x and y in G. Moreover,
for subgroups H, K of G, the commutator of H and K in G is the subgroup of G generated
by {[x,y]:x € H,y € K}. The commutator of G is G’ = [G, G], which is a characteristic
(so, normal) subgroup of G.

The lower central series of G is defined inductively by y;(G) = G and, for every
n e N, by y,,,1(G) = [yn(G), G]. Each y,(G) is a characteristic subgroup of G.

The upper central series of G is defined inductively by Z,(G) = {e;}, Z;(G) = Z(G)
and, for every n € N, by Z,,1(G) = {x € G:Vy € G,[x,y] € Z,(G)} (equivalently,
Z41(G)/Z,(G) = Z(G/Z,(G))).
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Definition A.6.1. A group G is nilpotent if y.,1(G) = {eg} for some c € N. We say that G
has nilpotency class c if ¢ € N is the minimum such that y.,,(G) = {e;} (equivalently,
Z..1(G) = G).

It is easy to verify that subgroups and quotients of nilpotent groups are nilpotent.
For a group G, the derived series is defined inductively by G‘* = G and, for every
neN, ™Y = 6™, 6™]. Each G™ is a characteristic subgroup of G.

Definition A.6.2. A group G is solvable if G'? = {ec} for some d € N. We say that G
has derived length d if d € N is the minimum such that G = {eg}.
A group G is metabelian if G is solvable of derived length at most 2.

Subgroups and quotients of solvable groups are solvable. Clearly, a group G is
metabelian in case G’ is abelian.

Nilpotent groups are solvable, but, for example, S; is metabelian but not nilpo-
tent. Moreover, we recall that a torsion finitely generated solvable group is necessarily
finite.

For a unitary ring R the Heisenberg group over R is the subgroup #(R) of GL;(R)
of all upper unitriangular 3 x 3 matrices) over the ring R. The group H(R) is always
nilpotent of class 2.

The Frattini subgroup Fratt(G) of a group G is the intersection of all maximal sub-
groups of G. Note that Fratt(G) = G in case G has no maximal subgroups.

Let us recall that for groups K, H and a group homomorphism 6: K — Aut(H), one
defines the semidirect product G = H x4 K, as the group with support the Cartesian
product G = H x K and group operation defined by (h, k) - (hy, k;) = (h6(k)(h,), kk;).
Identifying H and K with the subgroups H x {ex} and {eg} x K, respectively, of G, the
conjugation in G by an element k of K restricted to H is precisely the automorphism
0(k) of H. For a subgroup K < Aut(H) and the inclusion 6: K — Aut(H), we simply
write H x K in place of H xy K (in particular, for an automorphism ¢ € Aut(H), we
write H x {¢)).

A.7 Exercises

Exercise A.7.1. Verify that for every abelian group G, the quotient G/t(G) is torsion-
free.

Exercise A.7.2. For a prime p and G an abelian p-group, prove that G is divisible if and
only if G is p-divisible.

Exercise A.7.3. Let G be a torsion-free abelian group.

(a) Let M be an independent subset of G. Prove that M is maximal if and only if the
subgroup (M) is essential.

(b) Prove that a subgroup H of G is essential if and only if G/H is torsion.
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Exercise A.7.4. Prove that a subgroup H of an abelian group G is essential in G if and
only if H contains Soc(G) and a maximal independent subset of G.

Exercise A.7.5. Prove that if G, H are abelian groups and N, K are essential subgroups
of G, H, respectively, then N x K is an essential subgroup of G x H.

Exercise A.7.6. Let G be an abelian group and H a subgroup of G. Prove that r,(G) =
ro(H) +1o(G/H). If G is a p-group for a prime p, prove that r,(G) = r,(H) + r,(G/H).

Exercise A.7.7. For an abelian group G, prove that:
(a) rO(G]N) > 0 if and only if rO(G]N) > ¢, if and only if G is not bounded;
(b) if G is not bounded and |G| < ¢, then ry(G”) = 2° for any infinite cardinal p.

Exercise A.7.8. Prove that every subgroup of Q? of rank 2 is essential in Q.

Exercise A.7.9. For a prime p and a bounded abelian p-group B, prove that r,(B) =
r,(B/pB).

Hint. Use the fact that B = Z(p)®™ & --- @ Z(p™)®) for some n € N, and cardinals aj, ..., a,, and
rp(Z(pk)(")) =k for every k € N, and a cardinal k.

Exercise A.7.10. Prove that:
(a) subgroups and direct products of reduced abelian groups are reduced;
(b) every abelian group is a quotient of a reduced group.

Hint. Use Theorem A.3.2(a) and Example A.4.2.
Exercise A.7.11. Prove that G/G! is residually finite for every abelian group G.

Exercise A.7.12. Prove that, for an odd prime p, if ¢ = 1for ¢ € J, then & = 1. For
& e, if&? =1thené = +1.
Hint. Use Claim A.4.16.

Exercise A.7.13. Prove that [J,| = c.

Hint. Show that to every sequence of integers k = {k,},cx satisfying (A.13) and O < k, < p", one can
assign a sequence {a,}pen € {0,1,...,p — 13N such that

n-1 A
k=) ap (A.22)
j=0
for every n € N,. Vice versa, every sequence {a,},en € {0,1,...,p— 11N defines, via (A.22), a sequence

k = {ky}new € ZN satisfying (A.13) and 0 < k,, < p".

Exercise A.7.14. Prove that a finite abelian group G is indecomposable if and only if
G = Z(p") for some prime p and n € N.

Exercise A.7.15. Prove that an abelian group is indecomposable if its endomorphism
ring has no nontrivial idempotents.
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Exercise A.7.16. An abelian group G is called rigid if its endomorphism ring consists
only of the endomorphisms m - id; with m € Z. Prove that an infinite rigid abelian
group is indecomposable.

Exercise A.7.17. Prove that the following properties of the abelian groups are stable
under extension: torsion, torsion-free, divisible, reduced, p-torsion, having no non-
trivial p-torsion elements, having finite exponent. Prove that residual finiteness is not
stable under extension.

Hint. In Example A.4.7, N is not residually finite, N 1is finite, and N /N is residually finite.

Exercise A.7.18. Let A, C be abelian groups. Prove that Ext(C, A) = {0} in the following

cases:

(a) Ais divisible;

(b) Cis free;

(c) both A and C are torsion and for every prime p either rp(A) =0or rp(C) =0;

(d) * (Priifer theorem) C is torsion-free and A has finite exponent. (So, in every abelian
group G such that #(G) is bounded, the torsion subgroup splits as G = t(G) &
G/t(G).)

Hint. For (a) use Corollary A.2.7, for (b) use Lemma A.3.1. For (c), deduce first that every extension B of
Aby C is torsion and then argue using the hypothesis on r,,(4) and r,(C). A proof of (d) can be found
in [138].
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For the sake of completeness, we recall some frequently used notions and notations
from general topology. We omit most of the proofs, since these are classical results in
general topology. See, for example, the monograph [134].

B.1 Basic definitions

B.1.1 Filters

We start with the definition of filter, filter base, and topology.

Definition B.1.1. Let X be a set. A family 7 ¢ P(X) \ {0} is:

(i) afilter prebase on X if it has the finite intersection property, thatis, A;n---NA, # 0
forevery A,,...,A, € F;

(ii) a filter base on X if for A, B € F there exists C € F such that C < An B;

(iii) up-closed if F; € F, F, € P(X)and F; C F, imply F, € F;

(iv) a filter on X if F is an up-closed filter base;

(v) an ultrafilter of X if F ¢ F' for some filter 7’ of X yields F' = F.

Clearly, every filter is a filter base, and every filter base is a filter prebase.

Every family B ¢ P(X) \ {0} generates a smallest up-closed family B* containing
B, namely, B* = {F € P(X):3G € B, G ¢ F}. Then F = B" is a filter if and only if B is
a filter base. In such a case we say that the filter base B generates the filter 7 and we
call B a base of F.

Example B.1.2. If A is a nonempty subset of a set X, let [A] denote the family of all
subsets of X containing A. If A = {a}, we briefly write [a] in place of [{a}].

(a) Itis easy to see that [A] is a filter; moreover, if A ¢ B ¢ X, then [B] ¢ [A].

(b) One can deduce from (a), that [a] is an ultrafilter for every a € X.

A filter of the form [A] is called principal or fixed, and we say that it is generated by the
set A. Clearly, a filter F is fixed if and only if (] F # 0 belongs to F.
All filters on a finite set are fixed.

Example B.1.3. An example of a nonfixed filter on an infinite set X is the Fréchet filter
defined as the family of all the cofinite subsets of X, where A ¢ X is called cofinite if
the complement X \ A is finite.

More generally, if X is an infinite set and a is a cardinal with a < |X]|, the family
{A cX:|X\A| <a}isafilter on X.

https://doi.org/10.1515/9783110654936-018
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B.1.2 Topologies, bases, prebases, and neighborhoods

Definition B.1.4. Let X be a set. A family 7 ¢ P(X) is a topology on X if:
(@ 0,Xer;

(b) ifU,,...,U, etforne N,,thenU;n---nU, €T;

(c) if{Upiel} c1,then|; U; € T

The pair (X, 1) is called a topological space; when there is no possibility of confusion,
we simply say that X is a topological space omitting its topology 7.

The members of 7 are called open, or T-open, the complement of an open set is
called closed, or T-closed, and a set is clopen if it is both closed and open.

In the sequel, all topological spaces are assumed to be nonempty.

Example B.1.5. Let X be a set.

(@) Thediscrete topology 8y on X has as open sets all subsets of X, namely, §x = P(X).
The indiscrete topology tx on X has as open sets only the sets X and 0, namely,
Iy =1{0,X}.

(b) IfX is infinite, the cofinite topology on X is yy = {0} U {A € P(X): X \ A finite}. So, a
proper subset Y € X is closed in yy precisely when Y is finite.

Recall that a point x of a topological space X is isolated if {x} is open in X.

Definition B.1.6. For a topological space (X, 1), a family B ¢ 7 is:

(i) a base of (X, ) if for every x € X and for every x € U € 7 there exists B € B such
that x e B< U;

(ii) aprebase of (X, 1) if the family B* of all nonempty finite intersections of members
of Bis a base of (X, 7).

A base of a topological space need not be stable for finite intersections. Clearly,
for a set X, {{x}:x € X} is a base of 6y and {X} is a base of tx.

Example B.1.7. Consider R with its usual Euclidean topology T induced by the usual
metric d of R (see §B.3.2). Then B = {(a,b):a,b € Q,a < b} is a (countable) base of T
while P = {(a, +00):a € Q} U {(—oc0, b): b € Q} is a prebase of T.

We omit the immediate proof of the next lemma.

Lemma B.1.8. Let X be a set and B < P(X) \ {6}. Then:

(@) B is base of some topology T on X if and only if | gz B = X and for every pair
B,B' € Band x € X with x € Bn B’ there exists B" € Bsuch thatx ¢ B cBnB';

(b) Bis prebase of some topology T on X if and only if | Jg.z B = X.
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The following is another fundamental concept when dealing with topological
spaces.

Definition B.1.9. Let (X, 7) be a topological space and x € X. A neighborhood U of x in
T is any subset V of X such that there exists U € T withx e U c V.

The neighborhoods of a point x in a topological space (X, T) form a filter Vx ;) (x)
of X. When there is no possibility of confusion, we denote it simply by V,(x), Vx(x), or
V(x).

Definition B.1.10. Let (X, 7) be a topological space and x € X. A base B of the filter
V(x) is called base of the neighborhoods of x (or briefly, local base at x) in (X, 7); the
elements of B are called basic neighborhoods of x in (X, ).

A prebase B of the filter V(x) is called prebase of the neighborhoods of x in (X, 7);
the elements of B are called prebasic neighborhoods of x in (X, 7).

Remark B.1.11. If (X, 7) is a topological space and, for x € X, B, is a local base at x in
(X, 7) consisting of open neighborhoods, then | J,.x B, is a base of 7.

We recall also the following known fact.

Lemma B.1.12. Let (X, 1) be a topological space and V ¢ X. Then V € 7 if and only
V eV, (x) foreveryx € V.

Moreover, for a topological space (X, 7) and x € X, the family {U € V,(x): U € 1} of
all open neighborhoods of x in 7 is a base of V,(x).

B.1.3 Ordering topologies, closure, and interior

The set 7(X) of all topologies on a given set X is ordered by inclusion.

Definition B.1.13. Let X be a set and 7;, 7, € 7(X). We say that 7, is coarser than t,, or
that 7, is finer than 7, if ; < 7,. We denote this also by 7; < 7,.

Remark B.1.14. For aset X, 7(X) becomes a complete lattice with top element the dis-
crete topology and bottom element the indiscrete topology. If {7;:i € I} is a family of
topologies of X, then the intersection T = [, 7; is a topology on X and so 7 = inf;; 7;,
that is, 7 is the infimum of the family {r;:i € I}. In other words, 7 is the finest topology
on X coarser than 7; for every i € I.

This is enough to claim that 7(X) is a complete lattice, but it is convenient to get
an explicit description of the supremum v’ = sup;; 7; of {r;:i € I} in 7(X). This is the
topology 7’ on X with prebase | J;; 7;- In other words, for every x € X a local base at
xin (X, 7') is the family {U; n---n U,: U € Ve, (x),k € {1,...,n},n € N,}. So, 7’ is the
coarsest topology on X that is finer than t; for everyi € I.

We conclude this section with the following basic definition.
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Definition B.1.15. Let (X, T) be a topological space and M ¢ X.

(@) The closure M (denoted also by ]\_/IT, when it is necessary to enhance the topology)
of M in X is the smallest closed set of X containing M. This is the intersection of
all closed sets containing M. Clearly, it coincides also with the set of all x € X such
that every U € V,(x) meets M.

(b) Dually, the interior Int(M) of M in X is the largest open set of X contained in M.
This is the union of all open sets contained in M, that is, the set of all x € M such
that there exists U € T withx € U ¢ M.

Obviously, M is closed if and only if M = M, while M is open if and only if
Int(M) = M. An open set U is a regular open set if U = Int(T).

Example B.1.16. A topology 7 on a set X is an Alexandrov topology, and (X, T) is an
Alexandrov topological space, if arbitrary intersections of T-open sets are T-open. So,
in this case (| V(x) € 7 for every x € X, i. e., every point x € X has a smallest neighbor-
hood () V(x) (obviously, it coincides with {x} for all x € X, for an Alexandrov space X,
precisely when 7 is discrete).

The Alexandrov topological spaces are exactly the topological spaces (X, T) such
that arbitrary unions of 7-closed sets are 7-closed. Hence, for every M ¢ X there is a
smallest open set containing M (namely, the intersection of all open sets containing M)
and a largest closed set contained in M (namely, the union of all closed sets contained
in M).

The reader is maybe tempted to compare the set (] V(x), that prominently ap-
peared in the above example, with the point-closure {x}, and even expect that they
coincide. Let us anticipate here that the equality () V(x) = {x} occurs very rarely (actu-
ally, only when the space is indiscrete), as we discuss in the extended Exercise B.7.9.

Definition B.1.17. A subset D of a topological space (X, 1) is dense in (X, 1) if D =X
(we say also that D is T-dense in X). A topological space X is separable if X has a dense
countable subset.

Example B.1.18. (a) Foranonempty set X, asubset D of X is dense in (X, 6x) precisely
when D = X and every nonempty subset of X is dense in (X, ).
(b) As Qs dense in R with its usual Euclidean topology, R is separable.

Lemma B.1.19. Let X be a topological space and U an open set of X. If D is a dense
subset of X, then U n D is dense in U.

Proof. Let V be a nonempty open set of U. Then V is open in X, and so V.n (U N D) =
VnD#0. O
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B.2 Convergent nets and filters

B.2.1 Convergent sequences

Definition B.2.1. A sequence {x,},\ in a topological space (X, 7) is said to converge to
x € X, and we write x,, — x, if every neighborhood U of x in 7 contains all but finitely
many members of the sequence.

A convergent sequence {x,} ¢ is trivial if all but finitely many members x,, coin-
cide with the limit point x, otherwise we call it nontrivial.

Unlike in the case of metric spaces, where the topology can be completely de-
termined by convergence of sequences (see §B.3.2), topological spaces may have few
convergent sequences, or at least not sufficiently many to provide a description of the
topology (or the closure) in terms of convergent sequences.

Definition B.2.2. A subset A of a topological space X is sequentially closed if A con-
tains the limits of all convergent sequences {a,} ) entirely contained in A. A topolog-
ical space X is sequential if every sequentially closed set of X is closed.

Clearly, every closed set is also sequentially closed, but the inverse implica-
tion may fail (for example, in a nondiscrete space without nontrivial convergent se-
quences). Moreover, sequential spaces are the most general class of spaces for which
sequences suffice to determine the topology.

There is a more subtle (stronger) connection between the topology and convergent
sequences, given by the following notion.

Definition B.2.3. A topological space X is Fréchet—Urysohn if for every subset A of X
and every x € A, there exists a sequence {a,},x in 4 such that a, — x.

The Fréchet-Urysohn spaces X are obviously sequential, as sequentially closed
sets in a Fréchet-Urysohn space are obviously closed.

B.2.2 Convergent nets

An alternative to sequences are nets, invented by Moore and Smith.

A partially ordered set (4, <) is directed if for every a, § € A there exists y € A such
that a < y and 8 < y. A subset B of (4, <) is cofinal in A if for every a € A there exists
B e Bwitha < 8.

A net S in a topological space X is a map from a directed set (4, <) to X. We write x,
for the image of @ € A in X, so that the net S is usually written in the form S = {x;}4ca
in order to keep the similarity with the leading example, that is, with the sequences,
obtained with A = (N, <).
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Definition B.2.4. LetX beatopological space. AnetS = {x,}4c4 in X convergestox € X
if for every U € V(x) there exists 8 € A such thata € Aand § < aimply x,, € U. In such
a case, we call x limit point of the net S.

Anet S = {x,}4¢4 in a topological space X can have more than one limit point. We
denote bylim,4 x, or by lim S the set of all limit points of S, and we write x € lim ¢4 X,
orx, — x,orS — x, todenote that thenet S = {x,},c4 converges to x. We write as usual
x = lim ¢4 X, in case the limit is unique.

Here comes the leading example of a (convergent) net.

Example B.2.5. Let X be a topological space and x € X. Consider the set A of neigh-
borhoods of x with the reversed order, thatis, U < Vfor U,V € Aif U 2 V. Then (A, <)
is directed and, if for every U € A one picks a point x;; € U, then the net {xy}yc
converges to x.

From the above example we deduce:

Lemma B.2.6. Let X be a topological space. Then:

(@) forZ ¢ X, x € Z if and only if there exists a convergent net {x,}4ca With x, — x and
X, € Z forevery a € A;

(b) Z < X is closed if and only if for every convergent net {x,},ca, With x, € Z for every
a € A, one has lim4 x, € Z.

The concept of subnet is a generalization of that of subsequence. While every sub-
sequence of a sequence is a subnet, a sequence may admit subnets that are not sub-
sequences.

Definition B.2.7. Let X be a topological space. A subnet of the net S = {x,},c4 in X is
anet {yg}gep in X, where B is a directed set such that there exists a function h: B — A
with the properties:

(i) forevery a € A there exists f, € B such that h(f) > a for all 8 > 8, in B;

(ii) Yp = Xp(p forall B € B.

Definition B.2.8. Let X be a topological space, S = {X,},c4 anetin X, and U ¢ X. The
net S is frequently in U if for every a € A there exists B € A, B > a such thatxg € U. A
point x € X is an accumulation point (or cluster point) of the net S if for every U € V(x)
the net S is frequently in U.

Clearly, a point x € X is an accumulation point of a net S precisely when some sub-
net of S converges to x. Now we see other similarities between the behavior of subnets
of nets and subsequences of sequences.

Proposition B.2.9. Let S = {x,},c4 be a net in a topological space X.
(@) IfS — x € X, thenS' — x for every subnet S' of S.
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(b) Ifx € X is an accumulation point of a subnet of S, then x is an accumulation point
of S.
(c) Ifx € X is an accumulation point of S, then x is a limit point of some subnet of S.

Proof. (a) and (b) are obvious.

(c) Assume that x € X is an accumulation point of S. The set I = V(x) x A has a
partial order a’ < ', defined fora’ = (U,a) e Iand B’ = (V,B) e I,bya < Band U 2 V.
Now consider its subset

B={U,a) eI:x, € U}

with the induced order. Let us see that this makes the poset (B, <) directed. Indeed, fix
o =U,a),B =(V,B) € B.Since UnV € V(x) and x € X is an accumulation point of S,
the subset {y € A:x, € Un V} of Ais cofinal. Hence, there exists x, e Un V withy > a
andy >B.Nowy' =(UnV,y)eBandy' >a',y' = p'.

Define h: B — A simply as the restriction to B of the second projection V(x) x
A — A. Then h is monotone and h(B) is cofinal in A. Therefore, by setting y, = x,
fora’ = (U,a) € B, we obtain a subnet S’ = {y,}ycp of S. To check that S’ — x, fix
U € V(x). Since x is an accumulation point of S, there exists a € A such thatx, € U. Let
o =(U,a) € B.Ifp' = (V,B) e Bissuch that §' > a’,then V c Uandyg = x5 € V c U.
Therefore, S’ — x. O

It follows from the above proposition that a net S in a topological space X con-
verges to x € X if and only if every subnet of S converges to x.

B.2.3 Convergent filters

Now we introduce convergence of filters and filter bases.

Definition B.2.10. Let X be a topological space. A filter F on X converges to x € X
when V(x) € F. A point x € X is a limit point of F if F converges to x. Moreover, x is
an adherent point of F, if x € ad 7 = (\{F:F € F}.

Similarly, let B be a filter base on X and denote by B* the filter generated by B.
We say that B converges to x € X when V(x) ¢ B*, and x is an adherent point of B if
x € ad B = ({B: B € B}. Since ad B* = ad B, x is an adherent point of B* if and only if x
is an adherent point of 5. Obviously, B converges to x if and only if B* converges to x.

The following lemma reveals the close connection between convergence of filters
and convergence of nets.

Lemma B.2.11. Let X be a topological space and x € X.
(@) Assume thatS = {X,}secp is anetin X. Then B = {xg:3a € A,B > a} is a filter base
on X. Moreover:
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(a;) B converges to x € X if and only if the net {x,} 4.4 cOnverges to x;
(ay) x is an accumulation point of the net S if and only if x is an adherence point of B.
(b) Forafilter F = {F:a ¢ AfonX and a,f € A, let a < Bif Fo 2 Fp. Then:

(by) the partially ordered set (A, <) is directed;

(b,) the filter F converges to x if and only if for every choice of a point x, € F, the
net {X,},ca cOnverges to x;

(b3) x is an adherence point of the filter F if and only if for every F, € F one can
choose a point x,, € F, such that x is an accumulation point of the net {x,} 4ca-

B.3 Continuous maps and cardinal invariants of topological
spaces

B.3.1 Continuous maps and their properties

Here we introduce continuity and discuss properties of continuous maps.

Definition B.3.1. Foramap f: (X,7) — (Y, 7') between topological spaces and a point
x € X we say that:

(i) f is continuous at x if for every U € Vy(f(x)) there exists V € Vx(x) with f(V) < U;
(i) fisopenatx € X if for every V € Vx(x) there exists U € Vy(f(x)) with f(V) 2 U.

Moreover (global properties):
(iii) f is continuous (respectively, open) if f is continuous (respectively, open) at every
point x € X;
(iv) fis closed if the subset f(A) of Y is closed for every closed set A of X;
(v) fisahomeomorphismif f is continuous, open, and bijective;
(vi) f is a local homeomorphism if for every x € X there exists an open set U of X
containing x such that f(U)isopenin Y andf [;: U — f(U) isa homeomorphism;
(vii) f is a (topological) embedding if f: X — f(X) is a homeomorphism.

In item (i) and (ii), one can limit the test to only basic neighborhoods. Clearly, a
homeomorphism is a local homeomorphism, while the converse is not true (for exam-
ple, themap f: R — S, x — cos(x) +isin(x), is a local homeomorphism which is not a
homeomorphism).

The nextlemma describes continuity at a point in terms of filters and nets similarly
to the description of continuity in metric spaces in terms of sequences.

Lemma B.3.2. Let X,Y be topological spaces, f:X — Y a map, and x € X. Then the
following conditions are equivalent:

(a) fis continuous at x;

(b) f(x,) — f(x)inY for every net {x,},ca in X with x, — x;

(©) f(F)—> f(x)inY for every filter F on X with F — x.
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For item (c) of the above lemma, see Exercise B.7.1(a).
The next lemma describes global continuity (in all points of the space).

Lemma B.3.3. Let X,Y be topological spaces and f: X — Y a map. Then the following
conditions are equivalent:

(a) f is continuous;

(b) theinverse image under f of open sets of Y are openin X;

(c) theinverse image under f of prebasic open sets of Y are open in X;

(d) theinverse image under f of closed sets of Y are closed in X.

Continuity can be conveniently described by means of the closure:

Theorem B.3.4. A map f:X — Y between topological spaces is continuous if and only
if
f(M) < f(M) for every subset M of X. (B.1)

Proof. Assume that x € M. By Lemma B.2.6, there exists a net {x,},c4 contained in M
such that x, — x. Since f is continuous at x, f(x,) — f(x) in Y by Lemma B.3.2, so
f(x) € f(M) by Lemma B.2.6(a).

Now assume that (B.1) holds for every subset M of X. We intend to use Lem-
ma B.3.3(d) to check the continuity of f. Let F be a closed set of Y and let M = ffl(F ).
According to (B.1), f(M) c f(M) c F = F. This proves that M < M, that is, M is
closed. O

A topological space X is homogeneous if for every pair of points x, y € X there exists
a homeomorphism f: X — X such that f(x) = y. Clearly, a nondiscrete homogeneous
space cannot have isolated points.

B.3.2 Metric spaces and the open ball topology

We recall that a pseudometric on a set X is a function d: X x X — R such that:
(i) d(x,x) = 0O forevery x € X;

(ii) d(x,y) =d(y,x) for every x,y € X;

(iii) d(x, z) < d(x,y) + d(y,z) for every x,y,z € X.

In case d(x,y) = O always implies x = y, the function d is called a metric. A metric d
on X is an ultrametric if (iii) is replaced by the stronger axiom
(iii*)d(x,z) < max{d(x,y),d(y,z)} forall x,y,z € X.

A pair (X, d), where X is a set provided with a metric (respectively, a pseudometric,

an ultrametric) d, is called metric space (respectively, pseudometric space, ultrametric
space).
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The diameter of a nonempty subset Y of (X,d) is defined as diam(Y) =

sup{d(y1,y,):y1,¥2 € Y}
For (X, d) a pseudometric space, x € X, and € > O,

B(x) = B,(x) = {y € X:d(y,x) < &}
is the open disk (or open ball) in X with center x and radius &.

Example B.3.5. Let (X, d) be a (pseudo)metric space. The family B = {B.(x):x € X, & >
0} is a base of a topology 7,4 on X called the metric topology (or open ball topology) of
(X, d). Forevery x € X, the family {B,(x): £ > O}isabase of V, (x). Also {B;,(x):n € N, }
is a (countable) base of V, L 0.

Clearly, R with its metric topology induced by the Euclidean metric is a homoge-
neous space.

Example B.3.6. On R™:

(@) the Euclidean distance is defined by d(x,y) = \/Y L, (x; — y;)? for every x,y € R";

(b) the Chebyshev distance (or chesshoard distance) is defined by d(x,y) =

(c) the Manhattan distance is defined by d(x,y) = Z?=1 |x; — y;| for every x,y € R";
roughly speaking, for n = 2 this is how we compute distances when “walking in a
city whose streets follow a grid pattern”, so this metric carries also the name taxi
driver metric.

Definition B.3.7. A topological space (X,7) is (pseudo)metrizable if there exists a
(pseudo)metric d on X such that 7 = 7,.

Definition B.3.8. Let (X, d) and (Y, d’) be metric spaces. Amap f: X — Y is:

(i) continuous if for every x € X and every € > O there exists §, > 0 such that
d' (f(x),f(y)) < e whenever d(x,y) < 6,.

(ii) uniformly continuous if for every € > 0 there exists § > O such that d' (f (x), f(y)) < &
whenever d(x,y) < 6.

Obviously, uniformly continuous maps between metric spaces are continuous.
Moreover, a map f: (X,d) — (Y, d') between metric spaces is continuous if and only if
f:(X,74) — (Y,74) is continuous.

Definition B.3.9. A sequence {x,},cy in a metric space (X, d) is a Cauchy sequence if
for every € > O there exists n, € N such that d(x,, x,;,) < € for every m,n > ny,.

Remark B.3.10. Every convergent sequence is a Cauchy sequence. On the other hand,
some metric spaces have nonconvergent Cauchy sequences, while others do not (e. g.,
R" as well as Z", for every n € N, have none).

This justifies the next fundamental notion.
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Definition B.3.11. A metric space X is complete if every Cauchy sequence in X is con-
vergent.

Every metric space X has a completion, namely, there exists a complete metric
space X containing X as a dense subspace, having the property that if Y is a dense
subspace of a metric space Y' and f: Y — X is a uniformly continuous map, then there
exists a unique uniformly continuous extension f: Y’ — X of f. This implies that the
completion X is unique up to isometry leaving the points of X fixed.

Example B.3.12. For a prime p, the p-adic norm | - |,: Q — R, is defined as follows.
Let 0], = 0. Forr € Q\ {0} define v, (r) as the unique k € Z such thatr = pk%, with
a,b € Z\ {0} coprime and p t a,p + b. Now let |r|, = p ") This norm induces the
p-adic metric dp on Q, which is an ultrametric.

The completion of (Q, dp) is the field Q, of p-adic numbers. One can easily
show that for every choice of the integer coefficients (ay,),>n, and n, € Z, the series
Zﬁino a,p" converges in Q- The closure of Z in Q,, is the ring J, of p-adic integers.

B.3.3 Cardinalinvariants

A cardinal invariant of topological spaces is a cardinal number i(X) attached to every
topological space X in such a way that if X and Y are homeomorphic spaces, then
i(X) = i(Y). Here we recall several cardinal invariants (see Exercise B.7.5).

The weight of a topological space X is the cardinal number

w(X) = min{|B|: B is a base of X}.

The topological spaces with countable base are called second countable.
Clearly, R endowed with its metric topology induced by the Euclidean metric is
second countable, in view of Example B.1.7.

Example B.3.13. (a) Every base of a discrete space X = (X, 8x) contains the family of
all singletons of X, and hence w(X) = |X]|.
(b) IfX = (X, 1x) is a nonempty indiscrete space, {X} is a base and w(X) = 1.

For a topological space X and x € X, the cardinal number
XX, x) = min{|B|: B base of V(x)}

is the character of X at x. We use the symbol y(X) for denoting the character of X de-
fined by y(X) = sup{y(X,x):x € X}. The topological spaces with countable character
are called first countable. Clearly, a second countable space is also first countable. Met-
ric spaces are obviously first countable (see §B.3.2).

First countable spaces are obviously Fréchet-Urysohn, as sequences are sufficient
to describe the closure of a subset.
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If N V(x) = {x} for a point x of a topological space X, the cardinal number

Y(X, x) = min {IBI:B < V(x), ﬂ B= {x}}

BeB

is called pseudocharacter of X at x. If (| V(x) = {x} for all points x € X, we let Y(X) =
sup,x Y(X, x), and we call it pseudocharacter of X.
For a topological space X, the density character of X is

d(X) = min{|D|: D is dense in X}.

Clearly, X is separable precisely when d(X) is countable.
For a discrete space X one has d(X) = w(X) = |X|, while y(X) = 1. For a nonempty
indiscrete space X, one has d(X) = w(X) =xy(X) = 1.

Lemma B.3.14. Let (X, 1) be a topological space. Then:
(@) x(X) <wX) < |1] < 2*¥ and || < 2%I;
(b) d(X) < w(X) and d(X) < |X|.

Proof. Fix abase B of T of size w(X).

(a) The inequalities |7| < 2! and xX) <swX) <1l < 21 are obvious. Moreover,
every U € 7 is a union of a subfamily B; of B. Since the powerset of 1 has size &)
we conclude that |7] < |P(B)| = 2*®,

(b) Fix x5 € B for every B € B. Since the set D = {xz:B € B} is dense in X and
|D| < w(X), this proves the first inequality. The second one is trivial. O

Theorem B.3.15 (Hewitt—Marczewski—Pondiczery theorem). If {X;:i € I} is a family of
separable topological spaces and |I| < 2* for an infinite cardinal x, then d(]];; X;) <
holds. In particular, [];; X; is separable whenever |I| < c.

B.3.4 Borel sets, zero-sets, and Baire sets

For a set X, a subfamily B of P(X) is called a o-algebra on X if X € 6 and B is closed
under taking complements and countable unions. For a topological space (X, 1), de-
note by B(X) the smallest 0-algebra containing 7. The members of B(X) are called Borel
sets. Some of the Borel sets of X have special names:

Definition B.3.16. Let X be a topological space. A subset A of X is:

(i) aGg-set if A is the intersection of a countable family of open sets;
(ii) an F;-set if A is the union of a countable family of closed sets;
(iii) a Gg4-set if A the intersection of a countable family of F-sets;
(iv) an Fs-set if A is the union of a countable family of Gs-sets.
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Obviously, A is a Gs-set precisely when X \ A is an F,-set. Similarly, for F,4-sets
and Gg,-sets. Moreover, every open set is also a Gs-set, while every closed set is also
an F;-set.

Definition B.3.17. A subset A of a topological space X is Gg4-dense in X if every
nonempty Gg-set of X nontrivially meets A.

Example B.3.18. If X is a metric space, then:
(@) all closed sets (in particular, all singletons) are also Gg-sets;
(b) by (a), a subset A of X is Gg-dense if and only if A = X.

If X is a topological space and f:X — R is continuous, then f~'(0) is named a
zero-set of X. A zero-set is obviously closed, but it is also a Gs-set. So, the o-algebra
generated by the zero-sets is contained in the o-algebra B(X) of all Borel sets of X, and
its members are named Baire sets. These two g-algebras need not coincide.

B.4 Subspace, quotient, product, and coproduct topologies

A subset Y of a topological space (X, T) becomes a topological space when endowed
with the topology induced by X, namely, T [y= {Y n U:U € t}. This is also called
subspace topology and (Y, 1 |y) a subspace of (X, 1).

Let {X;:i € I} be a family of topological spaces. Consider the Cartesian product
X = [l;e X; with its canonical projections p;: X — X;, fori € I. Then X usually car-
ries the product topology (or Tichonov topology), having as a prebase B’ the family
{p; Y(U,): U; open in X;}. Hence, a base of the product topology is the family

B = (W,({Uj}ie):] < 1, J finite},

where U; ¢ X; is open for alli € J and W;({Uj}j¢r) = Nies pi_l(Ui). For every finite subset
J <1, let X; = [[;; X; and let p;: X — [[;; X; be the projection.

Theorem B.4.1. Let {X;:i € I} be a family of topological spaces and let X = [[;; X; be

equipped with the product topology. Then:

(a) the projections p;: X — X; are both open and continuous;

(b) for every topological space Y, amap f:Y — X is continuous if and only if for every
i € I, the composition p; o f: Y — X; is continuous;

(c) ifx € X and F is a closed set of X with x ¢ F, there exists a finite subset ] of I such
that p; (x) ¢ p;(F);

(d) a sequence {x,} e in X is convergent if and only if for every i € I the sequence
{pi(x)}en IS convergent in X;;

(e) a net {xg}4ep in X is convergent if and only if the net {p;(x4)}4¢p is convergent in X;
foreveryiel.

printed on 2/10/2023 4:18 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

328 —— B Background on topological spaces

If I is countable and all X; are metric spaces, then the product topology of X =
[Lic; X; is induced by a metric appropriately defined on X. If I is uncountable and
uncountably many X; are nontrivial (i. e., nonsingletons), then the product topology
is not first countable, so cannot be induced by any metric defined on the product
X = [Tier Xi-

Using Theorem B.4.1(c), one can get the following useful rule for computing the
closure in infinite products by reduction to the case of finite subproducts, that is, for
every M < [ie; X;

M= () p;p00).

J<I finite

In particular, for every M < [];; X;,
M c [ [pi(a).
iel

This becomes an equality when M = [];.; M;, where M; = p;(M) for everyi € I.

Example B.4.2. For a family {X;:i € I} of topological spaces, on the Cartesian product
X = [1;e; X; the box topology on X has as a base the family {[];.; U;: U; open in X;}. The
box topology is finer than the product topology.

Let X be a topological space, let ~ be an equivalence relation on X, and let ¢: X —
X/. be the canonical projection. This set carries the so-called quotient topology 7, de-
fined as follows: a set U < X/ is open in 7, if and only if g }(U) is open in X. Obvi-
ously, this defines a topology 7, on X/_. Moreover, the quotient topology 7, is the finest
among all topologies on X/. such that g is continuous. This determines the following
important property of the quotient topology.

Lemma B.4.3. Let X be a topological space, let ~ be an equivalence relation on X, let X /.
be equipped with the quotient topology and let q: X — X/. be the canonical projection.
Then a map g:X/. — Z is continuous if and only if the composition g o ¢:X — Z is
continuous.

For a family {(X;, 7;): 1 € I} of topological spaces, the coproduct is the disjoint union
X = | |;; X; equipped with the topology having as a base the union of all topologies T;
(here and in the sequel we consider X; as a subset of X). In other words, the coproduct
topology of | |;¢; X; is defined in such a way that every X; is open in| |;; X;. So, a subset
A of | |;c; X; is open in the coproduct topology if and only if every intersection A N X; is
open.

Example B.4.4. Let X be the space N x [0,1] equipped with the product topology,
where N is discrete and [0, 1] has the Euclidean topology. This topology coincides also
with the topology of the coproduct of N-many copies of the interval [0, 1]. Now define
(n,x) ~ (m,y) if and only if either n = mand x = y, or x = y = 0. The quotient space
V = X/. is called a fan.
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B.5 Separation axioms and compactness-like properties

B.5.1 Separation axioms

Now we recall the so-called separation axioms for topological spaces.

Definition B.5.1. A topological space X is:

(i) aTy-space (or, a Kolmogorov space) if for every pair of distinct points x,y € X there
exists an open set U of X such that eitherx e U 3 y,ory € U 3 x;

(ii) a T;-space if for every pair of distinct points x,y € X there exist open sets U and
VofXsuchthatx € U 3 yandy € V 3 x (or, equivalently, every singleton of X is
closed);

(iii) a T,-space (or, a Hausdor{f space) if for every pair of distinct points x,y € X there
exist disjoint open sets U and V of X such thatx e Uand y € V;

(iv) a regular space if for every x € X and every U € V(x) there exists V € V(x) with
VcU;a T5-space if it is a regular T;-space;

(v) a completely regular space if for every x € X and every U € V(x) there exists a
continuous function f: X — [0, 1] with f(x) = 1and vanishing on X\ U; a T3 5-space
(or, a Tichonov space) if X is a completely regular T;-space;

(vi) a normal space if for every pair of closed disjoint subsets F and G of X there exists
a pair of open disjoint subsets U and V of X such that F < Uand G ¢ V; a T,-space
if X is a normal T;-space.

The following implications hold true among these properties:
ToeTh e, «T; €« T3, T,

While the first four implications are more or less easy to verify, the last implication
T, = T;5 requires Theorem B.5.2. All these properties (beyond T,) are preserved by
taking subspaces.

Theorem B.5.2 (Urysohn lemma). Let X be a normal space. Then for every pair of closed
nonempty disjoint sets F, G of X there exists a continuous functionf: X — [0, 1] such that

f(F) = {1} and f(G) = {0}.

Theorem B.5.3 (Tietze theorem). Let X be a T,-space and Y a closed set of X. For every
continuous function f: Y — R, there exists a continuous extension g: X — R of f.

It is easy to see that a topological space X is Hausdorff if and only if every net in X
converges to at most one point in X.

Theorem B.5.4 (Tichonov embedding theorem). Let X be a Tichonov space. Then X is
homeomorphic to a subspace of the product [0,1]"®.

For a cardinal y, the space [0,1]" is called the Tichonov cube of weight y, the Ti-
chonov cube of countable weight is called Hilbert cube.
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B.5.2 Compactness-like properties

For the sake of completeness, we recall here some frequently used properties of topo-
logical spaces related to compactness.

For a topological space X, a family &/ = {U;:i € I} of nonempty open sets of X is
an open cover of X if X = [ J;; U;. A subfamily V = {U;:i € J} of U, where ] c I, isa
subcover of U if X = | J;¢; U;.

Definition B.5.5. A topological space X is:

(i) compact if every open cover of X admits a finite subcover;

(ii) countably compact if every countable open cover of X admits a finite subcover;

(iif) Lindeloff if every open cover of X admits a countable subcover;

(iv) pseudocompact if every continuous function X — R is bounded;

(v) locally compact if every point of X has a compact neighborhood in X;

(vi) o-compact if X is the union of countably many compact subsets;

(vii) hemicompact if X is o-compact and has a countable family of compact subsets
such that every compact set of X is contained in one of them;

(viii) a k-space if a subspace A of X is closed in X if and only if A N K is closed in K for
all compact subsets K of X.

Example B.5.6. Clearly, R" with the Euclidean topology is locally compact, not com-
pact, but hemicompact.

Let Bbe a subset of R" equipped with the usual metric topology. Then B is compact
if and only if B is closed and bounded (i. e., B has finite diameter).

Obviously, C" has the same property, being topologically isomorphic to R*".

The following is a criterion for (countable) compactness in terms of nets and fil-
ters.

Lemma B.5.7. Let X be a topological space. Then:

(@) X is (countably) compact if and only if every (countable) family of closed sets of X
with the finite intersection property has nonempty intersection;

(b) X is compact if and only if every ultrafilter on X is convergent;

(c) Xis compactif and only if every net in X has a convergent subnet.

Proof. (a) Every family F of closed sets of X with the finite intersection property and
having empty intersection corresponds to an open cover of X without finite subcovers
(simply take the complement of the members of F).

(b) follows from (a) and Exercise B.7.3, while (c) can be deduced from (b) and
Lemma B.2.11(bs). O

Proposition B.5.8. A T, topological space is countably compact if and only if every se-
quence in X has an accumulation point.
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Lemma B.5.9. Let X be a topological space and Y a compact subset of X. If {F;:i € I} is
a family of closed sets of X such that Y n(;¢; F; = @, then there exists a finite subset ] of

Proof. Suppose for a contradiction that F; = Y n (), F; is nonempty for every finite
subset J of I. Then {F;:] < I,] finite} gives rise to a filter base of closed sets of Y with
( Fy = Y N F; = 0, against the compactness of Y by Lemma B.5.7(a). O

Compactness-like properties “improve” separation properties in the following
sense.

Theorem B.5.10. Let X be a topological space.

(@) IfX is Hausdorff and compact, then X is normal, and if (X) is countable, then X is
first countable.

(b) If X is regular and Lindeldff, then X is normal.

(c) IfX is Hausdorff and locally compact, then X is Tichonov.

It follows from Theorem B.5.10(a) that every subspace of a compact Hausdorff
space is necessarily a Tichonov space. According to Theorem B.5.4, every Tichonov
space X is a subspace of a compact space K, so taking the closure Y of X in K one
obtains also a compact space Y containing X as a dense subspace, namely, a compact-
ification of X.

Theorem B.5.11 (Arhangel’skij). If a compact Hausdorff space X is countable, then X is
metrizable. In particular, a countably infinite compact Hausdor(f space has a nontrivial
convergent sequence.

Proof. By Theorem B.5.10(c), X is Tichonov. Since X has countable pseudocharacter,
X is first countable (being compact) by Theorem B.5.10(a). Since X countable and first
countable, it is second countable, as well. By Theorem B.5.4, X is metrizable. O

By X we denote the Cech—Stone compactification of a Tichonov space X, that is,
the compact space X together with the dense embedding i: X — BX such that for every
continuous function f: X — [0, 1] there exists a continuous function fﬁ:ﬁX — [0,1]
which extends f (this is equivalent to asking that every continuous map from X to a
compact space Y be extendable to X).

For a topological space X, the one-point compactification (or, Alexandrov compact-
ification) aX of X is obtained as aX = X U {oco}, where the open sets of aX are the open
sets of X together with the sets of the form U U {oo}, where U is an open set of X such
that X\ U is compact. The topological space aX is Hausdorffif and only if X is Hausdorff
and locally compact.

Now we discuss several properties of the notions from Definition B.5.5.
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Lemma B.5.12. Let X,Y be topological spaces and f:X — Y a continuous surjective
map. Then Y is compact (respectively, Lindeldff, countably compact, o-compact) when-
ever X has the same property.

Most of the above properties are preserved by taking closed subspaces:

Lemma B.5.13. If X is a closed subspace of a topological space Y, then X is compact
(respectively, Lindeldff, countably compact, o-compact, locally compact) whenever Y
has the same property.

Now we discuss the preservation of properties under unions.

Lemma B.5.14. Let X be a topological space and assume X = | J;¢; X;, where X; are sub-

spaces of X.

(@) IfIis finite and each X; is (countably) compact, X is (countably) compact.

(b) IfIis countable and each X; is o-compact (respectively, Lindeldff), then X has the
same property.

The next theorem shows that many of the properties of topological spaces are pre-
served under taking products. As far as compactness is concerned, this is known as
Tichonov theorem:

Theorem B.5.15. Let {X;:i € I} be a family of topological spaces and let X = [];; X; be

endowed with the product topology. Then:

(@) X is compact (respectively, T, Ty, Ty, T5, T55) if and only if every X; has the same
property;

(b) if I is finite, the same holds for local compactness and o-compactness.

Let us mention here that countable compactness, as well as the Lindelff property
and T,, are not stable even under taking finite products.

We add a few more compactness-like properties (see the next section for their con-
nection to the above ones).

Definition B.5.16. A topological space X is:

(i) a Baire space if any countable intersection of dense open sets of X is dense in X;

(ii) of first category if there exist a family {A,,:n € IN} of closed sets of X with empty
interior such that X = e Ans

(iii) of second category if X is not of first category.

Equivalently, a topological space X is a Baire space if any countable intersection
of dense G4-sets of X is still a dense G4-set of X. For example, every countable T;-space
without isolated points is of first category (e. g., Q); indeed, the singletons are closed
sets with empty interior.
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Theorem B.5.17 (Baire category theorem). Every complete metric space is a Baire
space.

In the sequel we prove that locally compact, as well as countably compact spaces,
are Baire spaces.

B.5.3 Relations among compactness-like properties

Here we show the relations among the properties introduced in the previous section
(see the diagram at the end of this subsection). Obviously, a topological space is com-
pact if and only if it is both Lindel6ff and countably compact. Compact spaces are
locally compact and o-compact.

Lemma B.5.18. If X is a 0-compact space, then X is a Lindeldff space.

Proof. Let{U;:i € I} be an open cover of X. Since X is 0-compact, X = (¢, K, where
each K, is a compact subset of X. For every n € IN_, there exists a finite subset F,, of
such that K, € Ujep, Ui. Now J = Uy, Fy is a countable subset of I, and K, < Uiy U;
for every n € N,. Therefore, X =  J;¢; U;. O

Lemma B.5.19. A Baire space X is of second category.

Proof. Assume that X = J,en, 4, Where each 4, is a closed set of X with empty inte-
rior. For every n € N, the set D, = X'\ A, is open and dense in X. Then (o, Dy, is
dense in X, in particular nonempty, so X # (J,en, Ap, @ contradiction. O

According to Theorem B.5.17, complete metric spaces are Baire. Now we prove that
also locally compact spaces are Baire.

Theorem B.5.20. A Hausdorff locally compact space X is a Baire space.

Proof. For every n € N, let D, be a dense open set of X. To show that (e, Dy is
dense in X, fix an open set V # 0 of X. According to Theorem B.5.10, X is a regular
space, so there exists an open set U, # 0 of X with U, compact and U, < V. Since D, is
densein X, U,nD, # 0. Pickx; € U,nD, and let U; be an open set of X with x; € Uj, U;
compactand U; ¢ UynD,. Proceeding in this way, for every n € N, we can find an open
set Uy,; # 0 of X with U,,,; compact and U,,,; € U, N D,,;. Since every U, is compact,
there exists x € (e, U, by Lemma B.5.7(a). Obviously, x € V N [\,e, Dy O
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The above proof works also for complete metric spaces, that is, in Theorem B.5.17,
but the neighborhoods U,, must be chosen each time with diam(U,,) < 1/n. Then the
Cantor theorem (for complete metric spaces) guarantees ), U, #0.

Next we collect all implications between the properties we have discussed so far.

compact
hemicompact loc. compact
o-compact  Lindeloff + c.c. c.c. Baire
l / M ‘l
Lindeloff pseudocompact 2 cat

B.5.4 The Stone-Weierstraf3 theorem

Throughout this book, for a nonempty topological space X we denote by:

—  C(X) the C-algebra of all continuous complex-valued functions on X,

—  C*(X) the C-algebra of all bounded continuous complex-valued functions on X,

—  Cy(X) the C-algebra of all continuous complex-valued functions on X with com-
pact support (i. e., functions vanishing outside of a compact subset of X).

Note that Cy(X) ¢ C*(X). Sometimes we adopt this notation also for a nonempty set
X, assuming silently that X carries the discrete topology, so that C(X) = cX, c *(X) is
the family of all bounded complex-valued functions on X, and C,(X) the family of all
complex-valued functions on X with finite support.

On C*(X) we consider the sup-norm, defined by letting, for every f € C*(X), |f|l =
sup{lf (x)|:x € X}. In particular, if X is a compact space and f € C(X), then f € C*(X),
and so |f|| is well-defined.

Theorem B.5.21 (Stone-Weierstraf} theorem). Let X be a compact space. A C-sub-
algebra A of C(X), containing all constants and closed under complex conjugation, is
dense in (C(X), |-|l) if and only if A separates the points of X.

We need the following local form of the Stone-Weierstraf3 theorem.

Corollary B.5.22. Fora compact space X, f € C(X) can be uniformly approximated by a
C-subalgebra A of C(X) containing all constants and closed under complex conjugation
if and only if A separates the points of X separated by f € C(X).

Proof. The necessity of the condition is obvious, so we only check the sufficiency.
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Denote by G: X — C* the diagonal map of the maps in A. Then Y = G(X) is a
compact subspace of Cc* and, by the compactness of X, its subspace topology coin-
cides with the quotient topology of the map G: X — Y. The equivalence relation ~ in
X determined by this quotient is as follows: x ~ y for x,y € X if and only if G(x) = G(y)
(if and only if g(x) = g(y) for every g € A).

Clearly, every continuous function h: X — C such that h(x) = h(y) for every pair
X,y € X with x ~ y can be factorized as h = h* - G, where h* € C(Y). In particular, this
holds true for all g € A and for f (for the latter case this follows from our hypothesis).

Let A* be the C-subalgebra {h*: h € A} of C(Y). Then A" is closed under complex
conjugation and contains all constants; moreover, it separates the points of Y: ify # y'
in Y withy = Gx),y' = G(X'), x,x' € X, then x + x'; so, there exists h ¢ A with
h*(y) = h(x) + h(x') = h*(y"). Now we can apply Theorem B.5.21to Y and A* to deduce
that we can uniformly approximate f* by functions of A*. This produces a uniform
approximation of f by functions of A. O

B.6 Connected and hereditarily disconnected spaces

Connected sets were introduced by Lennes in 1911 and by Hausdorffin his book Zusam-
menhdngende Mengen in 1914.

Definition B.6.1. A topological space X is connected if every proper clopen set of X is
empty.

Remark B.6.2. It is easy to see that a topological space X is connected if and only
if every continuous function X — {0, 1}, where {0, 1} is equipped with the discrete
topology, is constant.

Example B.6.3. The space R is connected. Moreover, a subset X of R is connected if
and only if it is an interval. The same occurs in T.

LemmaB.6.4. (a) A continuous image of a connected space is connected.
(b) The closure of a connected set is connected.

Proof. (a) follows easily from the definition.

(b) Let D be a dense connected subset of a topological space X. If f: X — {0,1} is
continuous, then f is constant on D, and consequently also on X by Theorem B.3.4.
So, X is connected by Remark B.6.2. O

Lemma B.6.5. Let X = | J;;; X; be a topological space, where each X; is a subspace of X.
If Nier X; # 0 and each X; is connected, then X is connected.

Proof. Let f:X — {0,1} be a continuous function. By Remark B.6.2, for every i € I,
f Ix, is constant. Since there exists a common point to all X;, this constant is common
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for all the subsets X;. Consequently, f is constant as well, hence X is connected by
Remark B.6.2. O

The same argument proves that if {C;:i € I} is a family of connected subspaces of
a topological space X having a common point, then the set  J;; C; is connected.

Lemma B.6.5 and the above comment imply that, for a topological space X, for
every x € X thereisalargest connected subset C, of X with x € C,, called the connected
component of x in X. In view of Lemma B.6.4, each C, is a closed set of X, and {C,: x € X}
is a partition of X.

Definition B.6.6. A topological space X is:
(i) hereditarily disconnected if every connected component of X is a singleton;
(ii) zero-dimensional if X has a base of clopen sets; we denote this by dim X = 0.

Example B.6.7. In R, clearly, Z is zero-dimensional since it is discrete. Moreover, Q is
zero-dimensional since {(a, b)) N Q: a, b € R\ Q} is a base of clopen sets of the topology
induced on Q by R.

Zero-dimensional Tj-spaces are T35 and hereditarily disconnected (as every
point is an intersection of clopen sets). Hereditary disconnectedness and zero-di-
mensionality are preserved under taking subspaces and products:

Theorem B.6.8. Let {X;:i € I} be a family of topological space and let X = [[;; X; be
endowed with the product topology. Then X is hereditarily disconnected (respectively,
connected, zero-dimensional) if and only if every X; is hereditarily disconnected (respec-
tively, connected, zero-dimensional) for every i € I.

In a topological space X, for a point x € X, the quasicomponent Q, of x is the
intersection of all clopen sets of X containing x, namely,

Q, = ﬂ{O € X:x € 0, O clopen}.

Since, for every x € X, x € C, < O whenever O € X is clopen, C, < Q,.

Definition B.6.9. A topological space X is totally disconnected if all quasicomponents
are trivial.

In particular, for T, topological spaces, the following implications hold:
zero-dimensional = totally disconnected — hereditarily disconnected.

These implications become equivalences for locally compact spaces:

Theorem B.6.10 (Vedenissov theorem). Every hereditarily disconnected locally com-
pact space is zero-dimensional.

Actually, one can say something more precise for compact spaces:
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Lemma B.6.11 (Shura-Bura lemma). Inacompact space, the quasicomponents and the
connected components coincide.

B.7 Exercises

Exercise B.7.1. Let X, Y be nonempty sets and f: X — Y a map. Prove that:

(a) if Fis afilter on X, then f(F) = {f(F):F € F}is a filter base on Y;

(b) if Fis afilter on Y and f is surjective (or, more generally, 7 U {f(X)} has the finite
intersection property), then f LF) = {if YF:FeF } is a filter base on X.

Exercise B.7.2. Let X be a nonempty set. Prove that every filter 7 on X is contained in
some ultrafilter.

Hint. Apply the Zorn lemma to the ordered by inclusion set of all filters of X containing F.

Exercise B.7.3. Prove that if x is an adherent point of an ultrafilter ¢/ of a topological
space X, then x is also a limit point of /.

Exercise B.7.4. Let X, Y be topological spaces, M a subset of X, and f:X — Y a con-

tinuous map. Prove that:

(@) fIy:M — Y is continuous;

(b) if f:X — Y is a homeomorphism, then also M and f(M) are homeomorphic (so,
being homeomorphic is preserved by taking restrictions to subspaces);

(c) if f:X — Y is injective and open (respectively, closed, an embedding), then also
f ly:M — f(M) is open (respectively, closed, an embedding) (in other words,
also the properties “open”, “closed”, and “embedding” of an injective map are
preserved by restrictions);

(d) the composition of continuous maps is a continuous map;

(e) provide an example of topological spaces X, Y,anopenmap f:X — Yand M c X,
such that f [: M — f(M) is not open.

Exercise B.7.5. Prove that | - |,d(-), w(-), x(-), ¥(-) are cardinal invariants of topo-
logical spaces.

Exercise B.7.6. Let X be a set, {(Y;,1;):i € I} a family of topological spaces, and for

everyi € I, letf;: X — Y;beamap. The topology 7 on X having as a prebase {fi"l(U ):U ¢

Y; open, i € I} is called initial topology of the family {f;:i € I}. Prove that:

(@) everymap f;: (X, 1) — (Y;,1;) is continuous;

(b) T is the coarsest topology on X with the property in (a);

(c) the product topology of X = [];;(X;, T;) coincides with the initial topology of the
family {p;:i € I} of all projections p;: X — X; fori € I;
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(d) ifI = {0} and f,:X — Y, is an injective map, then the topology on X induced
by the subspace topology of f,(X) in Y,, coincides with the initial topology of the
family {f,}.

Exercise B.7.7. Let X be a set, let {(Y;,7;):i € I} be a family of topological spaces and,

for everyi € I, let f;: Y; — X be a map. The topology T on X having as open sets all the

sets U ¢ X such that fi‘l(U) is open in Y; for every i € I, is called final topology of the

family {f;:i € I}. Prove that:

(@) every map f;: (Y;, 7;) — (X, 1) is continuous;

(b) T is the finest topology on X with the property in (a);

(c) the coproduct topology of X = | |;;(X;, T;) coincides with the final topology of the
family {i;:i € I} of all inclusions ;: X; — X fori e I;

(d) ifI = {0} and f,: Y, — X is a surjective map, then the quotient topology on X
induced by f; coincides with the final topology of the family {f,}.

Exercise B.7.8. Prove that the only convergent sequences with limit point the common
point O of the fan V (see Example B.4.4) are those that are eventually contained in the
sets q({0,...,n} x[0,1]), where g: X = N x [0,1] — V = X/_ is the canonical projection.

Exercise B.7.9. For a topological space X and x € X, let V, = (| V(x). Prove that:

(@) XisT,ifand onlyif V, n {x} = {x} for every x € X; conclude that X is indiscrete if
and only if V,, = {x} for every x € X;

(b) if X is an Alexandrov Ty-space and x,y € X,y € {x}ifand only if x € Vs

(c) fora Ty-space (X,7) and x,y € X, putting x <, y whenever y € {x}, <, is a partial
order on X; this is called specialization order (some authors prefer to use this name
for the dual order).

Exercise B.7.10. For a partially ordered set (X, <), let 741 be the topology having as a
base the family of all downward closed sets Bof X (i.e.,if b ¢ Band a < b, thena € B
as well). Show that 747 is a topology on X which is Alexandrov and T,; the topology
747 is usually named Alexandroff—Tucker topology.

Moreover, the specialization order of the topological space (X, 747) coincides with
<, and 747 is the finest topology on (X, <) with this property.

Exercise B.7.11. Let X be a topological space. Show that for every subset Y of X the set
Int(Y) is a regular open set and deduce from this that every regular space has a base
(and local bases at each point) consisting of regular open sets.

Exercise B.7.12. Let X, Y be topological spaces such that Y is Hausdorff. Prove that if
f,g:X — Y are continuous maps, then {x € X:f(x) = g(x)} is closed in X.
Hint. Let N = {x € X:f(x) # g(x)}. Letz € N and let U, V be disjoint open sets of Y with f(z) € U and

g(z) € V. Then f"l(U) n g'l(V) is an open neighborhood of z contained in N. Thus, N is a union of
open sets, so open.
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Exercise B.7.13. Show that a locally compact o-compact space X is hemicompact.

Hint. Use the definitions. If X is Hausdorff, then X is Tichonov by Theorem B.5.10(c), so one can con-
sider the one-point compactification of X.
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C Background on categories and functors

C.1 Categories

Definition C.1.1. A category X consists of:

(i) aclass Ob(X) whose members X are called objects of the category;

(i) aclass Hom(x) of morphisms f, so that each f has a domain X; and codomain X,
belonging to Ob(X), and the morphisms with domain X; and codomain X, form
a set Hom y (X, X;) for every ordered pair (X;, X,) of objects of X'; a morphism f ¢
Hom , (X;, X,) is usually written as f: X; — X, (or shortly as f);

(iii) an associative composition law o: Hom y (X,, X5) x Hom 4 (X;, X,) — Hom » (X;, X3),
for every ordered triple (X;, X,, X3) of objects of X, that associates to every pair of
morphisms (f, g) € Hom y (X,, X3)xHom y (X;, X,), amorphism fog € Hom y (X;, X3)
called composition of f and g.

The following conditions must be satisfied:

(1) the sets Hom (X, X') and Hom (Y, Y’) are disjoint if the pairs of objects (X, X")
and (Y, Y") of X do not coincide;

(2) foreveryobject X of X there exists amorphismidy € Hom y (X, X) such that idyof =
fand g oidy = g for every f € Hom (X', X) and g € Hom (X, X").

Example C.1.2. The following categories are frequently used in this book:
(a) Set - sets and maps;

(b) Vecty — vector spaces over a field K and linear transformations;

(c) Grp - groups and group homomorphisms;

(d) AbGrp - abelian groups and group homomorphisms;

(e) Rng - rings and ring homomorphisms;

(f) Rng; — unitary rings and homomorphisms of unitary rings;

(g) Top - topological spaces and continuous maps.

Definition C.1.3. A morphism f:X — Y in a category X is:

(i) anisomorphism if there exists a morphism g: Y — X in X such that g o f = idy and
feog=idy;

(ii) an epimorphism (or, right cancellable) if for every pair of morphisms g, h:Y — Z
in X withgof =hofonehasg=h;

(iii) a monomorphism (or, left cancellable) if for every pair of morphisms g, h: Z — X in
X withfog=fohonehasg = h;

(iv) a bimorphism if it is simultaneously an epimorphism and a monomorphism.

If M, X are objects of a category X and m: M — X is a monomorphism, one often
refers to M (and the monomorphism m) as a subobject of X.

https://doi.org/10.1515/9783110654936-019
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Nevertheless, in some cases, as typically in Top, a smaller class of monomor-
phisms is more adapted to be treated as subobject:

Example C.1.4. In Set, Vecty, Grp, AbGrp, and Top, the epimorphisms are precisely
the surjective morphisms, while the monomorphisms are precisely the injective mor-
phisms. Usually, as subobjects in Top one takes only those monomorphisms that are
topological embeddings.

We give below further examples to show that an epimorphism need not be surjec-
tive and that a monomorphism need not be injective (wWhenever “surjective” or “injec-
tive” still may make sense).

For a nonempty family of objects 7 = {X;:i € I} in a category X, an object X of X is
aproduct of this family of objects if there exists a family of morphisms {p;: X — X;:i € I}
(often referred to as projections) such that for every family of morphisms {f;: Y — X;:i €
I} in X there exists a unique morphism f: Y — X in X such that f; = p; - f for every
i € I. The product X is often denoted by [[;¢; X;.

f
Y —X= HieIXi

\ |»

X;

Dually, the coproduct of the family F is the object X of X’ provided with a family of
morphisms {v;: X; — X:i € I} such that for every family of morphisms {f;: X; — Y:i € I}
in X there exists a unique morphism f: X — Y such that f; = f o v; for every i € I. The
coproduct X is usually denoted by [ [;; X;.

f
X=1ligXi—=Y

| A

X;

Both products and coproducts are uniquely determined up to isomorphism.

When the family F is empty, its product T has the simple property that
[Hom(X,T)| = 1 for every object X in X. The uniquely determined object T with
this property is called a terminal object. Dually, the coproduct I of the empty family
has the dual property |[Hom(I, X)| = 1 for every object X in X. The uniquely determined
object I with this property is called an initial object.

Clearly, products and coproducts (in particular, terminal and initial objects) need
not exist in general.

Example C.1.5. (a) In Set the product is the Cartesian product equipped with its
canonical projections. In Vecty, Grp, and AbGrp, the product is the direct prod-
uct, while in Top the product is the topological product. In all these cases the
canonical projections accompany the product.
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(b) In Set the coproduct of a nonempty family of sets {X;:i € I} is the disjoint union
| lier Xi» in Top it is the coproduct [ [;; X; with the coproduct topology. In both
cases the morphisms v;: X; — [[;; X; are the canonical inclusions.

(c) The coproduct of a family of objects {X;:i € I} in Vecty and AbGrp is simply the
direct sum €P;; X; equipped with the canonical inclusions v;: X; — P;; X;.

We say that a category ) is a subcategory of a category X if Ob(Y) <€ Ob(X) and
Hom,,(Y,Y’) ¢ Hom (Y, Y') for any pair Y, Y’ € Ob()). Moreover, the subcategory
of X is said to be a full subcategory of X' if Hom,,(Y, Y') = Hom, (Y, Y') for any pair
Y,Y' € Ob(Y).

Compare the following example with Remark C.2.18.

Example C.1.6. (a) AbGrp is a full subcategory of Grp.

(b) The class 7; (respectively, 7;) of all torsion (respectively, torsion-free) abelian
groups and group homomorphisms is a full subcategory of AbGrp.

(c) Similarly, the class 7g;y (respectively, Fg;,) of all divisible (respectively, reduced)
abelian groups and group homomorphisms is a full subcategory of AbGrp.

(d) For every m € IN,, the class AbGrp,, of all abelian groups G with the property
G = G[m] and group homomorphisms is a full subcategory of 7;.
Some of these subcategories (as AbGrp, F;, Fgiy> and AbGrp,,) are stable under

taking direct products and subgroups, while others (as AbGrp, 7;, T4iv> and AbGrp,,)

are stable under taking direct sums and quotients.

There is a series of full subcategories of Top determined by separation axioms,
the most prominent among them is Top,, having as objects all Hausdorff spaces. Sim-
ilarly, one defines Top; fori € {0,1, 3, 3.5, 4}. All Top;, for i + 4, are stable under taking
direct products and subspaces. We see below that this stability property determines a
relevant global property of the subcategory in question.

Example C.1.7. Here come examples where the epimorphisms and monomorphisms

are not precisely what one may expect.

(@) In F; the epimorphisms are precisely the group homomorphisms f: G — H such
that f(G) is an essential subgroup of H (e. g., the nonsurjective inclusion map Z —
Q is an epimorphism in 7).

(b) In the category Tg;, the noninjective quotient homomorphism Q — Q/Z is a
monomorphism.

(c) Fori € {2,3,3.5}, in the full subcategory Top; of Top the nonsurjective embedding
Q — Ris an epimorphism. More generally, a continuous map f: X — Y in Top; is
an epimorphism if and only if f(X) is dense in Y.

Definition C.1.8. A full subcategory U of Grp is called a variety (of groups) if U is stable

under taking subgroups, direct products, and quotients. In such a case, U N AbGrp is
called a variety of abelian groups.
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In particular, AbGrp is a variety of groups.
The notion of a variety can be introduced also by using identities in a group:

Remark C.1.9. Let F be the free group with countably many free generators, namely,
{x,:n € N}, and denote by 1 its neutral element. An element w = xl.el1 - ~xl.€n" € F\ {1},
with e, € {1, -1} fork € {1,...,n} and ¢; # —€;,; whenever x; = x;,, fork € {1,...,n-1},
is usually referred to as a word (in the alphabet {x,:n € N, }).

We say that the identity w = 1 holds in a group G if for every homomorphism
f:F — G one has f(w) = e;. For example, the identity [x;,x,] = 1 holds in every
abelian group G.

It is easy to see that, for every identity w = 1, the class U, of groups G where it
holds forms a variety. More generally, if W is a set of words in F, then the class Uy, of
groups G, where the identity w = 1 holds for every w € W, is a variety which obviously
coincides with (,,cy Dy,

According to a theorem of Birkhoff, every variety of groups U can be obtained in
this way, i. e., there exists a set of words W in F such that ¥ = Gy, .

C.2 Functors

Definition C.2.1. Consider two categories X and ). A covariant (respectively, con-
travariant) functor F: X — Y assigns to each object X of X an object FX of ) and to
each morphism f: X — X' in X a morphism Ff: FX — FX' (respectively, Ff:FX' — FX)
such that

Fidy =id;y and F(gof)=FgoFf (respectively, F(gof)=Ff<Fg)

for every pair of morphisms f:X — X' and g: X' — X" in X. A functor F: X — Y with
X =Y is named endofunctor (of X).

For a category X, denote by 1, the functor 1,: X — X such that
1y(X)=X foreveryX ¢ Ob(X) and 14(f)=f foreveryf e Hom(X).

IfF:X - Yand G:Y — Z are functors, let G - F: ¥ — Z be the functor defined by
letting (G - F)X = G(FX) for every object X in X and (G - F)f = G(Ff) for every morphism
f in X. It is easy to see that the functor G - F is covariant whenever both functors are
simultaneously covariant or contravariant, otherwise the functor G-F is contravariant.

A functor F: X — Y defines a map Hom (X, X") — Hom,,(FX, FX') for every pair
(X, X") of objects of X'. We say that Fis faithful (respectively, full) if for every pair (X, X')
of objects of X the above map is injective (respectively, surjective).

If Y is a subcategory of a category X, then the inclusion I: ) — X is a covariant
functor. It is full precisely when the subcategory is full.
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Definition C.2.2. A category X is concrete if it admits a faithful functor U: X — Set. In
such a case the functor U is called forgetful.

All examples above are concrete categories.

Example C.2.3. (a) Foreveryabelian group G, the group G/t(G) is torsion-free (see Ex-
ercise A.7.1), and for every morphism f: G — H in AbGrp, one has an induced ho-
momorphism f: G/t(G) — H/t(H) between torsion-free abelian groups. Therefore,
the assignments G + G/t(G) and f  f define a covariant functor AbGrp — ;.
Similarly, the assignment G — ¢(G) defines a covariant functor AbGrp — T, by
assigning to every morphism f: G — H in AbGrp its restriction f [;): £(G) — t(H).

(b) For every abelian group G, the group G/div(G) is reduced (see Theorem A.4.3) and
the assignment G — G/div(G) defines, as in (a), a covariant functor AbGrp —
Fdiv-

On the other hand, as in (a), the assignment G — div(G) induces a covariant func-
tor AbGrp — Tgjy-

(c) For every abelian group G, the quotient G/G' is residually finite (see Exercise
A.7.11), and for every morphism f:G — H in AbGrp one has an induced homo-
morphism f: G/G' — H/H! between residually finite abelian groups. Hence, the
assignment G — G/G' induces a covariant functor from AbGrp to its full subcat-
egory ResFinGrp of residually finite abelian groups.

The next important notions connect two “parallel” functors.

Definition C.2.4. Let X', Y be categoriesand F,F': X — ) be covariant functors. A natu-
ral transformation y from F to F' assigns to each object X of X a morphism yy:FX — F'X
such that for every morphism f: X — X; in X the following diagram is commutative:

ii
X —— FX,

Yxl lm

FX —— FX,
Ff
A natural equivalence is a natural transformation y such that each yy is an isomor-
phism.

These notions allow us to define equivalence (respectively, duality) of categories
as follows. This is a pair of covariant (respectively, contravariant) functors F: X — )
and G: Y — X such that there exists a pair of natural equivalences n:1,, — G - Fand
€:F-G — 1. In case X = Y and the contravariant functors F = G coincide, we say that
F is an involutive duality.
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C.2.1 Reflectors and coreflectors

Beyond the inclusion functor I: Y — X, where Y is a subcategory of the category X,
other frequently used functors are the reflectors and the coreflectors defined below.
For the sake of simplicity, in the sequel we do not use I, so we write Y (respectively, f)
in place of 1Y (respectively, If) for an object Y (respectively, morphism f) of ).

Definition C.2.5. For a subcategory ) of a category X', we say that:

(a) afunctor R: ¥ — Y isareflector if there exists a natural transformation y: 1, — R
such that R coincides with 1), on Y (i.e., RY = Y for every object Y of Y and Rf = f
for every morphism f of V);

(b) afunctor C: X — Y is a coreflector if there exists a natural transformation n: C —
1 such that C coincides with 1, on ).

In particular we have the following commutative diagrams, where f:X — Y isa
morphism in X with codomain Y an object of ), and g:Y — X is a morphism in X
with domain Y in V:

RY=Ye)y CY=Y

Very often, the reflectors are actually epireflectors (i.e., all yy are epimorphisms),
while the coreflectors are most often monocoreflectors (i.e., all ny are monomor-
phisms).

A full subcategory YV of a category X is called (epi)reflective if there is an (epi)re-
flector R: X — Y. This means that for each object X of X there exist an object RX of )V
and a morphism yx: X — RX in X such that for each morphism f: X — Y in X to an
object Y of ) there exists a unique morphism Rf:RX — Y in Y with Rf o yx = f. The
morphism yy (and sometimes, only RX) is referred to as being the Y-reflection of X.

Remark C.2.6. The Y-reflection yx: X — RX is unique (up to isomorphism) with the
above property, in the following sense. If for every X € X a morphism hy: X — Ky in
X with Ky € Y is assigned such that for every morphism f: X — C where C € ), there
exists a unique morphism f": Ky — Cwith f'ohy = f, then there exists an isomorphism
s:RX — Ky such that s o yx = hy (see Exercise C.3.16).

Similarly is defined a (mono)coreflective subcategory. In many cases some natu-
ral stability properties of a subcategory turn out to be equivalent to epireflectivity or
monocoreflectivity (see Exercises C.3.18 and C.3.19).

Example C.2.7. (a) The covariant functor AbGrp — F; defined by the assignment
G — G/t(G) in Example C.2.3(a) is an epireflector with natural transformation
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y defined by letting y;: G — G/t(G) be the canonical projection. The covariant

functor AbGrp — 7; defined there by G — t(G) is a monocoreflector, with natural

transformation n defined by letting each ;: t(G) — G be the inclusion of ¢(G) in G.
(b) The covariant functor AbGrp — Fyg;, defined by the assignment G — G/div(G)

in Example C.2.3(b) is an epireflector with natural transformation y defined by

letting each y;: G — G/div(G) be the canonical projection; on the other hand,

the covariant functor AbGrp — 7g;, defined by the assignment G — div(G) is a

monocoreflector with natural transformation defined by letting each n;: div(G) —

G be the inclusion of div(G) in G.

(c) The covariant functor AbGrp — ResFinGrp defined in Example C.2.3(c) by the
assignment G — G/G' is an epireflector with natural transformation y defined by
letting each y;: G — G/G' be the canonical projection.

Unlike items (a) and (b), in (c) we did not mention anything about the assign-
ment G — G'. Indeed, it need not be a coreflector, as the subgroup G' need not satisfy
(GY! = G'. Actually, an abelian group G satisfies G = G! if and only if G = div(G), that
is, G is divisible. We further discuss this issue in §C.2.2.

A very natural and useful epireflection in Top is obtained as follows:

Example C.2.8. For a topological space X, set x ~ y for x,y € X when x € {y} and
y € {x}. This binary relation is an equivalence relation on X. The quotient ToX = X/.
is a T,-space. Moreover, for every continuous map f: X — Z, where Z is a T,-space,
there exists a unique continuous map f': ToX — Z with f = f' o yx, where yx: X — ToX
is the canonical projection. Therefore, the assignments X — TyX and f — T,f, where
Tof = (yx of)’, define an epireflector To: Top — Top, with natural transformation y.

The (co)reflectors in all cases above were built explicitly. Now we give a simple
construction of (epi)reflectors in Top that is not explicit. The same construction can
be carried out also in Grp and AbGrp for a subcategory stable under taking subgroups
and direct products.

Theorem C.2.9. Let A be a subcategory of Top stable under taking subspaces and prod-
ucts. Then there exists an epireflector R: Top — A.

Proof. We show that every topological space X admits a continuous surjective map
ry: X — RX, where RX ¢ A and for every continuous map f: X — Z with Z € A, there
exists a unique continuous map f':RX — Z with f = f’ o ry; in other words, f' = Rf.
Fix a set {f: X — A;:i € I} of representatives of all continuous surjective maps
X — Awith A € A (i. e., for every continuous surjective map f: X — A with A € A there
existi € I and a homeomorphism £:A; — Asuchthatf = & o f;). Let g: X — [];; A; be
the diagonal map of the family {f;:i € I}, and let RX be the image g(X) equipped with
the topology induced by the product. Then ry: X — RX has the desired proprieties.
Indeed, if f: X — Z is a continuous surjective map and Z € A, then there existsi € I
such that f coincides with f; up to homeomorphism, so Z = A; up to homeomorphism.
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Hence, we can take as f": RX — Z = A, the restriction of the projection p;: [[;c; 4; — 4;
to RX. In case f: X — Z is not surjective, apply the above argument to the surjective
map f: X — f(X). O

In particular, for A = Top; with i € {0,1,2,3,3.5} one obtains an epireflection
T;: Top — Top; relative to the subcategory Top; of Top. For a topological space X, we
call T;-reflection of X the space T,X; the T,-reflection (respectively, T; s-reflection) of X
is called also Hausdor(f reflection (respectively, Tichonov reflection) of X.

We omit the proof of the next theorem which is similar to that of Theorem C.2.9.

Theorem C.2.10. Let A be a subcategory of Top stable under taking closed subspaces
and products. Then every topological space admits a continuous map with dense image
vx:X — RX, where RX € A and for every continuous map f:X — Z, with Z € A, there
exists a unique continuous map f':RX — Z with f = f' o yx. In other words, R: Top — A
is a reflector.

Remark C.2.11. In case A is the class of compact Hausdorff spaces, the theorem gives
the Cech-Stone compactification RX = BY of the Tichonov reflection Y = T; X of the
topological space X. In this case R is a reflector, but not an epireflector, since the maps
Yx: X — RX need not be surjective.

C.2.2 Reflectors and coreflectors vs (pre)radicals in AbGrp

Definition C.2.12. A preradical r in AbGrp is an assignment of a subgroup rG to every
abelian group G, in such a way that if f: G — H is a homomorphism in AbGrp, then
f(xG) c rH. Call a preradical r:

(i) idempotent if x(xrG) = rG for every abelian group G;

(ii) radical if ¥(G/xG) = {0} for every abelian group G;

(iii) hereditary if ¥(H) = H N rG for every abelian group G and H < G.

Example C.2.13. The property (A.10) in the proof of Proposition A.4.6 shows that let-
ting ¥G = G' for every abelian group G defines a preradical, which is not idempotent
(see Example C.2.7(c)).
Similarly, one checks that the subgroups of an abelian group G listed below give
rise to preradicals with specific properties:
(@) t(G)induces a hereditary radical;
(b) div(G) induces an idempotent radical that is not hereditary;
(c) Soc(G), as well as G[p] for p a prime, induces an hereditary preradical that is not
aradical;
(d) mG, for every m € N, induces a nonidempotent radical.
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Definition C.2.14. For a preradical r in AbGrp, call an abelian group G r-torsion-free
(respectively, r-torsion) if ¥G = 0 (respectively, if G = ¥G). Denote by 7, (respectively,
7T,) the full subcategory of AbGrp with objects the r-torsion-free abelian groups (re-
spectively, the r-torsion abelian groups).

Exactly as in the proof of Proposition A.4.6, one can show that for every direct
product H = [];.; H; of a family {H;:i € I} of abelian groups,

rH = r<HHi> < []rH, (C.1)

iel iel
by applying the definition of preradical to the canonical projections of the product.

Remark C.2.15. For a preradical r in AbGrp, clearly 7, is stable under taking sub-
groups. From (C.1) one can deduce that 7, is stable also under taking products. On
the other hand, one can see that 7; is stable under taking direct sums and quotients
(but need not be stable also under taking subgroups or products).

Remark C.2.16. (a) Ifris a preradical in AbGrp, the assignment G — rG induces a
covariant functor by letting also, for a morphism f: G — H in AbGrp,

tf =f [,c:¥G — rH.

This functor has a special property, namely, there is a natural transformation
Y:¥ — lapgrp Such that y:¥G — G is a subgroup embedding for every abelian
group G. Nevertheless, r is not a coreflection in general; indeed, it is a coreflection
if and only if r is idempotent.

Vice versa, if C: AbGrp — ) € AbGrp is a monocoreflector, then putting rG = CG
for every abelian group G (i. e., assuming that CG is simply a subgroup of G) one
obtains an idempotent preradical r and Y = 7.

(b) Similarly, a preradical r in AbGrp gives rise to another covariant functor defined
by the assignment G — G/rG for every abelian group G; in fact, every morphism
f:G — H in AbGrp gives rise to a morphism f: G/rG — H/rH in AbGrp. Since
r(G/xG) = O for all abelian groups G precisely when r is a radical, we deduce that
the functor G — G/rG is a reflector precisely when r is a radical.

On the other hand, if R: AbGrp — Y € AbGrp is an epireflector with natural trans-
formation y, then putting ¥rG = kery, for every abelian group G, where y;:G —
RG, one gets a radical of AbGrp, such that G/rG =RG € Y, i.e., Y = F,.

We resume our observations from Remark C.2.16 in the following:

Theorem C.2.17. Every epireflective subcategory of AbGrp has the form F, for some
radical r, while every monocoreflective subcategory of AbGrp has the form 7T, for some
idempotent preradical r.
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Consequently, the epireflective subcategories of AbGrp are stable under taking di-
rect products and subgroups, while the monocoreflective subcategories of AbGrp are
stable under taking direct sums and quotients.

We conclude by noting that if r is an idempotent radical in AbGrp, then the pair
of subcategories (7;, F;) has the following properties:
(@ TynF ={{0}};
(b) every morphism 7, > T — F € F, is zero;
(c) every abelian group G has a subgroup T € 7, such that G/T € F;;
(d) the class 7, is stable under taking extensions, direct sums, and quotients;
(e) the class F; is stable under taking extensions, direct products, and subgroups.

Remark C.2.18. A pair (7, F) of full subcategories of AbGrp with the properties
(a)-(e) above is called a torsion theory. Leading examples to this effect are the pairs
(Te» Ft) and (Tgiy> Faiv)> Namely, the radicals t = ¢(-) and div = div(-).

Every torsion theory (7, F) has this form for an appropriate idempotent radical r,
thatis, 7 = 7; and F = F,. (Just note that the subgroup T of a group G, as of item (c),
is uniquely determined, and put ¥G = T. The remaining properties imply that r is an
idempotent radical with 7, = 7 and F, = F.)

C.2.3 Contravariant Hom-functors

The functors in the previous subsection were all covariant. Here we give a series of
examples of contravariant functors.

Example C.2.19. The simplest example is the contravariant functor P:Set — Set,
which takes each set X to its power set P(X) and each function f: X — Y to its inverse
image map P(f): P(Y) — P(X), B — f'(B).

In this example one can obtain P(X) as a “function space”, identifying the ele-
ments of P(X) with functions X — D = {0, 1}. More precisely, P(X) > A — y, € DX,
where y, is the characteristic function of A ¢ X. Moreover, under this identification,
foramap f:X — Y and B € P(Y), P(f)(xs) = X-15) =XB °f-

In the language of category theory, D¥ is Hom(X, D) in Set. Hence, in the above
example we obtain P(X) as the Hom-set Hom(X, D). This is the leading idea behind
the following fundamental notion.

Definition C.2.20. A representable functor F: X — Set is defined by F(X) = Hom(X, D)
for some fixed object D of the category X and F(f): F(Y) — F(X) foramorphismf:X — Y
in X, defined by F(f)(g) = g o f for every g € Hom(Y, D).

In all examples that follow the Hom-set Hom(X, D) has also some additional struc-
ture that allows one to consider it as an object of some concrete category ), obtaining
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in this way a functor F: X — Y such that the composition with the forgetful functor
U:Y — SetgivesF=U-F.

Example C.2.21. Let K be a field and X = Vecty. Now for every object V in X, the
set Hom(V, K) carries an obvious structure of K-vector space, usually called the dual
vector space of V. Put V* = Hom(V, K) equipped with this structure.

We get a contravariant functor *: ¥ — X by assigning V* to every V in X, while
to every f: V. — W we assign the morphism f*: W* — V* defined as above by letting
f (@) =q@-of forevery ¢ € W*.

There is a natural transformation a:1,, — **, where we denote by ** the com-
position of * with itself: a is given by the evaluation map ay: V — V** defined by
ay(V)(x) = x(v) foreveryv € V and every y € V*.

It is well known that ay is an isomorphism precisely when dimy V' < oco. More
precisely, if Y denotes the full subcategory of X' of all finite dimensional vector spaces,
then * gives an involutive duality ) — ).

Example C.2.22. Let D = {0, 1} be the discrete doubleton. For every topological space
X, the set Hom(X, D) of all continuous functions is also a Boolean ring (recall that a
unitary ring B is Boolean if x> = x for every x € B): in fact, D can be provided with
the ring structure inherited by the identification D = Z/2Z. An equivalent way to get a
Boolean ring structure on Hom(X, D) is to observe that Hom(X, D) is (identifying each
f € Hom(X, D) with its clopen support) isomorphic to the Boolean ring B(X) of all
clopen sets of X with the operations of symmetric difference and intersection. There-
fore, one finds a contravariant functor

B: Top — BRng,

where BRng is the full subcategory of Rng; with objects all Boolean rings, by assigning
also to each morphism f:X — Y in Top its inverse image map B(f): B(Y) — B(X),
A fY(A) for A € B(Y).

On the other hand, for every B ¢ BRng the set Hom(B, Z/2Z) coincides, up to
natural bijection (identifying each f ¢ Hom(B, Z/27) with ker f), with the set Spec B
of all prime ideals of B (note that in a Boolean ring a prime ideal is also maximal).
It is well known that on Spec B one can consider its Zariski topology: a base of this
topology is given by the sets O, = {p € SpecB:b ¢ p}, with b € B; in particular,
each 0, is clopen. Then Spec Bwith its Zariski topology is a zero-dimensional compact
Hausdorff space. Therefore, also in this case the assignment B — Hom(B, Z/2Z) gives
rise to a contravariant functor BRing — Top. This coincides with the restriction of the
contravariant functor Spec from the category of all commutative unitary rings to Top,
so we still keep on denoting it by

Spec: BRing — Top.
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Actually, the range of the restriction Spec: BRng — Top is the full subcategory
StoneSp of Top consisting of Stone spaces (i. e., zero-dimensional compact Hausdorff
spaces). It can be verified that B(Spec(4)) = A for every A € BRng, and that X is home-
omorphic to Spec(B(X)) for every X € StoneSp. Both isomorphisms induce natural
transformations, respectively

Igrng — B-Spec and Igionesp — Spec-B.

What we have described above can shortly be summarized by saying that the pair
of functors Spec and B gives a duality between the categories BRing and StoneSp,
known as Stone duality.

This is triggered by Hom-sets with target the very special double-faced object D =
7,/27. carrying both a structure of a compact Hausdorff space D and also a structure
of a two-point Boolean ring Z/2Z. This allows one to enrich the structure of the corre-
sponding Hom-sets Hom(X, D) and Hom(B, Z/27.), respectively, from a set to a Boolean
ring or Stone space, respectively: making use of the identification D = Z,/2Z, by the ob-
vious inclusions Hom(X, D) ¢ Z/ZZX and Hom(B, Z,/27.) ¢ DB , we get that Hom(X, D)
is a Boolean ring (as products and subrings of Boolean rings are Boolean) and that
Hom(B, Z/27) is a Stone space (since it results to be a closed subspace of the zero-
dimensional compact Hausdorff space D). Due to this double-faced appearance of
this object D = Z/27Z., it was very appropriately named schizophrenic object by Peter
Johnstone.

C.3 Exercises

Exercise C.3.1. Determine the terminal and initial objects in the categories Set, Vecty,
Grp, AbGrp, and Top.
Hint. In Vecty, Grp, and AbGrp the initial and terminal object coincide with the trivial group (vector

space). In Set and Top the initial object is the empty-set (space), while the terminal object, denoted
by T in the sequel, is the singleton set (in Top equipped with the unique topology on T).

Exercise C.3.2. Build forgetful functors Vecty — AbGrp, Rng — AbGrp.

Exercise C.3.3. Show that:
(@) AbGrp and AbGrp,,, for m € IN,, are all varieties of abelian groups;
(b) for every m € IN,, the nilpotent groups of class < m form a variety.

Exercise C.3.4. For a natural number m > 1, the variety of groups B,, satisfying the
identity x™ = 11is called a Burnside variety. Show that 3,, is an epireflective subcate-
gory of Grp and build an explicit epireflection B,,: Grp — B,,.

Exercise C.3.5. Show that the nilpotent groups of class 2 form a variety of groups N,
and build an explicit epireflection Grp — A/.
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Exercise C.3.6. Show that the metabelian groups form a variety R, and build an ex-
plicit epireflection R: Grp — R,.

Is the group S, metabelian? Compute RS,. What about Ss, or more generally, S,
forn > 4?

Exercise C.3.7. (a) Isthe subcategory A of all nilpotent groups reflexive in Grp? Is it
a variety?

(b) Is the subcategory R of all solvable groups reflexive in Grp? Is it a variety?

(c) Is the subcategory Ry, of all residually finite groups a reflective subcategory in
Grp? If yes, then build an explicit reflection. Is Ry, a variety?

Exercise C.3.8. Let r be a preradical in AbGrp. Show that for every G € AbGrp the
subgroup rG is fully invariant (i. e., f(xG) ¢ rG for every endomorphism f: G — G).

Exercise C.3.9. Introduce a partial order in the class PR(AbGrp) of all preradicals in
AbGrp by letting ¥ < s for r,s € PR(AbGrp) whenever rG < sG for every abelian
group G.

(a) Show that PR(AbGrp) is a large complete lattice where, for a family {r;:i € I} of
preradicals in ABGrp, \/;; r; and A, 1; are defined by (\/;; 1;)G = Y;; ¥;(G) and
(Nie1 )G = (ie; X;G for every abelian group G.

(b) Describe the top and bottom elements 1 and 0 of PR(AbGrp).

(c) Show that the subclass RAD(AbGrp) of PR(AbGrp) consisting of all radicals is
stable under meet and deduce that every preradical r admits a smallest radical
r,, larger than r (called, radical hull of r).

(d) Show that the subclass IPR(AbGrp) of PR(AbGrp) consisting of all idempotent
preradicals is stable under join and deduce that every preradical r admits a largest
preradical ¥*® smaller than r (called, idempotent core of r).

Exercise C.3.10. For preradicals r,s in AbGrp, define the composite (r : s) by letting,
for every abelian group G, (r:8)G = q‘l(r(G/sG)), where q: G — G/sG is the canonical
projection.
Furthermore, for every ordinal a define r, by (r: rﬁ), provided a = § +1is a succes-
sor, otherwise let 1,G = (Jg, ¥3G. Let ¥ = \/, 1.
(a) Show that (r:s) and r,, for every ordinal a, are preradicals.
(b) Show thattisaradicalandt =r,.
(c) Show that ris aradical if and only if (r:¥) = rif and only if r = T.
(d) Let r be one of the preradicals in AbGrp given by ¥rG = Soc(G) or ¥G = G[p],p a
prime, for every abelian group G. Compute t.

Exercise C.3.11. For preradicals r, s in AbGrp, define the compositionr-s by (r-s)G =

r(sG) for G € AbGrp. Furthermore, for every ordinal a define r* by r,ifa = B+1lisa
successor, otherwise let "G = (5., °G. Let¥ = \, 1"
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(a) Show that ris an idempotent preradical and ¥ = ¥, so r is idempotent if and only
ifr = ¥ifand only if ¥’ = r.

(b) Compute ¥ for the preradicals r given by ¥rG = G! or ¥G = pG, p a prime, for every
abelian group G.

(c) For an abelian p-group G define by transfinite induction p*G by letting p°G = G,
p°G = p(p®G), when a = B +1and p°G = ﬂ/kapﬂG if @ is a limit ordinal. Show that
p“G = G'. Moreover, NaP*G coincides with ¥G, where the preradical r is defined
by rH = pH for every abelian group H, as well as with §G, where sH = H! for every
abelian group H.

(d) Show that the abelian group G in Example A.4.7 satisfies p“G # {0}, but
pa)+1G — {O}

Exercise C.3.12. Show that for an abelian group G one has the equality Fratt(G) =
ﬂpE]P pG and deduce that Fratt is a radical. Is this radical idempotent? Compute its
idempotent core.

Exercise C.3.13. Let A be an abelian group.
(@) For Gin AbGrp, letr,(G) = N{kerf:f € Hom(G, A)}.

(a;) Show that r, is a radical.

(a)) If A = {A;:i € I} is a strongly rigid system in AbGrp (i. e., Hom(4;, 4;) = {0}
whenever i + jin I and End(4;) = Z for alli € I), then all radicals I, are
pairwise distinct.

(b) For G in AbGrp, let ¥*(G) = Tr,(G) = Y{imf:f € Hom(4, G)}.

(b,) Show that r* is an idempotent preradical.

(b,) If A = {A;:i € I} is a strongly rigid system in AbGrp, then all preradicals r*
are pairwise distinct.

Deduce that both RAD(AbGrp) and IPR(AbGrp) are proper classes.

Hint. For (a,), note that when i # jin I, then 1y, (4;) = A;, while Iy (4;) = {0}. Hence, the group 4;
witnesses the inequality r,, # Ty, Argue similarly for (b,).

For the final assertion, use the fact that Shelah proved that there exist strongly rigid systems
A = {A;:1 € I} of torsion-free abelian groups of arbitrarily large size |I|. This answers the last question
taking into account both (a,) and (b,).

Exercise C.3.14. For a topological space (X, T), consider the collection of all sequen-
tially closed sets of X and show that they form the family of all closed sets of a topology
7, on X finer than 7.

Show that if (Y,7') is a topological space and f:(X,7) — (Y,7') is a continu-
ous map, then also f: (X,7,) — (Y,7}) is continuous. Conclude that the assignment
(X,7) = (X, 1) defines a coreflection C: Top — ), where ) is the full subcategory of
Top consisting of sequential spaces with natural transformation y given by the iden-
tity map yx ) = idy: (X, 75) — (X, 7).
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Exercise C.3.15. Show that the full subcategory Alex of Alexandroff spaces in Top is
coreflective and exhibit a coreflector.

Exercise C.3.16. Prove the uniqueness claimed in Remark C.2.6.

Hint. In the notation of Remark C.2.6, applied to f = yx:X — RX (so, C = RX), there exists a unique
morphism t: Ky — RX with t o hy = yx. Moreover, there exists a unique morphism s: RX — K such
that s o yy = hy, by the properties of the Y-reflection. Then idgy o yx = yx = t o hy = (t o s) o yx. So,
by the uniqueness property applied to the morphism yx: X — RX composed with the morphisms idzx
and t o s, we deduce that idgy = ¢ o s. Similarly, idg, = s t. So, s is the desired isomorphism.

Exercise C.3.17. Show that the subcategory of Top consisting of only the empty space

is coreflective in Top.
Assume that ) is a coreflective subcategory of Top. Show that:

(@) if Y contains a nonempty space, then T € );

(b) Y is stable under taking coproducts;

(c) Y contains all discrete spaces;

(d) Yis stable under taking quotients;

(e) Yisbicorefletive, i. e., for every X € Top the coreflection map yy: CX — X is bijec-
tive.

Hint. (b) If C: Top — Y is the coreflection, and {Y;:i € I} is a family in ), consider the coproduct
Y = [li Y and let Z = C([[;¢; ;) with the family of morphisms {Y; — Z:i € I} obtained from the
coreflector. Show that it has the property of the coproduct and conclude, by the uniqueness of the
coproduct, that they coincide, i.e., yy:Z = CY — Y is an isomorphism. Therefore, Y € ).

(c) follows from (a) and (b).

(d) Argue similarly with the quotient g:Y — Z of some Y € ), to show that y,:CZ — Zis an
isomorphism.

Exercise C.3.18. Prove that a subcategory ) of Top is coreflective if and only if Y is
stable under taking coproducts and quotients.

Hint. For the necessity, use Exercise C.3.17. Assume now that ) is stable under taking coproducts and
quotients. For X € Top, consider a set of continuous injective maps n;: ¥; — X,i € I, with ¥; € ),
such that for every continuous injective map n: Y — X with Y € ), there exists a homeomorphism
&Y — Y;suchthatn = n; o & LetS = [[; Y;, let v Y; — S be the related embeddings, and let
n:S — X be the map ensured by the coproduct property. Since the space X is covered by the images
n;(Y;), the map n is surjective. Put on X the quotient topology 7, of the map n:S — X. Since n was
continuous, this topology is finer that the original topology of X. Denote by CX the space (X, 1) so
obtained, by I: S — CX the quotient map, and by yx: CX — X the identity map. Since CX is a quotient
of S € Y, we deduce that CX € V.LetY € Y andf:Y — X be a continuous map. Factorize f through
the quotient g: Y — Y’, where Y’ = f(Y), but which carries the quotient topology. Then Y’ € ) and
for the inclusion j: Y — X there exists i € I and a homeomorphism : Y’ — Y; such that j = n; o17. Now
q =1ov;onoqY — CX witnesses the coreflection property.

Exercise C.3.19. For X being any of the categories Top, Grp, or AbGrp, show that a
subcategory Y of X is epireflective if and only if I is stable under taking products and
subobijects (in the case of Top consider as subobjects the subspaces).
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Hint. For Top apply an argument dual to that of the hint to Exercise C.3.18 and apply Theorem C.2.9
for the sufficiency. For Grp and AbGrp argue similarly or use Theorem C.2.17.

Exercise C.3.20. Denote by Met the subcategory of Top having as objects the topo-
logical spaces with a metrizable topology and as morphisms all uniformly continuous
maps. Show that Met is a nonfull subcategory of Top.

Hint. Use a continuous not uniformly continuous map between metric spaces.

Exercise C.3.21. (a) Show that taking the class of all posets (X, <) as objects and the
class of all monotone (i. e., order preserving) maps (X,<) — (X, <) as morphism
one obtains a category that we shall denote by PoSet.

(b) For a T,-space (X, 1), consider the specialization order <, on X and show that if
f:(X,1) = (Y,7") is continuous, then the map f: (X, <,) — (Y, <) is order preserv-
ing. Deduce that this gives a covariant functor O: Top, — PoSet.

(c) Show that assigning to every (X,<) € PoSet the Alexandroff-Tucker topological
space (X, 747) we obtain a functor AT: PoSet — Alex, = Top, N Alex.

(d) Let O’ be the restriction of O to the subcategory Alex. Show that the pair of func-
tors AT: PoSet — Alex, and O’: Alex, — PoSet give an equivalence between the
categories Alex, and PoSet.
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