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Preface
Physics is part of any curriculum in science and engineering. This course’s main ob-
jective is to help engineering and other science students in more advanced courses
in these fields. A solid foundation in fundamental theories of physics is a must for
accomplishing an engineering or science degree. In this textbook, the emphasis will
be on introducing the students to physics’ fundamental concepts and how different
theories are developed from physical observations and phenomena.

The textbook gives an introduction to the fundamental concepts of classical me-
chanics.

This textbook starts with a brief introduction to the essential calculus for classical
mechanics (Chapter 1). Then, Chapter 2 introduces the basic units and measurements
in physics. Chapter 3 gives the definition and relationship of the essential quantities
that describe a general object’s kinematics in one dimension. Then, Chapter 4 gen-
eralizes the same concepts for two- and three-dimensional motion. The free-fall and
projectile motion are described in detail as examples of one- and two-dimensional
motion, respectively.

Chapter 5 introduces the laws that describe the dynamics of the motion; also, the
circular motion is discussed as a particular case of applying Newton’s laws in Chap-
ter 6. Chapter 7 introduces the definitions of work and kinetic energy. Besides, the
work–kinetic energy theorem is given. The potential energy and conservation laws of
mechanics are described in Chapter 8. In Chapter 9, the concept of momentum and
impulse are introduced. Also, collisions are introduced.

Chapter 10 describes the kinematics and dynamics of the rotational motion for a
general rigid object. Chapter 11 introduces the rolling motion and represents the an-
gular momentum for a rigid body and a system of particles. Chapter 12 introduces the
static equilibrium conditions and elasticity of solids. Oscillatory motion is presented
in Chapter 13. The last chapter (Chapter 14) introduces gravity and Kepler’s laws.

This textbook is geared more towards examples and problem-solving techniques.
The students will get a firsthand experience of how physics theories are applied to
everyday problems in engineering and science. The learning outcome will be broad
knowledge and know-how for problem-solving techniques, crucial in training engi-
neers and scientists for a successful career in these fields. At the end of each chapter,
several exercises are shown, and the solutions to those exercises are presented at the
end of the textbook as an extra chapter.

The book is mainly aimed at undergraduate students in engineering and science.
Chapter 1 reviews some elementary mathematics that can be useful to the students in
the transition from high school to university.

May 2021 Hiqmet Kamberaj

https://doi.org/10.1515/9783110755824-201
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1 A brief review of calculus for physics

1.1 Coordinate systems

Often in physics, as wewill see, we deal with the location in space, which is donewith
the use of coordinates. The ones most often used are the Cartesian coordinates, (x, y).
These are used in a Cartesian coordinate system, where the horizontal and vertical
axes intersect at a single point, called the origin (see also Fig. 1.1). Cartesian coordi-
nates are also called rectangular coordinates.

Figure 1.1: Points in a Cartesian coordinate system labeled with coordi-
nates (x, y).

For convenience reasons sometimes we represent a point in a plane by its plane polar
coordinates (r, θ), shown in Fig. 1.2. In the polar coordinate system, r is the distance
from the origin to the point having Cartesian coordinates (x, y), and θ is the angle be-
tween r- and x-axis, taken as the positive x-axis. The angle θ is usuallymeasured coun-
terclockwise from the positive x-axis.

From the right triangle in Fig. 1.2, we can obtain the Cartesian coordinates as a
function of the plane polar coordinates of any point using the following equations:

x = r cos θ (1.1)
y = r sin θ.

Using the trigonometric relations, tan θ = sin θ/ cos θ and sin2 θ + cos2 θ = 1, we can
find that

tan θ = y
x

(1.2)

r = √x2 + y2.

Equation (1.2) can be used to relate the Cartesian coordinated (x, y)with the polar co-
ordinates (r, θ) only when θ is defined as in Fig. 1.2, with positive θ angle measured
counterclockwise from the positive x-axis.

These standard conventions are often used from some scientific calculators to per-
formconversions betweenCartesian andpolar coordinates.Moreover, if we choose the
reference axis for the polar angle θ to be different from thepositive x-axis or if the sense
of increasing θ is different, then the expressions in eq. (1.1) or in eq. (1.2) will change.

https://doi.org/10.1515/9783110755824-001
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2 | 1 A brief review of calculus for physics

Figure 1.2: (a) The plane polar coordinates of a point are repre-
sented by the distance r and the angle θ, where θ is measured
counterclockwise from the positive x-axis. (b) The right triangle
used to relate (x, y) to (r,θ).

1.2 Scalar and vector quantities

In physics, there exist both scalar quantities and vector quantities. For example, for
expressing the temperature, we need its value (that is a number) and the units, either
in “degrees Celsius” (∘C) or “degrees Fahrenheit” (∘F). Therefore, we say that temper-
ature is a scalar quantity, entirely defined by a number and appropriate units. Other
scalar quantities include volume, mass, and time intervals.

Definition 1.1 (Scalar quantity). By definition, a scalar quantity is specified by a single
value with an appropriate unit. A scalar quantity has no direction.

The scalar quantities obey the same rules of ordinary arithmetic when used for
calculations.

Often, when we determine an object’s position (say a car) that starts the motion
from some reference frame’s origin, it is necessary to knowboth its speed and its direc-
tion. Both the speed and the direction are named as a single quantity, velocity. There-
fore, velocity is a vector quantity because it depends on the direction. As we will see,
it is defined as a physical quantity that is completely specified by a value (speed) with
appropriate units and direction.

Definition 1.2 (Vector quantity). By definition, a vector quantity is determinedbyboth
magnitude and direction.

The displacement is another example of the vector quantity. Suppose a particle
moves from pointA to point B along a straight path, as shown in Fig. 1.3. The displace-
ment is graphically represented by an arrow from A to B, with the tip of the arrow
pointing toward the final point B. The arrowhead’s direction indicates the direction
of the displacement, and the length of this arrow characterizes its magnitude. Note
that, if the particle travels along some other path, but from A to B, as indicated by the
dashed line in Fig. 1.3, its displacement is still the arrow drawn from A to B.

Here, we will use a boldface letter (A) to represent a vector quantity. Besides, the
vector can be notatedwith an arrow over a letter. Themagnitude of the vectorAwill be
written eitherA or |A|. Themagnitude of a vector also has physical units; for example,
the displacement has SI units of meters and the velocity meters per second.
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1.3 Some properties of vectors | 3

Figure 1.3: The trajectory of a particle moving from some
point A to some point B.

1.3 Some properties of vectors

1.3.1 Equality of two vectors

Definition 1.3 (Equal vectors). Two vectors A and Bmay be defined to be equal if they
have the samemagnitude and the same direction. That is, A = B only if A = B and if A
and B point in the same direction along parallel lines.

In Fig. 1.4 we show several equal vectors parallel to each other even though they
all have different starting points. Using this property in a diagram, we can move a
vector to a position parallel to itself without affecting the vector. That is often used to
draw the free diagram of forces.

Figure 1.4: Illustration of equal vectors.

1.3.2 Adding vectors

Triangle rule of addition
To add vector B to vector A, we will use the geometric description. That is, first, draw
vector A, with its magnitude represented by a convenient scale, on graph paper and
then draw vector B to the same scale with its tail starting from the tip of A, as shown
in Fig. 1.5.

The final resultant vector R is written as

R = A + B. (1.3)
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4 | 1 A brief review of calculus for physics

Figure 1.5: The sum of two vectors A and B is the vector R = A + B.

R is the vector drawn from the tail of A to the tip of B. This procedure is known as the
triangle rule of addition.

We can use the same geometrical description to add more than two vectors, as
shown in Fig. 1.6, for the case of four different vectors. The resultant vector R is the
vector drawn from the tail of the first vector to the tip of the last vector completing in
this way a polygon:

R = A + B + C + D. (1.4)

Figure 1.6: The sum of four vectors, namely A, B, C and D, is the
vector R = A + B + C + D.

Parallelogram rule of addition
The parallelogram rule of addition is another alternative, a graphical procedure used
to add two vectors, shown in Fig. 1.7. According to the parallelogram rule, the tails of
the two vectors A and B are joined together, and the resultant vector R is the diagonal
of a parallelogram formed with A and B as two of its four sides.

Figure 1.7: The parallelogram rule of addition of two vectors.
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1.3 Some properties of vectors | 5

Commutative law of addition
Commutative law of addition says that the sum is independent of the order of the addi-
tion when two vectors are added, which is known as the commutative law of addition
(see also Fig. 1.8):

A + B = B + A. (1.5)

Figure 1.8: The commutative law of addition of two vectors.

Associative law of addition
Similarly, if three or more vectors are added, their sum is independent of how the in-
dividual vectors are grouped. A geometric proof of this rule for three vectors is given
in Fig. 1.9. That is called the associative law of addition:

(A + B) + C = A + (B + C). (1.6)

Figure 1.9: The associative law of addition
of three vectors. (a) R = (A + B) + C and
(b) R = A + (B + C).

Note that a vector quantity is characterizedbybothmagnitude anddirection, andalso,
it obeys the rules of vector addition, as described above.

Besides, the vectors involved in the summationmust have the sameunits. It would not bemeaning-
ful to adda velocity vector (for example, 10 km/h to thewest) to a displacement vector (for example,
30 km to the south) because they represent different physical quantities. The same rule also ap-
plies to scalars. For instance, it would practically be inappropriate, to sum up the time intervals
and temperatures.
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6 | 1 A brief review of calculus for physics

1.3.3 Negative of a vector

Definition 1.4 (Negative of a vector). The negative of the vectorA is defined as the vec-
tor that when added to A gives zero for the vector sum. That is,

A + (−A) = 0. (1.7)

The vectors A and −A have the same magnitude but point in opposite directions,
as shown in Fig. 1.10.

Figure 1.10: The negative of vector A is the vector −A.

1.3.4 Subtracting vectors

The vector subtraction uses the definition of the negative of a vector.

Definition 1.5 (Vector subtraction). We define the subtraction A − B as the vector −B
added to the vector A:

A − B = A + (−B). (1.8)

The geometric construction for subtracting two vectors in this way is illustrated
in Fig. 1.11.

Figure 1.11: Illustration of the geometric construction for subtract-
ing two vectors.

Alternatively, the vector subtraction, which is the differenceA−B between two vectors
A and B, can be obtained by adding the second vector to the tip of the first vector.
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1.3.5 Multiplying a vector by a scalar

If vector A is multiplied by a positive scalar quantitym, then the productmA is a vec-
tor that has the same direction as A and magnitude m|A|. If vector A is multiplied by
a negative scalar quantity −m, then the product −mA is directed opposite A. For ex-
ample, the vector 2A is two times as long as A, and it has the same direction as A; the
vector −(1/3)A is one-third the length of A and points in the direction opposite A.

1.3.6 Components of a vector and unit vectors

Whenever a high accuracy is required or in three-dimensional problems, the vectors’
projections along the coordinate axesmethod are suggested rather than the geometric
way of adding vectors.

Components of a vector
The projections are called the components of the vector, and the vector can, in general,
be described by these components.

Consider a vector A positioned in the xy plane and making an arbitrary angle θ
with the positive x-axis, as shown in Fig. 1.12, which can be expressed as the sum of
the vectors Ax and Ay with which it can form a right triangle:

A = Ax + Ay . (1.9)

We will often refer to the “components of a vector A,” written Ay, and Ax (without the
boldface notation).

The component Ax represents the projection of A along the x-axis, and the com-
ponent Ay represents the projection of A along the y-axis. These components can be
positive or negative. The component Ax is positive if A points in the positive x direc-
tion and is negative if A points in the negative x direction. The same is true for the
component Ay.

Using the definitions of sine and cosine functions, we write

cos θ = Ax/A (1.10)
sin θ = Ay/A.

Hence,

Ax = A cos θ (1.11)
Ay = A sin θ.
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8 | 1 A brief review of calculus for physics

The triangle formed by the components Ax and Ay and vector A is a right triangle
with a length of the hypotenuse ofA. Thus, it follows that themagnitude and direction
of A are related to its components through the expressions

A = √A2x + A2y (1.12)

θ = tan−1(
Ay
Ax
). (1.13)

Note that the signs of the components Ax and Ay depend on the angle θ. For ex-
ample, if 90∘ < θ ≤ 180∘, then Ax is negative and Ay is positive. If 180∘ ≤ θ < 270∘, then
both Ax and Ay are negative.

Figure 1.12: Representation of a vector A in xy-plane.

Suppose we are working with a problem in physics that requires resolving a vector
into its components. For convenience, they are often expressed in a coordinate system
rotated with respect to the system having axes that are horizontal and vertical. If we
choose reference axes or an angle other than the axes and angle showed in Fig. 1.12,
we must modify the components accordingly.

Suppose a vector B makes an angle θ′ with the x′-axis defined in Fig. 1.13. The
components of B along the x′- and y′-axes are

Bx′ = B cos θ
′ (1.14)

By′ = B sin θ
′.

The magnitude and direction of B are obtained from expressions equivalent to those
given above. That indicates that the components of a vector can be expressed in any
convenient arbitrary coordinate system.

Unit vectors
The unit vector is a dimensionless vector having amagnitude equal to one. This vector
is used to specify a given direction andhas no other physicalmeaning. That is, it is just
used as a convenience in describing a direction in space. The symbols i, j and k are
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1.3 Some properties of vectors | 9

Figure 1.13: Rotation of the xy plane.

often used to indicate unit vectors along the positive x, y, and z axes, respectively. The
unit vectors i, j and k form a set of mutually perpendicular vectors in a right-handed
coordinate system, as shown in Fig. 1.14.

Figure 1.14: A right-handed coordinate system.

The magnitude of each unit vector equals 1:

|i| = |j| = |k| = 1. (1.15)

For a vector A in the xy plane we can write

Ax = Axi (1.16)
Ay = Ayj.

Thus, the vector A can be written as

A = Axi + Ayj. (1.17)

Furthermore, consider a point in the xy plane with Cartesian coordinates (x, y).
The location of that point can be specified by the position vector r:

r = xi + yj. (1.18)

Hence, the components of r are the lengths x and y.
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10 | 1 A brief review of calculus for physics

Consider addition of two vectors A and B in two-dimensional space, where

A = Axi + Ayj (1.19)
B = Bxi + Byj.

Todo so,we add the x and y components separately, then the resultant vectorR = A+B
is

R = (Axi + Ayj) + (Bxi + Byj) (1.20)
= (Ax + Bx)i + (Ay + By)j
= Rxi + Ryj

where

Rx = Ax + Bx (1.21)
Ry = Ay + By .

The magnitude and the angle the vector R forms with x-axis are, respectively,

R = √R2x + R2y = √(Ax + Bx)2 + (Ay + By)2 (1.22)

and

tan θ =
Ry
Rx
=
Ay + By
Ax + Bx

. (1.23)

1.4 Vector multiplication

We can perform vector multiplication in two ways. Depending on the physical quan-
tity, onemay require the dot or scalar product of two vectors and the cross or the vector
product of two vectors.

1.4.1 Dot product of two vectors

Let F and d be two vectors making an angle θ. These vectors can be multiplied to pro-
duce a scalar through a vector multiplication operation called the dot product, scalar
product or inner product. Fig. 1.15 shows the graphical representation of the above
statement.

The scalar productW of the two vectors F and d is given by

W = F ⋅ d (1.24)
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or

W = Fd cos θ. (1.25)

Here, θ is the angle formed by the vectors F and d (see also Fig. 1.15).
Note, later on in this book, thephysical quantity calledwork (W) is thedot product

of two vectors, the force (F) and the displacement (d).

Figure 1.15: The scalar product of two vectors F and d.

Scalar product of vectors can also be performed using the i, j, and k vector represen-
tation. Let A and B be two vectors defined in terms of (i, j, k) components as

A = Axi + Ayj + Azk (1.26)
B = Bxi + Byj + Bzk.

The dot or scalar product of A and B is defined as

A ⋅ B = (Axi + Ayj + Azk) ⋅ (Bxi + Byj + Bzk) (1.27)
= AxBx + AyBy + BzBz

where the following relations were used:

i ⋅ i = j ⋅ j = k ⋅ k = 1 (1.28)
i ⋅ j = i ⋅ k = j ⋅ k = 0. (1.29)

1.4.2 Cross product of two vectors

The cross product or vector product of the vectors A and B gives another vector,
namely R:

R = A × B. (1.30)

Since the product is a vector, we must not only calculate its magnitude but also find
its direction. The magnitude of the cross product vector R is

|R| = |A × B| = |A||B| sin θ. (1.31)

Here, θ is the angle formed by the vectors A and B.
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Figure 1.16: The cross product of two vectors A and B.

The direction of the vector R is along the line perpendicular to the plane created by
the two vectors A and B, as shown in Fig. 1.16. The sign of the vector will change if the
order of the cross-multiplication changes:

A × B = −B × A. (1.32)

The direction and the sign can easily be found by the so-called right-hand-rule.
As shown in Fig. 1.16, point your index finger in the direction of the first vector, in this
case, vectorA, and yourmiddle finger in the direction of the second vectorB, then your
thumb will point to the direction of the vector product R. Note your index finger and
middle finger make an angle θ together. If you point your index finger in the direction
of the vector B and take it to be the first vector, then you have to turn your A with
your middle finger, therefore, your thumb will point downward, and that would be
the direction of the vector R.

Note that the cross product of a vector A with itself is zero, because its magni-
tude is determined in terms of the sin θ, and since θ = 0∘, then the magnitude is zero.
Therefore,

A × A = 0. (1.33)

We can also determine the cross product of vectors using the (i, j,k) vector repre-
sentation. Let us define two vectors, A and B, and their (i, j,k) representations:

A = Axi + Ayj + Azk (1.34)
B = Bxi + Byj + Bzk. (1.35)

The cross product is

A × B = (Axi + Ayj + Azk) × (Bxi + Byj + Bzk) (1.36)
= (AxBy − AyBx)i × j
+ (AxBz − AzBx)i × k
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+ (AyBz − AzBy)j × k
= (AyBz − AzBy)i − (AxBz − AzBx)j + (AxBy − AyBx)k

where the following relations were used:

i × j = k; i × k = −j; j × k = i (1.37)
i × i = j × j = k × k = 0. (1.38)

Therefore, the components of the vector A × B are given as

(A × B)x = (AyBz − AzBy) (1.39)
(A × B)y = −(AxBz − AzBx) (1.40)
(A × B)z = (AxBy − AyBx). (1.41)

We can also determine the cross product as the determinant of the following ma-
trix:

A × B = det(
i j k
Ax Ay Az
Bx By Bz

) (1.42)

or

A × B = det(Ay Az
By Bz
) i − det(Ax Az

Bx Bz
) j + det(Ax Ay

Bx By
)k. (1.43)

The magnitude of the cross product vector is determined as follows:

|A × B| = √(A × B)2x + (A × B)2y + (A × B)2z . (1.44)

1.5 Some scientific notations

Many quantities that we deal often are very large or very small. For example, the speed
of light in vacuum is about 300000000 m/s. It can be seen that it is cumbersome to
read or even write and keep track of zeros in such numbers. To avoid this problem we
use powers of the number 10:

100 = 1 (1.45)

101 = 10

102 = 10 × 10 = 100

103 = 10 × 10 × 10 = 1000

104 = 10 × 10 × 10 × 10 = 10000
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105 = 10 × 10 × 10 × 10 × 10 = 100000

and so on. Here, the power to which 10 is raised corresponds to the number of zeros.
This number is also called the exponent of 10.

Using the same method, the number smaller than 1 can be represented as

10−1 = 1
10
= 0.1 (1.46)

10−2 = 1
10 × 10

= 0.01

10−3 = 1
10 × 10 × 10

= 0.001

10−4 = 1
10 × 10 × 10 × 10

= 0.0001

10−5 = 1
10 × 10 × 10 × 10 × 10

= 0.00001

and so on. Here, the value of the (negative) exponent equals the number of places the
decimal point is to the left of the digit 1.

In scientific notation, the numbers are expressed as a power of 10 multiplied by
another number between 1 and 10. The scientific notation for 6134000000 is 6.134×109

and that for 0.000135 is 1.35 × 10−4.
The following rules apply when numbers expressed in scientific notation are be-

ing multiplied:

10m × 10n = 10m+n. (1.47)

In eq. (1.47), n andm can be any real or integer number. For example,

102 × 103 = 102+3 = 105 = 100000. (1.48)

The same rule applies when the exponents are negative (either one or both):

103 × 10−2 = 103+(−2) = 101 = 10 (1.49)

10−4 × 10−5 = 10(−4)+(−5) = 10−9.

When dividing numbers expressed in scientific notation, we write

10m

10n
= 10m−n (1.50)

where, similarly, n andm can be any numbers (reals or integers).
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1.6 Some basic rules of algebra

In general, the symbols, such as x, y and z, are considered as unknowns when alge-
braic operations are performed. For example,

8x = 32. (1.51)

Equation (1.51) is an equation, which is solved for x. To solve it, we can multiply or
divide both sides with the same factor (different from zero) without destroying the
equality. In our example, if we divide both sides by 8, we get

8x
8
=
32
8

(1.52)

or

x = 4. (1.53)

Now, let us consider the equation

x + a = b. (1.54)

To solve this type of equation, we can add or subtract the same quantity from each
side:

(x + a) − a = b − a (1.55)

or

x = b − a. (1.56)

Now, consider the following equation:

x
a
= b (1.57)

where a ̸= 0. Multiplying each side by a, we get

x
a
(a) = b(a) (1.58)

or

x = ba. (1.59)

As a general rule, whatever operation is performed on the left side of the equation
must also be performed on the right side.

The rules for multiplying, dividing, adding, and subtracting fractions are summa-
rized in Table 1.1, where a, b, c, and d are any four real numbers.
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Table 1.1: Some rules for multiplying, dividing, adding, and subtracting fractions.

Operation Rule

Multiplication ( ab )(
c
d ) =

ac
bd

Division a/b
c/d =

ad
bc

Addition a
b ±

c
d =

ad±bc
bd

1.6.1 Power

The following rule holds when multiplying two powers with the same base x:

xnxm = xn+m (1.60)

where n and m are called exponents. When dividing two powers the following rule
holds:

xn

xm
= xn−m. (1.61)

The fraction powers can be written as

x1/m = m√x. (1.62)

For any power raised to a certain power n, the following rule holds:

(xn)m = xnm. (1.63)

Some rules of the powers are summarized in Table 1.2.

Table 1.2: Some rules for powers.

Rules of exponents

x0 = 1
x1 = x
xnxm = xn+m

xn/xm = xn−m

x1/m = m√x
(xn)m = xnm
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1.6.2 Factoring

Some practical formulas for factoring an equation are

ax + ay + az = a(x + y + z) common factor (1.64)

a2 ± 2ab + b2 = (a ± b)2 perfect square

a2 − b2 = (a − b)(a + b) differences of squares.

1.6.3 Quadratic equations

In general, the following form is given for a quadratic equation:

ax2 + bx + c = 0. (1.65)

Here, x is an unknown quantity and a, b, and c are real numerical factors known as
the coefficients of the equation. This equation has two roots, given by

x = −b ±
√b2 − 4ac
2a

. (1.66)

If b2 ≥ 4ac, the roots are reals.

1.6.4 Linear equations

The linear equation has the general form

y = mx + b (1.67)

wherem and b are constants.
This equation is called linear because the graph of y versus x is a straight line

(see Fig. 1.17).
The constant b, called the y-intercept, denotes the value of y at which the straight

line intersects the y-axis. The constantm equals the slope of the straight line. Besides,
m equals the tangent of the angle between the line and x-axis. If any two points on the
straight line, givenby the coordinates (x1, y1) and (x2, y2) (see Fig. 1.17), are determined,
then the slope of the straight line can be expressed as

Slope ≡ m = y2 − y1
x2 − x1
=
Δy
Δx
= tan θ. (1.68)

Note thatm and b can have either positive or negative values. Ifm > 0, the straight
line has a positive slope, as in Fig. 1.18. If m < 0, the straight line has a negative
slope. In Fig. 1.17, bothm and b are positive. Three other possible situations are shown
in Fig. 1.18.
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Figure 1.17: A straight line graph.

Figure 1.18: Different straight line graphs.

1.6.5 Logarithms

Let x be a quantity expressed as a power of a as

x = ay . (1.69)

a is called the base number and y is called the logarithm of x with base a:

y = loga x. (1.70)

In practice, the most used bases are the base 10, also called common logarithm
base, and base e = 2.718 . . . , called Euler’s constant or the natural logarithm base. In
the case of the common logarithm:

y = log10 x (1.71)

and in the case of the natural logarithm

y = ln x. (1.72)
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Some properties of the logarithms are summarized by

log(ab) = log a + log b (1.73)
log(a/b) = log a − log b
log(an) = n log a

ln e = 1
ln en = n

ln(1/a) = − ln a.

1.7 Geometry

The distance between two points in three-dimensions with coordinates (x1, y1, z1) and
(x2, y2, z2) is defined as

d = √(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2. (1.74)

In two dimensions, the distance between any two points with coordinates (x1, y1) and
(x2, y2) is defined as

d = √(x2 − x1)2 + (y2 − y1)2. (1.75)

The arc length s of a circular arc (Fig. 1.19) is proportional to the radius r for a fixed
value of θ (in radians):

s = rθ. (1.76)

Thus,

θ = s
r
. (1.77)

Figure 1.19: The circular arc.

The equation of a circle with radius R and center at (x0, y0) is

(x − x0)
2 + (y − y0)

2 = R2. (1.78)
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The equation of an ellipse with origin at (x0, y0) is

(x − x0)2

a2
+
(y − y0)2

b2
= 1 (1.79)

where a is the length of semi-major axis (x-axis) and b the length of semi-minor axis
(y-axis).

The equation of a parabola with vertex at y = b is

y = ax2 + b. (1.80)

The equation of a rectangular hyperbola is

xy = constant. (1.81)

1.8 Trigonometry

By definition, a right triangle is one containing a 90∘ angle. Consider the right triangle
shown in Fig. 1.20, where side a is opposite the angle θ, side b is adjacent to the angle
θ, and side c is the hypotenuse of the triangle.

Figure 1.20: The right triangle.

In such a triangle, there are three basic trigonometric functions defined, namely sine
(sin), cosine (cos), and tangent (tan) functions. In terms of the angle θ, these functions
are defined by

sin θ = a
c

(1.82)

cos θ = b
c

(1.83)

tan θ = a
b
. (1.84)

Using the Pythagorean theorem, we get

c2 = a2 + b2. (1.85)
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Form this definition it follows that

sin2 θ + cos2 θ = 1 (1.86)

tan θ = sin θ
cos θ
. (1.87)

The following relations can also be derived:

sin θ = cos(90∘ − θ) (1.88)
cos θ = sin(90∘ − θ) (1.89)
cot θ = tan(90∘ − θ) (1.90)

where

cot θ = 1
tan θ
. (1.91)

Some properties of the trigonometric functions are

sin(−θ) = − sin θ (1.92)
cos(−θ) = cos θ (1.93)
tan(−θ) = − tan θ. (1.94)

Figure 1.21: A general triangle.

For any triangle, see Fig. 1.21, we have

α + β + γ = 180∘. (1.95)

The law of cosines says that

a2 = b2 + c2 − 2bc cos α (1.96)

b2 = a2 + c2 − 2ac cos β (1.97)

c2 = a2 + b2 − 2ab cos γ (1.98)

and from the law of sines
a

sin α
=

b
sin β
=

c
sin γ
. (1.99)
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1.9 Derivative

By definition, the derivative of y for x is the limit, as Δx approaches zero, of the slopes
of chords that are drawn between two points on the y versus x curve, as shown in
Fig. 1.22.

Figure 1.22: The derivative dy/dx.

Mathematically, we write this definition as

dy
dx
= lim

Δx→0

Δy
Δx
= lim

Δx→0

y(x + Δx) − y(x)
Δx

(1.100)

where Δy and Δx are defined as

Δx = x2 − x1; Δy = y2 − y1. (1.101)

A useful expression to know is the derivative with respect to x of

y(x) = axn (1.102)

where a is a constant and n number, given as

dy
dx
= naxn−1. (1.103)

1.9.1 Derivative of the product of two functions

If f (x) is a function given as product of two other functions, say g(x) and h(x), then

df
dx
=

d
dx
(g(x)h(x)) = g(x)dh

dx
+ h(x)dg

dx
. (1.104)

1.9.2 Derivative of the sum of two functions

If f (x) is a function given as sum of two other functions, say g(x) and h(x), then

df
dx
=

d
dx
(g(x) + h(x)) = dg

dx
+
dh
dx
. (1.105)
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1.9.3 The chain rule of differential calculus

If y = f (x) and x = g(z), then dy/dz can be written as the product of two derivatives:

dy
dz
=
dy
dx

dx
dz
. (1.106)

1.9.4 The second derivative

By definition, the second derivative of a function y(x)with respect to x is the derivative
of the function dy/dx with respect to x. It is usually written

d2y
dx2
=

d
dx
(
dy
dx
). (1.107)

1.10 Exercises

Exercise 1.1. If you walk 3.0 m toward the east and then 4.0 m toward the north, as
shown in Fig. 1.23. Determine the final position.

Figure 1.23: Displacement of the walker.

Exercise 1.2. Let A and B be two vectors (see Fig. 1.24) given as

A = (3.5i − 2.0j); B = (4.0i + 3.0j). (1.108)

Find (a) in which plane these two vectors are positioned; (b) the sum A+B and (c) the
magnitude.

Exercise 1.3. Consider a right triangle with hypotenuse of length 3.0 m, and one of its
angles is 30∘. What is the length of (a) the side opposite the 30∘ angle and (b) the side
adjacent to the 30∘ angle?
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Figure 1.24: The vectors A and B in the xy plane.

Exercise 1.4. Suppose y(x) (that is, y as a function of x) is given by

y(x) = ax5 + bx3 + c (1.109)

where a, b and c are constants. Determine dy/dx.

Exercise 1.5. Suppose displacement y as a function of the time t is given by

y(t) = y0 + v0t + at
2 (1.110)

where y0, v0 and a are constants. Determine dy/dt.

Exercise 1.6. Find the resultant vector of these two vectors:

A = 2i + 5j + 6k; B = −3i − 4j + 4k. (1.111)

Exercise 1.7. Let A and B be two vectors making an angle of θ = 60∘. Find the dot
product of these two vectors.

Exercise 1.8. Calculate the dot product of the two vectors A and B given as

A = 3i + 2j + 4k; B = −2i + 2j − 4k. (1.112)

Exercise 1.9. An airplane is traveling due north-east at 800 km/h. Find the compo-
nents of its velocity along the east and the north.

Exercise 1.10. A person walks to the east for 2 km and then toward the north for 1 km.
Calculate the resultant displacement vector and its angle with the east.

Exercise 1.11. A driver is driving toward the south with speed 60 km/h and then to-
ward thewestwith speed 50 km/h. Calculate the resultant velocity vector and its angle
with the east.

Exercise 1.12. Find the sum and the difference of the two vectors

A = 3i + 7j − 2k (1.113)
B = i + 7j − 6k. (1.114)
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2 Physics and measurement

2.1 Standards of length, mass, and time

There are three basic quantities to express the laws of physics, namely:
1. length (L),
2. mass (M),
3. and time (T).

Inmechanics, the other quantities can be expressed in terms of only these three quan-
tities. When we report the results of a measurement, a standard must be defined for
the results to be reproduced. For instance, if we report that a wall is 7 meters high and
1meter is determined to the unit of length, we say that the wall’s height is seven times
the length unit. Similarly, if we report that a person has a mass of m, and the mass
unit is 1 kilogram, the person ism times bigger than the unit of mass.

Whenwe choose a standard, it must be readily accessible and possess some prop-
erty that must give the same results when measured by different people in different
places. In 1960, an international committee defined standards for length, mass, and
other fundamental quantities. That is today known as the SI system of units. In SI,
the units of length, mass, and time are the meter, kilogram, and second, respectively.
Other SI standards include temperature (the kelvin), electric current (the ampère), lu-
minous intensity (the candela), and the amount of substance (themole). Here, we will
be concerned only with the units of length, mass, and time.

Note that very recently, in May 2019, the basic units, such as the ampère, the kilo-
gram, the kelvin, and the mole, were redefined based on the relationship to funda-
mental constants, rather than arbitrary or abstract definitions. That redefinition of the
basic units will not affect the outcome of the experimental measurements. Still, it will
allow us to perform analyses with higher precision and do them in multiple ways, at
any place and time and to any scale, with the same accuracy.

2.1.1 Length

Since in A. D. 1120 was decided (by the king of England) that the standard of length
would be named the yard (in his country).

Definition 2.1 (Yard). By definition, one yard is equal to the distance from the tip of
the nose to the end of the outstretched arm.

Definition 2.2 (Foot). Similarly, the distance of 1 foot, adopted by the French King
Louis XIV, is the length of the foot.

https://doi.org/10.1515/9783110755824-002
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Definition 2.3 (Meter). In 1799, the legal standard of length becamemeter, which was
defined as one ten-millionth the distance from the equator to theNorthPole calculated
along a longitudinal line passing through Paris.

In 1960, the length of the meter was redefined to be the separation, under con-
trolled conditions, between two lines on the platinum-iridium bar stored in France.
However, this standard was abandoned for the reason of being with limited accuracy.

In the 1960s and 1970s, one meter equaled 1650763.73 wavelengths of orange-red
light emitted fromakrypton-86 lamp,whichwas redefined, inOctober 1983, as the dis-
tance traveled by light in vacuum during a time of 1

299792458 second, where 299792458
represents the light’s speed in vacuum in m/s.

Table 2.1 gives approximate values of some measured lengths.

Table 2.1: Approximate values of some measured lengths.

Measurement Length (m)

Distance from Earth to most remote known quasar 1.4 × 1026
Distance from Earth to most remote known normal galaxies 9 × 1025
Distance from Earth to nearest large galaxy 2 × 1022
Distance from Sun to the nearest star 4 × 1016
One light year 9.46 × 1015
The average radius of the Earth’s orbit about the Sun 1.50 × 1011
The average distance of the Earth from Moon 3.84 × 108
Distance between the equator to the North Pole 1.00 × 107
Mean radius of the Earth 6.37 × 106
Length of a football field 9.4 × 101
Length of a housefly 5 × 10−3
Size of the smallest dust particles ∼ 10−4
Size of cells of most living organisms ∼ 10−5
Diameter of a hydrogen atom ∼ 10−10
Diameter of an atomic nucleus ∼ 10−14
Diameter of a proton ∼ 10−15
2.1.2 Mass

Since 1887, the kilogram (kg) is the basic SI unit of mass, which is defined to be equal
to the mass of a specific platinum-iridium alloy cylinder. Today, this is kept at the
International Bureau of Weights and Measures at Sévres, France.

Definition 2.4 (Mass). In May 2019, a new definition of the kilogram is introduced,
such as one kilogram equals the Planck constant h divided by 6.62607015×10−34m−2s:

1 kg = h
6.62607015 × 10−34m−2s . (2.1)
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Table 2.2 gives approximate values of the masses of various objects.

Table 2.2: Approximate values of some measured masses.

Body Mass (kg)

Visible Universe ∼ 1052
Milky Way galaxy 7 × 1041
Sun 1.99 × 1030
Earth 5.98 × 1024
Moon 7.36 × 1022
Horse ∼ 103
Human ∼ 102
Frog ∼ 10−1
Mosquito ∼ 10−5
Bacterium ∼ 10−15
Hydrogen atom 1.67 × 10−27
Electron 9.11 × 10−31
2.1.3 Time

The basic unit of time is second (s), which until 1960 was considered in terms of the
mean solar day for the year 1900.

It is well known that the rotation of the Earth varies slightly with time, and there-
fore, it cannot be considered a standard definition.

In 1967, the second was redefined more precisely using a device known as an
atomic clock, which uses specific frequencies associated with atomic transitions to
determine one second with a precision of one part in 1012, or equivalent less than one
second every 30000 years.

Definition 2.5 (second). Thus, the SI unit of time (in 1967), the second, is defined from
the characteristic frequency of the cesium atom, known as the reference clock, as the
period of the radiation vibration from the cesium-133 atom multiplied by a factor of
9192631770.

Table 2.3 shows some approximate time intervals.

2.1.4 British engineering system of units

In addition toSI, theBritish engineering systemofunits is still used in theUnitedStates.
According to this system, the length, mass, and time use as their units the foot (ft),
slug, and second, respectively.
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Table 2.3: Approximate values of some time intervals.

Age of the Universe 5 × 1017
Age of the Earth 1.3 × 1017
Age of a college student in average 6.3 × 108
One year 3.16 × 107
Rotation time of the Earth about its axis (or one day) 8.64 × 104
Time between normal heartbeats 8.0 × 10−1
Period of audible sound waves ∼ 10−3
Period of typical radio waves ∼ 10−6
Period of atom vibration in solids ∼ 10−13
Period of visible light waves ∼ 10−15
Duration of a nuclear collision ∼ 10−22
Time for light to cross a proton ∼ 10−24
However, the SI units are the most often used in science and industry. On the other
hand, British engineering units have some limited use in classical mechanics.

Besides the basic SI units of the meter, kilogram, and second, the subunits are
also used, such as millimeters and nanoseconds. Here, the prefixes milli- and nano-
characterize powers of ten. Table 2.4 presents the most frequently used prefixes or the
various powers of ten and their abbreviations.

For example, 10−3m is equivalent to 1 millimeter (mm), and 103m corresponds to
1 kilometer (km), and 1 kg is 103 grams (g).

Table 2.4: Prefixes for SI units.

10−24 yocto y
10−21 zepto z
10−18 atto a
10−15 femto f
10−12 pico p
10−9 nano n
10−6 micro µ
10−3 milli m
10−2 centi c
10−1 deci d
101 deka da
103 kilo k
106 mega M
109 giga G
1012 tera T
1015 peta P
1018 exa E
1021 zetta Z
1024 yotta Y
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2.2 Density

Definition 2.6 (Density). The density, often denoted with the Greek letter ρ, is a prop-
erty of the substance that is defined as the ratio of mass (m) with the volume (V):

ρ = m
V
. (2.2)

For example, the aluminum density is 2.70 g/cm3, and of the lead is 11.3 g/cm3.
Therefore, a volume of aluminum of V = 10.0 cm3 has a mass ofm = 27.0 g. The same
volume of lead has a mass of 113 g.

The densities for some substances are given in Table 2.5.

Table 2.5: Densities of various substances.

Substance Density ρ (103 kg/m3)

gold 19.3
uranium 18.7
lead 11.3
copper 8.92
iron 7.86
aluminum 2.70
magnesium 1.75
water 1.00
air 0.0012

This difference in densities between aluminumand lead is because of their differences
in atomicmass. The atomicmass is defined as the averagemass of an atom in a sample
of this element containing all its isotopes.

Definition 2.7 (Atomic mass unit). The atomic mass unit is the so-called atomic mass
unit (u), where

1 u = 1.6605402 × 1027 kg. (2.3)

For lead, the atomic mass is 207 u, and for aluminum, it is 27.0u. Furthermore,
the ratio of atomic masses for the lead and aluminum is

207 u
27.0u = 7.67. (2.4)

One can see that it is not equal to the ratio of densities:

11.0 g/cm3

2.70 g/cm3 = 4.19. (2.5)
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That is because of the difference in interatomic distances and arrangements of atoms
in these two materials’ crystal structure.

The carbon-12 isotope (12C) has six protons and six neutrons. Other carbon iso-
topes have six protons but with different numbers of neutrons. Practically, the mass
of an atom equals the mass of its nucleus. The atomic mass of 12C is defined to be pre-
cisely 12 u, where the neutron and proton have an equal mass of about 1 u. Therefore,
the mass of a nucleus is measured in terms of 12C nucleus as the basis.

Definition 2.8 (Avogadro’s number). By definition, in everymole of a substance, there
is the same number of particles. For example, 1mol of aluminum and 1mol of lead
include the same number of atoms. That number, based on the experimental results,
denotes Avogadro’s number, NA

NA = 6.022137 × 1023 particles/mol. (2.6)

Avogadro’s number defines that 1mol of carbon-12 atoms has a mass of exactly 12 g.

Definition 2.9 (Mole). Based on the new definitions of the basic units, in May 2019, in
a system, one mole (mol) equals the amount of substance that contains NA specified
elementary entities.

The mass in 1mol of an element is its atomic mass in grams. For example, the
mass of 1mol of the element iron (with an atomic mass of 55.85 u) is 55.85 g, the molar
mass of iron is 55.85 g/mol. Also, 1mol of the element leadwith atomicmass 207 u has
a mass of 207 g, and hence its molar mass is 207 g/mol.

The mass per atom of an element, containing 6.02 × 1023 particles in 1mol, is

matom = molar mass
NA

. (2.7)

The mass of an iron atom can be determined as

mFe = 55.85 g/mol
6.02 × 1023 atoms/mol

= 9.28 × 10−23 g/atom. (2.8)

2.3 Dimensional analysis

In Physics, the word dimension has a special meaning as it denotes the physical na-
ture. It is not as important if a given distance is measured in the unit feet of length or
the unit meters of length since it will still be a distance. In physics nature, the dimen-
sion of the distance is length. Often the symbols used to specify the length, mass, and
time are L,M, and T, respectively.

We often use brackets [⋅ ⋅ ⋅] for the dimension of any physical quantity.
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For example, the symbol v is often used for speed, and hence the dimensions no-
tation of the speed can be written as [v] = L

T
. (2.9)

In a second example, the dimensions of the area, A, are written as[A] = L2. (2.10)

The dimensions of the area, volume, speed, and acceleration are shown in Table 2.6.

Table 2.6: Dimensions and common units of area, volume, speed, and acceleration.

SI m2 m3 m/s m/s2

British engineering ft2 ft3 ft/s ft/s2

A robust procedure for solving physics problems is dimensional analysis, where the
dimensions are manipulated as algebraic quantities. Besides, the quantities that are
added or subtracted must have the same dimensions. Similarly, in an equation, the
terms on both sides must have the same dimensions. As a result of these simple rules,
one can use dimensional analysis to determine whether an expression has the correct
form by comparing the dimensions on both sides of the equation.

Example 2.1. Consider the derivation of a formula for the distance x traveled by car in
time t if the car starts from rest and moves with constant acceleration a. In the next
chapter, we will derive that

x = 1
2
at2 (2.11)

assuming that the initial velocity is zero. Using the dimensional analysis, one can eas-
ier verify the validity of the expression. For instance, the quantity x on the left side
has the dimension of length, L; the acceleration has L/T2, and time t of T. The quan-
tity on the right-hand side in eq. (2.11) must also have the dimension of the length,
for eq. (2.11) to be dimensionally correct. We can do a dimensional check-up by sub-
stituting the dimensions for each quantity into the equation:

L = L
T2

T2 = L. (2.12)

The units are simplified as they were algebraic quantities, as shown, leaving the units
on both sides of the relationship the same.

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



32 | 2 Physics and measurement

2.4 Conversion of units

Often it is the case to convert units from one system to another as shown here:

1mi = 1609m = 1.609 km (2.13)
1 ft = 0.3048m = 30.48 cm (2.14)
1m = 39.37 in. = 3.281 ft (2.15)
1 in. = 0.0254m = 2.54 cm. (2.16)

We usually treat the units as algebraic quantities which can cancel each other.

Example 2.2. For example, supposewewould like to convert 22.0 in. into centimeters.
Since 1 in. = 2.54 cm, then we can write

22.0 in. = (22.0 in.) × (2.54 cm/in.) = 55.88 cm ≈ 55.9 cm. (2.17)

2.5 Significant figures

Physical quantities aremeasuredwithin the limits of the experimental uncertainty, de-
pending on various factors, such as the apparatus’s quality, the experimenter’s skill,
and the number of measurements performed.

Suppose that we will measure the area of a disk table using a meter stick as a
measuring instrument. Let us assume that the accuracywe canmeasurewith this stick
is ±0.1 cm. If the length of the table is 5.5 cm, we can say that its range lies somewhere
between 5.4 cm and 5.6 cm. It is noted that the measured value has two significant
figures. For the same reasons, if the table width is 6.4 cm, the actual value lies in the
interval of 6.3 cm and 6.5 cm. Hence, we could write the measured values as

5.5 ± 0.1 (2.18)
6.4 ± 0.1. (2.19)

Now, we can determine the area of the table as(5.5 cm)(6.4 cm) = 35.2 cm2. (2.20)

which contains three significant figures, which is greater than the number of signifi-
cant figures for each measured length.

A general rule in determining the number of significant figures
Whenmultiplying several quantities, the number of significant figures in the final an-
swer is the same as the number of significant figures in the quantities with the lowest
number of significant figures being multiplied. For the division, the same applies.
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Using the rule of the multiplication in the example above, we see that the result
for the table area can have only two significant figures since we use only two signifi-
cant figures for the measurements of the lengths. Thus, all we can say that the area is
35 cm2, realizing that the value can range between:(5.4 cm)(6.3 cm) = 34 cm2 (2.21)(5.6 cm)(6.5 cm) = 36 cm2. (2.22)

Therefore, we can finally write that the surface area of the table is

A = (35 ± 1.0) cm2. (2.23)

Significant figures of zeros
Zeros may or may not be significant figures.

For instance, those used to position the decimal point in such numbers as 0.0011
and 0.000341 are not significant. Hence, there are two and three significant figures
in these two values, respectively. However, the zeros coming after other digits may
be ambiguous. For example, if the mass of an object is given as 2100 g, to avoid any
ambiguity in the value because it is not clear whether the last two zeros are being used
to locate the decimal point or represent significant figures in themeasurement, we can
use a scientific notation to present the number of significant figures. In this case, we
would express themass as 2.1×103 g if there are two significant figures in themeasured
value, 2.10×103 g if there are three significant figures, and 2.100×103 g if there are four.

The same rule applies when the number is less than one so that 2.3 × 10−4 has
two significant figures (and so could be written 0.00023) and 2.30 × 10−4 has three
significant figures (also written 0.000230).
Significant figures of addition and subtraction
When numbers are added or subtracted, the number of decimal places in the result
should be equal to the smallest number of decimal places of any term in the sum.

For example, if we wish to compute 123 + 5.35, the answer given to the correct
number of significant figures is 128 and not 128.35. If we calculate the sum 1.0001 +
0.0003 = 1.0004, the result has five significant figures, even though one of the terms
in the sum, 0.0003, has only one significant figure.

Similarly, for the subtraction 1.002 − 0.998 = 0.004, the result of the subtraction
will have three digits after the decimal point. It has only one significant figure, even
though one term has four significant figures, and the other has three.
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2.6 Exercises

Exercise 2.1. Calculate the area of a fenced yard 100m long and 50.0mwide. Express
your answer in terms of square km.

Exercise 2.2. Calculate the volumeof a raindropwith a radius of 2.0mm.Express your
answer in terms of mm3. Howmany raindrops would fill a tank with a volume of 1m3?

Exercise 2.3. The copies of the kg showvariation inweight gain asmuchas 70 µgrams
over a period of approximately 100 years. If the mass of the gunk build up on the kilo-
gram replica as well as the original is due to hydrocarbon buildup and we assume it
to be CH with a mass ofmCH = 2.2 × 10−26 kg, calculate how many CH molecules have
made their home in the International Prototype Kilogram (IPK).

Exercise 2.4. When neutrons and protons bind to form nuclei, they release en-
ergy. The amount of energy released is equal to the energy that binds the nucleus.
A deuteron is a heavy hydrogen wherein a neutron and a proton are bound together.
If the binding energy (BE) of the deuteron is 0.002362 amu, find the mass of the
deuteron. (amu is the Atomic Mass Unit, 1 amu = 1.66053886 × 10−27 kg.)
Exercise 2.5. The lower limit of the proton lifetime is measured to be 1.01× 1034 years.
Calculate this number in ns. If the lifetime of a subatomic particle called the positive
pion is 26 ns, what is the ratio of the lifetime of the proton to that of the pion?

Exercise 2.6. The size of an Amoeba is 150 µm. Express this length in nm and Å.

Exercise 2.7. The size of the H-atom is 1 Å. Assume the H-atom is spherical. Calculate
its volume in m3.

Exercise 2.8. A solid cube of aluminum (density 2.7 g/cm3) has a volume of 0.20 cm3.
How many aluminum atoms are contained in the cube?

Exercise 2.9. Prove that the expression v = at is dimensionally correct, where v rep-
resents speed, a acceleration, and t a time interval.

Exercise 2.10. The mass of a concrete cube, with a side length of 5.35 cm, is 856 g.
Determine the density ρ of the cube in basic SI units.

Exercise 2.11. Calculate how many steps a person would walk from New York to Los
Angeles.

Exercise 2.12. A rectangular has a length of (21.3±0.2) cm andwidth of (9.80±0.1) cm.
Determine the area of the plate and the uncertainty in the calculated area.

Exercise 2.13. Approximate the following arithmetic:
(a) 100 + 1.51
(b) 12/3.5
(c) 99 + 13.65.
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Exercise 2.14. The mass of an object is 1234 g. Convert the mass in kilogram, and ap-
proximate it to three significant figures.

Exercise 2.15. The speed of the boat is 2321 cm/s. Find the speedof the boat in SI units,
and approximate it to three significant figures.
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3 One-dimensional motion
We will describe the moving objects as particles regardless of their size. A point-like
mass particle is called a particle having infinitesimal size. For example, the motion
of the Earth around the Sun can, in general, be described by considering the Earth as
a point-like particle because the radius of the Earth’s orbit around the Sun is much
larger than the dimensions of the Earth and Sun.

3.1 Displacement

Definition 3.1 (Displacement). The displacement is defined as the change in the par-
ticle position,

Δx = xf − xi. (3.1)

Here, xf is the final position and xi is the initial position.

Both these quantities are vectors, and thus Δx is a vector. That is, it has both di-
rection andmagnitude. There are only two possible directions in one dimension, spec-
ified either with a minus sign or a plus sign. From the definition one can see that Δx is
positive if xf is greater than xi and negative if xf < xi.

Amistake easilymade is to not recognize the difference between the displacement
and the distance traveled.

Definition 3.2 (Distance). The distance is a scalar quantity that represents the length
of the path traveled by the particle.

Example 3.1. For example, an object travels from A to B and turns back from B to A
(see Fig. 3.1). What are the distance traveled by the object and its displacement?

Answer: The distance traveled by the object is

d = |AB| + |BA| = 2|AB| = 2|BA| (3.2)

since, |AB| = |BA|. However, the displacement of the object is zero, because the final
and initial position are identical:

Δx = xf − xi = xA − xA = 0 (3.3)

where xA is the position at A.

Figure 3.1: A round trip motion of an object from A to B.

https://doi.org/10.1515/9783110755824-003
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3.2 The average velocity and speed

Definition 3.3 (Average velocity). The average velocity, v̄x, of an object (or a particle)
is defined as the ratio of its displacement Δx with the time interval Δt during which
that displacement took place:

v̄x =
Δx
Δt
≡
xf − xi
tf − ti

(3.4)

where the subscript x indicates themotion along the x-axis. xf and xi are, respectively,
the final and the initial positions, and tf and ti are the final and initial time, respec-
tively.

One can see from the formula that the average velocity has the dimensions of the
length divided by time; that is, in SI units, the average velocity has the units of meters
per second (m/s).

It can be noticed that:
– The bar sign indicates the average value.
– Δt is always positive; therefore, the sign of ̄vx is determined always from the sign of Δx.
– If the coordinate decreases in time (i. e., xf < xi), then Δx is negative and hence ̄vx is negative.

This case corresponds to motion along the negative direction of the x-axis. If the coordinate
of the particle position increases in time (i. e., xf > xi), then Δx is positive and ̄vx is positive.
This corresponds to motion in the positive x direction. This is illustrated in Fig. 3.2.

Figure 3.2: The motion along the x-axis. The arrows indicate the
directions of the motion.

3.2.1 Graphical interpretation of the velocity

The average velocity can also be interpreted graphically, as illustrated in Fig. 3.3 in
a position versus time plot. Let us consider a particle moving in one dimension from
point Pwith coordinates (xi, ti) to the pointQwith coordinates (xf , tf ).We can draw the
trajectory, as shown in Fig. 3.3 (blue line). The slope of the straight line connecting the
points P and Q is

tan θ = Δx
Δt
. (3.5)

Therefore, by comparing it with eq. (3.4), we conclude that the average velocity can
be interpreted as the straight-line slope connecting the points P and Q, representing,
respectively, the initial and the final points of the trajectory.
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Figure 3.3: The motion of a particle in the (x, t) plan.

Often the terms speed and velocity are used interchangeably. However, in physics, there is a clear
distinction between these two quantities.

To do this, we have to determine another quantity called speed.
Definition 3.4 (Average speed). By definition, the average speed of a particle is a scalar quantity
given as the total distance traveled (ℓ) divided by the total time (T ) it takes to travel that distance:

| ̄vx | =
ℓ
T
. (3.6)

The SI unit of the average speed is the same as the unit of the average velocity: meters per
second (m/s). Unlike the average velocity, the average speed has no direction, and hence it has no
algebraic sign. Also, the particle’s average speed does not tell us anything about the full motion
details.
Example 3.2. Consider a runner who runs a distance d, let say between points A and B for time t.
First from A to B, then he runs back from B to A for the same time. What are the displacement,
average velocity, and average speed?

Answer: The displacement is Δx = xf − xi = 0, because xf = xi . Hence, the average velocity is
̄vx = 0. The total distance traveled by the runner is

ℓ = d + d = 2d (3.7)

and the total time: T = t + t = 2t. Hence, the average speed is

| ̄vx | =
ℓ
T
=
2d
2t
=
d
t

(3.8)

which tells us how fast the runner was running.

Example 3.3. Suppose it takes 3.00 h to travel 120 km in a car. What is the average speed?
Answer: The average speed for this trip is

| ̄vx | =
120 km
3.00h

= 40.0 km/h. (3.9)

However, one can travel at various speeds during the trip, and the average speed of 40.0 km/h
may, in general, result from an infinite number of possible speed values.

3.3 Instantaneous velocity and speed

Usually, we are only interested in the velocity of an object at some instant in time, not
over a finite time interval.
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Example 3.4. For example, during a trip, you might want to know the average speed
during the trip. Still, you would be especially interested in knowing your velocity at
any instant, for example, when you see the police car parked alongside the road in
front of you. In other words, you would like to know the velocity just as precisely as
you can specify your position by not knowing what is happening at a specific clock
reading, i. e., at some specific instant. That is the same as saying how fast a particle
moves if we “freeze time” and talk only about an individual instant.

Definition 3.5 (Instantaneous velocity). The instantaneous velocity vx is equal to the
limiting value of the ratio Δx/Δt as Δt approaches zero:

vx = limΔt→0

Δx
Δt
. (3.10)

Note that the displacement Δx is also approaching zero as Δt approaches zero. As
Δx and Δt become smaller and smaller, the ratio Δx/Δt converges to a value equal to
the slope of the line tangent to the x versus t curve.

Example 3.5. In the following table (see Table 3.1), we give some data about the po-
sition of a runner at different times. Find the instantaneous velocity of the runner at
time t = 1.00 s.

Table 3.1: The position versus time for a runner.

t (s) x (m)

1.00 1.00
1.01 1.02
1.10 1.21
1.20 1.44
1.50 2.25
2.00 4.00
3.00 9.00

Answer: First, we can determine the average velocity for the total running time:

v̄x =
Δx
Δt
= 9.00m − 1.00m

3.00 s − 1.00 s
= 4.00m/s. (3.11)

Using the definition of the instantaneous velocity, we can find a good approximation
by taking the shortest interval. As one can see from Table 3.1, the closest time next to
t = 1.00 s is the time 1.01 s, hence, the instantaneous velocity at t = 1.00 s is

vx(t = 1.00 s) =
Δx
Δt
= 1.02m − 1.00m

1.01 s − 1.00 s
= 2.00m/s. (3.12)

That example indicates that the average and instantaneous velocities can be quite
different.
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In calculus notation, the above limit is also called the derivative of x with respect to t, hence

vx = lim
Δt→0

Δx
Δt
=
dx
dt
. (3.13)

As a conclusion, we can say that:
– The instantaneous velocity gives more information than the average velocity. From now, we

will refer to the instantaneous velocity as, velocity.
– The velocity can take all possible values, e. g., it can be positive, negative, or zero.

Definition 3.6 (Instantaneous speed). The magnitude of the velocity of an object de-
fines its instantaneous speed.

Like the average speed, instantaneous speed has no direction associated with it
and does not carry any algebraic sign.

Example 3.6. If one particle has a velocity of +30m/s along a given direction and an-
other particle has a velocity of −30m/s along the same line, but opposite direction,
what is the speed of each particle?

Answer: Each has a speed of 30m/s, because

|30| m
s
= |−30| m

s
= 30 m

s
. (3.14)

3.3.1 Graphical interpretation of the instantaneous velocity

We can also interpret the instantaneous velocity graphically, as illustrated in Fig. 3.4.
As we explained above, the average velocity is the line’s slope connecting to different
positions of a particle. To calculate the instantaneous velocity, wewill need to take the
limit of Δt 󳨀→ 0orB2 󳨀→ B1 󳨀→ B0 󳨀→ B.WhenB2 󳨀→ B, the line connectingB2 andB
approaches the tangent with the curve at the point B, and hence Δx 󳨀→ 0. Therefore,
the slope of the tangent at the position B, tan θ, is the instantaneous velocity at the
time t the particle is at the position B:

tan θ = lim
Δt→0

Δx
Δt
. (3.15)

Figure 3.4: Graphical interpretation of the instantaneous
velocity.
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Note that, if the trajectory is a straight line, we will get vx = v̄x, which is valid for
all the path points.

3.4 Average acceleration

There are examples in which the velocity of a particle changes while the particle is
moving. It is easy to quantify the changes in the velocity as a function of time similarly
to quantifying the changes in position as a function of time,

Δvx(t) = vxf (t) − vxi(t). (3.16)

We can say that the particle accelerates when the velocity of a particle changes with
time.

For example, the velocity increaseswhen stepping on the gas and decreaseswhen
applying the car’s brakes. Suppose the car is moving along the x-axis with velocity vxi
at time ti and a velocity vxf at time tf , as illustrated in Fig. 3.5.

Figure 3.5: Illustration of motion of a racing car moving
with velocity that changes along the x-axis.

Definition 3.7 (Average acceleration). By definition, the average acceleration of the
particle is given as the change in the velocity Δvx = vxf −vxi divided by the time interval
Δt = tf − ti during which that change occurred:

āx =
Δvx
Δt
=
vxf − vxi
tf − ti
. (3.17)

Similar to the velocity, when themotion is analyzed in one-dimension, the direction of acceleration
is determined by its sign, either positive and negative signs. Since the velocity dimensions are
(m/s) and dimensions of time are (s), the acceleration has the dimensions of m/s2 in SI units.

Example 3.7. Suppose that an object has an acceleration of 2m/s2. Describe the mo-
tion of that object.

Answer: It would be best if you imagined it as an object having a velocity along a
straight line and increasing by 2m/s every 1 s time interval. That is, if the object starts
the motion from rest (vxi = 0), then its velocity increases to +2m/s after 1 s and +4m/s
after 2 s and so on.
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3.4.1 Graphical interpretation of the average acceleration

The average acceleration can be interpreted graphically, similar to the average veloc-
ity. For example, if the object starts themotion from the point P at time ti with velocity
vxi, and at time tf it reaches the point Q with a velocity vxf , then the average acceler-
ation is the slope of the line connecting the points P and Q in a velocity versus time
graph, as shown in Fig. 3.6.

Figure 3.6: Graphical interpretation of the average accelera-
tion.

3.5 Instantaneous acceleration

The average acceleration might have different values over different time intervals.
Therefore, similar to instantaneous velocity, it is useful to define the instantaneous
acceleration as the limit when Δt approaches zero of the average acceleration.

Definition 3.8 (Instantaneous acceleration). The instantaneous acceleration is deter-
mined as limit of the average acceleration as Δt approaches zero:

ax = limΔt→0

Δvx
Δt
. (3.18)

Hence, the instantaneous acceleration equals the derivative of the velocity with
respect to the time:

ax =
dvx
dt
. (3.19)

Note that as Δt → 0 so does the change in the velocity, that is, Δvx → 0.
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3.5.1 Graphical interpretation of instantaneous acceleration

Graphically, the expression given by eq. (3.19) can be interpreted as the slope of the
tangent at an instant of time of the velocity–time graph (see Fig. 3.7):

tan θ = lim
Δt→0

Δvx
Δt
. (3.20)

Figure 3.7: Graphical interpretation of the instantaneous
acceleration.

Note that:
– Acceleration is the change in particle velocity per unit of time.
– If Δvx > 0 (that is, if the velocity increases with time), then ax > 0; if Δvx < 0 (that is, if the

velocity decreases with time), then ax < 0.
– The velocity increases in time, if the velocity and acceleration are in the same direction.
– Similar to the instantaneousvelocity, fromnowonwith accelerationwewill understandsimply

the instantaneous acceleration.
– If the ax > 0, then the acceleration is in the positive x direction; ifax < 0, then the acceleration

is in the negative x direction.

Since, vx = dx/dt, then the acceleration can also be written as

ax =
dvx
dt
=

d
dt
(
dx
dt
) =

d2x
dt2
. (3.21)

That is, the acceleration equals the second derivative of x with respect to time for one-dimensional
case.

3.6 One-dimensional motion with constant acceleration

A common and straightforward one-dimensional motion is this with acceleration
constant. In this case, constant acceleration means that the velocity increases or de-
creases with the same amount during the entire motion; for example, the movement
of an object falling from a certain distance very close to the Earth’s surface, if we
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ignore the air resistance. We derive the so-called kinematic equations of motion for
the one-dimensional movement with constant acceleration in the following.

3.6.1 Kinematic equations of motion

We start with the definition of the average acceleration, given by eq. (3.17), and replac-
ing āx with ax, and choosing ti = 0, xi = 0, and tf = t. If ax is constant, then

ax =
vxf − vxi

t
(3.22)

or

vxf = vxi + axt. (3.23)

Equation (3.23) is an essential expression, which determines the velocity of the
object at any time t ifweknow its initial velocity and its acceleration (which is assumed
to be constant).

The velocity versus time graph for the case of constant acceleration motion is
shown in Fig. 3.8. It can be seen that the graph is a straight line, the constant slope
of which is the acceleration ax, which is consistent with the fact that ax = dvx/dt is a
constant:

tan θ = ax . (3.24)

From the graph (see Fig. 3.8), the slope is positive, indicating a positive acceleration,
ax > 0.

Figure 3.8: The motion with constant acceleration along the
x-axis represented in (vx , t) plan.

When the acceleration is constant, then the graph of the acceleration versus time is a
straight line with a slope equal to zero, as shown in Fig. 3.9:

tan θ = 0. (3.25)
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Figure 3.9: The motion with constant acceleration along the
x-axis represented in (ax , t) plan.

Since the velocity at constant acceleration varies linearly with time, we can express
the average velocity at any time interval as the arithmetic mean of the initial velocity
vxi and the final velocity vxf :

v̄x =
1
2
(vxf + vxi) (3.26)

which is true if ax is constant.
In addition, using eq. (3.4) for ti = 0 and tf = t, we obtain

v̄x =
xf − xi

t
. (3.27)

From this,

xf − xi = v̄xt = (vxf + vxi)t/2 (3.28)

or

xf − xi = vxit +
1
2
axt

2. (3.29)

Note that eq. (3.29) determines the displacement of an object, Δx = xf −xi as a function of the initial
velocity vxi , time t and acceleration ax . It represents a parabola in a displacement versus time plot.
Besides, eq. (3.29) can be used to determine the position of the object as a function of its initial
position xi , the initial velocity vxi , time t and the acceleration ax as

xf = xi + vxit +
1
2
ax t

2. (3.30)

A graph of the position versus the time for the motion at constant (positive) accelera-
tion is shown in Fig. 3.10. The curve represents a parabola (the blue line in Fig. 3.10).
The slope of the line that is tangent to the curve at t = ti = 0 equals the initial ve-
locity tan θi = vxi, and the slope of the line that is tangent to the curve at any later
time t equals the velocity at that time tan θf = vxf . Note that xf is sum of two vector
quantities, namely xi and vxit + axt2/2, as indicated in Fig. 3.10.
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Figure 3.10: A graph of the position versus the time
for the motion at constant (positive) acceleration.

Equation (3.23) can be re-arranged to obtain time t as

t = (vxf − vxi)/ax . (3.31)

By plugging this equation into eq. (3.29), we get

xf − xi = vxi
vxf − vxi

ax
+ 1
2
ax
(vxf − vxi)2

a2x
(3.32)

or

v2xf − v
2
xi = 2ax(xf − xi). (3.33)

Equation (3.23), eq. (3.29) (or eq. (3.30)) and eq. (3.33) form the set of kinematic equa-
tions of motion with constant acceleration in one dimension used to solvemany prob-
lems.

For the motions with zero acceleration, ax = 0, we have

vxf = vxi = vx (3.34)

xf − xi = vx t . (3.35)

Thatmeans that when ax = 0, the velocity is constant and the displacement increases linearly with
time.

3.7 Freely falling objects

We say that an object freely falling when it moves only upon the action of the gravity
force (see also Fig. 3.11).

If we ignore the air resistance, all the objects falling freely upon the action of the
gravity force move with constant acceleration which has the direction towards the
center of the Earth, or normal to the Earth’s surface and its magnitude is

|ay| ≡ g = 9.8m/s2. (3.36)

In eq. (3.36), g is the magnitude of the so-called gravitational acceleration.
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Figure 3.11: Illustration of the free fall.

Then the kinematic equations ofmotion (eq. (3.23), eq. (3.29) and eq. (3.33)) in this case
become

vyf = vyi + ayt (3.37)

yf − yi = vyit + ay
t2

2
, (3.38)

v2yf − v
2
yi = 2ay(yf − yi). (3.39)

Note that the subscript has changed to y to indicate that themotion is along the y-axis.
If we choose the reference framewith positive y-axis direction upwards, as shown

in Fig. 3.11, then

ay = −g. (3.40)

The minus sign (see eq. (3.40)) indicates that the direction of the acceleration is along
the negative y-axis. Then eq. (3.37), eq. (3.38), and eq. (3.39) are re-written for conve-
nience (in particular, for use in solving problems) as follows:

vyf = vyi − gt (3.41)

yf − yi = vyit − g
t2

2
, (3.42)

v2yf − v
2
yi = −2g(yf − yi). (3.43)

Here, g is given by eq. (3.36).

Note that, since the acceleration of the freely falling objects g is the same for every object, this
indicates that the heavier objects do not fall faster than the lighter ones if we ignore the air resis-
tance.

3.8 Exercises

Exercise 3.1. Determine the displacement, average velocity, and average speed of the
car in Fig. 3.12 between positions A and F. The units of the displacement are given in
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Figure 3.12: The movement of a car
along a straight line indicated as the
x axis. We are interested only in the
translational motion of the car, and
hence it is treated as a particle, and
hence the graph presents a position–
time plot of that particle.

meters, and the numerical results must be in the same order of magnitude presented
in the graph.

Exercise 3.2. Aparticlemoves along the x-axis with its x coordinate varyingwith time
according to the expression x = −4t + 2t2, where x is in meter, and t is in second. The
position versus time graph for thismotion is given in Fig. 3.13. Note that particlemoves
in the negative x direction for the first second of the motion, is at rest at the moment
t = 1 s, and moves in the positive x direction for t > 1 s.
(a) Find the displacement of the particle in the following time intervals: Between t =

0 and t = 1 s and between t = 1 s and t = 3 s.
(b) Calculate the average velocity during these two time intervals.
(c) Find the instantaneous velocity of the particle at t = 2.5 s.

Use only one significant figure in all calculations.

Figure 3.13: Position–time graph for
a particle having an x coordinate that
varies in time according to the expres-
sion x = −4t + 2t2.

Exercise 3.3. Suppose that the velocity of some object moving along the x-axis varies
in time according to the expression vx = (40 − 5t2)m/s, where t is in seconds.
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(a) Find the average acceleration in the time interval t = 0 to t = 2.0 s.
(b) Determine the acceleration at t = 2.0 s.

Exercise 3.4. Consider driving in an entrance ramp to an interstate highway. Let us
assume a final velocity of 100 km/h so you can merge with the traffic and the initial
velocity is about one-third of the final velocity.
(a) Estimate the average acceleration assuming it takes around 10.0 s to merge to the

traffic.
(b) How far did you go during the first half of the time interval during which you ac-

celerated?

[Use only three significant figures in calculations.]

Exercise 3.5. Suppose a jet lands on at a velocity 140mi/h.
(a) What is its acceleration if it stops in 2.00 s?
(b) What is the displacement of the plane while it is stopping?

[Use only three significant figures in calculations.]

Exercise 3.6. Suppose a ball is thrown vertically up at 25m/s. Calculate its velocity
after 1.0 s. [Use only two significant figures in calculations.]

Exercise 3.7. Consider a ball is thrown from the top of a buildingwith an initial veloc-
ity of 20.0m/s in the direction upward. Suppose the building is 50.0m high. The ball
passes the edge of the roof on its way down, as shown in Fig. 3.14. Let us assume that
tA = 0 is when the ball leaves the thrower’s hand at position A.
(a) Determine the time at which the ball reaches its maximum height.
(b) Determine the maximum height.
(c) Determine the time at which the ball returns to the height from where it was

thrown.
(d) Determine the velocity of the ball at this instant.
(e) Determine the velocity and position of the ball at t = 5.00 s.

[Use only three significant figures in calculations.]

Figure 3.14: Position and velocity versus time for a free falling ball thrown
initially upward with velocity vyi = 20.0m/s.
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Exercise 3.8. Can average and instantaneous velocity ever be equal for a specific type
of motion? Explain.

Exercise 3.9. Assume that the average velocity is nonzero for some time interval. Does
that mean that the instantaneous velocity can never be zero during this interval? Ex-
plain.

Exercise 3.10. Prove that, if the average velocity equals zero for some time interval
Δt, and if vx(t) is a continuous function, the instantaneous velocity must go to zero at
some time in this interval. Explain.

Exercise 3.11. Can we assume that velocity and acceleration may also have an oppo-
site sign? If so, sketch a velocity–time graph to prove your point.

Exercise 3.12. Suppose the velocity of a particle is nonzero. Can its acceleration be
zero? Explain.

Exercise 3.13. If the velocity of a particle is zero, can its acceleration be nonzero? Ex-
plain.

Exercise 3.14. Can an object having constant acceleration ever stop and stay stopped?

Exercise 3.15. Consider a stone is thrown straight up from the top of a building. Does
the stone’s displacement depend on the location of the origin of the coordinate sys-
tem? Does the stone’s velocity depend on the origin? (Assume that the coordinate sys-
tem is stationary with respect to the building.) Explain.

Exercise 3.16. A student throws a ball upward from the top of a building, which has
a height h, with an initial speed vyi and then throws a second ball downward with the
same initial speed. Compare the final speeds of the balls when they reach the ground.

Exercise 3.17. Can the magnitude of the instantaneous velocity of an object ever be
greater than the magnitude of its average velocity? Can it ever be less?

Exercise 3.18. Assume that the average velocity of an object is zero in some time in-
terval. Determine the displacement of the object in that interval.

Exercise 3.19. A car’s position was observed at various times; the results are summa-
rized in Tab. 3.2. Calculate the average velocity of that car (a) during the first second,
(b) the last 3 s, and (c) the entire period of observation.

Table 3.2: The results of the observation.

x (m) 0 2.3 9.2 20.7 36.8 57.5
t (s) 0 1.0 2.0 3.0 4.0 5.0
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Exercise 3.20. Amotorist drives north for 35min at 85 km/h and then stops for 15min.
Thenhe continuesnorth, traveling 130 km in 2.00h. (a)What is his total displacement?
(b) What is his average velocity?

Exercise 3.21. The displacement versus time graph of a particle moving along the
x-axis is shown in Fig. 3.15. What is the average velocity in the following time intervals
(a) 0 to 2 s, (b) 0 to 4 s, (c) 2 s to 4 s, (d) 4 s to 7 s, (e) 0 to 8 s? [Use only one significant
figure for the results.]

Figure 3.15: A diagram of trajectory.

Exercise 3.22. A particle moves along the x-axis with a position varying as a function
of time according to x = 10t2, where x is in meters, and t is in seconds. (a) Determine
the average velocity for the time interval from 2.0 s to 3.0 s. (b) Determine the aver-
age velocity for the time interval from 2.0 s to 2.1 s. [Use only two significant figures in
calculations.]

Exercise 3.23. A person walks initially with constant speed of v1 along a straight line
frompointA to pointB, and then turns back along the same line fromB toA at another
constant speed of v2. (a) What is the average speed over the entire trip? (b) What is the
average velocity over the entire trip?

Exercise 3.24. At t = 1.00 s, a particle moving with constant velocity is located at
x = −3.00m, and at t = 6.00 s the particle is located at x = 5.00m. (a) From this
information, plot the position as a function of time. (b) Determine the velocity of the
particle from the slope of this graph.

Exercise 3.25. A position–time graph for a particle moving along the x-axis is shown
in Fig. 3.16. (a) Find the average velocity from time t = 2.0 s to t = 4.0 s. (b) Find the
instantaneous velocity at instant of time t = 2.0 sbymeasuring the slope of the tangent
line, as shown in the graph. (c) At what value of t is the velocity zero?
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Figure 3.16: The position–time graph.

Exercise 3.26. A particle moves with velocity of 60m/s in the positive x direction at
t = 0. During an interval of 15 s, the velocity decreases uniformly to zero. What is the
acceleration during that interval? What is the significance of the sign of your answer?

Exercise 3.27. A 50.0 g superball traveling at 25.0m/s bounces off a brick wall and
rebounds at 22.0m/s. A high-speed camera records this event. Suppose the ball is in
contact with the wall for some time of 3.50ms. Find the magnitude of the average ac-
celeration of the ball during this time interval. (Note: 1ms = 10−3 s).

Exercise 3.28. Consider a particle that starts the motion from rest, and it accelerates,
as shown in Fig. 3.17. (a) Determine the particle’s speed at t = 10 s and at t = 20 s.
(b) Determine the distance traveled during the first 20 s.

Figure 3.17: The acceleration–time
graph.

Exercise 3.29. A graph of the velocity–time for an object moving along the x-axis is
shown in Fig. 3.18. (a) Plot a graph of the acceleration as a function time. (b) Determine
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the average acceleration of the object during the time intervals between t = 5.00 s and
t = 15.0 s; t = 0 and t = 20.0 s.

Figure 3.18: The velocity–time and acceleration–time
graphs.

Exercise 3.30. Assume a particle moves along the x-axis with a position versus the
time equation given as x = 2.00 + 3.00t − t2, where x is in meters, and t is in seconds.
At t = 3.00 s, find (a) its position, (b) its velocity, and (c) its acceleration.

Exercise 3.31. An object moves along the x-axis where its position is given by the
equation x = (3.00t2−2.00t+3.00)m. (a)Determine average velocity between t = 2.00 s
and t = 3.00 s. (b) What are the instantaneous velocities at t = 2.00 s and t = 3.00 s?
(c) Find the average acceleration between t = 2.00 s and t = 3.00 s, and (d) the instan-
taneous acceleration at t = 2.00 s and t = 3.00 s.

Exercise 3.32. Assume that a car will accelerate from rest to a speed of 42.0m/s in
8.00 s with a constant acceleration. (a) Determine the acceleration of the car. (b) Find
the distance traveled by the car during the first 8.00 s. (c) What is the speed of the car
10.0 s after it begins its motion, if it moves with the same acceleration?

Exercise 3.33. A truck travels 40.0m in 8.50 s while smoothly slowing down to a final
speed of 2.80m/s. (a) Find its actual speed. (b) Find its acceleration.

Exercise 3.34. A body is moving with a constant acceleration having a velocity of
12.0 cm/s along the positive x direction when its x coordinate is 3.00 cm. If its x co-
ordinate after 2.00 s is −5.00 cm, what is the magnitude of its acceleration?

Exercise 3.35. A particle moves along the x-axis. Its position versus time is given as
x = 2.00 + 3.00t − 4.00t2 with x in meters and t in seconds. Determine (a) its position
at the instant it changes the direction and (b) its velocity when it returns to the same
position at t = 0.

Exercise 3.36. The initial velocity of a body is 5.20m/s. What is its velocity after
2.50 s (a) if its accelerates uniformly at 3.00m/s2 and (b) if it accelerates uniformly at
−3.00m/s2?
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Exercise 3.37. A car starts the motion from the rest and accelerates at 10.0m/s2 for
the entire distance of 400m. (a) How long did it take for the car to travel this distance?
(b) What is the speed of the car at the end of its run?

Exercise 3.38. Suppose a car is approaching a hill at speed 30.0m/s where its engine,
just at the bottom of the hill, stops due to a failure. The car moves with a constant ac-
celeration of −2.00m/s2 while coasting up the hill. (a)Write equations for the position
and velocity along the slope as a function of time. Assume that x = 0 at the bottom of
the hill, where vi = 30.0m/s. (b) Determine the maximum distance the car moves up
the hill.

Exercise 3.39. A golf ball is released from rest from the top of a very tall building.
Calculate the position and the ball’s velocity after 1.00 s, 2.00 s, and 3.00 s.

Exercise 3.40. A student throws a set of keys straight up to his roommate, who is
catching them from awindow 4.00m above. Those are caught after 1.50 s by the room-
mate’s outstretched hand. (a) What is the initial velocity that the keys are thrown?
(b) What is the velocity of the keys just before they are caught?

Exercise 3.41. A ball is thrown directly downward from 30.0m above the groundwith
an initial speed of 8.00m/s. How many seconds later does the ball strike the ground?

Exercise 3.42. A ball dropped from the rest at a height h above the ground. Another
ball is thrown vertically upward from the Earth surface at the same time the first ball
was released. Determine the speed of the second ball if the two balls are to meet at a
height of h/2 above the ground.
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4 Two- and three-dimensional motion
In this chapter, we will discuss the kinematics of a particle moving in two and three
dimensions. Utilizing two- and three-dimensional motion, we will be able to examine
a variety of movements, starting with the motion of satellites in orbit to the flow of
electrons in a uniform electric field. We will begin studying in more detail the vector
nature of displacement, velocity, and acceleration. Similar to one-dimensional mo-
tion, we will also derive the kinematic equations for three-dimensional motion from
these three quantities’ fundamental definitions. Then the projectile motion and uni-
form circular motion will be described in detail as particular cases of the movements
in two dimensions.

4.1 The displacement, velocity, and acceleration vectors

When we discussed the one-dimensional motion (see Chapter 3), we mentioned that
the movement of an object along a straight line is thoroughly described in terms of its
position as a function of time, x(t). For the two-dimensional motion, we will extend
this idea to the movement in the xy plane.

As a start, we describe a particle’s position by the position vector r pointing from
the origin of some coordinate system to the particle located in the xy plane, as shown
in Fig. 4.1. At time ti the particle is at point P, and at some later time tf it is at the
position Q. The path from P to Q generally is not a straight line. As the particle moves
from P to Q in the time interval Δt = tf − ti, its position vector changes from ri to rf .

Definition 4.1 (Displacement vector). The displacement is a vector, and the displace-
ment of the particle is the difference between its final position and its initial position.
We now formally define the displacement vector for the particle as the difference be-
tween its final position vector and its initial position vector:

Δr = rf − ri. (4.1)

The direction of Δr is indicated in Fig. 4.1 from P to Q. Note that the magnitude of
Δr is smaller than the distance traveled by the particle along the curved path.

Often, an object’s motion is quantified by the ratio of displacement with the time
interval during which that displacement took place. In contrast to one-dimensional
kinematics, wherewe used the signs plus orminus to indicate themotion direction, in
two-dimensional (or three-dimensional) kinematics, we will use vectors. All the other
quantities have the same meanings.

Definition 4.2 (Average velocity). By definition, the average velocity of a particle dur-
ing the time interval Δt is the displacement of the particle dividedby that time interval:

v̄ = Δr
Δt
. (4.2)

https://doi.org/10.1515/9783110755824-004
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Figure 4.1: Two-dimensional motion of a particle moving in
the xy plane.

We know that multiplying or dividing a vector quantity by a positive scalar number
changes only the vector’s magnitude, not its direction. Therefore, since the displace-
ment is a vector quantity and the time interval is a positive scalar quantity (because
tf > ti). The average velocity is a vector directed along Δr.

From the definition, the average velocity is proportional to displacement, which,
in turn, depends only on the initial and final position vectors but not on the path is
taken. Therefore, the average velocity between any two points is independent of the
path that is taken, but it depends only on the initial and final positions. Like one-
dimensional motion, if a particle starts its motion at the point P and returns to the
same location, P, taking any path, then the displacement is zero. Hence, its average
velocity is zero.

Definition 4.3 (Magnitude of average velocity). Themagnitudeof the average velocity
vector

v̄ = |v̄| (4.3)

is called the average speed, which is a scalar quantity.

Consider again the motion of a particle between two points, P(t) and Q(tk) (for
k = 1, 2, 3, . . .), in the xy plane, as shown in Fig. 4.2. Taking the limit when the time
interval Δt = tk − t over which we observe the motion becomes infinitesimally small
(Δt → 0), the direction of the displacement, Δr = rk − ri, approaches the line tangent
with the path at P and its magnitude becomes infinitesimally small, |Δr| → 0.

Figure 4.2: A particle moving in the xy plane as a case of a
two-dimensional motion.
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Definition 4.4 (Instantaneous velocity). The instantaneous velocityv is defined as the
limit of the average velocity Δr/Δt as Δt approaches zero:

v = lim
Δt→0

Δr
Δt
=
dr
dt
. (4.4)

The definition of the instantaneous velocity shows that this quantity equals the
derivative of the position vector with respect to time (see Fig. 4.3). As such, the direc-
tion of the particle’s instantaneous velocity vector at any point in the path is tangent
with it at that point and along the direction of motion.

Figure 4.3: Instantaneous velocity of the two-
dimensional motion of a particle moving in the
xy plane.

Definition 4.5 (Magnitude of velocity). The magnitude of the instantaneous velocity
vector

v = |v| (4.5)

is called the instantaneous speed (or, simply speed), which, as you should remember,
is a scalar quantity.

When a particle moves from one point to another along a path, its instantaneous
velocity vector changes from vi at time ti to vf at time tf , as shown in Fig. 4.3. Note
that, in general, since the trajectory curve is not linear, the velocities vi and vf are not
the same (even if the speeds are the same). Therefore, in general, Δv = vf − vi ̸= 0. If
we suppose that we know the velocity at these points, we can determine the particle’s
average acceleration as follows.

Definition 4.6 (Average acceleration). By definition, the average acceleration of a par-
ticle as it moves between any two positions is given as the change in the instanta-
neous velocity vector Δv divided by the interval of time Δt during which that change
occurred:

ā ≡
vf − vi
tf − ti
=
Δv
Δt
. (4.6)
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Velocity vector change
It can be seen that the average acceleration is the ratio of a vector quantity Δv and a
positive scalar quantity Δt, hence the average acceleration a is a vector quantity di-
rected along Δv. As indicated in Fig. 4.3, the direction of Δv is found by adding the
vector −vi (the negative of vi) to the vector vf , because by definition

Δv = vf − vi. (4.7)

If the average acceleration of a particle changes during different time intervals, it is
useful to define its instantaneous acceleration a.

Definition 4.7 (Instantaneous acceleration). The instantaneous acceleration is de-
fined as the limiting value of the ration Δv/Δt as Δt approaches 0:

a ≡ lim
Δt→0

Δv
Δt
=
dv
dt
. (4.8)

That is, the instantaneous acceleration is the derivative of the velocity vector with
respect to time.

Note that there exist various changes when a particle accelerates.
– First, the change with time on the magnitude of the velocity vector; that is, the speed may

cause the particle to accelerate, similar to the straight-line (one-dimensional) motion.
– Second, the change with time on the direction of the velocity vector even if its magnitude

remains constant, as in curved-path (two-dimensional) motion, can also cause the particle to
accelerate.

– Finally, if both the magnitude and the direction of the velocity vector change with time simul-
taneously, the particle accelerates.

4.2 Three-dimensional motion with constant acceleration

We focus on three-dimensional motion with constant acceleration in both magnitude
and direction to derive the kinematic equations.

For the three-dimensional motion, the position vector of a particle can be written
as

r = xi + yj + zk (4.9)

where x, y, z, and r are functions of time as the particle moves while i, j and k are
constant and unitary vectors, that is,

|i| = 1, |j| = 1, |k| = 1. (4.10)

The velocity of a particle can be obtained from its position vector as

v = dr
dt
=

d
dt
(xi + yj + zk) (4.11)
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=
dx
dt

i + dy
dt

j + dz
dt
k

= vxi + vyj + vzk

where

vx =
dx
dt

(4.12)

vy =
dy
dt

(4.13)

vz =
dz
dt

(4.14)

are the components of the velocity vector v along the x-, y- and z-axis, respectively.
Now, since a is assumed constant, its components ax, ay and az, respectively,

along the x-, y- and z-axis are constants, too. Therefore, applying the equations of
kinematics to the x, y and z components of the velocity vector, we obtain

vxf = vxi + axt (4.15)
vyf = vyi + ayt
vzf = vzi + azt.

Substituting these expressions into eq. (4.11) to determine the final velocity at any time
t, we obtain

vf = vxf i + vyf j + vzfk (4.16)
= (vxi + axt)i + (vyi + ayt)j + (vzi + azt)k
= (vxii + vyij + vzik) + (axi + ayj + azk)t
= vi + at.

Therefore, we derived the change on the velocity vector as a function of time.

Velocity vector as a function of time

vf = vi + at. (4.17)

Equation (4.17) indicates that the velocity of a particle at the time t equals the vector
sum of its initial velocity vi and the additional velocity at acquired in the time t as a
result of constant acceleration.

Similarly, we know that the x, y and z coordinates of a particle moving with con-
stant acceleration are

xf = xi + vxit +
1
2
axt

2 (4.18)
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yf = yi + vyit +
1
2
ayt

2 (4.19)

zf = zi + vzit +
1
2
azt

2. (4.20)

Substituting these expressions into the equation rf = xf i + yf j + zfk, we get

rf = (xi + vxit +
1
2
axt

2)i (4.21)

+ (yi + vyit +
1
2
ayt

2)j

+ (zi + vzit +
1
2
azt

2)k

= (xii + yij + zik) + (vxii + vyij + vzik) + (axi + ayj + azk)
t2

2
or we can state the following.

Position vector as a function of time

rf = ri + vit +
1
2
at2. (4.22)

This equation, eq. (4.22), indicates that the displacement vector Δr = rf − ri can be
written as follows.

Displacement vector as a function of time

rf − ri = vit +
1
2
at2 (4.23)

where the first term is the displacement arising from the initial velocity of the particle
and the second term is the displacement resulting from the uniform acceleration of
the particle. According to eq. (4.23) and the rules of analytic geometry, motion with
constant acceleration takes place on a constant plane (i. e., is plane motion).

Graphical representations of eq. (4.17) and eq. (4.22) are shown in Fig. 4.4 in xy
plane for the case of the two-dimensional motion. To simplify the drawings of the fig-
ure, we assume that ri = 0, and hence the particle is placed at the origin initially at
ti = 0. Note from Fig. 4.4(a) that rf is generally not along the direction of either vi or a
because the relationship between these quantities is a vector expression. For the same
reason, from Fig. 4.4(b) we see that vf is generally not along the direction of vi or a.
Finally, note that vf and rf are generally not in the same direction.

Since eq. (4.17) and eq. (4.22) are vector expressions, we can write their compo-
nents, respectively, as follows:

vf = vi + at ↔
{{{
{{{
{

vxf = vxi + axt
vyf = vyi + ayt
vzf = vzi + azt

(4.24)
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Figure 4.4: Vector represen-
tations and components of
(a) the displacement and
(b) the velocity of a particle
moving with a uniform ac-
celeration. To simplify the
drawing, we have set ri = 0.

and

rf = ri + vit +
1
2
at2 ↔

{{{
{{{
{

xf = xi + vxit +
1
2axt

2

yf = yi + vyit +
1
2ayt

2

zf = zi + vzit +
1
2azt

2.

(4.25)

Similarly to one-dimensional motion, we can find time t from eq. (4.17):

t =
a ⋅ (vf − vi)

a2
. (4.26)

Substituting eq. (4.26) into eq. (4.23), we obtain

v2f − v
2
i = 2a ⋅ (rf − ri). (4.27)

In eq. (4.27), vf and vi represent the final and the initial speed, respectively, of the
moving body.

Knowing that v2 = v2x + v
2
y + v

2
z and a ⋅ (rf − ri) = ax(xf − xi) + ay(yf − yi) + az(zf − zi),

eq. (4.27) is equivalent to the following three equations, representing the motion in
each direction:

v2xf − v
2
xi = 2ax(xf − xi) (4.28)

v2yf − v
2
yi = 2ay(yf − yi)

v2zf − v
2
zi = 2az(zf − zi).

Note that eq. (4.24), eq. (4.25), and eq. (4.28) indicate that the three-dimensional
motion of an arbitrary body can be described by three independentmotions represent-
ing, respectively, the movement along the x, y and z axes.

4.3 Projectile motion

We often have observed a baseball in motion or any other object thrown into the air,
such as an arrow shown in Fig. 4.5. By definition, this kind of movement is called pro-
jectile motion.
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Figure 4.5: An example of the projectile motion.
vtotal represents the total velocity at any point of the
projectile motion; vx and vy are, respectively, the
x and y components. α is the angle formed by the
direction of vtotal and x-direction, which varies from
point to point along the trajectory.

Assumptions of projectile motion
In this motion, the ball follows a curved path, and its motion is simple to analyze if we make two
assumptions:
1. The free-fall acceleration g is constant over the range of motion and is directed downward.
2. The effect of air resistance is negligible.

Taking into account these assumptions,wewill find in the following that the projectile
motion’s path of a projectile (or the trajectory) is always a parabola. To show this, we
consider the projectile motion in a reference frame such that the y-axis is vertical, and
its positive direction is upward. Since the air resistance is neglected, we know that
ay = −g (as in one-dimensional free fall) and that ax = 0. Also, the projectile is initially
(t = 0) positioned at the origin (xi = yi = 0) with velocity vi, as shown in Fig. 4.6. The
vector vi makes an angle θi with the horizontal, where θi is the initial angle (at the
origin) between the direction of vi vector and the x-direction.

Figure 4.6: Projectile motion of the
baseball.

From the definitions of the cosine and sinus functions, we obtain the x and y compo-
nents of the initial velocity:

vxi = vi cos θi (4.29)
vyi = vi sin θi.
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Substituting the x component from eq. (4.29) into eq. (4.25) and taking xi = 0, ax = 0,
we get

xf = vxit = (vi cos θi)t. (4.30)

Solving eq. (4.30) for t, we obtain

t =
xf

vi cos θi
. (4.31)

Similarly, substituting y component from eq. (4.29) into eq. (4.25), and considering
that yi = 0 and ay = −g, we get

yf = vyit +
1
2
ayt

2 = (vi sin θi)t −
1
2
gt2. (4.32)

Replacing the time t from eq. (4.31) into eq. (4.32), we get

y = (tan θi)x − (
g

2v2i cos
2 θi
)x2. (4.33)

Equation (4.33) is valid for initial angles in the range 0 < θi < π/2. Furthermore,
eq. (4.33) is valid for any point (x, y) along the path of the projectile, and thus the sub-
scripts of x and y are omitted. It can be seen that eq. (4.33) has the form

y = ax − bx2. (4.34)

That indicates that y = f (x) is a parabola, passing through the origin of the system.
Thus, the trajectory of a projectile is a parabola, and it is completely defined if we
know both the initial velocity, vi, and the launching angle, θi.

The position vector of the projectile versus time follows from eq. (4.22), where ri =
0 and a = g:

r = vit +
1
2
gt2. (4.35)

This expression is shown graphically in Fig. 4.7.

Note that the motion of a particle can be considered the superposition of two terms. The term
vit, which is the displacement if no acceleration was present, and the term gt2/2, representing
the acceleration because of gravity. That is, if there were no gravitational acceleration (g = 0), the
particle would continue tomove in a straight line in the same direction as vi . Therefore, the vertical
distance of gt2/2 through which the particle “falls” off the straight-line path equals the distance
that a freely falling body would fall during the same time interval. Therefore, projectile motion is
the superposition of two independent motions:
1. constant-velocity motion in the horizontal direction;
2. free-fall motion in the vertical direction.
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Figure 4.7: The position vector r of a projectile
whose initial velocity at the origin is vi . The vector
vit would be the displacement of the projectile
if gravity were absent, and the vector gt2/2 is
its vertical displacement due to its downward
gravitational acceleration.

Except for t, which is the time of flight, both the horizontal and vertical components of the projec-
tile’s motion are completely independent of each other.

Moreover, at the highest point of the parabola (see also Fig. 4.6), vy = 0; therefore,
using the expression of the velocity for the y component from eq. (4.24), we obtain

t1/2 =
vi sin θi

g
(4.36)

where t1/2 is half of the time of the full trajectory. Therefore, the total time of the entire
trajectory of a projectile motion is (because of the symmetry of parabola):

t = 2t1/2 =
2vi sin θi

g
. (4.37)

Combining eq. (4.30) and eq. (4.37), we obtain the horizontal displacement of the
object during the entire projectile motion:

x =
v2i sin(2θi)

g
. (4.38)

In addition, themaximum vertical displacement of the object can be obtained by sub-
stituting t1/2 from eq. (4.36) into eq. (4.32) as

h = yf (t1/2) = (vi sin θi)(
vi sin θi

g
) −

1
2
g(vi sin θi

g
)
2

(4.39)

=
v2i sin

2 θi
g
−
v2i sin

2 θi
2g

=
v2i sin

2 θi
2g
.

Equation (4.38) and eq. (4.39) indicate the following:
– For θi = 90∘, which corresponds to the case when the object is thrown initially vertically up,

we obtain

x = 0 (4.40)
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h =
v2i
2g
.

This corresponds to the case of maximum displacement vertically and minimum horizontal
displacement of the object. Note that this does not represent a projectilemotion by definition.
Indeed, it represents a free-fall motion as described in Chapter 3 for one-dimensionalmotion.
That is, initially the object will reach the maximum height h, then it freely falls down until hits
the ground with a speed (since the air resistance is ignored):

v = √2hg = vi . (4.41)

– For θi = 45∘, we obtain

x =
v2i
g

(4.42)

h =
v2i (√2/2)

2

2g
=
v2i
4g
.

This corresponds to the maximum displacement along the horizontal direction.
– For θi = 0∘, we do not obtain a projectile motion, but a straight-line motion with constant

velocity vi , if we ignore friction with horizontal surface.

4.4 Uniform circular motion

Another example of planar motion is circular motion, which represents the motion of
a particle along a circular path.

Uniform circular motion
The motion of a particle along a circular path is defined by the velocity and the ac-
celeration of that particle. The velocity vector of the particle is tangent to the circular
trajectory at every instant. The velocity is a vector quantity, and hence, it has amagni-
tude and direction. By definition, the circularmotion is uniform if the velocity vector’s
magnitude is constant, but its direction changes as the particle moves along the cir-
cular path.

Centripetal acceleration
Since the direction of the velocity changes, this causes the particle to accelerate along
the circle. By definition, that acceleration is called centripetal acceleration, which
stands for “acceleration seeking a center”. Therefore, the acceleration vector always
has a direction towards the center of the circle. Fig. 4.8 presents the velocity and ac-
celeration vectors as the particle moves along a circular path from point P to the point
Q with an angle Δθ in a circle with radius r.

To derive an expression for the centripetal acceleration as a function of the veloc-
ity and the radius r, wewill refer to the displacement in Fig. 4.8 frompoint P toQ along
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Figure 4.8: The circular motion of a particle. The
velocity and centripetal acceleration of the particle
moving along the circle with radius r from point P
to Q with an angle θ.

the circle. We denote by Δs the arc along the circle from point P to Q traveled during
the time interval Δt, then

Δs = rΔθ (4.43)

where r is constant and Δθ is the time dependent variable. We divide both sides of
eq. (4.43) by Δt:

Δs
Δt
= rΔθ

Δt
. (4.44)

Since themagnitude of the velocity vector v is constant, Δs = vΔt, andhencewe obtain

vΔt = rΔθ. (4.45)

In addition, see also Fig. 4.8, the change on the velocity vector is given as

Δv = vf − vi. (4.46)

It can be seen that, if we take the limit when Δt approaches zero (or, equivalently,
when Δθ approaches zero), the vector Δv has the direction toward the center of the
center of the circle. Therefore, if we denote by ̂r the inward unit vector along the radial
direction, then

Δv = |vf − vi| ̂r. (4.47)

Dividing both sides of eq. (4.47) by Δt and taking the limit when Δt approaches zero,
we obtain the centripetal acceleration vector as

ar = limΔt→0

Δv
Δt
= lim

Δt→0

Δv
Δt
̂r. (4.48)

The magnitude of Δv, for small angle Δθ, is given as

Δv = vΔθ (4.49)
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since the magnitude of the velocity vector is constant, v. Combining eq. (4.45) and
eq. (4.49), we get

vΔt = rΔv
v
. (4.50)

Rearranging the expression in eq. (4.50), we obtain

Δv
Δt
=
v2

r
. (4.51)

Substituting eq. (4.51) into eq. (4.48), we obtain the centripetal acceleration vector as

ar =
v2

r
̂r. (4.52)

It can be seen from eq. (4.52) that ar has the direction toward the center of the circle,
and hence sometime is called radial acceleration. The magnitude of the centripetal
acceleration is given as

ar =
v2

r
. (4.53)

Frequency and period
The circular motion of a particle is repetitive by nature; that is, the particle may pass
through the same point in the circle during its movement many times. By definition,
the frequency is the number of times per unit of time that the particle visits the same
state. The frequency is denoted by the letter f and has the units of 1/s or Hz.

By definition, the period, denoted by T, is the time it takes a particle to complete
one full cycle along the circle.

To find a relationship between the period T and the frequency f , suppose Δt is the
interval of time that we observe the particle moving along the circle. We denote with
N the number of times that the particle visited a particular point on the circular path,
then, by definition, the frequency is

f = N
Δt

(4.54)

where Δt = NT. Replacing that in eq. (4.54), we obtain the relationship between the
frequency and the period as

f = 1
T
. (4.55)

It can be seen that the unit of period is second.
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4.5 Non-uniform circular motion

Consider a particle moving along a curved path, as shown in Fig. 4.9, where both the
direction andmagnitude of the velocity vector change. The velocity vector is tangent to
the curve at any instant of time; however, the acceleration vector a changes along the
path from some point P to another point Q. The acceleration vector can be composed
into two components, namely the tangential component at and radial component ar:

a = at + ar . (4.56)

Figure 4.9: Illustration of the trajectory of a
particle moving along a curved path.

Tangential acceleration
The tangential acceleration arises from the change in the magnitude of the velocity
vector along the curve, and its magnitude is defined as

at =
dv
dt
. (4.57)

The tangential acceleration has the same direction as the velocity vector; that is, at is
tangent to the curve. Denoting by ̂t a unit vector along the tangential direction to the
curve, then

at = at ̂t =
dv
dt
̂t. (4.58)

Radial acceleration
On the other hand, we derived that the radial acceleration arises from the change in
the velocity vector direction. It has the direction toward the center of the curvature
of the path at the instant of time. Its magnitude is v2/r, where r is the radius of the
curvature. Therefore,

ar =
v2

r
̂r. (4.59)

Then the total acceleration can be written as

a = at + ar =
dv
dt
̂t + v

2

r
̂r. (4.60)
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Since the vectors ̂t and ̂r are perpendicular, the magnitude of the total acceleration is
given as

a = √a2t + a2r = √(
dv
dt
)
2
+ (

v2
r
)
2
. (4.61)

Non-uniform circular motion
A special case of the curved path non-uniformmotion is the non-uniform circular mo-
tion, as presented in Fig. 4.10. In this motion, it is convenient to express the accel-
eration of the particle moving along a circle with radius r in terms of unit vectors ̂t,
tangent to the circle, and ̂r a unit vector along the radius vector inward from the cir-
cle to the center of the circle, as depicted in Fig. 4.10. Then the acceleration a of the
particle is given by eq. (4.60). Note that both unit vectors, ̂t and ̂r, move as the particle
moves along the circular path.

Figure 4.10: Illustration of the non-uniform circular
motion.

4.6 Relative motion

Wewill also discuss the measurement of the displacement, velocity, and acceleration
relative to observers in different frames of reference related to each other. For example,
consider two observers in reference frames S0 and S, respectively, where S is moving
relative to S0 with constant velocity v along the positive x-axis, as shown in Fig. 4.11.
Suppose the origin initially and the axes of both reference frames coincide. After a
time t, the reference frame S is displaced to the right, along the positive x-axis by the
vector vt, as depicted from Fig. 4.11. We denote with r the position of the particle P at
time t measured by the observer in frame S, and with r0 its position measured by the
observer in the frame S0.
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Figure 4.11: The first observer is located at the fixed
reference frame S0 and the second observer at the
moving reference frame S with constant velocity v
along the positive x-axis. The particle is located at
point P. Initially, both reference frames coincide
with the origin and axes of both reference frames.

Galilean transformations
Then, using the rule of the vector addition,

r0 = r + vt (4.62)

or

r = r0 − vt. (4.63)

Taking the derivative of both sides of eq. (4.63) with respect to time t, we obtain rela-
tionship between the velocities measured by the observers in two references frames
as

u = u0 − v (4.64)

where

u = dr
dt

(4.65)

u0 =
dr0
dt

(4.66)

give the velocity of the particle P measured by the observer in frame S and frame S0,
respectively. Equations given by eq. (4.63) and eq. (4.64) are known as Galilean trans-
formation equations.

Taking the derivative of eq. (4.64) with respect to time, again, we get

a = a0 (4.67)

where

a = du
dt

(4.68)

a0 =
du0
dt

(4.69)
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since dv/dt = 0. Therefore, the observers moving relative to each other with constant
velocitywillmeasure the sameacceleration. For example, the accelerationof aparticle
measuredby anobserver in the reference frameof Earth is the sameas the acceleration
measured by an observer moving with constant velocity relative the reference frame
of Earth.

It is important to note that, if the relative velocity between the reference frames is not constant,
then dv/dt ̸= 0, and hence

arel =
dv
dt
. (4.70)

Therefore, the transformation of the acceleration between the two reference frames is given as

a = a0 − arel. (4.71)

For example, consider a ball dropping from the ceiling of a moving train that is accelerating at
a rate arel (see also Fig. 4.12). The acceleration of the ball relative to the train (that is, measured by
the observer in S) is a = g and relative to the Earth is a0 (that is, measured by the observer in S0):

g = a0 − arel. (4.72)

Figure 4.12: Consider a ball dropping from
the ceiling of a moving train that is accel-
erating at a rate arel. The acceleration of
the ball relative to the train is a = g and
relative to the Earth is a0.

4.7 Exercises

Exercise 4.1. Consider a motorist is driving south at 20.0m/s for 3.00min. Then the
motorist turns and drives west at 25.0m/s for 2.00min. Finally, the motorist travels
northwest at 30.0m/s for 1.00min. For this 6.00min trip, find (a) the total vector dis-
placement, (b) the average speed, and (c) the average velocity.

Exercise 4.2. Suppose a particle with the position vector given as r = xi + yj, where
x = at + b and y = ct2 + d. Assume that a = 1.00m/s, b = 1.00m, c = 0.125m/s2,
and d = 1.00m. (a) Calculate average velocity during time interval from t = 2.00 s to
t = 4.00 s. (b) Determine its velocity and its speed at t = 2.00 s.

Exercise 4.3. The x and y coordinates versus time for a golf ball hitting a tree at the
edge of a cliff are given by the following expressions:

x = (18.0m/s)t (4.73)
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and

y = (4.00m/s)t − (4.90m/s2)t2. (4.74)

(a) Write a vector expression for the position of ball versus time, using the unit vec-
tors i and j. Calculating the derivatives of y for time t, give the expressions for (b) the
velocity vector as a function of time and (c) the acceleration vector as a function of
time. Using the notation of the unit vector, derive the expressions for (d) the position,
(e) the velocity, and (f) the acceleration of the ball, all at t = 3.00 s.

Exercise 4.4. An object is moving in the xy plane with coordinates varying with time
according to the equations

x = −(5.00m) sinωt (4.75)

and

y = (4.00m) − (5.00m) cosωt (4.76)

where t is in seconds andω has units of s−1. (a) Determine the components of velocity
and acceleration at t = 0. (b) Write expressions for the position vector, velocity vector,
and the acceleration vector at any time t > 0. (c) Using a xy graph, describe the path
of the object.

Exercise 4.5. Consider a particle ismoving in the xy planewith constant acceleration,
which at t = 0 has an initial velocity of vi = (3.00i − 2.00j)m/s. At some later time,
t = 3.00 s, the particle has a velocity of v = (9.00i + 7.00j)m/s. (a) Calculate the accel-
eration of the particle and (b) its coordinates at any time t.

Exercise 4.6. Assume a fish is swimming in a horizontal plane with a velocity of vi =
(4.00i + 1.00j)m/s at the position from a certain rock of ri = (10.0i − 4.00j)m. After
the fish swims with constant acceleration for 20.0 s, its velocity becomes v = (20.0i −
5.00j)m/s. Determine (a) the components of the acceleration, (b) the direction of the
accelerationwith respect to the unit vector i, and (c) the position of the fish at t = 25.0 s
if it maintains its original acceleration. In what direction is it moving?

Exercise 4.7. The acceleration of a particle initially at the origin is a = 3.00jm/s2 and
the initial velocity is vi = 5.00im/s. (a) What are the vector position and velocity at
any time t? (b) What are the coordinates and speed of the particle at t = 2.00 s?

Exercise 4.8. A customer slides a mug off the counter, which strikes the floor at dis-
tance d from the base of the counter. If the height of the counter is h, (a) with what
velocity did the mug leave the counter and (b) what was the direction of the mug’s
velocity just before it hit the floor?
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Exercise 4.9. As a strategy, in a snowball fight, the snowball is thrown at a high angle
over level ground. As the opponent is watching the first one, a second snowball is
thrown at a low angle such that it arrives at the opponent before or at the same time as
the first one. Assume both snowballs are thrownwith speed of 25.0m/s. Furthermore,
assume that the first ball is thrown at an angle of 70.0∘ with respect to the horizontal.
(a) What is the angle that the second snowball is thrown if it is to land at the same
point as the first? (b) What time after the first snowball is the second snowball thrown
if it is to land at the same time as the first?

Exercise 4.10. A tennis payer standing 12.6m from the net hits the ball at 3.00∘ above
the horizontal. To cross the net, the ball must rise at least 0.330m. If the ball just
crosses the net at the apex of its trajectory, what is the velocity when the ball left the
racket?

Exercise 4.11. An artillery shell is fired with some initial velocity of 300m/s at 55.0∘

above the horizontal, which explodes on a mountain side 42.0 s after firing. What are
the components x and y of the shell’s position where it explodes, relative to its firing
point?

Exercise 4.12. An astronaut on another planet finds that can jump a maximum verti-
cal distance of 15.0m if the initial speed is 3.00m/s. Determine the free-fall accelera-
tion on that planet.

Exercise 4.13. Aprojectile is fired such that its horizontal range is equal to three times
its maximum height. What is the angle of projection?

Exercise 4.14. Consider a ball tossed from an upper-story window of a building. The
ball has an initial velocity of 8.00m/s and an angle of 20.0∘ below the horizontal line.
After 3.00 s, it strikes the ground. (a) How far horizontally does the ball fly until it
strikes the ground? (b) What is the height from which the ball was thrown? (c) How
long does it take the ball to reach the point that is 10.0mbelow the level of launching?

Exercise 4.15. Suppose a cannon has a muzzle speed of about 1000m/s, which used
to start an avalanche on a mountain slope. Assume that the target is 2000m from the
cannon along the horizontal line and 800m above the cannon. Find the angle, above
the horizontal, that the cannon fires.

Exercise 4.16. A projectile motion starts at the origin of a xy coordinate system with
speed vi at an initial angle θi above the horizontal. Note that at the apex of its tra-
jectory, the projectile is moving horizontally, so that the slope of its path is zero. Use
the expression for the trajectory to find the x coordinate that corresponds to the max-
imum height. Use this x coordinate and the symmetry of the trajectory to determine
the horizontal range of the projectile.

Exercise 4.17. Aplacekicker kicks a football from a point 36.0m from the goal, and he
hopes the ball will cross the crossbar, which is 3.05m high. The ball is kicked with a
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speed of 20.0m/s at an angle of 53.0∘ to the horizontal. (a) By howmuch does the ball
cross over or fall short of crossing the crossbar? (b) Does the ball reach the crossbar
while still rising or while falling?

Exercise 4.18. Assume a firefighter, who is 50.0m away from a burning building,
points a stream of water from a fire hose with an angle of 30.0∘ above the horizontal
direction. If we assume that the speed of the stream is 40.0m/s, at what height will
the water strike the building?

Exercise 4.19. Assume a soccer player kicks a ball horizontally off a cliff 40.0m high
into a pool of water. Suppose the player hears the sound of the splash after 3.00 s. De-
termine the initial speed given to the ball. Assume the speed of sound in air is 343m/s.

Exercise 4.20. Consider the circular orbit of the Moon about the Earth, with a mean
radius of 3.84×108m. It takes 27.3 days for theMoon to complete one revolution about
the Earth. (a) What is the mean orbital speed of the Moon? (b) What is its centripetal
acceleration?

Exercise 4.21. An athlete rotates a 1.00 kg disc along a circular path of radius 1.06m
with a maximum speed of 20.0m/s. What is the magnitude of the maximum radial
acceleration of the disc?

Exercise 4.22. A tire of radius 0.500m rotates at a constant speed of 200 rev/min.
What are the speed and acceleration of a small stone on the outer edge of the tire?

Exercise 4.23. During a liftoff, Space Shuttle astronauts typically feel accelerations
up to 1.4 g, where g = 9.8m/s2. In the training, an astronaut is in a device that has
a given centripetal acceleration. Specifically, the astronaut is fastened securely at the
end of a mechanical arm that then turns at constant speed in a horizontal circle. De-
termine the rotation rate, in revolutions per seconds, required to give an astronaut a
centripetal acceleration of 1.4 g while the astronaut moves in a circle of radius 10.0m.

Exercise 4.24. Assume that someone could revolve a sling of length 0.600m at the
rate of 8.00 rev/s. If the length increased to 0.900m, he could revolve the sling only
6.00 times per second. (a) Compare the speeds of the stone at the end of the sling
for the two rotation rates. (b) Find the centripetal acceleration of stone at 8.00 rev/s.
(c) Find the centripetal acceleration at 6.00 rev/s.

Exercise 4.25. Suppose an astronaut is orbiting the Earth with a satellite, moving in
a circular orbit of radius 600 km above the surface of the Earth, where the free-fall
acceleration is 8.21m/s2. Considering the radius of the Earth is about 6400 km. What
is the speed of the satellite and the time required to complete one orbit around the
Earth?

Exercise 4.26. Suppose a train slowing down, as it rounds a sharp horizontal curve,
from 90.0 km/h to 50.0 km/h in 15.0 s. The radius of the curve is 150m. Calculate the
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acceleration at the moment the train speed reaches 50.0 km/h. Assume that the train
slows down at a uniform rate during the interval of 15.0 s.

Exercise 4.27. The speed of an automobile increases at a rate of 0.600m/s2 travels
along a circular road. The radius of the road is 20.0m.When the instantaneous speed
of the automobile is 4.00m/s, find (a) the tangential acceleration component, (b) the
radial acceleration component, and (c) themagnitude and direction of the total accel-
eration.

Exercise 4.28. In Fig. 4.13 is shown at an instant of time the total acceleration and
velocity of a particle in a circular clockwise motion of radius 2.50m. At this instant,
(a) what is the radial acceleration? (b) What is the speed of the particle? (c) What is its
tangential acceleration?

Figure 4.13: Direction of the total acceleration and velocity
vectors.

Exercise 4.29. Consider a string of length of 0.600m, where a ball is attached at the
end of the string. Then a student swings the ball along a vertical circle. The speed of
the ball is 4.30m/s at its highest point and 6.50m/s at its lowest point. What is the
acceleration of the ball when the string is straight up, and the ball is at (a) its highest
point and (b) its lowest point?

Exercise 4.30. A ball swings in a vertical circle at the end of a rope 1.50m long. When
the ball is 36.9∘ past the lowest point and on itswayup, its total acceleration is (−22.5i+
20.2j)m/s2. At that instant, (a) sketcha vector diagramshowing the components of this
acceleration, (b) determine themagnitude of its radial acceleration, and (c) determine
the speed and velocity of the ball.

Exercise 4.31. Suppose the car 1 accelerates at the rate of (3.00i − 2.00j)m/s2, while
the car 2 accelerates at (1.00i + 3.00j)m/s2. Both cars start the motion from rest at the
origin of an xy coordinate system. After 5.00 s, (a) what is the speed the car 1 with
respect to car 2, (b) how far apart are they, and (c) what is the acceleration of car 1
relative to car 2?
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Exercise 4.32. A river has a uniform speed of 0.500m/s. A student swims upstream
for a distance of 1.00 km and swims back to the same starting point. Assume that the
student swims at a uniform speed of 1.20m/s in still water. How long does the trip
take? Compare this with the time the trip would take if the water were still.

Exercise 4.33. How long does it take to the automobile traveling in the left lane at
60.0 km/h to pass a car traveling in the right lane at 40.0 km/h? The cars are initially
100m apart.

Exercise 4.34. The pilot in an airplane finds out that the compass indicates a head-
ing due west. The airplane’s speed relative to the air is 150 km/h. If there is a wind of
30.0 km/h toward the north, find the velocity of the airplane relative to the ground.

Exercise 4.35. Suppose a child is carried downstreamby the current of a river that has
a steady speed of 2.50 km/h. The child is 0.600 km from shore and 0.800 km upstream
of a boat landing when a rescue boat sets out. (a) If the boat proceeds at its maximum
speed of 20.0 km/h relative to the water, what heading relative to the shore should the
pilot take? (b) What angle does the boat velocity make with the shore? (c) How long
does it take the boat to reach the child?

Exercise 4.36. Consider a bolt dropping from the ceiling of a moving train that is ac-
celerating at a rate 2.50m/s2. What is the acceleration of the bolt relative to the train
and to the Earth?

Exercise 4.37. Consider a student who is on a train traveling along a straight hori-
zontal track with a constant speed equal to 10.0m/s. The student throws a ball at an
initial angle of 60.0∘ with the horizontal line of the track. The professor, standing on
the ground nearby, observes the ball to rise vertically. Howhigh does the professor see
the ball rise?
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5 The laws of motion

So far, we describedmotion in terms of displacement, velocity, and acceleration with-
out considering the cause of thatmotion. For example,what causes oneparticle to stay
at rest and another particle to accelerate? Here, we investigate what causes changes in
motion. The two main factors that are usually considered are the forces acting on an
object and its mass. We will discuss the three fundamental laws of motion, which are
related to forces and masses. These laws were formulated more than three centuries
ago by IsaacNewton. These laws allowunderstanding themechanismof changing the
state of motion and the degree of acceleration of different objects.

5.1 The concept of force

Our basic understanding of the concept of force comes from everyday experience. For
example, consider the experiment of pushing or pulling a desk, we exert a force on it.
Similarly, whenwe throw a ball, we exert a force on the ball to throw it. In these typical
examples, the force is related to muscular activity and some changes in the velocity
of the object. However, it is important to understand that forces do not always cause
motion. For example,we canpush thewall of the building, butwe are not able tomove
it.

A body accelerates because of an external force
Newton was able to answer the question of what force causes the planets to orbit
around the Sun, and related questions by stating that forces are what cause any
change in the velocity of an object. Thus, no force is required for the motion with a
constant velocity of an object to be maintained. For example, the Moon’s velocity is
not constant because it moves in a nearly circular orbit around the Earth because of
the force exerted on the Moon by the Earth. Therefore, since the velocity of objects
changes whenever a force is applied to them, then the forces make the objects accel-
erate. Here, we are concerned with the relationship between the force exerted on an
object and the acceleration of that object.

Equilibrium
In the case when more than one force acts upon an object simultaneously, if the net
force acting on it is different from zero, then the object accelerates. By definition, the
net (or resultant) force acting on an object is given by the vector sum of all vectors of
the forces acting on the object:

FR = ∑
i
Fi (5.1)

https://doi.org/10.1515/9783110755824-005
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where FR is the net force as the over all force, the resultant force, or the unbalanced
force, and the sum runs overall forces Fi acting upon the object. If the resultant force,
FR, exerted on an object is zero, then its acceleration is zero, and hence the velocity
of that object remains unchanged. In other words, if FR = 0, then the object either
remains at the state of rest or continues moving with the same velocity. If an object
moves with constant velocity or it is at rest (that is, its velocity is zero), the object is
said to be in equilibrium.

When a coiled spring is pulled, as in Fig. 5.1, the spring stretches and hence
changes its state of rest. That is the case of contact forces.

Figure 5.1: Example of applied contact force.

To overcome the conceptual problem of non-contact forces, Michael Faraday (1791–
1867) introduced the concept of a field. Based on this concept, if any object is placed
near another object, then theobjects interactwith eachother through thegravitational
field. In this case, we say that a gravitational field is created by each object at the
position of the other object. All objects create a gravitational field in the space around
themselves. Field forces are those types of forces, which do not have physical contact
between two objects, but they are acting through empty space. An example of the field
force is the gravitational attraction force between two objects, illustrated in Fig. 5.2,
which keeps the objects bound on the surface of the Earth. The planets of our Solar
System are bound to the Sun by the action of gravitational forces. Other examples of
the field forces include the electrostatic forces between the charged particles.

Figure 5.2: Example of applied non-contact
force.
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5.2 Measuring the strength of a force

The strength of the force can conveniently be measured using the deformation of a
spring. For that, suppose we apply a horizontal force to a spring scale that has a fixed
left end, as shown in Fig. 5.3(a).

Figure 5.3: Testing the vector nature of the force using the spring, which is fixed on the left-hand
side and on the right-hand side, it experiences an external force. Under the influence of the external
force on some arbitrary direction, as indicated, the spring extends by x until an equilibrium is estab-
lished between the external force and the spring force Fs = −kx, where k represents the stiffness
of the spring. The mass of the spring is ignored, and hence gravitational force on the spring is omit-
ted. External forces and their directions with respect to the horizontal direction are: (a) F1 parallel to
horizontal line; (b) F2 (F2 = 2F1) parallel to horizontal line; (c) F = F1 + F2 forming an angle θ with
horizontal line.

If we apply a force on the spring, then it elongates. A pointer can then read on the scale
the value of the force acting on the spring. Calibration of the spring can be performed
by defining the unit force F1, which represents the force that produces a pointer read-
ing of 1.00 cm. If we nowapply a different horizontal force to the rightF2whosemagni-
tude is 2 units, as seen in Fig. 5.3(b), the pointer will move to 2.00 cm. Fig. 5.3(c) shows
that, if the forces are not linear (for example, they are perpendicular to each other),
then their net effect is the sum of the two forces. Suppose that two forces act on the
spring simultaneously with F1 upward and F2 horizontal, as illustrated in Fig. 5.3(c).
In this case, the pointer reads √5.00 cm2 = 2.24 cm. The single force F that would
produce this same reading is the sum of the two vectors F1 and F2, as described in
Fig. 5.3(c). That is,

|F| = √F21 + F22 = 2.24 units (5.2)
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and its direction relative to horizontal level is

θ = tan−1(−0.500) = −26.6∘ (5.3)

where the minus sign indicates that the angle is measure clockwise.
Because forces are vectors, the addition rule of vectors apply, and hence the net

force acting on an object can be obtained:

F = F1 + F2. (5.4)

5.3 Newton’s first law and inertia frame

To describe a force, we can use its net effect on an object, such as the force capability
to change the object’s shape or its position and accelerate or decelerate the object.
These effects are described by the laws of the motion introduced by Sir Isaac Newton
(1642–1727).

Newton’s laws
Every body continues in its state of rest, or uniformmotion in a straight line, unless com-
pelled to change that state by forces impressedupon it. The change ofmotion of an object
is proportional to the force impressed upon it and made in the direction of the straight
line in which the force is impressed. To every action, there is always opposed an equal
reaction; or, the mutual actions of two bodies upon each other are always equal and
directed contrary.

In mechanics, Newton’s laws are formulated in what is known as Newton’s first
law of motion, Newton’s second law of motion, and Newton’s third law of motion,
respectively. In this chapter, we will examine each of these laws in detail, and then
give some simple illustrations of their use.

It was first Aristotle, then after him Galileo, who recognized that the motion of an
object is because of the forces exerted upon it, and because of an external cause its
motion stops. That was then perfected by Descartes, who added that the motion must
be in a straight line, which is formulated in terms of Newton’s first law, which states
that, if there are no external forces exerted on an object to disturb its motion, then the
object moves with constant velocity.

Newton’s first law of motion
If an object is at rest or moving along a straight line with uniform speed, then it will
remain at rest, or it will continue moving along the straight line with constant speed
unless an external net force is applied on it to change its existing state of motion.

Thus, if no forces are acting on the object, then its acceleration is zero. In other
words, if no force acts to change the object’s motion, then its velocity remains con-
stant. Based on the first law, we can say that any isolated object is either at rest or
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moving with constant velocity along a straight line. Here, an isolated object is the one
that does not interact with its environment.

Law of inertia
The tendency of an object to resist any attempt to change its velocity is called the inertia
of the object.

An object that is moving can be observed from any number of reference frames.
Sometimes Newton’s first law is also called the law of inertia, which defines a particu-
lar set of reference frames called inertial frames.

Inertial frame
An inertial frame of reference is one relative to which an observer is either at rest or
moving with constant velocity (i. e., the observer is not accelerating).

Since Newton’s first law holds only with objects that are not accelerating, it holds
only in inertial frames. Besides, a reference frame that moves with constant velocity
relative to an inertial frame is also inertial.

For an observer in one inertial frame (say, one at rest relative to the object), if the
object moves with constant velocity, the acceleration of the object and the net force
acting on it are zero. Also, an observer in any other inertial frame claims for that object

a = 0 (5.5)

and

∑
i
Fi = 0. (5.6)

According to the first law, a body at rest and one moving with constant velocity
are equivalent.

Example 5.1. For example, a passenger in a car moving along a straight road at a con-
stant speed of, let say, 100 km/h can easily pour coffee into a cup. On the other hand,
if the driver steps on the gas or brake pedal or turns the steering wheel, the coffeemay
be poured onto the floor—why?

Answer: Because the car accelerates and it is no longer an inertial frame, and
hence the laws of motion do not work the same in both car’s reference frame (which
is accelerating frame) and passenger reference frame (an inertial frame), the coffee
pours out of the cup.

5.4 Newton’s second law of motion

According to Newton’s first law, when no net force acts on an object, it stays at rest
or moves with a constant velocity along a straight line. The second law, on the other
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hand, tells us what happens when this force is not zero. The concept of motion used
by Newton is related to the concept of momentum used nowadays. It is necessary to
take into account since the change in the momentum in time is the net force applied
to the object as we will demonstrate this later on.

Example 5.2. Consider you are pushing a block of ice across a frictionless horizontal
surface. When you exert some horizontal force, let say F, the block moves with some
acceleration a. If you apply a force twice as big, 2F, the acceleration doubles. If you
increase the applied force to 3F, the acceleration will also be 3a, and so on. These
examples indicate that the acceleration of an object is directly proportional to the re-
sultant force acting on it.

The acceleration of an object should also depend on its mass. For example, con-
sider the following experiment: If you apply a force F to a block of ice moving on a
horizontal frictionless surface, then the block undergoes some acceleration, a. If you
double themass of the block, then the same applied force produces an acceleration of
a/2. If themass is tripled, then the same applied force delivers acceleration of a/3, and
so on. This observation indicates that the magnitude of the acceleration of an object
is inversely proportional to its mass.

These observations lead to Newton’s second law.

Newton’s second law
The acceleration of an object is directly proportional to the net force acting on it and
inversely proportional to its mass.

We can relate mass and force using the following expression, which represents a
mathematical statement of the second law of the Newton:

∑
i
Fi = ma. (5.7)

Since this expression is a vectorial equation, we can project along the three coordinate
axes as follows:

∑
i
Fxi = max (5.8)

∑
i
Fyi = may (5.9)

∑
i
Fzi = maz . (5.10)

In the SI unit system, the force has the units of newton (N), which is defined as the
force acting on a mass of 1 kg gaining an acceleration of 1m/s2. From the definition of
Newton’s second law, we see that the newton can be expressed in terms of the units of
mass, length, and time as follows:

1 N ≡ 1 kg ⋅ m
s2
. (5.11)
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In the engineering system or British system, the unit of force is pound, which is
defined as the force acting on a mass of 1 slug1 to produce an acceleration of 1 ft/s2:

1 lb ≡ 1 slug ⋅ ft/s2. (5.12)

An approximation is

1 lb ≈ 1
4
N. (5.13)

5.5 Newton’s third law

Whenwe press against a corner of a textbookwith the fingertip, the book pushes back
and makes a small dent in our skin. If we press harder, then the book does the same,
and the dent in our skin gets a little larger. In general, consider the experiment of two
bodies in contact; each exerting a force on the other at the contact point. If the contact
point is considered as a body ofmass zero, based on the second law of Newton, the net
force is zero, FR = 0. If we assume that only these two forces act at the body withmass
zero, then their sum is zero, and hence, they have the samemagnitude and oppositely
directed. This experiment is what is known as Newton’s third law.

Newton’s third law
If two objects interact, the force F12 exerted by object 1 on object 2 is equal in magnitude
to and opposite in direction to the force F21 exerted by object 2 on object 1:

F12 = −F21. (5.14)

This law, which is illustrated in Fig. 5.4, states that a force that affects the motion
of an object must come from a second, external object. An equal magnitude but oppo-
sitely directed force exerted on the second object, too.

Therefore, the forces cannot exist isolated in nature. The force acting from object
1 on object 2 is called the action force, and the force acting from object 2 on object 1
is called the reaction force. Note that either force can be called the action or the re-
action force, and always the action force equals in magnitude the reaction force, and
they have the opposite direction. Thus, the action and reaction forces always act on
different objects.

1 The slug is used as a unit of mass in the British engineering system; it is the counterpart of the SI
unit the kilogram: 1 slug = 14.59383741601181 kg.
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Figure 5.4: Illustration of New-
ton’s third law.

5.6 Mass and weight

In fact, the terms mass and weight are often interchanged with one another. But, in
physics, their meanings are quite distinct.

The mass measures the inertia of an object. As such, the mass is the resistance of
an object to deviate from uniform straight-line motion under the influence of external
forces. According to Newton’s second law, see eq. (5.7), if on two objects of different
masses are acting forces of the same magnitude, then the object with smaller mass
gains more acceleration than that of the object with larger mass. In other words, the
object with larger mass exhibits a more significant resistance to deviate from its pre-
vious state of uniform motion in a straight line. Besides, in classical mechanics, the
mass of an object represents an intrinsic property of the object, and hence it does not
change if the object is moved to a different place.

Consider anobjectwithmassm as in Fig. 5.5.Weknow that all objects are attracted
to the Earth due to the force of gravity exerted by the Earth on an object, Fg . The di-
rection of Fg is toward the center of the Earth, and it has amagnitude, often called the
weight of the object. We saw that a freely falling object experiences an acceleration g
acting toward the center of the Earth. Applying Newton’s second law

F = ma (5.15)

to a freely falling object of massm, with a = g and F = Fg , we obtain

Fg = mg. (5.16)

The block exerts this force to the supporting floor below it, which is stopping it from
accelerating downwards. That is, the block exerts a downward force FW on the sup-
porting floor immediately beneath it. This force denotes the weight of the block. Ac-
cording to Newton’s third law, the ground below the block exerts an upward reaction
force FR on the block. Therefore, based on Newton’s third law:

FR = −FW (5.17)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



5.6 Mass and weight | 85

Figure 5.5:Weight.

and

|FR| = |FW |. (5.18)

The resultant force acting on the block, which continues to remain at rest, is

Fg + FR = 0. (5.19)

Projecting along the vertical y-axis, which is oriented vertically up, we get

Fgy ≡ Fg = −mg (5.20)
FRy = |FR|.

Substituting eq. (5.20) into eq. (5.19), we obtain

|FR| = mg. (5.21)

Combining eq. (5.21), eq. (5.17) and eq. (5.18), we get

|FW | = mg (5.22)
FW = mg.

Equation (5.22) indicates that FW = Fg , and that is why |Fg | is often called weight of
the object.

Note that Fg is the gravitational force exerted on the block and directed toward
the center of the Earth. Based on the third law of Newton, a reaction force is exerted
at the center of the Earth. In other words, the Earth exerts an attractive force on the
block, and the block exerts an attractive force on the Earth by an equal magnitude but
opposite direction. However, since the Earth is much larger than the block, the force
exerted by the block at the center of the Earth has no observable consequence.

So far, we have established that the weight FW of a body is the magnitude of the
downward force this body exerts on any supporting table such that FW = mg with m
being the mass of the body and g being the local acceleration due to gravity.

Note that the weight as a force is measured in newtons. Furthermore, the weight
of an object depends on its location, and therefore, it is not an intrinsic property of
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that object. For instance, a body weighing 10N on the surface of the Earth will only
have a weight of about 3.8N on the surface of Mars, due to the weaker surface gravity
of Mars relative to the Earth.

Consider a block of massm at rest on the floor of an elevator, as shown in Fig. 5.6.
We will assume that the elevator is accelerating upwards with acceleration a. Let us
see how this acceleration affects the weight of the block. The block experiences a
downward force Fg = mg due to gravity. If FW is the weight of the block, then it gives
the magnitude of the downward force acting on the floor of the elevator by the block.
Using Newton’s third law, the floor of the elevator exerts an upward reaction force of
magnitude FR on the block such that eq. (5.17) and eq. (5.18) hold.

Figure 5.6:Massm on the elevator.

Let us apply Newton’s second law, eq. (5.7), for the motion of the block with mass m,
and a upward acceleration of the block of a. Furthermore, there are two forces acting
on the block: a downward force Fg due to gravity, and an upward reaction force FR.
Hence,

FR +mg = ma. (5.23)

The projection of eq. (5.23) along the vertical y-axis gives

FR −mg = ma. (5.24)

Equation (5.24) can be rearranged as

FR = m(g + a). (5.25)

Combining eq. (5.25) and eq. (5.18), we obtain

FW = m(g + a). (5.26)

Note that here a is an algebraic value, that is, it has a sign: a < 0 if a is downward and
a > 0 if a is upward.
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From eq. (5.26), the weight, FW , will be greater than the actual weight (i. e., the weight FW = mg
when a = 0) if a > 0. Hence, when the elevator has an upward acceleration, the weight FW of the
block increases. For example, when the elevator accelerates upward at g = 9.80m/s2, then the
weight of the block is doubled. Conversely, when the elevator accelerates downward (i. e., when a
becomes negative), then the weight of the block is reduced. For example, when the elevator accel-
erates downward at g/2, then the weight of the block is halved, FW = mg/2.

To measure these weight changes, we could have a mass scale placed on the elevator
between the block and its floor.

When the downward acceleration of the elevator matches the acceleration due to
gravity, i. e. a = −g, we get FW = 0. In other words, the block becomes weightless.

Now, suppose that the accelerator has a downward acceleration that exceeds the
acceleration due to gravity, i. e. a < −g. In this case, the block has a negative weight,
FW < 0, which means that the block flies off the floor of the elevator and slams into
the ceiling.

5.7 Elastic forces

The elastic force is the force that arises from the deformation of a solid such as a spring
or a rubber band. The elastic force is proportional to the deformation of the object
through the following equation:

F = −kx. (5.27)

This equation is known as Hooke’s law. k is called the spring constant, which is a
property of the spring, and it is ameasure of the spring stiffness. Theminus signmeans
that the direction of the pull (or push) of the spring is always opposite to that of the
applied force.

5.8 Friction and dissipation forces

The frictional forces are retarding forces, which oppose the motion of an object. Math-
ematically this can be written as

f = μN (5.28)

where μ is the friction coefficient, and it is a property of the material or the substance.
It is a measure of the roughness of a given surface. For example, we expect that it is
easier to move a piece of ice on a glass surface than to move the rock on a gravel road.

There are two types of friction, static friction and kinetic friction, which are de-
scribed in the following.
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5.8.1 Static friction

The static friction is the frictional force, which appears when two objects are on the
verge of motion. The force is given by

fs = μsN (5.29)

whereμs is called the static friction coefficient,which also is a property of thematerial.

To measure μs consider the following simple experiment: Assume we have a block on a given sur-
face, for example, a board. Then, we raise the end of the board slowly until the block is just about
to slide (see Fig. 5.7). We measure the angle of the incline and take its tangent, and we will prove
below that this is the static friction coefficient, μs.

The gravity force, Fg acting on the block is given as

Fg = mg (5.30)

which has two components, N normal to the inclined plane, and Fp parallel to the
inclined plane, as shown in Fig. 5.7. From the figure, we can write their magnitudes as

N = mg cos θ; Fp = mg sin θ. (5.31)

The other forces acting on the block are the board resistance force FR (based on New-
ton’s third law to balance the weight of the block) and the friction force fs. Then, the
resultant force acting on the block is given by

F = Fg + FR + fs. (5.32)

From Newton’s second law, we have

F = ma. (5.33)

Projection along the x-axis (see also Fig. 5.7) gives

−Fp + fs = 0 (5.34)

or

Fp = fs = mg sin θ. (5.35)

On the other hand, from the definition

fs = μsN = μsmg cos θ. (5.36)

Combining these last two equations, we get

μs = tan θ. (5.37)
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Figure 5.7: The forces acting on a block of massm
about to slide on a rough inclined plane.

5.8.2 Kinetic friction

So far,wehave completely ignored any interactionbetween the object and themedium
through which it moves, which can be either a liquid or a gas. Here, we will consider
the effect of that medium in the motion of the objects. The medium exerts a resistance
force R on the object moving through it. For example, the air exerts resistance to mov-
ing vehicles,which is called air drag, and the liquids exert the viscous forces onobjects
moving through them. Themagnitude ofRdepends on factors such as the speed of the
object, and the direction of R is always opposite the direction of motion of the object
relative to the medium. The magnitude of R nearly always increases with increasing
speed.

The magnitude of the resistance force can have various dependencies on speed:
1. The resistance force can be proportional to the speed of the moving object, which is valid

for slowly falling objects through a liquid and for tiny objects, such as dust particles, moving
through the air.

2. The resistance force can be proportional to the square of the speed of the moving object,
which is valid for large objects, such as a skydiver moving through the air in free fall.

5.8.3 Case 1

We assume an object is moving through the liquid or gas. Furthermore, we assume
that the resistance force acting on the object is proportional to the speed of the object.
In that case, the magnitude of the resistance force can be written as follows:

R = γv. (5.38)

In eq. (5.38), v is the speed of the object, and γ is a constant, which depends on the
properties of the medium, shape and dimensions of the object. For example, if the
object is a sphere with radius r, then

γ ∝ r. (5.39)

Consider a small sphere of mass m released from rest in a liquid, as shown
in Fig. 5.8.
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Figure 5.8: A small sphere falling through a
liquid. i, j, and k are unit vectors along x-, y-,
and z-axis, respectively.

If we assume that the resistance force, R = −γvk, and the force of gravity, Fg = mgk,
are the only forces acting on the sphere, applying Newton’s second law, we get

R + Fg = ma. (5.40)

Projecting eq. (5.40) along the vertical axis and choosing the downward direction to
be positive, we get

mg − γv = ma = mdv
dt

(5.41)

where a has a downward direction. If we solve eq. (5.41) for dv/dt, we get

dv
dt
= g − (γ/m)v. (5.42)

Equation (5.42) represents a first order differential equation for the speed v, which is
solved as follows. First, its homogenous form is solved, given as:

dv
dt
= − γ

m
v. (5.43)

Integration is performed using the following steps:

∫ dv
v
= −∫ γ

m
dt, (5.44)

ln v(t) − lnC0 = −
γ
m
t,

v(t) = C0 exp (−
γ
m
t)

where C0 is an integration constant. Next, we consider that the integration constant
C0 is a function of time t, and we write:

v(t) = C0(t) exp (−
γ
m
t) . (5.45)

Substituting eq. (5.45) into eq. (5.42), we obtain:

dC0
dt

exp (− γ
m
t) − C0

γ
m
exp (− γ

m
t) = g − γ

m
C0 exp (−

γ
m
t) , (5.46)
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dC0
dt
= g exp (+ γ

m
t) ,

C0(t) =
mg
γ

exp (+ γ
m
t) + C

where C is another integration constant, which is obtained using the initial condition
for the speed (t = 0). Substituting the last expression of eq. (5.46) into eq. (5.45), we
get:

v(t) = [mg
γ

exp (+ γ
m
t) + C] exp (− γ

m
t) . (5.47)

Or,

v(t) = mg
γ
+ C exp (− γ

m
t) . (5.48)

For v(0) = 0, we find the integration constant is:

C = −mg
γ
. (5.49)

Substituting eq. (5.49) into eq. (5.48), we obtain the expression for the speed as:

v(t) = mg
γ
(1 − e−γt/m). (5.50)

Using eq. (5.50), the acceleration is a = dv/dt:

a = dv
dt
= ge−γt/m. (5.51)

As shown in Fig. 5.9, at t = 0, v = 0, so the resistance is R = 0, and the acceleration
dv/dt = g. As t increases, R increases and the acceleration dv/dt decreases, and even-
tually the acceleration dv/dt becomes zero and resistance R = mg, which is equal to
the weight of the sphere.

Figure 5.9: The speed as a function of time.

At this point, the speed of the particle becomes vt, terminal speed, and after that, the
sphere moves with a constant velocity of vt .
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Asan example,we can consider thewater droplets of the rain,which are created in the atmosphere,
far from the surface of the Earth. As they approach the surface of Earth, their speeds increase, and
when they are very close to Earth’s surface, the speed of each water droplet reaches the plateau
value, namely vt . Therefore, the water droplets of the rain reach the surface of Earth with about a
constant speed.

5.8.4 Case 2

In the second case, we consider objectsmoving at high speeds through the air, such as
airplanes, skydivers, cars, and baseballs. In that case, the resistance force is approx-
imately proportional to the square of the speed, and therefore, the magnitude of the
resistance force can be expressed as

R = 1
2
DρAv2. (5.52)

In eq. (5.52), ρ denotes the density of air, A denotes the cross-sectional surface area of
the falling object, which is measured in a plane perpendicular to the direction of its
motion, and D denotes a dimensionless empirical quantity called the drag coefficient.
The drag coefficient depends on the shape of objects; for instance, it has a value of
about 0.5 for spherical objects and a value of about 2 for irregularly shaped objects.

In the following, we analyze the motion of an object in free fall subject to an up-
ward air resistance force of magnitude R. The object has a mass m and it is released
from the rest (i. e., the initial speed is vi = 0), as in Fig. 5.10.

Figure 5.10: An object falling through air.
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There are two external forces acting on the object: the downward force of gravity:

Fg = mg (5.53)

and the upward resistance forceRwithmagnitude given by eq. (5.52). In general, there
is also an upward buoyant force, which in practice can be neglected. Hence, the resul-
tant force is

Ftotal = Fg + R. (5.54)

Using Newton’s second law,

Fg + R = ma. (5.55)

The projection of eq. (5.55) along the vertical axis with positive direction downward
gives

mg − 1
2
DρAv2 = ma (5.56)

where the direction of the acceleration vector is downward. Solving eq. (5.56) for a, we
get

a = g − (DρA
2m
)v2. (5.57)

To calculate the terminal velocity, vt, we consider that when vt is reached, then a = 0,
which is equivalent to (see also eq. (5.56)):

mg = 1
2
DρAv2t . (5.58)

Solving eq. (5.58) for vt, we get

v2t =
2mg
DρA

(5.59)

thus the speed vt is

vt = √
2mg
DρA
. (5.60)

Equation (5.60) indicates that the terminal speed, vt, as a function of the dimen-
sions of the object canbedetermined. For example, for anobject in the formof a sphere
of radius r, we have A = πr2 andm = 4

3ρπr
3. Therefore,

vt ∝ √r. (5.61)

That result indicates, in contrast towhatwehave said for free-fallingobjects under
the gravity force if we neglect the air resistance, that more massive objects reach the
surface of Earth with greater speed.
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5.9 Exercises

Exercise 5.1. Due to the force F applied to an object of mass m1, the object gains an
acceleration of 3.00m/s2. If we apply the same force to a second object of massm2, it
gains an acceleration of 1.00m/s2. (a) Find the value of the ratiom1/m2. (b) Ifm1 and
m2 are combined in one object with mass m1 + m2, find their acceleration under the
action of the force F.

Exercise 5.2. A force of 10.0N is applied on an object of mass 2.00 kg. Determine
(a) the body’s acceleration, (b) its weight in newton, and (c) its acceleration if the
force is doubled.

Exercise 5.3. A body of mass 3.00 kg undergoes an acceleration given by a = (2.00i +
5.00j)m/s2. Find the resultant force∑F and its magnitude.

Exercise 5.4. A train has a mass of 15000 tons. Assume the locomotive can pull with
a force of 750000N. Find the time it takes to increase the speed from 0 to 80.0 km/h.

Exercise 5.5. A bullet of 5.00 g leaves a rifle with a speed of 320m/s. The expanding
gases behind it exert what force on the bullet while it is traveling down the barrel of
the rifle, 0.820m long. Assume constant acceleration and negligible friction.

Exercise 5.6. A pitcher releases a baseball of weight −Fgjwith a velocity vi, after uni-
formly acceleratinghis arm for a time t. Assume the ball starts from the rest. Determine
(a) the distance the ball accelerates before its release, and (b) the force the pitcher ex-
erts on the ball.

Exercise 5.7. Assume that one pound is the weight of an object of mass 0.45359237 kg
at a place where the acceleration due to gravity is 32.174 ft/s2. Express the pound as a
quantity with a SI unit.

Exercise 5.8. An object with mass 4.00 kg has a velocity of 3.00im/s at one instant.
After 8 seconds, its velocity increases to (8.00i + 10.0j)m/s. If the object is subject to
a constant total force, find (a) the components of the force and (b) its magnitude.

Exercise 5.9. Consider a nitrogen molecule in air with an average speed about 6.70 ×
102m/s, and mass of 4.68 × 10−26 kg. Assume it takes 3.00 × 10−13 s for the molecule
to hit a wall and rebound with the same speed but moving in the opposite direction.
Find (a) the average acceleration of themolecule during this time interval, and (b) the
average force the molecule exerts on the wall.

Exercise 5.10. An electron of mass 9.11× 10−31 kg has an initial speed of 3.00× 105m/s
along a straight line. Assume that its speed increases to 7.00× 105m/s in a distance of
5.00 cmmovingwith constant acceleration. (a) Determine the force acting on the elec-
tron and (b) compare this force with the weight of the electron, which we neglected.
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Exercise 5.11. Suppose a person weighs 120 lb. Determine (a) the weight in newton
and (b) the mass in kilogram.

Exercise 5.12. If someone weighs 900N on the Earth, what would the weight be on
Jupiter? The acceleration due to gravity in Jupiter is 25.9m/s2.

Exercise 5.13. Two forces F1 and F2 act on a bodywithmass 5.00 kg. If F1 = 20.0N and
F2 = 15.0N, find the accelerations in (a) and (b) of Fig. 5.11.

Figure 5.11: (a) Case 1 and (b) Case 2
graphs.

Exercise 5.14. Besides its weight, on an object with mass of 2.80 kg is applied a con-
stant force. The object is initially at rest, and in 1.20 s experiences a displacement of
(4.20m)i − (3.30m)j, where the direction of j is the upward vertical direction. Deter-
mine the other force.

Exercise 5.15. Three forces of 10.0N north, 20.0N east, and 15.0N south are simulta-
neously applied to an object ofmass 4.00 kg as it rests on an air table. Find the object’s
acceleration.

Exercise 5.16. Assume a boatmoving throughwater with two horizontal forces acting
on it. Thefirst force is 2000N forwardpush causedby themotor; the other is a constant
1800N resistance force caused by thewater. (a)What is the acceleration of the 1000 kg
boat? (b) If themotion starts from rest, how farwill itmove in 10.0 s? (c)Whatwill then
be its speed?

Exercise 5.17. Three forces, given by F1 = (−2.00i+2.00j)N, F2 = (5.00i−3.00j)N, and
F3 = (−45.00i)N, are applied on an object producing an acceleration of magnitude
3.75m/s2. Determine (a) the direction of the acceleration, (b) the mass of the object,
(c) its speed after 10.0 s if the object is initially at rest, and (d) the velocity components
of the object after 10.0 s.

Exercise 5.18. Abodyofmass 3.00 kg ismoving in aplane,with its x and y coordinates
given by x = 5t2 − 1 and y = 3t3 + 2, where x and y are in meter and t is in second. Find
the magnitude of the net force acting on this mass at t = 2.00 s.

Exercise 5.19. Thedistancebetween the two telephonepoles is 50.0m.Whena 1.00 kg
bird lands on the telephone wire midway between the poles, the wire sags about
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0.200m. (a) Draw a free-body diagram of the bird. (b) Find the tension the bird pro-
duces in the wire. Ignore the weight of the wire.

Exercise 5.20. A bag of cement of weight Fg hangs from three wires as shown in
Fig. 5.12. Two of the wires make angles θ1 and θ2 with the horizontal. If the system is
in equilibrium, show that the tension in the left-hand wire is

T1 = Fg cos θ2/ sin(θ1 + θ2). (5.62)

Figure 5.12: A graphical representation of the forces acting
upon system.

Exercise 5.21. An object is resting on a spring with k = 1.0 × 103 N/m. If the spring is
compressed by x = 2.0 cm, calculate the mass of the object.

Exercise 5.22. Consider a small sphere of mass 2.00 g, which is released from rest in
a large vessel filled with oil. Assume the sphere experiences a resistance force propor-
tional to its speed, and it reaches the terminal speed of 5.00 cm/s. Determine the time
constant τ and the time it takes for the sphere to reach 90% of its terminal speed.
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6 Circular motion and other applications of Newton’s
laws

In Chapter 5, we introduced Newton’s laws. In this chapter, we will discuss some ap-
plications of Newton’s laws, including circular motion.

6.1 Newton’s second law applied to uniform circular motion

Centripetal acceleration
As discussed in Chapter 5, a particle moving with a constant speed v in a circular path
of radius r experiences an acceleration ar with magnitude

ar =
v2

r
. (6.1)

This acceleration is called the centripetal acceleration because ar is directed toward
the center of the circle, and it is always perpendicular to v (see Chapter 5).

To illustrate the problem, consider a sphere of mass m that is tied to a string of
length r that is being rotatedat a constant speed inahorizontal circular path, as shown
in Fig. 6.1. A low-friction table supports its weight.

Figure 6.1: A sphere moving in a circular path.

Next, we can explain that the sphere moves in a circle because of its inertia; the
sphere will tend to move in a straight line; however, the string prevents motion along
a straight line by exerting on the sphere a force that makes it move in a circular or-
bit. This force is directed along the string toward the center of the circle, as shown
in Fig. 6.2. In general, that force can be any of the known forces causing an object to
follow a circular path. If we apply Newton’s second law, we write

∑
i
Fi = ma. (6.2)

Projecting eq. (6.2) along the radial direction, we find that the value of the net force
causing the centripetal acceleration can be evaluated:

∑
i
Fri = mar = m

v2

r
. (6.3)

https://doi.org/10.1515/9783110755824-006
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Figure 6.2: Forces acting on a sphere moving in a circular path.

The force causing the centripetal acceleration of a particle moving in a circular path
acts toward the center and causes a change in the direction of the velocity vector. If
that force vanishes, the object would no longer move in its circular path; instead, it
wouldmove along a straight line path tangent to the circle, as illustrated in Fig. 6.3. If,
at some instant, the string breaks at some point in the circle, the object moves along
the straight line that is tangent to that point.

Figure 6.3: A sphere moving in a circular path.

6.2 Non-uniform circular motion

In Chapter 5, we mentioned that if a particle moves with varying speed in a circular
path, there is, in addition to the centripetal (radial) component of acceleration, a tan-
gential component havingmagnitude dv/dt. Therefore, the force acting on the particle
must also have a tangential and a radial component. The total acceleration is

a = ar + at . (6.4)

The total force exerted on the particle is

F = Fr + Ft . (6.5)

This is illustrated in Fig. 6.4.
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Figure 6.4: Nonuniform circular motion.

The vector Fr is directed toward the center of the circle and is responsible for the cen-
tripetal acceleration. The vector Ft, which is tangent to the circle, is responsible for
gaining a tangential acceleration. That tangential acceleration gives the change in the
speed of the particle with time.

6.3 Motion in accelerated frames

Newton’s laws of motion are valid only when observations are made in an inertial
frame of reference. Here, we analyze how an observer in a non-inertial frame of refer-
ence (one that is accelerating) applies Newton’s second law.

Consider a car traveling along a highway at high speed and approaching a curved
exit ramp, as shown in Fig. 6.5. When the car turns left onto the ramp, a person sitting
in the passenger seat slides to the right and hits the door. At that point, the force ex-
erted on the person by the door keeps the person from being ejected from the car. The
questionwemaywant to ask is:What causes this person tomove toward the door? The
answer is that a force, often called the “centrifugal” force, acts upon the person. The
passenger invents this fictitious force to explain what is going on in the accelerated
frame of reference, as shown in Fig. 6.5.

To explain the phenomenon correctly: Before the car enters the ramp, the vehi-
cle and passenger are moving in a straight-line path. As the car comes to the ramp
and travels a curved path, the passenger tends to move along the original straight-
line path. This is in agreement with Newton’s first law: The natural tendency of a body
is to continue moving in a straight line. However, if a sufficiently large force (toward
the center of curvature) acts on the passenger, as shown in Fig. 6.5, the person will
move in a curved path alongwith the car. The origin of this force is the force of friction
between the person and the seat of the car. If that frictional force is not large enough,
the person will slide to the right as the vehicle turns to the left under the passenger.
Eventually, the person encounters the door, which provides a force large enough to
make the passenger follow the curved path taken by the car. The passenger slides to-
ward the door not because of some mysterious outward force but because the force
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Figure 6.5:Motion of a car entering a ramp by rotating to the left, indicated by the green curved
arrow. The red arrow indicates the direction of the friction force between the sit and the passenger,
and the yellow arrow indicates the direction of the centrifugal (fictitious) force.

of friction is not sufficiently high to allow the person to travel along the circular path
followed by the car.

In general, for a particle moving with an acceleration a, relative to an observer at
the origin of an inertial frame, we can use Newton’s second law of motion,

∑F = ma. (6.6)

If another observer is in anaccelerated frameand tries to applyNewton’s second law to
themotion of the particle, the fictitious forces have to be introduced tomake Newton’s
second law work. These forces, “invented” by the observer in the accelerating frame,
appear to be real. However, we emphasize that these fictitious forces do not exist when
the motion is observed in an inertial frame.

For example, in the frame related to the particle, which is accelerated with a, the
second law of Newton given by eq. (6.6) can be written as

∑F −ma = 0 (6.7)

or

∑F + Ffictitious = 0. (6.8)

In eq. (6.8), Ffictitious is

Ffictitious = −ma. (6.9)
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6.4 Exercises

Exercise 6.1. Assume a ball of mass 0.500 kg is attached to the end of a cord 1.50m
long. The ball is whirled in a horizontal circle, as shown in Fig. 6.6. Suppose the cord
can withstand a maximum tension of 50.0N. Find the maximum speed the ball can
attain before the cord breaks. Assume that the string remains horizontal during the
motion.

Figure 6.6: A graphical representation of the motion
of a massm in a circular horizontal plane.

Exercise 6.2. A sphere of mass 0.500 kg is attached to the end of a cord 1.50m long.
The sphere is moving in a horizontal circle, as shown in Fig. 6.6.
(a) Suppose the cord canwithstandamaximumtensionof 50.0N.Determine themax-

imum speed the ball can attain before the cord breaks. Assume that the string
remains horizontal during the motion.

(b) What is the tension in the cord if the speed of the sphere is 5.00m/s?

Exercise 6.3. The conical pendulum: Assume a small object of mass m is suspended
from a string of length L. The object moves with constant speed v in a horizontal circle
of radius r, as shown in Fig. 6.7. The system is also known as the conical pendulum.
Determine an expression for v.

Exercise 6.4. Assume a sphere of massm is attached to the end of a cord of length R.
The sphere rotates in a vertical circle about a fixed point ofO, as illustrated in Fig. 6.8.
What is the tension in the cord at any instant? Assume that the speed of the sphere is
v and the cord makes an angle θ with the vertical.

Exercise 6.5. The orbital velocity of Mars is 24.1 km/s. If the average distance of Mars
from the Sun is 228000000 kmand itsmass is 0.11 that of the Earth, find the centripetal
force experienced by Mars.
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102 | 6 Circular motion and other applications of Newton’s laws

Figure 6.7: The conical pendulum and the free body dia-
gram of forces.

Figure 6.8: (a) All forces applied on
the sphere of massm attached to
the end of the cord of length R and
rotating in a vertical circle centered
at O. (b) Forces acting on the sphere
at the top and bottom of the circle.
The tension is a maximum at the
bottom and a minimum at the top.

Exercise 6.6. The force causing centripetal acceleration is also called a centripetal
force. We can mention a variety of forces in nature—friction, gravity, normal forces,
and tension. Should we add centripetal force to this list?

Exercise 6.7. A massm is attached to one end of a string of length 1.0m. It swings in
a vertical circle under the gravitational force, as shown in Fig. 6.9. When the string
makes the angle ϕ = 30∘ with the vertical direction, the mass has a speed of 2.0m/s.
Find the magnitudes of the radial and tangential components, and the total accelera-
tion at this instant.

Figure 6.9: The oscillatory motion of the massm under
the gravitational force with acceleration g.
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Exercise 6.8. The orbit of the Moon about the Earth is approximately circular, with a
mean radius of 3.8×105 km. TheMoon completes one full rotation around the Earth in
27.3 days. What are the mean orbital speed and centripetal acceleration of the Moon.

Exercise 6.9. An athlete rotates a disc of mass 1.00 kg along a circular path of radius
1.00m. The maximum speed of the disc is 20.0m/s. Find the magnitude of the maxi-
mum radial acceleration of the disc.

Exercise 6.10. Consider a tirewith a radius of 0.500m that rotates at a constant rate of
200 rev/min. What are the speed and acceleration of a small stone lodged in the tread
of the tire?

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



7 Work and kinetic energy

We learned everything about Newtonian physics, such as kinematics inwhich themo-
tion itself is investigated and dynamics in which the reasons and effects of the move-
ment are investigated. Next, we are going to learn what is derived from what we have
seen so far. However, the results obtained here aremore refined and possiblywill need
a deeper effort for conceptual understanding.

7.1 Work done by a constant force

Physical quantities, such as velocity, acceleration, and force, have an almost similar
meaning in physics to their meaning in real life. Now, however, we encounter a term
whose purpose in physics is distinctly different from its ordinary meaning. That new
term is work.

Let us examine the situation in Fig. 7.1, where an object under the influence of a
constant force F undergoes a displacement d along a straight line. We suppose that
the force Fmakes an angle θ with d.

Figure 7.1: An object under the force F.

Definition 7.1 (Work done by a constant force). The work W done on some object by
an external constant force exerted on the object equals the product of the projection of
the force in the direction of the displacement and the magnitude of the displacement:

W = Fd cos θ. (7.1)

Note from eq. (7.1) that the work done by an external force acting on an object that
ismoving vanishwhen the force applied is perpendicular to the object’s displacement.
In other words, if θ = 90∘, thenW = 0 because

cos 90∘ = 0. (7.2)

For example, in Fig. 7.2, thework done by the normal force acting on the object and the
work done by the gravity force on the object are both zeroes because both forces are

https://doi.org/10.1515/9783110755824-007
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Figure 7.2: An object under the force of gravity.

perpendicular to the displacement and hence have zero components in the direction
of d.

Besides, the sign of the work depends on the direction of F relative to d, namely
the work done by the applied force is positive when the vector associated with the
component F cos θ is along the direction of the displacement vector. For example, if
an object is lifted, the work done by the applied force is positive,W > 0, because the
direction of that force is upward, and thus in the same direction as the displacement.

If the vector associated with the component F cos θ is in the opposite direction
with the displacement vector, thenW < 0. For example, when an object is lifted, the
work done by the gravitational force exerted on the object is negative,W < 0, because
the gravity force is downward and the displacement vector is upward (that is, θ = 180∘,
and hence cos θ = −1). The factor cos θ in the definition ofW determines its sign. Note
that work is equivalent to the energy transfer. Furthermore, if energy is transferred to
the system, thenW is positive, and if energy is transferred from the system, thenW is
negative.

If an applied force F acts along the direction of the displacement d, then θ = 0
and cos 0∘ = 1. In this case, from eq. (7.1), we get

W = Fd. (7.3)

Work represents a scalar algebraic quantity with its units defined as a forcemultiplied
by the length; therefore, in the SI unit, thework is defined as the newton ⋅meter (N⋅m).
This unit has a name of its own: the joule (J):

1 J = 1 N ⋅m. (7.4)

In general, an object may have either a constant or a varying velocity moving un-
der the influence of more than one force. Therefore, because work is a scalar algebraic
quantity, the total work on the object, which undergoes a displacement, equals the al-
gebraic sum of the amounts of work done by each of the forces exerted on the object:

Wtotal = ∑
i
Wi = (∑

i
Fi)d cos θ. (7.5)

The relationshipof the force anddisplacement vectors in eq. (7.1) implies theuse of
a more convenient mathematical formula, namely the scalar product. That allows us
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to indicate how F and d are related from the perspective of how close to being parallel
they are. We write

W = F ⋅ d. (7.6)

In general, a particle is bemoving under the influence of several forces, the total work
done as the particle undergoes some displacement is

Wtotal = ∑
i
Wi = (∑

i
Fi) ⋅ d. (7.7)

7.2 The work done by non-constant forces

Above, we discussed the case of the constant force. However, forces are not always
constant. For example, when a particle is displaced along the x-axis under the influ-
ence of a non-constant force from x = xi to x = xf . In such a case, we cannot use
W = Fd cos θ to estimate the work done by the force, F, since this formula is valid only
for F being constant in both its magnitude and its direction.

However, if we consider an infinitesimally small displacement of the particle Δx,
as shown in Fig. 7.3, such that the x component of the force Fx remains approximately
constant over all this interval, the work done by that force is

ΔW = FxΔx. (7.8)

Note that ΔW represents just the area of the shaded rectangle in Fig. 7.3. If we con-
sider that Fx as a function of x is partitioned into a large countable number of such
small intervals, then the total net work done for a displacement from xi to xf equals,
approximately, the following sum of terms:

W ≈
xf
∑
xi
FxΔx. (7.9)

If the displacement Δx approaches 0, then the sum goes to the integral

lim
Δx→0

xf
∑
xi
FxΔx =

xf

∫
xi

Fxdx. (7.10)

Therefore, the work done by the force Fx as the particle moves from xi to xf is

W =
xf

∫
xi

Fxdx. (7.11)

Equation (7.11) indicates that the total work done by the non-constant force Fx(x)
equals the area under the curve from xi to xf .
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Figure 7.3: The work done by the force component Fx for
the small displacement Δx is FxΔx, which is equal to the
area of the shaded rectangle. The net work done for a
displacement from xi to xf can be approximated by the
sum of the areas of all the rectangles.

7.3 Work done by a spring

An often seen physical system for which the force varies with the position is shown
in Fig. 7.4. This system is composed of a block of mass m on a horizontal, frictionless
surface, which is attached to a spring (see Fig. 7.4). We assume that the spring is either
stretched or compressed by small displacement from its equilibrium position. Then
the spring exerts on the mass a force with a magnitude given as

Fs = −kx. (7.12)

In eq. (7.12), x is the displacement of the block from its equilibriumposition (i. e., x = 0)
and k denotes the so-called the force constant of the spring such that k > 0. That
is, the force necessary to pull or compress a spring is proportional to the amount of
the displacement of x from the equilibrium position (unstretched spring). That is also
known as Hooke’s law. Note that this law is only valid in the limiting case of small
displacements from the equilibrium position.

The value of k measures of the stiffness of the spring; large values of k indicate
a stiff spring, and small values of k indicate a soft spring. The minus sign in eq. (7.12)
suggests the direction of the applied force on the block, which is always the opposite
of the displacement of x.

Suppose that the block moves to the left by a distance xmax from equilibrium po-
sition and then it is released (i. e., v = 0). The work, Ws, done by the force Fs on the
block as it moves from initial position xi = −xmax to xf = 0 is

Ws =

xf

∫
xi

Fsdx =
0

∫
−xmax

(−kx)dx = 1
2
kx2max (7.13)

where this definition is used

∫ xmdx = xm+1

m + 1
(7.14)

withm = 1.
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Figure 7.4: The force exerted by a spring on a
block varies with the block’s displacement x
from the equilibrium position x = 0.

The force does the work Fs, which is positive in this case since the force Fs and the
displacement x are in the same direction (both are to the right).

Now,we can consider thework done by the spring force, Fs, as the block displaces
from its initial position xi = 0 to xf = xmax:

Ws =

xf

∫
xi

Fsdx =
xmax

∫
0

(−kx)dx = − 1
2
kx2max. (7.15)

Note that this work is now negative because for this displacement, the spring force
is in the opposite direction with displacement (i. e., the force is to the left and the
displacement to the right).

The net work done by the spring force as the block moves from xi = −xmax to
xf = xmax is

Ws =

xf

∫
xi

Fsdx =
xmax

∫
−xmax

(−kx)dx = 0. (7.16)

If the blockundergoes any arbitrary displacement fromsome initial position x = xi
to a final position x = xf , the work done by the spring force is

Ws =

xf

∫
xi

Fsdx =
xf

∫
xi

(−kx)dx = 1
2
kx2i −

1
2
kx2f . (7.17)

Next, we will consider the work done on the spring by some external agent as the
spring stretches very slowly from its initial position xi = 0 to the final position xf =
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xmax, as shown in Fig. 7.5. The work done by the external force Fp = −Fs = −(−kx) = kx
for any value of the displacement x equals

Wp =

xf

∫
xi

Fpdx =
xmax

∫
0

kxdx = 1
2
kx2max. (7.18)

It can be seen that the external force Fp does theworkWp, which is equal tominus
the work is done by the spring force, Fs, for the same displacement:

Wp = −Ws. (7.19)

Figure 7.5: A block being pulled from xi = 0 to xf = xmax on a
frictionless surface by a force Fp.

7.4 Work–energy relation

Consider a particle of mass m moving to the right under the action of a constant net
force ∑i Fi (see Fig. 7.6). Since the force is constant, using Newton’s second law for a
particle moving with a constant acceleration a and displaced at a distance d, we have

∑
i
Fi = ma. (7.20)

Projecting eq. (7.20) along the direction of the displacement (see also Fig. 7.6), we ob-
tain

∑
i
Fi = ma. (7.21)

Then the net work done by the resultant force is

∑
i
Wi = (∑

i
Fi)d cos θ = (∑

i
Fi)d = (ma)d (7.22)

since θ = 0∘.
Furthermore, we know that

v2f − v
2
i = 2ad. (7.23)
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From eq. (7.23), we get

ad =
v2f − v

2
i

2
. (7.24)

Substituting eq. (7.24) into the expression for the work (eq. (7.22)), we get

∑
i
Wi =

1
2
mv2f −

1
2
mv2i (7.25)

where

K = 1
2
mv2 (7.26)

represents the energy associated with motion of a particle and it is called kinetic en-
ergy.

The work–kinetic energy theorem
Therefore, we obtain

∑
i
Wi = Kf − Ki = ΔK. (7.27)

This result is known as the work–kinetic energy theorem.

Figure 7.6: A particle undergoing a displacement.

7.5 Power

The power is the rate of the work done on an object. From amechanical systems point
of view, the efficiency of the engines, for example, is not characterized by the quantity
of the work they can do, but rather by the rate at which they can perform the work.

Definition 7.2 (Power). By definition, the quantity representing the rate atwhichwork
is done is power. Thus, the average power of a system doing an amount of work, ΔW ,
over some time, Δt, is given by

P̄ = ΔW
Δt
. (7.28)
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Note that eq. (7.28) determines the average power during an interval of time Δt,
and hence it is not the instantaneous power. Besides, the work, ΔW , increases with
displacement Δx, even if the applied force is constant; therefore, the work done by
an applied force increases with the displacement Δx, too. That is, the power does not
remain constant. The instantaneous power can be found after some mathematics as
we now show.

The instantaneous power is calculated for the time intervals of the work done that
are infinitesimally small; then we should differentiate the work with respect to time:

P = lim
Δt→0

ΔW
Δt
=
dW
dt

(7.29)

where

dW = F ⋅ ds. (7.30)

Thus

P = dW
dt
= F ⋅ ds

dt
= F ⋅ v (7.31)

where we have used the relation

ds
dt
= v. (7.32)

In the SI, the unit of power is joules per second (J/s), also called the watt (W) after
the inventor James Watt:

1W = 1 J/s = 1 kg ⋅m2/s3. (7.33)

7.6 Exercises

Exercise 7.1. A person cleaning a floor pulls a vacuum cleaner with force having a
magnitude F = 50.0N. The force is along the direction forming an angle of 30.0∘ with
the horizontal direction (see Fig. 7.7). Find the work done by F on the vacuum cleaner
as it displaces 3.00m to the right.

Figure 7.7: Free-body diagram of the forces acting on
the vacuum cleaner being pulled at an angle of 30.0∘

with the horizontal.
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Exercise 7.2. Assume a shopper in a supermarket who pushes a cart with a force of
35.0N directed at an angle of 25.0∘ with the horizontal line. Find the work done by the
shopper as cart moves down an aisle about 50.0m.

Exercise 7.3. Assume a force acting on a particle varies with x (see Fig. 7.8). What is
the work done by the force as the particle moves from x = 0 to x = 6.0m?

Figure 7.8: Force (in newton) versus x (in meters) plot.

Exercise 7.4. A block of mass 6.0 kg is initially at rest. Then it is pulled to the right
along a horizontal, frictionless surface by a constant horizontal force of 12 N (see
Fig. 7.9). Determine the speed of the block if it has moved 3.0m.

Figure 7.9: The motion of the block.

Exercise 7.5. Consider again a block ofmass 6.0 kg initially at rest. The block is pulled
to the right along a horizontal surface by a constant horizontal force of 12 N. Determine
the speed of the block after it is displaced to the right by 3.0m, assuming that the
surface is not frictionless, but instead has a coefficient of kinetic friction of 0.15.

Exercise 7.6. Consider a block ofmass 1.6 kg attached to the end of a horizontal spring
with force constant of 1.0×103 N/m, as shown inFig. 7.10. The spring is first compressed
2.0 cm, and then it is released from rest. Find the speed of the block at the equilibrium
position x = 0. Assume that the surface is frictionless.
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Figure 7.10: The motion of the block attached to a spring.

Exercise 7.7. A car of massm is accelerating uphill (see also Fig. 7.11). The magnitude
of the total resistance force is

ft = (218 + 0.70v
2)N

with v the speed in meters per second. What is the power the engine must deliver to
the wheels as a function of speed?

Figure 7.11: The motion of the car uphill.

Exercise 7.8. Consider an elevator car that has a mass of 1000 kg carrying passen-
gers having a combined mass of 800 kg. Besides, there is a constant frictional force of
4000N, which retards its motion upward. Find the minimum power delivered by the
motor to lift the elevator car at a constant speed of 3.00m/s.

Exercise 7.9. Find the potential energy of a block of mass 100 kg moved over 10.0m
along a 30∘ inclined plane.
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Exercise 7.10. Find the elastic potential energy stored in a spring with a spring con-
stant k = 800N/m, which is stretched by 10.0 cm.

Exercise 7.11. A spring gun has a spring constant k = 20.0 × 103 N/m. Suppose the
spring is compressed by 10.0 cm. If a steel ball with a m = 20.0 g is then dropped
into the barrel, calculate the velocity of the steel ball as it exits the barrel. Neglect all
frictions.

Exercise 7.12. Suppose a person is holding a block ofmassm at the height h above the
ground by applying the external force F, as shown in Fig. 7.12. Determine (a) the work
done by the applied force F and (b) the work done by the gravity forcemg. Neglect all
frictions.

Figure 7.12: A person holding a block
at the height h above the ground by
applying a force F.

Exercise 7.13. Suppose a person is pulling a block of massm along an inclined plane
for a distance d along the plane and it is holding it at the height h above the ground
by applying the external force F, as shown in Fig. 7.13. Determine (a) the work done by
the gravity forcemg and (b) the work done by the applied force F. Neglect all frictions.

Figure 7.13: A person holding a block
at the height h above the ground by
applying a force F after the block is
pulled along the inclined plane for a
distance d.
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8 Potential energy and conservation of energy

In this chapter,wewill discuss the potential energy and the total energy ormechanical
energy of the system. Also, we will introduce the conservation law of total energy.

If the quantity of an entity does not changewith time, it means that the quantity is
“conserved”. The amount of that entity remains constant, even if its change between
the twopoints is different. The bestway to explain that quantity is energy. If the energy
is conserved in a system, then it is known that the total amount of this energy remains
constant, even if its form changes.

From Chapter 7, energy is the capacity to do work. The work is a kind of energy.
The work is related to the force that is applied to a body to change its position. So,
there is a relationship between energy and the force.

8.1 Potential energy

Every object that has some kinetic energy can do work on other objects, such as a
hammer moving to drive a nail into the wall. Another form of energy is the so-called
potential energy U, which, on the other hand, is the energy associated with a system
of objects.

Definition of a system
Before we describe specific forms of potential energy, we must first define a system,
which consists of two or more objects that exert forces on one another. If the arrange-
ment of the system changes, then the potential energy of the system changes. Let us
consider two dimensionless objects that exert forces on each other. The work done by
the force acting on one of the objects causes a transformation of energy between the
object’s kinetic energy and other forms of the system’s energy.

8.1.1 Gravitational potential energy

When the object, for example, a ball, falls toward the Earth, the Earth exerts a gravi-
tational force, namely Fg = mg, on the ball. The direction of the force Fg is along the
direction of the displacement of the object. Due to the work of the gravitational force
on the object, the kinetic energy of the object increases.

Definition 8.1 (Gravitational potential energy). By definition, the gravitational poten-
tial energy is called the product of the magnitude of the gravitational force (i. e., mg)
acting on the object with the height y of the object from the surface of the Earth. Usu-
ally, the gravitational potential energy is denoted byUg , andmathematically it is given

https://doi.org/10.1515/9783110755824-008
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by

Ug = mgy. (8.1)

The system for the gravitational potential energy is the object and Earth. This po-
tential energy transforms into the kinetic energy of the system by the gravitational
force.

To relate the work done on any object by the gravitational force with the gravita-
tional potential energy of the object–Earth system, we will consider a brick of mass
m, initially at the height yi above the surface (see also Fig. 8.1). If we neglect air resis-
tance, then the gravitational force is the only force doing work on the brick as it falls.
The gravitational force exerted on the brick is given as

Fg = −mgj (8.2)

where j is a unit vector along the positive y-axis (that is, it is upward), and the minus
sign indicates that the gravitational force is downward. Therefore, the workWg done
by it as the brick undergoes a downward displacement d = −(yi − yf )j is

Wg = (mg) ⋅ d (8.3)
= (−mgj) ⋅ [−(yi − yf )j]
= mgyi −mgyf

where we have used

j ⋅ j = 1. (8.4)

Using eq. (8.1), we obtain

Wg = Ug,i − Ug,f = −(Ug,f − Ug,i) = −ΔUg . (8.5)

That indicates that the work done on any object by the gravitational force equals
minus the change in the system’s gravitational potential energy, or decrease in gravi-
tational potential energy of the system.

Figure 8.1: The work done on the brick by the gravitational
force.
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8.1.2 Elastic potential energy

Now, let us consider a composed system consisting of a block attached at the end of
a spring with elastic force constant k, as shown in Fig. 8.2. The elastic force gives the
force exerted by the spring on the block given as

Fs = −kx. (8.6)

We showed in Chapter 7 that the work done by the spring’s elastic force on a block
connected to it is

Ws =
1
2
kx2i −

1
2
kx2f . (8.7)

Here, it is assumed that the initial, xi, and final, xf , positions of the block aremeasured
with respect to its equilibrium position, x = 0.

Again, we see thatWs depends only on the initial and final positions, respectively,
xi and xf , of the object, but not on the path. Besides, it vanishes if the path is a closed
loop.

Definition 8.2 (Elastic potential energy). By definition, the elastic potential energy
function of the object–spring system is given as

Us =
1
2
kx2. (8.8)

The potential energy, Us, of the system can be considered as the energy associ-
ated with the deformed spring, which can either be compressed or stretched from its
equilibrium position.

Figure 8.2: (a) An equilibrium state spring on a fric-
tionless horizontal surface. (b) A spring compressed
at distance x from its equilibrium position due to the
block of massm. (c) After the block is released from
rest state, the elastic potential energy stored in the
compressed spring transfers into the kinetic energy
of the block.

Combining eq. (8.7) and eq. (8.8), we find that

Ws = Us,i − Us,f = −(Us,f − Us,i) = −ΔUs. (8.9)

Equation (8.9) indicates that the work done on the block by the elastic force equals
minus the change in the system (block–spring) elastic potential energy, or decrease in
elastic potential energy of the system.
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8.2 Conservative and non-conservative forces

It can be shown that thework of gravitational force on a falling object does not depend
onwhether an object falls vertically or slides down an inclined surface. It does indeed
depend on the height of the object from the ground surface. In other words, it depends
on the change of the object’s elevation. In contrast, the energy loss due to the friction
of the surface depends on the magnitude of the distance that the object moves. That
is, the work done by the gravitational force does not depend on the path; however,
the work done by the friction forces does depend on the path. That difference in the
dependence on the path can be used to classify forces in terms of conservative and
non-conservative forces.

For example, the gravitational force is conservative, and the frictional force is non-
conservative.

8.2.1 Conservative forces

Two important properties characterize conservative forces:
1. The work a conservative force does on a particle moving between any two points is indepen-

dent of the path taken by the particle.
2. The work done by that conservative force on a particle moving along any closed path equals

zero. (By definition, a path is called a closed path if it begins and ends at the same point.)

The gravitational force and the elastic force exerted by a spring are two examples of
the conservative forces. As we showed above, as the object moves between any two
points near the Earth’s surface, yi and yf , the work done by the gravitational force on
that object is

Wg = mgyi −mgyf . (8.10)

It can clearly be seen thatWg depends on the initial, yi, and final, yf , positions of the
object, only; hence, it is independent of the path, and furthermore,Wg equals zero, if
the object moves through any closed path (i. e., yf = yi).

In the case of the object–spring system, the work Ws done by the spring force is
given by

Ws =
1
2
kx2i −

1
2
kx2f . (8.11)

Similarly, the elastic spring force is conservative because Ws depends again on the
initial xi and final xf positions of the object, only, and in addition, it is zero for any
closed path (that is, xf = xi).

Usually, the potential energy is associated with only conservative forces. For ex-
ample, the potential energy of the object–Earth system associated with the gravita-
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tional force is

Ug = mgy (8.12)

and the potential energy of the object–spring systemassociatedwith the elastic spring
force is

Us =
1
2
kx2. (8.13)

Definition 8.3 (Work of conservative forces). In general, the work of a conservative force, Wc, on
an object equals the decrease in the potential energy associated with the object:

Wc = Ui − Uf = −ΔU (8.14)

where Ui is the initial potential energy, and Uf is the final potential energy associated with the
object.

8.2.2 Non-conservative forces

The non-conservative forces cause changes in mechanical energy E, defined as the
sum of kinetic and potential energies.

For example, if an object slides on a horizontal surface that is not frictionless, the
friction force of the surface decreases the kinetic energy of the object. Furthermore, be-
cause of the frictional force, the temperature of the object and the surface increases.
We can say that heat transfers to the object and the surface. This type of energy asso-
ciated with temperature (or heat) is called internal energy.

Based on experience, the internal energy (or heat) cannot be transferred back to
the kinetic energy of the object. In other words, the energy transformation is not re-
versible. Because the friction force changes the mechanical energy of a system, it is a
non-conservative force.

The change in kinetic energy of the object because of the friction force relates to
the work done by the friction force as

Wf = ΔKfriction. (8.15)

But

Wf = −fkd. (8.16)

Here, d is the length of the path over which the friction force fk acts.
Let us consider that the table slides fromA toB over the straight-line path of length

d = √a2 + b2 (the red line) in Fig. 8.3. The change in kinetic energy is

ΔK(1)friction = −fk√a2 + b2. (8.17)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



120 | 8 Potential energy and conservation of energy

Now, suppose the table slides through the path ACB with length a + b, from initial
point A to the final point B (the blue line). The path length is longer (a+b > √a2 + b2),
and hence the change in kinetic energy is larger in magnitude than that in the case of
the motion along a straight line. Along this path, the change in kinetic energy is

ΔK(2)friction = −fk(a + b). (8.18)

Figure 8.3: The decrease in total me-
chanical energy due to the friction
force depends on the path taken as
the table moves from initial point A to
the final point B. The reduction in total
mechanical energy is larger along the
blue path than along the red path.

Definition 8.4 (Work of non-conservative forces). In general, the work done by non-conservative
forces equals the change in the kinetic energy, as given by eq. (8.15).

Therefore, the change in kinetic energy for non-conservative forcesdependson the path taken
by the object between the initial and final points. If the potential energy is involved, then the
change in the total mechanical energy depends on the path followed.

8.3 Conservative forces and potential energy

We showed that the work done on a particle by a conservative force does not depend
on the path taken by the particle, but the work depends only on the particle’s initial
and final coordinates. The potential energy function U is defined in terms of the work
done by a conservative force:

The work done by a conservative force exerted on a system equals the decrease in the potential
energy of the system.

The work done by a conservative force F as a particle moves along the x-axis is

Wc =

xf

∫
xi

Fx dx = −ΔU (8.19)

where Fx is the component of F along the direction of the displacement.
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Therefore, the work done by a conservative force acting on a system equals the
negative of the potential energy change associated with that force. Here, the change
in the potential energy is defined as

ΔU = Uf − Ui (8.20)

or

ΔU = Uf − Ui = −

xf

∫
xi

Fx dx. (8.21)

Thus, ΔU is negativewhenFx anddx are in the samedirection, aswhenanobject is
falling in a gravitational field or when a spring pulls an object toward the equilibrium
position.

The potential energy indicates the potential, or capability, of an object for either
increasing the kinetic energy or doing work as it starts being under the influence of a
conservative force acting on the object as exerted by some other member of the com-
posed system.

Often a particular position, namely xi, is defined as a reference point, and the
potential energy differences are measured to that point. Thus, the potential energy
function is defined as

Uf (x) = −
xf

∫
xi

Fx dx + Ui. (8.22)

Note that the value of Ui is often taken to be zero at the reference point. Furthermore,
the sign of Ui for nonzero values does not have any significance because it just shifts
Uf (x) by a constant value, and only the change in potential energy is physically mean-
ingful.

8.4 Conservation of mechanical energy

Consider an object fixed at some height h above the floor at rest. Therefore, the kinetic
energy is zero. On the other hand, the gravitational potential energy of the object–
Earth system is

U = mgh. (8.23)

If the object is free to fall to the floor, then the speed of the object and thus its kinetic
energy increase.

In contrast, the potential energy of the system (object–Earth) decreases. Ignoring
the air resistance, the amount of potential energy the system loses as the object moves
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downward transfers to the kinetic energy of the object. Therefore, we can say that the
sum of the kinetic and potential energy, that is, the total mechanical energy E remains
constant. This is the well-known conservation law of mechanical energy. For the case
of an object in free fall, this principle tells us that any increase (or decrease) in poten-
tial energy is accompanied by an equal decrease (or increase) of the kinetic energy.
Note that the total mechanical energy of a system remains constant in an isolated sys-
tem of objects that interact only through conservative forces.

Total energy of system
The total mechanical energy E of a system is defined as the sum of the kinetic and
potential energies:

E = K + U . (8.24)

From the principle of conservation of energy, initial mechanical energy, Ei, is equal to
the final mechanical energy, Ef :

Ei = Ef . (8.25)

Therefore,

Ki + Ui = Kf + Uf . (8.26)

If more than one conservative force acts on an object within a system, a poten-
tial energy function is associated with each force. In such a case, we can apply the
principle of conservation of mechanical energy for the system,

Ki +∑Ui = Kf +∑Uf (8.27)

where the number of terms in the sums equals the number of conservative forces
present.

8.5 Work done by an applied force

When you lift a book through some distance by applying a force to it, the force you
apply does work Wp on the book, while the gravitational force does work Wg on the
book. If we treat the book as a particle, then the total work done on the book is related
to the change in its kinetic energy as described by the work–kinetic energy theorem
given by

∑
i
Wi = Wp +Wg = ΔK. (8.28)
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Also, the gravitational force is a conservative force, and hence

Wg = −ΔU . (8.29)

Combining eq. (8.28) and eq. (8.29), we obtain

Wp = ΔE. (8.30)

Note that the right side in eq. (8.30) represents the change in the mechanical en-
ergy of the book–Earth system. This result indicates that the applied force transfers
energy to the system in the form of the kinetic energy of the book and the gravitational
potential energy of the book–Earth system.

Thus, we conclude that, if an object is part of a system, then an applied force can
transfer energy into or out of the system.

8.6 Exercises

Exercise 8.1. Two blocks are connected by a light string that passes over a frictionless
pulley, as shown in Fig. 8.4. The block of mass m1 lies on a horizontal surface and is
connected to a spring of force constant k. The system is released from rest when the
spring is unstretched. If the hanging block of massm2 falls a distance h before coming
to rest, calculate the coefficient of kinetic friction between the block of mass m1 and
the surface.

Figure 8.4: As the hanging block moves from its high-
est elevation to its lowest, the system loses gravi-
tational potential energy but gains elastic potential
energy in the spring. Some mechanical energy is lost
because of friction between the sliding block and the
surface.

Exercise 8.2. A pendulum consists of a sphere of mass m attached to a light cord of
length L, as shown in Fig. 8.5. The sphere is released from rest when the cord makes
an angle θA with the vertical, and the pivot at P is frictionless. (a) Find the speed of
the sphere when it is at the lowest point B. (b) What is the tension TB in the cord at B?
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Figure 8.5: A pendulum.

Exercise 8.3. A ball of mass m drops from a height h above the ground, as shown
in Fig. 8.6. (a) Neglecting air resistance, determine the speed of the ball when it is at a
height y above the ground. (b) Determine the speed of the ball at y if, at the instant of
release, it already has an initial speed vi at the initial altitude h.

Figure 8.6: A ball is dropped from a height h
above the ground.

Exercise 8.4. A crate with mass of 3.00 kg slides down a ramp. The ramp is 1.00m in
length and inclined at an angle of 30.0∘, as shown in Fig. 8.7. The crate starts from rest
at the top, experiences a constant frictional force of magnitude 5.00N, and continues
to move a short distance on the flat floor after it leaves the ramp. Use energy methods
to determine the speed of the crate at the bottom of the ramp.

Exercise 8.5. An object with mass m is released from a height h in a loop-the-loop
shown in Fig. 8.8. Use conservation of energy to find the ratio of h/R if the object was
to reach point A in Fig. 8.8. What should this ratio be if it reaches point B? Neglect
friction.

Exercise 8.6. The Atwoodmachine shown in Figure 8.9 is released when the blockm2
is 2.0mabove the floor. Find the velocity of the systemwhenm2 hits the ground. Using
the conservation law of energy, calculate the acceleration of the system.
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Figure 8.7: A crate slides down a ramp under
the influence of gravity.

Figure 8.8: Loop-the-loop prob-
lem demonstrating the use of
conservation of energy.

Figure 8.9: Atwood machine.

Exercise 8.7. Calculate the elastic potential energy stored in a spring with a spring
constant k = 800N/m and stretched by 10.0 cm.

Exercise 8.8. Find the potential energy of a block of mass 100 kg, which is moved
10.0m along a 30∘ inclined plane.
Exercise 8.9. Show that the work of gravitational force on a falling object does not
depend on whether an object falls vertically or slides down an inclined surface. For
this purpose, consider a block with mass m at height h above the ground, which can
take two possible paths, namely path (1) corresponding to a free fall and path (2) cor-
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responding to themovement along an inclined surface of length d. Calculate the work
done by the gravitation force along each path. Assume that the inclined surface is
frictionless.

Exercise 8.10. What is the work done by the gravitational force if you lift an object of
massm to a height h and then walk a distance s horizontally, as shown in Fig. 8.10?

Figure 8.10: Illustration of the move-
ment of an object lifted to a height h by
a person who then walked a distance s
horizontally.

Exercise 8.11. What is the work done by an external force applied by a person on an
object of mass m to lift it to a height h and then walking a distance s horizontally, as
shown in Fig. 8.11?

Figure 8.11: Illustration of the move-
ment of an object lifted to a height
h by the external force F applied by
someone who then walked a distance s
horizontally.

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



9 Linear momentum and collisions

So far, in our study of classical mechanics, we have studied themotion of a single par-
ticle or body primarily. To extend our comprehension of mechanics, we must now be-
gin to examine the interactions of particles. To start this study,we define and explore a
new concept, the center ofmass, whichwill allow us tomakemechanical calculations
for a system of particles. First, we introduce linear momentum and its conservation
law, then we discuss the collisions.

9.1 Linear momentum and Newton’s second law

Linear momentum
For a particle of massmmoving with a velocity v the linear momentum is given as the
product of the mass and velocity:

p = mv. (9.1)

Equation (9.1) indicates that the linear momentum is a vector quantity because it
equals the product of a scalar quantity,m, and a vector quantity, v. The direction of p
is along v, and the SI unit is

kg ⋅m/s. (9.2)

For a particle moving in an arbitrary direction in three-dimensional space, p has
three components, namely (px , py , pz). Equation (9.1) can also be written as follows
for each component:

px = mvx (9.3)
py = mvy (9.4)
pz = mvz . (9.5)

According to Newton,mv is called quantity of motion, which is a graphic descrip-
tion of another term used,momentum.1

A relationship between the linear momentum of a particle and the total force act-
ing on a particle can be established using Newton’s second law of motion:

FR = ∑
i
Fi = m

dv
dt
=
d(mv)
dt
=
dp
dt
. (9.6)

1 The wordmomentum originates from the Latin word formovement.

https://doi.org/10.1515/9783110755824-009
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Newton’s second law for a particle
The rate change on time of the linear momentum of a particle equals the resultant
force acting on the particle:

dp
dt
= FR. (9.7)

9.2 Conservation of momentum for a two-particle system

Consider a two-particle system isolated from their surroundings composed of particles
1 and 2, which interact with each other (see Fig. 9.1). In particular, the particles exert
a force on each other, obeying Newton’s third law, and there are no external forces
present. If a force from particle 1 (such as the gravitational force) acts on particle 2,
then, based on Newton’s third law, there is a second internal force equal inmagnitude
but opposite in direction that particle 2 exerts on particle 1.

Denoting by p1 the momentum of particle 1 and that of particle 2 by p2 at some
instant as shown in Fig. 9.1. Newton’s second law as applied to each particle can be
written as

F21 =
dp1
dt

(9.8)

F12 =
dp2
dt

(9.9)

where F21 is the force acting on particle 1 by particle 2 and F12 is the force exerted by
particle 1 on particle 2. Applying Newton’s third law, F12 = −F21, or alternatively

F12 + F21 = 0. (9.10)

Using eq. (9.6), we write

dp1
dt
+
dp2
dt
=
d(p1 + p2)

dt
= 0. (9.11)

Denoting the total momentum of the system, ptot as p1 + p2 = ptot, we obtain

dptot
dt
= 0 (9.12)

which indicates that

ptot = ∑
system

p = constant. (9.13)

Denoting by (p1i, p2i) and (p1f , p2f ), respectively, the initial and the final values
of the momenta of particles 1 and 2, eq. (9.13) can alternatively be written as

p1i + p2i = p1f + p2f . (9.14)
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Figure 9.1: The momentum of particle 1 and 2 at some
instant.

Equation (9.13) and eq. (9.14) are knownas the law of conservation of linearmomentum.
This law, which is considered one of the most important laws of mechanics, can also
bewritten for any number of particles in an isolated system. It can be stated as follows.

If two or more particles in an isolated system interact, then the total momentum
of the system remains constant.

This law indicates that, for an isolated system, the total momentum at any instant
of time is equal to its initial value.

Here, no assumptionwasmade regarding the natural origin of the forces acting on
each particle of the system. However, it is required that these forces must be internal
to the system.

9.3 Impulse and momentum

We found above that the second law of Newton can also be written as

dp
dt
= F. (9.15)

Multiplying both sides by dt, we obtain

dp = Fdt. (9.16)

Integrating eq. (9.16) over some time interval, say from ti to tf , we obtain the change on
the momentum of a particle due to the force F acting on the time interval Δt = tf − ti:

Δp = pf − pi =
tf

∫
ti

F dt. (9.17)

Here, pi is the momentum at time ti and pf is the momentum at time tf .
Knowing the function of forcewith time, one can evaluate the integral in eq. (9.17).

The time integral of the force in eq. (9.17) is called the impulse of the force F acting on
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a particle over the time interval Δt. Therefore, the impulse is a vector quantity given
as

I ≡
tf

∫
ti

F dt = Δp. (9.18)

Impulse–momentum theorem
The impulse of the force F acting on a particle equals the change in the momentum of
the particle caused by that force.

That is also known as impulse–momentum theorem, and it is equivalent to New-
ton’s second law.

Equation (9.18) indicates that impulse is a vector quantitywithmagnitude equal to
the area under the force–time curve. That is also shown in Fig. 9.2, where it is assumed
that the force varies in time, and it is nonzero in the time interval Δt = tf − ti.

Figure 9.2: A force acting on a particle may vary in time.

Besides, the impulse vector has the same direction as the direction of the change in
momentum vector, Δp. Moreover, the impulse has the dimensions of momentum, that
is, kgm/s, as indicated by eq. (9.18).

It is important to note that impulse is not a property of a particle itself. Indeed, it is
a measure of the degree to which an external force exerted on the particle changes its
momentum. Therefore, the statement that an impulse is given to a particle indicates
that momentum is transferred from an external agent to the particle.
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For a time-varying force, we can define the time-average force as

F̄ ≡ 1
Δt

tf

∫
ti

F dt (9.19)

where Δt = tf − ti. Thus, the impulse in terms of the average force can be determined
as

I ≡ F̄Δt. (9.20)

In general, the time-averaged force (see also Fig. 9.2) can be assumed as a constant
force that gives to the particle in the time interval Δt the same impulse as the time-
varying force gives over this same interval to that particle.

Equation (9.18), in principle, is used to compute the impulse when the force F is
known as a function of time. The estimation of the impulse becomes especially simple
if the force exerted on the particle is constant on time. In this case,

F = F̄ (9.21)

and eq. (9.20) becomes

I = FΔt. (9.22)

In many physical situations, the concept of the impulse approximation is used
because of the assumption that the resultant force exerted on a particle acts for a short
time, and it is much higher than all the other forces present. This approximation is
especially useful in treating collisions in which the duration of the crash is concise.
When this approximation is made, we refer to the force as an impulsive force.

9.4 Collisions

If two particles come together for a short time and producing impulsive forces acting
on each other, then we say that a collision occurs. The forces are assumed to be much
greater than all other external forces present.

Figure 9.3 shows a simple case of the collision occurring between twomacroscopic
particles with masses m1 and m2, respectively. If two particles collide, the impulsive
forces acting on each particle vary in time in complicatedways, for example, as shown
in Fig. 9.3. Besides, they obey the third law of Newton.

If F21 is the average force acting on particle 1 by particle 2 during the time interval
Δt (assuming no other forces act on the particles), then the change in the momentum
of particle 1 due to the collision with particle 2 is

Δp1 = F21Δt. (9.23)
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Figure 9.3: The collision between two
objects as a result of direct contact.

Similarly, if F12 is the average force acting on particle 2 by particle 1 during the same
time interval Δt, then the change in the momentum of particle 2 due to the collision
with particle 1 is

Δp2 = F12Δt. (9.24)

Using Newton’s third law:

F21 = −F12. (9.25)

Therefore, it can be found that

Δp1 = −Δp2 (9.26)

or

Δp1 + Δp2 = 0. (9.27)

Conservation law of momentum for any collision
Denoting the total momentum of the system of the two masses as

psystem = p1 + p2 (9.28)

then

pbefore,system = pbefore,1 + pbefore,2 (9.29)
= pafter,system = pafter,1 + pafter,2.

Therefore, it can be stated that the total linear momentum of the system of particles is
constant in time:

psystem = p1 + p2 = constant. (9.30)
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The total momentum before the collision of an isolated system is equal to the to-
tal momentum of the system after the collision. That is the conservation law of the
momentum of an isolated system (i. e., the external forces are negligible) for any col-
lision.

We showed that themomentumof an isolated system is conserved in any collision
in which external forces are negligible. On the other hand, kinetic energy may not
necessarily be constant. That depends on the type of collision. There exist two types
of collisions, namely elastic collisions and inelastic collisions; they are discussed in
the following.

9.4.1 Elastic collisions

An elastic collision occurs between two objects in which total kinetic energy and the
total momentum are conserved before and after the collision.

Mathematically, we can write for any elastic collision

Ki = Kf (9.31)
pi = pf . (9.32)

For example, the billiard-ball collisions and the collisions of air molecules with
the walls of a container at ordinary temperatures are approximately elastic. However,
in reality, there is always some loss of energy in any collision process. In general, if
the objects are rigid, then the process can be considered as an almost elastic collision.
Pure elastic collisions occur, in general, between atomic and subatomic particles.

In Fig. 9.4 a particle ofmassm1 and initial velocity v1i ismaking a very short elastic
collision with another particle, which is assumed initially at rest. After the collision,
the final velocity of the projectile is v1f , and its scattering angle is θ to its initial direc-
tion. The final velocity of the second particle is v2f , and the scattering angle is ϕwith
respect to the initial direction of the first particle.

From the conservation law of the momentum, we can write

p1i + p2i = p1f + p2f . (9.33)

The projection along the vertical (y-axis) and horizontal (x-axis) gives the following
two equations:

m1v1ix = m1v1fx +m2v2fx (9.34)
0 = m1v1fy +m2v2fy (9.35)

or

m1v1i = m1v1f cos θ +m2v2f cosϕ (9.36)
0 = m1v1f sin θ −m2v2f sinϕ. (9.37)
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Figure 9.4: An elastic glancing
collision between two particles:
(Left) Before the collision and
(Right) after the collision.

Here, the minus sign in the second equation is because after the collision, particle 2
has a y component of velocity that is downward. The problem can be solved analyti-
cally, if no more than two of the seven quantities in two equations are unknown.

If the collision is elastic, conservation of kinetic energy, with v2i = 0, gives

1
2
m1v

2
1i =

1
2
m1v

2
1f +

1
2
m2v

2
2f . (9.38)

Knowing the initial speed of particle 1 and both masses, we are left with four
unknowns (v1f , v2f ,ϕ, θ). Because we have only three equations, one of the four re-
maining quantities must be given if we are to determine the motion after the collision
fromconservationprinciples alone. For example, supposewewant to express all these
quantities in terms of the scattering angle θ.

Using eq. (9.36), we get

tanϕ =
v1f sin θ

v1i − v1f cos θ
. (9.39)

From eq. (9.38), we get

v2f = √
m1
m2
(v21i − v

2
1f ). (9.40)

9.4.2 Inelastic collision

In an inelastic collision, the momentum is conserved before and after the collision,
but not the total kinetic energy.

There are two types of inelastic collisions. The perfectly inelastic collision occurs
when the particles hit each other and stick together after the collision. For example,
it happens when a meteorite collides with the Earth.
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The inelastic collision occurs if the colliding particles do not stick together after
the collision. In these collisions, some part of the kinetic energy is lost. For example,
if a rubber ball hits a hard surface, an inelastic collision occurs because a part of the
kinetic energy of the ball is lost due to the deformation of the ball while it is in contact
with the surface.

In general, in most collisions, kinetic energy is not conserved before and after the
collision. That is because someof the kinetic energy is transferred into internal energy,
elastic potential energywhen the objects are deformed, or into rotational energy. Elas-
tic and perfectly inelastic collisions are limiting cases; most collisions fall somewhere
between them.

In the case of perfectly inelastic collision, consider two particles ofmassesm1 and
m2 moving with initial velocities v1i and v2i along a straight line, as shown in Fig. 9.5.
The two particles collide head-on, stick together, and then move with some common
velocity vf after the collision. Because momentum is conserved in any collision, we
can say that the total momentum before the collision equals the total momentum of
the composite system after the collision:

m1v1i +m2v2i = (m1 +m2)vf (9.41)

or

vf =
m1v1i +m2v2i

m1 +m2
. (9.42)

Figure 9.5: An inelastic glanc-
ing collision between two
particles: (Left) Before the
collision and (Right) after the
collision.

9.5 Center of mass

To describe the overall motion of a mechanical system in terms of a single particular
point, the so-called center of mass of the system is determined. Here, the mechanical
system is a system of N particles, such as a system of (interacting) atoms in a box, or
an extended object.

In the following we show that the center of mass of the system moves as if all
the mass of the system is concentrated at that position. Also, if the resultant external
force acting on the system is Fe and the total mass of the system is M = ∑Ni=1mi, the
acceleration of the center of mass, ac.m., is

ac.m. =
Fe

M
. (9.43)
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Equation (9.43) indicates that the system moves as if the resultant external force
acts on a single unique particle of massM located at the center of mass. Note that this
behavior is independent of other motion included in the system, such as the internal
motion, for example, rotation or vibration of the system. This result is implicitly as-
sumed in the derivations above, in this chapter, because many cases referred to the
motion of extended objects are treated as particles.

First, we can consider a mechanical system of two discrete particles with masses
m1 andm2, respectively. Themasses are connected by a rigid rodwith negligiblemass,
as shown in Fig. 9.6. For a given system, the center of mass is defined below as the
average position of the system’s mass. It locates somewhere on the line joining the
particles, and we expect to be closer to the particle having the larger mass.

If a single external force acts on the system at some point on the rod somewhere
between the center ofmass and the smallest particle, the system rotates clockwise (see
Fig. 9.6(top)). Also, if the force acts on the system at a point on the rod located between
the center ofmass and themoremassive particle, the system rotates counterclockwise,
as shown in Fig. 9.6(middle). On the other hand, if the force is applied on the system
locates at the center of mass, the entire systemmoves in the direction of the force, and
no rotation occurs (see Fig. 9.6(bottom)). That experiment can in practice be used to
determine the center of mass of the system.

Figure 9.6: A light, rigid rod connects two particles of un-
equal mass. (Top) The system rotates clockwise when the
applied force acts between the less massive particle and the
center of mass. (Middle) The system rotates counterclockwise
when a force is applied between the more massive particle
and the center of mass. (Bottom) The entire system moves
in the direction of the force, and no rotation occurs if the
applied force locates at the center of mass.
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Center of mass for a system of two particles
For a system composed of two particles having massesm1 andm2, respectively, at the
positions r1 and r2, respectively, the center of mass is defined mathematically as

rc.m. =
m1r1 +m2r2
m1 +m2

. (9.44)

rc.m. is a point in space that locates somewhere between the line joining the two
masses and it is closer to the particle with larger mass. If the system is composed of
two particles with equal masses, the center of mass is in the midway between the
particles.

That concept can be extended to a system of many particles in three dimensions.
Any extended irregular shaped object, as shown in Fig. 9.7, can always be approxi-
mated as a collection of lumped masses.

Center of mass for a system of particles
For a system of N particles having masses mi (for i = 1, 2, . . . , N) in three dimensions
at the positions ri = (xi, yi, zi) (for i = 1, 2, . . . ,N), respectively, the center of mass is
defined as

rc.m. =
∑Ni=1miri
∑Ni=1mi

. (9.45)

Figure 9.7: A lumped-mass parameter depiction of an irreg-
ular shaped object.

The Cartesian coordinates of this vector are xc.m., yc.m., and zc.m. defined as

xc.m. = rc.m. ⋅ i =
∑Ni=1mixi
∑Ni=1mi

(9.46)

yc.m. = rc.m. ⋅ j =
∑Ni=1miyi
∑Ni=1mi

zc.m. = rc.m. ⋅ k =
∑Ni=1mizi
∑Ni=1mi

where i, j and k are unit vectors along the x-, y- and z-axes, respectively.
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If the number of lumped masses approaches infinity, then the system of discrete
masses becomes continuous. For that continuous body the summation converges to
the exact value of the vector rc.m. and the sum converges to an integral given as

rc.m. =
∫V rρ(r)dV
∫V ρ(r)dV

. (9.47)

In eq. (9.47), ρ(r) is the density of the object and V is the entire volume. This equation
can only be solved if rρ(r) can be integrated inside the volume V . That requirement is
not always achievable and hence in most of the engineering applications a lumped-
mass parameter approach using computers is employed.

For any symmetric object with a uniformmass distribution per unit of volume, the
center of mass lies on an axis of symmetry and any plane of symmetry. For example,
for a rod, the center of mass is located midway between rod’s ends in the axis along
the rod. Also, the center of mass of three-dimensional symmetric shapes, such as a
sphere or a cube, lies at its geometric center.

An extended object can be seen as a continuous distribution of mass; each small
mass element δm is acted upon by the force of gravity: δF = δmg. The resultant effect
of these forces is equivalent to the effect of a single force,Mg, acting on a special point,
called the center of gravity, whereM is given by

M = ∫
V

ρ(r)dV . (9.48)

If g is constant over the mass distribution, then the center of gravity coincides with
the center of mass. If an extended object is pivoted at its center of gravity, it balances
in any orientation.

9.6 Motion of a system of particles

Velocity of the center of mass
The physical significance and utility of the center of mass concept can be observed
by taking the time derivative of the position vector given by eq. (9.45), which gives the
velocity of the center of mass:

vc.m. =
drc.m.
dt
=
∑Ni=1mi

dri
dt

∑Ni=1mi
=
∑Ni=1mivi
∑Ni=1mi

(9.49)

where vi is the velocity of the ith particle.
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The total momentum of the system
Equation (9.49) can also be written as

Mvc.m. =
N
∑
i=1mivi =

N
∑
i=1 pi = ptot. (9.50)

Here,M denotes the overall mass of the system of massesmi for i = 1, 2, . . . ,N defined
as

M =
N
∑
i=1mi (9.51)

and ptot is the total momentum of the system, which is equal to the total mass, M,
multiplied by the velocity of the center of mass, vc.m.. In other words, the total linear
momentum of the system equals the linear momentum of a single particle of massM
moving with a velocity vc.m..

Acceleration of the center of mass
If we take the derivative of eq. (9.49), we obtain the expression for the acceleration of
the center of the mass of the system of N particles as

ac.m. =
dvc.m.
dt
=
∑Ni=1mi

dvi
dt

∑Ni=1mi
=
∑Ni=1miai
∑Ni=1mi

(9.52)

where ai is the acceleration of the ith particle. Equation (9.52) can be rearranged and,
using Newton’s second law, we obtain

Mac.m. =
N
∑
i=1miai =

N
∑
i=1 Fi (9.53)

where Fi is the total force acting on the ith particle of the system, which is the sum of
the internal and external forces on the system, hence, it can be written as

Fi =
N
∑
j=1 ̸=i Fintij + F

e
i (9.54)

where Fintij is the internal force of particle j on the particle i and Fei is the external force
on the particle i. Based on the third law of the Newton, the internal force exerted by
particle i on particle j equals in magnitude and opposite in direction to the internal
force exerted by particle j on particle i: Fintij = −F

int
ji . Therefore,

N
∑
i=1 N
∑
j=1 ̸=i Fintij = ⋅ ⋅ ⋅ + F

int
ij + F

int
ji + ⋅ ⋅ ⋅ (9.55)

= ⋅ ⋅ ⋅ + Fintij − F
int
ij + ⋅ ⋅ ⋅

= 0.
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Newton’s second law for a system of particles
Then eq. (9.53) can be written as

Mac.m. =
N
∑
i=1miai =

N
∑
i=1 Fei = Fe (9.56)

or

dptot
dt
=

N
∑
i=1 Fei = Fe (9.57)

which is Newton’s second law for a system of particles. Comparing that with Newton’s
second law for a single particle, we say that: The center of mass of a system of particles
of combined mass M moves like an equivalent particle of mass M would move under the
influence of the resultant external force on the system.

It can be seen that if the resultant external force is zero, then from eq. (9.57) we get

dptot
dt
= 0 (9.58)

or

ptot = constant. (9.59)

That is, the total linear momentum of a system of particles is conserved if no net ex-
ternal force is acting on the system. It follows that, for an isolated system of particles,
both the total momentum and the velocity of the center of mass are constant in time.
This is a generalization to a many-particle system of the conservation law of total lin-
ear momentum discussed for a two-particle system.

9.7 Exercises

Exercise 9.1. A golf ball of mass 50 g is struck with a club (Fig. 9.8). The force exerted
on the ball by the club varies from zero, at the instant before contact, up to somemax-
imum value (at which the ball is deformed) and then back to zero when the ball leaves
the club. Thus, the force–time curve is qualitatively described by Fig. 9.2. Assuming
that the ball travels 200m, estimate the magnitude of the impulse caused by the col-
lision.

Exercise 9.2. In a particular crash test, an automobile of mass 1500 kg collides with
a wall, as shown in Fig. 9.9. The initial and final velocities of the automobile are vi =
−15.0im/s and vf = 2.60im/s, respectively. If the collision lasts for 0.150 s, find the
impulse caused by the collision and the average force exerted on the automobile.
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Figure 9.8: A golf ball being struck by a club.

Figure 9.9: The car’s momentum changes as a result of its colli-
sion with the wall.

Exercise 9.3. Acar ofmass 1800 kg stopped at a traffic light is struck from the rear by a
car withmass of 900 kg, and the two become entangled. If the smaller car wasmoving
at 20.0m/s before the collision, what is the velocity of the entangled cars after the
collision?

Exercise 9.4. A system consists of three particles located as shown in Fig. 9.10. Find
the center of mass of the system.

Exercise 9.5. Show that the center ofmass of a rod ofmassM and length L liesmidway
between its ends, assuming the rod has a uniform mass per unit length.

Exercise 9.6. A rocket is fired vertically upward. At the instant, it reaches an altitude
of 1000m and speed of 300m/s, it explodes into three equal fragments. One fragment
continues to move upward with a speed of 450m/s following the explosion. The sec-
ond fragment has a speedof 240m/s and ismoving east right after the explosion.What
is the velocity of the third fragment right after the explosion?
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Figure 9.10: A system composed of three
masses.

Exercise 9.7. A car is stopped for a traffic signal. When the light turns green, the car
accelerates, increasing its speed from zero to 5.20m/s in 0.832 s. What linear impulse
and average force does a passenger of mass 70.0 kg experience in the car?

Exercise 9.8. A tennis player receives a shot with the ball (0.0600 kg) traveling hor-
izontally at 50.0m/s and returns the shot with the ball traveling horizontally at
40.0m/s in the opposite direction. What is the impulse delivered to the ball by the
racket?

Exercise 9.9. A steel ball of a mass of 3.00 kg strikes a wall with a speed of 10.0m/s
at an angle of 60.0∘ with the surface. It bounces off with the same speed and angle
(Fig. 9.11). If the ball is in contact with the wall for 0.200 s, what is the average force
exerted on the ball by the wall?

Figure 9.11: A ball striking a wall.

Exercise 9.10. Consider a frictionless track ABC as shown in Fig. 9.12. A block of mass
m1 = 5.00 kg is released from A. It makes a head-on elastic collision at B with a block
of mass m2 = 10.0 kg that is initially at rest. Calculate the maximum height to which
m1 rises after the collision.
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Figure 9.12: Elastic collisions between
two objects.
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10 Rotation of a rigid body

In this chapter, we introduce the kinematics and dynamics of the motion of a rigid
body. An object is rigid, by definition, if it is non-deformable. In other words, it is an
object in which distances between all pairs of particles remain constant.

10.1 Angular displacement, velocity, and acceleration

Figure 10.1 shows a planar (flat) rigid body of arbitrary shape confined to the xy plane
and rotating about the fixed z-axis throughO. The z-axis is perpendicular to the plane
of the figure, and O is the origin of a xy coordinate system.

We look at the motion of a particle located at point P that is at a fixed distance r
from the origin O and rotates about point O in a circle of radius r. Note that the rigid
body is composed ofmillions of particles, and furthermore every particle on the object
undergoes circular motion about O. For convenience, the position of P is represented
in polar coordinates, namely (r, θ) with r being the distance from the origin to point
P and θ being the polar angle measured counterclockwise from the positive x-axis
direction. Clearly, the polar angle θ is the only coordinate that changes in time. On
the other hand, r remains unchanged. In contrast, in Cartesian coordinates, both x
and y vary in time according to

x = r cos θ (10.1)
y = r sin θ. (10.2)

Assuming that at t = 0 the particle lies somewhere at the positive x-axis (i. e., θ = 0),
then after some time the particle moves along the circle (see Fig. 10.1) with an angle θ
describing an arc of length s. There is a relationship between the arc s and the angular
position θ:

s = rθ (10.3)

or

θ = s
r
. (10.4)

From eq. (10.4), the unit of θ is radian (rad). However, because θ is the ratio of an
arc length and the radius of the circle, it is a pure number. The full circle as a circum-
ference is equal to 2πr, and thus, an 360∘ angle corresponds to an angle in radians
of

θ = 2πr
r

rad = 2π rad. (10.5)

https://doi.org/10.1515/9783110755824-010
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Figure 10.1: A rigid body rotation.

That is also called one revolution. Hence,

1 rad = 360
∘

2π
≈ 57.3∘. (10.6)

In general, any angle in degrees converts to an angle in radians, using the relation
2π rad = 360∘:

θ (rad) = π
180∘

θ (deg). (10.7)

Definition 10.1 (Angular displacement). If a particle in a rigid body moves from posi-
tion P to a position Q in a time Δt along a circle with fixed radius r (see also Fig. 10.2),
the radius vector rotates through an angle

Δθ = θf − θi. (10.8)

Here, Δθ defines the angular displacement of the particle. In eq. (10.8), θi is the
polar angle at the initial position P and θf is the polar angle at the final position Q.

Figure 10.2: A particle in a rigid body rotation.
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Definition 10.2 (Average angular velocity). By definition, the average angular veloc-
ity, denoted by ω̄, is the ratio of the angular displacement Δθ to the time interval Δt
during which that displacement takes place:

ω̄ = Δθ
Δt
=
θf − θi
tf − ti
. (10.9)

Similar to linear velocity, the instantaneous angular velocity can be defined as
follows.

Definition 10.3 (Instantaneous angular velocity). By definition, the instantaneous an-
gular velocity, denoted by ω, is the limit when Δt → 0 of the ratio of the angular dis-
placement Δθ with the time interval Δt during which that displacement takes place:

ω = lim
Δt→0

Δθ
Δt
=
dθ
dt
. (10.10)

Note that theunits of the angular velocity are radiansper second (or shortly rad/s),
or rather second−1 (s−1) because radians are not dimensional. Here, ω is positive, if θ
increases for a counterclockwise motion; otherwise, it is negative if θ decreases when
the rotation motion is clockwise.

If the instantaneous angular velocity of an object changes fromωi at time ti toωf at
the time tf during the time interval Δt = tf −ti, the object gains an angular acceleration.

Definition 10.4 (Average angular acceleration). By definition, the average angular ac-
celeration, denoted by ᾱ, of a rotating object is the ratio of the angular velocity change
Δω with the time interval Δt during which that change takes place:

ᾱ =
ωf − ωi

tf − ti
=
Δω
Δt
. (10.11)

In analogy to linear acceleration:

Definition 10.5 (Instantaneous angular acceleration). By definition, the instanta-
neous angular acceleration, denoted by α, of a rotating object is the limit Δt → 0
of the ratio of the change in the angular velocity Δω with the time interval Δt during
which that change takes place:

α = lim
Δt→0

ωf − ωi

tf − ti
=
dω
dt
. (10.12)

In either eq. (10.11) or eq. (10.12), the units of the angular acceleration are radians
per second squared (or shortly rad/s2), or just second−2 (s−2). Note that α is positive
when the angular velocity rate change of counterclockwise rotation is increasing or
when the angular velocity rate change of clockwise rotation is decreasing.

When a rigid body rotates about a fixed axis, all particles on the rigid body rotate
through the same angle, and they have the same angular speed and angular accelera-
tion. That is, the quantities θ, ω, and α characterize the rotational motion of the entire
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rigid body. Using these quantities, we can significantly simplify the analysis of rigid-body
rotation.

We have not specified any direction forω and α. Strictly speaking, these variables
are the magnitudes of the angular velocity and angular acceleration vectors, respec-
tively,ω and α, and hence they are always reported positive.

Here, we consider the rotation about a fixed axis; however, in general, the direc-
tions of the vectors can be specified by assigning a positive or negative sign to ω and
α. In the case of rotations about the fixed axis, this direction, which uniquely specifies
the rotational motion, is along the axis of rotation. Therefore, the directions ofω and
α are both along this axis. When the rigid body rotates in the xy plane (as in Fig. 10.1),
the direction ofω is out of the plane of the diagram perpendicular to it if the rotation
motion is counterclockwise and into the plane of the diagram when the rotation is
clockwise. The right-hand rule is demonstrated in Fig. 10.3. That is, the extended right
thumb points in the direction ofω if our four fingers of the right hand are wrapped in
the direction of rotation. The direction of α follows from its definition,

α = dω
dt
. (10.13)

Thus, the direction of α is the same as the direction ofω if the angular speed increases
in time, and it is antiparallel toω if the angular speed decreases in time.

Figure 10.3: The right-hand rule for
determining the direction of the
angular velocity vector.

10.2 Rotational kinematics

In analogy to linearmotion, in the following the rotationalmotion about a fixed axis is
analyzed for the motion under constant angular acceleration. In particular, the kine-
matic relationships for this type of motion is developed. First, we write

ᾱ = α =
ωf − ωi

tf − ti
. (10.14)

Taking ti = 0 and tf = t, we find

ωf = ωi + αt (10.15)
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for α constant, which represents the first kinematic equation for the rotationalmotion.
Furthermore, for the rotation motion with α constant, we write

ω̄ = 1
2
(ωi + ωf ) =

1
2
(ωi + ωi + αt) =

1
2
(2ωi + αt) (10.16)

which on the other hand is

1
2
(2ωi + αt) = ω̄ =

θf − θi
tf − ti
=
θf − θi

t
(10.17)

or

θf = θi + ωit +
1
2
αt2. (10.18)

Equation (10.18) represents the second kinematic equation for rotational motion.
From eq. (10.15), we define the time t as follows:

t = (ωf − ωi)/α (10.19)

and by substituting it into eq. (10.18), we obtain

ω2
f − ω

2
i = 2α(θf − θi) (10.20)

which is the third kinematic equation of rotational motion with constant α.

10.3 Angular and linear quantities

In this section, we define some useful relationships between the angular speed and
acceleration of the rigid-body rotational motion and the linear speed and acceleration
of any arbitrary point of this rigid body. We mentioned that when a rigid body rotates
about a fixed axis, see Fig. 10.4, every particle of the object moves along a circle with
a center located at the axis of rotation.

Since the point P moves in a circle with some radius r, the linear velocity vector
v is tangent to the circular path, and hence it is a tangential velocity. The magnitude
of the tangential velocity at the point P of the rigid body is by definition the so-called
tangential speed given as

v = ds
dt
. (10.21)

Here, s is the arc describing the length of the path (or distance) along the circle moved
by the point P. Furthermore, s = rθ where r is constant for the point P. Therefore, we
obtain

v = ds
dt
=
d(rθ)
dt
= r dθ

dt
= rω. (10.22)
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Figure 10.4: Rotation of a rigid body. Vector v de-
notes the linear velocity vector at point P in the rigid
body.

Equation (10.22) indicates that the tangential speed of a point in a rotating rigid body
equals the product of the perpendicular distance of that point from the axis of rota-
tion r with the angular speed ω. Furthermore, the linear speed is proportional to r.
Therefore, every point on the rigid body has the same angular speed; however, not all
points of the rigid body have the same linear speed because r is different.

Equation (10.22) shows that the linear speed of a point on the rotating rigid body
increases as one moves outward from the center of rotation. For example, as we intu-
itively expect, the outer end of a swinging baseball bat (which is further from the axis
of rotation) moves faster than the handle (which is closer to the axis of rotation).

In the following, we find a relationship between the angular acceleration of the
rotating rigid body with the tangential acceleration of the point P. For this purpose,
we take the time derivative of v in eq. (10.22):

at =
dv
dt
=
d(rω)
dt

(10.23)

or

at = r
dω
dt
= rα (10.24)

where α is the angular acceleration.
Equation (10.24) indicates that the tangential component of the linear accelera-

tion, namely at, of a point in a rigid body that rotates is given by the product of the
distance of the point from the axis of rotation, r, with the angular acceleration α.

Using the relation between the magnitude of the centripetal (or radial) accelera-
tion ar and the magnitude of the linear velocity as (see eq. (4.53), Chapter 4):

ar =
v2

r
(10.25)
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Figure 10.5: Rotation of a rigid body. Vector a is the
linear acceleration of particle at point P, and ar
and at are the radial and tangential components,
respectively.

which is directed toward the center of rotation (see Fig. 10.5), we obtain (using
eq. (10.22))

ar =
v2

r
= rω2. (10.26)

We use the definition of the total linear acceleration vector,

a = at + ar . (10.27)

Combining eq. (10.24) and eq. (10.26), we obtain the total linear acceleration magni-
tude of the point:

a = √a2t + a2r = √r2α2 + r2ω4 = r√α2 + ω4. (10.28)

10.4 Rotation energy

To define the kinetic energy of a rigid body that rotates, we first describe it as a collec-
tion of particles. Furthermore, we assume that the rigid body rotates about the fixed
z-axis with an angular speed ω (Fig. 10.6). To each particle we associate a mass mi
(where the index i runs over all particles of the rigid body), and a linear speed vi.
Therefore, the kinetic energy of the rotating rigid body is determined as

KR = ∑
i
Ki = ∑

i

1
2
miv

2
i =

1
2
∑
i
mir

2
i ω

2 (10.29)

or

KR =
1
2
(∑

i
mir

2
i )ω

2. (10.30)
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Figure 10.6: Rotation of a rigid body. Vector vi is the
linear velocity of particlemi at the distance ri from
the center O.

Definition 10.6 (Moment of inertia). By definition, the moment of inertia I is

I = ∑
i
mir

2
i . (10.31)

From the definition of the moment of inertia (see eq. (10.31)), the dimensions of I are
ML2 (kgm2 in SI units).

Using eq. (10.30) and eq. (10.31), we obtain a simplified expression for the kinetic
energy:

KR =
1
2
Iω2. (10.32)

Equation (10.32) indicates that the expression of KR is similar to that of the linear
kinetic energy K = mv2/2 because both depend on the square of speed. Furthermore,
the moment of inertia I depends on the mass, as shown in eq. (10.31).

10.5 Calculation of the moments of inertia

To calculate themoment of inertia of an extended rigidbody,weassume that the object
is divided into many small elementary volumes with masses Δmi, where the index i
runs over all volume elements. From the definition, eq. (10.31), the moment of inertia
of the rigid body is approximated as

I ≈ ∑
i
r2i Δmi. (10.33)

Taking the limit of this sum in eq. (10.33) as Δmi → 0, we obtain the exact moment of
inertial of the rigid body:

I = lim
Δmi→0
∑
i
r2i Δmi = ∫ r

2dm. (10.34)
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We can express the moments of inertia in terms of the volume of the elements dV ,
using ρ = m/V with ρ being the density of the object and V its volume.We can express
dm in terms of dV as

dm = ρdV (10.35)

then eq. (10.34) can be written as

I = ∫
V

r2ρ(r)dV . (10.36)

For homogeneous objects, ρ is constant and the integral can be evaluated for a known
geometry. For ρ not being constant, its variation with positionmust be known to com-
plete the integration. The density given by ρ = m/V is called the volume density. We
will also use other expressions of density, for example, when dealing with a sheet of
uniform thickness t, we can use the surface density σ = ρt, and when mass is dis-
tributed uniformly along a rod of cross-sectional area A, we will use the linear density
μ = M/L = ρA, that is, the mass per unit length of the rod.

Theorem 10.1. The moment of inertia of a rigid body about any given axis is expressed
as the sumof themoment of inertia of it about the axis passing through its center ofmass
and Md2 with d being the distance from the center of mass to the axis of rotation:

I = Ic.m. +Md2. (10.37)

Here, M is the entire mass of the rigid body. This is known as the parallel axis theorem
or Huygens–Steiner theorem.

Proof. In Fig. 10.7, we illustrate the theorem. Suppose that there are two axes of rota-
tion. First rotation axis is passing through the center of mass, and the other is pass-
ing through some arbitrary point O′. By definition, eq. (10.34), the moment of inertial
about the axis passing through the center of mass is

Ic.m. = ∫ r
2dm (10.38)

and the moment of inertial about the axis passing through the point O′ is

I = ∫(r′)2dm (10.39)

where

r′ = r + d. (10.40)

Therefore,

I = ∫ |r + d|2dm (10.41)

= ∫ r2dm + 2d ⋅ ∫ rdm + d2 ∫ dm.
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The second term is zero because the origin of the coordinate system is at the center of
mass of the rigid body. Therefore, we obtain

I = Ic.m. +Md2. (10.42)

Figure 10.7: Rotation of a rigid body about two axes
passing through the center of mass (c.m.) and O′,
respectively.

10.6 Torque

The force exerted on a rigid body, pivoted about an axis, causes the body to rotate
about that axis. The capability of a force to rotate a rigid body about an axis of rotation
is measured by torque τ, which is a vector quantity.

Suppose we have a rod pivoted on the axis throughO in Fig. 10.8. We apply a force
F at an angle ϕ to the horizontal direction (x-axis).

Definition 10.7 (Torque). By definition, the magnitude of the torque associated with
the force F is as follows:

τ = rF sinϕ = dF. (10.43)

Here, r is the distance between the pivot point and the point where F is acting. d is the
distance perpendicular to the line of action of F from the pivot point O. From the right
triangle in Fig. 10.8 that has the x-axis as its hypotenuse, we have

d = r sinϕ. (10.44)

Here, d is called themoment arm (or lever arm) of the applied F.

Figure 10.8: The force F has a larger rotating tendency about
O as both its magnitude F and the moment of arm d in-
crease. It is the component F sinϕ that tends to rotate the
rod about O.
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Note that the definition of the torque requires the specification of a reference axis.
From eq. (10.43), the torque is the product of the applied force and the moment arm d
of that force, which is defined only if an axis of rotation is specified.

In the cases when more than one force is acting on a rigid body, as shown in the
example of Fig. 10.9, each force produces a rotation about the pivot at point O. For
example, F2 rotates the body clockwise, and F1 rotates it counterclockwise.

By convention, the sign of the torque resulting from a force is positive, if the force
rotates counterclockwise and is negative if it rotates clockwise. In the example shown
in Fig. 10.9, the torque resulting from F1, which has a moment arm d1, is positive and
equal to +F1d1; the torque from F2 is negative and equal to −F2d2. Hence, the resultant
torque about O is

∑ τ = τ1 + τ2 = F1d1 − F2d2. (10.45)

Figure 10.9: The force F1 tends to rotate the object counter-
clockwise about O, and F2 tends to rotate it clockwise.

Similar to the force, torque is a vector quantity, and hence it has a magnitude and
direction. As a vector, the torque is defined as

τ = r × F. (10.46)

Equation (10.46) indicates that the direction of the torque changes if the direction of
the force F or its position r changes. Since ϕ is the angle between r and F, eq. (10.43)
implies that themaximum torque is obtained for an angle 90∘. Meanwhile aminimum
torque is obtained for ϕ = 0∘; that is, a force perpendicular to the axis of rotation will
not cause any rotation.

10.7 Relation between the torque and angular acceleration

Consider first a particle with massm rotating in a horizontal circle of radius r because
of a tangential force Ft and radial force Fr . Knowing that the tangential force produces
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a tangential acceleration based on the second law of Newton:

at =
Ft
m
. (10.47)

The magnitude of the torque about the center of the circle due to the force Ft is

τ = Ftr sinϕ = Ftr sin 90
∘ = (mat)r (10.48)

because the angle between the tangential forceFt and r isϕ = 90∘, andhence sinϕ = 1.
Using the relationship between the tangential acceleration and the angular accelera-
tion,

at = rα (10.49)

we obtain

τ = (mr2)α = Iα. (10.50)

In eq. (10.50), I = mr2 is themoment of inertia of themassm rotating about the vertical
z-axis passing through the origin a circle.

The discussion can be extended for any rigid body of arbitrary shape rotating
about a fixed axis, as shown in Fig. 10.10. The body can be composed of an infinite
number of mass elements dm of little volume. Considering the Cartesian coordinate
system connected to the rigid body, every of those small mass elements rotates about
the origin O in a circle centered in O. The external tangential force dFt produces a
tangential acceleration at for every mass element dm. According to Newton’s second
law:

dFt = (dm)at . (10.51)

Then the torque produced by dFt for every element about the origin is given by

dτ = (rdm)rα = (r2dm)α. (10.52)

Integrating this expression gives the resultant torque as

τ = ∫(r2dm)α = α∫ r2dm. (10.53)

Here, α is taken outside the integral because every mass elements have the same α.
From the definition of the moment of inertia of a rigid body, we get

τ = Iα. (10.54)

That is the same relationship aswe found for a particle rotating in a circle. The relation
obtained in eq. (10.54) is analogous to the second law of Newton for the linear motion.
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Figure 10.10: A rigid body rotating about an axis through O.
Each mass element dm rotates about O with the same an-
gular acceleration α, and the net torque on the object is
proportional to α.

10.8 Work, power and energy in rotational motion

Consider a rigid body rotating about an axis through point O, as shown in Fig. 10.11.
Assume the external force F acting on a single point P, lying in the page plane. Fur-
thermore, ds is an infinitesimal distance of the rotation of the body due to the force in
an interval of time dt. Then the work done by the force F on the rigid body is

dW = F ⋅ ds. (10.55)

Here, ds = rdθ. Furthermore, this expression is written as

dW = Fds cos(90∘ − ϕ) = Fr sinϕdθ. (10.56)

Here, 90∘ − ϕ is the angle between F and ds. On the other hand, the torque due to the
force F is

τ = r × F (10.57)

with a magnitude given as

τ = rF sinϕ. (10.58)

Therefore, the work can take the following form:

dW = τdθ. (10.59)

To determine the rate at which the work is being done by the force F as the object
rotates about a fixed axis, we divide both sides of eq. (10.59) by dt:

dW
dt
= τdθ

dt
. (10.60)

Here, ω = dθ/dt is the angular velocity and dW/dt is the instantaneous power P.
Therefore, we obtain

P = τω. (10.61)
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Figure 10.11: A rigid body rotates about an axis through O
under the action of an external force F applied at P.

Equation (10.61) is analogous toP = Fv in the case of linearmotion, and the expression
dW = τdθ is analogous to dW = Fxdx.

In studying linearmotion,wederived thework–kinetic energy theorem, veryuseful
in describing the movement of a system. We extend this concept to rotational motion.
Similar to linear motion, we expect that when the symmetric object rotates about a
fixed axis, then the work done by external forces on the object equals the change in
the rotational energy.

For this purpose, using eq. (10.54),

τ = Iα = I dω
dt

(10.62)

and applying the chain rule, we write

τ = I dω
dt
= I dω

dθ
dθ
dt
= I dω

dθ
ω. (10.63)

After rearranging this expression, we obtain

τdθ = Iωdω. (10.64)

Integrating this expression, the left-hand side will give the total work:

W =
θf

∫
θi

τdθ. (10.65)

Therefore, we can write

W =
ωf

∫
ωi

Iωdω = 1
2
Iω2

f −
1
2
Iω2

i . (10.66)

Work–kinetic energy theorem for rotational motion
Therefore, we obtain the so-called work–kinetic energy theorem for rotational motion:
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The net work done by external forces in rotating the symmetric rigid body about
a fixed axis equal the change in the object’s rotational kinetic energy.

In eq. (10.66), the angular speed changes from ωi to ωf as the angular position
changes from θi to θf ; that is,

ω2
f − ω

2
i = 2α(θf − θi). (10.67)

Combining eq. (10.66) and eq. (10.67), and using the relation in eq. (10.54), we obtain

W = τ(θf − θi). (10.68)

10.9 Exercises

Exercise 10.1. Consider a wheel rotating with a constant angular acceleration of
3.50 rad/s2. Assume that the angular speed of thewheel is 2.00 rad/s at ti = 0. (a)What
is the angle that the wheel rotates in 2.00 s? (b) Find the angular speed at t = 2.00 s.

Exercise 10.2. Consider the oxygen molecule (O2), which rotates about the z-axis in
the xy plane. Assume that the z-axis passes through the center of the molecule, and it
is perpendicular to its length. Themass of each oxygen atom is 2.66×10−26 kg, and the
average distance between the two atoms is d = 1.21 × 10−10m (the atoms are treated
as point masses) at room temperature. (a) Find the moment of inertia of the molecule
about the z-axis. (b)When the angular speed of themolecule about the z-axis is 4.60×
1012 rad/s, determine its rotational kinetic energy.

Exercise 10.3. Consider four tiny spheres fastened at the corners of a frame of negli-
gible mass laying in the xy plane (Fig. 10.12). Assume that the radii of the spheres are
small compared with the dimensions of the frame and that the system rotates about
the y-axis with an angular speed of ω. What are the moment of inertia and the rota-
tional kinetic energy about this axis?

Figure 10.12: A system of four
spheres.
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Exercise 10.4. Consider the uniform rigid rod of mass M and length L as shown in
Fig. 10.13. What is the moment of inertia of the rod about an axis perpendicular to the
rod through (a) the center of mass and (b) one end (the y′-axis)?

Figure 10.13: A uniform rigid rod of length L with a moment of
inertia about the y-axis being less than that about the y′-axis.

Exercise 10.5. Consider a uniform hoop of massM and radius R that is rotating about
the axis perpendicular to the plane of the hoop and passing through its center of mass
(see Fig. 10.14). What is the moment of inertia?

Figure 10.14: The mass elements dm of a uniform hoop are all
the same distance from O.

Exercise 10.6. Consider a uniform solid cylinder has a radiusR,massM, and length L.
Find the moment of inertia of that cylinder about the central axis (z-axis in Fig. 10.15).

Exercise 10.7. Consider a uniform rod with length L and massM, which is free to ro-
tate on a frictionless pin passing through one end, as shown in Fig. 10.16. The rod is
released from rest in the horizontal position. Find its angular speed when it reaches
its lowest position.

Exercise 10.8. Consider two cylinders havingmassesm1 andm2, wherem1 ̸= m2, con-
nected by a string passing over a pulley, as shown in Fig. 10.17. The pulley has a radius
R andmoment of inertia I about its axis of rotation. The string does not slip on the pul-
ley, and the system is released from rest. Find the linear speeds of the cylinders after
cylinder 2 ends a distance h and the angular speed of the pulley at this time.
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Figure 10.15: Calculating I about the z-axis for a uniform solid
cylinder.

Figure 10.16: Calculating I about the z-axis for a uni-
form solid cylinder.

Figure 10.17: Rotating system of two cylinders.
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Exercise 10.9. Suppose a wheel starts rotating from rest with constant angular accel-
eration. It reaches the angular speed of 12.0 rad/s in 3.00 s. (a) Find the magnitude of
the angular acceleration. (b) Find the angle (in radians) through which it rotates in
this time.

Exercise 10.10. Suppose that the angular position of a swinging door is described by
θ = (5.00+10.0t+2.00t2) rad.What is the angular position, angular speed, and angular
acceleration of the door (a) at t = 0 and (b) at t = 3.00 s?
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11 Rolling motion and angular momentum

In Chapter 10, we discussed the motion of a rigid body rotating about a fixed axis.
In this chapter, we introduce a more general motion in which the axis of rotation is
not fixed in space. First, we discuss the so-called rolling motion. Next, we introduce
angular momentum as an important quantity in the rotational dynamics. In analogy
to the conservation of linear momentum, the angular momentum of a rigid body is
always conserved if no external torques act on the object.

11.1 Rolling motion of a rigid body

Assume a cylinder (or a sphere) rolling on a straight line. In particular, the center of
massmoves alonga straight line, andapoint on the circumferencemoves in a complex
path called a cycloid. In suchmotion, the axis of rotation always remains parallel to its
initial orientation in space. For that, we consider a uniform cylinder of radiusR rolling
without slipping on a horizontal surface (see also Fig. 11.1). When the cylinder rotates
through an angle θ about the axis of rotation passing through its center, the center of
mass of the cylindermoves along a straight linewith a distance l = s = Rθ. To calculate
the linear speed of the center of mass for pure rolling motion, the following formula
can be used:

vc.m. =
ds
dt
= Rdθ

dt
= Rω. (11.1)

In eq. (11.1), ω is the angular velocity of the cylinder. Note that eq. (11.1) holds if the
cylinder or a sphere rolls without slipping, which is the condition for pure rolling mo-
tion. In addition, the magnitude of the linear acceleration of the center of mass for
that pure rolling motion is

ac.m. =
dvc.m.
dt
= Rdω

dt
= Rα. (11.2)

Here, α is the angular acceleration of the cylinder.

Figure 11.1: In pure rolling motion, as the cylinder ro-
tates through an angle θ, its center of mass moves a
linear distance l.

https://doi.org/10.1515/9783110755824-011
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The kinetic energy of the rolling cylinder is

K = 1
2
IPω

2. (11.3)

In eq. (11.3), IP is the moment of inertia about the rotation axis through P on the rim.
Using the parallel-axis theorem (introduced in Chapter 10), we substitute

IP = Ic.m. +MR2 (11.4)

into eq. (11.3), and we obtain

K = 1
2
Ic.m.ω

2 +
1
2
MR2ω2. (11.5)

Using the relationship between the linear and angular speed as vc.m. = Rω, we get

K = 1
2
Ic.m.ω

2 +
1
2
Mv2c.m.. (11.6)

In eq. (11.6), the first term is the rotational kinetic energy of the cylinder about the
center of mass; the second term is the translation kinetic energy the cylinder through
space without rotating. Therefore, for a rolling object, the total kinetic energy equals
the sum of the rotational kinetic energy about the center of mass and the translation
kinetic energy of the center of mass.

11.2 Angular momentum of a particle

In analogy to the linear momentum, used to describe linear motion, the angular mo-
mentum is used to describe the rotational motion.

For a particle with mass m located at the position r and moving with a linear ve-
locity v, we can define the angular momentum as follows.

Definition 11.1 (Angular momentum). By definition, the instantaneous angular mo-
mentum L of the particle relative to the origin O of a reference frame is given as

L = r × p. (11.7)

The SI unit of angular momentum is kg ⋅ m2/s. It is important to note that both
the magnitude and the direction of L depend on the choice of origin. For example,
consider a shift of the origin from point O to O′ such that rOO′ = d (which is a vector
with tail at point O and tip at O′). Then the position of the particle with respect to the
reference frame with origin in O′ is

r′ = r + d. (11.8)
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The angular momentum L′ of the particle relative to the origin O′ is
L′ = r′ × p (11.9)
= (r + d) × p
= L + d × p

where L is the angular momentum relative to the origin O. Equation (11.9) indicates
that L′ ̸= L because d × p ̸= 0.

Often, the right-hand rule is used to determine the direction of vector L. Note that
the direction of L is perpendicular to the plane formed by r and p (see also Fig. 11.2).

Figure 11.2: The angular momentum L of a particle of massm and linear
momentum p located at the vector position r. The value of L depends on
the origin about which it is measured. Also, it is a vector perpendicular
to both r and p.

Because, p = mv, the magnitude of L is

L = |r × p| (11.10)
= |r| ⋅ |p| sin θ
= rmv sin θ.

In eq. (11.10), θ is the angle between r and p. Furthermore, eq. (11.10) indicates that L
is 0 when r and p are co-linear vectors (θ = 0∘ or θ = π). If r is perpendicular to p, then
θ = π/2, and hence we obtain the maximum value, L = mvr.

We use Newton’s second law in the form

∑
i
Fi =

dp
dt

(11.11)

with ∑i Fi being the resultant force exerted on the particle. Then the resultant torque
is

∑
i
τi = r × (∑

i
Fi) = r ×

dp
dt

(11.12)
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=
d
dt
(r × p) − (dr

dt
) × p

=
dL
dt
− v × (mv)

=
dL
dt

because the term m(v × v) = 0. Equation (11.12) indicates that the resultant torque is
equal to the time derivative of the angular momentum:

∑
i
τi =

dL
dt
. (11.13)

Note that in eq. (11.13), both∑i τi and L are measured about the same origin. Fur-
thermore, eq. (11.13) holds for any origin fixed in an inertial frame.

11.3 Angular momentum of a system of particles

For a systemofN particleswith angularmomenta Li for i = 1, 2, . . . ,N, the total angular
momentum is

L =
N
∑
i=1 Li = N
∑
i=1 ri × pi. (11.14)

Consider again a linear transformation on the particle coordinates as r′i = ri+d, where
d is a constant vector. The following transformation of the angular momentum of the
system of particles occurs:

L′ = N
∑
i=1 r′i × pi (11.15)

=
N
∑
i=1[ri × pi + d × pi]
= L +

N
∑
i=1 d × pi

= L + d × P.

Thus, the total angular momentum on the new coordinates is the angular momentum
on the old coordinates, plus the angularmomentumof the vectord. Only if total linear
momentum P of system is fixed to 0, P = 0, then L′ = L.

The individual angularmomentumLi changeswith time t, therefore,Lwill change
with t. The time derivative of the total angular momentum is

dL
dt
=

d
dt

N
∑
i=1 Li = N
∑
i=1 dLidt
. (11.16)
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We assume that the net force acting on each particle i is sum of the internal forces of
all other particles j (j ̸= i) and a single external force Fei . Using eq. (11.13), we get

dL
dt
=

N
∑
i=1(τi + τei ) = N

∑
i=1 ri × ( N

∑
j=1 ̸=i Fij + Fei). (11.17)

The double sum∑Ni=1 ri × ∑Nj=1 ̸=i Fij is a combination of the following terms:

ri × Fij + rj × Fji (11.18)

where, based on the third law of Newton: Fij = −Fji, we get

ri × Fij + rj × Fji = (ri − rj) × Fij = rij × Fij = 0 (11.19)

because Fij is parallel to rij. To prove that, suppose that themutual forces between two
particles i and j can be obtained from a potential function Vij of the distance between
the two particles |ri − rj|. For example, the force on the particle i due to particle j is

Fji = −∇iVij(|ri − rj|)

which satisfies the law of action and reaction (Newton’s third law):

Fji = −∇iVij(|ri − rj|) = +∇jVij(|ri − rj|) = −Fij

where Fij is the force acting on the particle j due to particle i. Furthermore, we can
write

∇iVij(|ri − rj|) =
𝜕|ri − rj|
𝜕ri

𝜕Vij(|ri − rj|)
𝜕|ri − rj|

= (ri − rj)f

where f is a scalar function of only the distance |ri − rj|, given as

f (|ri − rj|) =
1
|ri − rj|
𝜕V(|ri − rj|)
𝜕|ri − rj|

.

This indicates that the forces Fij (or Fji) lie along the direction connecting the two par-
ticles.

Note that, if Vij will also depend on other difference vectors associated with the
two particles, such as velocities, then the forces would still be equal and opposite, but
not necessarily lie along the direction between them.

Therefore, we obtain

dL
dt
=

N
∑
i=1 ri × Fei = τe (11.20)

where τe is the total external torque on the system due to the external forces. There-
fore, the time rate of change of the total angular momentum of a system about some
origin in an inertial frame equals the net external torque acting on the system about
that origin.
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Conservation law of the angular momentum
Furthermore, if there is no external forces acting on the system, then τe = 0, and we
obtain

dL
dt
= 0 (11.21)

or

L = constant (11.22)

which is the conservation law of the angular momentum of the system of particles.
Consider again the linear transformation on the particle coordinates, r′i = ri + d,

as discussed above. The net torque on system for the new coordinates is

∑
i
τ′i = N
∑
i=1 r′i × ṗi (11.23)

=
N
∑
i=1[ri × ṗi + d × ṗi]
= ∑

i
τi +

N
∑
i=1 d × ṗi

= ∑
i
τi + d ×

dP
dt
.

It can be seen that the net torque is conserved only if the total linear momentum of
system is a conserved quantity: dP/dt = 0. Such transformations could correspond
to, for example, the position of particles with respect to the center of mass of the sys-
tem. Or they could correspond to transformations of the coordinates in a system with
periodic boundary conditions.

11.4 Angular momentum of a rigid body

Assume a rigid body rotating about a fixed z-axis, as shown in Fig. 11.3. We determine
the angular momentum of this body as follows. Each particle with mass mi at a dis-
tance ri from the originO of the rigid body rotates in the xy plane about the z-axis with
an angular speedω. Themagnitude of the angularmomentumof the ith particle about
the point O is

Li = miviri = mir
2
i ω. (11.24)

Here, the relation vi = riωi is used. For the all-rigid body, we can sum over all particles
composing the rigid body as

Lz = ∑
i
mir

2
i ω = Iω. (11.25)
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I is the moment of inertia of the rigid body about z-axis given as

I = ∑
i
mir

2
i . (11.26)

Here, Lz is the projection of L along the z-axis.

Figure 11.3: Rotation of a rigid body about the z-axis.

The time derivative of Lz where I is constant for a rigid body is

dLz
dt
= I dω

dt
= Iα. (11.27)

Here α is the angular acceleration relative to the axis of rotation z. In addition, dLz/dt
is equal to the resultant external torque∑i τ

e
i , thus, we get

∑
i
τei = Iα (11.28)

where the sum runs over all particles of the rigid body.

Conservation law of the angular momentum of rigid body
If there are not external forces acting on the system, then∑i τ

e
i = 0, and we obtain

dLz
dt
= 0 (11.29)

or

Lz = constant (11.30)

which is the conservation law of the angular momentum of the rigid body rotation.
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The effect of conservation of momentum could be understood much better if we consider flight
platformssuch ashelicopters. A helicopter hasaprimary rotor anda tail rotor and the entire system
has a total angular momentum. If the tail rotor fails, the copter can go into a tailspin and crash.

11.5 Precessional motion

Precessional motion is an interesting motion that represents a top spinning motion
about its axis of symmetry, as shown in Fig. 11.4. If the spinning is very fast, the sym-
metry axis of the top spinning object rotates around the z-axis. This type of rotational
motion is called precessionalmotion. Note that thismotion is slower than the spinning
motion around the symmetry axis. In this case (see also Fig. 11.4), the center of mass
(c.m.) is shifted causing a torque different from 0:

τ = r × (Mg) (11.31)

where Fg = Mg is the gravitational force of the top symmetric object. Since the top
is spinning around its own axis, it does not fall down. We denote by L the angular
momentum of the spinning motion, which lie along the axis of the rotation. Motion
around the z-axis is precessional motion, which occurs due to the torque τ. Here, τ
changes the direction of the symmetry axis of the top. Actually, there are two forces
acting on the top, namely the gravitational force Fg and normal resistance force n.
Therefore, the net torque is

τ = τ1 + τ2 (11.32)

where

τ1 = r ×Mg (11.33)
τ2 = r × n = 0

where τ lies on the xy plane.
Furthermore, we can write

τ = dL
dt

(11.34)

where the change ofL is due to the precessionalmotion around the z-axis, as indicated
in Fig. 11.4:

ΔL = Lf − Li. (11.35)

From Fig. 11.4, it can be seen that ΔL is perpendicular to L, and the magnitude of L
does not change. ΔL is also perpendicular to the torque τ, and hence ΔL lies on the
plane xy. Thus, the magnitude of the torque is

τ = Mgr. (11.36)
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From Fig. 11.4, we have

dϕ = dL
L
=
τdt
L
=
Mgrdt
L
. (11.37)

Thus,

ωp =
dϕ
dt
=
Mgr
L

(11.38)

where ωp is the precessional frequency. Using L = Iω, where ω is the frequency of the
spinning motion around the symmetry axis of the top, we get

ωp =
Mgr
Iω
. (11.39)

Note that in this relation (eq. (11.39)),ω ≫ ωp, which is a criterion for the precessional
motion to be observed.

Figure 11.4: Definition of precessional motion.

11.6 Exercises

Exercise 11.1. Consider the rollingmotion of a spherewithmassM and radiusR down
a rough incline, as shown in Fig. 11.5.We assume that the sphere rolls with angular ve-
locityωwithout slipping and is released from rest at the top of the incline. Determine
vc.m..
Exercise 11.2. Consider a particle moves in the xy plane in a circular path of radius r,
as shown in Fig. 11.6. Find the magnitude and direction (a) of its angular momentum
relative to Owhen its linear velocity is v, and (b) of L in terms of the particle’s angular
speed ω.

Exercise 11.3. Calculate the magnitude of the angular momentum of a bowling ball
spinning at 10 rev/s. Its mass is 6.0 kg and radius 12 cm.
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Figure 11.5: A sphere rolling down an incline. Mechani-
cal energy is conserved if no slipping occurs.

Figure 11.6: A particle moving in a circle of radius r has
an angular momentum about O.

Exercise 11.4. A rigid rod of mass M and length d is pivoted without friction about
its center, as shown in Fig. 11.7. Two particles of mass m1 and m2, respectively, are
connected to its ends. The combination rotates in a vertical plane with an angular
speed ω. Give an expression for (a) the magnitude of the angular momentum of the
system, and (b) the magnitude of the angular acceleration of the systemwhen the rod
makes an angle θ with the horizontal direction.

Figure 11.7: A rotating rod about z-axis through O.

Exercise 11.5. Two blocks of massesm1 andm2 are attached at the ends of a light cord
that passes over a pulley with a radius R, as shown in Fig. 11.8. The moment of inertia

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



172 | 11 Rolling motion and angular momentum

Figure 11.8: A rotating system.

of pulley about its axle is I. The second block slides on a horizontal and frictionless
surface. Determine the expression for the linear acceleration of the two objects, using
the concepts of angular momentum and torque.

Exercise 11.6. Consider a star rotating with a period of 30 days about an axis through
its center, which undergoes a supernova explosion. After the explosion, the stellar
core with a radius of 1.0 × 104 km collapses into a neutron star, which has a radius of
3.0 km. Find the period of rotation of the neutron star.

Exercise 11.7. A particle with mass 1.50 kg moves in the xy plane with a velocity of
v = (4.20i− 3.60j)m/s. Determine the particle’s angular momentumwhen its position
vector is r = (1.50i + 2.20j)m.

Exercise 11.8. Suppose that the position vector of a particle of mass 2.00 kg versus
time is given by the expression r = (6.00i + 5.00tj)m. Determine the angular momen-
tum of the particle about the origin as a function of time.

Exercise 11.9. A particle of massmmoves in a circle of radius r at a constant speed v,
as shown in Fig. 11.9. If the motion begins at point Q, determine the angular momen-
tum of the particle about point P as a function of time.

Figure 11.9: A particle moving in a circle.
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Exercise 11.10. Consider a uniform solid spherewith a radius of 0.500mand amass of
15.0 kg, It rotates counterclockwise about a vertical axis through its center. Determine
its vector angular momentum when its angular speed is 3.00 rad/s.
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12 Static equilibrium and elasticity

In the previous chapters on classicalmechanics,wediscussed several quantities, such
as displacement, velocity, acceleration, force, work and energy, and momentum in
both translational and rotational motion.

Here,wediscuss the use ofNewton’s first law for both linear and rotationalmotion
to analyze the mechanics of a body in static equilibrium. In particular, that is very
important in continuum mechanics for calculations of forces and torques on elastic
bodies. For example, to design the columns of a bridge able to withstand the forces, it
is essential to know the forces acting on the columns supporting the bridge.

In our view here, the term equilibrium implies either that the body is at rest (i. e.,
the speed v = 0), or that the center of mass moves with constant velocity. Here, we
discuss the former case, inwhich the object is described as being in static equilibrium.

12.1 Conditions for equilibrium

Newton’s first law provides the mathematical requirement for static equilibrium as

∑
i
Fi = 0. (12.1)

Equation (12.1) indicates that the necessary condition for a static equilibrium is that
the resultant force applied to an object is zero. Besides, for the real (extended) objects
(rigid bodies), which cannot be seen as particles, a second condition is required for
static equilibrium. That is, the resultant torque acting on the extended object should
be zero. Note that the equilibrium does not require that the object is at rest; for exam-
ple, a rigid body rotates about an axis through a fixed pointOwith an angular velocity
ω constant but still be in equilibrium.

Conditions for equilibrium
In general, an object is considered to be in a rotational equilibrium only if the angular
acceleration of the object is α = 0. For rotation about a fixed axis the following law
applies:

∑
i
τi = Iα. (12.2)

Then the second necessary condition for equilibrium is that the resultant torque about
any axis must be zero:

∑
i
τi = 0. (12.3)

https://doi.org/10.1515/9783110755824-012
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Equation (12.1) and eq. (12.3) give the two necessary conditions for the equilibrium of
an object.

The first condition (see eq. (12.1)) is a statement of translational equilibrium, which
indicates that for an object, the linear acceleration of the center of mass at any inertial
reference frame must be zero. The second condition (see eq. (12.3)) is a statement of
rotational equilibrium, which indicates that an object is in equilibrium if the angular
acceleration about an axis is zero.

The expressions entering in eq. (12.1) and eq. (12.3) are vectors, and hence these
two equations are equivalent, in general, to six scalar equations. Namely, three from
the first condition of equilibrium given by eq. (12.1), and three from the second con-
dition of equilibrium given by eq. (12.3). These correspond to x, y, and z components,
respectively, given by

∑
i
Fix = 0 (12.4)

∑
i
Fiy = 0 (12.5)

∑
i
Fiz = 0 (12.6)

and

∑
i
τix = 0 (12.7)

∑
i
τiy = 0 (12.8)

∑
i
τiz = 0. (12.9)

12.2 Elastic properties of solids

In our discussions so far, the objects are considered as rigid, that is, they do not
change shape when external forces act on them. However, in general, all objects
are deformable, and hence, they may change the shape or the size when external
forces are applied. The objects have the tendency using internal forces to resist the
deformations as these changes take place.

In our discussion that follows, we introduce two terms: stress and strain.

12.2.1 Stress

Definition 12.1 (Stress definition). By definition, the stress is proportional to the ex-
ternal force causing a deformation. Mathematically, stress is given as the ratio of the
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external force acting on an object with its cross-sectional area:

σ = F
A
. (12.10)

The SI units of stress are N/m2 or Pascal. Equation (12.10) indicates that the stress
is inversely proportional to the cross-sectional area of the object. Therefore, to reduce
stress, we increase the area, if weight and cost considerations are not consequential
for the object.

In eq. (12.10), σ is physically referred to as the normal stress. However, forces ap-
plied to a body do not, in general, produce normal stress. In particular, the mechani-
cal failures of materials show that the failure angle is not along a cross-sectional area
perpendicular to the direction of the exerted force. Therefore, the stress is usually par-
titioned into two components; namely, the normal stress σn, which normal to the fail-
ure plane as shown in Fig. 12.1, and the shear stress, denoted by σt along the plane of
failure:

σn =
Fn
A

(12.11)

σt =
Ft
A

(12.12)

whereA is themagnitude of the cross-section surface area vector perpendicular to the
normal force vector Fn, and Ft is tangent to that surface, as shown in Fig. 12.1.

The condition for static equilibrium along the normal and the shear directions are
as follows:

∑Fn = 0 (12.13)

and

∑Ft = 0 (12.14)

where the sums run over all applied forces.
Assuming the failure angle is θ, see also Fig. 12.1, we obtain

Fn = F cos θ =
σnA
cos θ
. (12.15)

The normal stress is then

σn =
F cos2 θ

A
= F(1 + cos 2θ)

2A
. (12.16)

Similarly, the shear part is

Ft = F sin θ =
σtA
cos θ
. (12.17)
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Figure 12.1: Normal and shear stresses
along a surface due to the external
force F. The failure angle is θ.

The shear stress is then

σt =
F cos θ sin θ

A
= F sin 2θ

2A
. (12.18)

Note that the stress is not a vector, andhencewe cannot assigndirections to stress.
Furthermore, the stress is also not a scalar, but stress belongs to a class of physical
quantities called tensors.1

12.2.2 Strain

The degree of deformation is measured by the strain, which is relative elongation or
compression of an elastic body under stress.

Consider the rod in Fig. 12.2 under the external force F applied along themain axis
of the rod. Suppose that the original length of the rod is l, and under the influence of
the external force, it becomes l + Δl.

Definition 12.2 (Strain). By definition, mathematically, the strain is the fractional
change in the length of the rod:

εn =
Δl
l
. (12.19)

Equation (12.19) indicates that the strain is dimensionless. The observations show
that, for sufficiently small stresses, the normal stressσn is proportional to the strain εn.
(Note that subscript n at the definition of the strain is used to indicate the relationship
observed between εn and σn for small stresses.)

Definition 12.3 (Elastic modulus). The constant of proportionality depends on the de-
formed material and the nature of the deformation, and it is called elastic modulus.
Thus, the elastic modulus is defined as the ratio of the stress to the resulting strain:

E = σn
εn
. (12.20)

E (eq. (12.20)) is also called Young’s modulus. From the definition, the units of E in
the SI system are N/m2 or Pascal.

1 A tensor is a set of numbers that transform under the rotations according to the rule: T′ij = RikRjlTkl,
where R is the rotation matrix and i, j = 1, 2, 3. Here, Tij is a second rank tensor. Einstein’s summation
notation is used such that the repeated indices are summed, with k, l = 1, 2, 3.
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Figure 12.2: A rod subject to a force F along it.

In a shear strain, the deformation increases as onemoves in a direction perpendicular
to the deformation. Examples of shear stress and shear strain are shown in Fig. 12.3.

Definition 12.4 (Shear strain). By definition, the shear strain is

εt =
Δ
h
. (12.21)

Definition 12.5 (Shear modulus). We define a shear modulus G analogous to Young’s
modulus for sufficiently small shear stresses as follows:

G = σt
εt
. (12.22)

Figure 12.3: Shear strain.

12.2.3 Bulk modulus

The bulk modulus characterizes the resistance of a substance to uniform squeezing or
to a reduction in pressure when the object is placed in a partial vacuum. For that case,
we assume that the external forces acting on an object are perpendicular to all its faces
in all directions, as shown in Fig. 12.4. Furthermore, they are distributed uniformly
over all the faces. The object changes volume, keeping the same shape subject to this
type of deformation.

Definition 12.6 (Volume stress). By definition, the volume stress is given as the ratio
of the magnitude of the normal force F with the area A:

P = F
A
. (12.23)
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In eq. (12.23), P is also called the pressure. When the pressure P of the substance
changes by an amount of ΔP = ΔF/A, then the substance will experience a volume
change ΔV .

Definition 12.7 (Volume strain). The volume strain is equal to the change in volume
ΔV divided by the initial volume of Vi.

Definition 12.8 (Bulk modulus). Thus, we can characterize a volume bulk compres-
sion in terms of the bulk modulus, which is defined as

B = Volume stress
Volume strain

= − ΔF/A
ΔV/Vi
= − ΔP

ΔV/Vi
. (12.24)

Figure 12.4: A solid is under uniform pressure.

The negative sign is added in eq. (12.24) such that B becomes a positive number. That
is necessary because an increase in pressure (positive ΔP) causes a decrease in volume
(negative ΔV) and vice versa. The inverse of the bulk modulus, namely 1/B, is called
the compressibility of the material.

12.3 Elasticity and plasticity

Equation (12.20) tells us that E is the slope of the line in the stress versus strain plot.
Figure 12.5 indicates two distinct regions. We have a linear region, where the material
undergoes elastic deformation, and after the applied load is removed, the material
relaxes to its original shape. The red region is the plastic region, and, as shown, it
propagates with very little increase in the stress, and if not stopped by the removal of
the force, it ends up with catastrophic failure. Note that once the material undergoes
plastic deformation, it would not retain its original shape.
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Figure 12.5: Stress–strain curve indicating the elastic
and the plastic regions of a given material experiencing
mechanical stress.

12.4 Exercises

Exercise 12.1. Find the tension in the cable supporting the weight of hanging massm
as shown in Fig. 12.6.

Figure 12.6: An object with a hanging mass in static
equilibrium.

Exercise 12.2. An object is stationary and three forces are acting on it. If two of the
forces are F1 = 5i − 2j and F2 = 9i + j, find the third force.

Exercise 12.3. A man of 80 kg is standing 1.5m from one end of a small 4.0m long
bridge. If themass of the bridge is 500 kg, calculate the reaction forces at the two ends
of the bridge.

Exercise 12.4. Fig. 12.7 shows a person with massm climbing a ladder with amassM.
Suppose the length of the ladder is l and the person is halfway up the ladder, which
makes an angle θ with the floor. The static friction coefficient between the ladder and
the ground is μs. Find the reaction forces exerted by the floor and by the wall. Find the
minimum angle θmin at which the ladder does not slip.

Exercise 12.5. Suppose a uniformhorizontal beamwith a length of 8.00mandweight
of 200N is attached to a wall by a pin connection. Assume that its far end is supported
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Figure 12.7: A person is climbing a ladder.

by a cablemaking an angle of 53.0∘ with horizontal direction. If a 600N person stands
2.00m from thewall, find the tension in the cable, themagnitude, and direction of the
force exerted by the wall on the beam.

Exercise 12.6. Consider a cable used to support an actor as he swung onto the stage.
The tension in the cable is 940N. What diameter should a 10m long steel wire have
if we do not want it to stretch more than 0.5 cm under these conditions? The Young
modulus is E = 20 × 1010 N/m2.

Exercise 12.7. Consider a solid brass sphere is initially surrounded by air, and the air
pressure exerted on it is 1.0×105 N/m2 (normal atmospheric pressure). Then the sphere
is lowered into an ocean to a depth at which the pressure is 2.0 × 107 N/m2. Suppose
the volume of the sphere in the air is 0.50m3. What is the change in volume once the
sphere is submerged if the bulk modulus is 6.1 × 1010 N/m2?

Exercise 12.8. Assume that Young’s modulus of the bone is 1.50 × 1010 N/m2 and that
a bone will fracture if a stress more than 1.50 × 108 N/m2 is exerted. (a) What is the
maximum force that can be exerted on the femur bone in the leg if it has a minimum
effective diameter of 2.50 cm? (b) If a compressible force of this magnitude is applied,
by how much does the 25.0 cm long bone shorten?

Exercise 12.9. A 200 kg load is hung on a wire with a length of 4.00m, a cross-
sectional area of 0.200× 10−4m2, and a Young’s modulus of 8.00× 1010 N/m2. What is
its increase in length?

Exercise 12.10. When water freezes, it expands by about 9.00%. What would be the
pressure increase inside your automobile’s engine block if the water in it froze? The
bulk modulus of ice is 2.00 × 109 N/m2.
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13 Oscillatory motion

In this chapter, we introduce the oscillatory motion. In general, if the force applied to
a body is proportional to the displacement from a predefined equilibrium position of
the body, then this motion is called a periodic motion. Other terms are also used for a
periodic motion, such as the harmonic motion, oscillation motion, or vibration motion.
The applied force vector has a direction toward the equilibrium position; therefore, it
applies a back-and-forth motion about that position periodically.

13.1 Simple harmonic motion

Assume a physical system, such as a block ofmassm, connected to the end of a spring.
The block is allowed tomove on ahorizontal direction (chosen as x-axis), on a friction-
less surface, as also shown in Fig. 13.1. When the spring is in equilibrium state (i. e.,
neither stretched nor compressed), the block is at the so-called equilibrium position
of the system, x = 0.

If the system is disturbed from its equilibrium position, then the block oscillates
back and forth about that position. For example, if the block is displaced a small dis-
tance x > 0 from equilibrium position at x = 0, the spring acts on the block with force
proportional to that displacement as given by Hooke’s law:

Fs = −kx. (13.1)

Fs is a restoring force or elastic force with direction toward the equilibrium position.
The minus sign in eq. (13.1) indicates that Fs has an opposite direction to the displace-
ment of the object. For instance, when the displacement is on the right of x = 0, then
Fs is directed to the left, and vice versa, as illustrated in Fig. 13.1.

Harmonic motion
Applying Newton’s second law, we obtain

Fs = −kx = ma (13.2)

or

a = − k
m
x. (13.3)

Equation (13.3) shows that the acceleration is proportional to the displacement of the
block x, and its direction is opposite the direction of the displacement as indicated
by the minus sign in front. In general, a system that exhibits this behavior follows a
simple harmonic motion.

https://doi.org/10.1515/9783110755824-013
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Figure 13.1: A block of massm attached to a spring
moving on a frictionless surface.

By definition, any object moves according to a simple harmonic motion, if the accel-
eration of the object is proportional to its displacement from an equilibrium position.
The acceleration is in the opposite direction to the displacement.

Using the relation between the acceleration a and the time derivatives of x as

a = d
2x
dt2

(13.4)

and substituting it in eq. (13.3), we get a second order differential equation

d2x
dt2
+ ω2x = 0 (13.5)

where

ω = √ k
m
. (13.6)

Here,ω is called angular frequency. The general form of the solution of this differential
equation is as follows:

x(t) = A cos(ωt + ϕ). (13.7)

The constants A and ϕ are, respectively, the amplitude and phase angle. Figure 13.2
shows graphically as a plot of x versus t the physical meanings of the constants A
and ϕ. In particular, A characterizes the maximum displacement of the particle from
the equilibrium position, and ϕ represents the phase at t = 0, defined as

phase = ωt + ϕ. (13.8)
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Figure 13.2: x–t graph for a particle undergoing simple
harmonic motion.

Initial conditions
These constants are determined from the initial values of the displacement x0 and
velocity v0, which are knownas the initial conditions. For instance, from x0 = x(t = 0),
we obtain

x0 = x(t = 0) = A cosϕ. (13.9)

The particle’s velocity at any time t is defined from eq. (13.7) as

v(t) = dx
dt
= −Aω sin(ωt + ϕ). (13.10)

Using the initial condition v0 = v(t = 0), we find

v0 = −Aω sinϕ. (13.11)

Using eq. (13.9) and eq. (13.11), we get

tanϕ = − v0
ωx0

(13.12)

or

ϕ = tan−1(− v0
ωx0
). (13.13)

Also, using eq. (13.9) and eq. (13.11), we determine A in terms of x0 and v0 as

A = √x20 + (
v0
ω
)
2
. (13.14)

Period
From eq. (13.7), the displacement function of time x(t) is periodic with period 2π rad.
That is,

A cos(ω(t + T) + ϕ) = A cos((ωt + 2π) + ϕ) (13.15)
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where T is the period. Furthermore, we have

ω(t + T) + ϕ = (ωt + 2π) + ϕ. (13.16)

Solving it for T, we get

T = 2π
ω
. (13.17)

Therefore, the period T of the motion defines the time, it takes to the particle, to go
through one full cycle. We say that the particle has made one oscillation.

Frequency
The inverse of the period T is called frequency of the motion. It is usually denoted by
the letter f and it represents the number of oscillations that the particlemakes per unit
of time. Mathematically, it is expressed as

f = 1
T
=

ω
2π
. (13.18)

The SI units of the frequency are cycles per second: s−1, or Hz (hertz).

Angular frequency
The angular frequency ω can also be obtained from eq. (13.18):

ω = 2πf = 2π
T
. (13.19)

The SI units of the angular frequency are radians per second: rad/s
We can also obtain the linear acceleration by taking the first time derivative of the

velocity v in eq. (13.10):

a(t) = dv
dt
= −Aω2 cos(ωt + ϕ). (13.20)

Combining eq. (13.7) and eq. (13.20), we get

a(t) = −ω2x(t). (13.21)

From eq. (13.10), we can see that velocity fluctuates between ±Aω. Thus, the max-
imum speed is

vmax = Aω. (13.22)

From eq. (13.20), the acceleration fluctuates between ±Aω2. Thus, the maximum ac-
celeration is

amax = Aω
2. (13.23)
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Figure 13.3: Graphical representation of simple har-
monic motion.

In Fig. 13.3, we have plotted the displacement, velocity, and acceleration versus time
for an arbitrary value of the phase constant. The graphs show that the phase of the ve-
locity differs from the phase of the displacement by π/2 rad (that is, if x is a maximum
or a minimum, the velocity is zero, and if x is zero, the speed is a maximum). Compar-
ing the phase shift between the acceleration and displacement, we see a phase shift
of π rad (that is, if x is a maximum, a is a maximum in the opposite direction).

Properties of simple harmonic motion
The following properties of a particle moving in simple harmonic motion are impor-
tant:
1. The particle’s acceleration is proportional to the displacement but is in the op-

posite direction. That is a necessary and sufficient condition for simple harmonic
motion, as opposed to all other kinds of vibration.

2. The particle’s displacement from the equilibrium position, its velocity, and its ac-
celeration all vary sinusoidal with time but are not in phase.

3. Both frequency and the period of the motion are independent on the amplitude,
but they dependent on the mass and force constant k of the spring:

T = 2π√m
k

(13.24)

f = 1
2π
√ k
m
. (13.25)

13.2 Energy of the simple harmonic oscillator

We consider the block–spring system shown in Fig. 13.1. Let us calculate the mechan-
ical energy of this system. The kinetic energy of the system is

K = 1
2
mv2 (13.26)

where the velocity v is given by the expression in eq. (13.10). Substituting v into the
expression for the kinetic energy, we get

K = 1
2
mA2ω2 sin2(ωt + ϕ). (13.27)
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The elastic potential energy, which is stored in the spring due to its deformation x, is
given by

U = 1
2
kx2. (13.28)

Replacing the expression for the deformation x, we get

U = 1
2
mA2ω2 cos2(ωt + ϕ). (13.29)

Then the total mechanical energy of the system is

E = K + U (13.30)

or

E = 1
2
mA2ω2 sin2(ωt + ϕ) + 1

2
mA2ω2 cos2(ωt + ϕ). (13.31)

Knowing that

ω = √ k
m

(13.32)

we get

E = 1
2
kA2 = 1

2
mω2A2. (13.33)

Equation (13.33) indicates that the total mechanical energy of a simple harmonic
oscillator is constant of motion and is proportional to the square of the amplitude.
In Fig. 13.4, we have plotted the kinetic and potential energy of a simple harmonic
oscillator. It canbe seen thatwhenK increases,U decreases, and vice versa, andhence
their sum, K + U, is constant.

Note that the total mechanical energy is equal to the maximum potential energy
stored in the spring when displacement is maximum. That is, if x = ±A, then v = 0 at
these points, and hence, there is no kinetic energy. At the equilibriumposition there is
no displacement x = 0, henceU = 0, the total energy, all in the form of kinetic energy,
is again (1/2)kA2. Thus, we can write

E = 1
2
mv2max =

1
2
mω2A2 = 1

2
m k
m
A2 = 1

2
kA2 (13.34)

at x = 0.
The conservation law of mechanical energy can be used to obtain the velocity for

an arbitrary displacement x by expressing the total energy at some arbitrary position
x as

E = 1
2
mv2 + 1

2
kx2 = 1

2
kA2. (13.35)
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Figure 13.4: Time dependence of the kinetic and
potential energy of simple harmonic motion: A =
3, ω = 2,m = 1 and ϕ = π/4.

Solving it for v, we get

v = ±√ k
m
(A2 − x2) = ±ω√A2 − x2. (13.36)

This equation indicates that v = 0 if x = ±A and the velocity is maximum at equilib-
rium position: x = 0.

13.3 Simple pendulum

The simple pendulum is a mechanical system that exhibits periodic motion. It consists
of point-like mass m at the end of a light string of length L fixed at the other side,
as shown in Fig. 13.5. The motion is due to the gravitational force and occurs in the
vertical plane. We will assume that the angle θ is small.

The forces acting on the massm are the force T exerted by the string and the grav-
itational forcemg. The gravitational force can be expressed into two components:

Tangential component: Fgt = mg sin θ (13.37)
Radial component: Fgr = mg cos θ. (13.38)

Figure 13.5: The simple pendulum.
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The tangential component always acts toward x = 0 and is opposite the displace-
ment playing thus the role of a restoring force. We can apply Newton’s second law for
motion along the tangential direction to get

∑ Ft = Fgt = −mg sin θ = m
d2s
dt2

(13.39)

where the minus sign indicates that the tangential force is opposite of the displace-
ment, and s is the displacement measured along the arc. Knowing that

s = Lθ (13.40)

we get

d2θ
dt2
= −

g
L
sin θ. (13.41)

For small angle approximations we can write

sin θ ≈ θ. (13.42)

Therefore, we get

d2θ
dt2
= −

g
L
θ (13.43)

which represents a simple harmonic motion with respect to coordinate θ. Denoting ω
with

ω = √g
L

(13.44)

we get the general solution in the form of

θ(t) = Aθ cos(ωt + ϕ) (13.45)

where Aθ is the amplitude (maximum) angular displacement andω is the angular fre-
quency. ϕ is the initial phase, which depends on the initial conditions:

θ0 = θ(t = 0); θ̇0 = (
dθ
dt
)
t=0
. (13.46)

The period of motion is

T = 2π
ω
= 2π√L

g
(13.47)
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and the frequency f is

f = 1
T
=

1
2π
√g
L
. (13.48)

Thus, the period and frequency of a simple pendulum depend only on the length
of the string L and the acceleration due to gravity g, and they are independent on the
massm.

The total mechanical energy of the pendulum–Earth system is composed of the
kinetic energy of the pendulum and the gravitational potential energy:

E = K + U = mv
2

2
+mgh. (13.49)

The linear velocity is given as

v = Lω = Ldθ
dt

(13.50)

= −LAθω sin(ωt + ϕ).

Taking the y-axis pointing vertically up, and its origin at the position of themasswhen
θ = 0, we see that the potential energy is

U = mgL(1 − cos θ). (13.51)

Thus, the total mechanical energy is pendulum is given as

E =
mL2A2θω

2

2
sin2(ωt + ϕ) +mgL(1 − cos θ) (13.52)

=
mL2A2θ(g/L)

2
sin2(ωt + ϕ) +mgL(1 − cos θ)

= mgL
A2θ
2
sin2(ωt + ϕ) +mgL(1 − cos θ).

In Fig. 13.6, the variations of the kinetic and potential energy of the simple pen-
dulum are shown. It can be seen that when K increases then U decreases by the same
amount, and vice versa, and hence the total energy E is constant.

13.4 Physical pendulum

The physical pendulum is an object that oscillates about a fixed axis that does not pass
through its center of mass. Also, the object cannot be approximated by a point mass,
as shown in Fig. 13.7. In general, we cannot treat the system as a simple pendulum. For
the physical pendulum in Fig. 13.7, the rigid body rotates about of fixed axis through
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Figure 13.6: The simple pendulum kinetic and poten-
tial energy as a function of the time for one period.
Arbitrary units are used.

point O, which is at distance L from the center of mass. The magnitude of the torque
is

τ = L(mg) sin θ. (13.53)

Here, θ denotes the angle between the force of gravity and the direction along L. From
the law of rotation motion

τ = L(mg) sin θ = Iα. (13.54)

Here, I denotes the moment of inertia about the axis through O and α is the angular
acceleration. Knowing that

α = d
2θ
dt2

(13.55)

we get

d2θ
dt2
= −

mgL
I

sin θ. (13.56)

Under the small angle approximation, sin θ ≈ θ, we get

d2θ
dt2
= −ω2θ (13.57)

where

ω2 =
mgL
I
. (13.58)

The above second order differential equation represents the motion of a simple har-
monic oscillator, therefore the solution is

θ(t) = Aθ cos(ωt + ϕ) (13.59)

where Aθ is the maximum angular displacement. The period is

T = 2π
ω
= 2π√ I

mgL
. (13.60)
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The frequency f is given as

f = 1
T
=

1
2π
√mgL

I
. (13.61)

It can be seen that for the physical pendulum both the period T and frequency f
depend explicitly on the massm of the pendulum.

Figure 13.7: The physical pendulum.

13.5 Exercises

Exercise 13.1. Consider an object oscillating with simple harmonic motion along the
x-axis. The displacement from the origin varies with time according to the equation

x(t) = (4.00m) cos(πt + π
4
). (13.62)

t is measured in seconds and the angles in the parentheses are in radians. (a) Find
the amplitude, frequency, and period of the motion. (b) What are the velocity and
acceleration of the object at any time t? (c) Using the results of part (b), what are the
position, velocity, and acceleration of the object at t = 1.00 s? (d) Find the maximum
speed and maximum acceleration of the object. (e) What is the displacement of the
object between t = 0 and t = 1.00 s?

Exercise 13.2. Consider a car with amass of 1300 kg constructed such that its frame is
supported by four springs. Each spring has a force constant of 20000N/m. If two peo-
ple riding in the car have a combined mass of 160 kg, find the frequency of vibration
of the car after it is driven over a pothole in the road.

Exercise 13.3. Suppose a block with a mass of 200 g is attached to the end of a light
spring with a force constant of 5.00N/m, which is free to oscillate on a horizontal,
frictionless surface. Initially, the block is displaced 5.00 cm from equilibrium and re-
leased from rest. (a) Find the period of its motion. (b) Determine the maximum speed

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



13.5 Exercises | 193

of the block. (c) What is the maximum acceleration of the block? (d) Express the dis-
placement, speed, and acceleration as functions of time.

Exercise 13.4. A 0.500 kg cube connected to a light spring with the force constant of
20.0N/m. The cube oscillates on a horizontal, frictionless track. (a) Determine the to-
tal energy of the system and the maximum speed of the cube when the amplitude of
the motion is 3.00 cm. (b) Calculate the velocity of the cube when the displacement is
2.00 cm. (c) Find the kinetic and potential energies of the system when the displace-
ment is 2.00 cm.

Exercise 13.5. Christiaan Huygens suggested that an international unit of length
could be defined as the length of a simple pendulum having a period of exactly
1 s. How much shorter would our length unit have been if his suggestion would have
been followed?

Exercise 13.6. Suppose that a uniform rod of mass M and length L is pivoted about
one end and oscillates in a vertical plane (Fig. 13.8). Find the period of oscillation if
the amplitude of the motion is small.

Figure 13.8: The oscillating rod.

Exercise 13.7. Consider a spring stretches by 3.90 cmwhen a 10.0 gmass is hung from
it. If a 25.0 gmass attached to this spring oscillates in simple harmonic motion, calcu-
late the motion period.

Exercise 13.8. Suppose that the coordinates of a particle varies as x = −A cosωt.What
is the phase constant comparing it with the equation x = A cos(ωt + ϕ)?

Exercise 13.9. The expression gives the displacement of a particle at t = 0.250 s

x = (4.00m) cos(3.00πt + π)
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where x is in meters and t in seconds. Find (a) the frequency, (b) period, (c) the ampli-
tude, (d) phase constant, and (e) the displacement of the particle at t = 0.250 s.

Exercise 13.10. The angular displacement of a pendulum is given as

θ = (0.500 rad) cos(2πt).

Find the period and the length of the pendulum.
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14 Gravity
Before the 17th century, the laws describing the motion of the objects near the Earth,
such as falling objects, the Moon, the planets, and stars, were utterly different. New-
ton was the first to unify the Moon’s motion around the Earth with the attraction of
the objects to Earth. Also, he showed only one universal law governing the attractive
forces between bodies, known as Universal Law of Gravitation.

14.1 Universal law of gravitation

According to the universal law of gravitation of Newton, two bodies are attracted to
each other by force proportional to their masses’ product and inversely proportional
to the square of the distance between the two bodies. Thus, the same force as the force
that gives weight to an object on Earth and makes them fall makes the planets move
around the Sun.

Newton’s law of gravitation
Mathematically, the Universal Law of Gravitation for every two bodies with massesm1
andm2 separated by the distance r is given as the following:

F12 = G
m1m2
r2
̂r12 (14.1)

where G is the proportionality constant, known as the Universal Gravitational Con-
stant, which is equal to

G = 6.67384 × 10−11 N ⋅ m
2

kg2
. (14.2)

In eq. (14.1), ̂r12 is a unit vector pointing from the body 1 to 2, and F12 represents the
force acting on the body 1 that is exerted by the body 2, as shown in Fig. 14.1. Note that
in eq. (14.1), r is the distance between the center of masses of the two bodies. Based on
the third law of Newton, the attractive force exerted on the mass m2 by the mass m1,
F21, is given as

F21 = −F12 (14.3)
|F21| = |F12|.

Figure 14.1: Attractive forces between two bodies 1 and
2 with massesm1 andm2, respectively.

https://doi.org/10.1515/9783110755824-014
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14.2 Second law of Newton and gravity

According to Newton’s second law, the force acting on a body of mass m and having
acceleration a is F = ma. Also, we defined the weight of the bodym as a product of its
mass and the acceleration of gravity g due to the force exerted on the object by another
body with massM (such thatm ≪ M). Therefore, it is possible to unify the second law
of Newton with Newton’s universal law of gravitation by equating the weight of the
massm with the force of gravity exerted on massm by the massM, as follows:

mg = GmM
R2
̂r12 (14.4)

where the unit vector ̂r12 points toward the center of massM, and R is the radius of the
bodyM. Here, we assume that the massm is on the larger body’s surfaceM or close to
its surface.

Therefore, dividing both sides of eq. (14.4) bym, we obtain the vector of the grav-
itational acceleration as

g = GM
R2
̂r12 (14.5)

and its magnitude as

g = GM
R2
. (14.6)

Equation (14.6) indicates that g is proportional to the mass M and inversely propor-
tional to the square of its radius, and it is intrinsic property of the mass M, and it is
independent on the mass m. Therefore, every object close to the surface of the body
M will experience the same gravitational acceleration g. Using eq. (14.5) (or eq. (14.6)),
the acceleration of gravity can be calculated of a celestial body, if we know the mass
and the radius of a given body.

Since gravitational forces are non-contact forces, they exist evenwhen themasses
m1 and m2 are not in contact. These are the field forces, and hence the gravitational
forces are field forces. In analogy to electrostatics, we can define the gravitational field
created by the object withmassM at the point in spacewhere the test object withmass
m is placed as

EG =
F
m

(14.7)

where F is the gravity force exerted by the object M on the test mass m, given by
eq. (14.1). Therefore, we obtain

EG = G
M
r2
̂r. (14.8)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



14.3 Gauss’s law of gravity | 197

Here, by r we denote the distance from the center of the mass M and the unit vector
̂r points toward the center of the objectM. Comparing eq. (14.5) and eq. (14.8), we can
see that

EG ≡ g. (14.9)

Figure 14.2 indicates the directions of the gravitational field g lines pointing to-
ward the center of the object. Therefore, the gravitational field is attractive.

Figure 14.2: Direction of the gravitational field lines
pointing toward the center of the bodyM.

14.3 Gauss’s law of gravity

Gauss’s law of gravity is defined as the total gravitation flux through a closed surface
proportional to the total mass enclosed within that surface. Mathematically, Gauss’s
law of gravity is written as

ΦG = CM (14.10)

where C is a proportionality constant. Note that Gauss’s law of gravity is in analogy
to Gauss’s law for electrostatics. An integration that determines the gravitational flux
over the whole closed surface must be performed of the gravity field. Figure 14.3 illus-
trates a closed surface (also called Gaussian surface) enclosing an object creating the
field of gravity g in space. Therefore, we can write for the gravitational flux that

ΦG = N+ − N− = −∮
A

g ⋅ dA (14.11)

where dA = n̂ ⋅ dA, N+ = 0 denotes the number of the gravitational field lines leaving
the closed surface andN− number of gravitational field lines entering the that surface.
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Combining eq. (14.10) and eq. (14.11), we obtain

CM = −∮
A

g ⋅ dA (14.12)

= −∮
A

g ̂r ⋅ n̂dA

= g∮
A

dA = 4πR2g

where 4πR2 gives the area of the closed surface, assumed to coincide with the surface
of the object. Here, we have assumed that mass M is a spherical object, which is not
always the case, and 4π is result of the spherical geometry. Thus, we obtain that

g = CM
4πR2
. (14.13)

Comparing the expressions given by eq. (14.8) and eq. (14.13), we get

C = 4πG. (14.14)

Note that Gauss’s law of gravity is a particular case of the gravitational law, and it
is used to derive many physical aspects of the gravitational force that can not be ex-
plained using the Newtonian approach.

Figure 14.3: A closed surface (Gaussian surface)
around the bodyM. ̂r denotes a unit vector toward
the center ofM, dA is a surface element of the closed
surface and n̂ denotes a unit vector perpendicular to
the surface element pointing outward to the closed
surface.

14.4 Gravitational potential

We mentioned that the gravitational force is conservative, and hence it can be ex-
pressed as minus the gradient of a scalar potential.

Also, in analogy with electric potential, the gravitational field g is given as

g = −∇V (14.15)

where V is the gravitational potential.
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From eq. (14.15), the gravitational potential is found as

V = −∫ g ⋅ dr. (14.16)

The gravitational field g of the body with massM, as shown in Fig. 14.4, is written as
follows:

g = −G M
|r − r′|3

(r − r′). (14.17)

The minus sign indicates that the gravitational field g is towards the center of the
bodyM. Substituting eq. (14.17) into eq. (14.16), we obtain

V = ∫G M
|r − r′|3

(r − r′) ⋅ d(r − r′). (14.18)

After integrating eq. (14.18), we get

V(r) = −G M
|r − r′|
. (14.19)

Figure 14.4: Gravitational potential created at position r, with respect to
a reference frame, from the body with massM positioned at r′.

To find the gravitational potential energy U, we consider a test mass m placed in the
gravitational field g, which is given as

U = mV = −G mM
|r − r′|
. (14.20)

Assuming a bodywith sphericalmass distributionM, then the change in gravitational
potential energy of amassm that is brought from infinity to height h above the surface
of the objectM of radius R is

ΔU = U∞ − Uh = 0 − (−G
mM
R + h
) (14.21)

= G mM
R + h
.

Using the expression of the strength of gravitation field g at that position:

g = G M
(R + h)2

(14.22)
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we get the change in the gravitational potential energy of massm in the gravitational
field:

ΔU = mg(R + h). (14.23)

Furthermore, the gravitational potential energy of the massm at the height h relative
to the surface of the objectM is

Uh = ΔU(R + h) − ΔU(R) = mgh (14.24)

which is the expression we postulated in the previous chapters.

14.5 Kepler’s laws

Three laws describe the orbiting motion of the planets around the Sun, known as Ke-
pler’s laws.

Three Kepler laws
1. All the planets move along the elliptical orbits around the Sun. The Sun is located

at one of the two foci, as shown in Fig. 14.5.
2. The area swept by the line connecting the Sun and the planet is the same for every

equal interval of time, known as the law of conservation of areal velocities.
3. The period of the planet motion is proportional to the square root of the cube of

its orbit’s semi-major axis, known as the law of periods.

Figure 14.5: The orbiting motion of the planet around
the Sun.

14.5.1 First Kepler law

Based on the conservation of mechanical energy, the orbit of the planets moving
around the Sun is elliptical. By definition, an ellipse is defined as a set of points P
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such that the sum of their distances from two fixed points, namely F and F′, called
focus points, is constant (see also Fig. 14.6):

FP + F′P = C (14.25)

where C is a constant.
Based on the conservation law of energy, the system’s total mechanical energy is

constant, E = K + U is constant, where K is the kinetic energy, and U is the potential
energy. During the elliptical motion of the planets around the Sun, or a moon around
a planet, the mechanical energy is conserved. Here,

U
K
=

FP
F′P
. (14.26)

Figure 14.6: Definition of the ellipse.

14.5.2 Kepler’s second law

The second law of Kepler holds because of the conservation of angular momentum,
which is constant throughout the time of the motion of system. Consider the motion
of a planet around the Sun, as shown in Fig. 14.7. The planet moves around the Sun
because there is a torque exerted on the planet by the Sun, τ:

τ = r × F = r × (F r
r
) = 0 (14.27)

where F is the attractive force between the Sun and planet. The torque is zero because
the force vector F and r are parallel, then

τ = dL
dt
= 0 (14.28)

and thus L is a constant vector.

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



202 | 14 Gravity

By definition, the angular momentum of the planet is given as L = r × p, where
p = mv. The magnitude of L is

L = |L| = |r × p| = m|r × v|. (14.29)

Furthermore, the linear velocity is given as

v = rω = rθ̇ (14.30)

whereω is the angular velocity vector, and θ is the angular position vector. Therefore,
the torque is

τ = dL
dt
= mr2θ̈ = 0 (14.31)

which implies that θ̈ = 0, and thus dθ
dt = constant.

On the other hand, the area dA bound between the two radii and the arc ds along
a circle is

dA = 1
2
rvdt = 1

2
r2dθ. (14.32)

Thus,

dA
dt
=
1
2
r2 dθ
dt
= constant (14.33)

and

dA
dt
= constant, (14.34)

which is the second law of Kepler.

Figure 14.7:Motion of a planet around the Sun.
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14.5.3 Kepler’s third law

The third law of Kepler for the motion of the planets around the Sun can be derived
from the second law. That is,

dA
dt
=
1
2
r2 dθ
dt
=

L
2m
. (14.35)

Integrating eq. (14.35) over a period T, we obtain the total area of an ellipse, given
as A = πab, where a and b are the semi-minor and semi-major axes of the ellipse,
respectively. Thus, using eq. (14.35), we get

A =
T

∫
0

L
2m

dt = L
2m

T = πab. (14.36)

Using the following relationships between a and b:

b = a√1 − ϵ2 (14.37)

b = √a L2
Gm2M
.

In eq. (14.37), ϵ denotes the eccentricity of the ellipse, m mass of the planet and M
mass of the Sun, we obtain

T = π 2m
L
a3/2√ L2

Gm2M
. (14.38)

Thus,

T = 2πa3/2√ 1
GM

(14.39)

which is known as the third law of Kepler.

14.6 Orbits of planets, spaceships, and satellites

Suppose a body of mass mmoves in a circular orbit around a larger body of massM.
If we assume that the radius is r and m ≪ M, then the gravitational potential energy
of the two-body system is (see eq. (14.20))

U = −GmM
r
. (14.40)

The total mechanical energy of the two-body system can be written as (assuming
m ≪ M)

E = 1
2
mv2 + U(r) = 1

2
mv2 − GmM

r
. (14.41)
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Therefore, from eq. (14.41), we can say that E is either positive, negative or zero, de-
pending on the smaller body’s speed,m (such as a planet, spaceship, or satellite). For
a system such the Earth–Sun system, E < 0 because, by convention, for r → ∞, we
obtain U → 0. Then, using eq. (14.41), we obtain the speed of the object in an orbit as

v = √ 2
m
(E − U(r)). (14.42)

Using the second law of Newton for the rotational motion, the Newton force is the
centripetal force causing a centripetal acceleration ar = v2/r, then for the motion of
the planets, spaceships or satellites with massm (such thatm ≪ M), we can write

mv2

r
= GmM

r2
. (14.43)

From eq. (14.43), the velocity is

v = √GM
r
. (14.44)

Substituting eq. (14.44) into eq. (14.41), we obtain

E = GmM
2r
− GmM

r
= −GmM

2r
(14.45)

which establishes that E < 0. Our result shows that the two-body system’s mechani-
cal energy is negative for a circularmotion such as themotion of a satellite around the
Earth. Furthermore, the kinetic energy of the smaller body of massm, such as a satel-
lite, is positive and equals half of the absolute value of the two-body system. Note that
here E represents the system’s binding energy (and so it is negative, E < 0); that is,
the amount of energy necessary to be injected into the system to move the two bodies
infinitely far apart.

Combining Kepler’s law with that result, we can say that for a two-body system of
masses bound by the gravitational forces, both total mechanical energy and the total
angular momentum are conserved.

Now, consider an object of massm, which escapes the Earth ofmassM and radius
R, as shown in Fig. 14.8. The object starts the escape from the Earth’s surface with a
velocity vi. The goal is to calculate the object’s initial speed necessary to escape the
gravitational field created by the Earth. For that purpose, we use the total mechanical
energy conservation law. At the surface of the Earth, the total mechanical energy of
the two-body system is

Ei =
1
2
mv2i − G

mM
R
. (14.46)

At the maximum height h from the surface of the Earth, where the speed of the object
becomes zero, vf = 0, the total mechanical energy is

Ef =
1
2
mv2f − G

mM
R + h
. (14.47)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



14.7 Exercises | 205

Using the conservation law of the total mechanical energy, Ei = Ef , we have

1
2
mv2i − G

mM
R
= −G mM

R + h
. (14.48)

Solving it for vi, we obtain

vi = √2GM(
1
R
−

1
R + h
). (14.49)

Escape speed
Wedenote theminimum speed that themassmmust havewhen leaving the surface of
the Earth to escape the attractive gravitational force of the Earth as the escape speed.
That is obtained from eq. (14.49) taking h→∞:

vescape = √
2GM
R
. (14.50)

Figure 14.8: An object of massm escaping the Earth of massM and
radius R.

14.7 Exercises

Exercise 14.1. Mass and radius of Mars are approximately 6.4 × 1023 kg and 3396 km,
respectively. What is the acceleration of gravity (g) on Mars in SI units?

Exercise 14.2. Mass and radius of Jupiter are approximately 1898.19 × 1024 kg and
71492 km, respectively. What is the acceleration of gravity (g) on Jupiter in SI units?

Exercise 14.3. Mass and radius of theMercury are approximately 0.33011×1024 kg and
2439.7 km, respectively. What is the acceleration of gravity (g) on Mercury in SI units?

Exercise 14.4. Mass of the Earth is approximately 5.9724 × 1024 kg. Its equatorial and
polar radii are 6378.1 km and 6356.8 km, respectively. What is the acceleration of grav-
ity, g, on the equator and poles of Earth in SI units?

Exercise 14.5. Find the velocity of the planet Uranus as it moves around the Sun.
Assume the distance between Uranus and the Sun is 19AU and the Sun’s mass is
1.99 × 1030 kg.

Exercise 14.6. At what distance from the Earth is the acceleration of gravity half of
that on the Earth?
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Exercise 14.7. Find the gravity force between two lead spheres each with a mass of
100.0 kg and 50.0 cm apart.

Exercise 14.8. Calculate the period of Mars assuming the mass of the Sun is MS =
1.99 × 1030 kg and the distance of Mars from the Sun is 228 × 106 km.

Exercise 14.9. Calculate the escape speed from the Earth for the spacecraft of mass
6000 kg.What is the kinetic energy the spacecraft must havewhen leaving the surface
of the Earth to escape the influence of the Earth’s gravitational field?

Exercise 14.10. Calculate the total work necessary for separating three massesm1,m2
andm3 given in the configuration shown in Fig. 14.9.

Figure 14.9: The configuration of three massesm1,m2, andm3.
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A Solutions
In this appendix, we present the solutions of the problems shown at the end of each
chapter.

Solutions Chapter 1

1.1. The final position will be determined by the resultant vector:

R = A + B (A.1)

with magnitude calculated as

R = √A2 + B2 = √(3.0)2 + (4.0)2 = 5.0m. (A.2)

Therefore, you would find yourself 5.0m from where you started. The angle with re-
spect to the east cast is

θ = tan−1(4.0
3.0
) = 53∘. (A.3)

The total distance traveled is

3.0m + 4.0m = 7.0m. (A.4)

1.2.
(a) The two vectors are positioning in the xy plane, as shown in Fig. 1.24.
(b) The resultant vector R = A + B has these components:

Rx = Ax + Bx = 3.5 + 4.0 = 7.5 (A.5)

and

Ry = Ay + By = (−2.0) + 3.0 = 1.0. (A.6)

(c) The magnitude is

R = √R2x + R2y (A.7)

= √(7.5)2 + (1.0)2

= √56.25 + 1.0 ≈ 7.6.

https://doi.org/10.1515/9783110755824-015
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1.3.
(a) The length of the side opposite the angle θ = 30∘ is

a = c sin θ = (3.0m) sin 30∘ = (3.0m)0.5 = 1.5m. (A.8)

(b) The length of the side adjacent the angle θ = 30∘ is

b = c cos θ = (3.0m) cos 30∘ = (3.0m)
√3
2
≈ 2.6m. (A.9)

1.4. Using the rules of the derivative, we get

dy
dx
= d
dx
(ax5 + bx3 + c) (A.10)

= d
dx
(ax5) + d

dx
(bx3) + d

dx
(c)

= 5ax4 + 3bx2 + 0

= 5ax4 + 3bx2.

1.5. Using the rules of the derivative, we get

dy
dt
= d
dt
(y0 + v0t + at

2) (A.11)

= d
dt
(y0) +

d
dt
(v0t) +

d
dt
(at2)

= 0 + v0 + 2at
= v0 + 2at.

1.6. The resultant vector R is

R = Rxi + Ryj + Rzk (A.12)

where

Rx = Ax + Bx = 2 + (−3) = −1 (A.13)
Ry = Ay + By = 5 + (−4) = 1 (A.14)
Rz = Az + Bz = 6 + 4 = 10. (A.15)

Therefore, we get

R = −i + j + 10k. (A.16)

The magnitude of R is

|R| = √R2x + R2y + R2z = √(−1)2 + (1)2 + (10)2 ≈ 10.1. (A.17)
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1.7. The dot product is given

W = A ⋅ B = AB cos θ = 0.5AB (A.18)

since cos 60∘ = 0.5.

1.8. From the definition, the dot product is given by

A ⋅ B = AxBx + AyBy + AzBz (A.19)
= (3)(−2) + (2)(2) + (4)(−4)
= −6 + 4 − 16 = −18.

1.9. Figure A.1 gives the direction of the velocity v, where θ = 45∘. Then, from Fig. A.1,
the components of the velocity are given by

vx = v cos θ = (800 km/h) cos 45∘ ≈ 566 km/h (A.20)
vy = v sin θ = (800 km/h) sin 45∘ ≈ 566 km/h. (A.21)

Figure A.1: Direction of the airplane velocity.

1.10. Figure A.2 shows graphically the trajectory of the person, where r1 = (2.0 km)i
and r2 = (1.0 km)j. The resultant displacement is the vector r, given as

r = r1 + r2 = (2.0 km)i + (1.0 km)j (A.22)

and the magnitude of the resultant displacement is

r = √(2.0)2 + (1.0)2 ≈ 2.2 km. (A.23)

The angle formed by the resultant displacement vector with east direction is

tan θ =
ry
rx
= 1.0
2.0
= 0.5 (A.24)

or

θ = tan−1(0.5) ≈ 27∘. (A.25)
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Figure A.2: The trajectory of the person.

1.11. Figure A.3 shows graphically the trajectory of the car, where v1 = (−60.0 km/h)j
and v2 = (−50.0 km/h)i. The resultant velocity is the vector v, given as

v = v1 + v2 = (−50.0 km/h)i + (−60.0 km/h)j (A.26)

and the magnitude of the resultant velocity vector is

v = √(−50.0)2 + (−60.0)2 ≈ 78.1 km/h. (A.27)

The angle formed by the resultant velocity vector with east direction is θ = −(90∘ +ϕ),
where

tanϕ = v2
v1
= 50.0
60.0
≈ 0.833 (A.28)

or

ϕ = tan−1(0.833) ≈ 39.8∘. (A.29)

Thus, we get

θ ≈ −130∘. (A.30)

The minus sign indicates that the angle is measured clockwise.

Figure A.3: The trajectory of the car.
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1.12. The sum of two vectors is

R = Rxi + Ryj + Rzk (A.31)

where

Rx = Ax + Bx = 4, Ry = Ay + By = 14, Rz = Az + Bz = −8. (A.32)

Therefore, we can write

R = 4i + 14j − 8k. (A.33)

Similarly, the difference R = A − B is

R = Rxi + Ryj + Rzk (A.34)

where

Rx = Ax − Bx = 2, Ry = Ay − By = 0, Rz = Az − Bz = 4. (A.35)

Thus, we can write

R = 2i + 4k. (A.36)

Solutions Chapter 2

2.1. Since the results are needed in km, we first express the length and the width in
km:

ℓ = 100m = 100 × 10−3 km; w = 50.0m = 50.0 × 10−3 km. (A.37)

The area of a rectangle is the length multiplied by the width:

A = ℓ × w (A.38)

= (100 × 10−3 km) × (50.0 × 10−3 km) = 5000 × 10−6 km2

= 5.00 × 10−3 km2.

2.2. The volume of a sphere is calculated as

V = 4
3
πR3 (A.39)

where R = 2mm and π = 3.14159265 . . . . Thus,

V = 4
3
3.14159265(2.0mm)3 = 33.51mm3 ≈ 34mm3 (A.40)

where the result is approximated in two significant figures.
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Now, we can calculate the volume of the tank:

Vtank = 1m
3 = 1 × (103mm)3 = 1 × 109mm3. (A.41)

Then the number of raindrops is

N = Vtank
V
= 1 × 10

9mm3

34mm3 ≈ 3 × 10
7. (A.42)

2.3. The mass gain is

Δm = 70 µg = 70 × 10−6 g = 70 × 10−9 kg. (A.43)

Therefore, the number of CH molecules, N, is

N = Δm
mCH
= 70 × 10−9 kg
2.2 × 10−26 kg

≈ 32 × 1017. (A.44)

2.4. The mass of the deuteron is

Md = Mp +Mn − BE (A.45)

where Mp = 1.007276 amu is the mass of proton and Mn = 1.008665 amu is the mass
of neutron. Therefore,

Md = 1.007276 amu + 1.008665 amu − 0.002362 amu (A.46)
= 2.015379 amu.

2.5. 1 year is 365.25 days, including the leap year. Then

1 year = 365.25 × 24 = 8766 h. (A.47)

We know that 1 hour is 3600 seconds. Therefore,

1year = 8766 h × 3600 s/h = 31557600 s. (A.48)

Since 1 s = 109 ns, we have

1year = 31557600 s = 31557600 × 109 ns = 3.15576 × 1016 ns. (A.49)

The lower limit of the proton lifetime is

τp > 3.15576 × 10
16 × 1.01 × 1034 ns ≈ 3.18732 × 1050 ns. (A.50)

Now we divide this lower limit of the proton lifetime by the mean lifetime of the posi-
tive pion:

τp
τπ+
> 1.22589 × 1049. (A.51)
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2.6. We know that 1 µm = 10−6m, then

ℓ = 150 µm = 150 ⋅ (10−6m) = 150 × 10−6m. (A.52)

Since 1m = 109 nm, we have

ℓ = 150 × 10−6m = (150 × 10−6) ⋅ (109 nm) = 150 × 103 nm. (A.53)

We also know that 1m = 1010 Å, thus

ℓ = 150 × 10−6m = (150 × 10−6) ⋅ (1010 Å) = 150 × 104 Å. (A.54)

2.7. The volume of a sphere is

V = 4
3
πR3. (A.55)

The size of the H-atom inm is

DH = 1 Å = 1 × 10
−10m. (A.56)

The radius is

RH = DH/2 = 5 × 10
−11m. (A.57)

Therefore, the volume of the H-atom is

VH =
4
3
πR3H ≈ 5 × 10

−31m3. (A.58)

2.8. Since the density is equal to mass per unit volume, the massm of the cube is

m = ρV = (2.7 g/cm3)(0.20 cm3) = 0.54 g. (A.59)

To find the number of atoms N in this mass of aluminum, we can set up a proportion
using the fact that one mole of aluminum (27 g) contains 6.02 × 1023 atoms:

NA
27 g
= N
0.54 g

(A.60)

6.02 × 1023 atoms
27 g

= N
0.54 g
. (A.61)

From this,

N = (0.54 g)(6.02 × 10
23 atoms)

27 g
= 12 × 1021 atoms. (A.62)
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2.9. For the speed term, we have

[v] = L
T
. (A.63)

For the dimension of the acceleration

[a] = L
T2
. (A.64)

Therefore, the dimensions of at are

[at] = L
T2

T = L
T
. (A.65)

Hence, the expression is dimensionally correct.

2.10. Since 1 g = 10−3 kg and 1 cm = 10−2m, the mass m and volume V in basic SI
units are

m = 856 g × 10−3 kg/g = 0.856 kg (A.66)

V = L3 = (5.35 cm × 10−2m/cm)3 (A.67)

= (5.35)3 × 10−6m3

= 1.53 × 10−4m3.

Therefore,

ρ = m
V
= 0.856 kg
1.53 × 10−4m3 (A.68)

= 5.59 × 103 kg/m3.

2.11. Suppose that distance between the two cities is 3000miles. In addition, the
length of one step is 2 ft. Then next we can determine the number of steps in one
miles:

5280 ft
mi
≈ 5000 ft

mi
. (A.69)

Therefore,

5000 ft/mi
2 ft/step

= 2500 step/mi. (A.70)

Hence,

(3000mi) × (2500 steps/mi) = 7.5 × 106 steps ≈ 8 × 106 steps. (A.71)
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2.12. First, the area A is

A = ℓw = 21.3 × 9.80 = 208.74 cm2 ≈ 209 cm2. (A.72)

The value of A can vary in the range

Amin = (21.1 cm) × (9.70 cm) ≈ 205 cm
2 (A.73)

Amax = (21.5 cm) × (9.90 cm) ≈ 213 cm
2. (A.74)

Therefore, the uncertainty is

δA = 4.00 cm2 (A.75)

and

A = (209 ± 4.00) cm2. (A.76)

2.13.
(a) 100 + 1.51 = 101.51 ≈ 102
(b) 12/3.5 ≈ 3.4
(c) 99 + 13.65 = 112.65 ≈ 113

2.14. We know that

1 g = 0.001 kg.

Therefore,

m = 1234 g = (1234 × 0.001) kg = 1.234 kg.

Using only three significant figures, we can approximate the mass as

m = 1.234 kg ≈ 1.23 kg.

2.15. We know that

1 cm = 0.01m.

Therefore, the speed in SI units is

v = 2321 cm
s
= 2321 × 0.01 m

s
= 23.21 m

s
.

Using only three significant figures, we can approximate the speed as

v = 23.2 m
s
.
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Solutions Chapter 3

3.1. From the position–time plot (see also Fig. 3.12),

xA = 30m at tA = 0 s (A.77)

and

xF = −50m at tF = 50 s. (A.78)

Using these values

Δx = xF − xA = −50m − 30m = −80m. (A.79)

This result indicates that the car ends up 80m along the negative direction (left in this
case) from where it started.

The average velocity is

v̄s =
Δx
Δt
=
xf − xi
tf − ti
=
xF − xA
tF − tA

(A.80)

= −80m
50 s
= −1.6m/s.

The car’s average speed is found by adding the distances traveled and dividing by
the total time:

Average speed = ÂB + B̂C + ĈD + D̂E + ÊF
T

(A.81)

≈ |AB| + |BF|
50 s

=
√(10)2 + (30)2 + √(40)2 + (110)2

50 s

≈ 32m + 117m
50 s

≈ 3.0m/s.

3.2. Using the position versus time graph for this motion, given in Fig. 3.13, we can
find the following.
(a) For the first time interval, we have a negative slope, and hence a negative velocity.

Thus,we know that the displacement betweenA andBmust be a negative number
having units of meters. Similarly, we expect the displacement between B and D to
be positive.
In the first time interval, we set ti = tA = 0 and tf = tB = 1 s. From this,

ΔxA→B = xf − xi = xB − xA (A.82)
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= [−4(1) + 2(1)2] − [−4(0) + 2(0)2]
= −2m.

For the displacement during the second time interval, we have ti = tB = 1 s, tf =
tD = 3 s, and hence we get

ΔxB→D = xf − xi = xD − xB (A.83)

= [−4(3) + 2(3)2] − [−4(1) + 2(1)2]
= +8m.

The displacement can also be read directly from the graph in Fig. 3.13.
(b) In the first time interval, Δt = tf −ti = tB−tA = 1 s. Therefore, from the displacement

calculated from (a), we find that

v̄x(A→B) =
ΔxA→B
Δt
= −2m

1 s
= −2m/s. (A.84)

In the second time interval, Δt = 2 s; therefore

v̄x(B→D) =
ΔxB→D
Δt
= 8m

2 s
= +4m/s. (A.85)

These values agree with the slopes of the lines joining these points in Fig. 3.13.
(c) We can assume that the instantaneous velocity is the same order of magnitude as

our previous results, that is, around 4m/s. From the graph, we find out that the
slope of the tangent at position C is greater than the slope of the red line connect-
ing points B and D. Thus, we expect the answer to be greater than 4m/s. To be
accurate, we evaluate the expression of the velocity as a function of time t:

vx(t) =
dx
dt
= (−4 + 4t)m/s. (A.86)

Then the instantaneous velocity at t = 2.5 s is

vx(2.5 s) = (−4 + 4 ⋅ 2.5) = +6m/s. (A.87)

From the position versus time graph, the slope at t = 2.5 s gives

vx = +6m/s. (A.88)

3.3. In Fig. A.4 is shown a vx − t graph representing the velocity versus time. Because
the slope of the entire vx−t curve is negative,we expect the acceleration to be negative.
(a) We find the velocities at ti = tA = 0 and tf = tB = 2.0 s by substituting the numeri-

cal values of t into the expression for the velocity:

vxA = (40 − 5t
2
A)m/s = [40 − 5(0)2]m/s = +40m/s (A.89)

vxB = (40 − 5t
2
B)m/s = [40 − 5(2.0)2]m/s = +20m/s. (A.90)
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Therefore, the average acceleration in the given interval of time Δt = tB − tA = 2.0 s
is

āx =
vxf − vxi
tf − ti

=
vxB − vxA
tB − tA

= (20 − 40)m/s
(2.0 − 0) s

(A.91)

= −10m/s2.

The negative sign indicates that the slope of the line joining the initial and final
points on the velocity, which represents the acceleration, is negative.

(b) The velocity at any time t is

vxi = (40 − 5t
2)m/s (A.92)

and the velocity at any time later t + Δt is

vxf = 40 − 5(t + Δt)
2 = 40 − 5t2 − 10tΔt − 5Δt2 (A.93)

= vxi + [−10tΔt − 5Δt
2].

Thus, the change in the velocity during the time interval Δt is

Δvx = vxf − vxi = [−10tΔt − 5Δt
2]m/s. (A.94)

Dividing this expression by Δt and taking the limit of the result as Δt → 0 gives
the acceleration at any time t:

ax = limΔt→0

Δvx
Δt
= lim

Δt→0
(−10t − 5Δt) = −10tm/s2. (A.95)

Therefore, at t = 2.0 s

ax = (−10)(2.0)m/s2 = −20m/s2. (A.96)

The minus sign indicates that the acceleration is along the negative direction of
the x-axis.

Figure A.4: Velocity versus time
graph for a particle moving with
a velocity vx varying with time as
vx = 40 − 5t2.
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3.4.
(a) First, we convert velocity into meters per seconds:

vxf = 100 km/h = 100 × 103

3600
m/s ≈ 27.8m/s. (A.97)

Then the initial velocity is

vxi = vxf /3 ≈ 9.26m/s. (A.98)

The acceleration is

ax =
vxf − vxi

t
= 27.8 − 9.26

10.0
m
s
× 1
s
= 1.85m/s2. (A.99)

(b) We can calculate the distance traveled during the first 5 s as

xf − xi = vxit +
1
2
axt

2 = (9.26m/s)(5 s) + 1
2
(1.85m/s2)(5 s)2 (A.100)

= 46.3m + 23.1m = 69.4m.

If we consider no acceleration (ax = 0), then moving with initial velocity of
9.26m/s will result in a displacement of (9.26m/s)(5 s) = 46.3m during the first
5 s, indicating that the acceleration of the velocity gives an extra 23.1m distance
traveling.

3.5.
(a) First we convert units from mi/h to m/s:

vxi = 140mi/h = 140 × 1609
3600

m/s ≈ 62.6m/s. (A.101)

Since the jet finally stops, the final velocity is

vxf = 0.00m/s. (A.102)

Therefore, the acceleration is

ax =
vxf − vxi

t
= 0.00m/s − 62.6m/s

2.00 s
= −31.3m/s2. (A.103)

The negative sign of acceleration indicates that acceleration is along the negative
direction of the x-axis, and thus, the jet is slowing down.

(b) We can now use the following equation to solve it for the displacement:

xf − xi = vxit +
1
2
axt

2 (A.104)

= (62.6m/s)(2.00 s) + 1
2
(−31.3m/s2)(2.00 s)2

= (125.2m) − (62.6m) = 62.6m.
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3.6. We start by writing the equation of the velocity change of the ball:

v = v0 − gt. (A.105)

The sign minus indicates that the motion is upward. Here, g = 9.8m/s2. Then

v = 25 (m/s) − 9.8 (m/s2) × 1.0 (s) ≈ 15m/s. (A.106)

3.7. Figure 3.14 illustrates the trajectory of the ball.
(a) For the motion from A to B, it is a upward movement. If we consider the y-axis as

vertical, then the acceleration along the y-axis is

ay = −g = −9.80m/s2. (A.107)

Using the equation for the velocity change, we have

vyB = vyA + aytAB. (A.108)

Replacing the numerical values:

0 = (20.0m/s) − (9.80m/s2)tAB. (A.109)

Solving it for tAB, we find

tAB = 20.0/9.80 = 2.04 s. (A.110)

(b) The displacement along the y direction during that time, tAB, is

yB − yA = vyitAB +
1
2
ayt

2
AB. (A.111)

Replacing the numerical values

yB − 0 = (20.0m/s)(2.04 s) + 1
2
(−9.80m/s2)(2.04 s)2 (A.112)

or

yB = 20.4m. (A.113)

(c) To find the time needed for the ball to return to the point where it was thrown, we
study themotion fromB toC. This is adownwardmotionwithay = g = −9.80m/s2.
The initial velocity is the velocity at B: vyB = 0. The height is yB, then using the
equation for the displacement:

yC − yB = vyBtBC +
1
2
ayt

2
BC . (A.114)
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Replacing the numerical values

0 − 20.4m = 1
2
(−9.80m/s2)t2BC . (A.115)

Solving it for tBC, we get

tBC = 2.04 s. (A.116)

The total time: t = tAB + tBC = 4.08 s.
(d) To determine the velocity of the ball at point C, we use the equation:

vyC = vyB + aytBC . (A.117)

Replacing the numerical values,

vyC = 0 + (−9.80m/s2)(2.04 s) ≈ −20.0m/s. (A.118)

The sign minus indicates that velocity has downward direction.
(e) To find the velocity at time tD = 5.00 s, we use the equation

vyD = vyC + aytCD. (A.119)

After replacing the values and knowing that

tCD = 5.00 s − 4.08 s = 0.920 s (A.120)

we get

vyD = −20.0m/s + (−9.80m/s2)(0.920 s) (A.121)
≈ −29.0m/s.

To find the distance traveled by the ball, we use the following equation:

yD − yC = vyCtCD +
1
2
ayt

2
CD. (A.122)

Replacing the values, we get

yD − 0 = (−20.0m/s)(0.920 s) + 1
2
(−9.80m/s2)(0.920 s)2 (A.123)

or

yD = −22.5m. (A.124)

The sign minus indicates that the point D is below the zero level horizontal axis.
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3.8. The average and instantaneous velocities are equal only formotionwith constant
velocity, that is, for motion with a = 0. To explain this, we can use the two equations
for the displacement:

xf − xi = v̄xt (A.125)

xf − xi = vxt + (1/2)at
2 (A.126)

where v̄x is the average velocity and vx is the instantaneous initial velocity. It can be
seen that, for a = 0, we have v̄xt = vxt or v̄x = vx.

Alternatively, since graphically the average velocity equals the slope of the line
joining the initial and the final position of the body in a position versus time graph,
and the instantaneous velocity equals the slope of the tangent at an instant in that
graph, then the slopes are equal if the position–time graph is a straight line. That is,
vx = v̄x if the position versus time is a straight line.

3.9. The answer is no. Even when the average velocity is nonzero for some time inter-
val, the instantaneous velocitymaybe zero. For example,when there is a change in the
velocity direction, the instantaneous velocity becomes zero when the body changes
the motion direction. Mathematically, since the instantaneous velocity is given as the
derivative of the position with respect to time: vx = dx/dt, at the inflation point, the
derivative is zero, and hence the instantaneous velocity becomes zero.

3.10. Starting with the definition of the average velocity and instantaneous velocity
as follows:

v̄x =
xf − xi

t
(A.127)

vx(t) =
dx
dt
. (A.128)

It can be seen that the average velocity is zero at some time interval if the position of
the body does not change, that is, x is constant. Then, from the definition of the vx(t),
the derivative must also be zero.

3.11. The answer is yes. That could happen in the time intervalwhen the velocity is de-
creasing compared to the initial velocity but remains still positive. In this interval, the
acceleration has a negative sign since the motion is slowing down, as also indicated
in Fig. A.5.

3.12. The answer is yes. For example, consider the motion with constant velocity, but
different from zero. From the definition of the acceleration: ax = dvx/dt, it turns out
that if vx is constant, then ax = 0.

3.13. The answer is no. From the definition of the acceleration: ax = dvx/dt, it turns
out that if vx is zero, then ax must be zero.
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Figure A.5: The velocity vx (t)
and acceleration ax (t) in some
time interval between 5 and 10
seconds.

3.14. The answer is no. This can also be shown from the equations of velocity and
displacement:

vx(t) = vxi + axt (A.129)

xf − xi = vxit +
axt2

2
. (A.130)

It can be seen that object might stop, but it can never stay stopped for ever. Since, for
vxi = 0, we have xf − xi = axt2/2 ̸= 0, because ax ̸= 0.

3.15. The displacement, yf −yi does not depend on the origin of the coordinate system.
Neither does the velocity, which depends on the initial velocity.

3.16. To understand the problem, we have sketched the diagram shown in Fig. A.6. In
the case when the student throw the ball upward (see Fig. A.6(a)), the trajectory of the
ball follows the highest point B, then moves downward until it touches the ground at
point C. In the second case, when the student throws the ball down from point A, the
movement is down until it touches the ground at point B (see Fig. A.6(b)).

Figure A.6: (a) The ball thrown upward. (b) The ball
thrown downward with the same velocity.

For the first ball, the velocity at the point B is vyB = 0. The displacement in the upward
direction is given as:

yB − yA = vyAtAB + (1/2)ayt
2
AB. (A.131)
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Assume that the point A is the origin of the coordinate system; thus, we have yA = 0.
The velocity vyA = vyi and the acceleration ay = −g. To find the time tAB, we use the
equation of the velocity:

vyB = vyA + atAB. (A.132)

Or

tAB = vyi/g. (A.133)

Then

yB =
v2yi
g
+ 1
2
(−g)

v2yi
g2
=
v2yi
2g
. (A.134)

Then themotion from B to C is downward with initial velocity zero (i. e., free fall) from
the height

h′ = h +
v2yi
2g
. (A.135)

To find the velocity at point C, we use the following equation:

v2yC − v
2
yB = 2ay(yC − yB) = 2gh

′ (A.136)

or

v2yC = 2g(h +
v2yi
2g
) = 2hg + 2v2yi. (A.137)

Hence, the speed at point C is

vyC = √2hg + 2v2yi. (A.138)

For the second ball, the trajectory is shown in Fig. 3.8(b), themotion is downwardwith
initial velocity vyi. Using the equation

v2yB − v
2
yi = 2ay(yB − yA) = 2gh (A.139)

we get the speed of the second ball as

vyB = √2hg + v2yi. (A.140)

It can be seen that the first ball will touch the ground with higher speed compare to
the second ball.
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3.17. To understand the problem, we have sketched the diagram shown in Fig. A.7.
From the definition of the average velocity, it turns out that the magnitude of the av-
erage velocity is

|v̄x| =
󵄨󵄨󵄨󵄨tan(α)
󵄨󵄨󵄨󵄨. (A.141)

On the other hand, the instantaneous velocity is the derivative of positionwith respect
to time: vx(t) = dx/dt. Therefore, graphically it is characterized by the tangent of the
trajectory curve at each instant of time, which is equal to the tangent of the angle β,
as indicated in the figure by the green, blue and red lines. Thus,

󵄨󵄨󵄨󵄨vx(t)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨tan(β)
󵄨󵄨󵄨󵄨. (A.142)

Since α > β always and tangent is a monotonically increasing function in absolute
value for angles in the interval [0,π/2], we can say that |v̄x| > |vx(t)|. They are equal
only for motion along a straight line in a position–time graph.

Figure A.7: A diagram of the
average and instantaneous
velocities.

3.18. Using the definition of the average velocity as

v̄x =
xf − xi
tf − ti

(A.143)

then if in some interval, let say tf − ti, the average velocity is zero, then

xf − xi = v̄x(tf − ti) = 0. (A.144)

So, the object does not move or it moves along a closed path, and hence the displace-
ment is zero.
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3.19. To answer to the questions, we have to use the following equation:

v̄x =
xf − xi
tf − ti
. (A.145)

(a) For the first second:

v̄x =
2.3m − 0.0m
1.0 s − 0.0 s

= 2.3m/s. (A.146)

(b) For the last three seconds:

v̄x =
57.5m − 20.7m
5.0 s − 3.0 s

= 18.4m/s ≈ 18m/s. (A.147)

(c) For the entire period

v̄x =
57.5m − 0.0m
5.0 s − 0.0 s

= 11.5m/s ≈ 12m/s. (A.148)

3.20.
(a) We can split the total displacement into three parts: in the first part, Δx1 is the

motorist’s displacement in the first 35min; in the second part, the motorist has
stopped Δx2 = 0; and in the third part, Δx3 = 130 km is the displacement for the
last 2.00 h. Each of the displacement is calculated using the formula

Δx = vΔt. (A.149)

Therefore, for the first part, we obtain

Δx1 = (85 km/h)( 35
60

h) ≈ 50 km. (A.150)

The total displacement is

Δx = Δx1 + Δx2 + Δx3 = 180 km. (A.151)

(b) The average velocity is calculated as

v̄x =
Δx
Δt
= 180 km

35
60 h +

15
60 h + 2.00h

= 180 km
2.83 h
≈ 63.6 km/h. (A.152)

3.21. For the average velocity we use the formula

v̄x =
xf − xi
tf − ti
. (A.153)

(a) From Fig. 3.15, xf = 8m, xi = 0m, tf = 2 s and ti = 0 s, thus

v̄x =
8m − 0m
2 s − 0 s

= 4m/s. (A.154)
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(b) From Fig. 3.15, xf = 5m, xi = 0m, tf = 4 s and ti = 0 s. Then we get

v̄x =
5m − 0m
4 s − 0 s

= 1.25m/s ≈ 1m/s. (A.155)

(c) From Fig. 3.15, xf = 5m, xi = 8m, tf = 4 s and ti = 2 s. Then we get

v̄x =
5m − 8m
4 s − 2 s

= −1.5m/s ≈ −2m/s. (A.156)

(d) From Fig. 3.15, xf = −5m, xi = 5m, tf = 7 s and ti = 4 s. Then we get

v̄x =
−5m − 5m
7 s − 4 s

≈ 3m/s. (A.157)

(e) From Fig. 3.15, xf = 0m, xi = 0m, tf = 8 s and ti = 0 s. Then we get

v̄x =
0m − 0m
8 s − 0 s

= 0m/s. (A.158)

3.22. To find the average velocity we use the following equation:

v̄x =
xf − xi
tf − ti
. (A.159)

(a) Here, ti = 2.0 s and tf = 3.0 s, and hence

xi = x(ti) = 10(2.0)
2 = 40m (A.160)

xf = x(tf ) = 10(3.0)
2 = 90m. (A.161)

Then

v̄x =
90m − 40m
3.0 s − 2.0 s

= 50m/s. (A.162)

(b) In this case, ti = 2.0 s and tf = 2.1 s, and hence

xi = x(ti) = 10(2.0)
2 = 40m (A.163)

xf = x(tf ) = 10(2.1)
2 ≈ 44m. (A.164)

Then

v̄x =
44m − 40m
2.1 s − 2.0 s

= 40m/s. (A.165)

3.23. The average velocity is calculated as follows:

v̄x =
xf − xi
tf − ti
. (A.166)
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The average speed is

|v̄x| =
|AB| + |BA|
tAB + tBA

= 2ℓ
tAB + tBA

(A.167)

where |AB| = |BA| = ℓ and tAB is the time walking from A to B and tBA is the time
walking from B to A.
(a) Let us denote ti = 0 the time when the person starts the walk from point A. Then

the time for walking from A to B is

tAB = ℓ/v1 (A.168)

where ℓ is the distance from A to B. And, the time to walk back from B to A is

tBA = ℓ/v2. (A.169)

Thus, the final time is

tf = tAB + tBA = ℓ(
1
v1
+ 1
v2
). (A.170)

Then the average velocity is

v̄x =
0 − 0
tf − 0
= 0m/s. (A.171)

(b) The average speed is

|v̄x| =
2ℓ
ℓ( 1v1 +

1
v2
)
= 2
( 1v1 +

1
v2
)
. (A.172)

3.24.
(a) Using the equations of the kinematics:

xf − xi = v̄xΔt (A.173)

where v̄x is the average velocity, which is calculated as

v̄x =
Δx
Δt
= 5.00m − (−3.00m)

6.00 s − 1.00 s
= 8.00
5.00

m/s = 1.60m/s. (A.174)

Then

x = xi + 1.60(tf − ti) = −3.00 + 1.60(t − 1.00) = −4.60 + 1.60t (A.175)

where the units are given in meters. Graphically x versus time t is shown in
Fig. A.8.
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Figure A.8: The position–time graph.

(b) The instantaneous velocity is given by

vx(t) =
dx
dt
= 1.60m/s. (A.176)

As expected, since the position–time graph is a straight line, the average velocity
and instantaneous velocity are equal.

3.25.
(a) The average velocity is defined as

v̄x =
xf − xi
tf − ti
. (A.177)

From the graph in Fig. 3.16, we find that

xf = x(tf ) = x(4.0) = 2.0m (A.178)
xi = x(ti) = x(2.0) = 6.0m. (A.179)

After replacing the numerical values, we find

v̄x =
2.0m − 6.0m
4.0 s − 2.0 s

= −2.0m/s. (A.180)

The negative sign indicates that the displacement is in the negative direction of
the x-axis.

(b) The instantaneous velocity is defined as

vx(t) =
dx
dt

(A.181)

which, graphically, is the slope of the tangent to the curve at time t. In our case,
t = 2.0 s, then the slope is equal to the tangent of the angle between the tangent
and the time axis. That is given by

vx(2.0) = tan(α) = −
6.0m

3.5 s − 2.0 s
= −4.0m/s. (A.182)
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The negative sign indicates that the velocity at t = 2.0 s is in the negative direction
of the x-axis.

(c) The velocity is zero at time t where the tangent is parallel with time axis, since
then the tangent of the angle between the tangent at the curve and the time axis
is zero. From the graph in Fig. 3.16, it can be seen that this happens at t = 4 s.

3.26. We use the following kinematic equation to find the acceleration:

vxf = vxi + axt (A.183)

where vxi = 60m/s and vxf = 0. Therefore,

ax =
vxf − vxi

t
= 0.0 − 60m/s

15 s
= −4.0m/s2. (A.184)

The sign minus indicates that the motion is slowing down or graphically, if we plot
velocity versus time, the slope is negative. Also, we can say that the acceleration is
along the negative direction of the x-axis.

3.27. The average acceleration is given by

āx =
vxf − vxi

Δt
= 22.0m/s − 25.0m/s

3.50 × 10−3 s
(A.185)

= −857.14m/s

≈ −0.857 × 103m/s = −0.857 km/s.

The sign minus indicate that the motion is slowing down, and also, we can say that
the acceleration is along the negative direction of the x-axis.

The magnitude of the average acceleration is

|āx| = 0.857 km/s. (A.186)

3.28.
(a) From the equation

vxf = vxi + axt (A.187)

since the particle starts the motion from the rest, then vxi = 0. From Fig. 3.17 ax =
2.0m/s2 for time from t = 0 s to t = 10 s. Therefore,

vxf (t = 10 s) = 0 + (2.0m/s2)(10 s) = 20m/s. (A.188)

To find the speed at t = 20 s, we determine the acceleration from the time interval
15 s to 20 s.

vxf (t = 20 s) = vxi(t = 15 s) + ax(20 s − 15 s). (A.189)
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To find the vxi(t = 15 s), we look at the interval of time from 10 s to 15 s:

vx(t = 15 s) = vx(t = 10 s) + ax(15 s − 10 s) = 20m/s (A.190)

since ax = 0 from 10 to 15 s time interval. Then

vxf (t = 20 s) = 20m/s + (−3.0m/s2)(20 s − 15 s) (A.191)
= 20m/s − 15m/s = 5.0m/s. (A.192)

(b) The distance traveled during the first 20 s can be written as

x = x1 + x2 + x3 (A.193)

where x1 is the distance traveled during the first 10 s, which is calculated as

x1 = axt
2/2 = (2.0m/s2)(10 s)2/2 = 100m (A.194)

x2 is the distance traveled in the interval from 10 s to 15 s with constant speed:

x2 = vx(t = 10 s)(15 s − 10 s) = (20m/s)(5.0 s) = 100m. (A.195)

And, x3 is the distance traveled in the time interval from 15 s to 20 s, given by

x3 = vx(t = 15 s)(20 s − 15 s) + 0.5(−3.0m/s2)(20 s − 15 s)2 (A.196)
= (20m/s)(5.0 s) − 37.5m
= 62.5m.

The total distance is

x = 100m + 100m + 62.5m = 262.5m ≈ 2.63 × 102m. (A.197)

3.29.
(a) In Fig. 3.18 we have plotted acceleration ax(t) versus time.
(b) The average acceleration of the object in the time interval between t = 5.00 s and

t = 15.0 s is

āx =
vxf − vxi
tf − ti

= 8.00m/s − (−8.00m/s)
15.0 s − 5.00 s

= 1.60m/s2. (A.198)

While in the time interval between t = 0 s and t = 20.0 s, the average acceleration
is

āx =
vxf − vxi
tf − ti

= 8.00m/s − (−8.00m/s)
20.0 s − 0.00

= 0.800m/s2. (A.199)
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3.30.
(a) The position of the particle at time t = 3.00 s is

x(t = 3.00 s) = 2.00 + 3.00(3.00 s) − (3.00 s)2 (A.200)
= 2.00 + 9.00 − 9.00
= 2.00m.

(b) The velocity is calculated as

vx(t) =
dx
dt
= 3.00 − 2.00t. (A.201)

Then the velocity at time t = 3.00 s is

vx(t = 3.00 s) = 3.00 − 2.00(3.00 s) = −3.00m/s. (A.202)

The sign minus indicates that the particle is moving along the negative direction
of the x-axis.

(c) The acceleration is

ax(t) =
dvx
dt
= −2.00m/s2 (A.203)

which is constant acceleration. The minus sign indicates that the particle is slow-
ing down and that the slop of the velocity–time curve is negative. Also, the minus
sign indicates that the direction of the acceleration is along the negative direction
of the x-axis.

3.31.
(a) First, we find the position of the object at t = 2 s:

xi = x(t = 2) = (3.00(2.00)
2 − 2.00(2.00) + 3.00)m = 11.0m. (A.204)

Then we find the position at t = 3.00 s:

xf = x(t = 3) = (3.00(3.00)
2 − 2.00(3.00) + 3.00)m = 24.0m. (A.205)

Then the average velocity is

v̄x =
xf − xi
tf − ti
= 24.0m − 11.0m

3.00 s − 2.00 s
= 13.0m/s. (A.206)

(b) First we find the instantaneous velocity:

vx(t) =
dx
dt
= (6.00t − 2.00)m/s. (A.207)
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Then the velocity at t = 2.00 s

vxi = (6.00(2.00) − 2.00)m/s = 10.0m/s. (A.208)

The velocity at t = 3.00 s is

vxf = (6.00(3.00) − 2.00)m/s = 16.0m/s. (A.209)

(c) The average acceleration is

āx =
vxf − vxi
tf − ti

= 16.0m/s − 10.0m/s
3.00 s − 2.00 s

= 6.00m/s2. (A.210)

(d) We calculate first the instantaneous acceleration as

ax =
dvx
dt
= 6.00m/s2 (A.211)

which indicates that the acceleration is constant. Therefore, the instantaneous
acceleration at both 2.00 s and 3.00 s is equal to 6.00m/s2.

3.32.
(a) The following kinematic equation is used to determine acceleration

vxf = vxi + axt = axt (A.212)

since vxi = 0. From eq. (A.212), you get

ax = vxf /t = (42.0m/s)/(8.00 s) = 5.25m/s2. (A.213)

(b) The distance is calculated as

xf = xi + vxit + axt
2/2 (A.214)

where xi = 0. After replacing the numerical values

xf = (5.25m/s2)(8.00 s)2/2 = 168m. (A.215)

(c) To find the speed after 10 s, assuming the same acceleration, we use the equation

vxf = vxi + axt = 0 + (5.25m/s2)(10.0 s) = 52.5m/s. (A.216)
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3.33.
(a) To find the initial speed, we use this equation

v2xf − v
2
xi = 2ax(xf − xi) (A.217)

where vxf = 2.80m/s is the final speed, and xf − xi = 40.0m is the displacement.
ax is the acceleration, which must have a negative sign, since the truck is slowing
down. To find the acceleration, we use this equation:

vxf = vxi + axt. (A.218)

Thus,

ax = (vxf − vxi)/t. (A.219)

Replacing the expression for the acceleration (eq. (A.219)) into eq. (A.217), we get

v2xf − v
2
xi = 2(xf − xi)(vxf − vxi)/t. (A.220)

After replacing the numerical values

7.84 − v2xi = 9.40(2.80 − vxi). (A.221)

Hence, we obtain an equation for vxi as follows:

v2xi − 9.40vxi + 18.5 = 0. (A.222)

First, we find the determinant:

D = (9.40)2 − 4.00(18.5) = 14.4. (A.223)

Then the solutions are

v1,2xi =
9.40 ± √14.4

2
= 4.70 ± 1.9. (A.224)

Since the vxi must be greater than the final speed, because the truck is slowing
down, the physical solution is only

vxi = 6.60m/s. (A.225)

(b) To find the acceleration, we use

ax =
vxf − vxi

t
= 2.80m/s − 6.60m/s

8.50 s
= −0.224m/s2. (A.226)

The sign minus indicates that the truck is slowing down, as expected.
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3.34. To find the acceleration, we use this equation

xf = xi + vxit +
axt2

2
(A.227)

where xi = 3.00 cm is the initial coordinate, vxi = 12.0 cm/s is its initial velocity,
xf = −5.00 cm is the final coordinate, t = 2.00 s is the traveling time, and ax is the
acceleration, which is unknown.

After replacing the numerical values, we get

− 5.00 cm = 3.00 cm + (12.0 cm/s)(2.00 s) + ax
(2.00 s)2

2
. (A.228)

Solving it for ax, we obtain:

ax =
−5.00 cm − 3.00 cm − 24.0 cm

2.00 s2
= −16.0 cm/s2. (A.229)

The sign minus indicates that the body is slowing down and the acceleration is along
the negative direction of the x-axis.

3.35.
(a) To find the position when it changes the direction, we first find the maximum of

the x(t) curve. For this, we first calculate the derivative with respect to time:

dx
dt
= 3.00 − 8.00t (A.230)

and equalize it to zero, then solve it for t:

3.00 − 8.00t = 0 (A.231)

or t = 3.00/8.00 ≈ 0.375 s. Then the position at this instant of time is

x(0.375) = 2.00 + 3.00(0.375) − 4.00(0.375)2 (A.232)
≈ 2.00 + 1.13 − 0.563 ≈ 2.56m.

(b) The position of the particle at t = 0 is

x(0) = 2.00m. (A.233)

To find the time that the particle has the same position as it had at t = 0, we solve
this equation

x(0) = x(t) (A.234)

or

2.00 = 2.00 + 3.00t − 4.00t2. (A.235)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



236 | A Solutions

The physical solution is

t = 3.00/4.00 s = 0.750 s. (A.236)

Then the velocity is

vx =
dx
dt
= 3.00 − 8.00t (A.237)

and

vx(0.750) = 3.00 − 8.00(0.750) = −3.00m/s. (A.238)

The signminus indicates that the particle changes direction into negative x direc-
tion.

3.36. To find the velocity of the body, we use this equation

vxf = vxi + axt (A.239)

where vxi is the initial velocity, vxf is the final velocity, ax is the acceleration, and t is
the time of this acceleration. For both cases, vxi = 5.20m/s and t = 2.50 s.
(a) In this case, ax = 3.00m/s2, and hence

vxf = (5.20m/s) + (3.00m/s2)(2.50 s) = 12.7m/s. (A.240)

(b) For ax = −3.00m/s2, we get

vxf = (5.20m/s) + (−3.00m/s2)(2.50 s) = −2.30m/s. (A.241)

In thefirst case, the velocity is positive, so it is along thepositive direction of the x-axis.
While in the second case, the velocity is negative, and hence it is opposite direction of
the positive x-axis (that is, along the negative direction of the x-axis).

3.37.
(a) To find the time, we use this equation

xf − xi = vxit + axt
2/2 (A.242)

where vxi = 0 is the initial velocity, and ax = 10.0m/s2 is the acceleration. Here,
xf − xi = 400m. Then we solve this equation for time t, after we replace the nu-
merical values:

400 = 0 + (10.0)t2/2. (A.243)

The physical solution is

t = 8.94 s. (A.244)
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(b) To find the speed, we use this equation

vxf = vxi + axt. (A.245)

Replacing the numerical values

vxf = 0 + (10.0)(8.94) = 89.4m/s. (A.246)

3.38.
(a) From the problem, vxi = 30.0m/s, ax = −2.00m/s2. The position is

x = x0 + vxit + axt
2/2 (A.247)

where x0 = 0. Thus,

x = 30.0t − 2.00t2/2 = (30.0t − t2)m. (A.248)

The velocity is

vx =
dx
dt
= (30.0 − 2.00t)m/s. (A.249)

Note that the time t is measured in seconds.
(b) The maximum distance the car travels up to the hill can be calculated from the

equation

v2xf − v
2
xi = 2ax(xf − xi) (A.250)

where vxf is the final velocity, since the car stops, then this velocity is zero, vxf = 0.
From eq. (A.250), we get

xf − xi = −
v2xi
2ax
= − 900m2/s2

2(−2.00m/s2)
= 225m. (A.251)

3.39. Suppose the y positive direction is upward, and the origin is at the top of the
building.
(a) Since the ball is released from the rest, vyi = 0, and the acceleration is ay =
−9.80m/s2, where the minus sign indicates that acceleration has negative y di-
rection. Then the position is calculated as

yf = yi + vyit + ayt
2/2 (A.252)

or

yf = 0 + 0 − (4.90m/s2)t2 = −(4.90t2)m. (A.253)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



238 | A Solutions

Therefore,

yf =
{{{
{{{
{

−4.90m, t = 1.00 s
−19.6m, t = 2.00 s
−44.1m, t = 3.00 s.

(A.254)

The minus sign indicates that position is on the negative side of the y-axis.
(b) To find the velocity, we use this equation

vyf = vyi + ayt = −(9.80t)m/s. (A.255)

Replacing the numerical values, we get

vyf =
{{{
{{{
{

−9.80m/s, t = 1.00 s
−19.6m/s, t = 2.00 s
−29.4m/s, t = 3.00 s.

(A.256)

The minus sign indicates that the velocity is downward.

3.40. Suppose the y positive direction is upward, and the origin is at the student’s
position. The acceleration is ay = −g = −9.80m/s2, where the sign minus indicates
that direction is opposite to the positive direction of the y-axis.
(a) To find the initial velocity, we use this equation with yi = 0:

yf = yi + vyit + ayt
2/2 = vyit − gt

2/2 (A.257)

where yf = 4.00m, t = 1.5 s, then

vyi =
yf + gt2/2

t
(A.258)

= 4.00m + 0.500(9.80m/s2)(1.50 s)2

1.50 s
= 10.0m/s.

(b) First, let us determine the time until the keys reachmaximum height, where vyf =
0 using the equation:

vyf = vyi − gt (A.259)

since vyf = 0 at maximum height, you can find

t =
vyi
g
= 10.0m/s
9.80m/s2

= 1.02 s. (A.260)
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The roommate caught the keys 1.50 s later, which means that he caught the keys
on the way down to the ground, after the keys had reached the maximum height.
To find the velocity of the keys, when they are caught, you can use this equation

vyf = vyi − gt (A.261)

where vyi = 0 and t = 1.50 s − 1.02 s = 0.480 s. Replacing these values into the
above equation, you get

vyf = 0 − (9.80m/s2)(0.480 s) = −4.70m/s. (A.262)

The sign minus indicates that the velocity is along the negative y direction; that
is, it has the direction downward.

3.41. You can use this equation to first determine the speed with which the ball hits
the ground:

v2yf − v
2
yi = 2ayh. (A.263)

Suppose the y positive direction is upward, and the origin is at the position where the
ball is initially thrown. The acceleration isay = −g = −9.80m/s2, where the signminus
indicates that direction is opposite of the positive y direction. Then, from the problem,
h = −30.0m and vyi = −8.00m/s, where the sign minus indicates that the direction is
along the negative y-axis. Replacing the numerical values into the equation, you get

v2yf = (−8.00m/s)2 + 2.00(−9.80m/s2)(−30.0m) = 652m2/s2 (A.264)

or vyf = ±25.5m/s. Physical solution is vyf = −25.5m/s, because the direction of the
velocity is downward. To find the time, you can use this equation:

vyf = vyi − gt (A.265)

from which you can write

t =
vyf − vyi
−g
= −25.5m/s − (−8.00m/s)

−9.80m/s2
≈ 1.79 s. (A.266)

3.42. Suppose the y positive direction is upward, and the origin is at the ground po-
sition. The acceleration is ay = −g = −9.8m/s2, where the sign minus indicates that
direction is opposite of the positive y direction. Based on the problem, for the first ball,
the initial position is y1,i = h, and the initial velocity vy1,i = 0. For the second ball the
initial position is y2,i = 0 and the initial velocity vy2,i is unknown. Let us denote with t
the time after they meet, then the position of each ball at any time is

y1 = y1,i + vy1,it − g
t2

2
= h − g t

2

2
(A.267)
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y2 = y2,i + vy2,it − g
t2

2
= vy2,it − g

t2

2
(A.268)

where y1 = y2 = h/2. Then

h
2
= h − g t

2

2
(A.269)

h
2
= vy2,it − g

t2

2
. (A.270)

From the first equation, t = √h/g. After replacing it into the second equation, you get

h
2
= vy2,i√

h
g
−
g( hg )
2
. (A.271)

Solving it for vy2,i, you obtain

vy2,i = √hg. (A.272)

Solutions Chapter 4

4.1. Figure A.9 illustrates the trajectory of the motorist.

Figure A.9: Illustration
of the trajectory of the
motorist.

(a) The coordinate system is chosen such that positive x direction is east and positive
y direction is north. A graphical illustration of the trajectory of the motorist is
shown in Fig. A.9. As it can be seen, first the motorist travels south with velocity
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along the negative y direction, hence vy = −20m/s and vx = 0 and time is t =
3.00min = 180 s. Therefore, the displacement according to y-axis is

y1 = vyt = (−20m/s)(180.0 s) = −3600m = −3.60 × 103m (A.273)

where the minus sign indicates that displacement is in negative y direction. Dur-
ing this time displacement along the x-axis is x1 = 0.
Then, during the next interval of time, t = 2.00min = 120 s, the motorist trav-
els in the negative x direction. Thus, vx = −25.0m/s, and vy = 0. Therefore, the
displacement along the x direction is

x2 = vxt = (−25.0m/s)(120 s) = −3000m = −3.00 × 103m. (A.274)

The sign minus indicates that the displacement is along negative x direction. The
displacement along the y direction is y2 = 0.
During the last interval of time, t = 1.00min = 60.0 s, displacement is in the
direction northwest. Therefore, velocity can be written as

v = vxi + vyj (A.275)

where

vx = −v cos(45
∘) ≈ −(30.0m/s)(0.707) ≈ −21.2m/s (A.276)

vy = v sin(45
∘) ≈ (30.0m/s)(0.707) ≈ 21.2m/s (A.277)

where the sign minus indicates that x component has the negative x direction.
From this, you can find that

x3 = vxt = (−21.2m/s)(60.0 s) = −1272m ≈ −1.27 × 103m (A.278)

y3 = vyt = (21.2m/s)(60.0 s) = 1272m ≈ 1.27 × 103m. (A.279)

The total displacement vector is

Δr = Δxi + Δyj (A.280)

where

Δx = x1 + x2 + x3 = 0 − 3.00 × 10
3m − 1.27 × 103m (A.281)

= −4.27 × 103m

Δy = y1 + y2 + y3 = −3.60 × 10
3m + 0 + 1.27 × 103m (A.282)

= −2.33 × 103m.

Hence,

Δr = (−4.27 × 103i − 2.33 × 103j)m. (A.283)
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(b) The average velocity is

v̄ = Δr
Δt
= v̄xi + v̄yj (A.284)

where the interval of time is Δt = 6.00min = 360 s.

v̄x =
Δx
Δt
= −4.27 × 10

3m
360 s

(A.285)

= −11.9m/s

and

v̄y =
Δy
Δt
= −2.33 × 10

3m
360 s

(A.286)

= −6.47m/s.

(c) The average speed is

v̄ = √v̄2x + v̄2y = √(−11.9)2 + (−6.47)2 (A.287)

= √141.61 + 41.86 ≈ 13.5m/s.

4.2.
(a) The average velocity vector is

v̄ = v̄xi + v̄yj (A.288)

where

v̄x =
xf − xi
tf − ti

(A.289)

v̄y =
yf − yi
tf − ti
. (A.290)

After replacing the numerical values, you can get

xi = (1.00m/s)(2.00 s) + 1.00m = 3.00m (A.291)
xf = (1.00m/s)(4.00 s) + 1.00m = 5.00m (A.292)

yi = (0.125m/s2)(2.00 s)2 + 1.00m = 1.50m (A.293)

yf = (0.125m/s)(4.00 s)2 + 1.00m = 3.00m. (A.294)

Hence,

v̄x =
5.00m − 3.00m
4.00 s − 2.00 s

= 1.00m/s (A.295)
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v̄y =
3.00m − 1.50m
4.00 s − 2.00 s

= 0.750m/s. (A.296)

Thus, the average velocity vector is

v̄ = (1.00i + 0.750j)m/s. (A.297)

(b) First, you can calculate the instantaneous velocity

v = dr
dt

(A.298)

= dx
dt

i + dy
dt

j

= ai + 2ctj.

Then the velocity at t = 2.00 s is

v = (1.00m/s)i + 2(0.125m/s2)(2.00 s)j = (1.00i + 0.500j)m/s. (A.299)

To calculate the speed at t = 2.00 s, we calculate themagnitude of the vector given
by eq. (A.299):

v = √(1.00)2 + (0.500)2 ≈ 1.12m/s. (A.300)

4.3.
(a) The vector of position is

r = xi + yj = [(18.0m/s)t]i + [(4.00m/s)t − (4.90m/s2)t2]j. (A.301)

(b) To calculate the vector of velocity, you can take the derivative of the above expres-
sion with respect to time t:

v = dr
dt
= (18.0m/s)i + [(4.00m/s) − (9.80m/s2)t]j. (A.302)

(c) The vector of acceleration is calculated as derivative of the expression for velocity
with respect to time:

a = dv
dt
= (−9.80j)m/s2. (A.303)

(d) The vector position at t = 3.00 s is

r = [(18.0m/s)(3.00 s)]i (A.304)

+ [(4.00m/s)(3.00 s) − (4.90m/s2)(3.00 s)2]j
= (54.0i − 32.1j)m.
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(e) The velocity vector at t = 3.00 s is

v = (18.0i − 25.4j)m/s. (A.305)

(f) While the acceleration is constant, hence

a = (−9.80j)m/s2. (A.306)

4.4. Figure A.10 presents the graph of the x–y path.

Figure A.10: A plot of the x–y path.

(a) The velocity can be written as

v = vxi + vyj (A.307)

where

vx =
dx
dt
= −(5.00m)ω cosωt (A.308)

vy =
dy
dt
= (5.00m)ω sinωt. (A.309)

At time t = 0, these components are given by

vx = −(5.00m)ω (A.310)
vy = 0. (A.311)

The acceleration vector is

a = axi + ayj (A.312)

where

ax =
dvx
dt
= (5.00m)ω2 sinωt (A.313)

ay =
dvy
dt
= (5.00m)ω2 cosωt. (A.314)

At time t = 0, you can write

ax = 0 (A.315)

ay = (5.00m)ω
2. (A.316)
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(b) The position, velocity and acceleration vectors can be written as

r = [−(5.00m) sinωt]i + [(4.00m) − (5.00m) cosωt]j (A.317)
v = [−(5.00m)ω cosωt]i + [(5.00m)ω sinωt]j (A.318)

a = [(5.00m)ω2 sinωt]i + [(5.00m)ω2 cosωt]j. (A.319)

(c) From the information of the problem, you can, for instance, calculate x2:

x2 = 25.0 sin2 ωt (A.320)

and

(y − 4.00)2 = 25.0 cos2 ωt. (A.321)

Then, add side by side these two equations, to get

x2 + (y − 4.00)2 = 25.0 (A.322)

which represents the equation of a circle centered at (0, 4) and radius R = 5m.
Graphically this is shown in Fig. A.10.

4.5.
(a) To find the acceleration, you can use this equation

v = vi + a(t − ti) (A.323)

where t = 3.00 s and ti = 0. From this,

a = v − vi
t − ti
= (2.00i + 3.00j)m/s2. (A.324)

Thus,

ax = 2.00m/s2, ay = 3.00m/s2. (A.325)

(b) To find the coordinates you can use the equation for displacement:

r − ri = vit + a
t2

2
(A.326)

where ri = 0. Replacing the expressions for vi and a, you get

r = [3.00i − 2.00j]t + [2.00i + 3.00j] t
2

2
(A.327)

= ([3.00t + 1.00t2]i + [−2.00t + 1.50t2]j)m.
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4.6.
(a) To find the acceleration, you can use the equation

v = vi + at. (A.328)

From this

a = v − vi
t
= (0.800m/s2)i − (0.300m/s2)j. (A.329)

(b) To find the direction of the acceleration with respect to unit vector i, you can cal-
culate the component of acceleration along this vector:

ax = a ⋅ i = 0.800m/s2. (A.330)

The sign plus indicates that direction of the acceleration is along the positive i
direction.

(c) To find the position of the fish at t = 25.0 s, you can use the equation

r = ri + vit + a
t2

2
(A.331)

= (10.0i − 4.00j) + (4.00i + 1.00j)t + (0.800i − 0.300j) t
2

2
= (10.0 + 4.00t + 0.400t2)i + (−4.00 + 1.00t − 0.150t2)j

= (10.0 + 4.00(25.0) + 0.400(25.0)2)i

+ (−4.00 + 1.00(25.0) − 0.150(25.0)2)j
= 360i − 72.75j
≈ 360i − 72.8j.

The components of the position are

x = 360m, y = −72.8m. (A.332)

Therefore, the fish is moving in the positive x direction and negative y direction.

4.7.
(a) The vector position can be calculated as

r = ri + vit + at
2/2 (A.333)

where ri = 0m. After replacing the values from the problem, you get

r = ((5.00t)i + (1.50t2)j)m. (A.334)
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The vector velocity can be calculated by

v = vi + at. (A.335)

You can now replace the expressions of vi and a, and get

v = (5.00i + (3.00t)j)m/s. (A.336)

(b) The coordinates of the particle at t = 2.00 s are

x = (5.00m/s)(2.00 s) = 10.0m (A.337)

and

y = (1.50m/s2)(2.00 s)2 = (1.50m/s2)(4.00 s2) = 6.00m. (A.338)

The components of the velocity are

vx = 5.00m/s (A.339)

and

vy = (3.00m/s2)(2.00 s) = 6.00m/s. (A.340)

The speed is calculated as

v = √v2x + v2y = √25.0 + 36.0 ≈ 7.81m/s. (A.341)

4.8. To understand the problem, we have sketched the possible trajectory of the mug
in Fig. A.11. The origin of the coordinate system is taken at the top of the counter and
the axes x and y directions are indicated in the figure.

Figure A.11: Illustration of the trajectory of the mug.

(a) At any instant of time, the velocity vector has two components, vx and vy:

v = vxi + vyj (A.342)
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where vx = vi is constant and only themotion along the y-axis is with acceleration
ay = −g = −9.80m/s2. Let us denote by t the time passed until the mug strikes the
floor. Then the displacement along the x-axis is given by

d = xi + vxt = 0 + vit. (A.343)

Therefore, the initial speed is

vi = d/t. (A.344)

At any instant of time the position of the mug along the y directions is

y = yi + vit + ayt
2/2 = 0 + (d/t)t + (−g)t2/2 = d − gt2/2. (A.345)

At the moment when the mug strikes the floor y = −h, therefore

− h = d − gt2/2. (A.346)

Solving eq. (A.346) for t, you get the physical solution (t > 0) as

t = √2(d + h)
g
. (A.347)

Finally, you get the initial speed of the mug:

vi = √
gd2

2(d + h)
. (A.348)

(b) The y component of the velocity at the moment the mug just strikes the floor is

vy = vyi + ayt (A.349)

where vyi = 0. Therefore,

vy = −√2g(d + h) (A.350)

and the other component is

vx = √
gd2

2(d + h)
. (A.351)

Thus, the x component is along the positive direction of the x-axis and y compo-
nent is along the negative direction of the y-axis (downward).
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4.9. In Fig. A.12, we have indicated all the parameters of the problem. The initial val-
ues of the components of the velocity are calculated as

vxi = vi cos α = (25.0m/s) cos 70∘ = 8.60m/s (A.352)
vyi = vi sin α = (25.0m/s) sin 70∘ = 23.5m/s. (A.353)

To find the time t the snowball reaches the highest point, we use this equation

vyf = vyi + ayt (A.354)

where ay = −g = −9.80m/s2 and vyf = 0, then

t1/2 = (23.5m/s)/(9.80m/s2) = 2.40 s. (A.355)

This is the half of the time of the snowball flight because of the symmetry, the total
time is

t = 2t1/2 = 4.80 s. (A.356)

The distance traveled along the x-axis is

xf = vxit = (8.60m/s)(4.80 s) ≈ 41.3m. (A.357)

(a) Suppose that the second ball is thrown Δt = 2.00 s later. Then, for the second
snowball to land at the same time and point as the first one, it should be that it
travels the same horizontal distance for a time t′ = t −Δt = 4.80 s− 2.00 s = 2.80 s.
Therefore,

x′f = xf = v
′
xit
′ (A.358)

where

v′xi = vi cos β = (25.0m/s) cos β (A.359)

since both snowballs are thrown with the same initial speed. β is the initial angle
with which the second snowball is thrown. Then, you can write

41.3m = [(25.0m/s) cos β](2.80 s). (A.360)

Solving it for cos β, you obtain

cos β = 41.3m
(25.0m/s)(2.80 s)

= 0.59. (A.361)

Thus,

β ≈ 53.8∘ (A.362)

which, as expected, is smaller than 70∘, the angle that thefirst snowball is thrown.
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(b) The time it takes to the first snowball to land as a function of the angle and initial
speed is

t1 = 2
vi sin α

g
. (A.363)

If the second snowball is thrownwith an angle β < α some later time, let us say Δt
seconds, the time it takes to the second snowball to land is

t2 = Δt + 2
vi sin β

g
. (A.364)

Requiring that these two times to be the same means that

t1 = t2 + Δt (A.365)

or

2vi sin α
g
= Δt + 2vi sin β

g
. (A.366)

From this

Δt = 2vi
g
(sin α − sin β). (A.367)

Figure A.12: Illustration of the trajectory of the snowball.

4.10. To illustrate the problem, you should refer to Fig. A.13. The components of the
initial velocity in terms of the initial speed (which is unknown) are

vxi = vi cos α = vi cos 3.00
∘ = 0.999vim/s (A.368)

vyi = vi sin α = vi sin 3.00
∘ = 0.0523vim/s. (A.369)

The ball should reach the highest point h = 0.330m in order to clear the net, which is
related to the initial speed according to this equation

v2y − v
2
yi = 2ayh (A.370)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



Solutions Chapter 4 | 251

where the acceleration ay = −g = −9.8m/s2, and vy = 0. From this,

− 0.002735v2i = 2(−9.8)(0.330) (A.371)

or,

v2i = 2364.899m
2/s2. (A.372)

Solving it for vi gives

vi = ±48.6m/s. (A.373)

Since the direction of the velocity is along the positive y direction, the real physical
solution is vi = +48.6m/s.

Figure A.13: Illustration of the trajectory of the
racket ball.

4.11. Graphically the problem is illustrated in Fig. A.14. The components of the initial
velocity are given by

vxi = vi cos α = (300m/s) cos 55∘ ≈ 172.1m/s (A.374)
vyi = vi sin α = (300m/s) sin 55∘ ≈ 245.7m/s. (A.375)

The motion along the x-axis is with constant velocity; therefore, the displacement
along the x direction is

x = vxit = (172.1m/s)(42.0 s) ≈ 7228m. (A.376)

The motion along the y-axis is accelerated with acceleration ay = −9.8m/s2.
First, we find the time that the shell reaches the highest point using the equation

vy = vyi + ayt1. (A.377)

From this,

t1 = −
vyi
ay
= − 245.7m/s
−9.80m/s2

= 25.071 s ≈ 25.1 s. (A.378)
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The y position at the highest point is calculated from the equation:

v2y − v
2
yi = 2ayh. (A.379)

Solving it for h, you get

h =
−v2yi
2ay
= −(245.7m/s)2

2(−9.80m/s2)
= 3080.025m ≈ 3.08 × 103m. (A.380)

Next, the shell moves downward from the highest point with initial velocity vyi = 0
until it explodes. The time left is t2 = t − t1 = 42.0 s − 25.1 s = 16.9 s. The displacement
along the y-axis is calculated as

y = h + vyit +
1
2
ayt

2
2 . (A.381)

Replacing the numerical values, you get

y = h + 0 + 1
2
(−9.80m/s2)(16.9 s)2 (A.382)

= 1680.511m ≈ 1.68 × 103m = 1.68 km.

Figure A.14: Illustration of the trajectory of the artillery fire.

4.12. To find the acceleration, you can use this equation, assuming the y-axis positive
direction is upward:

v2yf − v
2
yi = 2ayh (A.383)

where h = 15.0m, vyf = 0, and vyi = 3.00m/s. Replacing the numerical values, you get

ay =
v2yf − v

2
yi

2h
(A.384)

= (0)
2 − (3.00)2

30.0
= −0.300m/s2.

The minus sign means that the direction of the acceleration is along the negative
y-axis.
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Figure A.15: Illustration of the trajectory of the projectile.

4.13. Graphically, the trajectory of the projectile is shown in Fig. A.15.
The components of the initial velocity along the axes are

vxi = vi cos α (A.385)
vyi = vi sin α. (A.386)

The maximum height is calculated using the following equation:

v2y − v
2
yi = 2ayh (A.387)

where vy = 0 is the velocity at the maximum height h and ay = −g is the acceleration.
Solving it for h, you get

h =
v2i sin

2 α
2g
. (A.388)

To find the time that the projectile needs to reach the maximum height, you can use
this equation:

vy = vyi + ayt1/2. (A.389)

Solving it for time, you get

t1/2 =
vi sin α

g
. (A.390)

The total time of the trajectory is

t = 2t1/2 =
2vi sin α

g
. (A.391)

The distance of the projectile along the x-axis is

xf = vxit =
v2i sin(2α)

g
. (A.392)

Requiring that xf = 3h, you can write

3
v2i sin

2 α
2g
=
v2i sin(2α)

g
. (A.393)
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Solving this equation for α, you get

tan α = 4.00
3.00

(A.394)

or

α ≈ 53.1∘. (A.395)

4.14. Graphically the problem is illustrated in Fig. A.16.

Figure A.16: Illustration of the trajectory of the ball
thrown from the window.

(a) From Fig. A.16, the components of the initial velocity according to the axes of a
Cartesian coordinate system are

vxi = vi cos α = 8.00 cos 20
∘ = 7.52m/s (A.396)

vyi = −vi sin α = −8.00 sin 20
∘ = −2.74m/s. (A.397)

The sign minus indicates that the direction of the velocity is along the negative y
direction. The motion along the x-axis is with constant velocity; therefore, for the
horizontal displacement you can get

xf = vxit = (7.52m/s)(3.00 s) ≈ 22.6m. (A.398)

(b) The displacement along the y direction is given by

yf − yi = vyit + ayt
2/2 (A.399)

where yf = −h, yi = 0 and ay = −9.80m/s2. Solving this equation for h, you obtain

h = (2.74m/s)(3.00 s) + (9.80m/s2)(3.00 s)2/2 = 52.3m. (A.400)

(c) Using eq. (A.399) for the y coordinate at any time t, you find

y = vyit + ayt
2/2. (A.401)

After replacing the numerical values, you get

− 10m = (−2.74m/s)t + (−9.80m/s2)t2/2 (A.402)
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or,

4.9t2 + 2.74t − 10 = 0. (A.403)

Solving it for t, the physical solution is

t = 1.18 s. (A.404)

4.15. Graphically the problem is illustrated in Fig. A.17.

Figure A.17: Illustration of the trajectory of the
cannon fire.

First, let us write the components of the initial velocity according to the x- and y-axes:

vxi = vi cos α = (1000m/s) cos α (A.405)
vyi = vi sin α = (1000m/s) sin α. (A.406)

The time needed to reach the target can be found using the displacement along the x
direction:

xf = vxit (A.407)

from this

t =
xf
vxi
= d
vi cos α
. (A.408)

The time to reach the maximum height can be calculated using this equation:

vy = vyi + ayt1/2 (A.409)

where vy = 0 is the velocity at the maximum height, and ay = −g = −9.8m/s2 is the
acceleration. You can calculate t1/2 as

t1/2 = −
vyi
ay
= −

vi sin α
−g
=
vi sin α

g
. (A.410)
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Then, the time from the maximum height to the target is

Δt = t − t1/2 =
d

vi cos α
−
vi sin α

g
. (A.411)

The maximum height is calculated as

v2y − v
2
yi = 2ayh1 (A.412)

where vy = 0, and hence

h1 =
−v2yi
2ay
= −

v2i sin
2 α
−2g
=
v2i sin

2 α
2g
. (A.413)

The displacement from the maximum height to the target is found from

h − h1 = vyΔt + ay(Δt)
2/2. (A.414)

Replacing the expression for Δt, ay and vy = 0, you get

h −
v2i sin

2 α
2g
= −g

2
[ d
vi cos α

−
vi sin α

g
]
2
. (A.415)

After simplifying it, you find

h −
v2i sin

2 α
2g
= − gd2

2v2i cos
2 α
+ d sin α

cos α
−
v2i sin

2 α
2g
. (A.416)

Using 1 + tan2 α = 1/ cos2 α, you obtain

h = −gd
2

2v2i
(1 + tan2 α) + d tan α. (A.417)

Replacing the numerical values, you get

800 = −19.6(1 + tan2 α) + 2000 tan α (A.418)

or, approximately, the following equation for tan α:

tan2 α − 102 tan α + 41.8 = 0. (A.419)

Solving it for tan α, you get

tan α = 51 ± √(51)2 − 41.8 ≈ 51 ± 50.6. (A.420)

Thus, solving it for α

α1 ≈ 89.4
∘; α2 ≈ 21.8

∘. (A.421)

This result indicates that the cannon can fire with two possible initial angles with the
horizontal direction. For the first initial angle, the cannon firewill fly higher and reach
the target longer in time.While for the second angle (which is smaller), the cannon fire
will drift lower, and hence reach the same target earlier.
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Figure A.18: Illustration of the trajectory of the projec-
tile.

4.16. Graphically the problem is illustrated in Fig. A.18.
The components of the initial velocity according to the axes of a Cartesian coordi-

nate system are

vxi = vi cos θi (A.422)
vyi = vi sin θi. (A.423)

The time passes until the projectile reaches themaximumheight is calculated accord-
ing to this equation:

vy = vyi + ayt1/2 (A.424)

where ay = −g is the acceleration, and vy = 0. From this

t1/2 =
vi sin θi

g
. (A.425)

The motion along the x direction is with constant velocity; therefore, the x coordinate
after t1/2 is

x = vxit1/2 = vi cos θi
vi sin θi

g
=
v2i sin(2θi)

2g
. (A.426)

Since the trajectory is symmetric with this coordinate (because the trajectory is a
parabola), the total distance along the horizontal axis is

d = 2x =
v2i sin(2θi)

g
. (A.427)

4.17. Graphically the problem is illustrated in Fig. A.19.
(a) The components of the initial velocity are given as

vxi = vi cos α = (20.0m/s) cos 53∘ ≃ 12.0m/s (A.428)
vyi = vi sin α = (20.0m/s) sin 53∘ ≃ 16.0m/s. (A.429)

First let us determine the time passed until the ball reaches the maximum height
using this equation

vy = vyi + ayt1/2 (A.430)
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Figure A.19: Illustration of the trajectory of the ball.

where vy = 0 and ay = −9.8m/s2 is the acceleration. Replacing the numerical
values, you get

t1/2 = −(16.0m/s)/(−9.80m/s2) = 1.63 s. (A.431)

The maximum height traveled by the ball is given by the equation

v2y − v
2
yi = 2ayhmax. (A.432)

From this,

hmax = −
v2yi
2ay
= 256
19.6
≈ 13.1m. (A.433)

To find at what height the ball reaches the cross bar, you can use this equation

yf − yi = vyt + ayt
2/2 (A.434)

where yf is the height of the ball at the cross bar, yi is the hmax, and t is the time
from the maximum height until when the ball reaches the cross bar. This time is
calculated using the formula

t = d
vxi
− t1/2 =

36.0m
12.0m/s

− 1.63 s = 1.37 s. (A.435)

Replacing these values in eq. (A.434), you get

yf = 13.1m + 0 − (9.80m/s2)(1.37 s)2/2 (A.436)
= 13.1m − 9.20m = 3.90m.

Since yf > h, you can say that the ball clears the cross bar.
(b) Because of the symmetry of the trajectory (it is a parabola), the total time traveled

by the ball is

t = 2t1/2 = 3.27 s. (A.437)

The total horizontal distance covered by the ball is

x = vxit = (12.0m/s)(3.27 s) ≈ 39.2m. (A.438)

As you can see, this distance is longer than the distance from the point when the
ball is kicked to thegoal. Therefore, theball approaches the cross barwhile falling.
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4.18. The components of the initial velocity are

vxi = (40.0m/s) cos 30.0∘ = 34.6m/s (A.439)
vyi = (40.0m/s) sin 30.0∘ = 20.0m/s. (A.440)

First, we determine the time passed until the water stream reaches the maximum
height using this equation

vy = vyi + ayt1/2 (A.441)

where vy = 0 and ay = −9.8m/s2 is the acceleration. Replacing the numerical values,
you get

t1/2 = −(20.0m/s)/(−9.80m/s2) = 2.04 s. (A.442)

To find the height the water stream strikes the building, you can use this equation

yf − yi = vyt + ayt
2/2 (A.443)

where yf is the height the water stream strikes the building, yi is the initial height,
and t is the time from yi until when the water stream strikes the building. This time is
calculated using this formula

t = d
vxi
− t1/2 =

50.0m
34.6m/s

− 2.04 s = −0.600 s < 0. (A.444)

Since this difference is less than zero, it means that the water stream strikes the build-
ing while still rising. Therefore, yi = 0, and t is

t = d
vxi
= 50.0m
34.6m/s

= 1.44 s. (A.445)

Replacing these values into eq. (A.443), you get

yf = 0 + (20.0m/s)(1.44 s) − (9.80m/s2)(1.44 s)2/2 (A.446)
= 28.8m − 10.2m
= 18.6m.

4.19. Graphically the problem is illustrated in Fig. A.20.
Let us denote with d the horizontal distance kick point to the point when the ball

strike the water. The total distance is

ℓ = √d2 + h2. (A.447)
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Figure A.20: Illustration of the trajectory of the ball.

If you denote with t the time the ball needs to hit the pool, then d = vit. Replacing this
in eq. (A.447), you get

ℓ = √t2v2i + h
2. (A.448)

On the other hand, the sound travels this distance in 3.00 s with speed 343m/s; there-
fore,

ℓ = (343m/s)(3.00 s − t) = 1029m − 343t ≈ 1.03 × 103m − 343t. (A.449)

In addition, to find the time t, you can use the equation for the vertical displacement:

yf − yi = vyit + ayt
2/2 (A.450)

where ay = −g = −9.80m/s2 is the acceleration, and yi = 0. Solving it for t, you get

t = √2h/g = √80.0m/(9.80m/s2) = 2.86 s. (A.451)

Using eq. (A.449), you find that

ℓ = 1.03 × 103m − (343m/s)(2.86 s) = 48.0m. (A.452)

Using eq. (A.447), you obtain d:

d = √ℓ2 − h2 = √(48.0)2 − (40.0)2 ≈ 26.5m. (A.453)

The initial speed is

vi =
d
t
= 26.5m

2.86 s
≈ 9.27m/s. (A.454)

4.20.
(a) The period is

T = 27.3 days. (A.455)
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The angular speed is:

ω = 2π
T
= 0.230 radians/days. (A.456)

You can calculate the linear speed using the formula

v = ωr ≈ 88.4 × 106m/s. (A.457)

(b) To calculate the centripetal acceleration, you can use the formula

ar =
v2

r
= 2034.12 × 104m/days2 ≈ 2.03 × 107m/days2. (A.458)

4.21. You can calculate the maximum radial (or centripetal) acceleration as

ar =
v2

r
. (A.459)

After replacing the numerical values, you get

ar =
400m2/s2

1.06m
≈ 377m/s2. (A.460)

4.22. Assuming in one revolution, the stone will travel a distance which is equal to
the circumference of the circle of 2πr, we obtain the speed as

v = (200 rev/min)(2πr) ≈ 628m/s. (A.461)

The radial acceleration can then be calculated as

ar =
v2

r
= 790 × 103m/s2. (A.462)

4.23. First, you can calculate the speed from the formula

ar =
v2

r
. (A.463)

From this,

v = √1.40 gr = 11.7m/s. (A.464)

Since one revolution is equal to 2πr, you can calculate the rotation rate as

rate = v/(2πr) = 0.186 rev/s. (A.465)
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4.24.
(a) You can calculate the speed as

v = rate × (2πr). (A.466)

Replacing the numerical values for each case, you get

v1 = 8.00(2π0.600) ≈ 30.2m/s (A.467)
v2 = 6.00(2π0.900) ≈ 33.9m/s. (A.468)

As you can see, the second case provides a greater speed.
(b) You can calculate the centripetal acceleration at 8.00 rev/s with r = 0.6m as

ar =
v21
r
= 1516.04m/s2 ≈ 1.52 × 103m/s2. (A.469)

(c) You can calculate the centripetal acceleration at 6.00 rev/s with r = 0.900m as

ar =
v22
r
= 1279.16m/s2 ≈ 1.28 × 103m/s2. (A.470)

4.25. You can calculate the distance of the satellite from the center of the Earth as

r = 600 km + 6400 km = 7000 km. (A.471)

The radial acceleration is ar = 8.21m/s2. You can then determine the speed of the
satellite as

v2 = arr = (8.21 × 10
−3 km/s2)(7000 km) ≈ 57.5 km2/s2. (A.472)

Solving it for v, you find that the speed is

v = 7.58 km/s. (A.473)

You calculate the time required to complete one orbit around the Earth as

T = 2πr
v
= 5802.41 s ≈ 1.61 h. (A.474)

4.26. The acceleration is calculated as

a = √a2r + a2t (A.475)

where ar and at are the radial (centripetal) and tangential acceleration, respectively.
The tangential acceleration is

at =
50.0 km/h − 90.0 km/h

15.0 s
= − 11.11m/s

15.0 s
= −0.741m/s2. (A.476)
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The radial acceleration is

ar =
v2

r
≈ 1.29m/s2. (A.477)

Then you can replace these numerical values into eq. (A.475) to get the total accelera-
tion

a = √(1.29m/s2)2 + (−0.741m/s2)2 = 1.48m/s2. (A.478)

4.27.
(a) The tangential acceleration is

at =
dv
dt
= 0.600m/s2. (A.479)

(b) You can calculate the radial acceleration component as

ar =
v2

r
= 0.800m/s2. (A.480)

(c) The magnitude of the acceleration is calculated from

a = √a2t + a2r = 1m/s2. (A.481)

To find the direction of total acceleration vector, you can calculate the angle
between the acceleration vector and the radius vector (see also Fig. A.21). From
Fig. A.21, you get

cos α = ar
a
= 0.800 (A.482)

or

α ≈ 36.9∘. (A.483)

Figure A.21: Direction of the total acceleration vector.
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4.28.
(a) Using Fig. 4.13, you can find the radial acceleration as:

ar = a cos 30
∘ ≃ 13.0m/s2. (A.484)

(b) The speed of the particle can be obtained from the following relation:

ar =
v2

r
. (A.485)

Hence,

v = √rar = √(2.50m)(13.0m/s2) = 5.70m/s. (A.486)

(c) The tangential acceleration can be determined from Fig. 4.13 as

at = a sin 30
∘ = 7.50m/s2. (A.487)

4.29. Figure A.22 describes graphically the problem. Note that in our problem, we are
ignoring the radius of the ball. We are also ignoring any gravitational forces upon the
ball.

Figure A.22:Motion of a ball attached to a string.

(a) The radial acceleration when the ball is at its highest point is

ar =
v2

r
= (4.30m/s)2

0.600m
≈ 30.8m/s2. (A.488)

The tangential acceleration can be found using the following relation:

v22 − v
2
1 = 2atℓ. (A.489)
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Considering the motion is anticlockwise, you get

(6.50m/s)2 − (4.30m/s)2 = 2at(π0.600m) (A.490)

or

at = 6.30m/s2. (A.491)

The total acceleration is

a = √a2t + a2r = 31.5m/s2. (A.492)

(b) The radial acceleration when the ball is at its lowest point is

ar =
v2

r
= (6.50m/s)2

0.600m
≈ 70.4m/s2. (A.493)

The total acceleration is

a = √a2t + a2r = 70.7m/s2. (A.494)

4.30. Figure A.23 illustrates graphically the problem. Note that in our problem, we
are ignoring the radius of the ball and any gravitational forces upon the ball.

Figure A.23:Motion of a ball attached to a
string.

(a) A sketch of the components of the acceleration is shown in Fig. A.23.
(b) First you can find the coordinates of the unit vector along the radius at 36.9∘ point-

ing to the center of the circle from the figure:

r0x = − sin 36.9
∘ = −0.600 (A.495)

r0y = cos 36.9
∘ = 0.800. (A.496)
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Hence,

r0 = −0.600i + 0.800j. (A.497)

Then you can find the radial acceleration as

ar = a ⋅ r0 = (−0.6)(−22.5) + (0.8)(20.2) ≈ 29.7m/s2. (A.498)

(c) The speed can be calculated from

ar = 29.7m/s2 = v
2

r
= v2

1.50m
. (A.499)

Solving it for v, you get

v = 6.67m/s. (A.500)

Using Fig. A.23, you can find

vx = v cos 36.9
∘ = 5.34m/s (A.501)

vy = v sin 36.9
∘ = 4.00m/s. (A.502)

Hence

v = (5.34m/s)i + (4.00m/s)j. (A.503)

4.31.
(a) Let us find the velocities of the cars at t = 5.00 s.

v1 = v1i + a1t = (15.0i − 10.0j)m/s (A.504)
v2 = v2i + a2t = (5.00i + 15.0j)m/s. (A.505)

Then the relative velocity of car 1 with respect to car 2 is

vrel = v1 − v2 = (10.0i − 25.0j)m/s. (A.506)

Furthermore, the relative speed is

vrel = |vrel| = √(10.0)2 + (−25.0)2 ≈ 26.9m/s. (A.507)

(b) Let us first determine the distance traveled by car 1 during 5.00 s:

v21 − v
2
1i = 2a1Δr1. (A.508)

Replacing the numerical values, you get

325 = 2Δr13.61 (A.509)
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or

Δr1 ≈ 45.1m. (A.510)

Now, you can determine the distance traveled by car 2 as

v22 − v
2
2i = 2a2Δr2. (A.511)

Replacing the numerical values, you get

250 = 2Δr23.16 (A.512)

or

Δr2 ≈ 39.5m. (A.513)

Therefore, they relative distance is

Δr = 5.54m. (A.514)

(c) The relative acceleration of the car 1 with respect to car 2 is

arel = a1 − a2 = (2.00i − 5.00j)m/s2. (A.515)

You can calculate its magnitude as

arel = √(2.00)2 + (−5.00)2 ≈ 5.39m/s2. (A.516)

4.32. When the student swims upstream, the relative speed is

vrel = 1.20m/s − 0.500m/s = 0.700m/s. (A.517)

Thus, the time to swim 1 km can be calculated as

tupstream = (1.00 km)/(0.700m/s) = 1428.57 s ≈ 1.43 × 103 s. (A.518)

The relative speed swimming downstream is

vrel = 1.20m/s + 0.500m/s = 1.70m/s. (A.519)

The time it takes to swim downstream 1 km is

tdownstream = (1.00 km)/(1.70m/s) = 588.24 s ≈ 0.588 × 103 s. (A.520)

Thus, the total time can be calculated as

t = tupstream + tdownstream = 2016.81 s ≈ 2.02 × 10
3 s. (A.521)

If the water would be still water, then the total time to swim 2.00 km with speed
1.20m/s is

t = (2.00 km)/(1.20m/s) = 1666.67 s ≈ 1.67 × 103 s. (A.522)

These results indicate, as expected, that swimming in still water is faster.
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4.33. First you have to find the relative speed of the car on the left with respect to the
car on the right as

vrel = 60.0 km/h − 40.0 km/h = 20.0 km/h. (A.523)

Since the distance between the cars is 100m, the time the car on the left needs to reach
the car on the right is

t = (100m)/(20.0 km/h) = 0.005 h = 18.0 s. (A.524)

4.34. Figure A.24 illustrates the motion of the airplane relative to the wind.
The relative speed of the airplane with respect to air is

vrel = vairplane − vwind. (A.525)

Using Fig. A.24, you can get

v2rel = v
2
airplane + v

2
wind (A.526)

where vairplane is the relative speed of the airplane relative to the ground.
Therefore,

vairplane = √v2rel − v
2
wind = 147 km/h. (A.527)

Figure A.24:Motion of the airplane relative to
the wind.

4.35. Figure A.25 shows themotion of the boat relative to the fixed system of the shore
and moving system of water.

FromFig. A.25, the relative speed of the boatwith respect towaterwhen theymove
in the same direction is

vboat = vrel + vwat (A.528)
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Figure A.25:Motion of the boat relative to the
shore and water.

where vboat is the velocity of the boar with respect to shore, vrel is the velocity of the
boat relative to thewater stream and vwat is the velocity of water stream (see Fig. A.25).
Using Fig. A.25, direction of the vboat relative to the shore direction is

tan α = h/d = 0.600/0.800 = 0.750 (A.529)

or

α ≈ 36.9∘. (A.530)

In addition, you can write

v2wat = v
2
rel + v

2
boat − 2vrelvboat cos β (A.531)

where β is the angle between the two vectors vrel and vboat. After replacing the values,
you get

6.25 = 400 + v2boat − 2(vboat)(20.0) cos β. (A.532)

Using Fig. A.25, you can also write that

v2rel = v
2
boat + v

2
wat − 2vwatvboat cos 36.9

∘ (A.533)

or

v2boat − 4vboat − 393.75 = 0. (A.534)

Solving it for the speed of the boat, you see that the physical solution is

vboat = 21.9m/s. (A.535)

Replacing this value into eq. (A.532), you obtain

β = 4.31∘. (A.536)

Therefore, the angle between the shore direction and the heading is

4.31∘ + 36.9∘ = 41.2∘. (A.537)
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4.36.
(a) The acceleration of the bolt relative to the train is the free-fall acceleration g =

9.80m/s2 with direction towards the center of the Earth.
(b) To find the acceleration with respect to the Earth, you can use the formula

a = a′ + g (A.538)

where a′ is the acceleration vector of the train, which is perpendicular to free-fall
acceleration vector g. Therefore,

a2 = (a′)2 + g2. (A.539)

Solving it for a, you obtain the magnitude of the acceleration of the bolt relative
to the Earth

a = 10.1m/s2. (A.540)

4.37. A graphical illustration of the problem is shown in Fig. A.26. From the figure,
the velocity relative to the ground of the ball is

vrel = v − vtrain (A.541)

where v is the relative velocity of the ball to the train, and vtrain is the velocity of the
train.

It can be found that

vrel = vtrain tan 60
∘ ≈ 17.3m/s (A.542)

which is the initial velocity of a ball thrown upward from the professor reference sys-
tem. The acceleration, then, will be equal to the fall-free acceleration: ay = −g =
−9.80m/s2, where the sign minus indicates that the acceleration has negative y di-
rection. You can get how high does the ball rise from the professor reference system
using the following formula:

v2yf − v
2
rel = 2ayh (A.543)

where the velocity at maximum height is vyf = 0. Therefore,

h = −
v2rel
2ay
. (A.544)

Replacing the numerical values, you get

h = − (17.3m/s)2

2(−9.8m/s2)
= 5.10m. (A.545)
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Figure A.26: Graphical illustration of the problem.

Solutions Chapter 5

5.1.
(a) Using Newton’s second law, you can write

m1a1 = F (A.546)
m2a2 = F. (A.547)

Assuming that the force acts along the x direction, then the projections of the
above equations along the x-axis give

m1a1 = Fx (A.548)

and

m2a2 = Fx . (A.549)

Dividing side by side eq. (A.548) and eq. (A.549), you get

m1
m2

a1
a2
= 1 (A.550)

or

m1
m2
=
a2
a1
= 1
3
. (A.551)

(b) For the object of the combined masses, the total mass is m1 + m2, then you can
write Newton’s second law under the same force as

(m1 +m2)ax = Fx . (A.552)

Using eq. (A.548) and eq. (A.549), you can write

m1 +m2 = Fx(
1
a1
+ 1
a2
). (A.553)

Combining the last two equations, you get

ax =
a1a2
a1 + a2

= 3
4
= 0.750m/s2. (A.554)
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5.2.
(a) You can find the body’s acceleration using Newton’s second law:

ma = F. (A.555)

Therefore,

a = F
m
= 5.00m/s2. (A.556)

(b) The weight of the body can be calculated using the formula

W = mg. (A.557)

Here, g = 9.80m/s2 is the free-fall acceleration. Replacing the numerical values,
you get

W = 19.6N. (A.558)

(c) If the force is doubled (i. e., F = 20.0N), using the second law of Newton you get

a = F
m
= 20.0N
2.00 kg

= 10.0m/s2. (A.559)

Hence, you can conclude that if the force doubles, for the samemass, the acceler-
ation doubles as well.

5.3. You can get the resultant force using Newton’s second law as

∑
i
Fi = ma = (6.00N)i + (15.0N)j. (A.560)

The magnitude of the net force can be calculated by
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
i
Fi
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= √(6.00N)2 + (15.0N)2 (A.561)

= 16.16N ≈ 16.2N. (A.562)

5.4. First, you have to calculate the acceleration using Newton’s second law as

a = F
m
= (750000N)
(15000 × 100 kg)

= 0.500m/s2. (A.563)

Then the time for increasing the speed from 0 to 80.0 km/h can be found from the
formula

vf = vi + at (A.564)

that gives

t =
vf
a
= (80.0 km/h)
(0.5m/s2)

=
80.0 1000

3600 m/s

0.5m/s2
= 44.44 s ≈ 44.4 s. (A.565)
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5.5. Assuming that themotion of the bullet traveling down the barrel of the rifle starts
from rest, vi = 0, and the final speed is vf = 320m/s, you can write

v2f − v
2
i = 2aℓ (A.566)

where a is the unknown acceleration, and ℓ is the length of the barrel of the rifle. From
eq. (A.566), you get

a = (320m/s)2

2(0.820m)
= 62.44 km/s2 ≈ 62.4 km/s2. (A.567)

Then, the force exerted by the gases upon the bullet is calculated, based on the second
law of Newton, as

F = ma ≈ 312N. (A.568)

5.6.
(a) To find the distance the ball will accelerate before its release, you can use the

formula

vf = vi + at (A.569)

where vi = 0 is the initial speed, vf = vi is the final velocity, and a is the accelera-
tion. Using eq. (A.569), you can determine the acceleration as

a = (v
t
)i. (A.570)

Then the displacement vector of the ball before the release is

r − ri = vit +
at2

2
(A.571)

where ri = 0 is the initial position. You can then determine the distance vector as

r = (vt
2
)i. (A.572)

The magnitude of this vector is

r = vt
2
. (A.573)

(b) Since the weight is −Fgj, you can calculate the mass as

m =
Fg
g

(A.574)

where g is the free-fall acceleration and Fg is the magnitude of the weight vector.
Then, using the second law of Newton, the force can be calculated as

F = ma =
Fg
g
v
t
=
Fgv
gt
. (A.575)
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5.7. From the information of the problem

1 pound = mg (A.576)

where g is the free-fall acceleration. You can then calculate

1 pound = (0.45359237 kg)(32.174 ft/s2) (A.577)

= (0.45359237 kg)(32.174 × 0.3048m/s2)
= 4.45N.

5.8.
(a) First, you have to determine the acceleration according to the formula

vf = vi + at (A.578)

where vf = (8.00i + 10.0j)m/s is the final velocity, vi = 3.00im/s is the initial
velocity, and t = 8 s is the time. Using eq. (A.578), you get

a =
vf − vi

t
= 5.00i + 10.0j

8 s
(A.579)

= (0.625i + 1.25j)m/s2.

The force is then calculated using the second law of Newton as

F = ma = (4.00 kg)[(0.625i + 1.25j)m/s2] (A.580)
= (2.50i + 5.00j)N.

Hence, the components of the force are

Fx = 2.50N (A.581)
Fy = 5.00N. (A.582)

(b) The magnitude of the force is calculated as

F = √F2x + F2y = √(2.50N)2 + (5.00N)2 = 5.59N. (A.583)

5.9.
(a) Assume that the direction of the movement is along the positive x-axis. The aver-

age acceleration is calculated according to

ā =
vf − vi
Δt

(A.584)
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where the final velocity is vf = −6.70 × 102im/s and the initial velocity is vi =
6.70×102im/s. The time interval is Δt = 3.00×10−13 s.After replacing thenumerical
values, you get

ā = −13.4 × 10
2im/s

3.00 × 10−13 s
= (−4.47 × 1015m/s2)i. (A.585)

The minus sign means that the average acceleration is along the negative x-axis
direction.

(b) The average force acting upon the molecule can be calculated using the second
law of Newton as

F = ma = (−20.9 × 10−11i)N. (A.586)

Then the force themolecule exerts on thewall canbe calculated as a reaction force
using Newton’s third law:

FR = −F = (20.9 × 10
−11i)N. (A.587)

5.10.
(a) First, you have to determine the acceleration of the electron using the following

formula, assuming the direction of the displacement, xf − xi = 5.00 cm, is along
the positive x direction:

v2xf − v
2
xi = 2ax(xf − xi). (A.588)

Here vxf = 7.00 × 105m/s is the final speed, and vxi = 3.00 × 105m/s is the initial
speed. Then you get the acceleration ax as

ax =
(7.00 × 105m/s)2 − (3.00 × 105m/s)2

2(5.00 × 102m)
= 4.00 × 108m/s2. (A.589)

You can then determine the force acting on the electron using the second law of
Newton:

Fx = max = (9.11 × 10
−31 kg)(4.00 × 108m/s2) (A.590)

≈ 36.4 × 10−23 N.

(b) The weight of the electron is determined as

W = mg = (9.11 × 10−31 kg)(9.8m/s2) (A.591)

≈ 89.3 × 10−31 N.

As one can see, theweight of electron ismuch smaller than the force exerted upon
it. Exactly, it is

W
Fx
= 2.45 × 10−8 (A.592)

times smaller.
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5.11. First, you have to convert the mass from pound to kilogram, as

m = (120 lb)(0.45359237 kg) = 54.43 kg. (A.593)

Then you can determine the weight as

W = mg = (54.43 kg)(9.8m/s2) ≈ 533.4N. (A.594)

5.12. First, you have to determine the mass of that person using the weight on Earth
as

m = WEarth
g
= (900N)
(9.8m/s2)

≈ 91.8 kg. (A.595)

Then, the Jupiter’s weight is:

WJupiter = (91.8 kg)(25.9m/s2) = 2378.656N ≈ 2.38 × 103 N. (A.596)

As you can see, the weight is larger on Jupiter compared to the Earth. Exactly, it is

WJupiter

WEarth
= (2.38 × 10

3 N)
(900N)

= 2.64 (A.597)

times larger.

5.13. To determine the acceleration in each case, you have to use the second law of
Newton in the form

F1 + F2 = ma. (A.598)

If you consider the coordinate system as in Fig. 5.11, then, for the case (a), you get

F1 = F1i = (20.0N)i (A.599)
F2 = F2j = (15.0N)j.

You find the acceleration as

a = (20.0N)i + (15.0N)j
5.00 kg

(A.600)

= (4.00i + 3.00j)m/s2.

The magnitude of the acceleration is

a = √(4.00)2 + (3.00)2 = √16.0 + 9.00 = 5.00m/s2. (A.601)

For the case (b), you determine the forces as

F1 = F1i = (20.0N)i (A.602)
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F2 = F2 cos 60.0
∘i + F2 sin 60.0

∘j = (7.5N)i + (13.0N)j. (A.603)

Then you can determine the acceleration as

a = (27.5N)i + (13.0N)j
5.00 kg

(A.604)

= (5.50i + 2.60j)m/s2.

The magnitude of the acceleration is

a = √(5.50)2 + (2.60)2 = √30.3 + 6.76 = 6.08m/s2. (A.605)

5.14. A graphical representation of the forces exerted upon the mass m = 2.80 kg is
shown in Fig. A.27. To calculate the extra force, we first determine the acceleration
from the following formula:

rf − ri = vit +
at2

2
(A.606)

where the initial velocity is vi = 0. Then you can get the acceleration as

a = 2
t2
(rf − ri) (A.607)

= 2
(1.20 s)2

((4.20m)i − (3.30m)j)

= (5.83m/s2)i − (4.58m/s2)j.

The resultant force is

FR = ma = (2.80 kg)((5.83m/s2)i − (4.58m/s2)j) (A.608)
= (16.3N)i + (−12.8N)j.

The forces acting on the mass can be written in terms of the components along
the x and y directions as

w = −mgj = −(2.80 kg)(9.80m/s2) ≈ (−27.4N)j (A.609)
F = Fxi + Fyj. (A.610)

Since the resultant force is

FR = w + F = (16.3N)i + (−12.8N)j (A.611)

we have

F = FR −w (A.612)
= (16.3N)i + (−12.8N)j − (−27.4N)j
= (16.3N)i + (14.6N)j.
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Figure A.27: A graphical representation of the forces
acting upon massm = 2.80 kg.

5.15. A graphical representation of all forces acting on themassm = 4.00 kg is shown
in Fig. A.28. To obtain the object’s acceleration, you can use Newton’s second law as

ma = FR (A.613)

where FR is the resultant force acting on the object, that is,

FR = F1 + F2 + F3 (A.614)

where F1 = 10.0jN, F2 = 20.0iN and F3 = −15.0jN. Therefore, the net force vector is

FR = (20.0i − 5.00j)N. (A.615)

The magnitude of FR is calculated as

FR = √(20.0)2 + (−5.00)2 ≈ 20.6N. (A.616)

Using Newton’s second law, you get the acceleration vector as

a = FR
m

(A.617)

= (20.0i − 5.00j)N
4.00 kg

= (5.00m/s2)i + (−1.25m/s2)j.

To determine the magnitude of the acceleration, you can calculate the magnitude of
a vector as

a = √a2x + a2y = √(5.00)2 + (−1.25)2 = 5.15m/s2. (A.618)
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Figure A.28: A graphical representation of
the forces acting upon massm = 4.00 kg.

5.16.
(a) The resultant force is

FR = F1 + F2 (A.619)

where F1 is the push force and F2 is the resistance force. Assuming the direction of
the displacement of the boat is along the positive x-axis direction, you can project
eq. (A.619) along the x-axis:

FR = F1 − F2 = 2000N − 1800N = 200N. (A.620)

You can then use Newton’s second law to determine the accelerations as

a = F/m = 200N/1000 kg = 0.2m/s2. (A.621)

(b) To find the displacement in 10.0 s knowing that the initial speed vxi = 0, you can
use the following equation:

xf − xi = vxit + at
2/2. (A.622)

Replacing the numerical values, you find

xf − xi = 0 + (0.2m/s2)(10.0 s)2/2 = 10.0m. (A.623)

(c) To determine the speed at the end of the 10.0 s time, you can use the expression

vxf = vxi + at. (A.624)

After replacing the numerical values, you obtain

vxf = (0.2m/s2)(10.0 s) = 2.00m/s. (A.625)
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5.17.
(a) First, you find the resultant force as

FR = F1 + F2 + F3 = (−42.0i − 1.00j)N. (A.626)

Next, you get the magnitude of the force as

FR = √(−42.0)2 + (−1.00)2 ≈ 42.0N. (A.627)

To calculate the mass of the object, you can use the second law of Newton:

m = FR/a = (42.0N)/(3.75m/s2) ≈ 11.2 kg. (A.628)

You can then calculate the acceleration vector using the second law of Newton

a = FR
m
= ((−3.75)i + (−0.0890)j)m/s2. (A.629)

(b) The mass of the object is

m = 11.2 kg. (A.630)

(c) To get the speed of the object after 10.0 s, assuming that initially it was at rest, you
can use the formula

vf = vi + at (A.631)

where the initial velocity is vi = 0. From eq. (A.631), you obtain

vf = (−3.75)(10.0)i + (−0.089)(10.0)j (A.632)
= (−37.5m/s)i + (−0.89m/s)j.

The speed then can be calculated as

vf = √(−37.5)2 + (−0.89)2 = 37.5m/s. (A.633)

(d) The velocity components are

vx = −37.5m/s (A.634)
vy = −0.890m/s (A.635)

where the minus signs indicate that the components of the velocity are along the
negative directions of the corresponding axes.
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5.18. First, you have to determine the components of the velocity as

vx =
dx
dt
= 10.0t (A.636)

vy =
dy
dt
= 9.00t2. (A.637)

Then you can determine the initial velocity components at t = 0:

vxi = 0 (A.638)
vyi = 0 (A.639)

and the final velocity components at t = 2.00 s:

vxf = 20.0m/s (A.640)
vyf = 36.0m/s. (A.641)

The initial velocity vector is then vi = 0 and the final velocity vector is

vf = (20.0i + 36.0j)m/s. (A.642)

You can calculate the acceleration from the formula

vf = vi + at. (A.643)

From eq. (A.643), you write

a =
vf
t

(A.644)

= (20.0i + 36.0j)m/s
2.00 s

= (10.0i + 18.0j)m/s2.

The force can be determined using the second law of Newton:

F = ma (A.645)

= (3.00 kg)((10.0i + 18.0j)m/s2)
= (30.0i + 54.0j)N.

Then the magnitude of the force is

F = √(30.0)2 + (54.0)2 ≈ 61.8N. (A.646)
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5.19. Figure 5.4 illustrates the force acting from the bird to the telephone wire and
the tension produced by the bird. It can be seen that the weight of the bird causes the
telephone wire to bend, which can be calculated as

w = mg. (A.647)

Projecting along the y-axis, you get

w = −mg = −9.80N. (A.648)

Here, the sign minus indicates that the direction of the weight is along the negative
y direction. Based on the third law of Newton, the wire will react with force in the
opposite direction, but with the same magnitude, which is equal to the resultant of
the tensions produced on the telephone wire:

T1 + T2 = −mg (A.649)

where T1 = T2. From Fig. A.29, you can write

T21 = T
2
1 + (mg)

2 − 2(mg)T1 cos α (A.650)

where

cos α = 0.200
√(0.200)2 + (25.0)2

= 0.0800. (A.651)

Then

mg = 2T10.0800 (A.652)

or

T1 = T2 =
mg
0.160
≈ 61.3N. (A.653)

The total tension is T1 + T2 ≈ 123N.

Figure A.29: A graphical representation
of the forces acting upon telephone
wire.
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5.20. A graphical representation of the forces acting upon the bag of cement is shown
in Fig. 5.12.

Since the system is in equilibrium, you can write

T1 + T2 + T3 = 0. (A.654)

Projections along the vertical and horizontal directions will give

T1 sin θ1 + T2 sin θ2 − T3 = 0 (A.655)
−T1 cos θ1 + T2 cos θ2 = 0 (A.656)

where

T3 = Fg . (A.657)

Using eq. (A.656), you get

T2 = T1
cos θ1
cos θ2
. (A.658)

Replacing this expression into eq. (A.655), you get

T1 sin θ1 + T1 sin θ2
cos θ1
cos θ2
= Fg . (A.659)

Using the relation

sin(θ1 + θ2) = sin θ1 cos θ2 + sin θ2 cos θ1 (A.660)

you get

T1 =
Fg cos θ2

sin(θ1 + θ2)
. (A.661)

5.21. First, convert units into SI units:

x = 2.0 cm = 2.0 × 10−2m. (A.662)

Method 1: We find the magnitude of elastic force in the spring using equation

Fl = kx (A.663)

which has a direction upward. Replacing the numerical values, we get

Fl = (1.0 × 10
3 N/m)(2.0 × 10−2m) = 20N. (A.664)

Therefore, the elastic force vector is Fl = (20j)N, where j is a unit vector along the
positive y-axis.
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The other force acting on the object is the gravity force, Fg , downward:

Fg = mg = −mgj. (A.665)

Projecting the resulting force, FR = Fl +Fg , acting on the object along the vertical axis,
we get

FR = Fl − Fg (A.666)

which, based on Newton’s second law, equals ma, where a is the acceleration. Since
the object is at rest, a = 0. Thus,

Fl − Fg = 0 (A.667)

or

20N −mg = 0. (A.668)

Solving it form, knowing that g = −9.8m/s2, we get

m ≈ 2.0 kg. (A.669)

Method 2: We can also think about the problem in this way: The object acts on
the spring with the force which has a magnitude equal to its weight, W = mg, with
direction downward. On the other hand, since the object is at rest, the spring acts on
the object with a resistance force which is the elastic force in the spring, Fl. Based on
Newton’s third law,W = Fl; therefore,

20N = mg (A.670)

or

m = 20N
g
≈ 2.0 kg. (A.671)

5.22. The terminal speed is

γ = mg
vt
. (A.672)

Replacing the numerical values, you get

γ = (2.00 g)(980 cm/s2)
5.00 cm/s

= 392 g/s. (A.673)

Therefore, the time constant τ is

τ = m
γ
= 2.00 g
392 g/s

= 5.10 × 10−3 s. (A.674)
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The speed of the sphere is

v(t) = mg
γ
(1 − e−γt/m) = vt(1 − e

−t/τ). (A.675)

To find time t for which v = 0.900vt, we have

0.900vt = vt(1 − e
−t/τ) (A.676)

and solve it for t

t = −τ ln(0.100) = 2.30τ = 11.7 × 10−3 s = 11.7ms. (A.677)

Solutions Chapter 6

6.1. The forces, which equal the force T exerted by the cord into the ball, cause a cen-
tripetal acceleration:

T = ∑
i
Fri = mar (A.678)

or

T = mv2

r
. (A.679)

Now, you can solve it for v, and you get

v = √ rT
m
. (A.680)

The maximum speed is obtained for the maximum value of T as

vmax = √
rTmax
m
= √(1.50m)(50.0N)
(0.500 kg)

= 12.2m/s. (A.681)

6.2. In this example, the force causing the centripetal acceleration is the tension force
T exerted by the cord on the sphere.
(a) Using Newton’s second law, we have

∑
i
Fri ≡ T = mar (A.682)

where ar = v2/r, hence

T = mv2

r
. (A.683)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



286 | A Solutions

From eq. (A.683), you find

v = √ rT
m
. (A.684)

This expression indicates that v increases with increasing T and decreases with
increasing m. For a given v, a large mass m requires large tension T, and a small
mass m needs only a small tension T. The maximum, speed the sphere can have
corresponds to the maximum tension. Hence, we find

vmax = √
rTmax
m
= √(50.0N)(1.50m)

0.500 kg
= 12.2m/s. (A.685)

(b) The tension in the cord can be calculated as

T = mv2

r
= (0.500 kg) (5.00m/s)2

1.50m
= 8.33 kgm

s2
= 8.33N (A.686)

given that

1 N = 1 kgm
s2
. (A.687)

6.3. Denote θ the angle between string and vertical. In the free-body diagram shown
in Fig. 6.7, the force T exerted by the string is resolved into the vertical and horizontal
components:

Ty = T cos θ (A.688)
Tx = T sin θ (A.689)

acting toward the center of revolution. Since the acceleration of the object ay = 0

∑
i
Fyi = may = 0 (A.690)

and the upward vertical component of Tmust balance the downward force of gravity.
Therefore,

T cos θ = mg. (A.691)

In this example, the force giving the centripetal acceleration is the component T sin θ,
and thus we can use Newton’s second law

∑
i
Fri = T sin θ = mar = mv

2/r. (A.692)

Combining eq. (A.691) and eq. (A.692), you find

tan θ = v2/(rg) (A.693)
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or

v = √rg tan θ. (A.694)

From the geometry r = L sin θ, hence

v = √Lg sin θ tan θ. (A.695)

6.4. Here, the speed is not constant because, at most points along the path, a tan-
gential component of acceleration arises from the gravitational force exerted on the
sphere. From the free-body diagram, we see that the only forces acting on the sphere
are the gravitational force

Fg = mg (A.696)

exerted by Earth, and force T exerted by the cord. The magnitudes of the components
of Fg according to radial and tangential directions are

Ft = mg sin θ (A.697)
Fr = mg cos θ. (A.698)

Applying Newton’s second law to the forces acting on the sphere along the tangential
direction, we get

∑
i
Fti = mg sin θ = mat (A.699)

or

at = g sin θ. (A.700)

Applying Newton’s second law to the forces acting on the sphere along the radial di-
rection, we get

∑
i
Fri = T −mg cos θ = mv

2/r (A.701)

or

T = m(v
2

R
+ g cos θ). (A.702)

6.5. Themass of Earth is approximatelyMEarth = 5.96× 1024 kg, therefore, the mass of
Mars is

MMars = 0.11 × (5.96 × 10
24 kg) = 6.56 × 1023 kg. (A.703)
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The centripetal force is equal to

Fc = MMars
v2

R
(A.704)

where R = 228000000 km = 2.28 × 108 km = 2.28 × 1011m. The velocity in SI units is

v = 24.1 km/s = 24.1 × 103m/s. (A.705)

Replacing the numerical values, we get

Fc = (6.56 × 10
23 kg) (24.1 × 10

3m/s)2

2.28 × 1011m
= 1.68 × 1021 N. (A.706)

6.6. A strict answer is no. The centripetal force is a name for a force acting in the role
of a force that causes circular motion. Hence, when you draw a force diagram, adding
a new vector to indicate the centripetal force is a mistake.

When the Earth moves around the Sun, the gravity force plays the role of the cen-
tripetal force. Also, for an object sitting on a rotating turntable, the centripetal force
is friction. For a rock rotating at the end of a string, the centripetal force is the force of
tension in the string.

In general, the centripetal force could also be a combination of two ormore forces.

6.7. The radial component of the acceleration has a magnitude defined from:

ar =
v2

r

where v = 2.0m/s and r = 1.0m. Therefore,

ar =
(2.0m/s)2

1.0m
= 4.0m/s2.

The tangential acceleration is

at = g sin(30
∘) = (9.8m/s2)(0.5) = 4.9m/s2.

The magnitude of the total acceleration is given as

a = √a2r + a2t = √(4.0m/s2)2 + (4.9m/s2)2 ≈ 6.3m/s2.

6.8. The centripetal acceleration is given as

ar =
v2

R

where R = 3.8 × 105 km = 3.8 × 108m, and the speed of the Moon is

v = 2πR
27.3 days

= 2π(3.8 × 108m)
27.3(24)(3600 s)

≈ 1.01 × 103m/s.
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Thus, the centripetal acceleration is

ar =
(1.01 × 103m/s)2

3.8 × 108m
≈ 0.0027m/s2.

6.9. The centripetal acceleration is given as

ar =
v2

r

where r = 1.00m and v = 20.0m/s. Therefore,

ar =
(20.0m/s)2

1.00m
= 400.0m/s2.

6.10. One revolution corresponds to the circumference of the circle; that is, 2πr, and
hence the speed is

v = 200 rev/min = 2002π(0.500m)
60 s

≈ 10.5m/s.

The centripetal acceleration is given as

ar =
v2

r

where r = 0.500m and v = 10.5m/s. Therefore,

ar =
(10.5m/s)2

0.500m
≈ 219m/s2.

Solutions Chapter 7

7.1. Using the definition of the work given as

W = Fd cos θ (A.707)
= (50.0N)(cos 30.0∘)(3.00m)
= 130 J.

The normal force n, the force of gravity Fg = mg, and the vertical component of the
applied force (50.0N) (sin 30.0∘) do not do anywork on the vacuumcleaner as itmoves
because these forces are perpendicular to its displacement, and so cos 90∘ = 0.

7.2. The work done by applied force is

W = F ⋅ d = Fd cos θ (A.708)

where F = 35.0N, d = 50.0m and θ = 25.0∘. Then

W = (35.0N)(50.0m) cos 25.0∘ = 1585.5 J ≈ 1.59 kJ. (A.709)
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7.3. The work done by the force is equal to the area under the curve from xA = 0 to
xC = 6.0m. The net area equals the area of the rectangular section fromA to B plus the
area of the triangular section from B to C. The area of the rectangle is

(4.0)(5.0)N ⋅m = 20 J, (A.710)

and the area of the triangle is

1
2
(2.0)(5.0)N ⋅m = 5.0 J. (A.711)

Therefore, the total work done is

W = 20 J + 5.0 J = 25 J. (A.712)

7.4. Method 1: We could apply the equations of kinematics to find speed; however, we
could also use the energy approach as follows. The normal force balances the force
of gravity on the block, and neither of these vertically acting forces does work on the
block because the displacement is horizontal. Because there is no friction, the net ex-
ternal force acting on the block is 12N. Then the work done by this force is

W = Fd = (12N)(3.0m) = 36 J. (A.713)

Applying the work–kinetic energy theorem and noting that the initial kinetic energy
is zero, we obtain

W = Kf − Ki =
1
2
mv2f − 0 (A.714)

or

v2f =
2W
m
= 2(36 J)
6.0 kg
= 12m2/s2. (A.715)

Solving it for vf , we obtain the final speed as

vf ≈ 3.5m/s. (A.716)

Method 2: To find the final speed we can use the following kinematic equation:

v2f − v
2
i = 2a(xf − xi) (A.717)

where

vi = 0, xf − xi = 3.0m. (A.718)

Using the second law of Newton:

F = ma (A.719)
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we obtain the acceleration as

a = F
m
= 12N
6.0 kg
= 2.0m/s2. (A.720)

Thus,

v2f = 2(2.0m/s2)(3.0m) = 12m2/s2 (A.721)

or, the speed is

vf ≈ 3.5m/s. (A.722)

7.5. The work done by the force is

W = Fd = (12N)(3.0m) = 36 J. (A.723)

First calculate the magnitude of the friction force

fk = μkmg = (0.15)(6.0 kg)(9.80m/s2) ≈ 8.8N. (A.724)

Next, the change in kinetic energy due to friction force is given as

ΔKfriction = −fkd = −(8.8N)(3.0m) ≈ −26 J. (A.725)

Applying the work–kinetic energy theorem and taking zero the initial kinetic energy,
we obtain

W − fkd = Kf − Ki =
1
2
mv2f − 0 (A.726)

or

v2f =
2W
m
−
2fkd
m

(A.727)

= 2(36 J)
6.0 kg
− 2(26 J)
6.0 kg

≈ 3.3m2/s2.

Then, solving it for the speed vf , we get

vf ≈ 1.8m/s. (A.728)

7.6. In this situation, the block startswith vi = 0at xi = −2.0 cm, andwewant to find vf
at xf = 0.Wefind thework done by the springwith xmax = xi = −2.0 cm = −2.0×10−2m:

Ws =
1
2
kx2max =

1
2
(1.0 × 103 N/m)(−2.0 × 10−2m)2 = 0.20 J. (A.729)
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We can use the work–kinetic energy theorem with vi = 0. Therefore, we obtain the
change in kinetic energy of the block due to the work done on it by the spring:

Ws =
1
2
mv2f −

1
2
mv2i . (A.730)

Replacing the numerical values, we obtain

0.20 J = 1
2
(1.6 kg)v2f − 0. (A.731)

Solving it for the speed vf , we get

v2f =
0.40 J
1.6 kg
= 0.25m2/s2 (A.732)

or,

vf = 0.50m/s. (A.733)

7.7. If F is the engine force that propels the car, using the second law of Newton, we
write

∑
i
Fi = F + ft + Fg (A.734)

where Fg = mg is the gravity force. Projecting along the direction of motion, we obtain

∑ Fx = F − ft −mg sin θ = ma (A.735)

or,

F = ma +mg sin θ + ft = ma +mg sin θ + (218 + 0.70v
2) (A.736)

where θ is the angle with the horizontal level.
Thus, the power required to move the car forward is

P = Fv = mav +mgv sin θ + 218v + 0.70v3 (A.737)

where
– mav is the power that engine must deliver to accelerate the car. If the car moves

with constant speed (a = 0), this term is zero.
– mgv sin θ is the power required to provide a force to balance a component of the

gravity force as the carmoves up the incline. This termwould be zero if themotion
is in the horizontal surface.

– 218v is the power required to provide a force balance road friction.
– 0.70v3 is the power needed to do work on the air.
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A compact car with amass of 800 kg, and its efficiency rated at 18%, that is, only 18%
of the available fuel energy is delivered to the wheels. What is the amount of gasoline
needed to accelerate the car from zero to 27m/s (or 60 mi/h)? Note that the energy
equivalent of 1 gal of gasoline is 1.3 × 108 J.

The energy needed to accelerate the car from the speed zero to a speed v is its
kinetic energy

K = 1
2
mv2 = 1

2
(800 kg)(27m/s)2 ≈ 2.9 × 105 J. (A.738)

If the engine was 100% efficient, each gallon of gasoline would supply

1.3 × 198 J (A.739)

energy. Since the engine is only 18% efficient, each gallon delivers only

(0.18)(1.3 × 108 J) = 2.3 × 107 J. (A.740)

Therefore, the number of gallons used to accelerate the car is

Number of gallons = 2.9 × 105 J
2.3 × 107 J/gal

= 0.013 gal. (A.741)

7.8. The motor must supply the force of magnitude T that pulls the elevator car up-
ward. Since the speed is constant, from Newton’s second law:

∑
i
Fyi = T − f −Mg = 0. (A.742)

M denotes the total mass of the system including the mass of passengers, equal to
1800 kg. Therefore,

T = f +Mg = 4.00 × 103 N + (1.80 × 103 kg)(9.80m/s2) (A.743)

= 2.16 × 104 N.

Using the fact that T is in the same direction as v, we find that

P = Tv = Tv = (2.16 × 104 N)(3.00m/s) = 6.48 × 104W. (A.744)

7.9. Note, the block is 10 meters along an inclined plane, so we must find the vertical
h first:

h = 10.0 ⋅ sin(30∘) = 5.00m. (A.745)

Then the potential energy of the block is

U = mgh = (100 kg) ⋅ (9.80m/s2) ⋅ (5.00m) = 4900 J = 4.90 kJ. (A.746)
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7.10. First convert units from cm tom:

x = 10.0 cm = 0.100m. (A.747)

The potential energy is calculated as

U = 1
2
kx2. (A.748)

From this,

U = 1
2
(800N/m)(0.100m)2 = 4.00 J. (A.749)

7.11. Since the friction is neglected, the forces are conservative. Therefore, the elastic
potential energy of the spring equals the kinetic energy of the steel ball. Thus, we can
write

1
2
kx2 = 1

2
mv2. (A.750)

Replacing the values in SI units as given by the problem, we get
1
2
(20.0 × 103 N/m)(10.0 × 10−2m)2 = 1

2
(20.0 × 10−3 kg)v2. (A.751)

Solving it for v, we get

v = 100m/s. (A.752)

7.12. We can chose a vertical y-axis, as shown in Fig. 7.12, and j is a unit vector along
the y-axis. Therefore, we can write

F = Fj (A.753)
mg = −mgj. (A.754)

Let d be the displacement vector of the massm, thus

d = hj. (A.755)

(a) The work done by the applied force F is

WF = F ⋅ d = (Fj) ⋅ (hj) = Fh. (A.756)

(b) The work done by the gravity force is

Wg = mg ⋅ d = (−mgj) ⋅ (hj) = −mgh. (A.757)

Since the person is holding the block at the height h, the total work is zero. That
is,

Wg +WF = 0. (A.758)

Thus,

WF = −Wg = mgh. (A.759)
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7.13. We can chose a coordinate system, as shown in Fig. 7.13, where i and j are unit
vectors along the x- and y-axis, respectively. Therefore, we can write

F = Fj (A.760)

and

mg = −mg cos(90∘ − θ)i −mg sin(90∘ − θ)j (A.761)
= −mg sin(θ)i −mg cos(θ)j.

Let d be the displacement vector of the massm, thus

d = di. (A.762)

(a) The work done by the gravity force is

Wg = mg ⋅ d (A.763)
= (−mg sin(θ)i −mg cos(θ)j) ⋅ (di)
= −mgd sin(θ).

Using the triangle filled in yellow in Fig. 7.13, we have

h = d sin(θ). (A.764)

Therefore,

Wg = −mgh. (A.765)

(b) Since the person is holding the block at the height h, the total work is zero. That
is,

Wg +WF = 0. (A.766)

Thus,

WF = −Wg = mgh. (A.767)

Solutions Chapter 8

8.1. The meaning of the “rest” is that the velocity is zero. Thus, the initial and the
final velocity and kinetic energy are zero. In this situation, the system consists of the
two blocks, the spring, and Earth. We need to consider two forms of potential energy:
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gravitational and elastic. Because the initial and final kinetic energies of the system
are zero, ΔK = 0, we can write

ΔE = ΔUg + ΔUs (A.768)

where ΔUg is the change in the gravitational potential energy, and ΔUs is the change
in the potential energy of the block–spring system. Here

ΔUg = Ugf − Ugi (A.769)

and

ΔUs = Usf − Usi. (A.770)

Since themassm2 falls a distance h, themassm1moves the samedistance horizontally
to the right. Thus, the loss in energy due to the friction betweenmassm1 and the table
is

ΔE = −fkh = −μkm1gh. (A.771)

The change in the gravitational potential energy of the system is associated with only
the falling block because the vertical coordinate of the horizontally sliding block does
not change. Therefore, we obtain

ΔUg = Ugf − Ugi = 0 −m2gh = −m2gh (A.772)

where the coordinates have been measured from the lowest position of the falling
block.

The change in the elastic potential energy stored in the spring is

ΔUs = Usf − Usi =
1
2
kh2 − 0 = 1

2
kh2. (A.773)

Then

ΔE = −μkm1gh = −m2gh +
1
2
kh2. (A.774)

Solving this equation for μk, you get

μk =
m2g −

1
2kh

m1g
. (A.775)

8.2. Theonly force that doesworkon the sphere is the gravitational force, as indicated
in Fig. 8.5.

Because the gravitational force is conservative, the total mechanical energy of the
pendulum–Earth system is constant, and hence, this can be considered as an energy
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conservation problem. As the pendulum swings, the continuous transformation be-
tween potential and kinetic energy occurs. At the instant, the pendulum is released
(Point A), the energy of the system is entirely potential energy. At point B, the pendu-
lum has kinetic energy, but the system has lost some potential energy. At C, the sys-
tem has regained its initial potential energy, and the kinetic energy of the pendulum
is again zero.

Wedenotewith y the coordinates of the sphere from the center of rotation, PointP.
Then

yA = yC = −L cos θA, yB = −L (A.776)

theminus sign indicates that position is in the negative direction of y-axis. The poten-
tial energies at each position are

UA = mgyA = −mgL cos θA, UB = mgyB = −mgL. (A.777)

Applying the principle of conservation of mechanical energy to the system gives

KA + UA = KB + UB (A.778)

or

0 −mgL cos θA =
1
2
mv2B −mgL. (A.779)

Solving eq. (A.779) for vB, you get the speed at Point B as

vB = √2gL(1 − cos θA). (A.780)

Since the cord cannot be extended, the tension force T is doing no work, we cannot
determine the tension using the energy method. To find TB, we can apply Newton’s
second law to the radial direction. First, recall that the centripetal acceleration ar of
a particle moving in a circle is equal to v2/r directed toward the center of rotation.
Because r = L in this example, we obtain

∑ Fr = TB −mg = mar = m
v2B
L

(A.781)

or

TB = mg +m
2gL(1 − cos θA)

L
= mg(3 − 2 cos θA). (A.782)
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8.3.
(a) Because the ball is in free fall (vi = 0), the only force acting on it is the gravitational

force. Therefore, we apply the principle of conservation of mechanical energy to
the ball-Earth system. Initially, the system has potential energy but no kinetic en-
ergy. As the ball falls, the total mechanical energy remains constant and equal to
the initial potential energy of the system.
At the instant the ball is released, its kinetic energy is Ki = 0 and the potential
energy of the system is Ui = mgh.
When the ball is at a distance y above the ground, the kinetic energy is Kf = mv2f /2
and thepotential energy relative to the ground isUf = mgy. Applying conservation
law of energy, you get

Ki + Ui = Kf + Uf (A.783)

or

0 +mgh =
mv2f
2
+mgy. (A.784)

Solving eq. (A.784) for vf , you get

vf = ±√2g(h − y). (A.785)

The speed is always positive, thus the speed is

vf = √2g(h − y). (A.786)

If we had been asked to find the ball’s velocity, we would use the negative value
of the square root as the y component to indicate the downward motion:

vf = −√2g(h − y). (A.787)

(b) In this case, vi is not zero, thus

Ki =
1
2
mv2i . (A.788)

Using

Ki + Ui = Kf + Uf (A.789)

you can write

1
2
mv2i +mgh =

1
2
mv2f +mgy. (A.790)

Solving eq. (A.790) for vf , you get the final speed as

vf = √v2i + 2g(h − y). (A.791)
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8.4. Because vi = 0, the initial kinetic energy at the top of the ramp is zero

Ki = 0. (A.792)

If the y coordinate ismeasured from thebottomof the ramp, thefinal position is yf = 0,
and the potential energy is zero

Uf = 0. (A.793)

Considering the upward direction being positive, then yi = 0.500m. Therefore, the
total mechanical energy of the crate–Earth system at the top is all potential energy:

Ei = Ki + Ui = 0 +mgyi = mgyi (A.794)

= (3.00 kg)(9.80m/s2)(0.500m) = 14.7 J.

When the crate reaches the bottom of the ramp, the potential energy of the system
is zero because the elevation of the crate is yf = 0. Therefore, the total mechanical
energy of the system when the crate reaches the bottom is all kinetic energy:

Ef = Kf + Uf =
1
2
mv2f + 0 =

1
2
mv2f . (A.795)

We cannot say that Ei = Ef because a non-conservative force reduces the mechanical
energy of the system: the force of kinetic friction acting on the crate. In this case,

ΔE = Ef − Ei = Wf (A.796)

whereWf is the work done by the friction force, which is

Wf = −fkd (A.797)

where d is the displacement along the ramp. You can get

Wf = −(5.00N)(1.00m) = −5.00 J. (A.798)

Then finally

1
2
mv2f − 14.7 J = −5.00 J (A.799)

or

v2f =
19.4 J
3.00 kg

= 6.47m2/s2. (A.800)

Therefore, you get the speed as

vf = 2.54m/s. (A.801)
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8.5. Initially, the object is at rest, therefore, it has only potential energy,which is equal
to

Ui = mgh. (A.802)

Hence, the total mechanical energy is

Ei = Ui + Ki = mgh + 0 = mgh. (A.803)

When it reaches the ground, the potential energy becomes zero and it owns only ki-
netic energy, Kf 1, hence, the total mechanical energy when it reaches the ground is

Ef 1 = Uf 1 + Kf 1 = 0 + Kf 1 = Kf 1. (A.804)

Using the conservation law of energy, we get

Ei = Ef 1 (A.805)

or

Kf 1 = m
v21
2
= mgh. (A.806)

Solving eq. (A.806) for the speed v1, we get

v1 = √2gh. (A.807)

When the objects enters the second circle, at any height l (at an angle θ with vertical
axis; see also Fig. 8.8), the potential energy due to the gravity is

Uθ = mgl = mgR(1 − cos θ). (A.808)

From the conservation law of the energy, Uθ equals the initial kinetic energy Kf 1:

mgR(1 − cos θ) = mgh. (A.809)

Equation (A.809) gives

h
R
= 1 − cos θ. (A.810)

At point B, θ = π, thus, we get

h
R
= 1 − cosπ = 2 (A.811)

and at point A, θ = 3π/2, we get

h
R
= 1 − cos(3

2
π) = 1. (A.812)
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8.6. First, let us find the acceleration of the system using the conservation law of the
energy. When the mass m2 is at rest at the height h2, the mass m1 is at rest at some
distance h1, then the potential energy of the system is

Ui = U1 + U2 = m1gh1 +m2gh2 (A.813)

and the total energy is

Ei = Ui. (A.814)

When the mass m2 hits the ground, then U2f = 0, and the mass m1 is at the height
h1 + h2, hence, we get

Uf = m1g(h1 + h2). (A.815)

In order to find the kinetic energy of the system, first we determine the velocities using
the equation

v2i − v
2
f = 2a ⋅ ΔS. (A.816)

For massm1:

v21f = 2ayh2. (A.817)

Similarly, for massm2, we get

v22f = 2ayh2. (A.818)

Therefore, we get

Kf = m1
v21f
2
+m2

v22f
2
= m1ayh2 +m2ayh2 = (m1 +m2)ayh2 (A.819)

where ay is the projection of the acceleration of the massm1 along the y vertical axis.
The total final mechanical energy is

Ef = Uf + Kf = m1g(h1 + h2) + ayh2(m1 +m2). (A.820)

Using the conservation law of energy:

Ei = Ef (A.821)

or

m1gh1 +m2gh2 = m1g(h1 + h2) + ayh2(m1 +m2). (A.822)

Solving eq. (A.822) for ay, we get the projection of the acceleration along the y-axis as

ay =
g(m2 −m1)
m1 +m2

. (A.823)

It can seen that ifm2 > m1, then the system rotates clockwise, and hence ay > 0.While
ifm2 < m1, then it rotates counterclockwise, thus ay < 0.
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8.7. First, we convert in SI units the stretch of the spring:

x = 10.0 cm = 0.10m. (A.824)

Then the elastic potential energy of the spring is

U = 1
2
kx2 = 1

2
(800N/m)(0.10m)2 = 4.00 J. (A.825)

8.8. Since the block moves 10 meters along an inclined plane, the vertical h is

h = 10.0msin 30∘ = 5.00m. (A.826)

The potential energy is given by

U = mgh = (100 kg)(9.80m/s2)(5.00m) = 490 J. (A.827)

8.9. The work along the path (1) of the gravitational force is calculates as product of
the forcemg = −mgj and the displacement s = −hj:

W1 = (−mgj) ⋅ (−hj) = mgh (A.828)

where j is a unit vector and j ⋅ j = 1.
While along the path (2), the force is the same (gravitational force) and the dis-

placement can be written s = −d sin θj, and hence

W2 = (−mgj) ⋅ (−d sin θj) = mgd sin θ. (A.829)

From Fig. A.30, h = d sin θ, then you obtain the work along the second path as

W2 = mgh. (A.830)

Therefore,W1 = W2, indicating that the work done by the gravitational force does not
depend on the path, as expected since it is a conservative force.

Figure A.30: Illustration of the movement of an object
under the gravitational forcemg, which can either fall
vertically or slide down an inclined frictionless surface.
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8.10. Figure 8.10 illustrates the problem. The displacement vector is d and the gravi-
tational force ismg. The work done by the gravitational force is

Wg = (mg) ⋅ d (A.831)

where g = −gj, where j is a unit vector along the vertical direction, and the displace-
ment vector can be written as

d = h + s = hj + si (A.832)

where i is a unit vector along the positive x direction such that i ⋅ j = 0. Therefore,Wg
is

Wg = (−mgj) ⋅ (hj + si) = −mgh. (A.833)

8.11. Figure 8.11 illustrates the problem. The net work done on the object is

W = Wg +WF . (A.834)

Based on the work–kinetic energy theorem, you can write

Wg +WF = ΔK (A.835)

where ΔK is the change in kinetic energy. Since the gravitational force is a conservative
force,

Wg = −ΔU . (A.836)

Therefore, you obtain

WF = ΔE = Ef − Ei (A.837)

where E = U+K is themechanical energy. The initialmechanical energy is zero Ei = 0,
and the final mechanical energy is Ef = mgh (only potential energy). Therefore,

WF = mgh. (A.838)

Solutions Chapter 9

9.1. You can denote with A the moment when the club first contacts the ball, B the
moment when the club loses contact with the ball, and C when it is landing. Here, you
can neglect air resistance. Assuming that the initial angle is θB = 45∘, then projection
of the initial velocity along the horizontal axis is

vi,x = vB cos θB. (A.839)
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Then the distance traveled by the ball along the horizontal direction is

R = xC − xB = vi,xtBC = vB cos θBtBC . (A.840)

To find the tBC, we denote with D the point at maximum height along the vertical axis,
where vy = 0, since the motion along the y-axis is with acceleration ay = −g, you can
write

vy = 0 = vi,y + aytBD (A.841)

where

vi,y = vB sin θB (A.842)

and tBD = tBC/2, thus

0 = vB sin θB − gtBC/2 (A.843)

or

tBC =
2vB sin θB

g
. (A.844)

Replacing it in the equation for R (eq. (A.840)), you get

R =
v2B
g
sin(2θB). (A.845)

Solving eq. (A.845) for vB, you get the speed at point B as

vB = √
Rg

sin(2θB)
= √(200m)(9.80m/s2) = 44.3m/s. (A.846)

If you consider as the interval of collision, the time between A and B, where, respec-
tively,

vi = vA = 0; vf = vB (A.847)

for the ball, then you get the magnitude of the impulse as

I = Δp = mvB −mvA = (50 × 10
−3 kg)(44.3m/s) − 0 = 2.22 kg ⋅m/s. (A.848)

9.2. You can calculate the impulse using the formula

I = Δp = pf − pi (A.849)
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where

pi = mvi = (1500 kg)(−15.0im/s) = −2.25 × 104i kg ⋅m
s

(A.850)

pf = mvi = (1500 kg)(2.60im/s) = 0.39 × 104i kg ⋅m
s
. (A.851)

Thus, the impulse is

I = Δp = 2.64 × 104i kg ⋅m
s
. (A.852)

The average force acting upon the car is

F = Δp
Δt
=
2.64 × 104i kg⋅m

s
0.150 s

= 1.76 × 105iN. (A.853)

9.3. From the problem, for the first car, you can write:

m1 = 1800 kg; vi,1 = 0 (A.854)

where vi,1 is the initial velocity. Therefore, the initial momentum of the car 1 is

pi,1 = 0. (A.855)

For the second car,

m2 = 900 kg; vi,2 = 20.0m/s (A.856)

and hence the initial momentum is

pi,2 = m2vi,2 = (900 kg)(20.0m/s) = 1.80 × 104 kg ⋅m/s. (A.857)

After the collision, since the two cars become entangled, then the momentum of the
system after collision is

pf = (m1 +m2)vf = (2700 kg)vf . (A.858)

Using the conservation law of the momentum:

pi,1 + pi,2 = pf . (A.859)

Replacing the numerical values, you get

0 + 1.80 × 104 kg ⋅m/s = 2700vf (A.860)

or

vf =
1.80 × 104 kg ⋅m/s

2.70 × 102 kg
= 6.67m/s. (A.861)
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9.4. We can label the masses of the particles, as shown in Fig. 9.10, with m1 = m2 =
1.0 kg and m3 = 2.0 kg. Using the basic defining equations for the coordinates of the
center of mass and noting that zc.m. = 0, we obtain

xc.m. =
∑3i=1mixi
∑3i=1mi

(A.862)

= (1.0 kg)(1.0m) + (1.0 kg)(2.0m) + (2.0 kg)(0.0m)
1.0 kg + 1.0 kg + 2.0 kg

= 3.0 kg ⋅m
4.0 kg

= 0.75m

yc.m. =
∑3i=1miyi
∑3i=1mi

(A.863)

= (1.0 kg)(0.0m) + (1.0 kg)(0.0m) + (2.0 kg)(2.0m)
1.0 kg + 1.0 kg + 2.0 kg

= 4.0 kg ⋅m
4.0 kg

= 1.0m.

Therefore, the position vector of the center ofmassmeasuredwith respect to the origin
O is

rc.m. = xc.m.i + yc.m.j = (0.75m)i + (1.0m)j. (A.864)

9.5. We will assume that the rod is aligned along the x-axis, hence, yc.m. = zc.m. = 0.
Furthermore, if we denote the mass per unit length μ (this quantity is called the linear
mass density), then

μ = M
L

(A.865)

for the uniform rod as assumed in our case. If we divide the rod into elements of length
dx, then the mass of each element is

dm = μdx. (A.866)

The center of mass coordinate xc.m. is

xc.m. =
∫ xdm
∫dm

(A.867)

= 1
M

L

∫
0

xμdx

= 1
M
μ

L

∫
0

xdx
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=
µL2

2M
.

Replacing μ, we get

xc.m. =
L
2
. (A.868)

9.6. Assume the total mass of the rocket isM. Then themass of each fragment isM/3.
Because the forces of the explosion are internal to the system and cannot affect its
total momentum, the total momentum pi of the rocket just before the blast must equal
the total momentum pf of the fragments right after the explosion.

Before the explosion

pi = Mvi = (300Mj)m/s. (A.869)

After the explosion

pf =
M
3
(240i)m/s + M

3
(450j)m/s + M

3
vf (A.870)

where vf is unknown velocity of the third fragment. Since pi = pf , we get

(300Mj)m/s = M
3
(240i)m/s + M

3
(450j)m/s + M

3
vf . (A.871)

Solving it for vf , we get

vf = (−240i + 450j)m/s. (A.872)

9.7. First, we calculate the change on the momentum of the car and so of the passen-
ger assuming the car moves in a straight line along the x-axis:

Δp = pf − pi = pf = mvf i = (70.0 kg)(5.20m/s)i (A.873)
= (364i) kg ⋅m/s.

The linear impulse is

I = Δp = (364i) kg ⋅m/s. (A.874)

The average force exerted on the passenger is

F̄ = I
Δt
= (364i) kg ⋅m/s

0.832 s
≈ 438N. (A.875)

9.8. Taking the horizontal direction as the x-axis and the position of the tennis as the
origin of the axis, then the momentum of the ball before hit is

pi = mvi = (0.0600 kg)(−50.0im/s) = −(3.00i) kg ⋅m/s (A.876)
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the minus sign indicates that the ball is traveling initially in the negative direction of
the x-axis. After the hit, the momentum of the ball is

pf = mvf = (0.0600 kg)(40.0im/s) = (2.40i) kg ⋅m/s. (A.877)

The change on the momentum of the ball, which equals the impulse, is

I = Δp = pf − pi = (2.40i) kg ⋅m/s − (−(3.00i) kg ⋅m/s) (A.878)
= (5.40i) kg ⋅m/s.

9.9. First, let us write the momentum of the ball before it strikes the wall:

pi = mvi = (mvi cos 60
∘i) + (mvi sin 60

∘j) (A.879)

= (3.00 kg)(10.0 m
s
)(0.500)i + (3.00 kg)(10.0 m

s
)(0.866)j

= (15.0i + 26.0j) kg ⋅m/s.

The momentum of the ball after it strikes the wall is

pf = mvf = (−mvf sin 60
∘i) + (mvf cos 60

∘j) (A.880)

= −(3.00 kg)(10.0 m
s
)(0.866)i + (3.00 kg)(10.0 m

s
)(0.500)j

= (−26.0i + 15.0j) kg ⋅m/s

where vi = vf = 10.0m/s and the minus sign indicates that the ball is moving in the
negative direction of the x-axis after it hits the wall.

The change on the momentum of the ball, which equals the impulse gained by
the ball is

I = Δp = pf − pi = (−41.0i − 11.0j) kg ⋅m/s. (A.881)

The average force exerted on the ball by the wall is

F̄ = I
Δt
= (−41.0i − 11.0j) kg ⋅m/s

0.200 s
(A.882)

= −(205i + 55j)N

and its magnitude is

F̄ = √(205)2 + (55)2 ≈ 212N. (A.883)

9.10. Let us first determine the total momentum before the collision of the system as

pi = p1i + p2i = m1v1i (A.884)
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since the massm2 is at rest. Massm1 initially has a potential energy

U1i = m1gh = (5.00 kg)(9.80m/s2)(5.00m) (A.885)
= 245 J

which is transferred into kinetic energy completely at point B based on the conserva-
tion law of the energy, therefore,

U1i =
m1v21i
2

(A.886)

solving it for v1i, we get the initial speed of the massm1 as

v1i ≈ 9.90m/s. (A.887)

Thus, the initial momentum of the system is

pi = m1v1ii ≈ (49.5i) kg ⋅m/s. (A.888)

The kinetic energy before the collision is

Ki =
m1v21i
2
= 245 J. (A.889)

After the collision, the total momentum is

pf = p1f + p2f = −m1v1f i +m2v2f i (A.890)

and the kinetic energy is

Kf =
m1v21f
2
+
m2v22f
2
. (A.891)

Since the collision is elastic, the conservation law of the kinetic energy and momen-
tum gives

(49.5i) kg ⋅m/s = −m1v1f i +m2v2f i (A.892)

245 J =
m1v21f
2
+
m2v22f
2

(A.893)

or

9.90 = −v1f + 2.00v2f (A.894)

98.0 = v21f + 2.00v
2
2f . (A.895)

Solution of these two equations for the speeds v1f and v2f , we get

v1f ≈ 3.30m/s (A.896)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



310 | A Solutions

v2f ≈ 6.60m/s. (A.897)

The kinetic energy just after the collision of the first mass is

K1f =
m1v21f
2
= (5.00 kg)(3.3m/s)2

2
(A.898)

≈ 27.2 J.

Based on the conservation law of the mechanical energy, when the mass m1 reaches
the highest point this kinetic energy is completely transferred into gravitational po-
tential energy, U = m1gh′, hence

m1gh
′ = K1f . (A.899)

Solving it for h′, we obtain

h′ =
K1f
m1g
= 27.2 J
(5.00 kg)(9.80m/s2)

(A.900)

= 0.556m.

Solutions Chapter 10

10.1.
(a) You can use the following equation for angular displacement:

θf − θi = ωit +
1
2
αt2. (A.901)

Replacing the numerical values:

θf − θi = (2.00 rad/s)(2.00 s) + (1/2)(3.50 rad/s
2)(2.00 s)2 (A.902)

= 11.0 rad.

(b) The angular speed at t = 2.00 s is calculated as:

ωf = ωi + αt = 2.00 rad/s + (3.50 rad/s
2)(2.00 s) (A.903)

= 9.00 rad/s.

10.2.
(a) Because eachatom is at a distanced/2 from the z-axis, themoment of inertia about

that axis is

I = ∑
i
mir

2
i = m(d/2)

2 +m(d/2)2 = (1/2)md2 (A.904)

= (1/2)(2.66 × 10−26 kg)(1.21 × 10−10m)2

= 1.95 × 10−46 kg ⋅m2.
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(b) The kinetic energy is

KR =
1
2
Iω2 (A.905)

= 1
2
(1.95 × 10−46 kg ⋅m2)(4.60 × 1012 rad/s)2

= 2.06 × 10−21 J.

10.3. First, note that the two spheres of mass m, which lie on the y-axis, do not con-
tribute to Iy (that is, ri = 0 for these spheres about this axis). Then, the moment of
inertia is

Iy = ∑
i
mir

2
i = Ma2 +Ma2 = 2Ma2. (A.906)

Therefore, the rotational kinetic energy about the y-axis is

Kr = Iω
2/2 = Ma2ω2. (A.907)

10.4. Consider a shaded length element dx with a mass dm:

dm = μdx = M
L
dx (A.908)

where μ = M/L is the mass per unit length.
(a) The moment of inertia about the y-axis is

Iy = ∫ r
2dm =

L/2

∫
−L/2

x2M
L
dx (A.909)

= M
L
[x

3

3
]
L/2

−L/2

= 1
12
ML2.

(b) Because the distance between the center of mass axis and the y′-axis is d = L/2,
the parallel-axis theorem gives

Iy′ = Iy +Md2 = 1
12
ML2 + 1

4
ML2 = 1

3
ML2. (A.910)

10.5. All mass elements dm are at the same distance r = R from the axis; thus, we
obtain the moment of inertia about the z-axis through O:

Iz = ∫ r
2dm = R2 ∫ dm = MR2 (A.911)

which is the same as that of a single particle of massM located a distance R from the
axis of rotation.
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10.6. We can divide the cylinder into small cylindrical shells, with radius r, thickness
dr, and length L, as shown in Fig. 10.15. The elementary volume dV of one shell like
this is its cross-sectional area multiplied by its length:

dV = (2πrdr)L. (A.912)

The mass per unit of volume is (where V = πR2L is the cylinder’s volume)

ρ = M
V
= M
πR2L
. (A.913)

The moment of inertia is calculated as

I = ρ∫ r2dV = M
πR2L

R

∫
0

r22πrLdr (A.914)

= 2M
R2

R

∫
0

r3dr

= 2M
R2

R4

4
= 1
2
MR2.

It is interesting to note that the result does not depend on L, the length of the cylinder.
Therefore, it applies equally well to an infinitely long cylinder and a flat disc.

10.7. We use the law of conservation of the mechanical energy of the system. When
the rod is horizontal, it has no rotational energy, but only potential energy due to grav-
itation, which is equal to

Ei = Ui =
1
2
MgL. (A.915)

When the rod reaches its lowest position, the potential energy is zero, and so the me-
chanical energy is entirely rotational:

Ef = KR =
1
2
Iω2 (A.916)

where the moment of inertia I is

I = 1
3
ML2 (A.917)

given by eq. (A.910).
Therefore, we get

Ef =
1
6
ML2ω2. (A.918)
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From the conservation law of energy:

Ei = Ef (A.919)

or

1
2
MgL = 1

6
ML2ω2. (A.920)

Solving it for ω, we get the angular speed as

ω = √3g
L
. (A.921)

10.8. We will use the law of conservation of the mechanical energy to solve the prob-
lem. The system is composed of two cylinders, pulley, and Earth. Initially, themechan-
ical energy of the system is

Ei = Ui + Ki (A.922)

where Ki = 0, because the system is at rest, and

Ui = m2gh. (A.923)

We are neglecting the potential energy of the pulley because the pulley does not move
and so its potential energy will be the same. Thus,

Ei = m2gh. (A.924)

The final mechanical energy of the system is

Ef = Uf + Kf (A.925)

where

Kf =
1
2
m1v

2
f +

1
2
m2v

2
f +

1
2
Iω2

f (A.926)

where term 1 is the kinetic energy of the first cylinder, term 2 is the kinetic energy of
the second cylinder, and the third term is rotational kinetic energy of the pulley. Here,
vf is the same for both cylinders and vf = Rωf . Therefore, we get

Kf =
1
2
(m1 +m2 +

I
R2
)v2f . (A.927)

The potential energy is

Uf = m1gh. (A.928)
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From the conservation law of energy, we obtain

m2gh = m1gh +
1
2
(m1 +m2 +

I
R2
)v2f (A.929)

which can be solved for vf , to get the final linear speed as

vf = √
(m2 −m1)gh

1
2 (m1 +m2 +

I
R2 )
. (A.930)

The angular velocity is

ωf =
vf
R
= 1
R√
(m2 −m1)gh

1
2 (m1 +m2 +

I
R2 )
. (A.931)

10.9.
(a) We use the formula

ωf = ωi + αt (A.932)

where ωi = 0, thus

ωf = αt. (A.933)

Solving it for α, we get the magnitude of angular acceleration

α =
ωf

t
= 12.0 rad/s

3.00 s
= 4.00 rad/s2. (A.934)

(b) To find the angular displacement, we use the following equation:

θf − θi = ωit +
1
2
αt2. (A.935)

Replacing the numerical values, we get

θf − θi = 0 +
1
2
(4.00 rad/s2)(3.00 s)2 = 18.0 rad. (A.936)

10.10.
(a) The angular position at t = 0 is

θ(t = 0) = (5.00 + 10.0 ⋅ 0 + 2.00(0)2) rad = 5.00 rad. (A.937)

The angular speed is

ω = dθ
dt
= (10.0 + 4.00t) rad/s. (A.938)
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Hence, we get

ω(t = 0) = 10.0 rad/s. (A.939)

The angular acceleration is

α = dω
dt
= 4.00 rad/s2. (A.940)

(b) At t = 3.00 s, we get

θ(t = 3.00 s) = (5.00 + 10.0 ⋅ 3.00 + 2.00(3.00)2) rad = 53.0 rad (A.941)
ω(t = 3.00 s) = (10.0 + 4.00(3.00)) rad/s = 22.0 rad/s (A.942)

α(t = 3.00 s) = 4.00 rad/s2. (A.943)

Therefore,we can say that this is a rotationmotionwith constant angular acceleration.

Solutions Chapter 11

11.1. Note that accelerated rollingmotion is possible only if a frictional force is present
between the sphere and the incline to produce a net torque about the center of mass.
Despite the presence of friction, no loss of mechanical energy occurs because the con-
tact point is at rest relative to the surface at any instant. On the other hand, if the
sphere was to slip, mechanical energy would be lost as motion progressed due to the
friction with the rough surface.

The system is composed of the Earth and the sphere.
Initially, the system’s total mechanical energy is

Ei = Ki + Ui = Ui = Mgh (A.944)

where Ki its initial kinetic energy, which is zero because the system is at rest, andMgh
is the potential energy of the system due to gravitational force.

The final mechanical energy of system is

Ef = Kf + Uf = Kf (A.945)

because Uf = 0. The kinetic energy Kf is

Kf =
1
2
Ic.m.ω

2 + 1
2
Mv2c.m. (A.946)

where vc.m. = Rω, thus, we write the kinetic energy as

Kf =
1
2
(
Ic.m.
R2
+M)v2c.m. (A.947)
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where Ic.m. is the moment of inertia of the sphere about the axis through the center of
mass.

Applying the conservation law of energy:

Ei = Ef (A.948)

we get

Mgh = 1
2
(
Ic.m.
R2
+M)v2c.m.. (A.949)

Solving eq. (A.949) for vc.m., we get

vc.m. = √
Mgh

1
2 (

Ic.m.
R2 +M)

= √
2gh

Ic.m.
MR2 + 1
. (A.950)

11.2.
(a) From the definition, the angular momentum L is given by

L = r × p (A.951)

where linear momentum p = mv. Since v changes its direction with time, but not
the magnitude, we expect angular momentum to change with time its direction,
but the magnitude remains constant. Thus, the magnitude L is

L = mvr sin 90∘ = mvr. (A.952)

The direction of L can be found by applying the right-hand rule:

L = (mvr)k. (A.953)

That is, if the particle was to move counterclockwise, k (and so L) would point
upward (along the positive direction of z-axis) and into the page.

(b) Using the relation

v = rω (A.954)

we get

L = mr2ω = Iω (A.955)

where I is the moment of inertia of particle about z-axis through O. Assuming the
rotation is counterclockwise, the direction of ω is along the z-axis. The direction
of L is the same as that ofω, and so we can write the angular momentum as

L = Iω = Iωk. (A.956)
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11.3. If we consider the bowling ball as a solid sphere, then the moment of inertia
about vertical axes through center of the sphere is

I = 2
5
mR2 = 2

5
(6.0 kg)(0.12m)2 ≈ 0.035 kg ⋅m2. (A.957)

The magnitude of angular momentum is calculated as

L = Iω (A.958)

where angular velocity is

ω = 10 rev/s = (10 rev/s)(2π rad/rev) ≈ 63 rad/s. (A.959)

Replacing the numerical values at expression for L, we get

L = (0.035 kg ⋅m2)(63 rad/s) ≈ 2.2 kg ⋅m2/s. (A.960)

11.4.
(a) The rigid body is composed of three bodies: massesm1 andm2 and the rod. There-

fore, the moment of inertia about the z-axis through O is

I = Irod + I1 + I2 (A.961)

where

Irod =
1
12
Md2; I1 = m1(

d
2
)
2
; I2 = m2(

d
2
)
2
. (A.962)

Therefore, we get

I = 1
12
Md2 +m1(

d
2
)
2
+m2(

d
2
)
2
= d

2

4
(M
3
+m1 +m2). (A.963)

The magnitude of the angular momentum is

L = Iω = d
2

4
(M
3
+m1 +m2)ω. (A.964)

(b) Upon two masses are acting the gravitational forces, with magnitudes, respec-
tively, as

F1g = m1g; F2g = m2g (A.965)

which will cause the rod to rotate, since there is a net torque different from zero.
Note that, if the masses of the two particles were equal, then the system will have
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no angular acceleration because the net torque on the system is zero when m1 =
m2. Moreover, if initially the angle θ = ±π/2, then the rod will be at equilibrium.
Let us calculate the net torque at any angle θ. Due to the force F1g , the torque is

τ1 = +F1g
d
2
cos θ = +m1g

d
2
cos θ (A.966)

the sign plus indicates that this force is rotating the rod counterclockwise. The
torque due to the force F2g is

τ2 = −F2g
d
2
cos θ = −m2g

d
2
cos θ (A.967)

the sign minus indicates that this force is rotating the rod clockwise. The net
torque on the system is then

τ = τ1 + τ2 = (m1 −m2)g
d
2
cos θ. (A.968)

Ifm1 > m2, then the direction of τ is out of page, and ifm2 > m1, it is into the page.
To find the angular acceleration, we use this equation:

τ = Iα (A.969)

or

α = τ
I
=
2(m1 −m2)g cos θ
d(M3 +m1 +m3)

. (A.970)

If θ = ±π/2, then α = 0, so the rod is at equilibrium. If θ = 0,π, then α has maxi-
mummagnitude.

11.5. Let us first calculate the angular momentum about an axis that coincides with
the axle of the pulley. At any instant of time the two objects have the same speed v,
the angular momentum of the blockm1 is

L1 = |r × p1| = m1vR (A.971)

and that of the blockm2 is

L2 = |r × p2| = m2vR. (A.972)

The angular momentum of the pulley is

L3 = Iω = Iv/R. (A.973)

The total angular momentum of the system is

L = L1 + L2 + L3 = m1vR +m2vR + I
v
R
. (A.974)
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Now let us determine the net external torque acting on the system about the pul-
ley axle. Forces on the system that contribute to the net external torque are the force
exerted by the axle on the pulley, which does not contribute since the moment arm is
zero; gravity force acting on the mass m1, F1g = m1g, which rotates the pulley coun-
terclockwise, thus its torque is

τ1 = m1gR (A.975)

where R is the moment arm; the normal force N acting on the blockm2 is balanced by
the force of gravity F2g = m2g, and so these forces do not contribute to the torque.

Therefore, the net external torque is

τ = τ1 = m1gR. (A.976)

Using the equation

τ = dL
dt

(A.977)

we get

m1gR = m1R
dv
dt
+m2R

dv
dt
+ I
R
dv
dt
= dv
dt
(m1R +m2R +

I
R
). (A.978)

Solving it for a = dv/dt, which is the linear acceleration, we get

a = dv
dt
=

m1g
(m1 +m2) +

I
R2
. (A.979)

11.6. We assume that during the collapse of the stellar core, no torque acts on it, it
remains spherical, and it does not change its mass. Let T be the period, such that Ti is
the initial period of the star and Tf is the period of the neutron star. The angular speed
of the star is

ω = 2π
T

(A.980)

and the moment of inertia is

I = 2
5
mr2 (A.981)

where m is the mass and r the radius of the star. Using the conservation law of the
angular momentum, since there is no torque, we get

Li = Lf (A.982)

where

Li = Iωi =
2
5
mr2i

2π
Ti
; Lf = Iωf =

2
5
mr2f

2π
Tf
. (A.983)
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Therefore, we get

r2i
Ti
=
r2f
Tf

(A.984)

or

Tf = (
rf
ri
)
2
Ti = (

3.0 km
1.0 × 104 km

)
2
(30 days) (A.985)

= 27 × 10−7 days = 0.23 s.

11.7. We know that the angular momentum is

L = r × p = det(
i j k
x y z

mvx mvy mvz
) = det(

i j k
1.50 2.20 0.00
6.30 −5.40 0.00

) (A.986)

= (−1.50 ⋅ 5.40 − 2.20 ⋅ 6.30)k

≈ −(22.0k) kg ⋅m2/s.

Here, the minus sign indicates that the direction of L is along the negative direction of
z-axis.

11.8. We know that the angular momentum is

L = r × p = mr × v (A.987)

where the velocity v is

v = dr
dt
= (5.00j)m/s. (A.988)

Then the angular momentum is

L = r × p = det(
i j k
x y z

mvx mvy mvz
) (A.989)

= (2.00 kg) ⋅ det(
i j k

6.00 5.00t 0.00
0.00 5.00 0.00

)

= (60.0k) kg ⋅m2/s

which does not depend on time t, and thus it is constant.

11.9. The angular momentum about the point O is

LO = r × p (A.990)
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where p = mv, and the direction of v changes with time as particle moves along the
circle. At an angle θ, we have

r = r cos θi + r sin θj (A.991)

and

v = −v sin θi + v cos θj. (A.992)

Therefore, we get

LO = det(
i j k
x y z

mvx mvy mvz
) = m ⋅ det(

i j k
r cos θ r sin θ 0
−v sin θ v cos θ 0

) (A.993)

= mvrk.

To find the angular momentum about point P, we first express r with respect to
point P:

rP = ri + r = r(1 + cos θ)i + r sin θj. (A.994)

Then the angular momentum about P is

LP = det(
i j k
x y z

mvx mvy mvz
) = m ⋅ det(

i j k
r(1 + cos θ) r sin θ 0
−v sin θ v cos θ 0

) (A.995)

= mrv(cos θ + cos2 θ + sin2 θ)k
= mvr(1 + cos θ)k

which depends on the angle θ, and so the position of the pass on the circle. Moreover,
this result indicates that angular momentum depends on the origin.

11.10. The direction of the angular momentum is shown in Fig. A.31. The magnitude
of the angular momentum is

L = Iω (A.996)

where I is the moment of inertia about the z-axis through the center of mass, which is

I = 2
5
mr2 = 2

5
(15.0 kg)(0.500m)2 = 1.50 kg ⋅m2. (A.997)

Then for L we get

L = (1.50 kg ⋅m2)(3.00 rad/s) = 4.50 kg ⋅m2/s. (A.998)
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Figure A.31: A rotating solid sphere.

Solutions Chapter 12

12.1. We have two unknowns T1 and T2, therefore we need two equations. These two
equations are provided by taking the components of T1 and T2 along the x and the y
directions. We use first the condition for translational equilibrium:

∑ Fx = 0; ∑ Fy = 0 (A.999)

or

T1 cos θ − T2 cosϕ = 0 (A.1000)
T1 sin θ + T2 sinϕ −mg = 0. (A.1001)

Using simple algebra, we get

T2 =
mg

cosϕ tan θ + sinϕ
(A.1002)

and

T1 =
mg cosϕ

cosϕ sin θ + sinϕ cos θ
. (A.1003)

Using the relation: cosϕ sin θ + sinϕ cos θ = sin(θ + ϕ), we get

T1 =
mg cosϕ
sin(θ + ϕ)

. (A.1004)

12.2. The translational equilibrium condition gives

F1 + F2 + F3 = 0 (A.1005)

or

5i − 2j + 9i + j + F3xi + F3yj = 0 (A.1006)

which can further be simplified as

F3xi + F3yj = −14i + j. (A.1007)
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From eq. (A.1007), we get

F3x = −14; F3y = 1. (A.1008)

Therefore, we can write

F3 = −14i + j. (A.1009)

12.3. To understand the problem, we have shown a bridge and aman standing at one
end, at equilibrium, in Fig. A.32. The conditions of the static equilibrium for the bridge
can be written as

∑
i
Fi = N1 +W +Mg + N2 = 0 (A.1010)

∑
i
τi = r1 × N1 + r2 ×W + r3 × (Mg) + r4 × N2 = 0. (A.1011)

The axis of rotation is perpendicular to the page through the point O. From
Fig. A.32, the moment arm for the gravity force Mg exerted on the bridge is zero;
therefore, its contribution to the net torque is zero.W is the weight of the man stand-
ing on the bridge, which produces a force (= mg) exerted on the bridge.

We can project the first equation along the vertical axis, for example the y-axis:

N1 −mg −Mg + N2 = 0 (A.1012)
−2.0N1 + 0.5mg + 0 + 2.0N2 = 0. (A.1013)

In the second equation, the signminus indicates that the force creates a rotation clock-
wise, and the plus sign indicates that the force creates a rotation counterclockwise.We
have two equations and two unknowns (N1 and N2), we can solve this system of equa-
tions for N1 and N2. The solution gives

N1 =
g
4
(2.5m + 2.0M) (A.1014)

Figure A.32: Bridge system at equilib-
rium.
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N2 =
g
4
(1.5m + 2.0M). (A.1015)

Replacing the numerical values, we get

N1 = 2.94 × 10
3 N (A.1016)

N2 = 2.74 × 10
3 N. (A.1017)

12.4. From Fig. 12.7, the forces exerted on the ladder are the reaction forces on the
floor N1 = f + R and wall N2, the gravity forces on the ladder Mg and the person’s
weightW = mg. We are going to assume that the person’s center of gravity is at the
same height as the center of gravity of the ladder. Moreover, the rotation axis passes
through the point O. The friction force is

f = μsRi. (A.1018)

Using the static equilibrium conditions for translational motion, we can write

∑
i
Fix = f − N2 = 0 (A.1019)

∑
i
Fiy = R −mg −Mg = 0. (A.1020)

From eq. (A.1020), we get

R = (m +M)g. (A.1021)

Therefore, the magnitude of the friction force is

f = μsR = μs(m +M)g. (A.1022)

From eq. (A.1019), the magnitude N2 is

N2 = f = μs(m +M)g. (A.1023)

The magnitude N1 is calculated as

N1 = √R2 + f 2 = √1 + μ2s(m +M)g. (A.1024)

Then the vectors N1 and N2 are

N1 = μs(m +M)gi + (m +M)gj (A.1025)
N2 = −μs(m +M)gi. (A.1026)

Tofind θmin, wemust use the second condition for equilibrium.Whenwe calculate
the net torque about an axis through the origin O at the bottom of the ladder, we have

∑
i
τi = N2l sin θ −Mg l

2
cos θ −mg l

2
cos θ = 0 (A.1027)
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or

tan θ = (m +M)g
2N2
= 1
2μs

(A.1028)

or

θmin = tan
−1( 1

2μs
). (A.1029)

12.5. To understand the problem, we have shown it graphically in Fig. A.33, along
with a free-body diagram.

The external forces acting on the beam include the 200N force of gravity, the force
T exerted by the cable, the force N exerted by the wall at the axis of rotation, and the
600N force that the person exerts on the beam. These forces are also indicated in the
free-body diagram for the beam. We now apply the condition for the equilibrium of
translational motion:

∑
i
Fix = N cos θ − T cos 53.0∘ = 0 (A.1030)

∑
i
Fiy = N sin θ − 600N − 200N + T sin 53.0∘ = 0. (A.1031)

From the condition for rotational equilibrium, we get

∑
i
τi = −(600N)(2.00m) − (200N)(4.00m) (A.1032)

+ (T sin 53.0∘)(8.00m) = 0.

Solving it for T, we get

T ≈ 2000Nm
6.38908m

≈ 313N (A.1033)

as a vector

T = Txi + Tyj = (−188i + 250j)N. (A.1034)

Moreover, from eq. (A.1030) and eq. (A.1031), we get

Nx ≡ N cos θ = T cos 53.0∘ = 188N (A.1035)
Ny ≡ N sin θ = 600N + 200N − T sin 53.0∘ = 550N (A.1036)

or

tan θ = 2.93. (A.1037)
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Thus,

θ = tan−1(2.93) = 71.2∘. (A.1038)

The vector N is

N = Nxi + Nyj = (188i + 550j)N (A.1039)

and its magnitude is

N = √N2
x + N2

y = √(188)2 + (550)2 ≈ 581N. (A.1040)

Figure A.33: A uniform beam
supported by a cable and a
free-body diagram.

12.6. From the definition of Young’s modulus:

E = σn
εn
=
Fn/A
Δl/l

(A.1041)

or

A = Fnl
EΔl
= (940N)(10.0m)
(20.0 × 1010 N/m2)(0.500 × 10−2)m

(A.1042)

= 9.40 × 10−6m2.

The radius is found from the relation: A = πR2 as

R = √A/π ≈ 1.73 × 10−3m = 1.73mm (A.1043)

and the diameter is

D = 2R = 3.46mm. (A.1044)

 EBSCOhost - printed on 2/13/2023 4:12 PM via . All use subject to https://www.ebsco.com/terms-of-use



Solutions Chapter 12 | 327

12.7. From the definition of the bulk modulus, we can write

B = − ΔP
ΔV/Vi

(A.1045)

or

ΔV = −ViΔP
B
. (A.1046)

Assuming that the final pressure is much greater than the initial pressure, we can ne-
glect the initial pressure and hence

ΔP = Pf − Pi ≈ Pf = 2.0 × 10
7 N/m2. (A.1047)

Therefore, we obtain

ΔV = −(0.50m
3)(2.0 × 107 N/m2)

6.1 × 1010 N/m2 = −1.6 × 10−4m2 (A.1048)

where the negative sign indicates a decrease in volume.

12.8. The cross-sectional surface area is

A = πR2 = π(D/2)2 = 4.91 × 10−4m2. (A.1049)

Using the normal stress definition:

σn =
Fn
A

(A.1050)

or

Fn = σnA = (1.50 × 10
8 N/m2)(4.91 × 10−4m2) ≈ 2.46 × 104 N. (A.1051)

From the definition of Young’s modulus:

E = σn
εn
=
Fn/A
Δl/l

(A.1052)

we get

Δl = Fn/A
E/l
= 1.50 × 108 N/m2

(1.50 × 1010 N/m2)/(0.250m)
(A.1053)

= 0.250 × 10−2m = 0.250 cm.

12.9. The normal force is Fn = mg, where g = 9.80m/s2.
From the definition of Young’s modulus:

E = σn
εn
=
Fn/A
Δl/l

(A.1054)
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we get

Δl = Fn/A
E/l
= (200 kg ⋅ 9.80m/s2)/(0.200 × 10−4m2)
(8.00 × 1010 N/m2)/(4.00m)

(A.1055)

= 4900 × 10−6m = 0.490 cm.

12.10. From the definition of the bulk modulus, we can write

B = + ΔP
ΔV/Vi
. (A.1056)

The plus sign indicates that the volume increases.
From this equation we obtain

ΔP = +BΔV
Vi
= +(2.00 × 109 N/m2)(9.00%) (A.1057)

= +0.180 × 109 N/m2

where the plus sign indicates that the pressure increases.

Solutions Chapter 13

13.1. We can compare the above equationwith the general form of the equation of the
simple harmonic motion:

x(t) = A cos(ωt + ϕ). (A.1058)

(a) The amplitude is A = 4.00m, the angular frequency is ω = π, the frequency f is

f = ω
2π
= π
2π
= 0.500Hz. (A.1059)

The period is

T = 1
f
= 2.00 s. (A.1060)

(b) The velocity at any time t is

v(t) = dx
dt
= −(4.00m)(π) sin(πt + π

4
) (A.1061)

= −(12.6m/s) sin(πt + π
4
).

The acceleration is

a = dv
dt
= −(12.6πm/s) cos(πt + π

4
) (A.1062)

= −(39.5m/s2) cos(πt + π
4
).
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(c) The position at t = 1.00 s is

x(t = 1.00 s) = (4.00m) cos(π(1.00 s) + π/4) (A.1063)

= (4.00m) cos(5π
4
) ≈ −2.83m.

The velocity at t = 1.00 s is

v(t) = −(12.6m/s) sin(π + π
4
) = 8.89m/s (A.1064)

and the acceleration is

a = −(39.5m/s2) cos(π + π
4
) = 27.9m/s2. (A.1065)

(d) The maximum speed is

vmax = 12.6m/s (A.1066)

and maximum acceleration is

amax = 39.5m/s2. (A.1067)

(e) To determine the displacement of the object between t = 0 and t = 1.00 s, we
calculate xi = x(t = 0) and xf = x(t = 1.00 s), and then the displacement is

Δx = xf − xi. (A.1068)

At t = 0

xi = (4.00m) cos(0 +
π
4
) ≈ 2.83m. (A.1069)

Then Δx is

Δx = xf − xi = (−2.83m) − (2.83m) = −5.66m. (A.1070)

13.2. The total mass is

M = mcar +m2−people = 1460 kg. (A.1071)

Assuming that this mass is uniformly distributed, the mass supported by each spring
is

M1/4 =
M
4
= 1300 kg

4
= 365 kg. (A.1072)

The frequency of vibration is then

f = 1
2π
√ k
M1/4
= 1
2π
√20000N/m

365 kg
= 1.18Hz. (A.1073)
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13.3.
(a) The initial velocity is zero, since the block is released from the rest: v0 = 0 and the

amplitude A = 5.00 cm = 0.0500m. The angular frequency is

ω = √ k
m
= √ 5.00N/m

200 × 10−3 kg
= 5.00 rad/s (A.1074)

and the period is given by

T = 2π
ω
= 2π
5.00 rad/s

= 1.26 s. (A.1075)

(b) The maximum speed is

vmax = Aω = (0.0500m)(5.00 rad/s) = 0.250m/s. (A.1076)

(c) The maximum acceleration is

amax = Aω
2 = (0.0500m)(5.00 rad/s)2 = 1.25m/s2. (A.1077)

(d) The displacement is

x(t) = A cos(ωt + ϕ) (A.1078)

where x0 = x(t = 0) = A cosϕ = 0.0500m, from this

cosϕ = 1 (A.1079)

or

ϕ = 0 (A.1080)

therefore, we get

x(t) = (0.0500m) cos(5.00t). (A.1081)

The speed is

v(t) = dx
dt
= −(0.250m/s) sin(5.00t) (A.1082)

and the acceleration

a(t) = dv
dt
= −(1.25m/s2) cos(5.00t). (A.1083)
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13.4.
(a) The total mechanical energy is

E = K + U = 1
2
kA2. (A.1084)

Replacing the numerical values, we get

E = 1
2
(20.0N/m)(3.00 × 10−2m)2 = 9.00 × 10−3 J. (A.1085)

The maximum speed is at x = 0, where U = 0 and E = K, thus

E = K = 1
2
mv2max (A.1086)

or

vmax = √
2E
m
= √2(9.00 × 10

−3 J)
0.500 kg

= 0.190m/s. (A.1087)

(b) Using the equation

v = ±√ k
m
(A2 − x2) (A.1088)

we get the velocity of the mass as

v = ±√20.0N/m
0.500 kg

((0.0300m)2 − (0.0200m)2) = ±0.141m/s. (A.1089)

The positive and negative signs indicate that the object is moving to either the
right or the left at this instant.

(c) The kinetic energy is

K = 1
2
mv2 = 1

2
(0.500 kg)(0.141m/s)2 = 5.00 × 10−3 J (A.1090)

and the potential energy is

U = 1
2
kx2 = 1

2
(20.0N)(0.0200m)2 = 4.00 × 10−3 J. (A.1091)

13.5. Using the formula of the period

T = 2π√L
g

(A.1092)

and solving it for L, we get

L = T
2g

4π2
= (1 s)

2(9.80m/s2)
4π2

= 0.248m. (A.1093)

Thus, the meter’s length would be slightly less than one-fourth of its current length.
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13.6. To find the period, we can use the equation

T = 2π√
I

Mg L
2

(A.1094)

where the moment of inertia of the rod at point O is

IO = Ic.m. +M(
L
2
)
2
= 1
12
ML2 + 1

4
ML2 = 1

3
ML2. (A.1095)

Then the period is

T = 2π√
1
3ML2

Mg L
2

= 2π√ 2L
3g
. (A.1096)

13.7. The period is calculated using the formula

T = 2π
ω
= 2π√m

k
. (A.1097)

To find k, we use the third law of Newton:

mg = kx (A.1098)

wherem = 10.0 g and x = 3.90 cm. Therefore, we get

k = mg
x
= (10.0 × 10

−3 kg)(9.80m/s2)
3.90 × 10−2m

≈ 2.51N/m. (A.1099)

Then the period is

T = 2π√25.0 × 10
−3 kg

2.51N/m
≈ 0.627 s. (A.1100)

13.8. To find ϕ, we express x as follows:

x = −A cosωt = A cos(ωt + π).

By comparing this expression with x = A cos(ωt + ϕ), we determine

ϕ = π.

13.9. Using

x = (4.00m) cos(3.00πt + π)

we find the following.
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(a) The angular frequency is

ω = 3.00π ≈ 9.42 rad/s.

The linear frequency is

f = ω
2π
= 9.42 rad/s

2π
= 1.5Hz.

(b) The period is

T = 1
f
= 1
1.5Hz
≈ 0.667 s.

(c) The amplitude is

A = 4.00m.

(d) The phase constant is

ϕ = π rad ≈ 3.14 rad.

(e) The displacement x(t = 0.250 s) is

x(0.250 s) = (4.00m) cos(3.00π(0.250 s) + π) ≈ 2.83m.

13.10. Based on the data, the angular frequency is

ω = 2π ≈ 6.28 rad/s.

Therefore, the period is

T = 2π
ω
= 2π
2π
= 1.00 s.

Using the relationship

T = 2π√L
g

where L is the length of the pendulum and g = 9.80m/s2 is the gravitational acceler-
ation. Thus, we obtain

L = g( T
2π
)
2
= (9.80m/s2)( 1.00 s

2π
)
2
≈ 0.248m = 24.8 cm.
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Solutions Chapter 14

14.1. The radius of Mars in SI units is

R = 3396 km = 3396 × 103m.

Then, using eq. (14.6), we get

g = (6.67384 × 10−11 N ⋅ m
2

kg2
) 6.4 × 1023 kg
(3396 × 103m)2

(A.1101)

≈ 3.70 × 10−11+23−12m/s2.

Thus,

g ≈ 3.70m/s2.

14.2. The radius of Jupiter in SI units is

R = 71492 km = 71.492 × 106m.

Using eq. (14.6), we get

g = (6.67384 × 10−11 N ⋅ m
2

kg2
) 1898.19 × 10

24 kg
(71.492 × 106m)2

(A.1102)

≈ 2.4786 × 10−11+24−12m/s2.

Thus,

g ≈ 24.79m/s2.

14.3. The radius of Mercury in SI units is

R = 2439.7 km = 2.4397 × 106m.

Using eq. (14.6), we find that

g = (6.67384 × 10−11 N ⋅ m
2

kg2
)0.33011 × 10

24 kg
(2.4397 × 106m)2

(A.1103)

≈ 0.370 × 10−11+24−12m/s2.

Thus,

g ≈ 3.70m/s2.
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14.4. The equatorial and polar radii of Earth in SI units are

Re = 6378.1 km = 6.3781 × 10
6m (A.1104)

Rp = 6356.8 km = 6.3568 × 10
6m.

Using eq. (14.6), we get the gravitational acceleration on equator as

ge = (6.67384 × 10
−11 N ⋅ m

2

kg2
) 5.9724 × 10

24 kg
(6.3781 × 106m)2

(A.1105)

≈ 0.9798 × 10−11+24−12m/s2.

Thus,

ge ≈ 9.80m/s2.

For the gravitational acceleration on poles, we obtain

gp = (6.67384 × 10
−11 N ⋅ m

2

kg2
) 5.9724 × 10

24 kg
(6.3568 × 106m)2

(A.1106)

≈ 0.986 × 10−11+24−12m/s2.

Thus,

gp ≈ 9.86m/s2.

14.5. Here, AU stands for the astronomical unit, which is the distance between the
Earth and the Sun:

1 AU = 1.5 × 1011m.

Therefore,

r = 19 × 1.5 × 1011m = 2.85 × 1012m.

Using eq. (14.44), we obtain the speed of Uranus as

v = √(6.67384 × 10−11 N ⋅ m
2

kg2
) 1.99 × 10

30 kg
2.85 × 1012m

≈ 6.8 × 103m/s.

Thus,

v ≈ 6.8 km/s.
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14.6. The acceleration of an object on Earth is

g = 9.80m/s2.

At a distance r from the center of the Earth, g is given by eq. (14.22), which is written as

g = G M
(RE + h)2

whereRE is the radius of the Earth, taken according to the equator:RE = 6.3781×106m.
Mass of Earth isM = 5.9724 × 1024 kg. Therefore,

9.80
2

m/s2 = (6.67384 × 10−11 N ⋅ m
2

kg2
) 5.9724 × 1024 kg
(6.3781 × 106m + h)2

.

Solving it for h, we find

h ≈ 2.64 × 106m.

14.7. Using eq. (14.1), we find the magnitude of the force as

F = (6.67384 × 10−11 N ⋅ m
2

kg2
) (100.0 kg)

2

(50.0 × 10−2m)2
.

After the calculations, we find

F ≈ 26.7 × 10−7 N.

Note that this magnitude is practically tiny in value.

14.8. Using eq. (14.39), we obtain

T = 2π(228 × 109m)3/2√
1

(6.67384 × 10−11 N ⋅ m
2

kg2
)(1.99 × 1030 kg)

.

Thus,

TMars ≈ 59373505 s.

14.9. Using eq. (14.50), we obtain

vescape = √
2GM
R

= √
2(6.67384 × 10−11 N ⋅ m

2

kg2
)(5.98 × 1024 kg)

6.37 × 106m
≈ 1.1 × 104m/s.

The kinetic energy is

K = 1
2
mv2escape =

1
2
(6000 kg)(1.1 × 104m/s)2 ≈ 3.6 × 108 kJ.
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14.10. First we calculate the total gravitational potential energy of the three-body sys-
tem:

Utotal = U12 + U13 + U23 = −G(
m1m2
r12
+
m1m3
r13
+
m2m3
r23
).

Then the total work necessary to separate the three masses equals Utotal:

W = −G(m1m2
r12
+
m1m3
r13
+
m2m3
r23
).
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