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Foreword

What is Automata Theory and what are its relations to formal languages? What can
they do? How do they work? How can one use them? This excellent book by Wiadystaw
Homenda and Witold Pedrycz provides the reader a systematic entry path into the an-
swers of those questions. Every effort has been made to produce a manuscript that
is very easily understood, without oversimplification of the subject matter. Here is a
clear, step-by-step Introduction to Formal Languages and Automata Theory address-
ing the most important elements in the field.

To view the developments in this field, a bit of personal history is in order. When
Sam Lee and I wrote our book “Fuzzy Switching and Automata: Theory and Applica-
tions” in 1979, our expectation was the applicability of the contents. However, it is the
seminal work of many researchers since then that showed how Automata Theory and
Formal Languages could be translated into a working reality. It is within the past few
years that it has become increasingly clear that a symbiotic relationship between this
field and Al, for example, as well with a variety of techniques from Uncertainty Man-
agement can be exploited to conceive, design, and build systems and products having
high MIQ (Machine Intelligence Quotient).

Viewed with those recent developments, the importance of the present manuscript
is easily understood. Professors Homenda and Pedrycz have assembled an impres-
sive authoritative treatment of some of the basic issues arising in the field. Professors
Homenda and Pedrycz deserve much credit as well as our congratulations on pro-
ducing an excellent text with authority, originality, and skill, which make this work a
pleasure to study and read, and it is only my hope that this outstanding text will serve
as an impetus for continued interest in the study and research in this exciting field.

Tampa, Florida, September 11, 2021 Abraham Kandel

https://doi.org/10.1515/9783110752304-201
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Preface

Automata theory and formal languages are the cornerstone of computer science and
all information processing pursuits. These fundamentals are at the center of any com-
puter science, computer engineering and information technologies curriculum. Writ-
ing a textbook in this area is a challenging endeavor. The area is well established yet
the ongoing technological trends and the advancements in application areas call for a
creative exposure of the fundamental material. This textbook is aimed at students in
senior years of undergraduate programs and the first year of graduate programs (both
at the MSc and PhD level).

When writing this text, we strived for a systematic and clear exposure of the key
ideas by positioning them in the context of the overall picture and a spectrum of pos-
sible applications.

There are several outstanding features that will appeal to a broad spectrum of
instructors and students, which makes this text unique in comparison with the books
available on the market:

(i) material is prudently selected to cater to a spectrum adequate for course well
adopted by the audience;

(ii) material is made self-contained and motivated;

(iii) the length of the text makes it ideal for a one-semester course by focusing on the
required well-structured and motivated ideas;

(iv) in-depth explanation supported by a wealth of solved examples and problems;

(v) asystematic exposure of the material;

(vi) easy expansion facilitating the usage of the text in a variety of courses.

The textbook could be also regarded as a sound and systematic prerequisite to more
advanced subjects in the areas of advanced algorithms, computability and computa-
tional complexity.

The book is structured into three parts preceded with all required prerequisites
offering a concise and focused background to make the exposure of the material self-
contained. The three main parts are structured to reflect to the general Chomsky hier-
archy of languages, namely:

(i) we start from the class of regular languages forming the simplest class of sim-
plest languages, and then move toward the class of recursively enumerable lan-
guages, the most complex class of languages (Chapters 2, 3 and 4). We cover tools
that generate languages: regular expressions and regular grammars (Chapter 2),
context-free grammars (Chapter 3) and context-sensitive and unrestricted gram-
mars (Chapter 4);

(ii) we go back to the Chomsky hierarchy by studying tools used to accept languages
starting from the most complex class of languages and ending with the simplest
class of languages (Chapters 5, 6 and 7). Here considered are Turing machines with

https://doi.org/10.1515/9783110752304-202
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VIII —— Preface

their diverse categories, Turing machines with stop property and linear bounded
automata, which accept recursively enumerable languages, recursive languages
and context-sensitive languages (Chapter 5). Then we discuss push-down au-
tomata, which accept context-free languages (Chapter 6). Finally, we study finite
automata, which accept regular languages (Chapter 7);

(iii) finally, we revisit both paths by unifying tools to generate and accept languages
(Chapters 8 and 9).

Chapter 2 — Chapter 3 — Chapter 4 Chapter 4
Regular Context- Context- Recursive Recursively
gu & free & sensitive & [ g] Enumerable
Languages Languages
Languages Languages Languages

The [ Extended ] Chomsky Hierarchy

Chapter 7 <— Chapter 6 +<— Chapter 5 —— Chapter 5 Chapter 5

Chapter 8 — Chapter 9

Figure. Organization of the material.

The text is structured in a way it delivers a great deal of flexibility and makes the ma-
terial suitable for a broad spectrum of possible courses depending upon the audience
and the assumed position of the course in the curriculum. The road map shown in the
figure above displays a number of possibilities highlighting how the material could be
covered:

(i) Chapters 2-7 are independent from each other; the reader can study selected ones
in any order. In general, minor linkages between Chapters 2—4 and between Chap-
ters 5-7 are not detrimental to the individual studies;

(if) Chapters 8 and 9 require the mastery of the knowledge of previous chapters for all
of them.

It is worth to draw attention to Chapter 5, where the concept of nondeterminism is
introduced and extensively discussed. This concept is the only obstacle prerequisite
to study some topics covered in Chapters 6 and 7.

While the exposed of the material is self-contained, we assume some familiarity
of basic concepts and methods of algebra, set theory and logic and algorithms and
data structures. These concepts are included in Chapter 1. It is recommended to revise
these concepts prior to studying the remaining parts.
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We hope that the textbook will appeal to a broad audience of undergraduate and
graduate students and all of those interested in the systematic and concise exposure
to the fundamentals of automata and formal languages.

Edmonton, Warsaw, August 2021 Wiadystaw Homenda
Witold Pedrycz
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1 Preliminaries

This chapter offers all required prerequisites and elaborates on the notation used
throughout the book. As such, the content presented here becomes helpful in the
systematic exposure of the material covered in the consecutive chapters.

1.1 Sets

Finite sets include a finite number of members. The empty set, that is, the set which
includes no members, is also finite. The empty set is denoted by @. Infinite sets include
infinitely many members. Infinite sets are countable or uncountable.

We say that a set is countable if and only if its members could be arranged in
a particular sequence. In other words, a set is countable if and only if we can enu-
merate (list) its members assigning natural numbers to them. Such an arrangement
guarantees to find a number assigned to any of its members. Of course, finite sets are
also countable. Thus the conclusion that any subset of a countable set is countable
becomes obvious.

A set is uncountable if and only if there is no enumeration of its members. Any set
including an uncountable subset is uncountable.

Example 1.1. Here are some important sets of numbers:

- P=1{23,57,11,13,17,.. .} — the set of prime numbers;

- N={0,1,2,3,4,5,6,7,8,...} — the set of natural numbers;

- Z=4{..,-3,-2,-1,0,1,2,3,...} — the set of integer numbers;

— Q=1{a/b:ab e Zb + 0} — the set of rational numbers, which are fractions of
integers with nonzero denominator;

— R -theset of real numbers. It includes rational numbers as well as irrational num-
bers as, for instance, 7, e, V2.

Note that all but the last set of numbers are countable. The last one is uncountable.

The following notes concerning the above sets show arrangements of their elements

in sequences, that is, justify countability of these sets:

- comparing Example 1.1, it is straightforward that the set of prime numbers and
the set of natural numbers are countable;

— thefollowing enumeration of the set of integer numbers Z = {0,-1,1,-2,2,-3,3,...}
shows its countability;

- anintuitive depiction of Cantor enumeration of the set of pairs of natural numbers
is shown in Table 1.1. This intuition can be explicitly expressed by the formula
m(x,y) = (x+y)- (x+y+1)/2 + x, where (x,y) is an enumerated pair of natural
numbers.

https://doi.org/10.1515/9783110752304-001
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2 =—— 1 Preliminaries

Table 1.1: Cantor enumeration of the set of pairs (x,y) of integer numbers. An intuitive depiction is
shown below where x enumerates rows and y — columns.

0 1 2 3 4 5
0 0 1 3 6 10 15
1 2 4 7 11 16 22
2 5 8 12 17 23
3 9 13 18 24
4 14 19 25 24
5 20 26

The Cantor enumeration of pairs of natural numbers reveals some interesting char-
acteristics. We note that any rational number can be represented as a fraction of two
integer numbers. Any nonnegative fraction is formed by taking a column’s label as the
numerator and treating a label of a row (except the first one) as its denominator. In this
enumeration, any fraction appears once in irreducible form and infinitely many times
in reducible form. Cantor enumeration of pairs of natural numbers could be adapted
to an enumeration of nonnegative rational numbers by skipping reducible fractions.
On the other hand, since the set of rational numbers is a (proper) subset of pairs of
natural numbers, the countability of the set of non-negative rational numbers is a di-
rect result of the countability of the set of pairs of natural numbers. Finally, we can
apply the way of enumeration of the set of integer numbers to all rational numbers.

Let us consider the unit interval of real numbers. Any member of this set could
be represented in the form of infinite expansion. Assume that all real numbers are
arranged in the following sequence:

bOO bOl b02 b03 b04 b05 b06 b07 b08 b09 cee
blO bll blZ b13 b14 b15 b16 b17 b18 b19 s
bZO b21 b22 b23 b24 b25 b26 b27 b28 b29 cee
b30 b3l b32 b33 b34 b35 b36 b37 b38 b39 cee

The following real number of the unit interval does not appear in this sequence,
where ~ b is the binary digit opposite to the digit b, thatis, ~ b = 0 ifand only if b # O:

~b00~b01~b02~b03~b04~b05"'

Therefore, the assumption that all real numbers of the unit interval could be ar-
ranged in a sequence is false.

Example 1.2. Let us consider the set £ = {0, 1} of binary digits and the set £* = {0,1}"
of all binary strings of finite length. Binary strings can be put (arranged) in a so called

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

1.2 Relations =—— 3

canonical order, that is,

— shorter strings precede longer ones and

- given two strings of the same length, this string comes first, which have O at the
leftmost position that is different in both strings.

Denoting the empty string (of length 0) by € we get the following sequence of binary
strings in canonical order:

T* = {£,0,1,00, 01,10, 11,000, 010, 011, 100, 101, 110, 111, 0000, 0001, ... .}

Canonical order of binary strings creates enumeration, which assigns natural numbers
to consecutive strings of this family. The existence of such enumeration directly proves
that the set of binary strings is countable.

Elementary operations performed on sets are: taking subset, union, intersection,
complement of a subset and Cartesian product.

Let us recall that Cartesian product X; x X, x - -- x X, of sets X;,X,, ..., X}, is the set
of so called n-tuples {(x1, X5, ..., %) : X1 € X1, X € X5, ..., X, € X}

Note that finite sets and countable sets are closed under the above operations.
For instance, the result of the complement of a subset of a countable set is also count-
able.

1.2 Relations

Relations play a fundamental role in this book. They are exploited in interpretation
of key ideas and concepts such as graphs, grammars, productions and derivations
in grammars, transitions and computations of automata and machines. Relations are
summoned up in this section while more specific relations concerning concepts cov-
ered in the book are brought up and discussed in consecutive sections.

1.2.1 Multiplace relations

Multiplace relations are also called multidimensional relations or n-ary relations. A re-
lation is a subset of a given set of objects, usually a subset of the Cartesian product of
anumber of sets. In this book, relations are exclusively identified with Cartesian prod-
ucts of a number of nonempty sets. Elements of a relation are called tuples (or n-tuples
in the case of elements of the Cartesian product composed of n sets). In particular, the
n-tuples are referred to as follows: single (1-tuple), pair (2-tuple), triple, quadruple,
quintuple, sextuple, etc. A multiplace relation defined in the Cartesian product of n
sets is named an n-place relation or n-ary relation.
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Definition 1.1. Any subset R of the Cartesian product X; x X, x --- x X, of nonempty
sets X1, X5, ..., Xy, R € X; x X, x--- x X, is an n-ary relation (n-place or n-dimensional
relation) over sets X;,X,,..., X,.

Atuple (x;,Xy,...,X,) Wherex; € X;,x, € X,,...,x, € X,, is said to be an element of
therelation R or to satisfy the relation R ifand only if (x, x,, ..., x,,) € R.Inclusion of the
tuple (x;3,X5,...,X,) € R into the relation R is denoted equivalently as R(x, Xy, ..., X,)-
We also say that elements x;,x,, ..., X, are R-related (or related, if this does lead to
confusion). The tuple x;, X,, . .., X, is not an element of the relation R or does not satisfy
the relation R if and only if (x;, x,, ..., X,) ¢ R. Exclusion of the tuple from the relation
is also denoted as ~ R(xy,X,,...,X,). Here, we also say that elements x;, x5, ..., x, are
not related.

Example 1.3. Let us consider the Cartesian product Z x Z x Z x Z, where Z is the set
of integer numbers. The relation R ¢ Z x Z x Z x Z, defined as the set of quadru-
plesR = {(k,Lm,n) : k =1-m+n,0 < 1,0 < n < |l|}, identifies the operation of
integer division with dividend k, divisor l, quotient m and remainder n. For instance,
(4,3,1,1) € R, (-4,3,-2,2) € R, (5,-3,-1,2) € Rand (-5,-3,2,1) € Rwhile (2,0,2,2) ¢ R
and (-5,3,-1,-2) ¢ R. Let us recall that remainder is a non-negative integer less than
absolute value of divisor.

Note that an n-dimensional relation forms a system of n + 1 components: n sets
X1, X,,...,X, and a subset of the Cartesian product X; x X, x - - - x X,. So then relations
may differ either in one or more sets, or in a subset of the Cartesian product, or in both.

1.2.2 Two place relations

Two place relations are special cases of multi place relations. Any subset p of the Carte-
sian product X x Y of nonempty sets X and Y, p ¢ X x Y, is a two place relation. A pair
(x,y) where x € X and y € Y, is an element of the relation p if and only if (x,y) € p.
Inclusion of the pair (x, y) into the relation p is equivalently denoted as p(x,y) orx p y.
We say that such elements x, y are p-related (or related, for short). The pair (x, y) is not
an element of the relation p or it does not satisfy the relation if and only if (x,y) ¢ p.
Exclusion of the pair (x,y) from the relation p is denoted ~ p(x,y) or ~ x p y. We also
say that such elements x, y are not p-related.

Definition 1.2. For a given two place relation p ¢ X x Y, we introduce the following

terminology:

— the set X is the domain of the relation p;

— the relation is defined for an element x € X if and only if there exists an element
y € Y such that p(x,y). If for given element x € X, an element y € Y such that
p(x,y) does not exist, then the relation p is undefined for that element x € X;
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— the set of all elements x € X, for which the relation is defined, is alternatively
called a domain of the relation. However, in this book, the whole set X is consid-
ered to be the domain of a two-place relation;

- the set Y is the codomain of the relation p;

- thesetofally € Y, such that for a given y there exists x € X related to y, that is,
p(x,y), is the range of a relation;

— an element x is called the argument and an element y is called the value of the
pair (x,y)

- arelation is:

— total (left-total) if and only if for all x € X there exists y € Y such that
p(X) )’),

— surjective (right-total) if and only if for all y € Y there exists x € X such that
P y);

- injective (left-unique) if and only if for all x;,x, € X and y € Y it holds
that if p(xy,y) and p(x,, y) then x; = x,. Injective relation is a mapping (func-
tion);

- afunction if and only if the relation is injective. Injective and total relation is
a total function;

— bijective if and only if is left-total, surjective and injective. Bijective relation
is also called 1-to-I relation. Obviously, bijective relation is a (1-to-1) mapping
also called bijection.

Example 1.4. Let us define a relation L ¢ £* x N, where £ = {0, 1} denotes the set of
binary digits, Z* denotes the set of binary strings (see Example 1.2) and N denotes the
set of natural numbers, thatis, N = 0,1,2,3,.... The relation includes pairs of a string
and its length: for any string s € * and for any natural number n € N, (s,n) € L, ifand
only if |s| = n, where |s| denotes length of the string s, that is, the number of symbols
in the string s. Note that L is left-total and right-total (surjective) but not injective. This
observation is straightforward.

Example 1.5. Two-place relations with both countable domain and codomain can be
represented in the form of two-dimensional tables. The rows of the table are labeled
by the domain members, while the codomain members label the columns. The entries
of this table are equal to 1 where the corresponding pair of row and column labels
belong to the relation or is equal to O where the pair does not belong to the relation.
The relation L defined in Example 1.4 is shown in Table 1.2.

Note that all binary strings can be enumerated according to canonical order. Con-
secutive strings are denoted by s;, where indices enumerate strings, as is shown in the
first column of Table 1.2. For instance, s, = €, s; = 0, 5, = 1, s3 = 00, etc. This enumer-
ation assigns to any string of length [ an index not less than 2! — 1 and not greater than
21+1 -2,
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6 —— 1 Preliminaries

Table 1.2: Representation of the relation L defined in Example 1.4 is shown below (note: Os are
dropped for the sake of readability).

0 1 2 3 4
So £ 1
Sq 0 1
S, 1 1
S3 00 1
S, 01 1
Sg 10 1
S 11 1
Sz 000 1
Sg 001 1
Sy 010 1
S10 011 1
S11 100 1
S12 101 1
S13 110 1
S14 111 1
S1s 0000 1
S16 0001 1
S17 0010 1

1.2.3 Binary relations

A particular case of two-place relations are relations with the same domain and
codomain. In this book, such relations are called binary relations. In other words,
arelation p € X x X over X, where X is a nonempty set, is a binary relation.
We distinguish several important classes of binary relations where their taxonomy
takes into consideration the following fundamental properties:
- reflexivity: (Vx € X) xpx
- irreflexivity: (Vx € X) ~ xpx
— symmetry: (Vx,y € X) xpy = ypx
— antisymmetry: (Vx,y € X) xpy = ~ ypx
— asymmetry: (Vx,y € X) xpyandypx = x=y
— transitivity: (Vx,y,z € X) xpy and ypz = xpz
— totality: (Vx,y € X) xpy or ypx
— partial order: a relation which is reflexive, asymmetric and transitive
— total order: a relation which is asymmetric, transitive and total

Example 1.6. Therelation <€ Z x Z (less or equal) over the set Z of integers is reflexive,

asymmetric, transitive, total and possesses the property of total order. The relation
<€ Z x Z (less than) over the set Z of integers is irreflexive, antisymmetric and transi-
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tive. The relation is a divisor of over the set of positive natural numbers is reflexive,
asymmetric, transitive and partial order.

1.2.4 Equivalence relations

Equivalence relations formally exhibit the similarity of objects of a given set. In fact,
equivalence relations identify groups of elements that are not distinguishable with
regard to some aspects or properties.

Definition 1.3. Equivalence relation over a set X of objects is a binary relation that is
reflexive, symmetric and transitive.

For instance, graph isomorphism is an equivalence relation defined in the set of
graphs (it is elementary to prove reflexivity, symmetry and transitivity of graph iso-
morphism). Indeed, isomorphic graphs have the same structure and may only have
different labels of vertices. Such differences are unimportant from the point of view of
the features (properties).

Definition 1.4. A subset A of the set X is an equivalence class of an equivalence rela-
tion p € X x X if and only if

(Vx,y € A)xpy A (Vx € A)(Vy ¢ A) ~ xpy

For a given a € X and a given equivalence relation p, the set of all members of X
related to a is an equivalence class denoted [da],.

It is straightforward to note that equivalence classes (of an equivalence relation)
split the set X, that is, they are pairwise disjoint and every member of X belongs to one
of them.

An equivalence relation can be outlined by defining its equivalence classes.

Example 1.7. Let us consider the set {0, 1}" of binary strings and the binary relation
over this set, which relates any two strings of the same length. This relation is reflex-
ive, symmetric and transitive, that is, it is an equivalence relation. The relation is il-
lustrated in Table 1.3. Due to the canonical ordering of binary strings, the equivalence
classes come as blocks of 1’s shown in this table.

1.2.5 Closure of relations

A question about a relation that includes arbitrarily given pairs of elements and is
desired to exhibit given properties invokes the notion of closure of relation.

Definition 1.5. Let R ¢ X x X is a binary relation and P is a set of properties. Closure of
the relation R with respect to a set P of properties, P-closure of the relation for short, is
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Table 1.3: Representation of the relation defined in Example 1.7.

£ 0 1 00 01 10 11 000 001

£ 1
0 1 1
1 1 1
00 1 1 1 1
01 1 1 1 1
10 1 1 1 1
11 1 1 1 1
000 1 1
001 1 1

the smallest binary relation R, which includes the relation R and possesses all prop-
erties of P.

The reflexive closure R of a binary relation R ¢ X x X requires that every pair
(x,x), x € X is R™, that is, R"™ comes as the union R” = RuU{(x,x) : x € X}. In the
corresponding tabular representation, the reflexive closure sets to 1 all entries on the
main diagonal.

Similarly, the symmetric closure necessitates the inclusion of any pair (x,y),
x,y € X such that (y,x) € R : R = RuU {(x,y) : (¥,x) € R}. Concerning the tabular
representation, the symmetric closure implies that the table is made symmetrical
with regard to the main diagonal; that is, zero’s entries must be set to one if they are
symmetrical with respect to one’s entries.

Example 1.8. Let us consider a binary relation over the set of all binary strings,
R c {0,1}" x {0,1}*. The relation includes every pair of two successive strings in canon-
ical order. Find the closure R™? of R concerning both reflexivity and transitivity.

Solution. The relation R is shown in Table 1.4 while the closure R™? is outlined in
Table 1.5. To prove that R" is the closure of the relation R with respect to the set
of reflexivity and transitivity, let us notice that R"? is reflexive (possesses 1’s on the
main diagonal). It is transitive, as well. Note that a pair (s;, s;) € R ifand onlyifi < j.
Having (s;,s;) € R"% and (sj>8K) € R we geti < k, sincei < jand j < k. Therefore,
(s;»5;) € R™E,

To complete the proof, it is enough to show that R™? is the smallest reflexive and
transitive relation including the relation R. Assume that this is not satisfied. As a result
of this assumption, there exists a reflexive and transitive relation R’, which includes
R and does not include a pair (s;, S;,1), i > 0, k > 0. If k = 0, then R’ cannot be reflex-
ive.Ifk = 1, then R ¢ R'. Then we have (s;, ;1) € R, (Sj,15Si12) € R, (Si1x_1>Sisx) € R.
Subsequently, applying the property of transitivity k times we get (s;, s;,) should be in-
cluded into transitive closure (being very formal, an inductive proof would be applied,
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Table 1.4: Representation of the relation R defined in Example 1.8 (as before Os are not shown here).

So S s S3 S, Ss Sg s;
£ 0 1 00 01 10 11 000

So £ 1

S1 0 1

S, 1 1

S3 00 1

N 01 1

Ss 10 1

S 11 1

s, 000

Table 1.5: Representation of the relation R defined in Example 1.8 (Os are not shown here).

So s3 S, S3 Sy Sg Se s;

£ 0 1 00 01 10 11 000
So e 1 1 1 1 1 1 1 1
s 0 1 1 1 1 1 1 1
s, 1 1 1 1 1 1 1
S5 00 1 1 1 1 1
S 01 1 1 1 1
ss 10 1 1 1
Se 11 1 1
s; 000 1

cf. Section 1.3). Afterward the assumption that the relation R"" is not the smallest one
is false. This ends the proof.

1.3 Mathematical induction

Mathematical induction is a generic tool to prove properties involving natural num-
bers. It is used to establish that a property is satisfied for all natural numbers based on
its satisfaction with the first natural number (O or 1). Then it is proved that satisfaction
for any natural number implies satisfaction for the next one.

The simplest and the most common formulation of mathematical induction is
given in Definition 1.6. It can be applied in solving simple problems based on the whole
set of natural numbers.

Definition 1.6. Letassume that I is a property defined in the set N of natural numbers
such that:
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—  W(0) the basis of induction (0 satisfies the property W);
- (Yn € N)(W(n) = W(n + 1)) the inductive step (for any natural number n the
following holds: if n satisfies the property W, then so does n + 1)

then all natural numbers satisfy the property W.

An equivalent formulation of mathematical induction given in Definition 1.7
allows us to use it in problems, in which a proof of the strictly consecutive law
W(n) = W(n+1) is difficult to be employed. However, it is easier to prove the cor-
responding law: if the property is satisfied for natural numbers smaller than or equal
to n then so it is satisfied for n + 1.

Definition 1.7. Letassume that W is a property defined in the set N of natural numbers

such that:

—  W(0) the basis of induction (0 satisfies the property W);

- (Vn e N)((Vk = 1,2,...,n)W(k)) = W(n + 1)) the inductive step (for any natural
number n it holds that if every k = 0, 1,..., n satisfies the property W, then n + 1
satisfies W)

then all natural numbers satisfy the property W.

The assumption in the inductive step, that is, that a property holds for a given
natural number n or it holds for all numbers not greater than n, is also called the in-
ductive hypothesis. Based on the assumption that the inductive hypothesis is true, the
satisfaction of the property for n + 1 is drawn in the inductive step.

The principle of mathematical induction can be used for proving problems related
to any countable set. Suppose a countable set is enumerated by making use of natural
numbers. In that case, the problem can be related to indices, which are natural num-
bers rather than original members of the countable set. For instance, the principle of
mathematical induction can be used in proofs of properties of a set of natural num-
bers greater or equal to some given number ny), of the set of prime numbers, of the set
of odd integers, of the set of rational numbers, of the set of all binary strings of even
length, of graphs, etc. Inductive proofs involving both the above formulations of math-
ematical induction as well as different countable sets will be presented in consecutive
sections.

1.4 Graphs and trees

Graphs are essential mathematical structures used to model problems in theory and
practice. Trees are a particular type of graphs. In this book, graphs are mostly utilized
for modeling automata and trees. They are also employed to represent computations
realized by automata and to illustrate derivations of words in context-free grammars.
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1.4.1 Graphs

Definition 1.8. A graph G is a system of two components G = (V,E) where
V = {v;,v,,...,v,}is afinite set of vertices (vertices are also called nodes) and E ¢ VxV
is a binary relation over the set of vertices. Elements of E = {e;,e,,..., ey} are called
edges. Edges connect vertices. Sets of vertices and edges of a graph G are usually
denoted V(G) and E(G) or V and E when there is no danger of confusion. A graph
G = (V,E)isundirected if and only if the relation E is symmetrical. Otherwise, a graph
is directed.

Indirected graphs, an edge connecting a vertex v; to a vertex v; is denoted as (v;, v).
In undirected graphs, an edge connecting a vertex v; and a vertex v; is denoted {v;, v;}
and can be interpreted as the pair of directed edges (v;, vj) and vj, vy)-

Graphs are commonly represented in a graphical form, as adjacency matrices or
as adjacency lists.

Rows and columns of an adjacency matrix are indexed by vertices. Entries of the
matrix are equal to O or 1. An entry is equal to O if and only if there is no edge connect-
ing vertices corresponding to labels of the row and the column.

Two types of adjacency lists are constructed for every vertex. For a given vertex v;,
a list before includes all vertices connected to v; (such that there is an edge going from
the given vertex to v;). For a given vertex v;, a list after includes all vertices to which
v; is connected (such that there is an edge going from v; to the given vertex). Note that
for each vertex lists before and after are identical in undirected graphs.

The graphical representation of adjacency matrices and adjacency lists of a di-
rected graph and an undirected graph are shown in Figure 1.1.

Apathinagraph G = (V, E) is a sequence of vertices v; ,v;, ..., v; thatare pairwise
different and such that (Vi,-,pvi,») € Eforj = 2,3,...,k (in case of undirected graphs
v, ,v,-]_} is considered instead of (v,-H, v,-]_)).

Apathwithv; =v; isa cycle. A graph with no cycle is called acyclic.

A graph is connected if and only if there is a path between any two vertices.

iy

1.4.2 Trees

In graph theory, a tree T is defined as a connected acyclic graph G. In this book, we
employ an inductive definition of a tree.

Definition 1.9. A tree is an undirected connected graph G having the following prop-
erties:
— the graph having one vertex T = (V = {v}, E = ¢) forms a tree with the root v;
- if T} = (V,E), T, = (V,,Ey),..., Ty = (V. Ep) form trees with roots vy, v,,..., vy,
respectively, and a vertexv ¢ V; UV, uU--- UV}
thenT = (V;uV,U---uV, U{v}, EfUE,U---UE, U{{v,11}, {v,vy},..., {v, i }}) is the
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a) 2 4 2 4
1 1
6 6
5
3 5
b) 12 3 4 5 6 1 2 3 4 5 6
1[o[1]1]ofo0fo0 1[o[1[1]o[1]0
2[olofo[1[0]0 21]0ofo[1]0]0
3[o[1]o]0of0]0 s[1]ofofo[1]0
4/o0f/ojolo|o]1 4{o[1]o0]ol1]1
5[oflo[1]00]0 s5[1]o[1]1]0]0
6|oflofo[1]0]0 6[olofo[1]0]0
c) 1123 12(3(5
2|4 214
5(3]2 3|15
[2]6]4]s 4]2[5]6
5|3 5]1]3]4
[4]6]4 6|4

Figure 1.1: Graphs and their representation: (a) examples of directed and undirected graphs, (b) ad-
jacency matrices, (c) adjacency lists (notice that lists before were dropped in case of the undirected
graph).

tree with the root v. Vertices v, v,, ..., vy are children of the vertex v and v is their
parent. T}, T5, ..., T} are subtrees of the tree T;

— agraphis a tree if and only if it is constructed employing the two above rules for
finite number of times.

Vertices with no child are leaves. The set of all leaves of a tree is called crop of the
tree.

A tree that is built using this definition is an undirected acyclic graph. The def-
inition could be easily adapted for directed trees with edges connecting parents to
children.

A tree T is called k-tree if and only if every node has no more than k children. The
simplest trees are 2 — trees, also called binary trees.

Definition 1.10. Height of a tree is defined as follows:

— height of the tree T = (V = {v}, E = 0) is equal to O;

- if T}, T,,..., Ty are trees of height hy, h,, ..., hy, respectively, then the tree T with
subtrees T}, T5, ..., T} has height equal to 1 + max{hy, hy, ..., h}.

Note that the height of a tree is equal to the length of the longest path from the
root to a leaf.
Now we can prove the following important property of trees.
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Lemma 1.1. A k-tree of height h has no more than k" leaves.

Proof. By induction:

— ak-treeT = (V = {v},E = 0) of one vertex has 1 leaf, its height is equal to 0. Of
course, 1 < k°.

- if T, T,..., T}, 1 < k, are k-trees of height not greater than h and — by inductive
assumption — they have N; < kh, N, < K. N, < K" leaves, respectively, the tree
T with subtrees T;, T5, ..., T;of height h+1has Ny + N, +- - -+ N; < 1k < k-KP = K

leaves.
— since the basis (the first condition) and the inductive step (the second condition)
hold, then the lemma has been proved. O

1.5 Languages

Languages are the main subjects of this study. Let us recall that languages are subsets
of the set of all words over some finite alphabet. An alphabet is a finite set of sym-
bols, while a word is a finite sequence (finite string) of symbols of this alphabet. This
description of languages has little in common with a typical understanding of lan-
guages such as natural languages: English, Spanish, Polish, Japanese or even such as
programming languages. As regarded here, languages are objects of set theory rather
than natural languages or programming languages. However, the discussion in this
book and conclusions drawn here are fundamental to various areas of research and
practice. Such areas include design and implementation of compilers, construction of
algorithms, analysis of the complexity of algorithms and characterization of the space
of problems from a perspective of the complexity of algorithms used to solve them.

1.5.1 Basic definitions

Definition 1.11. Alphabet is a finite set of symbols: £ = {a'V,a?,...,a"}. Symbols of
an alphabet are also called letters.

Word over an alphabet Z is a finite sequence w = a; a, ... a, of letters. Length of
a word is equal to the number of symbols of the word and is denoted |w|. Words are
also called strings.

The set of all words over alphabet X is denoted as Z*.

Note:

— symbols in a word are denoted using subscripts while symbols of an alphabet
are indicated with superscripts in brackets. This is just to differentiate symbols
of an alphabet from symbols of a word;

— the set £* of all words over alphabet ¥ = {aV,a?,...,a"®} is infinite and count-
able. Words over alphabet X can be arranged in the canonical order: longer words

2
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follow shorter ones and words of the same length are arranged alphabetically, that
is,

= {e,a?,a?,...,a?,a"a?,aVa?, ..., aVa?,

a@a® @@, g0 P VqWa® )

— words can be enumerated consistently with the canonical order, that is;
- the empty word w,, = € (of length 0) gets the number 0;
- wordsw, =a",..., w, = a® (of length 1) get numbers 1 to p;
—  words of length 2 get numbers p + 1to p + p%;
—  words of length 3 get numbers p + p* + 1to p + p + p°;
—  words of length 4 get numbers p + p? + p> + 1 to p + p* + p° + p*;
- etc

Example 1.9. Let us consider the Latin alphabet {a, b, c, ..., z} consisting of 26 letters.
Examples of words enumerated in canonical orderare: wy = &,w; = a,w, = b,wy; = w,
Wy, = X, Wy; = aa, Wyq, = 22, W73 = aaa and so on.

Definition 1.12. A language L over an alphabet X is a subset of the set of all words X*
over this alphabet.

Example 1.10. Examples of languages over the Latin alphabet:

— the empty language 0;

— the language of words including only letter a: {a, aa, aaa, aaaa, . . .};

— thelanguage of one letter words: {a, b, c,...,z};

— thelanguage of all correct English words;

— the language of palindromes (a palindrome is a word which is identical to its re-
verse, for example, abcdcba, aaabbaaa).

Note: a language is finite (i. e., it has a finite number of words) if and only if there is
some constant such that the length of any word in this language is not greater than this
constant. Indeed, if the length of words of the language is bounded by a constant n,
then the number of all words of this language of length not greater than n is finite and
not greater than 1+p +p +- - - +p". So then, the language is finite. On the other hand, if
a language is finite, there is the longest word (more than one word may have the same
length). The length of the longest word is the constant bounding length of all words
of this language.

1.5.2 Operations on languages

In this section, operations on languages are discussed. Languages themselves are
sets, so then intuitively appealing set operations (taking subset, union, intersec-
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tion, complement) are considered here. More operations are discussed below and in
Part III.

Concatenation is an important operation realized on languages. This opera-
tion relies on joining (concatenating) words. Let us consider two words, say u =
a,a,...a; and v = byb,...b,. The concatenation of these two words is the word
W=aya,...axbib,...bydenotedasw =uvorw =uov.

Concatenation of two languages L, and L, is the language L, o L, = {uv : u € L,
v € L,}. Concatenation of two languages over different alphabets produces a language
over the union of both alphabets.

Concatenation of two languages could be easily generalized to concatenation of
a finite sequence of languages. Concatenation of languages L;,L,,...,L, is the lan-
guage (...((LyeLy)eL3)...) oL,

Let us notice that concatenation is an associative operation both on words and on
languages. The proof of this is straightforward.

A special focus is placed on the concatenation of the same language. n-concate-
nation of a language L, denoted by L", is defined inductively in the following way:

L°={e}
Ln _ Ln—l o L

This operation gives rise to the so-called Kleene closure or star closure. The Kleene
closure of a language L is the language L*:

For the sake of simplicity, we use the symbol of positive closure:

o0

Lt = ULk

k=1
Note that either L* = L* whene e LorL* =L* — {¢} when e ¢ L.

Example 1.11. Let us consider the language L = {0, 00, 000}. Multiconcatenation of

the language L produces the following results:

- L=}

- L['=1%:L = {e}{0,00,000} = {€ = 0, > 00, - 000} = {0,00,000};

- I?=1L'-L ={0,00,000} - {0,00,000} = {0 o 0,0 - 00,0 > 000, 00 > 0,00 > 00, 00 o
000, 000 - 0,000 - 00,000 - 000} = {00,000,0000,00000,000000};

- I}=1%.L= {000, 0000,00000,000000, 0000000, 00000000, 000000000};

- etc.

- L* ={g0,00,000,0000,00000,...};

- L* ={0,00,000,0000,00000,...}.
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To simplify the notation, the following symbols are used:

— a"=aa...a- the word of n letters a;
n times
- a* ={a%d,d* ..} ={e aaa aaa,..}. Thatis, a* is the language L = {a}";

- t,w denotes the number of letters a in a word w. For example, for w = abacbb,
tow =2, §,w =3, §,w = O where a, b, ¢, d are letters of the alphabet.

2

Now we consider two special binary relations defined on the set of all words £* over
a given alphabet. The first one, the right invariant relation, is independent on any
language. The second one, called the relation induced by a language, is defined for
any language L.

Definition 1.13. A relation R c I* x X is right invariant if and only if
(Vu,v € £") (uRv = (Vz € Z")uzRvz)
Definition 1.14. A relation R; c X* x £* is induced by a language L c £* if and only if
(VuveZ)uRve (VzeZluze Lo vzel))

Remark 1.1. Relation R; induced by a language L is right invariant relation.

Proof. This observation is valid since u R; v implies that for any z € £*, uzR; vz. In-
deed, uz R; vz if and only if (Vy € £*)(uz)y € L & (vz)y € L. On the other hand, the
concatenation of words is associative, so ((uz)y e L © (vz)y e L) & (u(zy) e L
v(zy) € L). Denoting zy by x we get ux € L & vx € L, which satisfies the definition
of R;. O

Remark 1.2. Relation R; induced by a language L is an equivalence relation.

Proof. Reflexivity and symmetry of the relation R; is obvious (is directly derived from
the same properties of the equivalence relation). Transitivity of the R; is derived from
properties of the equivalence relation as well. That is, the relation R; is transitive if and
only if for any u,v,w € Z* the following implication holds: u R; v and v R; w implies
uR; w. From definition of R;, we have uR; v & ((Vx € X*)ux ¢ L & vx € L) and
VRiw e (Vy € £)uy € L ® vy € L) R;. Assuming x = y = z for any z € £* we obtain
uzelLovzelandvz € L & wz € L, and finally, uz € L © wz € L. This completes
the proof. O

Remark 1.3. Any language L is a union of some equivalence classes of the relation R;,
induced by L.

Proof. Notice that each equivalence class either is included in the language L or is
disjoint with it and no equivalence class can be shared between the language L and
its complement. This is because u R; vimplies thatu ¢ L & v € L. O
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Remark 1.4. It is easy to notice that right invariant relation may not satisfy properties
of equivalence relation. For instance, by relating words of different lengths, we get
a right invariant relation. However, this relation cannot be an equivalence relation
since it is neither reflexive nor transitive. Since any relation induced by a language
is an equivalence relation, then this particular relation cannot be induced by any
language.

1.6 Grammars

Grammars are essential tools used for describing, defining and analyzing languages.
At first glance, grammars can be seen as tools describing syntactic rules that man-
age the analysis and processing of natural languages. However, a complete and pre-
cise description of natural languages is impossible due to their inherent complexity.
Grammars of natural languages describe rules though the rules are neither accurate,
nor complete, nor rigorous. Correctness rules of natural languages are often not strict,
and thus can be used more flexibly.

In contrast, the languages studied in this book are often less complex than natu-
ral languages and are always precisely defined. They can be called formal languages
or artificial languages. The correctness rules of such languages are always strict. Any
construct (word, text) can be exclusively qualified either as a correct structure of the
language or as not belonging to this language. Grammars are important tools describ-
ing artificial languages. Certainly, grammars defining artificial languages are much
less complex than grammars of natural language and have rules precisely defined.

Definition 1.15. A grammar is a system
G=(V,T,P,S)

where:

— Visa finite set of variables (or nonterminals), will also be called alphabet of vari-
ables (alphabet of nonterminals);

— T is afinite set of terminals, will be also called alphabet of terminals;

— Pis afinite set of productions;

— Sisavariable called initial (or starting) symbols of the grammar.

Production is a pair (a, ) of words over alphabets of nonterminals and terminals as-
suming that a is a nonempty word:

(@) e (VuD ' x(VuT)"

The set of grammar productions can be interpreted as a finite binary relation in
the set of all words over the union of alphabets of nonterminals and terminals. Pro-
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ductions can also be interpreted as rules that allow us to change words by replacing
a part of it identical to the first element of production with the second element of this
production. This interpretation carries out another symbol of the production (a, ),
that is,

a—f

Intuitively, straightforward interpretation of productions as rules of words ex-
change leads to a notion of direct derivation and derivation:

Definition 1.16. A direct derivation ? in a grammar G = (V, T,P,S) is a binary rela-

tion:

—C(VUT) x(VUT)

where: (1, () € if and only if (3a, B,y,6 € (V u T)*) such that n = yaé, { = yB6 and
a — fis a production. Note: the grammar name G will be omitted in the derivation
symbol if this does not lead to confusion.

Definition 1.17. A derivation %» in a grammar G = (V, T, P, S) is the transitive closure

of a direct derivation. Obviously, a derivation is a binary relation in the set of all words
over the union of sets of nonterminals and terminals.

A derivation allows verifying whether a word can be derived from another one by
utilizing a sequence of productions.

Terminals of a grammar could be seen as an alphabet of letters used for the con-
struction of words of a language over this alphabet. Nonterminals represent more gen-
eral concepts. Such concepts should be developed by applying relevant productions
as far as a final word over the terminal alphabet is derived.

Example 1.12. Let us consider the grammar G = (V, T, P, S) where:

p: S-0 o))

SoA Q)
A=A0  (3)
A— Al (4)
A—1 (5)

Note that several productions have the same left-hand side. Such productions are
often arranged together in a single line with the same left-hand side. The correspond-
ing right-hand sides are separated by vertical bars, say

P: S—04A 1,2
A - A0JA11 (3), (4),(5)
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Finally, as was mentioned above, grammar is a tool to define a language, which is
outlined in the following definition.

Definition 1.18. Alanguage L(G) generated by the grammar (or generated in the gram-
mar) G is the set of words over the alphabet of terminals, which could be derived from
starting symbol of the grammar:

L(G):{WET*:S%W}

Example 1.13. Let us consider the grammar G = (V, T, P,S) defined in the previous
example. Observe that this grammar generates the language

L(G) = {0,1,10,11,100, 101, 110, 111,1000, 1001, 1010, 1011, ... .},

that is, it generates binary numbers without non-significant zeros.!

If not stated explicitly, the following symbols will be used by default to indicate
constructs of grammars:
A, B, C, ... - nonterminal symbols;
a,b,c..01,2,..,9 - terminal symbols;
Z, Y, X, ... — terminal or nonterminal symbol;
Z,V, X, ... — words over alphabet of terminals;
a, B, v, ... — sequences of terminals and nonterminals.

1.7 Problems

Problem 1.1. Determine the number of all reflexive relations in a set of n elements
{aj, ay,...,a,}.

Solution. Let us represent relations as tables with rows and columns labeled with
elements of the set. The entries of this table are equal to 1 if the row label is related to
the column label; cf. Example 1.5

The reflexive relation must have all entries on the main diagonal being equal to 1.
Any other entry of the table may be either 0 or to 1. The number of entries outside
the main diagonal is equal to n® — n; see Table 1.6. These entries may have any value
(0 or 1). Therefore, the number of different reflexive relations is equal to 2"2*".

Problem 1.2. Find the number of all symmetric relations in a set of n elements
{aj,ay,...,a,}.

Solution. Find the number of all symmetric relations in a set of n elements. Answer:
2
z(n +n)/2

1 Adigit 0 in a number is non-significant if it can be removed without affecting the value of the num-
ber.
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Table 1.6: A reflexive relation defined on n elements.

a; a, as e a,
a 1 ? ? N
a 7 1 ? .2
a2 ? 1 -2
a, 7 ? ? .1

Problem 1.3. Arelation p over binary alphabet X = {0, 1} relates words having the same
numerical value. Check if the relation p is the right invariant one. Find its equivalence
closure and equivalence classes of the closure.

Solution. Let us check if this is an equivalence relation. Of course, the property of
having the same numerical value is reflexive, symmetric and transitive. So then, its
equivalence closure keeps the relation unchanged. Also, equivalence classes of this
relation could be easily listed:

A, = {0,00,000,0000, 00000, . }

A, = {1,01,001,0001,00001, ...}

A, = {10,010, 0010, 00010, 000010, ... .}

Aj = {11,011,0011,00011,000011, .. }

A, = {100,0100, 00100, 000100, 0000100, ... },

etc.

As we see, the relation creates an infinite set of infinite equivalence classes.

Two related words have the same numerical value. If any binary string is attached
to both words, then their numerical values will be equal. This observation fulfills the
definition of right invariant relation.

Problem 1.4. Arelation p over binaryalphabet X = {0, 1} relates to words having a com-
mon digit. For instance: 001 p 10, 1010 p 010101, ~ 00 p 111. Check if p is an equivalence
relation. If not, find its equivalence closure p{eq} . Find equivalence classes of the equiv-
alence relation.

Solution. The relation is not an equivalence relation:

— itis not reflexive: any word is related to itself except the empty word, which is not
related to itself;

— it is symmetrical since the property of having common letter is symmetrical;

— itis not transitive, for instance. 00p 01 A 01p 11 and ~ 00 p 11.

Let us find the equivalence closure of the relation p. First of all, we will find its reflexive
closure and its transitive closure. Then we will check if the union of both closures
remains reflexive, symmetric, transitive and is the smallest relation possessing these
properties and including the relation p:
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~ it is obvious that the relation p = p U {(g,€)} closes p over reflexivity: p! in-
cludes p, is reflexive and is the smallest relation satisfying these two conditions;

- note that any word including both digits is related to any nonempty word. Since
forw = Ol and (Vu,v € )upw A wpv, then the pair (i, v) should be included
into transitive closure p'! of the relation p. Indeed, any two nonempty words are
related in the transitive closure of the relation p. On the other hand, empty word
is not p-related to any other word. Concluding, we have p!* = £+ x =*,

- weclaim thatp"” up'” is the smallest equivalence relation including the relation p.
In fact, the relation p{’} u p{t} is reflexive, symmetrical and transitive, so it is an
equivalence relation. Furthermore, it is not possible to remove any pair from the
relation p" U p'! without violation of closure conditions: removing the pair (e, €)
violates reflexivity, removing a pair of words having common digit violates inclu-
sion of the original relation, while removing any pair of nonempty words not hav-
ing a common digit violates the transitivity property. In conclusion, the relation:

pY =p"upl —fuv)iu=e=vvutervse ={e)}usxst
is the equivalence closure of the original relation p.

In addition, let us note that p{eq} results in two equivalence classes: E; = {e} and
Ez = Z+.

Problem 1.5. Given is an alphabet £ = {a(l),a(z),...,a(’)}, r > 2. The set of let-
ters appearing in a word w € X" is called support of the word and is denoted as
supp(w). For instance, supp(a(l)a(l)a(l)a(z)) = {a",a?}. Words over the alpha-
bet I are p-related if and only if they have exactly two common letters, that is,
(Vu,v € L )upv o |supp(u) n supp(v)| = 2. For instance, 001p 10, 1010 p 011,
~ 1010p 11, ~ £p101. Check if p is an equivalence relation. If not, find its equiva-
lence closure p{eq}. Find equivalence classes of the equivalence relation.

Solution. Therelation is symmetric but is neither reflexive, nor transitive, for instance
~ XpX for X e XU {g}; for a;, a, and a; pairwise different letters a;a,a; p a;a, A
a,a, p a,a,a; and ~ a,a,as p a,a,as. The reflexive closure is P =pu{uu) :u ez}
while the transitive closure is pt ={(u,v) : | supp(u)nsupp(v)| > 2} and the equivalence
closure is equal to p®¥ = p" U p'.
Equivalent classes of this closure are:
_ {g}'
- {d'}suchthata € Zandi € {1,2,...}, that is, all sets including a single word with
one letter support;
- {w € X" : |supp(w)| = 2}, that is, the set of all words having at least two different
letters.

The reader can easily prove that the closures and equivalent classes are correctly fig-
ured out.
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2 Regular expressions and regular languages

Regular languages form the simplest class of formal languages. They are inductively
defined by regular expressions. Regular languages also outline simple algebraic struc-
tures in the set of all words over a given alphabet. Due to this simplicity, they can be
easily distinguished and identified. Regular languages are generated by regular gram-
mars as well and — what will be discussed in Chapter 7 — they are accepted by finite
automata.

In this chapter, fundamental properties of regular expressions and regular lan-
guages are studied. We cover a discussion on the following topics: operation on reg-
ular expressions, algebraic properties of the relation induced by regular languages
(portrayed by so-called Myhill-Nerode lemma, which is a part of Myhill-Nerode the-
orem), the structure of words of regular languages (delineated by pumping lemma).
The study is supplemented by a section focused on regular grammars. All these topics
are revisited in Chapter 8.

2.1 Regular expressions and regular languages

2.1.1 Regular expressions

The definition of regular expressions is inductive, that is, basic regular expressions
are defined explicitly, while more complex regular expressions could be designed ac-
cording to given rules.

Definition 2.1. Regular expressions over an alphabet Z are constructs defined as fol-
lows:
— ®@is aregular expression;
— eisaregular expression;
— foreachainZ, ais aregular expression;
— if r and s are regular expressions then
— (r +5s), the sum of regular expressions;
— (rs), the concatenation of regular expressions and
- (r"), the Kleene closure of the regular expression, called also star closure
are regular expressions.

Regular expressions are strings of basic symbols connected with sum, concatena-
tion and Kleene operator enclosed in brackets. Basic symbols are shown in boldface
in order to distinguish between the symbols of basic regular expressions and letters of
the alphabet. Normal fonts will be used instead of boldface if the meaning of a symbol
is obvious from the context it is used in.

https://doi.org/10.1515/9783110752304-002

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use


https://doi.org/\global \c@doi \c@chapter \relax \global \advance \c@doi \c@parttext \relax 10.1515/9783110752304-000
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Example 2.1. The following strings are regular expressions over the alphabet ¥ =
{a, b}:

— q:);

- g

- a

~ b;

- (D+a);

- (b+eg)

- ((@a)(ba));

- (((aa)b)(b + a));

<a+ (a((bb)*))).

Definition 2.2. Regular expressions over an alphabet X generate languages:
— @ generates the empty language 0:
— & generates the language {¢}, that is, the empty word sets up this language;
— for each a in Z, a generates the language {a}, that is, the one letter word sets up
such a language;
— ifregular expressions r and s generate languages R and S then
— (r + s) generates the language R U S (union of languages R and S);
—  (rs) generates the language R - S (concatenation of languages R and S);
— (r)" generates the language R* (Kleene closure of the language R).

Example 2.2. The following languages are generated by regular expressions used in
Example 2.1:

— 0, the empty language;

— {¢} — the language having only the empty word;

— {a} - the language having only one word of a single letter;

- {bh

- (0ufa}) ={al;

- ({brufeh) = {e, b}

- (({aMah({bHa}))= {aaba};

- (((apapiby)(ia} u (b)) ) = {aabb, aaba};

({a} U ({a}(({b}{b})*))) = {a, abb, abbbb, abbbbbb, .. }.

Remark 2.1. Regular expressions are finite constructs. In fact, they are words over the
alphabet 2 U {®, &, +,9,",(,)}, where X is an alphabet of a regular expression. On the
other hand, languages generated by regular expressions can be infinite. An example of
infinite language generated by the (finite) regular expression is given in Example 2.2,
refer to the last case.

Remark 2.2. Regular expressions and formulas describing languages generated by
regular expressions include a large number of brackets, what makes them hardly read-
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able. On the other hand, algebraic operators, logic operators as well as set theoretic
operators are assumed to have priorities. This assumption allows dropping most of the
brackets of algebraic, logic as well as set-theoretic expressions. By analogy, the same
simplification is assumed for regular expressions. It is assumed that the sum opera-
tor has the lowest priority, concatenation has higher priority and the Kleene operator
has the highest priority. The same assumption is adapted for operators on languages.
Union has the lowest priority, concatenation has higher priority and the Kleene clo-
sure is of the highest priority. We will drop any pair of brackets if it does not change
the order of operators when priorities are applied. As an example, a simplified form
of regular expressions of Example 2.1 is presented in Example 2.3.

Example 2.3. Simplified form of regular expressions given in Example 2.1:
— (D;

- &

- a;

- b;

- d+a;

- b+eg

- aaba;

- aab(b+a);

- a-+a(bb)".

Remark 2.3. Regular expressions can be interpreted as strings of symbols. Therefore,
a simplified form of a regular expression is not equal to its original form in terms of
strings’ equality. Yet, languages generated by both forms of a regular expression are
identical. So then, both forms are considered to be equivalent. From now on, if not
stated otherwise, equivalent regular expressions will be deemed to be equal.

2.1.2 Regular languages

Definition 2.3. Regular languages are those and only those generated by regular ex-
pressions.

Example 2.4. The set of binary natural numbers without nonsignificant zeros L =
{0,1,10, 11,100, 101, 110, 111,1000, 1001, .. .} is a language over the binary alphabet. Jus-
tify that it is a regular language.

Solution. Let assume that £ = {0, 1} is the alphabet. The regular expression 0 + 1(0 +
1)* is claimed to generate the language L. Indeed, the regular expression 0 + 1(0 +
1)* generates the language {0} U {1} - {0,1}", which includes either word O or words
beginning with 1. This proves that words generated by the regular expression 0 +1(0 +
1)* belong to the language L. On the other hand, any word of this language is generated
by the expression. Obviously, 0 is generated by the expression. Furthermore, any word
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of length n and beginning with 1 belongs to the set {1} o {0,1}*"}, which is a subset of
the language {0} U {1} - {0,1}".

Example 2.5. Justify that the set L of binary words having exactly one sequence of
three 1’s 111 is a regular language. For example, 0000111 ¢ L, 1111 ¢ L (two sequences
of 111 are included: the first three digits and the last three digits) 11011001110001 € L,
0110110 ¢ L (no sequence 111 included).

Solution. The following regular expression generates the language L:
r = 0*((e +1)100*) 111(00*1(¢ + 1)) 0"

The expression can be split into three parts: the middle 111, the beginning 0*((e +
1)100%)* and the ending (00*1(¢ +1))*0*. The middle part generates required three 1s.

The first part 0" of 0*((€ + 1)100*)* generates a sequence of 0’s. The second part
generates a sequence of binary words having one or two 1’s followed by a nonempty
sequence of 0’s. Notice that each single or double digit 1 is followed by at least one 0.

The ending part (suffix) is the reversed beginning part (prefix). So then words gen-
erated by the ending part are reversed versions of words generated by the beginning
part.

Finally, a concatenation of any words generated by the beginning, middle and
ending part of the regular expression, r create words having exactly one sequence of
three 1s, that is why they belong to the language L.

On the other hand, any word of the language L can be split into three parts: the
middle sequence of three 1’s, the sequence of digits (possibly empty) followed by the
middle part and the sequence of digits that follows the middle part.

The beginning part of every nonempty word ends with digit O and, if have 1’s,
any single digit 1 or pair of them must be separated by at least a single 0. So then, the
beginning part can be split into leading 0’s and then sequences of single or double
digits 1 followed by at least one 0. This observation makes it clear that the beginning
part of any word of the language L is generated by the first part 0* ((¢ + 1)100*)* of the
expression r.

By analogy, it can be drawn that the ending part (00*1(¢ + 1))*0™ of the regular
expressions r generates the ending part of any word of the language L.

In conclusion, any word of the language L is generated by the regular expression r.
This completes the proof.

Remark 2.4. The following equalities hold (in terms of Remark 2.3):
D+r=r+0=r

0r=r0=0

er=re=r

E+r=r+e¢

r+s=s+r

r+s)+t=r+(s+t)=r+s+t

ENEC PNV
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7. (rs)t =r(st) =rst
8. r(s+t)=rs+rt

9. (r+s)t=rt+st
10. (r")* =r*

1. F"s")* =@ +s)"
12 " +s) =@ +9)"

2.1.3 The Myhill-Nerode lemma

The Myhill-Nerode theorem is the most crucial tool characterizing regular languages.
The theorem is given and proved in Chapter 8. In this chapter, a limited version of
the Myhill-Nerode theorem is formulated. It will be referred to as the Myhill-Nerode
lemma. The proof of the lemma is a direct consequence of a proof of the Myhill-Nerode
theorem. The lemma is not proved here since important topics used in the proof have
not been discussed yet. The lemma is formulated here since it is a crucial tool used in
the identification of regular languages. It will be used in this and other chapters.

Lemma 2.1 (The Myhill-Nerode lemma). A language L is regular if and only if the rela-
tion R; induced by the language L has a finite number of equivalence classes.

Example 2.6. Verify if the language L of binary numbers without nonsignificant 0’s is
regular (this language was defined in Example 1.13).

Solution. Let check if the following sets are equivalence classes of the relation R; in-

duced by the language:

- E ={eh

- E,={0}

- E; = {lw : w € {0,1}"}, that is, the set of all binary words beginning with the
digit 1;

- E, ={0,1}" - (E;UE,UE;), that is, the set of all words not included in the previous
sets.

To prove that these sets are equivalence classes is sufficient to show that:

— they partition the set {0, 1}* of all binary words. Certainly, because sets E;, E, and
E; are pairwise disjoint, then the definition of the set E, guarantees that these four
sets create a partition of {0,1}";

— any two words of any set are R; -related
— this condition is obvious for sets E; and E,;

— any two words u and v of the set E; belong to the language L (both words do
not have nonsignificant 0). Moreover, for any binary word z, words uz and vz
also belong to the language L (none of them have nonsignificant 0);

- any two words u and v of the set E, do not belong to the language L (both
words begin with nonsignificant 0). Moreover, for any binary word z, words
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uz and vz also do not belong to the language L (both of them begin with non-
significant 0’s);
— any two words of two different sets are not R; -related:
— the empty word €:
* isnotrelated to O: forz = £, we get £z = ee = e and 0z = O¢ = 0. Of course,
e¢LandO e L;
* isnotrelated to any word u € E5: forz = ¢, we getez ¢ Land uz € L;
* isnot related to any word u € E,: forz = 0, we getez ¢ Land uz ¢ L;

— theword O
* isnotrelated to any word u € Ej: for z = 0, we get uz = 00, so then 0z ¢ L
anduz € L;
* isnotrelated to any word u € E,: forz = ¢, we get uz = 0, so then 0z € L
and uz ¢ L;

- anywordu € E;
* isnot related to any word v € E,: forz = ¢, we get uz = u, so thenuz € L
and vz ¢ L.

Finally, by the Myhill-Nerode lemma, since the number of equivalence classes of the
relation R; induced by the language L is finite, the language L is regular.

Example 2.7. Check if the language L of nonempty binary words having the same
number of a’s and b’s is regular. Namely, the language is defined as follows: L = {w ¢
{a,b}" : #,w = #,w > 0}. For instance, aabb € L, babaab € L, bab ¢ L.

Solution. The number of equivalence classes of the relation R; induced by the lan-
guage L is infinite. Consider the following infinite sequence of words:

W1=a

szaa
n

w,=d

Notice that any two different words u and v of this sequence cannot belong to the same
equivalence class: if u = ak, V= al, k # 1, thenforz = b* we getuz = ab* e L and
vz=ab"¢L. Consequently, the relation R; creates at least equivalence classes corre-
sponding to words of the sequence, that is, infinitely many classes. In concluding, in
light of the Myhill-Nerode lemma, the language L is not regular.

2.1.4 The pumping lemma

In addition to regular expressions and the Myhill-Nerode lemma, the pumping lemma
is another tool that can be used to characterize regular languages. Regular expres-

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

2.1 Regular expressions and regular languages =— 31

sions and the Myhill-Nerode lemma (and regular grammars, which are discussed in
the next section) are aimed at proving that a language is regular. The Myhill-Nerode
lemma and the pumping lemma can be used to prove that a language is not regular.
As in the case of the Myhill-Nerode lemma, the pumping lemma is not proven here
since important topics used in the proof have not been discussed yet. The lemma is
formulated here since it is a crucial to the identification of regular languages. It will
be proven in Chapter 8.

Lemma 2.2 (The pumping lemma for regular languages).

If a language L is regular

then there exists a constant n; such that for any word z € L the following condition
holds:

(lzl =2 np) = [(\/z=uVW/\|uv|snL/\|v|21> /\ Zi:uviweL]

u,v,w i=0,1,2,...

The pumping lemma formulates conditions necessary for a regular language. It
shows that the nature of regular languages is finite and the length of words of a given
regular language is limited by some constant n; determined by the pumping lemma.
If a regular language includes a word of length greater than or equal to n;, then it is
an infinite language. However, a structure of words that are longer than or equal to n;,
is fairly simple. Such words are generated by inserting strings of a length limited by
the constant n; into words of the language that are shorter than n;. That is, any word
of a regular language not shorter than n; has a floating part of being deleted, leaving
the remaining part in the language.

Since the pumping lemma formulates necessary conditions, it is of limited prac-
tical usefulness in its direct form. It can be used for the analysis of the structure of
words of the language. If words of a language satisfy the conclusion of the pumping
lemma, then the language could be intuitively presumed to be regular. Then, based
on such a supposition, the language could be proven to be regular. In practice, we use
contrapositive of the pumping lemma rather than its generic version. The contrapos-
itive of the pumping lemma formulates sufficient conditions for a language not to be
regular. This makes contrapositive of the pumping lemma to help prove that specific
languages are not regular.

Lemma 2.3 (Contrapositive of the pumping lemma for regular languages).

If for any constant n; there exists a word z € L such that

(Izlan)/\[</\z=uVW/\|uv|snL/\|v|21 zizuviwgéL

u,v,w ) i€{0,1,2,..}

then the language L is not regular.
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Example 2.8. Check that the language L defined in Example 2.7: L = {w € {a,b}" :
#,w = #,w > 0} is not regular one.

Solution. Let us employ the contrapositive of the pumping lemma. We assume a word
z = a"bV for a constant N not less than the constant n; from the pumping lemma.
For any split z = uvw of the word z satisfying assumptions of contrapositive of the
pumping lemma, the first two parts uv caninclude only a’s: u = aP,v = a4, where 0 < ¢
and p+q < N. Iterated words z; = aPa"YPg"-®+DpN = pN-G-D4pN 4o not belong to the
language L for any iteration value i # 1 (for instance, fori = 0 we get z, = a¥ipM). By
contrapositive of the pumping lemma, we conclude that the language L is not regular.

Example 2.9. Check if the language of binary words having number of zeros equal to
square of a natural number is not regular:

L={we{0,1}" :#,w=n’ne{0,1,2,3,...}}

Solution. Let us apply contrapositive of the pumping lemma. We assume a word
z =0V ¢ Lfora constant N > n;. For any split z = uvw of the word z satisfying
antecedent of contrapositive of the pumping lemma, let us take a particular iterated
word z, = oMM The word z, ¢ L for the reason that N? < N% + |g| < N>+ N < (N +1)°.
Again, by contrapositive of the pumping lemma, the language L is not regular.

2.1.5 Regular grammars

Regular grammars constitute the most straightforward class of grammars. They gener-
ate regular languages, so then they can be used for proving that languages are regular.
In this section, we formulate a definition of regular grammars and use them as tools to
generate regular languages. The formal proof that regular grammars generate regular
languages will be given in Chapter 8.

Definition 2.4. A grammar G = (V,T,P,S) is:

— left-linear if and only if all its productions take the form A — Bw or A — w, where
A, B are nonterminals, that is, A, B € V, w is a string of terminals, possibly empty,
thatis,w e T*;

— right-linear if and only if all its productions of the form a — wB or A — w, where
A, B are nonterminals, w is a string of terminals, possibly empty;

— regular if and only if it is either left-linear or right-linear.

Remark 2.5. Each left-linear grammar has its equivalent right-linear counterpart, and
oppositely, each right-linear grammar has an equivalent left-linear counterpart. Equiv-
alence of grammars is understood as the identity of generated languages. This obser-
vation will be proven in Chapter 8.
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Example 2.10. The grammar given in Example 1.12 generates the language L of binary
numbers without nonsignificant 0’s. The grammar in this example is left linear, so
then the language is regular. The following right linear grammar G = ({S, A},{0,1}, P, S)
generates the same language, where:

P: S—>0]14 10,2
A—O0A|14 | ¢ (3), (4),(5)

Solution. Indeed,
— words generated by the grammar G are included into the language L for the reason
that they are:

— either O (derived directly with the production (1) applied to the initial symbol
S of the grammar) or

- strings beginning with 1. Such strings are derived with the production (2) ap-
plied to the initial symbol S and then with any number of productions (3) and
(4) applied to the nonterminal A. The derivation is terminated with the pro-
duction (5);

— every word of the language L is generated in the grammar G. Notice that words of
this language are either O or they begin with the digit 1. Hence:

— 0is derived as explained above: S — 0;

- any other word 1a,_;a;_, . .. a;a, (a binary number with leading digit 1) can
be derived applying the production (2) to the initial symbol S and then pro-
duction (3) or (4) should be used for every next digit O or 1, respectively. The
derivation is terminated with the production (5), when all letters have been
generated. That is, a string 1a;_;a;_,a;_3 . .. a;a, is generated as follows:

ag_1+3 A, ay_3+3
S—> 1A — 1ak lA _) 1ak 1ak 2A — 1ak 1ak zak 3A

a;+3 Qg+
— la_ a1, ...a1 A A lay_ay_a,_3...a4a9A 2, lay_a_a;_3...a,aq

Example 2.11. Prove that the language of binary strings divisible by 5 is generated by
aregular grammar. Note that binary strings permit nonsignificant 0’s; for instance, 1,
01, 001 are valid binary strings.

Solution. Let assume that reminder of integer division of a binary number a;a;_; ...
a,a, by 5 is equal to r. Observe that the binary number a;a;_; ... a;aqa (a digit a at-
tached as least significant digit) divided by 5 gives remainder (2r + a) mod 5. Based on
this observation, we can build the following right-linear grammar generating natural
numbers divisible by 5:

= ({S:AO:A]:AZ)A2>A3>A4}) {0) 1}) P) S)
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P: S— 04,14 @,
Ay > 04y 14,1 (3),(4),(5)
A; — 04, | 14, (6),(7)
A, — 04, | 14, (8),(9)
A; — 04, | 14, (10), (11)
A, — 0A5 |14, (12),(13)

The productions can be rewritten in shortened form:

P: S—04,]|14,
AO — &
A; = 0Agiymod 5 | 1A@isymoas  fori=0,1,2,3,4

For example, the derivation of the binary number 01010 is carried out as follows:
S — 04, — 014; — 0104, — 01014, — 010104, — 01010

This grammar generates the language L:

— information about the remainder of the division of the part derived so far is kept
as the nonterminal’s index. Derivation can be terminated with the production (5),
which leaves a binary number divisible by 5. This confirms that any word gener-
ated in this grammar belongs to the language;

— simple inductive evidence shows that any word of the language can be generated
in this grammar:

— first of all, the grammar allows for generating all strings having one binary
digit and supplemented by a nonterminal, that is, 04, and 14;. It also allows
to generate all strings of length one divisible by 5, that is, the only one string O;

— by the inductive hypothesis, let assume that the grammar allows for generat-
ing all binary strings of length n appended with respective nonterminal and
allows for generating all binary strings of length n divisible by 5. Any binary
string of length n appended to a nonterminal A; can be extended to a binary
string of length n+1by adding any digit (O if the first A; production is used and
1 for the second A; production). This shows that any binary string of length
n + 1is generated. Then the production (5) applied to the nonterminal A,
generates a binary number of the length divisible by 5. Of course, all binary
numbers of length n + 1 can be generated;

— finally, due to the satisfaction of both inductive conditions, we can state that
every word of the language is generated in the grammar.

Example 2.12. Design a left-linear grammar generating the language of binary strings
divisible by 5; cf. Examples 2.10 and 2.11.

Solution. The right-linear grammar of Example 2.11 adds symbols at the end of a bi-
nary string. This grammar controls remainder of division by 5. A left-linear grammar
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adds symbols at the beginning of the string. Let us observe how the value of a binary
number and the value of the remainder of integer division changes when a binary
digit is added at the beginning of a binary string. Assume that a reminder of division
of a binary number a; a;_; a;_, ...a; ag by 5is equal to r.

The digit 1 added at the beginning of a binary number a; a;_; a;_, ... a; ay in-
creases its value by 2! and changes reminder of division by 5 to (r + 21y mod 5.
Notice that 2' mod 5 is equal to 1,2, 4,3 when i mod 4 is equal to 0, 1, 2, 3, respectively.
Notice also that 2! mod 5 = (2 (2! mod 5)) mod 5.

The digit O added at the beginning of the numbers neither change its value nor
remainder. However, it affects changes when the next possible digit is added.

Therefore, in order to be able to control remainder of division by 5, a left-linear
grammar must remember position of added digit (more exactly — a reminder of division
of this position’s value by 5) and a reminder of division by 5 of the already generated
string, and then apply conclusions of the above discussion. The discussion leads to
the following grammar:

G = (IS} U {Ay; 1 ,j € {0,1,2,3,4},i # 0},{0,1},P,S)
P: S—>A2)OO|A2)11
Ajp — €

Aij = Api) mod 5, O | Ai) mod 5,(i+j) mod 5 1
fori,j € {0,1,2,3,4},i# 0

There are 21 nonterminals: the initial symbol of the grammar S and 20 indexed
nonterminals A;;. There are 46 productions: 2 are given explicitly, 4 A;, nullable
productions and 40 A;; productions. The first index of a nonterminal 4;; stores re-
mainder of division by 5 of the binary position of the nonterminal. The second index
keeps remainder of division the remaining string of binary digits by 5. For instance,
for A;ja; ay_;...a;a0:i=2"mod5andj = aya , ...aya, mod 5.

An example derivation of the binary number comes as follows:

A — Ay00 — Ay»10 — 43,010 — A4;51010 — 4,,01010 — 01010

The proof that this grammar generates the given language is similar to the proof
we outlined in Example 2.11. It is left to the reader.

2.2 Problems

Problem 2.1. Prove equalities given in Remark 2.4.

Solution. All equivalences are understood in terms of equality of languages. Let us
consider the equivalence r(s + t) = rs + rt. Let assume that regular expressions r, s, t
generate languages R, S, T, respectively. The regular expression r(s + t) generates the
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language Ro(SUT)={uv:u e RAv e SUT}, whichisequaltoRo (SUT) ={uv:ue
RAveSvueRAveTlandthenitisequalto{uv:ue RAveStu{uv:ueRAVE
T} = RoSUR - T. The latest language is generated by the regular expression rs + rt.

Problem 2.2. Prove that the language L = {w € {a,b}" : #,w > #,w > 0} is not
aregular one.

Solution. We apply the contrapositive of the pumping lemma to prove that L is not
regular. Let N is a constant from the lemma and let z = a"*'b". We consider any split
z = uvw satisfying antecedent of the lemma, that is, [uv| < N and |v| > 1. Thus, uv
cannot include the letter b and v includes at least one letter a, that is, u = o and
v=d wherel<r<p+r<N.Theword z, = u/®w = a"*'"b" is not included in L.

This observation completes the proof that the language is not regular.
Problem 2.3. Prove that the language L = {w € {a, b}" : #,w + #,w} is not regular.

Solution. Let apply the Myhill-Nerode lemma. Consider the sequence of words: u; =
a,u, = aa, ..., u, = a', .... Any two words of this sequence are not related in the
relation R; induced by L. Indeed, for any u; and v, k # 1, if, for instance, z = b, then
kpk ¢ L and uz = a'b* ¢ L. This means that such two words belong to different
equivalent classes of R;, and as a result, we have an infinite sequence of equivalent
classes of R; .

wz=a

Problem 2.4. Prove that the following language is regular:
L={we{a b} : #,wmod 3 = #,w mod 3}.

Hint. Note: justify that there are three equivalence classes of the R; relation:
E;={we{a, b} : (#,w - #,w)mod 3 = i}, i = 0,1, 2. Apply the Myhill-Nerode lemma.

Problem 2.5. Prove that the complement of a regular language L ¢ X*, that is, the
language L = £* — L, is a regular language.

Hint. Notice that every equivalence class of the relation R; induced by the lan-
guage L is either included in L or disjoint with L and apply the Myhill-Nerode lemma.
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3 Context-free grammars

The class of context-free languages is the next simplest class of languages, besides the
class of regular languages. Context-free languages are generated by context-free gram-
mars, which correspond to regular grammars and regular expressions. Context-free
grammars are one of the few most important tools used for the analysis of context-free
languages. They are incomparably simpler than context-sensitive and unrestricted
grammars. On the other hand, they define a wider class of languages than simpler reg-
ular grammars. The structure of words they generate is rich in this sense that two parts
of words can be simultaneously iterated, unlike in the case of regular languages, where
one part could be iterated. Moreover, context-free grammars are well elaborated. They
provide effective methods of analysis and generation of languages. Furthermore, there
are effective methods of automatic analysis and processing of context-free grammars.
Due to these advantages, they are widely applied in practice, for example, in natu-
ral language processing, processing of programming languages, translation of formal
languages, pattern recognition, etc.

Algebraic structures of context-free languages created in the set of all words over
an alphabet are much more complex than those created by regular languages. For this
reason, the algebraic analysis of context-free languages is limited. For instance, there
is no tool corresponding to the Myhill-Nerode theorem.

This chapter is devoted to a discussion on basic properties of context-free lan-
guages, especially those properties, which arise out of the analysis of context-free
grammars. Let us emphasize that an analysis of context-free grammars is well estab-
lished, given their practical relevance.

3.1 Context-free grammars — basics

Context-free grammars have a simple form of productions: a nonterminal creates pro-
duction’s left-hand side while a sequence of terminals and nonterminals figures its
right-hand side. This form of productions allows for a simple illustration of deriva-
tion. A derivation of a word can be demonstrated as a tree, which eases the proofs of
such important properties as the pumping lemma, the Ogden lemma and a decision
algorithm for context-free languages.

Definition 3.1. A grammar G = (V, T, P,S) is a context-free grammar if and only if left
side of any its production is a nonterminal, that is, any p € Pis ofaform A — a, where
AeVandae (VuT)*.

Notice that productions of regular grammars may have only one nonterminal in
their right-hand side and those nonterminals must be at either left or right edge. So
then, regular grammars are a special case, straightforward case, of context-free gram-
mars.

https://doi.org/10.1515/9783110752304-003
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38 —— 3 Context-free grammars

Definition 3.2. A language L ¢ X" is context-free if and only if it is generated by a
context-free grammar.

Example 3.1. The following context-free grammar generates arithmetic expressions:

G = ({E}, {+.»,id}, P, E)

P. E—>E+E 1)
E—-ExE 2
E—id (3)

The grammar generates a restricted form of arithmetic expressions with addition
and multiplication only, not using brackets and with only a single argument id. Such
grammar has limited practical importance. However, it will allow us for a convenient
illustration of structures related to context-free grammars. On the other hand, it is
easy to extend the grammar for subtraction and division (including new productions
similar to the first two). Moreover, if the terminal id is replaced by a nonterminal and
productions for this nonterminal are added, we get a more realistic grammar for arith-
metic expressions.

Example 3.2. Letcheckthat the word id = id + id is derivable from the initial symbol of
the grammar provided in Example 3.1, that is, let build a derivation E 2 id #id +id.
In the following derivation, productions are applied to the underlined nontermi-
nals:

ELE+ESE+E+E>id+E+E > id «id+E > id «id +id

where a number above the derivation symbol (right arrow) refers to an applied pro-

. 1, .o
duction, for example, — informs that the first production is employed.

In this derivation, productions are always applied to the leftmost nonterminal
of intermediate words of derivation. Such a derivation is called leftmost derivation.

A derivation with rightmost nonterminals yielding productions is called right-
most derivation. The following derivation of the word id = id +id is the rightmost
one:

ELE«E LSE«E+E S E«E+id > Exid+id > id+id+id
We can build another rightmost derivation of the word id = id + id:
E—-E+E—>E+id >E*E+id - E xid+id — id xid +id
and yet another leftmost derivation of this word:

E—>E+FE—id+«E - id*E+FE — id *id+E — id *id +id

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

3.1 Context-free grammars — basics =—— 39

In addition to the leftmost and rightmost derivations, there are several mixed
derivations, that is, derivations in which productions are applied to nonsystemati-
cally chosen nonterminals.

For context-free grammar, a word’s derivation can also be presented in the form
of a tree.

Definition 3.3. A derivation (parsing) tree in a context-free grammar G = (V, T, P,S)

isatree T = (W,E c W x W) satisfying the following properties:

1. it is compatible with Definition 1.9, but the set of children of every vertex is or-
dered;

2. each vertex w € W of the tree is labeled with a nonterminal symbol or a terminal
symbol or the empty word: w e W = VU T U {¢};

3. theroot of the tree is labeled with the initial symbols S of the grammar;
internal vertices of the tree (i. e., vertices different than leaves) are labeled with
nonterminals;

5. ifanonterminal A labels an internal vertex and children of this vertex are labeled
with symbols (terminals and nonterminals) X; X, ... X, in this order or with the
empty word &, then there exists a production A — X; X, ...X; or the production
A — g, respectively;

6. avertex labeled with the empty word ¢ is the only child of its parent.

Notice that in this definition, we say a vertex is labeled with a symbol instead of a
vertex is a symbol in order to handle cases of several occurrences of the same symbol
in a tree.

We have two derivation trees for the word id * id + id, as shown in Figure 3.1. Both
trees have the same crop, so they generate the same word. Notice that each deriva-
tion tree corresponds to one leftmost derivation and one rightmost derivation of this
word.

/N /N
/NN
]

Figure 3.1: Derivation trees for the word id = id + id in Example 3.2.
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Remark 3.1. Let us notice that the first derivation tree in Figure 3.1 corresponds to the
first leftmost derivation and to the second rightmost derivation shown in Example 3.2.
The second derivation tree of this figure corresponds to the second leftmost derivation
and to the first rightmost derivation of the example. In general, every derivation tree
has a corresponding leftmost derivation and rightmost derivation.

Derivation trees corresponding to derivations are independent of the order of non-
terminals used for productions employed in a derivation. So then, there is no analogy
between derivation trees and sided (leftmost/rightmost/mixed) derivations. However,
if there is more than one derivation tree for a given word, then each derivation tree cor-
responds to a leftmost associated derivation and corresponds to an associated right-
most derivation. Therefore, in this meaning, there is correspondence between deriva-
tion trees, leftmost derivations and rightmost derivations.

We say that a word is ambiguous if it has more than a single derivation tree.
Equivalently, we can say that a word is ambiguous if and only if it has more than
one leftmost derivation or if it has more than one rightmost derivation. A context-free
grammar is said to be ambiguous if and only if there is an ambiguous word. A context-
free language is inherently ambiguous if and only if its every context-free grammar is
ambiguous.

The grammar discussed in Example 3.1 is ambiguous. However, the language of
arithmetic expressions is not inherently ambiguous. Later on in this chapter, we show
an example of a nonambiguous context-free grammar for arithmetic expressions.

Example 3.3. The following language is inherently ambiguous:

L:{akblc’":k,l,m,> OA(k=1vI=m)}

{d*b*c™ : k,m, > 0} U {d*B™c™ : k,m, > 0}

Solution. A grammar G = (V, T, P, S) for this language may have productions such as
shown below:

P: SSL|R 1))
L—Lc|Ac 3)(4)
A—aAblab  (5)(6)
R—aR|aC 7)(8)
C—bCclbc  (9)(10)

Any word of the form w = a“b*c* has two leftmost derivations (notice that pro-
ductions have at most one nonterminal on the right-hand side):

1 (k-1)%3

1 4 k-1)%5 _
S—-L — Lck1—>Ack(—)>* d!

46
Ab¥ ey = apkck
and

2 (k-D*7 jq. 8 (k-1)%9 - 10
SSR 5" d RS d ¢ =27 dfabk lCck,1 = akpkct
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where formulas placed above derivation symbols (right arrows) identify a production

employed and, in some cases, how many times it is yielded. For instance, (kD3 means
that production number 3 is applied k — 1 times.

Words generated here are nonempty sequences of symbols a followed by symbols
b and then followed by symbols c. There are two cases: lengths of the first two se-
quences (composed of symbols a and b) are equal or lengths of the last two sequences
(composed of symbols b and c) are equal. Notice that the direct derivation from the
initial symbol of the grammar (production number 1 or production number 2) decides
which case is considered.

No formal proof of inherent ambiguity of this language is given here since this
property is of minor importance for this book. The proof that some language is inher-
ently ambiguous is given in [1]. Intuitively, every grammar for the language must have
a mechanism deciding about the equality of lengths of the first two sequences or of
the last two sequences. This mechanism raises ambiguity about such grammar and
subsequently of the language itself.

Example 3.4. Prove that the language L = {w € {a,b}" : #,w = #,w > O} is context-
free.

Solution. The following context-free grammar generates L:
G=({Sh{a,b},{S — ab | ba|aSh | bSa|SS},S)

To show that the grammar G generates L, we will prove that any word of L has a
derivation in G and then we will prove that any word generated in G is in L.

Before we attempt to do this, let as show that for any word z € L, if it begins and
ends with the same symbol, then it may be split to two parts, such that both belong
to L. Formally, if z, = aw,a, z, = bwyb, |w,|, |w,| > 0 and z,,z;, € L, then there exist
nonempty ug, v,, Uy, vy, such that z, = u,v,, z, = upv, and u,, v, up, vy, € L.

For a given word z, = a;a,...a, (Where a; = a, = a and a,,...,a,_; are ei-
ther a or b) define a mapping y : {1,2,...,n} - N and fork = 1,2,...,n, ulk) =
#a,ay...q41) — #,(a; a;...ap), that is, p gives superiority of as over bs in a prefix of
length k. Notice that u(n) = 0, what implies that u(n — 1) = —1. Moreover, u(1) = 1and
u(k) can increase or decrease its value by 1 for successive values of k. Consequently,
must cross 0 somewhere in between 1 and n—1, that is, there mustbep € {2,3,...,n-2},
for which u(p) = 0. Asaresult,u, = a;...a,and v, = a,,; ... a,.

Consider a word z;, likewise.

Now, let us prove that any word w € L has a derivation in G:

— the shortest words of L are ab and ba. They are derivable with the first or the sec-

ond production directly from the initial symbol S of G;

— for a longer word z = a;wa,,,, consider its first and last symbols. There are four
cases: () a; =a,a,,,=b, (2 a;=h,a,,=a,3)a;=a=a,,and (4)a; =b =

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

42 — 3 Context-free grammars

a,.,- The first and the second cases are similar and the third and the fourth cases

are similar:

— in the first and the second cases the subword w is in L. So, by the inductive
assumption, there is a derivation S 5 wofwin G. Sothen S — aSh = awb
and S — bSa - bwa are derivations of z in these cases;

— in the third case z = z, = u,v,, where u,,v, € L, cf. the above discussion.
Since |ugl, [v,| < Iz|, then by inductive assumption, there exist derivations
s5 u, and S 5 v,. Hence, S — SS 5 u,S 5 u,v, is a derivation of z in G;

— the fourth case is similar to the third one;

— based on mathematical induction we conclude that each word from the language

L is generated in the grammar G.

Afterward, we prove that any word derivable in G belongs to L. Let S 4 z,z € {a,b}*
is a derivation in G, where 2 denotes derivation of length n (productions are applied
n times).
— for n = 1a derivation produces either ab or ba, both in L;
— aderivation A jar z,z € {a,b}* can be decomposed to:
—  either A — aSh = awb or
- S- bSaki bwla or
- S§—>8S—>uS—>uv,wherel<k,l<n.
By inductive assumption w,u,v € L, that is, numbers of as and bs are equal in
each of these words. Consequently, numbers of as and bs are equal in z = awb,
z =bwa and z = uv;
— based on mathematical induction we conclude that each word derivable in the
grammar G is in the language L.

3.2 Simplification of context-free grammars

The definition of context-free grammars does not include optimization mechanisms,
which would allow for simplification of grammars. In this section, we discuss some
methods of simplification of context free grammars. For instance, a context-free gram-
mar including symbols and productions, which are never used in derivation of any
word, may be transformed to a form simpler to use. Also, a context-free grammar can
be restructured to a form more suitable for a given application.

3.2.1 Useless symbols

In particular, context-free grammar can include symbols that are useless for gener-
ated language. A set of nonterminals that will never produce a sequence of terminals
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is the first type of useless symbols, let us call them not generative ones. A set of sym-
bols (terminals or nonterminals) never used in derivation from the initial symbol of
the grammar forms the second type of useless symbols, call them unreachable. Both
types of useless symbols can be removed together with productions including such
symbols (such productions are invalid in terms of reduced sets of nonterminals and
terminals). Both grammars, the initial one and the grammar with removed useless
symbols and removed invalid productions, generate the same language. This obser-
vation is obvious since a production, which includes useless symbols, can never be
used in the derivation of any word over the terminal alphabet.

Proposition 3.1. For any context-free grammar G = (V, T, P, S) generating a nonempty
language L(G) there exists an equivalent (i. e., generating the same language) context-
free grammar G' = (V',T,P',S) such that every nonterminal A ¢ V' generates a se-
quence of terminals (possibly empty). The following algorithm shows how to remove
useless not generative symbols (symbols of the first type):

begin
Vold : =Vnew : =0
for each production p: A—» a, peP do
if @eT* then Vyp,:=Vpew U{A}
{start with nonterminals producing a string of terminals}
while Vg3 #Vyen do
begin
Votd* =Vnew
for each production p: A—»a, peP do
if ae(TUVye)™ then Vo :=Vhew U{AY
end
V':=V,., {new setof nonterminals}
Pl:={A—aeP : AeV, supp@) c(V'UT)}
{nonterminals of productions must be included into new set of nonterminals}
end

Notice that the initial symbol would be classified as useless if context-free gram-
mar generates the empty language. However, any grammar must include an initial
symbol, so then the initial symbol cannot be classified as a useless one.

Proposition 3.2. For any context-free grammar G = (V, T, P, S) generating a nonempty
language L(G) there exists an equivalent (i. e., generating the same language) context-
free grammar G" = (V"',T",P",S) such that every nonterminal symbol A ¢ V" and
every terminal symbol a € T" could be derived from the initial symbol of the grammar.
The following algorithm allows for removing useless unreachable symbols (symbols of
the second type):

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

44 — 3 Context-free grammars

begin

Votd:=Tola:=0

View :={S}, Tpew:=

|
=

while Vold #Vnew or Told #:Tnew do

begin

Void:=Vnews Told:=Tnew
for AeV,,; do
begin

View:=VnewU {B€V : exists A— a and Besupp(a)}
Thew:=TnewU{a€T : exists A— a and a€supp(a)}

end

end
v":=v,,, {new set of nonterminals}

T':=T

new 1new set of terminals}

P':={Asa e P : AeV, suppl@c(V'uTt"}

end

{nonterminals of productions must be included into new set of nonterminals}

Proof. We have Proposition 3.1 and Proposition 3.2. Let us observe that:

a derivation tree of any word w € L(G') in the grammar G’ is also a valid derivation
tree in the grammar G. The same concerns the grammar G"'. Therefore, L(G') ¢
L(G) and L(G") c L(G);

a derivation tree of any word w € L(G) cannot have an internal node labeled with
a useless not generative nonterminal (otherwise, there will be a leaf labeled with
a nonterminal in a finite derivation tree). As a result, the derivation tree in G is
also a valid derivation tree in G', that is, L(G) c L(G');

a derivation tree of any word w € L(G) cannot have a node (an internal node or
a leaf) labeled with a useless unreachable symbol (otherwise, there will be no
path from the root labeled with the initial symbol of the grammar G to this useless
symbol). For that reason, the derivation tree in G is also a valid derivation tree in
the grammar G”, that is, L(G) ¢ L(G").

The above observation leads to the conclusion that L(G) = L(G') and L(G) = L(G"),
what completes the proof. O

Removing useless symbols requires the application of the first algorithm followed

by the second one; cf. [1] or alternatively in e.g. [2]. The use of the algorithm in the op-
posite order may not remove all useless symbols, as shown in the following example.

Example 3.5. The following grammar:

G = ({S,A,B}{a},{A - SB| a,B — AB,A — a},S)
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includes the not generative symbol B. Employing the first algorithm to remove useless
symbols we get the grammar:

G" = (1. 4},1a}, 1S - a,A - a},$)

with a useless symbol A. The second algorithm produces the grammar with no useless
symbols:

G" = ({Sh{a}{S — a}.9)

The second algorithm employed prior to the first one does not change the gram-
mar since it does not include any unreachable symbol of the second type. The first
algorithm applied then produces the grammar

G = ({S, A}, {a},{S —» a,A - a},S)

with a useless symbol A. The second algorithm employed again removes the remaining
useless symbol.

Proposition 3.3. The following property can be directly drawn from Proposition 3.1
and Proposition 3.2: any nonempty context-free language is generated by a context-free
grammar without useless symbols.

3.2.2 Nullable symbols and £-productions

Elimination of e-productions and nullable symbols is the next step of simplification of
context-free grammars. We rather change the status of nullable symbols rather than
eliminate them from grammars. Anyway, for the sake of simplicity, we will be using
the term eliminate, but having this in mind that this means change status of nullable
symbols.

e-production is a production of the form A — € and nullable symbol is a nontermi-
nal symbol producing the empty word A 5 €. Of course, if the empty word is derivable
from the initial symbol in a context-free grammar G, then it is not possible to elim-
inate all e-production and nullable symbols. However, removing &-productions and
nullable symbols from the grammar G turns it to the grammar generating the language
L(G)—{¢e}. Therefore, the process of elimination of nullable symbols and e-productions
will be applied to context-free grammars with the awareness that the empty word may
be removed from the generated language.

The following algorithm finds nullable symbols in a context-free grammar G =
(V,T,P,S):
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begin
Voia:=0 {begin with no nullable symbols}
View:={A€V : A— € is a production}
{add all nonterminals producing directly the empty word}
while Vg3 #Vpew do
begin
Void* =Vnew
View: =VnewU {A€V : exists A— a, where a €V}
{add all nonterminals producing directly a word over nullable symbols}
end
end

Having the set of nullable symbols, we will be able to remove e-productions. Observe
that nullable symbol in a production (its right-hand side) either can generate a string
of terminal symbols or can be turned to the empty word. As a consequence, a nul-
lable symbol can either be left on the right side of a production (when it produces a
nonempty sequence of terminal symbols) or it can be dropped from the right-hand
side of a production (when it generates the empty word). This observation leads to the
following method.

Proposition 3.4. Let G = (V, T, P,S) is a context-free grammar with no useless symbols
generating a language without the empty word. If A — X; X, ... X,, is a production, then
this production is replaced with a set of all productions of a form A — a; ;.. .a, that
foralli=1,2,...,nsatisfies conditions:

- a; =X, ifX;isnot nullable (i. e., it is a terminal symbol or a not nullable nonterminal
symbol);

- a; = X;ora; = €,if X; is a nullable symbol, that is, for a nullable symbol X; we get two
productions, one with X; left at the right-hand side and another one with X; dropped
from the right-hand side;

- notallay,a,,...,a, are equal to the empty word (this condition eliminates e-produc-
tions). Of course, the existing e-productions are removed.

Notice that this method turns status of nullable nonterminals to not nullable ones rather
then removes them from the grammar. Finally, we get a grammar G' = (V, T, P, S) with-
out nullable symbols and e-productions. This grammar has a modified set of productions
and is equivalent to the grammar G, that is, generates the same language.

Proof. Proof of equivalence of both grammars is based on equivalence of derivations

in both grammars G and G':

— both grammars have the same sets of terminals and nonterminals;

— aderivation in the grammar G of any word w € L(G) can be turned to a derivation
of the same word in the grammar G':
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if a derivation does not employ e-productions, then this is also a derivation in
the grammar G';

if an e-production X — ¢ is applied in a part of derivation with a production
Y — a X B utilized prior to the X — &:

o yYS - yaXBs— yaBd — -

then this part cannot be included in any derivation in G’, but it can be turned
to a fragment of a derivation in G’ shown below. Here, the production Y — a
with the nullable symbol X dropped is employed,

.._)yY5_)yaﬁ5_)...

Finally, if we apply analogous replacement for every e-production, the deriva-
tion of the word w € L(G) in the grammar G is turned into a derivation of the
same word in the grammar G';

- aderivation in the grammar G’ of any word w € L(G') can be turned to a derivation
of the same word in the grammar G:

if a derivation utilizes only productions of the grammar G, then it is a valid
derivation of the word w in G;

otherwise, a derivation employs at least one production of a form Y — af of
the grammar G’ gotten from a production of a form Y — a’ X f'. Then a part
of derivation

can be replaced by a fragment of a derivation in a grammar G with inserted a
series of e-productions:

--—>yY6—>ya’X,8’6—>-~-—>yaﬁ6—>--~

where X — ¢ is an e-productions in the grammar G and strings a and f8 are
gotten by applying the same scheme to all nullable symbols of both strings.
This method applied to all productions of the derivation of the word w € L(G')
in the grammar G’ turns this derivation to a derivation of the same word in the
grammar G.

Finally, comparing languages generated by a context-free grammar G and by its trans-

formed form G’ without nullable symbols and e-productions, we can state that L(G') =
L(G) - {¢}. O
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Example 3.6. Remove nullable symbols and e-productions from the grammar

G = ({E>E17 T: TI)P}> {+) *)id})P:E) :
P. E-TE ()
E —+TE ()

E —e¢ 3)
T — PT, (4)
T; — =PT; (5)
T, —> ¢ (6)
P—id (7)

Solution. It is straightforward to show that the grammar does not include useless
symbols and that the empty word cannot be derived. We have two nullable symbols:
E; and T;. We take advantage of Proposition 3.4 to remove e-productions and change
the status of nullable symbols transforming productions of the grammar G to the fol-
lowing set of productions:

P: E-TE|T 1)
E; — +TE, | +T Q)

not included 3)

T - PT, | P (%)

T; — =PT; | =P (5)

not included (6)

P—id @

3.2.3 Unit productions

A context-free grammar G = (V, T, P,S) may have unit productions. Unit productions
are of a form A — B, where A, B € V. Unit productions are confusing and do not pro-
vide any new abilities for language generation. Elimination of unit productions is the
next step of grammar simplification. The method of removing unit productions is con-
cerned with substituting a unit production A — B with a series of productions A — ¢;
for all B-productions B — a;. The method is outlined in the form of the following al-
gorithm:

begin
while there exists a unit production A—B do
begin
if (A=B) then remove the production
else
replace the production A—B with
productions A— yil|... Yk
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where y;, ...,y are right-hand side
of all B-productions
end
end

The new grammar G"' = (V, T,P"",S) produced by this algorithm may have useless
nonterminal symbols, which need to be removed. For instance, compare [1], the gram-
mar

G = ({S,A, B}, {a},{S — Ala,A - B,B — a},S)

is turned to the grammar without unit production, but with useless nonterminal sym-
bols A and B:

G" = ({S,A,B},{a},{S — a,A — a,B — a},S)

Note that elimination of the unit production S — A introduces the production S — a,
which already exists in the grammar. The process of removing useless symbols yields
the following grammar:

G" = ({Sh{ah{S — a},5)

A grammar without unit productions is equivalent to the former one. To prove
this, let us consider a derivation tree in the former grammar. If a part of derivation
tree matching a derivation 4; — A;, — --- — A; — a with all productions except
the last one are unit (the last production is not unit, the vertex Ai, has at least two
children or one leaf) includes a repeating nonterminal A’ in the path Ay > -Al-p -
A > A - ... > A - A" - A — ---A;, then this path can be shortened to
Ay — ~-~Aip — A —4; - a

Let assume that a derivation 4; — A;, — --- — 4; — a with all productions
except the last one are unit. The method of elimination of unit productions provides
a production 4; — a, so then this derivation can be cut to A; — a, which creates
a part of a derivation tree in the grammar G'". And vice versa, if we have a part of
derivation tree in the grammar G’ matching a production 4; — a in this grammar,
then this production either belongs to the grammar G or it can be turned to a derivation
A; — A, — -+ — A; — ainthe grammar G.

In conclusion, a derivation tree in the grammar G can be turned to a derivation tree
in the grammar G'" by replacing all such transformations. And vice versa, a derivation
tree in the grammar G’ can be turned to a derivation tree in the grammar G.

Example 3.7. Remove unit productions from the grammar G’ considered in Exam-
ple 3.6.
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Solution. There are two unit productions: the first one is in the group (1) of produc-
tions, the second one in the group (4) of productions. The first unit production E — T is
replaced with two productions E — PT; and E — P. The production E — P is still unit
one and is finally turned into E — id. The second unit production T — P is replaced
with the production T — id. As a result, we get the following set of productions:

P: E—-TE|PTid (1)

Ey — +TE; | +T 2
not included 3)
T - PT;|id (4)
T; — =PT, | =P (5)
not included (6)
P—id (7)

3.3 Normal forms of context-free grammars

We discuss two normal forms of context-free grammars, that is, Chomsky normal form
and Greibach normal form. Conversions of context-free grammars to normal forms
come as a further step in the simplification of grammars. Normal forms are gram-
mars with restrictions imposed on the form of productions. Grammars in normal forms
produce languages without the empty word, so then only grammars not generating
the empty word could be transformed into normal forms. This is why a context-free
grammar, in which the empty word is derivable, should be turned to a form gener-
ating the same language without the empty word. Since both normal forms do not
admit e-productions, removal of e-productions and nullable symbols will convert any
context-free grammar to a form generating the language without the empty word. Nor-
mal forms do not necessarily require the removal of useless symbols. Anyway, it is
recommended to simplify a grammar by removing useless symbols first.

3.3.1 Chomsky normal form

Definition 3.4. A context-free grammar G = (V, T, P, S) is in Chomsky normal form if
and only if its productions are of the form A — BCor A — a, where A,B,C € V,a e T
(i. e., any production turns a nonterminal to two nonterminals or to one terminal).

Proposition 3.5. Any context-free grammar without e-productions and unit productions
can be transformed to Chomsky normal form.

Proof. Let assume that a context-free grammar G = (V, T, P, S) does not have &-pro-
ductions and unit productions, so then a right-hand side of any production is a ter-
minal symbol or is a string of at least two symbols. Productions with one terminal
symbol on the right-hand side are in Chomsky normal form. Such productions will
not be changed.
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Productions having at least two symbols on the right-hand side will be trans-
formed into a set of productions according to the following rules:

1. every production of a form A — a;aa, is substituted with two productions
A— oA ayand A’ — a, where: A € V,a € T, sy, € (VU T)" and A’ is a new
nonterminal. That is, each terminal (on the right-hand side) is replaced with a new
nonterminal and the production from this new nonterminal to replaced terminal
is added;

2. every production of a form A — A;Ay,A;... A, n > 2, A, Ay As, . A, € Vs
substituted with two productions A — A;,A;...A, and A}, — A;A,, where
AALA,, ... A, €V, A, € Visanew nonterminal. Notice that a production with
right-hand side of length n > 2 is replaced with a production in Chomsky normal
form (two nonterminals) and a production with right-hand side of length n - 1.
Therefore, applying this operation n — 2 times to a production with right- hand
side of length n we turn it to n — 1 productions in Chomsky normal form.

The new grammar G' = (V', T, P', S) includes newly added nonterminals. All produc-
tions of the grammar G not in Chomsky form are replaced with sets of new productions
in Chomsky normal form.
Both grammars G and G’ are equivalent, that is, they generate the same language.
To show this, let us consider a derivation tree of a word in grammars G and G':
— alocal fragment of a derivation tree in the grammar G matching a production of a
form A — a; aa, is shown in part (i) of Figure 3.2. This fragment can be replaced
with a fragment matching two productions A — a; A’ @, and A’ — a (both substi-
tute the former production) as shown in part (ii) of Figure 3.2. The new tree gener-
ates the same crop. On the other hand, a production A — a; A’ &, of the grammar
G’ forces the production A’ — a since the nonterminal symbol A’ is unique in the
grammar G’ and appears only in former two productions. Both later productions
correspond to a part of a derivation tree in the grammar G’ shown in part (ii) of
Figure 3.2. This part can be turned to a structure shown in part (i) of Figure 3.2,
which corresponds to a production A — a; a a, of the grammar G;
— parts of derivation trees corresponding to a production ofa form A — A, 4,... 4,
and to its substitutions A — A;,...A, and A;, — A; A, is shown in parts (iii) and
(iv) of Figure 3.2;
- finally,
-  substituting all fragments of a derivation tree shown in parts (i) and (iii) of
Figure 3.2 turns a derivation tree in the grammar G to a derivation tree in the
grammar G';

—  opposite substitutions turns a derivation tree in the grammar G’ to a deriva-
tion tree in the grammar G;

— substitutions does not change the crop of subjected trees;

what justifies equivalence of grammars G and G'. O
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@ \ (i)
A A
o, a o, o, A o,

a

(iii) \ (iv) '

A A

JUN, \/ ™

A Ay

Figure 3.2: Equivalence of a context-free grammar and its Chomsky normal form.

Example 3.8. Find a grammar in Chomsky normal form for the set of production P”
considered in Example 3.7.

Solution.

— substitutions as in point 1 of Proposition 3.5 turns productions as shown below.
Note that enumeration of groups of productions is inherited from the one shown
in Example 3.6,

P’. E-TE|PT|id ()

E; — oTE; | T 2
® — + 2"
T - PT, | id (4)
T, - oPT, | oP 5)
0 — * (5"
Poid )

— substitutions as in point 2 of Proposition 3.5 turns productions to Chomsky normal
form:

GC = ({E>EI> T> Tl:P’ T@’P@’ 83)@}: {+: *)id}:PC)E)
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P:: E-TE|PT|id ()

E, — T.E, | ®T @)
T, — T 2"
®— + "
T — PT, | id (4)
T) - PoT; | ©P 5)
P, — OP (5"
O - * (5"
P —id 7)

Chomsky normal form of a context-free grammar is an important and powerful
theoretical tool. The desired property of grammar in Chomsky normal form is that
derivation trees are binary. Chomsky normal form will be exploited in the pumping
lemma for context-free languages, in the Ogden lemma and in a decision algorithm
for context-free languages.

3.3.2 Greibach normal form

Definition 3.5. A context-free grammar G = (V, T, P, S) is in Greibach normal form if
and only if its productions are of the form A — aa where A € V,a € T,a € V",
i.e., any production turns a nonterminal to a terminal and a string (possibly empty)
of nonterminals.

Proposition 3.6. Any context-free grammar without e-productions and unit productions
could be transformed to Greibach normal form.

Proof. The following method can be used to transform a context-free grammar G =

(V,T,P,S) to Greibach normal form:

1. transform the grammar to Chomsky normal form G, = (V, T, P, S);

2. enumerate nonterminal symbols in V. = {4,4,,...,A,};

3. modify the grammar G such that the right-hand side of every A;-production be-
gins with a terminal symbol or with a nonterminal symbol of greater index:

(+) { A; —»aa or

A — A wherea € T,A;,Aj e Veandj > i, a e Ve

Let assume that fori = 1,2,3,...,k — 1 all 4; productions satisfy the condition

() given above and that some A; production does not satisfy this condition. If a

production 4; — Aja, where A A; e Ve and a € Vé‘, does not satisfy (x), then

either (i) k > j or (ii) k = j. Then perform the following operations: (a) in the case

(i) and (b) in the case (ii):

(@) for every Aj-production, A — B, replace the production 4; — Aja with the
production A; — S a. The right-hand sides of new productions 4; — S« ei-
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ther begin with a terminal or with a nonterminal 4, with index greater than j.
Observe that every such substitution increases the value of the index of the
right-hand side nonterminal. Repeating substitutions at most k — j times, we
obtain productions replacing A, — A; a with right-hand sides beginning with
either a terminal symbol A; or with the nonterminal symbol or with a non-
terminal symbol A; with [ > k. Applying this operation to all A; productions
satisfying (i), we eliminate this case;
(b) let there is the following set of A;-productions:

A - Agay | Aoy |- [ Ay [ By I Ba |-+ | By

where: a;,....a, € Ve, By, By € (TU{Ajyq, ... Ap}) o V0

that is, f; is a terminal or a nonterminal with index greater than k followed by
a sequence (possibly empty) of nonterminals.

This set of A;-productions is replaced with the following set of new produc-
tions:

A = Byl Bal -+ 1 By I BiBi | BBy | -+ | BBy

By —ap|ay|---|ay | By | a;By | --- | a,By

where: By, is a new nonterminal. Nonterminals B; are ordered according to
their indexes and are followed by all nonterminals A;.
Notice that all newly included productions satisfy the condition (*). There-
fore, the condition (x) is satisfied for all A;-productions and B;-productions
fori=1,2,...,k;
the process of the recent point repeated for successive nonterminals guarantee
the satisfaction of the condition (*) for all productions. Moreover, the right-hand
side of every A, -production must begin with a terminal symbol since 4, is the
last nonterminal in the introduced order, that is, every A,-production is in the
Greibach normal form;
for backward values of k =n-1,n-2,...,2,1, for every A;-production with right-
hand side with a leading nonterminal symbol A4;,j € {n,n-1,...,k+1,}, replace this
production with a new set of productions. Productions of this new set are obtained
by replacing the leading nonterminal A; with right-hand sides of A;-productions.
We do the same with B -productions for decreasing values of index k. Productions
of the newly created set are in Greibach normal form because all A;-productions
and B;-productions have already been turned to Greibach normal form;
as a result, we get a grammar G; = (V, T, P, S) in Greibach normal form, where
Vi is a set of nonterminal symbols V. supplemented with nonterminal symbols
B, created in point 3(b).
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It has already been noted that the conversion to Chomsky normal form does not
change the language being generated. The transformation described in point 3(a) also
keeps the generated language without any changes — justification is the same as for
conversion to Chomsky normal form and for the elimination of unit productions.

We justify that elimination of looped productions in point 3(b) does not change
the language. Let assume that a part of a derivation tree in the grammar G employs
several productionsofaform A; — A;a s thatis, a nonterminal symbol 4; is substituted
by a string of nonterminal symbols A;q; several times and finally 4; is substituted by
a string . The following example concerning a fragment of a derivation tree in the
grammar G shown in part (a) of Figure 3.3 is considered. This fragment is equivalent
to the following derivation G:

A; - Aoy, — Ay o — Agag o, 05 — o oy, o
The rules in point 3(a) of Proposition 3.6 employed to the above fragment of deriva-
tion tree produces a fragment of a derivation tree in the grammar G;. This fragment
is shown in Figure 3.3(b). It is equivalent to the following derivation completed in the
grammar Gg:

A; — BB; — Ba; B; — Ba; a; B; — Ba; a; a;

Notice that other productions may distort derivations presented here. Never-
theless, the altered derivations are equivalent to the same derivation trees; cf. Re-
mark 3.1. O

/\ /\

/\ /N,

/1\ /\

1

o >

Figure 3.3: Invariability of unlooping method of a context-free grammar.
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Example 3.9. Transform the given context-free grammar to Greibach normal form

G = ({S,A, B}, {a, b}, P, S)

P: S— AB
A—>BS|a
B—-SA|b

Solution. Assume the order S, A, B of nonterminals. Notice that all productions except
B — SA satisfy the (*) condition of Proposition 3.6 Let us transform the grammar G to
the Greibach normal form according to Proposition 3.6:

— the method 3 (a) produces the following set of productions:

P S—AB
A—>BS|a
B—ABA|b

— the method 3 (a) applied again produces the following set of productions:

P S > AB
A — BSla
B — BSBA|aBA|b

— removing looped B-productions according to point 3 (b) gives rise to the following
set of productions with an extra nonterminal B:

P". S—> AB
A—BS|a
B — aBA | b | aBAB | bB
B — SBA | SBAB

- nownonterminals are ordered as follows: B, S, A, B. The backward process of point
5 brings Greibach normal form of the grammar G:

G; = ({S,A,B, B}, {a, b}, P, S)
P;: B—aBA|b|aBAB|bB
A — aBAS | bS | aBABS | bBS | a
S — aBASB | bSB | aBABSB | bBSB | aB
B — aBASBBA | bSBBA | aBABSBBA | bBSBBA | aBBA|
aBASBBAB | bSBBAB | aBABSBBAB | bBSBBAB | aBBAB

Example 3.10. Transform to Greibach normal form the given context-free grammar of
Example 3.6:

G = ({E)Eb T: TI:P}) {+: *)id}:P)E)
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P: E-TE|T

E; — +TE; | +T
T->PT,|P
T; —» «PT; | +P
P—id

Solution. Transformation of this grammar to Chomsky normal form will make the
process more complex. So, we give up on the transformation of the grammar to the
Chomsky normal form. Let order nonterminals as follows: E, E;, T, T}, P. Notice that all
productions satisfy the (*) condition in Proposition 3.6. So then, employing the back-
ward process of point 5 of Proposition 3.6 we get the following set of productions in
the Greibach normal form:

P’ E—idTE |idE |idT;|id
E; - +TE; | +T
T—-idT;|id
T; — =PT; | «P
P —id

Finally, a grammar in Greibach normal form is called simple, if for any nontermi-
nal symbol A € V and for any terminal symbol a € T, there is at most one production
T — aa, that is, there is at most one A-production with right-hand side beginning
with given symbol a. This condition is called the Greibach uniqueness condition.

3.4 Pumping and Ogden lemmas

The pumping lemma for context-free languages and the Ogden lemma characterize
the structure of words. Both lemmas are essential tools used in the identification of
context-free languages.

3.4.1 The pumping lemma

The pumping lemma formulates conditions necessary for a language to be context-
free. It shows that the nature of context-free languages is finite and the length of words
of a given context-free language is limited by some constant n;, whose value is deter-
mined in the pumping lemma. If a context-free language includes a word of length
greater than or equal to n;, then it is an infinite language. However, a structure of
words that are longer than or equal to ny, is fairly simple. Such words are generated
by inserting strings of a length limited by the constant n; into words of the language
that are shorter than n;. We can also say that any word of a context-free language, not
shorter than n;, have two floating parts that can be deleted simultaneously, leaving
the remaining part in the language (let us recall that words of regular languages have
only one part that can be subjected to deletion).
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Lemma 3.1 (The pumping lemma for context-free languages).

If a language L is context-free
then there exists a constant n; such that for any word z € L the following condition
holds:
(lzl 2 np) = [( \/ zZ = uvwxy A lvwx| < np Alvx| = 1) /\ ;= uviwxiy el
WV,Wxy i=0,1,2,..

Proof. Ifalanguage L is finite, then a constant n; greater than the length of the longest
word of this language satisfies the lemma.

Consider the case of infinite languages. Let us assume that a context-free grammar
G = (V,T,P,S) in Chomsky normal form generates the language L. Derivation trees in
such a grammar are binary trees. We use the property that the height (length of the
longest path from the root to a leaf) of any binary tree with k leaves is not less than
[log, k]. All vertexes of such a path, except the last one, are labeled by nonterminal
symbols of the grammar. The last vertex of this path is a leaf of the tree and is labeled
by a terminal symbol.

Let |V| = N.If we set the constant n; = 2V 11, then the height of a derivation tree of
a word z not shorter than n; is not less than N + 1. Therefore, there exists a path from
the root S to a leaf not shorter than N + 1. Consequently, N + 1 vertexes of this path
are labeled by N nonterminal symbols and the leaf is labeled by a terminal symbol a;
cf. Figure 3.4. As a result, there exist two (maybe more) vertexes labeled by the same
nonterminal symbol. Let us consider the pair of such vertexes closest to the leaf a that
are labeled by the same nonterminal symbol A. To distinguish labels of vertexes of this
pair, the nonterminal symbol A is denoted A’ and A", respectively. The crop z of the
derivation tree is divided into five parts: u, v, w, x and y. The part w is the crop of the
subtree with the root A" while vwx is the crop of the subtree with the root A’.

u v w X y

Figure 3.4: The derivation tree of a word z of length 2Vt
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If we replace the subtree with the root A’ by the subtree with the root A", we will get
a valid derivation tree with the crop z, = uwy = uv®wxPy. This tree is shown at the
left part of Figure 3.5. If we replace the subtree with the root A" by the subtree with
the root A’, we will obtain the tree shown at the right part of Figure 3.5, which is still
a valid derivation tree with the crop z, = uvvwxxy = uv’wx?y. Replacing the subtree
with the root A” in the last tree by the subtree with the root A’, we get a derivation
tree with the crop z; = uvwwxxxy = uwx’y. This iterative process can be contin-
ued.

a

u y v w X

Figure 3.5: The derivation trees obtained from the tree shown in Figure 3.4.

In this way, we show that the pumping lemma for context-free languages is satisfied.
To fulfill formal requirements, mathematical induction should be applied based on
the number of replacements of the subtree with the root A” by the subtree with the
root A'. Details of an inductive proof are left for the reader. O

Since the pumping lemma formulates necessary conditions, it is of limited practi-
cal importance in its direct form. It can be employed to analyze the structure of words
of the language. If words satisfy the conclusion of the pumping lemma, then the lan-
guage could be intuitively presumed to be context-free. Then, based on such a sup-
position, the language could be formally proved to be context-free. In practice, we
use a contrapositive of the pumping lemma rather than its generic version, like in the
case of the pumping lemma for regular languages. The contrapositive of the pump-
ing lemma formulates sufficient conditions for a language not to be context-free. This
makes the contrapositive to be very useful in proving that specific languages are not
context-free.
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Remark 3.2. Let us notice that the pumping lemma for regular languages is a special
case of the pumping lemma for context-free languages. The assumption is that uv = ¢
turns the pumping lemma for context-free languages to the pumping lemma for regu-
lar languages.

Lemma 3.2 (Contrapositive of the pumping lemma for context-free languages).
If for any constant ny, there exists a word z € L such that

(lzl = np) A [( /\ Z = uvwxy A [vwx| < np Alvx| 2 1) z; = uviwxiy ¢ L
ie{0,1,2

UV, W, XY ooe}

then the language L is not context-free.

Example 3.11. Prove that the language L = {a"b""Pc""P*Y . n,p,q > 1} is not context-
free.

Proof. We apply contrapositive of the pumping lemma. Let us take the word

z = a"bM*1cN*2 where N is the constant from the lemma. Note that vwx cannot in-

clude three different symbols, that is, a, b and c in any split of z = uvwxy satisfying

assumption of the lemma. Such a split satisfies one of the following conditions that

are in pairs mutually exclusive:

— either v or x includes two different symbols;

— neither v, nor x includes the symbol a;

— neither v, nor x includes the symbol b or c. Therefore, they may include only
as.

If a split satisfies the first condition, then z, = uv*wx?y does not belong to the language
L because this word has more than three sequences of symbols. In contrast, any word
of the language L has exactly three sequences of symbols (namely, any word of the
language has a sequence of symbols a followed by a sequence of symbols b followed
by a sequence of symbols c).

If a split satisfies the second condition, then iterated parts v and x include either
bs, or cs, or both symbols. Taking z, = uvowxoy = uwy, we decrease either the number
of bs, or the number of cs, or the numbers of both symbols. Of course, the number of
as is unchanged. In the first and the third cases, there are no more bs than as in z,. In
the second case, there is no more cs than bs in z,,. Therefore, z; ¢ L.

For the third condition, iterated parts v and x include as or bs, or both symbols.
Taking z, = uvzwxzy = uwy, we increase the number of as. Of course, the numbers of
bs and cs are unchanged. In consequence, there is no more bs than as in z,. Finally,
zy ¢ L.

Finally, since premises of contrapositive of the pumping lemma are satisfied, we
conclude that the language is not context-free. O
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3.4.2 The Ogden lemma

The pumping lemma, its contrapositive, is a powerful tool used to prove that lan-
guages are not context-free. However, the contrapositive of the pumping lemma can
hardly be applied for some types of languages. In such complex cases, the Ogden
lemma may help in proving that a language is not context-free. The pumping lemma
is a particular case of the Ogden lemma. Nevertheless, the pumping lemma is easier
to be applied than the Ogden lemma. This is why the pumping lemma is used for more
straightforward problems.

Lemma 3.3 (The Ogden lemma).
If a language L is context-free
then there exists a constant n; such that for any word z € L and for at least n; symbols
marked in z there exists a split z = uvwxy satisfying the conditions:
— vx includes at least one marked symbol;
— vwx includes no more than n; marked symbols
and such that z; = w'wxly € Lforanyi=0,1,2,....

Proof. Let us notice that the height of a derivation tree is, of course, not less than
[log, n; 1. This means that there exists a path from the root to a leaf not shorter than
[log, n; 1. Such a path starts in the root and then, for each its vertex, goes to this child,
which has no less marked leaves in its subtree than another one has. Having such a
path, we can do the same replacements in the derivation tree as we did in the proof of
the pumping lemma. O

Notice that by marking all symbols of a word, we turn the Ogden lemma into the
pumping lemma. Thus, the pumping lemma is a special case of the Ogden lemma.

As in the case of the pumping lemma, the Ogden lemma formulates necessary
conditions for a language to be context-free. This is why the Ogden lemma in its direct
form is hardly applicable, like pumping lemmas. In practice, we use the contrapositive
of the Ogden lemma as well.

Lemma 3.4 (Contrapositive of the Ogden lemma).
If for any constant n;, there exists a word z € L with at least n; symbols marked
symbols marked such that for any split z = uvwxy holding conditions:
— vx includes at least one marked symbol;
— vwx includes no more than n; marked symbols
and such that there exists a constanti € {0,1,2,...} for which z; = uviwxiy ¢ L
then the language is not context-free.

Example 3.12. Prove that the following language is not context-free; cf. [1]:

L={a"b'c™:k,lm>1and m # kr nm # Iswherer,s € {2,3,4,.. }}.
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Solution. The contrapositive of the pumping lemma is not applicable to this language
(or, at least, we do not know how to employ it). On the other hand, trials to find a
context-free grammar generating this language fail. This suggests (but does not prove)
that the language might not be context-free, despite that the pumping lemma is not
applicable for it. So then, let us apply the contrapositive of the Ogden lemma to prove
that this language is not context-free. The idea of this proof relies on iterating a se-
quence of symbols c in order to get their number to be a multiple of the number of
symbols a or the number of symbols b. We can do it since the Ogden lemma allows
to force symbols c to be included in iterated parts vx of the split uvwxy, while in the
pumping lemma, such a forcing is impossible.

Assuming that n; is the constant form contrapositive of the Ogden lemma, let us
take a prime number N such that it is greater than n; and greater than 3. In the word
z=d"pNcW *1)!, all symbols c are marked. Since N is prime, then it is not a divisor of
(N - 1)!. Thisiswhy z € L.

Let consider splits of the word z = uvwxy. Any iterated part (v or x) can include
(multiples of) three different symbols or (multiplies of) two different symbols or a
(multiple of) one symbol or is empty (though one of v and x must be a nonempty word).
We can have the following types of splits:

1. an iterated part (v or x) includes three or two different symbols, that is, a and b
and c or a and c or b and c. Notice that only symbols c are marked, then they must
appear in at least one repeated part;

2. iterated parts include only symbols c;

3. theiterated part v contains only symbols a and the iterated part x contains only
symbols c. Notice that the case that two different symbols appear in a repeated
part is considered in the first point. Notice also that since symbols ¢ must appear,
they must be in x;

4. the iterated part v contains only symbols b and the iterated part x contains only
symbols c.

For any type of splits, there exists an iteration coefficient i, which takes the word z; =
uviwxiy out of the language L. Following iterations take the iterated word out of the
language L for splits listed above:

1. the word z, = uv’wx?y ¢ L because symbol b precedes symbols a or symbol b
precede symbols c;

2. let observe that iterated parts vx includes g symbol ¢, where 1 < g < n;. We look
for such a coefficient i that z; = uv'wx'y ¢ L. Notice that z; = a"pY cN-D+EDa,
what means that we wish N dividing (N — 1)! + (i — 1)g, that is, we look for such
a factor r that rN = (N - 1)! + (i — 1)q. A simple conversion gives the value of the
iteration coefficient equal to

—(N=1)
_ rN-(N-1)! 1
q
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and forr = (N - 1)! we get

i:(N—l)(N—l)!+1
q

Since 1 < g < n; < N, then g divides (N — 1)!, so then the last fraction is a positive
integer number, which provides an iteration coefficient i excluding z; from the
language L.

3. iterations do not change the number of symbols b. So then, the value of the iter-
ation coefficient, as computed in case 2, gives the number of symbols c to be the
multiple of the number of symbols b;

4. the same as in the case 3, but with regard to symbols c and a.

Finally, based on the contrapositive of the Ogden lemma, since for any split we can
take the iterated word out of the language, this language is not context-free.

3.5 Context-free language membership

The central question is how to check if a word belongs to a language. Having context-
free grammar, we can answer the question if a word is generated in this grammar.
Moreover, we will be able to build a derivation of a given the word if it is generated in
the grammar.

First of all, let assume that grammar is in Greibach normal form. Note that any
production applied to a derivation adds a single terminal symbol. This means that any
derivation of a word of length n has length n (i. e., productions are applied n-times in
a derivation). A method of building a derivation is simple. Of course, we start with the
initial symbols S of the grammar and apply a S-production with the right-hand side
beginning with the first symbol of the word. In the next steps, we take the leftmost
nonterminal symbol A of an intermediate derivation word and the next consecutive
symbol a of the word and apply an A-production beginning with the terminal sym-
bol a.

If a grammar satisfies Greibach uniqueness condition, that is, for every nontermi-
nal symbol A and for every terminal symbol a, there is at most one A-production with
the right-hand side beginning with a; then there is no ambiguity in the choice of pro-
ductions. Otherwise, when the grammar does not satisfy the uniqueness condition,
there is a question of how to choose a production. We either can make a nondetermin-
istic choice between all A-production with the right-hand side starting with a given ter-
minal symbol, or can check if any possible derivation produces the given the word w.
In case of checking all possible derivations, assuming that we have no more than k
productions for the choice, we may have up to k" derivations, where the length of the
word w is equal to n. This means that the computational complexity of this method is
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exponential, which makes it useless in practice. Note: a concept of nondeterminism

will be discussed in further parts of the book.

There are more algorithms for membership tests, many of them being appli-
cable to special forms of context-free grammars. We discuss here an algorithm in-
vented by J. Cocke, H. Younger and T. Kasami. The algorithm is called the Cocke—
Younger-Kasami algorithm or the CYK algorithm for short. The CYK algorithm oper-
ates on context-free grammar in Chomsky normal form.

The way of determining whether a word w of length n is generated in a grammar
G in Chomsky normal form is outlined as follows:

1. split the word w into n substrings of length one (each symbol of the word w makes
up a substring of length one, in this case) and find out nonterminal symbols gen-
erating each substring. This operation is a simple lookup for productions of the
form A — a, where a is a given substring of length one;

2. having nonterminal symbols generating substrings of the word w not longer
than k, we can find nonterminals generating substrings of length k + 1 as follows:
a. split a substring of length k + 1 to all possible pairs of substrings (i. e., pre-

fixes of lengths 1,2,3,..., k and the corresponding suffixes of length k,k — 1,
k-2,...,2,1);

b. forevery pair of a prefix and the corresponding suffix sets of nonterminal sym-
bols generating them have already been determined;

c. find out the set of all nonterminals A such that there is a production A — BC,
where B and C are nonterminals generating the prefix and the corresponding
suffix;

d. nonterminals found out in the point ¢ generate the given string of length k + 1
and no other nonterminal does;

3. finally, we get the set of all nonterminal symbols generating the substring of
length n, that is, generating the word w. The word w is generated in the grammar
if and only if the initial symbol of the grammar is in this set.

Assuming that w = aya, ... a,, is an analyzed word and Vl’ is the set of all nonterminals
generating the substring a;a;,; ... a;,j_; of the word w, forj = 1,2,...,n,i = 1,2,...,
n —j + 1, the Cocke-Younger—Kasami algorithm can be formulated as follows:

begin
1. find out all sets v? of nonterminal symbols
generating the symbol a; of the word w
2. for consecutive length values j=2,3,...,n
of substrings of the word w do
3. for k=12,...,n-(j—-1) do
begin
4. initialize sets Di to the empty set
and take the substring a;... a1
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5. for splits of ap...ay ;1) to prefix ay...dx
and suffix ap... a5y, [=1,2...j-1do
begin
6. find out all productions A — BC
s.t. BeVl and Ce V) }
7. include all such A's into the set V)
end
end

8. the word w is generated in the grammar
if and only if the initial symbol of the grammar
is included into the set V}

Example 3.13. Verify if the word w = abcab is generated in the grammar
G = ({S,A,B,C, D}, {a, b, c,d}, P, S) with productions:

P:. S—AB|CD|DB
A—-BC|a
B—CD|b
C—-AA|DC|c
D— AB|d

Solution. Theresult of the CYK algorithm is shown in Table 3.1. Entries of the table are
filled in with sets of nonterminal symbols VI’;. The word is generated in the grammar
since the set Vf (bottom right entry of the table) includes the initial symbols of the
grammatr.

Table 3.1: Results of computation of the CYK algorithm for the word abcab in Example 3.13.

a b c a b
Ve B c A B
Ve S.D A S.D
v; c S.B
Ve 9 0
Ve S.B

Let us analyze the computational complexity of the CYK algorithm. Observe that costs
of the following operations are upper-bounded by constants:

— initialization of sets Vl-1 in operation 1;

— getting a substring in operation 3;

— initialization of sets V,’; to empty sets in operation 4;
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— splitting a string into a prefix and a suffix in operation 5;

— finding out productions in operation 6 (which requires checking all production of
the grammar and since the number of production is fixed, then cost of this oper-
ation is bounded by a constant);

— including left-hand sides A of productions into sets in operation 7.

Finding out productions in operation 6 is a dominant operation of this algorithm. The
number of executions of this operation is equal to

n n-j+l n
Y Y G-n=Yn-j+1i-1)
j=2 k=1 j=2

= YP+m+2)Yj-(n-Dn+1)

j=2 j=2
3 2 _ 3

:_<n_+n_+g_1>+(n+2)(n+2)(n 1)—n2+l:n n
3 2 6 2 6

what means that the complexity of the CYK algorithm is of the range ©(n®) with regard
to the length of an analyzed word.

The basic version of the CYK algorithm is used to find out if a word is generated in
the grammar, but it does not allow for finding a derivation tree. A modified version of
the CYK algorithm, with the extended version of operations 6 and 7, gathers informa-
tion necessary for building derivation trees:

6. find out all productions A — BC
s.t. BeV} and CeV]}

7. include all such A's into the set VI’;
and include all such A’s into the set VI];,

7a. store right-hand side BC of the production A — BC
and parameter | in the set A_, attached to A

(left-hand side of the production)

The above operation 7a attaches the right-hand side of every A-production determined
by operation 6 to the nonterminal symbol A. It means that every nonterminal symbol
Ain every set VI’; has some associated set A_, of the right-hand side of an A-production
generating the corresponding substring of the word w. The following algorithm gener-
ates a derivation tree based on the results of the extended CYK algorithm. Parameters
of the function generate (generate a subtree of the derivation tree) denote k — the po-
sition in the word of the first symbol of the substring, j — length of the substring, A -
the nonterminal generating the substring, here — the position of the nonterminal A in
the tree.
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generate(k, j,A,here)
begin
if j=1 then
begin
put the symbol A at the place here,
draw an edge from A down to the terminal symbol
end
else
begin
newTree:=false
/*currently built tree is the current copyx*/
for every BC,leA_, do
begin
if newTree then
begin
create a copy of the derivation tree
built before the current call
of this function, make newly created copy
to be the current copy,
end
apply subsequent operations to the current copy
put the symbol A at the place here
draw a left edge to a leftVertex
call generate(k,1,B, leftVertex)
draw a right edge to a rightVertex
call generate(k+l,j-1,C, rightVertex)
newTree := true
end
end
end

67

The first call of the function generate requests building the whole derivation tree for

an investigated word w of length n and is as follows:
generate(1,n,S,position-of-the-root).

Example 3.14. Find derivation trees for Example 3.13.

Solution. Results of computation of the extended CYK algorithms are displayed in

Table 3.2. Sets A_, are displayed as subscripts of nonterminals symbols of sets Vl’;. The

word w has three derivation trees shown in Figure 3.6, that is, derivation of this word

is ambiguous.
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Table 3.2: Results of computation of the extended CYK algorithm for the word abcab in Example 3.13.

a b c a b
Ve A By Co A By
Vi SusapDscy Apcyy 0 Sias.1}> Dia 1y
v Ciaa1,0¢,2) Ciany Siep,1p> Bien,1y
Ve o 0

5
Vi Sicp,3.08,2)> Bicn,3)

N/

NN \
LN DA T
\ IR

N
VANEVAN
ERERAN

|

Figure 3.6: The derivation trees produced by the extended CYK algorithm.

The first and the second derivation trees are built on the basis of the production S —
CD applied to the initial symbol of the grammar, which is the root of the derivation
tree. The third derivation tree is built on the production S — DB applied to the initial
symbols of the grammar. The difference between the first and the second derivation
trees stems from the ambiguity of the left nonterminal C derived from the initial sym-
bol of the grammar; cf. left subtrees of the first and the second trees.

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

3.6 Applications —— 69

3.6 Applications

This section is devoted to selected applications of context-free grammars. The section
is a roadside of the main discussion on formal languages, automata and computabil-
ity. Topics included in this section are a small part of a compiler’s practice. They can
be used in an elementary project on parsing basic constructions like arithmetical ex-
pressions, which are among the most complex parts of programming languages. This
section is not aimed at a complete and detailed presentation of parsing. It is rather a
signalization of the theme.

3.6.1 Translation grammars

This section is focused on some modifications of context-free grammars. Despite
that modifications presented here are not included in the main flow of discussion
on context-free grammars, the associated practical importance makes them valuable
and justifies their presentation in the book. Two extensions of context-free grammars
are presented, namely translation grammars and LL(1) grammars. These types of
grammars will be used to parse arithmetic expressions and translate them to postfix
form.

Translation grammars stem from context-free grammars. They could be seen as
context-free grammars with the simultaneous derivation of related words.

Definition 3.6. Translation grammar is a context-free grammar G = (V, T, P,S) with
the set T of terminal symbols split into two disjoint subsets T’ and T" of primary and
secondary symbols, thatis, T=T'uT", T'nT" = g.

A translation grammar is a context-free grammar producing a context-free lan-
guage L(G) over the alphabet T of terminal symbols. On the other hand, we can say that
the translation grammar produces two languages: the primary language L' (G) and the
translation language L" (G). The primary language is obtained from the language L(G)
by removing translation symbols from its words. Then again, translation language is
obtained from the language L(G) by removing primary symbols from its words.

Example 3.15. The following grammar generates nonempty words over the alphabet
X = {a, b} having the same numbers of symbols a and b; cf. Problem 3.1.

G = ({S.A,B},{a,b},{S — aB | bA,A — a | aS | bAA,B — b | bS | aBB},S)

Solution. The following translation grammar Gy generates the primary language
L'(G) equal to L(G) and the translation language L" (G), which has words with sym-
bols a shifted to the left:

Gr = ({S,A, B}, {a,b,a,b})
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where we have the following set P(T) of productions:

P;: S —aaB | bAb
A — da | aaS | bAAD
B — bb | bSb | aaBB

The set of terminal symbols {a, b, @, b} has two primary symbols {a, b} and the set
of translation symbols {a@, b}. Productions of the grammar Gr directly correspond to
the productions of the grammar G.

Let us consider the word w = baba. Its derivation tree (in the grammar G) is shown
in the left part of Figure 3.7. The corresponding derivation tree in the grammar Gy is
shown in the right part of Figure 3.7. Its crop is equal to wr = baabaabb and is split to
the primary word w' = baba and the secondary word w" = aabb.

/| SN
N, N
g AN

N N

Figure 3.7: The derivation trees obtained in a translation grammar.

This example can be interpreted as follows. For the given grammar G and a word w, we
can find its derivation in the grammar G. Then we design the corresponding deriva-
tion in the grammar Gy. The generated word wy is split to the primary w’, which is
equal to the word w, and the secondary w", which is the translation of its primary
counterpart w'.

3.6.2 LL(1) grammars

In this section, we assume that, for a context-free grammar G = (V, T, P, S), any word
w € T* has a special end-of-word symbol < appended. This symbol is neither a nonter-
minal symbol nor a terminal symbol. It is used for marking the end of any intermediate
and terminal word of a derivation of the word w.
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Assume thatp : A — ais a production in a context-free grammar G = (V, T, P, S),
where A € V, a € {V U T}". Let us define the following sets of symbols:

— FIRST(p) = FIRST(a) is the set of those terminal symbols, which may open any
intermediate word derivable from a. Note that if the right-hand side a of the pro-
duction p begins with a terminal symbol a, then FIRST(p) = FIRST(a) = {a}. On
the other hand, FIRST(1) = FIRST(L) = {a} for the production 1:S — L of the
grammar of Example 3.3;

-  FOLLOW(p) = FOLLOW(A) is the set of those terminal symbols and end-of-word
symbol, which may directly follow A in any intermediate word derived from the
beginning symbols S of the grammar G. Note that FOLLOW(3) = FOLLOW(L) =
{c, <1} for the production 3 : L — Lc of the grammar of Example 3.3;

FIRST(p) UFOLLOW(p) if p is nullable

SELECT(p) = { FIRST(p) otherwise

Definition 3.7. A context-free grammar G = (V, T,P,S) is LL(1) grammar if and only
if for every nonterminal symbol A € V all A-productions have SELECT sets pairwise
disjoint. This condition is called LL(1) uniqueness condition.

LL(1) grammars are tools for building a top-down membership analyzer (top-
down parser). LL(1) grammars are tools for designing Leftmost derivation of the input
word, processing the word from Left to right. The derivation is designed based on 1
input symbol at a time.

Note that the uniqueness condition of the LL(1) grammars is similar to the
Greibach uniqueness condition. This allows for an easy designing of the derivation of
a word: for a given leftmost nonterminal symbol A € V in an intermediate derivation
word and a given input symbol a € T, we apply this A-production to the nontermi-
nal A, which has the terminal a in its SELECT set. When the right-hand side of the
applied production begins with the terminal symbol a, the input is shifted to the
next input symbol. Translation symbols in intermediate derivation words are skipped
during this processing.

Example 3.16. Let us consider the following grammar generating arithmetic expres-
sions with addition, subtraction, multiplication, division, power, change of sign
(negation) and brackets:

G = ({E>El) T: T1>P)Pla Q}) {+> — %, /) T) () )7 id}’P>E)
The set of productions is given in Table 3.3. Productions are supplemented with FIRST,

FOLLOW and SELECT sets (FOLLOW sets are needed only for nullable productions).
SELECT sets show that the grammar is LL(1) one.
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Table 3.3: A LL(1) grammar generating arithmetic expressions.

No. Production FIRST FOLLOW SELECT
1. E — TE {= (id} {-, Gid}
2. E, — +TE; {+} {+}

3. E — -TE {-} {-}

4., E —¢ 0 0, <} 0, <}

5. T - PT, {= (id} {= (id}
7. T — [PT| {/} i/}

8. T —e 0 {+-), <} {+-), <
9. P — QP {- (id} {-, Gid}

11. Pi—e 9 {+.= /), < {+,—%,/,), <}

12. Q—--Q {-} {-}

13. Q- (Q {¢ {¢

14. Q—id {id} {id}

Example 3.17. Below we present a translation grammar, which converts arithmetic ex-
pressions to a postfix form (Reverse Polish Notation). The translation grammar stems
from the grammar G of Example 3.16. The set of terminal symbols of the grammar is
supplemented with translation symbols T" = {F,=,=,%,/,1,1d}. Productions are sup-
plemented with translation symbols as shown in Table 3.4. The uniqueness property
of the LL(1) grammar is inherited from the property of the original grammar of Exam-
ple 3.16. Since this property is associated with the primary language, so then FIRST,
FOLLOW and SELECT sets are unaffected and stay the same as in the grammar of Ex-

ample 3.16.

Table 3.4: A LL(1) grammar generating arithmetic expressions and their conversion to postfix form.

No. Production FIRST FOLLOW SELECT
1. E—TE {= (id} {= (id}
2. E, - +T+E {+} {+}

3. E,—>-T=E {-} {-}

4, E, —¢ 0 {), <} {, <}

5. T — PT, {= (id} {= (id}
6. T, — «P*T, {*} {x}

7. > /P/T, i/} {/}

8. T —e€ 0 {+,—,), <} {+,—,), <}
9. P—apr {= G id} {= (id}

10. P =T QP T ) {1}

11. P —e 9 - /), {H= /)<

12. Q—--Q= {-} {-}

13. Q-(Q {¢ {¢

14. Q—idid {id} {id}
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The set of productions can be split into several groups concerning their functions:

- productions 1-4 generate additive operations (addition, subtraction);

— productions 5-8 generate multiplicative operations (multiplication, division);

— productions 9-11 generate power operation;

— production 12 generates change of sign operation;

— production 13 generates brackets;

- production 14 generates arguments of operations (numbers, variables) repre-
sented by the terminal symbol id.

This split of operations reflects the precedence of operators. The following hierar-
chy is utilized when an expression is evaluated:
— additive operators (addition and subtraction) have the lowest priority;
— multiplicative operators (multiplication and division) have higher priority than
additive operators do;
— the power operator has higher priority than multiplicative operators do;
— the change of sign operators has the higher priority than the power operator
does;
— brackets give the highest priority for included subexpression;
— operators of the same priority are evaluated:
— left to right in case of additive operators;
— left to right in case of multiplicative operators;
— right to left in case the power and the change of sign operator.

This hierarchy is preserved in the analysis of arithmetic expressions and their conver-
sion to other forms.

Analysis of nest three arithmetic expressions employs the grammar with produc-
tions outlined in Table 3.4 with production no 14 replaced with the following ones.

No. Production FIRST FOLLOW  SELECT

14. Q—oaa {a} {a}
Q-bb {b} {b}
Q-cc {c} {c}
Q—dd {d} {d}

The derivation of the expression —a + b * ¢ — d is designed as follows:

- we start from the initial symbol E of the grammar of Example 3.17;

— there is only one E-production to be applied to the input symbol and the initial
symbol of the grammar E: E 4 TE;;

— there is only one T-production to be applied to the input symbol and the leftmost
nonterminal T: E — TE; > PT En
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— there is only one P-production to be applied to the input and to the leftmost non-
terminal P: E - TE, - PTE; > QP,T,E;;

— there are three Q-productions to be applied to the input symbol and the leftmost
nonterminal Q, but SELECT set of only one Q-production includes the input sym-
bol and this production is applied: E 5 QP T\E; 3 -Q = P T\E;

— since in the previous step the input symbol has been added to the intermediate
derivation word by the production no 12, now input is shifted to the symbol a and
there are three Q-productions to apply to the input symbol and the leftmost non-
terminal Q, but SELECT set of only one Q-production includes the input symbol a
and this production is applied: E — -Q = P,T,E; Y a= P,T,E;;

— now input is shifted to the symbol +, the translation symbol = in the intermediate
word of derivation is skipped, so then there are three P;-productions to apply to
the input symbol + and the leftmost nonterminal P;, but SELECT set of only one
P; -production includes the input symbol + and this production is applied: E 5
—a=PTE 5 —a=TE;

— there are three T;-productions to apply to the input symbol + and the leftmost non-
terminal T;, but SELECT set of only one T, -production includes the input symbol
+and this production is applied: E - —a = P;T;E, Lo a=T, 1Ep S _a= Ej;

— there are three Ej-productions to apply to the input symbol + and the leftmost non-
terminal Ej, but SELECT set of only one E; -production includes the input symbol
+ and this production is applied: E - —a = T}, S a= E; 2 4= +T+ Ej;

— now inputis shifted to the symbol b and there is only one T-productions to apply to
the input symbol and the leftmost nonterminal T: E - —a = E; 2 a=+T7 E; 2
-a= +PT, 7 Ej;

- etc.

The derivation tree equivalent for the above derivation is shown in Figure 3.8. The
primary word of this derivation tree is - of course - w' = w = —a + b * ¢ — d. The
secondary (translated) word is equal tow” = @ = b ¢ ¥ ¥ d —. Note that ordinary
symbols are marked with an upper dash in secondary word. Moreover, subtract oper-
ator and change of sign operator are distinguished in the secondary word. The former
one is shown in the form of an overlined minus sign = and the latter is shown as an
overlined equality sign =. A distinction between these two operators is required since
their meaning cannot be drawn from the context of expression in postfix form. Unlike,
expressions in traditional form (viz., infix form) allow for differentiating meaning of
the minus sign, which stands for both operators: subtraction and changing of the sign.
Two additive operators are utilized in order from the left one to the right one, that is,
they are left-to-right associative.

Unlike in the infix form, arithmetic expressions in postfix form do not need brack-
ets to change priorities of operators. This property is illustrated in Figure 3.9. The pri-
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Figure 3.8: The derivation tree of the expression —a + b = ¢ — d in the LL(1) translation grammar of

Example 3.17 and the translated expressiona=bc * + d —.
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Figure 3.9: The derivation tree of the expression —(a + b) * ¢ — d in the LL(1) translation grammar of
Example 3.17 and the translated expressiona b ¥ =Cc* d —
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mary word of this derivation treeisw' = w = —(a+b) * c—d. The secondary (translated)
wordisequaltow” =ab¥=c%d -

In Figure 3.10, the right to left associativity of power and change of sign operators
is illustrated. The primary word of this derivation tree is w=w=--al--bTc
The secondary (translated) word is equal tow” =a==b==¢ 1].

N
/\ N
/\ ‘\
/\\ //\
/\\ /l\ //\\
/\ /|\ /\\
/\

Figure 3.10: The derivation tree of the expression ——a T — — b 1 cin the LL(2) translation grammar of

Example 3.17 and the translated expressiona = E ==¢11.

€

3.7 Problems

Problem 3.1. Design context-free grammars generating the following languages:
the set of palindromes over the alphabet {a, b};

the set of correct sequences of parentheses;

the set of nested brackets (brackets, square brackets, round brackets);

the set of nonempty binary words having the same numbers of as and bs;
the set of binary words having twice as much as than bs;

the set of regular expressions over the alphabet {a, b}.

oA W

Solution. 4. Compare also solution of Example 3.4. The following formula L = {w €
{a,b}* : #,w = #,w > 0} defines the language. The following inquiry leads to a solu-
tion. The initial symbol S of the grammar generates words having the same numbers
of as and bs, thatis, S »* w.Inawordw = aa,...a, € L, which begins with a, the
string a, ... a, has the number of bs exceeding the number of as by 1. Assume that
strings with the number of bs exceed the number of as by 1 are generated by the non-
terminal B. By analogy, consider the case w = ba,...a, € L and assume that strings
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with the number of as exceeds the number of bs by 1 are generated by the nontermi-
nal A. So, the following productions S — aB | bA could be employed.

Now, consider strings u = aa, as...a, generated by the nonterminal A4, that is,
A — u. In this case, the string a, as ... a,, has the same number of as and bs. On the
other hand, inastringu = ba, a; ... a,, generated by the nonterminal A, the number of
as exceeds the number of bs by 2. These cases employ productions A — a | aS | bAA.
Likewise, productions B — b | bS | aBB should be considered.

Finally, the above intuitive investigation brings the following grammar G =
({S, A, B}, {a, b}, P, S) with the following set P of productions:

P:. S—aB|bA
A — al|aS|bAA
B— b |bS|aBB

A proof that this grammar generates the language L can use mathematical induc-
tion concerning words with the same number of as and bs, with the number of as
exceeding the number of bs by 1 and with the number of bs exceeding the number of
as by 1. We claim that all such words and only such words are generated by nontermi-
nals S, A, B, respectively. Notice that words with the same number of as and bs have
even length, that is, length equal to 2n for n = 1,2,3,.. .. Similarly, length of words of
other two types is odd, that is, isequal to2n —1forn =1,2,3,....

For n = 1, we have the following words of the above three types: a, b, ab, ba. These
words are derivable from corresponding nonterminals as follows: A — a, B — b,
S - aB — aband S —» bA — ba. Of course, no other word of the assumed lengths
could be derived.

Based on inductive hypothesis, we assume that for a given n:

- forallk =1,2,...,n, all words of length 2k — 1 having k symbols a and k — 1 sym-

bols b, and only such words, are derivable from A;

— forallk =1,2,...,n, all words of length 2k — 1 having k — 1 symbols a and k sym-

bols b, and only such words, are derivable from B;

— all words of length 2k having k symbols a and k symbols b, and only such words,

are derivable from S.

Doing inductive step, we get:
— any word of length 2n + 1 having n + 1 symbols a and n symbols b is derivable
from A. Such a word
— either begins with a and has n (equal numbers) of as and bs in the remaining
part. So, based on the inductive assumption, we get that the production A —
a$ allows to generate it;
- oritbegins with b and has n+1symbols a and n—1 symbols b in the remaining
part. The remaining part can be split into two parts, in which the number
of as exceeds the number of bs by 1 (the reader can employ the function u
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used in Example 3.4 to justify such a split). Hence, based on the inductive
assumption, the production A — bAA allows to generate it.
Based on the inductive assumption, we can see that there is no way to derive from
A any word of length 2n + 1 with numbers of as and bs different than n + 1 and n;
— likewise, we can show that any word of length 2n + 1 having n symbols aand n+1
symbols b are derivable from B, and only such words;
— any word of length 2n+2 having symbols a and n+1 symbols b is derivable from S.
Such a word
— either begins with a and have n symbols a and n+1symbols b in the remaining
part. Hence, the production S — aB allows to generate it;
— or begins with b and have n + 1 symbols a and n symbols b in the remaining
part. In this cases the production S — bA is employed to generate it.
Based on the inductive assumption, we can see that only word of length 2n+1 with
equal numbers of as and bs can be derived form S.

The proof is complete.

5. The formula L = {w € {a,b}" : #,w = 2 = #,w > 0} defines the language. The
reader can prove that the following grammar generatesit: G = ({S, 4, B}{a, b}, P, S) with
the following set P of productions:

P: S — aAB|aBA | bAA
A —a|aS|bAAA
B — b | bS | aaBB | abABB | abBAB | abBBA

Hint. Employ mathematical induction to prove correctness of the grammar, consider
the function u(w) = #,a - 2 = #,b.

Problem 3.2. Prove that the language L is context-free.
L={we{ab,c} :w=dbc k1> 0}

Solution. The following grammar generates this language: G = ({S,A, BH{a, b}, P, S)
with the following set P of productions:

P: S—-AC
A — aAb | ab
C—Ccl|c

Problem 3.3. Prove that the language L is not context-free:

L={welab,c}" :w=dbc" k>0}
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Problem 3.4. Prove that the language L is not context-free:
L={we{ab,c}" : #,w=#w=4#w >0}

Solution. We apply the contrapositive of the pumping lemma to prove that L is not
context-free. Let N is a constant from the lemma and let z = a"b"c" ¢ L. We consider
any split z = uvwxy satisfying premises of the lemma, that is, [vwx| < N and |vx| > 1.
Thus, vwx cannot include three different symbols. As a result, vx is a string that in-
cludes at least one symbol of the alphabet and does not include at least one symbol,
that is, it is either a string of as or a string of bs or a string of cs, or it is a string of as
and bs or a string of bs and cs and it is never a string of as and bs and cs. In the word,
Zy = uv®wx®y number(s) of the symbol(s), which are present in vx, is decreased while
number(s) of the symbol(s), which are absent in vx is not changed comparing to the
word z. So then, z; ¢ L, and ends the proof.

Problem 3.5. Prove that the language L is context-free.

R

L={wuw'v:u,v,w e {a b}*, |w| >0}

Problem 3.6. Prove that the language L = {ww : w € {a, b}"} is not context-free.

Solution. Apply contrapositive of the pumping lemma. Consider the word
z=a"bVa"p" , where N is a natural number not less than the constant from the

lemma.

Problem 3.7. Prove that complement of the language considered in Problem 3.6, that
is, L ={a,b}* — {ww : w € {a, b}*}, is a context free one.

Solution. A context-free grammar generating the language L proves that this language
is context-free. Words of odd length are not of a form ww, so they belong to L. The
following productions generate such words:

P’ S—aR|bR
R — aaR | abR | baR | bbR | €

Let us consider words of even length. Any word of L is of a form

W=alaz...al‘...anan+1an+2...an+i...an+n

where g; # a,,; for some 1 < i < nand no more restrictions are put on symbols of such
a word. This word can be rewritten as

Ai—(i-1) "+ i1 iy " Aig(i-1) Anriy-(n—i) *** Ani) 1941 Anti)+1°°* A(nei)+(n-i)

As shown, every indicated symbol has a left context and a right context, which
are any string of the same length for a given symbol.
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Now, we can design a context-free grammar generating such words:

G = ({S,A,B,C}, {a,b},P,S)

P". S— AB|BA
A —a|CAC
B— b | CBC
C—alb

Finally, joining both sets of productions P’ and P”, we get productions of a
context-free grammar generating this language:

P: S— AB|BA|aR|bR
A —a|CAC
B — b | CBC
C—alb
R — aaR | abR | baR | bbR | €

The detailed justification that the grammar G generates the language L is left to
the reader.

Also, the reader can prove that the language L is not regular.

Hint. Consider the Problem 2.5.

Problem 3.8. A language L is a context-free one. Is L' context-free?
L' ={qyaya,a5a5a5a,a,a,a,...(a,)" : a;a,a;q,...a, € L}.

Solution. Let apply contrapositive of the pumping lemma. Let N is a natural num-
ber not less than the constant from the lemma such that thereisawordz = a; a, ...
ay € L. Take the word 2’ = aya,a5a5... (ay)", which satisfies assumption of the
lemma. Notice that |z'| = N(N + 1)/2. Let z' = uvwxy is a split holding the lemma as-
sumptions. A word z), = uvzwxzy has length |z)| = N(N +1)/2 + rsuch that1 < r < N.
Therefore, N(N +1)/2 < |2'| = NN+ 1)/2+r < NN +1)/2+N < (N + 1)(N +2)/2 =
N(N +1)/2 + N + 1. But words of such length do not belong to L. This proves that L’ is
not context-free.
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4 Context-sensitive grammars and unrestricted
grammars

The class of context-sensitive languages follows the class of context-free languages.
In the hierarchy of languages, a so-called Chomsky hierarchy, the next classes of lan-
guages, besides regular languages and context-free languages, are context-sensitive
and recursively enumerable languages. Context-sensitive languages are generated
by context-sensitive grammars, which happen to be a generalization of context-free
grammars. Recursively enumerable languages are generated by unrestricted gram-
mars, which are an extension of context-sensitive grammars. We will also distinguish
the class of recursive languages. However, a class of grammars generating recursive
languages is not known. The class of recursive languages is separated from the class
of recursively enumerable based on special class of automata. This topic will be pre-
sented in Chapter 5.

As mentioned above, context-sensitive and unrestricted grammars are much more
complex than context-free and regular grammars. Likewise, the structure of words
of these classes of languages is much more complex than the structure of words of
context-free languages. We neither know properties exhibiting restriction of words’
structure nor can we formulate any regularity rules of a language structure. Also, we
do know any property like, for instance, pumping lemmas, which would suggest a
character analogous to the finiteness of regular and context-free languages. Algebraic
characterization of these languages, as a substructure in the set of all words, is not
known. Therefore, we do not have effective tools for processing these languages, as it
is in cases of simpler classes of languages. Tools corresponding to pumping lemmas,
Myhill-Nerode theorem, CYK algorithm, etc., are not known for classes of context-
sensitive and recursively enumerable languages.

This chapter provides a short presentation of the basic properties of context-
sensitive and recursively enumerable languages.

4.1 Context-sensitive grammars

Productions of context-sensitive grammars satisfy monotonic condition (also called
noncontracting or nonerasing condition). For this reason, context-sensitive grammars
are also called monotonic, noncontracting or nonerasing grammars.

Definition 4.1. A grammar G = (V, T, P,S) is context-sensitive if and only if its produc-
tions are monotonic (or noncontracting), that is, they are of the form:

a— B, where:a,fe (VUT) and O < |a| < |B]

where |w| denotes a length of the word w.

https://doi.org/10.1515/9783110752304-004
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Definition 4.2. Context-sensitive languages are those generated by context-sensitive
grammars and only those.

The class of context-sensitive grammars and the class of context-sensitive lan-
guages are denoted by CSG and CSL, respectively.

The monotonic condition excludes the empty word ¢ from context-sensitive lan-
guages. In terms of the above definition, any language, which includes the empty
word, is not context-sensitive. This is the strict meaning of classes of CSL and CSG.

It would be unreasonable to exclude from the CSL class a context-sensitive lan-
guage with the empty word included. Thus, any language L, such that L — {¢} is a
context-sensitive language, will be included in the CSL class. Note that having a lan-
guage L generated by a monotonic grammar, we can add the empty word ¢ to L by
attaching the production S — ¢ to the grammar, where S is the initial symbol of
the grammar. This production breaks the monotonicity of the grammat, so it will be
considered to be the unique exception of context-sensitive grammar. This meaning of
context-sensitivity is called extensive context-sensitivity.

Summarizing the above notes: the classes of CSL and CSG will be considered in
the strict or extended sense depending on the context of the discussion. In the sequel,
we will not distinguish between strictness and extensiveness of context-sensitivity if
this does not lead to confusion.

Definition 4.3. A grammar G = (V, T, P,S) is in context-sensitive normal form if and
only if its productions have the following form:

yAS - yab, whereAdeV,a,y,6c(VUT) ", a+ce.

y and § are called left and right context, respectively, and A — a is called the core of
the production.

Note that a grammar in context-sensitive normal form is a context-sensitive gram-
mar since its productions are monotonic. Then the class of grammars in context-
sensitive normal form is included in the CSG class. The question is whether the CSG
class is equivalent to the class of grammars in context-sensitive normal form. This
question is equivalent to the question if, for any context-sensitive grammar, we can
find an equivalent grammar in context-sensitive normal form. The answer is affirma-
tive. Hence, grammars in context-sensitive normal form do not create a new class of
languages; they generate the CSL class.

Note that the core of a context-sensitive production in normal form is simply a
context-free production. Also observe, that only the core of such production can affect
derivation. However, the core of production can be used only if left and right contexts
are preserved. This is why grammars with monotonic productions are called context-
sensitive grammars.

Now, let us justify that every context-sensitive grammar can be transformed to
normal form.
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Lemma 4.1. Any context-sensitive grammar G = (V,T,P,S) can be transformed to an
equivalent grammar in normal form, that is, both grammars generate the same lan-
guage.

Proof. We build a context-sensitive grammar in the normal form, which is equivalent
to the grammar G. An idea of proof of equivalence of both grammars is illustrated in
Example 4.1. Below, an idea of such proof is outlined while details of proof is left to
the reader.

The grammar in a normal form equivalent to a given context-sensitive grammar is

designed as follows:

1. for every terminal symbola € T,

a. create a new nonterminal symbol A, and convert every production of the
grammar G replacing every occurrence of the symbol a with the new non-
terminal A,;

b. add the new production 4, — a.

We get a new grammar Gy = (V U Vy, T, P’ U Py, S) with an extended set V U V; of

nonterminal symbols and an extended set P’ UPy of productions, where V; = {4, :

a € T}, P' is the set of productions converted from P, Py = {A, — a,a € T}. Pro-

ductions of P’ have now a form A; A,...A; — B, B,...B;, where k < I (since the

grammar G is a context-sensitive, i. e., it is a monotonic grammar) and all sym-
bols in the production are nonterminal symbols, that is, A;,...,4;,By,....B; €

VuVy;

2. let us split the set P’ of productions to subsets P}, (corresponding to the subset
P,, of P) of productions in normal form and P}, (corresponding to the subset P,,
of P) of productions that are monotonic, but not in normal form, P = P, U P,,, and
P' = P} UP],.Let us enumerate productions of the set P;,, which are not in normal
form;

3. for each production r : A;A,...Ay — B;B,...B;in the set P, with assigned
number r do:

a. create a new nonterminal symbols A,’(;

b. replace the productionr : A; 4,...A; — By B,...B; with the following set R,
of k + 1 productions in normal form:

- A A Ao AL A A, wherey = A L A, is the left context, the
right context is empty and A; — A is the core;

- AjA,.. A Ay — BiA,.. A AL, where the left context is empty,
8 = A, A;...Ay_; A} is the right context and A; — B, is the core;

- BiAyA;... A AL — BB, A;... A A, wherey = A, is the left context,
8 = A;...A;_; A} is the right context and A, — B, is the core;

- B,...By,A 1Ay — B,...Bi_,B;_1 A}, wherey = B,...B,_, is the left
context, § = Ay is the right context and 4;_; — B_; is the core;
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- By...By_ A, — B,...B;_By...B, where y = B,...B;_; is the left con-
text, the right context is empty and A,’( — By ...B,is the core;
4, finally, we come up with the following context-sensitive grammar in normal form
Gy = (Vy, T, Py, S), where:
- Vy=VuVyu U,{Air} and r is the number of a production A; 4,...4; —
B,B,...B;from P ;
- Py = Py uP,UlJ,R,, where R, is the set of productions in normal form
corresponding to the production r of P,,,. O

Example 4.1. Let us consider the context-sensitive grammar G = ({S},{a, b,c},P,S)
with the following productions:

P: S — abcS | abc 1) 2

ab — ba 3)
ac — ca (4)
ba — ab (5)
bc — cb (6)
ca — ac 7)
cb — bc (8)

This is a context-sensitive grammar generating the set of words with the same
number of letters a, b and c, that is, the language L = {w : w € {a,b,c}" and #,w =
#,w = #,w > 0}. The proof is straightforward: productions (1) and (2) insert any num-
ber of letters a, b and c (of course, the same number of letters a, b and ¢). Remaining
productions allow for migration of any letter to any place in the word, so any permu-
tation of letters generated by productions (1) and (2) is available.

The grammar G is not in the normal form. Let us transform it to the normal form
according to Lemma 4.1.

1. replacement of terminal symbols by new nonterminals and extension of the set of
productions leads to the following grammar:

G' = ({S,A,B,C},{a,b,c},P' UPL,S)
P S—ABCS|ABC (1))

AB — BA 3)

AC — CA (4)

BA — AB (5)

BC — CB (6)

CA — AC 7)

CB — BC (8)
Pr: A—>a
B—b
C—c
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2. for productions (3-8) of the grammar G’, which are not in normal form, create the
set P’ corresponding to the set P of original productions 3-8 of the grammar G (we
keep their numbers);

3. theset P’ of productions is processed as follows:

a. new nonterminals are created: B>, C*, A, C® A7, B®;
b. every production of the set P}, is replaced as follows:
— the production 3: AB — BA is replaced by the following set of produc-
tions:
3y : AB — AB*,AB> — BB?, BB®> — BA;
— the production 4: AC — CA is replaced by the following set of produc-
tions:
4y : AC — AC* AC* — CC*, CC* - CA;
- etc.

4. finally, we build the following context-sensitive grammar in normal form Gy =
(Vy, T, Py, S), where:

- Vy=1{S,AB,C,B’,C" A% C5 A", B®;

Py: S—ABCS|ABC (1) (2
AB — AB? (3)
AB® - BB®
BB - BA
AC — AC* (4)
AC* - cc*
cc* > CcA
BA — BA® (5)
BA® — AA®
AA® — AB
BC — BC® (6)
BC® - cc®
cc® — cB
CA — CA’ 7)
CcA” - AA7
AAT - AC
CB — CB® (8)
CB® — BB®
BB® - BC
Pr: A—a
B—b
C—c

Both grammars G and Gy are equivalent. To prove this equivalence, it is sufficient to
show that every word generated in one grammar is also generated in another one.
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Having a derivation of a word w € {a, b, c}* in the grammar G, we can turn it to a
derivation of the same word in the grammar Gy:
— every step of the derivation using the production number r, 1 < r < 8, of the set

P is replaced by steps applying the corresponding set r of productions Ry of the

grammar Gy;

— the new derivation generates the word W ¢ {4, B, C}*, which reflects the word w.
Now, applying productions of the set P; to nonterminal symbols A, B, C we get the

word w.

For example, the derivation in the grammar G:

S L, abes 2 bacs & bcaS S chaS 2, chaabc

could be transformed to the following derivation in the grammar Gy:

=
>

BC

9]

3 3
B>CS = BBCS 25 BACS

12
>

c*s % Bcc's 2% Bcas

£
™
z |

645 % cctas 2 cBas

12
&

2 CBAABC — cBAABC — cbAABC % chaabc

In the above derivation, the number of production (or set of productions) is indi-
cated above the arrow. A part of the intermediate word used in a production is under-

lined.

On the other hand, a derivation in the grammar Gy can be transformed to a deriva-
tion in the grammar G:
- turn a derivation in the grammar Gy into derivation in the grammar G':

— notice that if any production from groups 3-8 of Py, is used, all three produc-

tions of this group must appear consecutively one after another. For instance,
any production of the 3rd group must appear in the following sequence:

—>@—>A_B3—>

3y N

3y

.BB>... 3 .. BA...> -

— replace any triad as indicated above by the corresponding production from

the set P/,

— turn the above derivation in the grammar Gy into derivation in the grammar G,
— replace any step of derivation applying a production A, — a by the terminal
symbol a. For instance: replace --- - aAB — aaB — ---by---—aaf — ---
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Notice that application of any production from the set Ry must start from the first
production of the given triad number r. It inserts the new nonterminal symbol 4;,
which is included in the left-hand side of the remaining productions of this set. Then
consecutive productions of the set Ry must be applied; otherwise, the nonterminal
symbol A} cannot be eliminated. Only such a sequence could be replaced by the pro-
duction number r of the grammar G'. If the sequence of productions of the set Ry
is broken, then either a terminal word cannot be derived, or a break is made in this
sequence by a nested sequence of another set Qy of productions. In the latter case,
if the result of productions is nested in a left-hand side of a production Ry, then the
production number g can be omitted. Otherwise, it should be used in derivation prior
to the production number r.

4.2 Unrestricted grammars

The class of unrestricted grammars is the most general class of grammars. Unrestricted
grammars are similar to context-sensitive grammars except that productions are not
required to be monotonic (noncontracting). Unrestricted grammars generate the class
of recursively enumerable languages, which will be denoted as REL class of languages.
The formal definitions are as follows.

Definition 4.4. A grammar G = {V, T, P, S} is unrestricted if and only if its productions
are of the form:

a— B, where:a,f € (VUT)" and O < |a

where: |w| denotes length of the word w.

Definition 4.5. Recursively enumerable languages are those generated by unre-
stricted grammars and only those.

Context-sensitive grammars are special cases of unrestricted grammars. Thus, the
class of context-sensitive languages is a subclass of recursively enumerable languages,
that is, CSL ¢ REL. But it is not obvious if this inclusion is proper, that is, if CSL +
REL because nearly every language that we can imagine is context-sensitive. In the
consecutive chapters, we will design languages that are recursively enumerable but
not context-sensitive.

Example 4.2. The language L = {db*c*d : k > 0} is not context-free (we can apply
contraposition of the pumping lemma for context-free languages to prove it). Design
a context-sensitive grammar generating this language.

First, we design an unrestricted grammar generating this language. Notice that
words of this language can be ordered according to their length:

L = {abcd, aabbccdd, aaabbbcccddd, . . .}.
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The first word in this order is abcd. Having a word of this language, we can design the
next one (in this order) by supplementing: (i) with a the sequence of a’s, (ii) with b
the sequence of b’s, (iii) with c the sequence of ¢’s and (iv) with d the sequence of d’s.
Based on this observation, we will design a grammar in which consecutive words of
the language will be designed by enlarging sequences of letters a, b, c, d. Enlargement
will be done by symbols traveling along the word. The following grammar generates
the language: G = ({S, A, D}, {a, b, ¢, d}, P, S) with productions:

P: S — abcDd (1)

cD — Dc )
bD — Db (3)
aD — aaA (4)
Ab — bA (5)
bAc — bbcA (6)
cAc — ccA @)
cAd — ccDdd (8)
D—¢ 9)

A derivation of the word w = aaabbbcccddd is as follows:

S L abeDd 2 abDed 2> aDbed -5 aaAbed 2> aabAcd > aabbcAd
%, aabbceDdd 25 aabbDecdd =53 aaDbbeedd 2> aaaAbbeedd 25 aaabAccdd

S, aaabbbcAcdd 5> aaabbbecAdd 2> aaabbbeceDddd 2> aaabbbeceddd

In the above derivation, the symbol fafs denotes an application of the production
number 3 two times.

The derivation is terminated if and only if production number 9 is applied. This
production may be used for any placement of the nonterminal symbol D in an inter-
mediate word of derivation. Note that production number 9 can be applied only to the
nonterminal symbol D. If this symbol appears in an intermediate word of derivation,
then this word includes the same number of letters a, b, ¢ and d, so then removal of
this symbol produces a word of the language L.

The above grammar is not context-sensitive because production number 9 is nul-
lable (not monotonic). On the other hand, the empty word ¢ is not generated in this
grammar. Therefore, perhaps the grammar may be turned (though no evidence is
given for a general case) to a context-sensitive one by eliminating the nullable pro-
duction number 9. Elimination of the nullable production is done here by grouping
symbols cDd and substituting them by a new nonterminal symbol (denoted by [cDd]
to keep transformation clear). The following monotonic grammar generates the above
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language:

G = ({S,A, D, [cDd]},{a, b, c,d}, P,S)

P: S — ab[cDd] 1)

¢D — Dc 2

bD — Db 3)

aD — aaA (4)

Ab — bA (5)

bAc — bbcA (6)

cAc — ccA 7)

cAd — c[cDd]d (8)

[eDd] — ¢Dd 9)
[cDd] — cd (10)

A derivation of the word w = aaabbbcccddd looks now as follows:

S 5 ablcDd] 2> abeDd % abDed > aDbed 2> aaAbed 2> aabAcd
S, aabbcAd > aabbelcDd)d 2> aabbeeDdd =5 aabbDecdd

23 aabDbbcedd 2 aaaAbbecdd 5 aaabAcedd % aaabbbcAcdd
’, aaabbbccAdd > aaabbbec[cDd]dd S aaabbbeecddd
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5 Turing machines

In Part I, the methods of generating languages were studied. Those methods are based
on different types of grammars and on regular expressions. Part II is devoted to a dis-
cussion on methods of languages acceptance. Acceptation of languages is based on
different types of automata: Turing machines, linear bounded automata, pushdown
automata and finite automata. Identification of grammars with the generation of lan-
guages and automata with the acceptation of languages is a subjective and intuitive
categorization done by the authors. However, it reflects the nature of tools for process-
ing languages.

Turing machines (and other types of automata) can be interpreted as models of
computation. Turing machines is a universal model of computation that is used for
such purposes as, for instance, acceptance of languages, computing functions, solv-
ing problems.

In this chapter, Turing machines, and automata in general, will be employed as
tools of acceptance of languages, that is, they will be queried whether a given the word
is in the language accepted by a given automaton or not.

Turing machines can also compute functions. Such machines compute functions
with natural numbers as domain and codomain. Another type of Turing machines
solves problems like, for instance, the sorting problem, the shortest paths problem,
etc. We only touch these aspects here.

5.1 Deterministic Turing machines

In this book, two categories of Turing machines (say automata, in general) will be stud-
ied: deterministic and nondeterministic. Roughly speaking, the computation of an au-
tomaton is a sequence of configurations organized according to some control informa-
tion. An automaton is a deterministic one if and only if there is at most one possibility
of doing a transition in any configuration. If, for a given automaton, there is a choice
of doing a transition in some configuration(s), then such an automaton is a nondeter-
ministic one.

In this section, different categories of deterministic Turing machines are studied:
basic model, model with the guard, multitrack model and multitape model. At the
end of this chapter, nondeterministic Turing machines are discussed. Equivalence of
these categories of Turing machines is drawn, that is, it is shown that for a Turing
machine in any model, we can find an equivalent machine in any other model. Equiv-
alence of Turing machines (equivalence of automata, in general) means that they ac-
cept the same language, compute the same function or solve the same problem. The
discussion leads to the main goal of this chapter, that is, that the class of determin-
istic Turing machines and the class of nondeterministic Turing machines are equiva-
lent.

https://doi.org/10.1515/9783110752304-005
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5.1.1 Basic model of Turing machines

The definition of basic model of deterministic Turing machines is given below. Later in
this chapter, other deterministic models of Turing machines are discussed. They are
proved to be equivalent to basic model. As it was stated above, equivalence with regard
to accepted languages is considered. Besides, generalization of equivalence issue to
Turing machines computing functions or solving problems is straightforward.

Definition 5.1. A Turing machine in basic model is a system
M = (Q) Z:r) 6)q0)B)F) C)

with components as follows:

a finite set of states;

a finite set of tape symbols (tape alphabet);

the blank symbol (of tape alphabet), B € T;

an input alphabet,  c (I' - {B});

the initial state, g, € Q;

a set of accepting states, F ¢ Q;

a condition, its satisfaction is necessary and sufficient to stop computation;
a transition function, which is a mapping: 6 : Q xI' - Q xI' x {L, R}

SOomMS MmO

where L, R denote left and right directions.

Notice that a transition function § may not be a total function, that is, it may be
undefined for some of its arguments. Such a case is formally interpreted that the ma-
chine falls into an infinite computation. This comment will be explained in detail in
the further discussion of this chapter.

A Turing machine could be interpreted as a physical mechanism shown in Fig-
ure 5.1. This mechanism consists of:

— acontrol unit, it is in a state of Q;
— aone-way infinite tape split into cells; every cell contain a symbol (exactly one)

of the tape alphabet T
— thehead, it is placed over a cell of a tape, it reads a symbol held in a cell, it stores

the desired symbol in the cell, it shifts left or right.

[alafas[ [ [-] [ []B]B]-]
the tape

the head
do the control unit

Figure 5.1: Basic model of Turing machine.
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Turing machines do the computation for a given input data. The computation of a

given Turing machine is done according to the following intuitive procedure:

1. theinitial configuration of a given Turing machine is described as follows:

a. inputdata, a word w = a;a,...a, over input alphabet %, is stored in n begin-
ning cells of the tape; cf. Figure 5.1;

b. all other cells of the tape, which is infinite to the right, are filled in with the
blank symbol B;

c. the head of the Turing machine is placed over the first (leftmost) cell of the
tape;

d. the control unit is in the beginning state g,;

2. if the stop condition C is satisfied, then the computation is halted, the configura-
tion is called the final configuration, the machine responses whether its control
unit is in an accepting state or not;

3. if the stop condition C is not satisfied, then — based on the state g of the control
unit and the symbol X read by the head — the Turing machine is doing the follow-
ing actions:

a. thevalue (p,Y,D) of the transition function §(g, X) is computed;
b. the head stores the tape symbol Y in the cell under it;
c. the control unit switches to the state p;
d. the head shifts by one cell in the direction D;
4. computation goes to the point 2.

The above intuitive procedure could be adapted to Turing machines, which compute
functions or solve problems. This adaptation needs a redefinition of input data. Input
data of a Turing machine computing function or solving problem is:

— asequence of arguments of the function computed by the machine. Arguments of
a function are encoded as numbers, for example, in the binary or decimal posi-
tional system or in the unary system. Of course, some sort of separators between
arguments must be used;

— a data defining an instance of the problem solved by the machine. This data is
encoded in a way depending on the type of data.

Note that the stop condition C may never be satisfied and the machine will be doing
an infinite computation. When the infinite computation is done, the input data is not
accepted by the machine, that is, in the case of accepting a language, the input word
does not belong to the language accepted by the Turing machine. It is worth under-
lining that a Turing machine always stops its computation in an accepting state if and
only if its input data is a word of the language accepted by the machine. Turing ma-
chines raise a difficult problem: when one is performing long computation, there is no
indication if the machine has fallen into infinite computation or it will stop computa-
tion in the future.
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Remark 5.1. For the sake of clarity, we assume that Turing machines will be designed
assuming that, if a machine terminates computation, its head is placed over the first
(leftmost) cell and:

— when the machine accepts a language, then all cells of the taped are filled in with
the blank symbol B;

— when the machine computes a function, then the value of the function is stored
in the beginning cells of the tape. All other cells are filled in with the blank sym-
bol B. The stored value is the correct result if and only if the machine stopped
computation in an accepting state;

— when the machine solves a problem, then output data is stored in the beginning
cells of the tape. All other cells of the tape are filled in with the blank symbol B.
Output data is a correct solution of a computed instance of the problem if and only
if the machine stops computation in an accepting state.

Assumptions of the above remark are not included in Definition 5.1 and are not nec-
essary, but they are desired for clarity of computation. An epilogue of a computation
guarantying satisfaction of the above assumptions is called a cleaning procedure.

Definition 5.2. A step description (a configuration) of a Turing machine
M = (Q) r) Z) 6)q0)B>F) C)
is a sequence of symbols:

& qa;

where:

— g € Qis the current state of the control unit of a Turing machine;

— a; is a sequence of symbols stored in cells beginning from the leftmost one and
ending with the cell prior to the one under the head;

- a,isasequence of symbols stored in cells beginning from the one under the head,
going to the right and ending with the rightmost one holding a nonblank symbol.

Note that both a; and a, sequences of symbols are words over the tape alphabet I’
and that any of these sequences may be the empty word. However, none of these two
sequences can be infinite. This is due to the following reasons:

— aninput data is finite, so then only a finite number of cells are filled in with non-
blank symbols in the input configuration;

— after any step of computation, only a finite number of cells could be visited by the
head. Therefore, only a finite number of cells may get a nonempty symbol.

For instance, the initial step description (configuration) is of the form g, w, where ¢,
is the initial state, w is the input data. In this case, @, is the empty word. On the other
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hand, a step description a; g informs that all cells from the one under the head to
the right are filled in with the blank symbol B. Now, a, is the empty word. Finally,
when a Turing machine accepting a language ends its computation in a state g, then
— according to Remark 5.1 — g will be the final step description.

Let us analyze transitions done by Turing machines. We assume that a step de-
scription is characterized by the following sequence of symbols:

X1X2 "'Xi—qui Xn

Recall that:

— g is the current state of the control unit;

- X;X, ... X;_; is the sequence of symbols of the tape alphabet I stored in cells pre-
ceding the cell under the head;

- X;X;.1 ... X, is the sequence of symbols stored in cells beginning from the one
under the head, going to the right and ending with the rightmost one containing
a nonblank symbol;

— the head is placed over the cell with the X; symbol stored in. If the sequence
X; X;,q ... X, is the empty word, then the head reads the blank symbol B.

The transition function determines the following step description:

— if the value of the transition function is 6(q, X;) = (v, Y, R), that is, the control unit
switches to the state p, the head stores Y and shifts right, then we get the following
configuration,

XIXZ ...Xi_lYpXi+1 ...Xn

—  if the value of the transition function is 6(q, X;) = (p, Y, L), then we get the follow-
ing configuration:

XX .. X, p X Y Xy ... X,

We will use the symbol > to denote a transition of a Turing machine. The transition
symbol > may be supplement with a Turing machine name >,; to emphasize that a
transition concerns a given Turing machine. It also can be supplemented with a su-
perscript K to notify k transitions done.

The above two transitions done by a Turing machine will be denoted as follows:

XX . X qX . X, > XXy ... X YpXiyy ... X,
XX .. XX .. . X,> XX ... X, pXi Y Xipy ... X,

Definition 5.3. Transitions of a Turing machine create a binary relation in the space of
all possible configurations of the machine, that is, any two configurations are related if
and only if the second one is derived from the first one utilizing the transition function.
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This relation is called the transition relation of a given Turing machine and is marked
with the symbol >. We will also consider the transitive closure of the transition relation
and mark it with the symbol >".

Definition 5.4. A computation of a Turing machine M = (Q,T,%,6,q,,B,F,C) is a se-
quence of configurations n;,1,, . . ., 7, such that n; is the initial configuration, n,, is the
final configuration and a pair of any two successive configurations belongs to the tran-
sition relation. If the machine has fallen into an infinite computation, then its compu-
tation is an infinite sequence of configurations 1;,1,,13 ... such that n; is the initial
configuration and any pair of two successive configurations belongs to the transition
relation. A finite computations is denoted as n; > 1, > --- > n,, and infinite computa-
tion is denoted asn; > n, > 13 > ...

Now we give a formal definition of acceptation of an input by a Turing machine.

Definition 5.5. A Turing machine accepts its input if and only if the computation ter-
minates in an accepting state. In other words, a Turing machine accepts its input if
and only if the pair of the initial configuration and the final configuration belongs to
the transitive closure of the transition relation, that is, n; >* 1y, where n; is an initial
configuration and n7 is a final (i. e., accepting) configuration.

Based on the above discussion, we now give formal definitions of some concepts.

Definition 5.6. The language L(M) accepted by a Turing machine M is the set of words
w € ¥ accepted by the Turing machine.

Definition 5.7. A function computed by a Turing machine M is a mapping from a space
of input data into a space of output data. If the machine accepts its input, then its out-
put is the correct value of the function. Otherwise, when the machine stops compu-
tation but not accepts the input, or if it is doing infinite computation, the function is
undefined for such input data.

Remark 5.2. We assume that the blank symbols B will neither separate nonblank sym-
bols on tape nor be placed in leftmost cells prior to a nonblank symbol. This assump-
tion is not required by definitions and concepts discussed so far. However, it simplifies
the designing of Turing machines for given tasks.

Example 5.1. Design a Turing machine computing the function:
f:N—>N, f(n)= [gw where N = {0,1,2,...}

Solution. First, we briefly comment on an algorithm for a Turing machine computing
this function. The algorithm consists of a method of encoding input and output data
and of a description of computation:
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— input and output data are stored in the unary system, that is, the number n is
stored as the sequence of n unary digits 0;

— computation of the machine relies on repeated subtraction of the denominator
from the numerator. Subtraction is done by removing three digits O from data
stored on the tape:

— marking the first digit 0, it increments the function value, that is, for every
subtraction, the value of the function is incremented by 1;
— deleting the last two zeros;

— in the last subtraction, there might be one or no digit O to delete;

— the function value will be equal to the number of subtractions, that is, to the num-
ber of marked digits 0.

A Turing machine computing this function is as follows:

M =(Q,%,T,6,q0,B,F,C)

where:

- Q=1{90,91,9293.94-95 96,9 };
- Z={0}

- T'={0,A X, B};

- F={gy}and

— the stop condition C is reached if control unit switches to the accepting state g,.

The transition function is given in Table 5.1.

Table 5.1: The transition function of the Turing machine of Example 5.1.

0 0 A X B

o (G2, X,R) (g6>B,R)
q: (g2,A.R) (96, 8,L)
q> (g2,0,R) (g3,B,1)
q3 (94,B,1) (9¢,0,L) (96,0,R)

a4 (g5, B8,1) (96,0,0) (96,0, R)

gs (95,0,L) (91,AR) (g1, X,R)

(

de (G4,0,1) Gs,0,1) (g6,0,R) (Ga,B,1)

The transition function is a kind of computing program in a low-level programming

language. The detailed description of the transition function is given here in the form

of comments to states of the machine:

qo terminates computation for the input data (argument of the function) equal to zero
or sets the output value to one for nonzero input data. The tape symbol X is stored
in the first (leftmost) cell. This symbol indicates the output value as well as marks
the leftmost cell of the tape;
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a1

9

q3

qs

qs

de

da

increments output data by one for every subtraction. Incrementing is done by stor-
ing the tape symbol A in the leftmost cell filled in with the digit O;

passes the head to the end of input data, that is, to the cell that directly follows
the cell with the rightmost digit 0 and then goes back to the cell with the rightmost
digit O;

deletes the rightmost digit 0 and moves the head one cell left. If there are no more
0’s, then a cleaning process begins with switching to the state gg;

deletes the last but one 0, states g, g3, g, 0 q;, g3, g, are in charge of removing
three digits O from input data, that is, they are in charge of subtraction 3 from the
input data. If there are no more 0’s, then a cleaning process begins with switching
to the state gg;

passes the head to the beginning of input data, that is, to the cell with the leftmost
0. Then the control unit switches to the state g, to repeat the process of subtraction
of 3 from input data;

preparation to terminate computation passes the head to the beginning of input
data and turns symbols A and X to O’s;

terminates computation.

Now we provide computation for given input data zero and five. Zero is represented as
the empty sequence of unary digits and five is represented as the sequence of 5 unary

digits 00000:

- fO)=131=0:
do > Bgs > g4

- fO)=131=2

4000000 > Xg,000 > X0g,000 > X00g,00 > X000g,0 > X0000gq, >
X000g50 > X00g, 0 > X0g50 > Xq5 00 > g5 X00 > Xq, 00 > XAqg,0 > XAOq, >
XAg30 > Xq, A > q¢ X0 > 0gg 0 > g4 00

5.1.2 Turing machine with the stop property

As noticed before, some Turing machines can fall into an infinite computation. Some
other will terminate their computation for any input data. This observation draws the
definition of the subclass of Turing machines, which always terminate their computa-
tion.

Definition 5.8. A Turing machine in basic model with the stop property is a system
introduced in Definition 5.1,

M=(QLT,6,90,B,F,C),

and such that it terminates its computation for any input data.
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Table 5.2: An updated transition function of the Turing machine designed in Example 5.1.

5 0 A X B
9o (g2, X, R) (Gg> $,R) (gg, $.R) (g6>B,R)
qq (G2,A,R) (gr, $,R) (gg, $.R) (ge,B,1)
a; (g2,0,R) (g, $.R) (Gg>$:R) (g3,B,L)
a3 (94, B,1) (9¢,0,L) (G6,0,R) (9 $:R)
a4 (gs,B,1) (9¢,0,L) (96,0, R) (9 $:R)
s (g5,0,1) (g1,A,R) (91, X,R) (Gg.$,R)
Ge (ga,0,L) (g6,0,1) (g6,0,R) (9. $,R)

Example 5.2. Design a Turing machine with the stop property computing the function
exposed in Example 5.1.

Solution. The transition table of the Turing machine of Example 5.1, as shown in Ta-
ble 5.1, has empty entries for some arguments. The empty entries mean that the tran-
sition function is undefined for such arguments. Such configuration of a Turing ma-
chine, in which a value of its transition function is undefined, is understood as falling
into the infinite computation. In light of this interpretation, the Turing machine of
Example 5.1 does not have the stop property. On the other hand, a configuration in
which the transition function is undefined is never reached. Moreover, the machine
terminates its computation for any input data. However, we want to keep the assump-
tion that undefined transition function value starts infinite computation. So then, to
solve the inconsistency, we will turn the machine of Example 5.1 to have the (formal)
stop property, cf. Table 5.2.

A new state g is added to states of the machine of Example 5.1. The control unit
switches to this state any time when the original transition function is undefined (a
special symbol is stored in the cell and the head goes right because this shift is always
possible). Computation is terminated if and only if the control unit switches to any
of two states g, or qg. Therefore, the response of the machine depends only on two
states: q, as accepting state and gy as rejecting (not accepting) one.

Note, due to the sake of simplicity and readability of the transition function,
the cleaning procedure of Remark 5.1 is not applied when computation reaches the
state gp.

It is worth underlining that a function or a language computed by a Turing ma-
chine with the stop property can also be computed by a Turing machine without stop
property. Moreover, such the Turing machine without stop property can perform infi-
nite computation for some input data.

Two Turing machines, one with the stop property and another one without the
stop property, if compute the same function or accept the same language, must termi-
nate computation in accepting states for the same input data. Both machines may also
terminate computation in rejecting states for the same data. They may yield different
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outputs only for such input data, which is not accepted. In such a case, the machine
with the stop property terminates its computation in a rejecting state and the second
machine falls in infinite computation.

Definition 5.9. Turing machines are considered equivalent if and only if for the same
input data they either terminate computation in accepting state or none of them does
it.

5.1.3 Simplifying the stop condition

Now we will slightly change definitions of Turing machines in basic model to simplify
the definition of termination of its computation.

Definition 5.10. Turing machine with the halting accepting state is a system:
M =(Q,%T,8,q94,B,F)

where:

— F ={gqy} —there is only one accepting state g,;

— the stop condition is satisfied if and only if the machine switches to the accepting
state q4;

— other components of the system are as described in Definition 5.1.

Proposition 5.1. Turing machines with the halting accepting state are equivalent to Tur-
ing machines in basic model.

Proof. First of all, a Turing machine M = (Q,Z%,T, 8, q¢, B, {q4}) with halting accepting

state formally matches Definition 5.1.
On the other hand, a Turing machine in basic model M = (Q,%,T, 8, gy, B, F, C) can

be updated to a machine with halting accepting state by:

— adding new states g and qy;

— doing two transitions: (g4, X, R) (q4,Y,L), when the stop condition of the Turing
machine in basic model is satisfied and the machine is in accepting state, where
X and Y are symbols previously stored in cells under the head. These two tran-
sitions just switch the machine to the new state g4, keeping contents of the tape
unaffected and places the head in the same position as before these transitions;

— changing status of former accepting states to not accepting and assuming g, as
the only accepting state;

— redefining the stop condition: computation is halted if and only if the machine
switches to the state g, (now the only accepting state).

The machine with a halting accepting state may fall into infinite computation when
the machine in basic model stops its computation in a nonaccepting state. Anyway,
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the machine with the halting accepting state terminates its computation in accepting
state if and only if the machine in basic model does the same.

This proves the equivalence of both machines with regard to the accepted lan-
guage. Therefore, Turing machines in basic model are equivalent to Turing machines
with the halting accepting state. O

Definition 5.11. Turing machine with halting states is a system
M = (Q)Z: F) 6) qO)B)F>R)

such that it terminates its computation for any input data, where:

- F =1{q,} - includes only one accepting state q,;

— R ={qg} - includes a special nonaccepting state gg;

— computation for any input always reaches one of states g, or gp;
— computation stops if and only if it reaches g4 or gg;

- other components of the system are as described in Definition 5.1.

Proposition 5.2. Turing machines with halting states are equivalent to Turing machines
in basic model with the stop property.

Proof. Modify the proof of Proposition 5.1 to justify this proposition. O

5.1.4 Guarding the tape beginning

Basic model of Turing machines raises a practical problem of how to detect the tape
beginning. The machine of Example 5.1 stores the special symbol X in the first cell and
finally — when the head is passed to the beginning of the tape — this symbol is turned
to output 0. Of course, a general solution of this problem is similar: just to store special
symbols in the first cell of the tape, which replaces symbols defined by the transition
function. However, such a solution enlarges the set of states, the tape alphabet and the
transition function. The model of the Turing machine with guard avoids this problem.

Definition 5.12. The Turing machine in basic model with guard is a system
M = (Q: z) F) 6> q0>B) #)F) C)

where:

— # - the guard symbol (of tape alphabet), # € T, # ¢ Z;

— other components are as in Definition 5.1;

— the input configuration is shown in Figure 5.2;

— the head can visit the first cell (with guard) but cannot change its contents; that
is, must print the guard when is doing transition and shift of the head must be
done to the right;

— the head cannot print the guard anywhere besides the first cell.
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#lafefas| [ [-] [ [m[B[B]. ]
the tape

the head
do the control unit

Figure 5.2: Turing machine with guard.

Proposition 5.3. Turing machines with guard are equivalent to Turing machines in ba-
sic model.

Proof. Given a Turing machine in basic model
M =(Q,%T,6,94,B,F,C)

we get its formal equivalent Turing machine with guard by supplementing the system
with the guard symbol, shifting input data one cell right, storing the guard symbol in
the leftmost cell and placing the head over the second leftmost cell (over the leftmost
input symbol). Therefore, we get the following system:

Mg = (Q.Z,T U {#},8,q0, B, #F,C)

Other components of the M;; stay unchanged comparing to M. Any computation of M
will be precisely the same as for M and the head will never visit the guard cell.
And oppositely, given a Turing machine with guard

M = (Q,%,T,6,q0,B,#,F,C)
the following machine is equivalent:
M’ = (Q’) Z’ r; 6’) q({_)) B) F’) C,)

The machine M will do the following computation:

— shiftsinput data one cell right, stores the guard symbol # in the first cell and leaves
the head at the first input symbol (on the second leftmost cell);

— simulates computation of M;

— shifts the output data one cell left (this deletes the guard symbol in the leftmost
cell) and leaves the head at the leftmost output symbol (at the leftmost cell).

Detailed description of M’ is given in Example 5.3. O

Example 5.3. Design a Turing machine in basic model equivalent to a given Turing
machine with guard.
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Solution. Let us assume that a Turing machine with guard is given as
Mg = (Q,%,T,6,q0,B,#,F,C)
The following Turing machine in basic model is equivalent to M:

M'=(Q,%T,8,q5BF,C")

where:

- Q' =QUpeptUipg:aeZtuirgr,ryrpluiry : X € 2— {#}};
- 4o =Do;

- F'={rg}

- C' - computation terminates if and only if any of state r,, rg is reached.

The part of the transition function, which shifts input data one cell right and inserts

the guard symbol, is given below:

- 8 (py,B) = (qo, #, R) — when input is empty, just store the guard symbol and shift
the head right;

- 8(py-a) = (pg, #.R) for a € T - insert the guard symbol, remember an input sym-
bol in a respective state, shift the head right;

- 8(pgb) = (D, a,R) for a, b € T - remember an input symbol in a respective state
and simultaneously store in the cell the symbol remembered in the state of the
previous transition, shift the head right;

- 8 (pgeB) = (p1,a,L) for a € T - store in the cell the last input symbol remembered
in the state of the previous transition, shift the head left;

- & (pp,a) = (p;,a,L) for a € T - pass the head to the beginning of the tape;

- 8 (pr,# = (g, #, R) — shift the head to the first input symbol.

The part of the transition function, which follows the computation of M; is

8'(q,X) = 6(q,X) forqg e Q- {ga}, X €T.

The part of the transition function, which shifts output data one cell left and re-
moves the guard symbol, is as follows:

- 8'(qa,B) = (rg, B,L) - output data is empty;

- 8'(ga,X) = (rg,X,R) for X € T - {B} and
68'(rg,X) = (rg, X, R) for X € T — {B} - pass the head to the end of output data;

- §8'(ry,B) = (rg, B,L) — remember the blank symbol (the first one right of output
data, the leftmost one at the tape) in states, begin passing the head left and shift-
ing output data left;

- 8(rg,Y) = (ry,X,L) for X, Y € T—{#} - remember an output symbol in a respective
state and simultaneously store in the cell the symbol remembered in a state of the
previous transition, shift the head left;
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- &8(ry.#) = (r',X,R) for X € T - {#} - remove the guard symbol, store the leftmost
output symbol instead, shift the head right (this is the leftmost cell, no shift left);
8'(r',X) = (ry, X, L) for X € T — {#} - return to the leftmost cell.

The transition function is undefined for any arguments not considered above. The ma-
chine is assumed to fall into infinite computation if not accepts an input. A discussion
on the adaptation of this solution to the transition function undefined for some argu-
ments is left to the reader.

Remark 5.3. The other models of Turing machines, for example, Turing machines
with the stop property or Turing machines with halting states, can be turned to mod-
els with guard. Formulation and proof of equivalence of models with guard and other
models of Turing machines are analogous to the proof of Proposition 5.3.

5.1.5 Turing machines with a multitrack tape

A Turing machine with multitrack tape has the tape split at its length to a given number
of tracks. Every track is split into cells and is one way infinite. The head reads symbols
of all cells of the same slice (column) and shifts simultaneously over all tracks. An
initial configuration of a Turing machine k-tracks tape is shown in Figure 5.3. Input
data is stored in the beginning cells of track number one while all other cells of track
number one and all cells of other tracks are filled in with the blank symbol B.

track no
1 aj |ay a,|B|B
2 B|B B|B|B
the tape
k |4B|B| |..|] [B|B|B]..]
the head ‘
do the control unit

Figure 5.3: Turing machine in basic model with a multitrack tape.
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Definition 5.13. Turing machine in basic model with a multitrack (k-tracks) tape is a
system

M =(Q,%T,6,9y,B,F,C)

where:
- 6:Qx | KN Qx T x {L, R} is the transition function;
- inputdataw = q,qa,...a, is represented as sequence of k-tuples
((ay,B....,B), (ay,
B,...,B),...,(ay,B,...,B)), every k-tuple fills in one slice of the tape, cf. Figure 5.3;
— output data is represented in a way similar to the representation of input data,
that is, it is stored in the beginning cells of the first track while all other cells are
filled in with the blank symbol;
— other components are as in Definition 5.1.

Proposition 5.4. Turing machines with a multitrack tape are equivalent to Turing ma-
chines in basic model.

Proof. First of all, a Turing machine in basic model is a special case of a Turing ma-
chine with a multitrack tape having just one track.
Second, a Turing machine with k-tracks tape:

M' =(Q,2.T",8,4,,B',F,C)
is equivalent to the following Turing machine in basic model:
M =(Q,%T,6,q4,B,F,C)

where:

- X =%"x{B}x{B}x---x{B} - product of k sets;

- TI'=T"xTI"x---xTI' - product of k sets;

- B=(B,B,...,B") - k-tuple;

- other components are as in machine M’. O

The above conclusion is not surprising. Turing machines with multitrack tape
work in a way quite similar to Turing machines in basic model, that is, they have one-
way infinite tape, their one head reads and writes data of the whole slice at a time,
etc. Therefore, when data of a slice is interpreted as one symbol of a tape alphabet,
a Turing machine with a multitrack tape is just a Turing machine in basic model. Tur-
ing machines with multitrack tape are essentially useful in proofs of equivalence of
other, more important, models of Turing machines. This is the main motivation for
discussing this model.
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5.1.6 Turing machines with two-way infinite tape

Variations of Turing machines discussed so far are slightly modified Turing machines
in basic model. Two-way infinite tape is the first important modification of Turing ma-
chines in basic model; cf. Figure 5.4. When Remark 5.2 is employed, Turing machines
with two-way infinite tape permit avoiding problems with passing the head to the be-
ginning of the tape or to the beginning of data stored on the tape: the first cell with the
blank symbol prior to nonblank symbols indicates the beginning of data stored on the
tape (of course, assuming that blank symbol cannot appear between nonblank ones).

[ TBB oo [a] [~] Ja]B[B]-]
the tape
the head
do the control unit

Figure 5.4: Turing machine with two-way infinite tape.

Definition of Turing machine with two-way infinite tape is identical with Definition 5.1.
Turing machine with two-way infinite tape does not need to identify the beginning
of the tape. However, the definition of configuration (step description) of this type of
machines is slightly different from that of machines in basic model. The difference is
in the description of the left sequence of symbols.

Definition 5.14. A step description (a configuration) of a Turing machine with two-
way infinite tape M = (Q,T, %, 8, gy, B, F, C) is the following sequence of symbols:

a4 &

where:

— g € Qand a, are the same as in Definition 5.2;

- @ is the sequence of symbols stored in cells left of the head, starting with a left-
most nonblank symbol and ending with the symbol in the cell before the one un-
der the head.

Proposition 5.5. Turing machines with two-way infinite tape are equivalent to Turing
machines in basic model.

Proof. We prove that Turing machines with two-way infinite tape and Turing machines
with multitrack tape are equivalent. Because Turing machines with a multi-track tape

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



5.1 Deterministic Turing machines — 109

are equivalent to Turing machines in basic model (cf. Proposition 5.13), then we get
equivalence declared in this Proposition.

For a given Turing machine in basic model M;, an equivalent Turing machine with
two-way infinite tape M, is equal to M;. Computation of M; is being done on the right-
half of tape (the right part of the tape, which begins with the cell holding the first
symbol of input data).

Assuming that a machine with two-way infinite tape is given as follows:

M2 = (QZ) Z: r2) 62’ qé; B2> F) C)
we will design a machine with a multitrack tape:
M; = (Q;,%.T;,8,,40, By, ¢, F, C)

First of all, a method of representation of a two-way infinite tape must be found
out. A one-way infinite tape is a 2-tracks tape. The right-half of the two-way infinite
tape matches the upper track and the left-half rotated by 180° matches the lower track;
cf. Figure 5.4 and Figure 5.5

ag|a; |ay a,|B|B
B|B|B B|B|B
the tape
the head
do the control unit

Figure 5.5: Turing machine with two-track tape — simulation of two-way infinite tape.

Computation of M, done on the right-half of tape is followed on the upper track of M;.
Computation of M, done on the left-half of tape is followed on the lower track of M,
with the head shifting oppositely than the head of M,. Note that the first cell of the
lower track plays the role of the guard while the content of the left-half of tape is stored
beginning with the second cell; cf. Figure 5.6.

A formal and detailed description of M; simulating M, is as follows:
- Q =Qx{U,Blu{qy}
~ T, =T,xT,uT, x{¢}

- % =% x{By}
- Fl = {(‘L U))(q,L) :q€F2}
- By =(ByB))
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a two-way infinite tape
BB X[ XXX X [X[ BB

Xo|X %] |- X,| B
¢ Ixaxy [..] [x{B|B

the head a 2-track tape

do the control unit

Figure 5.6: Turing machine with two-track tape — simulation of computation of Turing machine with
two-way infinite tape.

Symbols U and L depict placement of the head of M, on the right- and the left- half of
the tape.

The first transition of M, stores the guard symbol in the first cell of the lower track
and simulates the first transition of M, going to either the upper or the lower track:

(P, U),(Y,¢),R) if6,(q5,a0) = (0. Y, R)

Squm:{
1( 0 ° ) ((p’L)) (Y: t))R) if 62(qé)a0) = (p> Y)L)

When the head of M is placed right of the first cell (computation of M, cannot
change current half of the tape), then:

61 ((q) U)) (X’Z)) = ((p’ U)) (Y)Z)>D)

— if6,(q,X) =@, Y,D)
61 ((q,L),(Z,X)) = ((p, 1), (Z,Y), D) } 2 @

where: D is a direction of the head shift, D is opposite to D.
When the head of M; is placed at the first cell (computation of M, may change
current half of the tape), then:

61 ((q) U)) (X> t)) = ((p’ U)) (Y’ C))R)
6, ((q,L), (X, £)) = ((p, U), (Y, £),R)

5] ((q’ U)’ (Xa t)) = ((p’L)> (Y’ C)>R)
6, ((q,L), (X, £)) = ((p, 1), (Y, £),R)

}ﬁ@@m:mxm

} if6, (¢, X)=(p,Y,L)

where,
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| |B[B[XXuXs | || | [Xu/B|B]|..]|
the tape no 1 — Vtheheadno 1
|- |B[BXuXalXa| [| [-] | KedB[B]..]
the tape no 2
the head no 2
B Bl [ -] ] KeJo[B]]
the tape no k
the head no k
q the control unit

Figure 5.7: A multitape Turing machine.

U and L, coming in states labels, stand for upper and lower track;
L and R, coming as the third element of the transition function (3-tuple) value,
stand for left and right direction of head shifts. O

In light of Proposition 5.4 and Proposition 5.5, the following conclusion is fairly
obvious.

Proposition 5.6. Turing machines with a multitrack two-way infinite tape are equivalent
to Turing machines in basic model.

5.1.7 Multitape Turing machines

A multitape Turing machine (cf. Figure 5.7) satisfies the assumptions:
it has several tapes and one head for each tape;

tapes are two-way infinite;

the initial configuration assumes:

the control unit is in the initial state;

input data is stored on the first tape;

the head of the first tape is placed over the first (leftmost) symbol of input
data;

all other cells of the first tape and all cells of other tapes are filled in with the
blank symbol,

a transition of a multitape Turing machine is as follows:

the control unit switches to some state;
every head stores a tape symbols in its cell;
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— every head shifts left, right or stays in current position independently on other
heads.

Formal definition of a multitape Turing machine is as follows.

Definition 5.15. A multitape Turing machine (with k-tapes) is a system
M=(Q,%2T; xI'yx---xTI},8,9y,B,F,C)

where:

- Ty, T,,..., T are alphabets of tapes. It is assumed that all tapes have the same al-
phabet T, if not stated differently;

- 8:Qx Ty xTyx---xT}) = Qx (I xT, x -+ x T}) x {L,R, S}¥ is the transition
function with directions of head shift: left, right and stop (no shift of a head);

— other components are as in Definition 5.1.

Proposition 5.7. Multitape Turing machines are equivalent to Turing machines in basic
model.

Proof. A Turing machine in basic model is equivalent to some Turing machine with
two-way infinite tape; cf. Proposition 5.5. Moreover, a Turing machine with two-way
infinite tape is a case of a multitape Turing machine; it is just a multitape Turing ma-
chine with one tape. Therefore, for any Turing machine in basic model, we can directly
find an equivalent multitape Turing machine.
Now, we give an idea of designing a Turing machine with a multitrack two-way
infinite tape M; for a given k-tapes Turing machine M,,:
— k-tapes are represented on a two-way infinite tape with 2-k-tracks; each tape cor-
responds to a pair of tracks; cf. Figure 5.8
— content of every tape is stored on the bottom track of the corresponding pair
of tracks;
— the special symbol H stored in a cell of upper track marks the head position
of the tape of the machine M,,;;
— all other cells of both tracks are filled in with the empty symbol B;
— initial configuration of M; is as follows:
— the initial state of M), corresponds to the relevant state of M;
— input data stored on the first tape of a multitape Turing machine is repre-
sented on the lower track of the first pair of tracks of M;;
— the head markers of all tapes of M,, are placed in the tape slice holding the
first symbol of input data;
— a transition of the machine M,, is simulated by several transitions of the ma-
chine M;:
— the head of M, passes from the tape slice holding the leftmost head marker H
to the tape slice holding the rightmost head marker. This is so-called collect-
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H
the 1-st tape
X XX oo | | Ko
H he 2-nd
the 2-nd tape
X1 Xoa| o | e | e Kol P
H he k-th
the k-tn tape
Xt Xa| e | oo | e K P
the head ;—\
do the control unit

Figure 5.8: Turing machine with a multitrack two-way infinite tape simulating a multitape Turing
machine. The blank symbol is not printed for the sake of clarity; that is, all cells which are empty in
this figure hold the blank symbol.

data pass. Information about symbols under all tape markers (under heads
of M,,,) is collected during this pass and remembered in a relevant state of M;;

- the transition function of M,, is applied to collected data (state of M, and
symbols under heads of M,,). The result of the transition function is remem-
bered in a state of M;. Recall that transition function of M,, returns: a state,
symbols to be printed by heads and directions of head shifts;

— the head of M is passed to the time slice holding the leftmost tape marker H.
This is so-called update pass. Symbols under head markers and head markers’
positions are updated during this pass. Updates are done according to the
value of the transition function obtained in the previous point.

- computation of M, is terminated if and only if the stop condition of M,, is satis-
fied. Input data of M is accepted if and only if M,, terminates computation in an

accepting state. O

Note that simulation of a multitape Turing machine by Turing machines with one
tape requires a huge set of states, which makes transition function highly enlarged. It
also increases the number of transitions for the same input data.

As it is stated in Proposition 5.7, data collected during the left to right pass of the
head on simulating machine are stored in the set of states. So, a normal set of states
Q, of the simulating machine should be extended by the Cartesian product of:

— apass direction: Q; x {C, U} to indicate if this is the collect-data pass or the update
pass;

— the set of states of a multitape machine: Q; x {C, U} x Q,, to keep a state of M,
during both passes;

— alphabets of tapes: Q; x {C,U} x Q,, x I'; xI'; x --- x T} for symbols under heads
during both passes;
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— marKkers of heads, which were visited in the collect-data pass, this might be done
by extending tapes’ alphabets with a special the marker-not-visited-yet symbol h:
Q; x {C,U} x Qy, x T} x Ty x --- x I}, where I} = T; U {#} for any tape i;

— avalue of the transition function §,, is stored in already included components
Q,, x T} x T} x - -- x I} with the update pass indication;

—  heads’ shifts Q, x {C, U} x Qu x T} x Ty x -+ x T} x {L, R, S}

— update heads’ positions counters would require four symbols to indicate status
(not updated, being shifted left, being shifted right, updated),
QX {C, U} x Qpp x T} x -+ x T} x {L,R, S} x {x', X! x% x"1k for each tape;

— and more states is required to organize simulation details.

Thus, states could be labeled by elements of the above Cartesian product, that is, by
(3k + 3)-tuples. So then the number of states is not less than
r=2%3% %3 ]Q| % |Qul * [T # IT5) # - % [T}

On the other hand, symbols of the tape alphabet of a simulating machine could be
denoted by all tuples of the Cartesian product of tapes’ alphabets and symbols stored
in tracks with heads’ markers (the blank symbol B and the head’s marker symbol H)
{H,B}xI'yx{H,B}xI',x---x{H, B}xI';. Thus, the number of tape symbols of simulating
machine is equal to ¢ = 2K 4 [Ty| # [Ty # - -« [Tyl

Finally, the size of the transition table of the simulating machine is not less than
r x ¢ comparing to the size of the transition table of a multitape Turing machine, which
is equal to [Qp| * (ITy] # [Tpf # -+ * [Ty]).

Let us analyze the possible increase in the number of transitions. The worse case
is when the head of one tape of a multitape Turing machine always shifts right and
the head of another tape always shifts left. Tape slices with these two heads’ markers
will be separated by:

— one tape slices after simulation of the first transition;
— three slices after simulation of two transitions;
— 2= n-1tape slices after simulation of n transitions.

Simulation of transitions of a multitape Turing machine, as described above, requires

the following numbers of transitions of simulating machine:

— three transitions of M; to simulate the first transition of M,,;

— atleast seven transitions of M; to simulate the second transition of M,,;

- atleast4 xn-1transitions of M; to simulate the n-th transition of M,,,. This number
will be increased by transitions updating markers of those heads of a multitape
machine, which shift right. The increment will not exceed 2 = (k — 2), where k is
the number of tapes.
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As a result, simulation of n transitions of a multitape Turing machine requires not less
than

f)=3+7+11+ - +4*n-1)+nx* k-2
=4+8+-+4xn+nx(k-3)=2xn"+(k-1) xn

transitions of simulating machine. This number could be estimated: 2 = n < f(n) <
3 « n? for n big enough. Therefore, we can say that simulation increases cost of com-
putation with square.

Configuration of a multitape Turing machine
Definition of a configuration (step description) of a multitape machine must consider
contents of several tapes and one state of control unit:

Definition 5.16. A configuration (step description) of a multitape Turing machine with
k-tapes is the following sequence of symbols:
(al,d2,....ak) q (b, 3, ...,ak)

where:

— qis astate of control unit;

- a is a sequence of symbols for ith tape in cells preceding the head (like in Turing
machines with two-way infinite tape);

- &, isasequence of symbols for ith tape in cells from the head’s right (like in Turing
machines with two-way infinite tape).

In practice, step description will be shown in two ways presented below in exam-
ples:
— state of the control unit plays a role of tape markers, contents of tapes is split for
left and right sequences of symbols and contents of tapes may be shifted indepen-
dently each from others:

1ylylyl
Kixigl X, XX X5
1472423 2v2
2v2v2y2yv2 XeX;
X XXX BBX2X3X2x3
1424344

— state of the control unit is placed at the beginning, contents of tapes are fixed
together, heads’ positions are underscored:

1ylylyl ylylyl

XXX X, XAXeX,)

4 XIXGXXXsXX;
3y3y3y3
BBX}X3X3X;

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

116 —— 5 Turing machines

Example 5.4. Design a Turing machine computing sum of two binary numbers.

Solution. Let us build a 2-tape Turing machine. According to the general assump-
tion, input data, two nonnegative binary numbers separated with the blank symbol,
is stored on the first tape (unlike it is assumed in Remark 5.2, for the sake of limiting
the size of the transition function, we use the blank symbol to separate input num-
bers instead of extra tape symbol). The head of the first tape is placed over the cell
holding the first (most significant) digit of the first number. The following algorithm
is applied:
— the first number is moved to the second tape;
— heads of both tapes are placed over the last (least significant) digits of both num-
bers;
— addition is done for consecutive digits of both numbers from the least significant
to the most significant digits:
— digits read by heads and carry are added, the result is stored by the head of
the first tape, a carry is remembered in states;
— the result of addition is stored by the head of the first tape, the head of the
second tape stores the blank symbol; then both heads shift left;
— the process of adding is terminated as soon as both heads read the blank
symbol and there is no carry.

A 2-tape Turing machine with halting accepting state implementing this algorithm is
as follows:

M = ({qO’ q1» q(z)’ qé) qA}’ {O’ 1}’ {0’ 1, B}) 6) qO>B’ {qA})

Both tapes have the same alphabet I' = {0, 1, B}. The transition function is given in

Table 5.3.
A detailed description of the machine is given in the form of comments to the

purpose of states:

— g, — the first number is moved to the second tape;

— g, — the head of the first tape is passed to the end of data, heads of both tapes are
placed at the least significant digits of numbers stored on tapes;

- qg , qi — superscripts are used to remember carry, adding both numbers, heads of
both tapes are simultaneously passed left, corresponding digits of numbers and
the carry are added step by step.

Note that the Turing machine designed above can be formally turned to a one with
the stop condition. It can be done by filling empty entries of Table 5.3 with a transition
to the halting rejecting state.
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Table 5.3: The transition function of the Turing machine considered in Example 5.4.

) 0 1 B B
B B 0 1 B
( B R) ( B R) ( B R)
9o qO’O’R ‘70>1,R q1,B,5
( 0 R) ( 1 R) ( o B L)
g1 ‘71)8’5 QI)B’S QZ»B’L
o 0 0L o1l 0 0L (01L) ( BR)
q; (Qz’B’L) (QZ’B’L) (QZ’B’L> QZ>B’L qA’B’S
1 o1l 101 011l L 0L o1l
a; (qZ’B’S) (qZ’B’S) <q2’B’L) (%:B»L) (q2»3>5)
) 0 0 1 1
0 1 0 1
do
q1
0L 11 1L oL
a3 (250) (250) (250 (a257)
11 oL 0L 11
% (qg,B,L) (qé’B’L) (q%’B’L) (q%’B’L)
Finally, let us simulate computation for given numbers 1101 and 101:
1101B101 N 101B101 N 01B101 N 1B101
do 1‘10 11‘10 110‘10
N B101 N 101 N 1 01 N 10 1 N 101
1o1% not™ Tt T no® 7 101®
, 1001 1,00 o110 15010 ,B0O010
1021”10 7194 22} gz
oB10010 10010
>q, >qa

5.1.8 Programming with Turing machines

Implementation of algorithms in the form of computer programs employs such meth-
ods as modularity or top-down programming. Programming techniques use collabo-
rating units such as procedures or functions. As mentioned before, Turing machines
can serve as tools for solving problems. They can be seen as computational tools,
with transition function being a low-level programming language. Indeed, Turing ma-
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chines can be organized as collaborating units in solving problems. Remark 5.1 allows
for easy data passing from one machine to another.

An example of linking Turing machines is given in Example 5.3. The solution is
an example of three collaborating Turing machines: a machine shifting input data
right and inserting the guard symbol, a given machine with guard, a machine shifting
output data right and removing the guard symbol.

Example 5.5. Design a Turing machine computing product of two natural numbers.

Solution. We assume that factors are positive numbers. This assumption permits
avoiding some details and not increase the number of states.

The product of two natural numbers will be computed as multiple additions of
one factor, with another factor being a counter of additions. The solution is based on
three Turing machines, which are finally joined into the final solution. The designed
machines are two-tape machines with the same input alphabet. The final Turing ma-
chine has two tapes and one transition table with three groups of states, one group
for each component machine. However, the below transition table of the joined Tur-
ing machine stays split into three separated parts.

The first Turing machine

Mp = (Qp = {p1 P2 1P} To}> {0, 11,{0,1, B}, 8p, py, B, {r})

with transition table given in Table 5.4, prepares input data for further processing.

Input data consists of two positive binary numbers separated with the blank symbol

(what breaks assumptions of Remark 5.2 that blank symbol cannot be placed between

nonblank ones, but significantly reduces the size of transition tables of designed com-

ponent machines). This machine makes the copy of input data on the second tape,
erases the all but last symbols of the second input argument, that is, replaces these
symbols with the blank symbol. The last symbol of the second input argument (right-
most nonempty symbol) is with one. An input configuration of tapes is shown in Fig-
ure 5.9(a). An output configuration of this machine is shown in Figure 5.9(b).
A few comments on states’ purpose to clarify the design:

- p; —copy the first argument (the first factor of the computed product) to the second
tape, shifting both heads right, the original first argument (on the first tape) is an
initial value of the result;

- p, — move the second argument (the second factor of the product) to the second
tape, shifting both heads right;

— p; - initialize the additions’ counter at the first tape with 1, that is, 1 is stored in
the cell of the rightmost not blank input symbol (it keeps compatibility with the
initial value of the result);

- qf — shift both heads Left to place them between factors;

- 1y — terminate computation and accept output data (when machines are joined,
this is initial state of the second Turing machine).
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Table 5.4: The transition function of the Turing machine My preparing input data for further process-

ing.
5% 0 1 B B
B B 0 1 B
( 0 R) ( 1 R) ( B R)
p1 pl’O’R pl’l’R PZ:B»R
( B R) ( B R) ( B L)
) P2>0’R P2>1’R pL’B’L

op 0 1 1
0 1 0 1
p1
b2
bL
pi
a)

..|B[Ba[a;]a3] ... [a,.| @y | B|by [by b3 ] ... bufbm| B|B]...

..|B|B[B[B|B|..|B|B|B|B|[B|B|..|B|B|B|B]..

b)
.|B|Ba[ay]as]|..[a, a,[B[B|B[B[..[B]1|B]|B]..

TB[B [ [a2 [as [ Joud aa] B [b1 [0 [03 |- buf 0] B[ B] -

Figure 5.9: Tapes’ configurations of Turing machines built in Example 5.5.

The second Turing machine

MR = (QR = {rO) Ip, rllJ) q}) Qi, ré) ré> Ta» q0}> {0> 1}) {O) 1: B}) 6R> o, B) {rA})

checks if the final result is computed, that is, if the additions’ counter on the first tape is
equal to the second factor stored on the second tape. If not, then the additions’ counter
is incremented by one and computation is passed to the third machine in order to add
the first factor to the final result. The transition table of this machine is provided in
Table 5.5
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Table 5.5: The transition function of the Turing machine My checking whether the final result is com-

puted.
8 0 1 B B B
B B 0 1 B

, (r B R)

0 PBR

. (r1 B R) (rl B R) (r2 B L)

P Po’R P 1R gy
B R B R BL

1 1 1 1

P (r”’o’R) ('P’l’R) (””B’L)

BL

2 1

. (rL, o L)

1 ) L) ( 11 L) ( B R)

I r, r, ras o

L ( gy gy ~ps

1 , 11 , 11 BL

rp (I'D,O,L rD’l’L qo,B,L
Bl BL BL

2 2 2

rh (rD,O,L) (I’D,l,L) (qO’B’L>

LOR L1R
1R "o

(rl 0 R) (rl 1 R)
P> 1R p;o,R

L0 L) ( 11 L)
(rL’B’L "py
,1 L) ( L1 L)
(rD’1’L Dy

0L 0L 11
2 2 2
rD’O’L) (rD’l’L> (rD’O’L>

Input data is obtained from the first machine for the first time; then it is obtained from
the third machine in order to check the number of additions. Output data is passed to
the third machine to add the first factor again if it contributes to final results less than
the second factor. Otherwise, the product has been computed. An input configuration
of tapes of this machine is shown in Figure 5.9(b) and Figure 5.10(b). An output con-
figuration of this machine is shown in Figure 5.10(a). The final configuration is shown
in Figure 5.10(c).

A detailed description of the machine is given in the form of comments to the
purpose of states.
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a)

Cy |Cn+ i

| Blei]ea]es [es] . B[B[B[B[..[B[1[B[B]..

...|B‘B Ial |a2 |a3 |

. a’nl B |b1 |b2 |b3 I F)m,||bm| B | B ’

b)

Cy kl’ﬁ' i

| Blei]ea]es [es] . B|B[B[B|..[1|0][B[B]..

| B ‘ B |a| |32 |a3 | ’a'"'1’ a-n| B |b1 |b2 |b3 | rl)m_||bm| B ‘ B ‘

©)

.|B[Bei]er]es]es] ... fordewd e[ B[B[B|B[B|B[B]..

..|B[B[B[B[B]..[B[B|B[B|B[B[B|B[B|B[B]..

Figure 5.10: Tapes’ configurations of Turing machines built in Example 5.5.

1, — initiate computation, shift heads right, switch to the state rp in order to begin
comparing the current value of additions’ counter with the second factor;

rp — move heads right, comPare the current value of additions’ counter with the
second factor;

r% - comparing in the state rp shows that the current value of additions’ counter
and the second factor are equal. Therefore, move heads Left, clear the addition
counter and the 2nd factor;

ri — continue passing heads Left, clear the Ist factor on the second tape, place the
head of the first tape on the leftmost output symbol;

r}, - comParing shows that the current value of additions’ counter is less than
the second factor, continue passing heads right, in order to increment the counter
by 1;

r}, - aDding 1 to the additions’ counter, heads passes left;

rlz) — continue passing heads left;

qo — pass control to the machine computing sum of two numbers.

The third Turing machine

MQ = (QQ{qO) q1> qR: ro}, {0> 1}’ {O) 1’B}) 6Q> qO) B) {ro})

with transition table given in Table 5.6 adds the first factor (kept on the second tape)
increasing the result on the first tape. Input data of this machine consists of the tem-
porary result and the first factor copied to the second tape by the first Turing machine.
An input configuration of tapes is shown in Figure 5.10(a). An output configuration of
this machine is shown in Figure 5.10(b).
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Table 5.6: The transition function of the Turing machine adding the first factor to the current result.

[ 0 1 B B B
B B (1] 1 B
0L 1L 0L 1L B R
9o (qO’B’L) (qO’B’L) (QO)O»L) (QO)I»L) (QR»B,R)
1L 0L 1L 0L 1L
q1 <%>B>5) (ql’B’S) (00>0»L) (01>1>L) (‘JO>B»S)
0R 1R BS
qR (qR> B’ R) (qR’ B) R) (rO’ B’ S)
0p 0 0 1 1
0 1 0 1
0L 1L 1L 0L
do (qO’O’L) (40’1’L> (qO’O’L) (ql’l’L)
1L 0L 0L 1L
q1 (qO’O’L) (ql’l’L) (qlro»L) (ql’l’L)
0R 0R 1R 1R
qr <0R> O’R) (qR> l’R) (QR) O’R) (Qm ' R)

Let us make a few comments on states’ purpose to clarify the design of the transition

table shown in Table 5.6:

- qop>q; — add numbers, heads simultaneously move left, corresponding digits of
added numbers and the carry are added step by step;

— g — move heads right and place right of added numbers;

- 1, — terminate computation and accept output data (when machines are joined,
this state passes control to the second Turing machine).

The Turing machine linking the three ones discussed above is such as described be-
low:

M= (QP U QR u QQ’ {0) 1}) {O> le}’ 6’pl’B> {rA})

where the transition function é brings together transition functions 6p, 6 and &, of
branched Turing machines.

5.2 Nondeterministic Turing machines

Nondeterministic model is a very important modification of Turing machines. The
equivalence of deterministic and nondeterministic Turing machines is the most im-
portant conclusion drawn from the discussion in this chapter.

As mentioned before, for any configuration of deterministic Turing machines, at
most, one transition could be done. Unlike nondeterministic Turing machines allow
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for a choice between several transitions for some (or all) configurations. This means
that the transition function may yield a set of possible transitions. In this section,
we provide a definition of nondeterministic Turing machine in basic model. Then we
prove the equivalence between nondeterministic Turing machines in basic model and
multitape deterministic Turing machines. A study on the equivalence of different mod-
els of nondeterministic Turing machines is similar to an analogous study on determin-
istic Turing machines. For that reason, we skip over such a discussion.

Definition 5.17. Nondeterministic Turing machine in basic model is a system
M =(Q,%T,6,q0,B,F,C)

with components as follows:

~  §is the transition function: 6 : Q x T — [J£2, (Q x T x {L, R})*
where (Q x T x {L, R})° stands for an undefined value of transition function and
(Q x T x {L, R)* denotes the set of values of transition function consisting of k
3-tuples being transition descriptions (p, X, D) € Q x I’ x {L, R}.

— descriptions of other components are given in Definition 5.1.

Note that values of transition function are sets of several transitions (descriptions
of) rather than one transition (like it was in the case of deterministic Turing machines),
that is, we may have a set of k possible transitions as a value of the transition func-
tion:

S(Q)X) = {(pb Y1’D1)> (p2> Yq>D2)’ e (pk’ Yk’Dk)}

We will informally use a term that transition function yields k values.
Once the empty set or a one-element set {(p, Y, D)} is a value of the transition func-

tion, then the transition is performed like for a deterministic machine, that is:

1. if the transition function yields the empty set, that is, it is undefined, then ma-
chine falls into infinite computation;

2. foravalue{(p,Y, D)} of the transition function, the control unit switches to state p,
the head stores the symbol Y and shifts in direction D.

However, when the transition function yields a set of k > 1 values, then a transition

could be explicated as follows:

3. achoice is made between possible k values;

4. for the chosen value, a transition is made like for deterministic Turing machine;

5. itisassumed that a transition chosen in the first point leads to such a computation
(in the sense of deterministic Turing machines), which terminates in an accepting
state if such a computation exists.
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A question can be raised, how to hold the assumption of point 5, when a choice is
made. Nondeterminism does not answer this question; it just assumes such choices.

Remark 5.4. The assumption made in point 5 of the above description is the funda-
mental assumption of nondeterminism. It creates an interpretation of nondetermin-
ism, assuming that computation is a sequence of configurations achieved with correct
choices between possible transitions.

Remark 5.5. Another interpretation of nondeterminism is reasonably practical. When
the transition function yields a set of k > 1 values, the machine creates k copies of
itself. Then each copy makes a transition matching to one value and continues its
own computation. The machine accepts if and only if such a copy is created during
computation, which terminates its own computation in an accepting state.

In the spirit of the last interpretation, a nondeterministic Turing machine would
be interpreted as a group of Turing machines. This group includes the original ma-
chine at the start of computation and might be enlarged during computation. Every
machine of this group creates copies of itself, as many copies as the number of values
yielded by the transition function. Then each copy makes a transition, as described
above. Note that each copy is doing computation like a deterministic Turing machine.

Let us notice that the configuration (step description) of a nondeterministic Turing
machine is exactly the same as for a deterministic one (of the same model). However,
notions of transition relation and computation must be redefined for nondeterministic
Turing machines. Below, we discuss a (practical) interpretation of computation in the
form of a tree representing all possible choices of values of a transition function.

Definition 5.18. A pair of configurations of a nondeterministic Turing machine is in
the transition relation if and only if the second configuration can be derived from the
first one by application of a transition yielded by the transition function; cf. Defini-
tion 5.3.

Definition 5.19. A computation of a Turing machine M = (Q,T, %, 6, q,, B, F, C) is a tree
such that:

— its nodes are labeled by configurations of the machine;

— itsroot is labeled by the initial configuration;

— for any node n,,, its each child 7, is related to it in the transition relation, that is,

Mp > M-

Note that a computation tree is a k-tree, where k is the maximal number of values
yielded by the transition function for given arguments. We say that degree of nonde-
terminism is k.

The computation of a nondeterministic Turing machine is a tree, which may have
finite paths from the root to leaves and infinite paths beginning in the root. Interpret-
ing a nondeterministic Turing machine as a group of its copies, we can associate finite
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paths with corresponding machine copies. Based on this interpretation, we can say
that a nondeterministic Turing machine accepts its input if and only if there is a copy
of the machine, which terminates its computation in an accepting state.

Definition 5.20. A nondeterministic Turing machine accepts its input if and only if
the computation tree has a path from the root to a leaf labeled by a configuration, for
which the control unit is in an accepting state.

Example 5.6. Design a Turing machine accepting the language L = {ww : w € {0,1}"}.

Solution. We design a nondeterministic Turing machine with halting accepting state

and with guard. It works according to an algorithm briefly described as follows:

1. remember (store information in states) and mark the first symbol as belonging to
the first-half of the input word. This symbol begins the first-half of the input word;

2. passtheheadright, looking for the beginning of the second-half of the input word.

Since the second-half of the word must begin with the symbol matching the re-

membered one, only such symbols are considered during the pass. When such a

symbol is met, the machine makes a nondeterministic choice:

a. either it is in the first-half of the input word, or

b. this symbol begins the second-half of the input word;

continue the pass for point 2a;

mark the symbol as a symbol of the second-half of the input word for point 2b;

shift left the head to the first unmarked symbol of the first-half of the input word;

remember and mark the symbol as belonging to the first-half of the input word;

Noow s W

pass the head right over the first-half and over symbols marked as belonging to

the second-half of the input word;

8. mark the symbol as belonging to the second-half of the input word if it matches
the remembered one;

9. perform points 5-8 as long as there are unmarked symbols in both halves,

10. accept if and only if both parts are emptied during the same pass left to right;

11. reject in any other case.

The following nondeterministic Turing machine implements the above algorithm:

M= (Q) Z: r’ 6’ qO’B’ #’ {qA})

where:

- Q= {qo,(J?,CI%Jh,qg Clé)(b, qé’,qé, d3, 94,45, 44> } — the set of states;
- T'={0,1,X,Y,#, B} — the tape alphabet;

— X =1{0,1} - the input alphabet;

6 — the transition function given in Table 5.7.
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Table 5.7: The transition function of the nondeterministic Turing machine designed in Example 5.6.

0 0 1 X Y # B
%  @XR  (@hXR) (gs5,B,L)
0
0 (g9,-0,R) 0
,1,R
9o @1,V L) (go )
IR

g%  (35,0.R)

(g1,Y,L)

a1 (91,0,L) (g1,1,L) (G2, X,R) (g4,Y,1L)

a  @XR  (GpX.R) (G4, Y.R)

g  (@%0R  (451,R 3,Y,R)

g (30,R)  (93.1,R) (@5.Y.R)

a3 (GnY.D) (q3.Y.R)

a3 (g1, Y,01) (g3,Y.R)

s (G4, YsR) (gs,B,L)
s (gs,B,1L) (gs,B,1L) (Ga #,R)

Note that the transition function is nondeterministic because some entries of its table
hold more than one value. For this Turing machine, the maximal number of values

yielded by the transition function is 2, that is, the degree of nondeterminism is 2.

Let us comment on the construction of the machine describing the purpose of

states:

— go — check if the input word is empty. If not, remember the input symbol in the

state qg or q}) and mark with X the first symbol of the word as belonging to the
first-half of the word;
- qg and q(l) - pass the head right over the first-half of the word, nondeterministically

find the first symbol of the second-half of the word matching the remembered one,
mark the found symbol with Y as belonging the second-half of the word, switch

to g, to pass the head left;
- g, and g, — pass the head to the first unmarked symbol of the first-half of the word;

- g, — the next symbol of the word, as belonging to the first-half of the word, is

remembered in the state g or g5 and marked with X;
- qg and q% — the head is passed right over the first-half of the word when the first
symbol marking the second-half of the word is found, states qg or qé are changed
to qg or q% and pass of the head to the right is continued. Note that the middle of

the word has already been marked and there is no need for using nondetermin-

ism;
- g5 and g} - the head is passed over the marked part of the second-half of the

word if the first unmarked symbol of the second-half of the word matches the

remembered one, the matching symbol is marked, the control unit switches to g,
and the head shifts left;
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- g, — when there are no unmarked symbols in the first-half of the word, the head
is passed right to check if there is no unmarked symbol in the second-half of the
word;

- g5 — when both halves match, the head is passed left cleaning the tape (cleaning
procedure), computation is terminated and input accepted;

— infinite computation begins in all configurations not considered above.

An example of computation is shown in Figure 5.11. There are four paths in the compu-
tation tree. Three of them ended with the symbol of infinity which stands for infinite
computation. The second path (from left) stands for computation terminated in the
halting accepting state. Therefore, the input word is accepted by the machine.

# qo 0000
#X q4 000
# q,XY00 #X0 q9 00
#X Y00  #X q,0Y0 #X00 9 0
|
| #XXY q, Y N
#XY q00  #q; X0Y0 | #X0 q,0Y #X000 q9
| #XXYY qq | |
o0 #X q,0Y0 | #X q,00Y o0
| #XXY q5 Y |
#XX q4 YO | # q,X00Y
| #XX q5 Y \
#XXYq§ 0 l #X q,00Y
| #X qs X \
#XX q; YY #XX q§ 0Y
| #qsX
#X q; XYY | #XX0 q3 Y
qs#
#XX q YY l #XX0Y qY
L | s |
A R

Figure 5.11: Computation of the nondeterministic Turing machine of Example 5.6 for the input word
w = 0000.

For the sake of clarity, the transition table of the designed machine exposed in Exam-
ple 5.7 has empty entries. The machine can be turned into a Turing machine with the
stop property. It requires introducing the halting rejecting state and a few states for the
cleaning procedure. In the transition table, all empty entries should be filled in with
a switch to cleaning procedure (different than the one used for accepted word) and
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then switching to the halting rejecting state. On the other hand, configurations of the
machine corresponding to empty entries of the transition table can never be reached.

Example 5.7. Rebuild the Turing machine designed in Example 5.6 to the one having
the stop property.

Solution. The following nondeterministic Turing machine with halting states and
with guard implements the above algorithm:

= (Q.%.T,6,q0, B, #,{q4}. {qr})

where:

- Q=1{40.4}- 419193 B 93 95~ G- 43> A4» s> G- 97 da- G} — the set of states;
- TI'={0,1,X,Y,# B} — the tape alphabet;

— X ={0,1} — the input alphabet;

— 6 - the transition function is given in Table 5.8.

Table 5.8: The transition function of the nondeterministic Turing machine with halting states, cf.
Example 5.7. Empty entries of this table hold (g, B, R), which is not displayed for the sake of clarity.

o 0 1 X Y # B
G  (@XR) (30 X.R) (CEN:N)
0
0 (qo’ O:R) 0
(@3, 1,R
© gy @00
1
1 1 (qO) 1’ R)
(95,0,R)
9% (g1, Y,1L)
g (91,0,l) (@11,  (@XR)  (g1,Y.L)
g @LXR  (3.XR) (G4, Y,R)
a5 @.0R  (43.1,R @3, Y.R)
a4 (@0R (1R (@5.Y.R)
@ @YD) (qg,Y R)
a3 (@1, Y, L) (@3.Y.R)
a4 (G4 Y,R) (gs,B,L)
gs (gs,B,L) (gs,B,1) (ga, #,R)
e (g7,B,1L)

a7 (@781l  (97,BL) (9781 (47,8  (gr#R)  (q7,B,1)

Note that the new state gy is the halting rejecting state and new states g, and g, are
used in the cleaning procedure for the rejected input word.

Proposition 5.8. The class of nondeterministic Turing machines is equivalent to the
class of deterministic Turing machines.
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Proof. We will show that for a given Turing machine of one type, an equivalent ma-

chine of another type can be designed.

Note that a deterministic Turing machine in basic model is also a nondeterministic
one (with the maximal number of values yielded by transition function not greater
than 1, that is, with the degree of nondeterminism equal to one). For that reason and
due to the equivalence of different types of Turing machines, any deterministic Turing
machine is equivalent to some nondeterministic one.

Now, for a given nondeterministic Turing machine in basic model, we can design
an equivalent deterministic multitype Turing machine.

Let us present an idea of designing a deterministic Turing machine equivalent to
a nondeterministic one. The idea is based on a deterministic simulation of a compu-
tation of a nondeterministic Turing machine. It can be briefly presented as follows:

— anondeterministic Turing machine accepts its input if and only if the computation
tree has a node, which terminates computation in an accepting state;

— acomputation tree is a k-tree, where k is the maximal number of values yielded
by the transition function, that is, degree of nondeterminism is k;

— abreadth-first tree searching algorithm, which starts searching from the root and,
then visits nodes level by level, will eventually visit a node, which terminates com-
putation in an accepting state;

— a simulation of a computation of a nondeterministic machine is rooted in the
breadth-first searching the computation tree. This simulation investigates nodes
visited by breadth-first search;

— for each visited node, the computation from the root to this node is reproduced.
If this computation terminates in an accepting state, then the simulation is termi-
nated with acceptation;

— otherwise, breadth-first searching is continued and a next node is investigated.

Note that the above method replicates transitions many times: closer a node to the

root, more replications of the path from the root to this node is done. The time com-

plexity of such a simulation is huge. Unfortunately, a more efficient deterministic
method to simulate nondeterminism is not known.

The above idea can be realized by a 3-tape deterministic Turing machine. Let us
assume the degree of nondeterminism is r. The simulation algorithm could be briefly
described as follows:

1. aninput of a nondeterministic machine is stored on the first tape;

2. the simulating deterministic machine systematically generates all possible se-
quences of length being successive natural numbers 0, 1,2, ... . Elements of gener-
ated sequences are natural numbers from the interval [1,2,...,r]. Each generated
sequence is stored on the second tape;

3. for each generated sequence (iy, i, . .., i,) the following computation is done:

— theinput is copied from the first tape to the third one;
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— a path from the computation tree of a nondeterministic Turing machine is
simulated. The path begins in the root of the computation tree and is defined
by the sequence (i}, i, .. .,1,):

— length of the path is equal to the length of the sequence, that is, n transi-
tions are simulated;

— the successive I-th transition is defined by the i;-th value of the transition
function of the nondeterministic Turing machine. If the transition func-
tion yields less than k values for given arguments and the i;-th value has
no corresponding transition, then the simulation is terminated and the al-
gorithm goes to generate and investigate the next sequence of numbers,
as described in point 2;

— if, for a given generated sequence, a node terminating computation in accept-
ing state of the nondeterministic Turing machine is reached, then simulating
machine halts its computation and accepts the input. Otherwise, the algo-
rithm generates and investigates the next sequence of numbers, as described
in point 2.

The above simulation algorithm describes a deterministic Turing machine, which is
equivalent to the simulated nondeterministic Turing machine. O

5.3 Linear bounded automata

We can observe that the Turing machine built, for instance, in Example 5.6 exploits
only this part of its tape during computation, which was used to store input data. We
can consider and explore a class of Turing machines with this restriction. Indeed, such
cases are already considered: Turing machines with stop property, which compute
only on the part of their tape storing input word, have been studied. Such subclass of
Turing machines is distinguished and it is called linear bounded automata. It occurs
that linear bounded automata are equivalent to the class of context-sensitive gram-
mars; that is, they accept the class of context-sensitive languages. The formal defini-
tion of linear bounded automata is as follows.

Definition 5.21. Alinear bounded automaton in basic model is a Turing machine with
the stop property:

M =(Q,%LT,6,q9y,B,#,&F,C)

where:

— #,&are the left and the right guards, #,& e I', #, & ¢ Z;

- #qgga,a, ... a, &is the initial configuration, where q, a, ... a, is input data;
— the transition function cannot yield a value that allows the head:
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— to replace the left guard symbol with any other symbol or to make a shift left
when it reads the left guard symbol; that is, it may take only the following
values:

6(q.#) = {(p1, #,R), 02, #,R), ..., (D1, #, R)} for any ¢, py, p,, . ... P € Qs

- to replace the right guard symbol with any other symbol or to make a shift
right when it reads the right guard symbol, that is, it may take only the fol-
lowing values:
6(¢,&) = {(p1, & L), P2, & L),..., (P & L)} forany g, py, ps, ..., px € Qs

— tostore a guard symbol in any cell besides these holding them, that is,
ifXel-{# & andq € Q,
then 6(q, X) = {(p1, Y1, D1), (02, Y2, D3), ..., Dps Vi, Dy},
where Y,,Y,,.... Y, eI - {#,&}, p;, Py, ... P € Qand
Dy, D,,...,Dy € {L,R};

— other components are as in Definition 5.1.

Notice that we can talk about two classes of linear bounded automata: determin-
istic and nondeterministic ones.

The discussion on varieties of Turing machines could hardly be adapted to the
analysis of linear bounded automata. First of all, the notion of guards is directly
adapted. We can talk about halting accepting and rejecting states and about a multi-
track tape. Furthermore, these notions are easily adaptable to linear bounded au-
tomata. However, the nature of most models of Turing machines does not match the
character of linear bounded automata. For instance, one-way and two-way infinite
tape do not have counterparts in the class of linear bounded automata. Also, we do
not discuss multitape linear bounded automata, though, formally, we can discuss a
multitape restricted Turing machine such that its all tapes have a length equal to the
length of input data limited by the left and the right guard.

There is a model, which raised the name of linear bounded automata. In this
model length of the tape is bounded by a linear function of the length of the input
data or, equivalently, is a multiply of the length of the input data. In these automata,
the beginning and the end of the tape are marked by guards, as in basic model.

Proposition 5.9. The following classes of deterministic linear bounded automata are
equivalent:

1. in basic model;

2. with halting states;

3. with a multitrack tape;

4. with the length of the tape bounded by a linear function.

The same classes of nondeterministic linear bounded automata are equivalent as well.

Proof. Proof of equivalence of these classes is quite similar to proofs of equivalence of
corresponding classes of Turing machines.
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Hint. consider automaton with k-tracks tape of lengths equal to the length of an
input word, which is equivalent to an automaton with one track tape k times longer
than an input word. O

Deterministic versus nondeterministic linear automata

Itis trivial that for each deterministic linear bounded automaton, there exists an equiv-
alent nondeterministic one. It is sufficient to turn (single) values of deterministic tran-
sition function to sets being values of nondeterministic transition function includ-
ing every single value into the corresponding set. With regard to opposite equiva-
lence, we do not know if there exists a deterministic linear bounded automaton for
a given nondeterministic one. We know that it is possible to design a deterministic
square bounded automaton (using part of tape of length proportional to square of in-
put length), which is equivalent to a nondeterministic linear automaton.

Example 5.8. Design a linear bounded automaton accepting the language
L={wef{ab}" :#,w=n#,w=2"andn > 0}
Solution. Let us provide a linear bounded automaton with halting state:

M = (Q,%T,8,q0, A #,8& {ps), (pr})

where:

- 0Q0=1{q90,94 %> qg, q}g, d» 93, D> Pr} — the set of states;
- T ={a,b,A B,# &, A} - the tape alphabet;

— X ={a,b} - the input alphabet

— 6 - the transition function given in Table 5.9;

— A - the blank symbol;

— py - the accepting state.

Table 5.9: The transition function of the linear bounded automata designed in Example 5.8. Empty
entries of the transition table keep transitions to the halting rejecting state. These entries are left
empty due to the sake of clarity of the transition table.

) a b A B # & A
G0 (@aAR)  (ge,b,R) (o, AR)  (q0,B,R) (g2, 8&,1)

da  (GaaR)  (Gab,R)  (Ga AR  (qaB.R) (q1,8&1)

g1 (@nal)  (gsbl)  (gL.AL  (g1,BL)

9 (gal) (G5Bl (pAL  (g5B.L)

g (g%al) (g5bl) @RAL (5B (g% R)

[} (g3, A1) (g2,\. L) (g2,A L)

qs (g3, AL (g3 AL (pas#R)
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An algorithm applied in the automaton is as follows:

— the head is passed right and left along the tape,
—  during the walk right one letter a is marked;
— during the walk left, half of the letters b are marked; that is, the number of

letters b is divided by 2,

— passing the head right and left is continued until all letters a are marked, as a
result n letters a and 2" — 1 letters b are marked;

— the final pass right checks that there are no letters a, the final pass left checks that
there is only one letter b.

Let us comment on the construction of the automaton describing the purpose of states:

— o — pass the head right from the beginning of the tape to its end, mark the first
letter a met and indicate it switching to q,; if no letter a is met, begin cleaning
process leading to the acceptation of input data;

- g, - continue passing the head right, memorize that the letter a was marked;

— q; — pass the head left from the end of the tape to its beginning, look for the first
letter b, remember it switching to q}g;

- q}g — continue passing the head left, look for the second letter b, mark it when met
and remember it switching to qg;

- qg — continue passing the head left, look for the next letter b, remember it switch-
ing to q};;

- @ q}g, qg - count pairs of letters b, mark every second letter b (divide number of
letters b by 2);

- @, and g3 — pass the head left from the end of the tape to its beginning, mark the
last letter b, terminate computation switching to the accepting state p,.

Computations forw; = bb ¢ L,w, = b € L and w; = bbaabb ¢ L are shown below. Note
that for the word w; the automaton rejects input data and that a cleaning procedure is
not implemented due to the sake of clarity:

- #qobb& > #bqyb& > #bbqgy& > #bq,b& > #g3DA& > qr#AA& >
#AGr A&

- #qob&>#bqo&>#g, b& >z #HA& > #p, A&

- #qobbaabb& > #bqgybaabb& > #bbqyaabb& > #bbAq,abb&
#bbAaq,bb& > #bbAabq,b& > #bbAabbq,& > #bbAabq b&
#bbAaqybb& > #bbAqSaBb& > #bbqyAaBb& > #bqybAaBb&
#qpbbAaBb& > q3#BbAaBb& > #q,BbAaBb& > #Bq,bAaBb&
#BbgqyAaBb& > #BbAqyaBb& > #BbAAq,Bb& > #BbAABbq, &
#BbAABq;b& > #BbAAqyBb& »> #BqybAABb& > #qyBBAABb&
qg#BBAABb& > #qoBBAABb& >0 #BBAABbqy& > #BBAABg,b& >
#BBAAQ;BA& > g3 # AANAAAA& > #p, ANAAAN&

Y Y Y Y Y Y
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5.4 Problems

Problem 5.1. Design a Turing machine accepting the language:
L={wef{ab,c}":0<#,w<#w<#.w}
Solution. Let us provide a linear bounded automaton with accepting states:

M = (Q: Z; F> 5> q>B) #> &> {pA}> {pR})

where:

- Q=1{4,44 9> 9c> 9ab> 9ac> Gvc> Qabe> P> P15 Pa> PR} — the set of states;
— py and py - the accepting and rejecting states;

— T ={a,b,c,#, & B} — the tape alphabet;

— X ={a,b,c} - the input alphabet

— 6 - the transition function given in Table 5.10;

— B - the blank symbol.

Table 5.10: The transition function of the linear bounded automata designed in Problem 5.1. Empty
entries of the transition table keep transitions to the halting rejecting state: (g, B, D), where D
defines shift to the left for the head not being over # or to the right for the head not being over &.
These entries are left empty due to the sake of clarity of the transition table.

) a b c B # &

q (gq>B,R) (gp,B,R) (4¢>B,R) (g,B,R) (gr,&1L)
da (Qa)a’ R) (qab>B> R) (qac>B R) (qa’B) R)

ap (Gap>B:R)  (p, b, R) (Gpe,B,R) (G5, B.R)

qc (qac’B> R) (qbch’ R) (q [ R) (qcan R) (qL)&) L)
G Gap- @R (Gaps R (GapesB.R)  (qape> B R)
(
(
(
(

Gac (qac:a: R) (qapr) R) Gac> G R) (qac’B) R)

doc  (Gabe:BR) (Gpes0,R)  (Gpe,B.R) (b B.R) (1, &,1L)
Gabc (qabc’a> R) (qabob’ R) Gabcs> € R) (qabc>B’ R) (qL’ & L)
a (qr-a,0) (91, b,1) q,c L) (q1,B,1) (g, #,R)

ar (gr,8,1) (pas#,R)

We use a linear bounded automaton with halting accepting state (which is a Turing

machine) and apply the following algorithm to solve the problem:

— the head is passed from the beginning to the end of the tape, one letter a, b and ¢
are marked, then the head is passed back to the beginning of the tape;

— the process of the previous point is continued until there are unmarked letters a,
b and c or there are letters b and c or there is only letter(s) c;
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— when no unmarked letters are found during the pass from the beginning to the
end of the tape, then the head is passed back to the beginning of the tape and
input is accepted;

— in all other cases the automaton rejects its input.

Let us comment the construction of the automaton describing purpose of states:

- 4929 96> 9ap> Dac> Dpe> Dabe — Pass the head right from the beginning of the tape
to its end, mark one letter a, b and c with the blank symbol and remember marked
letters in a respective state;

— gy — pass the head back to the beginning of the tape and then start passing the
head right as in the previous point;

— continue the process of passing the head right and marking letters a, b and ¢ until
there are unmarked letters a, b and ¢ or unmarked letters b and ¢ or unmarked
letter(s) c;

— gr — pass the head back to the beginning of the tape and accept the input.

Note that the transition table may be simplified. The state g, and the row of the table
corresponding to this state may be dropped. Instead, the value (g, B, R) of transition
function should be replaced by (q;, B, L).

This optimization is not done in order to keep clearness of the process of passing
the head from the beginning to the end of the tape.

And, finally, let us construct computations for words w; = chaabb ¢ L and w; =
bbaccc € L, and are shown below. Note that for the word w;, the automaton rejects
the input data. In this case, a cleaning procedure is not implemented due to the sake
of simplification of the solution.

- #qcbaab& > #Bq.,baab& > #BBq,,aab& > #BBBq,.ab& >’
#BBBabq,,.& > #BBBaq, b& >° q #BBBab& >> #qBBBab& >’
#BBBqab& >’ #BBBBq,b& > #BBBBBq,, & > #BBBBpy B&

- #gbbacc& > #Bqybacc& > #Bbqgyacc& > #BbBqgucc& >
#BbBBq. . c& > #XbXXcqu & > #BbBBq;c& >; q #BbBBc& >
#qBbBBc& > #BqbBBc& > #BBq,BBc& »>* #BBBBg,c& >
#BBBBBq, & > #BBBBq;B& >’ q #BBBBB& > #qBBBBB& >’
#BBBBBq& > #BBBBq;B& »° q;#BBBBB& > #q, BBBBB&

Problem 5.2. Design a Turing machine computing the function f(x) = 2* for a natural
numbers x.

Problem 5.3. Design a Turing machine computing the function f(x) = log,[x] for
a positive natural numbers x.

Problem 5.4. Design a Turing machine converting numbers from the unary system to
the binary positional system.

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



136 —— 5 Turing machines

Problem 5.5. Design a Turing machine converting numbers from the binary positional
system to the unary system.

Problem 5.6. Let L, = L(M;) and L, = L(M,) are languages accepted by deterministic
Turing machines with the stop property M; and M,. Build a Turing machine, which
accepts:

— union of L; and L,, that is, the language L = L, U L,;

— intersection of L, and L,, that is, the language L = L, n L,.

Solution. The idea of designing a required Turing machine M is simple. M runs paral-
lel computation of both machines M; and M, for a given input word. M accepts union
L = L, UL, if and only if at least one machine of M; and M, accepts the input word.
Intersection L = L; N L, is accepted by M if and only if both machines M; and M,
accept the input word. In case that one machine terminates and another one still con-
tinues computation, the former one may perform empty transitions, that is, its state,
head position and cell contents stay unchanged. For instance, when the union of lan-
guages is computed and one machine comes to the rejecting state, it is necessary to
wait for termination of computation of another machine. Details of a design are given
below.

Assume that M; and M, are given Turing machines with halting states and with
two-way infinite tape

M; = (Q;,.2, F1,61,qé,B, {4,14}> {qzle})
M, = (Qy, LT, 62,qé,B, {qfl}’ {‘1123})

whereQ; N Q, = g andI'; NI, = {B}.
A two-tape Turing machine is designed as follows:

M =(Q x Q)% T, UTY, 8, (45, 90). B (44, 42): (dk- 43))

where an input word is copied to the second tape and heads of tapes are placed on
the leftmost input symbol every tape. The transition function is defined on the basis
of §; and 8,:
6((q1, 42), (X1, X)) = (P> P2) (Y1, Y)), (D, Dy)), where
61 (41, X1) = (01, Y1, D), 6,(42, X3) = (py, Y5, D) for
(41, 9>) € (Q; — gy, 4k}) x (Q2 — 1, 4D,
— forunionof:L;and L,
8((dp> 0) (X1, X)) = ((qg. o), (X1, Y2), (S, Dy)) and
8((d1 qz)> (X1 X)) = (B3, GR): (Y1, X), (D, 5))
where 8,(¢;,X;) = (01, Y1, D), 65(45, X5) = (02, Y2, D)),
that is, if one machine out of M; and M, rejects, then M waits for termination of
computation of another one,
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8((q 92, (X1, X5)) = (g, 93) (X1, X,), (S, 9)) and

8((q1,qn)> X1, X)) = (@, 92) (X1, X5), (S, 9))

where g, eT;and g, € Ty,

that is, if at least one machine out of M; and M, accepts then M accepts.
— forintersection of L; and L,

8((qp 3,), (X1, X)) = (@3, P2)> (X, V), (S, D)) and

8((q1,42): (%1, X)) = (1, q4)» (Y1, X), (D1, 9))

where 6,(q;,X;) = (01, Y1, D1), 6,(q5, X,) = (05, Y5, Dy),

that is, if one machine out of M; and M, accepts, then M waits for termination of

computation of another one,

8((a> 42) (X1, X,), (D1, D)) = ((dg» q3)> (X1, X,), (S, S)) and

8((q1, qp)» (X1, X,), (D1, D)) = (R qg)> (X1, X2), (S, )

where g, € [ and g, € T,

that is, M rejects if at least one machine out of M; and M, rejects.

Problem 5.7. Let L = L(M) is a language accepted by a deterministic Turing machine
with the stop property M. Build a Turing machine, which accepts complement of L,
i.e., the language L = £* — L, where X is an alphabet of L.

Solution. Assume that M is a given Turing machine with two-way infinite tape and
with halting states:

M = (Q,%.T,8,q0, B, {q}. (qr})

The machine M with the accepting and rejecting states exchanged accepts the com-
plement of L:

M = (Q,%,T, 8,40, B, {qg}, {q4})

Problem 5.8. Let L, = L(M;) and L, = L(M,) are languages accepted by deterministic
Turing machines with the stop property M; and M,. Build a Turing machine, which
accepts concatenation of L; and L,, that is, the language L = L, o L,.

Solution. A solution is quite similar to the solution of Problem 5.6 for intersection.
Instead of copying an input word to the second tape, its suffix is moved to the second
tape. The suffix is nondeterministically chosen.

Problem 5.9. Let L = L(M) is a language accepted by a Turing machine with the stop
property M. Build a Turing machine, which accepts Kleene closure of L, that is, the
language L' = L*.

Solution. A nondeterministic two-tape Turing machine M’ accepts the Kleene closure
of L(M). It realizes the following algorithm:

1. store an input word on the first tape;

2. ifthe first tape is empty, that is, it keeps the empty word &, then M’ accepts;
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138 = 5 Turing machines

3. for a nonempty word at the input M’ chooses nondeterministically a prefix of the
current content of the first tape and moves the prefix to the second tape;

then M’ runs the computation of M on the second tape;

if M rejects the copied prefix, then M’ rejects its input;

6. switch to the second point of this algorithm.

v o

For the sake of clarity, a cleaning procedure is not employed in this algorithm. A de-
tailed description of M’ is left to the reader.

Problem 5.10. Let L, = L(M;) and L, = L(M,) are languages accepted by Turing ma-
chines M; and M,. Build a Turing machine, which accepts.

- union of L; and L,, that is, the language L = L, U L,;

— concatenation of L, and L,, that is, the language L = L; o L,;

— intersection of L, and L,, that is, the language L = L; N L,;

- Kleene closure of L,, that is, the language L = (L;)".

Hint. Adapt solutions of Problem 5.6, Problem 5.7, Problem 5.8 and Problem 5.9 to
Turing machines without the stop property.

Problem 5.11. Adapt solutions of Problem 5.6, Problem 5.7, Problem 5.8 and Prob-
lem 5.9 for linear bounded automata instead of Turing machines with the stop prop-
erty.

Hint. Consider solutions of this problems with regard to space used.

Problem 5.12. Design a Turing machine accepting prime numbers. Discuss the possi-
bility of building a linear bounded automaton.

Problem 5.13. Design a Turing machine accepting a subset of natural numbers:
L=1{keN:(3p € N,p - prime number) p + k is a prime number}

Does a machine with the stop property exist?

Problem 5.14. Design a Turing machine (a linear bounded automaton, if possible):
— nondeterministic;
— deterministic;

accepting the following language:
L={www" :w e {0,1}"}
Problem 5.15. Provide a reasonable definition of a two-dimensional Turing machine

(i. e., with a four-way infinite tape). Justify that two-dimensional Turing machines are
equivalent to one-dimensional Turing machines.
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6 Pushdown automata

Pushdown automata vary from Turing machines in their definition and interpretation.
However, despite differences, in this chapter, we will prove that pushdown automata
are limited Turing machines. Pushdown automata are finite structures with a stack,
which is a potentially infinite element. A stack is a data structure, also called LIFO,
that is, “last in, first out,” which allows for storing abstract elements of data and re-
moving them. Usually two operations are used for operating a stack: push and pop.
The push operation adds an element to the stack, hiding elements pushed earlier or
initialized the stack if it is empty. The pop operation removes and returns the element
most recently added to the stack or returns the empty value if the stack is empty (this
is why stack is also called LIFO structure). Note that elements of the stack are not ac-
cessible except the one located on the top of the stack. To get access to a requested
element formerly pushed on the stack is necessary to pop all elements pushed later
than the requested one. In other words, elements are removed from the stack in the
reverse order to the order they came. Thus, stack data accessibility is significantly lim-
ited comparing to tapes of Turing machines. As a result, pushdown automata are less
powerful than Turing machines.

6.1 Nondeterministic pushdown automata

We discuss nondeterministic pushdown automata first. Deterministic ones should ful-
fill conditions, which are clearer on the basis of the general definition of nondetermin-
istic automata.

Definition 6.1. A pushdown automaton is a system
M = (Q) Z’ r: 5; qo, |>, <],F,R)

with components as follows:

a finite set of states;

a finite set of stack symbols (stack alphabet);

an initial stack symbol, > € T;

a finite input alphabet;

a special end-of-input symbol;

the initial state, g, € Q;

a set of accepting states, F ¢ Q;

a set of rejecting states, R c Q, F(\R = @;

a transition function, § : Q x (Zu {e}) x T — [Jpoo(Q x r*)k

SR AMY O

A pushdown automaton could be interpreted as a physical mechanism shown in
Figure 6.1. This mechanism consists of:

https://doi.org/10.1515/9783110752304-006
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head.
SIalA o a ] Tul<]
the stack the input tape
q the control unit

Figure 6.1: Pushdown automaton.

— acontrol unit, it is in a state g € Q;

— aninput tape holding input dataa; a, ... a,;

— the special end-of-input symbol < is attached to input data, the symbol <1 neither
belongs to the input alphabet nor to the stack alphabet, it marks the end of input
easing practicing pushdown automata;

— aninput head, which reads an input symbol and shifts right or does not take any
action;

— if an input head reads end-of-input symbol <, it does not shift;

— astack, which is a one-way infinite tape with stack structure, which gives access
only to its top cell, that is, its first cell.

A pushdown automaton is aimed at accepting alanguage, that is, answering if its input
word belongs to the language or not. Computation of a given pushdown automaton is
done according to the following intuitive procedure:
1. theinitial configuration of a given pushdown automaton is described as follows:
a. aninput data, a word w = a¢ya,...a, over input alphabet Z, is stored on the
input tape; cf. Figure 6.1;

b. the end-of-input symbol < is attached to the input data;

c. thehead of the input tape is placed over the first (leftmost) symbol of the input
word;

d. the head of the stack is (always) placed over the top cell of the stack

e. the control unit is in the initial state g;

2. if the input head reads the end-of-input symbol < and the control unit is in an
accepting state, then the computation is terminated and the automaton accepts
the input;

3. if the control unit is in a rejecting state, then the computation is terminated and
the automaton rejects the input. Notice that in this case, it is not required that
the input head reads the end-of-input symbol <. Of course, it would be possible
to set such requirement, but better to be flexible for the sake of simplicity: the
automaton responds to its state, that is, if a state of its control unit is an accepting
one or a rejecting one;

4, if conditions of point 2 are not satisfied, then based on
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a. astate g of the control unit;

b. asymbol X read by the head of the stack;

c. either an input symbol a or without it;

the automaton makes the following actions:

d. values {(p}, ), (P2, @), ..., (Py> )} of the transition function 8(q,a,X) or
6(p, &, X) are computed, where a € X is the input symbol, X € T is the top sym-
bol of the stack, ¢, p;, P, . .., Px € Q are states, a, a,, ..., a; € I'* are strings of
symbols of the stack alphabet;

e. if values of the transition function are computed based on an input symbol
6(q, a, X), then the input head is shifted right, otherwise the input head does
not change its position;

f. avalue (p;, a;) of the transition function is chosen nondeterministically;

g. thetop symbol X of the stack is removed and then symbols of the string «; are
pushed on the stack in reverse order, that is, the last symbol first, the first one
last. The first symbol of @; will be on the top of the stack after this operation;

h. the control unit switches to the state p;,

5. computation goes to the point 2.

We assume that pushdown automata always terminate computation. The value (Q x
I'*)° of a transition function, which is the empty word ¢, is interpreted as termination
of computation in a rejecting state.

Note that pushdown automata cannot store output information, so then, unlike
Turing machines, they can only accept languages and cannot compute functions or
solve problems.

Now we define configuration (a step description), a transition relation and a com-
putation of pushdown automata.

Definition 6.2. A configuration (a step description) of a pushdown automaton M =
(Q,%,T,8,q¢, >, <, F,R) is the following sequence of symbols:

yqw

where:

— g € Qis the current state of the control unit of a pushdown automaton;

— yisthe stack contents, the last symbol of y is the top symbol of the stack;

— wisthe current input, the first symbol of w is the symbol under the input head, <
is the last symbol of the input.

Note that both sequences y and w of symbols are words over the stack alphabet I'
and the input alphabet ¥ and that any of these sequences may include only the initial
stack symbol > and the end-of-input symbol <1. However, none of these two sequences
can be infinite, like in a case of a step description of a Turing machine.
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For instance, the initial configuration is of the form > g, w <, where g, is the
initial state, w is the input data. In this case, the stack is empty, so the initial stack
symbol is near the initial state symbol. On the other hand, a step descriptiony g <«
informs that input symbols have already been read.

Let us analyze transitions done by pushdown automata. We assume that the fol-
lowing sequence of symbols describes a step description:

> XX ... Xy Xnqaaig ... a, <

Recall that:

—  qis the current state of the control unit;

- XX, ... X1 X, is the sequence of symbols on a stack, X,, is the top symbol
of a stack;

- a;a ... a, <isthe sequence of input symbols, g; is the front input symbol

— the head of a stack reads X,,;

— the input head either reads a;, or does not read anything.

The transition function determines the next step description (configuration):

— if the value of the transition function is 8(q, a;, X,;,) = {(p1,€), (05, Yz1 Y22 Y23)}, for
instance, and the second value (p,, Y3 Y7 Y;) is chosen nondeterministically, then
the following step description is yielded:

DX Xy o Xy 3 Y2VO Dy 4y .. @y <

—  if the value of the transition function is 6(g, &, X,,) = {(p1,€), (P2 Y2l Y22 Y23)}, for
instance, and the first value (p;, €) is chosen nondeterministically, then the fol-
lowing step description is yielded:

>XiXo ... X1 D1 G Qiyq - Ay <

We will use the symbol > to denote a transition of a pushdown automaton. The transi-
tion symbol > may be supplement with a pushdown automaton name >,; to emphasize
that a transition concerns a given pushdown automaton. It also can be supplemented
with a superscript > to notify that k transitions are done.

The above two transitions done by a pushdown automaton will be denoted as
follows:

3 2 yl
DX XpaXnqaiiyq oo ay <> X L X Y00, .0, <
DX oo o X Xmq @i ...y <> X oo X D1 G Qi - Gy <

Definition 6.3. Transitions of a pushdown automaton create a binary relation in the
space of all possible configurations of the automaton, that is, any two configurations
are related if and only if the second is derived from the first one by application of a
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transition function. This relation is called the transition relation of a given pushdown
automaton. The transitive closure of the transition relation is denoted by >*.

Definition 6.4. Computation of a pushdown automaton is a tree such that:

- its nodes are labeled by configurations of an automaton;

— itsroot is labeled by the initial configuration;

— for any node Mps its each child 7, is related to it in the transition relation, that is,

Mp > Me-

Note that a computation tree is a (k + I)-tree, where k and [ are the maximal number of
values yielded by the transition function for given arguments. Note that a transition
for a given state and a given stack symbol can be chosen from k-transitions respective
to an input symbol and from I-transitions respective to so-called e-transition, that is,
when an input symbol is neither checked nor read.

Now we give a formal definition of acceptation of an input by a pushdown au-
tomaton.

Definition 6.5. A pushdown automaton accepts its input if and only if the pair of the
initial configuration and a final configuration belongs to the transitive closure of a
transition relation, that i, n; >* n, where n; is an initial configuration and 5y is a
final configuration.

Remark 6.1. A pushdown automaton accepts its input if and only if the computation
tree has a path from the root to a leaf labeled by an accepting configuration.

Based on the above discussion, we now give formal definitions of some concepts.

Definition 6.6. The language accepted by a pushdown automaton is the set of words
w € X accepted by that automaton.

Example 6.1. Design a pushdown automaton accepting the language of palindromes
over the alphabet £ = {a, b}, that is,

L={we{ab}" :w=w" where w" is reversed w},

Solution. First, we briefly comment on an algorithm for a pushdown automaton ac-

cepting this language:

- symbols corresponding to letters of the first part of an input word will be pushed
on the stack;

— the middle of an input word is found nondeterministically; if an input word is of
odd length, the middle letter is read without the stack change;

- letters of the second part of an input word are compared to stack symbols; if they
match, the top symbol of the stack is popped out and the next pair of an input
letter and a stack symbol are compared;
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— an automaton accepts when both the input and the stack are empty;
— an automaton rejects in all other cases.

A pushdown automaton accepting this language:
M = (Q)Z) F) 6>p1> [>, Q,F,R)

where:

— Q= {py,p,, ACC,RE]J} — a set of states;

— X ={a, b} - an input alphabet;

- T ={A,B,>} —astack alphabet;

— p; —theinitial state;

— > — the initial stack symbol;

— < - the end-of-input symbol;

— F ={ACC} — a set of accepting states;

— F ={RE]} — a set of rejecting states;

- 6:0xEule)xT - (QxT)°U(QxI*)'u(QxT*)? - a transitions function given in
Table 6.1. Note that transition function depends on three arguments, so it cannot
be given in one two-dimensional array. Thus, there are tables for every state.

Table 6.1: The transition function of the pushdown automaton designed in Example 6.1. Note, in
order to make the table easy readable d(p;, X, Y) = (REJ, Y) is denoted by REJ. Similarly, d(p;, X, Y) =
(ACC,Y) is denoted by ACC.

a b £ <
o(pq)
(p1,AA) (p1,BA)
A A RE
(P2, A) (P2 A) (P2, A) )
(pl’AB) (P1>BB)
B ,B RE
(p2,B) ) (p2.B) )
(p1,Ar>) (p1,Br>)
) ACC
” (p2.1>) (py.1>) (P2, )
o(py)
A (ps.€) REJ REJ REJ
B RE) Py, €) RE) RE)
> RE) RE) RE) ACC

Let us comment on the design of the automaton describing the purpose of the states:
— p; — accept the empty word at the input. If an input word is nonempty:
— push on the stack symbols A or B corresponding to input letters a and b;
— switch to p, when the middle of an input word is encountered, read the middle
input letter when an input word is of odd length, otherwise switch without
reading an input letter (make e-transition);

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use



6.2 Deterministic pushdown automata =— 145

- p, —read remaining input letters and pop symbols from the stack if they match,
otherwise reject an input word;
- p, —accept an input word when the input and the stack are empty.

Examples of computation of the above pushdown automaton are given in Figure 6.2
and Figure 6.3.

D>p,aaa<]

N T

D> Ap,aa<l D>p,aa<] D>p,aaa<]

>AApja<l DApal  D>Ap,aa<l REJ] REJ

D>AAAp] DAAp,< DAApald Dp,< >p,ad

\

REJ REJ >Ap,< ACC REJ
REJ
Figure 6.2: The computation of the pushdown automaton designed in Example 6.1 for the input word
w = aaa.
D>p,aab<
DAplag spzhpzaabﬁ
D>AAp bl D>Ap,b<] >Ap,ab<]| REJ REJ
>AABp;< D>AAp,< D>AAp,b< REJ D>p,b<
RLEJ RlEJ RLJ }lEJ

Figure 6.3: The computation of the pushdown automaton designed in Example 6.1 for the input word
w = aab.

In Figure 6.2, a computation for the input word w = aaa is given. The input word is
accepted because there is a path from the root to an accepting leaf.

A computation for the input word w = aab, given in Figure 6.3, has no accepting
leaf. As a result, the input word is rejected.

6.2 Deterministic pushdown automata

A pushdown automaton is deterministic if there is no more than one possible tran-
sition in any configuration. This condition needs that for any configuration of an au-
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tomaton, a transition function yields at most one possible transition. However, for
pushdown automata, there is another nondeterministic factor: for a given state and a
given stack symbol, there might be a choice between transitions for given input sym-
bols and without involving an input symbol, that is, so called e-transition. As a result,
the following definition formulates conditions for a pushdown automaton to be a de-
terministic one.

Definition 6.7. A pushdown automatonM = (Q,%,T, §, q,, >, <, F, R) is adeterministic

one if and only if:

— its transition function for any arguments, that is, for any triple (¢,X,Y),q € Q,X ¢
(Zu{e, <}),Y €T, yields at most one transition;

— forgivenqg € Qand Y € T the transition function rejects for (g, €, Y) or rejects for
all(q,a,Y),a € (Zu {e}).

Proposition 6.1. Deterministic pushdown automata are not equivalent to nondetermin-
istic ones.

Proof. 1t is intuitively clear that the language L = {w € {a,b}* : w = wF} discussed
in Example 6.1 cannot be accepted by a deterministic pushdown automaton. On the
other hand, deterministic pushdown automata are special cases of nondeterministic
ones. From a perspective of accepted languages, the class of languages accepted by
deterministic automata is included but not equal to the class of languages accepted
by nondeterministic pushdown automata. A formal proof of strict inclusion can be
found in [1]. O

Example 6.2. Design a pushdown automaton accepting the following language over
the alphabet X = {a, b}:

L={we{ab}" :|#,w-#, w2}

Solution. First, we briefly comment on an algorithm for a pushdown automaton ac-

cepting this language:

— numbers of letters a and b are compared in an input word; superfluous letters are
pushed on the stack;

— number of symbols on the stack is checked when the input is empty; an input
word is accepted if this number does not exceed 2.

A pushdown automaton accepting this language:
M = (Q) Z:r) 6,}70, ‘>, Q,F,R)

where:
- Q={pgy,p1,P ACC,RE]J} — a set of states;
— X ={a, b} — an input alphabet;
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— T ={A,B, >} - astack alphabet;

- 6:QxIxT — QxI'™" —atransitions function given in Table 6.2. Note that transition
function neither yields multiply transitions, nor has e-transitions. Therefore, the
automaton is a deterministic one.

Table 6.2: The transition function of the pushdown automaton designed in Example 6.2.

a b <
o(po)
A (po,AA) (Po> &) (p1,8€)
B (Po»€) (po>BB) (p1,€)
> (po,Ar>) (po, Br>) ACC
o(p1)
A REJ REJ (P2, €)
B RE) RE) (p2,€)
> REJ RE] ACC
o(py)
A REJ RE] REJ
B REJ RE] REJ
> REJ RE ACC

— other components of the automaton are like in Example 6.1.

The design of the automaton is commented in the form of the purpose of states de-
scriptions:
— po —numbers of letters a and b are compared in an input word; superfluous letters
are pushed on the stack:
— having a (or b) on the input, push the matching symbol A (or B) on the stack
if it has the same symbol A (or B) on the top or it is empty (has > on the top);
- pop the top symbol from the stack if it does not match an input symbol;
— po —if the input is empty then:
— accept if the stack is empty;
— pop the top symbol from the stack and switch to p;;
- p; —now the input is empty:
- accept if the stack is empty;
— pop the top symbol from the stack and switch to p,;
- b, — accept if the stack is empty:
- reject in all other cases.

Note that states p, p, and p; check if the number of remaining symbols on the stack
does not exceed 2.
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Examples of computation of the automaton built in Example 6.2 for words aaaa ¢
L and aaba ¢ L are given below:

>poaaaa < >>Apgaaa<i>>AApgaa<>>AAApya <
>>AAAApy < >>AAAp, < >> AAp, < > RE]

>poaaba <> Apgaba < >1>AApyba <> Apga <
>>AApy < >D>Ap; <> p, <>ACC

6.3 Accepting states versus empty stack

Examples presented in previous sections show that acceptance came with the initial
symbol of the stack 1> and the end-of-input symbol <. We may ask a question if this is
a coincidence or rather a rule, that is, if we can change the acceptation by accepting
state to the acceptation by the empty stack. Notice that the empty input is the default
because we already assumed that acceptance must be accompanied by empty input.
We can answer this question positively. We may move up a class of pushdown au-
tomata, which accept when the stack is empty, and prove that automata accepting by
empty stack are equivalent to automata accepting with a state. An idea of the proof is
quite clear.

On the one hand, having a pushdown automaton accepting with a state, we can
empty its stack when an accepting state is reached and then accept its input. On the
other hand, given a pushdown automaton accepting with an empty stack, it should
make an additional transition to an extra accepting state when its stack is empty. De-
tails are given below.

Definition 6.8. A pushdown automaton accepting by empty stack is a system
M=(Q,%T,6,99,>,<,2,R)

where the set of accepting states is empty and other components are as shown in Def-
inition 6.1.

Note that acceptance by empty stack does not depend on a state of a terminated
automaton description. Because of this, the set of accepting states of such an automa-
ton is empty.

Proposition 6.2. Acceptance by states is equivalent to acceptance by empty stack.

Proof. We prove that for any pushdown automaton accepting by accepting states,
there exists an equivalent automaton accepting by empty stack and oppositely.
Assume that there is a pushdown automaton accepting by accepting states

M = (Q’Zr)&CIo, [>; <1,F,R)
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The following pushdown automaton accepting with the empty stack is equivalent to
the above one:

M =(Q.%1,8,q>',<,2,R),

where:
1. Q =Qu{gyq'tandQn{q.q'} = @;
2. I'=Tu{p"landTn{>"} = 2;
3. the transition function é' is designed as follows:
@) 6'(qp.&>") = {(go,>>")}
(b) 8'(g,a,X) =6(q,a,X)forqge Q,ae X, X eT;
(c) 8'(g,6,X)=6(q,e,X)forqge (Q-F),X eT;
(d) 6'(q,&,X) ={(q,e)} for q € F, X e T - {>} start emptying the stack;
(e) 6'(q',e,X) ={(q,e)} for X e T - {>} continue emptying the stack;
() 8'(q',<,>) = {(q',e)}, removes the initial stack symbol and keeps the end-of-
input symbol, accept with empty stack and empty input;
(g) M’ rejects for all other configurations.

The automaton M’ moves to the initial configuration of M in its first transition, com-
pare 3a. Then it follows computation of M; see 3b and 3c. When M reaches an accept-
ing configuration (recall that it terminates computation for an accepting state), then
M’ pops a top symbol from its stack and switches to extra state g’ in order to begin
emptying the stack, compare 3d. Then M’ continues emptying the stack in 3d, and
finally it removes extra stack initial symbol > leaving empty its input and its stack;
compare 3f. An extra stack initial symbol was needed in order to prevent confusion
when the stack of the automaton M becomes empty during the computation of M.

It is worth noticing that the automaton M’ is a nondeterministic one. Also, let us
recall that accepting by switching to accepting state requires empty input, compare
point 3 of computation description in Section 6.1.

Now, we design a pushdown automaton accepting by states equivalent to a given
one accepting by the empty stack. Assume that there is a pushdown automaton ac-
cepting with the empty stack

M=(Q,%T,6,q99,>,<,9,R)

The following pushdown automaton accepting with states is equivalent to the above
one:

M'=(Q,51,68,q5,>',<,F,R),
where:

- Q' =Quig} qatand Qn{g}.qa} = 25
- I'=Tu{ptandT'n{>'} = &;
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- F={qkh

- the transition function ' is design as follows:
- 8'(qp.&>") = (g0, >0}
- §(q,a,X)=6(qg,a,X)forqe Q,act, XeT;
- 68'(q,6,X)=6(g,e,X)forqe Q, X e T-{>});
- 8'(g.e>)=1{(gae)forq e F;
- M rejects for all other configurations.

The automaton M' goes to the initial configuration of M in its first transition; see the
first point. Then it follows a computation of M. When M empties its stack, then M’
pops a top symbol from its stack (it is the initial symbol of M) and switches (nonde-
terministically) to the accepting state g, and accepts if its input is empty. Otherwise,
when input is not empty, M’ continues (nondeterministically) simulation of M. O

6.4 Pushdown automata as Turing machines

Pushdown automata are restricted Turing machines. Moreover, since pushdown au-
tomata always terminate their computation, they are restricted Turing machines with
the stop property.

Proposition 6.3. There is a Turing machine with the stop property equivalent to a given
pushdown automaton.

Proof. Let us design a Turing machine equivalent to a given pushdown automaton
accepting with states:

M=(Q,%T,6,99,>,<,F,R)

We design a 2-tape Turing machine with terminating states, which is equivalent to the
automaton M:

My = (Q, T3, 17,87, B, {qa}. {qr}),

where:
1. Qr =(Q-(FUR))U{gs,qrl UQs, QN ({ga,qr} U Qs) = @ - the set of states of the
Turing machine M7 includes:
a. statesof the automaton M except accepting and rejecting states (except states,
which terminate computation of the automaton);
b. anew halting accepting state and a new halting rejecting state of the Turing
machine My and
c. additional states Qg, which simulate transitions of the automaton M;
2. TL =3%u{<,B} - an alphabet of the first tape;
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3. TZ =T u{>,B} - an alphabet of the second tape;
4. B - the blank symbol of both tapes.

A configuration of a pushdown automaton is characterized by the following configu-
ration of the Turing machine; cf. Figure 6.4:

head:
[ X X [ [ [ [<]
the stack the input tape

q the control unit
the tape no 1 |'“|B‘a1‘a2|"'|an|<]|Bl““
the head no 1
| |B |D‘X1‘X2|... |Xm|B | ‘ the tape no 2
the head no 2 T
q the control unit

Figure 6.4: A pushdown automaton and its characterization by a Turing machine.

— aninput is stored on the first tape, the head of the first tape is placed over the first
input symbol;

— astack is stored on the second tape; the initial stack symbol is the leftmost non-
blank symbol of the tape, a top stack symbol is a rightmost nonblank tape symbol,
the head of the tape is placed on a rightmost nonblank symbol (a top symbol of
the stack);

— the control unit of the Turing machine is in the same state as the control unit of
the pushdown automaton.

All values of the transition function § of the automaton are uniquely enumerated.
Namely, if the transition function § yields k transitions for a given triple of arguments:
6(g,a,X) = {(p1, 1), (D, 43), . .., (Py> &)} and the transition has index ¢, then each pair
(p;» @;) gets its own double index t and i.

For a given transition of the automaton (p,a) € 6(g,a, X) with a given number ¢t
andp € Q- (FUR), a € ZU {<1} and X ¢ T, the Turing machine makes several transi-
tions in order to update content of the second tape. All such transitions are uniquely
identified by states corresponding to the given move of the pushdown automaton. The
simulation of one transition of the automaton is formally described as follows:

1. ifais the empty sequence, then (p, &, ) € 6’ (¢, %);
2. ifa = X{X,...X,, then the set of states Q; is expanded by adding states p|, p’, ..., p"
and the following transitions are included:
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;t'!)? R)€6’(q’X)
& r’B {(Pr 1’X,1 R)},
8 (011 8) = {0 x5 )b

Ls'"(pf )= {0k £, 90k
8 (0}, §) ={. &, ®)}

Mo oao TP

A simulation of a transition (p,a) € 6(q, &, X) is similar to simulation of a transition
(p, a) € 6(q, a, X) with the two following changes:
- point 1 changes to: if a is the empty sequence, then (p, g, )ed' (g %)

- point 2f changes to: if a = X, X;...X,, then &' (p}, &) = {(p, &, )}

In transitions shown above, if p € F, then it should be replaced with g4 and if p € R,
then it should be replaced with gg.

The above design of the Turing machine simulating a pushdown automaton
shows that the Turing machine has the stop property and it accepts input if and only
if the pushdown automaton accepts the same input. O

6.5 Problems

Problem 6.1. Design a pushdown automaton accepting the language:
L={we{ab}" :#,w=2=x#w}
Solution. A deterministic pushdown automaton solves the problem:
M = ({p;, p,, ACC,REJ}, {a, b}, {A, B, >}, 6, p;, 1>, <, {ACC}, {REJ})

where the transition function § : Q x X xI' — Q x IT'* is given in Table 6.3.

Table 6.3: The transition function of the pushdown automaton designed in Problem 6.1.

a b N

0(po)
A (p1,A) (Po; €) RE)
B (p1,B) (po, BB) RE)
> (p1,>) (po>B>) ACC

(p1)
A (pO’AA) (pl’s) REJ
B (Po-€) (p1.BB) REJ
> (po,Ar>) (p1,Br>) RE)
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A brief description of an algorithm:
— the number of pairs of letters a is compared to the number of letters b in an input
word:

— thestate p, stands for an even number of as already read from the input. Next,
odd, a read from the input causes switch to the state p; and does not change
the stack

— the state p, stands for an odd number of as already read from the input. Next,
even a read from the input switches the state to p, and causes either deleting
B from the stack or pushing A on the stack. Deleting B from the stack corre-
sponds to matched pair of two as and one b while pushing A on the stack
means that two as read from the input does not meet the corresponding b;

— due to assumptions of the above two points, in state p;, each pair of a and B
or pair of b and A stands for a matched pair of two as and one b; otherwise, A
or B corresponding to a or b is pushed on the stack;

— alike, in state p,, the pair of b and A stands for a matched pair of two as and
one b;

- stack symbols A and B on the stack correspond to superfluous pairs of letters
a or letters b;

— an automaton accepts by the accepting state ACC, though the transition to the
accepting state is made only if the stack is empty.

Examples of computation of the above automaton for input words abaaaabab and
aaaaab:

>poabaaaabab< >>p baaaabab< >1>Bpaaaabab<
>>poaaabab<>>paabab<>1>Apjabab<
>>Apibab<>>piab<>>Apyb<>>py<d>>ACCQ
>poaaaaab< >>paaaab< >>Apyaaab<>>Apaab<
>>AApgab<>>AAp;b<>>Ap; <> >REJ<

Problem 6.2. Design a pushdown automaton accepting the language L = {ww® : w ¢
{a,b}*}*, that is, the language of sequences of even length palindromes over the al-
phabet {a, b}.

Solution. The following nondeterministic pushdown automaton solves the problem:
M = ({py, p», ACC,REJ}, {a, b}, {A, B, >}, 8, p,, >, <1, {ACC}, {REJ})

where the transition function § : Q x (U {€}) xI' — Q x I'" is given in Table 6.4.
A brief description of the algorithm:
- apart of an input word is checked if it is a palindrome of even length:
— inthe state, p; stack symbols A and B corresponding to letters a and letters b
are pushed on the stack for the first half of the part of an input word;
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Table 6.4: The transition function of the pushdown automaton designed in Problem 6.2.

a b £ <

o(p1)

A (p1,AA) (p1,BA) (p2,A) RE)
B (p1,AB) (p1,BB) (p2,B) RE
> (p1,A>) (p1,B>) RE) ACC
o(py)

A (p2,€) REJ RE) REJ
B RE) (py,€) RE) RE)
> RE) RE) (p1,>) RE)

— anondeterministic transition is made to the state p, to compare the contents
of the stack (the first half of the palindrome) to incoming input symbols;
- if the input is nonempty, the (deterministic) transition is made to the state p;
in order to continue checking the next part of the input;
— an automaton accepts by the accepting state ACC, though the transition to the
accepting state is made from the state p; only if the stack is empty. Note that the
empty word is also accepted by the transition from the state p;.

A computation for the word w = aaaa is shown in Figure 6.5. Notice that the automaton
found two different splits of the input word to palindromes: the first one takes the
whole input as palindrome and the second split divides the input word into two halves
being palindromes as well.

D>p,aaaa<]
DAp!aaa<]
>AAp,aa< > Ap,aaa<|
>AAAp,a< >AApyaa<]  Dpyaa<

>AAAAp,; < D>AAAp,a<l [>Ap,a< Dpjaa

REJ >AAp,< >p,< >Ap,a<
| | /N
REJ ACC D>AAp, < D>Ap,a<
|
RE]  Dp,<
|
ACC

Figure 6.5: The computation of pushdown automaton designed in Problem 6.2 for the input word
w = aaaa.
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Problem 6.3. Design a pushdown automaton accepting the language:
L={w=a,a,...a, ¢ {a,b}" - #,w=4#,wand q, = a,}

that is, language of words over the alphabet {a, b} with the same number of letters a
and b and with the first and the last letters equal.

Hint. Design a deterministic pushdown automaton. Store in states of an automa-
ton the first and the recently read input letters.

Problem 6.4. Design a pushdown automaton accepting the language:
L={w=a,a,...a, € {a,b}" - #,w=#,wA (Vu,uv = w)#,u > #,u}

that is, language of words over the alphabet {a, b} which have the same number of a’s
and b’s and have no more b’s than a’s in all its prefixes.
Hint. Design a deterministic pushdown automaton which:
— pushes A on the stack for a on the input;
— pops A from the stack for B on the input;
— rejects the input only for empty stack and b on the input.

Problem 6.5. Design a pushdown automaton accepting the language:
L={w=e{a,b}* :w=d"b",n>0}

that is, the language of words over the alphabet {a, b}, which is a concatenation of an
arbitrary number of equal length sequences of a’s and b’s.
Hint. Design a deterministic pushdown automaton.

Problem 6.6. Let L, = L(M;) and L, = L(M,) are languages accepted by pushdown
automata M; and M,. Build a pushdown automaton M, which accepts:

(@) union of languages L, and L,, i. e., the language L = L; U L,;

(b) concatenation L = L, - L, of languages L; and L,;

(c) Kleene closure of the language L,, that is, the language L = (L,)".

Hints. Design nondeterministic pushdown automata, which respectively:

(a) anautomaton makes nondeterministic e-move choosing either M;, or M, and than
applies computation of the chosen automaton;

(b) an automaton nondeterministically splits the input word into two parts: it follows
computation of M; for a part of the input word, which could be accepted by M;,
and then switches to the M, and then follows its computation for remaining part
of the input word;

(c) an automaton nondeterministically splits the input word into several parts: it fol-
lows computation of M for a part of the input word, which M could accept. It then
begins new computation of M for the remaining part of the input word with the
possible beginning of new computation of M.
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Finite automata are the simplest model of computation. They can be derived from
pushdown automata by removing the stack. Finite automata are finite structures with-
out any potentially infinite parts as, for instance, a stack in pushdown automata or a
tape in Turing machines. Despite these limitations, finite automata are important the-
oretical and practical tools. Three classes of finite automata are distinguished: deter-
ministic, nondeterministic and those with e-transitions.

7.1 Deterministic finite automata

Deterministic model of finite automata is the simplest one among three types: deter-
ministic, nondeterministic and with e-transitions. It is the simplest one in terms of
a description of automata as well as of computation realized for a given input word.
From now on, the term finite automata will denote deterministic finite automata. Any
reference to nondeterministic finite automata or finite automata with e-transitions will
be explicitly acknowledged.

Definition 7.1. A deterministic finite automaton is a system
M =(Q,%,8,q0, F)

with the following components:

Q afinite set of states;

L afinite input alphabet;

qo theinitial state, g, € Q;

F asetof accepting states, F c Q;

6 atransition function, § : Q x X — Q.

A transition function of a finite automaton is a total function, that is, it is defined
for all its pairs of arguments (a transition function of Turing machines and pushdown
automata could be undefined for some arguments).

A finite automaton could be interpreted as a structure shown in Figure 7.1. It con-
sists of:

— acontrol unit, it is in a state of g € Q;
— aninput tape holding input data a;a, ... a,;
— aninput head, which reads an input symbol and shifts right.

Like in the case of pushdown automata, a finite automaton is, that is, at accepting
a language, that is, answering if an input word belongs to the language or does not.
Computation of a given finite automaton is done according to the following intuitive
procedure:

https://doi.org/10.1515/9783110752304-007
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7.1 Deterministic finite automata = 157

[arfoeas | [-] [ o]
an input word

the head
the control unit

Figure 7.1: A deterministic finite automaton.

1. theinitial configuration of a given finite automaton is described as follows:
a. aninput data, a word w = @44, ...a, over input alphabet Z, is stored on the
input tape; cf. Figure 7.1;
b. thehead of the input tape is placed over the first (leftmost) symbol of the input
word;
c. the control unit is in the initial state g;
2. based on:
a. astate q of the control unit;
b. aninput symbol a
the automaton realizes the following actions:
c. astate p ofthe transition function 6(q, a) is computed, where a € Zis the input
symbol and g, p € Q are states;
d. theinput head is shifted right;
e. the control unit switches to the state p;
3. if the input is not empty, then computation goes to point 2; otherwise, computa-
tion is terminated and an automaton responds to a state of the control unit.

Of course, the computation of a finite automaton always terminates.

Note that finite automata, like pushdown automata, cannot store output infor-
mation, so they can only accept languages and cannot compute functions or solve
problems.

Now we define a configuration, a transition relation and a computation of finite
automata.

Definition 7.2. A configuration of a finite automaton M = (Q, %, 6, gy, F) is the follow-
ing sequence of symbols:

where:
— g € Qis the current state of the control unit of a finite automaton;
— wis the current input, the first symbol of w is the symbol under the input head.

Note that a sequence of symbols w is a word over the input alphabet Z. It is empty
after the termination of a computation. It can never be infinite.

EBSCChost - printed on 2/9/2023 9:16 AMvia . All use subject to https://ww.ebsco.conlterns-of-use



158 —— 7 Finite automata

For instance, the initial configuration (configuration) is “g a; a, ... a,,” where g,
is theinitial state, w = a; a, ... a, is the input data. On the other hand, a configuration
“q” informs that the control unit of a finite automaton is in a state g and an input
symbols have already been read.

As in the case of Turing machines and pushdown automata, we will use the sym-
bol > to denote a transition of a finite automaton. The transition symbol > may be
supplemented with a finite automaton name >, to emphasize that a transition con-
cerns a given finite automaton. It also can be supplemented with a superscript > to
notify k transitions have been completed.

If g a;a;,; ... a, is a configuration and 6(q,q;) = p is a transition function ap-
plicable for this configuration, then a next step description after a transition is made
isp a;,; ... a,. These two step descriptions create a transition of a finite automaton,
which is denoted as

qa;ay,q ... Ay > P iy --- Ay

Definition 7.3. Transitions of a finite automaton create a binary relation in the space
of all possible configurations of the automaton, that is, any two configurations are re-
lated if and only if the latter is derived from the former one by application of a transi-
tion function. This relation is called the transition relation of a given finite automaton.
The transitive closure of the transition relation is denoted by >*.

Definition 7.4. A computation of a finite automaton M = (Q, %, 8, gy, F) is a sequence
of configurations 1, 1,,...,1n, such that n, is the initial configuration, n; is the final
configuration and a pair of any two successive configurations belongs to the transition
relation. A computation is denoted asn; > n, > -+ > 1,,.

Remark 7.1. A computation of a finite automaton is a finite sequence of configurations
do @ Ay 05 ... Ay > §; Ay A3 ... Ay > G, A3 ... Ay > G Ay > G,

Because any transition consists of reading an input symbol and switching to a state,
computation will be shown in a simpler form:

do A1 qil a, qiz as ... ay qinfl a, q;

n

where only input symbols under the head are displayed.
Now we give a formal definition of acceptance of an input by a finite automaton.

Definition 7.5. A finite automaton accepts its input if and only if the pair of the initial
configuration and a final configuration belongs to the transitive closure of a transi-
tive relation, that is, n; >* n, where n; is an initial configuration and 7y is a final
configuration, that is, the state in 7 is an accepting one.

Based on the above discussion, we now give formal definitions of some concepts.
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Definition 7.6. The language accepted by a finite automaton M = (Q, %, §, g, F) is the
set of words w € * accepted by a finite automaton.

Example 7.1. Design a finite automaton accepting binary numbers without non-
significant zeros. Note that binary numbers without nonsignificant zeros are zero
and numbers, which begin with 1:

L ={0,1,10, 11,100,101, 110, 111,1000, 1001, 1010, .. .}

Solution. The following automaton accepts binary words without nonsignificant ze-
1os:

M =(Q=1{90,91-92- 93}, 2 = {0,1}, 6,90, F = {q1,q3})

where the transition function § : QxX — Qis given in Table 7.1. In this table, the initial
state is marked by an arrow left of the initial state and accepting states are marked with
arrows right of them.

Table 7.1: The transition function of the finite automaton designed in Example 7.1.

) 0 1

—qo g1 qs3
q1 — g2 q>
q2 g2 p)
g3 — qs3 qs3

A finite automaton can also be shown in the form of a transition diagram. For instance,
atransition diagram of the above automaton is illustrated in Figure 7.2. The initial state
isindicated by the arrow going to it, accepting states are double circled and transitions
are shown as labeled arrows between states.

Figure 7.2: Transition diagram of the finite automaton designed in Example 7.1.

It is clear that this automaton accepts the language L:
— computation for any binary word, which begins with 1 (it is a binary number with-
out nonsignificant zeros), goes to the state g; and stays in this state, waiting for
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any more input binary digits until reaching termination of the computation. Be-
cause g is an accepting state, then the word is accepted;

— computation for 0 (0 is a binary number without nonsignificant zeros) goes and
terminates in g, which is an accepting state. Thus, 0 is accepted;

— any other binary word begins with 0 and has more than one binary digit. Such
words are binary numbers with nonsignificant zeros. For such a word, computa-
tion goes to g; and then to g, and then stays in g, for any more input binary digits
until termination. Such a word will not be accepted because g, is not an accepting
state.

Examples of computation:

- go—theword g is not accepted because computation for this word is terminated in
a state g, which is not an accepting one. Note that the empty word ¢ is considered
not to be a number;

- go1g31q50g;51g;50 g3 —the word 11010 is accepted because computation for
this word is terminated in the accepting state g3;

- qo 0 g; — the word 0 is accepted because computation for this word is terminated
in the accepting state g;;

- 4p04g,19,04q,1q, 0 g, - the word 01010 is not accepted because computation
for this word is terminated in the state g5, which is a not accepting one.

Example 7.2. Design a finite automaton, which accepts the language L of binary words
with sequences of the same letter not longer than 3, for instance: € € L,1000111 € L,
10000111 ¢ L.

Solution. The following finite automaton accepts the language:
M=(Q,%,8,q90,F)

where:

—  Q=1{do, 401,402 903 911> 412> 913> 9} — the set of states;

— 2 =1{0,1} - the input alphabet;

- F =140, 901> 902 903> 911- 912 913} — the set of accepting states;

— 6 - the transition function given in Table 7.2. A transition diagram of this automa-
ton is shown in Figure 7.3.

The finite automaton counts successive Os and successive 1s. Successive Os are
counted by moving to states qqu;, gy, go3- Likewise, successive 1s are counted in
states qy1, g1, ¢13- Words with more than three the same successive letters are not
included in the language. For that reason, when the fourth 0 or fourth 1s appears, that
is, the control unit is in the state gy or g;3, then the transition is made to the state gp,
which is not an accepting state and, in this way, it is a trap for words with successive
four or more Os or 1s.
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Table 7.2: The transition function of the finite automaton designed in Example 7.2.

0 0 1

—qo o1 q11
do1 — 902 q11
Go2 — do3 q11
qo3z — qr q11
di11 — o1 qd12
di2 — qo1 q13
q13 o1 qr
qr qr qr

Figure 7.3: Transition diagram of the finite automaton accepting the language given in Example 7.2.

Examples of computation:

- go —theword € is accepted because computation for this word is terminated in the
state g, which is an accepting one;

- qo 141 1qgp 0 g 04gg O gy 1 gy — the word 110001 is accepted because
computation for this word is terminated in the state q;;, which is an accepting
one;

- 4o 1q11 19 04gy 04gp 0 ge3 0 gr 1 g — the word 1100001 is not accepted
because computation for this word is terminated in the state gz, which is not an
accepting one.

A transition relation identified in Definition 7.3 yields exactly one state for a given
configuration of a finite automaton. Namely, for a given state g and a given symbol of
an input alphabet a, there is exactly one state p related to the given state q. The state p
is yielded by a transition function: p = 8(g, a). This property comes from the definition
of a transition function, which is total and its value is a state: 6 : Q x X — Q. In other
words, for a given state, exactly one state is related to it with regard to a given symbol of
an input alphabet. The transitive closure of a transition relation is a function as well,
that is, for a given state, exactly one state is related with regard to a given sequence of
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symbols of an input alphabet. This property is exploited in a definition of a so-called
closure of transition function.

Definition 7.7. A closure of a transitions function é of a given deterministic finite au-
tomaton M = (Q, %, 6, g, F) is the function 5 satisfying the following conditions:

L 6:Qx% >

2. (VgeQbge=q¢ )

3. (Vq € Q)(Va € Z)(w € £%)86(q, wa) = 6(6(q,w), a).

For deterministic finite automata, the closure of a transition function extends its do-
main from an input alphabet of an automaton to the set of all words over an input
alphabet. The closure of a transition function applied to an initial configuration of a
finite automaton immediately yields a result of computation & (qo> w) of this automaton
for the initial state g, and an input word w = aya, ... a,.

Remark 7.2. The restriction of the closure & of a transition function & to the domain
of 6 is equal to 6:

8|Q><Z =6

For that reason, both a transition function (of a deterministic finite automaton) and
its closure are denoted by the same symbol § unless it might result in some misinter-
pretation.

7.2 Nondeterministic finite automata

In the previous section, we have studied deterministic finite automata. In this section,
we introduce and discuss nondeterministic finite automata. Nondeterministic finite
automata, compared to their deterministic counterparts, differ in the form of the tran-
sition function. A transition function of nondeterministic finite automata allows for
choosing a transition among several states. This new feature simplifies solutions of
problems, though it does not increase the computational abilities of finite automata.
Below, we will prove that both classes of automata, that is, deterministic finite au-
tomata and nondeterministic finite automata, are equivalent with regard to the na-
ture of the accepted languages. This means that each of these two classes of finite
automata accepts the same class of languages. In other words, for a given automa-
ton of one class, we can build an equivalent automaton of another class. The proof
of equivalence of both classes of automata is a constructive one, which means that it
formulates a method of designing a deterministic finite automaton, which is equiva-
lent to a given nondeterministic one. Of course, a trivial design of nondeterministic
automata equivalent to deterministic ones is also mentioned.
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Definition 7.8. A nondeterministic finite automaton is a system
M =(Q,%Z,8,qo,F),

where:
— 6 —atransition function, 6 : Q x X — ZQ;
- Q,%, g, F are the same as given in Definition 7.1.

A transition function of nondeterministic finite automata is a total function, the
same as for deterministic finite automata, that is, it is defined for all pairs of argu-
ments. The values of a transition function are subsets of a set of states, including the
empty set (which is a subset of the set of all states).

Interpretation of nondeterministic finite automata is similar to the interpretation
of deterministic ones, that is, as it is shown in Figure 7.1.

A definition of a configuration (step description) of nondeterministic finite au-
tomata is identical with the definition of a configuration of deterministic finite au-
tomata; cf. Definition 7.2.

Remark 7.3. Like in the case of deterministic finite automata, nondeterministic ones
are, that is, at accepting a language. The computation of a given nondeterministic fi-
nite automaton is done according to the following intuitive procedure:
1. theinitial configuration of a given finite automaton is described as follows:
a. aninput data, a word w = a,a,...a, over input alphabet Z, is stored on the
input tape; cf. Figure 7.1;
b. thehead of the input tape is placed over the first (leftmost) symbol of the input
word;
c. the control unit is in the initial state g;
2. based on:
a. astate g of the control unit;
b. aninput symbol a;
the automaton realizes the following actions:
c. asetofstates{p;,p,,...,p;} being the value of the transition function §(g, a) is
computed, where a € X is the input symbol and g, p;, p,,. ... px € Q are states;
d. if the set yielded by a transition function is empty, then the computation is
terminated and input is rejected, otherwise
e. astatep;isnondeterministically picked up from the set of states {p;, p,, ..., Di}s
f. theinput head is shifted right;
g. the control unit switches to the state p;;
3. if the input is not empty, then computation goes to point 2; otherwise, computa-
tion is terminated and an automaton responds with a state of the control unit.
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Of course, the computation of a nondeterministic finite automaton always terminates,
as we have seen it for deterministic finite automata.

The symbols >, >;; and >k are used in the usual way, refer to our discussion on
deterministic finite automata.

Definition 7.9. Transitions of a nondeterministic finite automaton from a binary re-
lation in the space of all possible configurations of the automaton, that is, any two
configurations are related if and only if the later one is derived from the former one
by a transition in terms of point (2) of Remark 7.3. This relation is called the transi-
tion relation of a given nondeterministic finite automaton. The transitive closure of
the transition relation is denoted by >*.

Definition 7.10. A computation of a nondeterministic finite automaton
M = (Q: Z)6>qO)F)

is interpreted as a tree such that:

— its nodes are labeled by configurations of the automaton;

— itsroot is labeled by the initial configuration;

— for any node n,,, its every child nc is related to it in the transition relation, that is,

Mp > M-

Remark 7.4. Computation of a nondeterministic automaton is a sequence of configu-
rations, similar in the case of a deterministic one. Consecutive configurations are set
by nondeterministic choice of a state from the value of the transition function. How-
ever, since computation is usually interpreted as a tree, we will call the computation
treea computation.

Remark 7.5. Note that a computation tree of a nondeterministic finite automaton is a
k-tree, where k is the maximal number of values yielded by the transition function for
given arguments, that is, k is the degree of nondeterminism. Moreover, the edges of
every level of such a tree are labeled with the same input symbol.

Remark 7.6. A nondeterministic finite automaton accepts its input if and only if the
computation tree has a path from the root to a leaf labeled by an accepting configura-
tion.

Remark 7.7. Formal definitions of acceptance of input and of a language accepted by
a nondeterministic finite automaton are identical with the respective definitions of
deterministic finite automata; cf. Definition 7.4 and Definition 7.6.

Example 7.3. Design a finite automaton accepting the language L of binary words with
three successive Os or three successive 1s.
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Solution. The following automaton accepts the language L:

M = (Q = {90 910> 920> 911> 921> 94} Z = {0, 1}, 8,40, F = {qa})

where the transition function 6 : Q x £ — 2% is given in Table 7.3. A transition diagram
of this automaton is shown in Figure 7.4.

Table 7.3: The transition function of the finite automaton designed in Example 7.3.

) 0 1

— o {90, 10} {90,911}
q10 {g20} 0

G20 {ga} 0

q11 0 {g21}
a2 0 {qa}

da — {ga} {ga}

Figure 7.4: Transition diagram of the finite automaton designed in Example 7.3.

An example of computation of the above nondeterministic automaton is given in Fig-
ure 7.5. The input word w = 010001 is accepted because the computation tree has a
path from the root to an accepting leaf.

An algorithm realized by the automaton is shown below:

— theautomaton stays in the state g, reading input symbols until a sequence of three
successive 0s or three successive 1s arrives;

— when the beginning of a sequence of three successive Os or 1s is nondeterministi-
cally encountered, a transition is made to the state g, or g;;, respectively;

— next two consecutive Os or 1s are counted by transitions to states g, and g4 or to
states g,; and q,;

— when the state g, has been reached, computation stays in this state for next com-
ing input symbols;

— input words, for which the accepting state g, is reached, are accepted and only
such words.
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do di0
AT
qo d11
7NN
do di0

A

9o d10 920 qda

FAR

Figure 7.5: The computation of the automaton designed in Example 7.3 for the input word
w = 010001.

The transition relation of nondeterministic automata yields a subset of a set of states
for a given configuration (unlike the transition relation of deterministic automata,
which yields exactly a single state). For a given state g and for a given symbol a of
an input alphabet, states p € P ¢ Q, where P is the value of the transition function,
are related to the given state g. This property comes from the definition of a transition
function, which is total and its values are subsets of the set of states: § : Q x £ — 2<.
The transitive closure of a transition relation also relates subsets of the set Q for a given
state and a given symbol of an input alphabet. The following definition provides de-
tails of a so-called closure of transition function for nondeterministic automata.

Definition 7.11. A closure of a transitions function § of a given nondeterministic finite
automaton M = (Q, %, 8, gy, F) is the function:

L. §:Qxz"—20

2. (VgeQbge=1g) )

3. (Vq € Q)(Va € Z)(Yw € £")b(q, wa) = 6(6(q,w), a)

where the following designation stands for 6(3((1, w),a): 6(P,a) = Upep 6(p, a), for any
PcaQ.

As is in case of deterministic finite automata, the closure of a transition function
of a nondeterministic finite automaton extends a domain of a transition function from
an input alphabet of an automaton to the set of all words over an input alphabet. The
closure of a transition function applied to an initial configuration of a finite automaton
immediately yields the result of computation 3(q0, w) of this automaton for the initial
state gy and an input wordw = a; a, ... a,.
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Remark 7.8. For nondeterministic finite automata, the restriction of the closure dofa
transition 6 to the domain Q x X is equal to the transition function 6:

8|Q><Z =6

For that reason, both a transition function of a nondeterministic finite automaton
and its closure are denoted by the same symbol § unless it may cause misinterpreta-
tion.

Remark 7.9. An input word w is accepted by the nondeterministic finite automaton
M =(Q,%,6,qy, F) ifand only if 6(gy, w) N F # 2.

A question is raised whether the class of nondeterministic finite automata is equiv-
alent to the class of deterministic ones. The answer is positive.

On the one hand, a deterministic automaton is a nondeterministic one with the
degree of nondeterminism equal to one, that is, which does not exploit nondetermin-
ism. Formally, a deterministic automaton can be turned into a nondeterministic one
by replacing a value of its transition function, which is a state, by the set including
only this single state.

Conversely, we will prove that, for a given nondeterministic automaton, there ex-
ists an equivalent deterministic one, that is, accepting the same language. An idea of
designing such a deterministic automaton is based on observation of computations of
both classes of automata. The idea relies on turning a computation of a nondetermin-
istic automaton, which is a tree of configurations, into a sequence of configurations:
states of every level of a computation tree are collected into a set of them. In such a
way, a tree is twisted into a sequence of alternating sets of states and symbols of the
input alphabet. Such a sequence corresponds to the computation of a deterministic
finite automaton, supposing that sets of states represent potential states of a deter-
ministic finite automaton.

The details behind these intuitive observations are outlined as follows.

Proposition 7.1. The class of nondeterministic finite automata is equivalent to the class
of deterministic ones.

Proof. First, the following deterministic automaton:
M=(QZL6,q0F)

is equivalent to a nondeterministic one:
M=(QX%8' qo.F)

such thaté' : Qx = — 2% 8 (q,a) = {6(g,a)} forqg e Qand a € .
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Second, let us assume that now a nondeterministic finite automaton is

M =(Q,%, 8,49y, F)

An equivalent deterministic automaton is denoted as follows:

M =(Q,5,8,q)F)

where:

Q' = 22 - states of the deterministic automaton correspond to sets of the nonde-
terministic one. A state of Q' corresponding to a set of states {g9i,9, - ,q,-j} will
be denoted [g; , g;,» - - -» q,-]_] just to distinguish subsets of Q from states of Q';

g5 = [go] — the initial state of M’ is the set including the initial set of M;

F' = {g;.q;---» q;] € Q' : g4, -- .q;} N F # o} - accepting states of M’ are
labeled by sets of states including an accepting state(s) of M;

&' (i, iy - 91 @) = i Piyp D3] © U, '@ @) = by Py - by, } — the tran-
sition function of M’ takes union of its values (which are sets of states of M), for
states included in its argument (which corresponds to a set of states of M).

A formal proof of equivalence of M and M’ is based on mathematical induction con-
cerning the length of input word of both automata.

Let us prove that the closure of transition functions of both automata hold the

equivalence for any w € £* (note that the same symbol denotes both a transition func-
tion and its closure):

5’([610],W) = [qil)qizw “)qi]-] 4 5(q0’W) = {qil)qizvn’qi]-} (*)

for the word of length 0, that is, for the empty word, the equivalence (x):
6'([q0], €) = [go] and 6(q,) = {go} is derived directly from definitions of the closure
of transition functions;

let us check if the equivalence (x) holds for a word a; a; ... a, a = wa. In virtue
of the inductive assumption, we have that this equivalence holds for any word
w=a.qa ...a, <X Leta ¢ X Then, based on inductive assumption, we get
&'([q0], wa) = §'(8'(Ig0). W), @) = 6'((4;- 4, - - - 4;,), @) and

8(go-wa) = 8(8(go, W), @) = 6(1g;, @ -3 1)

for some set of states {g;, g;,.. .., qi}_} cQ.

Now, let us compute 6'([g; , q; - -» g; ), a) based on the above definition of 8
6’([Qil’qi2>--~»%j]7a) = [pi» 4y, --->p; |, where

U, 6"y @) = by, piys -5 Py}

On the other hand, .

8({a,» qiyp - - 4i 1 @) = U, 8'(@3p @) = 0y, Dy D3}
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3. utilizing mathematical induction based on (1) and (2) we conclude that the equiv-
alence () holds. O

Finally, let us notice that an input word is accepted by the nondeterministic finite
automaton M if and only if it is accepted by the deterministic finite automaton M’. This
property comes directly from the equivalence (), Remark 7.9 and definition of the set
of accepting states F’ of the automaton M'.

Example 7.4. Design a nondeterministic finite automaton accepting the language L of
binary words ending with at least three successive 0’s or at least three successive 1s.

Solution. The following automaton accepts the language L:

M = (Q = {40 910 920> T30 T11> D21> G311 = = 10,1}, 6, G0, F = {q30, G51})

where the transition function 6 : Q x X — 2%is given in Table 7.4 (also compare Prob-
lem 7.1). A transition diagram of this automaton is shown in Figure 7.6. Compare also
solution of Problem 7.1.

Table 7.4: Transition function of the finite automaton designed in Example 7.4.

0 0 1

— qo {90, G10} {90,911}
d10 {g20} 0

G20 {g30} 0

G0 — 0

q11 0 {g21}
a2 9 {931}
Gz — 0 0

O
%

AOROs
Figure 7.6: Transition diagram of the finite automaton designed in Example 7.4.
Let us outline the algorithm realized by the automaton:

— theautomaton stays in the state g, reading input symbols until a sequence of suc-
cessive Os or successive 1s arrives and this sequence ends the input word;
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— when the beginning of a sequence of successive 0s or 1s is nondeterministically
encountered, a transition is made to the state g, or g;;, respectively;

— next consecutive Os or next consecutive 1s are counted by transitions to states g,
and g3 or to states g,; and gs;;

— only such input words are accepted, for which the accepting state g, or g3 is
reached.

A deterministic automaton M’ = (Q', %, 8, q(,, F') is designed based on Proposition 7.1.
According to the designing method, in the automaton M’ the set of states Q' has 2 =
128 states and the set of accepting states F’ has 2’ — 2° = 96 states. However, only a
few states are reachable from the initial state g(, = [g,]. All states, which cannot be
obtained in any computation starting from the initial state, are useless from the point
of view of acceptance of an input word. For that reason, only states reachable from the
initial state may be included in the deterministic finite automaton being designed. The
transition table is shown in Table 7.5. The table is filled in by starting with the initial
state and then including new states yielded by the transition function &'. All states,
which are not obtained in this way, are useless.

Table 7.5: Transition function of the deterministic finite automaton equivalent to the one designed in
Example 7.4.

a 0 1

— [qo] (90> 910l [90>911]

[90> G10] (90> 910> G20] [90>911]

[90> 910> 920] [0 G10> 920> G30] [90> 9111

[90> 910> 920> 930] — (90> G105 920> G30] [0 G11]

[0, 911] (90> 910l (905911, 921]

(905911, 921] (40> G10] [90>G11> 921> G31]
[

[90,911>921>931] — do> 910l [90>911>921,G31]
121 states are useless
their transitions

are not shown here

In the transition diagram of this automaton, which is given in Figure 7.7, the useless
states (accepting and not accepting) are indicated symbolically. Transitions may go
from the useless states to the useful ones, as revealed there in the form of symbolic
arrows. However, the transition cannot go from the useful states to the useless ones,
so there is no arrow going in the opposite direction.

As a result of the above notes, useless states will be removed from the determin-
istic finite automaton designed according to Proposition 7.1. The automaton designed
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more states

useless part of automaton

Figure 7.7: Transition diagram of the deterministic finite automaton designed in Example 7.4. La-
bels of states include indexes only, for example, g, represents the state [gq], g1 represents

(90> 910> G20]s G3211 represents [Go, G11, G21, G31]-

here is
M/ = (Q,)Z> 5I,QS)FI)>

where:

- Q={lg0],[90, 910> [90> 910> 920]> [90> G10> 920> G30]> [d0> 911> (90> G11> 921
(90> 911> 921> 9311}

- &' - the transition function is given in Table 7.5;

- 4o =[q0l;

- F' = {[40> 910 920 B30} [d0> T11> G21> @311}

7.3 Finite automata with e-transitions

In previous sections of this chapter, we discussed two classes of finite automata: deter-
ministic finite automata and nondeterministic ones. We proved that both classes are
equivalent with regard to accepted languages; that is, for an automaton in one class,
an equivalent automaton of another class can be designed. The equivalence of both
classes effectively helps in solving problems because we can choose an automaton
from a class, which is more appropriate for a problem to be solved. Finite automata
with epsilon-transitions, e-transitions for short, create a third class of finite automata.
e-transitions is the next tool, which may significantly simplify solutions of problems.
However, e-transitions do not increase the computational power of finite automata.
In further parts of this section, an equivalence of finite automata with e-transitions
with nondeterministic automata is proved. The proof is a constructive one, that is, it
develops the method of designing a nondeterministic finite automaton that is equiva-
lent to a given finite automaton with e-transitions. A design of a finite automaton with
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e-transitions that is equivalent to a given nondeterministic finite automaton is also
shown.

Definition 7.12. A finite automaton with e-transitions is a system
M =(Q,%,6,q4,F),

where:
— 6§ - atransition function, § : Q x (T U {e}) — 2%
- Q,Z%, q, F stay the same as described in Definition 7.1.

A transition function of finite automata with e-transitions is a total function de-
fined for states and for symbols of the input alphabet with the empty word attached.
The type values of a transition function stay the same as for nondeterministic fi-
nite automata; that is, they are subsets of a set of states. Thus, finite automata with
e-transitions are nondeterministic ones.

The difference between nondeterministic finite automata and finite automata with
e-transitions lays in the ability of the last mentioned one to make a transition with-
out checking an input symbol. Let us recall that we already considered a property
e-transitions of pushdown automata. When an ¢-transition is made, an input symbol
is not checked. This means that e-transitions are made only for a given state of a cur-
rent configuration. From another point of view, a configuration for e-transition is only
a state and no input symbol.

A definition of a configuration (step description) of a finite automaton with
e-transitions is identical with the definition of a configuration of deterministic finite
automata, cf. Definition 7.2.

An obvious property € - ¢ = € leads to an interesting idempotent operation on
states for a given finite automaton with e-transitions

M = (Q) Z)5>qO:F)
The operation is called epsilon closure, £Cl for short. It is defined as follows:
eCliq)={peQ:peb(qe)} forgeqQ,

where
(&)
8 :Q-2%6" .9 =]6ae
k=0

and

8°%(q.e) = {g}
§“'(q.e) = 8(8"(q.9)
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where

8(P,X) =] 6. X) forPc QX e(Zuie})
peP

The eCl is idempotent, that is,

eCl(q) = eCl(eCl()) = | ] eCl(p)
peeCl(q)

Note that 6" (g,€) = Uroo 6k(q, £) = U,'(zo 5k(q, €), where r does not need to be
greater or equal than the number of states of an automaton. In fact, when a transition
diagram of an automaton is considered, then r is equal to the length of the longest
path starting at g and having edges labeled with €.

Example 7.5. Let us consider a finite automaton with e-transitions:
M= (Q)Z = {a) b}> 6’ qO>F = {qA})>

where:

- Q=190 900> 910> G20> D0b> 9192> 9}

- 6:Qx(Culie) —» 29 is the transition function given in Table 7.6. The transition
diagram of this automaton is given in Figure 7.8. The automaton accepts words, in
which letters come in pairs.

Table 7.6: The transition function of the finite automaton designed in Example 7.5.

0 a b £ &Cl
- qo 0 9 {Goa> Gob} {90 9oa> Gob> 924> 920> Gl
Goq {G14} 9 {q24} {90 9oa> Gob> 924> 92> G}
qla {an} 0 0 qla
Gaa 0 0 {qa} {905 Goa> Gob> G2a> G215 Ga}
Gob 0 G1p {q2} {90 9oa> Gob> 924> 20> 9}
G1p 0 {q2} 0 q1b
G2 0 9 {qa} {90 9oa> Gob> 924> 921> Gt
s — 0 9 {qa} {90 9oa> Gob> 924> 92> G}

The transition table shown in Table 7.6 has € closure column. Such a column, which
contains € closure of states, is not an integral part of a transition table. However, it is
recommended to attach it for the easiness of further discussion or problem-solving.

Remark 7.10. Like in the case of deterministic and nondeterministic finite automata,
finite automata with e-transitions are, that is, at accepting languages. Computation of
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Figure 7.8: The transition diagram of the deterministic finite automaton with &-transitions given in
Example 7.5.

a given finite automaton with e-transitions is done according to the following intuitive
procedure:
1. theinitial configuration of a given automaton is described as follows:
a. aninputdata,awordw = a; a, ...,a, over input alphabet %, is stored on the
input tape;
b. thehead ofthe input tape is placed over the first (leftmost) symbol of the input
word;
c. the control unit is in the initial state g;
2. based on a state g of the control unit and on an input symbol a € X:
a. &Cl(q) is computed;
astate g’ € £Cl(q) is nondeterministically picked up;
a set of states {p;, p,. .., Py} = 6(¢’, a) is computed;
if the set yielded by a transition function is empty then computation is termi-
nated and an input is rejected, otherwise
astate p’ € {p;,p,...,p;} is nondeterministically picked up;
eCl(p') is computed;
a state p € £Cl(p’) is nondeterministically picked up;
the input head is shifted right;
the control unit switches to the state p;
3. 1f the input is nonempty, then computation proceeds to the point 2, otherwise com-
putation is terminated and an automaton responds a state of the control unit.

a0 o

»—-.B.qq .._,.,S-D

Like for deterministic and nondeterministic finite automata, computation of a finite
automaton with e-transitions always terminates.

The symbol > denotes a transition (of a finite automaton with e-transitions) in
terms of point (2) of Remark 7.10. The symbols >;; and > are used in a usual way; cf.
deterministic and nondeterministic finite automata.

Definition 7.13. A binary relation in the space of all possible configurations of the au-
tomaton with e-transition is created by transitions of the automaton (both: transitions
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related to input symbol reading and e-transitions). The symbol >* denotes the transi-
tive closure of the transition relation.

Definition 7.14. A computation of a finite automaton with e-transitions

M =(Q,%,6,qy, F) is a tree such that:

— its nodes are labeled by configurations of an automaton;

— itsroot is labeled by the initial configuration;

— levels created by nodes are distinguished, the root creates the Oth level, children
of the root create the 1st level, etc.;

— nodes of an odd level are yielded by € closure applied to nodes of the previous
level;

— nodes of an even level are yielded by transition function applied to nodes of the
previous level;

- the bottom level has an odd number.

Remark 7.11. Note that, like for nondeterministic finite automata, a computation tree
of a finite automaton with e-transitions is a k-tree, where k is the maximal number of
values yielded by the transition function for given arguments (input symbols or the
empty word). Moreover, edges of every level of such a tree are labeled with the same
input symbol or with the empty word.

Remark 7.12. Formal definitions of acceptation of input and of a language accepted
by a finite automaton with e-transitions are identical with respective definitions for
deterministic and nondeterministic finite automata, that is, Definition 7.5 and Defini-
tion 7.6.

Example 7.6. Find a computation tree of a finite automaton with e-transitions built in
Example 7.5 for sample words.

Solution. Computation trees for the empty word ¢ and for the word w = aa are dis-
played in Figure 7.9. Both words are accepted because in every tree, a path from the
root to an accepting state exists.

Note that transitions of a finite automaton with e-transitions and a nondeter-
ministic finite automaton are essentially different; cf. point (2) of Remark 7.3 and
Remark 7.10. As a result, the closure of a transition function of finite automata with
e-transitions differs basically from the closure of a transition function of deterministic
and nondeterministic finite automata. The following definition provides details of the
closure of transition function for finite automata with e-transitions.

Definition 7.15. The closure of a transitions function 6 of a given finite automaton with
e-transitions M = (Q, %, 8, g, F) is the function: 6 : Q x £* — 2¢

1. (Yq € Q)(g,€) = £Cl(q)

2. (Vg € Q)(Ya € Z)(Yw € £9)b(q, wa) = eCl(8(8(g, w), a))

where: §(P,a) = Upep 6(p, a) and eCI(P, a) = Upep eCl(p,a) for P c Q.
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0

q
/// \
9o doa 9dob 922 92b @
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do 9doa 9ob 9d2a d2b 9a
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a

Figure 7.9: Computation trees of the automaton designed in Example 15 for the empty word € and the
word w = aa.

As in the case of deterministic and nondeterministic automata, the closure of a transi-
tion function of a finite automaton with e-transitions extends a domain of a transition
function from an input alphabet to the set of all words over the input alphabet. The
closure of a transition function applied to an initial configuration of a finite automa-
tonimmediately yields a result of computation S(qo, w) of this automaton for the initial
state g and an input word w = a; a, ... a,. However, a restriction of the closure of a
transition function & to the domain Q x X is not equal to 8. In fact,

Bloxs = £C(8(eCl(q), @) )

For that reason, a transition function of a finite automaton with e-transitions and
its closure are denoted by different symbols, § and §, respectively.

Remark 7.13. An input word w is accepted by a finite automaton with e-transitions
M =(Q,%,6,q,,F)ifand only if §(gg, w) N F # 2.

A question may be asked whether finite automata with e-transitions are equiva-
lent to deterministic ones. The answer is positive. Below we present a proof that finite
automata with e-transitions are equivalent to nondeterministic finite automata. Equiv-
alence with deterministic finite automata comes in the form of a direct conclusion of
Proposition 7.2.

It is clear that a nondeterministic finite automaton is such a finite automaton with
e-transitions, which does not use e-transitions. Formally, a nondeterministic finite au-
tomaton can be turned to a finite automaton with e-transitions by extending a domain
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of its transition function to Q x (£ U {€}) and setting a set of the values of e-transitions
to the empty set.

On the other hand, we will prove that, for a given finite automaton with e-transi-
tions, there exists an equivalent nondeterministic one, that is, accepting the same lan-
guage. An idea of design of such a nondeterministic automaton is based on analysis
of a description of a transition given in point 2 of Remark 7.10. It could be concluded
that a transition, as described there, corresponds to a transition of a nondeterministic
finite automata. On the other hand, a transition described there is what closure of a
transition function for an input symbol yields. Details are given as follows.

Proposition 7.2. Finite automata with e-transitions are equivalent to nondeterministic
ones.

Proof. First, the following nondeterministic finite automaton:
M=(Q,%6,qF)
is equivalent to an automaton with e-transitions:
M, =(Q,%,8',4,.F)

such that 6’ : Q x (Zu {e}) — 22,8’ (q,a) = 6(q,a),6'(g,€) = @ forqg e Qand a € =
Second, let us assume that now a finite automaton with e-transitions:

Mg = (Q) Z> 6) quF)
The equivalent nondeterministic automaton is denoted as follows:
M’ = (Q) Z’ 6’) qO)FI)

where:
- 8 =6 oxz — the transition function of M’ is equal to the closure of the transition
function of M restricted to Q x Z;

F o { Fu{qyt ifeClgy)nF + @
F otherwise.

A formal proof of equivalence of M, and M’ is based on mathematical induction with
regard to the length of input word of both automata.

Let us prove that the closure of transition function of both automata is equal for
any nonempty word w € =¥

8'(go,w) = 8(go,w) (%)
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Note that §’ denotes the transition function of M’ and its closure. However, the tran-

sition function of M, and its closure cannot be denoted by the same symbol.

1. for words of length 1 equality () is derived directly from definition of both func-
tions;

2. letus checkif equality (*) holds foraword a, a; ... a,a =wa:

§aowa) = |J oo = | foo

from closure ’ from -
of transition pe& (qO)W) inductive peﬁ(qo ,W)
function 8" assumption
— U 6(p) a) — 6(q0) Wa)
from 2 from closure of
definition pe&(qo,w) transition
of ' function &

3. utilizing mathematical induction to (1) and (2), we conclude that the equality (x)
holds.

We have just confirmed that both automata M, and M’ compute the same set of states

for given input word w € £*. This is only a step to finalize the proof, that is, to show

that a given input word w € I* is either accepted by both automata M, and M’, or is
rejected by them. Let us consider the following cases:

— the empty word w = € at input. Transition functions yield the following values in
this case: 5’(q0,£) = &Cl(q,) and 5’(qo,s) = {qo}. Thus, ¢ is accepted by M, if and
only if 5‘(q0,£) NF # @. On the other hand, q, € F' ifand only if eCl(gy)) N F #+ @.
Since ¢ is accepted by M’ if and only if g, € F’, then the empty word ¢ is either
accepted by both automata, or is rejected by them;

- anonempty word w € X' at input and eCl(gy) N F = @ or q, € F; in such, the
case F' = F. Joint acceptation is derived from the equality () and definitions of
acceptation of an input word by M, and M';

- anonempty word w € " at input and eCl(q,) N F # @ and g, ¢ F. Then for any
nonempty word w € £* we get two subcases:

- if g, ¢ 6'(qy, w), then either both &'(g,, w) and S(qo, w) include an accepting
state, or none does. Again, a joint acceptation is derived from the equality ()
and the definitions of acceptance of an input word by M, and M';

- if gy € 6'(gy, w) than the word w is accepted by M'. Also §'(gy, w) = 8(qo, W)
due to (x). We have £Cl(5(q0, wW))NF + @, because g € 3(q0, w). Let us assume
that w = ua for u € £* and a € X. Then, from Definition 7.15 and idempotency
of eCl we conclude that some accepting state belongs to 3(q0, w) due to

£Cl(8(gy,w)) = eCI(eCI(8(8(gq> ), a))) = eCL(8(8(qo, u), a)) = 8(qq, W)
and finally, since 3((10, w) = §'(go,w) N F # @, we derive that the word w is

accepted by M,.
— no other case can be found.
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We have proved that a word w € £* is either jointly accepted by both automata or is
jointly rejected by them. This completes the proof. O

Example 7.7. Design a nondeterministic finite automaton equivalent to the automa-
ton shown in Example 7.5. Apply the design method used in the proof of Proposition 7.2.

Solution. The transition table of the nondeterministic finite automaton

M = (Q = {90 900> T1a> D2a> Dob> D11 Gab> 9a}> = = 1@, b}, 6y, G0, F = {qa})

is shown in Table 7.7. The transition diagram of the automaton is shown in Figure 7.10.
There are numerous transitions in the nondeterministic automaton. At a glance, it be-
comes clear that many states and transitions are duplicates unnecessary for accep-
tance of the language.

Table 7.7: Transition table of the nondeterministic finite automaton equivalent to the automaton with
e-transitions designed in Example 7.5.

oy a b

-Gy — {914} {G1p}

Goa {914} {q1p}

G1q {905 Goa> Gob> 924> 926> G} 9

d2a {14} {g1p}

9op {14} {g1p}

G1p 0 {405 Goa> Gob> 924> 92> 9a}
Az {914} {G1p}

qp — {914} {q1p}

Figure 7.10: Transition diagram of a nondeterministic finite automaton equivalent to the automa-
ton with e-transitions designed in Example 7.5. Solid edges identify transitions by letter a, dashed
edges identify transitions by letter b.

Transition table of the deterministic finite automaton.

M= (Q = {CIo) 10> 91p> 494> Q})Z = {a: b}>6D: qO:F = {qA})
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is shown Table 7.8. The transition diagram of the automaton is shown in Figure 7.11.
The set of useful states is significantly reduced compared to the nondeterministic au-
tomaton. Based on the Myhill-Nerode theorem discussed in Chapter 8, we can prove
that this is a minimal deterministic automaton accepting this language, minimal in
terms of the number of states.

Table 7.8: Transition table of the nondeterministic finite automaton equivalent to the au-
tomaton with e-transitions designed in Example 7.5. Notice that [g¢ 4.0,24,20,4] identifies

{90 9oa> Gob> G2a> 92> Gat-

60 a b

- [go] — (914l [g1p]

[g14] [40,0a,06,2a,26,4] 0

[915) 9 [90,00,00,2a,26.41
[90,04,06,20,20,4] = (914] [G1p]

0 1] 0

Figure 7.11: Transition diagram of a deterministic finite automaton with transition table given in
Table 7.8. Square brackets are dropped in names of states. g4 identifies {gg, Goa> Gon> 924> G2b> GA}-

7.4 Finite automata as Turing machines

In this section, we justify that finite automata are restricted Turing machines. Further-
more, since finite automata always terminate their computation, they are restricted
Turing machines with the stop property. A discussion will be focused on deterministic
finite automata. However, since classes of nondeterministic automata and automata
with e-transitions one are equivalent to the class of deterministic ones, the conclu-
sions of this discussion concern all three classes.

A deterministic finite automaton can be simulated by a Turing machine, which
shifts the head right and terminates computation as soon as an input word has been
read. The machine accepts its input if and only if the automaton accepts it. The details
of the design of a Turing machine equivalent to a deterministic finite automaton are
given below.
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Proposition 7.3. There exists a Turing machine with the stop property equivalent to
a given deterministic finite automaton.

Proof. Let a deterministic finite automaton is given
M = (Q> Z) 6)q0)F)

A Turing machine in basic model and with halting states equivalent to this determin-
istic finite automaton is

My = (Qr, %, T1, 67,90, B, {qa} {ar}),

where:
-  Qr = QU {g4,qg} — two halting states q, and gy are added to the set of states
Q.94,9R ¢ Q;

— Ty = Zu{B} - the blank symbol B and the input alphabet create the tape alphabet,
B¢z
— the transition function 67 is described with the conditions:

67(q,a) = (6(q,a),B,R) forqgeQacs,

5:(¢, B) = { (gq4,B,R) forgeF

(gg,B,R) forgeQ-F
The input configuration of the Turing machine My is:
— aninput word of the deterministic finite automaton M is stored on the tape of Mr;
— the head of the tape is placed over the first cell, that is, on the first input symbol;
— the control unit of My is in the initial state g,,. O

Of course, the Turing machine M terminates computation as soon as it reaches
a halting state. It accepts its input if and only if the deterministic finite automaton M
accepts this input.

Finite automata are special cases of pushdown automata.

Proposition 7.4. There exists a pushdown automaton equivalent to a given determinis-
tic finite automaton.

Proof. Let a deterministic finite automaton is given as
M =(Q.%,6,q0,F)

A deterministic pushdown automaton equivalent to this deterministic finite automa-
ton is

MS = (Q: Z) F, 65) Q(),F);
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where:

— T ={p>} - there is only one stack symbol, the initial stack symbol;

— the transition function &g is described with the condition: 65(g,a,>) =
{(6(q, @), >)}. O

7.5 Problems

Problem 7.1. Consider the automaton with the transition function given in the Ta-
ble 7.9 as a solution of Example 74.

Table 7.9: Another transition function of the finite automaton designed in Example 7.4.

) 0 1

— o {90, G10} {90,911}
d10 {920} 0

d20 {qa} 0

qd11 9 {21}
21 9 {qa}

qp — 0] 0

Problem 7.2. Build a deterministic finite automaton accepting binary numbers divis-
ible by 5.

Hint. Enumerate states of the automaton with remainders from division by 5. To
find transitions, consider remainder from division a binary number n by 5 and remain-
der from the division by 5 a number n with a binary digit attached.

Problem 7.3. Design a finite automaton accepting binary words having no more than
four 1s in every sequence of seven consecutive letters.

Problem 7.4. Let L; = L(M;) and L, = L(M,) are languages accepted by deterministic
finite automata M; and M,. Build a finite automaton, which accepts:

— union of L; and L,, that is, the language L = L, U L,;

— concatenation of L; and L,, that is, the language L = L;  L,;

— intersection of L; and L,, that is, the language L = L; N Ly;

- Kleene closure of L,, that is, the language L = (L,)";

- complement of L,, that is, the language L = £* — L,, where X is an alphabet of L,.

Solution. A design employs a parallel computations of both automata M; and M, for
union and intersection, a sequential computations of them for concatenation, a mul-
tisequential computations of one automaton for Kleene closure and a normal compu-
tation of it for complement.
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Let assume that M; = (Q;,%, 6, qg),Fl) and M, = (Q,, %, 65, qé,Fz) are deterministic
finite automata with disjoint sets of states Q; N Q, = @. The following automata M =
(Q,%,6, g, F) accept given languages, where:

— for union and intersection:

Q=0 xQy;
8((q',q"),a) = (6,(¢',a),8,(¢",a)) fora € T, q' € Q;and q" € Q,, this transi-
tion function simulates parallel computation of both automata;
12
do = (90> 90);
for union F = F; x Q, U Q; x F,, that is, M accepts if and only if at least one
automaton accepts;
for intersection F = F; x F,, that is, M accept when both automata accept;

note that the automaton M is a deterministic one;
— for concatenation:

- M
- M

Q=0Q,UQy;

6(g,a) = {6,(q, a)}, for a € %, q € Q;, M simulates computation of M; for a first
part of an input;

6(g,a) = {6,(g,a)}, fora € X, g € Q,, M simulates computation of M, for a
second part of input;

6(q.¢€) = {q(z)}, for g € Fy, this is a e-transition, which transfers computation
from M, to M,, assuming that M; accepts a first part of an input;

qo = q}), M starts computing simultaneously with M;;

F = F,, accept when the second part of an input is accepted (a first part has
already been accepted; cf. e-transitions from F,);

= (Qy,Z, 8, qo, Q; — F;) accept complement of L; = L(M,);
=(Qy,%,8', g0, F,) accept (L;)*, where

6'(q,a) = {6(g,a)} for q € Q; and a € %, realizes computation of M, for parts
of an input word;

8'(qq-€) = F; - {qo}, accepts the empty word,;

8'(q,€) = {qo} for q € F; - {q,}, when the previous part of an input has been
accepted, runs computation of M, for next part of an input.

Problem 7.5. A language L is accepted by a deterministic finite automaton
M = (Q:Z) 6) qO)F)' Let

L' ={w=ajaya;a, ... a, € L:wincludes all letters of the alphabet Z}.

Hint. Design a deterministic finite automaton My accepting the language Ly of
words which include all letters of the alphabet Z. Then build a finite automaton ac-
cepting intersection of both languages L and Ls; cf. Problem 7.4.

Problem 7.6. A language L is accepted by a finite automaton. Prove that the language
LR = {w: wk € L} is accepted by a finite automaton.
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Solution. Noticethatifw = a; a, ... ai, thenw® = a; ... a, a,. Anideais to reverse the
computation ¢q a; g;, 4, q;, -- - g;,_, ax g; for the word w in a deterministic automaton
M = (Q,%,6,q,,F). Thus, an automaton accepting LR has reversed transitions, the
set of accepting states includes only gq,, an extra state plays role of the initial state
with e-transitions from it to states from F. The formal description of this automaton is
M* = (Qu{q'},2,6%,q',{goh) for ¢’ ¢ Qand

- g a)={pecQ:6(p,a)=qlforgeQ,acs;

- 8o =F;

- R a)=oforacy

- 6R(ge) =wforgeq.

The reader may formally prove equivalence of both automata.

Problem 7.7. Alanguage L is accepted by a finite automaton. Prove that the language
L' ={aqya,a;a, ... ay_ 10y : 0,0,0,05 ... Ay Ay € L} is accepted by a finite au-
tomaton.

Problem 7.8. A language L is accepted by a finite automaton. Prove that the language
L' = {w e L : |w| is even} is accepted by a finite automaton.

Problem 7.9. A language L is accepted by a finite automaton. Prove that the language
L' ={aqa1aa,a505 ... Gy @14y : 4;a,A0; ... a1 4 € L} is accepted by a
finite automaton.

Problem 7.10. Alanguage L is accepted by a finite automaton. Prove that the language
of words of L with even letters removed,

!
L' ={ayas...ay:aq1a,a3q, ... ay_1ay € Lvaja,aza, ... ay_q €L}

is accepted by a finite automaton.
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8 Grammars versus automata

In Chapter 2, we introduced regular expressions and regular grammars, which are
tools used to generate regular languages. Then, in Chapter 7 we defined and discussed
finite automata.

In this chapter, we integrate notions of grammars and automata. Specifically, we
show that regular expressions, regular grammars and finite automata are equivalent.
They generate (expressions and grammars) and accept (automata) the same family of
languages, that is, regular languages. Also, we prove the pumping lemma for regular
languages. Let us recall that this lemma was formulated in Chapter 2 and then used
as a tool to process languages. Then we formulate and prove the most profound issue
concerning regular languages, that is, the Myhill-Nerode theorem. As in the case of
the pumping lemma, we formulated a part of this theorem in Chapter 2, called the
Myhill-Nerode lemma, and used it as a tool for processing languages. Then we discuss
the equivalence of context-free grammars and pushdown automata. Without formal
proofs, we also briefly discuss the equivalence of unrestricted grammars and Turing
machines and context-sensitive grammars and linear bounded automata.

8.1 Regular expressions, regular grammars and finite automata

8.1.1 Regular expressions versus finite automata

Below we prove that regular expressions are equivalent to finite automata. First, we
design automata equivalent to regular expressions. The proof is based on the induc-
tive definition of regular expressions (cf. Definition 2.1) and applies mathematical in-
duction. A designed finite automaton equivalent to a given regular expression is an
automaton with e-transitions. Then a regular expression equivalent to a deterministic
finite automaton is designed. Furthermore, the equivalence of finite automata and reg-
ular expression is drawn based on the above two constructs and on the equivalence
of all three classes of finite automata as shown in Figure 8.1.

regular
expressions
deterministic finite automata
finite automata with e-transitions
K nondeterministic J
finite automata

Figure 8.1: Equivalence of finite automata and regular expressions, a dependency diagram.

https://doi.org/10.1515/9783110752304-008
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Proposition 8.1. Languages generated by regular expressions are accepted by finite au-
tomata.

Proof. We use mathematical induction to prove this proposition. A formal proof of
equivalence is done concerning the length of a regular expression, that is, the number
of symbols in it.
1. There are 3 families of regular expressions of length 1:
a. the empty regular expression © generates the empty language 0. An equiva-
lent finite automaton is shown in Figure 8.2(a).
b. the empty regular expression € generates the language with the empty word
{€}. An equivalent finite automaton is shown in Figure 8.2(b).
c. afamily of regular expressions a, for each symbol of an input alphabet a € Z,
generate languages with a one letter word {a}. An equivalent finite automaton
for a given regular expression a is shown in Figure 8.2(c).
Note that automata shown in Figure 8.2 are nondeterministic ones.

@) —(a) (o) o)
b) 19)

a)

Figure 8.2: Finite automata equivalent to basic regular expressions.

2. Assume that two regular expressions s and ¢ are given and that these expressions

generate languages S and T, respectively. Assume that both expressions are given
in the same alphabet . Otherwise, take the union of alphabets of both expressions
as a joint alphabet.
Based on inductive assumption, take finite automata Mg and M7 shown in Fig-
ure 8.3. Assume that these automata are equivalent to regular expressions s and t,
respectively. Now, we consider sum (s + t), concatenation (s o t) and Kleene clo-
sure (s*) of regular expressions. Languages generated by these expressions are
SUT,S-TandS". Finite automata (with e-transitions), which accept union and
concatenation of languages S and T, and a finite automaton accepting Klenee clo-
sure of the language S are designed as shown in Figures 8.4, 8.5 and 8.6, respec-
tively.

o= o=
— —_
Mg My

Figure 8.3: Finite automata Ms and My equivalent to given regular expressions s and t.
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€

(&) g

Figure 8.4: A finite automaton equivalent to sum of regular expressions s and t.

.
88 8

Figure 8.5: A finite automaton equivalent to concatenation of regular expressions s and t.

Figure 8.6: A finite automaton equivalent to Kleene closure of a regular expression s.

Notice, that those automata have e-transitions. Namely, an arrow from the set of
states F to the state g, in Figure 8.4 represents e-transitions from each state of
the set Fg to the state g,; alike, an arrow from the set of states Fr and the state g,
or to the state g in Figures 8.4, 8.5 and 8.6.
A formal proof of equivalence for the union of languages is given in Remark 8.1.
Proofs for concatenation and Kleene closure are left to the reader.

3. Employing mathematical induction to (1) and (2), we conclude that there exists a
finite automaton equivalent to any regular expression. O

Remark 8.1. Let Mg = (Qs, 2, 55,q‘g,FS) and M; = (Qr, %, 5T,qg,FT). The finite automa-

ton shown in Figure 8.4 is M = (Q, %, §, q,, F), where:

- Q =QsUQrU{gy, g4}, assuming that sets of states are pairwise disjoint, that is,
QsNQr =0, Qs N{gp,q4} = 0 and Qr N {gg, g} = 0;

- F={qu};
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— the transitions function 6 is based on transition functions of both automata Qg
and Qr:
- 6(g,a) =65(g,a) forq e Qs and a € %;
- 6(q,a) =0r(q,a)forqg e Qrand a € Z;
- 68(q.¢) = 65(q.¢) for q € Qg \ Fg;
- 6(g.€) = 67(q,¢) forq € Qp \ Fr;
- 6(q,€) = 65(q,€) U{gyl forq € Fg;
- 6(q.€) = 67(q,€) U{qy} for q € Fr;
- 8o, = {d5.90 b
- 6(g,X) = 0 for such (g, X) € Q x (ZU {€}), which are not considered above.

Proposition 8.2. Languages accepted by finite automata are generated by regular ex-
pressions.

Proof. Let us assume that a deterministic finite automaton

M = ({q1>q2)~~~>qn}>2:6:q])F)

accepts the language L = L(M). A method of designing a regular expression equiva-
lent to the automaton M relies on the construction of families of languages, which are
regular and which are easy to get regular expressions generating them.

The families Rl’.fj of languages are designed, where Rl’fj, for given natural numbers
i,j > 1and k > 0, denotes a set of such words w € X*, that a computation for a word
w, starting in the state g;, ends in the state g; = 6(g;, w) and does not visit states with
indexes greater than k. Note that indexes i and j may be greater than k. Let us recall
that a computation of a deterministic finite automaton is a sequence of alternating
states and input symbols. In our case, the computations for the word w begins with
the state g; and ends with the state g;.

Formal description of the family Rf-‘,j of languages is as follows:
0_{ {aeX:68(qg;a) =gl fori+#j
b {aeX:6(g,a)=qjlulel fori=j

RS =R o (RO o RiGTURST fork >0

Languages of the family jo include one-letter words, for which there is a tran-
sition from the state g; to the state g;. The empty word is included in languages R?,i
according to the rule that the empty word always allows for a transition to the same
state. Note that any word longer than one cannot be included in a language of this
family because the computation for such the word includes a middle state with the
index greater than O.

Languages of a family R
following rules:

k

ijs for a given i,j,k > 0, are assembled according to the
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— a computation for a word w, which does not visit states with indexes greater
than k, but visits the state g;, may be decomposed to computations which do not
visit gy, such that:

- a computation that begins in g; and ends in gy, this computation forms the
language (R by

— multiple computations that begin and end in g, they form the language
R

— acomputation that begins in g; and ends in gj, it forms the language Rk‘l.

Concatenation of languages Rl o (R ;j ) and Rk ! form the first part of the union

in the second formula;

— acomputation for a word w, which does not visit states with index greater than k
(except the beginning state g; and the ending state gj, which may be equal or even
greater than k), may not visit the state g;. In that case, w € Rf‘l 1. what creates the
second part of the union in the second formula.

The language L(M) is a set of such words, for which computation begins in g;, ends in
q € F and may visit any state of M, that is,

Lon= | R}

{j:q;€F}

Now, existence of regular expressions generating languages of families Rllfj can be

proved employing mathematical induction with regard to k:

— languages of the famllyR are generated by the following regular expressions and
this is a direct conclusmn from the definition of regular expressions:

- fori+j,
* ingj:{ail,...,aip}fora,-l,...,aipeZ,thenrgj:ail+~-~+aip;
* ingj:(D,thenrgj:G;

- fori=j,
* ifRY = {e.a;,.... 4}, a5, 4 €5 thenr = e+ a; +---+a;;

* ingj = {€}, then rg- =g
- based on inductive hypothesis assume that languages of a family R’-‘-‘1 are gener-
ated by regular expressions rk !, Notice that the formula for Rk !is an assembly of

languages of a family Ri’j using union, concatenation and Kleene closure. The as-
sembly operators correspond to operations on regular expressions: sum, concate-
nation and Kleene closure. These notes lead to the following regular expression
generating the R language for a given indexes i,j, k > O:

k l -1 ( k— 1) k-1 k-1

ri, = 1k rkk rk) +r11

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



192 — 8 Grammars versus automata

In conclusion, the following regular expression is equivalent to the automaton M, as-
suming that F = {g; . ;... q; }:

n n n
Mttt O

Example 8.1. Design a deterministic finite automaton accepting the language of
nonempty binary words with numbers of Os and 1s not equal modulo 3. The lan-
guage is described as L = {w € {0,1}" : #,w — #,w # 0 mod 3}. Then find a regular
expression equivalent to the given automaton.

Solution. A transition diagram of a deterministic automaton accepting the language
L is given in Figure 8.7. Notice that a state g; informs that the part u of an input word
already read satisfy the condition #yu — #,u =i+ 1.

Figure 8.7: A deterministic finite automaton accepting the language given in Example 8.1.

Helper regular expressions necessary for finding a final one equivalent to the automa-
ton are drawn in Table 8.1. Regular expressions with the upper parameter equal to
3 are outlined outside the table due to their size. Note: regular expressions given in
Table 8.1 and below are optimized in length with qualities discussed in Section 2.1.1.

r13,2 = r12,3("§,3)*r§,2 + r12,2
= (0(10)*(0 + 11) + 1)(01 + (00 + 1)(10) * (0 + 11))" ((00 + 1)(10)*) + 0(10)*
r13,2 =T i3(r§3)*r§’2 tr iz
= (0(10)*(0 + 11) + 1)(01 + (00 + 1)(10) * (0 + 11))"((00 + 1)(10)*) + 0(10)*

The regular expression equivalent to the finite automaton M is rather complex:

'm = r13,2 + (r13,3)
= (0(10)*(0 + 11) + 1)(01 + (00 + 1)(10) * (0 + 11))" ((00 + 1)(10)* (¢ + 1) + 0)
+0(10)"(e+0+11) +1
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Table 8.1: A helper table for the elaboration of a regular expression equivalent to a finite automaton
built in Example 8.1.

k=0 k=1 k=2 k=3
rfJ £ £ £+0(10)"1
rf)z 0 0 0(10)* ri3(r§,3)*r§,2 + rlz,2
s 1 1 0(10)*(0 +11) +1 ri5(r33) ris +ris
e 1 1 (10)*1
s, £ £+10 (10)*
s 0 0+11 (10)*(0 + 11)
s 0 0 (00 +1)(10)*1+0
s, 1 00 +1 (00 +1)(10)"
I € £+01 £+01+ (00 + 1)(10)*(0 + 11)

8.1.2 Regular grammars versus finite automata

Now we prove that regular grammars are equivalent to finite automata. First, we de-
sign automata equivalent to right-linear grammars. Then, for a given deterministic
finite automaton, an equivalent right-linear grammar is designed. Afterward, it is
shown that right-linear grammars are equivalent to left-linear grammars. As a result,
we come to a graph of equivalence of regular expressions, regular grammars and finite
automata. The graph is displayed in Figure 8.8.

regular

expressions
deterministic nondeterministic finite automata
finite automata finite automata with e-transitions
\_ right-linear ‘J
grammars

left-linear

grammars

Figure 8.8: Equivalence of finite automata, regular expressions and regular grammars: a depen-
dency diagram.

Theorem 8.1. Languages accepted by finite automata are generated by right linear
grammars.

Proof. We will prove that for any deterministic automaton M, there is a right linear
grammar G;; generating the language L(M), that is, the language accepted by the au-
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tomaton M. Construction of such a grammar relies on transforming computation of
the automaton M into a derivation in designed grammar By;.
Let us assume that we have the following deterministic finite automaton:

M= (Q,Z,5,q0,F)

A right-linear grammar Gy, which generates the language L = L(M) accepted by the
automaton M, is as follows:

Gy =(V,T,P,S),
where:
- V=QuisLan{St=0
- T=Z
— P - the set of productions includes the following productions and only such pro-
ductions:

- S—4qp;

- S —c¢ifandonlyifg, € F;

- p—aqifandonlyif§(p,a) =q, forallp,g € Qand a € Z;
- p—oaifandonlyif é(p,a) € F,forallp e Qand a € Z.

Now, let us prove that a word w is accepted by the automaton M (w € L(M)) if and only
if it is generated in the grammar G,; (W € L(Gyy)). To prove this, notice that the com-
putation of the automaton M for given the word is identical to this word’s derivation
in the grammar Gy;.

First, we confirm that if a word w € L(M), then w € L(Gy,). If € € L(M), that is,
qo € F, then its derivation is immediate: S — €. Now, let us assume that W # ¢, that
is,w=aa,...a, € L(M) c £* and n > 0. Then

do 01 4, 2 45, --- Gi,_, An 4

n

is the computation of M for the word w. Since w € L(M), then g; € F. The correspond-
ing derivation in Gy, is as follows:

S=q—-a1q, 24, q;, > > a1 Ay... A1 G | — Ay Ay... Ay Ay

Notice that the production g; . — a, is included in this grammar because 6(q;,_,,a,) €
F and this production is used as the last one in the derivation.

Now, we verify that if w € L(Gy;), then w € L(M). Let us assume that we have a
wordw = 14, .. .. a, € L(Gy), then for w # ¢ there exists a derivation in G; and it gets
the form:

S=>q—-a1q, > aa,q;, > > a1 Ay...0p 1 G | — Ay Ay... Ay Ay
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The corresponding computation of M for any w # ¢ is as follows:

do 1 i, A2 4, --- 4i,_, An q;,

where the productiong; = — a,g; usedincomputation corresponds to the production
g; , — a, employed in the derivation, for some g; € F.

Subsequently, for w = € € L(M) there is the production, which constitutes the
derivation S — €. The corresponding computation is gj,. O

Example 8.2. Design aright-linear grammar equivalent to the finite automaton shown
in Figure 8.9.

Figure 8.9: The finite automaton given in Example 8.2.

Solution. The transition graph of the automaton is given in Figure 8.9.
The right-linear grammar designed according to Theorem 8.1 is as follows:

G = ({S) q0> ql, q27 Q3}, {0) 1}: P> S)
with productions:

S—qo

qdo — 0q,11g5 101
P:4 q,—0q,|1q,

g, — 0g, | 1g,

g3 —>0g3 195101

This right-linear grammar is a context-free grammar. So, it may be simplified by re-
moving useless symbols. Finally, we get the grammar:

G = ({S,451,{0,1},P',S)

P,.{ S—1g;1011
gs —0g311g5; 101

Theorem 8.2. Languages generated by right-linear grammars are accepted by finite au-
tomata.
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Proof. Let
G=(V,T,P,S)

is a right-linear grammar. A finite automaton with e-transitions accepts the language
L = L(G) generated by the grammar G:

M= (Q)Z) 67 qo,F),

where:

- Q={lale(VUT)": (3B (VUT)*)A — Ba € P}, that is, states are labeled with
all possible suffixes of right-hand sides of productions;

- =T

- 4o =I[Sl;

— 6 - atransition function is assembled with the rules:
— if A e Vthen 6([A],e) = {[a] : A — a € P};
- ifaeTAae(T*uT*V)then §([aal,a) = {[a]}

- F={]}

Justification of correctness of the automaton construction is based on observation of
a derivation in a right-linear grammar.

Any intermediate derivation word is of a form xA, where x € T*, A € V. A right-
hand side of a production A — yB employed in a derivation replaces a nonterminal
symbol A and creates a next intermediate derivation word xyB. An automaton reads
terminal symbols inserted by a production and then switches to a state relevant to
an inserted nonterminal symbol. This action is repeated for all productions of this
form employed in a derivation. A derivation is terminated with a production A — z,
where z € T* (without a nonterminal symbol on its right-hand side). In this case, an
automaton reads terminal symbols and then goes to an accepting state marked with
the empty word €.

Computation of such an automaton, for a given the word, follows a derivation
of this word. States visited along a computation correspond to unread part of an in-
put word. This unread part is represented by beginning terminal symbols and by one
nonterminal symbol if the derivation is not terminated with a production to a string
of terminals employed. This nonterminal symbol produces a remaining part of an in-
put word. The last production of a derivation does not include a nonterminal, which
allows an automaton to read terminal symbols and to go to the accepting state.

The above notes can be turned to formal inductive proof with regard to the length
of derivation. O

Example 8.3. Design a finite automaton equivalent to the right-linear grammar

G = (1S,A},{0,1},{S — 004,A — 11A | 11S | 1| €}, S)
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Solution. The automaton is designed according to the method used in the proof of
Theorem 8.2. A transition diagram of the automaton is shown in Figure 8.10.

AT

—(181 8@0@0

Figure 8.10: A finite automaton equivalent the right-linear grammar given in Example 8.3.

Theorem 8.3. Right-linear grammars are equivalent to left-linear grammars.

Proof. In Problem 7.6, it is proved that a language LF is regular if L is regular, where LR
is the language of reversed words of L. Observe that a right-linear grammar G is turned
to a left-linear one Gj if right-hand sides of Gy productions are reversed. Moreover, a
language L(G; ) generated by G; is an inverse of L(Gy), that s, (L(GL))R = L(Gg), assum-
ing that G; is created by reversing productions of G;. A formal proof of this equality
relies on a simple application of mathematical induction with regard to the length of
the derivation of words, that is, with regard to the number of productions employed
in a derivation. O

8.1.3 The pumping lemma

The pumping lemma was formulated in Chapter 2, but not proved there. Here, it is
recalled and proved.

Theorem 8.4 (The pumping lemma for regular languages).

If a language L is regular

then there exists a constant n; such that for any word z € L the following condition
holds:

(lz| = n;) = Z=uvwA|uv| <n; Alv| =1 zi=uv'wel
L L i
u,v,w i=0,1,2,...

Proof. If alanguage L is a regular one, then there exists a deterministic finite automa-
ton M = (Q,%, 8,9, F), which accepts L. Let denote the number of states of this au-
tomaton |Q| = n. If all words of the language L are shorter than n, then for the constant
n; = n, the implication holds because its antecedent |z| > n; is never true.
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Letze L,z = aya,...a,, where m > n. A computation of M for z is

qo14i,024;, - - - Ap-19m,, ,Am9i,,

andg; €F.

There are m+1 > n+1states in this computation. This means that at least one state
is repeated because there are only n states in M. Let us take the leftmost pair of repeat-
ing states. They, of course, appear in a beginning part of the computation, including
no more than n letters and no more than n + 1 states. In the following computation,
leftmost repeating states are underscored

4019,z - - - 4;4;j1G;,,, - - AGipi;, Yip1i,,,, - - - Am-19i,,_, AT,
wherep > 1.

For that reason, the part of computation between these underlined states includes
at least one letter. If the first underlined state together with the part between under-
lined (repeated) states, that is, ,9j419i,,, - - - Gjsps 18 removed. The remaining sequence

of states and letters is still a computation, which ends in an accepting state:
Qo194 - - - 4Gy, GipiQi,.,,, - - - In-14i,,_, Ami,

On the other hand, the sequence 43,9195, - - - Qjyp MAY be inserted just before the

first repeated state and an obtained sequence is still a computation, which ends in an
accepting state:

Aoa19;, - - 4jq;;Ajy1 - - - Ay pQi Aji1 - - - Aapi;, Ajipat - - Am-19i, A,

Insertion of this sequence may be repeated, developing a computation, which ends in
an accepting state.

As a result, the computations for following words are created:
- Zy=MAy... A5 p, - Gy O
- Z1= WAy .. . Ay .. Ay
- Z=WAy... Qi - upQiyg - Qi piipyy - - - A1 A
- 3=y Qi - Qi Qg - Qiip iy - Qipiipyy - - Q1A
- etc.

Ajipsy---a

m-19m5

and they end in an accepting state. Notice that a part of a word, which is repeated, has
at least one letter. Moreover, both the beginning part and a repeated part are not longer
than n; = n. Therefore, we have a sequence of words as required in the consequence
of the implication. This proves the lemma. O

As a consequence of the pumping lemma, it may be concluded that computations
of a finite automaton are determined by a finite set of words shorter than a constant n; .

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

8.1 Regular expressions, regular grammars and finite automata =— 199

A computation for a word, which is not shorter than n;, can be shortened by remov-
ing its middle part(s), as in the pumping lemma. This implies that a set of accepting
states of a deterministic finite automaton can be effectively calculated by investigat-
ing a finite set of such words, which are not longer than the constant n;. Computations
for longer words cannot bring a new accepting state. This conclusion can be formally
expressed as follows.

Remark 8.2. For any word z € L, |z| > n;, there exists aword w € L, [w| < n; such that
the computation for the word z is a, = a;a,a3 and the computation for the word w is
a,, = a,a;. Note that &, may include many different repeating parts.

8.1.4 The Myhill-Nerode theorem

In this section, the Myhill-Nerode theorem is formulated and proved. The Myhill—-
Nerode lemma, which was used in Chapter 2, is a direct consequence of the Myhill-
Nerode theorem.

Theorem 8.5 (The Myhill-Nerode theorem). The following conditions are equivalent:

1. alanguage L is accepted by a deterministic finite automaton M = (Q,Z%, 6, qo, F);

2. alanguage L is a union of some classes of a right invariant equivalence relation with
finite index;

3. therelation R; induced by a language L has finite index.

Proof. The following implications between the above conditions will be shown: 1 =
2=3=1

1=2

Assume that a deterministic finite automaton M = (Q, %, 8, gy, F) is given. Let us
define a relation py; ¢ £* x £* such that for any x,y € £, xpyy © 6(qo,x) = 6(qo,Y)-
The relation is:

— aright invariant relation because

(Vx,y,z € £°)8(qo, X) = 8(qo,y) = 6(qo, x2) = 6(qo,Y2);

- anequivalence relation since the equality relation is an equivalence relation. It is
obvious that p,; is

- reflexive, that is, (Vx € ) 8(qg,X) = 6(qg, X);

- symmetric, that is, (Vx,y € £*) 8(¢q, x) = 6(qo,¥) = 6(q0,Y) = 6(do,X);

— transitive, that is,

(Vx,y,z € £%) 8(qo, x) = 6(o,y) A 8(qo, ) = 6(qo,2) = 6(qo,X) = 6(qo, 2)-

It is evident that all words for which computation ends in the same state create an

equivalence class. In conclusion, we wind up that the number of equivalence classes
is not greater than the number of states |Q| of the automaton M. It is also evident that
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the language L is a union of those equivalent classes, which correspond to accepting
states.

2=3

Let us assume that a relation p as described in condition 2 is given. For any x,y €
¥*, if xpy, then either x,y € L, or x,y ¢ L (because L is a union of some equivalence
classes of p). Moreover, for any z € X", if xpy, then xzpyz, that is, either xz,yz ¢ L, or
xz,yz ¢ L (because p is a right invariant relation). For that reason, (Vx,y € £*)xpy =
XR;y.In conclusion, every equivalence class of the relation p is included in some equiv-
alence class of the relation R; induced by the language L. We get that R; has no more
equivalence classes than p,; has, that is, the number of equivalence classes of R; is
finite.

3=1

Assume that the relation R; induced by the language L has a finite number of
equivalence classes. The following deterministic finite automaton accepts the lan-
guage L:

M = (Q’Z> 6) qO)F),

where:

—  Q={q : w € X'} - states correspond to equivalence classes of R; ;

— X -analphabet of the language L;

- gy = q|g — the state corresponding to the equivalence class [], which includes
the empty word ¢, is the initial state;

- F ={q, : w € L} - accepting states correspond to equivalence classes, which are
included in the language L;

— 6 -atransition function is defined by the formula 6(q(,,}, @) = g4, for any qy,,; €
Qand any a € X, where [w] is an equivalence class of the relation R; represented
by awordw € Z*.

The automaton M designed above accepts the language L because:
- foranyw € L, 6(qp,w) = 6(qW) = gy (simple inductive proof justifies this
evidence), that is, 6(g,, w) € F;

-  likewise, forany w ¢ L, §(qy,w) ¢ F.

The proof has been completed. O

8.1.5 Minimization of deterministic finite automata

The Myhill-Nerode theorem helps to minimize deterministic finite automata. First of
all, note that the relation R; induced by a regular language L is the most general equiv-

printed on 2/9/2023 9:16 AMvia . All use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

8.2 More grammars and automata = 201

alence relation defining a language L. Namely, an equivalence relation defines a lan-
guage if and only if a language is a union of some equivalence classes of this relation.
Recall that an equivalence relation E; is more general than an equivalence relation E,
if and only if equivalence classes of E, are included into equivalence classes of E;.

Second, a deterministic automaton designed in the proof of the third implication
is a minimal one concerning the number of states. If this were not true, then we would
be able to build a deterministic automaton M’', which has fewer states than the au-
tomaton M designed in the proof. However, the relation p,, considered in the proof
of the Myhill-Nerode theorem would have fewer equivalence classes than the rela-
tion R;. But this is not possible due to the second implication considered in the proof
of the Myhill-Nerode theorem.

Finally, an automaton designed in the proof of the Myhill-Nerode theorem is a
minimal one concerning the number of states.

8.2 More grammars and automata

8.2.1 Context-free grammars versus pushdown automata

In this section, relations between context-free grammars and pushdown automata
are discussed. It is shown that pushdown automata are equivalent to context-free
grammars. Thus, a class of languages accepted by pushdown automata is the class of
context-free languages.

Theorem 8.6. Languages generated by context-free grammars are accepted by push-
down automata.

Proof. Let a context-free grammar is given and the empty word is not generated in the
grammar. We design a pushdown automaton accepting the language generated by this
grammar. The automaton accepts with the empty stack.

We assume that a given context-free grammar

G=(,T,P,S)

is in Greibach normal form. Let us recall that productions of a grammar in Greibach
normal form are A — aa, where A € V,a € T and a € V*. For a given the word
w € L(G) aleftmost derivation in G is considered. A pushdown automaton, when com-
putes a given the word w, follows this leftmost derivation in G. A pushdown automaton
equivalent to the grammar G is

M = ({q0> q}: T: V U {[>}: 6’ qo: >, <, @)

where the transition function is designed as follows:
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— begin with a given the word w € T™* on the input of M and with the initial symbol
S of the grammar G on the stack;

— accept if the end-of-input symbol < is on the input and the initial stack symbol >
is on the stack;

— if a € T is an input symbol, A € V is a top symbol of the stack and there is a
production A — aa in the grammar G, a € V", then read the input symbol and
replace the top symbol of the stack with a (remove A from the stack, push on the
stack symbols of a in reverse order);

— reject in all other cases.

These rules could be rewritten as follows:

- 6(qo.&>) =1{(g.S>)}
- 0(g,a,A) ={(q,a) : A > aa € P};

- 6(g,<,>) ={(g, D}

Modification of the design in the case when ¢ is included in the language is fairly easy.
The automaton should be able to pop the top symbol of the stack up in its first transi-
tion, that is, the first rule of the presented above should be replaced with:

- 6(qo.&>) =1{(g,S>). (g, >)}

A formal proof is based on mathematical induction concerning the length of deriva-
tion. O

Notice that an automaton designed in Theorem 8.6 is, in general, a nondetermin-
istic one. Nondeterminism is raised by the ambiguity of grammar. If a grammar in
Greibach normal form is simple, that is, satisfies the Greibach uniqueness condition,
then an automaton is a deterministic one.

Example 8.4. Design a pushdown automaton equivalent to the grammar
G = ({S,A}, {a, b}, {S — aAA,A — a | aS | bS},S)

Provide a computation of the designed automata for the word w = abaaaa.

Solution. The grammar G is in Greibach normal form. An equivalent pushdown au-
tomaton is

M = ({q(), q}> {a> b}) {S>A> |>}: 6> qo) >, <, 0)

with the transition function given in Table 8.2.

The automaton accepts with the empty stack. Recalling: if a transition function is
undefined, which is denoted as the empty entry in the transition table, then a push-
down automaton rejects its input.
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Table 8.2: Transition tables of the pushdown automaton equivalent to the grammar given in Exam-
ple 8.4.

> (g, St)

S (g,AA)
A q,5) q.5)
(g.€)
> ACC

A computation for the given word w is presented in Figure 8.11. Note that the word is
accepted because there is a path from the root to an accepting leaf (accept with empty
stack and empty input).

> q abaaaa<]

D>S q abaaaa<]
|
>AA q baaaa<
|
>AS q aaaa<
|
>AAA qaaa<|
>AA qaa< D>AAS q aa<
SN |
>Aqa< >AS qa< >AAAA qa<

/N |

>q< D>Sq<d DAAAgq< DAAAqJ l>AAA|;Sq<]

| | | |
ACC

Figure 8.11: Transition tables of the pushdown automaton equivalent to the grammar given in Exam-
ple 8.4.

Example 8.5. Develop a method of designing pushdown automata equivalent to LL(1)
grammars. Build an automaton equivalent to the grammar given in Example 3.16 of
Chapter 3.
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Solution. Assume that a LL(1) grammar is given:
G=(V,T,P,S)

LL(1) grammars satisfy a uniqueness condition, which is similar to the Greibach
uniqueness condition. Therefore, it would be possible to design a deterministic au-
tomaton equivalent to a given LL(1) grammar. However, productions of a LL(1) gram-
mar may have a right-hand side not beginning with a terminal symbol or may be
nullable, which makes an automaton to be a nondeterministic one. In practice, if we
can check an input symbol without doing an immediate transition, an automaton
may be turned into a deterministic one. Below, a general, nondeterministic method
for designing an automaton is given. An automaton is defined as

M=({go.q},T.VUTU{>}6 44 > <,0)

where the transition function is built according to the following rules (those are

slightly modified formulated in the proof of Theorem 8.6):

1. begin with a given word w € T™ at the input of M and with the initial symbol S of
the grammar G on the stack;

2. accept if the end-of-input symbol < is at the input and the initial stack symbol &>
is on the stack;

3. if the same symbol a € T of the input alphabet is at the input and at the stack,
read the input symbol and remove the top symbol of the stack;

4, if A € V is a top symbol of the stack and there is a A-production in the grammat,
then choose nondeterministically an A-production A — a, a € (VU T)* and re-
place the top symbol of the stack with a (remove A from the stack, push on the
stack symbols of a in reverse order);

5. reject in all other cases.

These rules could be rewritten as follows:

- 6(q0,6>) =1{(g,:S>)}

- 6(g,a,a) ={(q,e)} fora e T;

- 6(g,6,A) ={(q,aa) : A — aa € P} forA € VU {S};
- 6(g,<,>) = {(g.>)}.

A formal proof is based on mathematical induction completed concerning the length
of derivation.

An automaton equivalent to the grammar given in Example 3.16 of Chapter 3 is as
follows:

M = ({qO) q}: 2) F> 5; CI(), l>) <], 0)

where:
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- Z={id+- /1,005

- T'={E,E,T,T,P,P,Q,>,id, +,—, *,/,T, ()}

— 6 — the transition function is given in Table 8.3. In this table, empty entries de-
note rejection of an input. For the sake of clarity and space saving, the values
+TE;, -TE,, ¢ should be read as {(q, +TE;), (g, -TE)), (g, €)} (brackets and the state
q are dropped), that is, only symbols replacing a top symbol of the stack are
shown. The symbol 7 stands for any terminal symbol >, id, +, —, =, /, T, (,), that is,
6(q,1,7) = (q,¢) for T € {>>,id, +,—, %, /, T, (,)}.

Table 8.3: A pushdown automaton equivalent to the LL(1) grammar given in Example 3.16 of Chap-
ter 3.

0 T £

E TE,

E[ +TE[,—TE[,£
T PT,

T #PT, [PT}, €
P QP

P[ T QP[,E

Q -Q,(E),id

T £

This automaton can be turned into a deterministic one, assuming that an input sym-
bol can be reused. In other words, if an input can be checked before a e-transition
is (nondeterministically) done, then a suitable transition could be (deterministically)
chosen based on the uniqueness condition of LL(1) grammars and SELECT sets of rel-
evant productions.

Theorem 8.7. Languages accepted by pushdown automata are generated by context-
free grammars.

Due to its complexity, proof of this theorem does not fit this book. On the other
hand, this theorem has no impact on other parts of this book. Therefore, the formal
proof is skipped. The reader can consult the proof in, for instance, [1].

8.2.2 Unrestricted grammars versus Turing machines

Theorem 8.8. Languages generated by unrestricted grammars are accepted by Turing
machines.

Proof. We will describe a Turing machine, which accepts a language generated by a
given unrestricted grammar. A detailed description of such a machine does not fit this
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book. Moreover, such a huge and detailed description would be far away from an easy

understanding of how such a machine works.

Let us assume that a context-sensitive grammar G = (V, T, P, S) is given. We design

a Turing machine, which will nondeterministically follow a derivation of a given the

word. This machine has two tapes. An input word w = a,a,...a, is kept on the first

tape. An intermediate word of a derivation is stored on the second tape. A computation
is terminated when the contents of the second tape is equal to the input word w. Note

that we do not put any restriction on a derivation; it may neither be a leftmost nor a

rightmost one. The machine realizes the following algorithm:

1. initialize the second tape with the initial symbol S of the grammar G, that is, put
this symbol in a cell of the tape;

2. compare contents of both tapes. If they are equal, switch to an accepting state and
terminate computation;

3. nondeterministically choose a symbol in a word on the second tape, e. g., such a
choice is done by the Turing machine designed in Example 5.6;
nondeterministically choose a production & — f of the grammar G;

5. compare the left-hand side a of this production with the part of the word on the
second tape, which begins with the symbol chosen in point 3. If they match, re-
place the part of the word with the right-hand side of the production (perhaps,
a remaining part of the word, which follows the part a to be replaced, needs a
shifting left or right, depending on whether |a| < |B| or |a| > |B]);

6. go back to the step 2.

A Turing machine realizing the above algorithm accepts an input word if this word
is generated in the grammar G. This is guaranteed by the fundamental assumption
about nondeterminism. It is assumed that a nondeterministic choice always leads to
acceptance of input if such input can be accepted; cf. Section 5.2. If an input word is
not generated in the grammar G, then such a Turing machine will fall into an infinite
computation.

On the other hand, if there is a sequence of transitions leading to acceptance by
such a Turing machine, then this sequence of transitions defines a derivation in the
grammar G.

It can be proved by induction that the content of the second tape is an interme-
diate word of some derivation in the grammar G. Then, based on the fundamental as-
sumption of nondeterminism, it can be concluded that a derivation of an input word
is generated in the grammar. Thus, L(G) = L(M). O

Theorem 8.9. Languages accepted by Turing machines are generated by unrestricted
grammars.

As in case of Theorem 8.7 the formal proof is skipped. The reader can consult the
proof in, for instance, [1].
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8.2.3 Context-sensitive grammars versus linear bounded automata

Theorem 8.10. Languages generated by context-sensitive grammars are accepted by
linear bounded automata.

Proof. The proof is similar to the one in Theorem 8.8. Instead of using a two-tape Tur-
ing machine with tapes infinite two-way, we use a linear bounded automaton with
two tapes, both of length equal to the length of an input word. This restriction may
cause that it is impossible to perform an operation of the pint 5 of the proof in Theo-
rem 8.8. The reason for such a failure is that there may be no room for replacing a part
of the word with the right-hand side of a production. In such a case, an automaton
rejects its input. It is worth underlining that an automaton used here is nondetermin-
istic. According to the fundamental assumption of nondeterminism, we may interpret
a computation of an automaton as a sequence of configurations correctly chosen. To
summarize, a such designed linear bounded automaton accepts the language gener-
ated by a given unrestricted grammar. O

Theorem 8.11. Languages accepted by linear bounded automata are generated by
context-sensitive grammars.

As in case of Theorem 8.7, the formal proof is skipped. The reader can consult the
proof in, for instance, [1].
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9 Around the hierarchy of languages

In this section, we define more operations on languages: substitutions, homomor-
phism and quotients. Then we prove closure properties of classes of languages with
regard to operations on languages. Finally, we define the Chomsky hierarchy of fami-
lies of languages and the hierarchy, extension and prove its properties.

9.1 More operations on languages

9.1.1 Substitutions, homomorphisms

Definition 9.1. Let X and A are alphabets. A mapping f of letters of an alphabet X into
languages over an alphabet A:

f:Z—»ZA*

is called substitution. A substitution on an alphabet X can be extended:
— towords over an alphabet X:

f:3 - al
fle)=¢
f(wa) =f(w)of(a) (YweZ")(VaeX)

— and to languages over an alphabet X:

f: yaly
fwy=Jfw) (¥Lcz")
wel

This general definition of substitution may be restricted to a class of languages,
assuming that values of substitution are languages of this class as well as arguments
of a substitution are languages of this class as well. In this section, discussion on sub-
stitutions is restricted to regular languages. Explicitly, we assume that substitutions
are mappings: f : £ — RgL(A), f : £* — RgL(A) and f : RgL(Z) — RgL(A), where
RgL(Z) and RgL(A) are the classes of regular languages over alphabets X and A, re-
spectively.

The definition of substitution could be reformulated to regular expressions.

Definition 9.2. Let X and A are alphabets. A mapping F of letters of an alphabet Z into
regular expressions REx(A) over an alphabet A:

f:{a:aeZ} - REx(D)

https://doi.org/10.1515/9783110752304-009
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A substitution on an alphabet X can be extended to regular expressions REx(Z) over

an alphabet X:
f : REx(Z) — REx(A)
such that
f®)=0
fle)=¢
f(a) = the value defined by the mapping f (Va € X)
and

f(s+t)=(f(s) +f(1))
f(sot) = (f(s)=f(1))
f(s*) = ((F)")

where 0, € and a for a € X are basic regular expressions, s and t are regular expressions
(used in inductive step of the definition).

Remark 9.1. In the class of regular languages, substitutions can be considered alter-
natively with regard to languages or concerning regular expressions generating these
languages.

Example 9.1. Let X = {a, b} and A = {0, 1} are alphabets and f is a substitution:

f(a) = {00,0000, 000000, ...}
f(b) ={1,11,111,1111, 11111, .. .}

Redefine this substitution to regular expressions and compute its value for given reg-
ular expressions: bab and a*(a + b)b*.

Solution. Thelanguage {00,0000,000000,...}is generated by the regular expression
00(00)*, the language {1, 11,111, 1111, 11111, .. .} is generated by the regular expression
11*. Hence, the substitution reformulated to regular expressions is as follows (notice
that, in light of Remark 2.2 of Chapter 2, unnecessary brackets are removed):

f(a) = 00(00)*
f(b) =117

Now, let us compute values of the substitution for given regular expressions:

—  f(bab) = f(b)f (a)f (b) = (11¥)(00(00)*)(11*) = 11¥00(00)*11*

- fla = (a+ b)) = f@)fa+ bfd") = @) F@ + fOLHFDB)" =
(00(00)*)*(00(00)* +11%)(11*)* = (00)*(00(00)" +11*)1* = (00)* 001" +(00)*11* =
(00)*(00 + 1)17.
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Definition 9.3. Let X and A are alphabets. A substitution h : £ — 2A*, such that
|[h(a)] = 1for all a € Z, is called a homomorphism. In other words, a homomorphism
is such a substitution, which yields one-word languages. An extension of a homomor-
phism to words and languages is a relevant extension of a substitution.

Remark 9.2. A homomorphism h is identified with a mapping h : £ — A", which
yields a word over the alphabet A for a letter of the alphabet X rather than a language
including only this word.

Definition 9.4. Leth: = — 2% isa homomorphism. An inverse homomorphic image
of aword w € A" is a set of words (language):

hi(w) = {x € Z:h(x) =w}
An inverse homomorphic image of a language L ¢ A" is a set of words:

Wi = Jh'w) ={x e :h(x) eL}

wel

Example 9.2. Let X = {a, b} and A = {0, 1} are alphabets and h is a homomorphism:

h(a) =010
h(b) =101

Find an inverse homomorphic image of a language L generated by the regular expres-
sion (g + 0)(10)* (e + 1).

Solution. Notice that the language L includes words with alternating Os and 1s, that
is, none a word include two successive Os or 1s:

L = {¢0,1,01,10, 010,101, 0101, 1010, 01010, 10101, .. .}

The language L includes the empty word € of length 0 and two words of any length
greater than 0. Of course, only words of length divisible by 3 can be yielded by the ho-
momorphism h. This means that the inverse homomorphic image h™! yields the empty
set for any word of length not divisible by 3. Having this in mind, we can show that
the inverse homomorphic image works for successive words of L of length divisible
by 3:

- k) = {ek;

- h7Y(010) = {a}, h"1(101) = {b};

- h7'(010101) = {ab}, h}(101010) = {ba};

- h7(010101010) = {aba}, h™*(101010101) = {bab};

- h"1(010101010101) = {abab}, h_1(101010101010) = {baba};
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As it is seen, the inverse homomorphic image h~Y(L) includes words with alternat-
ing a’s and b’s, that is, the same language as L with Os replaced by a’s and 1s re-
placed by b’s. The language h (L) is, of course, generated by the same regular expres-
sion, which generates L with the same replacements: (& + a)(ba)* (¢ + b). Despite that
h™Y(L) = L, it is not true that h(h (L)) = L. The homomorphic image of the language
generated by the regular expression (¢ + a)(ba)* (¢ + b), that is, having all words with
alternating a’s and b’s, includes words with alternating Os and 1s of length divisible
by 3.

9.1.2 Quotients

Quotients of languages are actually applied to words. Quotient of words is essentially
the opposite of concatenation. A quotient of words is a kind of reduction of one word,
a dividend, by another one, a divisor. Two types of quotients are defined: the right
quotient and the left quotient.

Definition 9.5. Let L, and L, are languages over an alphabet .

The right quotient of a language L, by a language L, is the language L, /L, consist-
ing of such words over the alphabet Z, which concatenated with words of the divisor
give words of the dividend:

Li/Ly={xe€X": 3y eLy)xyeL}

The left quotient of a language L, by a language L, is the language L,\L, consisting
of such words over the alphabet X words, which concatenated to words of the divisor
give words of the dividend:

Ll\L2 = {y € Z* . (HX € Lz)xy € Ll}

Example 9.3. Let L, = {a"b"¢" :n>0}and L, = {d*b'c™ : k,1,m > 0}. Find quotients:
Ly/Ly, L\Ly, Ly/L, and L,\L,.

Solution. Let us consider every case:
1. L;/L, - analyzing definition of the right quotient we get

Li/L, = {w e {a,b,c}" : wo d*b'c™ = a"b"" k, 1, m,n > 0}

The following cases are possible with regard to w:

—  w=dad"h"c" and d*b'c™ = ¢, thatis, k = = m = 0 for n > 0 (notice that the
case n = 0 is considered in the forth item of this list) or

- w=d""c? and d*b'c™ = " P forn>p >0or

- w=d"’ and d*b'c™ = " Pc" forn > p > O or

- w=d’and d'blc™ = d"Pb"c" forn > p > 0.
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Finally:
Li/Ly=Lu{a"b"¢’ :n>p>0}u{d"p’ :n>p=>0}tufa®:p>0}
2. L,\L, - solution is similar to the solution of the above case:

L\L, = {wefab,c}": dblc™ow = a"b' "k, Lmn > 0},

L\L, =Liu{a’b"c" :n>p>0Lu{p’c" :n>p>0}ui{c? :p=>0k
3. L,/L;and L,\L; give the same result. Let us consider L,/L;:
Ly/L; = {w € {a,b,c}* : wod"B"c" = d“b'c™, k,1,m,n > 0}

Notice that an empty word ¢ is in the divisor. So, any word w = a“p'c™ is in the
quotient. On the other hand, only a string of a’s concatenated with a nonempty
divisor’s word gives a word of the dividend. Analysis of L,\L, is similar.

Finally, L,/L; = L,\L; = L;.

Remark 9.3. The definition of quotients of languages could be reformulated to regular
expressions instead of languages. Such a formulation corresponds, of course, to quo-
tients of languages generated by regular expressions, that is, to quotients of regular
languages.

Example 9.4. Languages R;, R, and R; are generated by regular expressions r; =
0%10%,r, = 10*1and r; = 0*1. Find the following quotients R;/R,, R;\R,, R;/R3, R;\R;,
Ry/R;3, R)\R;.

Solution. Results are given in a form of regular expressions, thus a symbol = is used
instead of equality — R;/R, = 0, R{\\R, = @, R;/R; = 0", R{\R; = 0%, R,/R; = 107,

9.1.3 Building automata with quotients

A language L = L(M) accepted by a deterministic finite automaton M = (Q,Z%, 6, qo, F)

isasetof words L = {w € * : §(q,, w) € F}. Let consider languages:
L, = {w € £* : 8(q,w) € F}, where 8(qy,a) = q, for a € X. These languages
are accepted by deterministic automata M = (Q, %, 6, q,, F). Note that L, is derived
from L by removing the first letter from words of L, thatis, L, = {u € £* : (Iw ¢
L) au = w}. The last formula defines the left quotient of the language L with the
divisor language {a} (the divisor language includes one word of unit length), that
is, L, = L\{a};

- Ly, ={w € Z% : 8(qy,w) € F}, where q,, = 6(qq,ab) for a,b € Z. Ly, is derived
from L by removing two leading first letters from words of L or — in other words —
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L, is derived from L, by removing the first letter from words of it: L, = L\{ab} =
La\{b};
- Lgpe ={w € Z% : 8(qupe- W) € F}, 8(qg,a) = g, fora, b, c € £7;

How many languages do we get in the above process of quotients? We get as many
words in the language L, at a glance. Nevertheless, since languages are tied to states
of a finite automaton, we get no more languages than the number of states. On the
other hand, languages are computed as quotients by words over the alphabet of this
language. They may be tied to any deterministic finite automaton, including an au-
tomaton with a minimal number of states. Hence, the number of languages does not
depend on a particular automaton. From the Myhill-Nerode theorem, we conclude
that these languages are tied with equivalence classes of the relation R; induced by
a regular language L rather than a particular deterministic finite automaton accept-
ing L. However, these languages are not equivalence classes of R; . Moreover, they are
not equivalence classes of any equivalence relation.

Now, consider which of the above languages correspond to equivalence classes
of R; included in the language L. Take a particular language L,. Note that there are
many u € X* defining the same language. In fact, a set of words defining a particular
language can be written as E,, = {u € £* : L, = L, }. If an automaton M is a minimal
one, then E, = {u € £* : 8(qy,u) = 6(qy,w)} is an equivalence class of R;; cf. the
Myhill-Nerode theorem. If v is a shortest word in E,,, then the state (g, V) = 8(gy, W)
is accepting one if and only if v € L, what is equivalent to € € L.

As a conclusion of this discussion, we get the following proposition.

Proposition 9.1. A regular language L over an alphabet X" is accepted by a determin-
istic finite automaton

M= (Q’Zx 6) qO’F)y

where:

- Q={q :L,=L\{wirw e X"}, that s, states are labeled by quotients of languages;
~— 40 =415

- F={q :eel,};

- 6(qu, a) = qar,, fora € E,w € £* and, in this convention, L, = L.

Moreover, this automaton is a minimal one (with regard to a number of states) accept-
ing L assuming that equality of any two languages obtained from different quotients is
identified.

Example 9.5. Let a language L be generated by the regular expression r = (aa)*(aa +
bb)(bb)*. Employ Proposition 9.1 to design a deterministic finite automaton accept-
ing L.
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Solution. Calculating quotients let us use regular expressions instead of languages,
one has:

- r=(aa)"(aa + bb)(bb)*;

- rp;=r\a=a(aa)"(aa + bb)(bb)" + a(bb)";
- 1, =1\b=b(bb)";

- Iy =1,\a=(aa)"(aa + bb)(bb)* + (bb)*;
- Igp=r\b=0;

- Ipg=n\a=0;

- Ty =1\b=(bb)%;

= Taa=Ta\a=r\a=rg

= Taab = Tag\b = b(bb)" + b(bb)* =ry;

= Taba =Tabb = Tpaq = Tbab = 05

= Thba = Tpp\@ =05

- Ty =Tpp\b = b(bb)* =1y

No new language can be yielded when quoting is continued.
The automaton is M = ({r, 74, Ty, Yag> Top> 0}, {@, b}, 6,1, {1 40> T1p}), Where the transi-
tion function is given as the transition diagram in Figure 9.1.

Figure 9.1: The transition diagram of the automaton designed in Example 9.5.

9.2 Closure

In this section, we investigate the closure of classes of languages with regard to opera-
tions on languages. Operations are defined in Subsection 1.5.2 of Section 1.1 and above
in this chapter. We consider classes of languages examined in the previous sections:
regular, context-free, context-sensitive, recursive, recursively enumerable classes of
languages, that is, RgL, CFL, CSL, RKL, REL classes, and the class of all languages, the
ALL class.
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Let us examine this problem from two points of view. The first attempt employs
grammars, which generate languages of relevant classes. This attempt allows showing
that union is an internal operation in all classes of languages generated by grammars,
that is, in RgL, CFL, CSL, REL classes of languages. The second attempt is based on au-
tomata. It allows for proving union to be an internal operation in RgL, CFL, CSL, RKL
and REL classes. We give proofs for both attempts, despite that in this way proofs are
duplicated for some classes. We think that these proofs play utilitarian roles for dis-
cussion on closure as well as they provide useful techniques, which could be applied
in solving other problems.

Remark 9.4. Taking a subset of a given set, in this case a subset of a language, is the
very basic operation. However, it is not an internal operation in any class of languages,
except the ALL class. It means that a subset of a language of any class may not belong
to this class, besides the ALL class.

Remark 9.5. The ALL class is closed with regard to any operation. Therefore, the fur-
ther discussion does not take this class into account.

Proposition 9.2. Union is an internal operation in all classes of languages.

Proof. Let us assume that given two languages L, and L, belong to a given class, that
is, and they are either regular or context-free or context-sensitive or recursively enu-
merable. Hence, we can assume that there are grammars G; = (Vy, T}, P;,S;) and G, =
(V,, T5, P,,S,) such that L; = L(G,) and L, = L(G,), that is, these grammars generate
given languages. Of course, both grammars are in a class to which these languages be-
long. We can assume that V; n V, = 0. Otherwise, the names of nonterminal symbols
of one of these grammars should be changed.

The following grammar generates union of both languages L = L, U L,, that is,
L =L(G):

G:(VluV2U{S},T1UT2,P1UP2U{S—)51|Sz},s)

Note that a form of productions of a given grammar decides to which class this
grammar belongs. The grammar G belongs to the same class, to which grammars G,
and G, do. This is because the new productions S — S; | S, hold assumptions on
productions of any grammar: regular, context-free, context-sensitive, or unrestricted
one. Because G is in the same class, in which G, and G, are, then L belongs to the same
class, to which L; and L, do.

AlsonotethatL = L;UL, c L(G), thatis, any word w of L = L, UL, is generated in G,
which means that w € L(G). f w e L = L; UL,, thenw € Lyorw € L,. If w € L, then
its derivation in G is of a form S — S; —»* w, where S; —»* w, where is a derivation
of w in G,. A similar derivation can be built for a word w € G,. On the other hand
L cL=1L,ulL,.Ifaderivation in G is given, then it either begins with the production
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S — §; — --- or with the production S — S, — ---. A remaining part of a derivation is
either a derivation in G, or in G,.

Hence, we have proved that the grammar G and the language L = L(G) belong
to the same class to which grammars G, and G, and languages L; and L, do. Then
we showed that the grammar G generates words of L = L; U L, and oppositely. This
completes the proof based on grammars that union is an internal operation in classes
given above.

Consequently, we have another prove that union is an internal operation in all
classes of languages. This proof is based on automata. Since we do not have a class
of grammars generating recursive languages, this is the only proof that union is an
internal operation in the RKL class.

For the context-sensitive, recursive or recursively enumerable languages L; and
L, we can assume that we have linear bounded automata, Turing machines with the
stop property or Turing machines M; and M,, which accept these languages, that is,
L = L(M;) and L = L(M,), respectively. In Chapter 5, we have built a Turing ma-
chine, which accepts union of L, and L,; namely, in Problem 5.6 we designed a Turing
machine accepting L(M;) U L(M,), for given Turing machines M; and M,. Similarly,
Turing machines with the stop property and linear bounded automata are deemed
in Problem 5.10 and Problem 5.11. Likewise, a push-down automaton is designed in
Problem 6.6 in Chapter 6. A construction of finite automaton is given in Problem 7.4 in
Chapter 7. O

Proposition 9.3. Concatenation is an internal operation in all classes of languages.

Proof. This proof is quite similar to the proof of Proposition 9.2. The difference is in a
construction of the set of productions of a grammar generating concatenation of lan-
guages. The productions S — S; | S, should be replaced with the production S — §;S,.
This task is also discussed in Problem 5.8, Problem 5.10 and Problem 5.11 in Chapter 5
and in Problem 7.4 in Chapter 7. O

Proposition 9.4. Kleene closure is an internal operation in all classes of languages.

Proof. Again, this proof is quite similar to the proof of Proposition 9.2. Suppose
that a grammar G; = (V;,T;,P;,S;) generates a language L;. Then the grammar
G = (V,T,PLu{S, — €| 5;S;}) generates L = (L,)*. This task is also solved in Prob-
lem 5.9, Problem 5.10 and Problem 5.11in Chapter 5 and in Problem 7.4 in Chapter7. [

Proposition 9.5. Substitution is an internal operation in classes of languages RgL, CFL,
CSL, REL and ALL.

Proof. We prove closure of the class of context-free languages with regard to substitu-
tion based on the class of context-free grammars. Notice that each class RgL, CFL, CSL
and REL of languages is generated by a corresponding class of grammars. Therefore,
the proof can be repeated for other classes of languages with the replacement of the
class of grammars.
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Let us assume that £ and A are alphabets and f : £ — 2" a substitution such that
f(a) is a context-free language L, ¢ A* for each a € £ and that L ¢ Z* is a context-free
language. Let us assume that the context-free grammars G = (V,,A,P,,S,) generate
languages L, for each a € Z and that G = (V,%, P, S) is a context-free grammar gen-
erating the language L. Based on these assumptions, we will design a context-free
grammar generating the language Ly = f(L), which ends the proof that the class of
context-free languages is closed under substitution.

We design a context-free grammar Gy = (V, A, Pr, S) which generates the language
Ly. Let us assume that sets of nonterminal symbols V,, a € X are pairwise disjoint and
disjoint with the set V. Then:

- Vf =V UUges Vs
- Pf:P,UUanPa

where P’ are productions from P:

— unchanged, if they do not contain any terminal;

— each terminal symbol a € ¥ is replaced with S, if they contain terminals.

Justification is straightforward: productions from P’ generate words of the language L,
but in these words, we have initial symbols S, of grammars G, instead of terminals
a € X. Then each such symbol S, is used to generate a word of the language L,,. This is
consistent with Definition 9.1. O

Proposition 9.6. Homomorphism is an internal operation in classes of languages RgL,
CFL, CSL, REL and ALL.

Proof. Homomorphism is a special case of substitution. Proof is a direct consequence
of proof for substitution. O

Proposition 9.7. Intersection is an internal operation in RgL, CSL, RKL and REL classes
of languages.

Proof. Compare solutions of Problem 7.4 in Chapter 7 and Problem 5.6 and Problem 5.11
in Chapter 5. O

Proposition 9.8. Intersection is not an internal operation in CFL class of languages.

Proof. Consider languages L; = {w € {a,b,c}* : w = a“b*cl k,1 > 0} and L,={we
{a,b,c}* : w = aplc k1 > 0}. Both are context-free, but the intersection of them
L={weliab,c}*:w= a“p*ck k > 0} is not context free. O

Proposition 9.9. Complement is an internal operation in RgL, CSL and RKL classes of
languages.

Proof. Compare solutions of Problem 7.4 in Chapter 7 and Problem 5.7 and Problem 5.11
in Chapter 5. O

Proposition 9.10. Complement is not an internal operation in CFL class.
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Proof. Compare solution of Problems 3.6 and 3.7 in Chapter 3. O
Proposition 9.11. Complement is not an internal operation in REL class.

Proof. The complement of the diagonal language is recursively enumerable, but its
complement (i. e., the diagonal language) is not, compare Example 9.6 and Propo-
sitions 9.17 and 9.18. Also, the universal language is recursively enumerable, but its
complement is not. O

Proposition 9.12. Quotients (left and right) are internal operations in the class of regu-
lar languages.

Proof. Let us assume that we have a regular language L; ¢ £* accepted by a finite
automaton A = (Q,%, 8, gy, F) and a language L, ¢ £* (not necessarily regular). We will
design automata accepting the right quotients L,/L, and the left quotient L;\L,.

The right quotient
L,/L, is accepted by the finite automaton

A, =(Q,% 6,9, F,)

where

F,={qe€Q:(3y €L,)é(q,y) € F}

Indeed, forany x € £*, 6(q,, x) € F, ifand only if there exists y € L, such that §(q,, xy) =
6(8(qo,x),y) € F.

The left quotient
L\L, is accepted by the finite automaton

Ar=(Quiq)}%.8,q).F)
where

6,(g.a) ={6(g,a)} forallge QacX
5(a-€) = {g € Q: (3x € L)8(qo,x) € F} = | J {6(q0, 1)}

xeL,

6/(q,u) =0 otherwise

Indeed, for any y € X*, 5l(q?,x) c F if and only if there exists x € L, such that
8(qo,xy) = 8(6(qp,%),y) € F.

The above construction is not efficient: it is necessary to check all words of a lan-
guage L, in order to complete automata construction. If we assume that L, is a regular
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language, we can effectively find automata accepting quotients L, /L, and L;\L, check-
ing words of L, shorter than the constant in pumping lemma. This is a direct conse-
quence of pumping lemma, which says that computation for any word not shorter than
the constant in this lemma can be shortened without changing its last state; cf. proof
of the pumping lemma. O

The closure properties discussed above, concerning classes of languages and op-
erations on languages, are summarized in Table 9.1.

Table 9.1: Closure with regard to operations on languages.

Is internaliin RglL CFL CcSL RkL REL ALL
union + + + + + +
concatenation + + + + + +
Kleene closure + + + + + +
substitution + + + + +
homomorphism + + + + +
intersection + - + + + +
complement + - + + - +
quotients + +

9.3 The hierarchy of languages

Proposition 9.13. The class RgL of regular languages in included, but not equal to the
class CFL of context-free languages.

Proof. According to Theorem 8.1 and Theorem 8.3, regular languages are generated
by right-linear grammars. On the other hand, right-linear grammars are context-free
ones. Thus, we have inclusion. Moreover, the language L = {w € {a,b}" : #,w =
#,w > 0} is not a regular one, but it is a context-free one; cf. Example 2.7 and Exam-
ple 2.7 in Chapter 2 and Problem 3.1 in Chapter 3. O

Proposition 9.14. The class CFL of context-free languages in included, but not equal to
the class CSL of context-sensitive languages.

Proof. Again, context-free languages are generated by context-free grammars. On the
other hand, context-free grammars are also context-sensitive ones, which generate
context-sensitive languages. Moreover, the language L = {w € {a,b,c}" : #,w = #,w =
#.w > 0} is not a context-free one, but it is a context-sensitive one; cf. Problem 3.3 in
Chapter 3 and Example 4.1 in Chapter 4. Thus, we have inclusion, but not equality. O

Lemma 9.1. There is a Turing machine with the stop property (an algorithm) to check
if a given word z = aqa,...a, is generated by a given context-sensitive grammar
G=(V,T,P,S).
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Proof. The Turing machine realizes a shortest paths algorithm. Let us build a graph
with nodes labeled by all words w € (VUT)*, which are not longer than n. Note that the
initial symbol of the grammar S and the word z are among labels of nodes. There is a
directed edge between two nodes labeled with words u and v if and only if there is a di-
rect derivation of v from u in G. Checking if the word v is directly derived from u is easy
and could be performed by a Turing machine with stop property. In this way, w € L(G)
ifand only if there is a path from the node labeled S to the node labeled w. A Turing ma-
chine with stop property could be built, which checks the existence of such a path and
find the path. Such a machine implements an algorithm for path searching in a graph.
Algorithms for path searching in graphs can be found in, for example, [3, 14]. O

Lemma 9.2. The set of context-sensitive grammars is countable, that is, context-sensi-
tive grammars can be enumerated with natural numbers.

Proof. In fact, we can encode context-sensitive grammars as natural numbers. As-

sume that G = (V, T, P, S) is a context sensitive grammar. Then the following is done:

— terminal and nonterminal symbols are replaced with binary numbers represented
by a block of digits of fixed lengths. The number of binary digits necessary for
encoding terminal and nonterminal symbols and an additional symbol is equal
top = [log,(|V|+|T|+1)] + 1. Assume that the number 2¥ - 1 enumerates a special
symbol, a separator. It is represented as the block 111...11 of p binary digits 1;

— nonterminal symbols are enumerated by successive natural numbers starting
with O (represented as the block 000...00 of p binary digits 0). Assume that
the beginning symbol S of a grammar is enumerated with 0. Of course, every
number is represented by a string of p binary digits, some or all of them with
nonsignificant zeros;

— enumeration of terminal symbols is continued with successive natural numbers
following enumeration of nonterminal symbols;

— productions are represented as sequences of p-digits blocks enumerating sym-
bols. The special symbol (i. e., the block of p ones) separates both hand sides of
productions;

— agrammar is encoded as the following sequence of blocks of p binary digits:

— encoding begins with two separators (two blocks of 1s);

— nonterminal symbols (| V| blocks of binary digits, the first one is the block of
0s);

— the separator;

— terminal symbols (|T| blocks of binary digits);

— the separator and a production, these two elements are repeated for every
production;

— encoding ends with two separators.

As a result, we get a binary number that encodes the given grammar G.
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Note that at most one context-sensitive grammar can be encoded as a given nat-
ural number and not every number encodes a grammar, that is, such numbers, for
which binary representation is not a valid code of any grammar. However, we can as-
sume that numbers, which are not valid codes of context-sensitive grammars, encode
a grammar generating the empty language. Likewise, not every natural number rep-
resents a word over the set of terminal symbols T, for instance, binary words shorter
than p. Nevertheless, we can treat such natural numbers as not generated by the gram-
mar.

This encoding is ambiguous, that is, a given grammar may have many codes.
For instance, an order of symbols or productions affects the result of encoding. All
context-sensitive grammars are encoded as natural numbers and no number is a
code of two grammars. Therefore, grammars can be ordered according to the smallest
codes, which gives a method of enumeration of grammars and accessing the gram-
mar encoded as a given number. Simply take binary representation of successive
natural numbers and then check if it is correctly encoded grammar. If a grammar of a
given code is searched, continue this process until this code is found. Of course, any
grammar can be identified in this way. O

Proposition 9.15. The class CSL of context-sensitive languages is included, but not
equal to the class RKL of recursive languages.

Proof. Context-sensitive languages are accepted by linear bounded automata. Linear
bounded automata are restricted Turing machines with the stop property. Recursive
languages are accepted by Turing machines with the stop property. Thus, we have the
inclusion of the class CSL in the class RKL.

Now we design a language that is in RKL class, but not in CSL class. Let us build
arelation r ¢ N x N. A pair (k, 1) of natural numbers belongs to this relation if and
only if the context-sensitive grammar encoded as ! generates the binary word at k-th
place in the canonical order, thatis, r ; = 1if the Ith grammar generates the kth word,
s = O otherwise. Consider the language of words, which are not generated by the
corresponding grammar of the code equal to index of the word, that is, with O at the
main diagonal in Table 9.2. This is so-called diagonal language L; = {w € {0,1}" :
w = w; Ar;; = O} in the class CSL. We will come to contrary, if we assume that L; is
context-sensitive. If it is context-sensitive, then — due to Lemma 9.2 — it is generated
by a context-sensitive grammar encoded as some natural number, say number k and
denote it G;. Consider the word w; in canonical order. If itis in L, then r; ;, = 0 by def-
inition of L;. However, r; , = 0 means that G, does not generate w;, though it should.
On the other hand, if w; does not belong to L, then r; ; = 1 by definition of L;. How-
evet, 1, = 1 means that G, generates wy, though it should not. Thus, the diagonal
language L, in the class CSL cannot be a context-sensitive one.

The language L; is accepted by a Turing machine with the stop property. Such a
machine realizes the following algorithm:

— it finds the number k of a given binary word in canonical order, that is, w = wy;
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Table 9.2: The membership table for context-sensitive grammars.

0(qq,w) 0 1 2 3 k
Wy =¢€ Fo,0 fo1 o2 fo3 ok
w; =0 1,0 i1 r; rs 1k
wy =1 0 ra I, rgs Ik
w3 =00 0 ra r,2 rgs Ik
Wi k0 Tk k2 k3 ?

— it finds the context-sensitive grammar G; encoded as the number k;
— itchecks, if the grammar G, generates the word w = w;, or not. The method shown
in Lemma 9.1 can be employed for checking.

This method allows answering the question if any word is generated by a given gram-
mar or not. This shows that the diagonal language L, in the class CSL belongs to the
RKL class. In this way, we have proved that the CSL class is included but not equal to
the RKL class. O

Lemma 9.3. The set of Turing machines is countable, that is, Turing machines can be
enumerated with natural numbers.

Proof. The proof is similar to the proof of Lemma 9.2. We encode Turing machines as
natural numbers. Assume that M = (Q,%,T,6,qq,B,{q,}) is a Turing machine with a
halting accepting state. Then we encode the machine M as a binary number in the
following way:

— states, symbols of the tape alphabet I', symbols of the input alphabet Z and two
symbols of directions of the head shift are replaced with binary numbers repre-
sented by blocks of digits of fixed length. An additional symbol, a separator, is
included in the set of codes. The number of binary digits necessary for such an
encoding is equal to p = [log,(|Z| +|[| +|Q| +3)] + 1. Assume that the number 2P -1
enumerates a special symbol, a separator. It is represented as the string 111...11
of p binary digits 1;

— states are enumerated by successive natural numbers starting with 0. Assume that
the initial state is enumerated with the number 0 and the accepting state — with
the number 1 (of course, every number is represented by a block of p binary digits,
some or all of them with nonsignificant zeros);

— enumeration of symbols of T is continued with successive natural numbers fol-
lowing enumeration of states;

— then enumeration of symbols of ¥ is continued with successive natural numbers
following enumeration of symbols of T;
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— then enumeration of directions of the head shift is done with the next two succes-
sive natural numbers following enumeration of Z;

- every transition 6(q,X) = (p,Y, D) is represented as five p-digits blocks, namely
these blocks represent arguments of the transition function (a state g and a tape
symbol X) and result (a state p, a tape symbol Y and a direction D);

— aTuring machine is encoded as the following sequence of blocks of p binary digits:
- the encoding begins with two separators (two blocks of 1s);

— states (|Q| blocks of binary digits, the first one is the block of 0s), recall that
the initial state is encoded with the number 0, the accepting state is encoded
— with the number 1;

— the separator;

— symbols of T, (|| blocks of binary digits);

— the separator;

— symbols of Z, (|Z| blocks of binary digits);

— the separator;

— directions of the head moves (2 blocks of binary digits);

— the separator;

— theseparator and a transition, these two elements are repeated for every tran-
sition (every entry of the transition table);

— the encoding ends with two separators.

This encoding is ambiguous, as a similar encoding in Lemma 9.2. Natural numbers,
which are not valid codes of a Turing machine, are assumed to be codes of a machine
falling in infinite computation for every input. Binary words not representing any word
over X are assumed not to be accepted by a Turing machine. Finally, we can conclude
that all Turing machines can be enumerated with natural numbers. O

Proposition 9.16. There are languages, which are not recursively enumerable.

Proof. The set of all words * over a given alphabet ¥ in infinite and countable; cf.
Example 1.2 in Chapter 1.1. The class of languages ALL = {L : L ¢ X*} is the power
set of 2%, so then it is uncountable. On the other hand, languages of the REL class are
accepted by Turing machines. The set of Turing machines is countable (cf. Lemma 9.3)
so the class REL of languages is countable. Since the class ALL is an uncountable set,
then it cannot be equal to its countable subset. This proves that there are languages,
which are not recursively enumerable. O

Example 9.6. Let design the diagonal language L, in the class of recursively enumer-
able languages. Let r ¢ N x N is a relation build in a similar way as in Proposition 9.15,
that is, a pair (k, [) of natural numbers belongs to this relation if and only if the Turing
machine encoded as [ accepts the binary word at kth place in the canonical order. In
other words, ry; = 1if the I-th Turing machine accepts the kth word, r;; = 0 otherwise.
Note, that r;; = O means that the Ith Turing machine either terminates computation
and rejects its input or it is doing infinite computation for the kth word. The diagonal
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language is defined by the formula L; = {w € {0,1}" : w = w; A1;; = 0}, that is, it
includes words, for which there is zero at the main diagonal of the relation r.

Proposition 9.17. The diagonal language L, is not recursively enumerable.

Proof. 1If we assume that L; € REL, that is, it is recursively enumerable, then we will
come to contrary. If L is recursively enumerable, then there exists a Turing machine,
which accepts it, say the kth machine M. Consider ry .. If 1., = 1, then w; is accepted
by My, so wy € Ly, but it should not due to definition of L. If 7, = 0, then wy, is not
accepted by M, so w; ¢ K, but it should due to definition of L,. Thus, the diagonal
language L, cannot be a recursively enumerable one. O

Proposition 9.18. Complement od the diagonal language L; = {w € {0,1}* : w = w; A
r;; = 1} is recursively enumerable.

Proof. In order to prove this proposition, we need to design a Turing machine accept-
ing L_d, that is, such a Turing machine which for a given the word w € {0,1}* stops
computation in accepting state if and only if w € L. Let us recall that forawordw € L,
it either stops computation in not accepting state or is doing infinite computation. For
aword w € {0,1}", such a machine carries out the following computations:

— itencounters index i of w in canonical order, that is, w = w;;

— it finds the Turing machine M; encoded as i;

— it simulates computation of M; for w;;

— itaccepts w = w; if and only if M; accepts w;.

Notice that for any w € {0,1}", for which we have one at the main diagonal of the
relation r defined in Example 9.6, this Turing machine will finish computation in an
accepting state and only for such words over the alphabet {0, 1}. O

Example 9.7. The universal language L, c {0,1}" includes words (M w) being con-
catenation of an encoded Turing machine (M) and a binary word w such that M ac-
cepts w. Refer to Lemma 9.3 with regard to encoding Turing machines.

Lemma 9.4. The universal language L, is a recursively enumerable one.

Proof. We design a Turing machine, which accepts the universal language L,,. This is
the so-called universal Turing machine M,. The machine has three tapes. It realizes
the following algorithm:
1. checks if an input word is of a form (M w), where (M) is a valid code of a Turing
machine;
— looks for beginning sequence of 1s, if it is not of even length 2r, rejects the
input;
— storesr Os on the third tape, the content of the third tape is used as a measure
of the length of the blocks of binary digits encoding the machine and as a
number of the current state;
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looks for the next sequence of 2r digits 1;

moves the beginning part of the input word bounded by both blocks of 2r
digits 1 to the second tape, leaves w on the first tape, places the head of the
first tape on the leftmost symbol of w;

checks if the content of the second tape is a valid code (M) of a Turing ma-
chine;

repeats the following actions until the number stored on the third tape encodes
the accepting state:

for the state g stored on the third tape and for the symbol X stored as a block
of r binary digits with the head of the first tape placed on the leftmost digit
of this block retrieve a matching transition 8(q,X) = (p, Y, D). There may be
more than one matching transition, so this is nondeterministic choice;

replace the content of the third tape with p, replace X by Y and move the head
of the first tape to neighboring cell in the direction described by D. O

Lemma 9.5. The universal language L, is not a recursive one.

Proof. Let us assume that L, is recursive, that is, that a Turing machine M " with the
stop property accepts L,. Based on this assumption, the machine M, accepting the
diagonal language in the class REL can be built, which contradicts Proposition 9.16.
Therefore, the universal language cannot be recursive.

A hypothetical Turing machine My, assumed to accept the diagonal language in
the class REL, realizes the following algorithm:

for a given input word w, M, retrieves the index k of w in the canonical order, that
is, it finds such k, that w = wy;

M, retrieves binary representation (M) of the kth Turing machine M;;

M, concatenates binary representation (M) of the kth Turing machine M; with w;
M, simulates computation of the hypothetical machine M’ for the concatenation
of (M;) and w;

M, terminates computation if and only if M’ terminates its computation, then M,
reverses an output of M’, that is, M, accepts if and only if M " rejects.

Note that M, accepts if and only if the Turing machine encoded as k rejects w = wy.
Moreover, M, has the stop property since the hypothetical Turing machine M’ is as-
sumed to have the stop property. Therefore, the assumption that M’ exists is false. [

Remark 9.6. The following inclusions hold based on discussion in this section:

RgL ¢ CFL ¢ CSL ¢ RKL ¢ REL ¢ ALL

The following inclusions are called the Chomsky hierarchy:

RgL ¢ CFL ¢ CSL ¢ REL ¢ ALL

where ¢ denotes inclusion, but not equality.
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