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INTRODUCTION

In many problems of nuclear physics at low energies and nuclear
astrophysics, knowledge of the scattering elastic phase shifts, which can be
determined from the differential cross sections of the scattering of various
nuclear particles, is necessary [1]. Such phase shifts are used, in particular,
for the construction of intercluster interaction potentials, for example, in the
potential cluster model (PCM) of light nuclei [2]. The procedure of phase
shift analysis consists of the decomposition of the total scattering amplitude
in a row by partial waves or amplitudes and the analysis of the parameters
that appear at the same time, which are termed scattering phase shifts. Such
phase shifts allow us to obtain data about the nature of strong interactions,
the structure of resonance states, and the general structure of an atomic
nucleus [1].

Two-body processes with the formation of resonances in nuclear physics
at low energies can also be investigated by means of phase shift analysis. To
solve this problem, it is necessary to consider in detail the energetic behavior
of the resonance partial scattering amplitude [1,3]. As a result, phase shift
analysis plays a large role in the investigation of nuclear resonances in
scattering processes and the determination of their quantum numbers.
Research into scattering processes by means of phase shift analysis can help
clarify many important aspects of the interactions of nuclear particles, because
such analysis is based only on the most general laws of conservation and
displays close connections to the experimental data [1,3].

The problem of determining or extracting the nuclear phase shifts from
cross sections of elastic scattering in the mathematical plane is reduced to a
multiple parameter variation problem. In other words, using the experimental
scattering cross sections of nuclear particles and the mathematical expressions
obtained in the quantum mechanics, which describe these cross sections
according to some &; parameters, the nuclear scattering phase shifts can be
known. Consequently, a multiple parameter variation problem arises in
finding these parameters for the set interval of values while taking into
account the generalized Levinson theorem [4]. In different nuclear systems,
depending on the energy of the colliding particles, the number of elastic
scattering phase shifts can change from 1-3 to 10-20 [5].

This book is directly based on the results of about twenty scientific
articles published over the last five to seven years in Russia, Europe, the
USA, and the CIS countries. It consists of three chapters. The first chapter
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viii Introduction

is devoted to a description of the general mathematical methods for
calculating some nuclear characteristics. The general criteria and methods
of creation of the intercluster potentials in a continuous and discrete
spectrum, which are used further for the consideration of some nuclei in the
three-body model (described in the third chapter), are defined.

The second chapter presents methods and results of the phase shift
analysis of elastic scattering of the following nuclear particles at low and
astrophysical energies: “He*He, n*He, p°Li, p'*C, n'?C, p"3C, p'*C, n'®0,
p'®0, and “He'?C. These results have been used to construct the potential
cluster model (PCM) of pair intercluster interaction potentials in a
continuous spectrum. Here, the various experimental measurements,
methods of calculating differential cross sections, computer programs, and
results of the phase shift analysis of elastic scattering of the stated particles,
are all considered. For the first system, “He*He, only the main expressions
for the phase shift analysis, the computer program, and versions of the
control account are given at 25-29 MeV. For other systems, the
approximate energy range 1-2.5 MeV is considered. In an elastic *He'?C
scattering, a phase shift analysis was undertaken in the range 1.5-6.5 MeV.
The areas of phase shift analysis given here are defined by the existence of
experimental data on differential cross sections for angular distributions or
excitation functions.

The results obtained for the three-body single-channel models of some
light nuclear nuclei, namely, "Li, °Be, and !'B, are given in Chapter Three.
They allow one to check the adequacy of the construction of pair intercluster
potentials on the basis of the elastic scattering phase shifts and
characteristics of the bound states of light atomic nuclei. These results allow
us to determine the applicability of the obtained potentials to three-body
problems. The checked potentials are thus used for the calculation of some
primary characteristics of thermonuclear processes in the preliminary
nucleosynthesis of the universe and some solar cycles [2].

We note that the second and, particularly, the third chapters of this book
almost completely coincide with the results given in the corresponding
chapters of other books by the author, including Preliminary
Nucleosynthesis of the Universe (2014, Lambert Academy Publ. GmbH &
Co. KG: Saarbrucken, Germany, 668 pages) [2]. This material is found in
this book (Phase Shift Analysis in Nuclear Astrophysics) primarily in order
to reduce the size of book [2] and allow the future possibility of its
enlargement and the addition of new material on thermonuclear reactions in
the next edition. At the same time, the present book can also be extended by
the inclusion of new results on phase shift analysis and the three-body
model.
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METHODS OF SOLVING
THE SCHRODINGER EQUATION

Introduction

The set of problems of theoretical nuclear physics, especially in the field
of light atomic nuclei and low energies, requires the ability to solve the
Schrodinger equation or the coupled system of equations of this type. A
wave function, which describes a quantum state of some system of nuclear
particles and, in principle, contains all the information about such state is a
result of the solution.

There are many varied mathematical methods for the solution of
differential equations or their second-order systems, of which one is the
Schrédinger equation. Quite abstract methods of solving such equations,
which are rather difficult to apply in the solution of a concrete equation, like
the Schrodinger equation type, are usually given in the mathematical
literature. The problem usually arises in the choice of the optimum
mathematical and numerical method applicable to the consideration of
certain problems based on the solutions of the Schrédinger equation.

This chapter is devoted to the solution of these problems and describes
some mathematical methods that are directly applicable to locating the wave
functions from the Schrédinger equation of scattering problems of nuclear
particles and their bound states. The numerical methods applicable to the
problems of a continuous and discrete spectrum of states, which allow us to
obtain end results with almost complete accuracy, are considered. On the
basis of these methods, the possibility of writing computer programs in the
BASIC computer language using the Borland Turbo Basic Compiler and the
Fortran-90 language is considered, which can assist in solving all problems
of nuclear physics considered here.

Many problems of nuclear physics can be considered using only the
central part of the nuclear forces [6,7]. In this case, we are dealing with only
one Schrodinger equation or system of unrelated equations (taking into
account the spin-orbital interaction) and the mathematical problem is solved
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rather simply. The account of tensor components of nuclear forces leads us
to the system of bound Schrédinger equations [8,9], the solution of which
is slightly more difficult, but quite feasible by many methods, including
those described in [10].

We provide the mathematical and numerical methods used for the
solution of Schrodinger equations for the central potentials at positive and
negative eigenvalues in this chapter. We also consider their application to
the analysis of the scattering quantum problem and bound-state energies of
nuclear particles. In other words, the methods of investigating nuclear
scattering phase shifts and the calculation of bound-state energies of light
nuclei within the modified potential two-cluster model (MPCM) [2] are
given.

1.1 The general methods of solving
the Schrodinger equation

Here the general formulation of the problem for the solution of the
Schrodinger equation with positive continuous and negative discrete
eigenvalues is considered. Entry and boundary conditions for solving this
problem are determined in relation to a description of the physical processes
and states in nuclear physics and nuclear astrophysics.

1.1.1 The central real potentials

The Schrodinger equation for the central forces of interaction between
two nuclear particles without spin-orbital and tensor potentials has the
following form [1,6,7,11]

L(L+1)

I"2

u"(r)+[k2—%(r)—Vcoul(r)— }u(r)=0 , (1.1.1)

where 7 is the scalar relative distance between particles in fm (1 fermi= 10"
m); u is the solution of the equation, i.e. wave function (WF); u" is its second
derivative; Veoul(r) = 2u/h* Z1Zy/r is the Coulomb potential reduced to the
dimension of fm; % is the Plank constant = 1.055 10-** J s (Joule-second);
Z, and Z; are the charges of particles in terms of their elementary charge (1
e.c. — elementary charge = 1.60 10" C — Coulomb); the constant /%/mg =
41.4686 MeV fm? (1 MeV — megaelectronvolt = 1.60 1013 Joule); my is the
atomic mass unit (1 amu — atomic mass unit = 1.66 10?7 kg.); Ve =
L(L+1)/r* is the centrifugal potential, which depends on the value of the
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Methods of Solving the Schrodinger Equation 3

orbital moment of the relative movement of the L particles; k> = 2uE/R? is
the wave number of the relative motion in fm?; E is the energy of particles
mn,

inMeV; u= is the reduced mass of two particles in amu; V(r) is the

m + my
central part of the nuclear potential, equal to 2u/A? Vy(r); Vu(r) is the radial
dependence of the potential, which is often accepted in the form Vy exp(-

ar?) or Voexp(-ar); Vo is the potential depth in MeV; n= % =0.0344476

Z\Zy/k is the Coulomb parameter; the Coulomb potential can be presented
in the form

Veoul(r) = 2nk/r = Ao/r.

If the spin-orbital interaction is taken into account, then the central
potential has the form [1,6,7]

Ve(r) = 2u/0* [Va(r) + Va(r)],
Va(r) = (SL) Vo F(r),

where F(r) is the functional dependence of the potential on the relative
distance between particles, which can also be accepted in the form of the
Gaussian function exp(-c?) or exponent exp(-a.r).

The (SL) value is called the spin-orbital operator and its values can be
found from the well-known expression [6,7]

(SL) u(r) = 1/2 [JUJ + 1) - L(L + 1) - S(S + 1)] u(r),

where J is the total moment of the system; L is the orbital moment; and S is
the spin of the system of particles. Taking into account the spin-orbital
interaction, the Schrodinger equation is split into a system of uncoupled
equations, each of which allows the finding of the WF for the concrete total
moment.

Sometimes, the Coulomb R, radius is entered into the potential of
interaction; then the Coulomb part of the potential takes a slightly different
form
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ZZ

172

G =;—‘; g X . (1.12)
2122(3—;2]/2& r<R,

Equation (1.1.1) forms the Cauchy problem with initial conditions that
lie outside physical reasoning The first initial condition demands equality
to zero of the WF at u(0) = 0. As the WF reflects the probability of some
processes or states of the quantum particles, this condition means that two
particles cannot completely merge and occupy the same volume. The
second statement of the Cauchy problem involves the determination of the
value of the first derivative of this function. However, for reasons of
physical limitation, it is impossible to determine the value of this derivative;
therefore it is taken to equal some constant, which determines the amplitude
of the wave function. In numerical calculation, #'(0) =0.1-1 is usually
accepted. The real amplitude of the function, which is used for numerous
physical calculations, is defined from the asymptotic conditions imposed on
this function at long distances of »—R, when the nuclear potential is almost
equal to zero.

The asymptotics of the wave function at long distances, when
Vd(r—>R)—0, offer the solution of equation (1.1.1) without nuclear
potential, and can be presented as follows

uL(r—R) — Fir(kr) + tg(oL)Gu(kr), (1.1.3)
or
uL(r->R)—> COS(SL)FL(]CV) + SiH(SL)GL(kT),

where Fi and Gy are the scattering Coulomb functions [12,13]. These are
partial solutions of equation (1.1.1) without the nuclear part of the potential,
i.e. when V. =0.

Interlacing the numerical solution u(r) of equation (1.1.1) at long
distances (R at about 10-20 fm) with these asymptotics, it is possible to find
the real amplitude of the function and the scattering phase shift &y for each
L at the given energy of the interacting particles. The scattering phase shifts
in the concrete system of the nuclear particles can be determined from phase
shift analysis of the experimental data in terms of their elastic scattering
(Chapter 2). Furthermore, variation of the parameters of nuclear potential in
the previously determined form in equation (1.1.1) is carried out and those
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Methods of Solving the Schrodinger Equation 5

parameters that allow us to describe the results of the phase shift analysis
are determined. Thus, the problem of the description of scattering processes
of nuclear particles consists of the search for the parameters of the nuclear
potential that can describe the results of phase shift analysis and the
experimental data for the scattering cross sections.

We consider the procedure of interlacing the wave functions with
asymptotics in more detail. At r=R, it is possible to write down two
equalities for the WF along with their derivatives [14]

Nur(R) = FL(kR) + tg(dL)GL(kR),

Nu't(R) = F'(kR) + tg(dL)G'L(kR),

where N is a normalizing multiplier. It is possible to consider similar
expressions, not for the function and derivative, but only for the function in

two different points

Nur(R1) = Fu(kR)) + tg(dL)GL(kR)),

1.1.4
Nui(R2) =FL(kR>) + tg(3L) GL(KR>). ( )
We enter the notations
Fi= FL(kRy), Fo= F1(kR>),
G1= GL(kRy), G>= GL(kR>),
= ur(R1), ur=ur(R>),
and find the value N, for example, from the first equation
N = [Fi+tg(6L)G1]/u.
Substituting this expression into the second equation, we obtain
tg(dr) = (u1F> - uaF1)/(u2G - u1Gr) = Ar. (1.1.5)

then
O = arctg(Ar).

Normalization of the function, for the purposes of investigating phase
shifts, is of no importance. However, if we need the normalized WF, i.e. the
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total scattering function is also required, then it is better to consider the
second equation from (1.1.3), written down in the form of (1.1.4) and having
performed similar operations to those given above. If the scattering phase
shift results in the same expression, then we write the normalization in the
form

N = [cos(8L)F1+sin(8.)G1]/ui,
or
N = [cos(8r)F>+sin(d) G2/ us.
In so doing, we can completely define the behavior of the wave function,

its amplitude and phase shift, in all ranges of solutions for equation (1.1.1),
from zero to some large value of R, which define the WF asymptotics.

1.1.2 The central complex potentials

If the inelastic channel of scattering or reactions is open in nuclear
processes, then it is necessary to use the complex potential of interaction,
taking into account the decrease in the stream of particles from the elastic
channel [6]. Now, the potential takes a form

Ve=Vir) + iVa(r), (1.1.6)

where Vi(r) is the real part of the potential and V(r) is its imaginary part.
The wave function also becomes complex and can be written in the form

u(r) = x(r) + iy(r). (1.1.7)

Then, the Schrodinger equation (1.1.1) can be rewritten in the form of a
coupled equation system as

xX"(r) + [k - Vi(r) - Veoul(r) - LILA1)/P1x(r) = -Vey(r),
(1.1.8)
V') + [k - Vi) - Veoul(r) - LILAD)/Py(r) = Vix(r),

with initial conditions in the form

x(r=0)=0, x'(r=0) = const,
y(r=0) =0, V'(r=0) = const.
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Methods of Solving the Schrodinger Equation 7

In the numerical calculations, the value of the constant (const.) for the
derivatives of the wave functions is set at the level 0.1-1. The asymptotics
of wave functions are represented as follows [6]

u(ry=H'(r) + SH(r) = [F(r) + iG(r)] + S[F(r) - iG(r)], (1.1.9)

where H" is the Hankel function; F and G are the Coulomb functions; and S
is the scattering matrix, which has the form

S=e? =8 +iS; = cos(28) + isin(25).

In taking into account the inelastic processes, the phase shifts of the
elastic scattering become complex and are represented as follows

d=0t+IiA,

where ¢ and A are the real and imaginary parts of the phase shift. Then, the
scattering matrix can be rewritten in the form

S = 20 = 4% = ne?® = n(85+iS2) = n[cos(20)+isin(26)], (1.1.10)

where n = e?*is the inelasticity parameter. For the determination of the
scattering phase shifts and the parameter of inelasticity, we can write out
the boundary conditions for the functions in two points in the form of a
logarithmic derivative

w _H + SH;

=L L, (1.1.11)
u, H, + SH,

from which it is easy to find

S= uyHy -uHy
uH, -u,H,

Substituting the expressions for the Hankel functions given above
(1.1.9), and splitting the real and imaginary parts, we obtain

S:C + iD
A+iB

=K+iM , (1.1.12)
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where
AC+ BD AD - BC
_ , - k) 1.1.13
A*+B? A+ B? ( )
and
A=b-a, B=-c-d,
C=a+b, D=c-d,

a=xk-x1f2,  b=y1Gy- Gy,
C=y2F1 —yle, d:.X1G2-X2G1.

Thus, all elements of the S matrix are expressed through the Coulomb
functions and the solutions of the initial Schrédinger equation (1.1.8) with
the given nuclear potential.

Comparing the real and imaginary parts of expressions (1.1.10) and
(1.1.12), we obtain

S1 = cos(20) = K/n,

(1.1.14)
S, = sin(26) = M/n,
and
S =S+ %) =7’

(1.1.15)

S2 =K%+ M,
from which we find
n?=K+ M,

giving the inelasticity parameter. Knowing these values, we can obtain

S
A=t —_2 1.1.16
g(o) s (1.1.16)
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Methods of Solving the Schrodinger Equation 9

then
o = arctg(4). (1.1.17)

It is easy enough to check that when V;,, = 0 and equation (1.1.8) become
independent, then n =1 and the results for the phase shifts (1.1.5) and
(1.1.16) coincide.

For the determination of the normalization of the WF, we use
expressions (1.1.9) and (1.1.7)

N(x+iy) = H'(r) + SH'(r) = [F(r) + iG(r)] + (S1 + iS) [F(r) - iG(r)],
from which we find

AerByjL .Bx—Ay

N =
x2+y2 x2+y2’

where
A= +SHF@F) + $2G@F), B=(1-S1)G(r) + S2F(r).

Generally, normalization of a complex WF can be written down in the
form of a complex value as follows

Nu(r) = (N, + iN2)(x + iy) = Nix - Ny +i[Niy + Nox] = v + iw.

Here, v and w are already normalized total wave functions of the
scattering. Equating the real and imaginary parts, we have

Ax+ By
Xyt

Bx— Ay

N, = i
1 x2+y2’

N, =

which are general expressions for determining the normalization of WF
scattering in the case of complex potentials [15].

1.2 The numerical methods of solving
the Schrodinger equation

For the numerical solution of the Schrédinger equation, it is possible to
use the finite-difference method (FDM) [7], presenting the function and its
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derivative in the form of the central differences and using the Runge-Kutta
method (RKM) [16] or the Numerov method (NM) [17], which allows us to
obtain a higher accuracy solution for the initial equation.

1.2.1 The central real potentials

We can write the Schrédinger equation for the central nuclear forces
(1.1.1) in the form of [6]

u"(r) + [k - V(r)]u(r) = 0. (1.2.1)

To solve it, we can use the finite-difference method, for which the
second derivative can be presented as follows [7]

u"(r) = [u(r + h) - 2u(r) + u(r - W))/h* = [u(ri 1) - 2u(r) + u(ria)]/H?, (1.2.2)
where / is a step of the finite-difference grid, for the determination of which
the whole interval of /4 values, from zero to some value of R, are divided
into N parts

h=R/N.

Here, R is the top limit at which the interlacing of the numerical solution
of equation (1.2.1) with asymptotics is carried out. Then

ri=hi, ui=u(r),

where i changes from 0 to N (o = 0 and v = R). Now, expression (1.2.2)
can be rewritten in the form

u" = i - 2ui+ uia )/,
and the whole equation is rewritten as
(21 - 205+ ui.1]/h2+ [k2 - V(ri)]ui =0,

which we find with an order of accuracy O(h?) equal to /2, i.e. the method
is in proportion to a square of a step [7]

w,, =24V ()= HK Ju, —u + O(*) . (1.2.3)
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Methods of Solving the Schrodinger Equation 11

Here,i=1,2.... N- 1. The function at » = 0 has to be equal to zero and
in the first step it can be accepted as equal to some constant, which defines
only a function of normalization without affecting its behavior at various
values of 7. From here, the WF on the following step of u» can be found and
this process repeats until i does not become equal to NV - 1. Such a procedure
allows us to find the whole array of WF values at all points from zero to R.
Furthermore, we carry out its interlacing in two points, for example, at =
R and rns = R - 5h, as described in paragraph 1.1.1. The second point is
defined experimentally in each case and depends on the energy of the
particles, but at small energies it usually recedes by 3-5 steps [18].

Below, we give an example of the program written in Fortran-90 to
realize the method described. The following designations are set.

U — the array of the WF with a dimension of N,

H — the look-up of the WF,

N — the number of steps,

A0 — the V depth of the central part of the potential in fm2,

RO — the o width of the central part of the potential in fm?,

L — the orbital moment,

RC — the Coulomb radius R. in fm,

AK — the Coulomb coefficient A. in the description of equation (1.1.1),
SK — the wave number of 4% in fm™.

SUBROUTINE FUN(U,H,N,A0,R0,L,RC,AK,SK)

IMPLICIT REAL(8) (A-Z)

INTEGER N,L,K

DIMENSION U(0:N)

| INITIAL VALUES

U(0)=0.0D0; U(1)=0.1D0; RR=1.0DO/RC

LL=L*(L+1); BB=AK/(2.0D0*RCU); HK=H*H; SHS=SK*HK-2.0D0
| CALCULATION THE VALUES OF THE V¢(R) POTENTIAL
DO K=1,N-1

X=K*H; XX=X*X

V=A0*DEXP(-R0*XX)+LL/XX

IF (X>RC) THEN

V=V+AK/X

ELSE

V=V+(3.0D0-(X*RR)**2)*BB

ENDIF

| CALCULATION THE VALUES OF THE WAVE FUNCTION
Q=V*HK-SHS
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U(K+1)=Q*U(K)-U(K-1)
ENDDO
END

The WF u(r) is the calculation result at the given L for the Schrédinger
equation (1.2.1) in the range of values from 0 to R.

1.2.2 The central complex potentials

If there is a system of equations (1.1.8) for the complex potential [18]
X'(r) + [ &= Vi(r) = Veou(r) - LIL+1)/1 1x(r) = - Vinp(r),
(1.2.4)
V') + [ = Vi(r) = Veoulr) - LILA1YP I(r) = Vinx(r),

then, using the same representation of a derivative in the finite-difference
form

u" = [um - 2u;t+ uj.1]//’l2,
for functions x and y we obtain
Xir1 = [ 2 - Aih* Ixi - xia - W2 Va(ri)yi,
(1.2.5)
Vit =[2 - Ail? Wi-yia+ W Vm(l’i)xi,
where
A= k2 - Vr(ri) - Vcou1(ri) - L(L'H)/I”iz.
In addition, setting the values of functions in the two first points
x0o=0, x;=const., yo=0, y;=const.,
it is possible to find the values of functions in all other points [18], as well
as for expression (1.2.3). The interlacing procedure of the numerical

function with its own asymptotics in the case of complex potentials is
described in paragraph 1.1.2.
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1.2.3 The Runge-Kutta method for central real potentials

Here, we consider the other method of solving such equations. This is
the fourth-order Runge-Kutta method per step 4 [16,19,20,21,22]. The
standard method of the solution of one differential equation of the first order
is

V' =Axy), (1.2.6)
with the initial condition
M(x0) = yo,

which consists of the presentation of the solution on an interval from 0 to
some value of R in the form

Ynt1= Yo+ Apn, (1.2.7)

where n can change from 0 to N (R = xx = AN); & is a step in the solution;
and Ayn is obtained from the expression

Ayn = 1/6(k| + 2k + 2k3 + k4), (128)
where
ki = hf(xnn), ka = hfixnth/2, yntki/2),

fs = hfCethl2, yatkal2), k= hfCeath, yaths).

In the case of a system of two differential equations of the first order [16-
22], we have

y' :<f(x’y7z)’

(1.2.9)
Z' = g(x7y7z)9
with initial conditions

(x0) = yo, z(x0) = Zo.

The solutions are found from the expressions
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V1= Yo+ Ay, (1.2.10)
Zn+1= Zn T AZn,

where

Ayn = 1/6(k1 + 2k + 2k3 + ka), (1.2.11)
Az, = 1/6(7’}11 +2my + 2ms + m4),

and

k= hf(xﬂayﬂazfl)’ my = hg(xnayﬂazn):

ko = hfixath/2, yatki/2, zotmi/2),  my = hg(xnth/2, yntki/2, zotmi/2),
ks = hfixath/2, yatka/2, zotma/2),  m3 = hg(xnth/2, yntha/2, zotmo/2),
ka = hfixnth, ywtks, zotms), ma = hg(xath, yotks, zoatms).

In the case of one differential equation of the second order of the form
(1.2.1)

V' =gy, (1.2.12)
with initial conditions

»(0) = yo, Y'(0) =)',

we substitute

=Y,

then we obtain a system of the form

y =z
(1.2.13)
Z' = g(xayaz)a
with initial conditions
¥(0) = yo, 2(0) = zo.
The solution of which f{x,y,z) = z can be presented as follows
Ayn = hzy + 1/6h(m) + mz + m3), (1.2.14)
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Az, = 1/6(7111 +2my + 2m3 + my),
and

ky = hzn, mi = hg(Xn,yn.zn),

ko = h(zytmi/2), mo = hg(xath/2, yotki/2, zytmi/2),
ks = h(zotma/2), m3 = hg(xath/2, yotka/2, zytms/2),
ks = h(zotms),  m4 = hg(xnth, yntks, zotms).

The error of the Runge-Kutta method is in the order of O(A*), which is
higher than for the previous case of the FDM.

Below we present an example of the program in Fortran-90 to realize
the method described. The following designations are set.

U — the array of the WF with a dimension of N,

H — the look-up of the WF,

N — the number of steps,

A0 — the V depth of the central part of the potential in fm2,

RO — the o width of the central part of potential in fm™,

L — the orbital moment,

RC — the Coulomb radius R. in fm,

AK — the Coulomb coefficient A. in the description of equation (1.1.1),
SK — the wave number k? in fin2.

SUBROUTINE FUNRK(U,H,N,A0,R0,L,RC,AK,SK)
IMPLICIT REAL(S8) (A-Z)

INTEGER IN,L

DIMENSION U(0:N)

! THE SOLUTION OF THE SCHRODINGER EQUATION BY RUNGE-
KUTT METHOD IN ALL AREA OF VARIABLES
VA1=0.0D0;! VA1 - the value of function in zero

PA1=1.0D-1;! PA1 - Value of a derivative in zero

DO I=0,N-1

X=H*I+1.0D-15

CALL RRUN(VBI,PB1,VAI1,PA1,H,X,L,SK,A0,R0)
VAI1=VBI; PA1=PBI1; U(I+1)=VAl

ENDDO

END

SUBROUTINE RRUN(VB1,PB1,VA1,PA1,H,X,L,SK,A0,R0)
IMPLICIT REAL(S8) (A-Z)

INTEGER L
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| THE SOLUTION OF THE SCHRODINGER EQUATION BY THE
RUNGE-KUTT METHOD BY ONE STEP

X0=X; Y1=VAI

CALL FA(X0,Y1,FK1,L,SK,A0,R0)

FK1=FK1*H; FM1=H*PAl

X0=X+H/2.0D0; Y2=VA1+FM1/2.0D0

CALL FA(XO0,Y2,FK2,L,SK,A0,R0,A1,R1)

FK2=FK2*H; FM2=H*(PA1+FK1/2.0D0); Y3=VA1+FM2/2.0D0
CALL FA(XO0,Y3,FK3,L,SK,A0,R0,A1,R1)

FK3=FK3*H; FM3=H*(PA 1+FK2/2.0D0); X0=X+H; Y4=VA1+FM3
CALL FA(XO0,Y4,FK4,L,SK,A0,R0,A1,R1)

FK4=FK4*H; FM4=H*(PA1+FK3)

PB1=PA I+(FK1+2.0D0*FK2+2.0D0*FK3+FK4)/6.0D0
VBI=VAI+(FM1+2.0D0*FM2+2.0D0*FM3+FM4)/6.0D0

END

SUBROUTINE FA(X,Y,FF,L,SK,A0,R0)
IMPLICIT REAL(8) (A-Z)

INTEGER L,L1

| CALCULATION F (X,Y) FUNCTION IN THE RUNGE-KUTT METHOD
VC=A0*DEXP(-RO*X*X)+A 1 *DEXP(-R 1 *X*X)

IF (X>RC) GOTO 1

VK=(3.0D0-(X/RC)**2)* AK/(2.0D0*RCU)

GOTO 2

1 VK=AK/X

2 FF=-(SK-VK-VC-L*(L+1)/(X*X))*Y

END

The result of the calculation is the wave function u(r) at a given L, which

is the solution of the Schrodinger equation (1.2.1) in the range of values
from O to R.

1.2.4 The calculation of wave functions
by Numerov’s method

We still have the Schrédinger equation in the general form
u"'(r)+a(r)u(r)=0,

where
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Methods of Solving the Schrodinger Equation 17
a(r)= [kz - Vc(r)] )

n(r)zzu/hzn(r)+2u/h2%+L(L—jl),

r

V.(r)=-V, exp(—ocrz)

where 7 is the potential depth parameter in MeV and a is the parameter of
its width in fm?.

In Numerov’s method [17], the WF at a given energy can be found from
the expression

(2 —%hzan jun —(1 +éhzan_1 )un_,
+O(h°).

1+ 1 ha,,
12

un+1 =

Using this method, we can find the WF with a convergence rate of O(h*)
[17] more easily than with the Runge-Kutta method having a convergence
of O(h*). Here,

Un1 = u(7n-1), o1 = (n-1)h, h=RIN,

where R is the upper limit of integration of the equation; N is the number of
steps of integration; and /4 is the value ofa step,n=1,... N- 1 and

u(0) = 0,u(1) = const.

We present an example of the program written in Fortran-90 to realize
the method described. The following designations are set.

U — the array of the WF with a dimension of N,

H — the look-up of the WF,

N — the number of steps,

A0 — the V, depth of the central part of the potential in fm™,

RO — the o width of the central part of potential in fim?2,

L — the orbital moment,

RC — the Coulomb radius R. in fm,

AK — the Coulomb coefficient A, in the description of equation (1.1.1),
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SK — the wave number of k2 in fm™.

SUBROUTINE FUN(U,H,N,A0,R0,L,RC,AK,SK)
IMPLICIT REAL(8) (A-Z)

INTEGER N,L,I
DIMENSION U(0:N),V(0:N)

| INITIAL VALUES

U(0)=0.0D0; U(1)=0.1D0; Q0=0.0D0; RR=1/RC; HK=H*H; SHS=SK*HK
LL=L*(L+1); BB=AK/(2.0D0*RC); AA=1.0D0/12.0D0;

DD=5.0D0/6.0D0

! CALCULATION OF VALUES FOR THE V(r) POTENTIAL
DO I=1,N-1,2

X=I*H; XX=X*X; XP=(I+1)*H; XXP=XP*XP
V()=A0*DEXP(-R0*XX) +LL/XX
V({I+1)=A0*DEXP(-RO*XXP)+LL/XXP

IF (X>RC) THEN

V()=V()+AK/X

V(I+1)=V{+1)+AK/XP

ELSE

V()=V(D)+(3.0D0-(X*RR)**2)*BB
V{+1)=V(I+1)+(3.0D0-(XP*RR)**2)*BB

ENDIF

ENDDO

! CALCULATION OF VALUES FOR THE WAVE FUNCTION
DO I=1,N-1,1

QI1=SHS-V(I)*HK; Q2=SHS-V(I+1)*HK; B=(1.0D0+AA*Q2)
U(I+1)=((2.0D0-DD*Q1)*U(I)-(1.0D0+AA*Q0)*U(I-1))/B; Q0=Ql1
ENDDO

END

The result is the WF u(r) at a given L, which is the solution of the
Schrédinger equation (1.2.1) in the range of values from 0 to R.

1.2.5 Methods of calculating the binding energy
of a two-body system

Phase shifts can be used for the construction not only of scattering
potentials, but also of bound states (BS): ground (GS) or excited (ES) states.
We give two methods for the calculation of the binding energy of a two-body
nuclear system. Such a situation arises, for example, in the S wave of the ‘He?H
system of °Li, where the BS potential is constructed by the corresponding
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phase shift and its parameters are then specified according to the values of the
binding energy, mean square radius, and asymptotic constant (AC) [23].

1.2.5.1 The finite-difference method

The first approach is based on the finite-difference method, which is
described in detail in [7,10]. Here, we briefly present some methods of
investigating the binding energy and the WF for the bound states and

scattering processes. The Schrédinger equation [7] for the central potential
is

u"+ [K- V()] u=0,

with this or that boundary condition at k> < 0 to form the boundary value
problem of the Sturm-Liouville type with the boundary conditions

u(r=0)=uy=0,

u'(r=R)/u(r = R) = u'x/ ux = fin,L,Zn),

where fis the logarithmic derivative; n is the Coulomb parameter; Zy =
2krn;n=1,2,....; N is the number of steps; and r~ = R is the upper bound of
the interval of integration of the equation. At the transition to the second
derivative to the final difference [24,25,26]

u" = [tni1 - 2untiin /12,

which turns into a determined system of linear algebraic equations

Un+1 + [/’l2k2 - th(l”) - 2]un +tn1 = 0.

The condition of equality to zero of its determinant Dy is

6, 1 0
a, 6, 1 0 0
0 a, 6, 1 0
Dy = =0,
0 . 0 0 ay, 6y, 1
0 0 oy 6y
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allowing one to define the eigen binding energy of the system of two
particles of ko. Here, N is the number of equations; # = R/N is the step of the
finite-difference grid; R is an interval of the solution of the equation, for
example, from zero to 30 fm, and

on=1, an=2, On=KH -V h*-2,

On = 2h? - VNh2 -2+ th(T],L,ZN), Zn = 2k,

m=nh, n=12.....N, k=[]

_2kn_2k(L-n)
V4 z:

n

JMLZ)=~k

>

where V, = V(r) is the potential of the interaction clusters for point 7.
Recording of the boundary conditions in the form of a logarithmic
derivative f(n,L,Z,) allows us to consider the Coulomb interaction, i.e. the
effects, and an asymptotic of the WF of the Whittaker function for the BS.

This type of logarithmic derivative of the wave function of the bound
state in the external area can be obtained from the integrated representation
of the Whittaker function [27]

2kn 2k(L-n)
fm,L,2)=-k-—"1_22 Vg
Q) ) 7 77

where

j (1t ) e dy
§=2

J.t“” (1+t/2)" e 'dt
0

The calculations show that the S value does not exceed 1.05 and its
influence on the binding energy of the two-body system is negligible.

The calculation of a determinant of Dy is carried out on recurrent
formulas of the form

D.1=0,Dp=1, (1.2.15)
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Dy, =0, Dy - 0y Do,
n=1...N.

To find the wave functions of bound states, another recurrent process is
used

uo=0, wu;=-const., (1.2.16)
Un = ‘en-lun-l = Un-2,
n=2...N,

where const. is any number—this is usually set in the range 0.01-0.1.

As such, at the given energy of the system it is possible to find the
determinant and wave function of the bound state. With the energy leading
to zero determinants of

Dn(ko)= 0,

it considers the eigen energy of system and the wave function at this energy
presents the eigenfunctions of the problem.

The last recurrence relation is used also to search for the WF in the case
of a continuous spectrum of eigenvalues, i.e. at the previously given energy
(k* > 0) of particle scattering [10]. The text of the computer program written
in Fortran-90 is given in [28].

1.2.5.2 The variation method

The second method for discovering the binding energy is based on
variation of the decomposition of the wave function on a non-orthogonal
Gaussian basis (VM). We briefly give a description of this method and the
computer program written in Fortran-90 is provided in [28]. More detailed
statements can be found in [10]. Wave functions in the matrix elements for
the ground and resonance states are presented through decomposition on a
non-orthogonal Gaussian basis of the form

D, (r)= XLT(F) = ;’LZ:Ci exp(-[}irz) s

found by the variation method for the bound states or by the approximation
of Gaussian functions of the numerical wave functions of resonance levels
[29].
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For the determination of the spectrum of eigen energies and wave
functions in the standard variation method of decomposition of the WF on
an orthogonal basis, the matrix problem is solved on the eigenvalues [30]

D (H,-EI)C, =0,

where H is a symmetric Hamiltonian matrix; / is a unity matrix; £ stands
for the eigenvalues; and C stands for the eigenvectors of the problem.

In this case, on the non-orthogonal basis of the Gaussian functions, we
come to a generalized matrix problem of the form [31]

2(H - EL)C, =0

where L is the matrix of overlapping integrals, which, on an orthogonal
basis, is turned into a unity matrix /.

By using the WF in the form given above, we can easily find the
expressions for all two-body matrix elements [31]

2
e PR ).

NO _ [ZCiCJLij]fl/z ’

2 NN
T - _%%{L(2L+l)—ﬁ -

ij

BB, (2L +1)(2L +3)
B; ’
V= [V ()t exp(-Byr?) »

, =L+
i T L+2QL+3/2
2t

>

lezi> _Z,Z, L
L+1
2B;
|PLL+D|\ _ r@L-D)!L(L+ D)
Y P L L+1qL+1/2 ’
2ur 2VB! 2u

ij

r

Bij = Bi+ ;.
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In the case of the Gaussian potential of intercluster interaction, the
matrix element of the Vjjpotential is defined in the analytical form

_, _r@L+D

ij 0W9

where V; and o are parameters of the depth and width of the potential.
1.2.5.3 Methods of solving the generalized matrix problem

Here, we briefly present the methods of solving the generalized matrix
problem [2]. By considering the eigenvalues and eigenfunctions of the
generalized matrix problem, after the decomposition of the WF on a non-
orthogonal Gaussian basis, we proceed from the standard Schrodinger
equation in the general form [32]

Hy = Ey,

where H is a Hamiltonian; £ is the energy of the system; and y is the wave
function.
Expanded in a series of WFs on a non-orthogonal variation basis

X:ZCi(pi 4

and set in the initial system, we multiply from the left using a complex

interfaced basic function (P: and integrating by all variables. As a result,
we obtain the known matrix system of the form [33]

(H-EL)C=0.

This gives the generalized matrix problem for finding eigenvalues and
eigenfunctions [34,35]. If the decomposition of the WF is carried out on an
orthogonal basis, the matrix of overlapping integrals L turns into a unity
matrix /, and we have a standard problem on eigenvalues, for the solution
of which there is a set of methods [36].

For solutions of the generalized matrix problem, there are also a number
of known methods, given, for example, in [16]. Here at the beginning, we
will stop using a standard method for the solution of the generalized matrix
problem for the Schrodinger equation, which arises in the use of the non-

printed on 2/13/2023 7:30 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

24 I

orthogonal variation basis in nuclear physics/nuclear astrophysics. Then, we
consider its modification or an alternative method, which can be more
conveniently applied to the solution of this problem in numerical
calculations by modern computers [34].

Therefore, to determine the spectrum of eigenvalues of energy and wave
functions in the variation method, using the decomposition of the WF on a
non-orthogonal Gaussian basis, the generalized matrix problem on
eigenvalues [16] is solved by

Z(Hij -EL)C =0, (1.2.17)

where H is a symmetric Hamiltonian matrix; L is the matrix of overlapping
integrals; E stands for eigenvalues of the energy; and C stands for the
eigenvectors of the problem.

Presenting matrix L in the form of multiplication of the lower N and the
upper V triangular matrices [35], after simple transformations, we move on
to the usual eigenvalue problem

HC=EIC,

or

(H'-ENC' =0,

where

H'=NHV, C'=7C,

and V' and N'! are the inverse matrices in relation to the ¥ and N matrices.

Furthermore, we find the matrices of N and V, carrying out a
triangularization of the symmetric L matrix [36], for example, by the
Khaletsky method [35]. Then, we determine the inverse matrices N'! and V*
!, for example, by the Gauss method and calculate the matrix elements H' =
N'HV*!, Furthermore, we find the total diagonal of the £ matrix (H' - EI)
and calculate its determinant det(H' - EI) at energy E.

Energy E leads us to the zero determinant of the eigen energy of the
problem and the eigenvectors of the orthogonal equation correspond to its
C" vectors. Once we know (', it is not difficult to find the eigenvectors of
the initial problem C (1.2.17), because the matrix V! is already known. The
method described for the generalized matrix problem, applied to the usual
matrix problem on eigenvalues and functions, is called Schmidt
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orthogonalization [27]. However, in some problems, at some values of the
variation parameters, the procedure for finding the inverse matrix is
unstable and the working of the computer program results in an overflow.

As such, we consider an alternative method for the numerical solution
of the generalized matrix problem on eigenvalues, free of such difficulties
and having a higher processing speed on the computer. The initial matrix
equation (1.2.17) is the homogeneous system of linear equations and has
nontrivial solutions only if its determinant, det(H - EL), is equal to zero. For
numerical methods realized using a computer, it is not obligatory to
decompose the matrix L to the triangular matrices and find a new A’ matrix
and new C’ vector, defining the inverse matrices as described above in the
use of the standard method.

It is possible to decompose at the non-diagonal, the symmetric matrix
(H - EL) to the triangular matrix and, by numerical methods in the set area
of values, to look for the energies that give us the zero of its determinant,
i.e. that are eigen energies. In a real physical problem, it is usually not
required to look for all eigenvalues and eigenfunctions; rather, it is
necessary to find only 1 or 2 eigenvalues for a certain system energy and,
as a rule, the lowest values and eigen wave functions correspond to them.

As such, using the Khaletsky method for example, the initial (H - EL)
matrix decomposes in to two triangular matrices and, in the main diagonal
of the top triangular /" matrix, we have the units

A=H-EL=NV.
Its determinant at the condition of det(¥) = 1 [35] is calculated

D(E) = det(4) = det(N)-det(V) = det(N) =] [n,

il
i=1

for zero, by which we find the necessary eigenvalue E, i.e. the value of
energy looked for. Here, m is the dimension of the matrices and a
determinant of the triangular N matrix is equal to the product of its diagonal
elements [35].

Thus, the result is quite a simple problem to search for the zero
functionality of one variable

D(E) =0,

the numerical solution of which does not display significant complexity and
can be executed with the desired accuracy, for example, by the bisection
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method [37].

As a result, we remove the need to look for two inverse matrices, V" and
N, and to carry out several matrix multiplications to obtain a new H'’ matrix
and then a final eigenvector matrix C. The lack of such operations,
especially the search for the inverse matrix, considerably increases the
speed of finding the solution using a computer, irrespective of the
programming language.

It is possible to use the concept of residuals [16] for accurate estimation
of the solution, i.e. the accuracy of the decomposition of an initial matrix to
two triangular matrices. After the decomposition of matrix 4 to the
triangular, the matrix of residuals [16] is calculated as the difference
between the initial matrix 4 and the matrix

§=NV,

where N and V are the found numerical triangular matrices. The difference
of all elements with an initial 4 matrix is calculated by

AN:S—A.

The Ax matrix of residuals gives a deviation of the approximate NV
value found by the numerical methods from true values of each element of
an initial 4 matrix. It is possible to carry out the summation of all elements
of the An matrix to obtain the numerical value of the residual. In all
variational calculations given here, the method described above was used
and the maximum value of any element of the Ay matrix did usually not
exceed the 107% value.

The stated method, which is appears quite obvious in its numerical
execution, allows us to obtain good stability for the algorithm of the solution
of any considered physical problem and does not lead to the overflow
problem during the working of the computer program [38]. Thus, the
described alternative method for finding the eigenvalues of the generalized
matrix problem [10], considered on the basis of variation methods for the
solution of the Schrédinger equation, and with the use of a non-orthogonal
variation basis, removes the instability arising in the application of the usual
methods of the solution of such mathematical problems, i.e. the usual
method of Schmidt orthogonalization.
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1.2.6 Methods of calculating the Coulomb phase shifts

For the practical calculation of the characteristics of nuclear reactions
and scattering processes, in many cases, it is necessary to know, as a rule
with high precision, the numerical values of the Coulomb functions for the
given point R and Coulomb phase shifts in the wide range of values of the
Coulomb parameter 1. There are a number of numerical methods that can
be applied to find these values; however, the known ways of calculating
Coulomb phase shifts have a number of shortcomings and in using them it
is necessary to observe a certain caution.

The Coulomb phase shifts are defined through the G-function as follows
[6,39]

o, =arg{['(L+1+in)} and to satisfy the recurrent process

o, =0, tarctg [%j )

Wz,

Wk

where n= is the Coulomb parameter; p is the reduced mass of two

particles; k is the wave number of the relative movement and k> = 2uE/#?;
and £ is the energy of the colliding particles in the center of mass. From this
it is possible to obtain the following obvious expression

N n
o, =6,-G, = Zarctg (—j ) Olo

n=1 n

Il
e

(1.2.18)

The most natural impression of the Coulomb phase shifts is gained on
the basis of an integrated formula for the I'-function [39,52]

o1 = arctg(y/x),

where

y= Iexp(—t)thin(n Int)dt
0 (1.2.19)

x= J.exp(—t)thos(n Int)dt

0
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However, the direct calculation of these integrals appears rather a
complex problem because the subintegral functions are quickly oscillating
at t— 0. Therefore, different approximations and asymptotic
decomposition, for example, such as the representation of the phase shift at
L =0, are often used in the form of [41]

=-n+ g ln(n2 +16)+ % arctg(n/4) —[arctgn +arctg(n/ 2) + arctg(n/3)] -

o s ' —48 +Ln4—160n2+1280
2> +16)"  30(M*+16)> 105 (> +16)*

or for L >>1[6]

o, =o(L+1/ 2)+n(1n[3—1)+%(_sma sin3o.  sinSo.  sin7a j

- +
12 360B° 1260B8* 1680m°

where

o :arctg(Lij . B=yn+(L+1)

+1

Using these formulae, all other phase shifts are defined from the
recurrent relations (1.2.18). Though both representations can be processed
at high speed on a computer, the phase shifts come out with some error,
which can only be estimated by comparing the obtained result with the
tabular data or calculations of the exact formulae. In addition, the last
formula is right only at L = 100 and the recurrent process gives an additional
error in the value of the phase shifts.

Other representations of the Coulomb phase shifts also are known, in
particular, at n >> 1 [42]

=—+n(logn E ZW : (1.2.20)

where B; stands for the Bernoulli numbers [39]; however, the application of
a similar decomposition works well only at 1 = 100. In [41,42], it has been
shown that it is possible to obtain eight true signs taking into account only
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the first member of the sum (1.2.20) at | = 85. At small 1, a row converges
badly and requires the setting or calculation of the Bernoulli numbers.
In [41], we find another way to determine the Coulomb phase shifts

—arctg(ﬁﬂ : (1.2.21)
n

5, =n\P(L+1)+ZL2n

n=1
which can be obtained from the known form of the recorded I'-function [39]

I'(2) = [(x+iy) = rexp(id) = r(cos¢ + isind),

where

o=y¥(x)+) (tgo, —o,) , wﬁarctg( yJ ,
X+n

n=0

and ¥(x) is a logarithmic derivative of the I'-function [39], which, for the
whole argument has the form

WY(L+1)=—C+1+1/2+....+1/L.

Here, C = 0.5772156649..... is Euler’s constant [39]. Such a series will
congregate quicker when 7 is less and L is more. This formula covers the
area opposite to that represented in (1.2.20) and at 1 < < 50 both
decompositions show poor convergence.

To estimate the remainder term of series (1.2.21), we decompose an
arctangent in series at n/n << 1, which is always possible at big n or small
1. Then we obtain

__ n_on ”__ 1.2.22
Cn+ Z( e Sn =7 j . ( )

n=1

From this, it is clear that the remainder of series will have an order of
the value n’/n? [16]. A series (1.2.22) at 1 > 1 converges rather poorly and
as for obtaining, for example, a relative accuracy of 1078, it is necessary to
take into account the tens of thousands of terms in this series.

However, such a row allows for the significant improvement of
convergence at 1 = 1 [50] after transformation to the form
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0 3
S, =—nC+§n3S+ZB—arCtg(g)—é%} : (1.2.23)
n=1

where S = Z% =1.202056903... . It is simple to discover that the residual
k=1
term of such a series is equal to n’/n* and for obtaining eight true signs it is
necessary to consider only a few hundred members of the series at ) = 1.
Series (1.2.23), given above, allows additional improvement of
convergence, after its transformation to the form [50]

1 1 Sk ny In’ 1n’
6, =NC+=-1'S——n’D+Y | T —arctg| |- +—-L | | (1.2.24)
o =R ST Z{ g(nj 3t 5

n=1

where D:z%= 1.036927751... . Such a series converges very quickly
(=

and has a residual member of an order of n’/n°. To satisfy the accuracy
stated above, it is necessary to consider only a few tens of terms.

A program in BASIC for the calculation of Coulomb phase shifts is
given below, using the decomposition method described above in a row and
on the basis of integrated representations (1.2.19) and series (1.2.24). The
description of some parameters is given in the program.

REM PROGRAM OF THE CALCULATION OF THE COULOMB
PHASE SHIFTS

DEFDBL A-Z

DEFINT LJ,K,L,N.M

M=4000

DIM V(M): CLS

EPS=1.0E-15: REM CALCULATION ACCURACY

H=1: REM COULOMB PARAMETER

REM CALCULATION OF PHASE SHIFTS ON THE BASIS OF RANKS
C=0.577215665: A1=1.202056903/3: A2=1.036927755/5: F=0: S1=0

3 F=F+1

B=H/F-ATN(H/F)

S1=S1+B

IF B<EPS GOTO 2

GOTO 3

2 D=0: S=0

4 D=D+1

A=H/D-ATN(H/D)-(H/D)"3/3+(H/D)"5/5
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S=S+A

IF A<EPS GOTO 1

GOTO 4

1 FAZ=-C*H+A1*H"3-A2*H"5+S
FAZ1=-C*H+S1

PRINT "FAZ =";FAZ;" N=";D
PRINT "FAZI =";FAZ1;" N=";F
REM *** CALCULATION OF THE PHASE SHIFTS ON THE BASIS OF
INTEGRATED REPRESENTATION ***
NN=4000: E=1E-300: N=500: R1=0.1: R2=1: R3=40: HH=R1/N
HI1=HH/NN: H2=(R2-R1)/NN: H3=(R3-R2)/NN: YY=0
FORK=1TON

AA=(K-1)*HH

FOR I=0 TO NN

X=HI*I+AA+E
V()=EXP(-X)*SIN(H*LOG(X))
NEXTI

CALL SIM(NN,H1,V(),Y1)
YY=YY+Y1

NEXT K

FOR I=0 TO NN

X=H2*I+R1
V(D)=EXP(-X)*SIN(H*LOG(X))
NEXT

CALL SIM(NN,H2,V(),Y1)
YY=YY+Y1

FOR I=0 TO NN

X=H3*I+R2
V()=EXP(-X)*SIN(H*LOG(X))
NEXT

CALL SIM(NN,H3,V(),Y1)
YY=YY+Y1

XX=0

FOR K=1TON

AA=(K-1)*HH

FOR I=0 TO NN

X=HI1*I+AA+E
V()=EXP(-X)*COS(H*LOG(X))
NEXT I

CALL SIM(NN,H1,V(),X1)
XX=XX+X1
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NEXT K

FOR I=0 TO NN

X=H2*I+R1
V(I)=EXP(-X)*COS(H*LOG(X))
NEXT

CALL SIM(NN,H2,V().X1)
XX=XX+X1

FOR I=0 TO NN

X=H3*I+R2
V(1)=EXP(-X)*COS(H*LOG(X))
NEXT

CALL SIM(NN,H3,V(),X1)
XX=XX+X1

AA=ATN(YY/XX)

PRINT "FAZA = ";AA

END

SUB SIM(N,H,V(5000),S)
A=0: B=0

FOR I=1 TO N-1 STEP 2
B=B+V(I)

NEXT

FOR J=2 TO N-2 STEP 2
A=A+V(])

NEXT
S=H*(V(0)+V(N)+2*A+4*B)/3
END SUB

The phase shifts given in Table 1.2.1 have been calculated using this
program on the basis of formula (1.2.24) [50]. The error makes about half
of the last sign.

Table 1.2.1. Calculation of the Coulomb phase shifts.

i o n o

0.1 -0.05732294 0.6 -0.27274381
0.2 -0.11230222 0.8 -0.30422560
0.3 -0.16282067 1.0 -0.30164032
0.4 -0.20715583 1.3 -0.23921678
0.5 -0.24405830 1.5 -0.16293977
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We note that, for obtaining identical accuracy when calculating by
formulae (1.2.24) and (1.2.22), in the last case designated as o, it is
necessary to consider approximately seven hundred times more members of
the term (with an accuracy of 107'%), as is clear from the given results of the
calculation atm =1

oo =-0.30164032059 for N =106,
o1 =-0.30164032060 for N=69337.

The calculation of the Coulomb phase shifts on the basis of integrated
representation can be executed to divide all intervals of integration into
several parts. The most strongly subintegral function changes at small ¢,
therefore we divide the integration interval into the following parts 0-0.1,
0.1-1, and 1-40 (at # = 40 the subintegral function has a value of the order
10-'7), and we divide the first part (0-0.1) into N = 500 parts. The calculation
of the integrals by all parts gives us the phase shift value -0.30164031,
which differs from the result obtained above on the basis of rank only on
the unit of the eighth sign. We note that the calculation of such integrals
(1.2.19) on an Intel Pentium 200 MMX computer takes several minutes,
while the calculation of a row (1.2.24) takes a fraction of a second.

1.2.7 Methods of calculating the Coulomb functions

Here we move on to consideration of the Coulomb scattering functions,
the regular Fi(n,p) and irregular Gi(n,p) parts of which are linearly
independent solutions of the radial Schrédinger equation (1.2.1), only with
a Coulomb potential, which has the form [6,9]

xl(p)+(l—%—%jmp)=o , (1.2.25)

where y1= Fr(m,p) or GL(n,p); p = kr; and nz% is the Coulomb
parameter.
The Wronskian of these functions and their derivatives have the

following appearance [6]
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W, =F,G -F,G, =1,
L (1.2.26)

o

The recurrence relations are written in the form

W,=F G -F G, =

LI(L+1) +1* 1 u,,, =L+ 1){11 + %}% —(L+D[ L+ 1y, ,

(L+1)°

(L+1u, ={ +n}tL ~[(L+D*+n*1"u,,,,

(1.2.27)

) 24172 _ r
LuL_[L +n ] Uy, F_"n u )

where ur= F1(n,p) or G.(n,p). The asymptotics at p — oo can be presented
in the form [40]

F =sin(p—nmIn2p-nl/2+c,), (1.2.28)
G, =cos(p—nn2p—-nL/2+0,).

There are many methods and approximations for the calculation of the
Coulomb functions [6,41,42,43,44,45,46,47]. However, a quickly
converging representation allowing one to obtain the values with fine
precision and for a wide range of values of the variables with only a small
cost of computer time [48] has been described rather recently. The Coulomb
functions in such a method are presented in the form of continued fractions
[49]

f,=F/F =by+ ——— | (1.2.29)

where

- printed on 2/13/2023 7:30 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Methods of Solving the Schrodinger Equation 35

bo=(L+ 1)/p+n/(L+1),
bo=[2(L +n) + 1][(L + n)(L + n+ 1) + mp],
ai=-p[(L + 1P+ )L +2)/(L + 1),

an= - p?[(L +n)* + n?][(L +n)*- 1],

and
oL L A — (1.2.30)
G +iF, p b+ a,
b, + %
b, +
where
bo=p -, bn=2(bo + in), (1.2.31)

an=-n>+nmn-1)-LIL+1)+in2n-1).

Such a method of calculation is applicable in the range

p =1+ +L(L+1) and easily allows one to obtain high precision thanks

to the fast convergence of the continued fractions. As the Coulomb n
parameter usually has the value unit order and L, as a rule, a value of no
more than 3-5, the method already yields good results at p > 5 fm. In this
area, it is necessary to know the Coulomb functions by numerical
calculation of the nuclear functions of scattering and reactions.

Using (1.2.29-1.2.31) it is possible to obtain good communication
between the Coulomb functions and their derivatives [50,51]

F =fF, (1.2.32)
GL:(FL'_I)LFL)/QL :(.fL_PL)FL/QL >
GL =BG -QF =[R(f,-R)/ Q0 -0 1F .

As such, setting some F1, values in point p, we find all other functions
and their derivatives within the accuracy of a constant multiplier, defined
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using the Wronskian (1.2.26). Calculation of the Coulomb functions for the
given formulae and their comparison with the tabular material [52] show
that it is possible to easily obtain eight to nine correct signs if p meets the
above condition.

The text of a computer program for the calculation of the Coulomb
scattering wave functions is given below. Here, the following designations
hold.

G — Coulomb parameter,

L — orbital moment of this partial wave,

X — distance from the center, on which the Coulomb functions are
calculated,

FF and GG — Coulomb functions,

FP and GP — their derivatives,

W —the Wronskian, determining the accuracy of calculation of the Coulomb
functions (the first formula in expression (1.2.26)).

SUB CULFUN(G,X,L,FF,GG,FP,GP,W)

REM SUBPROGRAMME OF CALCULATION OF THE COULOMB
FUNCTIONS ***%*

Q=G:R=X: GK=Q*Q: GR=Q*R:RK=R*R: K=1: FO=1
BO1=(L+1)/R+Q/(L+1):BK=(2*L+3)*((L+1)*(L+2)+GR)
AK= - R*((L+1)"2+GK)/(L+1)*(L+2):DK=1/BK: DEHK=AK*DK
S=B01+DEHK

1 K=K+1

AK= - RK*((L+K)"2 - 1)*((L+K)"2+GK)
BK=(2*L+2*K+1)*((L+K)*(L+K+1)+GR)
DK=1/(DK*AK+BK)

IF DK>0 GOTO 3

2 FO=-FO0

3 DEHK=(BK*DK - 1)*DEHK

S=S+DEHK

IF (ABS(DEHK) - 1E - 10)>0 GOTO 1

FL=S: K=1:RMG=R - Q

LL=L*(L+1): CK= - GK - LL:DK=Q: GKK=2*RMG
HK=2: AA1=GKK*GKK+HK*HK: PBK=GKK/AA1
RBK= - HK/AA1: OMEK=CK*PBK-DK*RBK
EPSK=CK*RBK+DK*PBK: PB=RMG+OMEK: QB=EPSK
4 K=K+1: CK= - GK - LL+K*(K - 1): DK=Q*(2*K - 1)
HK=2*K: FI=CK*PBK - DK*RBK+GKK:
PSI=PBK*DK+RBK*CK-+HK
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AA2=FI*FI+PSI*PSI: PBK=FI/AA2: RBK= - PS/AA2
VK=GKK*PBK - HK*RBK: WK=GKK*RBK-+HK*PBK
OM=OMEK: EPK=EPSK

OMEK=VK*OM - WK*EPK - OM
EPSK=VK*EPK+WK*OM - EPK:

PB=PB+OMEK

QB=QB+EPSK

IF (ABS(OMEK)+ABS(EPSK) - 1E - 10)>0 GOTO 4
PL=- QB/R: QL=PB/R

GO=(FL - PL)*F0/QL

GOP=(PL*(FL - PL)/QL - QL)*F0

FOP=FL*F0

ALFA=1/(SQR(ABS(FOP*GO - FO*GOP)))
GG=ALFA*G0

GP=ALFA*GOP

FF=ALFA*F0

FP=ALFA*FOP

W=1 - FP*GG+FF*GP

END SUB

The results of the control account of the Coulomb functions for n =1
[53,54] and their comparison with the tabular data [52] are given in Table
1.2.2. It is clear that at n =1 and L =0, the correct results are given for
p=kr=1. The value of the Wronskian (1.2.26) presented in the form
(W - 1) at any p does not exceed 10131016

Table 1.2.2. Coulomb functions.

P Fo Fo Fo' Fo'
(Our [52] (Our [52]
calculation) calculation)
1 0.22752621 0.22753 0.34873442 0.34873
5 0.68493741 0.68494 -0.72364239 -0.72364
10 | 0.47756082 0.47756 0.84114311 0.84114
15 | -0.97878958 -0.97879 0.31950815 0.31951
20 | -0.32922554 -0.32923 -0.92214689 -0.92215
p Go Gy [52] Go' Go' [52]
1 2.0430972 2.0431 -1.2635981 -1.2636
5 -0.89841436 -0.89841 -0.51080476 -0.51080
10 | 0.94287424 0.94287 -0.43325965 -0.43326
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15 | 0.34046374 0.34046 0.91053182 0.91053
20 | -0.97242840 -0.97243 0.31370038 0.31370

p F> G F'> G

1 | 1.47867E-02 1.26407E 01 4.70896E-02 | -2.73727E 01
5 | 1.18637E00 | 3.82961E-01 1.54145E-01 | -7.93149E-01
10 | -9.63615E-01 | 4.81305E-01 | 4.24848E-01 8.25557E-01
15 | -2.27973E-01 | -1.01918E 00 | -9.33599E-01 | 2.12743E-01
20 | -1.01801E 00 | -1.62845E-01 | -1.55072E-01 | -9.57506E-01

The correctness of the function’s calculation at L =2 is easy to check
using the recurrent formulae (1.2.27). Knowing the functions and their
derivatives at L = 0, in the second formula (1.2.27) we find the functions at
L =1. Then, using the third formula, we find their derivatives for L =1.
Continuing this process it is easy to find all functions and their derivatives
atany L [50].

Below, we provide the text of the same computer program for the
calculation of the Coulomb scattering wave functions in the algorithmic
language Fortran-90. The designated parameters practically coincide with
the previous program. Here, on the basis of (1.2.29) and (1.2.30), the
functions are defined at L =0; for finding functions at all other L, the
recurrence relations are used. To ensure the greatest possible accuracy of
the results, as in the previous case, double accuracy is used. Here, the
following designations are set.

Q — Coulomb parameter 1,

LM — orbital moment of this partial wave,

R —distance from the center on which the Coulomb functions are calculated,

F and G — Coulomb functions,

W — the Wronskian, determining the accuracy of the calculation of the
Coulomb functions (the first formula in expression (1.2.26)).

SUBROUTINE CULFUN(LM,R,Q,F,G,W)
| SUBPROGRAMME OF CALCULATION OF THE COULOMB
| FUNCTIONS

IMPLICIT REAL(S) (A-Z)

INTEGER LK,LL,LM

EP=1.0D-015; L=0; FO=1.0D0

GK=Q*Q; GR=Q*R; RK=R*R

BO1=(L+1)/R+Q/(L+1)

K=1; BK=(2*L+3)*((L+1)*(L+2)+GR)
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AK=-R*((L+1)**2+GK)/(L+1)*(L+2)
DK=1.0D0/BK

DEHK=AK*DK

S=B01+DEHK

15 K=K+1
AK=-RK*((L+K)**2-1)*((L+K)**2+GK)
BK=2*L+2*K+1)*((L+K)*(L+K+1)+GR)
DK=1.D0/(DK*AK+BK)

IF (DK>0.0D0) GOTO 35

25 FO=-F0

35 DEHK=(BK*DK-1.0D0)*DEHK
S=S+DEHK

IF (ABS(DEHK)>EP) GOTO 15

FL=S; K=1; RMG=R-Q; LL=L*(L+1)
CK=-GK-LL; DK=Q; GKK=2.0D0O*RMG
HK=2.0D0; AA1=GKK*GKK+HK*HK
PBK=GKK/AA1; RBK=-HK/AA1
AOMEK=CK*PBK-DK*RBK
EPSK=CK*RBK+DK*PBK
PB=RMG+AOMEK; QB=EPSK

52 K=K+1

CK=-GK-LL+K*(K-1); DK=Q*(2*K-1)
HK=2.0D0*K; FI=CK*PBK-DK*RBK+GKK
PSI=PBK*DK+RBK*CK+HK
AA2=FI*FI+PSI*PSI; PBK=FI/AA2
RBK=-PSI/AA2; VK=GKK*PBK-HK*RBK
WK=GKK*RBK+HK*PBK; OM=AOMEK
EPK=EPSK; AOMEK=VK*OM-WK*EPK-OM
EPSK=VK*EPK+WK*OM-EPK; PB=PB+AOMEK
QB=QB+EPSK

IF ((ABS(AOMEK)+ABS(EPSK))>EP) GOTO 52
PL=-QB/R; QL=PB/R

GO=(FL-PL)*F0/QL; GOP=(PL*(FL-PL)/QL-QL)*F0; FOP=FL*FO0
ALFA=1.0D0/DSQRT(ABS(FOP*G0-F0*GOP))
G=ALFA*G0; GP=ALFA*GOP

F=ALFA*F0; FP=ALFA*FOP
W=1.0D0-FP*G+F*GP

IF (LM==0) GOTO 123
AA=DSQRT(1.0D0+Q**2)

BB=1.0D0O/R+Q

F1=(BB*F-FP)/AA
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G1=(BB*G-GP)/AA
WW 1=F*G1-F1*G-1.0D0/DSQRT(Q**2+1.0D0)
IF (LM==1) GOTO 234

DO L=1,LM-1

AA=DSQRT((L+1)**2+Q**2)
BB=(L+1)**2/R+Q
CC=(2*L+1)*(Q+L*(L+1)/R)
DD=(L+1)*DSQRT(L**2+Q**2)
F2=(CC*F1-DD*F)/L/AA
G2=(CC*G1-DD*G)/L/AA
WW2=F1*G2-F2*G1-(L+1)/DSQRT(Q**2+(L+1)**2)
F=F1; G=G1; F1=F2; G1=G2

ENDDO

234 F=F1; G=G1

123 END

This program yields the same results in terms of the control account as
previously shown in BASIC.

1.3 Program for the calculation of phase shifts
for the central real potentials

Below we present a computer program for the calculation of the real
phase shifts of elastic scattering by the finite-difference method and the
Runge-Kutta method in BASIC, showing good coincidence of the results
obtained in both ways. Here the following designations are accepted.

NN - lowest value of the energy cycle,

NV — top value of the energy cycle,

NH - step of the energy cycle,

EH — energy step,

EN — the lowest value of energy,

AMI — the mass of the first particle in amu,

AM2 — the mass of the second particle in amu,

PM - the reduced mass of L,

Z1 — charge of the first particle in terms of charge “e”,

72 — charge of the second particle in terms of charge “e”,

Al — #*/My = 41.4686 constant, where My is the mass of a nucleon in amu,
equal to 1,

AK1 — constant at Coulomb potential 1.439975 Z,Z, 2u/i?,

N — number of steps at the integration of the Schrodinger equation,
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H — step value for the integration of the Schrodinger equation,

ROO — distance at which the interlacing of the numerical functions with
asymptotics is carried out,

VO — depth of the nuclear potential,

RO — radius of the nuclear potential,

RCU - Coulomb radius,

L — orbital moment,

EL — energy of particles in the laboratory system,

ECM - energy of particles in the system of the center of masses,

SK — square of the k? wave number,

SS — wave number k,

G — Coulomb parameter = 3.44476 102 Z,Z, w/k,

F1(I) — the phase shift at the set energy obtained by the finite-difference
method,

F2(I) — the phase shift shifts at the set energy obtained by the Runge-Kutta
method,

ABS(F1(I) - F2(I)) — difference of phase shifts in the degree obtained by the
different methods,

ABS(F1(I) - F2(I))/ABS(F1(I))*100 — relative difference of the phase shifts
in percentages.

REM PROGRAM OF CALCULATION OF THE REAL PHASE
SHIFTS

REM *** DETERMINATION OF VARIABLES *#**

DEFDBL A - Z: DEFINT LJ,K,L,N,M: CLS

NN=4000: DIM EL(100), F1(100), ECM(100), F2(100)

DIM V1(NN), UNN), V(NN), UI(NN)

PRINT" EL ECM FKR FRK ERR-DEG ERR-%"

REM ***** DETERMINATION OF THE INITIAL VALUES
PI1=3.14159265359: NN=1: NV=20: NH=1: EH=1: EN=0

AMI=2: AM2=4: Z1=1: 72=2: A1=41.4686
PM=AMI1*AM2/(AM1+AM2)

B1=2*PM/A1: AK1=1.439975*Z1*Z2*B1: N=1000: R00=20: H=R00/N
V0=76.12: R0=.2: A2= - VO*B1: RCU=0: L=0

REM ##sskssicet BEGINNING OF THE CYCLE ON ENERGY
FOR I=NN TO NV STEP NH: EL(I)=EN+EH*I: ECM(I)=EL(I)*PM/AM1
SK=ECM(I)*B1: SS=SQR(SK): G=3.44476E - 02*Z1*Z2*PM/SS

REM ***** CALCULATION OF THE COULOMB FUNCTIONS **3x
X1=H*SS*(N - 4): X2=H*SS*(N): CALL CUL(G,X1,L0,F1,G1,W1)
CALL CUL(G,X2,L0,F2,G2,W2)
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REM *** CALCULATION OF THE PHASE SHIFTS OF BY THE
FINITE-DIFFERENCE METHOD ***

CALL FUN(N,H,U1(),L,A2,AK1,SK,R0,RCU)

D1=UI(N - 4): D2=UI1(N): AF= - (F1 - F2*D1/D2)/(G1 - G2*D1/D2)
FF=ATN(AF): IF FF>0 GOTO 90: FF=FF+PI

90 XN1=(COS(FF)*F2+SIN(FF)*G2)/D2: F1(I)=FF*180/PI

REM *** CALCULATION OF THE PHASE SHIFTS BY THE RUNGE-
KUTT METHOD***

CALL FUNRK(V(),N,H): DI=V(N - 4): D2=V(N)

AF=- (F1 - F2*D1/D2)/(G1 - G2*D1/D2): F33=ATN(AF)

IF F33>0 GOTO 91: F33=F33+PI

91 XN2=(COS(F33)*F2+SIN(F33)*G2)/D2: F2(1)=F33*180/PI

PRINT USING "+#.#### " "; EL(I); ECM(I); F1(I); F2(I); ABS(F1(I) -
F2(I)); ABS(F1(I) - F2(I))/ABS(F1(I))*100: NEXT I

STOP

SUB CUL(G,X,L,F0,G0,W)

REM CALCULATION OF COULOMB SCATTERING FUNCTIONS
Q=G: R=X: F0=1: K=1: GK=Q*Q: GR=Q*R: RK=R*R
BO1=(L+1)/R+Q/(L+1): BK=(2*L+3)*((L+1)*(L+2)+GR)

AK= - R*((L+1)"2+GK)/(L+1)*(L+2): DK=1/BK: DEHK=AK*DK
S=B01+DEHK

1 K=K+1: AK= - RK*((L+K)"2 - 1)*((L+K)"2+GK)
BK=2*L+2*K+1)*((L+K)*(L+K+1)+GR): DK=1/(DK* AK+BK)
IF DK>0 GOTO 3

2 FO=-FO0

3 DEHK=(BK*DK - 1)*DEHK: S=S+DEHK

IF (ABS(DEHK) - 1E - 06)>0 GOTO 1: FL=S: K=1: RMG=R - Q
LL=L*(L+1): CK=- GK - LL: DK=Q: GKK=2*RMG: HK=2
AA1=GKK*GKK+HK*HK: PBK=GKK/AA1: RBK=- HK/AA1
OMEK=CK*PBK - DK*RBK: EPSK=CK*RBK+DK*PBK
PB=RMG+OMEK: QB=EPSK

5 K=K+1: CK=- GK - LL+K*(K - 1): DK=Q*(2*K - 1): HK=2*K
FI=CK*PBK - DK*RBK+GKK: PSI=PBK*DK+RBK*CK+HK
AA2=FI*FI+PSI*PSI: PBK=FI/AA2: RBK= - PSI/AA2
VK=GKK*PBK - HK*RBK: WK=GKK*RBK+HK*PBK
OM=0OMEK: EPK=EPSK: OMEK=VK*OM - WK*EPK - OM
EPSK=VK*EPK+WK*OM - EPK: PB=PB+OMEK: QB=QB+EPSK
IF (ABS(OMEK)+ABS(EPSK) - 1E - 06)>0 GOTO 5: PL=- QB/R
QL=PB/R: GO=(FL - PL)*F0/QL: GOP=(PL*(FL - PL)/QL - QL)*FO0
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FOP=FL*F0: ALFA=1/(SQR(ABS(FOP*GO0 - FO*GOP))): GO=ALFA*G0
GP=ALFA*GOP: FO=ALFA*F0: FP=ALFA*FOP: W=1 - FP*G0+F0*GP
END SUB

SUB FUN(N,H,U(5000),L,AV,AK,SK,R0,RCU)
REM ***#* THE SOLUTION OF THE SCHRODINGER EQUATION BY
THE FINITE-DIFFERENCE METHOD **##3

U(0)=0: U(1)=0.001: HK=H*H: FOR K=1 TO N - 1: X=K*H
QI=AV*EXP( - RO*X*X)+L*(L+1)/(X*X): IF X>RCU GOTO 11
Q1=Q1+(3 - (X/RCUY"2)*AK/(2*RCU): GOTO 22

11 Q1=Q1+AK/X

22 Q2= - QI*HK - 2+SK*HK: U(K+1)= - Q2*U(K) - U(K - 1): NEXT K
END SUB

SUB FUNRK(V(5000),N,H)

REM ###**** THE SOLUTION OF THE SCHRODINGER EQUATION
BY THE RUNGE-KUTT METHOD IN ALL AREA OF VARIABLES **
VAI1=0: REM VA1 — The value of the function in zero

PA1=1.0E - 05: REM PA1 - The value of function on the first step

FOR I=0 TO N - 1: X=H*I+1.0E - 05

CALL RRUN(VBI1,PB1,VA1,PA1,H,X)

VA1=VBI1: PA1=PBI: V(I+1)=VA1l: NEXT

END SUB

SUB RRUN(VB1,PB1,VA1,PA1,H,X)
REM ***#* THE SOLUTION OF THE SCHRODINGER EQUATION BY
THE RUNGE-KUTT METHOD BY THE ONE STEP #*###:

X0=X: Y1=VAl: CALL F(X0,Y1,FK1): FK1=FK1*H: FM1=H*PA1
X0=X+H/2: Y2=VAI+FM1/2: CALL F(X0,Y2,FK2): FK2=FK2*H
FM2=H*(PA1+FK1/2): Y3=VA1+FM2/2: CALL F(X0,Y3,FK3)
FK3=FK3*H: FM3=H*(PA 1+FK2/2): X0=X+H: Y4=VA1+FM3

CALL F(X0,Y4,FK4): FK4=FK4*H: FM4=H*(PA1+FK3)
PB1=PA1+(FK1+2*FK2+2*FK3+FK4)/6
VBI=VA1-+(FM1+2*FM2+2*FM3+FM4)/6

END SUB

SUB F(X,Y,F)
REM * FUNCTION EVALUATION OF F (X, Y) IN THE RUNGE-KUTT
METHOD *

SHARED SK,A2,R0,AK1,L,RCU

VC=A2*EXP(-R0*X*2): IF X>RCU GOTO 121
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VK=(3-(X/RCU)"2)*AK1/(2*RCU): GOTO 222
121 VK=AK1/X

222 F=-(SK-VK-VC-L*(L+1)/(X"2))*Y

END SUB

To carry out the control, we used the finite-difference method with the
classical nucleon-nucleon Reid potential [55]. The form of ' P potential and
calculation of scattering phase shifts are given. Our calculations for phase
shifts with such potentials are given in Table 1.3.1 in comparison with the
Reid results.

Table 1.3.1. Comparison of results for the Reid potential.

E, MeV d, radian, [55] 0, radian,
(Our calculation)
48 -0.071 -0.072
144 -0.312 -0.314
208 -0.456 -0.458
352 -0.708 -0.710

It is clear from these results that the coincidence of both calculations, at
an accuracy of about several thousands of radian, presents a good example
of the efficiency of the numerical methods used and the accuracy of the
working of the computer program described.

We thus compare the accuracy with which it is possible to obtain the
phase shifts by two methods: the Runge-Kutta method and the finite-
difference method. We give the calculation results of phase shifts for these
two methods (FDM, finite-difference method and RKM, Runge-Kutta
method) for the S scattering phase shift in the ZH*He system (parameters of
the potential were obtained by us in [56] Vo=76.12 MeV, a.=0.2 fm?,
R.=0 fm, L =0 and represent the alternative variant of similar potentials
offered for the first time in [57,58,59,60]) and the extent of their coincidence
in degrees (ERR - DEG) and percent (ERR - %) [61]. Here EL and ECM
refer to the energy in the laboratory system and the system of the center of
mass of the colliding particles, respectively.
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EL ECM FKR FRK ERR-DEG  ERR-%
+1.0000E+00 +6.6667E-01 +1.5053E+02 +1.5052E+02 +8.4828E-03 +5.6353E-03
+2.0000E+00 +1.3333E+00 +1.2598E+02 +1.2597E+02 +1.2241E-02 +9.7170E-03
+3.0000E+00 +2.0000E+00 +1.0892E+02 +1.0890E+02 +1.4219E-02 +1.3055E-02
+4.0000E+00 +2.6667E+00 +9.5886E+01 +9.5871E+01 +1.5547E-02 +1.6214E-02
+5.0000E+00 +3.3333E+00 +8.5335E+01 +8.5319E+01 +1.6536E-02 +1.9378E-02
+6.0000E+00 +4.0000E+00 +7.6457E+01 +7.6440E+01 +1.7629E-02 +2.3057E-02
+7.0000E+00 +4.6667E+00 +6.8801E+01 +6.8782E+01 +1.8828E-02 +2.7365E-02
+8.0000E+00 +5.3333E+00 +6.2083E+01 +6.2063E+01 +1.9867E-02 +3.2000E-02
+9.0000E+00 +6.0000E+00 +5.6102E+01 +5.608 1 E+01 +2.0743E-02 +3.6974E-02
+1.0000E+01 +6.6667E+00 +5.0715E+01 +5.0693E+01 +2.1731E-02 +4.2848E-02
+1.1000E+01 +7.3333E+00 +4.5818E+01 +4.5795E+01 +2.2996E-02 +5.0189E-02
+1.2000E+01 +8.0000E+00 +4.1334E+01 +4.1310E+01 +2.4399E-02 +5.9028E-02
+1.3000E+01 +8.6667E+00 +3.7206E+01 +3.7180E+01 +2.5677E-02 +6.9014E-02
+1.4000E+01 +9.3333E+00 +3.3383E+01 +3.3356E+01 +2.6730E-02 +8.0071E-02
+1.5000E+01 +1.0000E+01 +2.9825E+01 +2.9798E+01 +2.7712E-02 +9.2913E-02
+1.6000E+01 +1.0667E+01 +2.6500E+01 +2.6471E+01 +2.8870E-02 +1.0894E-01
+1.7000E+01 +1.1333E+01 +2.3379E+01 +2.3349E+01 +3.0323E-02 +1.2970E-01

The worst result is shown in the last line with 0.13 % at an energy of 17
MeV. Following on, we give the results of calculations of the S/, phase shift
for elastic 3H*He scattering at low energies by two methods [61]. For the
parameters of the potential, the following values were used: Vy=-67.5
MeV; a.=0.15747 fm?; R. = 3.095 fm; and L = 0 [56,61].

EL ECM FKR FRK ERR - DEG ERR - %
+1.0000E-01 +4.2857E-02 +1.8000E+02 +1.8000E+02 +3.0506E-07 +1.6948E-07
+1.1000E+00 +4.7143E-01 +1.7204E+02 +1.7204E+02 +1.2686E-03 +7.3739E-04
+2.1000E+00 +9.0000E-01 +1.6139E+02 +1.6138E+02 +2.8364E-03 +1.7575E-03
+3.1000E+00 +1.3286E+00 +1.5211E+02 +1.5211E+02 +4.0288E-03 +2.6486E-03
+4.1000E+00 +1.7571E+00 +1.4419E+02 +1.4419E+02 +4.9487E-03 +3.4320E-03
+5.1000E+00 +2.1857E+00 +1.3729E+02 +1.3729E+02 +5.6562E-03 +4.1198E-03
+6.1000E+00 +2.6143E+00 +1.3113E+02 +1.3113E+02 +6.2638E-03 +4.7767E-03
+7.1000E+00 +3.0429E+00 +1.2555E+02 +1.2555E+02 +6.8101E-03 +5.4240E-03
+8.1000E+00 +3.4714E+00 +1.2045E+02 +1.2044E+02 +7.2653E-03 +6.0317E-03
+9.1000E+00 +3.9000E+00 +1.1574E+02 +1.1573E+02 +7.6262E-03 +6.5892E-03
+1.0100E+01 +4.3286E+00 +1.1134E+02 +1.1133E+02 +7.9425E-03 +7.1336E-03
+1.1100E+01 +4.7571E+00 +1.0721E+02 +1.0720E+02 +8.2671E-03 +7.7111E-03
+1.2100E+01 +5.1857E+00 +1.0331E+02 +1.0330E+02 +8.6088E-03 +8.3328E-03
+1.3100E+01 +5.6143E+00 +9.9620E+01 +9.9611E+01 +8.9358E-03 +8.9699E-03
+1.4100E+01 +6.0429E+00 +9.6112E+01 +9.6103E+01 +9.2141E-03 +9.5868E-03
+1.5100E+01 +6.4714E+00 +9.2768E+01 +9.2759E+01 +9.4404E-03 +1.0176E-02
+1.6100E+01 +6.9000E+00 +8.9572E+01 +8.9563E+01 +9.6453E-03 +1.0768E-02
+1.7100E+01 +7.3286E+00 +8.6509E+01 +8.6499E+01 +9.8700E-03 +1.1409E-02
+1.8100E+01 +7.7571E+00 +8.3566E+01 +8.3556E+01 +1.0139E-02 +1.2133E-02

The deviation of these results for the last line does not exceed 0.012 %.

All these results show that the accuracy of the phase shifts of nuclear
scattering obtained from these calculations, by both methods, is at the level
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of tenth-hundredths of a percent and thus either of these ways can be applied
to the real calculation of nuclear phase shifts of elastic scattering in any
cluster system with central forces.

We present the text of a computer program in Fortran-90 for calculating
elastic scattering phase shifts, in this case, of protons on ’Li. The program
carries out the calculation of the elastic scattering phase shifts of two
particles using a scattering wave function by the methods described in detail
above with a given accuracy. In this case, the absolute accuracy is 107
radians. Moving on to the computer program, note that the descriptions of
the parameters of variables in the calculation and the interaction potential
blocks of the program and subprograms are listed along with the program.

PROGRAM FAZ p7Li

! THE PROGRAM OF CALCULATION OF PHASE SHIFTS OF
SCATTERING FOR THE SET ACCURACY

IMPLICIT REAL(8) (A-Z)

INTEGER(4) LLL,N

REAL(8) FA1(0:1000),ECM(0:1000),EL(0:1000)

DIMENSION U1(0:1024000)

! ok sk sk sk sk ok ok ke sk sk sk sie s skoskockok The nuClear data st s sk s ok ok sk sk sk skokok ke sk stk sk skosk
AM1=1.00727646577D0; ! The P mass

AM2=7.01600455D0 ! The 7Li mass

Z1=1.0DO0 ! The P charge

72=3.0D0 ! The 7Li charge

PI=4.0D0*DATAN(1.0D0) ! The Pi number
PM=AM1*AM2/(AM1+AM2) ! The reduced mass

! sk sk sk sk sk sk sk sk sk sk skeoskeoskoskoskoskok The constants ste st sk s s sfe sk sk sk sk koo st ste sk sk skoskoskoskoskokok
A1=41.4686D+00

B1=2.0D0*PM/A1

AK1=1.439975D+00*Z1*Z2*B1

GK=3.44476D-02*Z1*Z2*PM

! sfe sk she sk sk sk sk sk sk ke st sieskeskeoskoskok The lnltlal Values sfe sk sk sk sk st sk skosk sk skeoskeoskeoskeskeosk

NN=0 ! The initial value of a step

NV=30 ! The number of steps at calculation of the phase shifts
NH=1 ! The step value

EH=0.01DO0 ! The step in MeV for the calculation of the phase shifts
EN=0.3DO0 ! The lower value of energy of the calculation of the phase shifts
EPF=1.0D-003 ! The accuracy of the calculation of the phase shifts

! sk sk she sk stk sk skeok ke skeskoskoskosk The pOtentialS st st sfe s s sfe sk sk sk sk sk skosk sk stk sk sk skeoskoskoskoskokok
V0=1685.783D0 ! The potential depth in MeV of the attracting part
RO=1.DO0 ! The potential radius of the attracting part in Fm
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V1=0.0DO0 ! The potential depth in MeV of the repulsive part

R1=1.0DO0 ! The potential radius of the repulsive part in Fm
A0=-V0*BI1; A1=V1*BI ! The recalculation of depth of potentials in Fm
RCU=0.0DO0 ! The coulomb radius in Fm

L=1! The orbital moment

| Aotk ® The parameters for finding of the phase shifts **## %
DO [=NN,NV,NH

N=1000 ! The initial number of steps of calculation of the WF
RR=10.0DO ! The initial distance for calculation of the WF

H=RR/N ! The initial distance for calculation of the WF
EL(I)=EN+I*EH ! The energy in a lab system

ECM(I)=EL(I)*PM/AM1 ! The recalculation of energy in the system of the
center of masses

SK=ECM(])*B1 ! The square of the number

SS1=DSQRT(SK) ! The wave number

G=GK/SS1 ! Coulomb parameter

| ik The subprogramme of calculation of the phase shifts **#%*
CALL
FAZ(G,SS1,LLRR,EPF,N,PLLH,L,U1,FA1,A0,A1,R0,R1,RCU,AK1,SK)
PRINT *,EL(I)*1000,FA1(I)

ENDDO

! sfe sfe sk she ske sk sk sk sk sk sk skeskeskeoskeoskeoskosk The record Ofl‘esults in the ﬁle st sk ste st skeskeoskeoskosk
OPEN (1,FILE='FAZ-P-7Li.DAT")

DO [=NN,NV,NH

WRITE(1,*) EL(I)*1000,FA1(I)

ENDDO

CLOSE(1)

END

SUBROUTINE FUN(N,H,A0,A1,R0,R1,L,RCU,AK,SK,U)

! **% The subprogramme of calculation of the wave function *#*## sk
IMPLICIT REAL(8) (A-Z)

INTEGER(4) K,L,N

DIMENSION U(0:1024000)

U(0)=0.0D0

U(1)=0.010D0

HK=H*H

DO K=I1,N-1

X=K*H
Q1=A0*DEXP(-RO*X*X)+L*(L+1)/(X*X)+A1*DEXP(-R1*X*X)
IF (X>RCU) GOTO 1157
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Q1=Q1+(3.0D0-(X/RCU)**2)*AK/(2.0D0*RCU)
GOTO 1158

1157 Q1=Q1+AK/X

1158 Q2=-Q1*HK-2.0D0+SK*HK
U(K+1)=-Q2*U(K)-U(K-1)

ENDDO

END

SUBROUTINE FAZ(G,SS,LLRR,EPF,N,PI,H,L,U,FA,A0,A1,
RO,R1,RCU,AK,SK)

| FrEsdREkxER* The subprogramme of calculation of the phase shifts ****
IMPLICIT REAL(8) (A-Z)

INTEGER(4) N,L,I

DIMENSION U(0:1024000),FA(0:1000)
FN=1000.0; FR=1000.0

125 X1=H*SS*(N-4)

X2=H*SS*N

CALL CULFUN(L,X1,G,F1,G1,W0.EP)
CALL CULFUN(L,X2,G,F2,G2,W0.EP)
CALL FUN(N,H,A0,A1,R0,R1,L,RCU,AK,SK,U)
U10=U(N-4); U20=U(N)
AF=-(F1-F2*U10/U20)/(G1-G2*U10/U20)
F=DATAN(AF)

IF(F<0.0D0) THEN

F=F+PI

ENDIF

IF(ABS(F)<1.0D-10) THEN

F=0.0D0

ENDIF

IF (ABS(FN-F)>EPF) THEN

FN=F

N=N-+100

H=RR/N

GOTO 125

ENDIF

IF (ABS(FR-F)>EPF) THEN

FR=F

RR=RR+1

N=N+0.2*N

H=RR/N

GOTO 125
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ENDIF
FA(I)=F*180.0D0/PI
END

SUBROUTINE CULFUN(LM,R,Q,F,G,W,EP)
| ##x% Subprogramme of the calculation of the Coulomb functions *****
IMPLICIT REAL() (A-Z)

INTEGER L,K,LL,LM

EP=1.0D-015

L=0

F0=1.0D0

GK=Q*Q

GR=Q*R

RK=R*R

BO1=(L+1)/R+Q/(L+1)

K=1

BK=(2*L+3)*((L+1)*(L+2)+GR)
AK=-R*((L+1)**2+GK)/(L+1)*(L+2)
DK=1.0D0/BK

DEHK=AK*DK

S=B01+DEHK

15 K=K+1
AK=-RK*((L+K)**2-1.D0)*((L+K)**2+GK)
BK=(2*L+2*K+1)*((L+K)*(L+K+1)+GR)
DK=1.D0/(DK*AK+BK)

IF (DK>0.0D0) GOTO 35

25 F0=-F0

35 DEHK=(BK*DK-1.0D0)*DEHK
S=S+DEHK

IF (ABS(DEHK)>EP) GOTO 15

FL=S

K=1

RMG=R-Q

LL=L*(L+1)

CK=-GK-LL

DK=Q

GKK=2.0D0*RMG

HK=2.0D0

AA1=GKK*GKK+HK*HK
PBK=GKK/AAL1

RBK=-HK/AA1
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AOMEK=CK*PBK-DK*RBK
EPSK=CK*RBK+DK*PBK
PB=RMG+AOMEK

QB=EPSK

52 K=K+1
CK=-GK-LL+K*(K-1.)
DK=Q*(2.*K-1.)

HK=2.*K
FI=CK*PBK-DK*RBK+GKK
PSI=PBK*DK+RBK*CK+HK
AA2=FI*FI+PSI*PSI
PBK=FI/AA2

RBK=-PSI/AA2
VK=GKK*PBK-HK*RBK
WK=GKK*RBK+HK*PBK
OM=AOMEK

EPK=EPSK
AOMEK=VK*OM-WK*EPK-OM
EPSK=VK*EPK+WK*OM-EPK
PB=PB+AOMEK
QB=QB+EPSK

IF (( ABS(AOMEK)+ABS(EPSK) )>EP) GOTO 52
PL=-QB/R

QL=PB/R

GO=(FL-PL)*F0/QL
GOP=(PL*(FL-PL)/QL-QL)*F0
FOP=FL*F0

ALFA=1.0D0/( (ABS(FOP*GO0-FO*GOP))**0.5 )
G=ALFA*G0

GP=ALFA*GOP

F=ALFA*F0

FP=ALFA*FOP
W=1.0D0-FP*G+F*GP

IF (LM==0) GOTO 123
AA=(1.0D0+Q**2)**(.5
BB=1.0DO/R+Q
F1=(BB*F-FP)/AA
G1=(BB*G-GP)/AA
WWI1=F*G1-F1*G-1.0D0/(Q**2+1.0D0)**0.5
IF (LM==1) GOTO 234

DO L=1,LM-1
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AA=((L+1)**2+Q**2)¥*0.5
BB=(L+1)**2/R+Q

CC=(2*L+1)*(Q+L*(L+1)/R)
DD=(L+1)*(L**2+Q**2)**(.5
F2=(CC*F1-DD*F)/L/AA
G2=(CC*G1-DD*G)/L/AA

WW2=F 1*G2-F2*G1-(L+1)/(Q**2+(L+1)**2)**0.5
F=F1; G=G1; F1=F2; G1=G2

ENDDO

234 F=F1; G=G1

123 CONTINUE

END

Below, we give the results of the control account using this program for
the elastic scattering of protons on "Li in the P wave, i.e. at L = 1 with the
potential specified in the program. Here, E is the energy of particles in keV
and 9 is a phase shift in degrees. Inscriptions for these values (£ and d) are

not provided in the program.

E, keV 0, degree
300.000000000000000 1.463012825309583
310.000000000000000 1.741580427189647
320.000000000000000 2.045211169193295
329.999999999999900 2.453917192921778
339.999999999999900 2.942034339443802
350.000000000000000 3.523983257335034
360.000000000000000 4.304066622497790
370.000000000000000 5.290031443719053
380.000000000000000 6.616684565601776
390.000000000000000 8.497854783693313
400.000000000000000 11.283887289718910
410.000000000000000 15.871292305763380
420.000000000000000 24.460811168704080
430.000000000000000 44.290494570708410
440.000000000000000 90.056769406018120
449.999999999999900  131.858294233151700
459.999999999999900  149.289857654389200
470.000000000000000  157.183982976260500
480.000000000000000  161.471562673128100
490.000000000000000  164.171993502029300

500.000000000000000

165.996407865298600
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510.000000000000000  167.276268596475400
520.000000000000000  168.211429040413200
530.000000000000000  168.940799322204100
540.000000000000000  169.548066545885000
550.000000000000000  170.004755252677600
560.000000000000000  170.371698377092600
570.000000000000100  170.660104736125200
580.000000000000100  170.910851757862900
590.000000000000000  171.148334224319700
600.000000000000000  171.325330286482400

It is clear from these results that at 440 keV the P, phase shift reaches
resonance value at 90°, which is really at an energy of 441 keV [28].

1.4 Program for calculating scattering phase shifts
for the central complex potentials

We present the program for calculating complex phase shifts of elastic
scattering by the finite-difference method in BASIC. The following
designations are accepted.

NN — the lower value of the energy cycle,

NV — the upper value of the energy cycle,

LN — the lower value of the orbital moment,

LV — the upper value of the orbital moment,

LH — a step value of the orbital moment,

AMI1 — the mass of the first particle in amu,

AM2 — the mass of the second particle in amu,

PM - the reduced mass of ,

Z1 — charge of the first particle in terms of charge “e”,

72 — charge of the second particle in terms of charge “e”,

A1 — constant #2/My = 41.4686, where My is the mass of a nucleon in amu,
equal to 1,

AK — constant at the Coulomb potential 1.439975 Z,Z,2u/h?,

N — number of steps at the integration of the Schrodinger equation,

HH — step value at integration of the Schrodinger equation,

ROO — distance at which the interlacing of numerical functions with
asymptotics is carried out,

VRI1 — the depth of the real potential,

RRR — the radius of the real potential,

AR — the diffusivity of the real potential of the Woods-Saxon potential,
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VC1 — the depth of the imaginary part of the potential,

RRC - the radius of the imaginary part of the potential,

AC — the diffusivity of the imaginary part of the Woods-Saxon potential,
RCU - the Coulomb radius,

L — the orbital moment,

E1 () — the energy of particles in the laboratory system,

E () — the energy of particles in the system of the center of masses,

SK — the square of the wave number of k2,

SS — the k wave number,

GG — the Coulomb parameter = 3.44476 102 Z,Z, p/k.

REM ** THE CALCULATION OF THE COMPLEX SCATTERING
PHASE SHIFTS

CLS: DEFDBL A-Z: DEFINT LJ,K,L,N,M: NN=4000: N=100

DIM E(N), DE(N), DEE(N), FAZA(N,15), EI(N), X(NN), Y(NN),
ETA(N,15), SIG(N,15), SEC(N), FAZ(N,15)

DIM V(NN),W(NN),FM(20),FR(20),FR1(20),FM1(20),ET(N)

REM sk sk sk ske sk sk sk sk ske sk sk sk sk sk sk sk sk sk sk sk skeoske sk sk sk stk sk steoske sk steoske stk sk sk skoskoske sk sk

A$ =" THE COMPLEX PHASE SHIFTS"

B$=" E(CM) FAZR(EXP)  FAZR(TEOR) FAZC(EXP)
FAZC(TEOR) ETA(TEOR)"

SAVE=0: G$="C:\BASICA\FAZCOM\FAZALAL1.DAT"

PRINT " ". PRINT
BS

PI=4*ATN(1): NN=1: NV=1: LN=0: LV=10: LH=2: AM1=4: AM2=4
Z1=2: 72=2: A1=41.4686: PM=AM1*AM2/(AM1+AM2): B1=2*PM/A
AK=1.439975*Z1*Z2*B1: N=2000: R00=20: HH=R00/N

E1(1)=51.1

FR(0)=291: FR(2)=245: FR(4)=163: FR(6)=28: FR(8)=4.2: FR(10)=0.5
FM(0)=0.51: FM(2)=0.51: FM(4)=0.53: FM(6)=0.855: FM(8)=0.985
FM(10)=0.998: FOR I=NN TO NV: E(I)=E1(I)*PM/AM1: NEXT I

FOR I=LN TO LV STEP LH: FR1(I)=FR(I)*PI/180

REM FM1(I)=FM(I)*PI/180

NEXT I: REM #######%% THE INITIAL PARAMETERS *###stks
V22=122: A22=0.74: R22=1.81: V33=11: A33=0.74: R33=1.81
RCU=1.81: VN2=-V22*B1: VN3=-V33*B]

REM ** CALCULATION OF THE SCATTERING PHASE SHIFTS **
FOR JJI=NN TO NV: SK=E(J])*B1: SS=SQR(SK)
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GG=3.44476E-02*Z1*Z2*PM/SS: SIGMRR=0: SIGMAS=0

FOR L=LN TO LV STEP LH

CALL FUN (X(), Y(), R22, VN2, A22, R33, VN3, A33, RCU, L, SK, AK)
RR1=HH*SS*(N-5): RR2=HH*SS*N: X1=X(N-5): X2=X(N)
Y1=Y(N-5): Y2=Y(N)

REM ####x##%% THE COULOMB FUNCTIONS ks

CALL CUL(GG,RR1,L,F1,G1,FP1,GP1)

CALL CUL(GG,RR2,L,F2,G2,FP2,GP2)

REM #######sx5% THE SEARCH OF PHASE SHIFTS #### #sssk
AA1=X2*F1-X1*F2: BBI=Y1*G2-Y2*G1: DD1=X1*G2-X2*G1
CC1=Y2*F1-Y1*F2: AA=BB1-AA1l: BB=-CC1-DD1: CC=AA1+BBI
DD=CC1-DD1: DDO=AA"2+BB"2: SS1=(AA*CC+BB*DD)/DD0
$S2=(AA*DD-BB*CC)/DD0: ETA(JJ,L)=SQR(SS1/2+S52"2)
$S22=SS2/ETA(JJ,L): SS11=SS1/ETA(JI,L)
SIG(JJ,L)=-LOG((ETA(JI,L)))/2

FAZ=SS22/(1+SS11): FAZ(JJ,L)=ATN(FAZ): IF FAZ(JJ,L)>0 GOTO 901
FAZ(JJ,L)=FAZ(JJ,L)+PI

901 FAZA(JJ,L)=FAZ(JJ,L)*180/PL: IF SIG(JJ,L)>0 GOTO 911
SIG(JJ,L)=SIG(JJ,L)+PI

911 SIG(JJ,L)=SIG(JJ,L)*180/PI: A=FAZ(JJ,L)

SIGMAR = SIGMAR + (2*L+1)*(1 - (ETA(JJ,L))"2)

SIGMAS = SIGMAS + (2*L+1)*(ETA(JJ,L))"2*(SIN(A))"2

PRINT USING " +### " "; L; FR(L); FAZA(JJ,L); FM(L); SIG(JJ,L)
ETA(JJ,L): NEXT L: SIGMAR=10*4*PI*SIGMAR/SK
SIGMAS=10*4*PI*SIGMAS/SK

PRINT"  SIGR - THEOR = ";SIGMAR;

PRINT"  SIGS - THEOR = ";SIGMAS: NEXT JJ

REM *#*###%* THE CALCULATION OF DIF. CROSS SECTIONS
FOR J=NN TO NV: SK=E(J)*B1: SS=SQR(SK)
GG=3.44476E-02*Z1*Z2*PM/SS: SIGMAR=0: SIGMAS=0

FOR L=LN TO LV STEP LH: A=FRI(L): ET(L)=FM(L)

SIGMAR = SIGMAR + (2*L+1)*(1 - (ET(JJ,L))"2)

SIGMAS = SIGMAS + (2*L+1)*(ET(JJ,L))*2*(SIN(A))"2: NEXT L
SIGMAR=10*4*PI*SIGMAR/SK: SIGMAS=10*4*PI*SIGMAS/SK
PRINT"  SIGR - EXP = ";SIGMAR;

PRINT"  SIGS - EXP = ";SIGMAS

NEXT J: TMI=10: TMA=90: TH=1

CALL SEC (FR1(), GG, SS, TMI, TMA, TH, SEC(), ET(), LN, LV, LH, 1)
FOR T=TMI TO TMA/3 STEP TH

PRINT USING " ###### "; T, SEC(T); T+20; SEC(T+20); T+40;
SEC(T+40); T+60; SEC(T+60): NEXT
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IF SAVE=0 THEN STOP: OPEN "0O",1,G$

PRINT#1, "ALPHA-ALPHA FOR LAB E=";: PRINT#1, E1(NN)

FOR T=TMI TO TMA STEP TH: PRINT#I, USING " ####
"T;SEC(T)

NEXT

END

SUB CUL(GG,RR2,L,F2,G2,FP2,GP2)

Q=GG: R=RR2: FO0=1: GK=Q*Q: GR=Q*R: RK=R*R
BO1=(L+1)/R+Q/(L+1): K=1: BK=(2*L+3)*((L+1)*(L+2)+GR)
AK=-R*((L+1)"2+GK)/(L+1)*(L+2)

DK=1/BK: DEHK=AK*DK: S=B01+DEHK

112 K=K+1: AK=-RK*((L+K)"2-1)*((L+K)"2+GK)
BK=(2*L+2*K+1)*((L+K)*(L+K+1)+GR): DK=1/(DK*AK+BK)
IF DK>0 GOTO 132: FO=-F0

132 DEHK=(BK*DK-1)*DEHK: S=S+DEHK

IF (ABS(DEHK)-1E-10)>0 GOTO 112: FL=S: K=1: RMG=R-Q
LL=L*(L+1): CK=-GK-LL: DK=Q: GKK=2*RMG: HK=2
AA1=GKK*GKK~+HK*HK: PBK=GKK/AA1: RBK=-HK/AA1
OMEK=CK*PBK-DK*RBK: EPSK=CK*RBK+DK*PBK
PB=RMG+OMEK: QB=EPSK

152 K=K+1: CK=-GK-LL+K*(K-1): DK=Q*(2*K-1): HK=2*K
FI=CK*PBK-DK*RBK+GKK: PSI=PBK*DK+RBK*CK-+HK
AA2=FI*FI+PSI*PSI: PBK=FI/AA2: RBK=-PSI/AA2
VK=GKK*PBK-HK*RBK: WK=GKK*RBK+HK*PBK: OM=OMEK
EPK=EPSK: OMEK=VK*OM-WK*EPK-OM
EPSK=VK*EPK+WK*OM-EPK

PB=PB+OMEK: QB=QB-+EPSK

IF (ABS(OMEK)+ABS(EPSK)-1E-10)>0 GOTO 152: PL=-QB/R
QL=PB/R: GO=(FL-PL)*F0/QL: GOP=(PL*(FL-PL)/QL-QL)*F0
FOP=FL*F0: ALFA=1/(SQR(ABS(FOP*GO0-F0*GOP))): G2=ALFA*GO0
GP2=ALFA*GOP: F2=ALFA*F0: FP2=ALFA*FOP
W=1-FP2*G2+F2*GP2

END SUB

SUB FUN(X(5000), Y(5000), R2, V2, A2, R3, V3, A3, RCU, L, SK, AK)
SHARED HH,N: HK=HH*HH: X(0)=0: X(1)=1E-3: Y(0)=0: Y(1)=1E-3
FOR K=1 TO N-1: R=K*HH: FR1=V2/(1+EXP((R-R2)/A2))
FC1=V3/(1+EXP((R-R3)/A3)): FR=SK-FR1-L*(L+1)/R"2

IF R>RCU GOTO 177: FR=FR-AK/(2*RCU)*(3-(R/RCU)*2): GOTO 188
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177 FR=FR-AK/R

188 FC=FC1: F=2-FR*HK: G=FC*HK: X(K+1)=F*X(K)-X(K-1)-G*Y(K)
Y(K+1)=F*Y(K)-Y(K-1)+G*X(K): NEXT

END SUB

SUB SEC (F(100), GG, SS, TMI, TMA, TH, S(100), E(100), LMI, LMA,
LH, NYS)

SHARED PI: DIM S0(20),P(20)

RECUL1=0: AIMCUL1=0: CALL CULFAZ(GG,S0())

FOR TT=TMI TO TMA STEP TH: T=TT*PI/180: XP=COS(T)
A=2/(1-XP): BB=-GG*A: ALO=GG*LOG(A)+2*S0(0)
RECUL=BB*COS(ALO): AIMCUL=BB*SIN(ALO)

IF NYS=0 GOTO 555

PT=PI-T: X1P=COS(PT): A1=2/(1-X1P): BBI=-GG*Al
ALOI=GG*LOG(A)+2*S0(0): RECUL1=BB1*COS(ALO1)
AIMCUL1=BB1*SIN(ALO1)

555 RENUC=0: AIMNUC=0: RENUC1=0: AIMNUC1=0
FOR L=LMI TO LMA STEP LH: AL=E(L)*COS(2*F(L))-1
BE=E(L)*SIN(2*F(L)): LL=2*L+1: SL=2*S0(L)

CALL POLLEG(XP,L,P())
RENUC=RENUC+LL*(BE*COS(SL)+AL*SIN(SL))*P(L)
AIMNUC=AIMNUC+LL*(BE*SIN(SL)-AL*COS(SL))*P(L)
IF NYS=0 GOTO 556: CALL POLLEG(X1P,L,P())
RENUC1=RENUC+LL*(BE*COS(SL)+AL*SIN(SL))*P(L)
AIMNUC1=AIMNUC+LL*(BE*SIN(SL)-AL*COS(SL))*P(L)
556 NEXT L: RESRECUL+RECUL 1+RENUC+RENUCI
AIM=AIMCUL+AIMCUL1+AIMNUC+AIMNUC1
S(TT)=10*(RE*2+AIM*2)/4/SS*2: NEXT TT: END SUB
SUB POLLEG(X,L,P(20))

P(0)=1: P(1)=X: FOR =2 TO L: P(I)=(2*I-1)*X/I*P(I-1)-(I-1)/T*P(I-2)
NEXT

END SUB

SUB CULFAZ(G,F(20))
C=0.577215665: S=0: N=50: A1=1.202056903/3: A2=1.036927755/5
FOR I=1 TO N: A=G/I-ATN(G/D~(G/T)*3/3+(G/1)"5/5

S=S+A: NEXT: FAZ=-C*G+A1*G"3-A2*G5+S: F(0)=FAZ

FOR I=1 TO 20: F(I)=F(I-1)*ATN(G/(I)): NEXT

END SUB
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We provide the results of the control account in this program. The real
physical scattering process in the “He*He system of nuclear particles was
considered at an energy of 51.1 MeV with a complex potential.
Experimental data on differential cross sections are given in [62]. An
analysis of these data in the optical model was carried out in the same paper.
Consequently, the parameters of the Woods-Saxon potential were found

V+iw
ool ")
exp| — |+1
a

where V(7) is the Coulomb potential and

Vr)= +V.(r), (1.4.1)

V=-122+3 MeV, W=-11£2MeV,
R=1.81 fm, a=0.74 £ 0.03 fm, R.=R.

Such a potential leads to scattering phase shifts and parameters of
inelasticity, which are given in Table 1.4.1. Moreover the total experimental
cross section of the reaction 6,= 770 + 100 mb is given in [62] for this energy.

Using these parameters of the potential, calculation of the scattering
phase shifts is given in Table 1.4.1 and the total cross section of the reactions
of 6,=766.1 mb was discovered using the program given above. It is clear
that, practically speaking, all the calculated values (apart from the last real
phase shift for L = 10), within the error margin, coincide with the results
presented in [62]. If we use the phase shift in [62], then the cross section of
reactions gives a value o, =764.7 mb, which, as previously, is in good
agreement with the experimental data.

Table 1.4.1. Results of phase shift analysis.

L d, degree, 5, degree, n n
[62] (Our [62] (Our
calculation) calculation)
0 111+4 1.123E+02 0.5140.07 5.102E-01
2 65+4 6.655E+01 0.5140.07 5.177E-01
4 163+4 1.649E+02 0.5340.07 5.414E-01
6 2843 2.935E+01 0.855+0.03 8.501E-01
8 4.240.6 4.422E+00 0.985+0.004 9.841E-01
10 0.5+0.1 7.464E -01 0.998+0.001 9.972E-01

printed on 2/13/2023 7:30 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

58 I

As such, in the case of the real central potentials, the general and
numerical methods of the solution of the Schrédinger equation are
considered. The accuracy of the physical calculations that allow one to
obtain such methods and their full applicability to the finding of the nuclear
scattering phase shifts is shown. The control calculations of the nuclear
scattering phase shifts of various nuclear particles by the finite-difference
method and by the Runge-Kutta method with the real interaction potentials
are executed and a mutual comparison is carried out, showing the
coincidence of the results with an accuracy of the order of several-
hundredths of a percent.

The case when the central potential contains both real and imaginary
parts is considered. Then, the Schrédinger equation moves into the coupled
equation system. The general and numerical methods of the solution of such
a system with rather simple initial and asymptotic conditions are stated. For
this case, the control calculations of the nuclear scattering phase shifts and
their comparison with some results obtained in other works are also given.

1.5 Creation of the intercluster potentials

Here, we describe in more detail the procedure for the construction of
the intercluster partial potentials at the given orbital moment L, having
defined the criteria and the sequence of finding the parameters, and having
specified their errors and ambiguities. First of all, there are the parameters
of the BS potentials, which, at the given number of the states allowed and
forbidden in this partial wave, are fixed quite unambiguously on the binding
energy, the radius of the nucleus, and an asymptotic constant in the
considered channel.

The accuracy on which these parameters of the BS potential are
determined is connected, first of all, to the AC accuracy, which is usually
around 10-20 %. The accuracy of the experimental determination of the
charge radius is usually much higher than 3—5 %. Such a potential does not
contain other ambiguities as the classification of states according to Young
tableaux allows one to unambiguously fix the number of BS, forbidden or
allowed states in this partial wave; the complete determination of its depth
and potential width entirely depends on the AC value. The principles of
determining the number of the FS and AS are given in the partial wave
described, for example, in [2].

It is important to note that the calculations of the charge radius in any
model contain errors, i.e. errors that are a result of the model’s accuracy. In
any model, the values of such a radius depend on the integral of the model
WF, i.e. the model errors of such functions are summarized. The values of
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the AC are determined by an asymptotic of the model of the WF at one point
of the asymptotic and appear to contain significantly smaller errors. As
such, generally BS potentials have to be constructed and, first of all,
coordinated as much as possible with the values of the AC obtained on the
basis of independent methods, which allow one to take the AC from the
experimental data [63].

The intercluster potential of the non-resonance scattering process on the
phase shifts at the given number of the BS, allowed and forbidden states in
the considered partial wave, is also constructed quite unambiguously. The
accuracy of the determination of the parameters of such a potential is
connected, first of all, to the accuracy of extraction of the phase shifts from
the experimental data and can reach 20-30 %. Here, such a potential does
not contain ambiguities, as the classification of states according to Young
tableaux allows one to unambiguously fix the number of BS; the complete
determination of its depth and the potential width with the given depth is
defined by a form of this phase shift.

At the creation of the non-resonance scattering potential according to the
data on the spectra of the nucleus in a certain channel, it is difficult to
estimate the accuracy of finding its parameters, even at the given number of
BS; however, it appears that it does not exceed the error in the previous case
by much. Such a potential is usually supposed for the area of energy up to
1 MeV, leading to the phase shift closing to zero, or giving a smoothly
falling phase shift shape, as there are no resonance levels in the spectra of
the nucleus.

In the analysis of resonance scattering, when at the considered partial
wave with an energy of up to 1 MeV there is a rather narrow resonance with
a width of about 10-50 keV at the given number of BS, the potential is also
constructed completely unambiguously. At the given number of BS, its
depth is unambiguously fixed by the resonance energy of the level and the
width is completely defined by the width of the resonance. The error of its
parameters usually does not exceed the error of the determination of the
width of such a level at about 3—5 %. The same applies to the construction
of the partial potential by phase shifts and the determination of its
parameters by resonance in the spectra of the nucleus.

As a result, none of the potentials contain ambiguities, allowing one to
correctly describe the total cross sections of the processes of radiative
capture [2,28], without the obvious involvement of such concepts as the
spectroscopic Sy factor, i.e. its value is accepted as being equal to the unit,
as used in [64]. In other words, by consideration of the capture reaction in
the modified PCM [2] for the potentials of the processes correlated in a
continuous spectrum, with the characteristics of the scattering processes and
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a discrete spectrum describing the main properties of the BS of the nucleus,
coordinated in a continuous spectrum, it is not necessary to enter an
additional multiplier St [64] any more. It appears that all the effects present
in the reaction, including the probability of cluster configuration, are
considered at the creation of the interaction potentials.

This is possible because the potentials are constructed while taking into
account the structure of the FS and on the basis of the description of the
observed, i.e. the experimental characteristics, of the interacting clusters in
the initial channel, along with some nuclei formed in the final state in the
case of the description of its cluster design consisting of the initial particles.
As such, the presence of Sy, taking into account the wave functions of the
BS clusters, is defined on the basis of such potentials in the solution of the
Schrodinger equation (1.1.1).

In conclusion, we note that in the case of the creation of partial
interaction potentials, they are considered to not only depend on the L orbital
moment, but also on the S total spin and the J total moment of the cluster
system. In other words, for the different moments, L, S, J, we have different
values for the parameters. Usually the E/ or MI transitions between
different states ®S*VL;in continuous and discrete spectra are considered and
thus the potentials of these states will vary.

1.6 Potentials and wave functions

The intercluster interaction potentials for each partial wave, i.e. for the
given orbital moment L, and the pointlike Coulomb member can be chosen
in the form

V(r) = Voexp(-yr?) + Viexp(-6r7), (1.6.1)
or
V(r) = Voexp(-yr?). (1.6.2)

Here the parameters Vy and V1, v, and o are the potential parameters.
They are usually derived from best description of the phase shifts of elastic
scattering taken during the phase shift analysis from the experimental data
of the differential cross sections, i.e. angular distributions or excitation
functions.

The Coulomb potential at the zero Coulomb radius of Reou = 0 is written
in the form
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V. .(M3B)=1.439975 2z, ,
r

where r is the relative distance between the particles of the initial channel
in fm and Z stands for the charges of the particles in terms of an elementary
charge “e”.

The behavior of the wave function of the bound states, including the
ground states of the nucleus in the cluster channels at long distances, is
characterized by the asymptotic constant C,, which is defined by
Whittaker’s function [65]

X (1) =2k, C WV (2k0i’) ) (1.6.3)

where y(R) is the numerical wave function of the bound state obtained from
the solution of the radial Schrédinger equation and normalized to the unit;
Won+12 1s Whittaker’s function of the bound state defining the asymptotic
behavior of the WF and being the solution of the same equation without
nuclear potential, i.e. at long distances R; k is the wave number caused by
the channel binding energy; m is the Coulomb parameter after being
determined further; and L is the orbital moment of the bound state.

The asymptotic constant is the important nuclear characteristic defining
the behavior of the “tail”, i.e. the asymptotics of the wave function at long
distances. In many cases, the knowledge of 4 nucleus in the cluster channel
b+c defines the value of an astrophysical S-factor for the process of
radiative capture of b(c,y)4 [63]. The asymptotic constant is proportional to
the nuclear vertex constant for the virtual process of A—b+c, which is a
matrix element of this process on the mass surface [66].

1.7 Methods of phase shift analysis

Knowing the experimental differential cross sections of the elastic
scattering, it is possible to find the set of parameters called the phase shifts
8%, » allowing us to describe the behavior of these cross sections with a

certain accuracy. The quality of the description of the experimental data, on
the basis of some theoretical function (a functionality of several variables),
can be estimated using the %> method, which is presented in the form [6]

. 13[a®-0'®) Z_LN .
1 Nzl:Acf(B) } =2 (1.7.1)

i=1 i=1
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where o° and o' are the experimental and theoretical values, i.e. calculated
at some given values of the phase shift &5, cross sections of the elastic

scattering of the nuclear particles for the scattering angle i; Ac® is an error
of the experimental cross sections for this angle; and N is the number of
experimental measurements.

The expressions describing the differential cross sections present the

decomposition of some functionality do(0)/dC2 in the numerical series [6];

J
S,.L >

it is necessary to find such variation parameters of the decomposition
which best describe its behavior. As the expressions for the differential cross
sections are usually exact [6], with an indefinite increase in members of the
decomposition of L, the value 2 has to aspire to zero. This criterion was
used to choose a certain set of phase shifts leading to a minimum 2, which
could be applied as a global minimum in this multiple parameter variation
problem [5]. The methods and criteria of the phase shift analysis used in
these calculations are given in more detail in [5,10].

As such, to discover the scattering phase shifts according to the
experimental cross sections, the procedure for the minimization of 7>
functionality (1.7.1), as functions of a certain number of variables, was

executed, with each one being a &3, phase shift of some partial wave. For

the solution of this problem, a minimum y? in some limited area of values
of these variables is looked for; however, it is also possible to find a set of
local %2 minima with the unit order value in this area. The choice of the
smallest of them may correspond to a global minimum, which is the solution
of such a variation problem.

We used the stated criteria and methods to carry out phase shift analysis
at low energies, which is important for the majority of the astrophysical
problems. All expressions for the calculation of the differential cross
sections of the elastic scattering of particles with different spins, which are
required for carrying out the phase shift analysis in the systems described
above, are given in the corresponding paragraphs of Chapter 2.

1.8 General principles of the three-body model

We consider the radial Schrédinger equation with central nuclear forces
for the wave function of the system of three particles [67,68]

(H - E)YPia(r,R) =0, (1.8.1)
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where
H=T+7V,
2 2
T=T+7,=-Ta -4, (1.8.2)
2u 2u,

V="Vt Vit Vi3,

m,m m,m
— 27773 e W]
-7 > ,u()_—y
My, m
My, =M, +m, , Mm=m +m,+m,.

Here, m and p are the masses and the reduced mass of three particles; A
is the Laplace operator with the two coordinates of » and R; 7 and V" are
operators of kinetic and potential energy; H is the complete Hamiltonian of
the system; and £ is the energy of the system, i.e. the eigenvalues of energy
in this system for the given Hamiltonian.

The r value in such a record defines the distance between particles 2 and
3, which are in a triangular formulation of three bodies with the orbital
moment A, while R is the distance between the first particle, which is located
at the top of the triangle, and the center of mass of the first two particles
with the orbital moment /.

The total three-body wave function of such a system has the form [67]

V(R = O, (r, YN (- R) .
L

and its angular part Y (}A", Ié) is written in the usual form [69,70,71]

YRR = 3 (LM SM|IM)Y 1y, (1 R) 150, (©)

MgM
Here, L = [ + M\ is the total orbital moment; S is the total spin of the
system; Jis the total moment of the considered system of particles; M

represents the projections of these moments; Y% (,R) is the spin-angular
function [69-71]; and @i, is the radial wave function, which is usually
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written in the form
@, (r,R)=Nr'R"Y C exp(-a,;” —B,R)=NY.C®, » (1.8.3)

where r and R are the scalar distances between particles; ;and R are the
angles between the directions of the vectors of » and R and the axis z; Yiwm
is the spherical function [72]; and yswm is the spin function of the system
depending on the o spin of the particles, with angular brackets designating
the Clebsch-Gordan coefficients [72].

In the actual calculations, for certain values of the variational parameters
oi and P (1.8.3), we find the energy of the system, which gives the zero
determinant of the system (1.8.1); then, by varying these parameters, we
search for the minimum energy. In the following step, we increase the
dimension of the N basis and repeat all calculations until the size of the
eigenvalue, i.e. the binding energy Ex, on the next step of N does not begin
and differs from the previous En.; value at size €, which is usually set at the
level 0.1-1.0 %. According to the general variation principle [9], this
minimum energy will also be the real three-body binding energy of the
system, i.e. the binding energy of an atomic nucleus in the cluster model
considered here.

1.9 Variation methods of the three-body model

The matrix elements of the Hamiltonian system (1.8.2) and the overload
integrals calculated on the basis of ®; (1.8.3) functions have the form [73]

PR n (2l+l)”(27»+1)” -x 2
Y16 m 2

—1-1/2
By Gy,
N

B.(a,A)  B.(B,! 2
B BB By
HB; Moy 2V+1 5

(2v +3)-v,
12
T oo QEADNCA+D! 5 5n0 150 _
L =EN Taij B; 7, N= ZCiCjLij )
ij

with the potentials (the designations used here are: cb, centrifugal, coul, and
Coulomb)
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noa i 2A-DNRA+D! g
[(Vcb)k]ij =ENZH—I(1+1)()2#O%X 3/2Bij1 1/2 ,

0

@ADL DY iingose

21+x ij ij ’

b4 K
(V). ] =EN2M—K(7»+1)

v 2 @Dl A

s
Vi@ ). =2,Z,— )
[{ coul( )}l‘]l_] 2473 16 \/E 21 CXSHB:;}/Z

T 2 (2a+D! /!
[{Vcoul (12)}R]ij = lez ENZ \/; o B!+1ax+3/2 >

ij ij

2 (2r+n! Al
A 1+ A+3/2 2
\/E 2 Bij O

b
[{Vcoul (13)}R]ij =277, ENZ

—1-3/2
ij H

e 2[+DNRA+D! e
(st)ij :ENZVB()z# Qi Y1) e

i = o4 + oy, Bij=Bi+ Bj.

Furthermore, for example, at values of =1 and A =0, we have the
following expressions for the matrix elements from the nuclear potentials of
the form (1.6.2)

2.2
(Vlz)ij :iNz 3/231/;2 avyn, +1],
6" 247, +1)| 4,

where
2
A4y = %Bg +y,(0 +a Bij) , a=my/ my

In the case of /=0 and A =0 for this part of the potential, we find the
expression
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T L,V
(Vlz)ij :EN Al?z .
Here, the value v, is the parameter of the width of the Gaussian potential
and V1 is its depth between the corresponding couple of particles, which,
in this case, is 12 or 13.

For a case of any / when A = 0, it is possible to obtain the expression

1
(2[ + 1)” dij
1 143/2 2
2 4

Y
(Vlz)ij = ENZVIZ

where
d=a. +y,a
ij 12 °

The mean square mass radius of a nucleus in such a model is presented
in the form [74]

<> =mim<r’>_ +m,/m<r’>_, +m/m<r’> _ +A/m,

m2

20 +3
1+
A=TN2 @/+nhEa+ni chai;ﬁs/z -1-3/2 O

16 2 . ! 21+3

+ Ho

By
=—m2m3, Oz—mlm”, my,=m,+m,, m=m +m, +m,

Ny, m

The mean square charge radius of a nucleus in the three-body model has
the form

<r’'>=71Z<r*>,+Z,]/Z<r*>, +Z, |/ Z<r* > +B/Z.

Here, the value B is expressed through the moments of particles,
variation parameters, and coefficients of decomposition of the WF as
follows.
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21+3C+

T, QI+DNRA+D) sl B
B=—N-———""—""% CC.o:; -

16 21+X+1 ; 1]y BU 27\/_{_3

o

+ D

ij

CcC.
+NEQ+DI+D1Y, —— i

A+2nl+2 2
ij ij Bij
Z,mz2 +Z,.m?
_ 3 XU _
C_—z > Zy=2,+7Z; ,
m
2 2
D Z,m; + Z,m,
=222
My,
m
_ 1
E= (Zsmy, —Z,m,) .

mm,,

As the charge and mass radiuses of the clusters—a proton, a deuteron, a
triton, helium-3, and o particles—the following values were accepted:
<r>;,= 0 fm, <r>m = <r>mp = <r>,= 0.877 fm, <r>mg = <r>,a= 1.96 fm,
<P = <= 1.72 fm, <r>mape = <r>s0e = 1.88 fm, <r>pe = <r>,a= 1.67
fm [75,76,77,78].

To find the binding energy of a nucleus in the three-body model, the
initial values of the variation o; and ; parameters were found from a linear
grid of the form

o= /30, Bi=2a0u.

The independent variation of each of these parameters at the given
number of iterations was carried out to minimize the energy of the system
with a given accuracy €. This variation method differs a little from the
similar variant of the VM for the usual two-body problem [28,79,80].

To check the variation three-body method of calculation and the
computer program considered above, the model problem for three particles
interacting in the Afnan-Tang potential [81] with averaging of the triplet
and singlet states was used. For the binding energy of a system such as that
described in [81], the value of -7.74 MeV was obtained, while the value -
7.76 MeV was found in [82]; the non-orthogonal variation method, with a
change in the o and 3 parameters of the wave function on the basis of a
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tangential grid, was used. On the basis of the methods stated above, using
the independent variation of all parameters and the dimension basis N =5,
we obtained the value -7.83 MeV. As such, the binding energy of the model
system considered here, obtained using the methods described above, was
approximately 1 % different to the results in [81,82]; we consider this to be
a reasonably good result.

Conclusion

All the major mathematical expressions and some programs for
investigating the elastic scattering phase shifts and calculations of nuclear
characteristics are given in relation to the three-body model. The alternative
methods of finding the eigenvalues for the two or three-body generalized
variation problems have been described. Such methods lead to a steadier
numerical scheme of the variation solution of the Schrédinger equation in
comparison to the usual methods of Schmidt orthogonalization.

The criteria for the creation of two partial potentials on the basis of the
scattering phase shifts and the general principles of searching for such phase
shifts to undertake their analysis have been defined. Several ways of
calculating the values of the wave function applicable to both a scattering
problem and a discrete spectrum have been described. The finite-difference
and variation methods of investigating the binding energy of a nuclear
system, based on two and three partial models, have also been given.
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PHASE SHIFT ANALYSIS

In many problems of low energy nuclear physics and nuclear astrophysics,
knowledge of elastic scattering phase shifts, which can be determined from
the differential cross sections of elastic scattering of various nuclear particles,
is necessary [1]. The procedure for phase shift analysis consists of the
decomposition of the total scattering amplitude in terms of partial waves or
amplitudes and analyses the parameters that appear, which are called phase
shifts. Such phase shifts allow us to obtain data on the nature of strong
interactions, the structure of resonance states, and the general structure of
atomic nuclei [1]. Phase shifts are used, in particular, for the creation of
intercluster interaction potentials in the three-body potential cluster model or
in relation to some astrophysical problems [2].

Introduction

The problem of determining or extracting the nuclear phase shifts from
the cross sections of elastic scattering in the mathematical plan is reduced
to a multiple parameter variation problem. In other words, when the
experimental scattering cross sections of nuclear particles and mathematical
expressions obtained in the quantum mechanics, which describe these cross
sections depending on certain parameters with o as the nuclear phase shifts,
the polyvalent variation problem is used to find the required parameters at
a given interval of values. This interval is usually in the area of phase shift
values of 0 and 180°, if we take into account the conclusions of the
generalized Levinson theorem [4].

Since there are no general methods for solving the multi-parameter
variational problem to find the global minimum, we can expect to find
mostly only some local minima at each energy and, on the basis of physical
considerations, we choose those that could be solutions to the original
problem. One of the criteria of this selection process is the requirement of
smoothness in the behavior of each partial nuclear phase shift as a function
of energy in the non-resonance area and the transition of its value through
90° at resonance energy [1], while also finding a phase shift in the given
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area of angles.

In different nuclear systems, depending on the energy of the colliding
particles, the number of elastic scattering phase shifts can change from 1-3
to 10-20 [5]. For example, in “He*He scattering, we used up to 20 partial
waves and, for example, in the p'>C system at low energies, as will be shown
further, only one partial %S phase shift was used. In this chapter, the various
experimental measurements, methods of calculation of differential cross
sections, including computer programs, and results of the phase shift
analysis of elastic “He*He, n*He, p°Li, p'?C, n'?C, p'3C, p'*C, n'®0, p'®O,
and *He!'2C scattering, are all examined.

For the first system given above, only the control account at energies of
22 and 30 MeV, used for the verification of the computer program, is
considered. This system is considered in more detail in [2]. For other
scattering processes, the area of 1-2.5 MeV was analysed, apart from the
last system in “He!'?C scattering, where a phase shift analysis was made in
the range 1.5-6.5 MeV.

2.1 Phase shift analysis of elastic ‘He*He scattering

Here we consider measurements of the elastic scattering differential
cross sections and the results of the phase shift analysis obtained from these
cross sections for *He*He systems at different energies. The basic data of
these studies, concerning energies up to 120 MeV, but not in all of this area,
were developed through the serial phase shift analysis of experimentally-
measured differential cross sections of elastic scattering [83].

2.1.1 Overview of the experiment on “He*He elastic scattering

We provide a short review of the experimental data and results of the
phase shift analysis of “He*He elastic scattering in a number of different
works:

1. Measurement of the elastic scattering differential cross sections and
phase shift analysis in the energy range 0.6-3.0 MeV (l.s.) were
undertaken in [84]. The cross sections and phase shifts are specified
in the form of a table, which is very convenient and assists in finding
the phase shifts for any time.

2. The energy range 3.0-5.0 MeV was considered in [85], but the phase
shifts and cross sections of scattering are given only in the figures.

3. The energy range 3.8-11.9 MeV was analysed in [86]. The results of
the phase shift analysis are given in a table while the scattering
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differential cross sections are shown only in the figures.

4. Very accurate measurements of elastic scattering differential cross
sections and phase shift analysis are found in [87,88], where
experimental cross sections and scattering phase shifts for the energy
range 13-22.9 MeV are given in tables.

5. The area 12.9-21.6 MeV was also considered in [89], but the cross
sections and phase shifts are given only in the figures.

6. Very good data for energies in the range 18.0-29.5 MeV are
provided in [90]; the elastic scattering cross sections and results of
the phase shift analysis are presented in detailed tables.

7. Experimental measurements of cross sections and phase shift
analysis were carried out at energies in the range 23.1-38.4 MeV in
[91]; however, only the scattering cross section is specified in a table.

8. Measurements of cross sections and phase shift analysis in the range
53-120 MeV are presented in [92], but only tabular phase shifts are
given while the scattering cross sections are given in the figures.

9. Experimental study of the elastic scattering cross sections for
energies in the range 36.8-47.3 MeV was carried out in [93]; detailed
tables present the measurement results of differential cross sections,
but phase shift analysis on these data was not carried out. Theoretical
research into some energies in this area is available only in [94],
where a search for parameters of the optical potential was undertaken
and then phase shifts of “He*He elastic scattering were obtained. The
quality of the optical adjustment made in this area of energies leaves
much to be desired, as shown in the figures in [94]. In addition,
during extraction of the phase shifts of the optical potential, only the
real part was calculated and an imaginary part was considered that is
too small, located at 1-2°, which does not seem justified for energies
in the region of 40 MeV or higher.

10. The energies of 38.5, 49.9, and 51.1 MeV were considered in
[95,96,97], respectively, and the differential cross sections were
measured; however, a phase shift analysis was not carried out for
these data. Instead, in [95,97] the parameters of the optical potentials
and, on that basis, those obtained in [97], the elastic scattering phase
shifts were calculated.

From the review provided, it is clear that a standard phase shift analysis
of the experimental data, i.e. elastic scattering differential cross sections in
the *He*He system at energies of 36.85-51.1 MeV, has not been undertaken.
The adjustment of the parameters of the optical potentials for the energy
range 23-47 MeV [94] can hardly be considered satisfactory, which is not
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surprising, as all these results were obtained in the 1960s when the
computing facilities and methods of advanced numerical calculation were
only just beginning to develop.

Therefore, it is interesting to carry out an accurate and comprehensive
analysis of the experimental phase shift of elastic scattering differential cross
sections in the energy range 37-51 MeV. The tabular representation of the
experimental cross sections of “He*He elastic scattering in this area of
energies, provided in [93,95,96], allows us to carry out such an analysis.
However, we will be limited only by the operational capacity of the computer
program; the results of such analysis are given in [5,83] and book [2].

2.1.2 The phase shift analysis method
of “‘He*He elastic scattering

We consider here the problem of phase shift analysis and the method of
determining phase shifts from the experimental data, i.e. we will define the
ways and approaches used in our phase shift analysis. The elastic scattering
differential cross section of identical particles with spin 0 + 0 is defined by
the scattering phase shifts of the identical particles, as follows [6]:

ds(6) _

o =|7(®)+ f(n-0), 2.1.1)

where the scattering amplitude is presented in the form of the sum of
Coulomb and nuclear amplitudes

J(8) =/«6) + (D), (2.1.2)

and also expressed through the nuclear §; and Coulomb o) phase shifts [6]:

_ n ) .
f.(0)= (—2k (07 2)]exp {inn[sin—(0/2)]+2ic,}, (2.1.3)

Jx(0) = ﬁz (21 +1exp(2ic))[S, —1]A(cosO) ,
i

1

where k is the wave number of the relative movement of k%= 2uE/#?
particles; E is the energy of the colliding particles in the center of mass; p
is the reduced mass; 1) is the Coulomb parameter; 6 is the scattering angle;
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and P (cos0) stands for the Legendre polynomials.
Usually, the nuclear phase shifts of elastic scattering are presented in the
form

dL = Redp + ilmdy,
then, for a scattering matrix and parameters of inelasticity we obtain
S1(k) = nu(k)exp[2iRed(k)],
(k) = exp[-2Imd(k)].
The summation in expression (2.1.3) is carried out only by even-
numbered L, as odd partial waves do not contribute to the total cross section,

and carried out for some L, the values of which depend on the energy.
For the Coulomb scattering amplitude (2.1.3), using the expression

D = sin"}(6/2) = 2/[1 - cos(0)],
it is possible to write the form
fe=-nD/2k [cos(C) + isin(C)],
where

C =2cp+nlnD.

The nuclear amplitude can be provided in the following form

| < | [Beos(2o,)+ 4sin(25, )]+

=—5N'L
N 2k 4| +i[ Bsin(26, ) — Acos(26, )|

P.(x), (2.1.4)

where x = cos(0); L =2L + 1; 4 = nicos(28L) — 1; and B = nisin(251)
depending only on the nuclear phase shifts, the parameter of inelasticity,
and the orbital moment.

The Coulomb scattering phase shifts are expressed through the gamma-
function [6]

o, =arg{l'(L+1+in)},
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and satisfy the recurrent process

G, =Gy, —arctg (%j )

by which it is possible to obtain the following expression for the Coulomb
phase shifts

L
0, =6, —G, = Zarctg(ﬂj , o= 0.

n=l1 n

The value oy is used in the transformed expression (2.1.3). If we take out
the general multiplier exp(2icy), then, o1 — oy with ap= 0, which relieves
us of the need to calculate the Coulomb phase shifts in an explicit form; the
Coulomb amplitude thus takes the following form

£.(0)= —( ]exp {imIn[sin>(0/2)]} . (2.1.5)

_n
2ksin’(0/2)

In the “He*He problem with zero spin, the set of phase shifts depends on
the total moment J and spin S passes into &;. As S = 0, the total moment is
equal to the orbital moment J = L.

2.1.3 Verification of the computer program

To carry out this phase shift analysis, a computer program written in
BASIC using the Turbo Basic Compiler from Borland International Inc. was
written [98] using the mode of double accuracy; it was then transferred into
the Fortran-90 language [2]. The program was tested according to the earlier
phase shift analysis presented in various works at different energies [10].
Here we provide only some of these tests.

For example, at an energy of 6.47 MeV (1.s.), the following phase shifts
are given in [86]: 8o = 79.5° £ 2°; 8, = 80.8° £ 2°. In our phase shift analysis,
the values 8y = 80.43° and &, = 80.73° occur at x> = 0.18. The error in
determining the cross sections from the figures in [86] was accepted as
being equal to 10 %, explaining such a small value for y>.

At an energy of 13 MeV in [88], the following values were obtained: d¢
=29° £ 4° 5, = 103° £ 8°, 84 = 3°t 1.5°; our analysis gives o = 28.37°,
8, =105.03°, 84, =2.62° at > = 3.43.

printed on 2/13/2023 7:30 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Phase Shift Analysis 75

80 ="T7°%2° 8,=104°+4° 64=16.2° £ 2° was found in the same work
for 17.8 MeV; in our calculations we found the values &y = 7.25°, &, =
103.93°, 8, =17.0° at > = 0.46.

In [88], the following phase shifts were obtained for an energy of 22.9
MeV: &g = 169.7° £ 2°, 8, = 94.0° £ 2°, 84 = 59.2° £ 2°, 56 = 1.09°. Our
phase shift analysis using these data gives: 8o = 169.30°, &, = 94.49°, &4 =
59.55°, 8¢ = 1.0° at > = 1.46.

Atthe energies of 13, 17.8, and 22.9 MeV, the differential cross sections,
their errors, scattering phase shifts, and the value y? are specified in the
tables in [88], but it is possible to compare only the scattering phase shifts.
It is rather difficult to compare %> because in [86,88] the value of >
determined above is not considered (1.7.1), however, its derivative depends
on some constants connected to the experimental technique.

We present the control account executed for *He*He elastic scattering at
an energy of 29.5 MeV in more detail. In [90], which presents the
experimental cross sections and results of the phase shift analysis (see Table
2.1.1), 0.68 was obtained for the average x> value; however, the methods of
its calculation differ a little from those stated above and thus this value
cannot be compared directly to our results. The result obtained from our
calculations with the phase shifts from [90] for the average y? on all points
was 1.086. If we consider the weighting multipliers from [90], it is possible
to obtain a value of 0.6, which aligns quite well with the results of this work.

Furthermore, we carried out detailed calculations for the minimization
of %2 using our program (presented further on) and compared the results
with the experimental data [90]. For the average 2, a value of 0.600 was
obtained (instead of 1.086), i.e. an almost twofold improvement in the
quality of the description of the observed experiment with very little change
in the values of the phase shifts, as shown in Table 2.1.1.

Table 2.1.1. Comparison of the results of phase shift analysis from [90]
and our results at energies of 25.5 MeV and 29.5 MeV.

L, 29.5 MeV 25.5 MeV

deg | Results [90] Our results Results [90]] Our results
do | 150.88+0.17 150.76 160.36+1.01 160.49
&2 86.90+0.13 86.61 89.37+1.54 89.00
4 121.1940.17 121.00 88.64+1.77 88.60
6 2.2040.11 2.16 1.61£0.39 1.41

s 0.11+0.08 0.09 0.36+0.19 0.18
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In [90], the data were obtained for an energy of 25.5 MeV, the phase
shifts of which are also shown in Table 2.1.1. Our calculation with these
phase shifts gives us a value of y>=2.127. Carrying out an additional
variation of the scattering phase shifts, we obtain a noticeable improvement
in the description of the available data with x> = 0.886. For the phase shift
values given in the last column of Table 2.1.1, which coincide with the
results in the limits given in [90], the scattering phase shifts errors were
obtained.

Small differences in scattering phase shifts can be caused by the various
values for constants or masses of particles, which are used in such
calculations. For example, it is possible to use exact values for the mass of
particles or their entire quantities, and the constant /#%/my can be different to
the value 41.4686 MeV fm? used here. Therefore, in general, we may
consider that, in all the cases presented above, which can be used as control
cases for our results, and in the error limits given in various works for phase
shifts, a reasonable level of coincidence with data obtained previously by a
number of authors is achieved.

2.1.4 The program for ‘He*He and *He'>C phase shift analysis

Below we present the computer program written in Fortran for “He*He
and *He'?C phase shift analysis. The analysis made depends on the values
of the NYS and LH parameters. In the case of “He*He, they have to be equal
to 1 and 2, respectively, to carry out *He!2C phase shift analysis with values
equal to 0 and 1. Additionally, for large energies of about 3040 MeV, the
NP parameter has to be equal

NP = 2*LMA+LH,

but not the LMA, which allows us to takie into account the complex part of
the scattering phase shifts.

The designations of some initial parameters of the program are given
below.

7Z1=2.0D0; Z2=2.0D0 — charges of particles,
AM1=4.0D0; AM2=4.0D0 — mass of the alpha particles,
LMI=0 — the initial orbital moment,

LH=1 — the step of the moment,

LMA=2 — the maximum orbital moment,

EP=1.0D-10 — accuracy of the search for a minimum,
NI=10 — the number of iterations,
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NT=22 — the number of experimental points,

EL=13.0D0 — the laboratory energy of the elastic scattering of particles,
A1=41.4686D0 — constant value /#%/mq,

PM=AM1*AM2/(AM1+AM?2) — the reduced mass of the particles,
FH=0.010DO0 — the initial step in searching for a minimum,

NYS=1 — call word — if = 1 then “He*He, and if = 0 then *He'>C for the
search of phase shifts for two different systems of particles.

Below we present the text of the computer program written in Fortran-
90.

PROGRAM FAZ AL _AL

| THE PROGRAM OF THE PHASE SHIFT ANALYSIS FOR AL-AL
I AND AL-12C

IMPLICIT REAL(S) (A - Z)

INTEGER L,INT,LMIL,LMA,LH,NYS,NP,NTT,NV,NL,LMI1,LH1,NPP
DIMENSION ST(0:50),FR(0:50),FM(0:50),ET(0:50),
XP(0:50),ETA(0:50)

COMMON /A/ PLNT,TT(0:50),GG,SS,LML,LMA,LH,NYS,NP
COMMON /B/ SE(0:50),DS(0:50),DE(0:50),NTT

COMMON /C/ LH1,LMI1,P1,NPP

PI=4.0D0*DATAN(1.0D0)

P1=PI

Z1=2.0D0; Z2=2.0D0

AM1=4.0D0; AM2=4.0D0

AM=AMI1+AM2

A1=41.46860D0

PM=AMI*AM2/(AM1+AM2)

B1=2.0D0*PM/A1

LMI=0; LMI1=LMI; LH=2; LHI=LH

LMA=4; LMA1=LMA

NYS=1; ! IF =1 THEN 4HE4HE, IF = 0 THEN 4HE12C

EP=1.0D-010

NV=1

FH=0.010D0

NI=10

INP=2*LMA+LH

NP=LMA

NPP=NP
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SE(1)=1357.0D0; SE(2)=1203.0D0; SE(3)=1074.0DO0;
SE(4)=870.0D0; SE(5)=759.0D0

SE(6)=688.0D0; SE(7)=467.0D0; SE(8)=271.0D0;
SE(9)=196.0D0; SE(10)=130.0D0
SE(11)=93.90D0;SE(12)=57.0D0; SE(13)=350D0;
SE(14)=130D0; SE(15)=280D0

SE(16)=24.7; SE(17)=86.5; SE(18)=157; SE(19)=270
SE(20)=337.0D0; SE(21)=408.0D0; SE(22)=418.0D0
DE(1)=39.0D0; DE(2)=40.0D0; DE(3)=24.0D0;
DE(4)=20.0D0; DE(5)=16.0DO0;

DE(6)=17.0D0

DE(7)=12.0D0; DE(8)=7.0D0; DE(9)=4.10D0;
DE(10)=3.60D0; DE(11)=20D0;

DE(12)=1.50D0

DE(13)=1.1; DE(14)=1.0; DE(15)=0.4; DE(16)=0.7;
DE(17)=2.0; DE(18)=3.6

DE(19)=6.50D0; DE(20)=7.40D0; DE(21)=8.20DO0;
DE(22)=8.30D0

TT(1)=22.0D0; TT(2)=24.0D0; TT(3)=26.0D0;
TT(4)=28.0D0; TT(5)=30.0D0

TT(6)=32.0D0; TT(7)=35.0D0; TT(8)=40.0DO0;
TT(9)=42.0D0

TT(10)=45.0D0; TT(11)=46.0D0; TT(12)=48.0D0;
TT(13)=50.0D0

TT(14)=52.0D0; TT(15)=55.0D0; TT(16)=60.0D0;
TT(17)=65.0D0

TT(18)=70.0D0; TT(19)=75.0D0; TT(20)=80.0D0;
TT(21)=85.0D0; TT(22)=90.0D0

NT=22; NTT=NT; EL=13.0D0

FR(0)=29.0D0; FR(2)=103.0D0; FR(4)=3.0D0
FM(0)= 0.0D0; FM(2)= 0.0D0; FM(4)=0.0D0
OPEN (4,FILE=FAZ.DAT')

DO L=LMI,LMA,LH

READ(4,*) L,FR(L),FM(L)

ENDDO

CLOSE(4)

DO L=LMI,LMA,LH

FM(L)=FM(L)*P1/180.0D0
FR(L)=FR(L)*P1/180.0D0
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ET(L)=DEXP(-2.0D0O*FM(L))

ENDDO

FH=FH*P1/180.0D0

DO I=LMILMA,LH

XP(I)=FR(I)

XP(I+LMA+LH)=FM(I)

ENDDO

EC=EL*PM/AMI1

SK=EC*B1

SS=DSQRT(SK)
GG=3.44476D-002*Z1*Z2*PM/SS

| #sxksik DIFFERENTIAL CROSS SECTION ###stk stk
CALL VAR(ST,FH,NLXP,EP, XI,NV)

PRINT*, "XI-KV=; NI=; EL="XI,NL,EL
SIGMAR=0.0D0; SIGMAS=0.0D0

DO L=LMLLMA,LH

FR(L)=XP(L)

FM(L)=XP(L+LMA+LH)

A=FR(L)

ETA(L)=1

IETA(L)=DEXP(-2.0D0*FM(L))
SIGMAR=SIGMAR+(2*L+1)*(1-(ETA(L))**2)
SIGMAS=SIGMAS-+Q2*L+1)*(ETA(L))**2*(DSIN(A))**2
ENDDO
SIGMAR=10.0D0*4.0D0*PT*SIGMAR/SK
SIGMAS=10.0D0*4.0D0*PI*SIGMAS/SK
PRINT*, "SIGMR-TOT=",SIGMAR

PRINT*, "SIGMS-TOT=",SIGMAS

PRINT*," T SE ST XI"
DO I=1,NT

WRITE(*,2) TT(I),SE(1),ST(1),DS(I)

ENDDO

PRINT*

PRINT*," L FR(L) FM(L)"
DO L=LMI,LMA,LH
FM(L)=FM(L)*180.0D0/PI
FR(L)=FR(L)*180.0D0/PI
WRITE(*,1) L,FR(L),FM(L)
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ENDDO

OPEN (4,FILE='SEC-AL-AL.DAT)

WRITE(4,*) " AL-AL LAB E=; XI=",EL,XI
WRITE(4,%)" T SE ST XI"
DO I=1,NT

WRITE(4,2) TT(I),SE(I),ST(I),DS(I)

ENDDO

WRITE(4,*)

WRITE4,*)" L FR(L) FM(L)"
DO L=LMI,LMA,LH

WRITE(4,1) L,FR(L),FM(L)
ENDDO

CLOSE(4)

OPEN (4,FILE=FAZ.DAT

DO L=LMI,LMA,LH

WRITE(4,1) L,FR(L),FM(L)
ENDDO

CLOSE(4)

1 FORMAT(1X,I5,E15.6,2X,E15.6)
2 FORMAT(1X,4(E10.3,2X))

3 FORMAT(1X,E15.5,2X,15)

END

SUBROUTINE VAR(ST,PHN,NL,XP,EP,AMIN,NV)
IMPLICIT REAL(8) (A - Z)

INTEGER ILNP,LMILLH,NT,NV,NLIIN,NN,IN
DIMENSION XPN(0:50),XP(0:50),ST(0:50)
COMMON /C/ LH,LMIPI NP

COMMON /B/ SE(0:50),DS(0:50),DE(0:50),NT
ISHARED LH,LMI,NT,PI,DS(),NP

DO I=LMI,NP,LH

XPN(D)=XP(I)

ENDDO

NN=LMI

PH=PHN

CALL DET(XPN,ST,ALA)

B=ALA

IF (NV==0) GOTO 3012

DO IIN=1,NI

NN=-LH
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GOTO 1119
1159 XPN(NN)=XPN(NN)-PH*XP(NN)
1119 NN=NN+LH

IF (NN>NP) GOTO 3012

IN=0

2229 A=B
XPN(NN)=XPN(NN)+PH*XP(NN)
IF (XPN(NN)<0.0D0) GOTO 1159
IN=IN+1

CALL DET(XPN,ST,ALA)
B=ALA

IF (B<A) GOTO 2229

C=A
XPN(NN)=XPN(NN)-PH*XP(NN)
IF (IN>1) GOTO 3339

PH=-PH

GOTO 5559

3339 IF (ABS((C-B)/(B))<EP) GOTO 4449
PH=PH/2.0D0

5559 B=C

GOTO 2229

4449 PH=PHN

B=C

IF (NN<NP) GOTO 1119

AMIN=B

PH=PH/NI

ENDDO

3012 AMIN=B

DO I=LMI,NP,LH

XP(I)=XPN(I)

ENDDO

END

SUBROUTINE DET(XP,ST,XI)

IMPLICIT REAL(8) (A - Z)

INTEGER LN

DIMENSION XP(0:50),ST(0:50)

COMMON /B/ SE(0:50),DS(0:50),DE(0:50),N
$=0.0D0

CALL SEC(XP,ST)

EBSCChost - printed on 2/13/2023 7:30 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



82 1I

DO I=1,N
S=S-+((ST(I)-SE(I))/DE(I))**2
DS(I)=((ST(I)-SE(I))/DE(I))**2
ENDDO

XI=S/N

END

SUBROUTINE SEC(XP,S)

IMPLICIT REAL(8) (A - Z)

INTEGER ILNP,LH,LMLLMA,NT,NYS,L
DIMENSION S0(0:50),P(0:50),FR(0:50),ET(0:50), S(0:50),XP(0:50)
COMMON /A/ PLNT,TT(0:50),GG,SS,LMI,LMA,LH,NYS,NP
| kit CALCULATION OF THE CROSS SECTIONS st
DO I=LML,LMA,LH

FR(I)=XP(I)

ET(I)=1.0D0

| IF NP=LMA GOTO 1234

| ET(I)=EXP(-2*XP(I+LMA+LH))
ENDDO

RECUL1=0.0D0; AIMCUL1=0.0D0
CALL CULFAZ(GG,S0)

DO I=I,NT

T=TT(I)*P1/180.0D0

X=DCOS(T)

A=2.0D0/(1-X)

$00=2.0D0*S0(0)

BB=-GG*A

ALO=GG*DLOG(A)+S00
RECUL=BB*DCOS(ALO)
AIMCUL=BB*DSIN(ALO)

IF (NYS==0) GOTO 555

X1=DCOS(T)

A1=2.0D0/(1.0D0+X1)

BB1=-GG*Al
ALO1=GG*DLOG(A1)+S00
RECUL1=BB1*COS(ALO1)
AIMCULI1=BB1*SIN(ALO1)

555 RENUC=0.0D0; AIMNUC=0.0D0
DO L=LMI,LMA,LH
AL=ET(L)*DCOS(2.0D0*FR(L))-1.0D0
BE=ET(L)*DSIN(2.0D0*FR(L))
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LL=2.0D0*L+1.0D0

SL=2.0D0*S0(L)

CALL POLLEG(X,L,P)
RENUC=RENUC+LL*(BE*DCOS(SL)+AL*DSIN(SL))*P(L)
AIMNUC=AIMNUC+LL*(BE*DSIN(SL)-AL*DCOS(SL))*P(L)
ENDDO

IF (NYS==0) GOTO 556

AIMNUC=2.0D0*AIMNUC

RENUC=2.0D0*RENUC

556 REERECUL+RECUL1+RENUC
AIM=AIMCUL+AIMCULI+AIMNUC
S(1)=10.0D0*(RE**2+AIM**2)/4.0D0/SS**2

ENDDO

END

SUBROUTINE POLLEG(X,L,P)
IMPLICIT REAL(8) (A - Z)

INTEGER I,L

DIMENSION P(0:50)

P(0)=1.0D0

P(1)=X

DO I=2,L

A=T*1.0D0
P(I)=(2.0D0*A-1)*X/A*P(I-1)-(A-1.0D0)/A*P(I-2)
ENDDO

END

SUBROUTINE CULFAZ(G,F)
IMPLICIT REAL(8) (A - Z)
INTEGER 1

DIMENSION F(0:50)
C=0.577215665D0

S=0.0D0; N=50
A1=1.202056903D0/3.0D0
A2=1.0369277550D0/5.0D0

DO I=1,N

AA=I*1.0D0
A=G/AA-DATAN(G/AA)-(G/AA)**3/3.0D0+(G/AA)**5/5.0D0
S=S+A
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ENDDO
FAZ=-C*G+A1*G**3-A2*G**5+S
F(0)=FAZ

DO I=1,20

A=I*1.0D0
F(I)=F(I-1)*DATAN(G/A)
ENDDO

END

Furthermore, the control account for finding *He*He elastic scattering
phase shifts at an energy of 13 MeV is provided. The phase shifts 5o = 29°
+4°, 5, =103° £ 8°, and &4 = 3° £ 1.5° are presented in [88]. These phase
shifts are accepted as initial and present further variations in 10 iterations
using the previous program in the Turbo Basic Compiler [10] and on the
basis of the program given above. From this, we find values of 5y = 28.37°,
8, = 105.03°, and 84 = 2.62° at * = 3.43; this is clarified in the following
with the results of the program written in Fortran-90.

x2 NI
3.943880354539536 1
3.437578175376997 2
3.432394633290976 3
3.432107724455588 4
3.432044190539325 5
3.432020692528544 6
3.432007556422437 7
3.432005733725609 8
3.432004938728721 9
3.432004743298262 10

x?=;NI=10; EL = 3.43200 10 1300
0 Ce o xi
.22000E+02 .13570E+04 .12796E+04 .39401E+01
.24000E+02 .12030E+04 .11346E+04 29238E+01
.26000E+02 .10740E+04 .10008E+04 .93096E+01
.28000E+02 .87000E+03 .87464E+03 .53776E-01
.30000E+02 .75900E+03 .75523E+03 .55540E-01
.32000E+02 .68800E+03 .64266E+03 J1117E+01
.35000E+02 46700E+03 48793E+03 .30429E+01
.40000E+02 .27100E+03 .27340E+03 .11779E+00
42000E+02 .19600E+03 .20443E+03 42244E+01
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45000E+02 .13000E+03 .12007E+03 .76028E+01
46000E+02 .93900E+02 97112E+02 21321E+01
48000E+02 .57000E+02 .58891E+02 .15896E+01
.50000E+02 .32500E+02 30767E+02 24826E+01
.52000E+02 .12300E+02 .12398E+02 .95282E-02

.55000E+02 .22800E+01 .20301E+01 .39027E+00
.60000E+02 .24700E+02 24774E+02 .11250E-01

.65000E+02 .86500E+02 .85514E+02 .24313E+00
.70000E+02 .15700E+03 .16800E+03 .93323E+01
.75000E+02 .27000E+03 .25509E+03 .52640E+01
.80000E+02 .33700E+03 .33073E+03 .71799E+00
.85000E+02 .40800E+03 38184E+03 .10177E+02
.90000E+02 41800E+03 .39987E+03 A7720E+01

L O Om

0 .283717E+02  .000000E+00
2 .105030E+03  .000000E+00
4 261561E+01  .000000E+00

For the list of results above, the following designations are accepted: 6
is the scattering angle; c. is the experimental cross section; o is the
calculated cross sections; y? is partial y? for the angle i-th; 8, is the real part
of the phase shift; 8, is the imaginary part of the phase shift; %> is the
average value for all points; and EL is the energy in the laboratory system.

The orbital moment of the phase shifts is specified as follows: in the first
line, L = 0; in the second, L = 2; and in the third, L = 4. In the search for a
minimum, as in [10], 10 iterations NI were used. However, in this case the
accuracy of the EP was set to be equal to 107!°, while in the previous version
it was set as 107 [10]. The first %> and NI columns of the list show the
convergence of %2 with the number of iterations NI.

The control account is provided for an energy of 29.5 MeV;; as described
in [10], using the program in BASIC we obtained the following phase shifts
59 =150.76, 6,=86.61, 84=121.00, 86=2.16, and &s=0.09 with
%2 =0.602 (Table 2.1.1). Looking at the phase shifts given by the program,
%2 = 0.600 is the result for the number of iterations NI = 0.

¥?=;NI=0; EL = 0.600328 0 29.50
0 Ce Gt X
.22040E+02 .15230E+04 .15134E+04 .64891E+00
.24050E+02 .11640E+04 .11664E+04 .55570E-01
.26050E+02 .88590E+03 .86843E+03 .38892E+01

EBSCChost - printed on 2/13/2023 7:30 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



86

.28050E+02
.30060E+02
.32060E+02
.34060E+02
.36070E+02
.38070E+02
40070E+02
42080E+02
44080E+02
46080E+02
48080E+02
.50090E+02
.52090E+02
.54090E+02
.56090E+02
.58100E+02
.60100E+02
.62100E+02
.64100E+02
.66100E+02
.68110E+02
.70110E+02
J72110E+02
74110E+02
76110E+02
J78110E+02
.80110E+02
.82110E+02
.84110E+02
.86110E+02
.88110E+02
.90110E+02

1I

.61610E+03 .61957E+03 .23236E+00
42260E+03 41922E+03 .35643E+00
.27000E+03 .26762E+03 .34211E+00
.16020E+03 .16006E+03 .24306E-02
.91500E+02 91163E+02 44395E-01
.55530E+02 .55230E+02 .16734E+00
44680E+02 44765E+02 .12421E+00
.52960E+02 .52530E+02 .76193E+00
.71740E+02 .71346E+02 .28489E+00
.95440E+02 .94808E+02 .57926E+00
.11846E+03 .11754E+03 .12657E+01
.13558E+03 .13552E+03 .72584E-02
.14562E+03 .14590E+03 26152E+00
.14760E+03 .14758E+03 .53350E-03
.13986E+03 .14072E+03 .14564E+01
.12710E+03 .12655E+03 43671E+00
.10783E+03 .10745E+03 .23062E+00
.86660E+02 .86114E+02 46841E+00
.66120E+02 .65522E+02 .75651E+00
48430E+02 48481E+02 .10080E-01
.37430E+02 37301E+02 .17753E+00
.33770E+02 .33732E+02 43056E-01
.38340E+02 38461E+02 .13210E+00
.50740E+02 .51308E+02 .10928E+01
.70820E+02 J1187E+02 .24362E+00
.95550E+02 .96239E+02 .60125E+00
.12420E+03 .12403E+03 27579E-01
.15340E+03 15182E+03 .22344E+01
.17750E+03 .17683E+03 4