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PREFACE

The n-body problem of 6n-12 degrees of freedom with the twelve
inherent constraints creates a difficult situation in working the equations of
motion for three or more masses. This befalls the mathematical physicist to
remedy the situation by determining proper constraints to get past this
dilemma by requiring a specialized set of conditions to define a unique
problem. Procedurally, this results in working n-body problems in a case by
case environment. On the assumption that deterministic solutions are of
interest, then the population of problems solved under these conditions
appear to be limited. The question arises, if a general approach to solving
certain classes of n-body problems exists and how they could be formulated
to meet the deterministic constraint. Existing in this work is a large body of
n-body problems that can be formulated and solved using methods whereby
the given initial conditions defining these structured mass configurations
allows deterministic solutions. In the following chapters specialized n-body
configurations will be structured systematically and analyzed revealing
characteristics of their behavior.

The n-body problem is usually approached in a deductive manner as
implied above, that is, searching for a general solution of the equations of
motion over a finite or infinite interval. This method can be quite daunting
due to the lack of constraints. However, approaching the n-body problem in
an inductive manner, such as the inverse problem of dynamics, can reduce
the degrees of freedom as a result of the forces being determined by the
given properties of their motion. Using the infinitesimal interval method for
tiered n-body systems with type one geometry and the sidereal synodic
relations at time zero relative to the barycenter in the configuration plane of
motion is a compromise that exploits both deductive and inductive
approaches. Combined deductive and inductive processes simplify the
formulation complexity of the tiered n-body problem resulting in a more
intuitive understanding of particle interactions in terms of configuration
subsystems. Binary, trinary, quadruple ete. subsystem finite stability within
the n-body configuration is one such example. Subsystem perturbations,
particle velocities, state vectors, period ratios and sphere of influence are
other examples. The first two chapters address the tiered structure of the n-
body problem using the methodology just described. These configuration
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solutions are a specialized subset of all possible solutions contained in
Newton's equations of motion.

Concentric regular n-gons are covered in the third chapter using methods
for n-body deterministic solutions similar to that of the collinear n-body
infinitesimal interval problem. Systematically, starting with solving the
single polygon structure and then proceeding by evolving to more complex
systems results in analysis that allows solving the multiple and infinite
concentric polygon problem. Central to the concentric n-gon formulation
are determinations of structured particle distributions necessary to find
unique  solutions of regular multi-polygon configurations. Required
distributions necessary to solve this problem involve determining intra/inter
perturbations, multi-polygon separation distance and mass scaling. These
distributions are not unique therefore requiring further amalysis using
numerical optimization to find the minimum (extrema) potential energy
solution. Depending on how multi-polygons are structured can force the
intra/inter perturbations to have singularities. Resolving this situation leads
to greater structural complexity requiring non-regular as well as regular n-
gons to make the concentric polygon structure singularity free.

The Orthogonal collinear configuration presented in chapter four is a
variation of the collinear infinitesimal interval problem worked in chapters
one and two. This class of structured configurations use collinear masses
along the inertial x and y axes possessing symmetry where the geometric
center and the barycenter coincide. Masses on the x-axis as well as on the
y-axis are balanced relative to the barycenter in a restricted problem to
maintain this symmetry. Several of these configurations are solved
beginning with the most fundamental restricted double binary, which is
composed of one mass on either side of the x axis relative to the barycenter
and one mass on either side of the y-axis relative to the barycenter and then
proceeding to a quadruple binary with two binaries on each axis symmetric
to the barycenter. Stability analysis for the double binary configuration has
been worked in the sense of Lagrange using the first order approximation
from the eigen value problem to compare to numerically integrated state
vectors trajectories with the purpose to show that although a trajectory is
not stable for all time, it can easily be stable for a finite time.

Placing collinear configurations at the L4 and L5 equilibrium locations
with the purpose of verifying that finite stable orbital systems can exist there
is studied in the appendix. Two such configurations are investigated.
Approximate state vectors have been derived for binary and double binary
configurations orbiting the equilibrium locations at the Lagrange 1.4 and L5
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points assuming that a pseudo mass resides there. Numerically integrating
these state vectors has verified that they can be finite stable. It is suspected
this analysis could be extended to show that large numbered collinear mass
systems can be finite stable at the L4 and L5 locations for extended periods
of time.

In presenting a specialized work on the collinear infinitesimal interval
and other related n-body problems, it has been assumed that a back ground
in the basic mathematical and physical concepts forming the foundations of
celestial mechanics are already known. There exists a plethora of work on
celestial and classical dynamics, non-linear differential equations, figures of
equilibrium and stability of motion published over the last several centuries
that substantially embody this field. To this end a collection of these
publications have been listed pertaining to celestial mechanics, classical
mechanies, stability theory and linear/monlinear differential equations.
These references can be found posted in the reference section at the end of
this book.
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CHAPTER ONE

COLLINEAR N-BODY PROBLEM

Within its elegant mathematical formulation, the n-body equations of
motion comprise every possible classical trajectory per any given set of
masses (dense set). Infinite problems of great complexity reside within these
coupled sets of non-linear differential equations. It would be of interest to
formulate complex systems by structuring the n-body configurations in such
a manner where they could be solved under the proper constraints resulting
in systematic deterministic solutions consistent with the given conservation
laws of physics. Therefore, it would be within capability to reduce the
‘every possible’ particle trajectories to just the possible structured subset
that is properly constrained to get a deterministic solution. Although these
configurations are a subset of the ‘every possible’ n-body solutions and do
not encompass the whole classical ‘real universe’ of solutions, they are still
viable and provide the mathematical physicist with insight into the nature
of particle motion.

No general agreed on, or accepted finite/infinite time interval
deterministic solution to the n-body equations of motion exists, including
any particular general solution of three, four or more bodies. Trying to solve
the n-body problem starting directly from the equations of motion for a
particular n-body configuration can be a difficult way to proceed, whereas,
determining the forces from the given properties of motion as in the inverse
problem of dynamics (Besant, 1914, pp 140-144, Ramsey, 1929, pp 253-
254, Galiullin, 1984, pp 25-28, Santilli, 1978, pp 219-223) may be more
instructive. Constraints on particle position reduce ‘every possible position’
to just one possible collinear particle distribution, thereby reducing the
degrees of freedom. Constraints on particle velocity and acceleration will
reduce ‘every possible velocity and acceleration’ to just one possible
velocity and acceleration distribution thus further reducing the degrees of
freedom. Finally, using sidereal synodic relations, type one geometry and
constraining time to the infinitesimal interval will reduce the degrees of
freedom to zero. Properly constraining the structured n-body position,
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velocity and acceleration at time zero, results in a solution domain only
existing at one point, that is, a state vector solution domain.

Formulating the n-body problem into a tiered structured collinear system
of particles constrained by type one geometry, sidereal synodic relations
that are rotating within an infinitesimal interval at time zero, will allow
deterministic state vector solutions. Infinite families comprise the tiered n-
body configurations where every family is populated by infinite members
and those infinite members have infinite variations. Deterministic solutions
can be found for every one of these collinear configurations using Jacoby
coordinates within the infinitesimal interval relative to the barycenter.
Particles at time zero are in instantaneous circular orbits verified by showing
the collinear solution is consistent with conservation of energy where twice
the kinetic energy is equal to the potential energy. Numerical integration of
the instantaneous solution state vectors will result in trajectories that are the
most circular or least elliptical of all orbits for that particular configuration.
This orbital characteristic is due to the type one geometry constraint where
all particle velocity vectors are perpendicular to all particle position vectors
within the infinitesimal interval relative to the barycenter at time zero in the
given plane of motion.

1.1 Collinear N-Body Structure

The structured collinear n-body configurations are defined to exist over
an infinitesimal interval at time zero (1 = 0). Newtonian equations of motion
are infinitesimally rotated in the complex plane within the infinitesimal
interval relative to the barycenter and constrained by type one geometry and
the sidereal synodic relations. The Newtonian system is defined as a
dynamical, discrete, classical non-relativistic Euclidean space and
consistent with the laws of conservation (all masses are non-zero).

Collinear n-body configurations are conservative dynamical systems
centered at the barycenter (0,0,0) fixed in three-dimensional Euclidean
space with an inertial right-handed coordinate system x, y, z. The n-body
equations of motion are formulated in the complex plane over the
infinitesimal interval (Lass, 1957, pp 314-319, Pollard, 1966, p-49) as
specified below

B+ 2wiz, —wiz, =G zj‘-’zl%zjk k=1,2,3,..,N  Equationl.l.1
jek

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Collinear N-Body Problem 3

where {=+-1, z=x;+iy; and 1}'k=|zf'_zk|

The sidereal synodic relations (Kurth, 1959, pp 1-8, Bauer, 2001, pp 1-2)
that specify the general geometric conditions under which the collinear n-
body configurations rotate

nyPy = My +ny_1)Pyq = = (g + g+ + )P
Equation 1.1.2

where P; is the period of the given motion at time zero and n; the
corresponding coefficients.

Collinear configurations in the n-body complex formulation are
transformed into Jacoby coordinates reducing the number of equations per
configuration o n — 1 coupled equations of motion. By systematically
coupling these n — 1 Jacoby configurations, tiered structures can be created
and solved by using equations 1.1.1 and 1.1.2 with type one geometry. Any
tiered collinear configuration can be illustrated m terms of its basic
component subsystems as defined by their Jacoby coordinates. For example,
the three-body collinear family is composed of one member (symbolically
written as 123) with five additional variations. These six total configurations
represent an ordered set where mass three is systematically placed in all
possible gravitational subsystems relative to mass one and mass two. The
six total configurations can be written out in the following manner

312 312 132 132 123 123 Equation 1.1.3

where underscoring represents Jacoby coordinate coupling. A mirror image
solution exists for each of the configurations however, they are considered
redundant. General form of a collinear three-body solution can be written
as a quintic polynomial which results i the above six configurations
expressed as six quintic equations. The first two quintic equations
(configurations) in equation 1.1.3 intersect, with that intersection resulting
in an additional quintic equation. This is also true of the third and fourth
configurations and of the fifth and sixth configurations. There now exists
three intersection quintics resulting from the paired six configurations, and
it can be shown that the three intersection quintic equations are the same
quintic equations derived by Euler (Roy, 1988, p 119, Pollard, 1966, p 51,
Wintner, 1964, p 430, Szebehely, 1967, p 297) for his solution of the
collinear three-body problem.
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Adding another mass, the collinear four-body problem can be described
in a similar manner as the collinear three-body problem where the four-body
family is composed of two members written as 1234 and 12 34. The second
configuration is a double binary system with masses one and two
representing the first bimary subsystem and masses three and four
representing the second binary subsystem with each subsystem in orbit
about the other at time zero. Two collinear four body family members plus
the member variations consist of approximately fifty unique configurations.
Complexities arising from four body ordering account for the large increase
in configuration number. Two four body ordered subset systems analogous
to the three-body ordered system can be written as follows

3{124) (312)4 (312)4 (132)4 (132}4 (123}4 (123)}4 1234 1243 (124)3
3(214} (321)4 (321)4 (231)4 (231)4 (213)4 (213)4 2134 2143 (214)3
Equation 1.1.4

where ordering is defined by systematically arranging particle configurations
in such a manner that the resultant systems are unique configurations.

Interchanging mass one with mass two differentiates the second mass
ordered system from the first. The first ordered set is by convention the
reference set. Three-body ordered configurations in equation 1.1.3 can be
seen sequentially embedded in the second through seventh four-body
configurations of the first four-body ordered set. Parenthesis are used to
delineate the three-body subsets. By systematically interchanging the
masses one and three, two and three, one and four, two and four and three
and four in the reference set, the remaining combinations can be generated.
Approximately thirty unique combinations out of these remaining
configurations will be left afier removing redundant mirror and duplicate
configurations. It will be noted that all mass interchanging has been done
relative to the first ordered reference set.

This collinear n-body process can be continued by the method described
ad infinitum. With each additional mass added there results a significant
increase in configurations due to complexity in generating all possible
unique combinations. Every collinear n-body configuration is solvable
producing a state vector at time zero which can be numerically integrated to
determine trajectory behavior for stability analysis (Lehnigh, 1966, pp 25-
71, Merkin, 1996, pp 103-111). The n-body collinear configuration
hierarchy sequence can be represented as a mathematical logical system.
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Found below is a listing of the first six-tiered n-body family configurations
not including the family variations.

1 Equation 1.1.5
12

123

1234 1234

12345 2345 12 345

12 3456 23456 23456 2345

[
|L.u
|

12 34567...

This mathematical logical system can be generated by either sequencing
mass from the left or right of the unary mass. The above listing is generated
from mass addition to the right and is a mirror image of a left mass generated
mathematical logical system. With each additional mass the listing becomes
more intricate as the mass number approaches infinity. For example, the last
entry for the six-body configuration is a double trinary system represented
as two three body configurations separated by a comma. For clarification,
as masses are added, trinary subsystems may require a set of parentheses
about each trinary to distinguish them systematically from every other
subsystem when generating higher order configurations. In general, a
system of underscoring, parentheses commas etc. will be needed to illustrate
the n-body tiered configurations accurately. There are many possible ways
in which this structuring can be symbolically formatted. However,
whichever systematic representation employed, the proper perspective is
needed to maintain the correct collinear rotating subsystems that compose
the n-body configurations.

Each column i the mathematical logical system of equation 1.1.5 is a
family of configurations that can be solved as one set of deterministic
solutions using equations 1.1.1 and 1.1.2. Analysis of these fundamental
configuration structures requires formulating the collinear n-body problem
in terms of Jacoby coordinates. Jacoby coordinates can be classified into
three distinct categories. They are, mass to mass distance, mass to sub-
configuration center of gravity distance and sub-configuration center of
gravity to sub-configuration center of gravity distance. Using the
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6 Chapter One

infinitesimally rotating Jacoby coordinates with type one geometry, sidereal
synodic relations m the infinitesimal interval at time zero results in a
deterministic solution set. This solution set includes inertial velocities, state
vectors, period ratios, perturbation coefficients and sphere of influence. The
solution for the first column of the mathematical logical system is presented
in the next subsection.

1.2 First Infinite Family Configurations

Although theoretically, the n-body mathematical logical system
symbolically represented by equation 1.1.5 could be solved as one
formulation of infinite configurations, only two subsets will be considered
in this chapter due to the complexity of the general problem. The first
infinite family is column one, as listed in equation 1.1.5 and defined in
equation 1.1.1, have sidereal synodic relations under which the individual
masses within the n-body configurations rotate consistent with equation
1.1.2. First family Jacoby coordinates in the infinitesimal interval at time
ZEL0 Are ¥aq, f1, P2, P3, s Pr—z Where 75, represents the Jacoby coordinate
for the mass one mass two binary subsystem, g, represents the Jacoby
coordinate from the center of gravity of the binary subsystem to mass three,
£ represents the Jacoby coordinate from the center of gravity of the trinary
subsystem to mass four etc.

First infinite family collinear equations of motion in the complex plane
using equation 1.1.1 describing infinitesimal rotations in the infinite interval
at time zero, are as follows

» -, Gy Gm. Gm
2 — 1 3 3
Zoq + 2WiZy — Wz = — Z3q +—T3 Z33 — —5 731 shsens
G G32 31
L iy
] ZNz — T3 ZNn1
Nz

5 ., G Gty
%z B RWiZ —Wiy= Sty b=t S Rt b ==l
Tiz T23 Tiz T

5 . G 722
P . T 2
Zy +2WiZy —WZy = 2yt 2 bt Zaa o 5 2w
34 Na
Gm Gmpy
2 1
—WUEN =5 A + ZZN + ZSN oo +_r3 Z(N-1),N
iN SN (N-1),8

First equation is a result of coupling #, and Z, where g,y = my + m;, and
N is mass number. The last relation is the equation of motion from the
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barycenter to mass N. This vector is along the x’ axis rotating relative to
the x axis at inertial angular velocity w in the infinitesimal interval (with
Zp =2y = 0), the x" and x axis are coincident at time zero. Modifying
sidereal syndic relations equation 1.1.2 for the first family gives

ngPy = (g + ng_)Py_q = = (nw + gy + o+ 12)Py

Starting from the three-body problem through to higher tiered first family
collinear n-body configurations, solutions can be found by use of vector and
scalar geometry. Using the sidereal synodic relations in conjunction with
the vector and scalar geometry allows determination of the infinitesimal
rotation of the Jacoby coordinates in the infinitesimal interval relative to the
x" axis. For example, rotating Jacoby coordinate z;, can be formulated

gt ngn
j N—1 3 21Wf
Z31 =€ i

Substituting the second derivative of the above equation into the Z,;
equation and using the vector configuration geometry will give after some
analysis

Glire Py _ G ((7'221 "'21) ("'21 "'21)
—E T = )Mt Tt

wird, P wird S\ "'31 "'42 Ti1
2
a1 T3 _ ;
-t (T_z —= )mz\;) W2T3 — Equation 1.2.1
Nz N1 21

¥2 e 8 7 7 v
where =(A—ﬁ) +(ﬁ—ﬁ)m + +(“—ﬁ)m
¢1 E g T Th # TRz Th1 N
Continuing this derivation with the acceleration vectors Zs, Zs,... Zy will
vield the complete set of ¢;'s needed to find the Jacoby velocities for the
first family state vectors

2 2 2 2
Ll a1 T a1
Gy =My + My — oy — e — Sy
3 T332 T34 1
2 2
oy T2, 21 21 21
Py =5y + My g — e — STy
a1 2 N
2
_ T T21 T21
$y1 = Smy FSEmy + SR 4 +T My
N1 a2 N3 N{N-1)

where ¢, ¢;, ¢s,..., dy_y are the perturbation coefficients associated with
the respective 7o, Py, Bz, ) Pr_z Jacoby coordinates.
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Period ratios are another aspect of the first family collinear n-body
solution and result as a function of using the sidereal synodic relations in

solving the infinitesimal interval problem, with the number of ratio
(N—1)!
2(N-3)!
equal to three. The period ratio structure for the first family configurations
are

combinations determined by for mass number N greater than or

Ps Pa Ps Py .
e Equation 1.2.2
P21 Pa1 P2y P2

Py Ps P

e e

Ps Py

oo

Py

Pry_q

Collinear n-body period ratio solutions as structured in equation 1.2.2 and
determined from the equations of motion as found described in
equationl.2.] are

2 A-1
Fa f—d iy

2 1 t—A A ;
Py Qa it X mayidari Bimamu
Ei=1mi

ly_o Equation 1.2.3

where A=3 A=345,.. N

" . . P . . .
Additional period ratios are calculated from 2, by systematically inverting

and multiplying the ratios of each configuration set. For example, the five
body first family configuration period ratios determined from equation 1.2.3

Ps P, P : ; oy Py Pg P
are (=, = =) and after inverting and multiplying results (=%, =, =
Pa1” P21 Paq P3” P3Py
: L (N-1)t
consistent with :
2(N-3)!

Perturbation coefficients ¢b; in equation 1.2.3 as determined from first
family collinear n-body solutions found in equation 1.2.1 are used to
construct the instantaneous state vectors. Summary of first family
perturbation coefficients from equation 1.2.1 in matrix format are listed
below
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¢ 0., ..0.. el13 eld 15 elny, /1
¢, e21 e22 ..0.. e24 €25 e2n \| T2
$3 | _ 2| €31 e32 €33 .0.. 35 e3n ||
R 2L e41 e42 e43 edd 0. edn ||
¢y eal ea2 eal3 ead eab 0L my,
Equation 1.2.4
where e2l= % e22= %
31 T3z
1 1 1
E31—E E32—E 633—%
1 1 1 1
E41—E E42—@ 843—% E44—€
1 1 1 1 1
eal-% eaZ-% ea3-% ea4-% EC(S—%
e24 = -e33 e25=-e43 ezn =-eq3
e35=-ed4 e3n=-eqd
edn = -eab

el3=e22—-e2]1 eld=e32—-e31 elS5=ed42—-ed4l eln=ea2-—-eal

a=n—1

First row double zeros in the equation 1.2.4 perturbation matrix denote a
physical Jacoby binary coupling between mass one and mass two. In
general, double zeros in the perturbation matrix denote mass coupling in

hierarchical families.

Scalar position differences 73, from equation 1.2.4 determined from the
n-body configuration geometry can be expressed

T 1 T4 1 .
e i, — = ——— Equation 1.2.5
T31 x1+1 Tr1 xn_2+1
roy 1 oy 1

= T gemasnansesnninnaag
32 Xy Th2 An—2

EBSCChost - printed on 2/13/2023 8:31 PMvia

Al'l use subject

to https://ww. ebsco. conl terms-of - use



EBSCOhost -

10

Distance between masses myMms, MaiMy, MaMe,.

Chapter One
To1 1 To1 1
= P T Ly I e —
Ta3 X=Xy T3 Hn—2—X1
toy 1 a1 _ 1
e Ve —
P54 H3—xy Tha Hn—2—X3

Xq, Xy, Xg,. .y Xy g LESpECtively.

Scaling parameters 1, ...

..,mymy, is defined to be

L5 in equation 1.2.3 determined from the

scalar configuration geometry are defined as follows

1= U121, P2 = Loy Pz = ln_ahy

where

llle ‘l‘ﬂ

Equation 1.2.6

1
m: m
By e Ry
= = Hz 1 H2
m, m: m
13 —X3——4xz——3x1 +_1
H3 3 3

1

biz =% 2+ T T, (my — X157 myen x;)
1 1

i=

— Tn—1
Hi = L= Ty

n=3

The three-dimensional first family collinear state vector solution defined

in the mfinitesimal mterval at time zero is presented below and is a line of
nodes solution defined in the barycentric inertial coordinate system.
Required inputs are configuration masses, perturbation coefficients, inertial
velocities, Jacoby coordinates and inclination angles.

X1

¥

printed on

2
21—

2/ 13/ 2023 8:31 PMvia

kid5

2o, — X ¢, = 0
uzpl X1

2

1:2:7

. om : M3 : 2
V= V., cosi, o v, cosi, —Y

5%
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= ;o= 2 s ini, —7
z;=0 Z = —— V., sini,., - Y, sini, —2Z
1y g .
Xz =—Tp——p— X %, =0
Hi H2
- ity i
y, =0 ¥ S V., cosiy, V, cosi, —F
- — Bl it Ly 7
7y =0 hg'= o= V., sini,. V, sini, —Z
X3 = ﬂPl —-X x5 =0
H2
=0 g =LLPposE, —¥
Y3 Y3 P f1
7z =0 2y = 2LV, sini, —Z
3 3 fy 1 f1
Xn-2 = QPn-1-2— RPn-in1 Xn-1 =0
Yna =10 Yz = Q%n_/—[_ZCOSin—A—Z — RV, qc08L; 444
Zya2 =0 Zna = Q%n_/—l_z-ginin—k—z — RV qsinin
— yn—3_Mit3 n—3_Tli4z 2
where X =5 Zz+3 pt+1 = D o Zz+3 I(ﬂzHCOSlPiH
3_MTMits P
Z Elfl Z!+3 Wﬂﬁlﬂnlﬂiﬂ
-A-
Q= M Im . — Z M4y
Zn Ay i=1 }}:—11+1mj
and A=0,1,2,..,n—4 n=4
Collinear state vector instantancous inclination angles i, ,i,, ..., i, , In
equation 1.2.7 are relative to the velocities V., ¥, ...,V inJacoby rand
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p coordinates. First family state vector velocities are calculated from the
following equations

G &1 2
Vi, :E(#m —¢1) Wﬂi - 2;+1 (¢J+1ZH My + Dk—jra M Pr-1)

for j=1,23,..,n—2 Equation 1.2.8

The first family collinear state vector equations 1.2.7 are formulated relative
to the three-body configuration. Any configurations greater than three-
bodies will need to use the n — A position and velocity coordinate equations.
These state vector equations are only valid for the first family and not for
the first family variations. Due to constraint conditions placed on this
problem, the resultant state vectors when numerically integrated produce
trajectories that are the most circular/least elliptical for that mass, position
and velocity combination.

Kinetic and potential energy equations formulated for the first family
are as follows

Z .
T = ml:‘»z V2 + Y f%vz Equation 1.2.9
U _ G Ti.(_ . mz-mk
21_]<k_n Tk

All collinear configurations are consistent with conservation of energy
where twice the kinetic energy is equal to the potential energy within the
infinitesimal interval at time zero. This is realized for the first infinite family
configurations when the velocity equations 1.2.8 are substituted into the
energy equations 1.2.9 to show consistency with the conservation laws.
Conservation of energy for the first family can also be verified by use of the
Lagrange-Jacoby identity I = 2T — U. Where I is the moment of inertia
and defined to be

1
= S Lpmyti

Since distance within the infinitesimal interval for the n-body
configurations at time zero is constant, the second derivative of the moment
of inertia is zero and therefore twice the kinetic energy will be equal to the
potential energy, thus, giving the expected result.
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1.3 Infinite Binary Configurations

Any family of configurations in the mathematical logical system should
be solvable in the manner presented in subsection 1.2 using Jacoby
coordinates with the sidereal synodic relations and type one geometry in the
infinitesimal interval at time zero. Hierarchical solutions can also be
constructed between families by grouping binary, trinary, quadruple ete.
configurations in the proper order under the same constraints. In this section
the collinear infinite binary solution will be presented, that is, formatting
the collinear n-body equations of motion in terms of double binary, triple
binary, quadruple binary etc. configurations. Jacoby coordinates will be
designated by 71,72, .. rN for each binary subsystem with the Jacoby
coordinates g1, p2, ... p(N — 1) designate the distance between the binary
centers of gravity. The vector between the binary center of gravity is also a
binary subsystem.

Infinite binary collinear equations of motion in the complex plane
describing infinitesimal rotations in the infinite mterval at time zero, are
listed below. These coupled binary equations of motion will be used to
determine the perturbation coefficients, inertial velocities, period ratios and
state vectors for the infinite binaries.

54 - Gy Gm; Gm
— w2 = _ZEr 2 . 24l
Zy + 2wizy —wzy, = = 221 + 73 %32 T 3 %31 + et
21 32 31
Gy
n,2 n,1
"'1?5,2 ! "'1?{,1 ’
. - Gy Gm Gm
5 2 — 2 1 1
gz 4 2Wizyy —WoZy3 = — =5 Zyz = Zy — =4 Zis 0+
Ta3 Ti4 i3
Gy
rf;, 4 3 n,3
o -, Gy Gm
2 _ 3 1
Zgs T 2Wikgs — W Ze5 = ——5=Zgs + 5 Zig T 715 T+
65 i6
Gmy
3 ‘ne T Zm,5
n,6 H,
5 . - Gy Gm
— w2 L ol pudliia -
Zn,(n—1) I 2len,(nfl) w Zn,(nfl) - Ts( Zn,(n—1) & r3 Z1n
., n—1
Gty Gty 2
3 Zim-1) + + Z(n -2)n T 3 Zn—-2),(n-1)

f(n 1) (n 2)n (n 2),{h—1)
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The initial equations of motion using equation 1.1.1 have been reduced by
a factor of two by converting to Jacoby coordinates where
Zy1, Zagse Zygnoy tepresents this coupling. Total mass number is
represented by n (even) and total binary number by N (n = 2N) with mass
SUmSs fhy = Myy_1 +Myy. The 755, 135, 75, Jacoby coordinates will
be referenced as v1,72, ... v N in future equations.

Sidereal synodic relations in equation 1.1.2 have been reformatied to
apply to the infinite binary configurations. They are more complex than first
family n-body configurations due to the intricate nature of the binary
geometry. Differentiation is made between r binaries and p binaries when
writing out the sidereal synodic relations, where P,.; represents the period of
the i binary subsystem and F,,; represents the period of the vector between
the 1i binary centers of gravity. Infinite binary sidereal synodic relations can
be written as designated below where IV indicates the number of binaries in
a given configuration.

Npen-1yPav—1y = (Mpv—1y T Man) Py Equation 1.3.1
Roe-v -1 = (Mopi—1) T Mow—2)Paew—2)

Naw-1yFpv-1y = Maov—1y + Magv—2y + ev—1y) Prew—ny

Nopen-1 a1y = Mogv—1) T Mpv—2y + N3 Pan—3)

Non-pPo-1y = Mpiv—1) + Magu—zy T+ M1 + gy 2)) Py

Ropen-1Ppn-1y = (Mav-1) + Magv—zy + -+ 11) Py

'np(N—l)Pp(N—l) = (np(N—1) ThRywozy Tt M2 ) Pra
np(N—l)Pp(N—l) = (np(N—l) +Ryngy Tt + My ) Py

The double binary subsystem has two 1 and one p Jacoby coordinates,
triple binary subsystem has three r and two p Jacoby coordinates, quadruple
binary subsystem has four r and three p Jacoby coordinates etc., where this
geometry is incorporated in equation 1.3.1. Terms used in the sidereal
synodic period relations and their coefficients are defined
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P, period of first binary subsystem {mass one mass two)
P, period of second binary subsystem (mass three mass four)

P., period of N™* binary subsystem

P,, period of double binary subsystem (m,m, and mym, center of
gravity distance)
P,, period of triple binary subsystem (m;m, and mym, center of

gravity distance to mem,)
Pyn-1y period of p(N — 1) binary subsystem

It is necessary to diagram the vector binary geometry structure to identify
rotating vectors in the complex plane. Formulating these rotating vectors as
exponentials to substitute into the coupled equations of motion with the
sidereal synodic relations {(equation 1.3.1) and type one geometry will result
in a collinear solution. To start this process for example, the rotating Jacoby
coordinate z,, relative to the x” axis can be formulated

Pp(uay b tRpitne
z,, =71le Fo(N-1) Equation 1.3.2

Substituting the first and second derivatives of equation 1.3.2 with respect
to time into the Z,, equation of motion and using the vector configuration
geometry will give after analysis

Gy _Pf%f—1= G ((Z_m) 3+(Tz1 T21)m4+'-'+

3 2 3
witg PR wird "\, g Th, by
2
T T G 3
(_221 - 21) )= e o) Equation 1.3.3
Tz WoT9
2 2
I I T 1 1 1
where qbrlz(%—%) 3+(ﬁ_ﬁ)m4+ +(21_ 21)mn
T3z T hth R, TAy

{no r1 binary terms)

Continuing this derivation with the acceleration vectors Z,;,
Zggaee - Enpmo1y Will yield the complete set of ¢,'s using the z43, Zgs,
, Znn—1 rotating Jacoby coordinates with the sidereal synodic relations
{equation 1.3.1) to find the velocities for the infinite binary state vectors.
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2 2 2 2
i T Tai T21 h rh

¢rz=(7—7 m ottt
Ta1 T3 ri T Tn3  Tha

7 3 3 7 73 7
Pz = Tl_ﬁ)ml‘k(% 21)m2+ +(21_A)mn

Z Z
Téz 152 Ths T

2 2 2 2
_ (Y T2 21 T 21 21
({brN—(_z__)ml(__r_)mz"‘ +( z )mfn—z

4 52 Tn n—-2) r(n7 1)(n—2)

Equation 1.3.4

where ¢, Pra, Prs,..., Pry are the perturbation coefficients associated
with the respective v1,72,73,...,vrN Jacoby coordinates. Perturbation
coefficient ¢b,, has no ,72 binary terms, ¢, has no r3 binary terms and
¢,y has no N binary terms.

To find the perturbation coefficients of the infinite binary subsystems
pl,p2,...p(N — 1) that are between the binary centers of gravity, the
equations of motion will be in terms of the vector from the barycenter to the
given binary subsystem center. The equation of motion for the Jacoby
coordinate p1 between the first binary 1 and the second binary 2 can be

. . M3 Z3+H1,2, . .
derived by using z5. = % , which is the vector from the barycenter
T2

to the center of gravity of the mass three and mass four binary subsystem.
This p1 equation of motion can also be obtained by following a different

vector path, that is, by using z,,, = w, which is the vector from the

barycenter to the center of gravity of the mass one and mass two binary
subsystem. Either vector pathway calculation will give the correct answer
for the perturbation coefficient. There is no Gms or Gm, multiplier in the
following equation

Gm

s - s P _ 1

Zage T 2Widyge — W23, = _( 3 Z13+ 3 7 214) +
Hyz ?‘13

3
(23 23+ Zz4)+ +M2 3 ns"‘nzm)

Grp
He2

Equation 1.3.5

The equation of motion for Jacoby coordinate p2, the vector between the
center of gravity of the double binary subsystem 1, #2 and the center of

MgZs+MgZg

gravity of ¥3 can be derived by using zge,. = which is the vector

Hr3
from the barycenter to the center of gravity of the mass five and mass six
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binary subsystem. There is no Gmg or Gm, multiplier in the following
equation

» -, Gy 5
Zose + 2Wikgs, — WP igs, = _( Zys + 5 Zlﬁ) +
Hrs 7'15
Gig
Hr3

Sy
(Brzas + 0] + o 4 22 (Bts + B )
Equation 1.3.6

Equation of motion for Jacoby coordinate p(lN — 1), the vector between
center of gravity of the N — 1 binary sub-configuration and the center of
gravity of the *N binary can be derived by using equation zy 1y, =

M which is the vector from the barycenter to the center of

gravity Of the N binary subsystem. There is no &m,,_; or Gm,, multiplier
in the following equation

Zin-ne T PWiZaje — W Zih griys = Equation 1.3.7

om My Mp—1
1( Z1n— 1)+ Zln)"‘m( Zy(n— 1)+ Zzn)+"'+

Hen 1(n b z(n 1)
Gmy_» Mn—1
— =7 + 2

i (r(gn—z),(n—g n-2),(n-1) o (n— Z)n)

Infinitesimal rotating vectors Zys., Zgses 5 Znm—1)c derived from the
binary geometry (equation 1.3.2) when substituted into the acceleration
vectors Zyse, Zescy . Znm-nye Will give the ¢,;’s necessary to find the
Jacoby wvelocities for the infinite binary state vectors. Summarizing the
perturbation coefficient results from equations 1.3.5, 1.3.6 and 1.3.7 vields

2
5 m T m m .
¢ =25 E 23 m; —=2L ¥ (S 4+ Dm; Equation 1.3.8
31 Hrz Tai T3
"'21 ms 1 ms ms
= m, — == — 111
¢p2 E 2I tT AT sz r_,fi) i
2
- T21 m7 Ty Me | M
¢p3 - 2 2 m; — =9\ 2 +_2)mi
7i Hrg sl T
1'"21 n—2 m,n m,n i
¢p(N—1) E )mt

(ﬂ i

EBSCChost - printed on 2/13/2023 8:31 PMvia . All use subject to https://wwm. ebsco.conl ternms-of -use



EBSCOhost -

18 Chapter One

where ¢, @2, Ppss- - Ppon—1) are the perturbation coefficients associated
with the respective gy, pa, P, ..., Pn_1 Jacoby coordinates. Parameter 7 is
the total number of masses and N is the total number of binaries with N = ;

forn = 4 and N even. Binary masses are summed g, = 1y + My, iy =
My + My, oo, Moy = Myy_q + My, . The x7 axis is defined to be from the
configuration barycenter 1o the center of gravity of the N** binary rotating
relative to the x axis at inertial velocity w in the infinitesimal interval.

Equation 1.3.1 sidereal synodic relations in conjunction with knowledge
of equations 1.3.3, 1.3.4 and 1.3.8 perturbation coefficients result in

determination of the binary period ratios. These period ratios numbering
n—-1)!
2{n—3)!
manner as presented below

where 7 is the number of masses, can be structured in the following

Py Pyy Pya Py s
R BE R s Equation 1.3.9
Pep Prp Py Py
Pp1 Pra Py
beg g PO Frg
Py Py
B R
Pry
Pon-1)

The individual binary periods for the 1,72, ... vN Jacoby coordinates as a
function of the perturbation coefficients from equation 1.3.4 are

5 .
PZ =4m (—G P ¢T1)) Equation 1.3.10
2
B = (G(Hfrz ‘Prz))
Piy = 4n? (G(MN ‘Prw)) Py = Xj_1Prn

N=2 N is even

B2 3 4 _ r{n+1)
o 2T BT T

L rl
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where e =My + My, Hpg = Mg 1My, .y = My g + Myy.
Parameter ¢ is the perturbation coefficient and scaling factor x is the
1,72, ... rN binary separation distance ratioed to 1.

The corresponding periods for the pl,p2,..p(N —1) Jacoby
coordinates as a function of the perturbation coefficients from equation

1.3.8 are
o3
le = 4m?( z . )
G_(.upl‘f’pl"'.urs‘f’pz"' +ﬁrN¢’p(N 1))
ol
2 = 4m? ( £
(.upz¢92+ FHrN S pN-1))
0Fq :
Pp(N 1= = 4m?( TG ) Equation 1.3.11
Cozy NP1

where fty1 = flrs + Hrz, Hpp = Hea + g + fegand oy = S0 1

Summarizing v1,72,..vN Jacoby perturbation coefficients from
equations 1.3.3 and 1.34 in matrix format gives a visual interpretation of
the binary structure. Double zeros in each row of the matrix demonstrate the
location of every binary in this mfinite N binary configuration.

my

my

Pr1 my

Prz My

Grs | _ .2 Mg

¢r4 _T21B Mg

. Ny

¢TN Mg

my
L0000 L0, el3 eld el ele el7 €18 eln
e21 e22 ..0.. .0.. e25 e26 e27 €28 ern
B = e31 e32 e33 e34 ..0.. ..0. e37 €38 23n
ed1l e42 e43 edd ed5 ed6 ..0.. ..0.. edn

elN1 eNZ eN3 eN4 eb5 eb66 6-67 e68 ,.0.. ..0..
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where

Chapter One
$r1 =13 BT 3Cr Zz)mi
by = —TH DL (T 2 )mz + 151 Mie (r zi)mi
g = —TH X1 (r ) )mz +r5 B Cr zi)mi
by = —TH LIS = —— ym;

2
ni  Tn-1)i

Each term i the above ¢, series corresponds to an element in the *V row.
Summarized perturbation coefficients from equation 1.3.8 for the

pl,p2, ..

p(N — 1) Jacoby N binaries are presented below in matrix format.

Double zeros show binary coupling existing in this matrix structure as well.

ell el2
e2l e22
C=\| e31l e32
effi1 efi2
where P
$oz
$pa
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efi3 ef4 effl5 ef6 eﬁ.i’7 efi8

2 2

_ 212 g g 21 s T m;
- Eizl( 2 T Zm; — i=5\.2 +
Hrz Tai T3i Hez T

_ r21 m5 7‘21 7 ms
= Z 7,2 1y E =7
5i
2 2
_ ' 26 g + m?) o g
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¢p'3_7’212 (_L )ml ﬁ:N—i

r(n i
Each term in the above ¢,y _yy series corresponds to an element in the
p(N —1) row.

The r; and p; Jacoby velocities compose part of the infinite binary
solution sequenced m equations 1.3.2 through equation 1.3.8. These
11,72, .. rN Jacoby coordinate velocities Vy.q, Vyq, ..., Vpoyy are a function of
the perturbation coefficients ¢, ¢z ..., Py that are input into the infinite
binary state vectors

Vi = (M — ) Equation 1.3.12

&
rzz = E(ﬂrz — @)

i
= E(‘LL"N — @ry) Py =X 1Py

The p1, p2,.. p(N — 1) Jacoby coordinate velocities V1, Vy, ..., Vow—1y
are a function of the perturbation coefficients ¢, ¢z, -, Ppen_qy that
complete the infinite binary velocity set.

w2
p21 = plﬁl (ﬂp1¢p1 +.ur3({bp2 + +.Uﬂv¢p(1v 1))

G 12
szz = pZMZ (#psz’pz e +.urN({bp(N 1))

2
z ;
Viw-1 = i 1)_#;(\:\; - Hoi- nPov—1) Equation 1.3.13

Scaling parameters for the infinite binary periods needed for input to
equationl.3.11 and velocity p1, p2, ... p(N — 1) Jacoby coordinates needed
for input to equation 1.3.13 are determined from the infinite collinear binary
scalar geometry. Scalar geometry is diagrammed as a collinear plot that
allows computation of the scaled distance ratios for every mass subsystem
relative to every other mass subsystem at time zero. Mass scaling simplifies
the relations in modelling collinear n-body solutions. The scaling
parameters for the infinite binary are summarized below
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or=bn paebn Pl Py =lean Equation 1.3.14
= i
L=xy+ e

Hr2 My
Is =Xy —— X —
2 NHL T N T

Hrg 2 Ty
s =x ——=x —r=— e
3 N+2 2 N+1 B N .

Hyrp—
RoN-2) HoN-2) HoN-2)

Iy_1 = Xom_s

The terms xy, Xyyq elc. and I, [, etc. in equation 1.3.14 are
pl, p2,... p(N — 1) Jacoby coordinate scaling factors. They are evaluated
from the infinite binary scalar geometry which is composed of Jacoby
coordinates given as input by the analyst.

Infinite binary position differences used in the perturbation coefficients
determined from the binary scalar geometry are evaluated in terms of Jacoby

coordinates, mass fractions and scaling parameters from equation 1.3.14.

Equation 1.3.15

St g, By el Hox + A +1

21 21

T32 Taz

- Xa 1 a1 X4 + 1

Tsy _ Tor _

——x5+1 BZ ——x5+1+Az

oy T21

Ts2 _ _ Tez =

=X =By = Xst 4,

- T

2= (x5 — B2) — (= By) =2 = (x5 + A42) — (s — By)
P4 21

B (g — By) — (g + Ar) Pt = (g + Ag) — (x4 + A)
21 21
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ﬁ_l=x6_83+1 m_1=x6+‘43+1
21 T21
T'7a Taz
T21 X6 3 T21 . + 3
?:(XG—BS)—(X4—31) :3_3=(x6 +A3)_(x4_81)
21 21
:7_4:(x6—5’3)—(x4 + A,) ?=(XG+A3)_(X4+A1)
21 21
:7—5=(x6—83)—(x5—5’2) ;E:(x6+}13)—(x5—32)
21 21
44 3
28 = (xg — By) — (x5 + 4z) === (xs + 43) — (x5 + 42)
21 21
where Ai — Mxi Bi — Maiez

He(14i) Hr(146)

73 T4 _ r(n+l)

. r2
Scaling parameters x;, = o Xz = X3 = ¥pg == are Jacoby

o
v1,72,73, ..., N coordinates representing the binary separation distance
relative to r1. The x; scalar binary sequence for Jacoby r1,v2,73, ..., 7N
coordinates is Xxy,...,xy_; and for the Jacoby pl,p2, .. p(N—1)

coordinates is Xp,..., Xan5 3-

The three-dimensional infinite binary collinear state vector solution
defined in the infinitesimal interval at time zero is presented below and is a
line of nodes solution defined in the barycentric inertial coordinate system.
Required inputs are configuration masses, Jacoby coordinate distances,
perturbation coefficients, scaling parameters, inertial velocities and
inclination angles. Perturbation coefficients, scaling parameters and inertial
velocities are determined from equations 1.3.2 through 1.3.8 and equations
1.3.12 through 1.3.15 respectively. Configuration masses, Jacoby
coordinate distances and inclination angles are input by the analyst.

First Binary
X, = —%rl = L‘ﬁm -X % =0 Equation 1.3.16
y, =0 Py = —% " COSpy _ﬁw_;VP1COSiﬂ1 -y
z2, =0 Fy = —%Vrlsinirl —ﬁ—ZVplsinipl -Z
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X =Lyl —E2p] X %, =0

Hr1 Hpt
g mn - Hrz - ’
=i =V cosi,, —=Z2V .cosi,, —Y
Y2 Y2 g, D T et pl
. Ty e Hr2 et 7
z, =0 z, = —V. sini., — ==V sini,; — 2
2 2= Vet 1Ty AL p1
Second Binary
m 5
Xy = ——2p2 +ELp1 X 5y =0
Hyz Het
. m, . i . g
vy =0 Y3 = ——V,3005i5 + =2V, co5i5 =V
He2 Ho1
. My — Hri — 5
Z3 =0 Zg = ——VyaSitiy; +—V, Sini, — 2
3 3 S T 2 T et ol
m. 3
St T By =0
Hez Hpi
: T ; Hry ; v
=0 =—=V,c05i., + =V, cosi,, =Y
Ya Ya oy T2 Lz G ol
B g s Hri T 7
z, =10 Z, =—V.,sini, +—V ,sini,, — Z
4 4 = Vi 2 T Vet o1
N Binary
MmN HpiN—2) :
Koy = —==tN 4+ ———=p(N —1 Xom_1 =0
ZN-1 - ﬁﬂ(N—l)p( ) 2N-1
: ey . up{N—2) .
L =00 = —==VopcoSi,y + ===V 0 _13COSL y_
Yan-1 Yan-1 T N T AL o(N—1)
z ey .. pp(N-2) .
e ] Eoyqg = —=—— Siniey + ===V, y_1Sini,iy_
ZN-1 2N-1 o TN TN T PN p(N—1)
MaN—1 #p(N-2) .
Xy = rN + N-1 Xy =0
T w1 F ( ) N
% Mop— . Hp(N-2) .
=0 =By 05Ty + =2V n 12COST,
Yon Yon T— bey wp(N-1) P(N-1) p(N—1)
. TaN—1 L pp(N-2) ..
Ziy =0 Zoy = Sinipy + ———V, rn_1nSitti e -
2N 2N T N N Hp(N—1) p{N-1) p{N—-1)
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where

N-— z#T(HZ) S oz Hr(i+2)
= Li- Ut P pl+1) ¥ =Ny Hp(i+1) Vo(ir1)€osipa

N2 Br(i+2)
Z=E4 1 pptivny P

i+ Sy

The infinite binary collinear state vector equations 1.3.16 are formulated
relative to the double binary configuration. Any binary configurations
greater than double binary will need to use the Xoy_q, Xay_1, Xan, KXoy clc.
position and velocity binary coordinate equations. For example, when N =
3 the X, 1, Xayw_1, Xan, Xz binary equations generate the position and
velocity components for the mass five and mass six triple binary subsystem.
The double binary components will then be updated using the X, ¥ and Z
equations for N = 3. When N =4, the Xon_1, Xay_1, Xan, KXoy €quations
generate the position and velocity components for the mass seven and mass
eight quadruple binary subsystem. The triple binary components will be
generated from the X, ¥ and Z equations for N = 4. This same process
continues for higher tiered binary structures. Due to the constraint
conditions placed on this problem, the resultant state vectors when
numerically integrated produce trajectories that are the most circular/least
elliptical for that mass, position and velocity distribution.

Infinite binary collinear configuration kinetic and potential energy
equations are as follows

2T = mimy Vz + M3y Vz +ee gt ManN—1MN VI‘Z;'V + Hrifirs szl % Hr3bpy V2
Hry Hr2 Hepr
4+ HrNHp{N-2) V

HoN-1) p(N-1)
mjmk

U= Gzl<1<k<n_

rjk
Infinite binary collinear configurations are consistent with conservation of
energy meeting the condition twice the kinetic energy is equal to the

potential energy within the infinitesimal interval at time zero for type one
geometry.
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1.4 Problems

Section 1.1

. Show symbolically that the three-body configuration 123 has five

variations as listed in equation 1.1.3. Also show symbolically, using the
same method of equation 1.1.3 the existence of the six three-body mirror
configurations.

By systematically interchanging the masses to the first ordered reference
set in equation 1.1.4 as described in the text, complete the listing of the
four body configurations to find all unique configurations.

Starting from the first set of four-body contiguous configurations in
equation 1.1.4, form five-body contiguous configurations by adding a
fifth mass to the right of the four-body contiguous configurations. This
mass structured system will be populated by the three five-body
configurations {(and their variations) shown in equation 1.1.5.

Set up the seventh tier of masses using the same logic as in equation
1.1.5. Be careful to delineate the binary and trinary subsystems etc.

Section 1.2

Set up a vector diagram defining the geometry for a collinear 1234 four-
body problem and verify equation 1.2.1. Find the three perturbation
coefficients (¢, ¢, ¢3) for this geometry.

For a given mass verify that the structure shown in equation 1.2.2. is
(N—1)!
2(N-3)!

consistent with the number of ratio combinations determined by

for N = 3.

Using equation 1.2.3 compute the period ratio equations for a 12345 five-
body first family configuration. Find all the period ratios by systematically
mverting and multiplying the ratios determined from equation 1.2.3.

Verify the total number is consistent w1th (N D -for N = 3.

Using a scalar diagram analogous to the vector diagram in problem one
in this set compute the scalar position differences 1y, for the 12345 five-
body first family configuration. Check results against equation 1.2.5 for
consistency.

Using the same scalar diagram as in the previous problem find the
scaling parameters [;, [, and [; for the 12345 five-body first family
configuration. These scaling parameters are derived and listed in
equation 1.2.6.
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. Derive the kinetic energy formula in equation 1.2.9. Then write out the

kinetic energy for the 12345 five-body first family configuration using
the velocities derived in equations 1.2.8. Show for the 12345
configuration that twice the kinetic energy is equal to the potential
energy.

Section 1.3

. Verify the format of the infinite binary siderecal synodic relation

structure in equation 1.3.1 by writing out the sidereal synodic relations
for a triple binary and a quadruple binary configuration (N = 3,4).

. Using the sidereal synodic relations of equation 1.3.1 formulate the

Jacoby coordinates 245, Zgs and z,, ¢, _qy in the manner of equation 1.3.2.
Take the first and second derivates of these vectors and substitute into
the left side of the acceleration equations Z,3, Zgs,..., Znm-1y. The result
should be in the form of the left side of equation 1.3.3.

. Compute the binary perturbation coefficient ¢b,., shown in equation 1.3.3

using the rotating z;, Jacoby coordinate exponential formulation. Will
also need to use period ratios, scaling parameters, and binary position
difference equations to solve this problem.

. The ¢,;’s are more difficult to determine resulting from their binary to

binary center of gravity geometry. Using the vector from the barycenter

to the center of gravity of the mass three and mass four binary system
My Zz+1MgZs . .
Zage = P verify equationl.3.5.

T2
. Vector from the infinite binary barycenter to the center of gravity of the

3 . My R Z- . o
rN binary subsystem is z, ,_1yc = % Verify equation
’ N

1.3.7 with z,, ¢,y and show that the perturbation coefficient i8 ¢, 13
as determined in equation 1.3.8.

. For a triple binary configuration derive the individual binary periods for

the 1,72 and r3 Jacoby coordinates (equation 1.3.10). Also derive the
triple binary configuration velocities V.., V., and V,.; {equation 1.3.12).

. Write out the three-dimensional triple binary state vector with the

perturbation coefficients, scaling parameters and inertial velocities etc.
Use equation 1.3.16 as a guide for this problem. Make a three-
dimensional illustration of the triple binary state vector geometry.
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CHAPTER TWO

COLLINEAR N-BODY
PROBLEM—APPLICATIONS

Chapter one dealt with presenting the collinear n-body mathematical
logical system and its three-dimension solution of the equations of motion
resulting in period ratios, perturbation coefficients, inertial velocities and
state vectors within an infinitesimal interval. Theoretically all
configurations in the mathematical logical system can be solved using the
infinitesimal interval with type one geometry and sidereal synodic relations
at time zero. Determining solutions of these tiered configurations was
restricted to infinite first family and the infinite binary systems for they are
representative 10 a good extent of the collinear n-body configurations in
general. Chapter two is an extension of chapter one where selected
configurations are taken from the infinite first family and the infinite binary
configuration solutions to study their particle structure. Although collinear
n-body solutions exist over an infinitesimal interval, they reveal crucial
information regarding aspects of particle motion and trajectory evolution.

Specifically, on close examination of the period ratio structure of
individual configurations, regions exist, such as possible spheres of
influence, that appear to bound particle motion. Other period ratio analysis
when using contiguous configurations reveals Euler points as well as
resonance structure as a function of the individual masses. Configuration
plots using period ratio information allow identification of the important
regions to investigate. Points taken from these interesting regions
{configuration space into phase space) determine state vectors, which when
numerical integrated, do show relatively stable, relatively unstable, very
unstable and escape orbit trajectories. Period ratios also give a measure of
finite stability for subset configurations. For example, rather than compute
stability for all time in the sense of Lagrange or Lyapunov considering the
entire configuration, it is constructive to look at the binary or trinary sub-
components in the configuration of interest. Stability in the sense of
Lagrange or Lyapunov analysis will more than likely give an instability for
all time result. Since a configuration deemed unstable can be stable for finite
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periods, it would be of interest to know approximately when that
configuration/sub-configuration ceases to maintain its structure. Lagrange
or Lyapunov stability will not be of help to determine how long a multiple
particle system can be finite stable. The infinitesimal interval method cannot
determine periods of finite stability, however, it can show configuration
structure that is in finite stable regions. Numerical integration of state
vectors in these finite stable regions will confirm this.

2.1 Three Body Configurations

Infinite first collinear family was solved in chapter one. The first
member of this family and the most fundamental is the three-body problem
123, There are five additional wvariations where all six three-body
configurations possess one v and one p Jacoby coordinate. General structure
of these three-body variations is represented symbolically in equation 1.1.3
where each of the six configurations when mathematically analyzed results
in a quintic polynomial. The 123 solution from the previous chapter will be
analyzed in more detail in this chapter in addition to solving the three-body
variations for the purpose of showing configuration continuity. Solving
these configurations in the infinitesimal interval at time zero with type one
geometry will initially require the sidereal synodic relations of equation
1.1.2. Starting with the 123 three-body configuration

Ny Py = (npl + nrl)P,,l Equation 2.1.1

First binary notation will vary where 75, 71 and 7. represent the same

quantity. The collinear coupled equations of motion in the complex plane
are

B 5 G em Gm :
F +2wiz, —wlz, = —%zﬂ + TTSZSZ —TT3231 Equation 2.1.2
gl 32 31
Gm G
2 1
WeZe= R L + 5%z
13

The vector z; is on the x” axis rotating at angular velocity w with respect to
the inertial x axis and this therefore results in Z; and Z; equaling zero.

Formulating the rotating Jacoby coordinate z,., m the infinitesimal
interval using the sidereal synodic relations gives

1
it

Zp = T1le "ot Equation 2.1.3
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where z,, is rotating relative to the x" axis by %w. Taking the second
pl

time derivative of equation 2.1.3 and substituting into equation 2,1,2 gives

for the Z.; equation of motion

(—G By, — Fou 1) Zpy = Mg gy — —e M52 Equation 2.1.4
3 Hri 1 3 M3Zs; 3 MaZgy L
wrg, PZ; w?rs, w2rg,

Rewriting the z; equation

Hyq Gy Gy
———Zy =S Zizst 53213
Hp W3 WaT53

where z; = ﬁ—;zpl and parameter [; determined by configuration geometry

is z,, = 12,4 with the position differences derived to be

T3p ] ms Tap g Ay
= 1 i
Tl Uz Tl Hry

there results after mathematical reduction of equation 2.1.4 to scalar terms

2

G Pp1 G (7321 Tfl) G ;
— == —— (2 - m, =——¢;  Equation2.1.5
wErg) B wind A\, wind)

2 2
iy _ G T Tri __G
= = T(Tmz +Tm1) =——¢;
Hpt Wy 32 31 Wt
2 2 2 2
A —_ 1 ey
and ¢1—(TT_TT)m3 ({bz—rz mz"'rz m
12 31 i2 31

The collinear three-body period ratio for the 123 configuration can be
2

determined by solving for % from equation 2.1.5
1

PR _ firi—¢ fira
Cet —lied ol Bl g,

] = — Equation 2.1.6

Individual v and p periods are
P = 4p? P2 = 42l ol
Tl Glpty1 —¢1) pL tpr 615

Scalar geometry illustrated in figure 2.1 defines scaling parameters x and I;
which can be calculated from
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pl=Lrl=xrl+ =Ly
Hey

where Li=x+— tap = xrl 13, = {x + 1)rl

Equation 2.1.6 can be rewritten in terms of scaling parameter x

Phi  Bx%(14x)%—(2x+1)5 Bx+1l ’
R R { =— ) Equation 2.1.7
=3 — 1 —
where 5= o Q = B=1+¢0

The period ratio equation 2.1.7 can further be expressed as a fifth order
polynomial when expanded

(ym, + %mg + (Zymz + (Zm + 1) mg)x + Equation 2.1.8

Hry

((y — Dy +ym, + 2+ y)m3)x2 —(3my +my)x?
—(3m, + 2m)x* — (m, + my)x% =
PZ
where y = PL;
LAl
For the special case when the instantaneous 1 binary period is equal to the

p1 period gives y = 1 then equation 2.1.8 simplifies to

(my +m3) + (2my + 3mg)x + (my + 3Img)x? Equation 2.1.9
q

—(Bmy +my)x® — Bmy + 2my)x" — (my +my)x® =0

This result is the Euler quintic equation that has been derived by using
sidereal synodic relations with type one geometry over an infinitesimal
interval relative to the barycenter within the configuration plane of motion
at time zero (Pollard, 1966, 51, Wintner, 1964, 430, Szebehely, 1967, 297).
In general, equation 2.1.8 when plotted can be used as a configuration map
to determine trajectories of interest.

Points off this map can be transformed into state vectors to numerically
integrate for study of mass three in orbit of the binary.

Jacoby r and p velocities for the 123 configuration can be found from
equation 2.1.5
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2

VA =Z(u— ) VA=E2g,  Equation2.1.10
AL g

Equation 2.1.10 is consistent with the mfinite first family velocity solution

in equation 1.2.8. The three-body three-dimensional state vector for the 123

configuration using Jacoby velocities from equation 2.1.10 and perturbation

coefficients from equation 2.1.5 can be determined as shown below

xlz_u_ 1_u_p1 X, =0 Equation 2.1.11
1 pl
_ . my . ms .
yi =0 L Yt Vyycosipg
_ . my 7 % msg -
z; =0 zy = — ==V Sinin o 1Sy,
m m i
X, =—711 ——=p1 X, =0
P Hot
2 my 5 mz ’
=0 = —V, 08l ——=V,,cO5i
Yz ¥z Yoy T ERRCE o1
1 My o ms e
z, =0 Zy = — V. sini, ——V, sini
2 2 1 rl rl Hp1 1 Pl
x5, =L %, =0
Hpt
_ . Hi1
=0 V3 = V 91C0STyy
. Hra s
7. = [} Z, = —V ,sini
3 8 Hp1 ol 2

Equation 2.1.11 is consistent with the three-dimensional first family state
vector solution presented in equation 1.2.7 and is a line of nodes solution in
the barycentric inertial coordinate system. An illustration of the three-
dimensional geometry for the 123 configuration can be viewed in figure 2.2.

Verifying conservation of energy requires showing that twice the kinetic
energy is equal to the potential energy in the infinitesimal interval at time
zero. This can be accomplished by substituting the velocities calculated in

equation 2.1.10 mto the conservation of energy equation (see equation
1.2.8)
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or =Dail2y2 o Mvpzl Equation 2.1.12
Hy Hp1

Reformulating the V3 and szl equations as a function of scaling parameter
x will simplify this calculation

2
Vi

Lt =) =22 (B - (5-—=)9)

xZ  (x+1)?

2 Glip, _ Gmy B+S 1 1 Q.
Vpl T ol e Pz = 1 ¢ B o+ 8)( (x+1)2 +x2
il s gy T2

P = (xz (x+1)2) Mg P2 (x+1)2 B o

the result after velocity substitution for the conservation of energy
veritfication will be

2T=G2224 (4 (22— [ Egquation2.1.13
1 {1+x)1l x1l

This completes the solution for the 123 three-body configuration. The five
remaining variations can be solved in the same manner by interchanging the
three mass sequence of equations 2.1.1 through 2.1.13. A summary of these
variations in terms of period ratios, velocities, perturbation coefficients and
scaling factors will be given below. Care must be taken in observing the
Jacoby coupling geometry.

123 three-body configuration

3 3
P =4p?—TL Pz =4prizs 2L Equation 2.1.14
23 G{fiaz—¢) 1 Hp1 G2 4
By xS+ Q) B+S

PE T QS+ 2—x3(2+x) (5(x+1)+Q)

1

B+ = (1 h (x+1)2) x?)

Gy

&
sz3 = ;(ﬂzs - ¢1) =

xrl

2 o FU R g B B 0 B o B
I-/;l - 01 Haz ¢Z T (Q+S)(1 + Q+5x)( (x+1)2 + Q)
1 m,
o = (1 h (x+1)2)x2m1 oy =g (x+i)2)x2
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1 mg

L ==4+= T3y = arl 1 = (1+x)r1

x H23

132 three-body configuration

3 3
—qg2—T23 2 _ g 2H2s_ Pi .
PZ, =A4nm P Pf=4n e Equation 2.1.15
rL _ Pa-0%Q) B+S

P2 T QS (122 a3 (2-x) (5(17x)+q)

& Gm
Ve,zzzr—(ﬂzs_d)l)— 5
23

( PE )2

V2= i3 fip1 Mgy = Gy (B+S
=L g =

1 01 Hzs Tl Q+5)( _E s il X)Z O
_ 1 2 _ 3 2
¢, = ((x71)2 l)x my ¢, =(m, + (xiljz)x
= B 13 = arl 13, = (1 —x)l
e Has

132 three-body configuration

5

PZ =4 p2 = aprtas ol tion 2.1.16
14 m G({tiz3—gy) A Hp1 GIE s Eqating

Bl _ 23EHL-07) ¢ B+S )

P2 T (1S)(1-x)2x3(2-x)Q “SL-2)+1

V123:%(ﬂ13 ¢1)—Gml( Lo ((1 o l)sz)

5 _ GI2 ”‘Gl(;b Gm1 B+S
s =3

b= o s PGP - (GEmtD
=3 N "N 2 2
¢ = ((x—l)z l)x mz ¢ = (my (x 1)2)95
1 m:
h=c--— ﬁ 1ey = (1 —x)vl 1y = xrl
312 three-body configuration
P2 = 4n? —s P2 = 4g?B8 Bl poiation 2117
i Glpyz—¢) 2 1 615 ¢ o
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BE 23 5+(1+3)%) B+S
PZ T (1+5)(14x)2 —x3(2+5)Q (S(1+x)+1)
G Gm
V321 =E(ﬂ13_¢1) = 1(1"‘5 (1_(1+X)2) ZQ)
2 _ Glifer Gmi Bis s

Ié’l T py Haz P2 = (1+5)( 1+5 )( (1+9c)2 )

—fq__1 2 = 2
¢ = (1 (x+1)2)x M2 $z= U (x+1)2)x
=42 152 = (1 +x)r1 13 = xrl

X Hiz

312 three-body configuration

3 3
i P? = 42 &Ll REquation 2.1.18

P2 = 4gt—i2__
vl Gt —1) p tpt GLidhs

P51 — Bx2{1+x)2 —(2x+1)5 (Bx+Q)
BZ, (14x)% +Qx? B+5S

VA =S — ) =22 B - (5 -—)5)

(14x)2

613 fior Gmy B+S 1
yp =g, 20 B O L
—of 1 ML, M2
b1 = (xz (1+x)2) M3 $z= 22 * (x+1)?
L =x+—% raz = (1 +x)rl 13 = arl

Hr1

Masses one, two and three can hold any value in any order due to
consistency with conservation of energy. That is, no mass is restricted to
zero. However, for the purpose of discussion a mass ordered system will be
used where mass one is dominant with mass two and mass three being
sequentially smaller. Therefore, the above six three-body variations
represent mass three either orbiting the mass one mass two binary or mass
three in orbit about mass one and mass two individually. Configurations 312
and 123 are mass three orbiting the binary, configurations 312 and 132 are
mass three orbiting mass one and configurations 132 and 123 are mass three
orbiting mass two. This can be illustrated by plofting period ratios (with
respect to the scaling parameter x) in mass order for each three-body
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variation resulting in a map of every possible mass three orbit about mass
one and mass two at time zero. An example of this mapping of contiguous
three-body variations is shown in figure 2.3 where mass one is a solar mass,
mass two is a Jovan mass and mass three approaches a probe mass (zero
mass or cometary mass). The distance separating mass one and mass two is
one unit or 5.2 AU, Intersections in figure 2.3 are the equal period points
between mass three and mass one and mass three and mass two. These are
the three Euler points as shown symbolically below with the corresponding
period ratios. Leftmost intersection is not visible due to mass two magnitude
(Jovan) being small relative to mass one (solar).

312,312 132,132 123,123
P P Pis Py Py B
Pa1 P Py Py Py Py

A characteristic of the Euler point is that the state vector position and
velocity components at the intersection of the corresponding period ratios
are equal.

Period ratios about mass two (132 and 123) approach infinity as x moves
away from mass two. These are the 1, points where the sunward point is
approximately 58.5 million km and the anti-sunward point is approximately
63.2 million km relative to mass two. The inner 7, point is deeper in the
solar gravity field and therefore closer to mass two, whereas the outer 7,
point is further from the solar mass and therefore more distant from mass
two. As the distance between mass one and mass two approaches infinity
the inward and outward r,, distances become equal. For planets near to the
central mass, inner and outer 7., distances are close to the planet which could
result in an unstable region for satellites. The #,, points are the greatest
distances in which Jacoby couplings can exist, it is the distance between two
orbiting masses that results in those masses having an infinite orbital period
when embedded within the gravitational field(s) of additional mass(es). For
a two-body problem the 7, point is at infinity. Mathematically, the region
beyond the ,, point is imaginary.

An example of mapping contiguous three-body configurations where
mass one and mass two are of a similar order of magnitude and mass three
18 near the magnitude of mass one and mass two can be found in figure 2.4,
This plot is based on the approximate mass and distance of the 40 Eridani
trinary star system components and does not model the real 40 Eridani star
system. Mass three (.2 solar masses) orbits mass two (.44 solar masses) with
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a binary separation distance of 34 AU, and the binary orbits mass one (.75
solar masses) with a separation distance of 400 AU relative to the center of
gravity of the mass two mass three binary. Mass three location is shown
marked relative to mass two in figure 2.4. It will be noticed that there are
two intersection points between B N B apd 2 s 51 where the inward
Py 7 Py Pa1 " Py

intersection state vector only matches the position components and the
outward intersection state vector matches both position and velocity
components (Euler point). The 40 Eridani system is not the ‘classic’ trinary
star system where mass three orbits the mass one and mass two binary
component (Harrington, 1977, Szebehely, 1977). Between mass two and the
123 period ratio quintic along the scaled distance axis in figure 2.4 lies a
null interval. This is a region where state vectors do not exist.
Mathematically the state vectors are imaginary. The same holds true for the
region between mass one and the 312 period ratio quintic.

The 40 Eridani collinear three-body state vector was integrated over a
period of a million years and was well behaved m this time span. Binary
period estimated from this trajectory was about 248 years consistent with
the real 40 Eridani system. The binary orbiting mass one was about 7100
years which is less than the estimated 8000 years for the real trinary system.
Characteristic of the infinitesimal interval solution is that it will give the
most circular orbits for a given set of n-bodies.

Using the period ratio from the 123 configuration an approximate 7, can
be calculated for the sun, where the geometry for this three-body
configuration is illustrated in figure 2.1. Mass three is the total galactic mass
concentrated at its center, mass one is the Sun and mass two is the probe
mass used to find the 7, point. The 123 three-body period ratio can be
written in the following form

By _ (14527
B3y T (1402 —S(1+230) (1 +)

Equation 2.1.19

In order to find the r,, point it is necessary to have this ratio approach
infinity. To do this the denominator must be set equal to zero which results
in finding the solution of the quartic polynomial

x*+ 2P +x2-25x—5=0 Equation 2.1.20

Once x is known from equation 2.1.20 the r,, point can be found using the
scaling parameter equation determined from the geometry in figure 2.1.

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Collinear N-Body Problem Applications 39

p1=%1’1+x1’1 m, =0
rl 571, = % Equation 2.1.21

Since the galactic mass and the distance of the Sun from the galactic core is
not that well known, a parametric table for the inward Solar 1, point will be
given rather than a single calculation. Results of this study can be found in
table L.

Table I--Solar r ., Point
Solar 1, Distance
Distance (p1) from Galactic Center in Light Years

Galactic Mass (8) 20,000 25,000 30,000

2x101 2.71 239 4.07
(x = 7367.563)

2x1012 1.26 1.57 1.89
(x = 15,873.502)

2x1013 585 731 877
(x = 34,199.019)

Galactic mass S is in Solar masses. As can be seen from the table, both
increased Galactic mass and decreased (alactic core distance results in
reduced Solar 1., distance.

Solar 1, distance as determined by the three-body infinite interval
method comes under the category of sphere of influence. Since there are
multiple concepts describing particle behavior in the gravitational domain
of masses in their vicinity, it is therefore necessary to compare the various
sphere of influence definitions and computations m order to understand how
they may relate (Belbruno, Marsden, 1997). Cheboterayv, (Cheboterav,
1967, 266-274) in consideration of these concepts, defines and computes
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the activity sphere, sphere of attraction and Hill's gravitation sphere for the
gravitational sphere of the Sun and the planets.

Activity sphere (Roy, 1978, 160,251) was introduced into Astronomy
by Laplace in the study of cometary motion in the immediate realm of the
major planets, specifically in the activity sphere of Jupiter. Chebotarev
defines sphere of attraction as the space within which the planetary
attraction dominates over the Solar attraction and Hill’s gravitational sphere
is the inner Euler libration point defining the maximum radius of a space in
which stable motion of satellites can occur. As stated by Cheboterav, Hill's
gravitational sphere can be considered the theoretical limit of satellite
existence. Applying these sphere of influence definitions to find the
gravitational spheres of the Sun, Chebotarev calculated values for each of
the gravitational spheres using the following Galactic mass and Galactic
core radii

Galactic mass = 1.3 x 10" Galactic core radii = 26,000
(solar masses) (light years)
Activity Sphere 60,000 AU
Sphere of Attraction 4,500 AU
Hill’s Sphere 230,000 AU

Using the three-body infinite interval method to compute the Solar 7.
distance with the same Galactic mass and core radii yields approximately

., distance 258,500 AU

The Solar r,, distance is beyond the Hill’s gravitational sphere as would be
expected from viewing figures 2.3 and 2.4. Geometrically the 7, point will
always be further distant than the Euler libration point. To get an idea of the
magnitude of these distances the star Proxima Centauri is approximately
268,800 AU from the Sun. The Alpha Centauri star system has a combined
mass of over two solar masses with a 7, point greater than five light years.
The Sun/Alpha Centari star systems overlap relative to their 1, points.

It will be noticed in figures 2.3 and 2.4 that the quintic generated by the
132 three-body configuration goes to infinity within the region bounded by
the quintic generated by the 132 three-body configuration. The 132 quintic
goes to infinity at the inward r,, point relative to mass two by definition.
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Determination needs to be made as to the physical nature of the 132
configuration at infinity. Their intersection is already known to be the inner
Euler point of mass two which was determined from the period ratios.

2
Period ratios can also solve this problem starting with %3 from equation
2
2.1.16

P _ 23 (5+(1-x)7) ( B+S )
P2 T (122 %3220 “S(1-x)+1

Equation 2.1.22

Letting the mass one mass three period go to infinity means letting the
denominator of equation 2.1.22 go to zero in order to solve for the scaling
parameter x. This results in a quartic

xP—2x3+ Q' x?-2Q0x+Q =0 Equation 2.1.23

where my; —» 0 and Q' = % Equation 2.1.23 is difficult to solve due to the
number or decimal places to carry. It can be modified by multiplying
through by r

1y — 219ty + Q' rArs — 20713, + Q' = 0 Equation2.1.24

where 1,3 = x13,. The Jacoby coordinate 13, 1s a constant in equation 2.1.24
with the only variable being 7;-. Once x is known, using 155 = 19611’13 will
give the distance to where mass three goes to infinity relative to mass two.

This distance 155 will be defined as sphere of influence (SOI). Compilation
summary of the various planetary sphere of influences is in table II.

Table II-—Planetary Spheres of Influence

SOA SOL AS HGS s
Mercury  .024 024 113 220 252 253
Venus 170 170 617 1.008 1.151 1.169
Earth 262 262 929 1.496 1.704 1.723
Mars 130 130 578 1.083 1.237 1.244

Jupiter 2333 23.33 48.21 51.90 5848 63.23
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Saturn 2390 2390 5454 64.00 72.40 76.40
Uranus  18.85 18.85 51.80 69.50 79.10 81.30
Neptune 32.06 32.06 86.85 115.06 130.9 134.8

All table distances are multiplied by 10° kilometers. The sphere of
attraction (SOA), sphere of influence (SOI) and activity sphere (AS) are
determined using mean distance from the sun. Hill’s gravitational sphere is
represented as HGS. Differences between SOA and SOI are non-existent
when using the same planetary masses in the calculations. Double values
for the 7, distances are for the sunward and anti-sunward 1, points.

Although the SOA and SOI formulations are quite different their final
results produce a close match. Therefore, both formulations, using
Chebotarev’s definition, appear to be calculating where the planetary
attraction dominates over the Solar attraction of a probe mass. The problem
here is that there is only one planet where this boundary closely defines the
farthest region where satellites are found to exist and that is Jupiter. Planets
beyond Jupiter have moons well within this limit, and inside the orbit of
Jupiter, the Earth, has the Moon, which is well outside this limit. Venus and
Mercury have no moons at all. It is not clear exactly what the SOA/SOI
calculations signify, however, the interesting fact is that they both agree.
Could a situation exist that the formulation of a hereto unknown
optimization problem, has as a solution, that the Jupiter sun mass ratio
relative to their separation distance, results in what is currently observed to
exist at present? Something analogous to a Titius Bode relation
{Nieto,1972,)?7 The Chebotarev SOA equation tends to give that impression

1
A,=rmz Equation 2.1.25
where 1 is the planet to sun distance and m is the planet to sun mass ratio.

Relevant to the SOA/SOI question of significance, numerical integration
was performed using 132 three-body state vectors to calculate trajectories
for evaluation of the sun-probe mass-earth, sun-probe mass-Jupiter and the
40 Eridani trinary star system configurations. This is a simulation using
approximate mass distance astronomical data and not a modelling of the real
planetary/star systems. Probe mass for the sun earth configuration was the
actual lunar mass and probe mass for the Sun Jupiter configuration was zero
mass. Purpose of this study was to find regions of relative stability/
instability/escape orbits of mass three and not to determine the orbital
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lifetime existence of the mass two mass three binary. Searches were
conducted for trajectories showing unmistakable signs of instability, that is,
looking for mass three heliocentric escape orbits. Knowing domains where
escape ftrajectories exist can help determine relative stable/relative
unstable/escape orbit boundaries. Also, the actual trajectory waveform of
the plotted apsides gives an mndication of the trajectory maintaining
relatively stable orbits before evolving into the relatively unstable/very
unstable/escape orbit regime.

A close relationship was found 1o exist between the semi-major axis and
eccentricity of mass three (probe mass) over the domain where mass three
goes from a relatively stable trajectory to a relatively unstable trajectory and
finally an escape trajectory. As would be expected, the boundary between
relatively stablefrelative unstable/escape trajectory is gradual and not
sharply defined. It was clearly apparent (with increasing semi-major axis)
that prior to entering the unstable region, small changes in the semi-major
axis resulted in small changes in the eccentricity. Upon entering the unstable
domain small changes in the semi-major axis results in large changes to the
eccentricity. This is due to the mass three trajectory periapsis approaching
mass two as mass three apoapsis simultaneously approaches the Hill's
gravitational sphere in such a way that the semi-major axis shows slight
increase over the unstable region. Basically, both apsides are being
constrained by dynamical boundaries in such a manner that all possible
relatively stable trajectories cease to exist. When the mass three apoapsis
approaches the vicinity of Hill’s gravitational sphere the trajectory becomes
very unstable. Mass three spends increasingly greater periods at apoapsis
until the trajectory eventually becomes heliocentric due to the solar
perturbations dominating over the planetary gravity field. However, to make
things more complicated, at the exact Euler point the trajectory becomes
less unstable. The period of this collinear relatively stable/relatively
unstable point cannot be determined due to the mass two mass three distance
being an irrational number. If this distance was a rational number perhaps
a definitive period could be determined. In very close proximity either side
of the Euler point the trajectory displays interesting behavior. On the
planetward side of the Euler point after a period where all three masses orbit
in collinear formation, mass three goes into a highly unstable elliptical orbit
about mass two. On the sunward side of the Euler point after the collinear
formation mass three abruptly escapes. Numerically integrating a state
vector at the Jupiter sunward 7, point resulted in the probe mass trajectory
going directly into what would be the asteroid belt. For the Jupiter anti-

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

44 Chapter Two

sunward 1, point the numerically integrated probe mass trajectory orbits
between Jupiter and what would be Saturn.

Specifically, looking at the three cases, the same 132 three-body semi-
major axis eccentricity behavior is observed to exist for all configurations.
The difference is that each individual case resides in a different regime of
the semi-major axis eccentricity curve. For example, the sun-probe mass-
earth configuration shows the probe mass semi-major axis approximately
over 80,000 kilometers above the SOA/SOI but still over 200,000
kilometers from being in the unstable region relative to a lunar mean semi-
major axis of 384,400 kilometers. That is, the lunar probe mass is in a
relatively early phase on the semi-major axis eccentricity curve. However,
the outermost Jovan moons of the sim-probe mass-Jupiter configuration are
at the relatively stable/relatively unstable boundary on the semi-major axis
eccentricity curve, where small changes in the semi-major axis could result
in those masses to escape into a heliocentric trajectory. In the unstable
regions there are sub-regions of irajectories that are relatively more stable
and in the relatively stable regions there are some trajectories that are
relatively less stable. It was observed in one of these unstable regions, a
semi-major axis at approximately 24 million kilometers, that the probe mass
escaped Jupiter into a heliocentric trajectory after a short orbital period only
to be recaptured by Jupiter at some period later. This suggests that there is
the possibility that some masses exist in quasi-periodic trajectories whereby
they orbit Jupiter for a short time span before escaping into a heliocentric
orbit for some termediate period and then back again to Jupiter etc. (Kurth,
1957, 38,58,60, Amold, 1978, 71, Hagihara, 1975, 1150). Additional work
would be needed to investigate this sun-probe mass-Jupiter-trajectory
region to verify if these quasi-periodic orbits actually exist. For both the
sun-probe mass-earth and sun-probe mass-Jupiter configurations there is a
region at about half way between the Euler point and mass two where the
trajectory apoapsis takes on a distinctly different waveform as compared to
the surrounding regions. This region appears to correlate approximately
with the relatively stable/relatively unstable boundary.

Analyzing the 40 Eridani trinary star system required longer integration
times resulting from the greater mass separation distances. Although, the
stellar masses were approximately the same order of magnitude as
compared to the two previous examples where mass three was near zero, a
similar semi-major axis eccentricity curve was found to exist. Location of
the third component in the 40 Eridani star system on the semi-major axis
eccentricity curve appears to be in a relatively stable region where the SOI
is approximately 120 AU further out from the semi-major axis for this star
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{mass three). The semi-major axis eccentricity curve region in which small
changes in semi-major axis result in large changes in eccentricity is
approximately 50 AU below the SOL. As the Euler point was successively
carried to increased digital accuracy, numerical integration of the trinary
state vector showed the collinear orbital formation increasing in duration.
The irrationality of the mass two mass three Euler point distance makes it
difficult to find the absolute period the collinear formation can be
maintained. Approaching the Euler point, the mass three semi-major axis
relative to mass two displays the collinear formation characteristic geometry
many Al before reaching the actual Euler point. Determination of relative
stability/instability when all masses are similar in magnitude becomes more
complex than when mass three is of near zero magnitude. In conclusion, this
study shows that using SOA/SOI to determine trajectory stability can be
elusive. It is clear that the SOA/SOI does not determine the orbital stability
limit of mass three relative to mass two for all cases. Using SOA/SOI in
conjunction with HGS aids finding relative stability/relative instability/
escape orbit domains for the 132 configuration.

2.2 Higher Ordered Configurations

It is necessary to include the study of higher order configurations in the
first family collinear n-body problem to better understand the complexities
involved and how to apply structured methods to analytically decipher
system motion. A good example is to analyze the six-body first family
problem to see the additional information provided about particle
interactions. As seen i equation 1.1.5 there are six families comprising the
collinear six-body problem with an unknown number of variations. Every
six-body configuration has ten period ratios associated with that
configuration as opposed to the three-body configuration which has only
one. These six-body configurations can be linked together like that seen for
the three-body problem shown in figure 2.3, however, the complexity
involved in understanding what this period ratio array signifies can be
difficult. Some period ratios intersect at Euler points, some period ratios go
to infinity at the 7., points and some period ratios indicate resonance points.
Other period ratios are less obvious to their meaning as for example there
appears to be multiple r,, points per planet/star beyond the ones already
discussed, period ratios that approach zero and many period ratios with
intersection points that seem to indicate a correlation with unknown particle
motion. There is even a period ratio that has only one point.
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The six-mass system used in this study (Bauer, 2001) will be m, (Solar
mass), 1m, {(Mars mass), ms (probe mass), m, (Jupiter mass), m. (Saturn
mass) and m, (Uranus mass). This is a simulation using approximate mass
distance astronomical data and not a modelling of the real solar system. The
only six-mass period ratios that will be shown for these masses of interest
are my,, me and mg. There are ten period ratios for each six-mass
configuration that concems the m,, ms and m, sequence. These
configurations are

123456 123456 124356 124356 124356 124536 124336

12 4536 124563 124563

This sequence contains members and member variations of the first four
six-mass configurations in equation 1.1.5. The first sequence of six-mass
configurations models m, (12 3456 123456 1243 56 1243 56). The
second configuration sequence models mg (124356 124356 124536
12 4536) and the third configuration sequence models m, (12 4536 12 45
36 124563 124563). It will be noticed that these sequences overlap at
12 43 56 for m, and mg and at 12 4536 for mx and m,.

Euler point period ratio mtersections for each mass are listed below

Inner Euler point Mass Outer Euler point
12 3456,1234 56 my 1243 56,12 4356
124356,124356 Mg 124536,124536
124536,124536 Me 124563 ,12 4563

Writing out the six-mass period ratio structure as a function of period
ratios for m,, mg and m, can be found below
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Parameter Py can be the period of a double binary or of a binary trinary
combination depending on the geometry of the probe mass, m,, m< and m,
positions in the six-mass configuration. This comes about from the structure
of the sidereal synodic relations when solving the equations of motion in the
infinitesimal interval problem.

Euler point period ratio evaluations for m,, me and mg

my msg mg
Inner/outer inner/outer inner/outer
P _ A _ P X . By _Fss Fs _ P _Pss

P21 Pz Py

Py Ppy Pay

Pa1 Py Ppy

B_q_re Py B n
P3 Pag P3 Ps3 Ps Pe3
Ps _ Pg Ps _ 1= Fo Bs .5
P3 Paz Py Ps3 P3 Pe3
Fe _ Fs for_ b B_1-Fa
3 Py3 3 Ps3 Ps Pa3

Plotting the m,, ms and m, period ratios as a function of the binary
scaled distance in the same manner as figure 2.3 can be found in figures 2.5
through 2.7. First family period ratios can be found derived in chapter one
by using methods described in equations 1.2.1 through 1.2.3. Period ratios
for configurations such as 12 34 56 etc. can be derived by combining
methods employed for the first family and the multiple binary collinear
systems. The actual plots for this six-mass sequence would normally be one
contiguous set of masses relative to binary scaled distance, however, due to
lack of presentation space they are shown as individual illustrations.

Period ratio descriptions are complex because of the number of mass

interactions/perturbations involved. With every mass in the n-body system

(n—1)!

2(n-3)!

interactions to explain. For example, the period ratio curve :—3 (red line)
21

there are atotal of period ratios per configuration to analyze and mass

which is probe mass period ratioed to the m; m, binary period, runs through

masses four, five and six as shown in figures 2.5 through 2.7. This :—3 curve
21

18 not continuous and bifurcates at each of those masses. If masses two

through six were all zero then the :—3 curve would be continuous, that is, the
21
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:—3 curve would default to a Kepler two-body period curve. The :—3 curve
21 21

intersects all of the binary period ratios :‘—3, ‘;ﬁ and ? {brown lines) which
21 21 21

are the Euler points form,, my and m,,. This can be seen in the illustrations,
especially in figures 2.6 and 2.7. On the m; side of m, inthe 12 3456 region
there occur intersections at approximately 2.81 AU and 3.8 AU for period

ratios % (black line) and % (gold line) respectively with the :—3 curve. The
] 3 21

2.81 AU intersection at a 2.51 resonance corresponds to a gap (Kitkwood)
at 5/2 resonance m the asteroid belt. At the 3.8 AU intersection a 3.95
resonance corresponds to the gap between the Cybele and Hilda group of
asteroids. As can be seen in figure 2.5 there are a plethora of intersections
relative to m, whereby some of these intersections tend to correspond with
the grouping of m, moons. Not all intersections have been identified with
observed probe mass motion. There are also what appear to be additional 7,
points as well as zero period ratios for each of the planets. Observing the
period ratio structure for mg and mg it will be noticed that the period ratio
curves become increasingly more compressed for these outermost masses.
This corresponds with the moons grouping increasing closer to the planet
relative 1o the SOA/SOIL. In general, period ratios are monotonic showing
no extrema. However, points of inflection are found to exist with some

period ratios, such as :—3 in the 123 configuration at approximately 249
21

thousand kilometers from my,. It is not clear to what extent point of
inflection affects probe mass motion. Numerical integration of m, sunward
Ty point state vector results in an elliptical probe mass orbit in the asteroid
belt with an approximate semi-major axis of 3.8 AU. If a probe mass could
drift into this r,, region of m, then there is the possibility it may orbit in the
asteroid belt between m, and m,.
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The theoretical collinear infinitesimal interval problem three-
dimension state vector is a line of nodes solution. For all the planetary nodes
to line up at the same time would not be expected to oceur in the real solar
system. However, if such an event were to come about it would be on the
order of what may be theoretically consistent with Poincare’s recurrence
theorem (Arnold, 1978, 68-70, Kurth, 1957, 40-51, Hagihara, 1976,
1244,1516). This quasi-periodic event would take place at intervals of
possibly billions (?) of vears if a time could even be given for such an
occurrence. State vector at time zero initializes the start of the sidereal
period for the quasi-periodic configuration orbits. The nodes at each quasi-
period recurrence would be close to the iitial collinear state vector,
however, the nodes would not be expected to be in an exact alignment as
found in the initial state vector. The Poincare quasi-period is composed of
many synodic subsystem periods. Each subsystem of masses in the
configuration will have a range of synodic periods spanning from relatively
short periods to increasingly long synodic periods approaching that of the
n-body configuration sidereal period. Over the course of a quasi- periodic
epoch, the greatest number of synodic periods will occur for the short-term
synodic subsystems with a decreasing number of synodic periods for the
larger mass subsystems, that is, the subsystems may tend to settle into finite
stable resonant sub-configurations. With the evolution of time, depending
on the configuration mass structure over the quasi-period, there is a
possibility that the subsystems would stay or migrate into other finite stable
configurations. This is assuming that there are no external perturbations or
that the external perturbations are so small as not to affect the configuration
finite stability over the quasi-period. The other possibility is that subsystem
structure disintegrates and/or escapes the n-body configuration thus making
the configuration unstable. This seems to be consistent with Hopf's first
theorem, that a system is either recurrent or dissipative.

Question here is how to apply this collinear infinitesimal interval
method to study particle behavior for multi-mass configurations. Possible
applications would require analyzing configurations on a subsystem-by-
subsystem basis. For example, looking at subsystem finite stability,
resonance locations, determination of 7,./Euler point oscillations etc.
Oscillations of the r../Euler points can be found by taking into account the
synodic nature of the infinitesimal interval problem. Consider that the m,
1 and Euler points oscillate over the m,-me synodic period. Turning off
the my and m, masses (ng = m, = 0) and computing the .. /Euler points
for m, yields the following values in millions of kilometers
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sunward anti-sunward
Ton Euler point Euler point Ten
58.496 51.908 54.325 63.249
with all masses turned on yields

58.488 51.905 54.320 63.235

This oscillation in the r,,/Euler points is mainly due to me with very small
effect from m, and minor effect from m,. When m, is in line with my as
seen in the second set values, the r,./Euler points move closer to m,. When
114 15 out of alignment with 1 as seen in the first set of values the 7, /Euler
points will move away from m,. One oscillation is completed over the
my/mg synodic period of approximately 19.86 years. Masses m, and mg
may show the most pronounced r../Euler oscillation effect of large masses
in the solar system. This effect may not be observable.

In general, over many synodic periods, masses may drift into resonance
regions {or their vicinity) that were created by the planets/moons etc. These
regions can theoretically be determined from studying the period ratios or
subsets of the period ratios. Results from these analyses can then be verified
against astrodynamics tables.
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2.3 Multiple Binary Structure
Collinear Double Binary Configuration

Basic mathematical logic has been developed and used in section 1.3 for
the infinite binary collinear configuration solutions. These binary structures
when analyzed can aid in the understanding of particle motion for the
purpose of determining system and sub-system relative stability.
Specifically, the double binary configuration (Roy, Steves, 2000, 299-318,
Szell, Steves, 2002, 45-30) is a candidate of interest for this purpose.
Conventional methods of stability such as stability in the sense of Lagrange
or Lyapunov are used to determine stability for all time. Stability in the
sense of Lagrange analyzes the first order linear differential equations with
constant coefficients and then solves the eigenvalue problem assuming
exponential solutions where positive exponents tend to indicate unstable
systems and negative exponents tend to indicate stable systems. In
Lyapunov stability theory (first method) the linear approximation is usually
not sufficient to determine stability and more advanced non-linear analysis
is required. Inthis study, stability in the sense of Lagrange will be presented
for only the first order approximation will be derived. Stability results in
the sense of Lagrange will then be compared to finite stability analysis using
numerically integrated state vectors from the infinitesimal interval method

Initially, after some manipulation, the four-body vector equations of
motion can be transformed into scalar Jacoby coordinates structured as a
collinear double binary system over an infinitesimal real interval at time
zero. These equations of motion are only valid within a small neighborhood
of time zero.

. G 1 1 1 1 .
= L;n _ (T _ T) Gmy — (T _ T) Gm, Equation 2.3.1
T T T~ T, T
L 32 31 42 41
& 1 1 1 1
Fra “;2—(7—7) Gml_( > Z)sz
Tr2 T3 41 32 Taz

P =&((ﬂ+%)m1 +C?+T%)mz)

2
Hrilez N3 Ta

Using the Taylor series linear expansion (or the Euler-TLagrange method) in
three variables
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equation 2.3.1 can be transformed into linearized equations of motion
expanded about initial conditions 5.1, ¥z and p;, where

€

Tr1 = Trio + 61 = Trpo{l + ﬂ/’f’rlo) Frip > €1
€

Trg = Trag + Erp = Trao(1 + TZ/TTZD) Trzo = €r2
- o s €1

P1=Prot €51 =pro(1+ /Pm) P10 = €p1

and then substituting these equations into the scalar form of equation 2.3.1
with €4, €., and €,, representing small changes in the respective binary
distances and the distance between the binaries within a small neighborhood
of time zero. This results in a coupled set of second order linear
homogeneous differential equations with constant coefficients in €,., €,
and ¢,y coordmates where only linear €,, €,, and ¢, terms are considered
in the transformation. Equation 2.3.1 has been reduced to a workable form
to determine stability in the sense of Lagrange for the collinear double
binary configuration

€ = (xay — If1)e — i + Prep Equation 2.3.2
ey a3 i

€rp = W€ — (? ik ;ﬁz) €y T ﬁZEpl

w5 ct- x

€p1 = —Q3€r1 + f36p + (TS _?33) €p1

Coefficients a; and f5; in equation 2.3.2 from the expansion are as follows

Gmgtng 1 1 1 1
@ = 2—((3——3—) - (3——3—))
Hyz 320 Mo Tizo  Tiio

Br=26((—— =) ma+ (= — =) ma)

3 3
Y320 Tiwo Tizo  Tito

=2t () (L1

3 3 3
Mt 310 Tiio 320 Tizo

£ = 2G((3L_;)m1 + (L_L) my)

3 3 3
T30 Tiio T320  Tazo
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where 1,15, 13205 P105 Ta10, €lC. are the initial values at time zero with scaling
factors defined by #.54 = Xt and py g = Fqp.

Reformatting equation 2.3.2 to work the eigenvalue problem

€r1 ;. Gz diz\ /1
Erg | =821 Gz Az3 )| €2 Equation 2.3.3

€ Q31 Gz dzz/ \Em
where
ay =xa -l a=—0 a3 = f
a, I
Ay =4y Gyy = —\—+=F, Ay3 = fy
X X
Gzp = —3 Az = f5 Q3 = (_ _‘53)

Considering that a n™ order differential equation can be reduced 1o n first
order differential equations, then equation 2.3.3 can be rewritten in terms of
six first order differential equations

¢ 0 0 1 0 O M

0 0 0 01 0\fx

6 0 0 0 0 1]|xs _
“lay az a3z 0 0 0] x Equation 2.3.4

;1 Gz Gz O 0 0 Xe

Gy Q3 433 O 0 O 6

with the new variables for the double binary configuration being redefined
as Xy = €y, Xz T €pg, X3z T €y, Xy T €pq, Xg = €y and Xz = épl-
Assuming the solution for equation 2.3.4 can be represented in terms of
exponentials

x(t) = Ae?, then the eigenvalue problem can be written (4 — A)X = 0.
Evaluating the determinant for the A eigenvalue solution
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XY@ 0o 0o 10 0

0 A 0 0 1 0

o : A 0 0 1 i i

ay, Q; @3 A0 0~ 0 A=-1 Equation 2.3.5
Gy Oz @3 0 A7 0

Gz G3z Q33 0 0 A

results in a sixth order polynomial which can be reduced to a third order
polynomial of the form

Y3 —48Y2+a¥ =0 V=242 Equation 2.3.6

with 5 = a1 + U3z + [£2T:

0 = (11055 — Ay3057) + (Ay1033 — G1383;) + (Az2033 — G3385;)

The six solutions are

Az =12 (8 + (52 — 40)/?2 A = —ds
Ags = £=(8 — (8% — 40)1/2 Ay =—1,
15,6 = 0

The solution to equation 2.3.6 is

xl(t) = All(elht _ 1) + Alz(e—lﬂ' _ 1) + Alg(e;ht _ 1) +
Ayl = 1) Equation 2.3.7

X% () = Ay (€M7 — 1) + A6 = 1) + 4y5(eh* — 1) +
AZA(efﬂgf _ 1)

0 = A0 = 1) # Aya(eE ~ 1) e 1) 4
A34(€713f - 1)
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Due to the double binary differential equations being homogeneous with
Initial conditions set at zero at time zero, the coeificients A;; cannot be
determined resulting in non-unique solutions. Evaluating initial conditions
at time zero gives x;(0) = €4, (0) = 0, x,(0) = €,5,(0) = 0 and x,(0) =
€,1(0) = 0 which is consistent with the formulation of the problem. When
time approaches infinity then equation 2.3.7 approaches infinity and the
double binary configuration first order approximation will be unstable in the
sense of Lagrange. If this problem was analyzed using the more complex
non-linear approximation methods in the sense of Lyapunov, it should also
result in an unstable condition. These results reflect equation 2.3.1 which is
valid only in a small neighborhood of time zero.

Stability for all time is not of paramount importance when considering
configurations in the ‘real” universe, because, the universe is theoretically
not time infinite. Concern is for finite stability, or more relevant, how long
a system can maintain its configuration structural integrity before being
compromised by internal/external perturbations. The double binary
configuration can be made finite stable for extended periods of time by
controlling the ratio of the binary separation distance relative to the
separation distance between their respective centers of gravity. Assuming
that conservation of energy is not violated, that is, mass distance differences
and masses cannot be equal to zero, the double binary configuration can
approach stability for all time but not equal it. There will always be system
perturbations and no matter how small those perturbations are, over a great
period of time, small perturbations will grow to be large perturbations that
will distrupt the double binary configuration.

An alternate way of analyzing finite stability relative to Lagrange and
Lyapunov stability methods involves looking at the double binary period
structure in the infinitesimal interval at time zero. The derived periods for
each of the double binary Jacoby coordinates 3.4, 1;.; and p,, starting from
the equations developed in section 1.3 in chapter one can be put in the
following form

P2 = g2 I By gp2 T p Bquation 2.3.8
Glir1 “Hri—¢r1 Gliry
BE = fptit . pn 3P
r2 Gllrg “fr2 —%>Pr2 Gy T2
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with the scaling factors [ and x defined by p1 = Ir1l and ¥2 = xr1l. Each
period equation P, P,y and P,, in equation 2.3.8 i3 composed of a Kepler
component multiplied by its respective disturbing function D,.,, D,, and
D,y . Since by definition, the Kepler period component is stable for all time,
the only way that the individual Jacoby coordinate periods could be stable
for all time would be if D, Dy.q and D, were all equal to one. This situation
could only occur if the perturbation coefficients ¢b,.q and ¢,.; were equal to
zero and ¢,; was equal to % Analyzing these perturbation coefficients in
the disturbing functions individually shows that this cannot happen without
violating conservation of energy. The perturbation coefficients below can
only approach these values but not equal them.

2 2 2 g
_{(Tha T 21 T
P =\t | )m

32 T; iz Th

2 2 2 2
_ T 21
Ppa=|ZF-F |t T F|m

Z
11 Tma 12 T3z
2 2 2 2
_ (™= +7’21 1y 5 31 +Tz1 My
¢p1 = _T'Z Mg _’I’Z my |— _’I’Z ny _T'Z my | —
31 11 Hrz 32 42 Hyy

For example, if p1 — oo then 1y, = 751, Ty = Va1, a1 = Va1s Taz = Tz
2 2 2 2
& i - T K T T
resulting in ¢, and ¢,., approaching zero. As the terms =%, =, =% and 2%
T3 a1 T3z Ti2
. 2
multiplied by 12 approach one for p1 — oo, then the term i ¢, reduces to
T1

g+

which approaches one in the limit. The double binary configuration

in the infinitesimal interval at time zero can only approach stability for all
time but not equal it. Determination of how long a double binary can
maintain a given configuration is the subject of finite stability time analysis
and this aspect of the problem has not been studied. Accurate solutions may
not be possible unless a method of incorporating sphere of influence criteria
into the equations of motion can be found.

Collinear Triple Binary Configuration

One of the six-body members of the mathematical logical system is the
triple binary configuration which was solved in chapter one. It is the second
of the hierarchical solutions constructed in the infinite binary collinear
system. This multiple binary structure is representative of real
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configurations and can be studied to gain msight into unstable and finite
stable mass structures. Stability analysis as applied to the double binary
configuration developed in the previous discussion can be extended to the
triple binary using the same methodology.

Triple binary configurations can be subdivided into three general
classes. They are planetary, planetary/stellar and stellar systems. Planetary
triple binary configurations contain only one stellar mass with the remaining
masses being of planetary size. Planetary/stellar triple binary configurations
contain a combination of stellar and planetary masses. From astronomical
observation, the third class is a triple binary star system, which is not
common in nature, leading to the conclusion that they may have a narrow
stability range evolving into binary component subsystems relatively early
in their history.

The infinitesimal interval triple binary configuration can be applied in
modelling various mass ordered systems such as a friple binary star
configuration. By constructing a theoretical triple binary star system for the
purpose of studying the behavior of its subsystem components as well as its
overall stability is an example of this applied modelling. Example vector
and collinear geometry for a triple binary configuration can be viewed in
figures 2.8 and 2.9. Initial mass and mass separation distance values for this
theoretical star system are

First Binary Second Binary Third Binary

m, = 1.00 SM my; = .605M mg = .20 SM
m; = 755M my = .45 5M me = .155M
r1 =1.00AU r2 =1.00 AU r3 =1.00 AU

p1 = 50 AU for the initial separation distance between mym, and mym,

pz = 66 AU for the initial separation distance between mmzmaym, and
Mg,

SM = Solar Mass

AU = Astronomical Unit
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A planar triple binary state vector was computed from the above mass
distance data and numerically integrated for a period of one thousand years.
Results of this triple binary star system numerical integration for the first
fifty years can be found illustrated in figure 2.10 where binary separation
distance for each binary component has been plotted against time. The triple
binaries have been structured such that they are successively less massive
which is consistent with observation of known triple binary star systems.
The first binary (red line) is the most massive and shows the least separation
distance variation and the third binary (black line) is the least massive
showing the most separation variation. This triple binary star system has
been designed specifically to be very short-term stable as can be seen with
the separation distance p; = 66 AU. In this unstable configuration the third
binary has the greatest separation distance wvariation due to its close
proximity to the double binary subsystem. At about nine hundred and
twenty-eight vears, the third binary of this theoretical star system has
decoupled leaving a double binary configuration as an end result. This is
on the assumption that the decoupled third binary does not disrupt the
double binary system in its decoupling at some future time. Third binary
decoupling is illustrated in figure 2.11 where the third binary exhibits the
greatest separation distance variation. Multiple numerical integrators with
different time steps and global orders were used to integrate the same
individual triple binary trajectories in this study to be assured of the
trajectory accuracy {Varadi et al, 1996).

A finite stable theoretical triple binary star system like in the above
example would expect to have a p, approximately in the order of 1000 AU.
Numerically integrating a test trajectory where p, = 1000 AU for a period
of fifty thousand and fifty years with results for the last fifty vears can be
found illustrated i figure 2.12. This theoretical triple binary star system is
now finite stable with the second binary the most eccentric and the third
binary showing the most circular orbit.

There exists in the real galaxy triple binary star configurations of which
Alpha Geminorum (Castor) is one. Castor is obviously a finite stable star
system and would be of interest to study in terms of its period structure using
the infinitesimal interval method. A simulation has been made using
approximate astronomical data and is not considered a modelling of the real
star system. Approximate mass and mass separation distances for the Castor
triple binary star system are
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First Binary Second Binary Third Binary
m; = 2.15 SM my; =1.70 SM mg =.625M
m, =.505M my =.505M mg =.57 SM
rl=.119 AU r2=.052 AU r3 =.018 AU

p1 = 101.9 AU for the separation distance between m,m, and mym,

p2~1100 AU + for the separation distance between m,m,mym, and
Mgy

SM = Solar Mass
AU = Astronomical Unit

As can be seen from the astronomical data the Castor star system is
composed of a low mass third binary in orbit around a more massive double
binary subsystem. All three binaries are relatively close pairs showing high
angular momentum indicative of the individual binaries being very stable.
The Castor configuration resembles a classic trinary star system where each
Castor close binary is like an individual star. The least stable components
of the Castor system are the Jacoby coordinates p; and p, with r1, ¥2 and
73 being the most stable. Extending double binary period equation 2.3.8 fo
find the disturbing functions for triple binary configuration stability analysis
yields

PE = 4n? i(L) — dp? 12 Equation 2.3.9
i Gllry “Hri—dry Gpipy o

7 5 23 i _ 5 23
B =tn"———=—)=1x D,,
Gllyy fra—X{ Pr2 Gliyp

3 3
5 4213 tira .. 273
Pl = 4An* —( .z ) =4m Dy
Gl “Hra—X5Pr3 Glirs

13 1 13
P% = 4t £ (——y = 4g?L—p
Gligy " 1 (g +203 0 Glipl
B P g P2

p23 1 2 p2?
PZ = 4x? = 47 D
o2 Gy ( I% ) Gl o2
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with the corresponding perturbing functions

2 2 2 2
_ (L Ta 5 T21 5 T L _ T
¢r1—(7— 2) 3"‘( ) 4"‘( 3 T)m5+(7_7)m6

32 T3 T Th 2 T5y Tez  Te1
2 2 2
7'21 7'21 21 _ Ty + 21 _ Ty e + 21 _
vz Tz T2 1 2 T2 e 5 1 12 6
41 31 42 32 53 54 63 64
2 2 2 2 2 2 2 2
(2 T2 21 T2 21 T2 L BT |
¢T3_(T2 Tz) 1+(T Tz)m2+(r Tz)m3+(rz T )m4
61 51 62 52 63 53 64 54
2 2 2 2
21 21 my 1 T2 s
P = (—2 My +=my|—+{Fmy+=>my | ——
31 Ta1 2 T3z Taz Hrz
2 2 2 2
e T ms Ee 1 me
Zm, +2m, | = —(Zmy+3m, |
) 3 . 4 12 3 2 4
53 54 2 63 64 2
3 21 my o T2 s
bpz =G ms+5me | —+ T ms+5mg ) —+
51 Te1 Hes 152 2 Hrs
2 2
21 21 m3 21 1 1y
SMg +5Mg | —+{SFTms+5mg | —
2 2 & 2 F 6
3 Hrz T54 Hrs

Plotting Dyy,. Dyy, Dy, Dyy and D5 as a function of the respective

perturbing functions @, ¢ry, P, Gp1 and ¢y, letting p, vary, keeping
all other astronomical parameters constant, is an example of how the relative
stability of the Castor system would change by placing the third binary at
different distances from the double binary subsystem. Figure 2.13 shows the
relative stability of the three binary subsystems D,.q,. D,.; and D,.; with the
third binary being the most stable for p,~1100AU. Approaching 110 AU
(and closer) the third binary would become the most unstable as it neared
the double binary system center of gravity. The values along the ordinate
have been subtracted from one, with the zero-value indicating stability for
all time. The Jacoby coordinate p, = 1100 AU + is marked on the plot to
locate the Castor star system. An analogous plot for the theoretical triple
binary configuration for p, = 66 AU can be found in figure 2.14 for
comparison. Binaries in the Castor system are relatively more stable than
binaries in the theoretical triple binary system due to their closer separation
distance.

Relative stability D,y and D, for the Castor Jacoby coordinates p, and
pz are plotted in figure 2.15. As previously noted, p; and p; are the least
stable components in the trinary star system with p, being the most unstable.
In the real galaxy where external perturbations exist the third binary would
eventually be perturbed out of the triple binary configuration. The relative
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stability D),, and D, for the theoretical triple binary can be found in plot
2.16 for comparison to the Castor system. All relative stability numbers are
only valid in the infinitesimal interval at time zero and it is not known how
they relate to absolute time.

The question may arise if multiple binary star systems beyond the triple
binary star system could exist. In consideration that the triple binary star
system exists in a narrow stability window as a function of time, then the
existence of a quadruple binary star system would be very problematic.
There is definitely a limit to how many binary star system components can
exist in a finite stable configuration. Tt may very well be three. This would
not be true for the planetary and stellar/planetary configurations where more
complicated systems can be structured.

Higher Order Collinear Binary Configurations

In chapter one, the infinite collinear binary problem was solved under a
given set of conditions. Using those solutions in conjunction with the
applications for the double and triple binary systems just reviewed, allows
moving on to work with more complex quadruple and other multiple binary
configurations to determine additional trajectory characteristics. By
convention, mass one was usually used as the dominant mass in n-body
applications. However, in the more general collinear n-body case, any mass
in the configuration can be assigned any wvalue, thus, giving greater
flexibility in multi-mass systems applications.

An example would be to determine external perturbations on a given
multi-mass configuration demonstrating a more realistic trajectory
modelling. This can be achieved by having one subset of masses (a star
system) perturbed by another subset of masses (another star system or
galactic core). For example, in the quadruple binary configuration mass one
18 a star with mass two through mass six being planets. Mass seven and
mass eight (the perturbing masses) could be either a planet/star or a double
star configuration. By extending p,, which is the distance between the
fourth binary and the triple binary center of gravity to interstellar distances,
the state vector of this configuration can be numerically integrated to
determine the perturbation effects on both mass subsets.

Modelling collinear n-body configurations to study ftrajectory
perturbations is not limited to multi-binary systems. Any n-body
configuration or sets of configurations such as in equation 1.1.5 and figures
2.5 through 2.7 can be arrayed to analyze complex systems.

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

Collinear N-Body Problem—Applications 63
< 1 >g\ Xy >.:
! z
S
iy R ]
c
i\ 1 >

FIGURE 2.1. Collinear Three-Body Geometry
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X
FIGURE 2.2. 123 Three-Dimensional Geometry
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FIGURE 2.7. Six-Body Period Ratios (Uranus)

FIGURE 2.8. Triple Binary Vector Geometry (Symbolic)
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Subsystem Period Perturbation Effects (Castor) D21, D43, and D65
M1=2.15, M2=5, M3=1.7, M4=.5, M5=.62, M6=.57 R21=.119, R43=.0521, R65=.01806, Rg=101.9
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FIGURE 2.13. Castor Triple Binary Star System  Binary Subsystem Finite Stability

Subsystem Period Perturbation Effects D21, D43 and D85
MA1=1, M2=.75, M3=.6, M4=.45, M5=.2, M6=.15
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FIGURE 2.14. Theoretical Triple Binary Star System Binary Subsystem Finite
Stability
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Subsystem Period Perturbation Effects (Castor) DQ and DS
M1=2.15, M2=.5, M3=1.7, M4=.5, M5=.62, M6=.57 R21=.119, R43=.0521, R65=.01806, Rq=101.9
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FIGURE 2.16. Theoretical Triple Binary Star System  p, and p, Finite Stability
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2.4 Problems
Section 2.1
1. Starting from the 123 three-body configuration equations of motion

shown in equation 2.1.5 derive the period ratio and expand it as a
function of x to verify that it is a fifth order polynomial that reduces to
the Euler quintic equation for the special case when the period of the
binary is equal to the period of mass three about the binary.
Calculate the Jacoby 123 r and p velocities from equation 2.1.5 and
verify the results listed in equation 2.1.10. Show that twice the kinetic
energy is equal to the potential energy thus verifying conservation of
energy in the infinitesimal interval at time zero.
Using the solution method set forth in equations 2.1.1 through 2.1.13
calculate the period ratios, inertial velocities, perturbation coefficients,
scaling factors and three-dimensional state vector for the 123 three-body
configuration listed in equation 2.1.14.
Using a diagram in like manner to figure 2.2, show the three-
dimensional geometry at time zero for the 123 three-body configuration.
Calculate the intersection point between the three-body period ratios for
the 123 and 123 configurations and show that the result is an Euler point.
Compute the Jupiter 7, points using the three-body period ratios from
the 132 and 123 configurations. The Jupiter to sun mass ratio is
9.5479x107* and mass three is approximately zero. Distance between
mass one and mass two is 3.203 AU.
Determine solar 1, points for the case where the galactic mass (8) is
2x10YY solar masses and at distances 20,000 LY, 25,000LY and
30,000LY from the galactic center. Compare this to the results for the
T, points listed in table 1.
Sphere of influence (SOI) was derived using the infinitesimal interval
method and is a general equation in that mass three is not zero. Show
that when mass three approaches zero SOI defaults to the Cheboterav
1

SOA equation where A, = rmz.
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Section 2.2

1. Using equation 1.2.1 through 1.2.3 compute the ten period ratios of the
six-mass configuration 123456. By systematically inverting and
multiplying the results of equation 1.2.3 can reduce the effort to
determine these ratios.

2. Determine the velocities and perturbation coefficients for the six-mass
configuration 123456. Write out the three-dimensional state vector for
this configuration. Show that twice the kinetic energy is equal to the
potential energy.

3. Plot the Jupiter period ratios as a function of the binary scaled distance
like that illustrated in figures 2.5 through 2.7. The period ratios to be
evaluated are 1234 and 12 34 on the sunward side of Jupiter and 12 43
and 1243 on the anti-sunward side of Jupiter, where mass one is the sun,
mass two is Mars, mass three is the probe mass (m; = 0) and mass four
18 Jupiter.

4. Compute all the period ratios for the six-mass configuration 12 34 56.
Will need to determine the sidereal synodic relations to find the
perturbation coefficients and velocities to start this problem.

5. Determine mathematically the period ratio :—3 point of inflection for the
21
123 configuration. Also, for the period ratios % s % and % determine
3 3 3

points of inflection in the 123456 configuration.
Section 2.3

1. Derive the double binary scalar equations of motion starting with the
four-body vector equations of motion. Initially, convert the vector
equations into Jacoby coordinates by coupling mass one with mass two
and mass three with mass four. Consider the relationship between the
mass acceleration vectors and the mass position vectors when setting up
the collinear equations of motion to match equation 2.3.1.

2. Using the Taylor expansion, transform equation 2.3.1 mto linearized
equations of motion in terms of coordinates €,,, €., and €,, for the
initial conditions y.q, Tyzp annd pyg respectively. Check this result
against equation 2.3.2.

a1 @1z i3

QAz1 Qz3 Udz3

Qz1 O3z U3z

verify equation 2.3.6 which is the result of evaluating the six by six

determinant in equation 2.3.5.

3. Show that the determinant of is equal to zero. This will
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4. Derive equation 2.3.8 double binary Jacoby coordinate #.,, 7, and p;
periods using the equations developed in section 1.3 in chapter one.
Verify that the double binary cannot be stable for all time in the infinite
interval at time zero.

5. Show, using equation 2.3.9 that the theoretical triple binary star
configuration can approach stability for all time vet never be stable for
all time as p, approaches infinity. Use the same line of reasoning that
was put forth for the double binary system with equation 2.3.8.
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CHAPTER THREE

CONCENTRIC N-GONS

Particles reside in mass distributions in instantaneous circular planar
orbit about a central body. This chapter analyzes structured distributions of
these particles starting with the development of the single regular n-gon and
evolving to concentric regular multi-polygon configurations. The regular n-
gon configuration is a Newtonian system of particles defined as discrete,
nonrelativistic and rotating in classical two-dimensional Euclidean space.
This is a physical system consistent with the laws of conservation (non-zero
mass).

The single regular n-gon or (n-1)-gon configuration (Chenciner, 2003,
286, Hagihara, 1970, 255, Kurth, 1959, 137, Roy, 1998, 1475, Wintner,
1964, 279,206) is composed of particles placed at the vertices of an equal
sided polygon. Concentric regular multi-polygon structure is more complex
and involves analyzing and solving two basic problems. First is the
knowledge of n-gon interaction to determine particle perturbations, where
there exist sidereal synodic relations under specified geometrical conditions
that mathematically describe these particle perturbations. Sidereal synodic
relations with type one geometry within the infinitesimal nterval at time
zero provide the necessary constraints 1o solve the planar n-body equations
of motion allowing a formulation of n-gon radii, mass and angular velocity
distributions. However, non-unique mass and angular velocity distributions
result thus requiring further analysis to find the minimum potential energy
solution (second problem).

Unique regular concentric n-gon configurations are found by searching
for the absolute minimum potential energy solutions. Due to the regular n-
gon symmetry these unique solutions possess inter n-gon singularities. Inter
n-gon singularities can be removed by differentially rotating the n-gon
assemblies such that when collapsed these n-gons form one regular n-gon.
The differentially rotated regular n-gon configurations that are inter
singularity free are geometrically incompatible with the solution
methodology employed in this chapter. Therefore, differentially rotated
regular n-gon configurations can not be made inter singularity fice.
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However, there are inter smgularity free n-gon configurations that can be
solved by the methods in this chapter but they are composed of a
combination of regular and non-regular n-gons. This type of problem is of
greater complexity and not dealt with here.

3.1 Single N-Gon Configurations

Before continuing with the concentric n-gon configuration analysis it is
necessary to define the coordinate system and basic geometry in which these
n-gon problems will be worked. This is in addition to the basic fundamental
properties such as the constraints and initial conditions that allow
formulation and solution of the structured n-body equations of motion.

Consider a conservative dynamical system described as follows. Define
at origin m, fixed in two dimensional Euclidean space an inertial right
handed coordinate system x,y,z where z = 0 is the concentric n-gon plane of
motion. Let x and v be the mertial planar coordinate system, with m,
located at the barycenter (also the geometrical center). The inertial y-axis is
perpendicular to and counterclockwise from the x-axis. Let x” and y" define
a coincident coordinate system in the same plane as x and y rotating at
angular velocity w with respect to x and y and origin at barycenter m,,
where the vector from m; to some designated point on the outermost n-gon
orients the x’-axis. Outermost n-gon radius R is at rest with respect to the
rotating barycentric coordinate system. The y'-axis is perpendicular to and
counterclockwise from the x’-axis, with inertial and rotating coordinate
system x and x’-axes coincident at t = 0 (time zero).

For the n-body formulation, it is necessary to perform an infinitesimal
orthogonal transformation about the z-axis of the n-body equations of
motion in the x"¥" coordinate system rotating at angular velocity w relative
to the inertial xy coordinate system. Reformulating into the complex plane
(Lass, 1957, 314-319, Pollard, 1966, 49) results in

Zp + 2wizy —wlz = G L), %ij k=1,23,.N Equation3.1
=k Tk

where i=+-1, z; =x;+iy, and 7}'k:|zj_zk|

Planar n-body equations of motion exist over time interval At with sidereal
synodic relations defining interaction between successive n-gons. To
properly utilize equations of motion and synodic relations requires At to be
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sufficiently small, such that, At approaches zero as a limit. Consequently:
At is an infinitesimal. This is a necessary condition that allows the
infinitesimal orthogonal transformation and corresponding infinitesimal
rotation of the equations of motion to be consistent with infinitesimal
rotation of sidereal synodic relations in the rotating barycentric coordinate
system.

To solve the single regular n-gon configuration orbiting about m, it is
important to start with equation 3.1. These regular n-gons are central
configurations where each particle is rotating with inertial angular velocity
w within the infinitesimal interval at time zero. Basically, the n-gon can be
considered to rotate as one unit. The angular velocity can be derived
systematically as will be demonstrated starting with the three-body problem.

3.1.1 Lagrange Equilateral Triangular Three-Body Problem

It would be mformative to review the analysis of the Lagrange
equilateral three body problem prior to working the single n-gon problem.
This will introduce the methodology for solving the general configuration
type worked in the coming pages. Using equation 3.1 with type 1 geometry
and assuming all three masses are in instantaneous circular planar orbits in
the infinitesimal interval at time zero

—wiz, = G X5, myzy, 2z =2, =1 Equation 3.1.1.1
2k

Writing equation 3.1.1.1 in matrix form, the equations of motion with all
masses at rest in the rotating reference frame at time zero becomes A = 0
where A is equal to

1—mypy —myps Mz07, M3 P31 Z
MiP321 1 —mypyg —M3ps; M3 P32 Z3
myP3 My P32 1 —mypg — M3/ \Z3

) G

with Py = v

LT,
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Reformulating the above matrix using a symumetry argument based on
conservation of energy

P32z Pz Py M2y
P21 P31 Pz )| M2Z2 | =0 Equation3.1.1.2

P31 Psz2 P21/ \M3Zg

results in p,; = p31 = psp and therefore py; + p3q + P35 = % where M =

my + m, + m5. The resultant inertial angular velocity is w? = g with 1=
i

¥ = ¥3q = ¥3 and all masses each different in magnitude are in circular
instantaneous orbits at time zero in the infinitesimal interval with type 1
geometry. It would be expected prior to or after time zero masses exist in
instantaneous non-circular orbits. Using the inertial angular velocity
determined in the infinitesimal interval, state vectors can be calculated for
the Lagrange equilateral three body problem. Numerically integrating the
Lagrange triangular state vector determined from the above analysis will
show that this equilateral configuration can not be maintained over a finite
interval. It is not stable in the sense of Lagrange.

Validity for the symmetry argument formulating equation 3.1.1.2 can be

made apparent using the conservation of energy equations. Showing 2T =
U will verify this

U= %(mlmz + myms + mym,)

GM rE 7 2
2T _T(mlf'_2+m2r_2+m3r_2

Computing the center of gravity will allow determination of the mass radii
2
for the Lagrange triangular configuration ratios :—‘2, thus completing the

verification.

3.1.2 Collinear Three-body Configuration

Although not a n-gon, the collinear three-body configuration could
possibly be considered a central configuration. This is due to the
monotonically increasing magnitude of the perturbation coefficients in a
systematically growing single n-gon structure of masses. Where, the
collinear three body problem is the mitial configuration defining this n-gon
structure of masses. Starting with the same initial equations of motion
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(equation 3.1.1.1) as the Lagrange equilateral triangle we obtain the
following relations

1 .
(m—p— 2)21 +z;,+z;=0 Equation 3.1.2.1
my 1 my 1 1
wmat G TRt =0
my 1 1 my 1 —
L gt L= — A 5T

under conditions m = m; = M3, p = P31 = P31, 21 = 131 and my at the

barycenter. From these conditions it can be shown that p,, = %p. Defining
a = mip = % = é from the second (or using the third) equation of motion
and reformulating gives %zl +az; + %Zg = (. Using coordinates z; =
0,z,=1land z; = —1 from the collinear three-body configuration
geometry in the complex plane results in a = %. The resultant inertial
angular velocity for this configuration is

5 m1(1+imi1)

w =
3
Tiz

Formatting equation 3.1.2.1 as a matrix and solving the determinant is an
alternate method to obtain the same solution for c.

1

5=

—
=

Z
(Zz) =0 Equation3.1.2.2

Z3

I ERTE
(= [ ]
D o=

The collinear three-body angular velocity result can also be obtained by
using the infinitesimal interval method derived in chapter two. Using
resonance equation 2.1.18 for a 312 configuration

vh=22@ - (F-5m)

X2 (1+x)2

ma g
- s =
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My (14 gy
R N .

my  my 4my 3
where the collinear three-body perturbation coefficient is ¢p = %

All three methods give the same inertial angular velocity for this three-
body configuration. Numerically integrating the collinear three-body state
vector will show that this configuration will only maintain its initial
configuration for a finite time interval as would be expected.

3.1.3 Four-Body Configuration

In the same methodology as the collinear three-body configuration the
four-body configuration can be solved. As will be noted, with each
additional mass the regular n-gon configuration takes on another equation
of motion, as well as, an increased number of constraints. Of primary
importance is the determination of the n-body perturbation coefficient ¢,
which results directly from the n-gon structural geometry. This geometrical
perturbation is necessary to find the inertial angular velocity. Magnitude of
perturbation term ¢ increases as the number of masses in the single n-gon
increases.
let Py = L

2443
W?"i}-

(mip—3)zl+zz+23+z4=0

my L _my 2 SR S
1+(mp — \/_3)zz+ﬁ323+‘j§3z4 0

L L_m_ 2 s

?21 +\/?ZZ o+ (m_p = ‘/53)23 +wf_3 Zy 0
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under constraints

T32 =Mz = T3

1
Pz2 = Paz = Paz = EP-

Defining ¢ = 2L 2 _ 2 from the second {(or using the third or fourth)
mp m \/34

equation of motion and reformulating using complex coordinates z; =

e i o B ol BB =2

0,z =1,2; = z+ 2 iand z; = Pl there results « =5

Therefore, the inertial angular velocity for this configuration is

i 3
;=m1 +—=m

V3
My (s
w? = —— L where ¢ =&
T2 3

The single n-gon configuration structure for the four-body coupled
equations of motion shows a logical evolution of a system of rotating
masses. This is a result from dividing a circle into Increasingly smaller equal
angular partitions where each of these partitions can be represented as an
additional mass that will be formulated in the equations of motion.

3.1.4 Five-Body Configuration

Continuing in like manner to the three and four-body configurations, the
five-body configuration will be derived under similar conditions and
constraints. The recursive nature of the geometric equation structure is made
manifest with increasing mass number. This can be seen from the five-body
configuration equations listed below.

G

2.3,
wiT;

let Piy =

(mip—4)21+zz+23+24+25 =0 Equation 3.1.4.1
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under constraints
m=m, =mM; =M, = Mg
P =P21 = P31~ Pa1 = Ps1

1
EP = P32 = Paz2 = P53 = Psa-

1
P = P43 = Ps2
131 =131 =1 = T5q

V32 = T4 = V53 = T54

Defining o = L. i3 — 2 from the second {(or using the third, fourth
mp m NG 8

or fifth) equation of motion and reformulating using complex coordinates

72 =0,2, =1,23 =i,2y = —iand zs = —1 there results o= %.

Therefore, the inertial angular velocity for this configuration is

% =m + (% + g)m Equation 3.1.4.2
g (14
WZ =G% were ¢:1+_2
i 'z

The five-body configuration, as well as all other single n-gon
configurations, are consistent with the conservation of energy equations in
that 2T =U. Due to the logistics of working with large numbers of equations
with growing mass number, alternate methods for solving these systems are
provided next.
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3.1.5 Alternate Conservation of Energy Method

The algebra becomes increasingly complex as the number of n-gon
masses grows. Finding a method that does not use the equations of motion
can possibly simplify the problem somewhat. Conservation of energy
provides an alternate method to solve the n-gon configurations by using
2T=U. Attime zero within the infinitesimal interval with type one geometry
the kinetic energy can be written

2T =30 iy vi =m vl + myv? + - + myv? Equation 3.1.5.1
where v, =0 Vs, Vg, e, Uy = U
e g 2_p (ml:srﬁm)

therefore 2T = (n — Dmv? = R,mv? R, = n-gon mass number

The potential energy at time zero is

O= 530 it o e aia Equation 3.1.5.2
Tij T12 Th-1n
where m = My, Mz, .., My

Applying the conservation of energy method to the seven-body
configuration (hexagon) orbiting 1, , we can solve for the angular velocity.
Equating the kinetic (equation 3.1.5.1) and potential {(equation 3.1.5.2)
energies allows solving for the perturbation coefficient ¢ by adding
individual terms on both sides of the 2T=U equation. This method avoids
using the equations of motion directly as can be seen below.

2T = 6mv?

Collecting and evaluating the twenty-one potential energy ry; terms from
the hexagon geometry yields

U= 6Gm1m+6G—+6G +3G—
Byt Gl SR ml*"‘"’
g g

vi=(—

r
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WZ=G%3,W15 where ¢=5/4+\/§/3
The same above result can be obtained by writing out the equations of
motion with their initial conditions and constraints. With larger n-gon mass
number the conservation of energy method can also become somewhat
tedious. As can be seen with the three, four and five body configurations,
increasing n-gon mass number increases the perturbation coefficient
magnitude ¢.

3.1.6 Alternate Recursive Method

Another method to consider in working large n-gon configurations can
be approached by taking advantage of recursive calculations. Essentially,
with greater n-gon mass number a circle is subdivided into increasingly
smaller angles. Utilizing this concept leads to simplifying the perturbation
calculations. Circumventing the equations of motion and conservation of
energy methods for perturbation coefficient calculation is to expand on the
geometrical symmetry fundamental to the n-gon configurations. This can be
accomplished by taking ¢’s from previous n-gon calculations and
developing relations to solve for still greater n-gon configuration
perturbation coefficients. Starting with an eleven-body configuration,
calculations can be made for 104 + 1 mass configurations from the following
formula to determine ¢b perturbations out to infinity.

Proer = 25‘ 21— cos—ﬂ:) z Equation 3.1.6.1
where i =2% & =il 1,800 500

With some effort formulations can be derived to calculate systematically
perturbations for selected single n-gon mass configurations. For example,
in the next section a general method will be developed to calculate the
perturbation coefficient ¢ for an infinite regular n-gon composed of even
numbered masses. The table on the next page shows for selected single n-
gon configurations how ¢ grows as a function of increasing mass number.

Replacing m with % gives an inertial angular velocity of

& ¢
w? =—=(my +—my)
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where my is the total n-gon mass. Redefining %as C,, gives a ratio of ¢

to the total number of n-gon masses (sans m;). This is also shown i the
table. It appears that as the number of masses in the n-gon approaches
infinity €,, may also approach infinity, however, due to the intra-
singularities that exist between the masses it is difficult to determine to what
value €, actually approaches.

The analysis presented in this section gives a general idea of the
perturbed inertial angular velocity relative to the single n-gon mass number.
Starting with the concentric two n-gon configuration in the next section
higher order n-gon configurations will be analyzed.

Table of Single N-Gon Perturbation Coefficients

NBody C=-- ¢
1
3 12500 -
4
4 19245 ?
5 23928 %508
4 2
1 1
6 27528 Z((1-cosZyZ+ (1 —cosHy2)
7 30456 P
4 3
1 1
9 35061 %+§+(2 VD) I+ (2+VD) 2
1
11 38625 o gzizo(l —cos 2
1 1,
13 41533 */3—§+§+§+(2 —V3) I+ (2+43) 2
17 46118
1
21 49673 =4 gﬁﬁzo(l — cos™=m) 2

25 52576
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1
41 60708 ERES LI QL
4 2 20

1

81 71741 + Z o1 - cos—ﬂ:)7
192578 1 _ cos™y g

161 .82773 P Y (L —cos — m) 2
1

321 93805 —+2 2158 (1-cos™=m)2
641 1.04837 + 2318 (1— cos—n)—
n+l L

1281 1.15869 + 2638 (1-cos——m)?
2561 1.26901 + )31278(1 — cos mn)_
2558 ntl —

5121 1.37932 + E (1l — 605256011:)

3.2 Multiple N-Gon Configurations

This section is a necessary preliminary to the infinite concentric n-gon
problem. Starting with the single n-gon geometry previously worked and
continuing with the multiple concentric n-gon allows one to evolve a
methodology to determine the perturbations to calculate the ¢’s for the
inertial angular velocities of the infinite n-gon configuration.

The multiple concentric n-gon problem is additionally made more
complex due 1o the infinite ways each n-gon can be arranged contiguous 1o
every other n-gon. This analysis will use a geometry specified as follows.
A system of n mass particles can be arranged in many different
configurations, where the motion of any given n-particle system satisfies
Newton’s second law. One such family of interest is the planar n-body n-
gon configuration, with n-1 masses orbiting m; in an assembly consisting
of R concentric n-gons and R,, particles per n-gon (RR,, = n — 1). Relative
to m,, particles are placed at the vertices of equal sided regular n-gons
inscribed in their respective circle of increasing radii such that the geometric
center is coincident with the barycenter. Two fundamental n-body n-gon
geometries are ray and rotated ray configurations. An example of these two
geometries for a R = 6, R,, = 6 configuration can be seen in figures 3.2.1
and 3.2.2. Analysis in this chapter is resiricted to the rotated ray
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configuration defined in the nfinitesimal interval at time zero using type 1
geometry with the sidereal synodic relations. There exist infinite solutions
for n-gon configurations (R = 2) defined by the equations of motion (with
sidereal synodic relations), and, if unique n-gon configurations are required,
then additional constraints must be specified in the initial value problem.
All n-gon configuration solutions are consistent with conservation of energy
over the infinitesimal interval.

3.2.1 Two N-Gon Configuration

In the following sub-sections inertial angular velocities will be derived
for two, three and four concentric n-gon configurations. These examples
will be using six masses per n-gon (R,, = 6) to simplify the illustration of
even and odd structural variations within the concentric n-gon
configurations.

The rotated ray two n-gon configuration for R = 2 and R,, = 6 masses
is modelled using equation 3.1 and figure 3.2.2 as a reference

m m
zz+2w1zz—wzz—GE]13jz=G 212+GE]33 2
J2k 12 J2k 12

Equation 3.2.1.1

The inertial axis x and rotating axis x" have been chosen along a vector zg;
at time zero. In the above equation vector z; is infinitesimally rotating
counterclockwise relative to vector zg,

Sidereal synodic relations describing n-gon interactions in general exist
under geometric conditions where all particle velocity vectors are
perpendicular to all particle radii vectors in the configuration plane of
motion relative to the barycenter at time zero. Within the infinitesimal
interval for R = 2 synodic sidereal relations are

ngPr = (g + Ng_)Pry = = (Mg +Ngq + -+ 1P
Equation 3.2.1.2

Where ng + ng_, + -+ 1, are determinable coefficients of n-gon periods
Py, P, ... P, with innermost and outermost n-gon periods designated P,
and Py respectively. Sidereal synodic relations are defined in the rotating
barycentric coordinate system, which is also known as the synodic
coordinate system (Szebehely,1967, 13-16). Equation 3.2.1.2 sidereal
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synodic relations are formulated equivalently (Bauer, 2001) to those derived
for a family of type 1 (Roy, 1955, Roy, 1988, 119, Marchal, 2000, 286)
collinear n-body problems (Lehman-Filhes, 1891, Moulton, 1900, 249),
however, they can also be applied to planar n-gon configurations. Utilizing
equations 3.2.1.1 and 3.2.1.2 yields

Gm Gm
w? = (wi)? + (wP)? = =3

forj=1,2,3, ..R.

Where w; is sidereal j™ n-gon angular velocity, m (m > O) is mean mass
g , my is total n-gon mass, 7;(0 <7; <) is j™ n-gon radius
al™r (@ # 1), and ¢; are intra/inter perturbatlons. The n-gon radii
distribution #; has been assumed to approximate a real particle distribution.
In actuality #; can have infinite formulations. Lower case p and u represent

the perturbed and unperturbed angular velocities respectively.

Adapting the sidereal synodic relations from equation 3.2.1.2 for the two
n-gon configuration gives n; P, = (n 2+ nl)Pl. The second n-gon with
period P, is rotating at an angular velocity of w relative to the inertial x axis.
The first n-gon with period P, is rotating at an angular velocity relative to

1'1
the second n-gon where z, = 1 e e'm ", Radius of the first n-gon is 1; and
the angular velocity relative to the second n-gon is n—w. Equation 3.2.1.1
2

now becomes
Pz G 13 Zi2 <
—P—w Zy; = zl2 +EmY- 3 24 Gm Y2 875 Equation 3.2.1.3
L 2 o Tiz

Since each n-gon rotates as a rigid body over the infinitesimal interval, any
particle rotating within that n-gon will be rotating at that n-gon angular
velocity. The term on the left of the equal sign in equation 3.2.1.3 can be

P ] < ] g
reformulated as P—zw = Wy, where wy,,. is the inertial angular velocity of
1

the first n-gon relative to the x axis. From the reformulated equation and

Z1y = 71 — Zy = —Zy equation 3.2.1.3 becomes
2 — th 13 Ziz — —
~WinrZz = — Zz +emyl g3 T Gmy,- g O T N eedilys =R
i+2 I2 i2

Equation 3.2.1.4
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Taking equation 3.2.1.4 and writing it out in full for the inertial angular
velocity of the first n-gon

2 . Gmy 32 , Zaz | Zsz | Zez | Z72.
—Wlnrzz———zz+Gm(z +—+—+—+
i 3 rd, v

+G1m(z82 D2y Zloz g Fup gy T2 | ZB2y Bayation 3.2.1.5
32

8 Tioz Tiiz Tizz Tizz2

Evaluating scaler terms mn the denominator for masses three through seven
for the first n-gon and masses eight through thirteen for the second n-gon

yields

32 =T =1 Taz =Toz = 1 (1 + &? —v3a)'/2
Taz =Tez2 = \Erl Troz =T1zz =71(1+ g e

Tgy =21 T =7 =1l +a*+ ﬁa)l/z

Evaluating vector terms in the numerator for masses three through seven for
the first n-gon and masses eight through thirteen for the second n-gon gives

Zas+ 2oy = —75 Zgy + 297 = (V3 — 2)2,
Zyy + 2y = —32, Zipz T Z130 = —22,
Zgz = —222 211,2 + 212,2 = _(‘\/gﬂf + 2)22

After substituting scalar and vector terms into equation 3.2.1.5

2 2.
WinyTi

w4z = MZs + mey 2, + My, 2,

the angular velocity and perturbation coefficients are

Wi = G m1+m(f3“+¢21) =G ml:m¢1 Equation 3.2.1.6
1 1
where ¢ =1 +¢n
¢ = 5/4 +\/§/3
2—3ax 2 2++3

¢21=(1+a{27\/§a{)3/2 (+a2)32 1 (1+aleFa)3/?
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Coefficient ¢b,, is the intra perturbations of the first n-gon and coefficient
¢34 Is the inter perturbations of the second n-gon relative to the first n-gon.
It will be noticed that intra perturbation ¢b,; Is the same magnitude as for a
seven body (rotating hexagon) single n-gon configuration.

Setting up for the second n-gon taking into account that zg is on the
rotating x" axis

2 . Gmy 7 Zis 13 Zig
W Zg=——=zg+ GmZi:ZTT'l' B g
18 ig izg '8

Following in the same manner as the first n-gon analysis, the angular
velocity and perturbation coefficients will be

Wiy = G m1+m(f;2+¢22) =G ml:;n% Equation 3.2.1.7
2 2
where P2 = P12+ P2z
203 2c 2a+43
P12 = ( T+ e Sa?
+a2—307 (1+a2)Z7 (1+a2+/3a)?

22 = 5/4"‘\/5/3

Coefficient ¢, is the inter perturbation of the first n-gon relative to the
second n-gon. Perturbation coefficient ¢, is equal to ¢p,; due to the intra
symmetry being proportionately the same for both n-gons. The perturbation
coefficient geometry for the two n-gon problem can be summarized

¢11 ¢21 _ ¢11 ¢21

¢12 ¢22 ¢12 ¢11

3.2.2 Two N-Gon Sidereal Synodic Coefficients

The coefficients n, and n, from the sidereal synodic relation n,P, =
(nz + ny )P used in solving the two n-gon problem can be determined
analytically. Rewriting the sidereal synodic relation in an alternate form

g _ PPy

Tz Py

Taking the inertial angular velocities derived in equations 3.2.1.6 and
3.2.1.7 for n-gon one and two, the period ratio can be computed
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P 1+‘"=£1¢1 3 _6i 3 (({bl) _ (¢11 ¢21) (kl) .
Pz 1+m£1¢2“ = G%“ 6,) “\e, b \k, Equation 3.2.2.1

where k, and &, are mass scaling parameters for the first and second n-gons
respectively.

Rewriting the above two equations gives
n3Pi = (ny +ny)?Pf
G2P? = G2a®P}
For the 2 synodic case
n = Ga? -G, Equation 3.2.2.2
ny =G Gz’2=1+m£1¢i

Two n-gon configuration mass range, which is somewhat elusive, could
be estimated to a rough degree by determining the period ratio of the two n-
gons. From the period ratios in equation 3.2.2.1 and the sidereal synodic

relations in equation 3.2.2.2, the terms miqbl and miqbz should be of near
1 1

zero magnitude for the two n-gon configuration to continue in a semblance
of their initial intra and inter geometry with respect to time zero. In terms of
the configuration maintaining some given structure, it is expected that mass
18 neither of a magnitude that can be ignored relative to conservation laws,
nor of a magnitude that can disrupt the configuration relative to some given
finite epoch. It is assumed here when reference to a non-infinitesimal epoch
is made that the mass, radii and angular distributions have determined a n-
gon state vector to be numerically integrated relative to time zero. Mass
range is dependent on system constraints such as two n-gon particle
distribution evolution and period of nterest. Terms ¢ and ¢, are a function
of R, with magnitudes in the approximate order of R,, therefore as

Ry, ¢, by — oo it is necessary that mi - (. Using known values of ¢, and
1

¢, with an estimated magnitude of mi could allow an upper bound
1:

approximation for mean particle mass. Another possible mass range
approximation method to consider for numerical integration can be found

from mi < 2.3/R32. This relation is based on an analysis developed in
1

Maxwell’s work for a one n-gon configuration (Maxwell, 1859, Maxwell,
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Brush and Everitt, 1983, 71, 144). Although this equation was derived for
a single n-gon, it may prove useful for the two n-gon configuration.

3.2.3 Two N-Gon Optimization

The two n-gon solution as derived earlier results in non-unique mass and
angular velocity distributions, thus requiring further analysis to find the
unique solution. Constraining the solution by determining the potential
energy extrema will result in unique concentric n-gon configurations. Mass
scaling is a necessary condition needed to reformulate this problem for
uniqueness. The two n-gon kinetic/potential energy is composed of
perturbed and unperturbed components which can be separated. The general
equation for the perturbed component to be optimized can be determined by
expanding the kinetic/potential energy series as a function of concentric n-
gon number using mass scaling k;

my+@m

2T =Y ,mv = RymG YT, k;

The first term to the right of the equal sign is the unperturbed kinetic energy,
that is, there are no intra or inter perturbations in this term. Expanding the
unperturbed kinetic energy using the radii distribution function 7y = ralt
results in

Gml

2T = R,mG zﬁ?ﬂf—;kj = (Rymiey +3 ankz Fi — Rymk; + - +

1
F ankg)

ITU = 5My R m}'NGON

= L T
where R,mkg is the total n-gon mass for the R™ n-gon, represented as
ijNc;o x in the above summation. It is only necessary to incorporate the
perturbed energy component of the concentric n-gons in the optimization
process. The perturbed concentric n-gon kinetic energy term 2T? can be
expanded

Gpm
2T? = R,mG TX ;j i = Ry zj 10511 k;
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Therefore, the perturbed scaled form of the kinetic (potential) energy
function to be optimized is

_ zrozr® Pik;

A i e = Equation 3.2.3.1

Ny

where k; represents mass scaling. Associated with each n-gon will be a
unique k; determined from the optimization process. Equation 3.2.3.1 is the

general concentric n-gon formulation where substituting R = 2 gives the
two n-gon case.

The n-gon extrema energy problem comprises a system of two
constraints which can be quantified as R = Ele Iy for the equality
constraint and k; > O for the inequality constraints. Initial case R = 2 i
special in that no numerical optimization is required with the k; solution.

Taking the total derivative of 2?:1 % with respect to k; and equating to

zero locates the extrema. Resultant mass scaling parameters k, and k, are
determined in the following manner

1 1 1
A= ¢yl +;¢2k2 = kf({bn + ;kgqbn + (21 + ;¢12)k1k2
with @1 = k1 Pyy + Koy

Py = kyprz + Koty
results in the gradients

aA 1Y
a_kl =2k 10 + k(P +;¢12)

2A 2 1
P, = Ekz({bn + ki (2 +E¢12)

Taking the total derivative and equating to zero
aa A .
dA=—dk, + —dk; dk, = —dk, Equation 3.2.3.2
3k, 3k
yields the &, and %k, optimized solutions using k, = 2 — k, to find k; and

ki =2—k, to find k,. Substituting the above constraints into equation
3.2.3.2 gives for k;
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(p10— (b21+2012) + 2011 ki =211 — (D21 +2 12

%¢11*(¢'21 +%¢12)
1+é)¢11*(¢'21+é¢12)

kl —= (
and for k,

(({bll - (¢21 + %({bu) +§¢11) kz = 2¢11 - (¢21 + éqﬁlz)

2¢r1—{d2 1*%‘?’12)
(1+é)¢11*(¢21+%¢12)

2:

The k; and k;solutions are consistent with the constraint equations ¥, +
e, = 2 and It; > 0. By observation it will be noted that trivial k; solution

for R = 2isk; = 1. Using a combination unperturbed and perturbed scaled

kinetic energy optimizing fimction of A= ngz in place of equation 3.2.3.1
N

will give the same k; and k, mass scaling result as determined by the

equality and mequality constraints. In the above analysis the potential

energy equation could have been used in place of the kinetic energy

equation, however, the resulting mass scaling optimizing function will have

come out to be same as equation 3.2.3.1.

3.2.4 Two N-Gon Conservation of Energy Verification

Starting with the initial conservation of energy equations used for the
determination of ¢ in the single n-gon analysis and extending this to the two
n-gon configuration

2T =13 m; vl =m v + myvs + - + my vy Equation 3.2.4.1
with v, =10 My, My, ..., Mgz =M
V2 Vs Vg7 = Vanr Vg, Vo, e, V13 = Vanr
gives 2T = 6muin, + 6MViny  Vine = WineTy Vonr = Wane 12
Wlm' e (mlizﬁlm) WZm' = (mli':?zm)
2T = 66m =B 4 66m D ) =Gy + Py Py = Guzt O

Ty 2
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Looking at the potential energy for the first and second n-gons using the
customary energy equations

U=y RIS =gz oRulhs Equation3.2.4.2

Tij T12,13

Symbolically representing the individual terms m;m; in the potential sum
as ij, the first n-gon becomes

12
13 23
14 24 34

15 25 35 45
16 26 36 46 56
17 27 37 47 57 67

Evaluating the 21 potential energy terms gives

o Gm1+m¢711 By = 5/4 + \/5/3

Looking at the potential energy for the second n-gon in the same manner as
the first n-gon

18 28 . . . . 78
19 29 . .79 89

1,10 2,10 o 710 8,10

111 27 L 711 811

e g . . BiE w1z . .

113 213 . . . . 713 813 . . . 1213

The terms outside of the block designated by 28....78 etc. result in the same
V3

analysis as for n-gon one. That is, ¢, = ¢4 = % - Blocked terms

represent perturbations between n-gon one and n-gon two (¢, $q2)-
When all potential energy terms are evaluated and combined conservation
of energy will be maintained (2T=U).

U = 66m LB 4 gop P | oy P12y ooy PiGa _

T1 T1 2 T2
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3.2.5 Two N-Gon Configuration with
Infinite Masses Per N-Gon

In the preceding sections, the two n-gon analysis was for the double
hexagon configuration. This was a preliminary example in preparation for
solving the problem of infinite masses in both n-gons, that is, for R, - o
(R, even). Perturbation calculations for ¢, ¢5,, @y, and , ¢, (where
¢33 = ¢p11) will proceed as follows. Consider, the two n-gon equations of
motion with infinite masses for the first n-gon

_leanZZ_G ZZ+GE] 3 32 jz N:RRn‘l'l
j#2 i

Looking at the second term right of the equal sign and separating out n-gon
one and n-gon two respectively

Rn+1 ;z 2Ryl Zjz ;
GEL R = ij =GmAly S+ GmYy 5 Equation 3.2.5.1
j#2 iz ]#2 2 i2

Reformulating in terms of ¢b;; and ¢b,, relative to the first n-gon

Zahig Zy¢z1
GZ]33 Z—Gmr +Gmr—3
iz i i
Jj#2

Solving for ¢b,, in the first n-gon

Zaduy Z3p | Zaz 252 ZR-n+12
o Mo iy e SR o ey
T o T TS ar+1 2
ZR.
Ry
_Zadun _ Z32tZRypviz | Z42VIRn, | Zsy +2Rn L2y, 4 2t
— = 3 3 )
L T3z Taz Tsz R_n+2 5

Evaluating the scaler and vector terms

Tip = T3 = Fig - = T o1 = 11 (first n-gon radii)
Y23 =T34 = Tas .. =Vpgo412 = \Eﬁ(l - COS;_:)I/Z
T2 =735 = Ta - = VRu+13 = \/57”1(1 - COS:_:)I/Z
Y25 =736 = Taz - = TRy414 = V2r (1 - COSZ_:)UZ
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T_R =7T_R =71 r «=TR = 2r
2-y3 3243 4t R 1,Ry+1 1

+4 "
Zaz+ Zp 412 =Z3 —Z3 T Zp41 —Zz = Z3 t Zp, 41— 2z;

Z4z t 2R, 2 = Za— 7yt Zg, — 73 = 24 + Zg, — 27;

ZR = —2Z
a2 2
2
yields
Za4n+Z, ZRy
Zagry _ 1 Z32tER, 412 22VZRy, | ZsatER, 12 Eiyaz
T T s 2 3 4n3+ 6.2 ) 8
1 7 0 lENE g -
1 (1 cosRn) (fat cosRn) (1 cosRn)

Using rotated ray geometry to find that zz + zp, | = 225¢05 i—n efe. gives
n

I—COSZ—T[ 1—6034—n 1—(.'036—”
) _ 222 Bn_ 4 Re 4 Bn_ .. 422
PR B\ 1o (1—cos™3  (1-cas®Ey2 *
( —casRn) { —coan) ( —casRn)
Therefore
1 VI os(Bn2) 2
L e .
¢ =7+5E, (L—cos R—nj) 142 Equation 3.2.5.2

Continuing with ¢, from equation 3.2.5.1 for the first n-gon

Z2$2 _ ZRat22 | “Ravze | PRniaz Zan+l,2)
3 3 3 3 3
i Ten+22  TRnisy  TRnaen TRy +1,2

Regrouping the masses and evaluating the scaler and vector terms for ¢4
results in

1
_ Sin 1-acosts ;
¢y =2 Ejzl—(azﬂizawwz)m Equation 3.2.5.3

Formulating the equation of motion to solving for ¢»;, in the second n-gon

2 _ Ty N by
W Zg, 2 = _GEZRnJrZ + GZ;‘:Z#ZLRT«LH
JRn+2
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Looking at the second term on the right of the equal sign

J Rn+1ZjRn+2 2Rp+1 ZjRp+2
GZ}Z 3 ]R +2 = sz 3 + Gm EJR+3 3
Ry 42 J Ry 2 JERn+2 TiRntz

Reformulating in terms of ¢, and ¢b3, relative to the second n-gon

i ZR,+2912 ZRy+2P22
62123 1R+Z_G 3 +&m &)
Ry 2 2 T2

After some analysis yields

b1 = 207 2 — £o58y a=2 Equation 3.2.5.4

+1-2acos0,)3/2 o
Where, from the rotated ray geometry
8, =m—26,

0, =02j—1) :—nThe next step in the infinite n-gon problem analysis

is to study the three n-gon configuration. This is a necessary step in
developing formulas for even n-gon ¢’s such as ¢4, dyq, ...z, P14 and
for odd n-gon ¢¢’s like ¢aq, Psq, ostPra, Pis oo

3.2.6 Three N-Gon Configuration
First N-Gon

Applying equation 3.1 and the sidereal synodic relation equation 3.2.1.2
to the three n-gon configuration will result in the same structural
mathematical analysis as the two n-gon configuration. From these
equations the three n-gon configuration follows basic systematic n-gon
geometry to determine perturbation coefficients for each n-gon within the
three n-gon configuration. Mass fourteen is the reference mass on the third
n-gon that determines the orientation of the rotating x” axis relative to mass
one. Mass two with period one (P ) in the first n-gon rotates relative to mass
fourteen with period (P;) in the third n-gon. Therefore, with these initial
conditions the equation of motion for the first n-gon can be written
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P 2 G Zj 2 zZj
—=Zwiz, = Zz +6mYyl 3% L emYE =4+ emYi, ;2
Py i#2 " Ti2
Equation 3.2.6.1
Gm am &Gm Gm
2 _ L
WimZz = __T13 Z +?¢11 +?¢21 +?¢31

$ry =77 M= 32[32 ¢ =11 213 22 By =77 3214%
122 Tiz iz
For the three n-gon configuration the vector from mass one to mass fourteen
is used as the rotating x’ axis as well as the non-rotating x axis within the
infinitesimal interval at time zero. Mass two is rotating relative to mass
fourteen. Evaluating denominator (scalar) and numerator (vector) terms for
particles two through nineteen for the above equation will be done in the
same manner as for the two n-gon geometry. In this derivation the following
n-gon radii distribution has been used

2 T3 T3 2

= Z=q Z=q where 7; = a/ 11y
T T2 TL

Generally, the n-gon radii distribution 7; can have infinite forms. Using7; =

/7'y, simplifies an otherwise complex problem. To determine real T

distributions would probably require numerical optimization/analysis of
real planetary/stellar ring systems.

The resulting inertial angular velocity for the first n-gon of the three n-
gon configuration is

lenr G (m1+m(¢1;:¢21+¢31)) G (mlzn‘i’l)
where P = Ty +Pn
$11 = 5/4 + ﬁ/3
23 2 2+y3a

¢21:(1+a2ﬂf§a)3f2 (L+a?)3/2 | (L+al+Fa)3/?

by = 2—a? 2+a? 1 n 1
317 fvet-a?32 T (lratra?)Z (@2-1)2 0 (e241)2
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As can be seen from the three n-gon configuration, perturbations ¢, and
¢34 are the same as for the first n-gon of the two n-gon configuration.
Perturbation ¢b5, is new and of different form.

Three N-Gon Configuration
Second N-Gon

Under the same conditions as described for the first n-gon, this process
is continued for the second n-gon. Mass eight in the second n-gon with
period two (P,) rotates relative to mass fourteen in the third n-gon with
period (F3). The equation of motion for the second n-gon is structurally like
that of equation 3.2.6.1 for the first n-gon. Solution for perturbation
coefficients are stated without analysis.

2
P3 _ Gml 8 13 Zig Zig
_P—W Zg = 28+Gm2 —3+Gm2i=9 =+ &m L 14 3
2 Tis ixg T8
2 _ Gm1
WiinrZsg = — ({bu + ¢22 ¢32
2
— -3v7 “Zis — 3713 Zig — 3vi19 Zis
P12 =13 =2 a, P22 =73 LicoTs 3z =13 i=1473
i8 izg'i8 ig

After evaluation of the scalar and vector quantities for mass particles two
through nineteen, there results the second n-gon inertial angular velocity

-G (my+midia+dertdss)) _ -G (1 +mgs)

3 r$

2
Wonye =
where

¢ =1z + oz + Paz

2a-+3 2a 2a+V3 52
((1+(x2—\f§(x)3f'2 ¥ (1+a2)3/2 ¥ (1+q2+\/‘q)3/2)

P22 = 5/4"‘\/5/3

P12 =

By = 2—/3g 2 23
327 My 332 (1+a2)3/2 1 (L+a? +30)3/2

Due to the rotated ray symmetry the ¢, and ¢3; perturbation
coefficients from the first n-gon analysis are the same as the perturbation
coefficients ¢b,, and ¢, from the second n-gon analysis. Taking advantage
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of this recursive geometry in the concentric n-gon configurations allows
much simplification.

Three N-Gon Configuration
Third N-Gon

Angular velocity and perturbation coefficient results are listed below for
the third n-gon using the same methods as for the first and second n-gons of
the three n-gon configuration. Mass fourteen on the rotating x' axis is
rotating relative to the inertial x axis with inertial angular velocity w. Since
mass fourteen on the third n-gon is the reference point that determines the
orientation of the rotating x" axis, the vector velocity Z,, and the vector
acceleration Z,, are both zero. The equation of motion for the third n-gon
of the three n-gon configuration is as follows

2 _ __ Gmy 7 Zila 13 Zi1a 19 Zi14
—WTZ4 = _r3 Z14 + GmZizz 3 + szizgrs + szizls 3
14 i14 Q14 iz1a Ti1a
2 _ _&m Gm Gm Gm
WinrZ1a = — 73 Z14 * = 3+ = $a3 + = P33
3 3 3 3
_3v7 Ziia _ 3 vi13 Ziis _ 3vl1e Ziig
b1z =13 i=273 3 =13 i=873 P33 =13 i=1573
14 14 te1a Ti14
(mytmigis+des+¢ssl) {my+mes)
Wi = G =il

3 3
where

O3 = 15+ Pys + Py

20?1 20?41 1 1 4
¢13 - ((1+oc4—(x2)3f2 (1+oc4+(x2)31’2 T (a2 —1)2 ((x2+1)2)a

By = 2a—/3 T 2a+3 Da?
(L+a? —3a)

(1+a{2)% (1+aZ+y/3a)2
P33 = 5/ a4t ﬁ/ 3

Ef
B
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The perturbation coefficients summarized for the three n-gon
configuration can be seen below

P11 P21 Pn1 P11 P21 Pn
cl'f512 cl'bzz qb32 = cl'f512 q‘bn cl'f521
P13 P23 P33 P13 P12 P11

As indicated earlier there is a well-defined n-gon symmetry using the
rotated ray geometry. From the summarized perturbations listed above
P11 = P2z = Pa3, P13 = Pz and, yy = Py, There are R? ¢L’j terms to be
evaluated for the three n-gon configuration, however, due to the o
independent ¢p;; infra symmetry and the ¢;; redundancies the total
evaluations reduce to ZR-1. This is a direct result of the rotated ray

geometry.

3.2.7 Four N-Gon Configuration

The four n-gon configuration is the last configuration in the multiple
concentric n-gon section to be studied before moving on to the infinite n-
gon problem. Only perturbation coefficients new to the four n-gon
configuration are ¢, and ¢by,4, the remaming ¢;’s have been previously
determined from the two and three n-gon configuration analysis.
Perturbation symmetry displayed in equations 3.2.7.1 from recursive
geometry can be extended to the infinite n-gon configuration. The
analytical basis formulating the problem of the two n-gon configuration
with infinite masses has been presented in subsection 3.2.5. Using the two
n-gon infinite mass procedure along with the three and four n-gon
perturbation analysis will allow the infinite n-gon configuration solution to
be worked out in section 3.3. See figure 3.2.2 as a reference for the four n-
gon geometry. The four n-gon configuration will be summarized in equation
3.2.7.1 with minimal analytical analysis.
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First N-Gon

my gy

Wiy SR Equations 3.2.7.1

=
G = P+ P + Pag + Pay

$11 = 5/4 s ﬁ/g
23 z 2++3a

¢21=(1+q2—\f§(x)3/2 (1+a2)3/2 (1402 +/3a)3/?

2—a? 2+a? 1 e

¢31_(1+oc4—(x2)3f’2 (L+at+a?)3/2  (a2-1)2  {(a2+1)2

i = 23053 2 2+/303
T asEa3)3/2 T (14af)3/2 T (14ab+4F03)302

Second N-Gon

e
sznr =G 11‘23 <
Oy =1+ Py + Psy + Py
20—/3 2o 2a+3

— 2
¢12 - ((1+a27\/§aj3"’2 + (1+c¥2)3/2 + (1+a2+ﬁa)3jz)a

P2 = 5/4 + @/3
2—Ba 2 243

¢32:(1+a2—v§q)3f2 (1+a2)3/2 ' (1+a? +/3a)3/2

gy = 2—a? 2+a? 1 2 1
27T Grat—a?32 T (rat+e®B32 (@2-1)2 | (a?41)?
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Third N-Gon

2 _ pmatmgs
WS'HT - G Tg

Pz = P13+ oz + Pz + Pas

_ 202-1 202 +1 1 1 4
¢13 - ( 4_ 21372 44 243/2 2_172 2 2)(1
(1+at—a?) {1+at+a?) (a?-1) {2 +1)

2a—/3 % 2 i 2a++3 o
(1+a2 /3

1 +(x2)% (1+a2 143002
¢33 = 5/ a4t ﬁ/ 3

Paz = (

3
2

_ 2—/3x 2 2+V3a
Paz = (1+a2—/3e)3/2 ' (1+a2)3/2 ' (1+a2+y3c)3/2
Fourth N-Gon
i, g T

7
Py = Ppra+ s+ Paa+ Pas

207 3 207 2033
1 = - +——+ - Tab

(1+a—3a3)2 (1+056)% (1+ab+3a3)2

Bos = ( 2a2-1 2o +1 1 1 Yot
227 Mirat-e2)3/2 T (1reta®)3? 0 (@212 (eZ41)?

2a—3
(1+a2—3a)

Pas = 5/4"‘\/?/3

The inter and intra perturbations listed above show that the four n-gon
systemm maintains the same intrinsic symmetry as the three n-gon
configuration. Unique inter and intra perturbations require only 2R-1
evaluations per n-gon configuration resulting from o and inter perturbation
symmetry redundancies. Summarized perturbation coefficients for the four
n-gon configuration are listed below

+ 2a 4 2a+v3 Ja?
(14?2 (1+a?+3a)2

P35 = (

3
z
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qbll (;bZl ¢31 ¢41 ¢11 ¢21 ¢31 ¢'41
¢12 ¢22 ¢32 ¢4Z _ ¢12 ¢11 ¢Zl ¢31

P15 Paz P33z Pz P13 P12 P11 P
Pra P2 Pza Pas Py Py ¢12 ¢11

3.2.8 Four N-Gon Sidereal Synodic Coefficients

Solving the sidereal synodic coefficients for the four n-gon system can
proceed along the same lines as that of the two n-gon configuration in
subsection 3.2.2. Starting from the equation 3.2.1.2 definition with

NPy = (g + )Py = (ny + 13 +1,)P; = (g + 5 + 1, +1y)P,

it can be found after some algebraic manipulation

ny_ PPy ny _ PPy Py N _ PP

Ty P3 Ty P3P ng P2 P
2 2 2 2 2 2
Pi _ GF 3 FE_ 5 .3 Pi _GL 3
pz g2 p2 T g2 pz T g2

3 & 2 3 i 2

using the above equations to formulate n; and n,
niPf = (ng +ny)?Pf
GEiP? = GiadP?
and n,
(4 +13)2 P = (ng + 1y +n,)°PF
G2a3P? = G2aP?
and finally for n,
(ny + 13 +1y)2P7 = (ny +ng + 1, +1))?PL
GZa®P? = G2aP?
solving for 1, through n, results in
n = 053(61053/z -G ny= 053/2(@2“3/2 —Gs)

ng = Gaa*? — G, Ny =G,
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where Gl=1+ miqbi
1

Like the two n-gon configuration, the sidereal synodic coefficients could
be used to estimate the four n-gon mass range to find potential finite stable
systems. However, instead of one period ratio to deal with there are now six
ratios for the four n-gon configuration to consider. This method could easily
become overwhelming and better methods such as numerical optimization
may prove more useful.

Py Py Py
Py P P3
P3P

Py P

il

Py

3.3 Infinite N-Gon Configuration
3.3.1 Infinite Concentric N-Gon Formulation

The n-gon perturbations derived from the n-body equations are ¢; =
b kg for j = 1,2, , .. R, where ¢, ¢;; and k; (kj > O) represent
intra/inter perturbations and mass scaling respectively. Intra perturbations
are interactions between particles within the n-gon, whereas inter
perturbations are particle interactions between n-gons. Scalar o reduces ¢;;
inter  perturbation  evaluations  resulting from  redundancies
@it Qi1p Pri-z, @iz ete. Intra perturbations ¢b;; evaluations are also
reduced, for every concenfric n-gon maintains the same geometric
proportion, resulting in o independent ¢y = ¢z = - = ¢pp. There are
RZ ¢, ; terms to be evaluated per n-gon configuration; however, due to ¢,
redundancies resulting from o and intra symmetry, ¢;; evaluations can be
reduced to 2R — 1. Therefore, the only non-redundant terms are in the first
row and first column of ¢;;. Perturbation series ¢;; can be rewritten

&y = lgdy + 5 kigbrens + X000 Ko Equation3.3.1.1

R—jz1 j-1=z1

where F =12 BoaaR
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The equation for infinite masses within a given n-gon (¢;;) orbiting
mass one has already been developed for the two n-gon configuration. Intra
perturbations for each regular n-gon within the infinite n-gon configuration
are the same, that is, ¢y, = ¢y, = -+ = ¢;;. Therefore, as described in
subsection 3.2.5

1
1, V2 5{Bn—2) 5 g
¢y=-+=L_ (- cos ) Y2 R o=46,.0 ja.=24..R
As can be seen from the geometry of the rotated ray configuration the n-gon
row and column perturbations are grouped in terms of even and odd
coefficients outlined below

Row Column
¢211 ¢411 ---1¢2j,1 ¢121 ¢14: ey ¢1,2j
(,'{)31, ¢51;---;¢’2j+1,1 ¢13, ¢15, "'ﬂ¢1,2j+1

The three n-gon configuration displays a different perturbation structure
as seen with terms ¢b5, and ¢pq5 than found with terms ¢y, ¢, and ¢yq,
¢14. This will be true for the even and odd perturbations for higher order
n-gon configurations. Equations for all four perturbation groups can be
derived from the following method by starting with the evaluation of

@21, P31, -, Pre- Expanding G 3V, %ziz from the first n-gon for the even
i2
perturbations (—z, sy, —2Zy¢yq, ... ) yields

- — 43 Y2Ratl Zip (ZRn+22 ZRn+32 Z2Rypy+1,2
ZZ¢21 - Tl Egzgn+2 r- 3 A3 3 )
TRp+2.2 Ry 43,2 2Rp+1,2
_ .3 vidRptl 212 3 Z3Ryp 42,2 Z3Rn 43,2 Z4R-n+12
Zyar =11 Zg=33n+z > (7. 5 o— o s B — P
iz IRp+2,2 3Rp+3.2 4Rp 1,2
s RuR+1 215 ey 13 ZRyp(R—1)42,2 | ZRy{R—1)+32
sz)Rl Tl 2! =Rp(R— 1)+ZT (T + 3 + +
Rn{R-1)+2.2 Ry{R—1)+43.2
ZRpR+12
3
TRaR+1.2

The odd perturbation coefficients for the first n-gon {(—z, ¢, —Z5¢s, ... )
can be expressed in a similar format.
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_ 3 w3Rptl  Zpp 3(22Rn+22 Z2Rn+3,2 ZSRn+12
ZZ(;bSl =3 Tl Ei:ZRnJrZT?' = ™ T3 +o 3 )
iz 2Rn+232 2Rn+3,2 3Rn+1,2
SRp+1  Zipp _ 3(24Rn+2 ) Z4Rn+3.2 ZsRn+1 2
_ZZ(;bSl Tl Et 4Rn+2_3 = 3 L ot S
T T4Rn+2 2 TiRy+3,2 TsRn+1 2
3 oRp(R—1)4+1  Zjpp g ZRy(R—2)422 | ZRu{R-2)432
—Z P11 =17 X =1 + gt
» I=Rp(R—-2)+2 43 3
n(R-2) Tiz TRn(R 2422 TRu(R—2)+32
ZRy R—1,2
w3
Ry R—1,2

Collecting even and odd coefficients from the first n-gon and resolving
G ”; 7 mto its individual terms gives the following result. Total

number Of concentric n-gon particles is N = RR,, + 1.

Ziz _ Gm Gm G G
Gmxl ; == — = Z3Pu —F Hdn T hPn — =T Z2Pmn
Tiz L L i Ti

where —wiypz, =

+6mYyN 2
2

Gm am
2 e 1 R
WingZ; = _rf z + Ezz j=1®i1

my+¢m

and wiyp = G —22— ¢, =3F ¢ Equation3.3.1.2

LY

Continuing this procedure for the second n-gon

N ZiRptz _  Gm cm cm
Gmy" iy P _T_SZRn+Z¢1Z _r_sanJrz({bzz _r_szﬁnu({bsz -
[#Rp+2 ToRnt2 2 2 2
Gm
e — — Z
3 rnt2Pr2
Gm Z;
2 s N i,Rn+2
where  —wiygz, = anJrz + tmy" =2 -~
[#Rp+2 LRut+2
Gm om
2 = 1 R
WinrZry+2 = _T23 Zga12 T ?ZRnJrz Ziz1 P2
my+ m =
and Whnp= Glr—;fz ¢, =%F ¢ Equation33.1.3
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Formulating the infinite n-gon

N ZiN-Rp+l _  GmM cm
Gmy" o, ——i== _TZN—RnH({blR 3 ZN7Rn+1¢2R -
[#N—-Rp+1 lN Rn+1 R R
Gm &Gm
7= An- Rn+1¢3R "'_T_SZN—Rn+1¢)RR
R R
Gm Z N Ry +1
2 — bedlil i, o)
where —WgZz = =5 Zn_py+1 T Gm YN —
"R H&N Rn+1 tN R+l
Gm
2 Gmy
WpZn - Ry+1 = 2 S Zn-Rnp+1 T gZN Ry +1 21 1Pir
P rm :
and wi = G——— ¢r= ZF e Equation 3.3.1.4
R

Where the even row perturbation coefficients are ¢3¢, ¢4, ...€tc.

Z —(xlﬂcasﬂz
i=1 (@28 +1-2aPcasd,)3/2

Paj1 = Equation 3.3.1.5
for rotated ray 6, and 8; geometry conditions
i=123,..,2R, B=2-1 O, =m—20,=(R,—2Qi-1)—
T
=123, ..,=R 0,=2i-D% R, =4 R=2
2 By
The odd row perturbation coefficients are ¢b5, ¢heq, ...clc.

1 Z(R" 2) 1-c¥ casf,
¢2j+1 1= >t 2 22 2 3/2
, (a¥—1) (gﬂ'+1) (@Y +1 -2 cos8,)37

Equation 3.3.1.6

for rotated ray 85 and 8, geometry conditions
=123 .,7(Ra— 2) v=2i O3 = — 204 = (R — 40) —
n
. 1 i
i=123,...,=(R —-2) f,=2— R,=4 R=2
2 Ry

The even column perturbation coefficients are ¢ 5, ¢4, ...2tc.
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af - —cos6,
i= 1(a25+1 20Pcosg,)3/2

¢12; = 207 E Equation 3.3.1.7

the rotated ray 6, and ¢, geometry conditions for the even row ¢,; , case
also apply to the even column ¢, 5, case.

The odd column perturbations coefficients are ¢35, (15, ...clc.

¥

¢1,zj+1 e g e gl ZYEZ

{a¥—1)2 (aﬂ’+1)2

Z(Rn-2) at —cast.
4
(@2Y +1-2a¥cas8,)3/2

Equation 3.3.1.8

the rotated ray ; and 8, geometry conditions for the odd row ¢,;,,, case
also apply to the odd column ¢, ,;,, case.

Intra and inter perturbations for the infinite n-gon configurations are
summarized in the following table

¢; Py
q")‘l (;b‘ll qbf?l
br bre - bun

Mathematically this can be written as

¢ =2 ¢y

where ¢; does not take into account mass scaling or ¢;; redundancies

resulting from ¢ and infra n-gon symmetry. Taking into account mass
scaling without ¢;; redundancies gives

¢j = Zle kj¢fj

Considering only ¢;; redundancies without mass scaling

¢ ¢]] +E ¢L+1] +E; 1 ¢1L+1
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The full up equation with mass scaling and ¢;; redundancies results in
equation 3.3.1.1

R} 1
¢ =k + 2 % Kivi®ivi1 T iy

R—jz1 j-121

Equation 3.3.1.1 is the formulation that will be used in the next subsection
for perturbation coefficient calculation to determine numerically optimized
infinite concentric n-gon configuration mass. The inertial angular velocity
for cach n-gon as a function of ¢, in the infinite n-gon configuration is

{my+me )
Wit =G = -
i
For simplicity the even and odd row coefficients can be written as one

equation consistent with equations 3.3.1.5 and 3.3.1.6

4 H(Rn— 285 1-afcase

10 =~z 1)2 o +282 TTiaaTeesa?  Pduation3.3.1.9

where 8 = 0(jodd),= 1 (j even) g=2i-1+ 51*)1?_7;

R =z 2 (R even) R, =4

Even and odd column perturbation coefficients can be written as one
equation consistent with equations 3.3.1.7 and 3.3.1.8

2(Rn— 285) af—cast
(a2f+1-2afcash Y372

2027 (o 41y
brper = iy O +2e B

Equation 3.3.1.10

where &;, 0, R and R,, are the same as for equation 3.3.1.9.

From rotated ray symmetry, the ¢; intra perturbation equation can be
rewritten using trigonometric identities. Although, this reformulation
reduces the terms in the sum by half, the number of ¢, that can be evaluated
is also reduced by half
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B = 1 %(Rnfz) cosf+sing 1 1 %(Rnfz)( 1 1 )
E7 i=1 simzg a4 2=l sind  cos@
i
R,=6,10,14,18 ...w» 9=R—
t

Perturbation equations ¢py 4 1 and ¢4 ;4 can also be rewritten to reduce the
sum of terms by one half using trigonometric identities. Although the
number of terms to be evaluated has been reduced by half, the evaluation
per term appears to have increased.

A state vector can be constructed from a given n-gon configuration by
using the inertial angular velocities calculated and the n-gon particle
coordinate locations. Numerically integrating this state vector will show the
n-gon evolving over time. These state vectors are not unique for a given n-
gon configuration as was found with the two n-gon configuration. Equation
3.3.1.1 with mass scaling parameter k makes it possible to perform
numerical optimization to obtain a unique solution

Evaluating the inertial angular velocities from

sz it (m1:?¢j)
i

and using equation 3.3.1.1 to determine the inter infra perturbation
coefficients ¢;;, the n-gon optimization process can be started on the
constraint surface with the equality and inequality constraints being k; = 1
and k; > 0. The unique n-gon is defined by determination of an absolute
minimum potential energy configuration. This will be discussed in section
33.2.

3.3.2 Infinite N-Gon Numerical Optimization

For a given concentric n-gon configuration there will be a unique set of
I;’s for input parameters m; and my. Applying Lagrange’s 1788 absolute
minimum energy principle, a configuration is in equilibrium if an absolute
minimum potential energy configuration can be found. Lyapunov’s direct
method could show if this equilibrium configuration is stable or unstable by
expanding the potential energy in the v function in a series to determine if
it is positive definite (using the Sylvester criterion). First, however, it is
necessary to find the minimum potential energy of a given concentric n-gon
configuration.
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To find the minimum potential energy for the n-gon configuration will
require numerical optimization. This process establishes constraints
necessary to initiate the optimization process and the determination of the
particular n-gon function to be optimized. Total n-gon mass m, is
formulated as a series, where each n-gon consists of an equal number of
identical mass particles multiplied by mass scaling k;. This equates tomy =
mRy, X5_1 ky = mRy,R which defines equality constraint to R = X7, ; .
Considering mass positive defines inequality constraintk; > 0. ForR = 2,
there are infinite /;. and w; distributions consistent with equality constraint
R = E;’f:l k;. By observation, it will be noted that a trivial solution for any
R is k; = 1. For zero mass n-gon configurations (my = 0,m = 0) system
constraints are violated and the infinite n-gon angular velocity distribution
reduces to a unique central force angular velocity distribution, that is, there
is an infinite two body velocity distribution. For non-zero mass n-gon
configurations (m, > 0,m > 0, R = 2) system constraints are preserved as
specified by R = fozl k; and k; > 0, however, resulting k; and wy;
distributions will not be unique. Unique distributions can be found from the
following condition; that the potential energy of the conservative n-gon
configuration is at an absolute minimum (Gantmacher, 1970, 169, Jeans,
1935, 348-352, Ramsey, 1929, 257). From this condition, the minimum
potential energy k;. and w; distributions are unique formy > 0,m > O, R =
2 with 1 = @’/ 'y (a # 1) over region 0 < 77 < 0. The inertial angular
velocity can be written m terms of the perturbed and unperturbed
components respectively

Gm Gm
wi=ef e =T e =5,
The general equation for the perturbed scaled component to be optimized
can be determined by expanding the kinetic potential energy series as a

function of concentric n-gon number. For example,

2T = TF_, my v} = RymG B, 2" Equation 3.3.2.1
J
2T = RymG X5_, 22k + RymG T, 2k, = 2T + 277
5 I

where the angular velocity has been substituted into equation 3.3.2.1
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The first term to the right of the equal sign is the unperturbed kinetic
energy, that is, there are no intra or mter perturbations in this term.
Expanding the unperturbed kinetic energy results in

il
u R M Gmy MiNGoN
2T = R,mG E] 17 k Z] 171

where mJ, veon is the total n-gon mass per n” n-gon. Radii distribution =

ryal 1 determines the n-gon spacing for the perturbed and unperturbed
kinetic energy equation. Perturbed kinetic energy 2TP defines the
optimization function used to calculate the scaled mass k;'s. Equation

3.3.2.1 perturbed kinetic energy 2T? can be written as follows

- R ¢Jm Gm?
217 = RymG X #2g = B, R,

Therefore, the perturbed scaled form of the kinetic (potential) energy
function to be optimized is

M s e .
a= ZRT 62;2 - E? =1 ij—i Equation 3.2.3.2
s T

Equivalent analysis for the scaled potential energy will give

u
220" YR i kj
Gm? ~ Hf=1 i1
N

Geometric perturbations with mass and radii scaling }'% J=17 ¢

isolated in equation 3.2.3.2 for the purpose of numencal optlmlzatlon.
Scaled kinetic energy is used for optimization in place of the scaled potential
energy, however, either series is wvalid due to their equivalence.
Theoretically, desired &; and w; particle distributions occur at the absolute
minimum, however, with large n-gon particle configurations there does not
exist complete knowledge of the absolute minimum. In practice it is
expected that most likely minimums will be relative. Let the n-gon mass and
angular velocity distributions for the minimization process be defined by
fa s
k; >0 with input parameters ¢, my, Mr, &, R, Ry, 1 and 1z . The
gradient function necessary for optimization is determined by taking the
partials of F relative to the k;’s.

optimization problem F = ¥, subject to constraints R = 3% -1 k; and
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i 1 1
F=d¢k +;¢zkz + ;({bsks + e +F¢Rk1‘?

aF 1 s 1

a_kl = k1¢11 +;kz¢12 +§k3¢13 + e +FRR¢1R + ¢1

arF 1 1 1 1

a_kz = k1¢21 + Eszf’n + ;ksff’u + ot FkR¢1,R—1 + ;({bz

aF 1 1 1 1
a =kitppm + ;kzqﬁﬁ—l,l g §k3¢R72,1 ey ka?qjll o quR
The gradient equation can be summarized

Bk ocJ 1(k ¢11 +¢'j) +Z M‘l‘zj =1 l*l¢[+11
R

i1 af—i—1
]_ =2

where ¢y ;41 and where ¢, ; are calculated prior to optimization.

The numerical minimization process can be simplified by starting on the
constraint surface, that is, inputting k; consistent with equality and
inequality constraints. This may be accomplished when equality constraint
trivial solution k; = 1 is used. Small n-gon configurations need only one
initial run to converge, however, large n-gon configurations may require the
output from an initial run as input into the next successive optimization run
until this process reaches convergence.

The end result of the infinite n-gon configuration analysis is a minimum
energy state vector in a planar array of particles orbiting m, at time zero
determined by numerically optimizing the scaled potential energy. These
minimum energy states exist within infinitesimal interval At and represent
particles in circular instantaneous orbits. Therefore, mass radii and angular
velocity distributions determined from the minimization process define the
minimum energy circular instantaneous state vector at time zero. The
conservative system state vector is a point in particle position and velocity
space, and over time in accordance with the equations of motion represents
the past, present and future of some particular planar (phase) space
trajectory. Consistent with classical deterministic mechanics this trajectory
history theoretically can be found when the instantaneous state vector is
completely known.

Knowledge of n-gon configuration past/future evolution requires
numerical state vector mtegration starting at time zero with the necessary
modelling of particle collision systems. System evolution will determine to
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what extent particle migration redistributes n-gon mass with respect to time,
thus, illustrating the degree to which a given configuration remains near its
initial intra geometry. Particle redistribution evolution for large n-gon
systems may also include periodic mass migration oscillating between
relative minimum potential energy states at possible resonance locations.
Large magnitude n-body interaction particle simulations could be
accomplished with future generation special purpose research computers
such as GRAPE-6 and GRAPE-DR (Aarseth, 2003, 247, Makino,
Fukushige, Koga and Namura, 2003, 1163, Makino, 2008, 457-466).

Under the conditions where R,, = o0 and a— 1, intra/intra geometrical
perturbations become infinite presenting difficulties in numerically
optimizing the scaled potential energy or large densely populated systems.
Therefore, it is important to investigate the nature of these singularities to
determine whether they are removeable. To accomplish this, it would be
instructive to have the n-gon configuration collapse into one n-gon, that is,
o equals one. This single n-gon system is composed of 2R, points where
each point has % R particles occupying the same location. Geometrically,
multiple points at the same location do not pose a problem since points are
zero dimensional and can be packed in any manner. However,
gravitationally this introduces an infinite valued scaled potential energy
function in the & = 1 environment and cannot be optimized. Multiple
particles at the same point are inter singularities that occur when the rotated
ray structure approaches an alpha of one. Proper redistribution of the rotated
ray configuration will align the mass particles in such an orientation that
individual n-gons when collapsed into one n-gon will not result in over
lapping particles, thus, removing the inter singularity problem. Remaining,
however, are the infra singularities and although perturbation magnitude
becomes infinite as R,, = oo, the mass particles never overlap. The intra n-
gon population can always be increased no matter how many zero-
dimensional particles occupy the n-gon. Under these conditions as
specified, the intra singularities do not appear to be removeable.
Remodeling discrete particles into continuous mass circles may resolve the
intra singularity problem, however, this would require a complete
restructuring of the n-gon formulation in the near one alpha regime.

3.3.3 Conservation of Energy Verification

It is important to show the infinite n-gon solution is consistent with
conservation of energy for the rotated ray configuration. This is a required
step verifying the infinite concentric n-gon analysis has determined the
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correct solution in that twice the kinetic energy is equal to the potential
energy. Reformulating kinetic and potential energy equations in terms of the
concentric n-gons initiates this process.

Relationship between kinetic and potential energy at time zero is
determined using perturbed angular velocity and the customary energy
equations. Kinetic energy 2T = ¥¥  m;v? series defined by n-gon
g Mitd;m

becomes 2T = R,mG Yj_

Ie; as previously demonstrated. The
potential energy functionJ = G 37, <N mrﬂ is somewhat more complex
i

and will be worked by n-gon. Analyzing the first infinite n-gon in a similar
manner as Section 3.2.4 results in

Glmytgim)

R, mlic, 5 ({bf = k¢
for the second n-gon
Gamy r¢Fm)
ankz% ({sz =Ky H i,
for the third n-gon
samyr¢im)
anksu ({bs? =l rse TP T g

T3

for the R™* n-gon
Glmy+o Y
ankR % 1[{ = k1¢1Rc &5 kz({bz;ec et kR—l({bR—l,Rc ik kR¢RR

Summing these terms

Ty +¢:}-’m

U=R,mGEE, k;

g Equation 3.3.3.1

f—1
o] =k + T30 kbl
j-1z1

The superscript U in equation 3.3.3.1 refers to the perturbation coefficient
series derived from the potential energy function. Blocked terms such as

Pr_1 g Tor example represents a R, XR,, array of perturbations between n-
gon R —1 and n-gon R. This is similar to the blocked potential energy
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perturbation terms illustrated for the two n-gon configuration shown in
Section 3.2.4. There exist redundancies between these blocked terms as for
example @50 = @p3c = Paac = = @ jy1- Relations between the

potential energy perturbation terms and the kinetic energy perturbation
terms will be developed in the coming analysis.

Condition 2T = U can be demonstrated utilizing difference function 4y,
defined as

Aj: ({b}’rﬂ - ¢j+1-

where

¢' = ki +Z L 1 j—i¢f(i+1jc Equation 3.3.3.2

—121

¢y =Igp1a +2R;:j1 kv + Ej;L kj—ip1,41  Bquation3.3.3.3

R—jz1 j-1z1

Substituting, to find 4; by replacing j with j + 1 in equations 3.3.3.2 and
3333

j -1
Aj= E{:1 kj+1—i(¢f{i+1}c - ¢1,i+1) ot Z i= 1] kj+1+z’¢z’+1,1
—j-1=

Where the difference qbf (i+13c — Q141 Meeds to be evaluated from the
general even and odd n-gon cases. For the even case
S aje — P12y = @y, Equation 3.3.3.4
For the odd case
¢E(2j+l)c — P21 = CI52".(,"-')2]41,1 Equation 3.3.3.5
Listing the even and odd terms from equations 3.3.34 and 3335 in a

monotonic sequence, that is, formatting these equations into one continuous
n-gon equation results in

7 .
¢1,(i+1)c - ¢1,i+1 = “l¢i+1,1
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Therefore

A= Tl i@ Braa) + Dy f Kpsrsi®ien, Equation3.33.6
e
Starting with potential energy equation 3.3.3.1 and 4;, yields

Ty +

U, —1vR-157,
m1+(¢1+k112}=1w}-k1+1) k1+2R dym k)
T Ty

U = R,mG(
Equation 3.3.3.7

Evaluating ER 1%.“ in the equation 3.3.3.7 is necessary to verify
my ‘f’}
T

potential and kinetic energy equal for j = 1, with Z}? i f; matching

kinetic energy forj = 2. Multiplying equation 3.3.2.6 by % and summing
over j gives

A; kivq R-1-}
Z? 1105}' k]+1 ZR 2 iﬁ (E =1 ,v+1 i1 ¢t+11 il & j+1+i¢f+1,1)
R—j-121

Finally, we find ¥35' = k;,q = ky il Kyyqpyyq o verifies first term of

kinetic energy matches ﬁrst term of potential energy, thus establishing
condition 2T = U. Therefore, all rotated ray n-1 particles are in circular
instantancous orbits relative to m, at time zero. Prior to or after time zero,
it would be expected that all n-1 particles exist in non-circular instantaneous
orbits.

3.3.4 Infinite N-Gon Sidereal Synodic Coefficients

The general sidereal synodic equation where ng, g _q,...71, are the
determinable coefficients for the infinite n-gon configurations is of the form

ng = (Mg +ng_)Pry = (g +ng_y + - +n)P,

can be solved by the same method used for the two and four n-gon
configurations. Expanding on that method results in the solution
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ny = a3PR-D(G a%2 — G,)

n, = a¥2®-B(G,a3/% — G,)

ny = @3PEREE(G a3 — G, )

nR = GR
1
where Gy =(1+=¢)? [1=12..R1 R=2 (Reven)
1

Mass estimation for large n-gon configurations would be analogous to

mass estimation for the two and four n-gon configuration. The number of n-
R!

gon period ratios for increasing R will grow as il This is illustrated
below
Pr Pr
py e ——
PRt Pr
L1 PRz
Pa
Py
. . . . Py Pry PR
N-gon configuration period ratios along the diagonal ol "
1 R-2 R-1

could roughly estimate an upper bound mean particle mass using the
following equations

P} 1+m£1¢?i—j g . L
4 =———a¥ i=RR-1,.2 j=12,. i—-j=1
Pig Vit

1 [

(¢1) (({bn . ¢R1)(k1)
¢/ \pue . b/ \kg

This process involves estimating mass ratio magnitude from — such that
1
terms m—¢1 .m—(;bR are of near zero magnitude to maintain intra and
1 R

inter geometry for finite intervals. It is obvious that using the sidereal
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synodic method to estimate mass for large n-gon configurations to find
relatively stable systems will be difficult and tedious. As mentioned for the
four n-gon stability analysis, numerical optimization is most likely the better
choice for the infinite n-gon mass estimation.

3.3.5 Inter N-Gon Singularity Resolution

In process of optimizing concentric n-gon scaled potential energy,
oscillations in the geometrical perturbations are found to exist when the n-
gons are not properly rotated in their initial concentric orientation at time
zero. These oscillations are a function of how mass is packed in the n-gons
and are formed as a result of inter n-gon singularities. Inter n-gon
singularities develop when n-gon density increases (in the limit) such that
their contiguous alignment causes overlay of the mndividual masses in the
rotated ray configuration. This inter n-gon singularity problem can be
resolved by differentially rotating the n-gon concentric configurations in the
infinite interval in such a way as to have them collapse into a single n-gon.
With individual masses in the one n-gon that are equidistant to each other
by regular n-gon definition, inter singularities will cease to exist. Thus,
allowing an expansion of the single n-gon to produce n-gon populations that
should converge efficiently in the minimum energy planar problem.
Differential rotation is a necessary ‘mathematical’ constraint placed on the
concentric n-gons to prevent inter n-gon singularities.

It is not known if further consideration is necessary for concentric n-gon
positioning in the optimizing process when the n-gons are properly
configured in the above manner. For the situation exists that the n-gons
which are inter singularity free at time zero will not exhibit a unique
configuration. There are infinite configurations as the concentric n-gon
population becomes infinite that possess no inter n-gon singularities. It is
not clear which if any configuration is preferred over any other
configuration in this population. This is a problem that can only be solved
under some specified ‘physical’ constraint assuming that one exists. A
physical constraint of this nature may require initializing the n-gon masses
to orient in some preferred geometric singularity free structure that reflects
a real system of particles. This would be in conjunction with determining a
‘stable’ n-gon total mass relative to the primary. Real particle system
knowledge could be the basis in defining the ‘physical” constraint.

In constructing the inter singularity free n-gon configuration it appears
that when all regular n-gons are used the symmetry necessary for solution
cannot be maintained. That is, a combination of regular and non-regular n-
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gons are now required, thus resulting in a more complicated analysis.
Symmetry constrains the n-gon configuration to have at least one axis that
allows paired vectors z;; relative to either side of that axis to be added with
a common denominator rg. Figure 3.3.1 illustrates a differentially rotated
configuration with all regular n-gons that has no axis meeting this symmetry
constraint. Examples of differentially rotated regular and non-regular n-
gons consistent with the symmetric paired vector axis constraint can be
found in figures 3.3.2 and 3.3.3.

3.3.6 Inverse Problem of Dynamics

The infinite concentric n-gon configuration can be solved by method of
inverse process of dynamics (Galiullin, 1984, 25-28, Santilli, 1978, 219-
223). This is an inductive method of solution as an alternate to the standard
deductive process of solving the equations of motion directly. Here, the
inverse process formulates that the system forces are determined by the
given properties of the motion. Inductively solving the inverse problem
requires position, velocity, acceleration and any other dynamical constraints
relative to the particular problem. The resultant solution must be verified by
being consistent with the equations of motion. Showing conservation of
energy consistency will meet this requirement.

Basic conditions for the inverse dynamical problem such as geometry,
coordinate systems, time frame and constraints have already been presented
for the general concentric n-gon problem, however, it will be repeated here
for clarity.

A planar gravitational system of masses defined as Newtonian, discrete,
non-relativistic and classical is in an assembly consisting of R concentric
regular n-gons and R, particles per n-gon (RR,, = N — 1) orbiting a central
mass m, . The particles are placed at the vertices of the equal sided regular
n-gons inscribed in their respective circle of increasing radii such that the
geometric center is coincident with the barycenter. The n-gons rotate as
rigid bodies about m,; within the infinitesimal time interval. This
configuration is restricted to be a rotated ray configuration defined in the
infinitesimal interval at time zero using type 1 geometry with the sidereal
synodic relations (Bauer, 2010). Type 1 geometry is defined where all
particle position vectors are perpendicular to all particle velocity vectors
relative to the barycenter in the configuration plane of motion i the
infinitesimal interval at time zero. Concentric n-gon configurations rotate
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relative to specified geometric conditions determined mathematically by the
sidereal synodic relations. These relations are

ngPp = (g + g )P 1 = = (g +ng 4+ +n)P

All motion formulated for the inverse problem of dynamics is in the
complex plane.

The initial phase of the inverse problem provides position constraints by
defining the existence of particles arrayed within the regular n-gon. All
masses in a n-gon are the same, however, any given n-gon may not have the
same mass as any other n-gon. Hence, the n-gon masses are scaled. Each
concentric n-gon rotates about m,; with a determinable inertial angular
velocity. This inertial angular velocity distribution requires knowledge of n-
gon interactions and sidereal synodic relations to determine particle
perturbations. Formulating the inverse process as a perturbed two body
problem with the j®* n-gon under perturbation by each and every other n-
gon, there exists

sz =A + A4, =123, ...R Equation 3.3.6.1

where n-gon angular velocity A; represents perturbations to the unperturbed
n-gon angular velocity A;. These terms are

Gm
A1= (Wj?":)z = ?1

Gm
defining ¢ = YR ki | geometric perturbations
my = central mass  k; = mass scaling 73 = n-gon radii

m=mean mass J=n-gonnumber R = Total n-gon number

Having knowledge of conservation of energy principals allows
derivation of the perturbation coefficients. Since the n-gon geometry has
already been formulated, the ¢; perturbations can be derived by applying
these principals. Kinetic energy 2T = Y1, m;v? series defined by regular
g Matem

n-gon becomes 2T = R,mG X,

k;. Potential energy U =
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G 21<t<]<N m 2™ series formulated by regular n-gon arrays becomes [J =

m1+¢jm

j—1
R,mG Z?:l kj where ¢jU — kj¢11 F Z] i=1 kj—i(pg(Hl)c‘
j-121

Evaluating n-gon kinetic and potential energy functions has been detailed
in Sections 3.2.4 and 2.3.3.

For every particle in the concentric n-gon configuration there exists a
coupled differential equation of motion. All particles have the same angular
velocity within a given n-gon in the infinitesimal time interval, therefore,
only one equation of motion is necessary per n-gon. The other particle
equations of motion for that n-gon are redundant, for a given n-gon rotates
as a rigid body. First n-gon Inertial angular velocity can be written from
equation 3.3.6.1 forj =1

wi = ij Equation 3.3.6.2
7

where ¢; are the n-gon perturbations derived from the n-body problem
representing intra/inter perturbations. Formulating equation 3.3.6.2 as a
vector equation in the complex plane, with z, (a complex vector from m,
to m, in the first n-gon) rotating relative to the inertial x-axis

Gm Gm P
2 S R . nE i
WingZ; = 2 —5 Z3+ ?Zz i kg where zp = x + iy

where wyyp is the inertial angular velocity of the first n-gon relative to the
inertial x-axis and k; are the mass scaling parameters per n-gon. This axis
is defined by the direction from m, to some designated point on the R*™ n-
gon. Expanding the inter/intra perturbations on n-gon one from all other n-
gons results in

Gm Gm m
?Zz 2‘?:1 ki = ?klzijll kzzz¢21 ksz,pgy + 0+
i—?kﬁzz(i)m Equation 3.3.6.3

with mass scaling per n-gon being structured
My =Mz ... = Mg 4y = k;m first n-gon

My, 43 = = Mg 41 = kM second n-gon
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o — _ th
Mg (Ry—1342 = *** = Mg gy = Kpm last R** n-gon

in subsection 3.3.1)

Z¢un _ERn+12£22¢21 _ 223n+1 Zip 22¢R1 _ ERRn+1 Zip
= = {=Rn(R=1)+173

3 i=3 3 3 I=Rp+2 4
Ty Th T "

Equation 3.3.6.4

Combining equations 3.3.6.3 and 3.3.6.4 for the first n-gon gives

Gm Rn+1z[2 ZRut+1l Ziz
73 %2 s kipy = —Gmk, e — Gmk, E;’:Rn+z,r_3_ i
x z;tz i ;
RRp+1 Ziy RRp+1 mLle
Gmkg Ez':;r?n(z::—1)+1T.ﬂ = —G X3 3
iz !_#2 iz

The first n-gon equation of motion becomes

z G yFRI,
WinrZz = GYio Ziz
i L#Z i

Since m, is the geometric center and center of gravity of the infinite
concentric n-gon configuration

L1z T2 T4 T T4

The first n-gon equation of motion in the synodic coordinate system is

G RRpy+1my
2 _ &1 L
WingZ; = s Dot Ziy
z;tz iz
N m;
Wiypzy = —G Yi1—=2sy where N = RR, + 1
| E RS

The inertial angular velocity wy g is the sum of the first n-gon angular
velocity w; that rotates relative to the x"-axis and w which is the inertial
angular velocity of the x'-axis relative to the ertial x-axis (W yz = W, +
w). This gives the first n-gon formulation

2 - N Ty
—(wy twg)Z; =G o5 2

ix2'i2
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Over the infinitesimal interval At the vector z, rotates in the synodic
coordinate system such that

Z5 =ty VAT
Zy = iWyZy
% = —wiz,

Only time wvaries within the infinitesimal interval, therefore, the time
derivative of angular velocity and radius is defined to be zero for the rotating
n-gon . Squaring the sum of the relative and inertial angular velocities
results in

—(w; +w)lz, = —(wf + 2ww + wiz, = —wiz, — 2wwz, —wiz,
and
% _ . g _—- 0 RAPE
Wiz, — 2w,Wz, — Wz, = Z, + 2wizZ, —w*z,

This becomes the equation of motion for the first n-gon for particle two as
seen below

%+ 2wiz, —wiz, =G YN Zz,
i#2'i2
All particles within the first n-gon have the equivalent equation of motion
and are therefore redundant. Each n-gon has an equation of motion
determined from any particle within that n-gon. General equation for all R
n-gons will be (equation 3.1)
y + 2wizy —wiz, = G XY =Ly, k=1,2,3,..,N
2k ik

Knowledge of classical mechanics allows application of the inverse
problem of dynamics to solve structured n-body problems without solving
the equations of motion directly. Starting with the position constraints
immediately results in determination of the state vector position coordinates
at time zero within the infinitesimal interval. Velocity/ acceleration /time
efc. constraints being the most difficult to determine can be simplified
somewhat by taking advantage of configuration symmetry and formulating
a geometrical structure that can be solved.
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FIGURE 3.2.2. Regular N-Gon Rotated Ray Configuration (R = 6,R,, = 6)
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FIGURE 3.3.1. Regular N-Gon Inter-Singularity Free Configuration (R = 6,R,, = 6)
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FIGURE 3.3.2. Regular and Non-Regular N-Gon Inter-Singularity Free
Configuration (R = 6,R,, = 6)

EBSCChost - printed on 2/13/2023 8:31 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



130 Chapter Three

% = - :sg
_ %
- — b L
L & @
- e -
B4 @ -
-
L -
L4
& -
e &
s v
- & &
&
v ®
- =2
& g
e - = - v
b
W >
[ » @ w by »
>
® & P A

FIGURE 3.3.3. Regular and Non-Regular N-Gon Inter-Singularity Free
Configuration (R = 6)

3.4 Problems

Section 3.1

1 Validity for the equation 3.1.1.2 symmetry argument depends on
showing twice the kinetic energy is equal to the potential energy for the
Lagrange equilateral triangular three body configuration. Verify the
conservation of energy condition. Consider using the geometrical center
of the triangle as a reference for the center of gravity calculation to
determine ?

2 Solve the determinant in equation 3.1.2.2 to verify that the collinear
three-body configuration angular velocity 1s the same as determined
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from equation 3.1.2.1. Show that conservation of energy is conserved
for the collinear three-body problem (2T =U).

Solve equation 3.1.4.1 for the regular five-body n-gon configuration
inertial angular velocity using either the third, fourth or fifth equation of
motion. The result should be the same as equation 3.1.4.2. Verify
conservation of energy for the five n-gon configuration.

Derive the perturbation coefficient ¢ for the six-body configuration
using the equations of motion method. Use the alternate conservation
of energy method for the same problem. Both methods should give the
same result.

Determine the perturbation coefficient ¢ for the seven-body
configuration using the equations of motion method. Compare the
solution to the conservation of energy method worked in the text.
Using equation 3.1.6.1 to determine perturbation coefficient ¢y ;.4 for
N=1 (N=2%, x=0), compute ¢, and Cy.

Derive perturbation coefficient ¢p14; 4 for the single n-gon configuration
as listed in equation 3.1.6.1.

8  Compute perturbation coefficient ¢b for the 17-body configuration using
any of the three methods discussed in the text.

Section 3.2

1. Perform the infinitesimal rotation analysis to determine the inertial

angular velocity and perturbation coefficients ¢b,, and ¢b,, for the two
n-gon configuration in equation 3.2.1.7.

Take the total derivative of the two n-gon optimizing function (equation
3.2.3.1) and verify the k; and k; solutions. Why won't this method
work for R =3 and higher values of R.

Evaluate potential energy for the two n-gon configuration using R,, = 6,
R = 6 and show mathematical verification of conservation of energy in
that equation 3.2.4.1 is equal to equation 3.2.4.2.

Derive perturbation coefficients ¢4, ¢p5, and ¢b,, in equations 3.2.5.2,
3.2.53 and 3.2.5.4 respectively for the two n-gon configuration when
Ry — oo,

Derive perturbation coefficients ¢4, ¢, and ¢4, for the first n-gon of
the three n-gon configuration.

Derive perturbation coefficients ¢, and ¢, for the four n-gon
configuration, also verify the angular velocities

Wing, Wang, Wanp Q1A Wyyp.
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Section 3.3

1. By method of the infinite concentric n-gon formulation derive the
inertial angular velocity wy e for the first n-gon (equation 3.3.1.2)
within the infinite n-gon configuration, second n-gon angular velocity
Ws g (equation 3.3.1.3) and the R™ n-gon (equation3.3.1.4).

2. Infinite n-gon even and odd row perturbation coefficients are shown in
equations 3.3.1.5 and 3.3.1.6. Verify these results for the concentric n-
gons and show that equations 3.3.1.5 and 3.3.1.6 can be combined as
one equation {equation 3.3.1.9).

3. Follow the same procedure sequence in the above problem for the even
and odd column perturbation coefficients (see equations 3.3.1.7, 33.1.8
and 3.3.1.10).

4. The perturbation coefficient series (;a_’)jU (equation 3.3.3.1) has been
derived from the potential energy series. To best see this, it is helpful to
write the potential energy in n-gon blocks. Using this procedure show
¢ = kprse + KyPase + st

5. The differentially rotated regular n-gon configuration in figure 3.3.1 is
inter singularity free. Due to this configuration having no workable
symmetry axis, show that this configuration cannot be worked by the
symmetry method used in this chapter.

6. Figure 3.3.2 represents a differentially rotated configuration containing
both regular and non-regular n-gons that meets the symmetry constraing
consistent with this chapter. Find the perturbation coefficient of the first
n-gon for this configuration using R = 6 and R, = 6.
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CHAPTER FOUR

ORTHOGONAL COLLINEAR CONFIGURATIONS

Constructing n-body structures along the inertial x and y axes leads to
interesting problems to study and solve. One such group are the orthogonal
collinear configurations. They possess symumetry where the geometric
center and the barycenter are the same. Masses are balanced on the x-axis
as well as balanced on the y-axis to msure this symmetry. These are even
massed restricted configurations symmetric relative to the barycenter which
can be subdivided in two basic groups. Those with a central mass and those
without a central mass. Orthogonal collinear n-body structures analyzed in
this chapter do not have a central mass which results in configurations
possessing n-2 Jacoby coordinates instead of the usual n-1 Jacoby
coordinates found in the standard equations of motion. There are infinite
orthogonal mass configurations that can be formulated and solved using the
methods found in this chapter. High ordered orthogonal configurations are
structured by placing collinear mass systems symmetrically on the x and v
axis.

The most fundamental of the orthogonal collinear structures is the
restricted double binary four-body configuration. Solving the orthogonal
double binary configuration is a straight forward process and results in a
two-dimensional (or three dimensional) state vector at time zero using
infinitesimal rotation in the complex plane with type 1 geometry. These
solutions are consistent with conservation of energy (2T = U) where all the
particles are in instantaneous circular orbits at time zero. Double binary
equations of motion have been analyzed using a first order approximation
to determine stability in the sense of Lagrange. Numerical integrated state
vectors from the solution domain are used to compare the first order
approximation from the eigen value problem to the double binary
trajectories.

Section 4.1 provides the solution and stability analysis of the restricted
double binary configuration. Six and eight-body orthogonal collinear
configurations are worked in sections 4.2 and 4.3 respectively to provide
insight into the evolution of these higher order configurations.
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4.1 Double Binary

In many respects the fundamental conditions for the double binary
orthogonal collinear configurations are the same as for the concentric n-gon
configurations. For example, this is a conservative dynamical system
defined at origin (0,0,0) fixed in two-dimensional Euclidean space with an
inertial right-handed coordinate system x, v, z where z = 0 is the orthogonal
collinear configuration plane of motion. Let x and v be the inertial planar
coordinate system, with (0,0,0) located at the barycenter (also the
geometrical center). The inertial y-axis is perpendicular to and
counterclockwise from the x-axis. Let x’ and ¥y’ define a coincident
coordinate system in the same plane as x and y rotating at angular velocity
w with respect to x and y and origin at the barycenter. The y'-axis is
perpendicular to and counterclockwise from the x’-axis, with inertial and
rotating coordinate system x and x'-axes coincident at time zero.

Starting with the n-body equations of motion formulated into the
complex plane over the mfinitesimal interval as derived in equation 3.1

1

5 . m
G+ 2wiz, —wiz, = Gzyzlr—gzjk k=123and 4
JES L
where i=v-1, zy=x;+iyy and 1= |zj — z|

there will be the sidereal synodic relations that specify the general geometric
conditions under which the double binary rotates

ngPr = (g +ng )P 1 = =g +ng , ++n)P

The four-body equations of motion have been transformed using Jacoby
coordinates. Coupling mass one with mass two forms the r binary subsystem
and coupling mass three with mass four forms the p binary subsystem. Mass
one and mass two being individually equal to M are placed equidistant either
side of the xy coordinate system origin along the x-axis. Mass three and
mass four being individually equal to m are placed equidistant either side of
the xy coordinate system origin along the v-axis such that the geometrical
center of the double binary is the same as the barycenter. Using Jacoby
coordinates has reduced the four-body system from four coupled non-linear
differential equation to two coupled non-linear differential equations. This
mass distribution subsequently defines the restricted double binary
configuration geometry. See figure 4.1.1 restricted double binary geometry.
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Writing the Jacoby r and p coupled equations of motion in the complex
plane gives

G Gy G G, Gm .
—wiz=—Ly 4 My B +-2tg,, — -2ty Equation4.1.1
T T T r T
32 31 42 41
s o G G Gm Gm
2 _ 43 i i 2
Zyg + 2WiZyys —W 243 = ——5Zaz +—5Zia — —5Zin + 5224 —
Tiz Ta1 31 Tiz2
Gimy
3 423
32

- — =a — —
wherte 7=71-1n p=n-—-r H=m +m, Haz = M3 + My

First equation in equation 4.1.1 is the r binary subsystem and it is on the
x'axis in the rotating x'y’ coordinate system with Z = z = 0. The second
equation represents the p binary subsystem and it is rotating relative to the

r binary subsystem. Letting let p;; = % and using n,.B. = (n,. +n,)F,
i

for the sidersal synodic relations, equation 4.1.1 with the rotating z,;
coordinate can be reformulated as

inpwt
Zyn = Ty ™ Zas = 7, Equation 4.1.2

(pait — 1)z = (p32233 — P31230) M5 + (PazZaz — Pa1Za1 )My

P
(.043#43 = P_Z Zaz = (Pa1Z1a — P31Z13)M + (Pa2Z24 — P32Z23)M;
43

A special characteristic of the double binary geometry is pg; = ps; =
Pa1 = Pyp from all sides of the double binary being equal. Evaluating
equation 4.1.2 over the infinitesimal interval with type 1 geometry and the
sidereal synodic relations at time zero for the r-binary velocity

P = = ZM + ¢,) ¢ = zm:_;'?z Equation 4.1.3

and for the p binary velocity

%2 3 3
Wiz Poy Taz  Ta

Hyz — = S=M=+)
G Pi3 Tir Tz
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G 3 .
V:= E(Zm +¢,) P, = 2M€ Equation 4.1.4
Perturbation coefficient ¢, is the effect of the p binary perturbing the r
binary and ¢,, is the effect of the r binary perturbing the p bmary. Perturbed
and unperturbed components in the r and the p binary velocity equations are
easily discernable in equations 4.1.3 and 4.1.4. Restricted double binary

state vectors can now be found since the position and velocity components
have been determined.

XL ==3r x; =0 Equation 4.1.5

; i
=20 Y1 = _;Vr
Xz = %T )22 = O

: 1
y: =0 Y2 = ;V;

; 1
X3 = :(l) Xgi= —;Vp
Y3 =3P Y3=0

; 1
Xq4 = 0 . Xy = ;V;
Y =—35P Ve =0

Restricted double binary configuration state vectors are in the inertial
barycentric coordinate system.

4.1.1 Double Binary Conservation of Energy Verification

The restricted double binary configuration is consistent with

conservation of energy and this can be verified by evaluating the kinetic and
potential energies

2T = 3L mV? V=6t
5]
Vector velocities for the four masses are 171 = —%17;, 172 = %Vr, 173 == %Vp

and I_/; = %i_/;, as can be determined from figure 4.1.1. Substituting these
velocities into the kinetic energy equation gives

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCOhost -

138 Chapter Four

M m
2

where % and % are the reduced masses of the double binary system. The
potential energy after evaluating all six terms in the sum becomes

U = gy many + 4 G"ﬂl + Ll Equation 4.1.6
Tij

Parameter d in equation 4.1.6 takes advantage of the double binary
symmetry where

2 TZ pZ
d =13 =73 =Ty =1y d :T+T

Substituting the v and p binary velocities determined in equations 4.1.3
and 4.1.4 into the kinetic energy equation will verify that 2T = U

Sk

Vi="— + GMm— Equation 4.1.7

n

%z = —+ GMm—
1"

32
Collecting and adding the kinetic energy terms in equation 4.1.7

GMZ GMm
P

2T =

@)

2 2
since d? = % + pT then 2T = U. Therefore, in the infinitesimal interval with

type 1 geometry at time zero the double binary configuration is consistent
with conservation of energy. Each mass is in a circular instantaneous orbit
at time zero where it is not expected that this circular orbit can be maintained
outside the infinitesimal interval. Numerical integration of these double
binary state vectors shows this conclusion to be valid. The r and p binary
numerically integrated trajectories when plotted reveal that they are
symmeitric relative to each other.

4.1.2 Double Binary Configuration Space

With the derivation of the fundamental r and p binary quantities, there
now exists a systematic approach in analyzing the restricted double binary
configuration solution domain. This solution domain is structured in terms
of binary period ratios, binary separation distance ratios, and binary mass
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ratios. Configuration space is defined as binary mass ratio as a function of
binary period ratio and binary separation distance ratio. These ratios can be
constructed from the solution of the orthogonal double binary problem.
Starting with the r and p instantaneous binary periods

3

2 2
=" (6(2M+¢rr))
PZ — 4_ 2 ps

p T AT (G(2m+¢7p))

derivation of the configuration space equation can be determined by scaling
mass, distance and period
PR ckptki 1

= Equation 4.1.2.1

2 3
Py ctkz Ky

— (1+k%)3/2

m
where I, = £ I, == c
T M 4

Scaling the variable parameters into the set &k, k;, and ;—r is an optimal
o

strategy for regionalizing the r and p binary mass distance period inter-
relationships. For example, the k;’s exist overrange 0 < k; < oo for all non-
zero mass. The p binary is mass dominate for k, in the region of 1< k, <
co and the r binary is mass dominate for k, within the region 0< k, < 1.
All masses are equal along dividing curve k, = 1, and all points n the p
binary dominant configuration space are inversely related to all points in the
1 binary dominate configuration space.

Configuration space (figure 4.1.2.1) is a useful mapping tool to visualize
double binaries of interest to numerically integrate. Any point in
configuration space can be mapped into phase space. That is, every point in
figure 4.1.2.1 represents a state vector whose trajectory can be analyzed by
transforming from configuration space to phase space using equations 4.1.3,
4.1.4 and 4.1.5 to study double binary finite stability.

The interval 1/4/3 < k; < /3 in figure 4.1.2.1 is one such region of
interest where the r binary period and the p binary period are equal. Region
end points are Lagrange configurations where the p binary approaches total
system mass with k, =»1/vV3 and &, - o0 (M — 0, m — 1) at the beginning
of the interval and the r binary approaches total system mass with k;, — +/3
and k, = 0 (M — 1, m — 0) at the end of the interval. At the point k; =
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1, k, =1, % = 1 within this interval resides a central configuration. All
g7

points between the central configuration and the Lagrange configurations
are inversely related.

Numerically integrating the central configuration k; = 1 for E—T =1, the
7]

Lagrange configuration &, — v/3, and two configurations between (k; =
1.3, k, = 1.5) for a given mass and distance ratio resulted in near circular
semi-stable trajectories being maintained for a finite period of time before
becoming unstable. The Lagrange configuration appears to spiral away from
its initial finite stable circular orbit as can be seen in figure 4.1.2.2. It is
highly probable that all the trajectories within interval 14/3 < k, < +/3 for

:—T = 1 are finite stable circular orbits for the proper mass distance ratios.
&

Numerical integration tends to indicate for the various state vectors
integrated in figure 4.1.2.1 that the trajectories may be perturbed spirals. A
special case where this can be seen is ky =1 k, =20 (k; =1, k, = o).
Integrated trajectory results for this configuration in figure 4.1.2.3 indicate
possible exponential escape orbits for masses three and four and stable
circular orbits for masses one and two.

Another region of numerical interest is when k, - 0 (p - 0) and k, —
0 (m — 0),where it is found that the p binary trajectory resides inside the
rotating r binary for an extended period. Specifically, the p binary trajectory
is moving relative to the Euler point in a possible finite stable orbit. This
Euler point motion has yet to be studied in greater detail. Other interesting
regions in the restricted double binary configuration space are expected to
exist, however, a systematic search for these trajectories has not been
initiated for further analysis.

4.1.3 Restricted Double Binary Configuration Stability

There are infinite families comprising the distribution of tiered n-body
configurations where each family is populated by infinite member
configurations and those infinite members in turn have infinite variations.
Deterministic solutions can be obtained for every family, their members and
member variations by formulating and solving the collinear geometry
problem at time zero using Jacoby coordinates within an infinitesimal
interval relative 1o the barycenter. This approach requires position, velocity
and acceleration constraints (also known as the inverse problem of
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dynamics) consistent with the dynamics of the infinitesimal interval
collinear geometry. Additionally, the instantaneous subsystem orbital
rotation motions within each configuration are modelled by a unique set of
synodic and sidereal equations. Position and velocity constraints are a
function of type 1 geometry where all the particle velocity vectors are
perpendicular to all the particle position vectors within the infinitesimal
interval relative to the barycenter at time zero relative to the given plane of
motion. The collinear infinitesimal interval constraint has resulted in the
solution domain existing at time zero, that is, this restriction to the general
n-body problem has reduced the solution from all time to that of one time
point only. Solution results are in the form of state vectors, velocity
distributions and period ratios for every mass subsystem in the
configuration. All the particles at time zero can be shown to be in
instantaneous circular orbits by verifying the collinear solution is consistent
with conservation of energy where twice the kinetic energy is equal to the
potential energy. A particular characteristic of the instantaneous state
vectors is they are optimized such that all the resultant particle trajectories
within the configuration when numerically integrated result in the most
circular/least elliptical of all possible orbits. There is a final phase in the
infinitesimal interval problem and that is the analysis of system and
subsystem stability.

Stability methods in the sense of Lagrange, Routh (Routh, 1877) and
Lyapunov are used to analyze coupled sets of nonlinear differential
equations of motion to determine the orbital evolution of a system of masses
over an epoch for all time. In general, these stability results tend to indicate
that n-body mass systems are unstable for all time. Numerically integrating
n-body coupled sets of nonlinear differential equations for some given mass
system known to be unstable for all time may show that system can be stable
for a finite time. Therefore, the concern here is how long can a mass system
in a given n-body configuration maintain a semblance of that given structure
before that structure degenerates. Lagrange, Routh and Lyapunov stability
does not give the answer to that question such as would be found with a
deterministic solution. Since generally n-body deterministic solutions don’t
exist over finite epochs there is the question of how a method could be
formulated to breach this gap.

This subsection looks into an alternate method to determine stability of
a n-body system of masses without resorting to the linear approximation
method to find stability in the sense of Lagrange, Routh and the more
advanced linear/nonlinear methods of Lyapunov. Accomplishing this
objective initially requires the n-body problem fo be systematically
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restructured into tiered configurations rather than considering the n-body
problem as a group of random masses i motion. This n-body tiered
structure is based on arraying configurations in terms of their Jacoby
coordinates where each configuration may be composed of binary, trinary
and higher order subsystems. Stability is then a process of analyzing any
given individual n-body configuration by studying the subsystems that
make up that configuration. Interest is directed not so much in the
stability/instability of the complete configuration as it is in the resulting
gravitational perturbations on the binary, trinary etc. subsystems within the
configuration.

Applying an alternate stability method requires reformulation of the r
and p binary periods

1/2 2 b
2MG 2 ) ¢r zmrgz
1/2 1/2 o’
B, = () 5 ) o =2M =
defining B _( )1/2 ( )1/2
2M

where D,. represents the p binary perturbing the r binary subsystem and D,
represents the r binary perturbing the p binary subsystem. Rewriting D,. and
D, interms of ky and k; gives

D, = (—81\:2)1/ < D, = (T)” A

T2
(k3 +1)3/2 1+ kz(k2+133/2

with the perturbing coefficients ranging in the domain 0 < D; <1 (i =
T, 0.

Using D;. and D, with figure 4.1.2.1 could possibly determine double
binary subsystem stability over the infinitesimal interval. For example,
when k, — 0 forall k; then D,. = 1 and the r binary trajectory will approach
a circular orbit. Although, theoretically this is over the infinitesimal interval,
the r binary near circular orbit will extend well beyond a small
neighborhood of time zero. The perturbed p binary trajectories become
unstable when the period F, — 0 as a direct result of D, — 0. Mass three
and mass four will move beyond the initial instantaneous circular orbit
outside the infinitesimal interval.
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Consider the case where k; » 0 and &k, —» 0 Perturbation parameter
D, =1 and assuming that k} is approaching zero faster than k, is
approaching zero, the p binary perturbation will be D, — 1. This double
binary configuration geometry has the p binary orbiting within the r binary.
The r binary will approach a circular orbit over an epoch extending outside
the infinitesimal interval due to it having almost all of the configuration
mass. The p binary which is in a close vicinity of the Euler point, will stay
within the r binary for an extended time. This has been verified by numerical
integration. However, the p binary is not expected to stay in the vicinity of
the Euler point for all time. Restricted double binary stability for all time
can only occur under the condition D, = D, = 1, which will only happen
when p binary mass and separation distance are identically zero. Since this
condition can never occur than the restricted double configuration will not
be stable for all time.

It is assumed from numerical integration of a subset of double binary
configurations, that every point within the special case for F. = E, over
mass range 0 < k; < oo that finite stable near circular perturbed orbits exist
in the infinitesimal interval 143 <k, < /3. However, mathematically
verifying this finite stability region exists has proved to be elusive. The
above stability method can indicate that r and p binaries are unstable, but
does not indicate where finite stability exists within the binary trajectory
domain. This same problem haunts the other stability methods as well.

At endpoints 1/4/3 < k; <+/3, both Lagrange configurations are
unstable for all time being consistent with previous work on the three-body
problem (Pollard, 1966, 72-84, Szebehely, 1967, 232-249). In this interval
18 the n-gon where binary mass, radii and period ratio are all equal to one.
The n-gon is a homographic (central) configuration system that maintains
its same relative geometry as time varies (Boccaletti and Pucacco, 1996,
219-229, Diacu, 1992, 47-74, Wintner, 1964, 284-295),

4.1.4 Stability in the Sense of Lagrange

A traditional stability method such as that of Lagrange, is used in this
subsection to analyze the restricted double binary configuration for
comparison to the alternate stability method derived m the previous
subsection. Initiating this stability analysis requires two transformations to
properly format the discrete Newtonian coupled differential equations of
motion into a workable system of coordinates. First transformation changes
Cartesian coordinates to Jacoby coordinates essentially reformulating the
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equations of motion from particle barycenter distance to that of binary
separation distance. The second transformation expands the Jacoby
coordinates about an initial double binary configuration point geometry,
which then allows a set of second order differential equations to be derived
as a function of binary separation growth with respect to time zero. A
reformulation of the second transformation differential equations results in
four first order differential equations that could then be solved by linear
approximation {eigenvalue problem).

Mathematically starting the formulation of the above outlined method
will involve describing the conservative dynamical system. Define at the
origin {0,0,0) fixed in three-dimensional Euclidian space an inertial right-
handed coordinate system xyz where the xy plane (z = 0) is the plane of
motion. Let x and y be the inertial planar coordinate system where the
inertial y-axis is perpendicular to and counterclockwise from the inertial x-
axis. General four body equations of motion describing four particles in this
inertial xy reference frame are written

ij_,

7 = )j}ilrj—skgk j#k k=1,234  Bquation4.14.1

It is necessary to transform the four body equations of motion from four
second order differential relative to the barycenter into four first order
differential equations as a function of binary separation. The resulting four
linear first order equations can then be solved using a linear approximation
(eigenvalue problem) to study stability of the restricted double binary.
There are two coordinate transformations required to accomplish this task.
The first is to transform the four body equations of motion into Jacoby
coordinates by coupling mass one with mass two forming the r binary
subsystem and then coupling mass three with mass four forming the p binary
subsystem. Mass one and mass two being individually equal to M are placed
equidistant either side of the xy coordinate system origin along the x axis
and mass three and four being individually equal to m are placed equidistant
either side of the xy coordinate system origin along the y axis such that the
geometric center is the same as the barycenter. This mass distribution
subsequently defines the restricted double binary problem geometry. Mass
distance relationships needed for the Jacoby transformation are then
determined from the binary configuration geometry are as follows

T = (F=p)/2 Ty =—(F+p)/2 Ty =F+p)/2 132 =—(F — p)/2
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Using the mass and distance relationships with equation 4.1.4.1 gives the
Jacoby accelerations for the r and p binaries respectively

F=26(5+)F = ~26(%+ =)F  Equation4.14.2

2 2

rop
where P = =T d2:T+T
Scaler form of equation 4.1.4.2 can be written as
_26M | 26m7d . 26m | 26Mp°
r= 2 FERVT) p= p_2 n? a3

These binary acceleration equations are only valid in a small neighborhood
of time zero. Notice the binary symmetry where r and p can be interchanged
as well as M and m. Equation 4.1.4.2 acceleration vectors 7 and g are
opposite in direction to their respective position vectors and are along a
straight line passing through the barycenter at time zero.

The second transformation involves expanding equation 4.1.4.2 about
the point (1, py) utilizing the Euler-Lagrange method (Besant and Ramsey,
1914, 140-144, Ramsey, 1929, 253-254) or the Taylor series expansion.
Zero subscripts refer to the initial start at time zero. To continue with this
analysis, the Euler-Lagrange method can be started by formulating 1 and p
for the linear approximation

r=rgt+e =r{l+ ET/TD) To > &y

&
p=pot+e,=p(1+ °/p) po > €

and then substituting these equations into the scalar form of equation4.1.4.2
with €, and €, representing the infinitesimal change in the respective binary
distances after time zero. This results in a coupled set of second order linear
homogeneous differential equations with constant coefficients in €, and ¢,
coordinates where only linear ¢. and ¢, terms are considered in the

transformation. As a result of the two coordinate transformations, equation
4.1.4.1 has been reduced to a workable form to determine stability for the
restricted double binary configuration
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€ = G116 T 136, Equation 4.1.4.3

€, = Qg1 €y + 3360

with initial conditions €,.(0) = €,(0) = 0 and constant coefficients

a1 = PémQ A3 = —potpmQ
Az = —pPptpMQ Q33 = TDZMQ
and =36
Q=" ous

Essentially, the above differential equations represent transformations from
barycentric distance coordinates that are difficult to work with to a hybrid
system of binary separation coordinates that easily allow a linear
approximation. However, these coordinates are initialized to the origin of
€ €, (0, 0) at time zero, thus resulting in zero initial conditions which in
turn result in general non-unique solutions to the homogeneous differential
equations. Therefore, the available options are either a unique solution in
the particle barycentric coordinate system that may not be solvable in closed
form or the linear approximation solution that can only be solved in general
form. The linear approximation can be further extended to look at non-linear
terms of equation 4.1.4.3 for an improved solution, but the end result is still
a general non-unique solution.

Equation 4.1.4.3 can also be derived by Taylor series expansion for a
function of two variables about an initial point (ry, p,) using the first order
approximation below

aF af
fO.p) = flro.po) + (;Er + EE‘D) |rc.,p0

where the function f(r, p) is the scaler form of the acceleration presented
in equation 4.1.4.2 and Jacoby coordinates {(r,p) are as defined by the
Euler-Lagrange method. The diagonal terms will be in a different form as
equation 4.1.4.3, however, they are equal by identity.

To proceed with the stability analysis equation 4.1.4.2 will be written in
terms of four first order differential equations so that the eigenvalue
problem can be formulated
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Xy 00 1 0N /X

Y [ 00 0 14fx; .

% | Vay @z 0 0\ x Equation 4.1.4.4
Xy dzq A3; 0 0/ \xy

where the new variables are x; = ¢,., x; = €n, X3 = &y and x, = €,

Assuming the solution for equation 4.1.4.4 can be represented in terms
of exponentials x(t) = Ae*, then the eigenvalue problem can be
formulated as (4 — A)X =  with the resulting determinant

A 0
=0 A=-2 Equation 4.1.4.5

evaluated to give a quartic polynomial
A —(ay +a)A*+C; =0 Equation 4.1.4.6

From equation 4.1.4.3 and equation 4.1.4.5

C_

d;; Gy
i =

Qz1 azzl =0
therefore A2(A2 — (a1 +az2)) =0
and A= (an + azz)l/2 Az = —(ay, + azz)ll2 A3 =0 Ay =10
Equation 4.1.4.6 double zero eigenvalues denote degenerate A solutions.
Constructing the solution of equation 4.1.4.3 from the eigenvalues and the
initial conditions leads to
e = Ay (et —1) + 4;;(e M* —1)  Equation4.1.4.7
€, = Ay (€Mt — 1) + Ay (et - 1)
If Ayy = —Ag, for N = 1.2 than equation 4.1.4.7 will take the form

€. = Ay sinhit €, = Ay sinhA it

This result can be found by substituting €, = Ke, (K is a constant) in
equation 4.1.4.3 and then solving the quadratic equation for K where the
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two solutions are 1 /k; and —k, k,. Using this result the solution of equation
4.1.4.3 becomes

€. =By (eMt— 1)+ B;(e71t —1)  Equation4.14.8
Eﬂ = 821(811[- = 1) + Bzz(eillf = 1)

The K = —k, k, quadratic solution validates A, = (a,, + a;;)/? and 1, =
—(ay, + a;;)"/? fromequation4.1.4.6 and the K = 1/k, quadratic solution
validates A, = 4, = 0.

Both equations 4.1.4.7 and 4.1.4.8 have the same form, therefore the
assumption for the first order linear approximation appears to be valid. The
A coefficients (constants) are not determinable from the linear
approximation so insight into the binary behavior will have to be discerned
by other means. Understanding the double binary state at time zero provides
some insight and this insight necessitates the formulation of the
infinitesimal interval problem (discussed in section 4.1) which, when
solved, gives the double binary periods and inertial velocities relative to an
initial point at time zero. Knowledge of the double binary velocities, in
addition to providing the means for finding the deterministic state vector,
allows the lambda exponents in equation 4.1.4.7 to be written as a function
of angular velocity, thus giving the capability to get some insight into the
angular variation of the binary trajectories with time. This lambda
relationship to angular velocity is

Ay = aw,. = bw,

Coefficients a and b are constants determined from the infinitesimal interval
problem velocities and the eigenvalue lambda solutions; being a function of
binary mass ratios and radii ratios at time zero

2
- w Equation 4.1.4.9
(1+kD)Z+8kz (1+k})
B2 = 24k (1 +ki ko)

k2(1+k§)g+8k§ (1+k3)
Substituting lambda into the solution exponentials in equation 4.1.4.7

Mt = gawrt — gaby Mt = gbwpt — b8,
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Certain numerically integrated double binary configurations are observed to
spiral outward as they separate over time. It therefore seems likely that from
the linear approximation the double binary system growth could be
described as a composition of perturbed spirals. A mathematical candidate
for this observed motion is the logarithmic equiangular spiral which can be
written in the form S= ™ where 8 is the radii, n is a constant and theta is
the angular variation. Exponentials in the double binary solution are in the
same form as logarithmic spirals, where, it appears the binary motion may
essentially be composed of a summation of dilating and contracting spirals
for the linear approximation. These dilating and contracting spirals occur
from the positive and negative exponents in equation4.1.4.7.

Numerical integration of various double binaries in configuration space
(figure 4.1.2.1) has shown that most trajectories appear to be much more
complicated than the linear approximation can model over the initial phase
of their orbits. There are some special configurations that do exhibit
behavior similar to pure spirals and are found where the subsystem binary
mass ratio is near zero (k;, = 1, k; = 0, 00). The region where both binaries
have the same initial period (includes the Lagrange configurations) is
special in that the binaries will maintain stable near circular orbits for a finite
period after time zero. In general, a non-linear analysis would be needed to
more accurately understand to what extent perturbed spirals represent
dilating and contracting orbital motion as seen in the numerically integrated
trajectories of the double binary configurations.

Solutions to homogeneous differential equations with zero initial
conditions are not unique thereby resulting in general solutions seen in
equation 4.1.4.7. As equation 4.1.4.7 indicates, binary subsystem separation
distance grows exponentially with time. Although, this linear approximation
can only show the simplest particle motion it does show the binary system
is unstable in the sense of Lagrange. Stability in the sense of Lagrange refers
to setting up the first order homogenous linear differential equations with
constant coefficients and then solving the eigenvalue problem assuming
exponential solutions where positive exponents indicate unstable systems
and negative exponents indicate stable systems. As is known in Lyapunov
stability theory the linear approximation is usually not sufficient to
determine stability, whereas, a system that is unstable in the sense of
Lagrange is also unstable in the sense of Lyapunov. A stable system in the
sense of Lagrange is only a candidate for stability in the sense of Lyapunov
for it is necessary to further analyze the non-linear terms i the differential
equations as found in the first method of Lyapunov (Lehnigh, 1966, 25-71,
Merkin, 1996, 103-111).
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Solving a non-linear version of equation 4.1.4.3 may provide insight into
a possible form of the trajectory structure which approximates what is found
in the numerically integrated trajectories over some given time period.
Expanding equation 4.1.4.2 to include quadratic and cubic terms in addition
to the linear terms found in equation 4.1.4.3 will require using the Taylor
series expansion. Letting x = €, and y = ¢, the scalar form of equation
4.1.4.2 can be rewritten

¥=a,x+ app v+ agx% + aaxy +agyt+
a16x3 + a17x2y + a18xy2 + a19y3

¥=anux+a;y+ a23x2 + az4xy + azsy2 +
ApeX® + Az7X7Y + QyXY° + Ayoy®

where coefficients are

EBSCOhost -

@i = pomi) Gy1 = —poTeMQ  Equation 4.1.4.10
a1y = —poTymd ayy =15 MQ
Q3 = — E :T(;O) Q Az3 = (_p_0+ :ngo)MQ
apy = (—po + irﬂpﬂ)mQ Ay = (75 + irﬂpO)MQ
a5 = (-2 + 22mg az = —-E + 250ym0
Q16 = (%i_g"‘%zg zzr(;io) Q Q26 = g% zz%)MQ
Q17 = (1;5% : r(;ia) mg az7 =(2— :z r(;ﬂO)MQ
a1 = (2 — 32 Todio) me Qzg = (%smd_? :zropO)MQ
g = Zr‘;ﬂ 22 %) Q Gz9 g;_o; 254 ;02 Z: > pO)MQ
and Q= SG/ZdS
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A Solution to this non-linear coupled set of differential equations for the
restricted double binary configuration would require some effort. These
differential equations are only valid in a small neighborhood of time zero,
and assuming a viable solution does exist their practical use may be of
limited application. Using a set of differential equations that are valid for all
time would resolve this situation, however, solving such a set of equations
18 not expected to be doable. For example, from conservation of energy a
candidate set of differential equations in Jacoby coordinates can be derived
that are valid for all time

1'"=2i—?+Gmr(%+ri3)+Gmp(%—%)cosﬁ—

14 13

Gm 1 1 . aeg ;
—7rp (T - ?) sinfl— Equation4.1.4.11
2 e "1z ar
. Gm 1 1 1 1
p=2—+ GMp(T+T) + GMT(T_T) cosf —
I Ty  Tiz s Tis
GM 1 1Y . ,df
—rpls — =) sinf—
2 Tia M3 dp
r? I r? 2 r
where 1% =vrd = = pT —?pcosﬁ Tl SHE, = it i i ?pcosB

As can be seen in the above equations a third variable theta has been
introduced and is defined to be the angle between r and p. This makes the
double binary problem more difficult in that there is not a corresponding
second order equation in theta to help obtain a solution. A consistency check

will show that when v, =1, and 8 =% these equations default to the

scalar form of equations 4.1.4.2 valid over the infinitesimal interval at time
ZET0.

The restricted double binary analyzed in this chapter is a specialized
Jacoby double binary configuration rather than the classical Jacoby double
binary configuration. General n-body equations of motion can be
transformed into n-1 coupled equations in n-1 Jacoby coordinates.
Consistent with this requires the general double binary configuration to have
three coupled equations in three coordinates, where the first two Jacoby
coordinates are defined as the distance between the two binaries
respectively and the third Jacoby coordinate is the vector between the center
of gravities of the two binary subsystems. The double binary formulated in
this chapter does not require a third Jacoby coordinate for this configuration
need only be defined by n-2 Jacoby coordinates. The general double binary
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second order linear homogeneous differential equations for the linear
approximation analogous to equation 4.1.4.3 have the form

€r1 @11 1z Gi3)\ /€1
€ | =[G Q3 dz3 || 2
€, @31 dzz GA3zz/ \&p

where subscripts 1l and 12 reference the first and second binaries
respectively and p is the distance between gravity centers of the binary
subsystems. The general three Jacoby coordinate double binary will be
considered a non-degenerate double binary configuration whereas the two
Jacoby coordinate double binary will be assumed (without proof) to be a
degenerate double binary configuration. The degenerate double binary is a
special case of the non-degenerate double binary.

4.1.5 Inverse Problem of Dynamics

There are two ways in which the infinitesimal interval restricted double
binary problem can be analyzed. The first was the deductive method
presented in the preceding subsections of this chapter. A second method is
to apply the inverse problem of dynamics (Galiullin, 1984, 25-28), that is,
forces are determined by the given properties of their motion. This method
gives the same deterministic state vector found from the deductive method
while also verifying the n-body equations of motion as a final result.

Constraints necessary to achieve this solution of state are placed on the
particle mass, position, velocity and acceleration geometry (Santilli, 1978,
219-223). Velocity properties for the double binary configuration are
defined such that all particle velocity vectors are perpendicular to all particle
position vectors at time =zero relative to the barycenter within the
configuration plane of motion. This constraint placed on the binary velocity
is type one geometry (Roy and Ovenden, 1955, Lass, 1957, 314-319,
Marchal, 2000, 286). Type one geomelry also constrains acceleration
vectors to be opposite in direction relative to their respective position
vectors and are directed along a straight line passing through the barycenter
at time zero. The deterministic state vector within the infinitesimal interval
using the inverse problem of dynamics with the necessary constraints is
consistent with conservation of energy where twice the kinetic energy is
equal to the potential energy. All particles will be in instantancous circular
orbits at time zero, otherwise non-circular orbits before or afier time zero.
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Applying the aforementioned constraints, instantaneous double binary
velocities can be determined by formulating a binary velocity equation that
is a function of unperturbed and perturbed velocity components. Starting
with a perturbed Kepler two-body velocity equation to formulate the r and
p binaries

GM ; gm ; ;

Vi= 2=+ ¢; V= 27+¢p Bquation 4.1.5.1
with mass and position constraints
my=my=Mmg=my=md=r, =0, =7 =1 "= p=7y

where terms 2 g and 2 GTm are the unperturbed binary two body velocities
with ¢;. and ¢, the unknown binary perturbations.

It is known from the binary velocity vector geometry that 2T = %VTZ +
%Voz is the kinetic energy and from the binary position geometry that

2 2
potential energy is U = G% + 4“%’1 + G% (see figure 4.1). Equating 2T
=U gives
M, , sM .
;(;br + %(;bp = 4Tm Equation 4.1.5.2

where % and % are the reduced masses for the r and p binaries respectively.

i =g B g™ g P, - -
Reformulating d* = TR i o and using equation 4.1.5.2

the unknown binary perturbations can be determined
I T2 I o
¢ = ZGmd—3 ¢, =ZGMd—3

Substituting these perturbations into equation 4.1.5.1

2 — G5 L ik -
Ve=2 - +2Gmd3 —T(2M+2md3) Equation4.1.5.3

Gm E o3
%2 =27+ZGME=;(2m+2ME)
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These are the same velocity results found using the deductive method in
equations 4.1.3 and 4.1.4. With knowledge of the binary positions and
velocities the state vector at time zero is also known (see equation 4.1.5).

Deriving r and p binary accelerations using Infinitesimal rotations and
type one geometry within the infinitesimal interval gives

_WE 5 2GM | 26mr® :
a, =—=w'r _r—2+ > Equation 4.1.5.4
_VE 5 26m | 26Mp8
ap = =whp =— 2 43
12 12 p? a

In a small neighborhood around time zero in a domain just outside of the
infinitesimal interval, equation 4.1.5.4 would be replaced by

26M | 26m 13
T = —

72 2 g3

Equation 4.1.5.5

. 26m | 26MpS

p_

P p? d3

Equation 4.1.5.5 is the scalar form of equation 4.1.4.2.

4.2 Triple Binary

The double binary orthogonal configuration worked in the previous
subsection is the simplest of all collinear configurations in the orthogonal
family. Next in the orthogonal family sequence to be analyzed is the triple
binary (six-body) configuration which can be viewed in figure 4.2.1.
Inertial coordinate system definition is the same as the double binary
configuration as well as formulating the ftriple-binary problem in the
complex plane.

Triple binary equations of motion formulated in the infinitesimal
interval as derived in equation 3.1
o e 2 _ N mj _
I+ 2wid — Wiz = G X7 =2 k=1,2...,6
L

sidereal synodic relations that specify the general geometric conditions
under which the six-body configuration rotates

ngPr= (g +ng  )Pg 1= =g +ng  ++n)P
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The six-body equations of motion have been transformed using Jacoby
coordinates. Coupling mass one with mass two forms the r binary
subsystem, coupling mass three with mass four forms the r;; bmary
subsystem and coupling mass five with mass six forms the r,g binary
subsystem. There is a forth binary subsystem p defined by the distance
between the center of gravity of the ry; and vy binary subsystems. Mass
one and mass two being individually equal to M are placed equidistant either
side of the xy coordinate system origin along the x-axis. Mass three and
mass four being individually equal to m are placed at a distance p/2 (relative
to the 745 center of gravity) along the positive y-axis from the barycenter.
Mass five and mass six has the same geometry except that the v, binary is
along the negative y-axis. The geometrical center of the six-body
configuration is the same as the barycenter. Using Jacoby coordinates has
reduced the six-body system from six coupled non-linear differential
equation to four coupled non-linear differential equations. This mass
distribution subsequently defines the restricted six-body configuration

geometry.

Complex plane coupled equations of motion for the z,,, z,; and z¢
binaries respectively

G G &Gm. Gm, G
2 - 3 3 4 4
W Zy S —3Zy b3y — 3 gy v 5 Z4y 3 Za T
r3 132 31 32 Ti1
Gms Gms Gmeg m,
73, 452 —Zg1 T 2 Ze2 3 Zo1
5 62
am m &
43 1 1
Zag F2WiZyy —Wo2y3 = —3-Z45 + -3 214 =, Zyzt 3 Zy —
Gy Gmns 5 Gg Gmg
T3, %23 + T3 45 T 253 T3 Zga 3. 263

G & m.
3 - s ) - 2

Zeg + 2WiZgy — W Zey = —7—Zgs +—5Z16 — 3 Z15 T =5 Z26 —
Tés Tie Tis 6

Gy Gmsg Gmsg

3 Eygt 5 Z35 — 3 Z3s T3 Zgg —

3 25 3 36 3 35 3 46

T35 36 35 Tie

The z,, binary is on the rotating x’-axis and therefore Z,, = #,, = 0. Mass

binary coupling terms are defined as py3 = my + my and g5 = mg + Mms.

Combining the above equations and setling p;; = # to simplify the
i

analysis leads to the following
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(921# = 1)221 = (932232 = 931231)?”3 + (P4ZZ42 = P41241)m4 +
(52253 — Ps1Zs1)Ms + (PeaZez — Pe1Ze1)Me

pZ
(943#43 43) Zy3 = (PraZia — P13Z13) My + (P24724 — PasZaz)m, +

(Ps4Zss — Ps3Zs3IMs + (PeaZea — PesZes)Me
2
(Pesﬂes 5) Zgs = (PreZ16 — P1sZ1s)My + (PagZa6 — PasZas)My +

(P36Z36 — P35Z35)0M3 + (PasZag — PasZas) My

where p;; = py;

Mass and position constraints needed for evaluating the above 2,4, Z45 and
Zge binary equations can be determined from figure 4.2.1

P31 = P3z = Ps1 = Pez

Pa1 = P4z = Ps1 = Pr2

My =My=Mg=M;=mM m=m,=M
Inertial velocity determination for the z;, binary

(pa1pt — 1)zyy = —2pgm — 2pgym

Z=L@M+d)  ¢e=2me+DD)

Inertial velocity determination for the z,5 binary

PZ
(P432m - %) Zyg = PaoMUZ4y — po MUy 245 + pasml 7y —

Paemlzzyz
2oy & P — T T43M1 Tis 1_i I
3 5 (Zm — ¢y3) ¢43—T3 i 2+ ml miy
43 42

The I,and I, scaling terms for the z,, and z.¢ binary subsystems (see figure
4.2.1) are derived as follows
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Tey = [1743 Ty = [y
P =l + 13 P = layz — T3
_ P T3 _ piTys
I, =—= [, ===
T3 Ta3

Inertial velocity determination for the z. binary

PZ
(Peszm - PL:) Zes = PsaMiZeg — peaMIy 2o + pamlyZgs — pasmiyZeg

2
(<]
G i i i 73
2 e w5 65 65 65
Vies = (2m — ¢g5) s = Ml — -2 ML +-2mly ——2ml,
65 52 62 54 63

The mertial velocity determination for the fourth binary z, is more
complex than the 7,1, 743 and zgg binary velocities. This occurs due to z,

being embedded within the p double binary subsystem, that is, the z,5 Zgg

center of gravity separation distance requires additional equations of motion
to analyze. Procedurally this can be worked using either center of gravity of
the z,; binary subsystem or the center of gravity of the z.. binary
subsystem.

MMz Z3+M,4.2 Mg Zs+H g2z, Z
Fyg, = =2 By = Equation 4.2.1
a3 Hes

In this analysis the center of gravity of the z,, binary subsystem will be used
for derivation afier taking a double time derivative. Multiplying the lefi side

of the m5 equation of motion by ;:1_3 and the left side of the m, equation of
43

motion by :1_4 then adding both left side equations results in
43

G s o 2 _
Zage + 2WiZaqe — W Egze =

The z, equation taking into account the infinitesimal rotations within the

infinitesimal interval and adding the right side of the m5 and m, equations
of motion

Ty L]
oz Lp = (pramazys + P14m4214)_‘u43 + (p23M3zZa3 + P24MaZ24) — +
]

g s
(PssmsZsy + PsaMaZsy) o +(Pe3MsZes t+ PeaMaZes) T

Collecting terms and taking advantage of the figure 4.2.1 geometry
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(;El 2mp53) 2y = (P132Ze3 + P1aZsa)M + (P5aZss + PeaZes)m
Equation 4.2.2
L B o3 o3 o3
V= ;(Zm +¢n) = EM!3 +EMI4 +@m14 +%m13

The I;and I, scaling terms for the z, double binary subsystem (see figure
4.2.1) are derived as follows

Tsq = Lyp Te3 = l3p
p=lLptns p=1lp—Ty3
i = 0143 B = 0tz
% o 3 o

With the derivation of the binary velocities a three-dimensional

orthogonal collinear state vector for the six-body configuration can be
constructed (the vector g rotates inplane).

First binary state vector

X, = —%r x =0 Equation 4.2.3
: 1

y =0 = _EV’"

z;=0 7 =

1 ;

X :;T Xy =
; 1

y2 =0 Y2 ZEVr

Z; = 0 Z‘l =0

Second binary state vector

x3 =0 Xy = —%(Vp +W . 005i,..)
J’SZ%(P‘FT:}S) y: =0

Ze = 0 Ze = —%Vnﬁsinir‘l3

xy =0 Ay = %(I{o =V, cosiy.)
J’4:%(P_T43) Yy =0

Z, =0 Zy = %Vﬂﬁsinir43
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Third binary state vector
x =10 Xg = —%(Vp — 6051,
J’sz_%(P—Tes) ys =10
zZe = Ze = —%Vrﬁssinirﬁs
X =0 Xg = %(I/;, + V. cosi. )
J’ez_%(P‘H”ss) Ve =0
Zg =0 Zg = inﬁssinirﬁ5

Note that binary inclination i, . = i, and binary velocity V.. = V... For

the two-dimensional version of the above three-dimensional state vector set
Sifiy,, = S, =0
cosiy,, = cosi,, =1

Input orbit parameters to the two-dimensional or three-dimensional state
vector are considered to be instantaneous values, however, mean orbit
parameters could be used instead of instantaneous values if necessary.
Barycentric inertial is the coordinate system for numerical integration.

4.2.1 Triple Binary Conservation of Energy Verification

Starting with the kinetic energy equation and converting to Jacoby
coordinates in addition to utilizing the triple binary vector geometry in
figure 4.2.1

.- —mp+0
IT = E?:lmiviz — (ml(ml 27;12 )2 +m, (ml 277912 )2) VTZ A

2 Ms5Mg 172 O—tii;z
Ha3 Vs ¥ Hes Vo + 4 Yo

gy

where mass is defined
H=¥im; =2M 0 =3%¢m; =2M + 4m
After combining masses, the kinetic energy equation becomes

2T = 22 + 202 + 202

2 Ta3 Tes

+mV;? Equation4.2.1.1
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The binary velocities in Jacoby coordinates determined from the previous
subsection are

73
= —(2M + ) = 2m( = Equation 4.2.1.2
Taz
G .3 o 3 3
Vi3 = E(Zm — ¢u3) Pz = %Mh = Mlz 42 mi, — ﬁmlz
G i 73 73
%5 =—(2m — ¢es) Pes = LML — 6lez smll —22ml,
® 52 54 e
VZ=2Z(2m+ ¢,) ¢ = £ My + 2 Ml + Sty + S
3 a £ g i 3 iy * A * 3 3
_ Ph—T43 _ pOiry3 — n+ryz _ [T
b= Ta3 L = T4z s o L o

Substituting equation 4.2.1.2 into equation 4.2.1.1 identifies all the kinetic
energy terms that will be combined and regrouped to match the potential
energy equation. Potential energy after transforming into Jacoby
coordinates

2 2
e +4G”m+4GMm+2—+ LW

Tij T Ta3 31 T41 Ts4 Te3

Equatlon 4213

U=y

Collecting 131,741, 154, T3 terms by denominator in groups for evaluation
will simplify kinetic potential energy matching. Going through this exercise
is somewhat extensive, however, it is worth the effort to see in the final
analysis that conservation of energy is verified to be 2T = U.

4.2.2 Triple Binary Configuration Space

Most fundamental of all orthogonal collinear configurations is the
double binary with only one existing period ratio to determine configuration
space and only one phase space transformation. The triple binary
configuration space is determined by four binary periods with four binary
ratios. This situation is more involved to map the binary geometry for
interesting candidates to numerically integrate. For this study, only special
cases will be considered. Indication of this configuration complexity is seen
with binary ratios below
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Biaw ypu B v -t b I
=t (G(ZMJrﬁt’r)) I =% (G(2m+¢p))
Ph=ami—ta) P =dmi )

43 G(2Zmtdys) 65 = * G2mtdss)
Combining the above periods
PE _ 2madyrd Jri3 _ .
= i = 1 Equation 4.2.2.1
BE_ 2miidhas 13 P_E _ Zitdys p?
PL T 2M+¢y T3 PZ T 2magy, vd

Rewriting equation 4.2.2.1 in a scaled format with ky, = p/r, k; = m/M,
ks =13/ and kg = 135/p

8k161+8k162+k2 kz

2k t————
2 2 2
P 1 C3 Ca i ch :
P—z, == 2 Equation 4.2.2.2
7 7 2+16k2(c—3+c—4)

2k2I8k3C1 8k3Cp k4k2 k4k2
! %4C3 kaCs ¢ 3
PZ, %3 oL,
43 3 2+16k2(€3+c_4)

skic; ek3Cy Kk Kiko

2Ky + ——3-Z —‘5— —5—
PE 1 TPTRaCy kaly
Z T gk3Cy skic k k
G I T L L s L -

C3 [

where €, =14k, C=1—k,, Co=1+Kk)*? and C,=(1 -
KFCHY2.

With the addition of two masses, it can be seen from equation 4.2.2.2
that triple-binary configuration space is considerably more complex than the
double binary configuration space. Computing state vectors is not a problem
it is just that finding interesting configurations for numerical integration
becomes difficult. It will take more time and effort to plot out all the possible
regions of configuration space. However, some simplifications can be made,
for example, when m — 0 and 7,5 — 7z, the six-body configuration space
will approach the double binary configuration space. The difference being
that the mass three and four binary subsystem as well as the mass five and
six binary subsystem will be in their respective close binary orbits instead
of being single masses. As 143 and 15, separate with m — 0 the six-body
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configuration space will difference itself from the double binary
configuration space. Also looking into the region where p =3 and
increasing the separation distance of the 1,3 and ¥ binaries could result in
some interesting orbits.

4.3 Quadruple Binary

Next in logical sequence relative to figure 4.1 is the collinear eight-body
configuration. There are two members in this family with multiple
variations. The one analyzed in this subsection is the quadruple binary
configuration. This configuration consists of four binary subsystems in orbit
about the barycenter. Orbital geometry for this configuration is actually a
double binary subsystem along the x-axis rotating about a double binary
subsystem along the y-axis. The separation distance of each of the masses
within the two binaries along the x-axis are the same with the barycenter
equally divided between the two binary subsystems. The same is true for
the two binary subsystems along the y-axis. All masses along the x-axis are
of mass M and all masses along the y-axis are of mass m. Geometry of the
quadruple binary can be viewed in figure 4.3. Approach to solving this
configuration is the same as the double binary and six-body (triple binary)
structures worked earlier in this chapter. Results are more apt to be
summarized than derived due the same methodology used for the double
and triple binary collinear configurations.

Jacoby coordinates has reduced this quadruple binary configuration to
six coupled non-linear differential equations. After performing the
infinitesimal rotations within the infinitesimal mterval using sidereal
synodic relations and collecting terms the binary subsystems are for the z,,
binary

PZ
(qu“ - ﬁ) Zy; = (P5M + psym + M)z, —
(P41M + psam + P61m)Z41
for the z,; binary

2
Py

(P43#43 - ?33) Zaz = (P32 M + pasm + pygm)zz; —
(paM + pasm + paem)zy,
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for the z,. binary

PZ
(Pss.ues _é) Zgg = (p67m + paM + PszM)sze -

(psgm + psi M + ps; M) zgg

and for the zg; binary

PZ
(P87#87 _é) Zgr = (peym + pr1M + praM) 275 —
(psgm + pg1 M + pg; M) zgg

where p;; = pjy

Constraints needed for evaluating the above z,,, z,; ,Z,z and zg; binary
equations can be determined from figure 4.3

P51 = Psa = Pa1 = Psa p=m +my,
Pe1 = Pea = P71 = Pra Haz =My + MMy
P52 = Ps3 = Pgz = Paz Hes = Mg + Mg
Pez = Pe3 = P72 = P73 Hgy = Mg + My

my=my=my;=m, =M
My =M, =M, =Mg=m

Inertial velocity determination for the z,, binary

V2 =2+ ) =Z2M + ¢)

Inertial velocity determination for the z,; binary
G 6
Vi, = ;(Ms T =M+ @) r=rn 0= ¢ V=V,

Inertial velocity determination for the z.¢ binary

¢ ¢
Vi == (s + ¢3) = ;(Zm + ¢3)

Tes
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Inertial velocity determination for the z- binary
Mrm = _(#87 + ) = —(Zm +¢3) Tar =Tes Pa = P3. Y T — Vrﬁs
and perturbation coefficients ¢; are

T3 T'3 T'3
¢y = (T41M+ m+ *m)lz (%M+@m+%m)ll

3
T 1" 7‘ 1" 7‘ 7‘
¢2=(:TSM+ =Zm+ 43m)lz ‘*3M+ ‘”m+ ‘*Sm)l1
41 4-5 4-
G+ Gt 4 By, — i+ e + ey
= Cr3 3 1 (rs m 3 73 3
58 51 67 61 62
3 3 3 3 = 3
T T T T T T
¢y = CEm+ M+ ML, - (o M+ M)
T T, T, T T
58 81 82 67 71 72
where Ty =Lhr=p—71 o =hLr=p +7r
T76 = l3Tes = P2 — Tes Tgs = laTes = P2 + Tes
[, = £ 7, o pytr Jo s 02 Tes5 B, s f2 s
i B 3T ==
r T Teos Tes

There are two more inertial velocity derivations and they are for the
z,,and z,, binary subsystems. This is similar to the six-body configuration
(triple binary) except that there are two double binaries to consider instead
of one. Using the center of gravity of the z,5 binary subsystem to find the

», binary equation of motion

MzZ3+1M, 2, 7
Zyg, = ———22 Equation 4.3.1
Haz

there results after collecting and regrouping terms
1= 2Mpyi3 = (pasls + prale)M + (ps3ls + psale + Pesls + peale)m

G
V2= LM+ ,,)

whete ¢, =2 Mlg + L Ml, +Lmi + Lhmi + Ll + Ll
3y Tia 753 754 Té3 T4

EBSCChost - printed on 2/13/2023 8:31 PMvia . All use subject to https://wwm. ebsco.conl ternms-of -use



Orthogonal Collinear Configurations 165

Using the center of gravity of the z¢ binary subsystem to find the z,, binary
equation of motion

MegZs+M52, "
Zggy = ——=——2% Equation 4.3.2
Hes

there results afler collecting and regrouping terms

2
B _

P2 2mpzs = (pisls + prels + pasls + pasl) M + (pr6ls + pesis)m
Pz
5 6
Vﬂz - Z(zm + qb.ﬂz)

03 03 03 03 03 03
where ¢, _@Mlg-i_@Ml? +%M18+EMI7+%mlg+aml7
Scaling factors for the z, and z,, binary velocities are listed below

Ty =lspr =pr =7

T =lepr =pL +7

Tye = lypy = P2 — Tes Tas = lgpy = Py + Tes

_Mmtr __ Pz—Ves __ Pztves
lop =— [ =22 [ =225
M 01 Az Az

With knowledge of the quadruple double binary positions and inertial

velocities the orthogonal collinear configuration state wvector can be

determined. This state vector is two dimensional and is in the barycentric
inertial coordinate system.

First double binary state vector along the x-axis

X, = —%(.01 +7) %, =0 Equation 4.3.3
; 1
¥, =0 J’1:_5(%1+V1~)
1 ;
xz=—;(P1_T) X3 =
; 1
Y, =0 3’225(%1_‘4)
7 5
x3=z(.01_7') 23 =0
; 1
y; =10 3’3:_5(%1_%)
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1 .
Xy =5 (pL+7) %y =0

. 1
Ys =10 J’4:5(%1+Vr)

Second double binary state vector along the y-axis

. 1
x5 =0 x5:_E(VP2+VT65)
1 .
¥s =5 (P2 + 7es) ys =4
. 1
X =0 Xg = 5(%2 - V?‘es)
1 .
Ye = ;(Pz —~¥s) Ve =10
. 1
X7 =0 Xy = _;(Woz —V..)

1 .
Yz = —;(Pz — Ts5) ¥ =0

1

L, + )

2 v P2 65

1 ;
Ys = _;(Pz + 7es) yg =10

xg =0 K=

The quadruple binary or the two double binary configuration is a
specialized Jacoby system in that there are only six Jacoby coordinates
rather than the collinear Jacoby double binary configuration which has
seven Jacoby coordinates. Since, in general n-body equations of motion can
be transformed into n-1 coupled equations in n-1 Jacoby coordinates, then,
this orthogonal collinear configuration is missing one coupled equation of
motion and one Jacoby coordinate. The missing Jacoby coordinate is the
vector from the center of gravity of the first double binary configuration to
the center of gravity of the second double binary configuration. The general
seven Jacoby coordinate quadruple binary is a non-degenerate quadruple
binary configuration where the six Jacoby coordinate binary is assumed
(without proof) to be a degenerate quadruple binary configuration. The
degenerate quadruple binary is a special case of the non-degenerate
quadruple double binary.
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4.3.1 Quadruple Binary Conservation of Energy Verification

Small increases in n-body mass number require great amounts of
additional effort. The double and triple binary orthogonal configurations
worked so far are indicative of the solution methods in general for the
different aspects of the orthogonal collinear configurations. Therefore, only
an outline of the kinetic potential energy verification will be given. Using
the quadruple binary vector relations

Vi=—@+V)  Vo=—z(h,+7,)
V=% -7,) Vo =W, — V)
Vo=—=(,—-%) ¥ (g, = T,
Vi ==V + V) Vs ==V, +V,,)

and the velocity identities V;? = Y2, = V7 and V2, = V2 =V give

Ta3 Tes Ta7

8
2T:Z miVl—Z——V2+ V2 +—= V2 +—= V2 + MV +mV2
i=1

After combining masses, the kinetic energy equation becomes due to
symmetry

2T = MV? + mV7 + MV + mV2 Bquation 4.3.1.1
The binary velocities in Jacoby coordinates determined from section 4.3 are
V2 =2(02M + ¢)
T3 T'3 T'3 T3 T3 T3
P = CEM + am +gm)lz = (@M + gm +Em)ll
G
V2 =S2M+¢y)

¢z — (:43 M + T43 + T43 m) lz T43 M + T43 + T43 m)ll

G
ﬁ;a;@m+¢g
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o5 Tss s Tss s s

Py = (=m M+ M)l4 +rTM+r?M)l3
58 7 6l 62

Vi = (2m+ )
3 3 3

¢ = CEm + TS’M +"B7M)z4 % m+ LM + 2L M)L
58 7 71 72

. _ &
%1 - Z(ZM a2 ¢P1)

3
o, = F-Mls +EEMI + mls + & i, + mls - ml6
2 Tia 5

4

m»—tm

&
22 =Z(2m+¢ﬁ32)

pZ ml7

) —ﬁMl +£Ml +p—ng +£Ml +£ml
3 s ¥ s ! 35 P 3 7 s st
Substituting the above equations into equation 4.3.1.1 identifies all the
kinetic energy terms that will be combined and regrouped to match the
potential energy. Transforming U into Jacoby coordinates

mym;y GMm GMm GMm GMm
D=6y—1L= 2—+2 L) + 4 + 4 +4
Tif Tes 51 Te1 Ts2 Te2
6m?  Gm? GM GM2
piciiat B L
p2 T76 Tas5 o1 132 Ta1

(where p; = 131 = ¥y and py; = 195 = 1g¢), verifies that twice the kinetic
energy is equal to the potential energy.

4.3.2 Quadruple Binary Configuration Space

The quadruple binary configuration space is determined by six binary
periods with eight binary ratios. This is simplified by two period ratios being
unity. As is obvious from the fast-growing number of period ratios the
configuration space geometry becomes increasing more complex to map.
Period ratios without scaling are shown below
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Pi = 4t (———— Pz, = 4m* (——
2L (G(2M+¢> )) 8L (G(2m+¢‘)4))
Pl = 4m(—5 P2 = dm? (2
43 GlZMt¢y) A1 G(ZM+¢‘91)
PZ = 4m?(—==— P? =4pi(—2—
o (Gszmg)) o2 (a(zw% i
Combining the above periods gives
p2 2mty, p3 pZ .
L=z “2—1 Equation 4.3.2.1
P,  ZMid, p3 P,
By, S0P W
P}, 2Migp, T3 Pl 2midy, 35
Py _ 2mids pi Pi 1
Pl 2Mudp v Py
Fhy _ 2Mré: o3 L
P2, 2y, 13 PZ. ZM+Ady T

Note that Py = Py3, Pog = Py, ¢y = ¢y and 3 = ¢y

The challenge of the quadruple binary configuration is to find finite
stability regions existing in the configuration space geometry. One such
region would be to have p; and p, very large relative to 15, 743, Tee and 75,
binary separation distances, thus assuring that the perturbations between the
quadruple binaries are minimal as they orbit the barycenter. This
configuration is actually the collinear double binary when the quadruple
binary separation distances approach zero. Another region would have the
first double binary well inside the second double binary. Configuration
space mapping would aid in selection of these regions to provide state
vectors for numerical integration to verify finite stability

Orthogonal collinear configurations beyond the quadruple binary
become increasingly more complex and would need a systematic approach
to solve a given family. Without a systematic approach the procedures for
solving individual cases would become quite laborious. Applications for
these configurations appear to be nebulous with the main interest being
theoretical.
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FIGURE 4.1.1. Orthogonal Double Binary Configuration Geometry
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FIGURE 4.1.2.1. Otthogonal Double Binary Configuration Space
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FIGURE 4.1.2.2. Orthogonal Double Binary Lagrange Configuration
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Figure 4.1.2.3. Orthogonal Double Binary Configuration (k; = 1,mz; =my — 0)
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FIGURE 4.2.1. Orthogonal Triple Binary Configuration Geometry
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FIGURE 4.3. Orthogonal Quadruple Binary Configuration Geometry

4.4 Problems
Section 4.1

1. Starting from equation 4.1.1, derive the instantaneous restricted double
binary velocities V. and 7, shown in equations 4.1.3 and 4.1 4. Also
verify the double binary state vector in equation 4.1.5.

2. Substituting equations 4.1.3 and 4.1.4 into the kinetic energy equation
verify that the double binary configuration is consistent with
conservation of energy where twice the kinetic energy is equal to the
potential energy at time zero.

3. Map from double binary configuration space the central configuration

P ) .
(k, =k, = P—'" = 1) into phase space, that is, compute the central
i3

configuration state vector.
4. Construct a finite stability plot of D,. (y-axis) versus ), (x-axis) where

the range of parameter D,. is 0 < D,. < 1 and the range of parameter D,,
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180 < 0, < 1. Include the period ratio E—r = 1 in this plot. Will help to
o

plot lines of constant k,. Can any conclusions be drawn from plotting
finite stability.

5. Expand the scalar form of the Jacoby accelerations listed in equation
4142 m a Taylor series to verify equation 4.1.4.3 for the linear
approximation. Resulting Taylor series expansion coefficients a;; may
not be i the same form as in equation 4.1.4.3.

6. Further expand equation 4.1.4.2 in a Taylor series to compute the
quadratic and cubic terms of the restricted double binary to verify
equation 4.1.4.10.

7. Since a second order differential equation can be written as two first
order differential equations solve the eigenvalue problem setup in
equation 4.1.4.4 to verify the first order approximation solution shown
in equation 4.1.4.7.

8. Double binary periods and inertial velocities derived from the
infinitesimal interval problem allow the lambda exponents in equation
4.1.4.7 to be written as a function of angular velocity where 4, = aw,. =
bw,. Find a and b as shown in 4.1.4.9.

9. Integrate ther and p restricted double binary acceleration equations valid
for all time in equation 4.1.4.11 and show that they are consistent with
conservation of energy where twice the kinetic energy is equal to the

8 ag _ 9

potential energy. Note that 48 — = and —=-.
dr ¥ dp il

10. Using conservation of energy show that equation 4.1.5.5 is the end result
when applying the inverse problem of dynamics.

Section 4.2

1. Determine the mertial velocity V, by using the zge. center of gravity
relation in equation 4.2.1 instead of the z,;, center of gravity relation.
Verify the velocity result is the same as found in equation 4.2.2.

2. The triple binary state vector in equation 4.2.3 is formulated to have the
vector g rotating inplane. Rewrite equation 4.2.3 for the case where g
rotates out of plane.

3. The triple-binary velocities in equation 4.2.1.2 when substituted into the
kinetic energy equation 4.2.1.1 will be equal to the potential energy.
Mathematically verify that this is true. See equation4.2.1.3.

4. Triple binary configuration space can be determined by scaling period
ratios found in equation 4.2.2.1. Using k,, k,,...,k4 Tewrite equation
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4.2.2.1 to verify equation 4.2.2.2. Consider the case where k; is large
and ks, k, = 0. Could this configuration be finite stable.

2
5. What is the period ratio result when k, = 0 for i—z m equation 4.2.2.27
&

How does it compare 1o the double binary configuration period ratio in
equation 4.1.2.17
6. Plot iL versus ky using lines of constant k,. How does this plot compare
o

to the double binary graph of iL versus k; with lines of constant k,?

Section 4.3

1. Derive V, using the center of gravity z,,. equation. That is, supply the
missing equations that lead to the inertial velocity V, of the first double
binary subsystem in equation 4.3.1.

2. Reformulate the two-dimensional quadruple binary state vector in
equation 4.3.3 to represent a three-dimensional orbital configuration.

3. Mathematically verify that the solution of the quadruple bmmary is
consistent with conservation of energy. Show that equation 4.3.1.1 is
equal to the potential energy.

4. Using equation 4.3.2.1 determine the configuration space period ratios
for the quadruple binary in terms of scaled parameters kq, k,...,k, in
similar format as that of equation 4.2.2.2.
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APPENDIX A

COLLINEAR CONFIGURATIONS ORBITING
L4 AND L5 LAGRANGE LOCATIONS

Analyzing the problem of placing binary collinear structures to orbit
about the L4 and L5 points individually, where the L4 and L5 position is
treated as a pseudo mass location. Purpose is to derive state vectors to
determine if finite stable orbits exist for these configurations, thus verifying
collinear configurations at time zero can reside at the L4 and L5 points.
Techniques developed in chapters one and two with basic classical
mechanics will be used in structuring and solving this type of problem. The
L4 and L5 binary configurations are aligned along the vector starting from
the barycenter to the respective L4 and L5 Lagrange equilibrium point. The
barycenter exists anywhere along the line from mass one to the halfway
point between mass one and mass two depending on the mass two to mass
one ratio. Due to assumptions made in this analysis, such as not solving for
the inertial velocities directly from the equations of motion within the
infinitesimal interval, conservation of energy will not be maintained.
Structural analysis is worked in two parts, where the state vector is derived
directly from the rotating binary mass configuration in the first part and then
the binary velocities are corrected using the equations of motion in the
second part.

A.1 Single Binary in Orbit about the L4 and L5 Location

The first case worked is a single binary at the 1.4 and L5 location
composing a six-mass configuration. Geometry for this configuration is
illustrated in figure Al. Binary mass position vector equations relative to
the barycenter are in terms of Jacoby coordinates 7, ¥y; and ¥, with ¥ =
T3 — T, Tyy =74 — 15 and 75z = 7, — 7o. The barycenter location is defined
by position vectors 7, and #; and their respective masses. Expanding the
geometry in figure Al by diagraming the rotating binary structure in terms
of position and velocity vectors to compute the components of the L4 and
L5 binary configuration, will need to consider working the inverse problem
of dynamics. That is, the forces are determined by the given properties of
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their motion using position, velocity, acceleration and other constraints to
solve the problem. The L4 and L5 single binary structured planar state
vector at time zero has been derived under these stated conditions and is
found below. Coordinate system for this state vector is barycentric inertial.
All binaries are rotating counterclockwise.

Xy =

Y2 =

X3

V3 =

Xy =

Y =

Xg =

EBSCOhost -

printed on 2/13/2023 8:31 PMvia

First Binary
™+ . .
S X =0 Equation Al.1
A+2 a3
. Mz Hiaz
0 = _Matie
Y1 HA2pas T
Ty ez -
— X, =0
Ht2[lg3
L ey L
Ya Ht2[ly3
Second Binary
o My . 3 My
==r+af—r, X, = —=V. -3
% ﬁms 43 3 B OF 5#43 Taz
REY My . @ Ty
—r+3f =27 V. taf—
2 ﬁ Ha3 w s 2 Haz 43
o . NE ms
Sy —afi =y, Xy = ——V 33—V
3 ﬁ‘u 13 4 P T+\/_ﬁ,u43 Taz
V3 ms ; ms
i V3B 2y, Yo =3 W—ap —
Third Binary
o Me . 3 Mme
-r —aff—r, Xs = —W. —38 =V,
2 ﬁﬁes 65 5 2 T ﬁ,uﬁs 765
V3 me . o me
5 T+ \/gﬁ Ves Ys 2 T s Tes
@ 5 3 s
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where a = %, 0=Y'm;and f = (3 +a?) V2

Velocities V., V.. and V. _ in the above L4 and L5 binary state vector
are not known in terms of their interactive mass perturbations. From the
collinear equations of motion velocity magnitude is estimated in the
infinitesimal interval with type one geometry and the sidereal synodic
relations at time zero. Equations of motion for this six-mass configuration
in the complex plane with the sidereal synodic relations are

n21P21 = (nz]_ + np)Pp = (nz]_ + np + n43)P43 = (nz]_ + np + nes)Pés

Equation A1.2

i H Gmg 3 g
—WTZ _r_32+ T3, 432 T 231 T3 Zaz T Z4q T 345z —
Gm e,
5 o]
3o Z51 T3 Ze2 — 3 Zel
Fuo - 2Wizy — Wiz, = —SPa3 g 4 G, —lg. =g, —
43 43 43 = 5 243 T3 %14~ 37213 3 424
Gm e G, G,
2 5 o o
P Fo g T B A +_r3 Zga 3 263
32 64
= 5 Gt Gm m Gm
2 &5 1 1
Zog + 2WiZge — WoZge = __7.3 65 t 73 %16 =, P
Gm gl Gm girs
SR 4 4
Zzs + 25 236 T Z35 +—5Zag 3 2445

where L=m +m; Has =My + 1My Hes = M + Mg
The first binary composed of mass one and mass two is on the rotating x”
axis and therefore Z = z = (. Simplifying the equation format in A1.3 to

compute perfurbation coefficients and binary velocities gives the result

(P21t — 1)z = (pa223;

+(ps2%s2
(.943#43

+(pa5Zs4
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P _
Pestles — Pz Zes = (Pe1Z16 — Ps1Z15)My + (Pe2Z26 — Ps2Z2s)M;
65
+(Pe3Z36 - 953235)?”3 + (P64Z46 - p54z45)m4
where py; = # Equation A1.3

Lt

Equations Al1.2 and A1.3 have treated the binaries at the L4 and L5 locations
as a n-body collinear configuration, where z, z,,; and z.. will divide out of
their respective equation of motion allowing a calculation of the
perturbation coefficients and velocities. This will not happen for this
problem in general due to #y; and #.s not being aligned with the vector
between the L4 and L5 points. The only way these vectors will align is when
mass one is equal to mass two. Therefore, approximations must be made to
remedy this situation. Assuming the following conditions where each binary
distance approaches zero and z,; aligns with z.s, the perturbation
coefficient and binary velocity problem will be resolved. Restrictions made
on binary mass and distance are listed below

My = Mg Ty = Mg Hag = Hee Xy = Xo Equation Al.4

Ta3 Tes
=2 28T 5 O
7 ¥

P31 = P41 = P51 = Per

Psz = Paz = Ps2 = Pez P53 = Psa = Pe3 = Pas

Mass position vectors and mass position difference vectors are also
needed to derive the binary velocities in equation Al.3. The mass position
vector equations relative to the barycenter from the geometry illustrated in
figure Al can be found listed below

Ty —tmy—0 =ty +0 .
¥ =——2—¢F 4§, =——2_"¢ Equation Al.5
29 28
5 My =My My - =
Ty = — =Tz — 3
3 7 _— P
Y 1~ Mz w3 = 1
Ty = +—=¥y3 —op
29 Ha3 2
= Ty —ly - Mg - 1.
=Dy Mep Ll
26 Has 2
= my—My > s =
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where # = Y% m;. Mass one is the dominant mass with mass one greater or
equal to mass two. Using the mass position vectors from equation Al.3, the
binary mass position difference equations in terms of the Jacoby coordinates
7, Ty, Teg and p are determined by Equation A1.6 below

Y31 =5V ——— ¥4y =P Yo TSP+ —Ty3 —5p
2 Ha3 Ha3
7 —1?—m4? _lﬁ 7 _1?+m3F _1p
32 3 iz 43 2 42 2 taz 43
— 1. e - = Ty =
Fog =<tV ——¥gs+2p Fgg =——Tyz —— e+
2 Hes 2 Ha3
= 1 Mg = A3 = m3 Mg =+ =
oy = —=F ——14s + = Yoy = — =¥y —— T +
52 5 fes 65 s 54 g 48 T 165 P
= - 1. ms - 1 = oMy = ms - -
o1 =SV +—tes+p Fes. =T — Nz +—TFes+ g
2 Hes 2 Ha3 Hes
= 1 M5 1 = m3 M5 =
Tez = —5T +—Tegs +5p Tea = —— T3 +—Tgs +p
2 Hes 2 fa3 Hes

Substituting equations Al4 and Al.6 into equation Al.3 vields an
approximate velocity and perturbation coefficient result

(paatt — 1)2 = —p3yMyZ — p3 Mz — Py MyZ — pyymyz Equation AL7
G(p— 73 3 3 73
y2 =2t L=z Mz + Mg+ m +m,
v 31 132 i1 Taz
P3
(.043#43 - %) Zaz = TPy Zaz — PaaMyZas — P5aMgZyy — PeaMgZys
G(Haz—x3 2 3 3 3 3
Y2 =108 vE g = X1 =—my +=m, +=ms +—m
43 Taz 43 1 ({bz 7.431 1 + 7.432 2 + r534 5 + rg4 6
)
Py _
Pestgs — _PZ Zgs = TPe1MZgys ™ PeaMpZes — PazMaZas — PaaMyZes
65

Gliles 23 ¢3) 3 73 73 33
o 65 X2 ¢3 _ _

Vo, ===t re =X, Py ==—myt—omytomyt=my
Ta1 T&2 Té3 Té4

Tes Tes
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velocities V,; and V. are equal.

From the state vector equation Al.l and the mass position difference
definition 7y;, the ratio % can be evaluated to determine the perturbation

coefficients and velocities derived in equation A1.7
T3 = (X3 — )2 + (v5 —y)H)Y?

T3z = (X3 — x2)* + (¥3 — YZ)Z)I/Z

Toa = (X6 — x4)* + (¥s — ¥4) )2

the above equations yield

Bo 1+ GO+ ()Y Equation ALS
43
2 _ (1+@E- a)ﬁ—xl (%xl)z)uz
= (-G a)p R + (Ex)H)H
i RS g a)ﬁ—xl + (= ;xl)z)uz
2= (1= (B +a)fEix, + (E2x))
65
152 (1-3- cr)ﬁ—xz (;—6x2)2)1/z
65
5 = (V3 — 32 mg — m))? + a2y
65
5= V3- 2\/_;3_962
= 1+ G+ o + Cx))
r Hes
= (1+G -2y + o))
Has

11‘5—3—\/_+2\/_,8—x2
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Bt = (V3 — 2 fxy(m — me)Y? + a?fPa5)?

Equation Al.7 velocities V., V., and ¥.__ computed using the distance ratios
in equation Al.8 give the final quantities needed to do numerically
integration of the I.4 and L5 binary state vector in equation Al.1.

The distance between the center of gravity of the mass three four binary
and the center of gravity of the mass five six binary has been approximated
to be p = +/3r for the problem analyzed above. This is the value that was
determined from the restricted three-body problem for zero mass at the
equilibrium positions. However, It appears that for non-zero mass binaries
at the L4 and 1.5 locations, the equilibrium regions may migrate away from

p =/3r. This situation was noted to have occurred in chapter four 4.2.2.

It appears from this analysis that any geometry in the mathematical
logical system may be incorporated at the 1.4 and L5 equilibrium points to
produce a state vector to numerically integrate for studying particle motion.
To give credibility to this conclusion a double binary configuration has been
embedded at the 1.4 and L5 points and a state vector for this system has been
successfully derived and numerically integrated. This problem will be
presented in the next part of the appendix.

A.2 Double Binary in Orbit about the 1.4 and L5 Location

The I.4 and L5 double binary problem is solved in the same manner as
the single binary configuration, that is, using the inverse problem of
dynamics with type one geometry and the sidereal synodic relations in the
collinear infinitesimal interval at time zero. Configuration geometry can be
found in figure A2. As seen in figure A2 the vector geometry is more
complex with the addition of the extra binary at each equilibrium location.
For example, there are other rotating vectors (g, and, g,) in the double
binary configuration to consider in formulating the double binary motion.
These vectors extend between the binary centers of gravity for each double
binary configuration at the 14 and L5 locations. This situation was
encountered in chapter one where the collinear double binary problem was
solved. The difference here is that this double binary problem is an
approximate solution and not a deterministic solution. Double binary mass
equations of motion are in terms of Jacoby coordinates 7, ¥z, Tas, Ta7, Tio.0,
£, and, g, relative to the barycenter in the infinitesimal interval at time zeto.
Ten-body state vector is derived in the first part analysis for the double
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binary L4 and L3 configuration and is given by individual binary below.
State vector coordinate system is barycentric inertial. All binaries in the
double binary configurations at the L4 and L5 locations are rotating
counterclockwise.

First Binary
g +ilgz+ ’ :
X, = _ Matlastiles i =0 Equation A2.1
H+2a3+2Hes
3 g Hilaz Hiss
=0 S T
N 2l HAZpazt2ies |
my gzt .
x, = 1#43.”651, xz:O
fHr2iazH2lgs
. My Higz Hiss
=10 Se—————
Yz Y2 H+2a3+2tes |
Second Binary
Hes . 3 L
Xy =—1’+aﬁ—1‘43+ txﬁ—P1 XSZ_TVr_\/gﬁ‘u_Vf‘u_
43
\/_ﬁ Hos V
_ tiss v =% it
Ya —_T+‘/_ﬁ_7”43+ V32 p, y3=shtaf—Vy +
Boy 2 Haz
Hess
aff—=V,
ﬁ-um o
_ Hes & \E L
x4——1’—ﬂfﬁ—7”43+ aﬁ_pl x4__7Vr‘+\/§ﬁEVf43
Hes
V3=V,
Hoy ©

:_T_\/_ﬁ_n}s"‘ \/_ﬁﬁpl y4=§w_—aﬁﬁV43+
ﬁﬁssv
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Third Binary

*s =57+ af s — af i, xy = =%
2 Hes

V3 .
K o RS e TR (Rl AR ol

Hes
Ha3
V.
2 Hpy Bt
_ a3 s V3 Tils
xe—_r_aﬁ_res_ aﬁ_ﬁh X =~k +\/§ﬁ_Vr
1
‘\/_ﬁ lu-43 V
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o1 Hes
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« v
ﬁ-um
Fourth Binary
oy ma _ Hioo . zﬁ
A =l af u877’87 af g P X7 5 \/§ﬁ . |/
ey,
y7 = __T +\/_ﬁ_rg7 + ﬁﬁto’gpl j’? =%Vr _aﬁﬂ Tg7
01 Hg7
10,9
=19
af Hpy R
o« nty Higo . _ V3 Tz
Xg==r+af—rg;— af——p xs—_Vr+‘/§ﬁ_V;~
2 Ug7y oy 2
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YS:__T_\/_)S_TEW"‘ ‘/Eﬁ ;09}31 Ya j +“ﬁ r87
o1 Hg7
10,9
=19
af Hpy P

EBSCChost - printed on 2/13/2023 8:31 PMvia . All use subject to https://wwm. ebsco.conl ternms-of -use



EBSCOhost -

186 Appendix A

Fifth Binary
Ha7 % _ V3 Mo
Xg = T—aﬁ—1’109+ “ﬁ_Pl Ko ==W V3=V _+
2 Hips '10°
\/_)8 .UB7V
m i ) (x m
Vo = ——’I’ +\/_ﬁ 10 ?’10,9 \/_ﬁﬂpl Yo =; e _aﬁulzz ros T
Hgz
—V
w Hpy P
_— & % _ d— Mg
X190 = T + aﬁ_ﬁoe + crﬁ Pl Xy ==V + }9 rmg +
.u87
—V
\/_ﬁ Hpy ol
i
J’m:__?’_ ‘/_ﬁﬂpl 3’10— +“ﬁ H1om rwg"‘
aﬁ Haz V
where @ = —2—2—and 8 = (3 + a?)"V/2
Ht2[y3+2fes

Velocities V., 1., Vi, Vo, Wy, and Vyy in the ten body L4 and L5
binary state vector are derived from the equations of motion in the second
part of this analysis and will need to use the mfinitesimal interval method
with type one geometry and the sidereal synodic relations at time zero to
estimate their magnitude. The infinitesimal interval calculation allows
determination of the perturbation coefficients which ensures that
gravitational interaction between the masses has been accounted for in the
approximation. Equations of motion for this ten-mass configuration in the
complex plane with the sidereal synodic relations are

Ny Py = (1121 + npl)Ppl = (1121 1, + n43)P43
= (n21 + 1 t nes)Pes

N Py = (n21 + an)PpZ = (n21 Tt 1,z n87)P87
= (nu + 1y, + n10,9)P10,9

Due the double binary configuration symmetry the following constraints
apply
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Pp1:Pp2 Peg = P Paz = Pigo
Ny =Ny Nyz = Nype  Ngs = Mgy
Yos = Tg7

pl=p2 Taz = T1p9
The mass one and mass two first binary is on the rotating x’ axis and
therefore Z = z = 0. Double binary equations of motion are

P312300M3 + (PazZa2 — ParZa1) My

(P21t — 1)z = (p3azs;
+(Ps2252 — Ps1Z50)Ms + (Pe2Z62 — Pe1Z61) M
+(p72272 — P71271)M7 + (PszZ82 — Pe1Zs1)Ms
+(p9220s — Po1Ze1 )My + (.010,2210,2 - Plo,lzlo,l)mlo
= Gtes) Equation A2.2
3

=
3 3 3 3
m3+ m4+ m5+ m6+ m7+ m8+

¢ =

3
3

3

3 3

=T 9+_T3 My
9 10,1

)243 = (Pa1Z12 — Pa1Z13)My + (Pa2Z24 — PazZzz) My
— P36Ze3)Me

(943#43
P35Z53)Ms + (DagZes

+(DasZss —
— PagZg3 )My

Hpaz274 —

+(Pa0Zos —
V2 G (iaz+x7 o)
T4z T

Tz
3 3 3
3m1+ m2+7m5+7m6+ my +
T T 7
45 16 47

P372730M7 + (DagZps
- P3,10210,3)m10

P30Z93 ) Mg + (:04,10210,4

143 = X1 ¥

r3 3 r
3 Mg + 3 Mg+ 5Ny,
Tag Tis T
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(Pes#&s 2 )Zes = (pe1716 — Pe1Z1s)My + (Pe2726 — PsaZzsImy
+(DeaZae — Ps3Zas)Ms + (PaZae — PsaZas )My
+(pe7Z76 — Ps7Z75)M7 + (PesZos — PssZes )My

"'(.069295 - P59295)m9 + (Pe,mzm,e - P5,1oz1o,s)m10

_ Gluss+xids)
Tes

er Ve = X7

T r T r

P ==m; +=my +==my +=—my +—m, +
T T T T,
6 63 64 67

PZ
(P87#87 87) Zg7 = (Pg1Z18 — P71217)M + (PaZag — Pr72%27)M;
+(Pg3Zsg — P73Z37)M3 + (PgaZag — PraZaz )My
HPgsZsg — PrsZsr)Ms + (PgeZeg — PreZer Mg
+(PgoZog — ProZo7) Mo + (p8,10210,8 - P7,10210,7)m10

i G (fiar+x3 ¢q)

Ty = Tgy = X357
7.3 3 3 3 .',.3
¢4=—m1+ m2+ m3+ My +—mg +
7‘ k¥
81 8 85
1,.3

3 7.3
Mg + Mg + My
84 85 310

PZ

F1o,9M109 — P Z1p9
10,9

= (P10,1Z1,10 - P91Z19)m1 + (.010,222,10 - P92229)m2
+(P10,323,10 = 1093239)7”3 i (P10,4Z4,10 ~ .094249)7”4
"’(Pw,szs,lo = P95259)m5 T (plD,GZG,IO o= .096269)m6

+(P10,7Z7,10 - P97Z79)m7 + (Pw,szs,m - p98289)m8

EBSCChost - printed on 2/13/2023 8:31 PMvia . All use subject to https://wwm. ebsco.conl ternms-of -use



EBSCOhost -

Collinear Configurations Orbiting L4 and L5 Lagrange Locations 189

3
vz = G{fiootxyds) % = i
Tioo —?‘10,9 10,9 4
53 5 ] 3
¢5_3 m1+3 m2+3 m3+3 m4+
Tioa 10,2 Tig3 10,4
3 3 3 3
i T T T
3 g + 3 Mg + 3 My + 3 Mg
Tios Tig6 Tig,7 Tios
&

where  p;; = Wz—rg
Equation A2.2 has treated the double binaries at the 1.4 and L5 locations as
a n-body collinear problem, where the collinear double binary configuration
at the L4 point aligns with the collinear double binary at the .5 point and
both of these double binaries align with the vector from L4 to L5. This
results in a simplification of the equations of motion. Other than this
approximation, the only way these vectors will align is when mass one is
equal to mass two. It is also assumed that the distance between mass three
and mass six at the L4 location is small relative to the distance between the
L4 and L5 locations. The same is true for the double binary at the L5
location. Therefore, the distances between the binaries will approach zero
and the problem in determining the perturbation coefficients and binary
velocities 1s resolved. There are some additional restrictions made on double
binary mass and distance as seen below

Mz =My My =Mg Mg =Mg Mg ="My [Ha3 = HipoHles = Hg7
P31 = P11 P11 =FPo1 Ps1=Ps1  Pe1 = Pn Xz = X3
Xy = Xy P2=1¢s 3 =¢s Equation A2.3

Velocity computation for Vﬂl and Vp , 18 a function of the perturbation
coefficients that are derived from the p1 and p2 equations of motion.
Jacoby coordinates pl and p2 are the distances between the binary
subsystem centers of gravity for the mass three through mass six and mass
seven through mass ten respectively. The equation of motion for the Jacoby
coordinate p1 between the mass three and mass four binary and the mass

__ zZz +gZy

five and mass six binary can be derived by using 2z, I ——
43

Equation 1.3.5 can be used to start this derivation.
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Gm1( 3
ﬁ43 7'3

224) + b —

GmZ( 3

e -7 2 —_
Zang + 2Widys, — W Zyg, = Z13 + Z14) + Z3 t

G
- _3 Z1p3 + = Z10.4)
Haz 3,3 10

Result of this analysis for V,, (V,, = V) and perturbation coefficient ¢,

are shown below

2 _ Lioi gy, 72 _ Gup I”
ot =y B — s
2 Hgs ALl Hes
2 2
T T Mitlpr 1, 4 T T
—— (= - — m
¢6 rf 1 [ 20y 218 ) T; 5 Tg &

It can be shown that due to symmetry V,; =V,

The ratio % can be evaluated from equation A2.1 to determine the

perturbation coefficients and velocities derived in equation A2.2. Starting
with the double binary distance ratios in .4

Tes

(( +Crﬁ—x3+(xﬁ x1)2+(—+\/_ﬁm65XS
V3B T xl) i ai Equation A2.4
= (Ot — )2 + yD)2r
B (G+aplin —af Thn ) + (2 +V3E I,
V3 ﬁ:‘zjl) e
= (Cea =) + ¥ 2
mTz = ((r — (g —x1))? + yDY2r 1
= (G- apTix; + af Zox,)? + (D VI xs +
V3 ﬁ%x;) e

= (s —x)* + ¥y r
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= (G- ap 22y, - ap Pt + (5 V3T,
V3p )
= ((xs — x1)2 + y§)1/zr—1

B = ((r — (2 — 2 + YO

T m, T m, m

=% =iyt h =gy a2

r Hes Ha, 7 Hes Ha3

Te m. T

L=x+—=2x, +—x; L=y +—2x, ——x,
H Haz r H H

The double binary geometry in L5 is symmetric to the double binary
geometry in L4 and therefore the same equations in equation A2.4 can be

used for L5. For example, Bt _ 0L age,

Double binary ten-body state vector in equation A2.1 was numerically
integrated for a period of five hundred years for the following masses and
mass distances with results shown in figures A3 and A4.

m; =15M  m,; = 9.553x10~* SM (Jovan Mass)
my through myy =.05m; 15, = 2.5 4U

Tz through 199 = X175, pl=p2 =x375,

X, =xy =.2x10°2 X3 = 1x10 72

Ten body configuration state vector trajectories in the nmumerically
integrated ephemeris were analyzed by studying the double binary behavior
in the L4 and L5 equilibrium locations. These binaries for the given mass
and mass distance input are finite stable over the five-hundred year epoch
in which they were run. The somewhat noisy binary separation distance
variation seen in figures A3 and A4 may be caused by the approximation
used to generate the double binary state vector. Also, the L4 and L3
separation distance of p =+/3r in the derivation, which may be an
approximation, could possibly be contributing to this noise. It is not known
how long this ten-body configuration will remain finite stable, however, by
varying the binary mass and mass distance the finite stability span can be
extended and controlled.
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It is expected that more complex collinear configurations can
successfully be derived and numerically integrated to show large nmumbers
of particles can exist in finite stable orbits at the [.4 and L5 equilibrium
regions. This would be consistent with observation where many asteroids
are known to exist at the Lagrange regions in our solar system.

¥

My — : 4 ——my ——— - x

ms

FIGURE Al. Single Binary Orbiting L4 and L5 Location
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FIGURE A2. Double Binary Orbiting L4 and L5 Location

printed on 2/13/2023 8:31 PMvia . All use subject to https://ww. ebsco. coniterns-of - use

193



194 Appendix A

0.0088

0.0056 - e T =TT S E WL S UL SR m_i
M8 and M@

0.0084 C =

0,004+ ———— — — s

i Time {yoars)
0.0042 +— = =
0 40 a0 120 160 200 240 260 20 60 400 440 480

FIGURE A3. Integrated Double Binary at L4 Location

ami

0.0056

[—wTandme |
\——Mend 10|

Time {years)

0.0042 - -
¢ # 8 120 180 200 240 280 20 30 400 440 480

FIGURE A4. Integrated Double Binary at L5 Location
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