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PREFACE 

The n-body problem of 6n-12 degrees of freedom with the twelve 
inherent constraints creates a difficult situation in working the equations of 
motion for three or more masses. This befalls the mathematical physicist to 
remedy the situation by determining proper constraints to get past this 
dilemma by requiring a specialized set of conditions to define a unique 
problem. Procedurally, this results in working n-body problems in a case by 
case environment. On the assumption that deterministic solutions are of 
interest, then the population of problems solved under these conditions 
appear to be limited. The question arises, if a general approach to solving 
certain classes ofn-body problems exists and how they could be formulated 
to meet the deterministic constraint. Existing in this work is a large body of 
n-body problems that can be formulated and solved using methods whereby 
the given initial conditions defining these structured mass configurations 
allows deterministic solutions. In the following chapters specialized n-body 
configurations will be structured systematically and analyzed revealing 
characteristics of their behavior. 

The n-body problem is usually approached in a deductive manner as 
implied above, that is, searching for a general solution of the equations of 
motion over a finite or infinite interval. This method can be quite daunting 
due to the lack of constraints. However, approaching then-body problem in 
an inductive manner, such as the inverse problem of dynamics, can reduce 
the degrees of freedom as a result of the forces being determined by the 
given properties of their motion. Using the infinitesimal interval method for 
tiered n-body systems with type one geometry and the sidereal synodic 
relations at time zero relative to the barycenter in the configuration plane of 
motion is a compromise that exploits both deductive and inductive 
approaches. Combined deductive and inductive processes simplify the 
formulation complexity of the tiered n-body problem resulting in a more 
intuitive understanding of particle interactions in terms of configuration 
subsystems. Binary, trinary, quadruple etc. subsystem finite stability within 
the n-body configuration is one such example. Subsystem perturbations, 
particle velocities, state vectors, period ratios and sphere of influence are 
other examples. The first two chapters address the tiered structure of the n­
body problem using the methodology just described. These configuration 
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solutions are a specialized subset of all possible solutions contained in 
Newton's equations of motion. 

Concentric regular n-gons are covered in the third chapter using methods 
for n-body deterministic solutions similar to that of the collinear n-body 
infinitesimal interval problem. Systematically, starting with solving the 
single polygon structure and then proceeding by evolving to more complex 
systems results in analysis that allows solving the multiple and infinite 
concentric polygon problem. Central to the concentric n-gon formulation 
are determinations of structured particle distributions necessary to find 
unique solutions of regular multi-polygon configurations. Required 
distributions necessary to solve this problem involve determining intra/inter 
perturbations, multi-polygon separation distance and mass scaling. These 
distributions are not unique therefore requiring further analysis using 
numerical optimization to find the minimum ( extrema) potential energy 
solution. Depending on how multi-polygons are structured can force the 
intra/inter perturbations to have singularities. Resolving this situation leads 
to greater structural complexity requiring non-regular as well as regular n­
gons to make the concentric polygon structure singularity free. 

The Orthogonal collinear configuration presented in chapter four is a 
variation of the collinear infinitesimal interval problem worked in chapters 
one and two. This class of structured configurations use collinear masses 
along the inertial x and y axes possessing symmetry where the geometric 
center and the barycenter coincide. Masses on the x-axis as well as on the 
y-axis are balanced relative to the barycenter in a restricted problem to 
maintain this symmetry. Several of these configurations are solved 
beginning with the most fundamental restricted double binary, which is 
composed of one mass on either side of the x axis relative to the barycenter 
and one mass on either side of the y-axis relative to the barycenter and then 
proceeding to a quadruple binary with two binaries on each axis symmetric 
to the barycenter. Stability analysis for the double binary configuration has 
been worked in the sense of Lagrange using the first order approximation 
from the eigen value problem to compare to numerically integrated state 
vectors trajectories with the purpose to show that although a trajectory is 
not stable for all time, it can easily be stable for a finite time. 

Placing collinear configurations at the L4 and L5 equilibrium locations 
with the purpose of verifying that finite stable orbital systems can exist there 
is studied in the appendix. Two such configurations are investigated. 
Approximate state vectors have been derived for binary and double binary 
configurations orbiting the equilibrium locations at the Lagrange L4 and L5 
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points assuming that a pseudo mass resides there. Numerically integrating 
these state vectors has verified that they can be finite stable. It is suspected 
this analysis could be extended to show that large numbered collinear mass 
systems can be finite stable at the L4 and L5 locations for extended periods 
of time. 

In presenting a specialized work on the collinear infinitesimal interval 
and other related n-body problems, it has been assumed that a back ground 
in the basic mathematical and physical concepts forming the foundations of 
celestial mechanics are already known. There exists a plethora of work on 
celestial and classical dynamics, non-linear differential equations, figures of 
equilibrium and stability of motion published over the last several centuries 
that substantially embody this field. To this end a collection of these 
publications have been listed pertaining to celestial mechanics, classical 
mechanics, stability theory and linear/nonlinear differential equations. 
These references can be found posted in the reference section at the end of 
this book. 
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CHAPTER ONE 

COLLINEAR N-BODY PROBLEM 

Within its elegant mathematical formulation, the n-body equations of 
motion comprise every possible classical trajectory per any given set of 
masses ( dense set). Infinite problems of great complexity reside within these 
coupled sets of non-linear differential equations. It would be of interest to 
formulate complex systems by structuring then-body configurations in such 
a manner where they could be solved under the proper constraints resulting 
in systematic deterministic solutions consistent with the given conservation 
laws of physics. Therefore, it would be within capability to reduce the 
'every possible' particle trajectories to just the possible structured subset 
that is properly constrained to get a deterministic solution. Although these 
configurations are a subset of the 'every possible' n-body solutions and do 
not encompass the whole classical 'real universe' of solutions, they are still 
viable and provide the mathematical physicist with insight into the nature 
of particle motion. 

No general agreed on, or accepted finite/infinite time interval 
deterministic solution to the n-body equations of motion exists, including 
any particular general solution of three, four or more bodies. Trying to solve 
the n-body problem starting directly from the equations of motion for a 
particular n-body configuration can be a difficult way to proceed, whereas, 
determining the forces from the given properties of motion as in the inverse 
problem of dynamics (Besant, 1914, pp 140-144, Ramsey, 1929, pp 253-
254, Galiullin, 1984, pp 25-28, Santilli, 1978, pp 219-223) may be more 
instructive. Constraints on particle position reduce 'every possible position' 
to just one possible collinear particle distribution, thereby reducing the 
degrees of freedom. Constraints on particle velocity and acceleration will 
reduce 'every possible velocity and acceleration' to just one possible 
velocity and acceleration distribution thus further reducing the degrees of 
freedom. Finally, using sidereal synodic relations, type one geometry and 
constraining time to the infinitesimal interval will reduce the degrees of 
freedom to zero. Properly constraining the structured n-body position, 
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velocity and acceleration at time zero, results in a solution domain only 
existing at one point, that is, a state vector solution domain. 

Formulating then-body problem into a tiered structured collinear system 
of particles constrained by type one geometry, sidereal synodic relations 
that are rotating within an infinitesimal interval at time zero, will allow 
deterministic state vector solutions. Infinite families comprise the tiered n­
body configurations where every family is populated by infinite members 
and those infinite members have infinite variations. Deterministic solutions 
can be found for every one of these collinear configurations using Jacoby 
coordinates within the infinitesimal interval relative to the barycenter. 
Particles at time zero are in instantaneous circular orbits verified by showing 
the collinear solution is consistent with conservation of energy where twice 
the kinetic energy is equal to the potential energy. Numerical integration of 
the instantaneous solution state vectors will result in trajectories that are the 
most circular or least elliptical of all orbits for that particular configuration. 
This orbital characteristic is due to the type one geometry constraint where 
all particle velocity vectors are perpendicular to all particle position vectors 
within the infinitesimal interval relative to the barycenter at time zero in the 
given plane of motion. 

1.1 Collinear N-Body Structure 

The structured collinear n-body configurations are defined to exist over 
an infinitesimal interval at time zero (t = 0). Newtonian equations of motion 
are infinitesimally rotated in the complex plane within the infinitesimal 
interval relative to the barycenter and constrained by type one geometry and 
the sidereal synodic relations. The Newtonian system is defined as a 
dynamical, discrete, classical non-relativistic Euclidean space and 
consistent with the laws of conservation ( all masses are non-zero). 

Collinear n-body configurations are conservative dynamical systems 
centered at the barycenter (0,0,0) fixed in three-dimensional Euclidean 
space with an inertial right-handed coordinate system x, y, z. The n-body 
equations of motion are formulated in the complex plane over the 
infinitesimal interval (Lass, 1957, pp 314-319, Pollard, 1966, p-49) as 
specified below 

Equation 1.1.1 
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where and 

The sidereal synodic relations (Kurth, 1959, pp 1-8, Bauer, 2001, pp 1-2) 
that specify the general geometric conditions under which the collinear n­
body configurations rotate 

Equation 1.1.2 

where Pi is the period of the given motion at time zero and ni the 
corresponding coefficients. 

Collinear configurations in the n-body complex formulation are 
transformed into Jacoby coordinates reducing the number of equations per 
configuration to n - 1 coupled equations of motion. By systematically 
coupling these n - 1 Jacoby configurations, tiered structures can be created 
and solved by using equations 1.1.1 and 1.1.2 with type one geometry. Any 
tiered collinear configuration can be illustrated in terms of its basic 
component subsystems as defined by their Jacoby coordinates. For example, 
the three-body collinear family is composed of one member (symbolically 
written as 123) with five additional variations. These six total configurations 
represent an ordered set where mass three is systematically placed in all 
possible gravitational subsystems relative to mass one and mass two. The 
six total configurations can be written out in the following manner 

Equation 1.1.3 

where underscoring represents Jacoby coordinate coupling. A mirror image 
solution exists for each of the configurations however, they are considered 
redundant. General form of a collinear three-body solution can be written 
as a quintic polynomial which results in the above six configurations 
expressed as six quintic equations. The first two quintic equations 
( configurations) in equation 1.1.3 intersect, with that intersection resulting 
in an additional quintic equation. This is also true of the third and fourth 
configurations and of the fifth and sixth configurations. There now exists 
three intersection quintics resulting from the paired six configurations, and 
it can be shown that the three intersection quintic equations are the same 
quintic equations derived by Euler (Roy, 1988, p 119, Pollard, 1966, p 51, 
Wintner, 1964, p 430, Szebehely, 1967, p 297) for his solution of the 
collinear three-body problem. 
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Adding another mass, the collinear four-body problem can be described 
in a similar manner as the collinear three-body problem where the four-body 
family is composed of two members wiitten as _Ll34 and 12 34. The second 
configuration is a double binary system with masses one and two 
representing the first binary subsystem and masses three and four 
representing the second binary subsystem with each subsystem in orbit 
about the other at time zero. Two collinear four body family members plus 
the member variations consist of approximately fifty unique configurations. 
Complexities arising from four body ordering account for the large increase 
in configuration number. Two four body ordered subset systems analogous 
to the three-body ordered system can be written as follows 

3(il4) (312)4 (312)4 (132)4 (132)4 (123)4 (123)4 1234 1243 (124)3 

3(114) (321)4 (321)4 (231)4 (231)4 (213)4 (213)4 2134 2143 (214)3 

Equation 1.1.4 

where ordering is defined by systematically arranging particle configurations 
in such a manner that the resultant systems are unique configurations. 

Interchanging mass one with mass two differentiates the second mass 
ordered system from the first. The frrst ordered set is by convention the 
reference set. Three-body ordered configurations in equation 1.1.3 can be 
seen sequentially embedded in the second through seventh four-body 
configurations of the first four-body ordered set. Parenthesis are used to 
delineate the three-body subsets. By systematically interchanging the 
masses one and three, two and three, one and four, two and four and three 
and four in the reference set, the remaining combinations can be generated. 
Approximately thirty unique combinations out of these remaining 
configurations will be left after removing redundant minor and duplicate 
configurations. It will be noted that all mass interchanging has been done 
relative to the first ordered reference set. 

This collinear n-body process can be continued by the method described 
ad infinitum. With each additional mass added there results a significant 
increase in configurations due to complexity in generating all possible 
unique combinations. Every collinear n-body configuration is solvable 
producing a state vector at time zero which can be numerically integrated to 
determine trajectory behavior for stability analysis (Lehnigh, 1966, pp 25-
71, Merkin, 1996, pp 103-111). The n-body collinear configuration 
hierarchy sequence can be represented as a mathematical logical system. 
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Found below is a listing of the first six-tiered n-body family configurations 
not including the family variations. 

1 

12 3 

12 34 

12 345 

12 3456 

12 34567 ... 

12 34 5 

12 34 56 12 3 45 6 

Equation 1.1.5 

12 34 56 12 3,456 

This mathematical logical system can be generated by either sequencing 
mass from the left or right of the unary mass. The above listing is generated 
from mass addition to the right and is a mirror image of a left mass generated 
mathematical logical system. With each additional mass the listing becomes 
more intricate as the mass number approaches infinity. For example, the last 
entry for the six-body configuration is a double trinary system represented 
as two three body configurations separated by a comma. For clarification, 
as masses are added, trinary subsystems may require a set of parentheses 
about each trinary to distinguish them systematically from every other 
subsystem when generating higher order configurations. In general, a 
system of underscoring, parentheses commas etc. will be needed to illustrate 
the n-body tiered configurations accurately. There are many possible ways 
in which this structuring can be symbolically formatted. However, 
whichever systematic representation employed, the proper perspective is 
needed to maintain the correct collinear rotating subsystems that compose 
the n-body configurations. 

Each column in the mathematical logical system of equation 1.1.5 is a 
family of configurations that can be solved as one set of deterministic 
solutions using equations 1.1.1 and 1.1.2. Analysis of these fundamental 
configuration structures requires formulating the collinear n-body problem 
in terms of Jacoby coordinates. Jacoby coordinates can be classified into 
three distinct categories. They are, mass to mass distance, mass to sub­
configuration center of gravity distance and sub-configuration center of 
gravity to sub-configuration center of gravity distance. Using the 
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infinitesimally rotating Jacoby coordinates with type one geometry, sidereal 
synodic relations in the infinitesimal interval at time zero results in a 
deterministic solution set. This solution set includes inertial velocities, state 
vectors, period ratios, perturbation coefficients and sphere of influence. The 
solution for the first column of the mathematical logical system is presented 
in the next subsection. 

1.2 First Infinite Family Configurations 

Although theoretically, the n-body mathematical logical system 
symbolically represented by equation 1.1.5 could be solved as one 
formulation of infinite configurations, only two subsets will be considered 
in this chapter due to the complexity of the general problem. The first 
infinite family is column one, as listed in equation 1.1.5 and defined in 
equation 1.1.1, have sidereal synodic relations under which the individual 
masses within the n-body configurations rotate consistent with equation 
1.1.2. First family Jacoby coordinates in the infinitesimal interval at time 
zero are r21, p1,pz, p3 , ... , PN~z where r21 represents the Jacoby coordinate 
for the mass one mass two binary subsystem, p1 represents the Jacoby 
coordinate from the center of gravity of the binary subsystem to mass three, 
pz represents the Jacoby coordinate from the center of gravity of the trinary 
subsystem to mass four etc. 

First infinite family collinear equations of motion in the complex plane 
using equation 1.1.1 describing infinitesimal rotations in the infinite interval 
at time zero, are as follows 

First equation is a result of coupling z1 and z2 where ~-1 = m1 + m 2 , and 
N is mass number. The last relation is the equation of motion from the 
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barycenter to mass N. This vector is along the x' axis rotating relative to 
the x axis at inertial angular velocity w in the infinitesimal interval (with 
iN = i.N = 0), the x' and x axis are coincident at time zero. Modifying 
sidereal syndic relations equation 1.1.2 for the first family gives 

Starting from the three-body problem through to higher tiered first family 
collinear n-body configurations, solutions can be found by use of vector and 
scalar geometry. Using the sidereal synodic relations in conjunction with 
the vector and scalar geometry allows determination of the infinitesimal 
rotation of the Jacoby coordinates in the infinitesimal interval relative to the 
x' axis. For example, rotating Jacoby coordinate z21 can be formulated 

inN-1+···+n3+n21 t 
Zz1=rz1e nN 

Substituting the second derivative of the above equation into the i 21 

equation and using the vector configuration geometry will give after some 
analysis 

Equation 1.2.1 

Continuing this derivation with the acceleration vectors i 3 , i 4 , ... zN will 
yield the complete set of </>i's needed to find the Jacoby velocities for the 
first family state vectors 

where <{>1 , </>z, <{>3 , ... , <f>N-l are the perturbation coefficients associated with 
the respective r21 , p1 , p2, ••. , Pn-z Jacoby coordinates. 
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Period ratios are another aspect of the first family collinear n-body 
solution and result as a function of using the sidereal synodic relations in 
solving the infinitesimal interval problem, with the number of ratio 

combinations determined by (CN-t))! for mass number N greater than or 
Z N-3 ! 

equal to three. The period ratio structure for the first family configurations 
are 

Equation 1.2.2 

PN 

Ps .................... PN 

Collinear n-body period ratio solutions as structured in equation 1.2.2 and 
determined from the equations of motion as found described in 
equationl.2.1 are 

Equation 1.2.3 

where A 2: 3 A= 3,4,5, ... ,N 

2 

Additional period ratios are calculated from P: by systematically inve1ting 
P21 

and multiplying the ratios of each configuration set. For example, the five 
body first family configuration period ratios determined from equation 1.2.3 
are c.!2.., !±., .!l) and after inverting and multiplying results (4, Ps, Ps) 

P21 P21 P21 P3 P3 P4 
. . h (N-1)! 

consistent wit -(--). 
Z N-3 ! 

Perturbation coefficients </>1 in equation 1.2.3 as determined from first 
family collinear n-body solutions found in equation 1.2.1 are used to 
construct the instantaneous state vectors. Summary of first family 
perturbation coefficients from equation 1.2.1 in matrix format are listed 
below 
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</>1 (;~1 .. 0 .. e13 e14 e15 eln m1 

</>z e22 .. 0 .. e24 e25 e2n mz 

<f>3 _ 2 e31 e32 e33 .. 0 .. e35 e3n m3 

<f>4 - r21 e41 e42 e43 e44 .. 0 .. e4n m4 
ms 

</>a eal ea2 ea3 ea4 eaS .. 0 .. mn 

Equation 1.2.4 

where e21=2... 
r/1 

e22 = 2... 
r}z 

e31=2... 
rl1 

e32=2... 
rfz 

e33=2... 
rf3 

e41=2... 
rl1 

e42=2... 
rJ2 

e43=2... 
rl3 

e44=2... rf4 

ea1=2... rJ1 ea2 =2... rJ2 ea3 =2... 
r~3 

ea4 =2... 
r~4 

eaS =2... rJs 

e24 = -e33 e25 = -e43 e2n = -ea3 

e35 = -e44 e3n = -ea4 

e4n = -eaS 

e13 = e22- e21 e14 = e32- e31 elS = e42 - e41 eln = ea2 - eal 

a =n-1 

First row double zeros in the equation 1.2.4 perturbation matrix denote a 
physical Jacoby binary coupling between mass one and mass two. In 
general, double zeros in the perturbation matrix denote mass coupling in 
hierarchical families. 

Scalar position differences 11k from equation 1.2.4 determined from the 
n-body configuration geometry can be expressed 

Equation 1.2.5 

1 
, ................... , 

X1 Tn2 X n - 2 
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10 Chapter One 

r 21 1 r 21 1 -=--, ............. ,-=---
T43 x2~x1 rn3 Xn-2-X1 

1 r21 , ............. , 
X3 ~xl 111;4 

r21 1 --=----

1 

Xn-z-Xz 

Distance between masses m 2m 3 , m 2m 4 , m 2 m 5 , .. . ,m2 171n is defined to be 
x1 , Xz, x 3, ... , Xn-z respectively. 

Scaling parameters li, ... , ln-z in equation 1.2.3 determined from the 
scalar configuration geometry are defined as follows 

Equation 1.2.6 

where 

The three-dimensional first family collinear state vector solution defined 
in the infinitesimal interval at time zero is presented below and is a line of 
nodes solution defined in the barycentric inertial coordinate system. 
Required inputs are configuration masses, perturbation coefficients, inertial 
velocities, Jacoby coordinates and inclination angles. 

1.2.7 

Yi= 0 
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x2 = 0 

Yz = 0 
. m1 V. . m3 V, . y· Yz = - r

2 
C0Slr

2 
- - p COSlp -

µ1 1 1 µ2 1 1 

Zz = 0 

. µ1 V, . y· Y3 = - p COSlp -µ2 1 1 

Yn- ..l = 0 

where Y. _ _,n-3 m;+3 V, . 
- .:.,f = l ~ p· COSlp. 

LJj=l mj t+l l+l 

and 

Collinear state vector instantaneous inclination angles ir
21

, ip
1

, . . . , iPn-
2 

in 
equation 1.2.7 are relative to the velocities V,.

21
, i,;,

1
, ... , ¼n-

2 
in Jacoby rand 
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12 Chapter One 

p coordinates. First family state vector velocities are calculated from the 
following equations 

v.z -..E....c _,I.,) 
r21 - - l-lr·21 '1'1 

'21 

for j = 1, 2, 3, ... , n - 2 Equation 1.2.8 

The first family collinear state vector equations 1.2. 7 are formulated relative 
to the three-body configuration. Any configurations greater than three­
bodies will need to use then - A position and velocity coordinate equations. 
These state vector equations are only valid for the first family and not for 
the first family variations. Due to constraint conditions placed on this 
problem, the resultant state vectors when numerically integrated produce 
trajectories that are the most circular/least elliptical for that mass, position 
and velocity combination. 

Kinetic and potential energy equations formulated for the first family 
are as follows 

Equation 1.2.9 

All collinear configurations are consistent with conservation of energy 
where twice the kinetic energy is equal to the potential energy within the 
infinitesimal interval at time zero. This is realized for the first infinite family 
configurations when the velocity equations 1.2.8 are substituted into the 
energy equations 1.2.9 to show consistency with the conservation laws. 
Conservation of energy for the first family can also be verified by use of the 
Lagrange-Jacoby identity l = 2T - U. Where / is the moment of inertia 
and defined to be 

Since distance within the infinitesimal interval for the n-body 
configurations at time zero is constant, the second derivative of the moment 
of inertia is zero and therefore twice the kinetic energy will be equal to the 
potential energy, thus, giving the expected result. 
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1.3 Infinite Binary Configurations 

Any family of configurations in the mathematical logical system should 
be solvable in the manner presented in subsection 1.2 using Jacoby 
coordinates with the sidereal synodic relations and type one geometry in the 
infinitesimal interval at time zero. Hierarchical solutions can also be 
constructed between families by grouping binary, trinary, quadruple etc. 
configurations in the proper order under the same constraints. In this section 
the collinear infinite binary solution will be presented, that is, formatting 
the collinear n-body equations of motion in terms of double binary, triple 
binary, quadruple binary etc. configurations. Jacoby coordinates will be 
designated by r1, r2, ... rN for each binary subsystem with the Jacoby 
coordinates p 1, p 2, ... p ( N - 1) designate the distance between the binary 
centers of gravity. The vector between the binary center of gravity is also a 
binary subsystem. 

Infinite binary collinear equations of motion in the complex plane 
describing infinitesimal rotations in the infinite interval at time zero, are 
listed below. These coupled binary equations of motion will be used to 
determine the perturbation coefficients, inertial velocities, period ratios and 
state vectors for the infinite binaries. 

.. + 2 ·' 2 _ GJ1rN + Gm1 
Zn,(n-1) wizn,(n-1) - W Zn,(n-1) - - -3--Zn,(n-1) -3-zl,n -

rn,(n-1) r1,n 

~ z + ... + Gmn-2 z _ Gmn-2 z 
r3 1,(n-1) r3 (n-2),n r3 (n-2),(n-1) 
1,(n-1) (n-2),n (n-2).(n-1) 
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The initial equations of motion using equation 1.1.1 have been reduced by 
a factor of two by converting to Jacoby coordinates where 
Zzi, i 43, ... , Zn(n-l) represents this coupling. Total mass number is 
represented by n ( even) and total binary number by N (n = 2N) with mass 
sums flrN = mZN-i + mZN. The r 2 i, r 43, rn,n-i Jacoby coordinates will 
be referenced as r1, r2, ... rN in future equations. 

Sidereal synodic relations in equation 1.1.2 have been reformatted to 
apply to the infinite binary configurations. They are more complex than first 
family n-body configurations due to the intricate nature of the binary 
geometry. Differentiation is made between r binaries and p binaries when 
writing out the sidereal synodic relations, where Pr; represents the period of 
the ri binary subsystem and Pp; represents the period of the vector between 
the ri binary centers of gravity. Infinite binary sidereal synodic relations can 
be written as designated below where N indicates the number of binaries in 
a given configuration. 

Equation 1.3.1 

nµ(N-1)Pp(N-1) = (np(N-1) + nµ(N-z) + ... + nµ1 + TTr(N-z))Pr(N-z) 

np(N-1)Pp(N-1) = (np(N-1) + np(N-z) + ... + nµ1)Pp1) 

The double binary subsystem has two rand one p Jacoby coordinates, 
triple binary subsystem has three r and two p Jacoby coordinates, quadruple 
binary subsystem has four rand three p Jacoby coordinates etc., where this 
geometty is incorporated in equation 1.3.1. Terms used in the sidereal 
synodic period relations and their coefficients are defined 
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Pr1 period of first binary subsystem (mass one mass two) 

Prz period of second binary subsystem (mass three mass four) 

PrN period of N th binary subsystem 

15 

Pp1 period of double binary subsystem (m1m 2 and m 3m 4 center of 
gravity distance) 

Ppz period of triple binary subsystem (m1m 2 and m 3m 4 center of 
gravity distance to m 5m 6) 

Pp(N-t) period of p(N - llh binary subsystem 

It is necessary to diagram the vector binary geometry structure to identify 
rotating vectors in the complex plane. Formulating these rotating vectors as 
exponentials to substitute into the coupled equations of motion with the 
sidereal synodic relations ( equation 1.3 .1) and type one geometry will result 
in a collinear solution. To start this process for example, the rotating Jacoby 
coordinate z21 relative to the x' axis can be formulated 

tp(N-2)+···+np1 +nr 1wt 

Zzi = rle nµ(N-1) Equation 1.3.2 

Substituting the first and second derivatives of equation 1.3.2 with respect 
to time into the i 21 equation of motion and using the vector configuration 
geometry will give after analysis 

where 

(no r1 binary terms) 

Continuing this derivation with the acceleration vectors i 43, 

i 65, ... Zn(n-l) will yield the complete set of <f>r{ s using the z43 , z65 , 

, Zn,n- l rotating Jacoby coordinates with the sidereal synodic relations 
( equation 1.3.1) to find the velocities for the infinite binary state vectors. 
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Equation 1.3.4 

where </>r1, </>rz, </>r3, .. . , <f>rN are the perturbation coefficients associated 
with the respective rl, r2, r3, ... , rN Jacoby coordinates. Perturbation 
coefficient <f>rz has no , r2 binary terms, <f>r3 has no r3 binary terms and 
<f>rN has no rN binary terms. 

To find the perturbation coefficients of the infinite binary subsystems 
pl, p2, ... p(N - 1) that are between the binary centers of gravity, the 
equations of motion will be in terms of the vector from the barycenter to the 
given binary subsystem center. The equation of motion for the Jacoby 
coordinate pl between the first binary rl and the second binary r2 can be 

d . db . m3Z3+m4Z4 h. h. h fr th b enve y usmg z 43c = ---=---=-----''---'-, w 1c 1st e vector om e arycenter 
/lr2 

to the center of gravity of the mass three and mass four binary subsystem. 
This pl equation of motion can also be obtained by following a different 

h h . b . m1z 1 +m2z2 h. h • th fr th vector pat , t at 1s, y usmg z21c = ......a....a..---''-"', w 1c 1s . e vector om e 
/lr1 

barycenter to the center of gravity of the mass one and mass two binary 
subsystem. Either vector pathway calculation will give the correct answer 
for the perturbation coefficient. There is no Gm3 or Gm4 multiplier in the 
following equation 

Equation 1.3.5 

The equation of motion for Jacoby coordinate p2, the vector between the 
center of gravity of the double binary subsystem rl , r2 and the center of 
gravity of r3 can be derived by using z65c = mszs +m

6 2 6 which is the vector 
/lr3 

from the barycenter to the center of gravity of the mass five and mass six 
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binary subsystem. There is no Gm5 or Gm6 multiplier in the following 
equation 

Equation 1.3.6 

Equation of motion for Jacoby coordinate p(N - 1), the vector between 
center of gravity of the N - 1 binary sub-configuration and the center of 
gravity of the rN binary can be derived by using equation Zn,(n-l)c = 

mn-iZn-i +mnzn which is the vector from the barycenter to the center of 
/1rN 

gravity of the rN binary subsystem. There is no G~_1 or G~ multiplier 
in the following equation 

2n,(n-l)c + 2wizn,(n-l)c - W 22n,(n-l)c = Equation 1.3.7 

Gm1 ( ntn- 1 11tn ) Gm2 ( ntn- 1 11tn ) -- -3--Z1,(n-1) + -3-Z1,n + -- -3--Zz,(n-1) + -3-Zz,n + ··· + 
f1rN r1,(n-1) r1,n µrN r2,(n-1) r2,n 

Gntn- 2 (- ntn- 1 + 11tn ) 
--'-r3 2 (n-Z),(n-1) -3--Z(n-Z),n 

µ r N (n-2),(n-1) r(n-2),n 

Infinitesimal rotating vectors z43c, z65c, , Zn(n-l)c derived from the 
binary geometry ( equation 1.3.2) when substituted into the acceleration 
vectors i 43c, i 65c,···,incn-l)c will give the </>pi's necessary to find the 
Jacoby velocities for the infinite binary state vectors. Summarizing the 
perturbation coefficient results from equations 1.3 .5, 1.3. 6 and 1.3. 7 yields 

Equation 1.3.8 

2 2 
,1., = r21 '\'4_ (~ + ms)m- _ r21 '\'7:'_ (m6 + ms)m-
'l'p2 "·· -Lit-1 r2. r2. t "·· -Lit-7 r 2. r2. t , .... .,..3 6i SL , .. , . .,..3 6L SL 

2 2 
,1., =r21 ._, 6 (~+m7 )m- -r21 ._,n (ma +~)m-
'I' p3 "·· .Li t= 1 r2. r2. t "·· .Li t=9 r2. r 2. t 

,.,.,.,..4 8L 7L ,.,.,.,..4 8L 7L 

2 
,I, = r21 _.n-zc~ + ~)m-
'l'p(N-1) µ -Lit= l r 2 r2 t 

N n t (n-l)t 
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where </>pi, </>pz, </>p 3, .. . , <Pp(N-l) are the perturbation coefficients associated 
with the respective pi, p2 , p2, ... , Pn-l Jacoby coordinates. Parameter n is 
the total number of masses and N is the total number of binaries with N = ~ 

2 

for n 2: 4 and N even. Binary masses are summed Jl.ri = m 1 + m 2 , Jl.rz = 
m 3 + m 4 , ... , µrN = mZN-l + mZN. The x' axis is defined to be from the 
configur;tion barycenter to the center of gravity of the N th binary rotating 
relative to the x axis at inertial velocity w in the infinitesimal interval. 

Equation 1.3.1 sidereal synodic relations in conjunction with knowledge 
of equations 1.3.3, 1.3.4 and 1.3.8 perturbation coefficients result in 
determination of the binary period ratios. These period ratios numbering 

(nc -i))! where n is the number of masses, can be strnctured in the following 
2 n - 3 ! 

manner as presented below 

Pp2 ........... . ........ PrN 
Pri Pri 

Equation 1.3.9 

Pp1 Pp2 ................. PrN 
Pn Pn 

Pp2 PrN .................... 
Pp1 Pp1 

~ 
p p (N-1) 

The individual binary periods for the r1, r2, ... rN Jacoby coordinates as a 
function of the perturbation coefficients from equation 1.3.4 are 

Equation 1.3.10 

N 2: 2 N is even 

X = r(n+l) 
n rl 
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where tlr1 = m1 + mz, µrz = m3 + m4,, · · · µrN = mzN-1 + mzN· 
Parameter </> is the perturbation coefficient and scaling factor x is the 
rl, r2, ... rN binary separation distance ratioed to rl. 

The corresponding periods for the pl, p2, ... p(N - 1) Jacoby 
coordinates as a function of the perturbation coefficients from equation 
1.3.8 are 

Equation 1.3.11 

Summarizing rl, r2, ... rN Jacoby perturbation coefficients from 
equations 1.3.3 and 1.3.4 in matrix format gives a visual inte1pretation of 
the binary structure. Double zeros in each row of the matrix demonstrate the 
location of every binary in this infinite N binary configuration. 

m1 
mz 

<l>r1 m3 

<l>rz m4 

</>r3 =rfiB 
ms 

</>r4 m6 
m7 

<l>rN ms 

1T!n 

(~g, .. 0 .. e13 e14 e15 e16 e17 e18 eln 
e22 .. 0 .. .. 0 .. e25 e26 e27 e28 e2n 

B = e31 e32 e33 e34 .. 0 .. .. 0 .. e37 e38 e3n 
e41 e42 e43 e44 e45 e46 .. 0 .. .. 0 .. e4n 

eNl eN2 eN3 eN4 e65 e66 e67 e68 .. 0 .. .. 0 .. 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



20 Chapter One 

where ,h 2 _,71 (_l l ) 
'!'rl = r21 £.,i=3y - r2. mi 

2L 1i 

,1, _ 2 _,4 ( _l 1 ) 2 _,71 ( _l 1 ) 
'l'r3 - -rz1,:..i=1y-2 mi +r21,:..i=?y-2 mi 

6i ~ i 6i ~i 

,h - 2 _,n-2(_1 l ) 
'l'rN - -r21 ,:..i= l y - :;:r--- mi 

ni (n-1)i 

Each term in the above <f>rN series corresponds to an element in the rN row. 
Summarized perturbation coefficients from equation 1.3.8 for the 
pl, p2, ... p(N - 1) Jacoby N binaries are presented below in matrix format. 
Double zeros show binary coupling existing in this matrix structure as well. 

m1 
m2 

C) 
m3 

</>p2 
m4 

<p:3 = rfiC 
ms 
m6 

</>pp 
m7 

ms 

mn 

e12 .. 0 .. .. 0 .. elS e16 e17 e18 eln 
e22 e23 e24 .. 0 .. .. 0 .. e27 e28 e2n 
e32 e33 e34 e35 e36 .. 0 .. .. 0 .. e3n ) C = (:ii 

e[Jl e[J2 e[J3 e[J4 e[JS e[J6 e[J7 e[J8 .. 0.. . .0 .. 

where 

2 2 = r21 _,4_ (m6 + ms)m• - r21 ""- (m6 + ms)m • 
</>p2 µ £.,1 - l r2. r2. 1 µ £.,1-7 r2. ,.2. 1 

r3 6L SL r3 6i S L 
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f]=N-1 

Each term in the above </>p(N-l) series corresponds to an element in the 
p(N -1) row. 

The ri and Pi Jacoby velocities compose part of the infinite binary 
solution sequenced in equations 1.3.2 thrnugh equation 1.3.8. These 
r1, r2, ... rN Jacoby coordinate velocities Vri, Vrz, ... , VrN are a function of 
the perturbation coefficients </>ri, </>rz ... , </>rN that are input into the infinite 
binary state vectors 

Equation 1.3.12 

The pl, p2, ... p(N - 1) Jacoby coordinate velocities Vpi, Vpz, . .. , Vp(N-l) 

are a function of the perturbation coefficients </>pi, </>pz, ... , <P p(N-l) that 
complete the infinite binary velocity set. 

2 

VJ1 = : 1 ::
1 

(µpl </>p1 + µr3</>pz + ··· + ~N</>p(N-1)) 

vz - _G_ 1i-1 A-. 
p(N-1) - p(N-l) µ µp(N- l ) 'l-'p (N- 1) 

p(N- 2) 
Equation 1.3.13 

Scaling parameters for the infinite binary periods needed for input to 
equationl.3.11 and velocity pl, p2, ... p(N - 1) Jacoby coordinates needed 
for input to equation 1.3.13 are determined from the infinite collinear binary 
scalar geometry. Scalar geometry is diagrammed as a collinear plot that 
allows computation of the scaled distance ratios for every mass subsystem 
relative to every other mass subsystem at time zero. Mass scaling simplifies 
the relations in modelling collinear n-body solutions. The scaling 
parameters for the infinite binary are summarized below 
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Equation 1.3.14 

The terms xN, XN+l etc. and li, l2 etc. in equation 1.3.14 are 
pl, p2, ... p(N - 1) Jacoby coordinate scaling factors. They are evaluated 
from the infinite binary scalar geometry which is composed of Jacoby 
coordinates given as input by the analyst. 

Infinite binary position differences used in the perturbation coefficients 
determined from the binary scalar geometry are evaluated in terms of Jacoby 
coordinates, mass fractions and scaling parameters from equation 1.3.14. 

Equation 1.3.15 

r61 = X + 1 +A 
r21 5 2 
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where 

. rz r3 r4 r(n+l) 
Scalmg parameters x1 = -, Xz = - , x 3 = - , .. . ,Xn = -- are Jacoby 

rl rl rl rl 
r1, r2, r3, ... , rN coordinates representing the binary separation distance 
relative to r1. The x 1 scalar binary sequence for Jacoby r1, r2, r3, ... , rN 
coordinates is Xi, .. -,xN-l and for the Jacoby p1,p2, ... p(N -1) 
coordinates is xN, ·. -,XZN-z• 

The three-dimensional infinite binary collinear state vector solution 
defined in the infinitesimal interval at time zero is presented below and is a 
line of nodes solution defined in the barycentric inertial coordinate system. 
Required inputs are configuration masses, Jacoby coordinate distances, 
perturbation coefficients, scaling parameters, inertial velocities and 
inclination angles. Perturbation coefficients, scaling parameters and inertial 
velocities are determined from equations 1.3.2 through 1.3.8 and equations 
1.3.12 through 1.3.15 respectively. Configuration masses, Jacoby 
coordinate distances and inclination angles are input by the analyst. 

First Binary 

Equation 1.3.16 

Y1 = 0 
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i 2 = 0 

Yz = 0 
. mi V: . µr2 V . y· 

Yz = - rl COSlri - - pl COSlpl -
µTl µpi 

Zz = 0 . mi V . . ~z V . . z· 
Zz = - rl stntrl - - pl Stnlpl -

µri µpi 

Second Binary 

· m4TT · µriv · y· Y3 = - - VrzCOSlrz + - pl COSlpl -
µr2 µpi 

Y4 = 0 

N th Binary 

mzN µp(N-2) 
XzN-1 = --rN+-( -)p(N-1) 

µrN µp N-l 
XzN-l = 0 

YzN-l = 0 
. mzN TT . µp(N-2) V . 

YzN-l = - - VrNCOSlrN +--- p (N-l)COSlp(N-l) 
µrN µp(N-l) 

ZzN-l = Q 
. mzN V, . . µp(N-2) V . . 

ZzN-l = - -- rNStnlrN + --- p(N-l)Slnlp(N-l) 
µrN µp(N-l) 

XzN = mzN-irN + µp(N- 2) p(N -1) 
µrN µp(N-l) 

XzN = 0 

YzN = 0 
. mzN-i V . + µp(N- 2) V . 

YzN = -- rNCOSlrN - (--) p(N-l)COSlp(N-l) 
µrN µp N-l 

ZzN = Q 
. mzN-i TT . . µp(N-2) V . . 

ZzN = --vrNStnlrN +--- p(N-l)Slnlp(N-l) 
~N µp(N-l) 
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where 

_.N-Z µr(i+Z) c· ) · _.N-Z µr(i+Z) . x = "'i=l -c---)P i + 1 Y = "'i=l --.-vp(i+1) cosipci+1) µp r+l µp(r+l) 

Z. - _.N-Z µr(i+Z) V .. 
- .:...i=l µp(i+l) p(i+l)smip(i+l) 

The infinite binary collinear state vector equations 1.3 .16 are formulated 
relative to the double binary configuration. Any binary configurations 
greater than double binary will need to use the XzN-1> XzN-1> XzN, XzN etc. 
position and velocity binary coordinate equations. For example, when N = 
3 the XzN-1> XzN-1> XzN, XzN binary equations generate the position and 
velocity components for the mass five and mass six triple binary subsystem. 
The double binary components will then be updated using the X, Y and Z 
equations for N = 3. When N = 4, the XzN-1> XzN-l, XzN, XzN equations 
generate the position and velocity components for the mass seven and mass 
eight quadruple binary subsystem. The triple binaiy components will be 
generated from the X, Y and Z equations for N = 4. This same process 
continues for higher tiered binary structures. Due to the constraint 
conditions placed on this problem, the resultant state vectors when 
numerically integrated produce trajectories that are the most circular/least 
elliptical for that mass, position and velocity distribution. 

Infinite binary collinear configuration kinetic and potential energy 
equations are as follows 

Infinite binary collinear configurations are consistent with conservation of 
energy meeting the condition twice the kinetic energy is equal to the 
potential energy within the infinitesimal interval at time zero for type one 
geometry. 
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1.4 Problems 

Section 1.1 

1. Show symbolically that the three-body configuration 123 has five 
variations as listed in equation 1.1.3. Also show symbolically, using the 
same method of equation 1.1.3 the existence of the six three-body mirror 
configurations. 

2. By systematically interchanging the masses to the first ordered reference 
set in equation 1. 1 .4 as described in the text, complete the listing of the 
four body configurations to find all unique configurations. 

3. Starting from the first set of four-body contiguous configurations in 
equation 1.1.4, form five-body contiguous configurations by adding a 
fifth mass to the right of the four-body contiguous configurations. This 
mass structured system will be populated by the three five-body 
configurations (and their variations) shown in equation 1.1.5. 

4. Set up the seventh tier of masses using the same logic as in equation 
1.1.5. Be careful to delineate the binary and trinary subsystems etc. 

Section 1.2 

1. Set up a vector diagram defining the geometry for a collinear 1234 four­
body problem and verify equation 1.2.1. Find the three perturbation 
coefficients ( </>1 , </>2 , </>3) for this geometry. 

2. For a given mass verify that the structure shown in equation 1.2.2. is 

consistent with the number of ratio combinations determined by (CN-l))! 
Z N-3 ! 

for N 2:'. 3. 
3. Using equation 1.2.3 compute the period ratio equations for a 12345 five­

body first family configuration. Find all the period ratios by systematically 
inverting and multiplying the ratios determined from equation 1.2.3. 

V "fy h 1 b . . "th (N- l)! fi N 3 en t e tota num er 1s consistent w1 z(N-
3
) ! or 2:'. . 

4. Using a scalar diagram analogous to the vector diagram in problem one 
in this set compute the scalar position differences 1;k for the 12345 five­
body first family configuration. Check results against equation 1.2.5 for 
consistency. 

5. Using the same scalar diagram as in the previous problem find the 
scaling parameters l1, l2 and l 3 for the 12345 five-body first family 
configuration. These scaling parameters are derived and listed in 
equation 1.2.6. 
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6. Derive the kinetic energy formula in equation 1.2.9. Then write out the 
kinetic energy for the 12345 five-body first family configuration using 
the velocities derived in equations 1.2.8. Show for the lf.345 
configuration that twice the kinetic energy is equal to the potential 
energy. 

Section 1.3 

1. Verify the format of the infinite binary sidereal synodic relation 
structure in equation 1.3.1 by writing out the sidereal synodic relations 
for a triple binary and a quadruple binary configuration (N = 3,4). 

2. Using the sidereal synodic relations of equation 1.3.1 formulate the 
Jacoby coordinates z43, z65 andzn,(n- l) in the manner of equation 1.3.2. 
Take the first and second derivates of these vectors and substitute into 
the left side of the acceleration equations z43, z65, ... , Zn(n-l)· The result 
should be in the form of the left side of equation 1.3.3. 

3. Compute the binary perturbation coefficient ¢ri shown in equation 1.3.3 
using the rotating z21 Jacoby coordinate exponential formulation. Will 
also need to use period ratios, scaling parameters, and binaiy position 
difference equations to solve this problem. 

4. The cf>pt 's are more difficult to determine resulting from their binary to 
binary center of gravity geometry. Using the vector from the barycenter 
to the center of gravity of the mass three and mass four binary system 

m3Z3+m4Z4 . . z43c = ....a...;;.........;....a.venfy equatJonl.3.5. 
/1r2 

5. Vector from the infinite binary barycenter to the center of gravity of the 
rN binary subsystem is Zn(n-l)c = mn-iZn-i+tn.nzn_ Verify equation 

' /lrN 

1.3.7 with Zn,(n- l)c and show that the perturbation coefficient is cf>p (N- l) 

as determined in equation 1.3.8. 
6. For a triple binary configuration derive the individual binary periods for 

the rl, r2 and r3 Jacoby coordinates (equation 1.3.10). Also derive the 
triple binary configuration velocities V,.1, Vr2 and Vr3 ( equation 1.3.12). 

7. Write out the three-dimensional triple binary state vector with the 
perturbation coefficients, scaling parameters and inertial velocities etc. 
Use equation 1.3.16 as a guide for this problem. Make a three­
dimensional illustration of the triple binary state vector geometry. 
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CHAPTER Two 

COLLINEAR N-BODY 

PROBLEM~APPLICATIONS 

Chapter one dealt with presenting the collinear n-body mathematical 
logical system and its three-dimension solution of the equations of motion 
resulting in period ratios, perturbation coefficients, inertial velocities and 
state vectors within an infinitesimal interval. Theoretically all 
configurations in the mathematical logical system can be solved using the 
infinitesimal interval with type one geometry and sidereal synodic relations 
at time zero. Determining solutions of these tiered configurations was 
restricted to infinite first family and the infinite binary systems for they are 
representative to a good extent of the collinear n-body configurations in 
general. Chapter two is an extension of chapter one where selected 
configurations are taken from the infinite first family and the infinite binary 
configuration solutions to study their particle structure. Although collinear 
n-body solutions exist over an infinitesimal interval, they reveal crucial 
information regarding aspects of particle motion and trajectory evolution. 

Specifically, on close examination of the period ratio structure of 
individual configurations, regions exist, such as possible spheres of 
influence, that appear to bound particle motion. Other period ratio analysis 
when using contiguous configurations reveals Euler points as well as 
resonance structure as a function of the individual masses. Configuration 
plots using period ratio information allow identification of the important 
regions to investigate. Points taken from these interesting regions 
( configuration space into phase space) determine state vectors, which when 
numerical integrated, do show relatively stable, relatively unstable, very 
unstable and escape orbit trajectories. Period ratios also give a measure of 
finite stability for subset configurations. For example, rather than compute 
stability for all time in the sense of Lagrange or Lyapunov considering the 
entire configuration, it is constructive to look at the binary or trinary sub­
components in the configuration of interest. Stability in the sense of 
Lagrange or Lyapunov analysis will more than likely give an instability for 
all time result. Since a configuration deemed unstable can be stable for finite 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



30 Chapter Two 

periods, it would be of interest to know approximately when that 
configuration/sub-configuration ceases to maintain its structure. Lagrange 
or Lyapunov stability will not be of help to determine how long a multiple 
particle system can be finite stable. The infinitesimal interval method cannot 
determine periods of finite stability, however, it can show configuration 
structure that is in finite stable regions. Numerical integration of state 
vectors in these finite stable regions will confirm this. 

2.1 Three Body Configurations 

Infinite first collinear family was solved in chapter one. The first 
member of this family and the most fundamental is the three-body problem 
123. There are five additional variations where all six three-body 
configurations possess oner and one p Jacoby coordinate. General structure 
of these three-body variations is represented symbolically in equation 1.1.3 
where each of the six configurations when mathematically analyzed results 
in a quintic polynomial. The 123 solution from the previous chapter will be 
analyzed in more detail in this chapter in addition to solving the three-body 
variations for the purpose of showing configuration continuity. Solving 
these configurations in the infinitesimal interval at time zero with type one 
geometry will initially require the sidereal synodic relations of equation 
1.1.2. Starting with the 123 three-body configuration 

Equation 2.1. l 

First binary notation will vary where r21, r1 and rr
1 

represent the same 
quantity. The collinear coupled equations of motion in the complex plane 
are 

Equation 2.1.2 

The vector z3 is on the x' axis rotating at angular velocity w with respect to 
the inertial x axis and this therefore results in z3 and i 3 equaling zero. 

Formulating the rotating Jacoby coordinate Zri in the infinitesimal 
interval using the sidereal synodic relations gives 

i nr1wt 
Zr1 = rle nµi Equation 2.1.3 
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where Zri is rotating relative to the x' axis by nri w. Taking the second 
n p 1 

time derivative of equation 2.1.3 and substituting into equation 2,1,2 gives 
for the Zn equation of motion 

( 
G P21) G G -- -- z ---mz ---mz w2r3 /lr1 p2 rl - w2r3 3 32 w2r3 3 31 

T'l T'l 32 31 
Equation 2.1.4 

Rewriting the z 3 equation 

where z3 = /!ri Zp 1 and parameter l1 determined by configuration geometry 
/!pt 

is Zp1 = l1zr1 with the position differences derived to be 

there results after mathematical reduction of equation 2.1.4 to scalar terms 

Equation 2.1.5 

/!r1 l _ G (rit + r,\ ) _ G </> - -- -m -m --" 1 - w2r3 r 2 2 r2 1 - wzr.3 2 
,,..p l rt 3 2 31 rt 

and ,1., _ (rf1 rf1) '+' --- m 
1 - r}2 r}1 3 

The collinear three-body period ratio for the 123 configuration can be 
p2 

determined by solving for ~1 from equation 2.1.5 
Prl 

Equation 2.1.6 

Individual rand p periods are 

Scalar geometry illustrated in figure 2.1 defines scaling parameters x and l1 

which can be calculated from 
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where r32 = xr1 r31 = (x + 1)r1 

Equation 2.1.6 can be rewritten in terms of scaling parameter x 

Pi1 = Bx2(1+x)2-(2x+1)S (Bx+l) 

Pf:1 x 2+Q(x+1) 2 B+S 
Equation 2.1. 7 

where B=1+Q 

The period ratio equation 2.1.7 can further be expressed as a fifth order 
polynomial when expanded 

((y -1)m1 + ym2 + (2 + y)mJx2 
- (3m1 + m2 )x3 

-(3m1 + 2m2 )x4 
- (m1 + m 2 )x5 = 0 

p2 
wherey = ...e2c. 

Pi1 

For the special case when the instantaneous r1 binary period is equal to the 
p 1 period gives y = 1 then equation 2.1. 8 simplifies to 

Equation 2.1.9 

This result is the Euler quintic equation that has been derived by using 
sidereal synodic relations with type one geometry over an infinitesimal 
interval relative to the barycenter within the configuration plane of motion 
at time zero (Pollard, 1966, 51, Wintner, 1964, 430, Szebehely, 1967, 297). 
In general, equation 2.1.8 when plotted can be used as a configuration map 
to determine trajectories of interest. 

Points off this map can be transformed into state vectors to numerically 
integrate for study of mass three in orbit of the binary. 

Jacoby r and p velocities for the .Ll.3 configuration can be found from 
equation 2.1.5 
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Equation 2.1.10 

Equation 2.1.10 is consistent with the infinite first family velocity solution 
in equation 1.2.8. The three-body three-dimensional state vector for the 123 
configuration using Jacoby velocities from equation 2.1.10 and perturbation 
coefficients from equation 2.1.5 can be determined as shown below 

Equation 2.1.11 

Y1 = 0 

i 2 = 0 

Yz = 0 

Zz = 0 

Equation 2.1.11 is consistent with the three-dimensional first family state 
vector solution presented in equation 1.2. 7 and is a line of nodes solution in 
the barycentric inertial coordinate system. An illustration of the three­
dimensional geometry for the 123 configuration can be viewed in figure 2.2. 

Verifying conservation of energy requires showing that twice the kinetic 
energy is equal to the potential energy in the infinitesimal interval at time 
zero. This can be accomplished by substituting the velocities calculated in 
equation 2.1.10 into the conservation of energy equation (see equation 
1.2.8) 
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Equation 2.1.12 

Reformulating the V/i and VJ1 equations as a function of scaling parameter 
x will simplify this calculation 

V 2 _ !i.._ r,, _ ,1., ) _ Gm1 (B _ (2. __ 1 _) S) 
rl - rl \J-f-rl '1-'1 - rl x2 (x+ 1)2 

2 v2 _ £!:..!_µpi _ Gm1 (B+S)(x + 2:.)(-1- + _g_ 
pl - pl µrt </>2 - rl 8 8 (x+l) 2 x 2 ) 

the result after velocity substitution for the conservation of energy 
verification will be 

2T = Gm1m 2 + G m i m 3 + Gm2m3 = U Equation2.l.13 
rl (1 +x)rl xrl 

This completes the solution for the _!l3 three-body configuration. The five 
remaining variations can be solved in the same manner by interchanging the 
three mass sequence of equations 2.1.1 through 2.1.13. A summary of these 
variations in terms of period ratios, velocities, perturbation coefficients and 
scaling factors will be given below. Care must be taken in observing the 
Jacoby coupling geometry. 

123 three-body configuration 

Equation 2.1.14 

Pf3 x 3(S+(x+l)2Q) B+S 

Pf = (Q+S)(x+1) 2-x 3(2+x) (S(x+l)+Q) 

v2 -.!:....(µ - ,I,) - Gm1 (Q + S -(1--1-)x2) 
23 - r23 23 '1-'1 - xrl (x+1)2 

V,2 = c(f µp1 </> = Gm1 c-£!:.:~)(1 + ~x)(-s - + Q) 
Pt p 1 µ 23 

2 rl Q+S Q+S (x+1)2 

,1., - (1--1-)x2m '1-'1 - (x+1) 2 1 
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r 31 = (1 + x)rl 

132 three-body configuration 

3 

PZ _ 4 2 /123 P1 
1 - IT --2-

/1p1 Gl1 ¢2 
Equation 2.1.15 

P/2 x 3(S+(l-x)2Q) B+S 

P'f. = (Q+S)(l-x)2-x3 (z-x) (S(l-x) +Q) 

vz _ Gl'f. /1p1 <p _ Gm1 (B+S)(l _ S x)( S + Q) 
Pi Pi /123 

2 rl Q +s Q +s (1-x)2 

132 three-body configuration 

_ ( m3 ) 2 <pz - m2 + -( )2 X x-1 

r31 = (1-x)rl 

3 

Pz _ 4 2 /113 P1 
2 - IT --2 -

/1p1 Gl1 ¢2 
Equation 2.1.16 

P[3 _ x 3(s+(l-x)2) B+S 

Pj - (1+S) (l-x)2-x3(2-x)Q (S(l-x)+l) 

vz = Gl'f_ /1p1 ¢ = Gm1 (B+S)(l -~x)(-s-+ 1) 
Pt Pt /1t3 z rl l+S l+S (1-x)2 

l -!.-~ 1-
x /113 

r32 = (1 - x)rl r 31 = xrl 

ll2 three-body configuration 

3 

Pz _ 4 2 /113 P1 
2 - IT --2-

/1p1 Gl1 ¢2 
Equation 2.1.17 
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Pj1 x 3(S+(l+x)2) B+S 
Pi (1+S)(l+x)2-x3(z+S)Q (S(l+x)+) 

z G (µ ) Gm1 ( 1 ) z V31 = - 13 - </>1 = - (1 + s - 1 - -- X Q) 
r 13 r 13 (l+x)2 

A.. -(1--1-)x2m '1-'1 - (x+l)Z 2 

r 32 = (1 + x)r1 r31 = xr1 

312 three-body configuration 

3 

P 2 
- 4rr2 .!!!:l.....£.L. Equation 2.1.18 

pl - /J.p1 Gli</>z 

PJ1 = Bx2(1+x)2-(Zx+l)S (Bx+Q) 
P/1 (l+x)2+Qx2 B+s 

vz -!:....(µ _,I., )_Gm1(B-(_l __ 1_)s) 
rl - rl rl '1-'1 - rl i;z (l+x)Z 

uz _ Gli /J.p1 A.. _ Gm1 (B+S)( Q)( Q l) 
~ ---'I-' --- x+- --+-
Pt Pl /J.r1 z rl B B (l+x)2 x 2 

r32 = (1 + x)r1 

Masses one, two and three can hold any value in any order due to 
consistency with conservation of energy. That is, no mass is restricted to 
zero. However, for the purpose of discussion a mass ordered system will be 
used where mass one is dominant with mass two and mass three being 
sequentially smaller. Therefore, the above six three-body variations 
represent mass three either orbiting the mass one mass two binary or mass 
three in orbit about mass one and mass two individually. Configurations 312 
and 123 are mass three orbiting the binary, configurations .ll.2 and .112 are 
mass three orbiting mass one and configurations 132 and 123 are mass three 
orbiting mass two. This can be illustrated by plotting period ratios (with 
respect to the scaling parameter x) in mass order for each three-body 
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variation resulting in a map of every possible mass three orbit about mass 
one and mass two at time zero. An example of this mapping of contiguous 
three-body variations is shown in figure 2.3 where mass one is a solar mass, 
mass two is a Jovan mass and mass three approaches a probe mass (zero 
mass or cometary mass). The distance separating mass one and mass two is 
one unit or 5.2 AU. Intersections in figure 2.3 are the equal period points 
between mass three and mass one and mass three and mass two. These are 
the three Euler points as shown symbolically below with the couesponding 
period ratios. Leftmost intersection is not visible due to mass two magnitude 
(Jovan) being small relative to mass one (solar). 

312, 312 

1 P31 

P21 P2 

132,132 123, 123 

A characteristic of the Euler point is that the state vector position and 
velocity components at the intersection of the corresponding period ratios 
are equal. 

Period ratios about mass two (132 and lTI) approach infinity as x moves 
away from mass two. These are the roo points where the sunward point is 
approximately 58.5 million km and the anti-sunward point is approximately 
63.2 million km relative to mass two. The inner r00 point is deeper in the 
solar gravity field and therefore closer to mass two, whereas the outer r00 

point is further from the solar mass and therefore more distant from mass 
two. As the distance between mass one and mass two approaches infinity 
the inward and outward r00 distances become equal. For planets near to the 
central mass, inner and outer r 00 distances are close to the planet which could 
result in an unstable region for satellites. The r00 points are the greatest 
distances in which Jacoby couplings can exist, it is the distance between two 
orbiting masses that results in those masses having an infinite orbital period 
when embedded within the gravitational field(s) ofadditional mass(es). For 
a two-body problem the roo point is at infinity. Mathematically, the region 
beyond the r00 point is imaginary. 

An example of mapping contiguous three-body configurations where 
mass one and mass two are of a similar order of magnitude and mass three 
is near the magnitude of mass one and mass two can be found in figure 2.4. 
This plot is based on the approximate mass and distance of the 40 Eridani 
trinary star system components and does not model the real 40 Eridani star 
system. Mass three (.2 solar masses) orbits mass two (.44 solar masses) with 
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a binary separation distance of 34 AU, and the binary orbits mass one (.75 
solar masses) with a separation distance of 400 AU relative to the center of 
gravity of the mass two mass three binary. Mass three location is shown 
marked relative to mass two in figure 2.4. It will be noticed that there are 
two intersection points between P

23 
, ..:1.. and ..:1.. , P

31 where the inward 
P1 P21 P21 Pz 

intersection state vector only matches the position components and the 
outward intersection state vector matches both position and velocity 
components (Euler point). The 40 Eridani system is not the 'classic' trinary 
star system where mass three orbits the mass one and mass two binary 
component (Harrington, 1977, Szebehely, 1977). Between mass two and the 
123 period ratio quintic along the scaled distance axis in figure 2.4 lies a 
null interval. This is a region where state vectors do not exist. 
Mathematically the state vectors are imaginary. The same holds true for the 
region between mass one and the 3.Ll_ period ratio quintic. 

The 40 Eridani collinear three-body state vector was integrated over a 
period of a million years and was well behaved in this time span. Binary 
period estimated from this trajectory was about 248 years consistent with 
the real 40 Eridani system. The binary orbiting mass one was about 7100 
years which is less than the estimated 8000 years for the real trinary system. 
Characteristic of the infinitesimal interval solution is that it will give the 
most circular orbits for a given set of n-bodies. 

Using the period ratio from the 123 configuration an approximate r 00 can 
be calculated for the sun, where the geometry for this three-body 
configuration is illustrated in figure 2.1. Mass three is the total galactic mass 
concentrated at its center, mass one is the Sun and mass two is the probe 
mass used to find the r00 point. The 123 three-body period ratio can be 
written in the following form 

Pi1 _ (1 +S)x2 

PJ1 (x2 (1+x)2 -S(1+2x)) (l+x) 
Equation 2.1.19 

In order to find the r 00 point it is necessary to have this ratio approach 
infinity. To do this the denominator must be set equal to zero which results 
in finding the solution of the quartic polynomial 

x 4 + 2x3 + x 2 
- 2Sx - S = 0 Equation 2.1.20 

Once xis known from equation 2.1.20 the r00 point can be found using the 
scaling parameter equation determined from the geometry in figure 2.1. 
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p 1 = mi T1 + XT1 
µTl 

T1 ➔ r =~ 00 l+x 

m 2 ➔ O 

39 

Equation 2.1.21 

Since the galactic mass and the distance of the Sun from the galactic core is 
not that well known, a parametric table for the inward Solar T00 point will be 
given rather than a single calculation. Results of this study can be found in 
table I. 

Table 1--Solar r 00 Point 

Solar T00 Distance 

Distance (pl) from Galactic Center in Light Years 

Galactic Mass (S) 

2x1011 

(x = 7367.563) 

2x1012 

(x = 15,873.502) 

2x1013 

(x = 34,199.019) 

20,000 

2.71 

1.26 

.585 

25,000 30,000 

3.39 4.07 

1.57 1.89 

.731 .877 

Galactic mass S is in Solar masses. As can be seen from the table, both 
increased Galactic mass and decreased Galactic core distance results in 
reduced Solar T00 distance. 

Solar T 00 distance as determined by the three-body infinite interval 
method comes under the category of sphere of influence. Since there are 
multiple concepts describing particle behavior in the gravitational domain 
of masses in their vicinity, it is therefore necessary to compare the various 
sphere of influence definitions and computations in order to understand how 
they may relate (Belbruno, Marsden, 1997). Cheboterav, (Cheboterav, 
1967, 266-274) in consideration of these concepts, defines and computes 
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the activity sphere, sphere of attraction and Hill's gravitation sphere for the 
gravitational sphere of the Sun and the planets. 

Activity sphere (Roy, 1978, 160,351) was introduced into Astronomy 
by Laplace in the study of cometary motion in the immediate realm of the 
major planets, specifically in the activity sphere of Jupiter. Chebotarev 
defines sphere of attraction as the space within which the planetary 
attraction dominates over the Solar attraction and Hill's gravitational sphere 
is the inner Euler libration point defining the maximum radius of a space in 
which stable motion of satellites can occur. As stated by Cheboterav, Hill' s 
gravitational sphere can be considered the theoretical limit of satellite 
existence. Applying these sphere of influence definitions to find the 
gravitational spheres of the Sun, Chebotarev calculated values for each of 
the gravitational spheres using the following Galactic mass and Galactic 
core radii 

Galactic mass = 1.3 x 1011 

( solar masses) 

Activity Sphere 

Sphere of Attraction 

Hill's Sphere 

Galactic core radii = 26,000 
(light years) 

60,000AU 

4,500AU 

230,000AU 

Using the three-body infinite interval method to compute the Solar r00 

distance with the same Galactic mass and core radii yields approximately 

r 00 distance 258,500 AU 

The Solar r00 distance is beyond the Hill's gravitational sphere as would be 
expected from viewing figures 2.3 and 2.4. Geometrically the r oo point will 
always be further distant than the Euler libration point. To get an idea of the 
magnitude of these distances the star Proxima Centauri is approximately 
268,800 AU from the Sun. The Alpha Centauri star system has a combined 
mass of over two solar masses with a r00 point greater than five light years. 
The Sunf Alpha Centari star systems overlap relative to their r oo points. 

It will be noticed in figures 2.3 and 2.4 that the quintic generated by the 
132 three-body configuration goes to infinity within the region bounded by 
the quintic generated by the 132 three-body configuration. The 132 quintic 
goes to infinity at the inward r 00 point relative to mass two by definition. 
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Determination needs to be made as to the physical nature of the 132 
configuration at infinity. Their intersection is already known to be the inner 
Euler point of mass two which was determined from the period ratios. 

2 

Period ratios can also solve this problem starting with P1; from equation 
P2 

2.1.16 

Pf3 _ x 3 (S+(l-x)2) B+S 

Pf (1+S)(l-x)2-x3(z-x)Q (S(l-x)+l) 
Equation 2.1.22 

Letting the mass one mass three period go to infinity means letting the 
denominator of equation 2.1.22 go to zero in order to solve for the scaling 
parameter x. This results in a quartic 

x 4 
- 2x3 + Q'x2 

- 2Q'x + Q' = 0 Equation 2.1.23 

where m 3 ➔ 0 and Q' = ~- Equation 2.1.23 is difficult to solve due to the 
Q 

number or decimal places to carry. It can be modified by multiplying 
through by rf 1 

where r13 = xr21 . The Jacoby coordinate r21 is a constant in equation 2.1.24 

with the only variable being r13 . Once xis known, using r23 = ~r13 will 
X 

give the distance to where mass three goes to infinity relative to mass two. 
This distance r23 will be defined as sphere of influence (SOI). Compilation 
summary of the various planetary sphere of influences is in table IL 

Table II-Planetary Spheres of Influence 

SOA SOI AS HGS roo 

Mercury .024 .024 .113 .220 .252 .253 

Venus .170 .170 .617 1.008 1.151 1.169 

Earth .262 .262 .929 1.496 1.704 1.723 

Mars .130 .130 .578 1.083 1.237 1.244 

Jupiter 23.33 23.33 48.21 51.90 58.48 63.23 
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Saturn 23.90 23.90 54.54 

Uranus 18.85 18.85 51.80 

Neptune 32.06 32.06 86.85 

64.00 

69.50 

115.06 

72.40 

79.10 

130.9 

76.40 

81.30 

134.8 

All table distances are multiplied by 106 kilometers. The sphere of 
attraction (SOA), sphere of influence (SOI) and activity sphere (AS) are 
determined using mean distance from the sun. Hill's gravitational sphere is 
represented as HGS. Differences between SOA and SOI are non-existent 
when using the same planetary masses in the calculations. Double values 
for the re,, distances are for the sunward and anti-sunward r 00 points. 

Although the SOA and SOI formulations are quite different their final 
results produce a close match. Therefore, both formulations, using 
Chebotarev's definition, appear to be calculating where the planetary 
attraction dominates over the Solar attraction of a probe mass. The problem 
here is that there is only one planet where this boundary closely defines the 
farthest region where satellites are found to exist and that is Jupiter. Planets 
beyond Jupiter have moons well within this limit, and inside the orbit of 
Jupiter, the Earth, has the Moon, which is well outside this limit. Venus and 
Mercury have no moons at all. It is not clear exactly what the SOA/SOI 
calculations signify, however, the interesting fact is that they both agree. 
Could a situation exist that the formulation of a hereto unknown 
optimization problem, has as a solution, that the Jupiter sun mass ratio 
relative to their separation distance, results in what is currently observed to 
exist at present? Something analogous to a Titius Bode relation 
(Nieto,1972,)? The Chebotarev SOA equation tends to give that impression 

1 

ti2 = rmz Equation 2.1.25 

where r is the planet to sun distance and m is the planet to sun mass ratio. 

Relevant to the SO A/SOI question of significance, numerical integration 
was performed using 132 three-body state vectors to calculate trajectories 
for evaluation of the sun-probe mass-earth, sun-probe mass-Jupiter and the 
40 Eridani trinary star system configurations. This is a simulation using 
approximate mass distance astronomical data and not a modelling of the real 
planetary/star systems. Probe mass for the sun earth configuration was the 
actual lunar mass and probe mass for the Sun Jupiter configuration was zero 
mass. Purpose of this study was to find regions of relative stability/ 
instability/escape orbits of mass three and not to determine the orbital 
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lifetime existence of the mass two mass three binary. Searches were 
conducted for trajectories showing unmistakable signs of instability, that is, 
looking for mass three heliocentric escape orbits. Knowing domains where 
escape trajectories exist can help determine relative stable/relative 
unstable/escape orbit boundaries. Also, the actual trajectory waveform of 
the plotted apsides gives an indication of the trajectory maintaining 
relatively stable orbits before evolving into the relatively unstable/very 
unstable/escape orbit regime. 

A close relationship was found to exist between the semi-major axis and 
eccentricity of mass three (probe mass) over the domain where mass three 
goes from a relatively stable trajectory to a relatively unstable trajectory and 
finally an escape trajectory. As would be expected, the boundary between 
relatively stable/relative unstable/escape trajectory is gradual and not 
sharply defined. It was clearly apparent (with increasing semi-major axis) 
that prior to entering the unstable region, small changes in the semi-major 
axis resulted in small changes in the eccentricity. Upon entering the unstable 
domain small changes in the semi-major axis results in large changes to the 
eccentricity. This is due to the mass three trajectory periapsis approaching 
mass two as mass three apoapsis simultaneously approaches the Hill's 
gravitational sphere in such a way that the semi-major axis shows slight 
increase over the unstable region. Basically, both apsides are being 
constrained by dynamical boundaries in such a manner that all possible 
relatively stable trajectories cease to exist. When the mass three apoapsis 
approaches the vicinity ofHill 's gravitational sphere the trajectory becomes 
very unstable. Mass three spends increasingly greater periods at apoapsis 
until the trajectory eventually becomes heliocentric due to the solar 
perturbations dominating over the planetary gravity field. However, to make 
things more complicated, at the exact Euler point the trajectory becomes 
less unstable. The period of this collinear relatively stable/relatively 
unstable point cannot be determined due to the mass two mass three distance 
being an irrational number. If this distance was a rational number perhaps 
a definitive period could be determined. In very close proximity either side 
of the Euler point the trajectory displays interesting behavior. On the 
planetward side of the Euler point after a period where all three masses orbit 
in collinear formation, mass three goes into a highly unstable elliptical orbit 
about mass two. On the sunward side of the Euler point after the collinear 
formation mass three abruptly escapes. Numerically integrating a state 
vector at the Jupiter sunward r00 point resulted in the probe mass trajectory 
going directly into what would be the asteroid belt. For the Jupiter anti-
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sunward r00 point the numerically integrated probe mass trajectory orbits 
between Jupiter and what would be Saturn. 

Specifically, looking at the three cases, the same 132 three-body semi­
major axis eccentricity behavior is observed to exist for all configurations. 
The difference is that each individual case resides in a different regime of 
the semi-major axis eccentricity curve. For example, the sun-probe mass­
earth configuration shows the probe mass semi-major axis approximately 
over 80,000 kilometers above the SOA/SOI but still over 200,000 
kilometers from being in the unstable region relative to a lunar mean semi­
major axis of 384,400 kilometers. That is, the lunar probe mass is in a 
relatively early phase on the semi-major axis eccentricity curve. However, 
the outermost Jovan moons of the sun-probe mass-Jupiter configuration are 
at the relatively stable/relatively unstable boundary on the semi-major axis 
eccentricity curve, where small changes in the semi-major axis could result 
in those masses to escape into a heliocentric trajectory. In the unstable 
regions there are sub-regions of trajectories that are relatively more stable 
and in the relatively stable regions there are some trajectories that are 
relatively less stable. It was observed in one of these unstable regions, a 
semi-major axis at approximately 24 million kilometers, that the probe mass 
escaped Jupiter into a heliocentric trajectory after a short orbital period only 
to be recaptured by Jupiter at some period later. This suggests that there is 
the possibility that some masses exist in quasi-periodic trajectories whereby 
they orbit Jupiter for a short time span before escaping into a heliocentric 
orbit for some intermediate period and then back again to Jupiter etc. (Kurth, 
1957, 38,58,60, Arnold, 1978, 71, Hagihara, 1975, 1150). Additional work 
would be needed to investigate this sun-probe mass-Jupiter-trajectory 
region to verify if these quasi-periodic orbits actually exist. For both the 
sun-probe mass-earth and sun-probe mass-Jupiter configurations there is a 
region at about half way between the Euler point and mass two where the 
trajectory apoapsis takes on a distinctly different waveform as compared to 
the surrounding regions. This region appears to correlate approximately 
with the relatively stable/relatively unstable boundary. 

Analyzing the 40 Eridani trinary star system required longer integration 
times resulting from the greater mass separation distances. Although, the 
stellar masses were approximately the same order of magnitude as 
compared to the two previous examples where mass three was near zero, a 
similar semi-major axis eccentricity curve was found to exist. Location of 
the third component in the 40 Eridani star system on the semi-major axis 
eccentricity curve appears to be in a relatively stable region where the SOI 
is approximately 120 AU further out from the semi-major axis for this star 
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(mass three). The semi-major axis eccentricity curve region in which small 
changes in semi-major axis result in large changes in eccentricity is 
approximately 50 AU below the SOL As the Euler point was successively 
carried to increased digital accuracy, numerical integration of the trinary 
state vector showed the collinear orbital formation increasing in duration. 
The irrationality of the mass two mass three Euler point distance makes it 
difficult to find the absolute period the collinear formation can be 
maintained. Approaching the Euler point, the mass three semi-major axis 
relative to mass two displays the collinear formation characteristic geometry 
many AU before reaching the actual Euler point. Determination of relative 
stability/instability when all masses are similar in magnitude becomes more 
complex than when mass three is of near zero magnitude. In conclusion, this 
study shows that using SOA/SOI to determine trajectory stability can be 
elusive. It is clear that the SO A/SOI does not determine the orbital stability 
limit of mass three relative to mass two for all cases. Using SOA/SOI in 
conjunction with HGS aids finding relative stability/relative instability/ 
escape orbit domains for the 132 configuration. 

2.2 Higher Ordered Configurations 

It is necessary to include the study of higher order configurations in the 
first family collinear n-body problem to better understand the complexities 
involved and how to apply structured methods to analytically decipher 
system motion. A good example is to analyze the six-body first family 
problem to see the additional information provided about particle 
interactions. As seen in equation 1. 1.5 there are six families comprising the 
collinear six-body problem with an unknown number of variations. Every 
six-body configuration has ten period ratios associated with that 
configuration as opposed to the three-body configuration which has only 
one. These six-body configurations can be linked together like that seen for 
the three-body problem shown in figure 2.3, however, the complexity 
involved in understanding what this period ratio array signifies can be 
difficult. Some period ratios intersect at Euler points, some period ratios go 
to infinity at the r oo points and some period ratios indicate resonance points. 
Other period ratios are less obvious to their meaning as for example there 
appears to be multiple r 00 points per planet/star beyond the ones already 
discussed, period ratios that approach zero and many period ratios with 
intersection points that seem to indicate a correlation with unknown particle 
motion. There is even a period ratio that has only one point. 
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The six-mass system used in this study (Bauer, 2001) will be m 1 (Solar 
mass), m 2 (Mars mass), m 3 (probe mass), m 4 (Jupiter mass), ms (Saturn 
mass) and m 6 (Uranus mass). This is a simulation using approximate mass 
distance astronomical data and not a modelling of the real solar system. The 
only six-mass period ratios that will be shown for these masses of interest 
are m 4, ms and m 6 . There are ten period ratios for each six-mass 
configuration that concerns the m 4 , ms and m 6 sequence. These 
configurations are 

12 3456 .1l 34 56 12 43 56 12 4356 .1l 4 35 6 12 4 53 6 12 4536 

12 45 36 12 45 63 12 4563 

This sequence contains members and member variations of the first four 
six-mass configurations in equation 1.1.5. The first sequence of six-mass 
configurations models m 4 (.ll 3456 12 34 56 12 43 56 12 43 56). The 
second configuration sequence models ms (.ll 43 56 12 4 35 6 12 4 53 6 
12 4536) and the third configuration sequence models m 6 (.ll 4536 12 45 
36 12 45 63 12 4563). It will be noticed that these sequences overlap at 
12 43 56 for m4 and ms and at 12 4536 for ms and m 6 • 

Euler point period ratio intersections for each mass are listed below 

Inner Euler point 

12 3456, 12 34 56 

12 43 56 , 12 4 35 6 

12 4536, 12 45 36 

Mass Outer Euler point 

12 43 56, 12 4356 

12 4 53 6, 12 4536 

12 45 63 , 12 4563 

Writing out the six-mass period ratio structure as a function of period 
ratios for m 4, ms and m 6 can be found below 
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m4 

12 3456 12 34 56 il 43 56 12 43 56 

..:2 .:i. !-1- !:§_ P43 PQ !-1- ..!l. !:§_ !-1- PQ P43 !:§_ !-1- .:i. ..:2 
P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 

P4 Ps p6 PQ !-1- !:§_ !:§_ !-1- PQ p6 Ps P4 

P3 P3 P3 P43 P43 P43 P43 P43 P43 P3 P3 P3 

Ps p6 Ps p6 p6 ~ p6 Ps 

P4 P4 PQ PQ PQ PQ P4 P4 

p6 p6 p6 p6 

Ps Ps Ps Ps 

ms 

12 4356 12 4 35 6 12 4 53 6 12 4536 

..:2 .:i. !-1- !:§_ P53 .:i. PQ !:§_ !:§_ PQ .:i. P53 !:§_ !-1- .:i. ..:2 
P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 

P4 Ps p6 ~ !_g_ ..!:£.. ~ PQ ~ p6 Ps P4 

P3 P3 P3 P53 P53 P53 P53 P53 P53 P3 P3 P3 

Ps p6 PQ p6 p6 PQ p6 Ps 

P4 P4 P4 P4 P4 P4 P4 P4 

p6 p6 p6 p6 

Ps PQ PQ Ps 

m6 

12 4536 12 45 36 12 45 63 12 4563 

..:2 .:i. !-1- !:§_ p63 !i_ !-1- PQ PQ !-1- .:i. p63 ..!l. !-1- .:i. ..:2 
P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 P21 

P4 Ps p6 .:i. !-1- PQ PQ !-1- .:i. p6 Ps P4 

P3 P3 P3 p63 p63 p63 p63 p63 p63 P3 P3 P3 

Ps p6 Ps PQ PQ Ps p6 Ps 

P4 P4 P4 P4 P4 P4 P4 P4 

p6 PQ PQ p6 

Ps Ps Ps Ps 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



48 Chapter Two 

Parameter P Q can be the period of a double binary or of a binary trinary 
combination depending on the geometry of the probe mass, m 4 , ms and m 6 

positions in the six-mass configuration. This comes about from the structure 
of the sidereal synodic relations when solving the equations of motion in the 
infinitesimal interval problem. 

Euler point period ratio evaluations for m 4 , ms and m 6 

Inner/outer 

.!'.L _!l. P43 

P21 P21 P21 

P4 = 1 = PQ 

P3 P43 

inner/outer 

.!'.L ~ Ps3 

P21 P21 P21 

Ps = l = !2._ 
P3 P53 

inner/outer 

.!'.L .!-2... p63 

P21 P21 P21 

P4 .!l. 
P3 p63 

Ps - ~ 

Plotting the m 4 , ms and m 6 period ratios as a function of the binary 
scaled distance in the same manner as figure 2.3 can be found in figures 2.5 
through 2. 7. First family period ratios can be found derived in chapter one 
by using methods described in equations 1.2.1 through 1.2.3. Period ratios 
for configurations such as 12 34 56 etc. can be derived by combining 
methods employed for the first family and the multiple binary collinear 
systems. The actual plots for this six-mass sequence would normally be one 
contiguous set of masses relative to binary scaled distance, however, due to 
lack of presentation space they are shown as individual illustrations. 

Period ratio descriptions are complex because of the number of mass 
interactions/perturbations involved. With every mass in then-body system 

there are a total of (Cn - l))! period ratios per configuration to analyze and mass 
z n-3 ! 

interactions to explain. For example, the period ratio curve .!'.L (red line) 
P21 

which is probe mass period ratioed to the m 1 m 2 binary period, runs through 

masses four, five and six as shown in figures 2.5 through 2.7. This-2 curve 
P21 

is not continuous and bifurcates at each of those masses. If masses two 

through six were all zero then the -2 curve would be continuous, that is, the 
P2 1 
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~ . ~ - curve would default to a Kepler two-body penod curve. The - curve 
P21 P21 

intersects all of the binary period ratios P
43

, Ps
3 and P63 (brown lines) which 

P21 P21 P21 

are the Euler points form4 , ms and m 6 . This can be seen in the illustrations, 
especially in figures 2.6 and 2.7. On them1 sideofm4 in the 12 3456 region 
there occur intersections at approximately 2.81 AU and 3.8 AU for period 

ratios P
4 (black line) and Ps (gold line) respectively with the .!2.. curve. The 
~ ~ ~1 

2.81 AU intersection at a 2.51 resonance corresponds to a gap (Kirkwood) 
at 5/2 resonance in the asteroid belt. At the 3.8 AU intersection a 3.95 
resonance corresponds to the gap between the Cybele and Hilda group of 
asteroids. As can be seen in figure 2.5 there are a plethora of intersections 
relative to m 4 whereby some of these intersections tend to correspond with 
the grouping of m 4 moons. Not all intersections have been identified with 
observed probe mass motion. There are also what appear to be additional r00 

points as well as zero period ratios for each of the planets. Observing the 
period ratio structure for ms and m 6 it will be noticed that the period ratio 
curves become increasingly more compressed for these outermost masses. 
This corresponds with the moons grouping increasing closer to the planet 
relative to the SOA/SO1. In general, period ratios are monotonic showing 
no extrema. However, points of inflection are found to exist with some 

period ratios, such as .!2.. in the 123 configuration at approximately 249 
P21 

thousand kilometers from m 4 • It is not clear to what extent point of 
inflection affects probe mass motion. Numerical integration of m 4 sunward 
r 00 point state vector results in an elliptical probe mass orbit in the asteroid 
belt with an approximate semi-major axis of3.8 AU. If a probe mass could 
drift into this r 00 region of m 4 then there is the possibility it may orbit in the 
asteroid belt between m4 and m 2 • 
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The theoretical collinear infinitesimal interval problem three-­
dimension state vector is a line of nodes solution. For all the planetary nodes 
to line up at the same time would not be expected to occur in the real solar 
system. However, if such an event were to come about it would be on the 
order of what may be theoretically consistent with Poincare's recurrence 
theorem (Arnold, 1978, 68-70, Kurth, 1957, 40-51, Hagihara, 1976, 
1244,1516). This quasi-periodic event would take place at intervals of 
possibly billions (?) of years if a time could even be given for such an 
occurrence. State vector at time zero initializes the start of the sidereal 
period for the quasi-periodic configuration orbits. The nodes at each quasi­
period recurrence would be close to the initial collinear state vector, 
however, the nodes would not be expected to be in an exact alignment as 
found in the initial state vector. The Poincare quasi-period is composed of 
many synodic subsystem periods. Each subsystem of masses in the 
configuration will have a range of synodic periods spanning from relatively 
short periods to increasingly long synodic periods approaching that of the 
n-body configuration sidereal period. Over the course of a quasi- periodic 
epoch, the greatest number of synodic periods will occur for the short-term 
synodic subsystems with a decreasing number of synodic periods for the 
larger mass subsystems, that is, the subsystems may tend to settle into finite 
stable resonant sub-configurations. With the evolution of time, depending 
on the configuration mass structure over the quasi-period, there is a 
possibility that the subsystems would stay or migrate into other finite stable 
configurations. This is assuming that there are no external perturbations or 
that the external perturbations are so small as not to affect the configuration 
finite stability over the quasi-period. The other possibility is that subsystem 
structure disintegrates and/or escapes then-body configuration thus making 
the configuration unstable. This seems to be consistent with Hopf s first 
theorem, that a system is either recurrent or dissipative. 

Question here is how to apply this collinear infinitesimal interval 
method to study particle behavior for multi-mass configurations. Possible 
applications would require analyzing configurations on a subsystem-by­
subsystem basis. For example, looking at subsystem finite stability, 
resonance locations, determination of r00/Euler point oscillations etc. 
Oscillations of the r 00/Euler points can be found by taking into account the 
synodic nature of the infinitesimal interval problem. Consider that the m 4 

r00 and Euler points oscillate over the m 4 -ms synodic period. Turning off 
the ms and m 6 masses (ms = m 6 = 0) and computing the r00/Euler points 
for m 4 yields the following values in millions of kilometers 
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sunward anti-sunward 

58.496 

Euler point 

51.908 

with all masses turned on yields 

58.488 51.905 

Euler point 

54.325 

54.320 

63.249 

63.235 

This oscillation in the r00/Euler points is mainly due to m 5 with very small 
effect from m 2 and minor effect from m6 . When m 4 is in line with m 5 as 
seen in the second set values, the r00/Euler points move closer to m 4 • When 
m 4 is out ofalignment with m 5 as seen in the first set of values the r00/Euler 
points will move away from m4 . One oscillation is completed over the 
mim5 synodic period of approximately 19.86 years. Masses m4 and m 5 

may show the most pronounced roo/Euler oscillation effect of large masses 
in the solar system. This effect may not be observable. 

In general, over many synodic periods, masses may drift into resonance 
regions ( or their vicinity) that were created by the planets/moons etc. These 
regions can theoretically be dete1mined from studying the period ratios or 
subsets of the period ratios. Results from these analyses can then be verified 
against astrodynamics tables. 
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2.3 Multiple Binary Structure 

Collinear Double Binary Configuration 

Basic mathematical logic has been developed and used in section 1.3 for 
the infinite binary collinear configuration solutions. These binary structures 
when analyzed can aid in the understanding of particle motion for the 
purpose of determining system and sub-system relative stability. 
Specifically, the double binary configuration (Roy, Steves, 2000, 299-318, 
Szell, Steves, 2002, 45-50) is a candidate of interest for this purpose. 
Conventional methods of stability such as stability in the sense of Lagrange 
or Lyapunov are used to dete1mine stability for all time. Stability in the 
sense of Lagrange analyzes the first order linear differential equations with 
constant coefficients and then solves the eigenvalue problem assuming 
exponential solutions where positive exponents tend to indicate unstable 
systems and negative exponents tend to indicate stable systems. In 
Lyapunov stability theory (first method) the linear approximation is usually 
not sufficient to determine stability and more advanced non-linear analysis 
is required. In this study, stability in the sense of Lagrange will be presented 
for only the first order approximation will be derived. Stability results in 
the sense of Lagrange will then be compared to finite stability analysis using 
numerically integrated state vectors from the infinitesimal interval method 

Initially, after some manipulation, the four-body vector equations of 
motion can be transformed into scalar Jacoby coordinates structured as a 
collinear double binary system over an infinitesimal real interval at time 
zero. These equations of motion are only valid within a small neighborhood 
of time zero. 

Equation 2.3.1 

i. - Gµr2 - (2... - 2...) Gm - (2... - 2...) Gm 
r2 - r.2 r2 r2 1 r2 r2 2 

r 2 31 41 32 4 2 

Using the Taylor series linear expansion (or the Euler-Lagrange method) in 
three variables 
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equation 2.3.l can be transformed into linearized equations of motion 
expanded about initial conditions Trio, Trzo and p10 where 

Pio > Ep1 

and then substituting these equations into the scalar form of equation 2.3. l 
with Er1, Erz and Ep 1 representing small changes in the respective binary 
distances and the distance between the binaries within a small neighborhood 
of time zero. This results in a coupled set of second order linear 
homogeneous differential equations with constant coefficients in Er1, Erz 

and Epi coordinates where only linear Er1 , Erz and Epi terms are considered 
in the transformation. Equation 2.3.1 has been reduced to a workable form 
to determine stability in the sense of Lagrange for the collinear double 
binary configuration 

Equation 2.3.2 

Coefficients ai and [3, in equation 2.3.2 from the expansion are as follows 

/3 - 2cc(-1 __ 1 )m + (-1 __ 1 )m) z - r3 r3 1 r3 r3 z 
310 410 320 420 
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where rr1o, rrzo, p10 , r310, etc. are the initial values at time zero with scaling 
factors defined by rrzo = xrr10 and p10 = lrrio· 

Reformatting equation 2.3.2 to work the eigenvalue problem 

Equation 2.3.3 

where 

Considering that a n th order differential equation can be reduced ton first 
order differential equations, then equation 2.3.3 can be rewritten in terms of 
six first order differential equations 

X1 0 0 0 1 0 0 

~!) Xz 0 0 0 0 1 0 
X3 0 0 0 0 0 1 
X4 a11 a12 a13 0 0 0 Equation 2.3.4 

is az1 azz az3 0 0 0 

6 a31 a3z a33 0 0 0 

with the new variables for the double binary configuration being redefined 
as X1 = Erv Xz = Erz, X3 = Ep1, X4 = Erv Xs = Erz and x6 = Ep1· 
Assuming the solution for equation 2.3.4 can be represented in terms of 
exponentials 

x(t) = Ae;i_t, then the eigenvalue problem can be written (A - A)X = 0. 
Evaluating the determinant for the A eigenvalue solution 
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il.' 0 0 1 0 0 
0 il.' 0 0 1 0 
0 0 il.' 0 0 1 

il.' =-il. 
all a12 a13 il.' 0 0 =O Equation 2.3.5 

az1 azz az3 0 il.' 0 

a31 a32 a33 0 0 il.' 

results in a sixth order polynomial which can be reduced to a third order 
polynomial of the form 

y3 - JyZ + 0-Y = 0 

with 

The six solutions are 

il.1,z =±½Co+ csz - 4a-)1/2 

A = +.!:.CJ - CJZ - 4a-)1/Z 3,4 - z 

ils,6 = 0 

The solution to equation 2.3.6 is 

y = jl_Z Equation 2.3.6 

x1Ct) = A11(eJit -1) + A12(e -Jit -1) + A13(e;t3 t -1) + 
A14( e - J3t - 1) Equation2.3.7 

x2Ct) = A21(e;t1 t -1) + A22(e-J 1 t -1) + A23(e ;t3t - 1) + 
A24 (e-J3 t -1) 

X3Ct) = A31(eA1 t - 1) + A32(e-Ait - 1) + A33(eA3t - 1) + 
A34 (e-J3t - 1) 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



56 Chapter Two 

Due to the double binary differential equations being homogeneous with 
initial conditions set at zero at time zero, the coefficients A ij cannot be 
determined resulting in non-unique solutions. Evaluating initial conditions 
at time zero gives x1 (0) = Er1 (0) = 0, x2 (0) = Erz(O) = 0 and x3 (0) = 
Eµ 1 (O) = 0 which is consistent with the formulation of the problem. When 
time approaches infinity then equation 2.3.7 approaches infinity and the 
double binary configuration first order approximation will be unstable in the 
sense of Lagrange. If this problem was analyzed using the more complex 
non-linear approximation methods in the sense ofLyapunov, it should also 
result in an unstable condition. These results reflect equation 2.3.1 which is 
valid only in a small neighborhood of time zero. 

Stability for all time is not of paramount importance when considering 
configurations in the 'real' universe, because, the universe is theoretically 
not time infinite. Concern is for finite stability, or more relevant, how long 
a system can maintain its configuration structural integrity before being 
compromised by internal/external perturbations. The double binary 
configuration can be made finite stable for extended periods of time by 
controlling the ratio of the binary separation distance relative to the 
separation distance between their respective centers of gravity. Assuming 
that conservation of energy is not violated, that is, mass distance differences 
and masses cannot be equal to zero, the double binary configuration can 
approach stability for all time but not equal it. There will always be system 
perturbations and no matter how small those perturbations are, over a great 
period of time, small perturbations will grow to be large perturbations that 
will disrupt the double binary configuration. 

An alternate way of analyzing finite stability relative to Lagrange and 
Lyapunov stability methods involves looking at the double binary period 
structure in the infinitesimal interval at time zero. The derived periods for 
each of the double binary Jacoby coordinates rr1 , rr2 and p1 , starting from 
the equations developed in section 1.3 in chapter one can be put in the 
following form 

Pz - 4 2 r13 ( µrt ) - 4 2 r 13 D 
rl - Jr -- --- - Jr -- rl 

Gf1r1 /1r1-¢r1 Gµrl 

Pz - 4 z µ13 (-1-) - 4 z µ 13 D 
1-rr 2 -rr 1 

p G µ pl ~ Gµ p l p 
l'rl pl 

Equation 2.3.8 
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with the scaling factors land x defined by p1 = lr1 and r2 = xr1. Each 
period equation Pri, Pr1 and Pp1 in equation 2.3.8 is composed of a Kepler 
component multiplied by its respective disturbing function Dr1 , Drz and 
D pi. Since by definition, the Kepler period component is stable for all time, 
the only way that the individual Jacoby coordinate periods could be stable 
for all time would be if Dr1, Dr1 and Dp1 were all equal to one. This situation 
could only occur if the perturbation coefficients </>ri and </>rz were equal to 
zero and </>pi was equal to ~~1

. Analyzing these perturbation coefficients in 

the disturbing functions individually shows that this cannot happen without 
violating conservation of energy. The perturbation coefficients below can 
only approach these values but not equal them. 

For example, if p1 ➔ oo then r 32 ➔ r 31, r 42 ➔ r41, r41 ➔ r 31, r42 ➔ r 32 

. . . ~~~ ~ resultmg m <l>ri and <f>rz approachmg zero. As the terms 2 , 2 , 2 , and 7 
r31 r41 r32 7 42 

multiplied by 12 approach one for p1 ➔ oo, then the term .£....</>pi reduces to 
µrt 

mi +mz which approaches one in the limit. The double binary configuration 
µrt 

in the infinitesimal interval at time zero can only approach stability for all 
time but not equal it. Determination of how long a double binary can 
maintain a given configuration is the subject of finite stability time analysis 
and this aspect of the problem has not been studied. Accurate solutions may 
not be possible unless a method of incorporating sphere of influence criteria 
into the equations of motion can be found. 

Collinear Triple Binary Configuration 

One of the six-body members of the mathematical logical system is the 
triple binary configuration which was solved in chapter one. It is the second 
of the hierarchical solutions constructed in the infinite binary collinear 
system. This multiple binary structure is representative of real 
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configurations and can be studied to gain insight into unstable and finite 
stable mass structures. Stability analysis as applied to the double binary 
configuration developed in the previous discussion can be extended to the 
triple binary using the same methodology. 

Triple binary configurations can be subdivided into three general 
classes. They are planetary, planetary/stellar and stellar systems. Planetary 
triple binary configurations contain only one stellar mass with the remaining 
masses being of planetary size. Planetary/stellar triple binary configurations 
contain a combination of stellar and planetary masses. From astronomical 
observation, the third class is a triple binary star system, which is not 
common in nature, leading to the conclusion that they may have a narrow 
stability range evolving into binary component subsystems relatively early 
in their history. 

The infinitesimal interval triple binary configuration can be applied in 
modelling various mass ordered systems such as a triple binary star 
configuration. By constructing a theoretical triple binary star system for the 
purpose of studying the behavior of its subsystem components as well as its 
overall stability is an example of this applied modelling. Example vector 
and collinear geometry for a triple binary configuration can be viewed in 
figures 2.8 and 2.9. Initial mass and mass separation distance values for this 
theoretical star system are 

First Binary 

m 1 = 1.00SM 

m 2 = .75SM 

r1 = 1.00AU 

Second Binary 

m 3 = .60SM 

m 4 = .45 SM 

r2 = 1.00AU 

Third Binary 

m 5 = .20SM 

m 6 = .1SSM 

r3 = 1.00 AU 

p 1 = SO AU for the initial separation distance between m 1 m 2 and m 3 m 4 

pz = 66 AU for the initial separation distance between m 1m 2m 3m 4 and 
msm6 

SM = Solar Mass 

AU = Astronomical Unit 
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A planar triple binary state vector was computed from the above mass 
distance data and numerically integrated for a period of one thousand years. 
Results of this triple binaiy star system numerical integration for the first 
fifty years can be found illustrated in figure 2.10 where binary separation 
distance for each binary component has been plotted against time. The triple 
binaries have been structured such that they are successively less massive 
which is consistent with observation of known triple binary star systems. 
The first binary (red line) is the most massive and shows the least separation 
distance variation and the third binary (black line) is the least massive 
showing the most separation variation. This triple binary star system has 
been designed specifically to be very short-term stable as can be seen with 
the separation distance pz = 66 AU. In this unstable configuration the third 
binary has the greatest separation distance variation due to its close 
proximity to the double binary subsystem. At about nine hundred and 
twenty-eight years, the third binary of this theoretical star system has 
decoupled leaving a double binary configuration as an end result. This is 
on the assumption that the decoupled third binary does not disrupt the 
double binary system in its decoupling at some future time. Third binary 
decoupling is illustrated in figure 2.11 where the third binary exhibits the 
greatest separation distance variation. Multiple numerical integrators with 
different time steps and global orders were used to integrate the same 
individual triple binary trajectories in this study to be assured of the 
trajectory accuracy (Varadi et al, 1996). 

A finite stable theoretical triple binary star system like in the above 
example would expect to have a Pz approximately in the order of 1000 AU. 
Numerically integrating a test trajectory where pz = 1000 AU for a period 
of fifty thousand and fifty years with results for the last fifty years can be 
found illustrated in figure 2.12. This theoretical triple binary star system is 
now finite stable with the second binary the most eccentric and the third 
binary showing the most circular orbit. 

There exists in the real galaxy triple binary star configurations of which 
Alpha Geminorum (Castor) is one. Castor is obviously a finite stable star 
system and would be of interest to study in terms of its period structure using 
the infinitesimal interval method. A simulation has been made using 
approximate astronomical data and is not considered a modelling of the real 
star system. Approximate mass and mass separation distances for the Castor 
triple binary star system are 
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First Binary Second Binary Third Binary 

m 1 = 2.15 SM m 3 = 1.70SM m 5 = .62SM 

m 2 = .50SM m 4 = .50SM m 6 = .57 SM 

r1=.119AU r2 = .052 AU r3 = .018 AU 

p 1 = 101.9 AU for the separation distance between m 1m 2 and m 3m 4 

p2 -1100 AU+ for the separation distance between m1m 2 m 3m 4 and 
msm6 

SM = Solar Mass 

AU = Astronomical Unit 

As can be seen from the astronomical data the Castor star system is 
composed of a low mass third binary in orbit around a more massive double 
binary subsystem. All three binaries are relatively close pairs showing high 
angular momentum indicative of the individual binaries being very stable. 
The Castor configuration resembles a classic trinary star system where each 
Castor close binary is like an individual star. The least stable components 
of the Castor system are the Jacoby coordinates p 1 and p2 with r1, r2 and 
r3 being the most stable. Extending double binary period equation 2.3.8 to 
find the disturbing functions for triple binary configuration stability analysis 
yields 

nZ - 4 2 r13 (~) - 4 2 r13 D 
'rl - rr - rr rl 

G/l,r1 /lr1 - ¢ri Gµri 
Equation 2.3.9 

2 3 3 
nZ - 4 2 r ( /lr2 ) - 4 2 rz D r. 2 - rr-- - rr-- 2 r G/1,rz /lrz-Xi <Pri Gµn r 

3 3 

Pz _ 4 z ~ ( llr3 ) _ 4 z ~ D 
r3 - rr 2 - rr r3 

G/l,r3 /l,r3-Xz<Pr3 G/lr3 

2 P~ l p~ P 1 = 4rr2 --( 2 ) = 4rr2 --D 1 
p G/lp1 ..!i_(,,_ +1'1-3,,_ ) Gµpl p 

1'1-1 'I' pl 1'1-1 'I' p2 

pz3 1 pz3 

P2
2 = 4rr2 --(-2--) = 4rr2 --D 2 p G/lp2 -?-<I, G/lp2 p 

1'-pl p2 
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with the corresponding perturbing functions 

Plotting Dr1 ,. Drz, Dr3 , Dp1 and Dp2 as a function of the respective 
perturbing functions ¢r1 , <f>rz, ¢r3 , </>pi and </>pz, letting p2 vary, keeping 
all other astronomical parameters constant, is an example of how the relative 
stability of the Castor system would change by placing the third binary at 
different distances from the double binary subsystem. Figure 2.13 shows the 
relative stability of the three binary subsystems Dr1 ,. Dr2 and Dr3 with the 
third binary being the most stable for p2 -11 00AU. Approaching 110 AU 
(and closer) the third binary would become the most unstable as it neared 
the double binary system center of gravity. The values along the ordinate 
have been subtracted from one, with the zero-value indicating stability for 
all time. The Jacoby coordinate p2 = 1100 AU + is marked on the plot to 
locate the Castor star system. An analogous plot for the theoretical triple 
binary configuration for p 2 = 66 AU can be found in figure 2.14 for 
comparison. Binaries in the Castor system are relatively more stable than 
binaries in the theoretical triple binary system due to their closer separation 
distance. 

Relative stability Dp1 and Dpz for the Castor Jacoby coordinates p 1 and 
p2 are plotted in figure 2.15. As previously noted, p1 and p2 are the least 
stable components in the trinary star system with p2 being the most unstable. 
In the real galaxy where external perturbations exist the third binary would 
eventually be perturbed out of the triple binary configuration. The relative 
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stability Dp1 and Dpz for the theoretical triple binary can be found in plot 
2.16 for comparison to the Castor system. All relative stability numbers are 
only valid in the infinitesimal interval at time zero and it is not known how 
they relate to absolute time. 

The question may arise if multiple binary star systems beyond the triple 
binary star system could exist. In consideration that the triple binary star 
system exists in a narrow stability window as a function of time, then the 
existence of a quadruple binary star system would be very problematic. 
There is definitely a limit to how many binary star system components can 
exist in a finite stable configuration. It may very well be three. This would 
not be true for the planetary and stellar/planetary configurations where more 
complicated systems can be structured. 

Higher Order Collinear Binary Configurations 

In chapter one, the infinite collinear binary problem was solved under a 
given set of conditions. Using those solutions in conjunction with the 
applications for the double and triple binary systems just reviewed, allows 
moving on to work with more complex quadruple and other multiple binary 
configurations to determine additional trajectory characteristics. By 
convention, mass one was usually used as the dominant mass in n-body 
applications. However, in the more general collinear n-body case, any mass 
in the configuration can be assigned any value, thus, giving greater 
flexibility in multi-mass systems applications. 

An example would be to determine external perturbations on a given 
multi-mass configuration demonstrating a more realistic trajectory 
modelling. This can be achieved by having one subset of masses (a star 
system) perturbed by another subset of masses (another star system or 
galactic core). For example, in the quadruple binary configuration mass one 
is a star with mass two through mass six being planets. Mass seven and 
mass eight (the perturbing masses) could be either a planet/star or a double 
star configuration. By extending p 3, which is the distance between the 
fourth binary and the triple binary center of gravity to interstellar distances, 
the state vector of this configuration can be numerically integrated to 
determine the perturbation effects on both mass subsets. 

Modelling collinear n-body configurations to study trajectory 
perturbations is not limited to multi-binary systems. Any n-body 
configuration or sets of configurations such as in equation 1.1.5 and figures 
2.5 through 2.7 can be arrayed to analyze complex systems. 
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2.4 Problems 

Section 2.1 

l. Starting from the 123 three-body configuration equations of motion 
shown in equation 2.1.5 derive the period ratio and expand it as a 
function of x to verify that it is a fifth order polynomial that reduces to 
the Euler quintic equation for the special case when the period of the 
binary is equal to the period of mass three about the binary. 

2. Calculate the Jacoby 123 T and p velocities from equation 2.1.5 and 
verify the results listed in equation 2.1.10. Show that twice the kinetic 
energy is equal to the potential energy thus verifying conservation of 
energy in the infinitesimal interval at time zero. 

3. Using the solution method set forth in equations 2.1.1 through 2.1.13 
calculate the period ratios, inertial velocities, perturbation coefficients, 
scaling factors and three-dimensional state vector for the 123 three-body 
configuration listed in equation 2.1.14. 

4. Using a diagram in like manner to figure 2.2, show the three­
dimensional geometry at time zero for the 123 three-body configuration. 

5. Calculate the intersection point between the three-body period ratios for 
the 123 and ll.3 configurations and show that the result is an Euler point. 

6. Compute the Jupiter T00 points using the three-body period ratios from 
the 132 and 123 configurations. The Jupiter to sun mass ratio is 
9.5479x10-4 and mass three is approximately zero. Distance between 
mass one and mass two is 5.203 AU. 

7. Determine solar T00 points for the case where the galactic mass (S) is 
2x1010 solar masses and at distances 20,000 LY, 25,000LY and 
30,000L Y from the galactic center. Compare this to the results for the 
T00 points listed in table I. 

8. Sphere of influence (SOI) was derived using the infinitesimal interval 
method and is a general equation in that mass three is not zero. Show 
that when mass three approaches zero SOI defaults to the Cheboterav 

1 

SOA equation where 112 = Tm2. 
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Section 2.2 

1. Using equation 1.2.1 through 1.2.3 compute the ten period ratios of the 
six-mass configuration 123456. By systematically inverting and 
multiplying the results of equation 1.2.3 can reduce the effort to 
determine these ratios. 

2. Determine the velocities and perturbation coefficients for the six-mass 
configuration 123456. Write out the three-dimensional state vector for 
this configuration. Show that twice the kinetic energy is equal to the 
potential energy. 

3. Plot the Jupiter period ratios as a function of the binary scaled distance 
like that illustrated in figures 2.5 through 2.7. The period ratios to be 
evaluated are 1234 and 12 34 on the sunward side of Jupiter and 12 43 
and 1243 on the anti-sunward side of Jupiter, where mass one is the sun, 
mass two is Mars, mass three is the probe mass (m3 ➔ 0) and mass four 
is Jupiter. 

4. Compute all the period ratios for the six-mass configuration 12 34 56. 
Will need to determine the sidereal synodic relations to find the 
perturbation coefficients and velocities to start this problem. 

5. Determine mathematically the period ratio _!2_ point of inflection for the 
P21 

123 configuration. Also, for the period ratios P
4 

, Ps and P
6 determine 

P3 P3 P3 

points of inflection in the 123456 configuration. 

Section 2.3 

1. Derive the double binary scalar equations of motion starting with the 
four-body vector equations of motion. Initially, convert the vector 
equations into Jacoby coordinates by coupling mass one with mass two 
and mass three with mass four. Consider the relationship between the 
mass acceleration vectors and the mass position vectors when setting up 
the collinear equations of motion to match equation 2.3.1. 

2. Using the Taylor expansion, transform equation 2.3.1 into linearized 
equations of motion in terms of coordinates Eri, Erz and Epi for the 
initial conditions rrio, rrzo and p10 respectively. Check this result 
against equation 2.3.2. 

3. Showthatthedeterminantof1:~: ::: :~:1 is equal to zero. This will 
U31 U32 U33 

verify equation 2.3.6 which is the result of evaluating the six by six 
determinant in equation 2.3.5. 
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4. Derive equation 2.3.8 double binary Jacoby coordinate rri, rrz and p1 

periods using the equations developed in section 1.3 in chapter one. 
Verify that the double binary cannot be stable for all time in the infinite 
interval at time zero. 

5. Show, using equation 2.3.9 that the theoretical triple binary star 
configuration can approach stability for all time yet never be stable for 
all time as p2 approaches infinity. Use the same line of reasoning that 
was put forth for the double binary system with equation 2.3.8. 
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CHAPTER THREE 

CONCENTRIC N-GONS 

Particles reside in mass distributions in instantaneous circular planar 
orbit about a central body. This chapter analyzes structured distributions of 
these particles starting with the development of the single regular n-gon and 
evolving to concentric regular multi-polygon configurations. The regular n­
gon configuration is a Newtonian system of particles defined as discrete, 
nomelativistic and rotating in classical two-dimensional Euclidean space. 
This is a physical system consistent with the laws of conservation (non-zero 
mass). 

The single regular n-gon or (n-1)-gon configuration (Chenciner, 2003, 
286, Hagihara, 1970, 255, Kurth, 1959, 137, Roy, 1998, 1475, Wintner, 
1964, 279,306) is composed of particles placed at the vertices of an equal 
sided polygon. Concentric regular multi-polygon structure is more complex 
and involves analyzing and solving two basic problems. First is the 
knowledge of n-gon interaction to determine particle perturbations, where 
there exist sidereal synodic relations under specified geometrical conditions 
that mathematically describe these particle perturbations. Sidereal synodic 
relations with type one geometry within the infinitesimal interval at time 
zero provide the necessary constraints to solve the planar n-body equations 
of motion allowing a formulation of n-gon radii, mass and angular velocity 
distributions. However, non-unique mass and angular velocity distributions 
result thus requiring further analysis to find the minimum potential energy 
solution (second problem). 

Unique regular concentric n-gon configurations are found by searching 
for the absolute minimum potential energy solutions. Due to the regular n­
gon symmetry these unique solutions possess inter n-gon singularities. Inter 
n-gon singularities can be removed by differentially rotating the n-gon 
assemblies such that when collapsed these n-gons form one regular n-gon. 
The differentially rotated regular n-gon configurations that are inter 
singularity free are geometrically incompatible with the solution 
methodology employed in this chapter. Therefore, differentially rotated 
regular n-gon configurations can not be made inter singularity free. 
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However, there are inter singularity free n-gon configurations that can be 
solved by the methods in this chapter but they are composed of a 
combination of regular and non-regular n-gons. This type of problem is of 
greater complexity and not dealt with here. 

3.1 Single N-Gon Configurations 

Before continuing with the concentric n-gon configuration analysis it is 
necessary to define the coordinate system and basic geometry in which these 
n-gon problems will be worked. This is in addition to the basic fundamental 
properties such as the constraints and initial conditions that allow 
formulation and solution of the structured n-body equations of motion. 

Consider a conservative dynamical system described as follows. Defme 
at origin m 1 fixed in two dimensional Euclidean space an inertial right 
handed coordinate system x,y,z where z = 0 is the concentric n-gon plane of 
motion. Let x and y be the inertial planar coordinate system, with m1 

located at the barycenter (also the geometrical center). The inertial y-axis is 
perpendicular to and counterclockwise from the x-axis. Let x' and y' defme 
a coincident coordinate system in the same plane as x and y rotating at 
angular velocity w with respect to x and y and origin at barycenter m1 , 

where the vector from m1 to some designated point on the outermost n-gon 
orients the x' -axis. Outermost n-gon radius R is at rest with respect to the 
rotating barycentric coordinate system. They' -axis is pe1pendicular to and 
counterclockwise from the x' -axis, with inertial and rotating coordinate 
system x and x'-axes coincident at t = 0 (time zero). 

For the n-body formulation, it is necessary to perform an infmitesimal 
orthogonal transformation about the z-axis of the n-body equations of 
motion in the x' y' coordinate system rotating at angular velocity w relative 
to the inertial xy coordinate system. Reformulating into the complex plane 
(Lass, 1957, 314-319, Pollard, 1966, 49) results in 

.. 2 . . z G .._,N :7;1. 
zk + wizk - W zk = L..j=l 3 Zjk 

j*k rjk 

k = 1,2,3, ... N Equation 3.1 

Planar n-body equations of motion exist over time interval ll.t with sidereal 
synodic relations defining interaction between successive n-gons. To 
properly utilize equations of motion and synodic relations requires ll.t to be 
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sufficiently small, such that, At approaches zero as a limit. Consequently: 
At is an infinitesimal. This is a necessary condition that allows the 
infinitesimal orthogonal transformation and corresponding infinitesimal 
rotation of the equations of motion to be consistent with infinitesimal 
rotation of sidereal synodic relations in the rotating barycentric coordinate 
system. 

To solve the single regular n-gon configuration orbiting about m 1 it is 
important to start with equation 3.1. These regular n-gons are central 
configurations where each particle is rotating with inertial angular velocity 
w within the infinitesimal interval at time zero. Basically, the n-gon can be 
considered to rotate as one unit. The angular velocity can be derived 
systematically as will be demonstrated starting with the three-body problem. 

3.1.1 Lagrange Equilateral Triangular Three-Body Problem 

It would be informative to review the analysis of the Lagrange 
equilateral three body problem prior to working the single n-gon problem. 
This will introduce the methodology for solving the general configuration 
type worked in the coming pages. Using equation 3 .1 with type 1 geometry 
and assuming all three masses are in instantaneous circular planar orbits in 
the infinitesimal interval at time zero 

Equation 3 .1.1.1 

Writing equation 3.1.1.1 in matrix form, the equations of motion with all 
masses at rest in the rotating reference frame at time zero becomes A = 0 
where A is equal to 

(

1 - mzpz1 - m3p31 
m1P21 
m1p31 

with 
G 

Pij = w2r3. ,, 

m2P21 
1 - m1P21 - m3p32 

mzp32 
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Reformulating the above matrix using a symmetry argument based on 
conservation of energy 

(

p32 
P21 

P31 

P21 

p31 
p32 

Equation 3.1.1.2 

results in p21 = p31 = p 32 and therefore p 21 + p 31 + p 32 = 2. where M = 
M 

m 1 + m 2 + m 3 . The resultant inertial angular velocity is w2 = G~ with r= 
r 

r 21 = r 31 = r 32 and all masses each different in magnitude are in circular 
instantaneous orbits at time zero in the infinitesimal interval with type 1 
geometry. It would be expected prior to or after time zero masses exist in 
instantaneous non-circular orbits. Using the inertial angular velocity 
determined in the infinitesimal interval, state vectors can be calculated for 
the Lagrange equilateral three body problem. Numerically integrating the 
Lagrange triangular state vector determined from the above analysis will 
show that this equilateral configuration can not be maintained over a finite 
interval. It is not stable in the sense of Lagrange. 

Validity for the symmetry argument formulating equation 3.1.1.2 can be 
made apparent using the conservation of energy equations. Showing 2T = 
U will verify this 

Computing the center of gravity will allow determination of the mass radii 
2 

for the Lagrange triangular configuration ratios \, thus completing the 
r 

verification. 

3.1.2 Collinear Three-body Configuration 

Although not a n-gon, the collinear three-body configuration could 
possibly be considered a central configuration. This is due to the 
monotonically increasing magnitude of the perturbation coefficients in a 
systematically growing single n-gon structure of masses. Where, the 
collinear three body problem is the initial configuration defining this n-gon 
structure of masses. Starting with the same initial equations of motion 
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( equation 3 .1.1.1) as the Lagrange equilateral triangle we obtain the 
following relations 

Equation 3.1.2.1 

-z + ----- z +-z = m 1 (;;1 m 1 1) 1 O 
m 1 pms 2 s 3 

under conditions m = m 2 = m 3, p = p21 = p31, r 21 = r 31 and m 1 at the 

barycenter. From these conditions it can be shown that p 32 =:.. p. Defining 
8 

a = .2:.... _ mi - :.. from the second (or using the third) equation of motion 
mp m 8 

and reformulating gives ~ z1 + az2 +:.. z 3 = 0. Using coordinates z1 = 
m 8 

O,z2 = 1 and z3 = -1 from the collinear three-body configuration 

geometry in the complex plane results in a = :.._ The resultant inertial 
8 

angular velocity for this configuration is 

Formatting equation 3.1.2.1 as a matrix and solving the determinant is an 
alternate method to obtain the same solution for a. 

(

~p - 2) 

~ 
m 

m1 

m 

1 

a 
1 

8 

Equation 3.1.2.2 

The collinear three-body angular velocity result can also be obtained by 
using the infinitesimal interval method derived in chapter two. Using 
resonance equation 2.1.18 for a 312 configuration 

z Gm1 (/3 ( 1 1 ) ) 
Viz = r12 - x2 - (l+x)2 s 

with x = 1, /3=1+Q, m=m2 = m 3 
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where the collinear three-body perturbation coefficient is </> = !;. 
4 

81 

All three methods give the same inertial angular velocity for this three­
body configuration. Numerically integrating the collinear three-body state 
vector will show that this configuration will only maintain its initial 
configuration for a finite time interval as would be expected. 

3.1.3 Four-Body Configuration 

In the same methodology as the collinear three-body configuration the 
four-body configuration can be solved. As will be noted, with each 
additional mass the regular n-gon configuration takes on another equation 
of motion, as well as, an increased number of constraints. Of primary 
importance is the determination of the n-body perturbation coefficient </>, 
which results directly from the n-gon structural geometry. This geometrical 
perturbation is necessary to find the inertial angular velocity. Magnitude of 
perturbation term </> increases as the number of masses in the single n-gon 
mcreases. 

let 
G 

Ptj = w2r.3. ,, 

m1 ( 1 m 1 2 ) 1 1 -z + ----- z2 +-z3 +-z = 0 
m 1 mp m ../33 ../33 ../33 4 

m 1 1 ( 1 m 1 2 ) 1 O 
-Z1 +-3Z2 + ---- ~ Z3 +-3Z4 = 
m .,/3 mp m v3 .,/3 

m 1 1 1 ( 1 m1 z ) O -z +-3Z +-z + ----- Z = 
m 1 ../3 z e 3 mp m # 4 
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under constraints 

m =m2 =m3 =m4 

P = P21 = Pu = P41 

1 
P32 = P4z = p43 = ,Jf p. 

Defining a = .2:.... - mi - ~ from the second (or using the third or fourth) 
mp m v3 

equation of motion and reformulating using complex coordinates z1 = 
0 1 

1 +-./3. d 1 -./3. th results 1 
,z2 = ,z3 = - 2 2 ian z3 = - 2- 2 i ere a= ,If" 

Therefore, the inertial angular velocity for this configuration is 

where </> = -./3 
3 

The single n-gon configuration structure for the four-body coupled 
equations of motion shows a logical evolution of a system of rotating 
masses. This is a result from dividing a circle into Increasingly smaller equal 
angular partitions where each of these partitions can be represented as an 
additional mass that will be formulated in the equations of motion. 

3.1.4 Five-Body Configuration 

Continuing in like manner to the three and four-body configurations, the 
five-body configuration will be derived under similar conditions and 
constraints. The recursive nature of the geometric equation structure is made 
manifest with increasing mass number. This can be seen from the five-body 
configuration equations listed below. 

let 

Equation 3 .1.4 .1 
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m 1 ( 1 m 1 z 1) 1 1 1 -z + ------- z +-z +-z +-zs = 0 
ml mp m -fz3 8 z -J-f3 VZ34 8 

m1 1 ( 1 m1 z 1) 1 1 -z1+-3 z2 + ------- z3 +-z4 +-zs=O 
m ..fi m p m..fi3s 8 $ 

-z +-z +-z + ------- z +-z = 0 m1 1 1 ( 1 m 1 z 1) 1 
ml .,/232 83 mp m ,fl 8 4 rzs 

under constraints 

m = m 2 = m3 = m4 = ms 

P = Pz1 = P31 = P41 = Psi 

1 
$ p = p32 = p4z = Ps3 = Ps4· 

1 
-;,_P = p43 = Psz 

83 

Defining a = 2... - ~ - ~ - ~ from the second ( or using the third, fourth 
mp m -rz 8 

or fifth) equation of motion and reformulating using complex coordinates 

z1 = O,z2 = 1,z3 = i,z4 = -iandzs = -1 there results a=~­
s 

Therefore, the inertial angular velocity for this configuration is 

1 1 VZ 
- = m1 + (-+-)m 
p 4 Z 

Equation 3.1.4.2 

were 

The five-body configuration, as well as all other single n-gon 
configurations, are consistent with the conservation of energy equations in 
that 2T = U. Due to the logistics of working with large numbers of equations 
with growing mass number, alternate methods for solving these systems are 
provided next. 
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3.1.5 Alternate Conservation of Energy Method 

The algebra becomes increasingly complex as the number of n-gon 
masses grows. Finding a method that does not use the equations of motion 
can possibly simplify the problem somewhat. Conservation of energy 
provides an alternate method to solve the n-gon configurations by using 
2T=U. At time zero within the infinitesimal interval with type one geometry 
the kinetic energy can be written 

where 

V = wr w2 = G (m1 +,pm) 
r3 

Equation 3.1.5.1 

therefore Rn = n-gon mass number 

The potential energy at time zero is 

U = G L m,mj = G m1m2 + ... + G t11.n-1mn 
rij 1·12 rn- 1,n 

Equation 3.1.5.2 

where 

Applying the conservation of energy method to the seven-body 
configuration (hexagon) orbiting mi, we can solve for the angular velocity. 
Equating the kinetic (equation 3.1.5.1) and potential (equation 3.1.5.2) 
energies allows solving for the perturbation coefficient <p by adding 
individual terms on both sides of the 2T=U equation. This method avoids 
using the equations of motion directly as can be seen below. 

2T = 6mv2 

Collecting and evaluating the twenty-one potential energy ru terms from 
the hexagon geometry yields 

2 2 2 

U = 6G mim + 6G 2::._ + 6G ~ + 3G ~ 
r ..fir r Zr 

6mv2 = 6mG mi +m¢ 
r 

v z = Gm1+mq, 
r 
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w2 = Gm1+m</> 
r3 

where 

85 

The same above result can be obtained by writing out the equations of 
motion with their initial conditions and constraints. With larger n-gon mass 
number the conservation of energy method can also become somewhat 
tedious. As can be seen with the three, four and five body configurations, 
mcreasmg n-gon mass number increases the perturbation coefficient 
magnitude¢. 

3.1.6 Alternate Recursive Method 

Another method to consider in working large n-gon configurations can 
be approached by taking advantage of recursive calculations. Essentially, 
with greater n-gon mass number a circle is subdivided into increasingly 
smaller angles. Utilizing this concept leads to simplifying the perturbation 
calculations. Circumventing the equations of motion and conservation of 
energy methods for perturbation coefficient calculation is to expand on the 
geometrical symmetry fundamental to the n-gon configurations. This can be 
accomplished by taking <p's from previous n-gon calculations and 
developing relations to solve for still greater n-gon configuration 
perturbation coefficients. Starting with an eleven-body configuration, 
calculations can be made for 1 Oi + 1 mass configurations from the following 
formula to determine¢ perturbations out to infinity. 

,I, 1 ,/z ._.5;-2(1 /3+1 )_!. 
'1-'l0i+l = - +-£...{3-o - COS-IT 2 4 2 - Si 

Equation 3.1.6.1 

where X = 0, 1, 2, ... , 00 

With some effort formulations can be derived to calculate systematically 
perturbations for selected single n-gon mass configurations. For example, 
in the next section a general method will be developed to calculate the 
perturbation coefficient ¢ for an infinite regular n-gon composed of even 
numbered masses. The table on the next page shows for selected single n­
gon configurations how <p grows as a function of increasing mass number. 

Replacing m with~ gives an inertial angular velocity of 
n - 1 
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where mT is the total n-gon mass. Redefining _p_as en gives a ratio of¢ 
n-1 

to the total number of n-gon masses (sans m 1). This is also shown in the 
table. It appears that as the number of masses in the n-gon approaches 
infinity en may also approach infinity, however, due to the intra­
singularities that exist between the masses it is difficult to determine to what 
value en actually approaches. 

The analysis presented in this section gives a general idea of the 
perturbed inertial angular velocity relative to the single n-gon mass number. 
Starting with the concentric two n-gon configuration in the next section 
higher order n-gon configurations will be analyzed. 

Table of Single N-Gon Perturbation Coefficients 

N-Body <I> 1l en=-
n-1 

3 .12S00 
1 -
4 

4 .1924S V3 
3 

s .23928 .: + \12 
4 z 

6 .27S28 
\12 Zrr 1 4rr 1 

-((1 - cos-)2 + (1 - cos-)2) 
Z 5 5 

7 .304S6 ~+ V3 
4 3 

\12 1 1 

9 .3S061 .: + ....:. + (2 - -,ti.) 2 + (2 + -,n.)-2 
4 Z 

11 .3862S 1 \12 L3 (l (n+l) ) _.!: :;+7 n=D -cos-5-rr z 

13 .41S33 F3 5 .rz (2 ✓-?,) _ _!; (2 ✓-?,) _ _!; -+-+-+ - 2+ + 2 3 4 Z 

17 .46118 

21 .49673 1 VZLs ( n+l )_2 -+- _ 1-cos-n 2 
4 z n-D 10 

2S .S2S76 
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41 .60708 1 .rz }::18 n+l __2: -+- _ (1-cos-n) 2 
4 2 n-0 20 

81 .71741 1 + v'z _2:38 (l n+l ) __2: 4 2 n=0 - COS 4CJJr 2 

161 .82773 1 + v'z L78 (l 11+1 )_2:_ 4 2 71=0 - cos son 2 

321 .93805 1 + v'z L158 (l n+l ) _2;_ 4 z 11=0 - cos160rr 2 

641 1.04837 1 + -Jz L318 (1 n+l ) __2: 4 2 n=0 -COS320Jr 2 

1281 1.15869 1 + Fz L63s (l 11+1 )_2:_ 4 2 n = 0 - COS 640 Jr 2 

2561 1.26901 
1 v'2 L1278(l n+l ) __2: 4 + 2 71=0 - cos rnon 2 

5121 1.37932 
1 v'2 L 2558(l 11+1 ) __2: - + - _ - cos --n 2 
4 2 n-O 2560 

3.2 Multiple N-Gon Configurations 

This section is a necessary preliminary to the infinite concentric n-gon 
problem. Starting with the single n-gon geometry previously worked and 
continuing with the multiple concentric n-gon allows one to evolve a 
methodology to determine the perturbations to calculate the <P's for the 
inertial angular velocities of the infinite n-gon configuration. 

The multiple concentric n-gon problem is additionally made more 
complex due to the infinite ways each n-gon can be arranged contiguous to 
every other n-gon. This analysis will use a geometry specified as follows. 
A system of n mass particles can be arranged in many different 
configurations, where the motion of any given n-particle system satisfies 
Newton's second law. One such family of interest is the planar n-body n­
gon configuration, with n-1 masses orbiting m1 in an assembly consisting 
ofR concentric n-gons and Rn particles per n-gon (RR11 = n -1). Relative 
to mi, particles are placed at the vertices of equal sided regular n-gons 
inscribed in their respective circle of increasing radii such that the geometric 
center is coincident with the barycenter. Two fundamental n-body n-gon 
geometries are ray and rotated ray configurations. An example of these two 
geometries for a R = 6, Rn= 6 configuration can be seen in figures 3.2.1 
and 3.2.2. Analysis in this chapter is restricted to the rotated ray 
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configuration defined in the infinitesimal interval at time zero using type 1 
geometry with the sidereal synodic relations. There exist infinite solutions 
for n-gon configmations (R 2'. 2) defined by the equations of motion (with 
sidereal synodic relations), and, if unique n-gon configmations are required, 
then additional constraints must be specified in the initial value problem. 
All n-gon configmation solutions are consistent with conservation of energy 
over the infinitesimal interval. 

3.2.1 Two N-Gon Configuration 

In the following sub-sections inertial angular velocities will be derived 
for two, three and fom concentric n-gon configmations. These examples 
will be using six masses per n-gon (Rn = 6) to simplify the illustration of 
even and odd structmal variations within the concentric n-gon 
configmations. 

The rotated ray two n-gon configmation for R = 2 and Rn = 6 masses 
is modelled using equation 3.1 and figme 3.2.2 as a reference 

Equation 3.2.1.1 

The inertial axis x and rotating axis x' have been chosen along a vector z8 1 

at time zero. In the above equation vector z21 is infinitesimally rotating 
counterclockwise relative to vector z81. 

Sidereal synodic relations describing n-gon interactions in general exist 
under geometric conditions where all particle velocity vectors are 
perpendicular to all particle radii vectors in the configmation plane of 
motion relative to the barycenter at time zero. Within the infinitesimal 
interval for R 2'. 2 synodic sidereal relations are 

nRPR = (nR + nR- 1)PR- 1 = ··· = (nR + nR- 1 + ··· + n1)P1 
Equation 3.2.1.2 

Where nR + nR-l + · · · + n1 are determinable coefficients of n-gon periods 
PR, PR-v ... P1 with innermost and outermost n-gon periods designated P1 

and PR respectively. Sidereal synodic relations are defined in the rotating 
barycentric coordinate system, which is also known as the synodic 
coordinate system (Szebehely,1967, 13-16). Equation 3.2.1.2 sidereal 
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synodic relations are formulated equivalently (Bauer, 2001) to those derived 
for a family of type 1 (Roy, 1955, Roy, 1988, 119, Marchal, 2000, 286) 
collinear n-body problems (Lehman-Filhes, 1891, Moulton, 1900, 249), 
however, they can also be applied to planar n-gon configurations. Utilizing 
equations 3.2.1.1 and 3.2.1.2 yields 

wf = (wt)z + (wl)2 (wY)Z = Gm1 
J rJ 

for j = 1, 2,3, .. ,R. 

Where wj is sidereal /h n-gon angular velocity, m (m > 0) is mean mass 
my , my is total n-gon mass, r

1 
(0 < r

1
- < oo) is /h n-gon radius 

n-1 

aj-1r 1 (a -:t- 1), and </>j are intra/inter perturbations. The n-gon radii 
distribution ry has been assumed to approximate a real particle distribution. 
In actuality ry can have infinite formulations. Lower case p and u represent 
the perturbed and unperturbed angular velocities respectively. 

Adapting the sidereal synodic relations from equation 3.2.1.2 for the two 
n-gon configuration gives n 2P2 = (nz + n 1 )P1 . The second n-gon with 
period P2 is rotating at an angular velocity ofw relative to the inertial x axis. 
The first n-gon with period P1 is rotating at an angular velocity relative to 

i!:.!.wt . . . 
the second n-gon where z 2 = r 1 e n2 . Radius of the first n-gon 1s r 1 and 
the angular velocity relative to the second n-gon is ~w. Equation 3.2.1.1 

n2 
now becomes 

Equation 3.2.1.3 

Since each n-gon rotates as a rigid body over the infinitesimal interval, any 
particle rotating within that n-gon will be rotating at that n-gon angular 
velocity. The term on the left of the equal sign in equation 3.2.1.3 can be 

reformulated as P
2 w = w1nr where w1nr is the inertial angular velocity of 

P1 

the first n-gon relative to the x axis. From the reformulated equation and 
z 12 = z1 - Zz = -z2 equation 3.2.1.3 becomes 

Equation 3.2.1.4 
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Taking equation 3.2.1.4 and writing it out in full for the inertial angular 
velocity of the first n-gon 

Evaluating scaler terms in the denominator for masses three through seven 
for the first n-gon and masses eight through thirteen for the second n-gon 
yields 

Evaluating vector terms in the numerator for masses three through seven for 
the first n-gon and masses eight through thirteen for the second n-gon gives 

Zsz = -2z2 z11,2 + Z12,2 = -(-v3a + 2)z2 

After substituting scalar and vector te1ms into equation 3.2.1.5 

the angular velocity and perturbation coefficients are 

Equation 3.2.1.6 

where 

_ 2-,/3a + 2 + 2+,/3a 
</>21 - (1+aL ,/3a)3/2 (l+a2) 3/2 (l+a2+,/3a)3/2 
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Coefficient ¢11 is the intra perturbations of the first n-gon and coefficient 
¢ 21 Is the inter perturbations of the second n-gon relative to the first n-gon. 
It will be noticed that intra perturbation ¢ 11 Is the same magnitude as for a 
seven body (rotating hexagon) single n-gon configuration. 

Setting up for the second n-gon taking into account that z8 is on the 
rotating x' axis 

Following in the same manner as the first n-gon analysis, the angular 
velocity and perturbation coefficients will be 

Equation 3.2.1.7 

where 

( za-,/3 + ~ + 2a+..fi ) 2 
</>12 = 3 3 3 a 

(1+a2-,/3a)2 (1+a 2)2 (1+a2 +../'ia)I 

Coefficient ¢ 12 is the inter perturbation of the first n-gon relative to the 
second n-gon. Perturbation coefficient ¢ 22 is equal to ¢ 11 due to the intra 
symmetry being proportionately the same for both n-gons. The perturbation 
coefficient geometry for the two n-gon problem can be summarized 

3.2.2 Two N-Gon Sidereal Synodic Coefficients 

The coefficients n 1 and n 2 from the sidereal synodic relation n 2P2 = 
(n2 + n 1)P1 used in solving the two n-gon problem can be determined 
analytically. Rewriting the sidereal synodic relation in an alternate form 

Taking the inertial angular velocities derived in equations 3.2.1.6 and 
3.2.1.7 for n-gon one and two, the period ratio can be computed 
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where k1 and k2 are mass scaling parameters for the first and second n-gons 
respectively. 

Rewriting the above two equations gives 

For the 2rc synodic case 

Equation 3.2.2.2 

Two n-gon configuration mass range, which is somewhat elusive, could 
be estimated to a rough degree by determining the period ratio of the two n­
gons. From the period ratios in equation 3.2.2.1 and the sidereal synodic 
relations in equation 3.2.2.2, the terms .!!2...¢1 and .!!2...¢2 should be of near 

m1 m1 

zero magnitude for the two n-gon configuration to continue in a semblance 
of their initial intra and inter geometry with respect to time zero. In terms of 
the configuration maintaining some given structure, it is expected that mass 
is neither of a magnitude that can be ignored relative to conservation laws, 
nor of a magnitude that can disrupt the configuration relative to some given 
finite epoch. It is assumed here when reference to a non-infinitesimal epoch 
is made that the mass, radii and angular distributions have determined an­
gon state vector to be numerically integrated relative to time zero. Mass 
range is dependent on system constraints such as two n-gon particle 
distribution evolution and period of interest. Terms ¢ 1 and ¢ 2 are a function 
of Rn with magnitudes in the approximate order of Rn, therefore as 

. . 1n . 
Rn, ¢ 1 , ¢ 2 ➔ oo 1t 1s necessary that- ➔ 0. Usmg known values of ¢ 1 and 

m1 

¢ 2 with an estimated magnitude of .!!2..._ could allow an upper bound 
m1 

approximation for mean particle mass. Another possible mass range 
approximation method to consider for numerical integration can be found 
from .!!2... < 2.3/RJ. This relation is based on an analysis developed in 

m1 

Maxwell's work for a one n-gon configuration (Maxwell, 1859, Maxwell, 
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Brush and Everitt, 1983, 71, 144). Although this equation was derived for 
a single n-gon, it may prove useful for the two n-gon configuration. 

3.2.3 Two N-Gon Optimization 

The two n-gon solution as derived earlier results in non-unique mass and 
angular velocity distributions, thus requiring further analysis to find the 
unique solution. Constraining the solution by determining the potential 
energy extrema will result in unique concentric n-gon configurations. Mass 
scaling is a necessary condition needed to reformulate this problem for 
uniqueness. The two n-gon kinetic/potential energy is composed of 
perturbed and unperturbed components which can be separated. The general 
equation for the perturbed component to be optimized can be determined by 
expanding the kinetic/potential energy series as a function of concentric n­
gon number using mass scaling kj 

2T = RnmG I.j=l :~ kj + RnmG L.j=l "';~ kj = zru + 2TP 
j j 

The first term to the right of the equal sign is the unperturbed kinetic energy, 
that is, there are no intra or inter perturbations in this term. Expanding the 
unperturbed kinetic energy using the radii distribution function '0 = r1 aj-l 

results in 

where RnmkR is the total n-gon mass for the Rth n-gon, represented as 
mJNGON in the above summation. It is only necessary to incorporate the 
perturbed energy component of the concentric n-gons in the optimization 
process. The perturbed concentric n-gon kinetic energy term 2TP can be 
expanded 
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Therefore, the perturbed scaled form of the kinetic (potential) energy 
function to be optimized is 

Equation 3.2.3.1 

where kj represents mass scaling. Associated with each n-gon will be a 
unique kj determined from the optimization process. Equation 3.2.3.1 is the 
general concentric n-gon formulation where substituting R = 2 gives the 
two n-gon case. 

The n-gon extrema energy problem comprises a system of two 
constraints which can be quantified as R = I.f =1 kj for the equality 
constraint and kj > 0 for the inequality constraints. Initial case R = 2 is 
special in that no numerical optimization is required with the kj solution. 

Taking the total derivative of I.J = l =~~{ with respect to kj and equating to 

zero locates the extrema. Resultant mass scaling parameters k1 and k2 are 
determined in the following manner 

results in the gradients 

Taking the total derivative and equating to zero 

Equation 3.2.3.2 

yields the k1 and k 2 optimized solutions using k 2 = 2 - k1 to find k1 and 
k1 = 2 - k 2 to find k 2 . Substituting the above constraints into equation 
3.2.3.2 gives for k1 
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and for k2 

The k1 and k 2solutions are consistent with the constraint equations k1 + 
k 2 = 2 and kj > 0. By observation it will be noted that trivial kj solution 
for R = 2 is kj = 1. Using a combination unperturbed and perturbed scaled 

kinetic energy optimizing function of 11= 
2;m2 in place of equation 3.2.3.1 

RN½ 

will give the same k1 and k2 mass scaling result as determined by the 
equality and inequality constraints. In the above analysis the potential 
energy equation could have been used in place of the kinetic energy 
equation, however, the resulting mass scaling optimizing function will have 
come out to be same as equation 3.2.3.1. 

3.2.4 Two N-Gon Conservation of Energy Verification 

Starting with the initial conservation of energy equations used for the 
determination of¢ in the single n-gon analysis and extending this to the two 
n-gon configuration 

Equation 3.2.4.1 

with 

gives 2T = 6mvfnr + 6mv?nr 

2r =6Gmm1+</>1m+6Gmm1+</>2m ,,. ,,. ,,. ,,. ,,. ,,. 
r1 r2 '1'1 = 'I'll + 'l'Zl 'l'Z = '1'12 + 'l'ZZ 
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Looking at the potential energy for the first and second n-gons using the 
customary energy equations 

U = G L m,mj = G m1m2 + ... + G m12m13 

rij r12 r12,13 
Equation 3.2.4.2 

Symbolically representing the individual terms mimj in the potential sum 
as ij, the first n-gon becomes 

12 
13 23 
14 24 34 
15 25 35 45 
16 26 36 46 56 
17 27 37 47 57 67 

Evaluating the 21 potential energy terms gives 

Looking at the potential energy for the second n-gon in the same manner as 
the first n-gon 

18 28 78 
19 29 79 89 

1,10 2,10 7,10 8,10 
1,11 2,11 7,11 8,11 
1,12 2,12 7,12 8,12 
1,13 2,13 7,13 8,13 12,13 

The terms outside of the block designated by 28 .... 78 etc. result in the same 

analysis as for n-gon one. That is, ¢ 22 = ¢ 11 = ~ + -13_ Blocked terms 
4 3 

represent perturbations between n-gon one and n-gon two (</>21, ¢ 12). 

When all potential energy terms are evaluated and combined conservation 
of energy will be maintained (2T=U). 
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3.2.5 Two N-Gon Configuration with 
Infinite Masses Per N-Gon 

97 

In the preceding sections, the two n-gon analysis was for the double 
hexagon configuration. This was a preliminary example in preparation for 
solving the problem of infinite masses in both n-gons, that is, for Rn ➔ oo 
(Rn even). Perturbation calculations for </>11, ¢ 21, ¢ 12, and , ¢ 22 (where 
¢ 22 = ¢ 11) will proceed as follows. Consider, the two n-gon equations of 
motion with infinite masses for the first n-gon 

N = RRn + 1 

Looking at the second term right of the equal sign and separating out n-gon 
one and n-gon two respectively 

Equation 3.2.5.1 

Reformulating in terms of </>11 and </>21 relative to the first n-gon 

Solving for </>11 in the first n-gon 

Evaluating the scaler and vector terms 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



98 Chapter Three 

yields 

Using rotated ray geometry to find thatz3 + zR +1 = 2z2 cos.:!:. etc. gives 
n Rn 

z ,!-. _ ~ Rn + Rn + Rn + . . . + Z2 
2 ( 1-cosE:. 1-cos!!'.. 1-cos

6
"' ) 

2 'l-'11 - 3 
2 

3 
4 

3 
6 

3 
4 ✓2 (1-cos_..::_)"z (1-cos_..::_)"z (1-cos_..::_)z 

Rn Rn Rn 

Therefore 

Equation 3.2.5.2 

Continuing with </>21 from equation 3.2.5. l for the first n-gon 

Regrouping the masses and evaluating the scaler and vector terms for ¢ 11 

results in 

Equation 3.2.5.3 

Formulating the equation of motion to solving for ¢ 12 in the second n-gon 
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Looking at the second term on the right of the equal sign 

Reformulating in terms of ¢ 21 and ¢ 22 relative to the second n-gon 

After some analysis yields 

Where, from the rotated ray geometry 

01 = n - 202 

Equation 3.2.5.4 

02 = (2j - 1) ~ The next step in the infinite n-gon problem analysis 
Rn 

is to study the three n-gon configuration. This is a necessary step in 
developing formulas for even n-gon </J's such as ¢ 2 v ¢ 41, ... ,¢12, </)14 ... and 
for odd n-gon <p's like ¢ 31, </Jsi, ... ,¢13, ¢is .... 

3.2.6 Three N-Gon Configuration 

FirstN-Gon 

Applying equation 3.1 and the sidereal synodic relation equation 3.2.1.2 
to the three n-gon configuration will result in the same structural 
mathematical analysis as the two n-gon configuration. From these 
equations the three n-gon configuration follows basic systematic n-gon 
geometry to determine perturbation coefficients for each n-gon within the 
three n-gon configuration. Mass fourteen is the reference mass on the third 
n-gon that determines the orientation of the rotating x' axis relative to mass 
one. Mass two with period one (P1) in the first n-gon rotates relative to mass 
fourteen with period (P3) in the third n-gon. Therefore, with these initial 
conditions the equation of motion for the first n-gon can be written 
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Equation 3.2.6.1 

,,-. _ 3 _,19 2 iz 
'1'31 - r1 ~i=14 r-3 

,2 

For the three n-gon configuration the vector from mass one to mass fourteen 
is used as the rotating x' axis as well as the non-rotating x ax.is within the 
infinitesimal interval at time zero. Mass two is rotating relative to mass 
fourteen. Evaluating denominator (scalar) and numerator (vector) terms for 
particles two through nineteen for the above equation will be done in the 
same manner as for the two n-gon geometry. In this derivation the following 
n-gon radii distribution has been used 

Generally, the n-gon radii distribution 71 can have infinite forms. Using 71 = 
aj-1 r 1 simplifies an otherwise complex problem. To determine real 71 
distributions would probably require numerical optimization/analysis of 
real planetary/stellar ring systems. 

The resulting inertial angular velocity for the first n-gon of the three n­
gon configuration is 

where 

"' - s; "3; 'I'll - 4 + 3 

z- ../3a z z+../3a ,I-.---~--+---+-----'/' 21 - (l +az -V3a)3/Z (l+a2)3/Z (l+a z +V3a)3/Z 
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As can be seen from the three n-gon configuration, perturbations ¢ 11 and 
¢ 21 are the same as for the first n-gon of the two n-gon configuration. 
Perturbation ¢ 31 is new and of different form. 

Three N-Gon Configuration 

Second N-Gon 

Under the same conditions as described for the first n-gon, this process 
is continued for the second n-gon. Mass eight in the second n-gon with 
period two (P2) rotates relative to mass fourteen in the third n-gon with 
period (P3). The equation of motion for the second n-gon is structurally like 
that of equation 3.2.6. l for the first n-gon. Solution for perturbation 
coefficients are stated without analysis. 

,1-. _ 3 _-,7 z;s 
'1"12 - r2 i...f=2 -r3 

i8 

,1-. _ 3 _-,19 2 ia 
'1"32 - r2 i...f=14 ;i 

,s 

After evaluation of the scalar and vector quantities for mass particles two 
through nineteen, there results the second n-gon inertial angular velocity 

where 

¢2 = ¢12 + ¢22 + ¢32 

_ ( 2a-../3 + 2a + 2a+../3 )a2 
¢12 - (l+a2 - ,/3a)3/2 (l+a2)3/2 (l+a2 +,/3a)3/2 

_ 2-;13a + 2 + 2+;13a 
<p32 - (1+a2-,/3a)3/2 (1+a2)3/2 (1+a2+,/3a)3/2 

Due to the rotated ray symmetry the ¢ 11 and ¢ 21 perturbation 
coefficients from the first n-gon analysis are the same as the perturbation 
coefficients ¢ 22 and ¢ 12 from the second n-gon analysis. Taking advantage 
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of this recursive geometry in the concentric n-gon configurations allows 
much simplification. 

Three N-Gon Configuration 

Third N-Gon 

Angular velocity and perturbation coefficient results are listed below for 
the third n-gon using the same methods as for the first and second n-gons of 
the three n-gon configuration. Mass fourteen on the rotating x' axis is 
rotating relative to the inertial x axis with inertial angular velocity w. Since 
mass fourteen on the third n-gon is the reference point that determines the 
orientation of the rotating x' axis, the vector velocity z14 and the vector 
acceleration z14 are both zero. The equation of motion for the third n-gon 
of the three n-gon configuration is as follows 

z _ Gm1 G _.7 z;,14 G _.13 z ;,14 G _.19 z ;,14 -w Z14 - --3-Z14 + mL..i=z-3-+ mL...i=9-3-+ mL... i=1S_3_ 

where 

r1,14 r i,14 r i,14 i:t:14 r i,14 

A, _ 3 '\'19 2 i,14 
'+'33 - T3 L... i=15T 

i;t14 L,14 
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The perturbation coefficients summarized for the three n-gon 
configuration can be seen below 

¢11 ¢21 ¢31 
¢12 ¢22 ¢32 = 
¢13 ¢23 ¢33 

¢11 ¢21 ¢31 
¢12 ¢11 ¢21 
¢13 ¢12 ¢11 

As indicated earlier there is a well-defined n-gon symmetry using the 
rotated ray geometry. From the summarized perturbations listed above 
</>11 = </>22 = </>33, </>12 = </>23 and, </>21 = </>32. There are R2 </>ij terms to be 
evaluated for the three n-gon configuration, however, due to the a 
independent <f>u intra symmetry and the </>;j redundancies the total 
evaluations reduce to 2R-l. This is a direct result of the rotated ray 
geometry. 

3.2.7 Four N-Gon Configuration 

The four n-gon configuration is the last configuration in the multiple 
concentric n-gon section to be studied before moving on to the infinite n­
gon problem. Only perturbation coefficients new to the four n-gon 
configuration are ¢41 and ¢ 14, the remaining </>;/s have been previously 
determined from the two and three n-gon configuration analysis. 
Perturbation symmetry displayed in equations 3.2.7.1 from recursive 
geometry can be extended to the infinite n-gon configuration. The 
analytical basis formulating the problem of the two n-gon configuration 
with infinite masses has been presented in subsection 3.2.5. Using the two 
n-gon infinite mass procedure along with the three and four n-gon 
perturbation analysis will allow the infinite n-gon configuration solution to 
be worked out in section 3.3. See figure 3.2.2 as a reference for the four n­
gon geometry. The four n-gon configuration will be summarized in equation 
3.2.7. l with minimal analytical analysis. 
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FirstN-Gon 

Equations 3.2.7.1 

_ 2--.fia + 2 + z+-.fia 
</>21 - (l+az --./3a)3/2 (l +a2)3/2 (l+az +-./3a)3/ 2 

Second N-Gon 

2 _ Gm1 +m¢2 
Wznr - rf 

_ 2--.fia + 2 + 2+-.fia 
<f>32 - (1+a2--./3a)3/2 (1+az)3/z (1+a2 +-./3a)3/ 2 
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Third N-Gon 

</Jz3 = ( za-..fi 3 + ~ + za+..fi 3)a2 
(1+a2-..fia)z' (1 +a2)z (1+a2 +..fia)z' 

_ z-.,fia + z + z+.,fia 
¢43 - (l+a2- .,fia)3/2 (1+a2)3/2 (1+a2+.,fia)3/2 

Fourth N-Gon 

105 

The inter and intra perturbations listed above show that the four n-gon 
system maintains the same intrinsic symmetry as the three n-gon 
configuration. Unique inter and intra perturbations require only 2R-1 
evaluations per n-gon configuration resulting from a and inter perturbation 
symmetry redundancies. Summarized perturbation coefficients for the four 
n-gon configuration are listed below 
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</>11 </>21 <p31 <p41 </>11 </>21 <p31 <p41 
</>12 </>22 <p32 <f>42 </>12 </>11 </>21 <p31 
<p13 </>23 <p33 <p43 </>13 </>12 </>11 </>21 
<p14 </>24 <p34 <p44 <p14 <p13 <p 12 </>11 

3.2.8 Four N-Gon Sidereal Synodic Coefficients 

Solving the sidereal synodic coefficients for the four n-gon system can 
proceed along the same lines as that of the two n-gon configuration in 
subsection 3.2.2. Starting from the equation 3.2.1.2 definition with 

it can be found after some algebraic manipulation 

~ P4 P3-P2 ~ P4 P2-P1 

n4 P3 P2 n4 P2 P1 

using the above equations to formulate n 3 and n 4 

andn2 

and finally for n1 

solving for n 1 through n4 results in 
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where 

Like the two n-gon configuration, the sidereal synodic coefficients could 
be used to estimate the four n-gon mass range to find potential finite stable 
systems. However, instead of one period ratio to deal with there are now six 
ratios for the four n-gon configuration to consider. This method could easily 
become overwhelming and better methods such as numerical optimization 
may prove more useful. 

P4 P4 P4 

P1 P2 P3 

P3 P3 

P1 P2 

P2 

P1 

3.3 Infinite N-Gon Configuration 

3.3.1 Infinite Concentric N-Gon Formulation 

The n-gon perturbations derived from the n-body equations are </>j = 
I.f=ikj</>ij for j = 1, 2,, ... ,R, where <f>jj,</>ij and kj (kj > o) represent 
intra/inter perturbations and mass scaling respectively. Intra perturbations 
are interactions between particles within the n-gon, whereas inter 
perturbations are particle interactions between n-gons. Scalar a reduces </>ij 
inter perturbation evaluations resulting from redundancies 
</>i,i-1, </>i-1,i, </>i,i-z, </>i-z,i, etc .. Intra perturbations </>jj evaluations are also 
reduced, for every concentric n-gon maintains the same geometric 
proportion, resulting in a independent </>11 = </>22 = ... = <!>RR· There are 
R2 <f>ij terms to be evaluated per n-gon configuration; however, due to <f>ij 
redundancies resulting from a and intra symmetry, <f>ij evaluations can be 
reduced to 2R - 1. Therefore, the only non-redundant terms are in the first 
row and first column of </>ij· Perturbation series <f>ij can be rewritten 

</>j = kj</>jj + I.R ~21 ki+j<l>i+i,1 + I.j ~! 1 kj - i</>i,i+i Equation 3.3.1.1 
R-j;,1 j-1;,1 

where j = 1, 2, 3, ... , R 
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The equation for infinite masses within a given n-gon ( </>jj) orbiting 
mass one has already been developed for the two n-gon configuration. Intra 
perturbations for each regular n-gon within the infinite n-gon configuration 
are the same, that is, </>11 = </>22, = ··· = </>jj· Therefore, as described in 
subsection 3.2.5 

,1., _ 1 + ,II _,½(Rn-2)(l 2rri)_1;2 
'f'''-- -~- -cos-]] 4 2 l=l Rn Rn = 4,6, ... 00 jmax = 2,4, ... R 

As can be seen from the geometry of the rotated ray configuration the n-gon 
row and column perturbations are grouped in terms of even and odd 
coefficients outlined below 

Row Column 

</>21, <p41, ···, </>2j,l 

<p31, <p5i, ···, </>2j+1,l 

The three n-gon configuration displays a different perturbation structure 
as seen with terms </>31 and </>13 than found with terms </>21, </>12 and </>41, 
</>14 . This will be true for the even and odd perturbations for higher order 
n-gon configurations. Equations for all four perturbation groups can be 
derived from the following method by starting with the evaluation of 

</>zv </>31, ... , </>Rl- Expanding G 1:f=3 ~
1 
Ziz from the first n-gon for the even 

r i2 

perturbations (-z2</>21, -z2</>41, ... ) yields 

,I., _ 3 _,2Rn+l z ;, _ 3 ,ZRn+2,2 + 2Rn+3,2 + + ZzRn+l,2) 
-z2'f'2l - r1 ~i=Rn+Z r-3 - r1 1.:-r::3-- -r3-- ... -r3--

i2 Rn+2,2 Rn+3,2 2Rn+1,2 

The odd perturbation coefficients for the first n-gon (-z2</>31, -z2</>sv ... ) 

can be expressed in a similar format. 
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-z ,J.. _ = r3 LRn(R-1)+1 Z;2 = r3(2Rn(R-2)+2,2 + 2Rn(R-2)+3,2 + ... + 
2'1-'(R 1),1 1 l=Rn(R- Z)+Z r-3 1 r3 r3 

,2 Rn(R-2)+2,2 Rn(R-2)+3,2 
2

~nR-1,2) 

rRnR-1,2 

Collecting even and odd coefficients from the first n-gon and resolving 
G If=3 ~t Ziz into its individual terms gives the following result. Total 

ri2 

number of concentric n-gon particles is N = RRn + 1. 

and Equation 3.3.1.2 

Continuing this procedure for the second n-gon 

where 

w2 z = Gm1 z + ~ z _.R ,J... 
ZNR Rn+Z r3 Rn+Z r3 Rn+Z -'-'1 = 1 '1-'tZ 

2 2 

and Equation 3.3.1.3 
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Formulating the infinite n-gon 

where -w2z = _ Gm1 z + G .,_.N z,N-Rn+1 
R 2 3 N-Rn+l mL, t=2 ; 

rR ia"N-Rn+l ri,N-Rn+l 

and Equation 3.3.1.4 

Where the even row perturbation coefficients are ¢ 21, ¢ 41, ... etc. 

Equation 3.3. 1.5 

for rotated ray 01 and 02 geometry conditions 

i = 1,2,3, ... ,½Rn ~ = 2j-1 

j= 1,2,3, ... ,¼R 02 = (2i -1) ~ 
Rn 

R?. 2 

The odd row perturbation coefficients are </>31, </>51, ... etc. 

Equation 3 .3, 1. 6 

for rotated ray 03 and 04 geometry conditions 

i = 1,2,3, ... , ½ (Rn - 2) y = 2j 

j=l,2,3, ... ,½(R -2) R?. 2 

The even column perturbation coefficients are </>12, </>14, ... etc. 
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Equation 3.3.1.7 

the rotated ray 01 and 02 geometry conditions for the even row <f>zj.l case 
also apply to the even column </>i,zj case. 

The odd column perturbations coefficients are </>13, </>15, ... etc. 

Equation 3.3.1.8 

the rotated ray 03 and 04 geometry conditions for the odd row <f>zj+1,l case 
also apply to the odd column </>i,zj+l case. 

Intra and inter perturbations for the infinite n-gon configurations are 
summarized in the following table 

</>rn </>11 

Mathematically this can be written as 

where </>j does not take into account mass scaling or </>ij redundancies 
resulting from a and intra n-gon symmetry. Taking into account mass 
scaling without </>ij redundancies gives 

Considering only </>ij redundancies without mass scaling 

_ _,R-j _,j-l 
<pj - <pjj + ,:_,i=l </>i+l,j + ,:_, i=l </>1,i+l 
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The full up equation with mass scaling and <f>tj redundancies results in 
equation 3.3.1.1 

Equation 3 .3 .1.1 is the formulation that will be used in the next subsection 
for perturbation coefficient calculation to determine numerically optimized 
infinite concentric n-gon configuration mass. The inertial angular velocity 
for each n-gon as a function of </>j in the infinite n-gon configuration is 

2 (m1 +m</>j) 
W · = G ----,,.........~ 

J rJ 

For simplicity the even and odd row coefficients can be written as one 
equation consistent with equations 3.3.1.5 and 3.3.1.6 

Equation 3.3.1.9 

where oj = 0 (j odd),= 1 (j even) 

R 2: 2 (Reven) 

Even and odd column perturbation coefficients can be written as one 
equation consistent with equations 3.3.1.7 and 3.3.1.8 

Equation 3.3.1.10 

where oj, 0, R and Rn are the same as for equation 3 .3 .1.9. 

From rotated ray symmetry, the </>jj intra perturbation equation can be 
rewritten using trigonometric identities. Although, this reformulation 
reduces the terms in the sum by half, the number of </> jj that can be evaluated 
is also reduced by half 
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1 1 
</> .. = 2; + L4(Rn-2) cos0+sin0 = 2; + 2; LiRn-2) (-1- + _1_) 

11 4 t=l sin20 4 2 !=l sin0 cos0 

Rn = 6, 10, 14, 18 ... oo 

Perturbation equations </>j+1,l and </>1,j+l can also be rewritten to reduce the 
sum of terms by one half using trigonometric identities. Although the 
number of terms to be evaluated has been reduced by half, the evaluation 
per term appears to have increased. 

A state vector can be constructed from a given n-gon configuration by 
using the inertial angular velocities calculated and the n-gon particle 
coordinate locations. Numerically integrating this state vector will show the 
n-gon evolving over time. These state vectors are not unique for a given n­
gon configuration as was found with the two n-gon configuration. Equation 
3.3.1.1 with mass scaling parameter k makes it possible to perform 
numerical optimization to obtain a unique solution 

Evaluating the inertial angular velocities from 

and using equation 3.3.1.1 to determine the inter intra perturbation 
coefficients <f>u, the n-gon optimization process can be started on the 
constraint surface with the equality and inequality constraints being kj = 1 
and kj > 0. The unique n-gon is defined by determination of an absolute 
minimum potential energy configuration. This will be discussed in section 
3.3.2. 

3.3.2 Infinite N-Gon Numerical Optimization 

For a given concentric n-gon configuration there will be a unique set of 
k/s for input parameters m 1 and mT. Applying Lagrange's 1788 absolute 
minimum energy principle, a configuration is in equilibrium if an absolute 
minimum potential energy configuration can be found. Lyapunov's direct 
method could show if this equilibrium configuration is stable or unstable by 
expanding the potential energy in the v function in a series to determine if 
it is positive definite (using the Sylvester criterion). First, however, it is 
necessary to find the minimum potential energy of a given concentric n-gon 
configuration. 
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To find the minimum potential energy for the n-gon configuration will 
require numerical optimization. This process establishes constraints 
necessary to initiate the optimization process and the deteimination of the 
particular n-gon function to be optimized. Total n-gon mass m r is 
formulated as a series, where each n-gon consists of an equal number of 
identical mass particles multiplied by mass scaling kj. This equates to mr = 
mRn IJ =l kj = mRnR which defines equality constraint to R = IJ =l kj . 
Considering mass positive defines inequality constraint kj > 0. For R 2". 2, 
there are infinite kj. and wj distributions consistent with equality constraint 
R = IJ = l kj. By observation, it will be noted that a trivial solution for any 
R is kj = 1. For zero mass n-gon configurations (mr = 0, m = 0) system 
constraints are violated and the infinite n-gon angular velocity distribution 
reduces to a unique central force angular velocity distribution, that is, there 
is an infinite two body velocity distribution. For non-zero mass n-gon 
configurations (mr > 0, m > 0, R 2". 2) system constraints are preserved as 
specified by R = If =1 kj and kj > 0, however, resulting kj and wj 
distributions will not be unique. Unique distributions can be found from the 
following condition; that the potential energy of the conservative n-gon 
configuration is at an absolute minimum (Gantmacher, 1970, 169, Jeans, 
1935, 348-352, Ramsey, 1929, 257). From this condition, the minimum 
potential energy kj. and wj distributions are unique for m r > 0, m > 0, R 2". 
2 with 1) = aj-1 r1 (a -:f= 1) over region 0 < 1) < oo. The inertial angular 
velocity can be written in terms of the perturbed and unperturbed 
components respectively 

The general equation for the perturbed scaled component to be optimized 
can be determined by expanding the kinetic potential energy series as a 
function of concentric n-gon number. For example, 

Equation 3.3.2.1 

where the angular velocity has been substituted into equation 3.3.2. l 
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The first term to the right of the equal sign is the unperturbed kinetic 
energy, that is, there are no intra or inter perturbations in this term. 
Expanding the unperturbed kinetic energy results in 

G mT 
2Tu = R G "\'R ~k- = ..2::!, "\'R jNGON 

nm £..;=1 J £..;=l 1·-1 rj r 1 a 

where mJNGON is the total n-gon mass per n th n-gon. Radii distribution 1j = 
r 1aj-l determines the n-gon spacing for the perturbed and unperturbed 
kinetic energy equation. Perturbed kinetic energy 2TP defines the 
optimization function used to calculate the scaled mass k/s. Equation 
3.3.2.1 perturbed kinetic energy 2TP can be written as follows 

Therefore, the perturbed scaled form of the kinetic (potential) energy 
function to be optimized is 

Equation 3.2.3.2 

Equivalent analysis for the scaled potential energy will give 

Geometric perturbations with mass and radii scaling If =1 !J~{ have been 

isolated in equation 3.2.3.2 for the purpose of numerical optimization. 
Scaled kinetic energy is used for optimization in place of the scaled potential 
energy, however, either series is valid due to their equivalence. 
Theoretically, desired kj and wj particle distributions occur at the absolute 
minimum, however, with large n-gon particle configurations there does not 
exist complete knowledge of the absolute minimum. In practice it is 
expected that most likely minimums will be relative. Let the n-gon mass and 
angular velocity distributions for the minimization process be defined by 

optimization problem F = If =1 !J~[, subjectto constraints R = If =1 kj and 

kj > 0 with input parameters <pij, mi, my, a , R, Rn, r1 and rR . The 
gradient function necessary for optimization is determined by taking the 
partials of F relative to the kj 's. 
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The gradient equation can be summarized 

!!._ = _1_ (k·"' + ,i.. ·) + .._,R-:j k;+j'h,i+t + .._,j-1 kj-i<P_i+l,1 
8k · aJ-1 J'+'ll '+'J i.. t=l a<+J-1 i..t=l aJ-<-1 

J R-j;,1 j;,2 

where </>i,r+i and where </>r+i,i are calculated prior to optimization. 

The numerical minimization process can be simplified by starting on the 
constraint surface, that is, inputting kj consistent with equality and 
inequality constraints. This may be accomplished when equality constraint 
trivial solution kj = 1 is used. Small n-gon configurations need only one 
initial run to converge, however, large n-gon configurations may require the 
output from an initial run as input into the next successive optimization run 
until this process reaches convergence. 

The end result of the infinite n-gon configuration analysis is a minimum 
energy state vector in a planar array of particles orbiting m 1 at time zero 
determined by numerically optimizing the scaled potential energy. These 
minimum energy states exist within infinitesimal interval M and represent 
particles in circular instantaneous orbits. Therefore, mass radii and angular 
velocity distributions determined from the minimization process define the 
minimum energy circular instantaneous state vector at time zero. The 
conservative system state vector is a point in particle position and velocity 
space, and over time in accordance with the equations of motion represents 
the past, present and future of some particular planar (phase) space 
trajectory. Consistent with classical deterministic mechanics this trajectory 
history theoretically can be found when the instantaneous state vector is 
completely known. 

Knowledge of n-gon configuration past/future evolution requires 
numerical state vector integration starting at time zero with the necessary 
modelling of particle collision systems. System evolution will determine to 
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what extent particle migration redistributes n-gon mass with respect to time, 
thus, illustrating the degree to which a given configuration remains near its 
initial intra geometry. Particle redistribution evolution for large n-gon 
systems may also include periodic mass migration oscillating between 
relative minimum potential energy states at possible resonance locations. 
Large magnitude n-body interaction particle simulations could be 
accomplished with future generation special purpose research computers 
such as GRAPE-6 and GRAPE-DR (Aarseth, 2003, 247, Makino, 
Fuk.ushige, Koga and Namura, 2003, 1163, Makino, 2008, 457-466). 

Under the conditions where Rn ➔ oo and a➔ 1, intra/intra geometrical 
perturbations become infinite presenting difficulties in numerically 
optimizing the scaled potential energy or large densely populated systems. 
Therefore, it is important to investigate the nature of these singularities to 
determine whether they are removeable. To accomplish this, it would be 
instructive to have the n-gon configuration collapse into one n-gon, that is, 
a equals one. This single n-gon system is composed of 2Rn points where 
each point has ½ R particles occupying the same location. Geometrically, 
multiple points at the same location do not pose a problem since points are 
zero dimensional and can be packed in any manner. However, 
gravitationally this introduces an infinite valued scaled potential energy 
function in the a ➔ 1 environment and cannot be optimized. Multiple 
particles at the same point are inter singularities that occur when the rotated 
ray structure approaches an alpha of one. Proper redistribution of the rotated 
ray configuration will align the mass particles in such an orientation that 
individual n-gons when collapsed into one n-gon will not result in over 
lapping particles, thus, removing the inter singularity problem. Remaining, 
however, are the intra singularities and although perturbation magnitude 
becomes infinite as Rn ➔ oo, the mass particles never overlap. The intra n­
gon population can always be increased no matter how many zero­
dimensional particles occupy the n-gon. Under these conditions as 
specified, the intra singularities do not appear to be removeable. 
Remodeling discrete particles into continuous mass circles may resolve the 
intra singularity problem, however, this would require a complete 
restructuring of the n-gon formulation in the near one alpha regime. 

3.3.3 Conservation of Energy Verification 

It is important to show the infinite n-gon solution is consistent with 
conservation of energy for the rotated ray configuration. This is a required 
step verifying the infinite concentric n-gon analysis has determined the 
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correct solution in that twice the kinetic energy is equal to the potential 
energy. Reformulating kinetic and potential energy equations in terms of the 
concentric n-gons initiates this process. 

Relationship between kinetic and potential energy at time zero is 
determined using perturbed angular velocity and the customary energy 
equations. Kinetic energy 2T = If=i m1vf series defined by n-gon 

R m 1 +</>jm 
becomes 2T = RnmG Lj= l r· kj as previously demonstrated. The 

} 

potential energy function U = G Lfst<jsN mri~i is somewhat more complex 
L] 

and will be worked by n-gon. Analyzing the first infinite n-gon in a similar 
manner as Section 3.2.4 results in 

for the second n-gon 

for the third n-gon 

for the Rth n-gon 

Summing these terms 

Equation 3.3.3.1 

u _ k ._,j- 1 k u 
</>j - j</>11 + L.. i=l j-i</>1,(i+l) c 

j-12:1 

The superscript U in equation 3.3.3.1 refers to the perturbation coefficient 
series derived from the potential energy function. Blocked terms such as 
<f>R-l,Rc for example represents a RnXRn array of perturbations between n­
gon R - 1 and n-gon R. This is similar to the blocked potential energy 
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perturbation terms illustrated for the two n-gon configuration shown in 
Section 3.2.4. There exist redundancies between these blocked terms as for 
example </>izc = </>23c = </>34c = ··· = </>j,U+1)c· Relations between the 
potential energy perturbation terms and the kinetic energy perturbation 
terms will be developed in the coming analysis. 

Condition 2T = U can be demonstrated utilizing difference function l:,.j, 
defined as 

where 

Equation 3.3.3.2 

Equation 3.3.3.3 

Substituting, to find l:,.j by replacing j with j + 1 in equations 3.3.3.2 and 
3.3.3.3 

Where the difference ¢f(i+l)c - </>i,i+i needs to be evaluated from the 
general even and odd n-gon cases. For the even case 

,i..U _,i.. _ 2j-1,i.. 
'¥l,2jc '¥1,Zj - a 'l'Zj,1 Equation 3.3.3.4 

For the odd case 

U _ 2· 
</>1,(Zj+l)c - </>1,2j+l - a 1

</>2j+1,1 Equation 3.3.3.5 

Listing the even and odd terms from equations 3.3.3.4 and 3.3.3.5 in a 
monotonic sequence, that is, formatting these equations into one continuous 
n-gon equation results in 
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Therefore 

t:..i = I.{=1 ki+l-tat</>t+1,i) + I.R-~:f ki+i+t<l>t+i,1 Equation 3.3.3.6 
R-j-12'1 

Starting with potential energy equation 3.3.3.1 and t:..j, yields 

Equation 3.3.3.7 

ll ·k · 
Evaluating I.f:;f 1 

a~+i in the equation 3.3.3.7 is necessary to verify 

potential and kinetic energy equal for j = 1, with I.j=1 mi +/'j m ki matching 
) 

k · 
kinetic energy for j 2:: 2. Multiplying equation 3.3.3.6 by ~~1 and summing 

over j gives 

fl · 
Finally, we find I.j:;f J ki+l = k1 I.j:;f ki+l </>i+l,l verifies first term of 

kinetic energy matches first term of potential energy, thus establishing 
condition 2T = U. Therefore, all rotated ray n-1 particles are in circular 
instantaneous orbits relative to m1 at time zero. Prior to or after time zero, 
it would be expected that all n-1 particles exist in non-circular instantaneous 
orbits. 

3.3.4 Infinite N-Gon Sidereal Synodic Coefficients 

The general sidereal synodic equation where nR, nR-i, ... n 1 are the 
determinable coefficients for the infinite n-gon configurations is of the form 

can be solved by the same method used for the two and four n-gon 
configurations. Expanding on that method results in the solution 
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n1 = a3/Z(R-Z) (G1 a3/Z - Gz) 

nz = a3/Z(R-3)(Gza3/Z - G3) 

where I= 1,2, ... ,R-1 (Reven) 

Mass estimation for large n-gon configurations would be analogous to 
mass estimation for the two and four n-gon configuration. The number of n-

gon period ratios for increasing R will grow as __ R!_ . This is illustrated 
Z!(R-Z!) 

below 

Pn Pn .................... 
P1 Pn-1 

Pn-1 Pn-1 

P1 Pn-2 

N-gon configuration period ratios along 

could roughly estimate an upper bound 
following equations 

2 1+2!:..A-.. . 

th d. l Pz Pn-1 Pn e 1agona -,-- ...... -­
P1 Pn-2 Pn-1 

mean particle mass using the 

pf m1 't'l-J 3. 
- 2- = m a 1 i = R, R - 1, ... 2 j = 1, 2, ... i - j 2: 1 
pl- j 1~; 

This process involves estimating mass ratio magnitude from ~ such that 
m1 

terms ~ </>1 ....... ~ </> R are of near zero magnitude to maintain intra and 
m1 mn 

inter geometry for finite intervals. It is obvious that using the sidereal 
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synodic method to estimate mass for large n-gon configurations to find 
relatively stable systems will be difficult and tedious. As mentioned for the 
four n-gon stability analysis, numerical optimization is most likely the better 
choice for the infinite n-gon mass estimation. 

3.3.5 Inter N-Gon Singularity Resolution 

In process of optimizing concentric n-gon scaled potential energy, 
oscillations in the geometrical perturbations are found to exist when the n­
gons are not properly rotated in their initial concentric orientation at time 
zero. These oscillations are a function of how mass is packed in the n-gons 
and are formed as a result of inter n-gon singularities. Inter n-gon 
singularities develop when n-gon density increases (in the limit) such that 
their contiguous alignment causes overlay of the individual masses in the 
rotated ray configuration. This inter n-gon singularity problem can be 
resolved by differentially rotating the n-gon concentric configurations in the 
infinite interval in such a way as to have them collapse into a single n-gon. 
With individual masses in the one n-gon that are equidistant to each other 
by regular n-gon definition, inter singularities will cease to exist. Thus, 
allowing an expansion of the single n-gon to produce n-gon populations that 
should converge efficiently in the minimum energy planar problem. 
Differential rotation is a necessary 'mathematical' constraint placed on the 
concentric n-gons to prevent inter n-gon singularities. 

It is not known if further consideration is necessary for concentric n-gon 
positioning in the optimizing process when the n-gons are properly 
configured in the above manner. For the situation exists that the n-gons 
which are inter singularity free at time zero will not exhibit a unique 
configuration. There are infinite configurations as the concentric n-gon 
population becomes infinite that possess no inter n-gon singularities. It is 
not clear which if any configuration is preferred over any other 
configuration in this population. This is a problem that can only be solved 
under some specified 'physical' constraint assuming that one exists. A 
physical constraint of this nature may require initializing the n-gon masses 
to orient in some preferred geometric singularity free structure that reflects 
a real system of particles. This would be in conjunction with determining a 
'stable' n-gon total mass relative to the primary. Real particle system 
knowledge could be the basis in defining the 'physical' constraint. 

In constructing the inter singularity free n-gon configuration it appears 
that when all regular n-gons are used the symmetry necessary for solution 
cannot be maintained. That is, a combination of regular and non-regular n-
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gons are now required, thus resulting in a more complicated analysis. 
Symmetry constrains the n-gon configuration to have at least one axis that 
allows paired vectors zij relative to either side of that axis to be added with 

a common denominator rt}. Figure 3.3. l illustrates a differentially rotated 
configuration with all regular n-gons that has no axis meeting this symmetry 
constraint. Examples of differentially rotated regular and non-regular n­
gons consistent with the symmetric paired vector axis constraint can be 
found in figures 3.3.2 and 3.3.3. 

3.3.6 Inverse Problem of Dynamics 

The infinite concentric n-gon configuration can be solved by method of 
inverse process of dynamics (Galiullin, 1984, 25-28, Santilli, 1978, 219-
223). This is an inductive method of solution as an alternate to the standard 
deductive process of solving the equations of motion directly. Here, the 
inverse process formulates that the system forces are determined by the 
given properties of the motion. Inductively solving the inverse problem 
requires position, velocity, acceleration and any other dynamical constraints 
relative to the particular problem. The resultant solution must be verified by 
being consistent with the equations of motion. Showing conservation of 
energy consistency will meet this requirement. 

Basic conditions for the inverse dynamical problem such as geometry, 
coordinate systems, time frame and constraints have already been presented 
for the general concentric n-gon problem, however, it will be repeated here 
for clarity. 

A planar gravitational system of masses defined as Newtonian, discrete, 
non-relativistic and classical is in an assembly consisting of R concentric 
regular n-gons and Rn particles per n-gon (RRn = N - 1) orbiting a central 
mass m1 . The particles are placed at the vertices of the equal sided regular 
n-gons inscribed in their respective circle of increasing radii such that the 
geometric center is coincident with the barycenter. The n-gons rotate as 
rigid bodies about m1 within the infinitesimal time interval. This 
configuration is restricted to be a rotated ray configuration defined in the 
infinitesimal interval at time zero using type l geometry with the sidereal 
synodic relations (Bauer, 2010). Type 1 geometry is defined where all 
particle position vectors are perpendicular to all particle velocity vectors 
relative to the barycenter in the configuration plane of motion in the 
infinitesimal interval at time zero. Concentric n-gon configurations rotate 
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relative to specified geometric conditions determined mathematically by the 
sidereal synodic relations. These relations are 

All motion formulated for the inverse problem of dynamics is in the 
complex plane. 

The initial phase of the inverse problem provides position constraints by 
defining the existence of particles arrayed within the regular n-gon. All 
masses in a n-gon are the same, however, any given n-gon may not have the 
same mass as any other n-gon. Hence, the n-gon masses are scaled. Each 
concentric n-gon rotates about m 1 with a determinable inertial angular 
velocity. This inertial angular velocity distribution requires knowledge of n­
gon interactions and sidereal synodic relations to determine particle 
perturbations. Formulating the inverse process as a perturbed two body 
problem with the /h n-gon under perturbation by each and every other n­
gon, there exists 

j = 1, 2,3, ... ,R Equation 3.3.6.1 

where n-gon angular velocity &2 represents perturbations to the unperturbed 
n-gon angular velocity &1 . These terms are 

geometric perturbations 

m 1 = central mass kj = mass scaling 0 = n-gon radii 

m = mean mass J = n-gon number R = Total n-gon number 

Having knowledge of conservation of energy principals allows 
derivation of the perturbation coefficients. Since the n-gon geometry has 
already been formulated, the </>j perturbations can be derived by applying 
these principals. Kinetic energy 2T = If=i m1vf series defined by regular 

R m 1 +</>jm . 
n-gon becomes 2T = RnmG Lj=l 

1
._ kj. Potential energy U = 
J 
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m,mj 
G I..fsi<lsN---;:-:- series formulated by regular n-gon arrays becomes U = 

'] 

R m1+¢fm u_ l-l u 
RnmG I,.l=l r· k1 where ¢1 - k1</>11 + I.. i=l k1_ i<f>l,(i+l)c· 

1 1-12:1 

Evaluating n-gon kinetic and potential energy functions has been detailed 
in Sections 3.2.4 and 3.3.3. 

For every particle in the concentric n-gon configuration there exists a 
coupled differential equation of motion. All particles have the same angular 
velocity within a given n-gon in the infinitesimal time interval, therefore, 
only one equation of motion is necessary per n-gon. The other particle 
equations of motion for that n-gon are redundant, for a given n-gon rotates 
as a rigid body. First n-gon Inertial angular velocity can be written from 
equation 3.3.6.1 for j = 1 

Equation 3.3.6.2 

where ¢1 are the n-gon perturbations derived from the n-body problem 
representing intra/inter perturbations. Formulating equation 3.3.6.2 as a 
vector equation in the complex plane, with z2 ( a complex vector from m1 

to m 2 in the first n-gon) rotating relative to the inertial x-axis 

where zk = x~ + iyf 

where w1NR is the inertial angular velocity of the first n-gon relative to the 
inertial x-axis and ki are the mass scaling parameters per n-gon. This axis 
is defined by the direction from m 1 to some designated point on the R th n­
gon. Expanding the inter/intra perturbations on n-gon one from all other n­
gons results in 

with mass scaling per n-gon being structured 
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Perturbation terms z
2
~ij from equation 3.3.6.3 can be -written (detailed 

r1 

in subsection 3.3.1) 

Equation 3.3.6.4 

Combining equations 3.3.6.3 and 3.3.6.4 for the first n-gon gives 

Gm ._,R k ,1-, G k ._,Rn+l z,2 G k ._,2Rn+l z,2 
3ZzL..i=l i'l-'il = - m 1L..i=3 3- ill 2L..t=R +2-:T-···-
rl i-:t=-2 ri2 n 1i2 

Gmk ._,RRn+l z,2 = -G ._,RRn+l m1z 12 
R L..i=Rn(R-1)+1 r-3 L..i=3 r~ 

'2 i ,t,2 '2 

The first n-gon equation of motion becomes 

Since m1 is the geometric center and center of gravity of the infinite 
concentric n-gon configuration 

The first n-gon equation of motion in the synodic coordinate system is 

where N = RRn + 1 

The inertial angular velocity w1 NR is the sum of the first n-gon angular 
velocity w1 that rotates relative to the x' -axis and w which is the inertial 
angular velocity of the x'-axis relative to the inertial x-axis (w1 NR = w1 + 
w ). This gives the first n-gon formulation 
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Over the infinitesimal interval At the vector z2 rotates in the synodic 
coordinate system such that 

.. - z 
Zz - -W1Zz 

Only time varies within the infinitesimal interval, therefore, the time 
derivative of angular velocity and radius is defined to be zero for the rotating 
n-gon . Squaring the sum of the relative and inertial angular velocities 
results in 

and 

This becomes the equation of motion for the first n-gon for particle two as 
seen below 

All particles within the first n-gon have the equivalent equation of motion 
and are therefore redundant. Each n-gon has an equation of motion 
determined from any particle within that n-gon. General equation for all R 
n-gons will be ( equation 3 .1) 

k = 1, 2, 3, ... , N 

Knowledge of classical mechanics allows application of the inverse 
problem of dynamics to solve structured n-body problems without solving 
the equations of motion directly. Starting with the position constraints 
immediately results in determination of the state vector position coordinates 
at time zero within the infinitesimal interval. Velocity/ acceleration /time 
etc. constraints being the most difficult to determine can be simplified 
somewhat by taking advantage of configuration symmetry and formulating 
a geometrical structure that can be solved. 
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FIGURE 3.2.1. Regular N-Gon Ray Configuration (R = 6, Rn = 6) 
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FIGURE 3.2.2. Regular N-Gon Rotated Ray Configuration (R = 6, Rn = 6) 
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FIGURE3.3.l. RegularN-Goninter-SingularityFreeConfiguration(R = 6,Rn = 6) 
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FIGURE 3.3.2. Regular and Non-Regular N-Gon Inter-Singularity Free 
Configuration (R = 6, Rn = 6) 
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FIGURE 3.3.3. Regular and Non-Regular N-Gon Inter-Singularity Free 
Configuration (R = 6) 

3.4 Problems 

Section 3.1 

Validity for the equation 3 .1.1.2 symmetry argument depends on 
showing twice the kinetic energy is equal to the potential energy for the 
Lagrange equilateral triangular three body configuration. Verify the 
conservation of energy condition. Consider using the geometrical center 
of the triangle as a reference for the center of gravity calculation to 
determine :'.i_ 

r 
2 Solve the determinant in equation 3.1.2.2 to verify that the collinear 

three-body configuration angular velocity is the same as determined 
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from equation 3.1.2.1. Show that conservation of energy is conserved 
for the collinear three-body problem (2T = U). 

3 Solve equation 3.1.4.1 for the regular five-body n-gon configuration 
inertial angular velocity using either the third, fourth or fifth equation of 
motion. The result should be the same as equation 3.1.4.2. Verify 
conservation of energy for the five n-gon configuration. 

4 Derive the perturbation coefficient </> for the six-body configuration 
using the equations of motion method. Use the alternate conservation 
of energy method for the same problem. Both methods should give the 
same result. 

5 Determine the perturbation coefficient </> for the seven-body 
configuration using the equations of motion method. Compare the 
solution to the conservation of energy method worked in the text. 

6 Using equation 3.1.6.1 to determine perturbation coefficient </>10;+1 for 
N=l (N=2x, x=O), compute </>11 and CN. 

7 Derive perturbation coefficient </>10;+1 for the single n-gon configuration 
as listed in equation 3.1.6.1. 

8 Compute perturbation coefficient </> for the 17-body configuration using 
any of the three methods discussed in the text. 

Section 3.2 

1. Perform the infinitesimal rotation analysis to determine the inertial 
angular velocity and perturbation coefficients </>12 and </>22 for the two 
n-gon configuration in equation 3.2.1.7. 

2. Take the total derivative of the two n-gon optimizing function ( equation 
3.2.3.1) and verify the k1 and k2 solutions. Why won't this method 
work for R = 3 and higher values of R. 

3. Evaluate potential energy for the two n-gon configuration using Rn = 6, 
R = 6 and show mathematical verification of conservation of energy in 
that equation 3.2.4.1 is equal to equation 3.2.4.2. 

4. Derive perturbation coefficients </>11, </>21 and </>12 in equations 3.2.5.2, 
3.2.5.3 and 3.2.5.4 respectively for the two n-gon configuration when 
RN ➔ 00. 

5. Derive perturbation coefficients </>11, </>21 and </>31 for the first n-gon of 
the three n-gon configuration. 

6. Derive perturbation coefficients </>41 and </>14 for the four n-gon 
configuration, also verify the angular velocities 
W1NR, W2NR, w3NR and w4NR· 
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Section 3.3 

1. By method of the infinite concentric n-gon formulation derive the 
inertial angular velocity wlNR for the first n-gon ( equation 3.3.1.2) 
within the infinite n-gon configuration, second n-gon angular velocity 
WzNR (equation 3.3.1.3) and the Rth n-gon (equation3.3.l.4). 

2. Infinite n-gon even and odd row perturbation coefficients are shown in 
equations 3.3. 1.5 and 3.3.1.6. Verify these results for the concentric n­
gons and show that equations 3.3.1.5 and 3.3.1.6 can be combined as 
one equation (equation 3.3.1.9). 

3. Follow the same procedure sequence in the above problem for the even 
and odd column perturbation coefficients (see equations 3.3.1.7, 3.3.1.8 
and 3.3.1.10). 

4. The perturbation coefficient series <t>Y (equation 3.3.3.1) has been 
derived from the potential energy series. To best see this, it is helpful to 
write the potential energy in n-gon blocks. Using this procedure show 
<f>f = k1</>13c + kz<f>z3c + k3<f>33. 

5. The differentially rotated regular n-gon configuration in figure 3.3. l is 
inter singularity free. Due to this configuration having no workable 
symmetry axis, show that this configuration cannot be worked by the 
symmetry method used in this chapter. 

6. Figure 3.3.2 represents a differentially rotated configuration containing 
both regular and non-regular n-gons that meets the symmetry constrains 
consistent with this chapter. Find the perturbation coefficient of the first 
n-gon for this configuration using R = 6 and Rn = 6. 
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CHAPTER FOUR 

ORTHOGONAL COLLINEAR CONFIGURATIONS 

Constructing n-body structures along the inertial x and y axes leads to 
interesting problems to study and solve. One such group are the orthogonal 
collinear configurntions. They possess symmetry where the geometric 
center and the barycenter are the same. Masses are balanced on the x-axis 
as well as balanced on the y-axis to insure this symmetry. These are even 
massed restricted configurations symmetric relative to the barycenter which 
can be subdivided in two basic groups. Those with a central mass and those 
without a central mass. Orthogonal collinear n-body structures analyzed in 
this chapter do not have a central mass which results in configurations 
possessing n-2 Jacoby coordinates instead of the usual n-1 Jacoby 
coordinates found in the standard equations of motion. There are infinite 
orthogonal mass configurations that can be formulated and solved using the 
methods found in this chapter. High ordered orthogonal configurations are 
structured by placing collinear mass systems symmetrically on the x and y 
axis. 

The most fundamental of the orthogonal collinear structures is the 
restricted double binary four-body configuration. Solving the orthogonal 
double binary configuration is a straight forward process and results in a 
two-dimensional ( or three dimensional) state vector at time zero using 
infinitesimal rotation in the complex plane with type 1 geometry. These 
solutions are consistent with conservation of energy (2T = U) where all the 
particles are in instantaneous circular orbits at time zero. Double binary 
equations of motion have been analyzed using a first order approximation 
to determine stability in the sense of Lagrange. Numerical integrated state 
vectors from the solution domain are used to compare the first order 
approximation from the eigen value problem to the double binary 
trajectories. 

Section 4.1 provides the solution and stability analysis of the restricted 
double binary configuration. Six and eight-body orthogonal collinear 
configurations are worked in sections 4.2 and 4.3 respectively to provide 
insight into the evolution of these higher order configurations. 
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4.1 Double Binary 

In many respects the fundamental conditions for the double binary 
orthogonal collinear configurations are the same as for the concentric n-gon 
configurations. For example, this is a conservative dynamical system 
defined at origin (0,0,0) fixed in two-dimensional Euclidean space with an 
inertial right-handed coordinate system x, y, z where z = 0 is the orthogonal 
collinear configuration plane of motion. Let x and y be the inertial planar 
coordinate system, with (0,0,0) located at the barycenter (also the 
geometrical center). The inertial y-axis is perpendicular to and 
counterclockwise from the x-axis. Let x' and y' define a coincident 
coordinate system in the same plane as x and y rotating at angular velocity 
w with respect to x and y and origin at the barycenter. The y' -axis is 
perpendicular to and counterclockwise from the x' -axis, with inertial and 
rotating coordinate system x and x' -axes coincident at time zero. 

Starting with the n-body equations of motion formulated into the 
complex plane over the infinitesimal interval as derived in equation 3.1 

where 

there will be the sidereal synodic relations that specify the general geometric 
conditions under which the double binary rotates 

The four-body equations of motion have been transformed using Jacoby 
coordinates. Coupling mass one with mass two forms the r binary subsystem 
and coupling mass three with mass four forms the p binary subsystem. Mass 
one and mass two being individually equal to M are placed equidistant either 
side of the xy coordinate system origin along the x-axis. Mass three and 
mass four being individually equal to m are placed equidistant either side of 
the xy coordinate system origin along the y-axis such that the geometrical 
center of the double binary is the same as the barycenter. Using Jacoby 
coordinates has reduced the four-body system from four coupled non-linear 
differential equation to two coupled non-linear differential equations. This 
mass distribution subsequently defines the restricted double binary 
configuration geometry. See figure 4.1.1 restricted double binary geometry. 
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Writing the Jacoby rand p coupled equations of motion in the complex 
plane gives 

Equation 4.1.1 

First equation in equation 4.1.1 is the r binary subsystem and it is on the 
x'axis in the rotating x'y' coordinate system with z = z = 0. The second 
equation represents the p binary subsystem and it is rotating relative to the 

r binary subsystem. Letting let Pij =+and using n,.Pr = (n,. + np)Pp 
w rlj 

for the sidereal synodic relations, equation 4.1.1 with the rotating z 43 

coordinate can be reformulated as 

Equation 4.1.2 

A special characteristic of the double binary geometry is p 31 = p32 = 
p41 = p42 from all sides of the double binary being equal. Evaluating 
equation 4.1.2 over the infinitesimal interval with type 1 geometry and the 
sidereal synodic relations at time zero for the r-binary velocity 

Equation 4.1.3 

and for the p binary velocity 
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2 G Vp = -(2m + </>µ) 
r43 

Equation 4.1.4 

Perturbation coefficient <f>r is the effect of the p binary perturbing the r 
binary and </>pis the effect of the r binary perturbing the p binary. Perturbed 
and unperturbed components in the r and the p binary velocity equations are 
easily discemable in equations 4.1.3 and 4.1.4. Restricted double binary 
state vectors can now be found since the position and velocity components 
have been determined. 

1 
Xz = zr 
Y2 = 0 

Equation 4.1.5 

x2 = 0 
. 1 V. 

Y2 = 2 r 

Restricted double binary configuration state vectors are in the inertial 
barycentric coordinate system. 

4.1.1 Double Binary Conservation of Energy Verification 

The restricted double binary configuration is consistent with 
conservation of energy and this can be verified by evaluating the kinetic and 
potential energies 

➔ 1 ➔ ➔ 1--+ --+ 1 ➔ 
Vector velocities for the four masses are V1 = - - ½-, V2 = - ½-, V3 = - - VP 

2 2 2 

and V4 = ½ ~ as can be determined from figure 4.1.1. Substituting these 

velocities into the kinetic energy equation gives 
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2T=::!.v.z+~vz 
z r Z P 

where ::!. and ::!: are the reduced masses of the double binary system. The 
Z Z 

potential energy after evaluating all six terms in the sum becomes 

Equation 4.1.6 

Parameter d in equation 4.1.6 takes advantage of the double binary 
symmetry where 

2 2 
dz=~+!!..... 

4 4 

Substituting the r and p binary velocities determined in equations 4 .1.3 
and 4.1.4 into the kinetic energy equation will verify that 2T = U 

Equation 4 .1. 7 

Collecting and adding the kinetic energy terms in equation 4 .1. 7 

2 2 

since dz = ~ + E..... then 2T = U. Therefore, in the infinitesimal interval with 
4 4 

type 1 geometry at time zero the double binary configuration is consistent 
with conservation of energy. Each mass is in a circular instantaneous orbit 
at time zero where it is not expected that this circular orbit can be maintained 
outside the infinitesimal interval. Numerical integration of these double 
binary state vectors shows this conclusion to be valid. The r and p binary 
numerically integrated trajectories when plotted reveal that they are 
symmetric relative to each other. 

4.1.2 Double Binary Configuration Space 

With the derivation of the fundamental r and p binary quantities, there 
now exists a systematic approach in analyzing the restricted double binary 
configuration solution domain. This solution domain is structured in terms 
of binary period ratios, binary separation distance ratios, and binary mass 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



Orthogonal Collinear Configurations 139 

ratios. Configuration space is defined as binm.y mass ratio as a function of 
binary period ratio and binary separation distance ratio. These ratios can be 
constructed from the solution of the orthogonal double binm.y problem. 
Starting with the r and p instantaneous binary periods 

r3 
P.2 = 4rrz(---) 
r G(ZM+</>r) 

derivation of the configuration space equation can be determined by scaling 
mass, distance and period 

Equation 4.1.2.1 

where k -!!.. 1- r 

Scaling the variable parameters into the set k1 , k2 , and Pr is an optimal 
Pp 

strategy for regionalizing the r and p binm.y mass distance period inter­
relationships. For example, the k/s exist overrange O < k 1 < oo for all non­
zero mass. The p binary is mass dominate for k 2 in the region of 1 < k 2 < 
oo and the r binary is mass dominate for k 2 within the region 0< k 2 < 1. 
All masses are equal along dividing curve k2 = 1, and all points in the p 
binm.y dominant configuration space are inversely related to all points in the 
r binary dominate configuration space. 

Configuration space (figure 4.1.2.1) is a useful mapping tool to visualize 
double binaries of interest to numerically integrate. Any point in 
configuration space can be mapped into phase space. That is, every point in 
figure 4.1.2. l represents a state vector whose trajectory can be analyzed by 
transfmming from configuration space to phase space using equations 4.1.3, 
4.1.4 and 4.1.5 to study double binm.y finite stability. 

The interval 1/-,/3 < k1 < -,/3 in figure 4.1.2.1 is one such region of 
interest where the r binm.y period and the p binm.y period are equal. Region 
end points are Lagrange configurations where the p binary approaches total 
system mass with k1 ➔ 1/-,/3 and k 2 ➔ oo (M ➔ 0, m ➔ 1) at the beginning 
of the interval and the r binm.y approaches total system mass with k1 ➔ -,/3 
and k2 ➔ 0 (M ➔ 1, m ➔ 0) at the end of the interval. At the point k1 = 
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1, k2 = 1, Pr = 1 within this interval resides a central configuration. All 
Pp 

points between the central configuration and the Lagrange configurations 
are inversely related. 

Numerically integrating the central configuration k1 = 1 for Pr = 1, the 
Pp 

Lagrange configuration k1 ➔ -v'3, and two configurations between (k1 = 
1.3, k1 = 1.5) for a given mass and distance ratio resulted in near circular 
semi-stable trajectories being maintained for a finite period of time before 
becoming unstable. The Lagrange configuration appears to spiral away from 
its initial finite stable circular orbit as can be seen in figure 4.1.2.2. It is 
highly probable that all the trajectories within interval 1/-v'3 < k1 < -v'3 for 

Pr = 1 are finite stable circular orbits for the proper mass distance ratios. 
Pp 

Numerical integration tends to indicate for the various state vectors 
integrated in figure 4.1.2.1 that the trajectories may be perturbed spirals. A 
special case where this can be seen is k1 = 1 k 2 ➔ 0 (k1 = 1, k 2 ➔ oo). 
Integrated trajectory results for this configuration in figure 4.1.2.3 indicate 
possible exponential escape orbits for masses three and four and stable 
circular orbits for masses one and two. 

Another region of numerical interest is when k1 ➔ 0 (p ➔ 0) and k 2 ➔ 

0 (m ➔ 0),where it is found that the p binary trajectory resides inside the 
rotating r binary for an extended period. Specifically, the p binary trajectory 
is moving relative to the Euler point in a possible finite stable orbit. This 
Euler point motion has yet to be studied in greater detail. Other interesting 
regions in the restricted double binary configuration space are expected to 
exist, however, a systematic search for these trajectories has not been 
initiated for further analysis. 

4.1.3 Restricted Double Binary Configuration Stability 

There are infinite families comprising the distribution of tiered n-body 
configurations where each family is populated by infinite member 
configurations and those infinite members in turn have infinite variations. 
Deterministic solutions can be obtained for every family, their members and 
member variations by formulating and solving the collinear geometry 
problem at time zero using Jacoby coordinates within an infinitesimal 
interval relative to the barycenter. This approach requires position, velocity 
and acceleration constraints (also known as the inverse problem of 
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dynamics) consistent with the dynamics of the infinitesimal interval 
collinear geometry. Additionally, the instantaneous subsystem orbital 
rotation motions within each configuration are modelled by a unique set of 
synodic and sidereal equations. Position and velocity constraints are a 
function of type 1 geometry where all the particle velocity vectors are 
perpendicular to all the particle position vectors within the infinitesimal 
interval relative to the barycenter at time zero relative to the given plane of 
motion. The collinear infinitesimal interval constraint has resulted in the 
solution domain existing at time zero, that is, this restriction to the general 
n-body problem has reduced the solution from all time to that of one time 
point only. Solution results are in the form of state vectors, velocity 
distributions and period ratios for every mass subsystem in the 
configuration. All the particles at time zero can be shown to be in 
instantaneous circular orbits by verifying the collinear solution is consistent 
with conservation of energy where twice the kinetic energy is equal to the 
potential energy. A particular characteristic of the instantaneous state 
vectors is they are optimized such that all the resultant pai1icle trajectories 
within the configuration when numerically integrated result in the most 
circular/least elliptical of all possible orbits. There is a final phase in the 
infinitesimal interval problem and that is the analysis of system and 
subsystem stability. 

Stability methods in the sense of Lagrange, Routh (Routh, 1877) and 
Lyapunov are used to analyze coupled sets of nonlinear differential 
equations of motion to determine the orbital evolution of a system of masses 
over an epoch for all time. In general, these stability results tend to indicate 
that n-body mass systems are unstable for all time. Numerically integrating 
n-body coupled sets of nonlinear differential equations for some given mass 
system known to be unstable for all time may show that system can be stable 
for a finite time. Therefore, the concern here is how long can a mass system 
in a given n-body configuration maintain a semblance of that given structure 
before that structure degenerates. Lagrange, Routh and Lyapunov stability 
does not give the answer to that question such as would be found with a 
deterministic solution. Since generally n-body deterministic solutions don't 
exist over finite epochs there is the question of how a method could be 
formulated to breach this gap. 

This subsection looks into an alternate method to determine stability of 
a n-body system of masses without resorting to the lineai· approximation 
method to find stability in the sense of Lagrange, Routh and the more 
advanced linear/nonlinear methods of Lyapunov. Accomplishing this 
objective initially requires the n-body problem to be systematically 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



142 Chapter Four 

restructured into tiered configurations rather than considering the n-body 
problem as a group of random masses in motion. This n-body tiered 
structure is based on arraying configurations in terms of their Jacoby 
coordinates where each configuration may be composed of binary, trinary 
and higher order subsystems. Stability is then a process of analyzing any 
given individual n-body configuration by studying the subsystems that 
make up that configuration. Interest is directed not so much in the 
stability/instability of the complete configuration as it is in the resulting 
gravitational perturbations on the binary, trinary etc. subsystems within the 
configuration. 

Applying an alternate stability method requires reformulation of the r 
and p binary periods 

defining 

p = 2rr(_f:'._-)1/zc_l_)l/Z 
p ZmG l+ </>p 

Dr = (-1-)1/z 
1+ </>r 

2M 

zm 

Dp = c---¼-)1/Z 
1 +___e_ 

zm 

where D,. represents the p binary perturbing the r binary subsystem and DP 
represents the r binary perturbing the p binary subsystem. Rewriting Dr and 
Dp in terms of k1 and k 2 gives 

with the perturbing coefficients ranging in the domain O < Di < 1 (i = 
r,p). 

Using Dr and Dp with figure 4.1.2.1 could possibly determine double 
binary subsystem stability over the infinitesimal interval. For example, 
when k2 ➔ 0 for all k1 then Dr ➔ 1 and the r binary trajectory will approach 
a circular orbit. Although, theoretically this is over the infinitesimal interval, 
the r binary near circular orbit will extend well beyond a small 
neighborhood of time zero. The perturbed p binary trajectories become 
unstable when the period PP ➔ 0 as a direct result of DP ➔ 0. Mass three 
and mass four will move beyond the initial instantaneous circular orbit 
outside the infinitesimal interval. 
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Consider the case where k1 ➔ 0 and k2 ➔ 0 Perturbation parameter 
Dr ➔ 1 and assuming that kf is approaching zero faster than k 2 is 
approaching zero, the p binary perturbation will be DP ➔ 1. This double 
binary configuration geometry has the p binary orbiting within the r binary. 
The r binary will approach a circular orbit over an epoch extending outside 
the infinitesimal interval due to it having almost all of the configuration 
mass. The p binary which is in a close vicinity of the Euler point, will stay 
within the r binary for an extended time. This has been verified by numerical 
integration. However, the p binary is not expected to stay in the vicinity of 
the Euler point for all time. Restricted double binary stability for all time 
can only occur under the condition Dr = DP = 1, which will only happen 
when p binary mass and separation distance are identically zero. Since this 
condition can never occur than the restricted double configuration will not 
be stable for all time. 

It is assumed from numerical integration of a subset of double binary 
configurations, that every point within the special case for Pr = Pp over 
mass range O < k 2 < oo that finite stable near circular perturbed orbits exist 
in the infinitesimal interval 1/,.,/3 < k1 < '13. However, mathematically 
verifying this finite stability region exists has proved to be elusive. The 
above stability method can indicate that r and p binaries are unstable, but 
does not indicate where finite stability exists within the binary trajectory 
domain. This same problem haunts the other stability methods as well. 

At endpoints l /'13 < k1 < '13, both Lagrange configurations are 
unstable for all time being consistent with previous work on the three-body 
problem (Pollard, 1966, 72-84, Szebehely, 1967, 232-249). In this interval 
is the n-gon where binary mass, radii and period ratio are all equal to one. 
The n-gon is a homographic (central) configuration system that maintains 
its same relative geometry as time varies (Boccaletti and Pucacco, 1996, 
219-229, Diacu, 1992, 47-74, Wintner, 1964, 284-295). 

4.1.4 Stability in the Sense of Lagrange 

A traditional stability method such as that of Lagrange, is used in this 
subsection to analyze the restricted double binary configuration for 
comparison to the alternate stability method derived in the previous 
subsection. Initiating this stability analysis requires two transformations to 
properly format the discrete Newtonian coupled differential equations of 
motion into a workable system of coordinates. First transformation changes 
Cartesian coordinates to Jacoby coordinates essentially reformulating the 
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equations of motion from particle barycenter distance to that of binary 
separation distance. The second transformation expands the Jacoby 
coordinates about an initial double binary configuration point geometry, 
which then allows a set of second order differential equations to be derived 
as a function of binary separation growth with respect to time zero. A 
reformulation of the second transformation differential equations results in 
four first order differential equations that could then be solved by linear 
approximation (eigenvalue problem). 

Mathematically starting the formulation of the above outlined method 
will involve describing the conservative dynamical system. Define at the 
origin (0,0,0) fixed in three-dimensional Euclidian space an inertial right­
handed coordinate system xyz where the xy plane (z = 0) is the plane of 
motion. Let x and y be the inertial planar coordinate system where the 
inertial y-axis is perpendicular to and counterclockwise from the inertial x­
axis. General four body equations of motion describing four particles in this 
inertial xy reference frame are written 

j -::/=- k k = 1,2, 3,4 Equation 4.1.4.1 

It is necessary to transform the four body equations of motion from four 
second order differential relative to the barycenter into four first order 
differential equations as a function of binary separation. The resulting four 
linear first order equations can then be solved using a linear approximation 
( eigenvalue problem) to study stability of the restricted double binary. 
There are two coordinate transfmmations required to accomplish this task. 
The first is to transform the four body equations of motion into Jacoby 
coordinates by coupling mass one with mass two forming the r binary 
subsystem and then coupling mass three with mass four forming the p binary 
subsystem. Mass one and mass two being individually equal to M are placed 
equidistant either side of the xy coordinate system origin along the x axis 
and mass three and four being individually equal tom are placed equidistant 
either side of the xy coordinate system origin along the y axis such that the 
geometric center is the same as the barycenter. This mass distribution 
subsequently defines the restricted double binary problem geometry. Mass 
distance relationships needed for the Jacoby transformation are then 
determined from the binary configuration geometry are as follows 
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Using the mass and distance relationships with equation 4.1.4.1 gives the 
Jacoby accelerations for the r and p binaries respectively 

where 
r2 p2 

dz=-+-
4 4 

Scaler form of equation 4.1.4.2 can be written as 

.. ZGM 2Gmr3 
r=-+--r2 r2 d3 

.. ZGm ZGM p3 
p--+--- p2 p2 d3 

These binary acceleration equations are only valid in a small neighborhood 
of time zero. Notice the binary symmetry where rand p can be interchanged 

as well as M and m. Equation 4.1.4.2 acceleration vectors j± and "jj are 
opposite in direction to their respective position vectors and are along a 
straight line passing through the barycenter at time zero. 

The second transformation involves expanding equation 4.1.4.2 about 
the point (r0 , p0 ) utilizing the Euler-Lagrange method (Besant and Ramsey, 
1914, 140-144, Ramsey, 1929, 253-254) or the Taylor series expansion. 
Zero subscripts refer to the initial start at time zero. To continue with this 
analysis, the Euler-Lagrange method can be started by formulating r and p 
for the linear approximation 

and then substituting these equations into the scalar form of equation 4.1.4.2 
with Er and Ep representing the infinitesimal change in the respective binary 
distances after time zero. This results in a coupled set of second order linear 
homogeneous differential equations with constant coefficients in Er and Ep 

coordinates where only linear Er and Ep terms are considered in the 
transformation. As a result of the two coordinate transformations, equation 
4.1.4.1 has been reduced to a workable form to determine stability for the 
restricted double binary configuration 
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with initial conditions Er(0) = Eµ(0) = 0 and constant coefficients 

a12 = -poromQ 

azz = r5MQ 

and 

Essentially, the above differential equations represent transfonnations from 
barycentric distance coordinates that are difficult to work with to a hybrid 
system of binary separation coordinates that easily allow a linear 
approximation. However, these coordinates are initialized to the origin of 
Er Ep (0, 0) at time zero, thus resulting in zero initial conditions which in 
tum result in general non-unique solutions to the homogeneous differential 
equations. Therefore, the available options are either a unique solution in 
the particle barycentric coordinate system that may not be solvable in closed 
form or the linear approximation solution that can only be solved in general 
form. The linear approximation can be further extended to look at non-linear 
terms of equation 4.1.4.3 for an improved solution, but the end result is still 
a general non-unique solution. 

Equation 4.1.4.3 can also be derived by Taylor series expansion for a 
function of two variables about an initial point (r0 , p0 ) using the first order 
approximation below 

where the function f(r,p) is the scaler form of the acceleration presented 
in equation 4.1.4.2 and Jacoby coordinates (r,p) are as defined by the 
Euler-Lagrange method. The diagonal terms will be in a different form as 
equation 4.1.4.3, however, they are equal by identity. 

To proceed with the stability analysis equation 4.1.4.3 will be written in 
terms of four first order differential equations so that the eigenvalue 
problem can be formulated 
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Equation 4.1 .4.4 

where the new variables are x1 = Er, x2 = Ep, x3 = Er and x4 = Ep. 

Assuming the solution for equation 4.1.4.4 can be represented in terms 
of exponentials x(t) = Ae".t, then the eigenvalue problem can be 
formulated as (A - il)X = 0 with the resulting determinant 

il' 0 1 0 
0 il' 0 1 =0 
au a12 il' 0 
az1 azz 0 il' 

evaluated to give a quartic polynomial 

From equation 4.1.4.3 and equation 4.1.4.5 

therefore 

and 

il' = -il Equation 4.1.4.5 

Equation 4.1.4.6 

Equation 4.1.4. 6 double zero eigenvalues denote degenerate il solutions. 
Constructing the solution of equation 4.1.4.3 from the eigenvalues and the 
initial conditions leads to 

Equation4.l.4.7 

If ANl = -ANz for N = 1,2 than equation 4.1.4.7 will take the form 

This result can be found by substituting Er = K Ep (K is a constant) in 
equation 4.1.4.3 and then solving the quadratic equation for K where the 
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two solutions are 1/k1 and -k1 k2 . Using this result the solution of equation 
4.1.4.3 becomes 

Equation 4.1.4.8 

Ep = B21(e;t1 t -1) + B22 (e-;t1 t -1) 

The K = -k1 k 2 quadratic solution validates A1 = ( all + a 22 ) 112 and Az = 
-( all + a 22 )

1l2 from equation 4.1.4.6 and the K = 1/k1 quadratic solution 
validates A3 = A4 = 0. 

Both equations 4.1.4.7 and 4.1.4.8 have the same form, therefore the 
assumption for the first order linear approximation appears to be valid. The 
A coefficients (constants) are not determinable from the linear 
approximation so insight into the binary behavior will have to be discerned 
by other means. Understanding the double binary state at time zero provides 
some insight and this insight necessitates the formulation of the 
infinitesimal interval problem ( discussed in section 4.1) which, when 
solved, gives the double binary periods and inertial velocities relative to an 
initial point at time zero. Knowledge of the double binary velocities, in 
addition to providing the means for finding the deterministic state vector, 
allows the lambda exponents in equation 4.1.4.7 to be written as a function 
of angular velocity, thus giving the capability to get some insight into the 
angular variation of the binary trajectories with time. This lambda 
relationship to angular velocity is 

Coefficients a and b are constants determined from the infinitesimal interval 
problem velocities and the eigenvalue lambda solutions; being a function of 
binary mass ratios and radii ratios at time zero 

a2 _ 24(1+ki k2) 
- 5 Equation 4.1.4.9 

(1+ki)2+8k2 (l+kf ) 

b2 = 2 4kf (l+ki k2) 
5 

kz( l +ki)2 +skf (1 +ki) 

Substituting lambda into the solution exponentials in equation 4 .1.4. 7 
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Certain numerically integrated double binary configmations are observed to 
spiral outward as they separate over time. It therefore seems likely that from 
the linear approximation the double binary system growth could be 
described as a composition of perturbed spirals. A mathematical candidate 
for this observed motion is the logarithmic equiangular spiral which can be 
written in the form S = e ne where S is the radii, n is a constant and theta is 
the angular variation. Exponentials in the double binary solution are in the 
same form as logarithmic spirals, where, it appears the binary motion may 
essentially be composed of a summation of dilating and contracting spirals 
for the linear approximation. These dilating and contracting spirals occm 
from the positive and negative exponents in equation 4.1.4.7. 

Numerical integration of various double binaries in configmation space 
(figme 4.1.2.1) has shown that most trajectories appear to be much more 
complicated than the linear approximation can model over the initial phase 
of their orbits. There are some special configmations that do exhibit 
behavior similar to pme spirals and are found where the subsystem binary 
mass ratio is near zero (k1 = 1, k 2 ➔ 0, oo ). The region where both binaries 
have the same initial period (includes the Lagrange configmations) is 
special in that the binaries will maintain stable near circular orbits for a finite 
period after time zero. In general, a non-linear analysis would be needed to 
more accmately understand to what extent pertmbed spirals represent 
dilating and contracting orbital motion as seen in the numerically integrated 
trajectories of the double binary configmations. 

Solutions to homogeneous differential equations with zero initial 
conditions are not unique thereby resulting in general solutions seen in 
equation 4.1.4.7. As equation 4.1.4.7 indicates, binary subsystem separation 
distance grows exponentially with time. Although, this linear approximation 
can only show the simplest particle motion it does show the binary system 
is unstable in the sense of Lagrange. Stability in the sense of Lagrange refers 
to setting up the first order homogenous linear differential equations with 
constant coefficients and then solving the eigenvalue problem assuming 
exponential solutions where positive exponents indicate unstable systems 
and negative exponents indicate stable systems. As is known in Lyapunov 
stability theory the linear approximation is usually not sufficient to 
determine stability, whereas, a system that is unstable in the sense of 
Lagrange is also unstable in the sense ofLyapunov. A stable system in the 
sense of Lagrange is only a candidate for stability in the sense ofLyapunov 
for it is necessary to further analyze the non-linear terms in the differential 
equations as found in the first method ofLyapunov (Lehnigh, 1966, 25-71, 
Merkin, 1996, 103-111). 
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Solving anon-linear version ofequation4. l.4.3 may provide insight into 
a possible form of the trajectory structure which approximates what is found 
in the numerically integrated trajectories over some given time period. 
Expanding equation 4.1.4.2 to include quadratic and cubic terms in addition 
to the linear terms found in equation 4.1.4.3 will require using the Taylor 
series expansion. Letting x = Er and y = Ep the scalar form of equation 
4.1.4.2 can be rewritten 

x = a11x + U1zY + Ui3X2 + a14xy + U15Y2 + 

a16X 3 + U17X
2

Y + U1sXY2 + U19Y3 

Y = Uz1X + UzzY + Uz3X2 + Uz4Xy + Uz5Y2 + 
U26X3 + U27X

2
Y + U2sXY

2 + U29Y3 

where coefficients are 

2 5 2 
a =-(Po+-roPo)mQ 

13 r 0 8 d5 

ro 5 roP5 
a15 = (-2+s7)mQ 

0 

4 P6 5 P6 35r5p5 a - (--+--+--)mQ 16 - 3 rJ 24 d5 96 d6 

3 a = (15 roPo _ 35 r0 Po)mQ 
17 

8 d5 32 d6 

and 

a 21 = -p0 r0 MQ Equation4.l.4.10 

U22 = r5MQ 

5roP5 
U24 = (-ro +--2 )MQ 

4 d 0 

rJ 5r5p0 Uz5 = -(-+--2 )MQ 
Po 8 d 0 

a = (Z _ 35r5p5)MQ 
27 32 d6 
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A Solution to this non-linear coupled set of differential equations for the 
restricted double binary configuration would require some effort. These 
differential equations are only valid in a small neighborhood of time zero, 
and assuming a viable solution does exist their practical use may be of 
limited application. Using a set of differential equations that are valid for all 
time would resolve this situation, however, solving such a set of equations 
is not expected to be doable. For example, from conservation of energy a 
candidate set of differential equations in Jacoby coordinates can be derived 
that are valid for all time 

where 

r = 2 G~ + Gmr (+ + +) + Gmp (+ - +) case -
r ~• ~3 ~• ~3 

Gm ( 1 1) . dB -rp --- sme-
2 rf4 rf3 dr 

,.2 P2 rp rf3 = rf4 = - + - - - case 
4 4 2 

Equation 4.1.4.11 

,.2 P2 rp rf4 = rf3 = - + - + - case 
4 4 2 

As can be seen in the above equations a third variable theta has been 
introduced and is defined to be the angle between r and p. This makes the 
double binary problem more difficult in that there is not a corresponding 
second order equation in theta to help obtain a solution. A consistency check 
will show that when r14 = r 13 and e = ;:: these equations default to the 

2 

scalar form of equations 4.1.4.2 valid over the infinitesimal interval at time 
zero. 

The restricted double binary analyzed in this chapter is a specialized 
Jacoby double binary configuration rather than the classical Jacoby double 
binary configuration. General n-body equations of motion can be 
transfmmed into n-1 coupled equations in n-1 Jacoby coordinates. 
Consistent with this requires the general double binary configuration to have 
three coupled equations in three coordinates, where the first two Jacoby 
coordinates are defined as the distance between the two binaries 
respectively and the third Jacoby coordinate is the vector between the center 
of gravities of the two binary subsystems. The double binary formulated in 
this chapter does not require a third Jacoby coordinate for this configuration 
need only be defined by n-2 Jacoby coordinates. The general double binary 
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second order linear homogeneous differential equations for the linear 
approximation analogous to equation 4.1.4.3 have the form 

where subscripts r1 and r2 reference the first and second binaries 
respectively and p is the distance between gravity centers of the binary 
subsystems. The general three Jacoby coordinate double binary will be 
considered a non-degenerate double binary configuration whereas the two 
Jacoby coordinate double binary will be assumed (without proof) to be a 
degenerate double binary configuration. The degenerate double binary is a 
special case of the non-degenerate double binary. 

4.1.5 Inverse Problem of Dynamics 

There are two ways in which the infinitesimal interval restricted double 
binary problem can be analyzed. The first was the deductive method 
presented in the preceding subsections of this chapter. A second method is 
to apply the inverse problem of dynamics (Galiullin, 1984, 25-28), that is, 
forces are determined by the given properties of their motion. This method 
gives the same deterministic state vector found from the deductive method 
while also verifying then-body equations of motion as a final result. 

Constraints necessary to achieve this solution of state are placed on the 
particle mass, position, velocity and acceleration geometry (Santilli, 1978, 
219-223). Velocity properties for the double binary configuration are 
defined such that all particle velocity vectors are perpendicular to all particle 
position vectors at time zero relative to the barycenter within the 
configuration plane of motion. This constraint placed on the binary velocity 
is type one geometry (Roy and Ovenden, 1955, Lass, 1957, 314-319, 
Marchal, 2000, 286). Type one geometry also constrains acceleration 
vectors to be opposite in direction relative to their respective position 
vectors and are directed along a straight line passing thrnugh the barycenter 
at time zero. The deterministic state vector within the infinitesimal interval 
using the inverse problem of dynamics with the necessary constraints is 
consistent with conservation of energy where twice the kinetic energy is 
equal to the potential energy. All particles will be in instantaneous circular 
orbits at time zero, otherwise non-circular orbits before or after time zero. 
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Applying the aforementioned constraints, instantaneous double binary 
velocities can be determined by formulating a binary velocity equation that 
is a function of unperturbed and perturbed velocity components. Starting 
with a perturbed Kepler two-body velocity equation to formulate the r and 
p binaries 

Equation 4.1.5.1 

with mass and position constraints 

where terms 2 ~ and 2 ~ are the unperturbed binary two body velocities 
r P 

with ¢;. and </>~ the unknown binary perturbations. 

It is known from the binary velocity vector geometry that 2T = !!!. v,.2 + 
2 

:!} Vµ2 is the kinetic energy and from the binary position geometry that 

. 1 . U GM2 4 GMm Gm2 ( fi 4 1) E . 2T potentJa energy 1s = - + --+ - see 1gure . . quatmg 
r d p 

= U gives 

Equation 4.1.5.2 

where!!!. and.:::. are the reduced masses for the r and p binaries respectively. 
2 2 

r2 p 2 r2 p 2 1 
Reformulating d 2 = - +- into - 3 +-3 = - and using equation 4.1.5.2 

4 4 4d 4d d 

the unknown binary perturbations can be determined 

A.' = 2GM P
2 

'Pp d3 

Substituting these perturbations into equation 4.1.5.1 

v:'.2 = 2 GM+ 2Gm r
2 

= £ (2M + 2m r
3

) Eq · 4 1 5 3 r r d 3 r d 3 uat10n . . . 

V 2 = 2~ + 2GMP
2 

= £(2m + 2MP
3

) 
p p d3 p d 3 
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These are the same velocity results found using the deductive method in 
equations 4.1.3 and 4.1.4. With knowledge of the binary positions and 
velocities the state vector at time zero is also known (see equation 4. 1.5). 

Deriving r and p binary accelerations using Infinitesimal rotations and 
type one geometry within the infinitesimal interval gives 

Equation 4.1.5.4 

VJ z ZGm ZGM p 3 

ap = - = w p = - +--P p2 p2 d3 

In a small neighborhood around time zero in a domain just outside of the 
infinitesimal interval, equation 4.1.5.4 would be replaced by 

.. ZGM 2Gmr3 
r=-+--rz r2 d3 

Equation 4.1.5.5 

Equation 4.1.5.5 is the scalar form of equation 4.1.4.2. 

4.2 Triple Binary 

The double binary orthogonal configuration worked in the previous 
subsection is the simplest of all collinear configurations in the orthogonal 
family. Next in the orthogonal family sequence to be analyzed is the triple 
binary (six-body) configuration which can be viewed in figure 4.2.1. 
Inertial coordinate system definition is the same as the double binary 
configuration as well as formulating the triple-binary problem in the 
complex plane. 

Triple binary equations of motion formulated m the infinitesimal 
interval as derived in equation 3.1 

k = 1, 2, ... ,6 

sidereal synodic relations that specify the general geometric conditions 
under which the six-body configuration rotates 
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The six-body equations of motion have been transformed using Jacoby 
coordinates. Coupling mass one with mass two forms the r binary 
subsystem, coupling mass three with mass four forms the r43 binary 
subsystem and coupling mass five with mass six forms the r65 binary 
subsystem. There is a forth binary subsystem p defined by the distance 
between the center of gravity of the r43 and r6 5 binary subsystems. Mass 
one and mass two being individually equal to M are placed equidistant either 
side of the xy coordinate system origin along the x-axis. Mass three and 
mass four being individually equal tom are placed at a distance p/2 (relative 
to the r43 center of gravity) along the positive y-axis from the barycenter. 
Mass five and mass six has the same geometry except that the r65 binary is 
along the negative y-axis. The geometrical center of the six-body 
configuration is the same as the barycenter. Using Jacoby coordinates has 
reduced the six-body system from six coupled non-linear differential 
equation to four coupled non-linear differential equations. This mass 
distribution subsequently defines the restricted six-body configuration 
geometry. 

Complex plane coupled equations of motion for the z21, z43 and z65 

binaries respectively 

The z21 binary is on the rotating x' -axis and therefore z21 = z21 = 0. Mass 
binary coupling terms are defined as µ 43 = m 3 + m 4 and µ65 = m 5 + m 5 . 

Combining the above equations and setting pij = + to simplify the 
w ru 

analysis leads to the following 
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(Pz1µ - 1)Zz1 = (p3zZ3z - p31Z31)m3 + (p4zZ4z - p41Z41)m4 + 
(p5zZsz - Ps1Zs1)ms + (p6zZ6z - P61Z61)m6 

(p43µ43 - ;{1
) Z43 = (p14Z14 - p13Z13)m1 + (pz4Zz4 - p23Z23)mz + 

43 

(p54Z54 - p53Z53)ms + (p64z64 - P63Z63)m6 

(P65µ65 - ;{1
) z6s = (P16Z16 - P1sZ1s)m1 + (Pz6Zz6 - PzsZzs)mz + 

65 

(p36Z36 - p35Z35)m3 + (p46Z46 - p45Z45)m4 

where pij = p11 

Mass and position constraints needed for evaluating the above z 21, z43 and 
z65 binary equations can be determined from figure 4.2.1 

p31 = p32 = P61 = P6Z 

P41 = P4z = Psi = Psz 

Inertial velocity determination for the z21 binary 

W =£(2M +</>,.) ,. 

Inertial velocity determination for the z43 binary 

The l1 and l2 scaling terms for the z43 and z65 binary subsystems (see figure 
4.2.1) are derived as follows 
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Inertial velocity determination for the z65 binary 

The inertial velocity determination for the fourth binary Zp is more 
complex than the z 21, z43 and z65 binary velocities. This occurs due to Zp 

being embedded within the p double binary subsystem, that is, the z43 z65 

center of gravity separation distance requires additional equations of motion 
to analyze. Procedurally this can be worked using either center of gravity of 
the z 43 binary subsystem or the center of gravity of the z65 binary 
subsystem. 

Equation 4.2.1 

In this analysis the center of gravity of the z43 binary subsystem will be used 
for derivation after taking a double time derivative. Multiplying the left side 
of the m 3 equation of motion by m3 and the left side of the m 4 equation of 

µ43 

motion by~ then adding both left side equations results in 
µ43 

The Zp equation taking into account the infinitesimal rotations within the 
infinitesimal interval and adding the right side of the m 3 and m 4 equations 
of motion 

Collecting terms and taking advantage of the figure 4.2.1 geometry 
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Equation 4.2.2 

The l3and l4 scaling terms for the zp double binary subsystem (see figure 
4.2.1) are derived as follows 

l 
_ p-r43 

4-
p 

l 
_ p+r43 

3-
p 

With the derivation of the binary velocities a three-dimensional 
orthogonal collinear state vector for the six-body configuration can be 
constructed (the vector p rotates inplane). 

First binary state vector 

1 
X1 = - 2r 

Y1 = 0 

Z 1 = 0 
1 

Xz =2:r 
Yz = 0 

Zz = 0 
Second binary state vector 

X3 = 0 
1 

Y3 = -(p + T43) 
2 

Z3 = 0 

X4 = 0 
1 

Y4 = - (p - T43) 
2 

Z4 = 0 

i 1 = 0 
. 1 V. Y1 = - 2 r 

i 1 = 0 

i 2 = 0 
. 1 V. 

Yz = 2 r 

i1 = 0 

Equation 4.2.3 

i 3 = -¼ (1'ii + V,.43 cosir4 ) 

}'3 = 0 

i 3 = -½ V,.43 sinir43 

x4 = ~(Vp - ¾-43 cosi,.4J 
}'4 = 0 
. 1 V. . . 

Z4 = z r43stntr43 
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Third binary state vector 

X5 = 0 
1 

Ys = --(p -r6s) 
2 

Z5 = 0 

x6 = 0 
1 

Y6 = - 2(p +r6s) 

z6 = 0 

.X5 = -¼o'j, - v,.65cosir6s) 

Ys = o 
z5 = -½ V,.65 sinir65 

x6 = ½ (Yp + v;.6s cos i,.65) 

Y6 = o 
z6 = ½ v,.65 sini,.65 

159 

Note that binary inclination i,.43 = i,.65 and binary velocity V,.43 = V,.65. For 
the two-dimensional version of the above three-dimensional state vector set 

Input orbit parameters to the two-dimensional or three-dimensional state 
vector are considered to be instantaneous values, however, mean orbit 
parameters could be used instead of instantaneous values if necessary. 
Barycentric inertial is the coordinate system for numerical integration. 

4.2.1 Triple Binary Conservation of Energy Verification 

Starting with the kinetic energy equation and converting to Jacoby 
coordinates in addition to utilizing the triple binary vector geometry in 
figure 4.2.1 

where mass is defined 

0 = If mi = 2M + 4m 

After combining masses, the kinetic energy equation becomes 

Equation 4.2.1.1 
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The binaiy velocities in Jacoby coordinates determined from the previous 
subsection are 

G V2 =-(2m+¢) p p p 

l _ p+r43 
3 - p 

Equation 4.2.1.2 

l -~ 4- p 

Substituting equation 4.2.1.2 into equation 4.2.1.1 identifies all the kinetic 
energy terms that will be combined and regrouped to match the potential 
energy equation. Potential energy after transforming into Jacoby 
coordinates 

U = G L m,mj = GM
2 + 2 Gm

2 + 4 GMm + 4 GMm + 2 Gm
2 + Gm

2 + Gm
2 

rij r r43 r31 r41 P r 54 r63 

Equation 4.2.1.3 

Collecting r 31, r4 i, r 54, r 63 terms by denominator in groups for evaluation 
will simplify kinetic potential energy matching. Going through this exercise 
is somewhat extensive, however, it is worth the effort to see in the final 
analysis that conservation of energy is verified to be 2T = U. 

4.2.2 Triple Binary Configuration Space 

Most fundamental of all orthogonal collinear configurations is the 
double binary with only one existing period ratio to determine configuration 
space and only one phase space transformation. The triple binary 
configuration space is determined by four binary periods with four binary 
ratios. This situation is more involved to map the binaiy geometry for 
interesting candidates to numerically integrate. For this study, only special 
cases will be considered. Indication of this configuration complexity is seen 
with binary ratios below 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



Orthogonal Collinear Configurations 161 

r3 
p,,z - 4rrz (---) 
r - G(ZM+</>r) 

r3 pz _ 4rrz( 65 ) 
65 - G(Zm+</>6s) 

Combining the above periods 

Equation 4.2.2.1 

Rewriting equation 4.2.2.1 in a scaled format with k1 = p/r, k2 = m/M, 
k3 = r43/r and k4 = r43/ p 

Equation 4.2.2.2 

where C1 = 1 + k4, C2 = 1 - k4 , C3 = (1 + k"f Cf)3/z and C4 = (1 -
k"fCl:)3/Z_ 

With the addition of two masses, it can be seen from equation 4.2.2.2 
that triple-binary configuration space is considerably more complex than the 
double binary configuration space. Computing state vectors is not a problem 
it is just that finding interesting configurations for numerical integration 
becomes difficult. It will take more time and effort to plot out all the possible 
regions of configuration space. However, some simplifications can be made, 
for example, when m ➔ 0 and r 63 ➔ r 54 the six-body configuration space 
will approach the double binary configuration space. The difference being 
that the mass three and four binary subsystem as well as the mass five and 
six binary subsystem will be in their respective close binary orbits instead 
of being single masses. As r 63 and r 54 separate with m ➔ 0 the six-body 
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configuration space will difference itself from the double binary 
configuration space. Also looking into the region where p = ,,./1 and 
increasing the separation distance of the r43 and r 65 binaries could result in 
some interesting orbits. 

4.3 Quadruple Binary 

Next in logical sequence relative to figure 4.1 is the collinear eight-body 
configuration. There are two members in this family with multiple 
variations. The one analyzed in this subsection is the quadruple binary 
configuration. This configuration consists of four binary subsystems in orbit 
about the barycenter. Orbital geometry for this configuration is actually a 
double binary subsystem along the x-axis rotating about a double binary 
subsystem along the y-axis. The separation distance of each of the masses 
within the two binaries along the x-axis are the same with the barycenter 
equally divided between the two binary subsystems. The same is true for 
the two binary subsystems along the y-axis. All masses along the x-axis are 
of mass M and all masses along the y-axis are of mass m. Geometry of the 
quadruple binary can be viewed in figure 4.3. Approach to solving this 
configuration is the same as the double binary and six-body (triple binary) 
structures worked earlier in this chapter. Results are more apt to be 
summarized than derived due the same methodology used for the double 
and triple binary collinear configurations. 

Jacoby coordinates has reduced this quadruple binaiy configuration to 
six coupled non-linear differential equations. After performing the 
infinitesimal rotations within the infinitesimal interval using sidereal 
synodic relations and collecting terms the binary subsystems are for the z21 

binary 

for the z43 binary 
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for the z65 binary 

and for the z87 binary 

where Pij = p ji 

Constraints needed for evaluating the above Zzi, z43 ,z65 and z87 binary 
equations can be determined from figure 4.3 

Psi = Ps4 = Psi = Ps4 

P6i = P64 = Pn = P74 

Psz = Ps3 = Psz = Ps3 

P62 = P63 = Pn = Pn 

Inertial velocity determination for the Zzi binary 

Inertial velocity determination for the z43 binary 

Inertial velocity determination for the z65 binary 
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Inertial velocity determination for the z87 binary 

and perturbation coefficients </>i are 

where 

l _ Pt +r z---
t' 

l _ P2-r6s 
3---

t'6s 
l _ P2+r6s 
4---

t'6s 

There are two more inertial velocity derivations and they are for the 
zPt and Zp2 binary subsystems. This is similar to the six-body configuration 
(triple binary) except that there are two double binaries to consider instead 
of one. Using the center of gravity of the z43 binary subsystem to find the 
zPt binary equation of motion 

Equation4.3.1 

there results after collecting and regrouping terms 

V 2 = .!!.... (2M + </> ) Pt Pt Pt 

where 
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Using the center of gravityofthez65 binary subsystem to find the Zp
2 

binary 
equation of motion 

Equation 4.3.2 

there results after collecting and regrouping terms 

where 

Scaling factors for the Zp 
1 

and Zp
2 

binary velocities are listed below 

P1-r ls=-­
P1 

l _ Pt +r 
6---

Pt 
l _ P2-r6s 
7---

P2 
l _ P2+r·6s 
3---

P2 

With knowledge of the quadruple double binary positions and inertial 
velocities the orthogonal collinear configuration state vector can be 
determined. This state vector is two dimensional and is in the barycentric 
inertial coordinate system. 

First double binary state vector along the x-axis 

1 
X1 = --(p1 + r) 

2 

Y1 = 0 

1 
Xz = --(Pi -r) 

2 

Y2 = 0 

1 
X3 = -(pl - r) 

2 

Y3 = 0 

x1 = 0 Equation 4.3.3 

Y1 = -f C¼1 + V,.) 

x2 = 0 

Y2 = f C¼1 - V,.) 

x3 = 0 

Y. = - .: (V, - V. ) 
3 2 Pi r 
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x4 = 0 

)\ = ½cv,,1 + ½-) 

Second double binary state vector along the y-axis 

X5 = 0 

x 6 = 0 
1 

Y6 = 2(Pz - r6s) 

Xs = 0 
1 

Ys = - 2 CPz + r6s) 

Ys = o 

x6 = ½ C¼2 - ½-6s) 

Y6 = o 

i7 = -½ C¼2 - ½-6s) 

)17 = 0 

is = ½ C¼2 + ¾•6s) 

Ys = o 

The quadruple binary or the two double binary configuration is a 
specialized Jacoby system in that there are only six Jacoby coordinates 
rather than the collinear Jacoby double binary configuration which has 
seven Jacoby coordinates. Since, in general n-body equations of motion can 
be transformed into n-1 coupled equations in n-1 Jacoby coordinates, then, 
this orthogonal collinear configuration is missing one coupled equation of 
motion and one Jacoby coordinate. The missing Jacoby coordinate is the 
vector from the center of gravity of the first double binary configuration to 
the center of gravity of the second double binary configuration. The general 
seven Jacoby coordinate quadruple binary is a non-degenerate quadruple 
binary configuration where the six Jacoby coordinate binary is assumed 
(without proof) to be a degenerate quadruple binary configuration. The 
degenerate quadruple binary is a special case of the non-degenerate 
quadruple double binary. 
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4.3.1 Quadruple Binary Conservation of Energy Verification 

Small increases in n-body mass number require great amounts of 
additional effort. The double and triple binary orthogonal configurations 
worked so far are indicative of the solution methods in general for the 
different aspects of the orthogonal collinear configurations. Therefore, only 
an outline of the kinetic potential energy verification will be given. Using 
the quadruple binary vector relations 

and the velocity identities ½,2 = Vr-!3 = V/ and ½-!5 = Vr;
1 

= V} give 

After combining masses, the kinetic energy equation becomes due to 
symmetry 

2T = MV 2 +mV2 + MV2 +mV2 
1 Z Pt Pz Equation 4.3.1.1 

The binary velocities in Jacoby coordinates determined from section 4.3 are 
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11,z = ..£.(2M + </> ) 
Pt Pt Pt 

Substituting the above equations into equation 4.3.1.1 identifies all the 
kinetic energy terms that will be combined and regrouped to match the 
potential energy. Transforming U into Jacoby coordinates 

U = Gim,mj = 2GM2 +2Gm2 +4~+4~+4~+4~+ 
ru r r6s rst r6t r52 r62 

2 cm2 + Gm2 + Gm2 + 2 cM2 + GM
2 + GM

2 

P2 r76 ras Pt r32 r•t 

(where p1 = r 31 = r42 and Pz = r 75 = r 86) , verifies that twice the kinetic 
energy is equal to the potential energy. 

4.3.2 Quadruple Binary Configuration Space 

The quadruple binary configuration space is determined by six binary 
periods with eight binary ratios. This is simplified by two period ratios being 
unity. As is obvious from the fast-growing number of period ratios the 
configuration space geometry becomes increasing more complex to map. 
Period ratios without scaling are shown below 
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r3 
pz - 4rrz(---) 

21 - G(ZM+</>i) 

r3 pz _ 4rrz( 43 ) 
43 - G(ZM+</>2) 

r3 pz _ 4rrz( 6s ) 
65 - G(Zm+(/>3) 

Combining the above periods gives 

PJ1 - zm+</>pz pf 
-z----,,_--:;-
Ppz ZM+.,,p1 Pz 

Equation 4.3.2.1 

The challenge of the quadruple binary configuration is to find finite 
stability regions existing in the configuration space geometry. One such 
region would be to have p1 and p2 very large relative to r 21 , r43 , r 65 and r 87 

binary separation distances, thus assuring that the perturbations between the 
quadruple binaries are minimal as they orbit the barycenter. This 
configuration is actually the collinear double binary when the quadruple 
binary separation distances approach zero. Another region would have the 
first double binary well inside the second double binary. Configuration 
space mapping would aid in selection of these regions to provide state 
vectors for numerical integration to verify finite stability 

Orthogonal collinear configurations beyond the quadruple binary 
become increasingly more complex and would need a systematic approach 
to solve a given family. Without a systematic approach the procedures for 
solving individual cases would become quite laborious. Applications for 
these configurations appear to be nebulous with the main interest being 
theoretical. 
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Barycenter 

l 
FIGURE 4.1.1. Orthogonal Double Binary Configuration Geometry 
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FIGURE 4.1.2.1. Orthogonal Double Binary Configuration Space 
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FIGURE 4.1.2.2. Orthogonal Double Binary Lagrange Configuration 
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Figure 4.1.2.3. Orthogonal Double Binary Configuration (k1 = 1, m 3 = m 4 ➔ 0) 
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y 

Barycenter 

" m6 

FIGURE 4.2.1. Orthogonal Triple Binary Configuration Geometry 
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y 

Barycenter 

ms 
FIGURE 4.3. Orthogonal Quadruple Binary Configuration Geometry 

4.4 Problems 

Section 4.1 

1. Starting from equation 4.1.1 , derive the instantaneous restricted double 
binary velocities l,;. and ¼ shown in equations 4.1.3 and 4.1 4. Also 
verify the double binary state vector in equation 4. 1.5. 

2. Substituting equations 4.1.3 and 4.1.4 into the kinetic energy equation 
verify that the double binary configuration is consistent with 
conservation of energy where twice the kinetic energy is equal to the 
potential energy at time zero. 

3. Map from double binary configuration space the central configuration 

(k1 = k2 = Pr = 1) into phase space, that is, compute the central 
Pp 

configuration state vector. 
4. Construct a finite stability plot of Dr (y-axis) versus Dp (x-axis) where 

the range of parameter Dr is O < Dr < 1 and the range of parameter DP 
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is O < Dp < 1. Include the period ratio Pr = 1 in this plot. Will help to 
Pp 

plot lines of constant k2 . Can any conclusions be drawn from plotting 
finite stability. 

5. Expand the scalar form of the Jacoby accelerations listed in equation 
4.1.4.2 in a Taylor series to verify equation 4.1.4.3 for the linear 
approximation. Resulting Taylor series expansion coefficients au may 
not be in the same form as in equation 4.1.4.3. 

6. Further expand equation 4.1.4.2 in a Taylor series to compute the 
quadratic and cubic terms of the restricted double binary to verify 
equation 4.1.4.10. 

7. Since a second order differential equation can be written as two first 
order differential equations solve the eigenvalue problem setup in 
equation 4.1 .4.4 to verify the first order approximation solution shown 
in equation 4.1.4.7. 

8. Double binary periods and inertial velocities derived from the 
infinitesimal interval problem allow the lambda exponents in equation 
4.1.4.7 to be written as a function of angular velocity where J1 = awr = 
hwp. Find a and bas shown in 4.1.4.9. 

9. Integrate the r and p restricted double binary acceleration equations valid 
for all time in equation 4.1.4.11 and show that they are consistent with 
conservation of energy where twice the kinetic energy is equal to the 

. M & M & 
potential energy. Note that- = -:- and- = -:- . 

dr r dp p 

10. Using conservation of energy show that equation 4.1.5.5 is the end result 
when applying the inverse problem of dynamics. 

Section 4.2 

1. Determine the inertial velocity Vp by using the z6 5c center of gravity 
relation in equation 4.2. l instead of the z43c center of gravity relation. 
Verify the velocity result is the same as found in equation 4.2.2. 

2. The triple binary state vector in equation 4.2.3 is formulated to have the 
vector p rotating inplane. Rewrite equation 4.2.3 for the case where p 
rotates out of plane. 

3. The triple-binary velocities in equation 4.2.1.2 when substituted into the 
kinetic energy equation 4.2.1. l will be equal to the potential energy. 
Mathematically verify that this is true. See equation 4.2.1.3. 

4. Triple binary configuration space can be determined by scaling period 
ratios found in equation 4.2.2.1. Using ki, k 2 , •• • ,k4 rewrite equation 
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4.2.2.1 to verify equation 4.2.2.2. Consider the case where k1 is large 
and k3 , k4 ➔ 0. Could this configuration be finite stable. 

5. What is the period ratio result when k4 ➔ 0 for P~ in equation 4.2.2.2? 
Pp 

How does it compare to the double binary configuration period ratio in 
equation 4.1.2.1? 

6. Plot!'.:!:....versus k1 using lines ofconstant k4 . How does this plot compare 
Pp 

to the double binary graph of!'.:!:.... versus k1 with lines of constant k2 ? 
Pp 

Section 4.3 

1. Derive ¼, 
1 
using the center of gravity z4 3c equation. That is, supply the 

missing equations that lead to the inertial velocity ¼,
1 

of the first double 
binary subsystem in equation 4.3.1. 

2. Reformulate the two-dimensional quadruple binary state vector in 
equation 4.3.3 to represent a three-dimensional orbital configuration. 

3. Mathematically verify that the solution of the quadruple binary is 
consistent with conservation of energy. Show that equation 4.3.1.1 is 
equal to the potential energy. 

4. Using equation 4.3.2.1 determine the configuration space period ratios 
for the quadruple binary in terms of scaled parameters k1 , k 2 , ••• ,kn in 
similar format as that of equation 4.2.2.2. 
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APPENDIX A 

COLLINEAR CONFIGURATIONS ORBITING 

L4 AND L5 LAGRANGE LOCATIONS 

Analyzing the problem of placing binary collinear structures into orbit 
about the L4 and LS points individually, where the L4 and LS position is 
treated as a pseudo mass location. Purpose is to derive state vectors to 
determine if finite stable orbits exist for these configurations, thus verifying 
collinear configurations at time zero can reside at the L4 and LS points. 
Techniques developed in chapters one and two with basic classical 
mechanics will be used in structuring and solving this type of problem. The 
L4 and LS binary configurations are aligned along the vector starting from 
the barycenter to the respective L4 and LS Lagrange equilibrium point. The 
barycenter exists anywhere along the line from mass one to the halfway 
point between mass one and mass two depending on the mass two to mass 
one ratio. Due to assumptions made in this analysis, such as not solving for 
the inertial velocities directly from the equations of motion within the 
infinitesimal interval, conservation of energy will not be maintained. 
Structural analysis is worked in two parts, where the state vector is derived 
directly from the rotating binary mass configuration in the first part and then 
the binary velocities are corrected using the equations of motion in the 
second part. 

A.1 Single Binary in Orbit about the L4 and LS Location 

The first case worked is a single binary at the L4 and LS location 
composing a six-mass configuration. Geometry for this configuration is 
illustrated in figure Al. Binary mass position vector equations relative to 
the barycenter are in terms of Jacoby coordinates r, r4 3 and r65 with r = 
Ti - 'r;, r43 = r; - "r; and r65 = "r;; - "r;. The barycenter location is defined 
by position vectors 'r; and "r; and their respective masses. Expanding the 
geometry in figure Al by diagraming the rotating binary structure in terms 
of position and velocity vectors to compute the components of the L4 and 
LS binary configuration, will need to consider working the inverse problem 
of dynamics. That is, the forces are determined by the given properties of 
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their motion using position, velocity, acceleration and other constraints to 
solve the problem. The L4 and L5 single binary structured planar state 
vector at time zero has been derived under these stated conditions and is 
found below. Coordinate system for this state vector is baiycentric inertial. 
All binaries are rotating counterclockwise. 

First Binary 

Equation Al.1 

Yi= 0 

x2 = 0 

Yz = 0 

Second Binary 

Third Binary 
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Velocities V,., V,.
43 

and V,.
65 

in the above L4 and L5 binary state vector 
are not known in terms of their interactive mass perturbations. From the 
collinear equations of motion velocity magnitude is estimated in the 
infinitesimal interval with type one geometry and the sidereal synodic 
relations at time zero. Equations of motion for this six-mass configuration 
in the complex plane with the sidereal synodic relations are 

Equation Al.2 

where 

The first binary composed of mass one and mass two is on the rotating x' 
axis and therefore i = i = 0. Simplifying the equation format in Al.3 to 
compute perturbation coefficients and binary velocities gives the result 
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where 
G 

Pij = wzr3. ,, 

Appendix A 

Equation Al.3 

Equations Al.2 and Al.3 have treated the binaries at the IA and LS locations 
as an-body collinear configuration, where z, z43 and z65 will divide out of 
their respective equation of motion allowing a calculation of the 
perturbation coefficients and velocities. This will not happen for this 
problem in general due to r43 and r65 not being aligned with the vector 
between the L4 and L5 points. The only way these vectors will align is when 
mass one is equal to mass two. Therefore, approximations must be made to 
remedy this situation. Assuming the following conditions where each binary 
distance approaches zero and z43 aligns with z65, the perturbation 
coefficient and binary velocity problem will be resolved. Restrictions made 
on binary mass and distance are listed below 

Equation Al.4 

p3z = P4z = Psz = P6z Ps3 = Ps4 = P63 = P64 

Mass position vectors and mass position difference vectors are also 
needed to derive the binary velocities in equation Al.3. The mass position 
vector equations relative to the barycenter from the geometry illustrated in 
figure Al can be found listed below 

Equation Al.5 
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where 0 = If mi. Mass one is the dominant mass with mass one greater or 
equal to mass two. Using the mass position vectors from equation Al.5, the 
binary mass position difference equations in terms of the Jacoby coordinates 
r, r43 , r65 and pare determined by Equation Al.6 below 

➔ 1 ➔ m6 ➔ 1 ➔ 
Tsz = --r --r6s +-p 

2 µ65 2 

➔ 1 ➔ m 5 ➔ 1 ➔ 
r61 =-r+-r6s+-p 

2 µ65 2 

➔ 1 ➔ m 5 ➔ 1 ➔ 
r62 = --r +-r6s +-p 

2 µ65 2 

Substituting equations Al .4 and Al.6 into equation Al.3 yields an 
approximate velocity and perturbation coefficient result 

V.2 = G(µ-¢1) 
r r 

V. 2 = G(µ65 -xi <f,3) 
r6s r6s 
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velocities V43 and V65 are equal. 

From the state vector equation Al.l and the mass position difference 
r·· 

definition Ttj, the ratio 7 can be evaluated to determine the perturbation 

coefficients and velocities derived in equation Al.7 

T31 = ((X3 - X1)2 + (y3 - Y1)2)l/Z 

T3z = ((X3 - Xz)2 + (y3 - Yz)2)112 

the above equations yield 

r63 = -,/3 + 2✓-?,{3 ms Xz 
r µ65 

 EBSCOhost - printed on 2/13/2023 8:31 PM via . All use subject to https://www.ebsco.com/terms-of-use



Collinear Configurations Orbiting IA and LS Lagrange Locations 183 

Equation A 1. 7 velocities V,., l?-
43 

and l?-
65 

computed using the distance ratios 
in equation Al.8 give the final quantities needed to do numerically 
integration of the L4 and L5 binary state vector in equation A 1.1. 

The distance between the center of gravity of the mass three four binary 
and the center of gravity of the mass five six binary has been approximated 
to be p = -v'3r for the problem analyzed above. This is the value that was 
determined from the restricted three-body problem for zero mass at the 
equilibrium positions. However, It appears that for non-zero mass binaries 
at the L4 and L5 locations, the equilibrium regions may migrate away from 
p = -v'3r. This situation was noted to have occurred in chapter four 4.2.2. 

It appears from this analysis that any geometry in the mathematical 
logical system may be incorporated at the L4 and L5 equilibrium points to 
produce a state vector to numerically integrate for studying particle motion. 
To give credibility to this conclusion a double binary configuration has been 
embedded at the L4 and L5 points and a state vector for this system has been 
successfully derived and numerically integrated. This problem will be 
presented in the next part of the appendix. 

A.2 Double Binary in Orbit about the L4 and LS Location 

The L4 and L5 double binary problem is solved in the same manner as 
the single binary configuration, that is, using the inverse problem of 
dynamics with type one geometry and the sidereal synodic relations in the 
collinear infinitesimal interval at time zero. Configuration geometry can be 
found in figure A2. As seen in figure A2 the vector geometry is more 
complex with the addition of the extra binary at each equilibrium location. 
For example, there are other rotating vectors (p1 and, p2 ) in the double 
binary configuration to consider in formulating the double binary motion. 
These vectors extend between the binary centers of gravity for each double 
binary configuration at the L4 and L5 locations. This situation was 
encountered in chapter one where the collinear double binary problem was 
solved. The difference here is that this double binary problem is an 
approximate solution and not a deterministic solution. Double binary mass 
equations of motion are in terms of Jacoby coordinates r, r43, r6 5 , r8 7 , r10,9 , 

p1 and, p2 relative to the barycenter in the infinitesimal interval at time zero. 
Ten-body state vector is derived in the first part analysis for the double 
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binary L4 and L5 configuration and is given by individual binary below. 
State vector coordinate system is barycentric inertial. All binaries in the 
double binary configurations at the L4 and L5 locations are rotating 
counterclockwise. 

Y1 = 0 

Yz = 0 

First Binary 

Equation A2.1 

i 2 = 0 

Second Binary 

. -/3 r;; m4 
X = --V. -v3f]-V. -

3 2 r µ43 r43 

✓-3[3 µ65 V 
µ pl 

Pt 

, at! /Jm4v 
Y3 = - vr + a - 43 + 

2 µ43 

a[J µ65 V 
µ pl 

Pt 
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Third Binary 

✓3 r;:; m6 r;:; µ43 y5 = -r + v3{3-r65 - v3{3-p1 
2 µ65 µPl 

✓3 r-::3 I? ms r:::3 1? µ43 y =-r-v:,,,-r: - v:,,,-p 6 2 µ65 65 µPt 1 

· au l?m6u 
Ys = - vr + a,, - vr6s -

2 µ65 

R µ43 V a,,- pl 
µPt 

X = - ✓3 V. + ✓'?,R ms V. + 
6 2 r I' µ65 r6s 

✓'?, R l::!1. V I'µ pl 
Pt 

. a V. /3 m 5 V. Y =- -a - -
6 2 r µ 65 r6s 

a/3 µ43 V 
µ pl 

Pt 

Fourth Binary 

✓3 ,-; ms . ,-; µ10 9 
y7 =--r+v3{3-r87 + v3/3-' p1 

2 µ37 µPt 

a m7 µw9 x8 = -r + a{3-r87 - a/3--' p1 
Z µ37 µPl 

. ✓3 r;:; m s 
X7 = -V,. - V 3{]-V,.87 -

2 µ37 

✓'?,[3 µ10,9 V 
µ pl 

Pt 

. aV. /3m8 V. Y =- -a - -
7 2 r µ37 rs7 

a/3 µ10,9 V 
µ pl 

Pt 

. ✓3 r;:; m7 
Xs = - V,. + V 3/3-V,.87 -

2 µ37 

✓'?,[3 µ10,9 V 
µ pl 

Pt 

✓3 ,-; m7 ,-; µ10 9 . a V. /3 m7 V. Ys = - -r - v3f3-rs7 + v3{3--' Pi Ys =- r + a - r87 -2 µ37 µp 1 2 µ37 

a/3 µ10,9v 

µPt pl 
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Fifth Binary 

-.J3 r;:; m10 r;:; /187 y9 = --r + v3/J-r10,9 - v3/J-p1 
2 /110,9 /lp1 

. a m10 
Y9 =-½- -a/J--½-109 + 

2 /110,9 ' 

a m9 /187 
x 10 = -r + a{J--r109 + af1-p1 

2 /110,9 ' /lp1 

a{J /la1 V 
/1 

pl 
Pt 

. -.J3 r;:; m9 
X10 = -v;. + v3{J--11r10 9 + 

2 /110,9 ' 

~/1 /181 V 
/1 

pl 
Pt 

,/3 r;:; m9 r::; /187 
Y10 = --r -v3/J--r109 - v3/J-P1 

2 /110,9 ' /lp1 
. a V. /Jm9 V. Y10 = - r + a -- r109 + 

2 /11~ 9 ' 

a/JEE V 
/1 

pl 
Pt 

Velocities v;., ½-43 , ¾,65, ¾,
87

, v;.
10

_
9 

and VP1 in the ten body L4 and L5 

binary state vector are derived from the equations of motion in the second 
part of this analysis and will need to use the infinitesimal interval method 
with type one geometry and the sidereal synodic relations at time zero to 
estimate their magnitude. The infinitesimal interval calculation allows 
determination of the perturbation coefficients which ensures that 
gravitational interaction between the masses has been accounted for in the 
approximation. Equations of motion for this ten-mass configuration in the 
complex plane with the sidereal synodic relations are 

n 21 P21 = ( n21 + n p1)Pp1 = ( n 21 + n p1 + n43)P43 

= ( n21 + np1 + n6s)P6s 

n21P21 = (n21 + np2)Pp2 = (n21 + npz + ns7)Ps7 

= (n21 + npz + n10,9)P10,9 

Due the double binary configuration symmetry the following constraints 
apply 
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The mass one and mass two first binary is on the rotating x ' axis and 
therefore i = i = 0. Double binary equations of motion are 

V.:2 = G(µ+</>1 ) 
r r Equation A2.2 
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v.2 _ G(µs7+xl<J>4) 
T37 - Ta7 

( Ni) Pl0,9µ10,9 - ~ Z10,9 
10,9 

= (P10,1Z1,10 - p91Z19)m1 + (P10,2Z2,10 - PnZ29)m2 
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where 

v:z _ G(µ10,9+x!¢s) 
r10,9 - r10,9 

G 
Pi} = w2r.3. 

L] 

Equation A2.2 has treated the double binaries at the L4 and L5 locations as 
an-body collinear problem, where the collinear double binary configuration 
at the L4 point aligns with the collinear double binary at the L5 point and 
both of these double binaries align with the vector from L4 to L5. This 
results in a simplification of the equations of motion. Other than this 
approximation, the only way these vectors will align is when mass one is 
equal to mass two. It is also assumed that the distance between mass three 
and mass six at the L4 location is small relative to the distance between the 
L4 and L5 locations. The same is true for the double binary at the L5 
location. Therefore, the distances between the binaries will approach zero 
and the problem in determining the perturbation coefficients and binary 
velocities is resolved. There are some additional restrictions made on double 
binary mass and distance as seen below 

P3i = Pio,i PH = P91 Psi = Psi P6i = Pn 

</>z = </>s Equation A2.3 

Velocity computation for Vpi and Vpz is a function of the perturbation 
coefficients that are derived from the pl and p2 equations of motion. 
Jacoby coordinates pl and p2 are the distances between the binary 
subsystem centers of gravity for the mass three through mass six and mass 
seven through mass ten respectively. The equation of motion for the Jacoby 
coordinate pl between the mass three and mass four binary and the mass 
five and mass six binary can be derived by using z43c = m 323 

+m
4 2 4 

µ43 

Equation 1.3.5 can be used to start this derivation. 
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Result of this analysis for VP1 (Vp 1 = Vpz) and perturbation coefficient ¢ 6 

are shown below 

It can be shown that due to symmetry Vp 1 = Vpz· 

The ratio ru can be evaluated from equation A2.1 to determine the 
r 

perturbation coefficients and velocities derived in equation A2.2. Starting 
with the double binary distance ratios in L4 

= ((x3 - X1)2 + yi)l/Zr-1 

r41 _ ((1 + /J m6s fJ m3 )Z + (-./3 + r:::3/J m6s - - - a -x3 - a -x1 - v., -x3 -
r Z µ pl µ43 2 µ p l 

',/3/J ~ X1)2)l/Z 
µ43 

= ((x4 - X1)2 + yf)lfZr-l 

:£. = ((r - (x4 - X1))2 + yf) l /Zr-l 
r 
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= ((x6 - X1)2 + yl)l/Zr-1 

1'62 = ((r - (x6 - X1))Z + yl)l/Zr-1 
r 

The double binary geometry in L5 is symmetric to the double binary 
geometry in L4 and therefore the same equations in equation A2.4 can be 

r31 r101 used for L5. For example, - =-·etc. 
r r 

Double binary ten-body state vector in equation A2.1 was numerically 
integrated for a period of five hundred years for the following masses and 
mass distances with results shown in figures A3 and A4. 

m 1 =1SM m 2 = 9.553x10-4 SM (Jovan Mass) 

m 3 through m10 = .05m2 r21 = 2.5 AU 

Ten body configuration state vector trajectories in the numerically 
integrated ephemeris were analyzed by studying the double binary behavior 
in the L4 and L5 equilibrium locations. These binaries for the given mass 
and mass distance input are finite stable over the five-hundred year epoch 
in which they were run. The somewhat noisy binary separation distance 
variation seen in figures A3 and A4 may be caused by the approximation 
used to generate the double binary state vector. Also, the L4 and L5 
separation distance of p = -.fir in the derivation, which may be an 
approximation, could possibly be contributing to this noise. It is not known 
how long this ten-body configuration will remain finite stable, however, by 
varying the binary mass and mass distance the finite stability span can be 
extended and controlled. 
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It is expected that more complex collinear configurations can 
successfully be derived and numerically integrated to show large numbers 
of particles can exist in finite stable orbits at the L4 and L5 equilibrium 
regions. This would be consistent with observation where many asteroids 
are known to exist at the Lagrange regions in our solar system. 

y 

m 1- - - ...,.__ ________ m 2 ----- X 

ii LS 

FIGURE Al. Single Binary Orbiting L4 and LS Location 
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-✓ 

J'-4 
/ L4 

111-3 

---------m2 ----- -X 

LS 

FIGURE A2. Double Binary Orbiting L4 and L5 Location 
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