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Foreword

Ron Graham finished his PhD in combinatorial number theory in 1962 under the direc-
tion of Derrick Lehmer and then immediately proceeded to work at Bell Labs. In the
summer of 1963, a professor from Purdue reached out to Ron to encourage him to take
an assistant professorship and told him, “You’ll be dead mathematically in a couple
years if you stick to industry.” Ron did not take that advice and stayed at Bell Labs
for another 36 years before retiring (also holding visiting positions at Stanford, UCLA,
Princeton, Rutgers, and others during this time); after this first retirement, he took a
position at UC San Diego for another 20 years. Over the course of nearly six decades,
Ron had one of the most amazing mathematical lives of the twentieth century. Dur-
ing his career, he produced over 400 publications, held positions on numerous edito-
rial boards and committee assignments, gave countless talks around the world, was
awarded multiple honors and degrees, and helped to firmly bring discrete mathemat-
ics to the prominence it experiences today.

Ron’s mathematical interests were not easy to pigeonhole. He started off working
in combinatorial number theory, including Egyptian fraction problems (which is how
he first connected with Paul Erdés). At Bell Labs, he quickly expanded into a combi-
nation of the practical (which included scheduling, bin packing, vertex labelings, and
Steiner tree problems), as well as the more esoteric! (including finite semigroups, ge-
ometrical packing problems, and Ramsey theory (which became a major focus of his
work)). Many of his papers had a strong geometrical flavor including an efficient al-
gorithm for finding a convex hull (the “Graham scan,” which became one of his most
cited works and helped to open up the field of computational geometry; though when
Ron wrote the paper he considered it a “throw-away result”), the largest small hexagon
(the hexagon of unit diameter with maximum area’—it is not the regular hexagon!),
Apollonian circle packings, and many more. Ron also was able to mathematically ex-
plore “fun” topics that included card shuffling and magic,’ guessing games, and jug-
gling.*

The contributions in this volume reflect some of the diverse range of mathemat-
ical interests of Ron; he would have delighted to leaf through these papers, see their
results, and talk about them with friends and colleagues. These contributions also
speak of Ron’s ability to reach out and touch so many lives. Among mathematicians,
he had a nearly singular prowess in being able to connect with people, and then to

1 The fact that AT&T enjoyed a monopoly resulted in giving the Bell Labs employees some flexibility
in their research.

2 Joel Spencer liked this result so much he built a sandbox using this shape for his children.

3 This is exemplified most prominently in the book Magical Mathematics written by Persi Diaconis
and Ron Graham.

4 Ron at one point served as president of the International Jugglers Association and was also instru-
mental in the development of the juggling pattern Mill’s Mess.

https://doi.org/10.1515/9783110754216-201
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VI — Foreword

help push them to be better, to connect them with problems and opportunities, and
to delight and amaze them. His zest for playful, yet focused learning, whether it be
of mathematics, Chinese, table tennis, trampolining or Dance, Dance, Revolution, was
infectious.

We were fortunate to have been inspired by the work and life of Ron Graham, and
by his example of how transformative a mathematician can be.

Steve Butler and Glenn Hurlbert
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Ayomikun Adeniran, Lauren Snider, and Catherine Yan
Multivariate difference Goncarov polynomials

In Memory of Ron Graham

Abstract: Univariate delta Goncarov polynomials arise when the classical Gonc¢arov
interpolation problem in numerical analysis is modified by replacing derivatives
with delta operators. When the delta operator under consideration is the backward
difference operator, we acquire the univariate difference Goncarov polynomials,
which have a combinatorial relation to lattice paths in the plane with a given right
boundary. In this paper, we extend several algebraic and analytic properties of uni-
variate difference Gonc¢arov polynomials to the multivariate case. We then establish
a combinatorial interpretation of multivariate difference Goncarov polynomials in
terms of certain constraints on d-tuples of nondecreasing integer sequences. This
motivates a connection between multivariate difference Gon¢arov polynomials and
a higher-dimensional generalized parking function, the U-parking function, from
which we derive several enumerative results based on the theory of multivariate delta
Goncarov polynomials.

1 Introduction

The primary goal of this paper is to extend results on univariate difference Goncarov
polynomials to multiple variables, as well as show that such polynomials have a com-
binatorial interpretation related to integer sequences and generalized parking func-
tions.

Central to these problems is the theory of Gon¢arov polynomials, which arose in
the fields of numerical analysis and approximation theory from an interpolation prob-
lem posed by Goncarov [6].

Goncarov interpolation. Find a degree n polynomial p(x) such that fori = 0,1,.. ., the
ith derivative p® (x) evaluated at a given point a; has a prescribed value b;.

The solution to this interpolation problem consists of a linear combination of the
Goncarov polynomials {g,,(x;ag,ay, ..., a,_1)}en, Where g,(x;aq,ay,...,a,_1) is the

Acknowledgement: The third author is supported in part by Simons Collaboration Grant for Mathe-
matics 704276.

Ayomikun Adeniran, Department of Mathematics, Pomona College, Claremont, CA, USA, e-mail:
ayomikun.adeniran@pomona.edu

Lauren Snider, Catherine Yan, Department of Mathematics, Texas A&M University, College Station,
TX, USA, e-mails: Isnider@math.tamu.edu, cyan@math.tamu.edu
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2 = A.Adeniranetal.

unique polynomial of degree n satisfying the biorthogonality condition
g azag aj,...,a, 1) = '8y,

The Goncarov polynomials have been extensively studied for their analytical proper-
ties, but their remarkable application to parking functions, which have a vast litera-
ture in combinatorics, was surely an unforeseen consequence by Goncarov. A (classi-
cal) parking function is a sequence (x;, x,, ..., x,) of nonnegative integers whose non-
decreasing rearrangement x;) < X < -+ < Xy Satisfies x;) < i for all i. The sequence
Xay € Xg) <+ < X(y) is referred to as the order statistics of (x;, x,, ..., x,,). More gener-
ally, given a vector u = (uy, ..., u,), a u-parking function is a sequence (x;, x, ..., x,,) of
nonnegative integers whose order statistics satisfy x;) < u;. Kung and Yan [10] showed
that Goncarov polynomials are in direct correspondence with u-parking functions,
and hence the numerous algebraic and analytic properties of the former extend neces-
sarily to the latter. Classical parking functions correspond to the case u = (1,2,...,n).

When the Goncarov interpolation problem is extended to multiple variables
with partial derivatives 9, ,...,d,,, a basis of the solutions is the set of multivari-
ate Goncarov polynomials. Khare, Lorentz, and Yan provide a thorough treatment of
bivariate Goncarov polynomials in [7], establishing numerous properties analogous to
those of the univariate case, and showing that a bivariate Gonc¢arov polynomial counts
pairs of integer sequences whose order statistics satisfy certain constraints. This work
naturally extends to d-dimensions and leads to a notion of higher-dimensional gener-
alized parking functions, namely, the U-parking functions, where U is a set of nodes
in N%

Another profound generalization of Gon¢arov polynomials is obtained by apply-
ing the rich theory of delta operators and finite operator calculus, which is a uni-
fied theory on linear operators analogous to the differentiation operator D and spe-
cial polynomials developed by Rota, Kahaner, and Odlyzko [16]. Replacing D with
an arbitrary delta operator in the Goncarov interpolation problem, Lorentz, Tringali,
and Yan [11, 12] introduced the delta Gon¢arov polynomials and extended many of
the algebraic properties of (classical) Goncarov polynomials to this generalized case.
They also studied multivariate delta Gon¢arov polynomials and characterized those
that are of binomial type. A complete combinatorial interpretation for univariate delta
Goncarov polynomials was given by Adeniran and Yan [1] in terms of weighted enu-
merators in partition lattices and exponential families.

Of particular interest to us are the difference Goncarov polynomials, which are
closely related to lattice paths and integer sequences. Here, the delta operator is the
backward difference operator A. In [9], the algebraic and combinatorial properties of
the univariate difference Goncarov polynomials are presented. In the current paper,
we seek to extend these properties to the multivariate case and investigate their com-
binatorial significance. The remainder of the paper is organized as follows. Section 2
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Multivariate difference Gon¢arov polynomials =—— 3

recalls the basic definition and properties of univariate difference Gon¢arov polyno-
mials. In Section 3, we specifically examine bivariate difference Gonéarov polynomi-
als and extend the algebraic and analytic properties of their univariate analogues to
two variables. Section 4 characterizes the relationship between bivariate difference
Goncarov polynomials and integer sequences. Finally, in Section 5 we state the corre-
sponding results in higher dimensions.

2 Univariate difference Gon€arov polynomials

We begin by briefly summarizing the theory of delta Gonc¢arov polynomials with a fo-
cus on univariate difference Goncarov polynomials. The detailed theory on delta op-
erators is developed by Mullin and Rota in [14], and the theory of delta Goncarov poly-
nomials is introduced in [12].

Consider the vector space F[x] of all polynomials in the variable x over a field F
of characteristic zero. For a € F, let E, : F[x] — F[x] be the shift operator defined
by E,(f)(x) = f(x + a), and let €(a) : F[x] — T be the linear functional that evaluates
p(x) € F[x] at a € F. A delta operator is a linear operator ? : F[x] — [F[x] that is
shift-invariant, i.e., 9E, = E,0 for all a € F, and satisfies 0(x) = ¢ for some nonzero
constant c. The differentiation operator D is one example of a delta operator. Another
example is the backward difference operator A = I — E_;, which is defined by Ap(x) =
p) —px-1).

Every delta operator 0 has a unique polynomial sequence (p,,(x)),en Such that
pn(x) is of degree n, p,(0) = 8y,, and dp,(x) = np,_;(x). Such a sequence is called
the basic sequence associated to 9. Moreover, any shift-invariant operator T can be
expanded as a formal power series of 0 by the formula

A . k
T k; 0
where a;, = £y(T(pi(x))).

For a delta operator 9, suppose that (4(9))sc is @ sequence of linear operators of
the form

l/)s(a) =0 Z bs,rar»
r=0

where b;, € F and b;y # 0. Then there exists a unique sequence of polynomials
(,00))nen in Fx] such that each f,,(x) has degree n and satisfies

e(0) s (0)f,(x) = nldg, forallse N,

EBSCChost - printed on 2/10/2023 3:14 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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where Jg, is the Kronecker delta. In this case, we say that the polynomial sequence
(fu0))nen is biorthogonal to the sequence of linear operators (,(9))sen- In fact, the
polynomials (f,,(x)),cn form a basis of F[x].

Let the delta operator d be the backward difference operator A. Then the sequence
of upper factorial functions (x(”))nEN defined by x@ =1and x™ = x(x+1)---(x+n-1)
for n > 1is the basic sequence associated to A. Given a sequence a,, a;, ... of nodes
in F, let (p5(A))so, be the sequence of linear operators given by the equation

Sl
Ps(d) = Ag Z(:) A =E A
r=

The sequence of difference Goncarov polynomials is the unique sequence of polyno-
mials biorthogonal to (1s(A))s2,. That is, the nth difference Goncarov polynomial
g.(x;ay, ay, ..., a,_1) is the unique polynomial of degree n satisfying

e(as)N°g,(x; g, . .., ay_1) = nlbs,, forallseN.

It is the difference analog of the classical univariate Gon¢arov polynomial, which has

been comprehensively studied in interpolation theory and approximation theory [3].
The notation for the nth difference Goncarov polynomial g(x; ay, ay, ..., a,_;) re-

flects its dependence on only the nodes a,, a;, . . ., a,_;. The preprint [9] contains a set

of algebraic and analytic properties for g,,(x; ay, a5 - - ., @,_1). Since [9] has never been

published, we include those results here for completeness.

1. (Determinant formula) For any n € N, g,(x;aq,ay, ..., a,_;) = n'det M where M is
an (n +1) x (n + 1) matrix whose (i, j)-entry, O < i,j < n, is given by

(=i)
L if0<i<jandi<n-1

G-’
— G) e
mi; = "]—, ifi=n
0 otherwise.

2. (Expansion formula) For p(x) € F[x] of degree n,

L (A
-3 “O W0

—————8i(x; a0, a4, ...,a;_1).

3. (Linear recursion)
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4. (Appell relation)

tn

1-n>=% é'n(X;ao»al’--"“"-l)n!(l — )%

n=0

5. (Difference relation) For any n € N,
Ag,(X;a0, Ay, ..., 0y_q) = NG (X a1, A, ..., Ap_y)
and
8n(ag; ag, ay, ..., an_y) = bop,

which together uniquely determine the sequence of difference Gonéarov polyno-
mials.
6. (Shift-invariant formula)

Sx+tag+t,a +t,...,a, 4 +1t)=8,(:a0,aq,...,05_1).
7. (Perturbation formula) For positive integers m and n with m < n,

g.(xag, ..., A1, A + Oy Apst> - - - > A1)

=8,060a0, ..., 00 1, Ay Apits - - > Ayq)

ny. .
~\ 8r-m(@m + O > A1 -+ > A8 (X3 Ag» Qg - - > A1)

8. (Sheffer relation)

n
- n\ . i
g, (x+y;ag.ay,....ay ) = z (i)gn_i(y; ..., a, x0.
i=0
In particular, letting y = O we obtain the expansion of g,(x; ay, a, . .., a,_;) under
the basis (x™),c -

Difference Goncarov polynomials are useful in combinatorics due to their connection
with lattice paths in the plane with a given right boundary. Let x, n be positive integers.
A lattice path in Z? from (0, 0) to (x — 1, n) with steps (1, 0) and (0, 1) can be recorded
by a nondecreasing integer sequence (xg,X;, ..., X,_1), Where (x;,1) is the coordinate
of the rightmost point on the lattice path and the liney = i. Givenay, < a; < --- <
a,_; € [0,x]", let LP,(agy, a;, .. .,a,_;) be the number of lattice paths (xy, Xy, ..., X,_;)
from (0, 0) to (x — 1,n) such that O < x; < g; for 0 < i < n. Then we have the following
theorem.
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Theorem 1 ([9]).
1.
LP,(ay,ay,...,0,4) = ﬁgn(x;x -0, X — Ay, ..., X — Ay_q)

1.
= ﬁgn(O; —Qg, —Ays ..., —Ap_q)-

Wheng; = aforalli, g,(x;aq,...,a) = x-a)™. HenceLP,(a,...,a) = a _ (atn-1y,

!
which is clearly the number of lattice paths from (0, 0) to (a-1, n). When g; r; a+(i —nl)b,
g.(x;a,a+b,...,a+(n-1)b) = (x—a)(x—a-nb+ )™V forn > 0.1In particular, for a =
b=1,5,(0;-ay,-a,...,—a,_,) is the Catalan number ﬁ(zn"); whena =1,b € N, we
get the Fuss—Catalan number ;1 (*U"). For general values of a;’s, 8,(0; a, .., @, ;)
can be computed by the determinant formula or the linear recursion.

Lattice paths are a classical subject of study in combinatorics, having a vast lit-
erature with applications in many fields of mathematics, computer science, physics,
and statistics. For the combinatorial theory of lattice paths, see the monograph [13] by
Mohanty and the more recent comprehensive survey [8] by Krattenthaler. In addition
to being a basic but useful tool in lattice path counting, difference Goncarov polyno-
mials provide a new perspective to lattice paths and connect them to other combina-
torial structures that are associated with general delta operators. The most notable ex-
amples are various generalization of parking functions, which are the combinatorial
structures associated with the differential operator. In fact, difference Goncarov poly-
nomials have already appeared in enumerating parking distributions over a caterpillar

graph [4], and in enumerating increasing parking sequences [2].

3 Bivariate difference Goncarov polynomials

By replacing the difference operator A with a set of difference operators {A,, }le, where
d is a positive integer, we can define a system of multivariate biorthogonal polynomi-
als in F[xy,...,x4] that naturally extend the univariate difference Gonc¢arov polyno-
mials to multiple variables. A general theory of systems of delta operators and delta
Goncarov polynomials in multivariables was introduced in [11]. In this paper, we only
need a special case: the system of delta operators is (A, ,4,,, ..., A,,), where A, is the
backward difference operator with respect to the variable x;. We will first state the def-
inition and the basic properties from the general theory established in [11]. Then we
present some special algebraic properties of multivariate difference Gon¢arov polyno-
mials. In the next section, we discuss the combinatorial significance of such multi-
variate polynomials.

For simplicity and clarity, in Sections 3 and 4 we restrict our attention to the bi-
variate case. All the results can be extended easily to the multivariate cases, which we
describe briefly in Section 5.
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Fix positive integers m and n. We write (i,j) < (m,n) ifi < mandj < n. Let S,
denote the poset {(i,j) : (0,0) < (i,j) < (m,n)} and denote the space of all bivariate
polynomials having coordinate degree (m, n) by an)n. That is,

5 ..
Hm,n = { Z bi’jxly] . bi,j € ]F}
(1)) €S

The following is a bivariate variation of the Goncarov interpolation problem, with
difference operators replacing differential operators.

Bivariate Goncarov interpolation with difference operators
Fixanode-setZ = {z;; = (x;;, ¥;;) : (,J) € Sy, }- Given a set of numbers {b;; € F: (i,j) €
Smn}» find a polynomial p(x,y) € an’n such that, for all (i,j) € S,

ez )N, p(x,y) = by;.

From the general theory developed in [11], we have that for any values {bi)j : (i,)) €
Sm.n}» the bivariate Goncarov interpolation problem with difference operators has a
unique solution in the space an’n. In particular, by taking all but one of {b;; : (i,)) €
Sun} to be 0, we can define the bivariate difference Goncarov polynomials.

Definition 1. LetZ = {z;; = (x;;,y;;) : (i.j) € Sy} be a set of nodes. The bivariate dif-
ference Goncarov polynomial g, ,((x,y); Z) is the unique polynomial in an)n satisfying

s(zi,j)A;Aigm)n((x, y);Z) = min'é,, ;6,,; (11)

for all (i, ) € Sy p-

It follows that g ((x,y); Z) = 1. For the special grid O = {z;; = (0,0) : (i,J) € Sy}
the set of difference Gon¢arov polynomials {g,, ,((x,¥); 0)},; new is called the basic se-
quence of the system (A,, A,). From the interpolation conditions given in equation (1.1),
it is easy to check that

Bmn(06); 0) = XMy,

In general, the set {g;;((x,y);Z) : (i,)) € Sy, ,} forms a basis to the solutions of the
bivariate Goncarov interpolation problem with difference operators. Next, we discuss
the algebraic properties of bivariate difference Gonéarov polynomials, analogous to
those of the univariate case. We remark that Theorems 2, 3, and 9 are special cases of
Propositions 3.5, 3.6, and Theorem 5.1 in [11], and the other results are new.
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Theorem 2 (Expansion formula). For any p(x,y) € Hm w
1 -
piy) = Z Z e(zl,m )06 )3ii((6y) Z).

Proof. This property follows immediately from the definition of bivariate differ-
ence Goncarov polynomials and the fact that {g;;((x,y); Z)};j)<(mn) forms a basis of
2, O

Theorem 3 (Linear recursion).

n

Xy iz( )( ) KMy, (6% 2). 1.2)

i=0j=0

Proof. It is obtained by letting p(x,y) = xX™y®™ in the expansion formula. O

Theorem 4 (Appell relation).

s™ "
1-5)*1-t)7 = E E y)Z) )
( ) o Og’"" % (1—s)xm»nm! (1 - tymnn!

Proof. Using Taylor expansion and the linear recursion formula, we have

;_ OZO: © X(m) myrl)tn
(1 S)X(l ) m=0 n=0 m! n!
o0 00 Smtn m n m n ( _) . ])
i ono min! 2.2 i>(j>xi’;n ly 8/(xy%2)
m=0n=0 """ i=0j=0
oooo~ 001 m (m—f)mooln (i) o1
S Sann$ LM S 20
i=0j=0 m=i """ n=j 1t
(m-1) gm—i (n—j) ;n—j
0 00 5 t} [} Xl] 00 y t
- Zz i,j((X))/);Z)_ d Z z ‘
i=0j=0 it & (m=il & (n-j)!
v\ st 1 1
= 5 (Y 2Z)> e ——
i:z()];) lJ((X Y) )l' }| (1 _ S)Xi’j (1 _ t)yi’i
The last step uses the identity —— (1 7 = Yis0 (n+k 1)x Yo (i)’ ‘ -

The following two formulas are analogues of the differential and integral relations
of the classical bivariate Gonc¢arov polynomials studied in [7]. For a node-set Z = {zi;
i,j € N} let LZ = {w;; : w;; = z,4,1,j € N} and DZ = {w;; : w;; = 2;;,4,1,j € N}. From
here on, we will assume Z is an infinite grid with indices i,j € N, and g, ,((x,y); Z) is
determined by the subset {z €Z:(i,]) € Syl
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Theorem 5 (Difference relations). Forany m,n € N,

A Zmn((GY)Z) = MGy (6 Y); LZ),
Aygm,n((x>y);z) = ngm,n—l((X)Y);DZ)'

Proof. We will only prove the first relation, as the second follows by symmetry. We
wish to show that A, g, ,((x,y); Z) and mg,,_; ,((x,y); LZ) satisfy the same biorthogo-
nality conditions. Now the definition of g, ,((x,y); LZ) implies that

£z AN [AZrn (6 V) Z)] = £y AN G (%Y1 Z) = 0
when (i,j) < (m - 1,n) with (i,j) # (m - 1,n). When (i,j) = (m - 1,n),
£z AN B (06 V)3 Z) = €2 ) Dy Dy (%, y); Z) = minl,

Since mg,,_1 ,((x, y); LZ) satisfies these same conditions, uniqueness of the interpola-
tion yields the first difference relation. O

Corollary 1. The general difference formula is
NN, & (06Y)5 Z) = (M) (M)j&minos (6, y); L'DZ),

where (t); = t(t —=1)---(t — k + 1) is the kth lower factorial of t.

Theorem 6 (Shift-invariant formula). Given a node-set Z = {zij = (x;,y5) - 1,j € N}, let
Z + (§,n) denote the set {(x;; + &, y;; +n) : 1,j € N}. Then we have

gm,n((x +&y+niZ+ (&, '2)) = gm,n((x>y);z)'

Proof. By definition, g, ,((x,y);Z + (¢,1)) is the unique polynomial in an)n satisfying
interpolation conditions

ez ESEJNN 8 1 (06 Z + (£,1)) = MmNty

.. b .
for (i,j) < (m,n), where E{ and E, are the shift operators (E¢f)(x,y) = f(x + a,y) and
(EjJ )(x,y) = f(x,y + b), respectively. Since these shift operators commute with the dif-
ference operators A, and A, we may equivalently express the interpolation conditions
as

s(zi’j)AiAigm’n((x +&y+n);Z +(&,n) = min'6;, 5,

which are the precise conditions satisfied by g, ,((x, y); Z). O
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Theorem 7 (Perturbation formula). Given a set of nodes Z, suppose we perturb the
(ig-jo)-th node of Z to z,-’;,jo. Let Z* be the new set of nodes. Then for (i, j,) < (m,n) but
(ip»jo) # (m,n), we have

Emn(CGYBZT) = (Y Z)
- <r'n><'n)gm—i0,n—10( Zio o ’LloD}oz)gl 10((X V) Z).

1o/ \o

Proof. Let
_ 1 o o < )
B Y) = Emn(O6 Y1 Z7) + ol ez )M DY 8 (6 ) 2)18 5, (6 V) Z).

One can easily check that hy, ,(x,y) and g, ,((x,y); Z) satisfy the same interpolation
conditions and so are equal by uniqueness. Using the difference relations, we may
rewrite h,, ,(x,y) as

. " m 1 . i -
Enn((YNZ") + <i0> [e(zlo 3518005 L0Z) 81 (06752)

= 805 Z)+ (1) (2 J8mtn 51 oD 25, (065 2)

and the statement is proved. O

Remark. In Theorem 7 if (iy,jo) = (m,n), then g, ,((x, YHZ") = 8nn((X,y); Z). This is
because the difference operators are degree-reducing, in the sense that for a polyno-
mial p(x,y) of coordinate degree (a, b), A,p(x,y) is of degree (a-1, b) and Ap(xy)is of
degree (a, b—1). Hence AmAygm 2((x,y); Z) is always a constant, which must be equal to
m!n! by the interpolation conditions. It also implies that the formula of g,, ,((x,y); Z)
does not depend on the node z,, ,,.

Theorem 8 (Sheffer relation). For any nonnegative integers m, n, we have

Emn((x+b,y+¢)Z) =§:i< )( >gm in (D, ) LD Z)xPy0.

i=0j=0

Proof. Expanding the polynomial g, ,((x + b,y + ¢);Z) under the basis {8i;(06y);
0)}ijy<(mm) by Theorem 2 and noting that ; ((6y);0) = x® (’) , we have

Zmn((x+ b,y +c)Z)
1

>3l

] £(0)Al A’gmn((x+b y+C); Z)] yv
j=0

Z‘,Ms
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3

=y Z [e(O)(m) ()& min (0 + b,y + ) LDZ)xVyY

i=0j=0

ii( )( >gm ini((b, s LD Z)xPy0). .

i=0j=0

The following observations give a relation between the univariate and bivariate
difference Goncarov polynomials. Both can be checked easily using Definition 1.
1. Whenm = 0orn = 0, we have

Emo(0GYSZ) = 8 (6 X0,0: X105+ - > Xm-1,0)

8on(CGYSZ) = 8,V5Y0,0:Yo15 - - > Yon-1)-

2. If there exist some sequences {a;} and {;} such that z;; = (x;;, y;;) = (;, §;), then

gm,n((x>y);z) = gm(X; ap> - - - >am71)gn(y5l;0> te ’ﬁn—l)

is the product of univariate difference Gon¢arov polynomials.

In general, the closed formula of g,, ,((x,y); Z) is quite involved. However, a special
case in which we have an elegant closed formula of g, ,((x,y); Z) occurs when the
node z;jisa linear transformation of (i, j). The resulting polynomials {g,, ,((x,y); Z) :
m, n € N} are called delta Abel polynomials, since they are analogs of the Abel polyno-
mial A(x) = x(x — a)" ' and satisfy a multivariate identity of binomial type.

Theorem 9. Assume that Z is a linear transformation of N2 by a2x2 matrix A, i. e., there
are constants a, b, ¢, d such that x;; = ai + bj and y;; = ci + dj for all i,j € N. Then

gm,n((xy )’);Z)
= (X ~ XY ~ Ym o)X = X + DDy =y + D (1.3)

Proof. It follows from Theorem 5.1 of [11] and the fact that (x(")),,dN is the basic se-
quence of the delta operator A, . O

4 Bivariate difference Goncarov polynomials and
integer sequences

In this section, we focus on the combinatorial significance of bivariate difference

Goncarov polynomials. Just as the univariate difference Goncarov polynomials de-

scribe lattice paths with a right boundary, or equivalently nondecreasing integer se-
quences with an upper bound, the bivariate difference Gon¢arov polynomials capture
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the structure of a pair of nondecreasing integer sequences whose joint distribution is
bounded by a set of constraints. First, we introduce the combinatorial model and the
necessary notations.

Let m,n € N, and suppose U is a set of weight-vectors,

U= {(u,v;)) e N*:1,j € N, u;; < Uy, v;j < vy 5 whenever (i.§) < (i',§)}.

) ij = %i'jh Vij

Define D, , to be the directed graph having as vertices the points {(i,j) : 0 <i<m,0 <
j < n}and having as edges all north steps N = (0, 1) and east steps E = (1, 0) connecting
its vertices. Assign every edge e of D,, , a weight wi(e) by letting

u;; if eis an east step from (i,j) to (i + 1, ),

wt(e) = { L

v;; if eis a north step from (i, j) to (i,j + 1).

ij

Given a lattice path P from the origin O = (0, 0) to the point (m, n), we write P =
€16y ...em.n, Where e; € {E, N}, to record the sequence of steps of P. Thus, P must have
exactly m E-steps and n N-steps. Consider a pair of nondecreasing integer sequences
(a,b) with a = (ag,a;,...,ay_1) and b = (by, by, ..., b,_1). We say that the pair (a, b) is
bounded by P with respect to the set U if and only if, forr =1,2,...,m+n,

a; <u;; ife, is an E-step from (i,j) to (i + 1)),
b; <v;; ife, isaN-step from (i,j) to (i,j + 1).

Example. Let U = {(;;v;;) : 0 < i < 3,0 <j < 4} be given by y;; = j +1and
vij=1i+1 The pair (a, b) witha = (2,2,3) and b = (0, 0,1, 3) is bounded by the lattice
path P = NNENEEN in bold in the figure below. Note that the lattice path bounding
(a, b) may not be unique. For example, P’ = NNEENEN is another such path.

5 5 5 (3.4
1 2 3 4
4 4 4
1 2 3 4
3 3 3
1 2 3 4
2 2 2
1 2 3 4
1 1 1

(0,0
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Let Z(m, n) be the set of pairs of integer sequences (a, b) such that
1. a=(ayay,...,a, 1) satisfies0<ay<a; <---<a,,<x,and
2. b=(by,by,...,b,q)satisfies0 <by <b; <---< b, <Y.

Denote by 7,, ,(P; U) the subset of Z(m, n) consisting of the pairs of sequences (a, b)
that are bounded by P with respect to U. Our main result is the following theorem.

Theorem 10. Assume x,y are positive integers. The bivariate difference Goncarov
polynomial g, ,((x,y); Z) counts the number of pairs of sequences in Z(m,n) that are
bounded by some lattice path from O to A = (m, n). Explicitly, we have

1
m!n!

U Zun® U)‘,

P:0-A

gm,n((x) y);Z) =

where P ranges over all lattice paths from O to A which use N- and E-steps only, and the
set U = {(u;;,v;5) : 0 < i <m,0 <j < n}is determined by Z according to the relations
Uij =X = Xijs Vij =Y — Vije

Note: For the validity of the combinatorial interpretation, in Theorem 10, we as-
sume that x;;,y;; € N,0 < x;; < x, 0 < y;; <y, and x;; < Xpjr, Y5 < Yy for all
@@,j") < (i,j) < (m,n).

i

Proof. Our proof uses a construction similar to that in Section 6 of [7]. For any pair of
sequences ¢ = (a,b) € Z(m, n), we construct a subgraph G(c) of D, , as follows:
— 0 =(0,0)is avertex of G(c).
- For any vertex (i, j) of G(c),
ifa; < Ujjs then add the vertex (i + 1,j) and the E-step {(i, ), (i + 1,j)} to G(c).
- if b; < vy, then add the vertex (i,j + 1) and the N-step {(i,}), (i,j + 1)} to G(c).

By definition G(c) is a connected graph containing at least the vertex O. By Lemmas 6.3
and 6.4 of [7], we have that if edges {(i,j), (i + 1,j)} and {(i, ), (i,j + 1)} are both in G(c),
{i+1,j),i+1,j+1D}and {(i,j + 1), (i + 1,j + 1)} are also in G(c). Furthermore, the set of
vertices of G(c) has a unique maximal vertex v(c) under the order <.

Define the set K, ,(i,§) = {¢ € Z(m,n) : v(c) = (i,j)}, and let ky, , (i, ) = Ky, n (@, /)I.
Then Z(m, n) is the disjoint union of all K,, ,(i,j) for 0 <i < mand 0 < j < n, and

k

m,n(m’ n) = le,n(m’ n)l =

U Zona(P; U)I.

P:0—A

Now a pair of sequences ¢ = (a, b) is in K, ,(i,j) if and only if there exists a lattice
path P : O — (i,j) satisfying the following:
- The initial segments a’ = (ay,...,a; ;) and b’ = (b,,.. .»b;_;) are bounded by P
with respect to U. Thatis, (a’, b’) is in K;;(i, ). There are k;;(i, j) such pairs of initial
segments.
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— The integer sequence (a;, ..., ap_) satisfies u;; < a; <+ <@y <x -1

— Theinteger sequence (bj,...,b,_;) satisfiesv;; <b; <--- < b, ; <y -1

Thus,
kmn(i.j) = #{c = (a,b) : @', b’ satisfy the three above conditions}
:k”(i’j)(x—l—u,-,j+m—i>(y—1—v,-,j+n—j)
W m-i n-j
(m-i) (n—j)
X —U;; - Vi
_ kl}(l,]) ( 1,])‘ ()’ 1,))‘
’ (m-1)! (n-j!
Hence
(m) ,,(n)
XY |Z(m, n)|
m! n!
m n
= z Z Ko, (8, )
i=0j=0
mon(x - uu)(m i) v Vu)(nfl) .
=22 ~ — ki),
i=0 j=0 (m - l)' (n )
or

1

m n m n . .
Ky = 33 ()G o™ i)™ itk .

Comparing this to the linear recursion formula in equation (1.2) and using the initial
values g, o((x,¥); Z) = ko 0(0,0) = 1, we conclude that g, ,((x, y); Z) = m!nlk,, ,(m,n),
where Zi,j = (Xi,j’yi,j) with Xi,j =X- ui,]- and yi,j =y - Vi,j' O

Corollary 2. Under the same assumptions of Theorem 10, we have

1
T,,(P;U)|=——8 0,0);-U).
U ZaBi0)| = na((0.01-0)
Proof. It follows from Theorem 6, the shift-invariant formula, and the relation Z =
(xy)-U. O

Recall that for a sequence of real numbers X = (x, X5, . . ., X;,), the ith order statistic,
X()» is the ith term in the nondecreasing rearrangement xjy < Xz < -+ < X Of X.
In [7], a generalized notion of 2-dimensional parking functions was introduced in terms
of order statistic constraints on a double sequence.

Definition 2. Given a set of nodes U = {(u;;,v;;) : i,j € N} € IN? satisfying u;; < Uy jr
and v;; < vy y when (i,j) < (i',j"), a pair of nonnegative integer sequences (a, b) with
a = (ay,ay...,ay,q) and b = (by, by, ..., b, ) is a 2-dimensional U-parking function
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if and only if the order statistics of (a, b) are bounded by some lattice path from the
origin to (m, n) with respect to U.

Clearly, the set K, ,(m,n) consists of those 2-dimensional U-parking functions
with nondecreasing sequences a and b. Following the convention in the univariate
case, elements in K, ,(m, n) are called 2-dimensional increasing U-parking functions,
and we replace the notation K, ,(m, n) with ZP F, g,)n(U ). Hence Corollary 2 gives a for-
mula that enumerates the set ZPF ﬁ,zl’)n(U )

If there exist some sequences a = (@, a;,...) and B = (By,B;,...) such that
(i, vij) = (a3, B;), then

In this case, ZPF, ﬁrzl?n(U) is the direct product of the set of nondecreasing integer se-
quences of length m bounded by a and the set of nondecreasing integer sequences of
length n bounded by .

A more interesting case is when the node-set U is obtained from N? by an affine
transformation, i. e., there is a 2 x 2 matrix A such that

]l L5
Vij ] t
Theorem 11. Let U be given by equation (1.4) and
a b
A= ,
[ c d ]
with a,b,c,d,s,t € N. Then
TP FD (U)| = —— (st + bt bn+ )" V(e dn+1)""
mn —ms+ nt + scm)(s + am + bn + 1) (t+cm+dn+1) .
Proof. Using the shift invariant formula, we have

gm,n((os 0);-U) = gm,n((ss t):Z),

where the grid Z has nodes {z;; = (x;;, y;;) : (0,0) < (i,)) < (m, n)} given by x;; = —ai-bj
and y;; = —ci - dj. Using equation (1.3) in Theorem 9, we obtain

gm,n((x) y)§Z) = (Xy + Xym,O + yXO,n)(X + Xm,n + 1)(m—1)(y + Ym,n + 1)(n—1),

which leads to the desired formula when substituted with x = sand y = t. O
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Corollary 3. Let U be given by

e el L

1+bn+cm (bn +m>(cm+n).

(2) _
TP P (U)] = 1+bn)(1+cm)\ m n

In particular, when b = ¢ = 1 in Corollary 3, the 2-dimensional increasing
U-parking functions coincide with the increasing (p, q)-parking functions defined by
Cori and Poulalhon [5], and Corollary 3 gives the Narayana number

l1+m+n <m+n><m+n>_ 1 <l+m+n><l+m+n>
1+m@A+n)\ m n/ 1+m+n m n ’

agreeing with Proposition 14 of [5].

5 Multivariate cases

Let d > 1be a fixed integer. For a vector v € F%, we denote by v; the jth component
of v.Givenn = (ny,...,ny) € N?, we setn! = nny!---nyl. Fork,n € N% Kk < n means
ki < mforalll <i<d,and(}) = (,’2) S (ZZ) With such notation in place, we can
define the d-dimensional difference Goncarov polynomials with respect to the system
of difference operators (By,>--->0y,). Given a gridZ = {z € F.k e N4}, there is a

unique polynomial ¢, (x; Z) of coordinate degree n ¢ N4 satisfying
A4k (b (xZ)) = ni6
€(2k) % X4 (tn(x> )) =N0kn

for all k < n. This polynomial is the multivariate difference Gon¢arov polynomial
indexed by n, which we will denote by g,(x;Z). Theorems 2-9 can all be extended
straightforwardly to d dimensions, where the summations are over the set {k ¢ N9 .
k < n}, and the binomial coefficient (’l")(;') is replaced with (}}).

To generalize all definitions and results of Section 4 to d dimensions for d > 2,
we must first define the d-dimensional analogs of the sets Z(m, n) and Z,, ,(P; U). Let
n=n,...,ny) € N9, and fix a d-dimensional set of weight-vectors,

U= {uy e N?: k e N uy; < up; wheneverk < k' and 1< i < dj,
where uy; is the ith entry of the point uy,. We can extend the weighted directed graph

Dy, , to d dimensions by taking as vertices the points {(kj,...,k;) : 0 < k; < n; foralli =
1,...,d} and as edges all steps e;, 1 < i < d, wheree; = (0,...,0,1,0,...,0) has 1in the
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ith entry. An edge ¢ fromk = (ky,....k;,...., kg) to (k;,.... ki +1,...,k,) is assigned the
weight wt(€) = uy ;.

Suppose P = ¢,¢4,...¢, is any lattice path from the origin O = (0,...,0) to
the point (ny,...,ny), where each ¢; € {e; : 1 < j < dlandn = n; + - + ng.
Consider a d-tuple of nondecreasing integer sequences (a®, ... ,a'?), where a® =
(ag),agi),...,af;?fl) for1 < i < d. Then we say that (a(l),...,a(d)) is bounded by P
with respect to the set U if the following condition is satisfied for eachr = 1,2,...,n:

a}(’? < uy;if ¢, is an e;—step fromk = (ky,....k;,....kg) to (ky, ..., kg + 1,..., ky).

For a fixed x = (x3,...,xg) € N9, let the set Z(n) consist of all d-tuples of non-
decreasing integer sequences @?®,...,a?) ¢ N x ...IN" such that 0 < a]@ < X
forall1 <i<dandO <j < n;, and let Z,,(P; U) be the subset of Z(n) containing all
d-tuples that are bounded by P with respect to U. The following are the d-dimensional
analogs of Theorem 10 and Corollary 2.

Theorem 12. Letx = (x3,...,Xg), 0 = (Ny,...,Ny) € N and Z = {z3:1¢ N%} ¢ N9 The
multivariate difference Goncarov polynomial g,,(x; Z) gives the number of d-tuples of se-
quences in Z(n) that are bounded by some lattice path from the originto A = (ny, ..., ny).
In particular,

U Za® U)‘ = %gn(x;Z) = %gn((o,...,O);—U), (1.5)
P:0-A ' :

where the set U = {uy, € N : k < n} is defined by Uy = X; — Zk -

As in the 2-dimensional case, we can define a d-dimensional U-parking function
according to certain constraints imposed on the order statistics of a d-tuple.

Definition 3. Let d > 2 be an integer. Given a set of nodes U = {uy € F. ke ]Nd}
such that uy; < uj; whenever k < k' and 1 < i < d, a d-tuple of integer sequences
@?,...,a?) e N x ... x N" is a d-dimensional U-parking function if and only if the
order statistics of (a, ...,a?) are bounded by some lattice path from the origin to
(ny,...,ny) with respect to U.

Of particular importance to us are the d-dimensional increasing U-parking func-
tions (a(l), . ..,a(d)), which have nondecreasing constituent sequences a®,....a?.
Using notation consistent with the bivariate case, we will denote the set of all d-dimen-
sional increasing U-parking functions by ZP F 5;“ (U). Note then that the set ZPF, Eld)(U)
is equivalent to the union of the sets Z,,(P; U) over all lattice paths P from the origin to
A = (ny,...,ny), so that Theorem 12 also yields a formula for #ZPF ;d)(U) in terms of a
multivariate difference Goncarov polynomial.

In the following, we enumerate the set ZPF E,d)(U ) when the node-set U is affine,
meaning there exists a d x d matrix A and vector s = (s,,...,s,) € F such that uy, =
Ak + sforallk € ]Nd, where Kk, uy, and s are treated as column vectors. We express
such an affine node-set U by U = AN+ s, Increasing U-parking functions associated
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to affine U relate to the notion of (py, ps, . . ., pg)-parking functions in [5] and the notion
of G-parking functions [15], when G is a complete d-partite graph with a distinguished
root.

We use a closed formula for d-dimensional delta Abel polynomials proved in
Theorem 6.1 of [11]. The following statement is specialized to the system of operators
(By,> -5 Dy,)-

Theorem 13 ([11]). Let X, n, and Z be as in Theorem 12, and suppose Z = AN? for some
dxdmatrix A = (a;;). Let B = (b;;) be the d x d diagonal matrix defined by b;; = x; - zy ;,
and let C = (c;;) be the d x d matrix defined by ¢;; = zy ¢, ;. Then

d
8n(%:Z) = det(B + O) [ [ — 2y + D™ V.
i=1

Theorem 13 yields the following result on the enumeration of d-dimensional in-
creasing U-parking functions.

Corollary 4. Let x and n be as in Theorem 12, and suppose U = AN? + s for some d x d
matrix A = (a;;) and s = (sy,...,Sq) € 7% Let B = (b;j) be the d x d diagonal matrix
defined by b;; = x; + z;, and let C = (c;;) be the d x d matrix defined by ¢;j = ~zZye,js
where Z = ANY. Then

d
1 pp—
#IPFOWU) = —det(B+C) [ [ (51 + 20+ ).
' i=1

Proof. From Theorem 12 and the shift-invariant property of Gon¢arov polynomials, we
have

1. 1.
#7PFA(WU) = —&n(0:-0) = —2,(5:-2).

Then we use Theorem 13 and notice that the transition matrix for the grid -Zis-A. O

Corollary 5. Suppose U = ANY + s, where A = (a;;) is a d x d matrix with

o ifi#j
a"”'z{ 0 i-j

ands = (Sy,...,Sg) € 7%, Then we have

a}-n~

j
s;+N

d

1
#TPFD(U) = —'<1 -y
n j=1°J

d
) H(Si +N)(s; + N —a;n; + l)("i_l)’
i=1

where N = Z?:l a;n;.
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Proof. The result follows from Corollary 4 and the computation of det(B + C), where B
and C are the d x d matrices defined in Theorem 13. Let N = Zl‘-il a;n;. We have

$1+N-any -y -y n,

—a,n, S;+ N -ayn, —0,n,

B+C-=
—0gny

gy Sq+ N - Agng

Subtracting column j — 1 from column j forj = d,d - 1,...,2, we get that det(B + C)
equals

$i+N-amny -s;-N 0
-0, $+N -s,-N
—a3n3 0 53 +N
—Qg_1Ng_q 0 0 Sq-1t N =S4-1— N
—QaNy 0 Sq+N
which is
d d » i-1 d
(s1+ N —ayny) [ [(s; + N) + Y (=)™ (~amy) []‘[(—sj - N)] [ []6s+ N)]
i=2 i=2 j=1 j=i+l
d gn \.d
=(1-> 22 >H(si+1v).
( j=1 Sj+ N i=1
Then Corollary 5 is obtained from Corollary 4 with z,,; = u,; —s; = N — a;n;. O

When ; = s; = 1forall1 < i < din Corollary 18, the second and the third au-
thors showed in [17] that the set of d-dimensional increasing U-parking functions is
precisely the set of increasing (p;, p,, . . ., p4)-parking functions described by Cori and
Poulalhon [5]. According to Proposition 19 of [5], the latter are counted by the for-

mula
n /

1

1 A
N+1i;4
which matches the value for #Z7P F gj)(U ) given by Corollary 5 after simple algebraic
manipulation.
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J.-P. Allouche
On an inequality in a 1970 paper
of R. L. Graham

Dedicated to the memory of Ron Graham

Abstract: Having recently come across a 1970 paper of R.L. Graham about cube-
numbering and its generalizations, we found that one proof uses an inequality about
the summatory function of the sum of binary digits of integers. Graham gave a very
elegant and somehow unexpected proof of this inequality. We propose a more “pedes-
trian”—and somehow more standard—proof of this inequality, as well as questions
about possible generalizations.

1 Introduction

R.L. Graham, in a study of cube-numbering and generalizations [5] used a curious
inequality for the summatory function of the sum of binary digits, which we now
describe. Let w(k) be the number of 1’s in the binary expansion of the integer k. Let
W(n) := Y ocx<n W(k). Then, for all nj, n, with 0 < n; < n,,

Whn-D+Wh,-D+n < Wn +n,-1) + 1. 2.1)

The very elegant proof of this inequality given by Graham uses the following lemma.

Lemma 1 (Graham [5]). Let r and s be nonnegative integers. If ¢ is a one-to-one map
from [0, 7] to [s,s + 1], define

8(p) := min w(p(k) - wik)}.

Then
(i) There exists @ such that 5(¢) = 0.
(ii) Ifs > r, then there exists ¢ such that 6(p) > 1.

The proof of this lemma and of the fact that it implies Inequality (2.1) can be found
in [5]—but also see [6]. We could not guess how Graham had the idea of this lemma.
Thus we wondered whether there could be a more direct, possibly “pedestrian,” proof.

Acknowledgement: We would like to thank the referee for their pertinent remarks.

J.-P. Allouche, CNRS, IMJ-PRG, Sorbonne Université, Paris, France, e-mail:
jean-paul.allouche@imj-prg.fr
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The point is that the sum of digit sequence (sequence A000120 in [11]), hence its sum-
matory function (sequence A000788 in [11]), are 2-regular sequences in the sense of
[1, 2]. Recall that a sequence (u(n)),q is called 2-regular if the Z-module generated
by its 2-kernel (i. e., the set of subsequences {(u(zkn +@))pso> kK =20, a € [0, K- 1)
is a finitely generated Z-module. In our case, this is just a consequence of the fact
that (w(2n)),5¢ and (w(2n + 1)),,5, are linear combinations of the sequence (w(n)),so
and the constant sequence (1),.o. Namely, for all n > 0, we have w(2n) = w(n) and
w(2n + 1) = w(n) + 1. These equalities imply equalities of a similar type for W(n), and
will be the basis of our proof.

2 Proof of Graham’s inequality (2.1)
First, we rewrite inequality (2.1) as: for all (n;, n,) with 1 < n; < n,,
Whn-1)+Wn,-1)+n <W(n;+n,-1) + 1.

Defining m := n; —1and n := n, — 1, inequality (2.1) is equivalent to inequality (2.2): for
all (m,n) withO <m <n,

Wm)+Wn)+m< W(im+n+1). 2.2
Lemma 2. The following equalities hold:

foralln > 1, W2n)=Wmn)+ Wn-1)+n
foralln>=0, W2n+1)=2W(n)+n+1.

Let A(m,n) :== W(m + n + 1) - W(m) - W(n) — m. Then the following equalities hold:

forn >0, A(n,n) =1 (hence inequality (2.2) is sharp)
form>1andn > 1, A(2m,2n) = A(m-1,n)+ A(m,n-1)
form=>=0andn >1, A(2m+1,2n) = A(m,n) + A(myn-1) - 1
form>1andn >0, A2m,2n+1) = A(m,n) + A(m-1,n) - 1

form>0andn>0, AQ2m+1,2n+1)=2A(m,n) - 1.

Proof. We write, for ¢ > 1,

2¢

¢ -1
w2e) = z w(k) = z w(2k) + z w(2k +1)

k=0 j=0 j=0
¢ -1
= Z w(k) + Z(w(k) +1)
=0 j=0

=WEe)+WEe-1)+¢
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and, for ¢ > 0,

20+1 4 4
WEe+1) = Z w(k) = Z w(2k) + Z w(2k +1)
k=0 j=0 j=0
4

¢
= z w(k) + Z(W(k) +1)
j=0

j=0
=2W()+¢+1.

Using these relations for W(2¢) and W(2¢ + 1), we obtain successively:
Foralln >0, A(n,n)=W2n+1)-2W{n)-n=1

and the following relations.
— Forall(m,n)withm=>1,n>1,

A2m,2n) = W(Q2m+2n+1) - W(2m) - W(2n) - 2m
=2W(im+n)-W(im)-W@m-1)
-Wmn)-Whn-1-2m+1
=Am-1,n)+A(mn-1).

— Forall(m,n)withm=>0,n>1,

ACm+1,2n) =WQR2m+2n+2)-WQR2m+1)-WQ2n)-2m-1
=Wim+n+1)+ Wim+n) -2W(m)
-Wn)-Wn-1)-2m-1
=A(m,n)+ A(m,n—-1) - 1.

— Forall(im,n) withm=>1,n>0,

AC2m,2n+1)=W(Q2m+2n+2)-WQ2m)-W2n+1) - 2m
=Wm+n+1)+W(@m+n)-W(m)
-W(im-1)-2W(n) - 2m
=A(m,n)+A(m-1,n) - 1.

— Forall (im,n) withm>0,n>0,

ACm+1,2n+1)=WQ2m+2n+3)-W2m+1)-W2n+1)-2m-1
=2Wm+n+1)-2W(m) -2W(n) -2m-1
=2A(m,n) - 1. O
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Now we are ready to prove the following proposition which is the result of Graham
described above.

Proposition. Inequality (2.1) holds.

Proof. As we have seen, it suffices to prove inequality (2.2), namely for all (m, n) with
0 <m < n,one has

Wm+Wmnh)+m<Wm+n+1).
We will prove the statement (H,,):
(H,): forallme [0,n], A(m,n) = W(m+n+1)-W(@m)-W(n)-m>O0.

We will actually check that (#,) holds, and prove that, if (#,) holds for all r € [0, n],
then (#,,) and (H,,,) hold. Note that (#,) holds trivially. Now suppose that, for some
n >0, (#H,) holdsforallr € [0,n],i.e., A(g,r) > Oforallr € [0,n] and forall g € [O,r].
We look at A(k, 2n) and A(k,2n + 1) for k < 2n, respectively, k < 2n + 1.
- A(k,2n)
We can (and will) suppose that n > 0.
— Ifk € [0,2n] is even, say k = 2¢, we may suppose that k € [1,2n — 1], since the
case k = 0 is trivial, and the case k = n is deduced from A(2n,2n) = 1 as seen
above. Thus ¢ € [1,n — 1]. We have

A(k,2n) = A(2¢,2n) = A€ -1,n) +A(¢,n-1) >0

using first Lemma 2, then the induction hypothesis.
— Ifk € [0,2n]is odd, say k = 2¢+1, we have that k € [1,2n—1]. Thus ¢ € [0,n—1].
We have

A(k,2n) = A(2¢ +1,2n) = A(¢,n) + A(¢,n-1)-1>0

using first Lemma 2, then the induction hypothesis.
- Ak,2n+1)
— Ifk € [0,2n+1] is even, say k = 2¢. We may suppose k + 0 since the case k = 0
is trivial. Then ¢ € [1,n]. Thus

All,2n+1) = A2¢,2n+1) = A(¢,n) +A( -1,n)-1>0

using first Lemma 2, then the induction hypothesis.
- Ifke€[0,2n+1]isodd, say k = 2¢ + 1. Thus ¢ € [0, n]. Thus

Ak,2n+1) = A(2¢+1,2n+1) =24(,n)-1>0

using first Lemma 2, then the induction hypothesis. O
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Remark 1. It is noted in [6] that W(n) < %nlog2 n. Actually we know more: from [3]
(also see [13]), we have W(n) = %nlogz n + nF(log, n), where F is a periodic, contin-
uous, nowhere differentiable function with an absolutely convergent Fourier series.
The function F, called the Trollope—Delange function, is closely related to the Takagi
function [12] (see, e. g., [7, 8], and [10]). The evaluation of W (n), F, and generalizations
is still an active subject of research (see, e. g., [4]).

Remark 2. It is possible to obtain an upper bound for A(m, n) by using the inequality
w(m + n) < w(m) + w(n) for all m, n. This inequality can be found, e. g., in a comment
by Shevelev about sequence A000120 [11]. Namely, one has w(m) + w(n) - w(n + m) =
v5((™™)), which is a consequence of Legendre’s result [9, p. 10-12]: w(n) = n - v,(n!),
where v,(k) is the 2-adic valuation of k. Hence

m+n+1 n m
Amn) = Y w() - ) w() - Y w(i)-m
j=0 j=0 j=0

m+n+1 m m m

= z w(j)—Zw(j)—mz ZW(j+n+1)—Zw(j)—m
j=n+1 j=0 j=0 j=0

<) Y wn+l)-m=m+Hwhn+1) - m.
j=0

Note that this inequality is sharp (e. g., take m = n = 2% — 1 for some k > 1).

3 Conclusion

A first possible generalization of this inequality is to replace base 2 with base d > 2,
and w with the sum of digits in base d. But, since our proof essentially uses the
2-regularity of the sequence (w(n)),,»o, and (thus) of its summatory function (W (n)),;»o,
one can ask whether some similar “super-superadditivity” result holds for summa-
tory functions of all 2-regular (resp., d-regular) sequences. A more reasonable question
could be whether summatory functions of pattern-counting sequences have such a
property: the sequence (w(n)),.o counts the number of 1’s in the binary expansion of
n, thus one of the first examples to test would be the sequence (u(n)),s that counts
the number of possibly overlapping blocks 11 in the binary expansion of n (this is
sequence A014081 in [11]). The difficulty is then that, instead of having the relations
w(2n) = w(n) and w(2n+1) = w(n) + 1, we have relations for a three-dimensional vector
z(n):

u(n) 1 0 0 01 O
zin):=| u@n+1) |=2z@n)=( 1 0 O |z(n), zn+1)=({0 1 1 |z(n).
1 0 0 1 0 0 1
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Noga Alon, Ryan Alweiss, Yang P. Liu, Anders Martinsson, and
Shyam Narayanan

Arithmetic progressions in sumsets of sparse
sets

Dedicated to the memory of Ron Graham

Abstract: A set of positive integers A c Z. is log-sparse if there is an absolute con-
stant C so that for any positive integer x the sequence contains at most C elements
in the interval [x, 2x). In this note, we study arithmetic progressions in sums of log-
sparse subsets of Z.,. We prove that for any log-sparse subsets S;,...,S, of Z., the
sumset S = S; +--- + S, cannot contain an arithmetic progression of size greater than
ntroMn We also show that this is nearly tight by proving that there exist log-sparse
setsS,,...,S, such that S, +---+S, contains an arithmetic progression of size n‘:-°",

1 Introduction

Arithmetic progressions have been one of the favorite research topics of Ron Graham.
See [3] for a lecture he has given on the subject. The term “arithmetic progression”
appears in the title of seven of his papers, and he has written, with Andras Hajnal, the
proof of Szemerédi’s theorem on arithmetic progressions in sets of integers of positive
upper density [7]. In the present note, dedicated to his memory, we study the maxi-
mum possible length of arithmetic progressions in sumsets of very sparse sets.
Waring’s problem, first proven by Hilbert [6], states that there exists a function
f(k) so that any positive integer can be written as the sum of at most f(k) perfect
k-powers. From a crude heuristic perspective, the density of perfect k-powers makes
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this result plausible. As the number of ways to write integers between 1 and n as sums
of r perfect k-powers is asymptotically ©(n" /%) if r and k are fixed, on average one may
expect any (large) n to have some such representation as long as r > k. However, for
many values of k there are congruence obstructions, so that certain arithmetic pro-
gressions cannot be reached by a sum of k + 1 k-th powers. In the literature on War-
ing’s problem, the worst cases of the congruence obstructons are summarized in a
variable I'(k) and the common belief is that any large n has a representation provided
r > max(k + 1, I'(k)).

In this note, instead of perfect k-powers, we consider sums of sets with much lower
density. Namely, we consider logarithmically sparse sets, or sets of positive integers
where the number of elements less than n grows as log n or slower rather than as a
fractional power of n, and their sumsets. We define a log-sparse set and the sumset of
sets formally as follows.

Definition 1. A subset T of Z, is (C-)log-sparse if for all positive integers x, |T n
[x,2x)| < C.

Definition 2. Given sets S;,S,,...,S, € Z,, thesetS = S; + S, + -+ + S, is the sumset
of §;,S,,...,S, if S is the set of all positive integers x such that x = x; + x, + - - - + x,, for
somex; € S;,x; €S,,...,X, €S,,.

We note that the specific constant C in Definition 1 is not crucial as long as it is at
least 2.

Note that it is impossible for all integers to be in the sumset of r log-sparse sets
for any fixed r, as by a counting argument, such a sumset cannot contain more than
(O(log N))" integers below N. Here, we consider the maximum possible length of arith-
metic progressions in sumsets of such logarithmically sparse sets.

Sizes of arithmetic progressions have been well studied in various cases. In par-
ticular, a well-known result of Szemerédi [7] shows that any subset A of Z., with pos-
itive upper density contains arbitrarily long arithmetic progressions. Even for sparser
sets, such as the set of primes, it is known that they contain arbitrarily long arith-
metic progressions [5], and a well-known conjecture due to Erdés states that as long
as A = {a,,a,,...} satisfies ) al, = 00, A contains arbitrarily long arithmetic progres-
sions.

Arithmetic progressions in sumsets have also been studied. Bourgain [1] proved
that when |A| = aN and |B| = BN are subsets of [N] = {1,2,..., N}, A+ Bmust contain an
arithmetic progression of size at least exp(Qaﬁ(log n)l/ 3). Bourgain’s result was subse-
quently improved by Green [4] and by Croot, Laba, and Sisak [2] to A + B containing
an arithmetic progression of size at least exp(Q, g(log n)2).

Sumsets of log-sparse sets do not have positive density, but trivially there do exist
sparse sets containing arbitrarily long arithmetic progressions, such as the set S =
{2°+b : 1 < b < a}, which contains the k-term progression 241,242, 2+ k for all k.
This set, of course, is not log-sparse. This raises the following question: does there
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exist aninteger n and nlog-sparse sets S;, S,, ..., S, such that the sumset S; +S,+- - - +S,,
contains arbitrarily long arithmetic progressions?

In this note, we answer this question in the negative, by showing that foralln > 1
and all log-sparse sets S;,S,, ..., S,, the maximum possible size of an arithmetic pro-
gression in S, + S, + --- + S, is at most n"**"where the o(1) term tends to O as
n — oo and is independent of the choice of the sets S;,S,,...,S,,. We also establish
a nearly matching lower bound, by proving that for all n, there exist log-sparse sets
S1, Sy, ..., S, whose sum contains an arithmetic progression of length at least plt-omin,

This question is also motivated by the following problem from the 2009 China
Team Selection Test: Prove that the set {2¢ +3P:ab> 0} has no arithmetic progression
of length 40. Note that this set can be written as the sum of two log-sparse sets: the set
of powers of 2 and the set of powers of 3, so a direct corollary of our upper bound is
that the longest arithmetic progression in {24 + 3% . a,b > 0} is bounded.

Throughout this note, log(n) always denotes log,(n), and [n] denotes the set
{1,2,...,n} of the first n positive integers.

2 The upper bound

In this section, we prove an upper bound on the size of the longest arithmetic progres-
sion in the sumset of n log-sparse sets.

Theorem 1. LetS;,...S, be C-log-sparse sets, for any fixed C > 0, and let T be any arith-
metic progressioninS = S, +--- + S,,. Then |T| < n1*0Uglgn/lgmin,

Proof. For any x € T, we fix a representation x = x; + X, + - - - + x,,. We will bound the
number of elements in T by finding an efficient encoding for an arbitrary x € T. To this
end, let A := max,.r y - minyry and let 6 be the step-length in T (i. e., 6 := A/(|T|-1)).
For the fixed representation x = x; + --- + x,, for any x e T, we say that x; is large if
x; > A, small if x; < 6/2n, and medium otherwise. Observe that as the sum of all small
terms is less than /2, x € T is uniquely determined by the values of all its large and
medium terms.

We can encode an arbitrary x € T as follows. First, we choose which terms are
large, medium, and small. There are at most 3" choices for this. Let a, b, and ¢ denote
the chosen number of terms of each respective type.

For the a large terms, we first choose their internal order from largest to smallest,
and then choose the value of each of these terms in decreasing order. We claim that
having fixed the order, there are at most O(log n) choices for each term. To see this,
we may, without loss of generality, assume that the large terms and internal order are
given by x; > x, > --- > x,,. Having already chosen x;, ..., x;_; where i < a, we let

M :=maxy - x; +-- + X;_1.
yeT
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Clearly, we must choose x; < M. On the other hand, we must also have

X1+ + X +n-X; >miny.
yeT
Rewriting this, using the definition of A, we get n - x; + A > M. Since x; > A we can
conclude that (n + 1)x; > M and so any valid choice for x; is contained in S; n [M/
(n+1), M]. Thus by log-sparseness there are at most O(log n) options, as desired. So in
total, we have O(nlog n)? choices for the large terms.

For each medium term x;, we know that it is contained in S; N [6/2n, A], where the
lower and upper bounds differ by a factor 2n(|T| — 1). Thus again by log-sparseness,
there are at most O(log n + log |T|) options for each. So in total O(log n + log |T|)b pos-
sibilities.

Combining this, we conclude that

IT| < 3" - O(max(nlogn,logn + log |T]))" = O(nlogn +log |T|)".
But this cannot hold if |T| is too large. Assuming |T| = (nf(n))" where f(n) > 1 yields
f(n) < O(logn + log f(n)), which implies that f(n) = O(log n), or

|T| < nn(1+lg1gn/lgn+0(l/ Ign))

as desired. O

3 The lower bound

In this section, we provide a probabilistic construction of nlog-sparse sets whose sum-
set contains an arithmetic progression of length nti-oMin,

Theorem 2. For any € > O, there is some positive n, = ny(€) so that for all n > ny(e),
there exists log-sparse S; for 1 < i < n so that the sumset S = S; + S, + - -+ + S, contains

2
an arithmetic progression of length at least n' =9,

Proof. Begin by splitting the integers from 0 to (1— €)’nlog n—1into (1 — &)n blocks of
(1 - &) log n consecutive integers. Denote the blocks as b, ..., b,,, where m = (1 - &)n,
so

b;={(i-1)(1-¢)logn,(i-1)(1-¢)logn+1,...,i(1-¢)logn-1}.
Foreachi < m, let B; be the set of all positive integers which are sums of distinct powers

of 2 with exponents in b;. Then |B;| = 279 logn_1 — !¢ _1. Furthermore, every integer
2 2
from 0 to 2078/ mlosn _q — p(=&n _ 1 can be uniquely written as the sum of at most
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one element from each B;, by just looking at the integer’s binary representation and
splitting it into blocks of size (1 - €) log n.

We first create sets S;, . .., Sy, each of sizem+1 = (1-&)n+1.Foreach1 <i < mand
each1 <j < n, we uniformly at random choose one element in B; to be in S;. Also, allow
each §; to contain 0. This is not important since at the end we can shift all the elements
of each S; up by 1, and clearly there are at most 2 elements in [x, n'"¢x) > [x, 2x) for each
integer x, both before and after the shift. Therefore, we have that each S; is log-sparse.

We show that with positive probability, [0,2(1‘5)2"1"“) c S, which clearly con-
cludes the proof. For an integer 0 < a < 2091987 write g as X; + -+ + Xy, Where
X; € B;u{0}. Consider a bipartite graph G with nodes x;,...,x,, and S;, ..., S, such that
there is an edge from x; to §; if and only if x; € S;. Then suppose that for any k < m and
1< <+ < < m,there exist k integers 1 < j; < --- < ji < nsuch that §; contains
some x;, for all r < k. This implies that for any subset {x; ,...,x; }, the total number of
S;’s that some x; is connected to in G is at least k. Therefore, by Hall’s marriage the-
orem, there is some matching from x;,...,x,, t0 S;,...,S,, i. e., there is a permutation
0 : [n] — [n] such that x; € S;(;) foralli < m, and thus, a = x; +-+- +x, € S + -+ +S,,.

Therefore, it suffices to show that the probability of there existing some 1 < k < m,

some subset {B;,...,B;} ¢ {B;,...,Bp}, some x; € B;,....x; € B;, and some

{Sj,-->S;, ..} € {S1,-.., Sy} such that no x; is contained in any §; , is less than 1.
This follows from the union bound. We can upper bound the probability by at most
i <m> . (nl—g)k . ( n > X (1 _ L)k(n_kﬂ)
o \k n-k+1 nl-¢
The (') comes from choosing the subset {B; ,...,B; }, the (n*$)K comes from choos-

ing each x; , the (,, },,) comes from choosing the S;’s and the (1 - nl—l,s)k("‘k”) is the
probability that every S; does not contain any x; .

k < n*and (L h)sn

k

Now, using the fact that (’;(1) <m 1 < n*, this sum is at most

n-k+1, k

12("2'"1_8'(1_ n11‘5> ) '

But since k < (1 - €)n, we know thatn — k + 1 > en, so this sum is at most

m 1 en, k m ]
21— 21— —en\k
z<n n E-(l— n1‘5> > <Y (n'-nt.e™)
k=1 k=1
(o] N
<Yy (@-e) <,
k=1
assuming n is sufficiently large. This concludes the proof. O
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4 Explicit construction

The proof of the lower bound above is probabilistic. It is not difficult to derandom-
ize this proof and give an explicit construction containing a progression of length
20108 M ysing quadratic polynomials over a finite field. The construction is described
in what follows. It is possible to use other known explicit bipartite graphs known as
condensers to get similar constructions, but the one below is probably the simplest to
describe. See, e. g., [8] and its references for some more sophisticated constructions
of condensers.

Let F = F, be the finite field of size g. Define a bipartite graph G = G, with classes
of vertices A and B as follows. A = F x F is simply the cartesian product of F with
itself. B is the disjoint union of ¢ sets B, ;, with a, b € F. Each set B, ;, consists of the g
polynomials P, j, . (x) = ax® + bx + c where ¢ ranges over all elements of F. Each vertex
P = P,, . € Bis connected to all vertices (x, P(x)) € A. Therefore, the degree of each
vertex in B is exactly q. Note that for every fixed a, b, the sets of neighbors of the g
vertices P, ;, - as ¢ ranges over all elements of F are pairwise disjoint, and each vertex
of A is connected to exactly one of them.

Proposition 1. Let G = G, A, and B be as above. Then for every x < q°/4, every set of
at most x vertices of B has at least x neighbors in A. Therefore, for each such subset of x
vertices in B there is a matching in G saturating it, i. e., each vertex in the subset of B is
matched.

Proof. Every two vertices of B have at most 2 common neighbors in A, since any two
distinct quadratic polynomials can be equal on at most 2 points. Therefore, if x < (g +
1)/2 then for every set X ¢ B of size |X| = x, the number of its neighbors in A is at
least

q+@q@-2)+@-8+---+(@-2x+2)=x(g-x+1).

This is (much) larger than x for all x < (g +1)/2. For x = [ (g+1)/2], this number exceeds
q*/4, implying that every set of at least (g + 1)/2| vertices of B has more than g°/4
neighbors, completing the proof. O

Returning to our sumset problem, put n = g°. Split the integers in [0, g* log q/4)
into ¢%/4 blocks, each of size log, q. Each set S; contains, as in the probabilistic proof,
the integer 0 and one sum of the powers of 2 corresponding to each block. The assign-
ment is determined by the induced subgraph of the graph G, described above on the
classes of vertices A and the union of some g /4 subsets B, ;. The proposition ensures

that S; +... + S, contains all integers from 0 to 24'loga/s _ pnlogn/8,
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Michael A. Bennett, Greg Martin, and Kevin O’Bryant
Multidimensional Padé approximation
of binomial functions: equalities

Abstract: Let w,, . .., wy be complex numbers. If Hy, ..., Hy are polynomials of degree
atmostpy,...,py, and G(z) = ZA,,/{:O H,,(z)(1-z)“m has a zero at z = 0 of maximal order
(for the given w,,, p,,,), we say that Hy,, ..., Hy; are a multidimensional Padé approxima-
tion of binomial functions, and call G the Padé remainder. We collect here with proof
all of the known expressions for G and H,,, including a new one: the Taylor series of G.
We also give a new criterion for systems of Padé approximations of binomial functions
to be perfect (a specific sort of independence used in applications).

1 Introduction

Fix complex functions f,, f;, . . ., fy; (@ll analytic in a neighborhood of 0) and nonnega-
tive integers p,, . .., pyr- The set of functions

M
X = { Y Hp(@)f(2) : Hy € Clz], deg(H,,) < pm]»

m=0

forms a finite dimensional vector space, and the subsets of functions
X, :={G € X : ord,_y(G) = s}

with a zero at z = O of order at least s are subspaces. Trivially, X, 2 X; 2 X, 2 ---.
Let o be the least integer with X, having dimension 0, if such ¢ exists. Then X,,_; has
positive dimension, and the functions in X,;_; are of particular interest, and are called
the Padé remainders of fy, ..., fyr-

The M = 1 case is the standard tool in numerical analysis known as Padé approxi-
mation [2], which generalizes Taylor series. In particular, if f;(z) = —1 identically, and
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p; = 0, then
X ={-Hy(z) + Hy - fy(2) : Hy € C[z],deg(H,) < po,H; € C}.

Taking H(z)/H; to be the p,-th Taylor polynomial of f;(z), we find that the Padé re-
mainders are the constant multiples of the Taylor polynomial remainder. Letting p; > 0
leads to rational functions H,(z)/H,(z) that approximate f;(z) at least as well as Taylor
polynomials. If f; has poles near O, then this rational approximation is typically much
sharper than the Taylor’s polynomial approximation.

When M > 1, we include the adjective “multidimensional.” This setting has not
been exploited as systematically as the M = 1 case. For a few particular choices of
fo»--->fu» there is enough structure that we can work out explicit formulae for the
Padé remainders and for the system of Padé approximants, i. e., generating polyno-
mials Hy, ..., Hy. In this paper, we take the binomials f,,(z) := (1 - 2)“» for complex
numbers w, ..., wy, no pair of which has an integer difference. The resulting system
of equations was studied by Riemann [10], Thue [13], Siegel [11], Mahler [7], Baker [1],
Chudnovsky [4], Bennett [3], and many others, and the use of these Padé approxima-
tions for Diophantine analysis is known as the method of Thue-Siegel.

We present in this article our exposition of these classic results on multidimen-
sional Padé approximation of binomial functions. We combine, and in some cases,
simplify the work of Mahler and Jager [6, 7]. While there are some original results here,
e. g., Theorem 4(iv) and some cases of Theorem 6, we see the main value of this work
as collating the work of many people over many years with common notation, com-
plete proofs, and specialization to the choice f,,(z). The results presented in this work
are equalities, and so as a check against off-by-one errors, one can implement the var-
ious forms given and directly check the equations for randomly chosen parameters.
We have done so in Mathematica; a notebook containing these calculations is on the
arXiv.

The current work focuses on various expressions for the Padé remainders and ap-
proximants. In subsequent works, we will provide new bounds, both archimedian and
non-archimedian, on the size of the approximant polynomials Hy, ..., Hy; and on the
Padé remainder, and will exploit those bounds to give new irrationality measures for
some numbers of the form (a/b)*™.

2 Statement of results

Let M be a nonnegative integer. Consider @ := {(wg,w;,...,Wy), a vector of M + 1
distinct complex numbers, no pair of which has a difference that is an integer, and
P = {pg>--->Pu)> a vector of M + 1 nonnegative integers (typically not distinct). We
index the vectors @ € CM*!,p ¢ NM* with 0,1, ..., M; for example, the Oth coordinate
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of p is p, and the Mth coordinate is p,;. We will only consider M, @, g satisfying these
constraints. Two fundamental parameters are

M M
0=0(p) := Z Or+1), and p!:= Hpm!.
m=0 m=0

Some notation used in Theorem 1 is both standard and uncommon; we give defi-
nitions in the next section. When we add a scalar to a vector, we mean that the scalar
is added to each coordinate, suchasp +1 = (py +1,p, +1,...,py +1). When we delete
the mth coordinate, reducing the length of the vector by 1, we use a “xm” exponent,
such as

-

*m
W =Wy Wy_1>Wia1> - - > Wpp)-

The standard basis vectors are denoted &, €, ..., €.

Theorem 1. Let p and @ be fixed vectors as above.
(i) (Existence) There are polynomials H,, in z of degree at most p,,, with at least one
H,, not identically 0, and with

M
G(z) = ) Hy,(z)1-2z)"
m=0

having a zero of order at least 0 — 1 at z = 0.

(ii) (Uniqueness) For such G(z), the function G(z) necessarily has a zero of order exactly
o0-1latz = 0, and furthermore the polynomials H,,(z) are uniquely determined given
the additional constraint that

Gz) 1
z-0 201~ (g -1

Each H,,(z) has degree exactly p,,. There is no a € C with
Ho(a) == HM(a) =0.
(iii) (Domain) G(z) is analytic on C \ [1, co).

Theorem 1 allows us to make the following definition of Padé approximants and
remainders.

Definition 2. Let p and @ be fixed vectors as above. The M + 1 Padé approximants
PoLy,,(z | %’) (with 0 < m < M) are the polynomials with degrees p,,,, and with Padé
remainder

M
REM(z | §) := ZO POLY,,,(z | §)(1 - 2)*"
m=
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both having a zero of order 0 — 1 at z = 0, and satisfying

REM(z | 9) 1
lim = .
z—0  zo1 (o-1)!

In Proposition 3, we draw attention to some obvious symmetries, immediate from
Theorem 1, whose proofs we do not spell out.

Proposition 3 (Permutation and shift symmetry). If 7 is any permutation of O, 1,...,M,
then

@y _ (W, Wy5emns wM)) — ( (wn(O)’wn(l))“"wn(M)))
REM(Z | P) REM('Z’ {PoP1>w-Py) REM(z (P(0) Pr(t)--Pr(a)?

and

(Z} — (w())(l/p---)“)M)) — ( <(un(0)’wn(1) """" C"'rr(M)>)
PoLy,,(z | p) POLYm<Z Oopony POLY ;-1 ( 2 OnorPatiran) )"

For any a, we have
(1-2)"REM(z | %’) = REM(z | “5‘7’) and POLY,(z | %’) = PoLy,,(z | “5‘7’).

The purpose of the current work is to collect together various explicit formulae for
the Padé remainder REM(z | %) and the Padé approximants POLY,,(z | %)’ in a common
notation, and with complete proofs. Formulae for the Padé remainder are given in
Theorem 4, and formulae for the Padé approximants are given in Theorem 5.

Theorem 4 (Forms for the Padé remainder). The following five expressions give
REM(z | g’):

(i) The Padé remainder REM(z | %’) is given by the iterated integral

15}

(1-2% z)“’o (
)

M—l
j G2ty by, y) dby - - dts dty dty,

O

where

M th—l _ th Ph-1 M oo 1
Gltos . ty) = 01 H<W> []a - eeront)
h=1

h=1

(ii) The Padé remainder REM(Z | %) is given by the M-dimensional integral

1+p g
2 1(1- Z)w J —11—[ U, 1-uy phldﬁ
(1 ZUh)1 WhtWh1 \ 1 — ZUh ’
[0,

where Uy, = [pe; Up-
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(iii) The Padé remainder REM(z | %’) is the contour integral

_1\0-1 M
& ,[(1 _2)5 _ dé,
y

2 k=0 (§ = a’k)pLr1

wherey is any simple positively oriented contour enclosing all o of the complex num-
bersw, +r(0<m<M,0<r<py).
(iv) The Maclaurin series for REM(Z | %) is

1 Z <pm> (D" (wpy + 1™ "

M i nl’
" o (@ — 0 -1t
k+m

which converges for |z| < 1.
(v) Finally, REM(z | %) is the special value of Meijer’s G-function given by

M+1,0 w+p+1
GM+1,M+1<1 - Zl - :

In addition to the formulae for REM(z | ‘;:)’) given in Theorem 4, we note that

M
REM(z | §) = ZO PoLY,,(z | §)(1-2)",
m=

and so any formula for PoLy,,(z | %) generates a formula for REM(z | %). Theorem 5
gives a number of useful representations of POLY,,(z | %’).

Theorem 5 (Forms for the Padé approximants). The following five expressions give

POLY, (2 | 9):

(i) Lety,, be a simple positively oriented contour enclosing all p,, + 1 of the complex
numbers w,, +r (0 < r < p,)andnone of wy +r (0 < k < M,k + m,0 <r < py).
Then PoLyY,,(z | ;‘;’) is given by

o-1 M
e Ja-afon [T —— a.

O +1
2 ) k=0 (€ — W

(ii) The Padé approximant POLY,,(z | %’) is equal to

— (Z - 1)r< m) —_—.
Pm! ;0 r ,E) (Wy — Wy, — T)PrH
k#m
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(iii) For M > 1, the Padé approximant POLY,,(z | %) is the M-fold iterated integral

Q_m J T-wn-1 ﬁ (91 4 )P < (- 1)Ml z)ﬂm .
pr Jom Lgk Tk T, ’
(©) m
where L 6 di integrates each of t, . . ., ty (except t,,) counterclockwise on the unit
circle from —m radians to i radians (i. e., the principal value),

M
1
= , and T, ¢
Q. IQ) 2isin(n(wy — wyy,)) n ke
k#m katm

(iv) The Padé approximant is a scaled generalized hypergeometric function:

L1 1 Wy —@—p ]
—_ _— F .1_ .
pm!<][([) (W — WPt >M+1 M[(1+wm D)™ z

k+m

(v) Set W := W(m, k) = wy — wy,, and define C,, , by

a2

ifm=k, by

I'(r+1) T@-p—-W)
I'r+1-W) I'(r-p+1)

r -1
Coer = (_1)Pk+1 <Pk)

ifm # k and p; < r, and by

Ir+1) Tog —-r+1) m
I(r+1-W)I(p, —r+1+ W) sin(nW)

Cotr = (- 1)( )

ifm + k and p;, > r. Then we have

POLY,, Z(z 1 Hcmk,

Theorem 6 precisely states that notion that the approximants for nearby g are in-
dependent. This property is referred to as “perfect approximation,” and relies mostly
on deg(PoLy,,(z | ‘;:,’)) = p, and ord,_,(REM(z | ‘;:,’)) = 0 - 1. Recall that our M + 1

dimensional vectors have coordinates indexed from 0 through M.
Theorem 6 (Approximants are perfect). Fixp € N and &,,¢,,...,é, € ZM™ with

each p + €, having nonnegative coordinates, and denote the jth coordinate of €; as €.
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Let S be maximum of Z?ﬁo €;p(;) taken over all permutations f of 0,1,..., M, and let T be
the minimum of Z%o €;; taken over 0 < i < M. Suppose the following two conditions are
satisfied:

(i) There is a unigue permutation a of 0,1,...,M with S = Z?io €iali)

(i) T+M=S.

Then the (M+1)x(M+1) matrix whose (k, m) coordinate is the polynomial POLY,,(z |
has determinant

@
PHé
o(@)+T-1
Cz ®) ,

where C does not depend on z.

The most startling aspect of Theorem 6 is that @ plays no role in the hypotheses
nor in the conclusion.

We note that (in Theorem 6) with & = &, onehas T = 1,§S = M + 1, and the
conditions in Theorem 6 are satisfied. This recovers a result stated and used by Mahler,
Chudnovsky, and Bennett [3, 4, 7]. If one takes I, € {0,1,...,k—1}and &, = &, + Zidk é;,
one recovers a result of Jager [6]. Our result covers many more examples than we found
in the literature, but it is not exhaustive.

3 More notation

We denote the rising and falling factorials as

x7:=x-(x+1)ﬁ=x-(x+l)-(x+2)~~-(x+r—1),

XE=x- k-2 =x-(x-1)-x-2)---(x-r+1),

for positive integers r, and define x° = x2 = 1. We use the following trivial identities
without comment (provided x -r+1 ¢ {0,-1,-2,...}):

r Fx+1) r 7 r 7

- = = - = - 1 = —1 —. 5

X T _r+D) x=(x-r+1) =(-1)(-x)

and typically choose to eliminate ratios of T functions in preference for the more com-
putationally friendly rising and falling factorials. All of our functions will be analytic
in a complex neighborhood of z = 0. We use deg(f(z)) to be the degree of f, which
is oo if f is not a polynomial. We use ord,_,(f(z)) to denote the order of the zero of f
atz = 0, and we use 0(z") to denote a function that has a zero at z = 0 of order at
least k.
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We shall briefly encounter the generalized hypergeometric function (defined for
|z| < 1, g < p, and appropriate integers a;, b;),

n,n n
a1>a2r-~~>ap - alaZ.“apzn
Falp b 37| 7 X e e
1>V q nzoblbz"'bqn'

and also the Meijer G-function [8],

al,az,...,ap>

G <z
»a\*|b,,b,,...,b,

(defined for natural numbers m, n, p, q, provided m < q and n < p, although we only
encounter it in this work withn = 0,m = p = ¢ = M + 1), defined by

z % ds,

1 j [T Ts + b) [Tee TA - ag - 5)
2mi 2 [T T+ a) TT1E . T = by —s)
where C is an infinite contour that separates the poles of I'(1 — a; - s) from those
of T'(by +s); the particular contour required for convergence varies depending on
mn,p,q,z.

4 Claims and proofs

It is at least plausible that there are polynomials H,..., Hy; with degrees p, ...,y
and

Z(Tfl

M
G(z) == ZOHm(z)(l ~z)¥m = e

0(z°%), (4.1)

where 0(z9) refers to z — 0. After all, the polynomials have a total of o coefficients,
and we may choose them so that G(z) has a zero at z = 0 of order ¢ — 1, and the first
nonzero coefficient in the power series expansion of G(z) is according to our choosing.
Establishing this rigorously is the point to our first claims.

In all of the claims in this section, we assume that M is a nonnegative integer,
and that 0 < m < M. We assume thatp = {0y, ...,py) is vector of M + 1 nonnegative
integers, and that @ = (w, ..., wy) is a vector of M + 1 distinct complex numbers, no
two of which have a difference that is an integer. Both p and @ (and vectors derived
from them) are indexed O through M.
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4.1 Existence and uniqueness

The following claim is used implicitly frequently throughout this work.

Claim 7. For any polynomials H,,(z) (not all zero), the sum

M
G(@) = ) Hy(z)1-2)"
m=0

is not identically O.

Proof. Since no two w; have difference that is an integer, there is a unique k with

wy, + deg(H,) = max{w; + deg(H;) : H; # 0}.

Then
G(z) < Hp(2)(1-2)""
im —— =1+ Z lim -t~ =
Z——00 Hk(z)(l — Z)wk = Z—5-00 Hk(z)(l — Z)wk
m#k
Consequently, G cannot be identically O. O

Claim 8. There are polynomials Hy(z), ..., Hy(z) of degrees at most p, . .., py, respec-
tively, not all identically O, such that

M
ordZ_O( Z H,(z)1- z)“"") >0-1
m=0

Proof. Consider polynomials Hy(z), ..., Hy(z) of degrees py, . .., pys with unknown co-
efficients, a total of ¢ unknowns. Recall Newton’s binomial theorem: for |z| < 1 and
any complex w, we have

@ W
1-2)% =) (-1)'—zZ".
(1-2) ZO( )7
Considering the coefficient of 2/, for 0 < j < o -2, on both sides of the desired equality

% Hy,(2) Z(—n"‘”—mizi =0(z")
m=0 " i )

i=0

yields a homogeneous linear equation in the unknowns, a total of o — 1 equations. By
linear algebra, there is a choice of the o unknowns, not all zero, which satisfies all
of the equations. In other words, there are polynomials Hy(z),..., Hy(z) (not all zero)
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with degrees at most p, . .., py, such that

H,(z)(1- z)“m

M=

0

3
i

has a zero of order at least 0 —1atz = 0. O

Claim 8 establishes Theorem 1(i).

The next claim is slightly stronger than the M = 0 case of Theorem 1, in that ex-
plicit formulae are given, and is used as a base case for subsequent induction argu-
ments.

Claim 9. The M = 0 Padé approximant and remainder are given by the formulae

PoLyy(z | i‘;’g;) = f%, and REM(z | i;‘,’(‘)’))) = ‘;%(1 - z)%.

Proof. We need to show that the only nonzero polynomials H, with ord,_q(Hy(z)(1 -
z)“) > ¢ - 1 and degree at most p, are Hy(z) = Cz". First, observe that 0 = p, + 1.
As ord,_y((1 - z)) = 0, we know that ord,_,(Hy(2)(1 — 2)“°) = ord,_y(H,). That is,
H, must be a nonzero polynomial with ord,_y(Hy) > p, and deg(H,) < p,. The only
candidates are POLY(z | <(;‘>)§>> ) = Cz"° and REM(Z | <<‘;))§)> ) = CzPo(1-z)“.
Now, observe that
CzPo(1 - z)%o 1 1

C= i - g

Thus Theorem 1(ii) is proved in the M = 0 case, and the values of PoLy,,(z | %) and
REM(z | g’) are as claimed here. O

Claim 10. Ifdeg(H,,(2)) < pp» and some H,, # 0O, then

M
ordz_0< Y Hy(2)( —z)‘”’") <o-1
m=0

Proof. Suppose M = 0. With H, a nonzero polynomial with degree at most p,, we have
ord,_o(Ho(z)(1 - 2)*°) = ord,_o(Hy(2)) < deg(Hy) < py =0 - 1.

So, the claim holds for M = 0.

Assume the claim is false, and let M be the smallest positive integer for which this
claim does not hold, and let p, correspond to the first counterexample: that is, for any
@, p that has a smaller M, or the same M but smaller p,, the claim holds. Let

M
G(z) = ) Hy(z)1-2)"
m=0
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be a counterexample, i. e., ord,_q(G) = 0. As multiplying by (1-2z)~“* does not change
ord,_q(G(z)), we may assume that w, = 0.
If py, = 0, so that Hy(z) is a constant, we have

d d < od w,
-, 6@ = T Ho@) + mzzl < Hn(@)(1-2)

M
= Y (Hp(2)(1 - 2) - Hpy(@)wy, )1 - 2)“m .

m=1

Note that deg(H,,(2)(1 - z) - H,(2)w,,) < deg(H,,) < pp, for 1 < m < M. Thus dizG(z)
has a smaller M and the same p,,,. By assumption on G(z),

ordZ:0<%G(z)> >0-1,

but by our assumption of the minimality of G(z), we know that

ordz=o< %G(z)) <o-2

This contradiction shows that py # 0. But even in the case thatp, > O,

e B+ Y LHy -2
4, 0@ = OZ+m:1dz mnz) (1 -z

M
= Hy(z) + z (H'(2)(1 - 2) - Hy(2)w,,)(1 - 2)“n 7

m=0

As above, our assumption on the minimality of p,, as deg(H})) = deg(H,) - 1, implies
a contradiction. O

The proof of the next claim establishes the rest of Theorem 1(ii), and justifies Def-
inition 2.
Claim 11. Suppose that H,, (with 0 < m < M) are polynomials with degree at most p,y,,

and that G(z) := Z%:o H,,(z)(1 - 2)“m has a zero of order at least 0 — 1 at z = 0. Then
G(z) has an order of exactly o — 1 at z = 0. Suppose further that

Gz) 1
z-0 2071~ (g -1

Then G and H,, are uniquely determined by these constraints. The polynomial H,,(z) has
degree exactly p,,, and there isno a € Cwith Hy(a) = --- = Hp,(a) = 0.
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Proof. By Claims 8 and 10, we can take ord,_,(G(z)) to be at least ¢ — 1, and can never
have it be larger than o — 1, so there are polynomials H,, with

M
G(@) = Y Hp2)(1-2)"" =27 +0(2°).
m=0

By multiplying through by a constant, we can take

1
(-1

If both G;(z) and G,(z) have this form, then their difference would have a zero
of order greater than o — 1, and by Claim 10 this is not possible unless G;(z) — G,(z)
is identically 0. By Claim 7, however, this is only possible if all of the polynomials
are identically O. That is, only if G;(z) = G,(2). Thus, G is uniquely defined and the
definition of REM(z | 9) is justified.

If

M M
REM(z | §) = ) Hy(2)1-2)" = ) B, (2)(1-2)""
m=0 m=0

for polynomials H,,, B,, of degree at most p,,,, then

M
0= ) (Hu(z) - By(2))1-2)"".

m=0

But by Claim 7, this implies that H,,(z) = B,,,(z). Thus H,, is uniquely defined and the
definition of POLY,,(z | %) is justified.

Suppose that PoLy,,(z | %’) has degree strictly less than p,,, which in particular
means that p,,, > 1. Let &, be the M + 1-dimensional unit vector in the mth coordinate
direction. Then REM(z | ﬁfgm) is a constant multiple of REM(z | %’), which has a zero of
order o(p) - 1> o(p — &,,) — 1, contradicting Claim 10.

Finally, if H,(a) = 0 for 0 < m < M, then H,,(z)/(z — a) are polynomials with
degree p,, — 1, and G(z)/(z — a) has a zero of order ¢(p) — 1 at z = 0, contradicting the
uniqueness of G. O

4.2 Respectful differential operators

Claim 12 (Differentiation to reduce p). Define the operators

._ _ \wtl i W
d,=>01-2) <dz>(l z) .
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Ifp; > 0, then d,,, reduces p; by 1 and increases w; by 1, 1.e., if p; > O, then

e
ol

+

d, REM(Z | %’) = REM(z |

)-

o
o

Ifp; = 0, then dwi eliminates the ith coordinates of  and p, i. e., if p; = O, then

d,, REM(Z | %) = REM(Z | g’)

Consequently, for any p,,

Po+l
_a)+p+1i W @\ _ (W1seensWpp)
(1 - z)o*Po <dz) (1-2)“Rem(z | ) = REM(z - AA;)).
Proof. Asd,, islinear and
- - M -

REM(z | §) = PoLy;(z | §)(1-2)" + Y PoLY,,(z | 2)1-2)"n,
m=0
m#i

we can assess the impact of d,, on the two pieces separately. First,

d,, PoLy;(z | ;‘;’)(1 2% =(1- Z)“"'”( %)(1 -2z) % . PoLy;(z | g’)(l —z)%

= <% PoLy;(z | g’)>(1 - z)*,

This is 0 if p; = 0, and if p; > O it has the form P;(z)(1 - z)“*! with P; a polynomial

of degree p; — 1. The other piece is more involved (for the sake of the margins, we let
H(z) := PoLY,,(z | %’) in the following displayed equations):

M
d,, Y POLY,(z | 2)1-z2)""

m=0
m#i

w;+ d —W; o Wy
=(1-z)% 1(&)“ ~2) 'mz::OH(z)(l—z)

m#i
w;+1 a d W, —W;
=(1-2)" mgo SHEA -2
m#+i
w;+1 & Wy —W; d Wy—w;i—1
=(1-2) mgou—z) S HE@ - H@) Wy - )1 -2)

m#i
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M
(1-z)@t z <(1 _z)%H(Z) (7 w,-)H(z))(l _ z)¥nwi1
m=0

m#i
M d N N
=y ((1 —Z)E POLY (2 | §) — (W — ;) POLY (2 | %’))(1 - z)“m,
m=0
m#i
This has the form

M
Y Pu@)(1-2)""
m=0

m#i

with Py, a polynomial of degree at most p,,,. To wit, d,, REM(z | %’) has the correct form
W+8;
p-&
earlier uniqueness result, it remains only to check that da,i REM(z | ‘Ii,’) has a zero (at

to be REM(z | ) if p; > 0, and the correct form to be REM(z | ‘;’: ) if p; = 0. By our
z = 0) of order one less than REM(z | ‘;:,’) and the correct scaling. These are both clear,

as (1 -2)“*and (1 - z)™® have no zero at z = 0, and the % reduces the order of the

zero by one and the scaling coefficient is multiplied by o - 1.
The last sentence of Claim 12 is now immediate, as the product of operators tele-
scopes

d P0+1
dayipy  dwgr1dw, = (1= Z)w0+p0+1< E) (1-2)"". O

The previous claim establishes REM(z | ‘;:,’) as the solution of a differential equa-
tion (henceforth DE), which we make explicit next. Then we solve the DE to express
REM(Z | ‘;3') as an M-fold iterated integral.

Claim 13. Let Dy, ...,Dy be the operators

pi+l
D= (1- z)“’f*f’f“< d%) (1-2)™

With this notation, G(z) = REM(z | %’) is the unique analytic solution to the differential
equation

ZPM w
Dy_1++-DiDyG(z) = — (1 - 2)™
Pum!
with initial conditions

G Y0)=1 6™0)=0, O<m<o-2).

Proof. That REM(z | %’) satisfies the DE is a consequence of Claim 12, and the initial
conditions are part of the definition of REM(z | %).
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As for uniqueness, suppose that G(z) = Y5, g,-zi. Observe that the initial condi-
tions force

81 = g=0 (0<i<o-2).

1
(c-1V
The DE then forces the value of g; fori > 0. O

It would be interesting to use the proof of the above claim to work out the full
power series of REM(z | %).

4.3 Iterated integrals

Claim 14 is Theorem 4(i), and Claim 15 is Theorem 4(ii).
Claim 14 (Mahler). We can represent REM(z | %’) as an M-fold integral as

p! - REM(z | 9)

5}

oo ][
00

J G2ty by, yg) dby - - dts dty dty,

o

where

M thq—ty Ph M ot 1
g(to,tl,..-,tM) = tﬁd H( l—th > H(l_th) h—Wh-1 .
h=1

h=1
Mahler’s proof [7]. “This [Claim 13] can easily be brought to the following form.” [

This result allows one to produce to an efficient bound for REM(z | %), and is
thereby a linchpin in applications. Other authors cite Mahler, or cite authors who cite
Mahler. We did not find it easy, and hence indicate in some detail how to arrive at
Mahler’s conclusion.

Proof. We begin with the differential equation given in Claim 12:

Potl
a _Z)(uo+Po+l<%> a _Z)—(Uo REM(Z | %)) — REM(Z <(a/;:::;l)}1,1/l,4)>)
Hence
d P0+1
<E> (1-2)“ Rem(z | ) = (1 - 2) ") Rem(z| (o))

=REM( |(w1 W)= wo—Po—l)
(ProPu) >

where the second equality follows from Proposition 3.
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We observe that
z
d (Z - t)k f(Z), k = 0;
& J T Jwdt= { 2 o
o [f el e, k>o.

It then follows by repetition that

potl Z — £\Po
<d> j&p”fmm=ﬂn
0

dz o!

(P1oPu)
(pg + 1)-th derivative. Therefore, they differ by a polynomial with degree at most p,,.

From the definition of REM(z | %’), we have

Thus (1 — z) % REM(z | %) and f; % REM(t | “r-@n)~%Po~1) gt have the same

ord,_o(REM(z | 9)) = po + 1+ OrdZZO(REM<t| (“’1""2‘[‘)’?{3;,“1’”0{”0’1)),

which dictates that the degree-at-most-p, polynomial is identically 0. We can thus
undo the differential operators as

z

—w Y\ _ (z - t)Po (W5 Wpg ) ~Wo—Po—1
-z REM(Z | ﬁ) = J —pO! REM(t| 1 (p:vf...,pMO) o )dt,
whence
z
N (1 — Z)‘”o » o1
Rew(z | §) = = — J(z — 00 Rum (¢ | oo po) g, (4.2)
0

We wish to apply equation (4.2) inductively to express REM(z | %’) as an iterated
integral. So that the notation will fit on the page, we definefor1 <i < M,
SO = 0,
Si= Wi +pig+1,
Go(z) := REM(z | %),

Gi(z) = REm(z | ogrond=51),
Note that Gy (z) = ‘;% (1 - z)®n=Su by Claim 9, while equation (4.2) gives

w;—-S; z
Gi(z) = a-z7~ J(z — )Gy () dt

K
0
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for 0 < i < M. Now, iterating equation (4.2) gives

REM(to | 9) = Go(to)

to
1-t)“
= % J(to - tl)pOGl(tl) dtl
Po- 5
(l_to)wo to , - 4 )
AT J(fo—fl) ¢-(1-t)™ 1j(tl—t2) 1G,(t,) dt, dt,
PoPr: o J

toty  tua

— Wo

- &JJ J G(to, tys ..., tyy) dtyy -+~ dty dty,
0

... |
Po:Pum: 00
where
M-1 M-1
Glto,ts.. .o ty) = (ty — the)™ )( [T -t )tg;m — tyy)m S
h=0 h=1
M th l_th Pt M wy—wy_1—1
= tﬁ"(ﬂ(—l_t ) )(H(l—th) s )
h=1 h h=1
as claimed.

Claim 15. The Padé remainder REM(z | ;‘;’) is given by the M-dimensional integral

_ »\Wo M 1- Pr-1
ZO’—] (1 _)Z) J <U1_VI1 n U:l‘f'ph( Up > (1 _ ZUh)CUh_whl—1> dﬁ,

p! o1 hel 1-2zU,

where Uy, = [T}L; Up-

Proof. This follows from the previous claim upon the substitutions

h M-1
ty=z[|ui=2Up dtydty - dtdty = 2" || Updit,
i=1 h=1

and the obvious algebraic manipulations.

4.4 Contourintegrals and derived expressions

Claim 16 is Theorem 4(iii). Claim 17 is Theorem 5(i). Claim 18 is Theorem 5(ii). Claim 19

is Theorem 5(v). Claim 20 is Theorem 5(iii).
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Claim 16. Let y be a simple positively oriented contour enclosing all o of the complex
numbers w, +r (0 <m<M,0 <r <p,). Then

_1\0-1 M
REM(Z | ‘;3’) = (Vi j(l—z)‘f l_[ ;dé’.

2mi o (& — wp Pt

Proof. Set

. ( 1)0 1 ¢ M 1
I(z %) := — |(1-2) ———— d¢,
P 2mi J g (€ — wy)Pett

and, as in Claim 13,

d pi+l
_ (1 _ Z)wi+pi+l<_> (1 _ Z)—w,
dz
We will show that
Dol(z | 9) =1(z | &%)
Substituting yields

d po+l

Dol(z %) = (1- z)“’oﬂ’o”( (1-2)“I(z | 2)

&I

Wy +po+1 d >p0+1( 1)0 ! {-wq u 1
=-2 <dz 27 J(l ?) g (¢ — wy )Pt as.

As

Potl
(£) a-2f = i - wpria - pfat

differentiating under the integral eliminates the k = 0 factor in the product, giving

0—po—2 - 0
Dl(z 1) = L jamﬁLg o 4 =121 7).
Wy

We iterate, using Dy, ..., Dy;_; successively to remove all but the final coordinates
of @, p, arriving at

(1VMJ 1-2?*

Dyrq+-DiDoI(z | I(z ]| @m) i
Dol 1) =1(z[ G17) = ) (€ - wpt

o)
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By partial fractions [5, equation (5.41) in Section 5.3],

w1 R (pM),

€ o ol S\ T

and with Cauchy’s integral formula, we conclude

(~1)Pm 1-2?* 1 (-2 R () (py
2mi J(g Wy pmld{_ﬁyj o' r:O,;”—a)A,,—r<r>d(’r

. e

'= E-—wy -1

- LS (e )ara- g

pum' r=0
(1-2)" R4 py r
B pM' r:zo( r >(Z_l)

_ A=
Pum!

Thus I(z | g‘) satisfies the DE in Claim 13. We now show that it also satisfies the initial
conditions given there, and so by Claim 13 we will have I(z | ‘,i)’) = REM(z | ‘g).

As for the initial conditions, it remains to show that dd—Z',I (z | %)|z:0 =0for0<r<
o -2, and for r = 0 — 1 we get 1. We start with

dr 101
de19) =52

— [vrea- D]

7 ko (€ - wpPt
and evaluating this at z = 0 gives

(. &
- d
2ni yj ITio (¢ - w2t

(4.3)

We may take y to be a circle with large radius N, where N > w; +rfor0 < k < M
and 0 < r < p; + 1. We now appeal to an argument that has little to do with our
particular integrand, and so we generalize. Let P(§) = [[(§ -p;) be a monic polynomial
of degree r, and let Q(§) = [](¢ - g;) be a monic polynomial of degree o with all of
its roots inside [£| = N. Then, using the substitution ¢ +— N?/u, which reverses the
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orientation of the contour,

1 J P& 4 J P(N*/u) N* |

2mi i Q({ Q(N?/u) u2

MTN?/u - gy) v?

H(Nz - up]
uq]

j TIN?/u~pj) du
J W2 du

As all the roots of the denominator ]'[(N2 - ug;) are outside the contour, this integral
is O provided thato —r -2 >0, i.e., providedr < 0 - 2.If r = 0 - 1, then

1 [ PE) e N O - o
2mi |§|JN Q) dg = Zm'l |J H(NZ _ uq])u du
2 [IN*-0- D)) 2 (N
=N-. O
TN -0-q) " N°

Claim 17. Lety,, be a simple positively oriented contour enclosing all p,, + 1 of the com-
plex numbers w,, +r (0 <r < p,,)andnoneof wy +r (0 < k < M,k + m,0 <1 < pp).
Then

o ( 1)0’ 1 f o, M 1
P 2) = - | | ——d¢.
Lin 1) 2 Yl( 7 ico (& — wp)Ptt d

Proof. As no pair of the w; has a difference that is an integer, the ¢ numbers w,, +r,
where 0 <m < M,0 <r < p,, are distinct. Set

1

D, ;(§) = (§ - wm")ﬂm

where we understand the removable singularity to be removed. Observe that each @, ,
has o - 1 simple poles. We will evaluate REM(z | ‘/‘:,') using Cauchy’s integral formula.
Let y, ,, be a simple closed contour enclosing w,, + r, but none of the roots of @, ,,.
From Claim 16, we find that

. 1
REM(z | %) = 1-2° —+ ag
p 2m J ,n) (¢ - w )Pt
M Pn 3
o-1 1 (1-2) cDrm(‘{)
-V mz—‘br—oﬁy;[n §—wy -7 “
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M P

=D Y Y A-2)D, (W + )

m=0r=0

M Pm
=y ((—1)‘” Y A-2) D, (W, + r))(l —z)“m

m=0 r=0

We now notice that

Pm
POLY,; (2 | §) = (-1)°7 ) (1= 2) @, py(wy + 1), (4.4)
r=0

as this is a polynomial of the required degree.
Also,

_1\o-1 M
e Ja-af o[ ——

Vi ko (€ — w2t
Pm §-wy
L aemie 1 Q=2 D (8)
=D Zo 2mi J E—wy -7 %

mr

Pm
= (DY 1-2) D, (W + 1)
r=0

Pm
=(-D" Y (1-2)D, (W, + 1)
r=0

= PoLY,,(z | ;‘;’). O

7] _ Pm [ S—
Claim 18. PoLY,(z | §) = o .Z oz =1 (P )I—[ll(:&r(r)1 — _,)pk+1

Proof. We continue with the notation of the proof of Claim 17. In particular, we simplify
the expression (4.4). Observe that

M

cDrm = e o+l

m(8) [g(s— >”k“] [H ]
k#m r'#r

so that

M 1 Pm 1

o, (w0 =|]] ————— .

e [;H)(w - wy +r)”k”] [E,"r’]
k#m r#r

EBSCChost - printed on 2/10/2023 3:14 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



56 —— M.A.Bennettetal.

Now,

Pm

[[or-) =m0 -1 @QMEDED) - (=) = (D Prri(py — 1),

2
so that

1 )Pp,
[ r-r) pn! ( r )
r'#r

Also,

M M _ M -
[[@mn - wp + 12t = [T @ - 0 - P = ()72 [ [ — @ — 1P

k=0 k=0 k=0
k+m k#+m k+m
We now have PoLy,,(z | ‘5’) as claimed. O

Claim 19. Set W := W(m, k) = wy — w,,, and define C, , by

Care= ().

if m =k, by

r )‘1 Tr+1) T@-p—-W)

= (=1 pk+1<
Cmer = (1) o/ Tr+1-W) T(r—p;+1)

ifm # k and py, < r, and by

(P _T(r+1) T(py -7 +1) P
Gt = (1) (r >F(r+1—W) T(p, — 1+ 1+ W) sin(mW)

ifm + k and py, > r. Then we have

N 1 Pm M
POLY,,,(z | §) = 5 Y -0 Cnper
*r=0 k=0

Proof. We begin from Claim 18, writing W in place of w), - w,,;:

Pouvy(z19) = -1 Sy (P) [T L
OLY,,(Z ﬁ—p—m!;z— , g(w_r)/ﬁ
k+m
== Y- (]2
p! r;) r ,g) (W - rypetl
k#m
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If k #+ mand p; < r, then

P = (l,rk)l r _ri)k)g - (;Dlﬁ

and
ol Frr-w+1)
W =Pt = (cPe e - Wyt = (Pt T
( (r = Wyt = ( ST
Combining these,
Pr! _ _1)pk+1( r )71 [(r+1) TI(@r-W-py)
(W = rypictt pi/ Tr—-pe+1) Tr-w+1)

_ et T TTr+1) Tr-p-W)
=D (pk> T(r+1-W) T(r-pe+1)

= Cm,k,r'

If k #+ mand p; > r, then

oyl = (prk>r!(pk )= (”r’<)r(r+ Do -7 +1)
and

(W - r)pk+1 =(W- I’)F . ka+1—r
= () (r = W)+ (W +py )1
-1y Fr-w+1 ) Top —r+W+1)
T(r-W-r+1) T(op—-r+W—(p—r+1)+1)
IFr+1-W)l'(pp —r+1+ W)
ra-w)yrw)

= (1

By Euler’s reflection formula for the Gamma function, I'(1 - W)I'(W) = n/sin(nW).
Combining these,

P! oyt [(r+1) T -1r+1) (pk>
(W = r)pitt sinaW) T(r+1-W)T(p —r+1+ W)\ r
= bmr-
This concludes the proof. O

Claim 20. For M > 1, we can represent POLY,,(z | %’) as an M-fold iterated (principal
value) contour integral as

PoLy (z|@)—% T “n1 ﬁt"’k(ut)/’k - MizZ " dt
m pl = f)! m k k T, 4

@ kom
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where
M 1

Qn := Ig 2i sin(m(wy, — wpy))
#m

M
T, = H by
k=0

k+m

eI

(G) [tol=1 [tma]=1 It |=1 Ity |=1

df == dty - Aty dty_1- ;.

Proof. By induction and integration-by-parts, we notice that

2i sin(7x)p!

—, (4.5)
xP+1

n
P.V. J flA+ 0P dt = J D1+ e Yieldt =
ltl=1 -n

provided that p is a nonnegative integer and x € C\ {0,-1,-2,...}. In this claim and

its proof, all integrals are understood to be principal values.
Beginning with Claim 18, we may write POLY,,(z | %’) as

POLY,,(z | %)
Pm M
= L' Z(z—l)r<pm> H ;71
Pm’ 150 "7 k=0 (W = Wy = T)PKT
k+m
Pm M - o |
_ ;' Z(Z_ 1)r(pm) H _ 1 2isin(n(wy - Wy i))pk'_
= r 1’5:0 2isin(m(wy — w,, — 1)) (Wy — Wy — 1P
#m

We now use equation (4.5) to continue

PoLy,,(z | %’)

1 r(Pm z r W~y —T-1 0
=f72(z—1)(r)]_[(—1) Qn J T (L )P dty
S r=0 k=0

k#m It |=1

_ Qn Lo ™ r(Pm c Wy—Wy—1-1 P
=5 Y ()™M -1 ; [T | & 1+ ty)Px dty
- Krmlt1=1
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Compressing the product of integrals using the _[( 6 notation, we continue with

PoLY (zlg’)
= In j Z( ™Mz -1) (p'")]"[t‘”k U4 e di
p. G) kqu
_ On j Z( Mz - 1) (pm) - ‘”m’lHtwk (1+ t)P* df
P @ " Ko
_ Qm —Wy,—1 w, Mz -1
—ﬁJT <Htk1+t)>rzo( )((1) m)dt
@ k+m
Qn [ 7w w ’ 1-z\"
o 3 jT 1<Htk1+tk)f’ )( - (- 1)M—mz> di,
k#m
as asserted in the claim. O

4.5 Hypergeometric functions

Claim 21 below is Theorem 4(v), and Claim 23 is Theorem 5(iv).

The Meijer G-function [8] is defined for natural numbers m, n, p, q, provided m < q
and n < p, although we only encounter it here withn = 0om=p =q =M + 1. Itis
denoted

Gm n<

al,az,...,ap>
by, by, ..., b,

and defined as

1 [T T(s + by) [Teey TA = @y — 5)

z3ds,
27‘[1 Hk el I'(s+ay) Hk mal I['(1-by —S)

where C is a particular infinite contour that separates the poles of I'(1 — a; — s) from
those of I'(b; + s); the particular contour required for convergence varies depending
onm,n,p,q,z.

Claim 21. REM(z | %), when |z| < 1and |1-z| < 1, is a special value of Meijer’s G-function,

w+p+1
Rew(z 1) = G5 (1270 7)
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Sketch of proof. Withm =p =q =M +1,n = 0, we see that

n q
[[ra-ac-s)= ] TA-b-s)=1.
k=1

k=m+1

Further, with ay,; = wy +py + 1, by = wy,

[T T(s+b) & (s + wy) _ﬁ 1
P i T(s +ay) o T+ wy +p+1) i (s + wp )Pl

We now have

M+1,0 W +p + 1) 1 J 1
1- — |-
GM+1M+1< z i C( z)" k Liss a)k)Pk“ ————ds
M O t+1
- ZL,[ (1-2) { = kpk+1 -ds)
2 k=0 (§ — W)™
(-1 j £ 1
= Q-2 || — 7%
27t 2 ]n) (€ — wy)Pett
= Rem(z | 9).

Admittedly, we have played fast-and-loose with the contour and, therefore, the condi-
tions |z| < 1and |1 - z| < 1 are not explained. O

Theorem 22 (Slater’s theorem [12]). Provided that a; - by, is not a positive integer (with
j <n,h <m), and b; - by is not an integer (with1<j <k < q),and 0 < |z| <1,

Gmn<

al,az,...,ap>

by, by,...,b
m e Dby = bp) TTgey T+ by, — @) .
k#h F 5 [ﬁl, (_1)m+n—pzj|zbh)
h=1 l—Ik m+1 T(1+ by - by) Hi:nﬂ I(ay - bh)p b

where d, = (1+ by — ay,..., 1+ by — ap) and by, = (1+bp —by,....,1+ by~ by) (with the
1+ by, — by, term omitted).

Claim 23. The Padé approximant POLY,,(z | %) is associated with a generalized hyper-
geometric function by

M S o
2 1 1 Wy —W-p
PoOLY, (z | ©) = — S F[ m=CF 1-z|.
m( p) pm'<1j£ (wk _ a)m)Pk+1 >M+1 M (1 + Wy — (U) m
k+m
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Proof. Using Claim 21 and Theorem 22, we may write REM(z | %) as

M
o l(w-w
=0 Tk T(wy +pye +1 - a)m)MJrl M (1 + Wy 671)*'" ’

which we manipulate into the form

M M S

1 1 Wy —-W-p
— —_— F [ m o ;1—Z](1—Z)wm
mZ::O P! ( [] WPt )M” M1+ w, -a)™

k=0 (Wi =
k+m

One coordinate of w,, — @ — p is —p,,, @ nonpositive integer. Consequently,

S

L ! F [ Un=&-Pp z]
P!\ jco (@ — Wy )PH LA+ 0 - @)™
k+m

is a polynomial with degree at most p,,,. Therefore, it must be POLY,,(z | ‘;:)’). O

4.6 Power series

Claim 24 is Theorem 4(iv).

Claim 24. Let g, be the coefficients in the power series expansion of REM(z | %’) atz =0,
i.e., REM(z | ‘;:,’) =¥ gnfl—n!. Then for n > 0, we have

1 Prm () (W + 1)
= (-1 )
-V z 0 Pm! /= o( >l_[k o (Wi — Wy — 1Pt
k#+m

Inparticular,g, =0forO<n<o-2andg,_, =1

Proof. We begin with the contour integral representation of REM(z | %) given in

Claim 16, replace (1 - z)'f with its power series, and then integrate term by term,
obtaining

dé

00 n M
_1”"Z_> ;d
(z( AT 1_[(<f—(1)k)p";rl ¢

k=0

1 (—l)g_lfﬂ )Z"
—2———d¢ |—.
2 J o€~ w2 /i
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Continuing as in the proof of Claims 17 and 18, we see that

( 1)0—1£n
8, =(-1) — 5 4 (4.6)
( J [Tio(§ - @ 'f)
M pm
=(D" Y Y ()T Wy + DDy (@ + 1)
m=0r=0
3 S )(1> (P )ﬁ;
m=0r=0 m " o (@g + 1 — wp )Pt
k#m

M Pm

n o nCDPr o\ P (1P

= (-1 _1)°1 ni S S

W 3 2w et = () o
k#m

_ n & 1 & pm (_1)r(wm+r)H
NELY —!;O( " >nat’:0<wk—wm—r>m+l'

k#m

Thatg, = 0for0 < n < 0 -2andg,_; = 1follow from the definition of REM(z | g’).
Alternatively, the expression on line (4.6) is shown directly to have these values in the
proof of Claim 16, beginning with equation (4.3). O

4.7 Perfection

We remind our reader that our vectors are indexed from 0, so that the jth coordinate
of (po, - .., pum) is p;. The coordinates of the (M + 1) x (M + 1) matrix H in the next claim
is indexed in the same manner.

Claim 25 is Theorem 6.

Claim 25. Fixp ¢ N and é,,&,,...,é, € ZM" with each p + &, having nonnegative
coordinates, and denote the jth coordinate of €; as €;;. Let S be maximum of Zl -0 €i0)
taken over all permutations B of 0,1,..., M, and let T be the minimum of Z]:o €;j taken
over 0 < i < M. Suppose the following two conditions are satisfied:

1. Thereis a unique permutation a of 0,1,...,M with S = Zf‘ﬁo €iai)s

2. T+M=S.

Then the (M +1) x (M +1) matrix H, whose (k, m) coordinate is the polynomial POLY,,,(z |

B +@ ), has determinant

CZU(ﬁ)+T—1

where C is nonzero and does not depend on z.
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Proof. The determinant of H, by the familiar permutation expansion, is

M
det()= Y (-)¥"P [ PoLygyy(z %),
BeZiom k=0

which is clearly a polynomial. Notice that

M M
deg(l_[ POLY 1) (2 | ﬁj"gk)> = )" deg(PoLypg(z | %))
k=0 k=0
M
= Y (Opeiy + Expay) S O(B) - (M +1) +S,
k=0

with equality achieved for (and only for) 8 = a. Consequently,
deg(detH)) =a(@)-M-1+S=0@)+T -1,

and in particular det(H) is not identically O.

Let ¥ be the column vector ((1 - 2)“°, (1 - 2)“1,...,(1 - z)“M)T. By definition HV is
a column of M + 1 functions of z: in row k it is REM(z | ﬁflék)’ which has a zero of order
op+é)-1=0(@)+ (Z?ﬁo €cj) — 12 0(p) + T - 1. Now multiply Hv by the adjoint of H,
which is also a matrix of polynomials. We have

det(H)V = adj(H)HV
REM(z | 3% )
REM(z | 53%)

= adj(H)
REM(z | 55 )

. o0
- adj(H)(zU<P)+T‘1 Y Vnz">

n=0

. o0
=27P LY (adj(H)v,)2"
n=0

for some column vectors V, # 0,¥;,.... That ¥, # O follows from the definition of T.
Each coordinate of det(H)¥ has the form det(H)(1 — z)“, and so has a zero at z = 0 of
order at most deg(det(H)) = o(3) — M — 1 + S. By the above displayed equations, each
coordinate of det(H)v has a zero at z = 0 of order at least 0(9) + T — 1 with equality for
some coordinate. But T + M = S, by hypothesis, so that det(H) is a polynomial whose
degree coincides with the order of its zero at z = 0. Therefore,

det(H) = Cz0@T-1 = c0@)+S-M-1

as claimed. The constant C is nonzero as det(H) is not identically 0. O
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Opportunities for further work

Is there a nice iterated integral representation of POLY,,(z | g’) without contours,
similar to the representation in Theorem 4(i) for REM(z | %)?

For fixed @, which degree vectors 59,50, ..., 5™ lead to a perfect system? There
seems to be some geometry involved. That is, a modest amount of computation
suggests that for each M there is B such that if any coordinate of any € - €; is not
between —B and B, then the resulting system is not perfect for any p (the determi-
nant of H does not have the form Cz").

What is the value of C in Theorem 6?

What is the nice power series expression for POLY,,(z | g’)? For M = 1, this is an
important part of the best explicit irrationality measure for 213,
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Graphical enumeration and stained glass
windows, 1: rectangular grids

Dedicated to the memory of Ronald Lewis Graham (1935-2020)

Abstract: This is a survey of enumeration problems arising from the study of planar
graphs formed when the edges of a polygon are marked with evenly spaced points
and every pair of points is joined by a line. A few of these problems have been solved,
a classical example being the graph K, formed when all pairs of vertices of a regular
n-gon are joined by chords, which was analyzed by Poonen and Rubinstein in 1998.
Most of these problems are unsolved, however, and this two-part article provides data
from a number of such problems as well as colored illustrations, which are often rem-
iniscent of stained glass windows. The polygons considered include rectangles, hol-
low rectangles (or frames), triangles, pentagons, pentagrams, crosses, etc., as well as
figures formed by drawing semicircles joining equally-spaced points on a line. Part 1
discusses planar graphs that are based on rectangular grids.

1 Introduction

In 1998, Poonen and Rubinstein [17] (see also [22]) solved the problem of finding the
numbers of intersection points and cells in a regular drawing of the complete graph K,,,
and in 2009-2010 Legendre [10] and Griffiths [7] solved a similar problem for the com-
plete bipartite graph K, . Stated another way, [17] analyzes the planar graph formed
by joining all pairs of vertices of a regular n-gon, while [7, 10] analyze the graph formed
by taking a row of n — 1 identical squares and drawing lines between every pair of
boundary nodes.

One motivation for the present work was to see if these investigations could be
extended to graphs formed from other structures, such as an m — 1 x n — 1 array of
identical squares. Take a rectangle of size m x n, and place m —1 equally spaced points
on the two vertical sides, and n — 1 equally spaced points on the two horizontal sides.
Then draw lines between every pair of the 2(m + n) boundary points, and place a node
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their assistance during the course of this work. Tom Duff and Keith F. Lynch carried out extensive com-
putations to check how well Sylvestor’s theorem applied in practice (answer: very well, see Section 8).
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a referee for many helpful comments, including a remark, which strengthened a result in Section 8.
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at each point where these lines intersect. The resulting planar graph, which we denote
by BC(m, n), is the main subject of Part 1 of this paper.

Although we have not been very successful in analyzing these graphs, we have
collected a great deal of data, which has been entered into various sequences in the
On-Line Encyclopedia of Integer Sequences [14].

In Part 2 of this paper, we plan to consider other structures such as hollow squares
(or “frames”), triangles, pentagons, hexagons, pentagrams, etc., as well as figures
formed by drawing semicircles joining equally-spaced points on an interval. The last-
mentioned figures are reminiscent of juggling patterns,! as studied by Ron Graham
in [4] and other papers, and we regret that now it is too late to ask him for help for
finding a formula for those numbers.

We were also motivated by memories of stained glass windows seen in the great
Gothic cathedrals of northern Europe. In 2019, we made a colored drawing of K,; (Fig-
ure 5.1) which was reminiscent of a rose window, and we were curious to see what col-
ored versions of other graphs would look like. Informally, our philosophy has been, if
we cannot solve it, make art. We make no great claims for artistic merit, but the images
are certainly colorful.

Space limitations have restricted the number and quality of the images that we
could include here. The corresponding entries in [14] (4007678 in the case of Fig-
ure 5.1) contain a large number of other images, with better resolution. We are espe-
cially fond of the three images of K,; in A007678, and in A331452 the reader should
not miss the images labeled T(10, 2), T(6, 6), T(7,7), which are drawings of the graphs
BC(10,2), BC(6,6), and BC(7,7) discussed below.

This paper is arranged as follows. The last section of this Introduction establishes
the notation we will use, especially the terms nodes, chords, and cells, and provides
some examples. Section 2 deals with the graphs BC(1,n) (or equivalently BC(n, 1)),
where the bounding polygon is a rectangle of size 1xn (or nx 1). Theorem 2.1 gives Leg-
endre and Griffiths’s enumeration of the nodes and cells in BC(1, n). In 2019, Max Alek-
seyev (personal communication; see also A306302) pointed out that the Legendre—
Griffiths results are essentially the same as results that he and his coauthors obtained
in connection with the enumeration of threshold functions [1, 2]. The family of isosce-
les triangle graphs IT(n) (Section 3) provides a bridge between the graphs BC(1, n) and
two-dimensional threshold functions. Alekseyev also mentioned that their work im-
plies a result that was apparently overlooked in the Legendre and Griffiths papers: the
cells in BC(1, n) are always triangles or quadrilaterals. See Theorem 3.1. The proof of
this fact in [2] depends on a theorem about teaching sets for threshold functions [19,
26]. We feel that such a elementary property should have a purely geometrical proof,

1 See entry A290447 in [14].
2 Six-digit numbers prefixed by A refer to entries in the On-Line Encyclopedia of Integer Sequences
[14].
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Figure 5.1: Colored drawing of complete graph K3 (see Section 10.3 for the coloring algorithm).

Entry A007678 in [14] has many similar images (which are also of higher quality).

67

although no such proof is presently known. We state this question as Open Prob-

lem 3.2.

One possible attack on this problem is to study the distribution of cells in each
of the n squares of BC(1, n); see Section 4, and especially Tables 5.2, 5.3, 5.4. The gfun
Maple program [18] suggests a form for the generating functions of the columns of

these tables, but so far this is only a conjecture.

In Section 5, we consider the number of interior nodes in BC(1, n) where c chords
meet (Table 5.5). The number of simple nodes, where just two chords cross, is of the
greatest interest, since these seem to dominate. But even though we have calculated
500 terms of this sequence (Table 5.6 and A334701) we have been unable to find a
formula or recurrence (Open Problem 5.2). There have been several similar occasions
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during this project when we have regretted not having an oracle that would take a few
hundred terms of a simple, well-defined sequence and suggest some kind of formula.?

The graph BC(1, n) has bounding polygon, which is a 1 x n rectangle. If we start
instead from an mxnrectangle, with mand n > 1, there are three natural ways to define
a planar graph, which we will denote by BC(m, n), AC(m,n), and LC(m, n). These are
the subjects of Sections 6, 8, and 9, respectively. For these families, we have plenty of
data and pictures, but not many results. In Section 6, we conjecture that the cells in
BC(2,n) have at most eight sides, and for n > 19, at most six sides (Conjecture 6.2). Our
main result concerning BC(m, n) is an upper bound on the numbers of nodes and cells
in BC(m, n), presented in Section 7, which appears to be reasonably close to the true
values.

The final section (Section 10) describes how we colored the graphs.

Terminology

Our subject is planar graphs, as shown in most of the figures. We start with a grid or
lattice in the plane, draw a polygon on this grid, mark points along the boundary of the
polygon, and form the graph by joining these boundary points by lines and creating
nodes where these lines cross.

Since all three concepts, grids, polygons, and graphs, involve points and lines,
we will establish our terminology with some care, hoping to avoid confusion without
being too pedantic.

In graph theory, many different terms are used for the basic notions of node (or
point, or vertex) and edge (or line). We will use node and edge for these specifically
graph-theoretic terms. A planar graph divides the plane into cells (or regions, or cham-
bers). We will use the term cell, with the understanding that the unbounded region
exterior to the graph is not considered to be a cell.* Our graphs are also maps in the
sense of Tutte [24, 25], but we will refer to them simply as planar graphs.

To construct our graph, we usually start from the boundary curve of some con-
nected polygon P in the plane, and mark various points on this boundary. We call these
the boundary points and we call P the defining polygon. We assume P is connected, but
not necessarily simply connected. In Part 2, for example, P may be a square annulus.
Our graph is then constructed by joining pairs of boundary points by line segments,
according to some specific rule. For the graphs BC(m, n), every pair of distinct bound-
ary points is joined by a line segment, which starts at one boundary point and ends

3 The oracle might compare the sequence with shifted versions of each of the hundreds of thousands
of entries in [14], and ask Bruno Salvy and Paul Zimmermann’s program gfun, or Harm Derksen’s pro-
gram guesss, or Christian Kratthentaler’s program Rate, or one of the other programs used by Super-
seeker [20] if there is a formula for the difference.

4 In Part 2, when we consider graphs that have a “hole” in them (such as a square annulus or frame),
the hole is also not considered to be a cell.
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at another. A line segment is called a chord if (apart from its end-points) it lies in the
interior of P. Our graph then has nodes, which are all the boundary points together
with all the points where the chords cross. A node, which is not a boundary point, is
called an interior node. When referring to the geometry of the polygon P, we will speak
of its sides and vertices. Some of the line segments may coincide with the sides of P;
these are not called chords.

We usually subdivide the sides of the polygon by dividing them into equal parts.
To divide a side into k equal parts, we insert k—1 equally spaced boundary points along
that side, so that the side contains a total of k + 1 boundary points, the two vertices
plus the k — 1 additional points. We say that the side has been k-reticulated.

Finally, we give coordinates for our polygons P by defining them in terms of some
underlying grid or lattice, which in Part 1 will be the simple square lattice Z x Z. The
grid points have integer coordinates (i, j).

As an example, Figure 5.2 shows the graph BC(1,1) (defined in Section 2), which
has 5 nodes, 8 edges, and 4 cells. The polygon is a square and there are two chords
which meet at the central node. Figure 5.3 shows the graph BC(2, 2), constructed from
a square in which each side has been 2-reticulated. There are 16 chords. This graph
has 37 nodes, 92 edges, and 56 cells.” Note that for a connected planar graph, Euler’s
formula states that the numbers of nodes, edges, and cells are related by

|nodes| - |edges| + |cells| = 1. (5.1)

Figure 5.4 shows a colored version of BC(2, 2). The principles used to color these graphs
are discussed in Section 10. For any undefined terms from graph theory, see [3, 9].

Figure 5.2: The planar graph BC(1,1), a 1-reticulated square. There are four boundary points and two
chords, and the graph has five nodes, eight edges, and four cells.

5 BC(3,3) is shown in Figure 5.14 in Section 6 and has 340 cells. There is no known formula for the
sequence 4, 56,340, 1120, 3264, . .. (A255011), the number of cells in BC(n, n), even though we have 52
terms.
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Figure 5.3: BC(2, 2): a 2-reticulated square with 56 cells.

Figure 5.4: The same BC(2, 2) drawn with colored cells. See Section 10.2 for coloring scheme.

2 BC(1,n):1 x nrectangular windows

The defining polygon for the graph BC(1,n) (n > 1) is a 1 x n rectangle, which we take
to have vertices (0, 0), (n, 0), (0,1), and (n, 1). The boundary points for BC(1, n) are the
points {(i,0), (i,1) : 1 < i < n}, and we join every pair of distinct boundary points by a
line segment. Some of these line segments lie on the sides of the rectangle, and there
are in addition n?+2n-1chords. Figures 5.2, 5.5, and 5.6 show BC(1,n) forn = 1,2, and 3.

Of course, we could equally well have started with a vertical rectangle of size nx1,
in which case the graph would be denoted by BC(n, 1). Since this work was partly in-
spired by the windows of Gothic cathedrals, we admit to a slight preference for BC(n, 1)
over BC(1,n), although as graphs they are isomorphic. Figures 5.7 and 5.8 show our
stained glass window BC(4, 1) using two different coloring schemes.

We will continue to discuss BC(1, n), but the reader should remember that the re-
sults apply equally well to BC(n, 1).
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Figure 5.5: BC(1,2).

Figure 5.6: BC(1, 3).

Figure 5.7: BC(4,1), colored using the red and yellow palettes (see Section 10.2).
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Figure 5.8: A version of BC(4,1) colored by our “random coloring” algorithm (see Section 10.3).

Another way to construct BC(1, n) is to start with the complete bipartite graph K1 .1
formed by taking n + 1 equally spaced points in each of two horizontal rows, joining
every upper point to every lower point by a line segment, placing a node at each point
where these lines intersect, and then adding the line segments through the two rows
of points. Thus BC(1, 2) in Figure 5.5 is the well-known nonplanar “utilities” graph K3 3
if the two horizontal lines, the seven interior nodes, and the colors are ignored.

The graphs BC(1, n) are one of the few families where explicit formulas are known
for the numbers of nodes (NV(1, n)), edges (£(1, n)), and cells (C(1, n)). The initial values
of these quantities are shown in Table 5.1, along with the A-numbers of the correspond-
ing sequences.

Since by Euler’s formula (5.1), £(1,n) = N(1,n) + C(1,n) - 1, there is no need to
tabulate £(1, n), and in the future we shall omit those numbers.
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Table 5.1: Numbers of nodes, edges, cells in BC(1, n).

n: 1 2 3 4 5 6 7 8 9 10 [14]

N@,n: 5 13 35 75 159 275 477 755 1163 1659 A331755
E@1,n): 8 28 80 178 372 654 1124 1782 2724 3914 A331757
C(1,n): 4 16 46 104 214 380 648 1028 1562 2256 A306302

The following theorem is due to Legendre (2009) [10] and Griffiths (2010) [7], who dis-
cuss the problem from the point of view of K, .. First, we introduce an expression
that will frequently appear in these formulas. For m,n,q > 1, let

V(m,n,q) = z Z m+1-a)(n+1->b). (5.2)

a=l.m b=1.n
ged{a,bl=q

Theorem 2.1 (Legendre [10, Proposition 6], Griffiths [7, Theorem 3]). For n > 1, the
number of nodes in BC(1,n)i is

N@Ln) =2n+1)+V(nnl -Vnn?2), (5.3)

and the number of cells is

c,n) =n*+2n+ Vnn1). (5.4)
Remarks. (i) A key step in the proof of (5.3) (see [10]) is finding a condition for three
chords to meet at a point. (ii) The starting point for the proof of (5.4) (see [7]) is the
observation that in the graph BC(1, n) the chords contain no edges that are parallel to
the two long sides of the rectangle. This means that every cell has a unique node that
is closest to the upper side of the rectangle. (iii) The term 2(n + 1) on the right-hand
side of (5.3) is the number of boundary points. The difference between the other two
terms is therefore the number of interior nodes in BC(1, n) (4159065):

1,7,27,65,147,261,461,737,1143, . ... (5.5)

(iv) The values of V'(1,n) and C(1, n) are given in A331755 and A306302.

3 The isosceles triangle graph IT (n)

In 2019, Max Alekseyev added a comment to A306302 pointing out that the results in
Theorem 2.1 are essentially the same as the results he and his coauthors had obtained
in [2] (2015) for the isosceles triangle graphs IT(n).
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The definition of the isosceles triangle graph IT(n), n > 1, starts with an isosceles
right triangle with vertices (0, 0), (0,1), and (1, 0). On the vertical side of the triangle,
we place n additional boundary points at the points

(2620l (ot

and similarly on the horizontal side we place n additional boundary points at the

points
(b Gop (o) (o)
2 3 4 n+1

Including the three vertices, there are a total of 2n + 3 boundary points. We then join
every pair of distinct boundary points by a line segment. Besides the three sides of
the triangle there are n® + 2n chords, and there are interior nodes at the points where
the chords intersect. Figures 5.9, 5.10, 5.1 show IT(2), IT(3), and IT(4). The latter two
graphs have been colored using the red and yellow palettes (Section 10.2). (There are
no boundary points on the hypotenuse other than its two endpoints. In Part 2 of this
paper, we will discuss graphs formed by placing n equally-spaced boundary points on
all three sides of an equilateral triangle.)

Figure 5.9: The isosceles triangle graph /T(2). There are 14 nodes (7 on boundary, 7 in interior), 30
edges, and 17 cells (15 triangles and 2 quadrilaterals).
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Figure 5.10: /T(3) (33 triangles, 14 quadrilaterals).

Figure 5.11: IT(4) (71 triangles, 34 quadrilaterals).

Alekseyev pointed out that if we take the boundary points of BC(1, n) to be the points
(1,0) and (i,1) fori = 0,...,n, then the map

(%) (1‘y y ) (56)

x+1 x+1

maps BC(1,n) onto IT(n) minus the node and cell at the origin. Figure 5.12 illustrates
this in the case n = 2. The six boundary points A, B, C, E, F, G of BC(1, 2) are mapped to
six of the seven boundary points of IT(2). The point D, the point at infinity on the pos-
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E
E F G D
F
G
—_—
A B C D D C B A

Figure 5.12: Illustrating the map (5.6) from BC(1,2) to IT(2).

itive x axis (not part of BC(1,2)), is mapped to the origin in IT(2). The region D, C, G, D
to the right of BC(1, 2) is mapped to the triangular cell D, G, C, D at the origin in IT(2).

A similar thing happens in the general case: IT(n) always has one more node than
BC(1,n), two more edges, and one more cell. When these adjustments are made to the
formulas in Theorem 2.1, we obtain the formulas in Theorem 13 of [2]. The counts for
nodes, edges, and cells in IT (n) are given in A332362, A332360, and A332358.

However, Alekseyev (personal communication) also pointed out that Theorem 13
of [2] mentions an additional property of IT(n)—and hence of BC(1, n)—that seems to
have been overlooked in [10] and [7].

Theorem 3.1 (Alekseyev et al. [2]). The cells in IT(n), and hence BC(1, n) are either tri-
angles or quadrilaterals.

That is, no cell in BC(1, n) has five or more edges. The proof in [2] depends on a
theorem about teaching sets for threshold function [19, 26]. No other proof seems to
be known.

Open Problem 3.2. Find a purely geometrical proof of Theorem 3.1.

4 The cellsin BC(1, n)

From Theorems 2.1 and 3.1, we can determine the numbers of triangular and quadri-
lateral cells in BC(1, n) (sequences A324042 and A324043).

Theorem 4.1. The C(1,n) cells in BC(1,n) are made up of

T(n) =2V(n,n,2) + 2n(n + 1) (5.7)
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triangles and
Q(n) =V(n,n1) -2V(n,n2) - n’ (5.8)

quadrilaterals.

Proof. The sum 3T(n)+4Q(n) double-counts the edges in BC(1, n) except that the 2n+2
boundary edges are counted only once. Therefore,

3T(n) +4Q(n) + 2n +2) = 26(1,n) = 2(N(1,n) + C(L,n) — 1), (5.9)

and of course by Theorem 3.1, T(n) + Q(n) = C(1,n).
The proofis completed by solving these two equations for T(n) and Q(n) and using
(5.3), (5.4). O

Figures 5.2, 5.5, 5.6, and 5.7 show the triangles and quadrilaterals forn =1,..., 4.

One way to attack Open Problem 3.2 is to try to understand the distribution of
cells in each of the n squares of BC(1, n). Let t,, g,x, and ¢, denote the numbers
of triangles, quadrilaterals, and cells in the kth square of BC(1,n) for 1 < k < n (so
tnk + dnk = Cnx and Y, ¢, = C(1,n)). From Figure 5.5, for example, we see that t;; =
ty=7,q11=qp=1andc; = ¢, =8.

The two end squares of BC(1, n) are easily understood, and for future reference we
state the result as the following.

Theorem 4.2. For n > 2, the two end squares of BC(1,n) both contain 2n + 3 triangles
and 2n - 3 quadrilaterals.

Tables 5.2, 5.3, and 5.4 show the values of ¢,,;, g,,x, and ¢, for n < 10. More ex-
tensive tables, for n < 80, are given in entries A333286, A333287, A333288. However,
even with 80 rows of data, we have been unable to find formulas for these numbers.

Table 5.2: Number t, , of triangles in kth square in BC(1, n) (A333286).

n\k 1 2 3 4 5 6 7 8 9 10
1 4

2 7 7

3 9 14 9

4 11 24 24 11

5 13 30 38 30 13

6 15 38 60 60 38 15

7 17 44 76 86 76 44 17

8 19 52 92 120 120 92 52 19

9 21 58 106 146 158 146 106 58 21

10 23 66 126 178 216 216 178 126 66 23
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Table 5.3: Number g, , of quadrilaterals in kth square in BC(1, n) (A333287).

n\k 1 2 3 4 5 6 7 8 9 10
1 0

2 1 1

3 3 8 3

4 5 12 12 5

5 7 22 32 22 7

6 9 28 40 40 28 9

7 11 38 58 74 58 38 11

8 13 46 74 98 98 74 46 13

9 15 58 92 130 152 130 92 58 15

10 17 68 104 150 180 180 150 104 68 17

Table 5.4: Total number c, ; of cells in kth square in BC(1, n) (A333288).

n\k 1 2 3 4 5 6 7 8 9 10
1 4

2 8 8

3 12 22 12

4 16 36 36 16

5 20 52 70 52 20

6 24 66 100 100 66 24

7 28 82 134 160 134 82 28

8 32 98 166 218 218 166 98 32

9 36 116 198 276 310 276 198 116 36

10 40 134 230 328 396 396 328 230 134 40

There is certainly a lot of structure in these tables. Using the Salvy-Zimmermann
gfun Maple program [18], we attempted to find generating functions for the columns
of these tables. On the basis of admittedly little evidence, we make the following
conjecture.

Conjecture 4.3. In all three of Tables 5.2, 5.3, and 5.4, the kth column for k > 3 has

a rational generating function, which can be written with denominator (1 — x*2)(1 -
k-1 k

XA -x5).

For example, column 3 of Table 5.2, the sequence {t, 5}, appears to have generating
function

3 9+ 15x + 5x2 = 2> — 13x* — 11x¢° — 9x® + 2x7 + 8x® — 4x10 + 4x1?

1-x)(1-x)1-x3) (5.10)

It would be nice to know more about these quantities.
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5 The nodes in BC(1, n)

Besides looking at the cells of BC(1, n), it is also interesting to study the nodes. For
n > 2, BC(1, n) has four boundary points of degree n + 1 and 2n — 2 boundary points of
degree n + 2. An interior node formed when c chords (say) cross has degree 2c. Let v, .
denote the number of interior nodes of degree 2c, for 2 < ¢ < n+ 1. Table 5.5 shows the
values of v, . for n < 10. A more extensive table, for n < 100, is given in A333275.

Table 5.5: Number v, . of interior nodes in BC(1, n) where ¢ chords cross (A333275).

n\c 2 3 4 5 6 7 8 9 10 11
1 1

2 1

3 24 2 1

4 54 8 2 1

5 124 18 2 2 1

6 214 32 10 2 2 1

7 382 50 22 2 2 2 1

8 598 102 18 12 2 2 2 1

9 950 126 32 26 2 2 2 2 1

10 1334 198 62 20 14 2 2 2 1

Theorem 5.1. For n > 2, the numbers v, . satisfy:

n+1
z Vpe +2n+2=N(@,n), (5.11)
c=2
n+1
Z CVpe + n+4n+1=E>1,n), (5.12)
c=2
n+1 2
5 (- (2
c=2

Proof. The first equation simply gives the total number of nodes in BC(1, n). For (5.12)
we count pairs (a, 8), where a is a cell and § is a node, in two ways, obtaining

3T(n) +4Q(n) = 4(n+1) + 2n-2)(n+2) + ) 2V,

and use (5.9). To establish (5.13), we start with the observation that if all the 2n + 2
boundary points of BC(1, n) are perturbed by small random amounts, there will be no
triple or higher-order intersection points, all the interior nodes will be simple, and
there will be ("; 1)2 of them (since any pair of nodes on the upper side of the rectangle
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and any pair of nodes on the lower side will determine a unique intersection point). As
the boundary points are returned to their true positions, the interior nodes coalesce. If
there is an interior point where c chords intersect, the (9) interior nodes there coalesce
into one, and we lose (g) —1intersections. We are left with the A/(1, n) — (2n+2) interior
intersection points. Thus

n+1

()it anen (73,

which simplifies to give (5.13). O

However, we do not even have a formula for the number of simple interior inter-
section points in BC(1, n) (the first column of Table 5.5, the sequence {v, ,}, A334701),
although we have computed 500 terms. The first 100 terms are shown in Table 5.6. We
feel that a formula should exist.

Table 5.6: The first 100 terms of the number of simple interior intersection points in BC(1, n).

Terms 1-25 26-50 51-75 76-100
1 49246 679040 3264422
57006 732266 3438642

24 65334 790360 3616430

54 75098 849998 3805016
124 85414 914084 3998394
214 97384 980498 4202540
382 110138 1052426 4408406
598 124726 1125218 4626162
950 139642 1203980 4850198
1334 156286 1285902 5085098
1912 174018 1374300 5321854
2622 194106 1463714 5571470
3624 214570 1559064 5826806
4690 237534 1657422 6095870
6096 261666 1762004 6369534
7686 288686 1869106 6655902
9764 316770 1983922 6948566
12010 348048 2102162 7256076
14866 380798 2228512 7565826
18026 416524 2356822 7889032
21904 452794 2493834 8220566
25918 492830 2635310 8568428
30818 534962 2786090 8919298
36246 580964 2938326 9285288
42654 627822 3099230 9658638
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Open Problem 5.2. Find a formula for the number of simple interior intersection
points in BC(1, n) (see Table 5.6 for 100 terms, or A334701 for 500 terms).

6 BC(m,n): m x nrectangular windows

The graph BC(1, n) (n > 1) is based on a 1xnrectangle. In this section, we consider what
happens if we start more generally from an (m, n)-reticulated rectangle (where m > 1,
n > 1): this is a rectangle of size m x n in which both vertical sides are divided into m
equal parts, and both horizontal sides into n equal parts. There are m—1nodes on each
vertical side and n-1nodes on each horizontal side, for a total of 4+2(m—-1)+2(n—-1) =
2(m + n) boundary points.

We will discuss three families of graphs based on these rectangles, which will be
denoted by BC(m,n), AC(m,n), and LC(m,n). The graph BC(m,n) is formed by join-
ing every pair of boundary points by a line segment and placing a node at each point
where two or more line segments intersect. Figures 5.3 and 5.4 show BC(2, 2), and Fig-
ure 5.14 shows BC(3, 3) (“BC” stands for “boundary chords”).

Alternatively, we could have constructed BC(m, n) by starting with an m x n grid of
equal squares, and then joining each pair of boundary grid points by a line segment.
However, if we include the interior grid points, there are (m+1)(n+1) grid points in all,
and if we join each pair of grid points by a line segment, we obtain the graph AC(m, n)
(“AC” stands for “all chords”). These graphs are discussed by Huntington T. Hall [8],
Marc E. Pfetsch and Giinter M. Ziegler [15], and Hugo Pfoertner (entry A288187 in [14]).
We shall say more about AC(m, n) in Section 8.

A third family of graphs, LC(m,n), arises if we extend each line segment in
AC(m,n) in both directions until it reaches the boundary of the grid (“LC” stands
for “long chords™). These graphs are discussed by Seppo Mustonen [11-13]. We say
more about LC(m, n) in Section 9.

Figure 5.13 shows the differences between the three definitions in the case of a
(3,2) reticulated rectangle, the first time the definitions differ. The black lines (both
thick and thin) form the graph BC(3,2). The four red lines are the additional line seg-
ments that appear when we construct AC(3,2). They start at an interior grid point and
so are not present in BC(3, 2). The four blue lines extend the red chords until they reach
the boundary of the grid, and form AC(3, 2).

The numbers of nodes A/ (m, n) and cells C(m, n) in BC(m, n) are shown form, n < 37
in A331453 and A331452, respectively, and the initial terms are shown in Table 5.7.

Regrettably, except when m or nis 1, we have been unable to find formulas for any
of these quantities. The diagonal case, when m = n, is the most interesting (because
the most symmetrical), but is also probably the hardest to solve. In accordance with
our philosophy of “if you cannot solve it, make art,” Figure 5.14 shows our stained
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Figure 5.13: Comparison of the graphs BC(3, 2) (black lines), AC(3, 2) (add the red lines), and LC(3,2)

(also add the blue lines).

Table 5.7: Numbers of nodes N/(m, n) and cells C(m, n) in BC(m,n) for1 < m,n < 7.

m\n 1 2 3 4 5 6 7
1 5 4 13,16 35, 46 75,104 159, 214 275, 380 477, 648
2 13,16 37,56 99, 142 213,296 401, 544 657,892 1085, 1436
3 35, 46 99, 142 257,340 421,608 881,1124 1305,1714 2131, 2678
4 75,104 213, 296 421,608 817,1120 1489,1916 2143, 2820 3431, 4304
5 159, 214 401,544 881,1124 1489,1916 2757,3264 3555,4510 5821, 6888
6 275, 380 657,892 1305,1714 2143,2820 3555,4510 4825,6264 7663, 9360
7 477,648 1085,1436 2131,2678 3431, 4304 5821,6888 7663,9360 12293, 13968

glass window BC(3, 3), and entry A331452 has a large number of larger and even more

striking examples which space restrictions do not permit us to show here.

Out of all of these unsolved problems, the case when m (or n) is fixed at 2 would
seem to be the most amenable to analysis,6 perhaps by extending the work of Legendre

6 Since BC(1, n) is not a subgraph of BC(2, n), it may be that AC(2, n) (see Section 8), which does have

BC(1, n) as a subgraph, may be easier to analyze than BC(2, n).
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Figure 5.14: The graph BC(3, 3). There are 257 nodes and 340 cells.

[10] and Griffiths [7]. For instance, what are the conditions for three chords in BC(2, n)
to intersect at a common point? We emphasize this by stating the following.

Open Problem 6.1. Find formulas for the numbers of nodes (NV(2,n), A331763) and

cells (C(2,n), A331766) in BC(2, n).

The first 10 terms are given in Table 5.8, and 100 terms are given in the entries for

these two sequences in [14].

Table 5.8: Numbers of nodes and cells in BC(2, n).

n: 1 2 3 4 5 6 7 8 9 10 [14]
N@2,m): 13 37 99 213 401 657 1085 1619 2327 3257 A331763
C(2,n): 16 56 142 296 544 892 1436 2136 3066 4272 A331766
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In BC(1, n), the cells are always triangles or quadrilaterals (Theorem 3.1). It appears
that a similar phenomenon holds for BC(2, n). The data strongly suggests the following
conjecture.

Conjecture 6.2. The cells in BC(2, n) have at most eight sides, and for n > 19, at most
six sides.

We have verified the conjecture for n < 106.

Row n of Table 5.9 gives the number of cells in BC(2, n) with k sides, for k > 3 and
n < 20. For rows n = 1,2, and 3 of this table, see Figures 5.5, 5.2, and 5.13 (black lines
only). For row 4 see Figure 5.15, where one can see that BC(4, 2) has 192 triangular cells
(red), 92 quadrilaterals (yellow), and 12 pentagons (blue). Entry A335701 gives the first
106 rows of this table, and has many further illustrations. The row sums in Table 5.9
are the numbers C(2, n) given in column 2 of Table 5.7 and A331766.

Table 5.9: Row n gives the number of cells in BC(2, n) with k sides, for k > 3. It appears that for
n > 19, no cell has more than six sides (see A335701).

n\k 3 4 5 6 7 8
1 14 2

2 48 8

3 102 36 4

4 192 92 12

5 326 194 24

6 524 336 28 4

7 802 554 80

8 1192 812 128 4

9 1634 1314 112 0 4 2
10 2296 1756 200 20

11 3074 2508 236 22

12 4052 3252 356 28

13 5246 4348 472 28

14 6740 5464 652 28

15 8398 7054 656 74

16 10440 8760 940 52

17 12770 11050 1040 58

18 15512 13324 1300 60 4
19 18782 16162 1600 70

20 22384 19256 1948 104

Open Problem 6.3. For BC(m, n), m fixed, is there an upper bound on the number of
sides of a cell as n varies?

We are at least able to analyze the corner squares of BC(2, n).
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Figure 5.15: BC(4, 2) with cells color-coded to distinguish triangles (red), quadrilaterals (yellow), and
pentagons (blue).

Theorem 6.4. For n = 2 the four corner squares of BC(2,n) (and BC(n, 2)) each contain
12 triangles and 4 quadrilaterals, while for n = 3 they contain 15 triangles, 6 quadrilater-
als, and (exceptionally) one pentagon. For n > 4, the corner squares each contain 7n + 1
cells, consisting of 2n + 9 triangles and 5n — 8 quadrilaterals.

Proof. For the proof, we choose a local coordinate system for BC(2, n) with (0, 0) at the
top left, with the x-axis directed to the right, and the y-axis directed downwards. The
four vertices of the rectangle defining BC(n, 2) are (0, 0), (2, 0), (2, n), and (0, n). The top
left corner square has vertices A, B, C, D with coordinates (0, 0), (1, 0), (1,1), and (0, 1),
respectively. We assume n > 4. (The case n = 4, where the corner squares contain 17
triangles and 12 quadrilaterals, is shown in Figure 5.15.)

We dissect this square into regions, in each of which the cell structure is apparent
(and is such that the boundaries of the regions do not cross any cell boundaries). This
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is done as indicated in Figure 5.16. There are six regions, labeled a through f, which are
defined as follows. The chord from A to the grid point (2, 1) meets BC at its midpoint E,
and the chord from A to (2,4) meets CD at its midpoint F. The lines AE, AC, AF, BD,
and BF define the six regions.

D F C

Figure 5.16: Dissection of corner square of BC(n, 2), n > 4, used in proof of Theorem 6.4.

The pencil of n—1chords from A to the grid points (1, n), (2, n), (2, n-1), (2,n-2),...,(2,3)
cuts CD at the points (%, 1), (%, 1), (%, 1),..., (%, 1) =F, (%, 1). The pencil of n—1 chords
from B to the grid points (0, k), 2 < k < ncuts CD at the points F = (%, 1), (%, 1), (%, 1),...,
(”T‘l, 1). The chord from D to E intersects both pencils of chords. The reader will now
have no difficulty in verifying that the numbers of the cells in regions a, b, ¢, d, e, f are
as shown in Table 5.10. O

Table 5.10: Numbers of triangles and quadrilaterals in the regions shown in Figure 5.16.

Region Triangles Quadrilaterals
a n 0

b 2 2n-3

c 2 n-2

d 1 3

e 2 2n-6

f n+2 0

Total 2n+9 5n-8
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7 BC(m, n) in general position

We can obtain reasonably good upper bounds on N (m,n) and C(m, n) by analyzing
what would happen if all the intersection points in BC(m, n) were simple intersection,
that is, if there was no interior point where three or more chords met.

We use BCp(m, n) to denote a graph obtained by perturbing the boundary points
of BC(m,n) (excluding the four vertices) by small random sideways displacements
along the boundaries. That is, if a boundary point was a fraction ; say of the way along

a side, we move it to a point }’ + € of the way along the side, where € is a small random
real number. If the €’s are chosen independently, the new graph will be in “general
position,” and there will be no multiple intersection points in the interior.

To illustrate the perturbing process, in Figure 5.17 below one can see (ignoring
for now the supporting strut on the left) a perturbed version of BC(1,2) obtained by
slightly displacing just one boundary point (labeled 4) so as to avoid the triple inter-
section point at the center (see Figure 5.5).

Let NVp(m, n) and C;p(m, n) denote the numbers of nodes and cells, respectively,
in the perturbed graph. The perturbations increase the numbers of nodes and cells,
so Ngp(m,n) > N(m,n) and Csp(m,n) = C(m, n)

Theorem 7.1. For m,n > 1, the number of interior nodes in BC;p(m, n) is
%{(m +n)(m+n-1%m+n-4) +2mn@m+n-1)(m+2n - Dk (5.14)

Proof. We start with the observation that any four boundary points of the rectangle,
no three of which are on an side, determine a unique intersection point in the interior
of the rectangle. There are several ways to choose these four points. They might be the
four vertices of the rectangle, which can be done in just one way. They might consist
of three vertices and a single node on one of the other two sides, which can be done
in 4(m; + n;) ways, where m; = m — 1and n; = n — 1 are the numbers of ways of
choosing a single nonvertex point on a side. A more typical example consists of one
vertex, and one, respectively, two, points on the two opposite sides, as shown in the
following drawing. This can be done in 4(m;n,+m,n;) ways, where m, = (m-1)(m-2)/2,
n, = (n - 1)(n — 2)/2 are the numbers of ways of choosing two nonvertex nodes from
the sides.
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There are in all seventeen different configurations for choosing four points, and when
the seventeen counts are added up the result is the expression given in (5.14). We omit
the details. O

Remarks.
(i) Since there are 2(m + n) boundary points, the total number of nodes in BC;p(m, n)
is

Ngp(m,n) = %{(m +n)(m+n-1%(m+n-4)+2mn2m+n-1)(m+2n- D} +2(m+n).
(5.15)
This is our upper bound for N (m, n).

(ii) Another way to interpret AV;p(m, n) is that this is the number of nodes in BC(m, n)
counted with multiplicity (meaning that if there is an interior node where ¢ chords
meet, it contributes () to the total).

(iii) When m = n, (5.15) simplifies to

3(17;13 —30n% + 191 + 4), (5.16)

which is our upper bound for N'(n,n). For n = 52, N(n,n) = 52484633 (from
A331449), while (5.16) gives 60065408, too large by a factor of 1.14, which is not
too bad. The moral seems to be that most interior nodes are simple.

(iv) Whenm = 1, (5.14) becomes n?(n+1)?/4, which agrees with the number mentioned
in the proof of Theorem 5.1.

(v) Forlarge mand n, the expression (5.15) is dominated by the degree 4 terms, which
are

%(m4 +n* + 8mn(m’ + n?) + 16m*n’). (5.17)

Setting m = n, we get Nzp(n, n) ~ 17n*/2as n — co. We can confirm this by looking
at the number of ways to choose four nodes out of the 4n boundary points so that
no three are on a side. This is (essentially)

()-o(3)-en() - Bt

(vi) From (v), we have N(n, n) = O(n*). In fact, we conjecture that V'(n, n) ~ Ngp(n,n) ~
17n”/2. But to establish this we would need better information about the number
of interior nodes in BC(n, n) with a given multiplicity.

Now that we know the number of nodes, we can also find the number Csp(m, n) of
cells in BC;p(m, n). For this, we use a method described by Freeman [6]. The following
is a slight modification of his procedure. BC;p(im, n) has 2(m + n) boundary points. We
label the top left corner vertex 0, and the bottom right corner vertex 2(m + n) — 1. The
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nodes along the top side we label 0, 1, 3, 5...,2n — 1, continuing along the right-hand
side with 2n + 1, 2n + 3..., 2(m + n) — 1. Along the left-hand side, we place the labels
0, 2, 4,...,2m, continuing along the bottom side with 2m + 2, 2m + 4, ..., 2m + 2n - 2,
2m+n)-1.

Next, we raise the bottom left corner of the rectangle until the boundary points are
at different heights, and so that the order of the heights matches the order of the labels
(node 0 becomes the highest point, followed by nodes 1, 2,... in order). Figure 5.17
illustrates the case BC;p(1, 2). The black strut raises the bottom left corner so that the
heights of the nodes are in the correct order.

5

Figure 5.17: BC(1, 2) in general position: node 4 has been displaced slightly so as to avoid the triple
intersection point at the center. The strut on the left tilts the figure so that the ordinates of the
boundary points are in the same order as the labels. The red line is the “counting line,” which de-
scends across the picture in order to count the cells.

We now take a horizontal line (Freeman calls it a “counting line”), and slide it down-
wards from the top of the figure to the bottom, recording each time it cuts a new cell.
The counting line is shown in red in the figure.

When the counting line reaches a boundary point, with label k (say), the count is
increased by the number of cells originating at k that have not yet been counted. This
number is equal to the number of boundary points with label greater than k, which
are not on the same side as k. On the other hand, when the counting line reaches an
interior node the count increases by exactly 1 (this is because there is no point where
three chords meet). So the contribution to the count from the interior nodes is simply
the number of interior nodes, which is known from Theorem 7.1.
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In Figure 5.17, the count goes up by 3 at node 0, by 3at node 1, 1 at node 2, and 1 at
node 3, for a subtotal of 8. There are 9 interior nodes, so the total number of cells is 17.

From a careful study of a tilted version of the general case BC;p(m, n), combined
with (5.15), we obtain the following.

Theorem 7.2. For m,n > 1, the number of cells in BCzp(m, n) is

2
Cep(m, n) = %{(m -1)2(m-2%+(n-1)*(n-2° + 2mn<m +n- %) + 9% -1 (5.19)
Remark. Asymptotically, C;p(m, n) and Ngp(m, n) behave in the same way. In fact the
difference Cgp(m, n)— Ngp(m, n) is only m? + 4mn +n? - 4m—4n+1, a quadratic function
of mand n.

8 The graphs AC(m, n)

The graph AC(m, n) was defined in Section 6. We take an (m + 1) x (n + 1) square grid of
nodes, and draw a line segment between every pair of distinct grid nodes. (If we only
joined pairs of boundary points we would get BC(m, n).)

Figure 5.13 shows AC(3,2) (take the black and red lines only, not the blue lines).
Hugo Pfoertner has made black and white drawings of AC(m,n) for 1 < m,n < 5in
A288187. Figure 5.18 shows a black and white drawing of AC(3,3) made using TikZ
[5, 23].

The numbers of nodes Ny.(m,n) and cells Cy-(m,n) in AC(m,n) are given for
m,n <9 in A288180 and A288187, respectively, and the initial terms are shown in
Table 5.11. The first row and column of Table 5.11 are the same as the first row and
column of Table 5.7 but are included for completeness.

It is clear (compare Figures 5.14 and 5.18) that AC(m, n) contains far more nodes
and cells than BC(m, n). We may obtain an upper bound on Ayq(n, n) as follows. The
graph AC(n, n) has (n+1)? grid points. The number of ways of choosing four grid points
is (("21)2), and except for a vanishingly small fraction of cases, no three points will be
collinear. There are then two possibilities: the four points may form a convex quadrilat-
eral, or a triangle with the fourth point in its interior. In the first case, the intersection
of the two diagonals of the quadrilaterals is a node of AC(n, n) (which may or may not
be a new node), but in the second case no new node is formed.

If four points in the plane are chosen at random from a square, by what is known
as “Sylvester’s theorem,” the probability that they form a convex quadrilateral is 25/36
and the probability that they form a triangle with an interior point is 11/36 (see [16, Ta-
ble 4], [21, Table 3, p. 114] for the complicated history of this result). If we rescale our
(n+1)x(n+1) grid into the unit square and let n go to infinity, the uniform distribution
on the grid converges to Lebesgue measure. We can then conclude from Sylvester’s
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Figure 5.18: The graph AC(3, 3). There are 353 nodes and 520 cells.

theorem that the number of nodes in AC(n, n) counted with multiplicity is asymptoti-
cally

§((n+1)2> 25

8 8
- 0.0289.. .1, 20
36\ 4 864" 9...m (5.20)

So Nyc(n,n) = on®), compared with N (n,n) = O(n4) for BC(n, n).

However, in contrast to our upper bound (5.18) for BC(n, n), where the constant
17/2 seems correct, the constant 25/864 in (5.20) seems far from the truth (at n = 25 it
is too big by a factor of about 4). But to improve it we would need further information
about the multiplicity of the chord-intersections than we have now.

Both Tom Duff (personal communication) and Keith F. Lynch (personal commu-
nication) have carried out extensive experiments, studying what happens when four
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points are chosen from an m x n grid, and have confirmed that there is excellent agree-
ment with the predictions of Sylvester’s theorem.

In a remarkable calculation, Tom Duff enumerated and classified all sets of four
points chosen from an m x n grid for m,n < 349. In a 349 x 349 grid, there are
6366733094048270910 strictly convex quadrilaterals out of 9170030499095875150 to-
tal. The fraction is 0.6942979, just a little short of Sylvester’s 25/36 = 0.694444 . ... The
deficit is explained by the not quite negligible counts of quadrilaterals with at least
three collinear points. If those are included with the strictly convex quadrilaterals,
the ratio is 0.6945982, slightly more than 25/36.

9 The graphs LC(m, n)

The graph LC(m, n) was defined in Section 6. We take an (m + 1) x (n + 1) square grid of
nodes, draw a line segment between every pair of grid nodes, and extend these lines
until they meet the boundaries of the grid. These graphs were discussed by Mustonen
[11-13]. Figure 5.13 shows LC(3, 2) (take the black, red, and blue lines), and Figure 5.19
shows our stained glass coloring of LC(3, 3).

The numbers of nodes V; - (m, n) and cells C; -(m, n) in LC(m, n) are given for m, n <
8 in A333284 and A333282, respectively, and the initial terms are shown in Table 5.12.
Again the first row and column are the same as in Table 5.7. Mustonen [12, Table 3] gives
the first 29 terms of the diagonal sequence N;(n, n) (A333285). For this problem, we
can also give an upper bound on the number of nodes counted with multiplicity, only
now we have no need of Sylvester’s theorem. Consider four points chosen from the
(n+1) x (n+1) grid points, with no three points collinear. If the points form a triangle
with a point in the interior, joining the three vertices of the triangle to the interior point
and then extending these chords until they meet the sides of the triangle (something
we were not allowed to do in the previous case) will produce three potentially new
nodes. If the four points form a convex quadrilateral, there are also potentially three
nodes that could be created: the intersection of the two diagonals, and the two points
where pairs of opposite sides meet when extended. Figure 5.20 shows the two cases.
The black nodes are the four grid points and the red nodes are the potential new nodes.
Of course, in the second case, the two external red points may be outside the grid (or
at infinity), and so would not be counted.

In any case, the maximum number of new nodes that are created is 3(("21)2) +
2(("*21)2) (the latter term coming from the intersections of the chords with the bound-
aries). Asymptotically, this is n®/8. This is an upper bound on \; 1.c(n,n), because we do
not always get three new nodes for each 4-tuple of grid points, and because multiple
intersection points are counted multiple times. Based on his data for n < 29, Musto-
nen [12] makes an empirical estimate that NV;.(n,n) ~ Cn®, where C is about 0.0075.
So our constant, 1/8 is, unsurprisingly, an overestimate.
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Figure 5.19: The graph LC(3, 3). There are 405 nodes and 624 cells.

We conclude that as we progress from BC(n, n) to AC(n, n) to LC(n, n), the graphs be-
come progressively more dense, and so counting the nodes with multiplicity gives a
steadily weaker upper bound on their number.

10 Choosing the colors

We used three different coloring schemes.

10.1 Number-of-sides coloring

The simplest scheme colors the cells according to the number of sides, with ran-
domly chosen colors. This is used in Figure 5.15 and in figures in [14] (entries A333282,
A335701, for example) when studying the distribution of cells by number of sides.
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Figure 5.20: The two possibilities for choosing four noncollinear points from an m x n grid.

10.2 The yellow and red palettes

This is a refinement of the previous scheme, which modifies the color according to the
shape of the cell. For Figures 5.4, 5.5, 5.6, 5.7, 5.10, 5.11, the cells are either triangles
or quadrilaterals, and we use colors which darken as the cell becomes more irregular.
More precisely, the cells are colored according to the following rule. If the cell has n
sides (where n is 3 or 4), let A be the area of the cell divided by the area of an n-sided
regular polygon with the same circumradius. Then the cell is assigned color number
VA from the following palettes:

triangles .
quadrilaterals -

10.3 Random colorings

For Figures 5.1, 5.7, 5.14, etc., the color of a cell is assigned by first computing the av-
erage distance of the nodes of the cell from the center of the picture. These average
distances are then grouped into a certain number of bins (we used 1000 bins), and
the nonempty bins are assigned a random color from the standard spectrum from red
to violet. This ensures a symmetrical coloring with contrasting colors for neighboring
cells. In practice, we do this several times and then choose the most appealing pic-
ture. We also have the option of restricting the color palette to achieve certain effects
(reds, blues, and greens for a cathedral-like window, or various shades of browns for
the frames that we will see in Part 2).
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Tom C. Brown and Shahram Mohsenipour
Two extensions of Hilbert’s cube lemma

Dedicated to the memory of Ron Graham

Abstract: “Hilbert’s cube lemma” states that for every finite coloring of N (the set of
positive integers) and every n € N, there exist d;,d,,...,d,, € N such that infinitely
many translates of

n
«[Zeidi:OSel,...,en sl}

i=1

are monochromatic. (Given the coloring, d;,d,, ..., d, depend on n.) We show that for
every finite coloring of N and all k > 2 there exist d; < d, < --- € N such that for each
n > 1, infinitely many translates of

n
P, = {Zeidi:OSel,...,ensk—l}
i=1

are monochromatic, and |P,| = k". (Given the coloring, the sequence d;,d,,... de-
pends only on k. Thatis, P, ¢ P, ¢ --- ¢ P, ¢ ---.) We also show that for every finite
coloring of N and all n,k € N, there exist a,d;,d,,...,d, such thatd; <d, <--- < d,
and

n
1a+2€idi:Osel,...,ensk—l} uidy,....d,}
i=1

is monochromatic. (Given the coloring, a,d;,d,,...,d, depend on n, k.)

1 Introduction

Hilbert’s cube lemma appeared in 1892 [8] and is sometimes viewed as the first theo-
rem in Ramsey theory. See [1], and especially [11], for some background. Both [6] and
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[11] contain statements of the “density version” of this result, and proofs of the density
version can be found in [5, 6].

The results described in this note are presented as extensions of Hilbert’s cube
lemma. They may also be viewed as generalizations of van der Waerden’s theorem
on arithmetic progressions [12, 13], which says that for every finite coloring of N and
all k € N there exist a,d such that {a + ed : 0 < € < k} is monochromatic. Brauer
strengthened this [6, p. 70] to the van der Waerden—Brauer theorem, which says that
{a+ed: 0 <e<k}u{d}is monochromatic.

For a given fixed value of k and a given finite coloring of IN, one may note that (for
a single value of n) the existence of d;, . .., d,, and a monochromatic translate of

n
Py = {Zeidiiei6{0,1,...,k—1}}

i=1

does follow directly from the extended Hales—Jewett theorem [6, 7]. Indeed, given n,r
(kis fixed at the beginning of this paragraph), the extended Hales—Jewett theorem says
that if m is sufficiently large and the set A} of all words of length m on the alphabet
{0,1,...,k — 1} is r-colored, then there is a monochromatic combinatorial n-space. If
now the elements of A}" are viewed as the base k representations of the elements of
[0, k™ — 1], a combinatorial n-space is precisely a translate of P,, (where each d; is a
sum of distinct powers of k).

However, in order to obtain P, ¢ P, ¢ --- ¢ P, c ---, as in the first extension
described in the Abstract (Theorem 2 below), we need to use a different approach.

We use Theorem 1 below, which involves “uniform reccurrence” of factors in cer-
tain infinite words on a finite alphabet [9, 10], together with van der Waerden’s the-
orem on arithmetic progressions. We also indicate (Theorem 3) that the fixed “k” in
Theorem 2 can be replaced by any sequence k;,i > 1, of positive integers.

The second extension described in the Abstract (Theorem 4 below) is proved using
only the van der Waerden theorem.

2 Uniformly recurrent infinite words all of whose
factors are factors of a given infinite word

The crucial result we need concerning infinite words is Theorem 1 below. For com-
pleteness, we include a proof, based on one due to J. Justin and G. Pirillo [9]. (A more
labor-intensive proof can be obtained using the elaborate methods of symbolic dy-
namics. See, for example, pp. 213-215 of [4].)

We begin with some terminology.

Let A be a finite set. We denote by A“ the set of all infinite sequences of elements
of A, or infinite words on the “alphabet” A. If ¢ € A, we write ¢ = ¢c(1)c(2)c(3) -+, and
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weregard ¢ : N — A as a coloring of N, where A is the set of colors and for n € N, c(n)
is the color assigned to n.

We denote by A the set of all finite sequences of elements of A, or words on the al-
phabet 4, including the empty word. If u,v € A*, sayu = a;a, - --a,and v = byb, - - by,
with a;,b; € A,1 < i < n,1 <j < m, then their product uv € A* is the word
uv = a1ay---aybiby---by,. Aword v € A* is a factor of the word w € A™ if there ex-
ist (possibly empty) words p, g € A* such that w = pvq. Aword v € A* is a factor of an
infinite word s € A” if thereare p € A* and s’ € A“ such thats = pvs'.

If w € A*, then F(w) denotes the set of all factors of w. If c € A, then F(c) denotes
the set of all factors of c.

Ifu=aa, --a, € A", where q; € A, 1 < i < n, then we say w has length n and
write |w| = n. (The empty word has length 0.)

Definition 1. Let ¢ € A“ and let u be a factor of c. We define
k(c,u) = sup{|v| : v € F(c)and u ¢ F(v)}.

Thus if (and only if) u is “missing” from arbitrarily long factors of ¢, we have
k(c,u) = co.

Definition 2. If ¢ € A”, u € F(c), and k(c,u) < oo, that is, if every sufficiently long
factor w of ¢ contains u as a factor, we say that the factor u of ¢ € A” is uniformly
recurrent (in c). If every factor u of ¢ is uniformly recurrent in c, then we say that ¢
itself is uniformly recurrent.

First we need what is essentially K6nig’s lemma.

Lemma 1. Let L be any infinite subset of A*, where A is a finite set. Then there is an
infinite word t € A“ such that each factor of t is a factor of infinitely many words of L.

Proof. Since A is finite, there is a letter in A, call it £(1), which is the first letter in each
word of an infinite subset L; of L. Similarly, there is a letter in A, call it £(2), such that
t(1)t(2) are the first two letters of each word of an infinite subset L, of L,. Continuing in
this way, we produce an infinite word ¢t = t(1)t(2)t(3)--- € A” such that each “prefix”
t(1)t(2)t(3) - - - t(n) of t is a prefix of an infinite subset L, of L, ; < --- ¢ L, € L; < L.
Since each factor of t is a factor of a prefix of ¢, every factor of t is a factor of infinitely
many words of L. O

Definition 3. Let A be a finite set, and let ¢ ¢ A“”. We define a sequence of infinite
words t, t;, t,, ... inductively as follows. We set ¢, = c. Let the factors of ¢ be F(c) =
{wy, Wy, w3, ...}. (This is an arbitrary enumeration.) For r > 0, assume ¢y, t;,t,...,t_;
have been defined. Let E, be the set of all those factors of t,_; which do not contain w,
as a factor. Thus

E, ={veF({t_):w, ¢ FV}
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If E, is finite, we set t, = t,_;.

If E, is infinite, we obtain ¢, by using Lemma 1 in the following way. We set L = E,
in the hypothesis of Lemma 1 and conclude (by Lemma 1) there is an infinite word
t, € A” such that each factor of t, is a factor of (infinitely many) words of E,. (Thus
F(t,) CE,.)

This concludes our definition of {¢,};2,.

Lemma 2. Forallr > O, if E, is finite, then k(t,_;, w,) < 00.

Proof. By Definition 1, k(¢,_;,w,) = supflv| : v € F(t,_;),w, ¢ F(v)} = sup{|v| : v €
E,}.

Lemma 3. We have
-~ CF(t,) CF(t,_;) €--- CF(t,)) < F(t)) < F(ty) = F(c).

Proof. If E, is finite, then t, = t,_;. If E, is infinite, then F(T,) € E, € F(t,_;). O
Lemma 4. Ifw, € F(t,), then k(t,, w,) < co.

Proof. By the definition of E,, w, ¢ E,.If E, is infinite, then by Definition 3, F(¢t,) <
E,. Thus, if E, is infinite, then w, ¢ F(t,). Therefore, w, € F(t,) implies E, is finite.
Since E, is finite, Lemma 2 gives k(t,_;, w,) < co and Definition 3 gives ¢, = t,_;, hence
k(t,,w,) < co. O

We are now ready to prove the crucial Theorem 1. Recall that the term “uniformly
recurrent” is defined in Definition 2.

Theorem 1. Given an arbitrary infinite word c € A”, there exists an infinite word s € A“
such that s is uniformly recurrent and F(s) € F(c).

Proof. We make use of the sequence of infinite words ¢,,t;,t,,... defined in Defini-
tion 3. For each i > 1, let u; be any factor of ¢; with length i:

u; € Ft), |yl =1

Using Lemma 1, we let s € A% be any infinite word such that every factor of s is a factor
of infinitely many u;. From Lemma 3, it is clear that F(s) < F(c). In fact, something
stronger is true, namely

F(s) <[ {F(t):j = O}

To see this, let w € F(s), and let j be arbitrary. Since w is a factor of infinitely many u;,
choose j, > j such that w is a factor of uj,. Since uj, € F(tjo), we have w € F(tjo) C F(t;).
Now we can show that every w € F(s) is uniformly recurrent (in s). Since F(s) ¢

F(c), let w = w,. We have just seen that w, ¢ F(t,), and by Lemma 4, this gives
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k(t,,w,) < oo. Finally, since F(s) < F(t,), we have k(s,w,) < k(t,w,) < oo, which
means (Definition 2) that w, is uniformly recurrent. O

3 The first extension

Theorem 2. Let c be an arbitrary finite coloring of N. Then for every k > 2 there exists
a sequence of positive integers d, < d, < d3 < --- such that for all n > 1, infinitely many
translates of the set

n
P, = {Zeidi:Osel,...,ensk—l}

i=1

are monochromatic. The {d;} depend only on k (and the coloring), and can be chosen so
that |P,| = k".

Proof. As mentioned in the Introduction, we regard the coloring c as an infinite word
¢ = c(1)c2)c(3)--- € A”. Here, A is the set of “colors,” and c(n) is the color assigned
to n, for all n € IN. Throughout the proof, k > 2 is fixed.

Using Theorem 1, we let s be any infinite word s € A“ such that s is uniformly
recurrent and F(s) € F(c). To prove Theorem 2, we only need to show (for each n) that
a single translate of P, is monochromatic under the coloring s. Suppose that [p, gq] is
an interval, which contains a translate P_,, of P,, and that the coloring s, restricted to
[p, q), is constant on P,,; then the word

w=sp)s(p+1)sp+2)---s(q)

occurs infinitely often in the word s, and hence occurs infinitely often in the word ¢
(since F(s) < F(c)). Thus c is constant on infinitely many translates of P,,.

Let k € N be fixed throughout the remainder of this argument.

We use induction on n. For n = 1, let a be any element of A which occurs in s.

Since s is uniformly recurrent, there are D, x, x5, x3,--- € Nwithx; <x, <x3 < -+
and x;,; - x; < D for all j > 1, such that the word a (of length 1) occurs at each of the
positions x;, x5, X3, - - - in s (i. e., s is constant on {x;, X5, X3, ...}).

Let V = {x;,x5,x3,--}. Then VU (V+ 1) U(V+2)U---U(V +D-1) = [x5,00). Now
setVo=V,Vy=(V+1)=Vy, V= (V+2) - (VouV)),..,Vp; =V+D-1)-(Vyu
V,uU---uVp_,), to obtain a partition V, V3, Vs, ..., V_; (or “coloring with D colors”) of
[x1,00). By van der Waerden’s theorem on arithmetic progressions, some V; contains
a k-term arithmetic progression. Since V; is a translate of V, V itself contains a k-term
arithmetic progression.

Thus there exists d; such that s is constant on a translate of

P1:{€1d1:0S€1S]<_1}.
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For the induction step, let n > 1 and assume that d; < d, < --- < d,, exist so that s
is constant on a translate of

n
P, = {Zeidi:OSEI,...,ensk—l},
i1

and |P,| = k". To be specific, assume that s is constant on the set
P,=m+P,.

The set PT,, is contained in the interval [m, m + (k - 1)(d; + d, + --- + d,,)]. Let ¢ =
(k —=1)(d; + dy + -+ + d,), so that min P, = m, max P, = m + g, and P, is contained in
the interval [m, m + q|.

Letw = s(m)s(m + 1)s(m + 2) - -- s(m + q). Thus w is a certain factor of s with length
|w| = g +1. Moreover, P_n is contained in [m, m + q], and s is constant on 17,, We will use
the abbreviated notation

w=s[m,m+q].

Since s is uniformly recurrent, there are D, x, X, X3,--- € N withx; < x, <x3 < ---
and x;,; — x; < D for all j > 1, such that the factor w begins at each of the positions
X1,X3, X3, -+ in 8.

Again using van der Waerden’s theorem on arithmetic progressions, there exists
d,,q1 such that x, x,, x5, - - - contains a translate of the arithmetic progression {€,,,1d,; :
€p41 €1{0,1,...,k —1}}. We can assume thatd,.; > g = (k- 1)(d; +--- + d,).

Thus for some m’ € N, the factor w begins at each of the positions m', m' +d,,,;, m'+
2d,.q,...,m' + (k —1)d,,,. We can assume that m' > m.

For 0 < i < k — 1, let I; denote the interval I; = [m’ + id,,;,m' + id,,; + q]. Since
the factor w = s[m, m + q] begins at each number m’ + id,,,,, we have that for 0 < i <
k-1,

w =s[m,m+q] = s(I;).
Since I = (m' - m) +id,,,; + [m,m + q] and s is constant on 17,, c [m,m+ q], it
follows that s is constant on (m' —m) + id,,,; + P, = m' +id,; + P, < I,.
Thus s is constant on

U{m' + iy + Py 0<i<k -1} =m' + Py

Sinced,,; > q = (k-1)(d; +---+d,), theintervals I;,0 < i < k-1, are pairwise disjoint,
hence |P,,,| = k|P,| = K"*'. O

EBSCChost - printed on 2/10/2023 3:14 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Two extensions of Hilbert’s cube lemma =— 105

Theorem 3. Let c be an arbitrary finite coloring of N. Then for every sequence of positive
integers {k;};2, there exists a sequence of positive integers d; < d, < ds < --- such that
for all n > 1, infinitely many translates of the set

n
P, = {Zeidi:ei < {0)1’-"’kl'_1}}

i=1
are monochromatic. Furthermore, the d; can be chosen so that |P,| = kik, - - - k,,.

Proof. Trivial modifications of the proof of Theorem 2 give a proof of Theorem 3. O

4 The second extension

Let W(l,r), i. e., the van der Waerden number, be the least positive integer m such that
if [1,m] is r-colored, then there exist a, d such that a,a+d,.. ., a+ (I-1)d have the same
color.

Theorem 4. Let n,k,r be positive integers. There exists a least positive integer m =
WB,,(k,r) such that if [1, m] is r-colored, there exist a,d;,d,, ...,d, such that d, < d, <

c<dy, Pyp=fa+xdy+ -+ x,dy 00 < xq,.. %, <k =1} € [Lm], |P,| = k", and
P,u{d,,...,d,} is monochromatic.

Proof. The proof is by double induction on n,r. The case r = 1 s trivial, so letr > 2
and the nonnegative integer n be also fixed through the reminder of the proof. Now
fix a positive integer k and assume that the following numbers exist: WB,,(l,r) for all /
and WB,,,,(k,r — 1) (note that for n = 0 we put WB,(L,r) = W(l,r)). We will show that
WB,,,1(k, 1) exists.

Let

m = WB,(WB,,,(k,r = 1) - k(k - 1) + k, r).

We show that WB,,,;(k,r) < m, which will complete the argument.
Let [1, m] be r-colored, using the colors {1, 2,.. ., r}. By the definition of m, there are
a,dy,...,d,suchthatd; <d, <---<d,,

On={a+ydi+-+y,d,:0<yy,...., ¥y < WBp (k,r—1) - k(k—1) +k—1} c [1,m],

and Q, U {d,,...,d,} is monochromatic, say with color r. Now consider the following
(monochromatic) subsets of Q,,:

Or = fa+xd; + -+ Xydy + Xy [K(dy + -+ d)] s 0 < Xq. ., Xy <k - 1)

Q2 =la+xd; +- -+ Xydy + Xpyq [2k(dy + -+ dp)] O S Xpy .y Xy <k -1}
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Q= {a+xd; +- + Xydy + Xy [Bk(dy + -+ dp)] : 0 < Xqy. .y Xy <k -1}

On ={a+xidy + -+ xpdp + X [Wh(dy + -+ dp)] 10 < xq5 0, Xy < k=1

where w = WB,,,(k,r —1).

(One may note that max Q)/,; = max Q,,.)

There are now two cases.

If atleast one of {k(d; +--- +d,), 2k(d; +-- -+ dy), ..., wk(d; + - - - + dy,)}, say jok(d; +
---+dp,), has the color r, we are done by setting d,,,; = jok(d; +--- + d,,), for then
0 ufdy,...,dpqt

n+1

is our desired monochromatic set.
If none of {k(d, +---+d,),2k(d, +--- +d,),...,wk(d; + - -+ d,,)} have color r, then
recalling that w = WB,,,;(k,r — 1), all elements of

k(dy +---+dy)[1, WB,,,(k,r —1)]

have been colored with r — 1 colors, and we are done by the induction hypothesis onr.
O

5 Remarks and addendum

1. In proving Theorem 2, we do not actually need the full strength of Theorem 1,
which says that each factor w of the infinite word s occurs syndetically in s. In
order to apply van der Waerden’s theorem, it is enough to know that each factor w
of the infinite word s occurs piecewise syndetically in s. This means that for each
factor w of the infinite word s, there exists a fixed d = d(w) such that for arbitrarily
large m, there is a factor q;q, - - - g,, of s with |g;| = d,1 < i < m, such that wis a
factorofeach g;,1 <i<m.

2. Theorem 2 has the same relation with van der Waerden’s theorem as Carlson-
Simpson’s theorem [2] has with Hales-Jewett’s theorem. It is possible to deduce
Theorem 2 from Carlson-Simpson’s theorem by generalizing the usual proof of
deducing van der Waerden’s theorem from the Hales—Jewett theorem. Similarly,
Theorem 3 can be deduced from a generalized version of Carlson-Simpson’s the-
orem [3, Section 10].

3. As the proof given for Theorem 4 uses a double induction argument, it gives no
primitive recursive upper bound for WB,,(k, r). We noticed that Theorem 4 is a spe-
cial case of the theorem on the existence of monochromatic (m, p, ¢)-sets [6, Chap-
ter 3, Theorem 10] for ¢ = 1. Checking the standard proof given there shows that in
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fact WB,,(k, r) has a primitive recursive bound belonging to the class of WOW func-
tions [6, 2.7]. On the other hand by a straightforward modification of our proof for
Theorem 4, we get a new and simpler proof of the above mentioned theorem on
(m, p, c)-sets.
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Mark Budden
The Gallai-Ramsey number for a tree versus
complete graphs

Dedicated to the memory of Ron Graham
Abstract: For a collection of graphs G, G,, ..., G;, the Gallai-Ramsey number
gr(Gy, Gy, ..., Gy)

is the least positive integer p such that every Gallai ¢-coloring of the edges of K, con-
tains a subgraph isomorphic to G; spanned by edges in color i, for some 1 < i < ¢t. This
note focuses on the evaluation of the Gallai-Ramsey number

gr(T.K; K, ..., Ks,),

where T is a tree. We offer several exact evaluations that build off of known results
and conclude with an overview of critical colorings for such Gallai-Ramsey numbers.

1 Introduction

Gallai—Ramsey numbers are a common variation of graph Ramsey numbers. Their
name is derived from the close connection that rainbow triangle-free colorings share
with Gallai’s foundational paper [8] on transitively orientable graphs (comparability
graphs). An English translation of [8] by F. Maffray and M. Preissmann can be found in
[13]. This note focuses on the evaluation of the Gallai-Ramsey number for a tree versus
a collection of complete graphs, and a description of the critical colorings associated
with this number. We begin with an overview of the terminology and background re-
quired for our investigation.

If G is a simple graph (avoiding loops and multiedges), we denote by V(G) and
E(G) its vertex and edge sets, respectively. A t-coloring of G is a function

c:EG) — {1,2,...,t}

In general, we do not assume that a t-coloring is surjective. A Gallai t-coloring is a
t-coloring that avoids rainbow triangles. That is, there are no instances of distinct ver-
tices x, y, and z such that |{c(xy), c(yz),c(xz)}| = 3. When t = 1 or t = 2, observe that
every t-coloring is a Gallai t-coloring.

Mark Budden, Department of Mathematics and Computer Science, Western Carolina University,
Cullowhee, NC, USA, e-mail: mrbudden@email.wcu.edu
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If Gy, G,, ..., G; are graphs, then the Ramsey number r(G;, G,, ..., G;) is defined to
be the least positive integer p such that every ¢-coloring of the complete graph K, of
order p contains a subgraph isomorphic to G; spanned by edges in color i, for some
1 < i < p. The existence of Ramsey numbers follows from the ubiquitous theorem
of Frank Ramsey [14]. Analogously, the Gallai-Ramsey number gr(G,, G,, ..., G;) is the
least positive integer p such that every Gallai ¢-coloring of K}, contains a subgraph
isomorphic to G; spanned by edges in color i, for some 1 < i < t. Since every Gallai
t-coloring is a t-coloring, it follows that

gr(Gy,Gyy...,G) < 7(Gy, G, Gy).

IfG =G, = G, = --- = G, then we write gr'(G) for the corresponding ¢-color
Gallai—Ramsey number. Most research on Gallai—-Ramsey numbers has focused on the
“diagonal” case gr'(G) (e. g., see [2, 5,7, 9, 11]). One of the earliest known results in this
area is due to Chung and Graham [2], where in 1983, they proved a result equivalent
to the statement

502 41 if t is even

t
r(K3) =
87 &) { 2-5¢D2 41 iftis odd,

whenever t > 2. This result will prove to be useful to us in Section 2.

Recall that a tree T is a connected acyclic graph. Throughout the remainder of this
note, assume that T,, is any tree of order m. In 1972, Chvatal and Harary [4] proved a
general lower bound for 2-color Ramsey numbers that implied

r(Tp,Ky) 2(m-1)(n-1) + 1.
Five years later, Chvatal [3] was able to complete the proof that
r(Tp,K)=(m-1)(n-1)+1. (71)

Our main result concerns the evaluation of the (¢ + 1)-colored Gallai-Ramsey number
gr(Ty, K, K, ..., K ). Specifically, in Theorem 1, we prove that

81(Too Ko Koo Ky) = (m = D(gr(K, Ky, K ) — 1) + 1.

Known evaluations of gr(K ,...,Ks) then allow us to obtain explicit evaluations.
Finally, we consider the critical colorings for gr(Ty, Ky, K,,, ..., K; ) and discuss the
“goodness” of graphs in this setting.
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2 The evaluation of gr(T, K , K, ,...,K, )

We begin this section with the main result of this note.

Theorem 1. Lett > 2 and m > 1. Then
gr(Tp, K, K, ... Ky,) = (m = 1)(gr(K, ..., Kg)) — 1) + 1.

Proof. Let n = gr(K,K,,...,K;) and fix a Gallai ¢-coloring of K,_; that avoids a
monochromatic copy of K, in color i, for all 1 < i < t. Replace each of the vertices in
this K,,_; with complete red copies of K,,,_; to form a (¢ + 1)-colored K,_1)(n-1- Cleatly,
no red T, exists since the largest red component only contains m — 1 vertices. The
largest complete subgraph in colors other than red contain at most one vertex from
each K,,_j, so this construction lacks monochromatic copies of K, in colors 1 < i < t.
It is also easy to verify that the resulting coloring is a Gallai coloring. It follows that

gr(Ty, K, K, ..., K ) > (m-1)(n-1) + 1.

To prove the other direction, consider a Gallai (¢ + 1)-coloring of K_1yu—1)41- If we
identify the last ¢ colors together, we obtain a 2-coloring of K ,;,_1)(n-1)+1- By equation
(71), it follows that there is a red T, or a copy of K,, spanned by edges using only colors
1< i < t. In the former case, we are done. In the latter case, the K, is Gallai ¢-colored,
and since gr(K , K ,...,K;,) = n, it follows that there is a monochromatic copy of Kj,
in color i, for some 1 <i < t. Hence

gr(Tm,Ksl,Ksz, . ,Kst) <(m-1DNn-1)+1,
completing the proof of the theorem. O

When ¢ = 2, observe that r(K; , K,) = gr(K; , K;,). This allows us to apply known
nontrivial 2-color classical Ramsey numbers to obtain 3-color Gallai-Ramsey numbers
(see Section 2.1 of [12]). A list of these results are contained in Table 7.1.

Next, we apply Chung and Graham’s result [2]:

502 41 if t is even
tg ) —
gr () = { 2.5 D2 L1 iftis odd.

Theorem 1 implies that the (¢ + 1)-color Gallai-Ramsey number satisfies

(m-1)57+1 if t is even

T,..Ks,...,K3) = - FEi
gr(Ty, K5 3) {z(m_1)5(f D211 iftisodd.

t terms
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Table 7.1: Gallai-Ramsey numbers that follow from the known nontrivial 2-color classical Ramsey
numbers compiled in Radziszowski’s dynamic survey [12].

r(Ks,, Ks,) ar(To, K, » Ks,)
r(Ks, K3) =6 gr(Tp, K3, K3) = 5m — 4

r(Ks, Ky) =9 gr(Tm, K3, K,) =8m—7

r(Ks, Ks) = 14 9r(Tp, K3, Ks) = 13m — 12
r(Ks, Kg) = 18 gr(Tm, K3, Kg) = 17m — 16
r(K3, K;) =23 agr(Tpy, K3, K7) =22m - 21
r(Ks3,Kg) = 28 gr(Ty, K3, Kg) = 27m - 26
r(Ks, Ky) = 36 gr(Tr, K3, Kg) = 35m — 34
r(K,, K,) = 18 gr(Tp, Ky Ky) = 17m — 16
r(Ky, Ks) = 25 gr(Tm, Ky, Ks) = 24m — 23

Similarly, the recent evaluation

(K, = { 1712 +1 if t is even
ST = 1 3.17602 L1 iftis odd,

by Liu, Magnant, Saito, Schiermeyer, and Shi [11] implies that

(m-117% +1 if t is even

T Kys .. Ky) = = T
gr(Ty, Ky 4) {3(”,_1)17“ D211 iftisodd.

t terms

A well-known conjecture of Fox, Grinshpun, and Pach (Conjecture 1.7 of [6]) states that

] (r(K,, K,) - 1)"*+1 if t is even
K,) =
g7 (Kn) { m-DrK,,K,) - 1)ED2 41 iftisodd,

which, if proved, would imply a similar result as in the cases n = 3, 4.

3 Critical colorings and good graphs

The construction given in the proof of Theorem 1 to obtain the lower bound for
8r(Ty, K, K, ..., K ) turns out to be the only such construction. To be precise, if
p = 8r(Gy, Gy, ..., Gy), then a critical coloring of K,_, is a t-coloring that lacks a sub-
graph isomorphic to G; spanned by edges in color i, forall 1 < i < t. To determine a
critical coloring for gr(Ty,, K; , K, ..., K; ), let n = gr(K, , K, , ..., K,) and identify the
last t-colors together. We know from Theorem 1 and equation (7.1) that

81T Ko Koo Kg) = (M= D(n—1) + 1= 1(Ty Ky
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It was proved by Hook and Isaak (Proposition 2.4 of [10]) that the only critical col-
orings for r(T,,, K,,) are formed by taking a blue K,,_; and replacing each of its vertices
with a red K,_;. Thus the only critical colorings for gr(Ty,, K , K;,, . .., K, ) are formed
by taking a Gallai ¢-coloring of K;,_; that lacks a subgraph isomorphic to K, in color i,
forall1<i < t, and replacing each vertex with a red copy of K,,,_;.

Since every connected graph G contains a spanning tree, it follows that if G has
order m, then

gr(G, K, K, ..., K,) = (m~ 1)(gr(Ksl, oK) - 1) +1 (7.2)

Building on the concept of “goodness” introduced by Burr and Erdés [1], we say that
G is Gallai-{K, , K, ..., K, }-good if equality holds in inequality (7.2). At the present
time, the determination of which G are Gallai-{K , K, ..., K, }-good is an open prob-
lem. A good starting point for investigating this problem is motivated by the work of
Chung and Graham [2]: identify the connected graphs G of order m that satisfy

(m-1)57%+1 if t is even

G.K;,....K5) = _ o
6K . K) {2(m_1)5“ V211 iftisodd.

t terms
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On Levine’s notorious hat puzzle

Abstract: The Levine hat game requires n players, each wearing an infinite random
stack of black and white hats, to guess the location of a black hat on their own head
seeing only the hats worn by all the other players. They are allowed a strategy session
before the game, but no further communication. The players collectively win if and
only if all their guesses are correct. In this paper, we give an overview of what is known
about strategies for this game, including an extended discussion of the case withn = 2
players (and a conjecture for an optimal strategy in this case). We also prove that V,,
the optimal value of the joint success probability in the n-player game, is a strictly
decreasing function of n.

1 Introduction

In her blog in 2011, Tanya Khovanova [5] described a “hat puzzle” from Lionel Levine
involving n people, each wearing a stack of infinitely many black and white hats; she
also gave a problem of her own inspired by that puzzle. Although superficially recre-
ational [1, 7], the Levine puzzle became notorious because of the difficulty of giving
definitive answers to any of the questions it raised.
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Levine hat puzzle

A team with n players has an initial strategy session, after which a referee places a
stack of h hats on each player’s head. Each hat is either black (a.k.a. 1) or white
(a. k. a. 0). The players must name a position on their own stack, and they collectively
win if and only if they all name the position of a black hat on their own head. Players
cannot see the hats on their own heads, but they can see all of the other players’ hats.
No communication between the players is allowed after the strategy session. Each of
the n-h hats placed by the referee is chosen by an independent flip of a fair coin (prob-
ability 1/2 of each color). Each player i must communicate a positive integer x; to the
referee (without learning any of the values x; communicated to the referee by the other
players). The players win if and only if for all #, the hat in position x; in the stack on
the i player’s head is black. What (joint) strategy should the players use to maximize
their chance of winning?

This puzzle seems to have arisen out of Levine’s work with Tobias Friedrich [4] on
fast simulations of certain growth models. It is sometimes stated with wardens/pris-
oners or sultans/wise men instead of referees/players.

What can the players possibly do at the strategy session? They have to agree on
a collection {f;} of “strategy” functions f;, one for each player, that map the possible
stacks that player i might see to positive integers. Each such (joint) strategy has a prob-
ability of success (based on the coin flips that will determine hat colors). Let V,(lh) de-
note the maximum value, over all possible strategies, of the probability of success for
any given n and h. It is easy to see that V,(Ih) is nondecreasing as a function of h. Let

V,:= lim V" = supv®.
h—o0 h

Readers who like to work on puzzles themselves before seeing hints or solutions
are recommended to set this paper down immediately and prove the following three
statements (which are easy, moderately challenging, and difficult, respectively):

O v, =1/2",
@) V,21/(n+1),
(3) V, = c/log(n) for some ¢ > 0.

The notoriety of the puzzle arises from the difficulty of answering the most basic ques-
tions. In particular, no value of V,, is known exactly for any n > 1, and the limiting be-
havior of V,, for large n—which was perhaps of primary interest to Levine—is unknown.
He made the following conjecture.

Conjecture 1 (Levine). The optimal success probability in the n-player game is o(1) as

n goes to infinity; i. e.,

lim V, =0.

n—oo
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If you thought we were going to answer this question or find the value of V,, say,
then you would, alas, be mistaken. The goal of this paper is to describe several results
that are aimed at these two big questions, in the hope that this will spur people to
answer them.

Our main results are as follows: (1) a proof that V,, is strictly decreasing, i. e.,

Vp <V, foralln;

(2) the inequalities

% =035<V,<03616...
(we conjecture that equality holds on the left); (3) a technique of “matrix hints” that, at
least in principle, can be used to give arbitrarily good upper bounds on the V; (4) an
analysis of what happens when a fair coin is replaced by a Bernoulli coin that yields
heads with probability p; and (5) various ancillary results and data that might help
someone who wants to answer any of the various open questions!

We learned about a fascinating recent preprint by Friedgut, Kalai, and Kindler [3]
on the same day that they learned of ours; their paper also proves that V), is strictly
decreasing, and conjectures generalizations that situate the problem in an interesting
combinatorial and graph-theoretic context.

By way of introducing some of the basic techniques that will arise later, we now
focus on the case n = 2. Each of the players A and B (whom the reader may think
of as Alice and Betty if that makes the problem seem more compelling) has a large
stack of h hats on her head. Asking A to say something about the random stack of hats
on her head, using only the information in the completely independent stack on B’s
head, seems a bit unfair; indeed, it feels like a mysterious game show, perhaps run
by mathematicians with a strange sense of humor. If A and B choose random strategy
functions f, and f, then each has an independent probability of success 1/2 of naming
the position of a black hat on her head, so their joint probability of success is 1/4. Of
course, the trick is that they should jointly choose their strategy functions before the
game so as to make their choices correlate in a useful way.

The following warm-up theorem proves weaker versions of the inequalities stated
in (2) above, giving elementary precursors of ideas that will be developed later. The
lower bound is straightforward and has no doubt been found by many people who
have looked at the puzzle. The upper bound is trickier and has been discovered by (at
least) several different people. It seems likely that Noga Alon was the first; several of
us first learned of it from a letter that Walter Stromquist wrote to Ron Graham.

Before proving these bounds, we make two remarks that will be used in the proof
and will be assumed at many points later in the paper.
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Remark 1. The reader might wonder whether the players could do better with a prob-
abilistic strategy. The success probability for any probabilistic strategy is a convex lin-
ear combination of those for deterministic strategies, so (assuming that the source of
randomness is uncorrelated with the hat placements) there is always a deterministic
strategy that is at least as good as any probabilistic strategy, and it suffices to consider
deterministic strategies throughout. (This is also true if the players receive “hints” as
in the proof below).

Remark 2. It is important to remember that V,, is defined as a limit of success proba-
bilities for finite stacks of h hats. For instance, in the proof of the next theorem there is
a stack of h hats on each player’s head, and the case in which some player has hats of
only one color can be ignored. This case has probability at most 2n/2" for any given n,
which vanishes in the limit as h goes to infinity. So we can, variously, speak of finite or
infinite stacks of hats, but must always remember that the infinite case is defined as
a limit of finite cases. If strategies are actually allowed to use functions defined on in-
finite sets, the situation is entirely different. Any reader who can really see an infinite
stack of hats all at once (as well as perform computations on infinite sets in finite time),
and who believes in the Axiom of Choice and is not squeamish about nonmeasurable
sets, is advised to read Appendix A. In that Appendix, we consider the 1-person (!) ver-
sion of the game and describe a strategy for which the player is “virtually guaranteed”
to win.

Theorem 1. The optimal probability of success, V,, in the 2-player game is bounded as
follows:

<V, <

W
ool W

Proof. The lower bound is proved by using the following “first-black” strategy: Each
player finds the position of the first (lowest) black hat on her partner’s head and names
that same position on her own head! For example, suppose that the hat stacks begin
as in the diagram below (with black hats represented by 1s and white hats by 0s).

1

B O Ok O -
T
g O = = = e

Positions are numbered from 1 starting at the bottom, as is fitting for stacks of
hats. Then A will say 2, B will say 3, and they will lose. (Although B happens to have a
black hat on level 3, A does not have a black hat on level 2.)
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What is the probability that they will win using the first-1 (i. e., first-black) strat-
egy? Consider the lowest level where at least one of the players has a 1. (By Remark 2,
we may assume that there is such a level.) There are 3 possible hat pairs for A and B at
the critical level: 01, 10, and 11. These are equally likely, so the first-black strategy has
a success probability (or, as we sometimes say, “value”) of 1/3. (Wow! Even though
neither player has any information about the color of any hat on her own head, the
team can do significantly better with correlated strategies than by making random
guesses.)

Now we turn to the upper bound. To prove it, we use the curious device of allow-
ing the players to get a hint from the referee. (This is a simple example of the “matrix
hints” technique to be described later for finding upper bounds.) This extra informa-
tion certainly cannot lower the optimal success probability of A and B, since they are
free to ignore the information if they wish.

Suppose that the referee takes pity on A and B and, before their strategy session,
shows the players a bit string s (each bit having been determined by a flip of a fair
coin) and says that just before the game he will flip a fair coin one more time and
then, based on that flip, put the hat sequence corresponding either to s or to its bit-
wise complement s’ on A’s head. For instance, if s is the bit string 101110.. ., then A
knows that her hat sequence will be either s = 101110... or s’ = 010001..., each with
probability 1/2. (Of course, after the game starts, B will actually see the sequence s or
s’ on A’s head.) The players are given no information about the hat sequence on B’s
head.

Note that if A and B refrain from looking at s, this game is exactly equivalent to
the originally described game: The referee is now determining A’s hat sequence in a
two-stage process, but in the end, for any height h, all 2" of her possible sequences are
equally likely. To establish the desired upper bound on V,, we will show that for each
possible value of s and every possible joint strategy, the players’ success probability
is at most 3/8.

Because of the referee’s hint, both players know during the strategy session that
B will see one of only two possible sequences on A’s head. Thus B’s strategy is com-
pletely determined by the integers x = fz(s) and y = fg(s') that she will announce
according to whether she sees s or s’ as A’s stack. (It will turn out to be better for
B to choose x # y, but the possibility that x = y must also be considered.) On the
other hand, A’s strategy could be any function f, of the stack that she sees on B’s
head.

For the rest of the proof, we suppose that a particular (though arbitrary) hint
s has been given. Then there are 2 possible values of A’s stack and i possible
values of B’s stack, and all 2! joint possibilities are equally likely. We also sup-
pose that the team has chosen particular (though arbitrary) strategy functions f,
and fp.

For each of the 2" possible hat sequences b € {0, 11" that B could be given, player
A will choose some level f,(b) € {1,2,...,h} on her own head. Whatever level she
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chooses, her hat color at that level is determined by a fair coin flip independent of the
coin flips used to determine s and b. Thus we have the following “atomic” probability
result:

IP(B has stack b; A chooses a black hat) = 1/2}'+1 for every b. (8.1)

If x = y, then B points to the same level whether she sees s or s’ as A’s stack. Thus
half of all values of b (those with component b, = 0) cause B to choose a white hat,
in which case the team fails. The other 2! values of b (those with b, = 1) cause B to
choose a black hat, in which case the team wins if and only if A chooses a black hat.
It follows from equation (8.1) that

P(A and B both choose black hats)
= Z P(B has stack b; A chooses a black hat)
b:b, =1
= (@Y. /2" = 1/4 < 3/8.

If x # y, then 22 values of b have b, = b, = 0, in which case B will point to a
white hat and the team will fail. For the remaining 3 - 2"2 values of b, the team has a
chance. Again using equation (8.1), we have

IP(A and B both choose black hats)

= Z P(B has stack b; A and B both choose black hats)
b:(b,.b,)#(0.0)

< Z P(B has stack b; A chooses a black hat)
b:(b,.b,)#(0,0)

=(3-2"%) . (172" = 3/8,

finishing the proof of the theorem. O

We invite the reader to verify the following two claims: If the levels x and y are cho-
sen in the above proof so that the hats in the hint s at those positions are of opposite
colors, then A may be assumed without loss of generality to choose from those same
two levels on her own head. Furthermore, if the two players follow a “first-black” strat-
egy within those two levels when given the hint s, they can achieve the upper bound
3/8 on their success probability in the limit as & goes to infinity.

The main sections of this paper (a) consider strategies for 2 players in detail (giving
the lower bound 7/20, and considering what happens when the hat colors are deter-
mined by biased coins), (b) use “matrix hints” to give upper bounds, including the
0.36... stated above, (c) give results for n players, and (d) give lower bounds found by
computer for smallish n.
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Some of the results in this paper are recent, but many of the results and tech-
niques here arose in an extensive series of emails in 20132015 between a somewhat
amorphous group of people that included the authors as well as others; naturally,
they referred to themselves as “the Mad Hatters.” The origins of this paper lie in the
Hatters’ desire to collect the useful information in those much earlier emails. Many
results, though not essential to the main flow of this paper, may be of interest or use to
someone wanting to look more deeply into details, so they are included here as Appen-
dices. Because preliminary drafts of the current paper were developed independently
by at least two different subsets of authors, there are varying conventions (e. g., in the
players’ appellations and genders). We have, however, tried to maintain local consis-
tency.

At the beginning of the process of revising, polishing, and extending the paper
for the sake of publication, Ron Graham (1935-2020) left us. The Levine puzzle is the
kind of question that delighted him, and he was fond of challenging people with this
particular problem. In addition to pushing for greater clarity and more cleverness, he
also repeatedly asked for more data. Partly at his urging, a rather large number of
computational experiments were done on strategies for this puzzle in 2014, by many
people. The other authors dedicate this article to the memory of Ron’s exuberance,
mathematical and otherwise.

2 New results for two players

2.1 ProofthatV, >7/20

We begin our discussion of two-player strategies with the promised 7/20 lower bound.

Theorem 2. The optimal success probability V, satisfies the inequality

Proof. To prove the lower bound, we exhibit a strategy with value v = 0.35 = 7/20.

Consider the following characterization of the first-black strategy. Each player
looks at the first hat on the other player’s head. If he does not like what he sees, then
he skips it and looks at the next hat. The two players might not skip the same num-
ber of hats, but if they do, then they have an unusually high chance of winning. We
can generalize this idea by letting each player look at the first k hats before deciding
whether to skip them. The simplest 7/20 strategies use k = 3.

Players A and B each look at the lowest three hats on their partner’s head. They
advance over a triple if it is all-0 or all-1 (or, as we will say, is “monochromatic”) until
they arrive at a nonmonochromatic triple. Since there are 2 possible monochromatic
triples and 6 nonmonochromatic triples, the chance that a player will skip over a triple
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is 1/4. They each will stop on a nonmonochromatic triple, and then use the following
algorithm: If there is a single 1 in the triple that they see, then they announce that
the corresponding bit in their own string is also a 1. (So if A skips twice and then the
first bit in the next triple is a 1, A would say 7.) If there are two 1-bits and one 0-bit in
the lowest nonmonochromatic triple that they see, then A names the position Above
the 0-bit, and B names the position Below the 0-bit. Here, above/below in the triple
are interpreted cyclically; e. g., if B skips one triple and then sees 011 (where 0, in the
fourth position, is the lowest hat in that triple), B will say 6.

What is the value v of this strategy? If r denotes the probability that they win when
both of their bottom triples are nonmonochromatic, then

The first term represents the case where they both see initial monochromatic triples
(no harm, no foul, they just skip those and are then playing the same game). The sec-
ond and third terms are the cases where one of A or B skips an initial triple but the
other does not; this is the perhaps unfortunate case in which there can be no corre-
lation because they are looking at different triples, so they are both making random
uncorrelated guesses and have probability 1/4 of winning. The fourth term represents
the case where neither skips the initial triple. In order to solve this equation for v, we
have to calculate r.

Call a nonmonochromatic triple a single if it has a single 1 bit, and a double if
it has exactly two 1 bits. There are 36 possible pairs of nonmonochromatic triples: 9
cases where both are singles, 18 in which one is a single and one is a double (in one
order or the other), and 9 in which both are doubles. Immediately below, we show
example pairs of all three types. (As it happens, all three examples are losing pairs for
the above strategy.)

0 0 0 0 1 0
0 « 1 1 & 1 1 o 1
1 0 0 1 0 1
A B A B A B

In the 9 cases where they both have singles, they win exactly in the 3 cases where
the 1s are in the same location. In the 18 cases where they have a single and a double
(for one or the other order), they are both correct only in the 6 cases where the 1 bit in
the single is located in exactly the right location with respect to the two 1 bits in the
double. In the case when A and B both have doubles, they fail only in the three cases
where, as in the case pictured above, the bits are exactly aligned so that they are both
wrong. This means that they are both correct in all 6 of the other cases, as the reader
can check by trying the other two possibilities for Bwhen A has 110 as pictured above.
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Thus
‘e 3+6+6 5
36 12
Solving the earlier equation for v gives v = 7/20 as claimed. O

The “reset” on black (not just on white) in the 7/20 strategy for the 2-person game
was counterintuitive and surprisingly difficult to find; apparently it eluded discovery
for 3 years after the puzzle was popularized in 2011 on Tanya Khovanova’s blog [5]. It
was finally found in 2014 by a California group (Larry Carter, Jay-C Reyes, Joel Rosen-
berg, and M. Tiefenbruck) and by a Pennsylvania group (J. Kariv and D. Yeroshkin).
The fact that the description above might be judged by some as “easy to remember”
is probably a red herring, since a strategy amounts to nothing more than an arbitrary
function from what a player sees to what they are supposed to do, and there is no
reason that this needs to be structured in any memorable way whatsoever. In par-
ticular, there are multiple 7/20 strategies based on 3 hats (skipping monochromatic
triples), and some are symmetric in the sense that both players have the same func-
tion.

It might seem paradoxical to skip over the case of 3 black hats, where one of the
players is guaranteed to be right, but it seems to be necessary. One possible rationale
is that it is harder to correlate with monochromatic triples, so it might be better just
to skip them. A more detailed explanation is given immediately below; it emphasizes
why A should reset when seeing a monochromatic triple, but the same argument ap-
plies when the roles of A and B are reversed.

If B has a white triple, the team can win only if B resets, so A should hope for the
best and reset as well. (This argument is easy to find.) If B has a black triple and A
has a nonmonochromatic triple, then B is not going to reset in any case, so the team
will on average win half the time whether or not A resets. Resetting upon seeing a
black triple thus makes a net difference only when both players have monochromatic
triples, at least one of them black. (As we will see when considering the n-player game,
the actual requirement is that at most one of these monochromatic “tiers” be white.)
Within this subset of 3 cases, a shared strategy to reset on seeing a black triple (as well
as on seeing a white triple, which is assumed) gives up 1 sure win and 2 sure losses in
order to get 3 fresh starts at a new 3-level tier. As long as the team has a basic (non-
resetting) 3-level strategy that wins strictly more than 1/3 of the time (it is 22/64 for the
2-player game), incorporating the reset on seeing a black triple is a net win.

One might expect that strategy functions based on larger numbers of hats would
yield increased probability of success. We do not know for sure, but we think other-
wise and have the vague intuition that with larger clumps it is harder to usefully cor-
relate assignments of probability mass to various choices. Many attempts were made
in 2014 to find better strategies, but none succeeded. On these grounds, we have come
to believe that the 7/20 strategies are quite possibly optimal.
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Conjecture 2. We conjecture that

2.2 The two-player game with a biased coin

The 7/20 strategy for the 2-player Levine puzzle has been a sticking point for about
seven years. No one has found a better strategy or proved that it is optimal. Sometimes
it is useful to change a problem when stuck, and one natural idea here is to replace the
flip of a fair coin, used by the referee to determine hat color, by a biased coin which
has probability p of giving a black hat. This turns out to have several virtues, one of
which is to show that there are actually several distinct optimal strategies for p = 1/2
that are not equivalent to each other when p + 1/2. As is usual, we set g = 1 - p.

The special case with p = f—) rational (for some b > 2) corresponds to the natural
extension of having b hat colors, of which some (a) are considered good and the re-
maining ones are considered bad. The goal is then for each player to choose a hat of
a good color (equivalently, for none of them to choose a bad color). The special cases
of a = 1and a = b — 1 are of particular interest as they respectively correspond to the
case of a single good color and a single bad (nuclear) color.

In this section, we will consider general values of p € (0, 1) and compare the team’s
success probability, or value, using different strategies S. Thus we extend the notation
from the previous section to consider quantities

v (p; S).

We will omit the superscript h when considering the limiting case as h — oo and
will omit the argument S when referring to the supremum over all strategies. If the
argument p is also omitted, then the default value p = 1/2 is understood.

Using the naive strategy of each player choosing the first hat corresponding to a
black hat on the other player’s head, we can obtain a probability of winning of %. If
each player instead chooses the first hat corresponding to a white hat on the partner’s
head, the probability of winning is %.

As for the special case of p = %, these strategies, while easy to state and better
than random, are not optimal. We construct four distinct strategies based upon the
3-hat strategy that all achieve a performance of 0.35 for the special case of p = 0.5.
However, they all perform differently for general p.

Theorem 3. There exist at least four distinct strategies S that achieve V,(1/2;S) = 7/20
but are inequivalent for V,(p; S) when p, + 1/2.

We shall construct the four strategies mentioned above and will denote them by
Si» Sy, S3, and S,. We provide their respective win rates here for the reader’s conve-
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nience:
1+p+p*+3p° -3p* +p°
Vz(p;Sl):p( p+p ZP - P4 p);
2+p+p +p°-p
1-p+p’+p’°
VypsSy) = PEZEIP P,
2-3p+3p
1+ 5p —10p? + 10p> - 5p* + p°
Vz(p;%):p( 14 p2 p"—5p +p),
2-2p+p?)1+p)2-p)
p(1+7p—21pz+35p3—20194—14195+40ps—48p7+40p8—22pg+7p10 —p”)
Vz(p;54): 2

(1-p+p>)A+p-pH2-2p+p)H(1+p>)1+p)2-p)

These combine to give a lower bound for V,(p) of

pQ+p+p*+3p>-3p*+p°) 1,

L Siepms = V2P forpss;
p(1+5p-10p*+10p>—5p" +p°) 1

2 P | - Va(p) for 5 < p.

The curve given by this theorem is provided in Figure 8.1, in the next section.

2.3 Constructing strategies

The strategies described in this subsection are based on ones found by a computer
search for the game with only finitely many hats on each player’s head. In particular,
an exhaustive search was run to find the optimal strategy with three hats and the op-
timal “symmetric” strategy (i. e., both players use the same strategy) with four hats.
Beyond these two cases, the authors ran hill-climbing and genetic algorithms for up
to 12 hats; no strategies were found with better performance than the ones described
here. In Section 2.3.1, we describe the outcome of the search of strategies with only
three hats, and then in Section 2.3.2 we adapt the results to obtain the best known
strategies for infinitely many hats. For related work on applying genetic algorithms to
hat problems, see [2], which considers a different hat game.

2.3.1 Basic strategy for three hat levels

We denote by S, the symmetric strategy for 3 hat levels defined by Table 8.1. As shown
in Table 8.2, strategy S, wins in 22 of 64 cases. The likelihood of each case depends
on p as is also shown in Table 8.2. For convenience, we assume that a player who sees
all hats of the same color points to the first hat on his or her own head. The columns
correspond to the distribution of black hats on the first player’s head and the rows to
the distribution on the second player’s. The cells are blank when the players lose. It is
useful to note that this strategy is the unique optimal strategy for every value of p, up
to reordering the hats on one or both of the players’ heads.
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Table 8.1: Sy, an optimal strategy on 3 hats.

Black hats 0 {1} {2} {1,2} {3} {1, 3} {2,3} {1,2,3}
Picture ooo [ [u[u] omo [ 1 ul oom [ ] | Omm [ 11
Choice any 1 3 1 2 2 3 any

Table 8.2: Winning combinations for S with probability of each event given in the block.

ooo mOO [m] |m] EHEO [m[m] | | [m] | m] | | [ 1 1]
ooo
- p2q" P p*q?
om0 p’q" P’
mmo p’q’ pq’ pq’ Pq
om p2q P3¢
(e P’ p'q’ p'q’ p°q
- P p*q? p*q?
mmm pq’ p°q p°q p

The sum of all the winning probabilities is as follows:

VP13 So) = 30°q" + 6p°q + 8p q” + 4p°q + p° = 3p” — 6p> + 8p" — 6p° + 2°.

2.3.2 Adaptation to infinitely many hat levels

We give four adaptations of the above 3-hat strategy to the general game that per-
formed well in cases of up to 12 hats for various values for p. As explained below, we
assume without loss of generality that the first 3 hats considered are those in positions
1to 3, that the second group of 3 hats occupies either positions 3to 5 or 4 to 6, and so on.

Strategy S;:

1. If the first three hats of the other player are not monochromatic, play the 3-hat
strategy S,.

2. If the first three hats of the other player are BBB or WWW, repeat S; on hats 3
through co.

Strategy S,:

1. If the first three hats of the other player are not monochromatic, play the 3-hat
strategy Sg.

2. If the first three hats of the other player are BBB or WWW, repeat S, on hats 4
through co.

The strategies S; and S, are constructed the same way as S; with different, but
equivalent, symmetric 3-hat strategies. We provide those 3-hat strategies in Ta-
bles 8.3 and 8.4.
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Table 8.3: 3-hat strategy that produces Ss.

Black hats {1} {2} {1,2} {3} {1, 3} {2, 3}
Picture moO om0 [ [ [u} oom [ 1l | Omm
Choice 3 2 2 1 3 1

Table 8.4: 3-hat strategy that produces S,,.

Black hats {1} {2} {1,2} {3} {1,3} {2,3}
Picture [ Tulu| om0 [ T [nl Oom mOm Omm
Choice 2 1 1 3 2 3

Remark 3. Iterating over all the basic 3-hat strategies equivalent to Sy, if one uses the
shift-by-3-levels construction for S,, the strategies will once again be equivalent (this
includes the asymmetric strategy described in Theorem 2). On the other hand, if one
undertakes the shift-by-2-levels construction for S;, then the win rate of the strategy
will be one of V5(p; S;), V1(p; S3), or Vo (p; Sy).

We close this section by computing the success probability (or value) for the S,
strategy, which has the most concise presentation. The computation for S;, which
yields our best lower bound for p < 1/2, is more complicated and is deferred to Ap-
pendix B. The computations for S; and S, are omitted, since they follow the same pro-
cedure as that for S;.

2.4 Computing the performance of S,

Consider the following cases:

(@) Neither player has WWW or BBB as their first three hats. The probability of this
occurring and the players’ winning is 3p’q”* + 6p°¢> + 6p*q* (see Table 8.2).

(b) One player has BBB as their first three hats, and the other does not have either
WWW or BBB. Either of the two players can have the BBB stack, which occurs with
probability of p*, and the probability of not having WWW or BBBis 1-p° —¢°. The
probability of this case occurring is therefore 2p>(1 — p* — ¢®). The probability of
winning given this case is p since the player with BBB guesses correctly, and the
other player chooses a hat in position 4 or greater, which has probability p of being
B. Thus 2p>(1 - p® — ¢°)p is the probability of this case occurring and the players’
winning.

(c) One player has WWW as their first three hats, and the other does not have either
WWW or BBB. In this case, the players are certain to lose.
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(d) Both players have either BBB or WWW as their first three hats, which occurs with
probability p® + 2p°¢> + ¢° = (p® + ¢°)2. Then the strategy looks to the next three
hats, and this repeats, giving an infinite sum with ratio (p> + ¢°)°.

The overall probability of a win is therefore

Gr’q" +6p°q* + 6p*q*) + 20°A1-p’ - ¢)p
1- (p3 + q3)2

_p-p+p’+p’)

2-3p+3p?

Vo $Sy) =

3 The matrix game and upper bounds for two players

3.1 Aninformal introduction to the matrix game

In the introductory section of this paper, we considered giving a simple hint to the
two players. This allowed us to compute an upper bound of 3/8 for the value of the
two-person game where the probability of each hat color is 1/2. In the current sec-
tion, we present a scheme to construct more elaborate hints that prove better upper
bounds. For variety, we refer to the players as Alice and Bob in the present subsection.
In the later subsections of Section 3, we will use the more rigorous-sounding names
“Player 1” and “Player 2” but will continue to think of the two players as female and
male, respectively.

Recall that in Theorem 1 in the Introduction, the referee helped the players by
revealing a bit string that was guaranteed to be either the first player’s exact hat se-
quence or its bitwise complement. One way for the referee to produce a pair of com-
plementary sequences is to randomly choose rows from the 2 x 2 identity matrix,

(6 %)

Note that in order to conform to the placing of hats on heads, all rows in this sec-
tion will be indexed from the bottom up, starting with index 1. For example, choosing
row 2, row 1, row 1, row 2, row 1, ..would produce the following complementary pair
of hat sequences:

— O O R O -
O =, =L O =
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To construct a more elaborate hint, we could repeat this procedure using a different
matrix, perhaps

—= = O O
- O = O
_ O O =
O = = O
O = O =
SO O = m

We hope that a larger matrix will amount to a weaker hint given by the referee, which
might give us a tighter upper bound. Choosing rows randomly gives us a collection of
six infinite hat sequences. For example,

X, 001 011
x; |[€f 1 00 1 10
X 01 010 1
X 1 00110

would be produced if the referee chose row 2, row 3, row 2, row 4, .... The hint comes
when the referee reveals these six sequences and promises that Alice’s sequence is
among them.

Notice that in the example above, hats x; and x; are guaranteed to be identical, no
matter which of the six sequences is chosen. More generally, when Alice chooses an
index, it only matters which row was used to produce the hats at that level, and this
row is known to all. Thus, once the matrix has been fixed, the game on Alice’s head
is finite. The referee’s task is merely to choose a random column of the matrix, and
Alice’s decision is reduced to identifying a row of the matrix. For the players to have a
chance of winning, there must be a 1 in the resulting row and column.

In the case of this 4x 6 hint, it may be convenient to imagine that Alice has a single
hat in the shape of a tetrahedron. The referee chooses an edge on the hat, and Alice
hopes to choose a vertex adjacent to that edge.

So, the matrix hint greatly simplifies the game for Alice. But what about Bob, who
receives no such hint? Bob will see which of the six columns is randomly chosen by
the referee and will base his decision on this observation. Assuming a deterministic
strategy, there are at most six hats that Bob will ever use. It may be fewer than six,
because Bob may decide to use the same hat index for several different columns. In
fact, Bob’s strategy boils down to choosing some partition of the six columns of the
matrix. So, for example, if the six columns are ¢;, ¢, ¢3, ¢4, Cs, Cg, then Bob may decide
on the partition {{c;, ¢, ¢}, {¢;, c3}, {cs}}, which means that he will choose a certain
hat—which may as well be x;—when he sees ¢;, ¢,, or ¢;; choose x, when he sees c, or
c3; and choose x5 when he sees c4. So the game for Bob also reduces to choosing from
among a fixed, finite set of strategies.
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Once Bob’s strategy is fixed, there is an obvious best strategy for Alice, which we
now describe. Alice observes the hats on Bob’s head. Knowing Bob’s strategy, Alice
can see which of the six columns would cause Bob to succeed. Call these “winning
columns.” In order to survive, they need the referee to choose one of these winning
columns, resulting in a 1 on Bob’s head. But they also need a 1 on Alice’s head, so they
also need the referee to choose a column with a 1in Alice’s chosen row, whatever that
may be. The probability of winning, then, is k/6, where k is the number of winning
columns with a 1in Alice’s row. So Alice simply chooses any row that maximizes this
probability. Finding the expected value of this probability over all of Bob’s hat assign-
ments gives the value of Bob’s strategy.

For a concrete example, suppose once more that Bob chooses the partition
{{c1, ¢4 5}, {cp, €3}, {cg}}. Then Bob is using a 3-hat strategy. We consider the eight
possible assignments of these three hat colors, shown in Table 8.5. So the value of this
strategy is 17/48.

Table 8.5: Computing Alice’s strategy.

Bob’s colors Winning columns Best row for Alice P(win)
000 {} does not matter 0/6
001 {cs} row 3 1/6
010 {5, €3} row 1 2/6
011 {¢y, €3, ¢4} row 1 2/6
100 {€q, €4 C5} row 2 3/6
101 {c1, ¢4, C55C6} row 2 3/6
110 {€1, €3, €3, €4, C5} row 1 3/6
111 {c1,€5,€3,€4,C5, Cg} does not matter 3/6

To find the best overall strategy, loop over all partitions of the columns of the matrix.
For each of these “Bob strategies,” compute its value. Then choose the partition with
the best value. This maximum value gives an upper bound for the two-player game.

One might think that after all this work, the 4 x 6 hint would give an improvement
on our 3/8 upper bound. In that case, one would be wrong! All we get is another way
to prove the 3/8 bound. However, applying an even more elaborate 8 x 14 hint,

000O0OOOOODTI1T111111
001011 100O0T1U011
01 010110010101
011 1100T1T1U0TU0UO0TUO01
10011 010100110 |
1011 0101010010
110011 010011U00
1110001011 1000
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does finally give an improvement of 81/224 = 0.361607.... It is worth mention-
ing that there are 3920 different partitions that provide this bound, which are of 8
different types once we account for equivalences under permutations of rows and
columns.

There are a couple of things to keep in mind when constructing hints. First, the
players are free to ignore the hint if they wish. Second, for a matrix hint each column
in the matrix must have equal numbers of zeros and ones. Otherwise, the referee will
not fulfill her obligation that the final sequence be random with p = 1/2. Third, the
stronger the hint, the weaker the upper bound will be. So, to produce good bounds,
we would like a matrix that is short (few rows) and wide (many columns). Also, we
would like to give such hints to as few players as possible. The catch is that we loop
over all partitions of the matrix columns, and this quickly becomes infeasible as the
number of columns is increased.

The 8 x 14 hint was constructed by considering the fourteen nonconstant affine
functions on three bits. The 81/224 upper bound it produces remains the best provable
upper bound to date for V,. A reader interested in beating this record may be tempted
to try the shorter and wider 6 x 20 matrix formed by the 20 three-element subsets of six
elements. Surprisingly, this matrix does not do as well. Although an exhaustive search
over column partitions was not performed, strategies achieving 117/320 = 0.365625
have already been found, demonstrating that the upper bound will be worse. It is pos-
sible that a 16 x30 matrix derived from nonconstant affine functions on four bits might
yield a better upper bound, since hill climbs have found no success rate higher than
0.35625 for this larger matrix. However, an exhaustive search over all partitions of the
30 columns of this matrix currently seems infeasible.

The rest of this section is dedicated to formalizing these hints, using them to com-
pute some bounds, applying them to other values of p, and providing a proof that
these upper bounds converge to the optimal success probability.

3.2 The matrix game

We now turn our attention to computing upper bounds on V,(p). We do this by intro-
ducing a matrix game, which will be isomorphic to the hats game with the players
given a little extra information. This extra information allows us to compute upper
bounds. Furthermore, we shall show that by choosing a sufficiently large matrix, we
can make these upper bounds arbitrarily tight.

Note

Throughout most of the paper, the variable n is used for the number of players. In
this section, however, the number of players is always 2, and we use n to refer to the
number of columns in a matrix.
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Given a Bernoulli parameter p € (0,1) and a matrix of {0, 1}-valued entries,

X1 X120t Xin

X21 Xp2 ot Xpp
M= . .. . ,

Xm1 Xm2 °° Xmn

we can play the following two-player cooperative game.

Player 2

The second player chooses an equivalence relation, ~, on the set {1,...,n} (or, equiv-
alently, a partition of the set of columns of M). Each possible choice for ~ yields C
equivalence classes (or disjoint subsets of the n columns) for some C with1 < C < n.
(This equivalence relation corresponds to how Player 2 will choose a hat level on his
own head based on which of n “hint columns” the referee ultimately selects for the
stack of hats on Player 1’s head.)

Referee

The referee independently flips a Bernoulli(p) coin C times, once for each of the C
column subsets chosen by Player 2, assigning the value 1 with probability p and the
value O with probability 1 — p each time. (For the hat game, these correspond to the
hat colors on the C distinguished levels from which Player 2 will choose a hat on his
own head.)

The referee then forms a vector v = (vy,...,v,), where each entry v; is the binary
value assigned above to the component of the partition that contains column j. We say
that the vector v respects the equivalence relation ~, because equivalent columns are
assigned the same binary value.

Player 1
The first player observes the now-specified vector v assigned by the referee and
chooses a row, r, of M and reports the dot product r - v.

Players 1 and 2 wish to maximize the dot product. As Player 1 can easily compute
the dot product for each possible row r, it is trivial for her to choose the maximal dot
product for any given v.

Conditional value

The conditional value V(M;p, ~) of the matrix game on M—abbreviated to V(M;~)
when p is understood—for a particular equivalence relation is the expected value (over
all possible realizations of the referee’s Bernoulli(p) coin flips) of the reported (maxi-
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mal) dot product r - v divided by n, the number of columns. That is,
1
V(M;p,~) = =Y L V)P(V),
(M; p,~) n m?X(n V)P(v)

where the probability of each vector, P(v), depends on the value of p and on the par-
ticular choice of ~. (The normalization by 1/n corresponds in the hats-with-hints game
to the fact that the referee will create n possible stacks for Player 1’s head and reveal
this set of n possibilities to both players the night before the game; on the day of the
game, the referee will uniformly at random choose one of these n possible stacks,
which Player 2 will see but Player 1 will not.)

Value

The (unconditional) value of the matrix game V(M; p)—abbreviated to V(M) when p
is understood—is the maximum of the conditional value of the matrix game over all
choices of equivalence relation:

V(M;p) = max V(M;p,~).

The matrix game was devised primarily as a way of formalizing the hints that the
referee can give the players to yield an upper bound on the value of the original hat
game. However, by using matrices with slightly different characteristics, we can also
encode the original hat game without hints and derive lower bounds on the value of
the original hat game.

Theorem 4 asserts that these two bounds converge asymptotically, so that we
could, in principle, approximate V,(p) arbitrarily closely (at least for rational p) by
choosing suitable large matrices.

3.3 Lower bounds from the matrix game

For a fixed rational value of p, we can get a lower bound on the probability of win-
ning the original hat game by playing the matrix game on a matrix with appropriately
repeated columns, such as

0000111
Ly={0 0 0 0 1 1 1
2
0101010
or
<000111111>
L,: = :
5 \0 11001111
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This is equivalent to playing the hat game where Player 2 1ooks only at the first few hats
of Player 1, but Player 1 can look at all of Player 2’s hats. The columns of L3)% represent
the possible colorings of Player 1’s first three hats with p = %, while L2,§ represents the
possible colorings of her first 2hats withp = % with the repeated columns representing
the proportionate likelihood of the colorings. Player 2’s hat strategy assigns one of
his own hat positions to each distinct coloring. This gives an equivalence relation on
the columns, where two columns are equivalent if they are assigned to the same hat
position on Player 2’s head. (Repeated instances of the same column may without loss
of generality be assigned to the same equivalence class, corresponding to the fact that
the players’ strategies for the hat game may be taken to be deterministic.)

A vector v corresponds to a coloring on Player 2’s head; v; is the value of the hat
in the position on Player 2’s head chosen by the given strategy. When Player 1 chooses
the best row, she is really choosing a hat on her own head that is most likely to give a
pair of matching ones when Player 2 uses his strategy.

The conditional value V(M;~) is the probability of both players guessing black
hats for a given choice of equivalence relation, and the value V(M) is the probability
of this occurring for an optimal strategy.

This gives a lower bound for the complete hat game because it restricts the hats
that Player 2 can look at, but does not give any advantage over the original game.

3.4 Upper bounds from the matrix game

To get an upper bound with p = %, we take any matrix of Os and 1s in which the
proportion of 1s is p in every column. The matrix can have duplicate columns. Then,
when we play the game on this matrix, we get an upper bound. As an illustration,
consider the following matrix:

)
Il
—_ = O

0 1
1 1
1 0

_ O =
O = =

We randomly generate an infinite sequence of rows from U. This produces, in this
case, five infinite (vertical) sequences of bits. Since exactly two-thirds of the bits in
each column are ones, each of the five infinite sequences has each bit independently
equal to 1 with probability p = % We then reveal to the two players that Player 1’s
hat sequence will be randomly chosen from this set of five. Although the five infinite
sequences are not independent, this final selection will still be a randomly chosen
sequence of hats. Player 2’s hat strategy will assign one of his own hat positions to
each of these 5 possible sequences for Player 1. As before, this creates an equivalence
relation on the five columns of U, where two columns are equivalent if the sequences
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they generated are assigned by Player 2 to the same hat position on his own head.
Since we generated infinitely many independent selections from the rows of U, by
the second Borel-Cantelli lemma each row is almost surely chosen infinitely often.
Therefore, when Player 1 chooses one of her own hats, it is equivalent to choosing one
of the rows of U. The reason that this is an upper bound for the hat game is because
the players are given extra information. They are not restricted in any way and they do
not have to use this extra information if they do not want to, so this cannot hurt them.
But it may help.

3.5 The meeting of upper and lower bounds

For each rational probability p = a/b in lowest terms and each positive integer m that
is a multiple of b, we define two matrices, Lm,p and Um)p. The columns of these matrices
will be elements of {0,1}™. In Ly all 2™ such columns appear, and each column with
t 1s occurs a'(b — a)™ " times, for a total of b™ columns. In Uy, , only the (rrer) columns
with mp 1s occur, and there is no repetition of columns. For both matrices, the columns
may be ordered arbitrarily.

As argued in the previous sections, V(L,, ) is a lower bound for the value of the
two-person hat game with black-hat probability p, and V(U,,,) is an upper bound. We
now state the main theorem of this section, that the matrix-based upper and lower
bounds converge to V,(p), the value of the 2-player hat game with (rational) black-hat
probability p € (0, 1).

Theorem 4 (Convergence theorem). Let L,,, and U,, , be defined as above. Then
nll—r}go V(Um,p) - V(Lm,p) =0

We prove this result in Appendix C.

For certain values of p (in particular, those of the form % or %), the general
techniques above can be applied to particular matrices that yield rather good upper
bounds without requiring too much work. In Appendix D, we prove the following gen-
eral theorem and display hint matrices that yield even better bounds for the special

casesp =1/3and p = 2/3.

4 <1 wehave Vy(p) < & - (1- 4)P(%).
we aveVz(p)<——(1— )(b)b.

Theorem 5. Forp

Forp = b > 2,

The upper bounds from Theorem 5 for selected rational values of p are plotted as

dots in Figure 8.1, with the lower bounds shown as a continuous curve obtained from
Theorem 3.
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Figure 8.1: Bounds on V,(p).

4 Results for n players

4.1 Terminology and preliminary results

The n-player Levine hat game generalizes the 2-player game analyzed in the preceding
sections. In the general version of the game, each of the n players can see all the hats
on all of the other players’ heads but not on his own. Once again, the players succeed if
and only if each of them chooses a level on his own head that has a black hat (which we
represent by “B” or “1,” with a white hat being represented by “W” or “0”). In the main
version of this game, and throughout the current section unless stated otherwise, we
suppose that the referee (or sultan, or warden) chooses all hat colors on all players’ (or
wise men’s, or prisoners’) heads independently to be black with probability p = 1/2.
Within this section, n will always refer to the number of players. Since it is sometimes
important to distinguish clearly between one-person and multiperson subsets, we will
think of the players as the wise men of Tanya Khovanova’s problem statement [5] and
use singular masculine pronouns when referring to individual players.

As usual, for any fixed value of n, we suppose that there are h hats per head (h
stands both for “hats” and for “height”) and let S be any joint strategy for the players.
Within this section, we are usually interested in V, (p), the optimal limiting n-player
success probability (or “value”) as h — oo for some given black-hat probability p,
always with 0 < p < 1. (As usual, we define q := 1 - p throughout this section.) Often
we are specifically interested in V,,, the value of the game for the default case p = 1/2.
As noted near the beginning of Section 2, other cases of particular interest have p of
the form 1/m (or (m—1)/m) for integer m, corresponding to a game in which each player
must pick (or avoid) one of m colors.
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In the course of describing strategies or proving results, we sometimes refer to
restricted quantities such as

v @;S),

the probability that the n players win with a particular strategy S when there are h
hats on each player’s head. It is not hard to see that V,(lh)(p) is nondecreasing in h (we
formally state this in Lemma 1), so we have

Valp) = Jim V;"(p) = sup V;" o).

Remark 4. Recall from Section 1 that the optimal success probability, or value, of any
randomized strategy is always matched or exceeded by that of some deterministic
strategy. We therefore assume without loss of generality that all players choose de-
terministic (pure) strategies, with each player’s choice of level depending only on the
(ordered) collection of (n - 1)h hat colors that he sees. Since, for each fixed n, p, and h,
there are only finitely many possible strategies, the maximal value V,(,h)(p) is actually
achieved for some such strategy.

Lemma1l. We have V,(,D(p) = p" foralln > 1, and the values V,ﬁh)(p) are nondecreasing
in h for each fixed n and p.

Proof. The argument is straightforward. The players are free to ignore hats above any
level, so increasing h cannot hurt. O

Lemma 2. Foreachh >1andp € (0,1), the values V,(,h)(p) and V,(p) are nonincreasing
inn.

Proof. Ifan (n+1)* player is added, his hat colors are independent of those for the first
n players, and thus cannot help the first n players to guess correctly with probability
greater than V,(lh) (p) for finite h. Thus the full (n+1)-player set certainly cannot win with
probability greater than V,(,h) (p). The result for V,,(p) follows after taking suprema over
h=>1. O

4.2 Some general bounds on V, (p)

One of our main results for the multiplayer game will be that V,, := V,,(1/2) is actually
strictly decreasing in n. Before proving this, however, we derive some lower and upper
bounds on V,,(p), sometimes focusing on the case p = 1/2.

We already know from Lemma 1 that V,,(p) > p", but we will see now that we can
do much better than random guessing of levels.

Theorem 6. We have V,, > 1/(n + 1) and V,,(p) > n’jgjq foralln>1.

Proof. Each player finds the first level at which the other n — 1 players all have black
hats, and he chooses that same level for his own head. (With probability 1as h — oo,
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each player can find such a level.) The players succeed if and only if the first level
that contains at least n — 1 black hats actually contains n black hats. There are n + 1
possible arrangements of hats on this level, exactly one of them leads to success, and
when p = 1/2 they are all equally likely, yielding the result for p = 1/2. For general p,
the bound in the theorem follows from the posterior probability that the first candidate
level actually has n black hats. O

Thus we see that we can do dramatically better than with random guessing. In
order to approach 1/(n + 1) with the strategy above, however, we need h to grow ex-
ponentially in n. The next strategy, discovered by Peter Winkler [5] for the usual case
p = 1/2 and generalized below for arbitrary p, requires h to grow only logarithmically
in nand, quite surprisingly, yields another dramatic improvement in the success prob-
ability for large n.

Definition 1. For the next two theorems, given any p € (0,1), welet g := 1 - p as usual
and define r to be the reciprocal r := 1/4.

Theorem 7. For every p such that O < p < 1, we have

V.(p) > 1-1/1In(n)

1] .
" [log, n +log, Inn] foralln=3

Thus for each e > 0,
V,(p) = (1-¢€)/log,(n) forall sufficiently large n.

Proof. Each player will attempt to choose the first level on which he has a black hat.
(There might also be some serendipitous success probability coming from cases in
which some players choose black hats but not the first black hats on their respective
heads. We get a valid lower bound on V,, by considering only the joint probability that
every player chooses the first black hat on his own head.) We will further have each
player choose only from the first ¢ levels, where t = [log, n+log, In n]. The players will
hope that they each have at least one black hat within the first ¢ levels and that the
sum of their n first-black-hat levels is congruent (mod t) to some specified residue s.
Given the values of n and ¢, they will choose the residue s during their strategy session
to maximize their probability of hitting that residue. Conditioned on the assumption
that all n players have at least one black hat apiece within the first ¢ levels, the best
residue will certainly occur with probability at least 1/t.
The probability that any given player is bereft of black hats on the first t levels is

qt < qlog, n+log, Inn _ 1/(nlnn),
and now, by a union bound,

P(At least one player has no usable black hats) < n/(nlnn) = 1/ In(n).
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Thus P(Every player has a usable black hat) > 1 - 1/ In(n), which is positive if n > 3.
Conditioned on every player having a usable black hat, the best residue s (mod t)
for the sum of the n lowest-black-hat levels occurs with probability at least 1/¢, and
each player guesses the appropriate level on his own head to make the sum of all n
lowest-black-hat levels congruent to the target residue. The theorem follows. O

In the next section, we discuss several refinements to the basic Winkler strategy
that improve the lower bounds by 5 to 10 % for moderate values of n and outperform
the 1/(n + 1) lower bound for all n > 3. However, the following result (attributed in
essence to Ori Gurel-Gurevich for the case p = 1/2in a comment by hatmeister Lionel
Levine on Tanya Khovanona’s blog [5], with no details given for the proof) shows that
as long as each player is required to choose the lowest level at which he has a black
hat, the lower bound from Theorem 7 is asymptotically tight. Thus it seems likely that
any substantial improvements upon the 1/log,(n) = In(1/q)/ In(n) approximate lower
bound will require new ideas.

Theorem 8. Suppose that each player must choose the lowest level on his own head
that has a black hat (with the team failing if any player has only white hats). Then, using
V,(p) to refer to the optimal probability as h — oo that the players succeed (for any
given black-hat probability p € (0,1)) under this more stringent requirement, for each €
with 0 < € < 1/4 we have

V,(p) < (1 + €)/log,(n) for all sufficiently large n.

Proof (overview). We restrict attention to the first ¢ =~ log,(n) levels. An accomplice
will uniformly at random choose a level k from {1, ..., t} and then uniformly at random
choose a player j from among those who happen to have lowest-black-hat level Y; equal
to k. The accomplice will then inform the chosen player of his special status but will
not tell him his lowest-black-hat level k. This special player is the only one required
to guess his level Y;; the accomplice will tell the other (n - 1) players (including those
with ¥; > t) their own values Y;.

As shown in the complete proof in Appendix E.1, even with this substantial help
(which the players can ignore if they wish), the one player who is not told his own level
still cannot pick the correct level of his first black hat with probability much greater
than 1/¢t. O

Forn > 5, the best lower bounds on V,, that we know come from small refinements
to Winkler’s order-(1/ log(n)) strategy. As n grows, our best lower bounds on V,, are
asymptotically equal to 1/log,(n). For upper bounds, we can use the fact that V,, is
nonincreasing in n (from Lemma 2) to see that

V, <V, <81/224 = 0361607 foralln > 2,
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but we would like our upper bounds actually to (strictly) decrease as nincreases. A first
step in this direction is the following theorem, which establishes a gap between V,
and V.

Theorem 9. We have
V3 < 89/256 = 0.34765625 < 0.35 < V/,,.

Proof. We generalize the “hint” technique that was used earlier for 2 players to show
that V, < 81/224. Given Players A, B, and C, we suppose that the referee gives A a
2 x 2 hint with associated matrix that contains the two balanced binary columns of
Hamming weight 1. In addition, the referee gives B a 4 x6 hint whose associated binary
matrix contains all (4) = 6 distinct weight-2 columns of 4 bits each. The referee gives
C no hint.

It follows, much as for the 2-player upper bounds, that C sees one of 6 - 2 = 12
column pairs for (4, B) jointly and can then restrict attention to at most the first 12 lev-
els on his own head, with each of the 12 possible (A, B) column pairs associated with
one of these levels on his own head. The (at most) 12 levels on C’s head can be per-
muted arbitrarily without loss of generality, leaving us with several million inequiva-
lent strategies for C, which we put into the outer loop of a computer search. For each
choice of C’s strategy, together with the realization of C’s hats within his (at most) 12
distinguished levels, A and B are left with a 2-player game with hints, and they choose
their best (conditional) strategy so as to win with conditional probability k/12 for some
integer k.

Given C’s strategy and one of (at most) 2'2 hat vectors on his distinguished levels,
B conditionally has only 4% = 16 distinct strategies to consider, depending on which of
the 4 rows he chooses on his own head for each of the 2 possible columns the referee
could have placed on A’s head. For each joint choice of a B, C strategy, together with
what A sees on B’s and C’s heads, A guesses whichever of the 2 rows on his own head
yields a higher (conditional) probability that A, B, and C will each point to a black hat
(a ‘1’), breaking ties arbitrarily.

It turns out that, up to isomorphism, C’s unique best strategy uses only 6 levels
on his own head. This best strategy can be represented by the following 2 x 6 matrix,
indexed by the “hint column”of A and the hint column of B:

< 11 2 2 3 3 >
2 4 3 51 6)
When this optimal C-strategy is combined with optimal strategies for Band A, the

team wins with probability 267/(64-12) = 89/256 = 0.34765625. Since we already know
that V, > 7/20 = 0.35, we see that V/, — V3 > 0.0023, a nonzero gap. O

Shortly, we will prove that V,, is strictly decreasing in n. The proof will require a
nontrivial upper bound on the probability that n players can avoid all choosing black
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hats on their own heads, which one might call the “misére” version of the game. (Stan
Rabinowitz and Stan Wagon originally suggested this version of the problem.) More
generally, one can try to bound

P(At least k of the n players choose black hats)
or
IP(At most k of the n players choose black hats)

for any value k from O through n.
Still more generally, for any subset S of {0, 1,2,..., n}, one could ask for

P(k € S), where k is the number of players who choose black hats.

(For example, S might be the set of all even integers in {0, 1,2,...,n}.)

When n = 2, all of the problems above are equivalent to each other, as we now
argue.

For any value of p (not necessarily 1/2) and any joint strategy S for the 2 players, we
write P(WW) for the probability that both players point to white hats, P(WB) for the
probability that Players 1 and 2 point to white and black hats, respectively, on their
own heads, etc. We use ‘*’ as a wildcard; e. g., P(xB) is the probability that Player 1
points to a hat of either color and Player 2 points to a black hat.

Once we know V,(p; S) for any given strategy S, we know the entry P(BB) ina 2 x 2
matrix of probabilities with P(WW), P(WB), P(BW), and IP(BB), and both row sums
and both column sums are fixed (equal to p for P(B*) and P(+B), equal to 1 — p for
P(W x) and IP(x W)). Thus the probability of every possible outcome or set of outcomes
for any given strategy S with 2 players can be calculated given IP(BB). For example, our
upper and lower bounds on V,(p) translate directly to upper and lower bounds on the
probability that both players choose the same color hat, on the probability that the
players choose hats of different colors, and on the probability that at least one player
chooses a white hat (the latter being the misére version of the original game).

When n > 2, however, these different generalizations of the original game appear
to be essentially different from one another. We will consider only the misére game
(in which at least one player is supposed to choose a white hat), and only for the case
p = 1/2. Letting W,, be the maximal probability of winning the n-player misere game
(where W stands for “white” and is the letter following the V used for the original
version of the game), we will see that W,, — 1as n — oo but that W,, is bounded away
from 1 for each fixed n.

We begin by defining an infinite sequence of pairs of integers (r;,s;) forj > 1 as
below; these will be the dimensions of “hint matrices” given to the various players for
the n-player misére game.
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Definition 2. Let (r},s;) = (2,2), (15, S,) = (4,6), and for each k > 3, define

n=2[]s; and s; = (r,?;z)

Theorem 10. Letting W,, = supg PP(At least 1 of n players chooses a white hat) over all
possible n-player strategies as h, the number of hats per head, grows to infinity, and we
have the following:

W, =1/2+V, € [17/20,193/224] (hence in [0.85, 0.8616...])

and, forn > 3,

1

1-1/2)"<W, <1- ——.
1/2) (rn/z)z(rn/Z)

Proof. 1t is straightforward to show that

W, = sup(P(WW) + P(WB) + P(BW)) = sup(P(W =) + P(BW)).
s S

For p = 1/2, though, P(W ) = 1/2 for every strategy S, and sincep =1 - p,

sup P(BW) = supP(BB) = V,,
S S

and the bounds for W, follow immedjiately.

The lower bounds on W,, for all n > 3 follow by letting each player just choose the
first level on his own head. The upper bounds follow from a cascading “hint” tech-
nique generalizing the upper-bounding techniques used earlier for V, and V3. The re-
maining details of the proof are given in Appendix E.2. O

Now that we have bounded W, away from 1 for every n (for the misére game), we
are finally ready to show that V, (for the original game) is strictly decreasing in n.

Theorem 11. We have V., < V,, foralln > 1.

Proof. Given any h and strategy S for a game with n+1 players, let us write P(B...B, B)
to refer to the probability that Players 1 through n+1all choose black hats. Let us write
P(B...B, W) for the probability that the first n players choose black hats while Player
n + 1 chooses a white hat, and write

P(B...B,*):=P(B...B,B)+P(B...B,W)

for the probability that the first n players choose black hats while Player n + 1 chooses
a hat of arbitrary color.
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Now, for any given (n + 1)-player strategy, we have
P(B...B,B)=P(B...B,*) - P(B...B,W).
Thus, taking suprema over strategies and over h, we have

V1 =supP(B...B,B)
=sup{P(B...B,*) - P(B...B,W)}
<supP(B...B,x)+sup{1-P(B...B,W)} -1
=V, +sup{1-P(B...B,B)} -1,

where the last equality is because p = 1/2, so the maximal probability of avoiding any
given ordered sequence of chosen hat colors for the n + 1 players is the same as the
maximal probability for any other ordered sequence of chosen hat colors.

Now we have

Vi S Vit Wiy 1=V, = (1= Wyy,y),
so (V,, = V1) = (1 = W,,1), which by Theorem 10 is positive and bounded away from

0 for each fixed n. O

Remark 5. A similar argument shows that W, for the misére game is strictly increasing
in n. See Theorem 13 in Appendix E for the proof.

One of our main unresolved questions concerns Levine’s original conjecture,
which we restate here.

Conjecture 1 (Levine). The optimal success probability in the n-player game is o(1) as
n goes to infinity; i. e.,

r}LrL}O V,=0.
Remark 6. Although the conjecture above seems likely to be true, the rate of decrease

provided in Theorem 11 is insufficient to prove it, even with tighter bounds on (1-W,)).
The upper bound that Theorem 11 yields on lim,_,, V,, is

o0
V- Y (1= W),
k=3
which is at least
7§17 11
20 k720 4 10

k=3
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5 Best current lower bounds

For puzzle aficionados (or prisoners’ advocates) who would like to improve upon ex-
isting strategies for various numbers of players (or prisoners), we collect here the best
lower bounds we know on V, through V,, (all for p = 1/2). The result for V, comes from
Section 2 and is conjectured to be optimal. The results for V5 and V, essentially come
from hill climbs over symmetric strategies with 5 or 4 hats, respectively, per player.

The bounds on V; through V;, come from generalized Winkler-style strategies (as
described in Theorem 7) in which the players focus on the first t ~ log,(n) levels and
all try to select the lowest levels on which they have black hats. However, the n players
use general t x t Latin-square operations, not necessarily mod-t addition, in order to
constructa “sum”in {0, 1,..., t-1} of their n respective lowest-black-hat levels. Further-
more, in assessing each candidate strategy, we take into account all “bonus” success
probability that arises when the players miss their target “sum” (mod t) but nonethe-
less all serendipitously point to black hats.

Finally, all t-level strategies—whether found by hill climbing or derived from
Latin-square operations—are then augmented by working with t-level “tiers” and
having each player recursively “reset” (shifting up t levels at a time) whenever he sees
at least one other player with an all-white stack of hats in the current tier. A second,
smaller, improvement comes from also recursively resetting whenever a player sees
only black hats on all other players’ heads within the current tier. Using both “white”
and “black” recursive resets leads to rational lower bounds with denominators of the
form

2 -1)"+n@-1)"" -+,

and we retain these unreduced fractions in the table below.

Additional details about the best strategies known are given in Appendix E.4. The
resulting values of V,, for 2 < n < 12 are shown below, with all decimal values rounded
down to 6 decimal places to provide true lower bounds:

v, > 21/60 = 0.350000,

A 9119/32670 =0.279124...,
V, >  14844/64120  =0.231503...,
Vs > 205447/1012494  =0.202911...,
Ve > 2984604/15946868 = 0.187159...,
V, > 43930663/250593742 = 0.175306...,
Vg > 651583632/3929765616 = 0.165807 ...,
Vo 2 0.158764...,
Vio 2 0.153517...,
Vy > 0.149025....,
Vp = 0.145047 ...
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6 Future directions

This paper leaves open certain questions that might be of interest to other hatters, mad
or otherwise. In particular, there are two conjectures that we stated earlier, phrased
below as questions:

1. Is V, exactly equal to 0.35?

2. Does V, approach O asn — co?

We also note that for the upper-bound results in Section 3, one promising family of
matrices has size 28 x (2"*1 — 2); the cases for k = 1,2, and 3 are presented in that sec-
tion. For any such matrix, one must consider Bell(2*! - 2) partitions of the columns,
a task that seems infeasible beyond k = 3. One might look for ways to reduce the com-
putational difficulty of this approach. For example, we can safely assume that none of
the column subsets within an optimal partition contains both a column and its bitwise
complement. Unfortunately, the resulting reduction in work is not very significant.
There are also several generalizations one could consider, some of which are pre-
sented below:
1. In the n-player case, one might require at least k players to pick a black hat (the
k = nand k = 1 cases are discussed above).
2. One could allow more than 2 hat colors, perhaps with a different payoff system.
For example, one might consider a grayscale version of the game, where each hat
has a value in [0, 1], with 0 being white and 1 being black, and with the value of a
joint guess taken to be the product of the values of the selected hats.

Appendix A. The 1-player game

Now we consider the curious case of the 1-player (or “solo”) version of the Levine hat
game, in which Sol must try to point to a black hat on his own head. Imagine, if you
will, that Sol cannot see any of the infinitely many black and white hats on his own
head, but that he is endowed with infinite computational abilities and armed with a
secure faith in the Axiom of Choice (AC). In order to describe Sol’s strategy, we first
look at an auxiliary game with countably many players.

We begin with some definitions. Throughout this section, I denotes a fixed count-
able set, which we call the set of players. A hat-stack is an infinite sequence of zeros
and ones, or if preferred, an infinite sequence from {white, black}. Each member of a
hat-stack will be called a hat. A hat-assignment is a mapping that assigns a hat-stack to
each element of I. Note that the image of a hat-assignment is a set of hat-stacks. Given
a set of hat-stacks, M, a black level of M is a natural number, i, such that m(i) = 1 for
every m € M. In addition, M will be called generic if every finite subset of M has a
black level, and M will be called almost-generic if some cofinite subset of M is generic.
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In a hat-assignment there are countably many hats (each element of I is assigned a
hat-stack, and each hat-stack has countably many hats). A hat-assignment gives each
of these hats a color. A cylinder is an assignment of colors to some finite subset of
these hats. The standard Bernoulli measure (p = 1/2) is a probability measure defined
on the g-algebra of sets generated by the cylinders. With this probability space, the
following proposition is standard and is stated without proof.

Proposition 1. In the standard Bernoulli measure (p = 1/2), almost every hat-assign-
ment is one-to-one (i. e., with no two elements of I receiving the same hat-stack) and has
a generic image.

Theorem 12. Assume the Axiom of Choice. Then there exists a set C whose elements are
countable sets of hat-stacks, and C has the following property: For every countable set
of hat-stacks, T, there is a unique element R € C such that

1. T\Ris finite, and

2. R\T is finite.

Furthermore, if T is generic, then R\T has a black level.

Proof. Let two countable sets of hat-stacks be equivalent if they differ by a finite set of
hat-stacks. Using AC, let E be a choice set for the set of equivalence classes. Using AC a
second time, replace each D ¢ E that is almost-generic, with a cofinite generic subset
of D. Since this does not change the equivalence class of D, the resulting set C is also a
choice set. In addition, any almost-generic element of C is generic. Therefore, given a
countable set of hat-stacks, T, there is a unique element R € C that is equivalent to T.
This gives the first two properties. Furthermore, if T is generic, then any subset of T
is also generic. So, removing the finite set R\T from R results in the genericset RN T.
Therefore, R is almost-generic. But R € C, so R is generic. Since R\T is a finite subset
of R, it has a black level. O

We now interpret the previous results as a hat game.

The Auxiliary Game has a countably infinite set of players, each with an infinite
sequence of hats. The usual rules apply, including “No looking at your own hats.” The
players win if all but finitely many of them are able to point to a black hat. This game
is similar to a puzzle described by Greg Muller [6], who attributed the earlier puzzle
to Mike O’Connor. In that game, there is a fixed ordering of the players. Here, we want
the players to be indistinguishable.

Our previous results provide a strategy for winning the Auxiliary Game with prob-
ability 1. Let I be the set of players. Consider a random hat-assignment, chosen ac-
cording to the probability space defined above. Using the proposition and ignoring
a measure-zero event, we find that the assignment is one-to-one and its image, T, is
generic. Let C be as in the previous theorem, and let R € C be the unique set satisfying
the conclusions of the theorem.
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To describe the strategy, fix a player i € I. Player i cannot determine T, since no
players see their own hats. Nevertheless, Player i can determine T;, the set of hat-stacks
assigned to the other players. The theorem applies to T as well as to T;, and by unique-
ness, both yield the same element R. So, Player i reports a black level of the finite set
R\T;.

Suppose that each player follows the strategy above. If Player i has a hat stack
in R, then since the assignment is one-to-one, this hat stack will also be in R\T;. By
choosing a black level of R\T;, any such player is guaranteed to choose a black hat.
Since T\R is finite, the game is won.

The Auxiliary Game also shows how Sol can win the solo game. On the fateful
day, he brings with him infinitely many friends, each with his own referee and coin.
This is not explicitly against the rules. All referees simultaneously select random hat
sequences for their respective players. Sol and his friends play the Auxiliary Game.
With probability 1, all but finitely many players choose a black hat. Sol is confident
that he will not be one of the unlucky ones. Now, he might have a persnickety lo-
gician friend who warns against depending on an event whose probability cannot
be precisely measured. Sol should ignore this advice! Since only finitely many play-
ers fail, and all players are essentially identical, he is virtually guaranteed to win the
game!

Appendix B. Computing the performance of 2-player
strategy S,

Below we compute the success probability, or value, V,(p; S;) for the strategy S; from
Section 2. We break the calculation of V,(p; S;) into 7 cases.

Case 1: Both players are monochromatic to the same odd position. By “mono-
chromatic up to an odd position 2¢ + 1,” we mean that a player has either all W or
all B up to position 2¢ + 1 but not up to position 2¢ + 3.

Case 1(a): Both players start with B and have B hats up to position 2¢ + 1 but not
to position 2¢ + 3, for some integer ¢. The probability of winning conditioned on this
is given in Table 8.6, which shows hats in positions 2¢ + 1, 2¢ + 2, and 2¢ + 3 for both
players.

Table 8.6: Case 1(a).

HEO HORm HOO
[Tl p’q’ p’q’ rq’
lal pq?
[T pq’ q*
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The probability of this case occurring and the players’ winning is
P’Br’a +2vq’ +q*) +p°Gp’q’ + 4’ + ¢*) + P° P’ + 24* + ¢*) + -,
which we can simplify by summing the geometric series to obtain

(pg)* (1 +2p%)
1-p* ’

Case 1(b): Both players start with W and have W hats up to position 2¢ + 1 but not
to position 2¢ + 3, for some integer ¢. The probability of winning conditioned on this
is given in Table 8.7, which shows hats in positions 2¢ + 1, 2¢ + 2, and 2¢ + 3.

Table 8.7: Case 1(b).

[m] | | m] |m] oom
Omm p* p’q
omo pq?
oom p’q p’q’

The probability of this case occurring and the players’ winning is
W' +20°4+20°°) + ° (0" + W+ W) + 40" + 20’ + 27 + -,
which simplifies to

(vq)*
1-¢2

Case 1(c): One player starts W and the other starts B, or vice versa, and both are
monochromatic to the same odd position (see Table 8.8).

Table 8.8: Case 1(c).

[ [ [u] [ Tm] | | [ulu]
Omm P3q
om0 pq?

Ooom

The probability of this case occurring and the players’ winning is

pa(P’q +P’) + PP WP a+ ) + P’ WP a + 0’ + -,
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which simplifies to

P’ W’ +pg) _ P
1-(pg) 1-(pg)*

Finally, notice that the roles of the two players could be interchanged here, so we dou-
ble the above probability to get

¢
1-(pg)*

Case 2: Players are monochromatic to different odd positions.

Case 2(a): The taller monochromatic stack is W. In this case the player with the
taller W stack will always choose a W hat, so the probability of winning is 0.

Case 2(b): The taller monochromatic stack is B.

Case 2(b)(i): The taller monochromatic B stack is taller than the shorter one by at
least 2 odd positions. In this case, the player with the taller B stack always guesses
correctly. The player with the shorter stack guesses correctly with probability p since
his guess is uncorrelated with the other player’s guess. To calculate the probability of
winning in this case, note that the probability of a player being monochromatic up to
odd position 2¢ + 1 and not to 2¢ + 3 is p**1(1 - p?) + ¢**1(1 - ¢*). The probability of
the other player being monochromatic B up to at least position 2¢ + 5 is p***>. Thus,
the probability of this case occurring and the players’ winning is

(o)
Z(p2€+1(1 _pZ) + q2€+1(1 _ qZ))p2€+5)
£=0
which simplifies to
r’-p’) pad-q)
1-p* 1-(pg?

Thus, the probability of winning in this case is obtained by multiplying by p and by 2,
giving
2'(1-p")  2p°q-¢)
1-p* 1-(pg?

Case 2(b)(ii): The taller stack is monochromatic B to odd position 2¢ + 3 and the
shorter stack is monochromatic B to position 2¢ + 1, for some integer ¢. The player with
the taller B stack always guesses correctly. The player with the shorter B stack guesses
correctly according to Table 8.9, which shows hats in position 2¢ + 1 to 2¢ + 5 for the
player with the taller B stack, and 2¢ + 1 to 2¢ + 3 for the other player. Note that in
the middle row, the player with the shorter stack guesses the hat in position 2¢ + 4
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Table 8.9: Case 2(b)(ii).

mmO mOm moo
EEEEC p’q?

amalE Ep P’ p2g?
EEEOD g’

and so has probability p of being correct, which is multiplied by the probability of the
situation occurring.
If this case occurs, then the probability of winning is given by

P’ +w’q +p’¢ +pg’ =pq’(1+p+p°).
The probability of this case occurring and the players’ winning is, therefore, given by
p'pd’(1+p+p°) +p°pa(1+p+p°) + p pg(1+p+p*) + -+,
which simplifies to

p’q1-p’)
1-p*
Taking into account the fact that either player could have the taller stack, we get a
probability of winning as

2p°q(1-p°)
1-p*

Case 2(b)(iii): The taller B stack is monochromatic B to odd position 2¢ + 3 and
the shorter stack is monochromatic W to position 2¢ + 1, for some integer ¢. The player
with the taller B stack always guesses correctly. The player with the shorter W stack
guesses correctly according to Table 8.10.

Table 8.10: Case 2(b)(iii).

Omm omo oom
EEEED p’q pq?
(LTl pq P’q’ p’q’
EEEOD pq? pq’

If this case occurs, then the probability of winning is given by

p'q+20°¢* + p°q + 20°q* + p@® = pa(1+ p - pd>).
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The probability of this case occurring and the players’ winning is, therefore, given by

p’apa(1+p-pd’) +p°@pa(1+p -pad’) + ' @°pa(1+p - pg’) +---,
which simplifies to

p'¢’(+p-pg’)
1-(pg)?
Taking into account the fact that either player could have the taller stack, we get a
probability of winning as

W'’ (1+p-pg’)
1-(pg)?
Summing the success probabilities from all the cases above and replacing g with
1 - pyields

p(1+p+p”+3p’ -3p* +p°)
2+p+p?+p3-pt '

Vz(p§ 51) =

Appendix C. Proof that the matrix-based upper and
lower bounds converge to V,(p)

For each rational probability p = a/b in lowest terms and each positive integer m that
is a multiple of b, we define two matrices, L, , and Uy, ,- The columns of these matrices
will be elements of {0,1}™. In Ly all 2™ such columns appear, and each column with
t 1s occurs a' (b — a)™ " times, for a total of b™ columns. In Uy, ,, only the (;np) COlumns
with mp 1s occur, and there is no repetition of columns. For both matrices, the columns
may be ordered arbitrarily.

As argued in Section 3, V(L,,,) is a lower bound for the value of the two-person
hat game with black-hat probability p, and V(U,, ,) is an upper bound. Below we prove
Theorem 4, the main theorem of that section, that as m — oo, the matrix-based upper
and lower bounds converge to V,(p), the value of the 2-player hat game with (rational)
black-hat probability p € (0, 1).

The following three lemmas establish background results needed to prove Theo-
rem 4.

Lemma 3 (Determinism lemma). If there are duplicate columns in M, then Player 2 may
as well put them into the same equivalence class when playing the matrix game on M.

Proof. Thisisjustasimple convexity argument. More precisely, let ~ be an equivalence
relation chosen by Player 2. Let ¢ and d be two duplicate columns in two different
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equivalence classes, C and D, respectively. Consider the two equivalence relations, ~¢
and ~p, which are identical to ~ except that in ~. we move column d to C and in ~, we
move column c to D. Let v be any vector that respects ~. We form two new vectors v¢
and v? that are identical to v except in positions ¢ and d, where we have vCC = vg =V,
and vf = vg = v,. Note that v* respects ~. and v” respects ~;,. Note also that these
mappings might not be one-to-one; if d is the only member of D, then it is possible
that v¢ = w€ even though v # w. In this case, we will count v¢ and w€ as two different
vectors, so we can write P(v) = ]P(VC) = IP(vD). Let r be any row of M. Thenr-c=r-d
because c and d are duplicate columns.

Sor-v=(r- Ve +raP )/2. If we let r(v) denote the row that Player 1 assigns to v,
then we have

ZZ(r(v) V)P(v) = Z(r(v) ¢ )+ Z rv) VP )

v 14

Therefore, at least one of sums on the right is at least as big as the (undoubled)
sum on the left. Assume, without loss of generality, that

Z(r(v) V)P(v) < Z(r(v) VOPWO).

14 14

Then V(M;~) < V(M;~©). O

Lemma 4 (Replication lemma). If all columns are replicated the same number of times,
this does not change the value of the matrix.

Proof. Suppose M, is an m x kn matrix formed from the m x n matrix M, by includ-
ing each column of M; a total of k times. Let ~, be an equivalence relation chosen by
Player 2 on M,. By the determinism lemma, we can assume that ~, assigns each set
of identical columns to the same equivalence class. Let ~; be the restriction of ~; to
the original matrix M;. Let v; be any vector of numbers that respects ~;, and let v,
be the k-fold expansion of v,. Let r be a row of M,. Then r - v, = kr - v; Therefore,
V(My; ~y) = V(My;~). O

Lemma 5 (Erasure lemma). If we remove a small proportion € of the columns of M, the
value V(M) changes by at most i—ee

Proof. Let r be any row of M with n columns, and v any vector of size n whose entries
are zeros and ones. Then when the columns are removed, r - v, which is at most n,
becomes r' - v/ and decreases by some amount k, where O < k < en. So

rv. r-v

_ _|rv_rv-k
n nll-¢)|

n _n(l—e)

_|-er-v+k
n(l-e)
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€
“l1-€
2
. O
1-¢

€

1-€

Lemma 6 (Perturbation lemma). Lete > 0 and let M and N be two matrices of the same
size with elements in {0, 1}. Let

€1 €2 - €1p

€1 € - €p
E=N-M-= . . . . R

€m,l em,2 Tt em,n

with each entry €;; € {-1,0,1}. If the average of the absolute values of the entries in each
row of E satisfies

1 n
=~ lejl<e,
n&

then V(M +E)-V(M)| < e.

Proof. When E is added to M, each dot product v - r; changes by less than ne. Thus the
value of the best dot product for v; changes by less than ne. So the value of the matrix
changes by less than = = €. O

We now prove that the upper and lower matrix-based bounds converge for the
2-player game.

Theorem 4 (Convergence theorem). Let L,,, and U,, , be defined as above. Then
im V(Upp) = V(L) = O,

Proof. We first give a brief outline. We shall begin with L,, ,, and, using the replication,
erasure, and perturbation lemmas, will move to Um’p and notice that the value of V
will not have changed much. Each entry of L, , is in {0, 1}. We will first remove a small
proportion of the columns from L, ,, ones that are far out of balance. Then we will
replicate the remaining columns (each column replicated the same number of times).
Then we will flip some values of the remaining columns, in order to bring them into
balance. Each entry is changed by a perturbation ¢;; € {1,0,-1}. In order to appeal
to the perturbation lemma, we will need to keep the average absolute values of these
perturbations small along each row, which is the same as keeping the proportion of
changes small along each row.

But we will keep a symmetry of the rows, so that each row will receive the same
number of changes. So it suffices to keep small the proportion of the matrix that is
changed. The resulting matrix will be a replication of U, ,, finishing the proof.
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More precisely, let us call a column balanced if the proportion of ones in the col-
umn is p. Fix € and using the law of large numbers, let m be large enough that a pro-
portion of at most € of the columns of L, , are not within me bits being balanced (i.e.,
if 1 appears in a column ¢ times then |t —mp| > me). We delete any column that satisfies
this condition. This deletes at most a proportion € of the columns and so by the era-
sure lemma, this changes the value V by at most 2¢/(1 — €). For each of the remaining
columns, replicate it a total of m! times. By the replication lemma, this does not change
the value of the matrix. Now replace each of these duplicates by one of its nearest bal-
anced neighbors. For a column with ¢ “1” bits the number of balanced neighbors to
choose from is (, !, p) in the case that t > mp, and (”’;) () otherwise. In any case, the
number of choices divides m!. Therefore, we can make sure that each neighbor is used
the same whole number of times.

Recall thatin L, ,, each column with the same number of ones occurred the same
number of times. By construction, the same will be true of our resulting matrix, N.
In other words, N is just a replication of U,, ,. Furthermore, the maximum number of
changes made to any column is bounded by me. By symmetry, each row will receive the
same number of changes, so the proportion of changes in each row is also at most €.
Therefore, the perturbation lemma applies, and |V(Up,,) = V(L;,,)| < 2€/(1 - €) + €.
Since € is arbitrary, the theorem follows. O

Appendix D. Upper bounds on V,(p) for rational p

In this Appendix, we discuss some specific upper-bound results for the 2-player game,
along with proving the upper bounds claimed in Theorem 5.

D.1 Dual strategies

One tool that is useful for both upper and lower bounds is the notion of a dual strategy.
For a given strategy S, we denote by 54 the dual strategy to S, where “dual” refers to
switching the roles of W and B. Equivalently, we view a strategy S as a pair of functions
(one for each player) fsl, f52 : P(X) — X where X is the set of hats being considered, and
we view the two functions as taking the set of black hats on the partner’s head as
input and outputting the player’s guess. Then the dual strategy 5% has as its functions
faa(A) = 5X\ A).

Remark 7. In reference to the 4 optimal 2-player strategies, it is worth noting that
S5 = Sf, S, = sg’ (up to reordering of hats), while V5(p;S,) = V(s SZ), but we do
not currently know whether S = S,
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The following lemma gives a formula for calculating the value of a dual strategy
in terms of the value of the original strategy. For a given strategy S for the hat game
with probability p of a B hat, let P5(x;, x,)(p) be the probability that Player 1 chooses
an x; hat on her head (x; € {W, B}) and Player 2 chooses an x, hat on his head.

Lemma 7. Given any strategy S, let $4 be its dual strategy. Then, for any p € (0,1),
V,(:8%) = 2p -1+ V,(1- s S).

Proof. First, observe that by the definition of a dual strategy, Ps(B,B)(p) = Ps(W,
W)(q). This can be seen by pairing scenarios where all hat colors are reversed.
Observe that if the players utilize strategy S when the probability of a black hat
is g, then Pg(W, W)(q) + Ps(W,B)(q) = 1 — g = p is the probability of the first player
selecting a white hat. Similarly, Pg(W, B)(q) + Ps(B, B)(q) = g is the probability of the
second player selecting a black hat.
Combining these observations, we have

Vy(p; %) = Pga(B, B)(p)
= Ps(W, W)(q)
=p - Ps(W,B)(q)
=p-(q-Ps(B,B)(q)
=p-q+Pg(B,B)(q)
=2p -1+ V,(g;S). O

D.2 Proofs of upper bounds on V,(p)

In order to derive a general upper bound on V,(p) for any rational p € (0,1), we can
apply the methods of Section 3 to a b x b matrix where the first column is a 1s followed
by b — a 0Os, and the other columns are cyclic permutations of it. We compute upper
bounds on the value of this matrix game, which are in turn upper bounds on the value
V,(p) of the hat game forp = 7

Below we restate Theorem 5 from the end of Section 3 and then prove the theorem
with the help of a lemma.

Theorem 5. Forp % % ehaveVz(p)<——(l— )b(%).
Forp=13 we have Vy(p) < 5 — (1 - b)(b)b.

Using the notation from Section 4 (e. g., with P(BB) for the probability that each
player picks a black hat), we have

P(BB) = P(Bx*) — P(BW).
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We know that IP(Bx*) = p. Thus all that remains is to bound the value of P(BW).

Lemma 8. With the additional matrix-based information at the start of this section pro-
vided to the players, there is no strategy that wins with probability greater than

b
a_(2) (-4
3-(5) (-3)
Proof. We use the observation above that

P(BB) = p - P(BW).

In particular, suppose that the players’ agreed-upon strategy is that Player 1 will
choose a hat from a fixed list xy, ..., X; (k < b). It may happen that all of these hats are
black, which happens with probability p* > p?, in which case Player 2 picks a white
hat with probability 1 — p. This means that P(BW) > pb (1 - p). Therefore,

EORROIEH

To complete the proof of Theorem 5, we observe that by the duality discussed
above, we also have

O

b
a a a a
Niz)<z-(1-=2) (=)
2( b> b < b) <b>
We compare the two bounds and discover that they are stronger on the intervals
claimed in Theorem 5.

Remark 8. The upper bound in Lemma 8 is sharp for the case when p = % in the
sense that one can describe a strategy for the b x b matrix game that succeeds with
this probability. (However, this remains only an upper bound on V,(p) for the original
hat game, in which the players do not receive hints.)

Remark 9. Supposing that V(p) is differentiable, using Theorem 5, one can calculate
an upper bound on the derivative of the function V(p) at 0, and a lower bound at 1.
Also, one can use the strategies described in Section 2 to calculate a lower bound at O
and upper at 1. One obtains 3 < V/(0) <1-land1+ 1 <V'(1) < 3.

The upper bounds on V,(p) in Theorem 5 are quite good for p of the form 11) or %,
as indicated in Figure 8.1 (at the end of Section 3) by their proximity to the continuous
lower-bound curve. However, they can be improved by using larger and less structured
hint matrices. We give examples of this improvement below for the cases p = 1/3 and

p = 2/3, whose upper bounds from Theorem 5 are 19/81 = 0.234567... and 46/81 =
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0.567901.. ., respectively. (The respective lower bounds from Theorem 3 in Section 2
are 0.205555.... and 0.538888....)
The hint matrix

10 01 00 0 0 O0O0O0T11
10001 00 01100
10000 1 1 10000
01 01 00O0T1O01O0O0
U= 01 0 01 01 0 O O0 01
01 00 01O0O0OT1TUO0T1O0
0 01 1001 01O0O00O0
0 01 061 001 0O0T1SO
0 01 001 0O0O0OT1O0 1
yields an upper bound of 0.221307.... for p = %
The hint matrix
0110111111 00
011101110011
01 111 00O0T1 111
1 01 01 11 010 11
U= 1 011 01 011110
101 1 1 01 1 01 O 1
1 1.0 01 10101 11
110101101101
11 011 01 11010

yields an upper bound of 0.554641...forp = %

Appendix E. n-player results

Note

As in Section 4, throughout Appendix E we will think of the players as the wise men
of Tanya Khovanova’s problem statement [5] and use singular masculine pronouns
when referring to individual players.

E.1 Proof of Theorem 8

Below we prove the partial converse Theorem 8 from Section 4 to Peter Winkler’s order-
(1/ log(n)) strategy for n players with arbitrary black-hat probability p. As in Section 4,
we defineg:=1-pandr:=1/q.
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Theorem 8. Suppose that each player must choose the lowest level on his own head
that has a black hat (with the team failing if any player has only white hats). Then, using
V,(p) to refer to the optimal probability as h — oo that the players succeed (for any
given black-hat probability p € (0,1)) under this more stringent requirement, for each €
with O < € < 1/4 we have

V,(p) < (1 + €)/log,(n) for all sufficiently large n.

Proof. Forj =1,...,n, let the random variable Y; be the lowest level on which Player
j has a black hat. We will restrict attention to the first t = [(1 — €/2)log,(n)] levels,
and we will establish the desired upper bound on 17,5’0 for all h > t, from which the
bound will follow immediately for V,, = sup, f/,(lh). (If any players have all-white h-hat
stacks, the team would automatically lose the actual game, but such players will be
considered to have Y; > t and will generously be exempted from having to guess at all
for the purpose of this upper bound.)

An accomplice will uniformly at random choose a level k from {1,...,t} and then
uniformly at random choose a player (j*, say) from among those who happen to have
Y; = k for the given realization. The accomplice will then inform the chosen player j* of
his special status but will not tell him his lowest-black-hat level k. Player j* is the only
player required to guess his level Yj; the accomplice will tell the other (n - 1) players
(including those with Y; > t) their own values Y}, and if any players have all-white
h-hat stacks, they will be exempted from having to guess their values Y;.

We argue below that, with very high probability, all values k € {1,..., t} occur and,
in fact, occur about as many times as expected at random. It then follows that, even
with this substantial help from the accomplice (which any or all of the players can
ignore if they wish), the one player who is not told his own level still cannot pick the
correct level with probability greater than (1 + €)/log,(n) asn — co.

Now we formalize the claim above. For each k € {1,..., t}, let X; be the number of
players j with Y; = k. Then p, the expected value of X, satisfies

W = npg* ! = npg"™" > pn’2.
By a 2-sided multiplicative Chernoff bound for each value k, followed by a union
bound over the t possible values for k, we have, for each § with0 < § <1,

P((1- 6y < X < 1+ 6)y forallk e {1,...,}) = 1 -2t exp(—(6%/3)pn°’?)
=1-0(1/n%) foreveryC>0
=1-0(1/log,(n)).

Thus, for the purpose of proving Theorem 8, we can neglect the probability that some

valuek € {1,..., t} fails to occur or occurs with relative frequency significantly different
from its expected value.
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Now the chosen player j* sees the lowest-black-hat level Y; for each of the other
players j and knows how he was chosen; this allows him to compute a well-defined
posterior probability distribution for his own level Y;- € {1,...,t}. Since X; /py € [1 -
6,1+6] forallk € {1,..., t} with all but asymptotically negligible probability, it follows
readily from Bayes’ theorem that the ratios of posterior probabilities

PpOSt(Yi* = kl)/IPpost(Y]* = kz)

arein [(1-8)/(1+6),(1+ 6)/(1 - )] for all ky, k; € {1,...,t}. If we let § = €/16, say, it
then follows readily that, for each k € {1,...,t},

1+e/4<(1+%)/(1—§)
t — log(n)

Recalling that O < € < 1/4 and taking into account the asymptotically negligible prob-
ability of atypical events, we find that, even with the help from the accomplice (which
cannot hurt the players, since they are free to ignore extra information),

~ 1+€
v <
n(P) log, n

for all sufficiently large n. O

E.2 Proof that misére success probability is bounded away from 1

Now we complete the proof of Theorem 10 from Section 4 to show that W,,, the proba-
bility of success for n players in the misére game, is bounded away from 1 for each n.
We begin by recalling the definition of the pairs of integers (r;, s;) for j > 1 as below;
these will be the dimensions of “hint matrices” given to the various players for the
n-player misére game.

Definition 3. Let (r,s1) = (2,2), (15,5,) = (4,6), and for each k > 3, define

k-1 .
ne=2[]s; and s, = (rk’;2>.

j=1

Theorem 10. Letting W,, = supg PP(At least 1 of n players chooses a white hat) over all
possible n-player strategies as h, the number of hats per head, grows to infinity, we have
the following:

W, =1/2+V, € [17/20,193/224] (hence in [0.85, 0.8616...])
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and, forn > 3,

1

1-1/2)"<W, <1- ——.
a7 (1/2)200/2

Proof. The bounds on W, and the lower bounds on W, for all n > 3 were already es-
tablished in Section 4. The upper bounds follow from a “hint” technique generalizing
the upper-bounding techniques used earlier for V, and V3.

For1 < j < n -1, Player j is given an r; x s; hint matrix with r; and s; as defined
just before the statement of the current theorem. Player n is given no hint, but by the
usual argument, he can without loss of generality restrict attention to (at most) the
first r,/2 levels on his own head, since this is the product of the number of columns
in the other n — 1 players’ hint matrices, which is the total number of distinguishable
situations in which Player n can find himself. With probability at least 1/(2"/2) (strictly
greater than this if Player n does not actually use all possible r,,/2 levels on his own
head), he will have black hats on all of the levels from which he chooses, and Players
1 through n — 1 will all know when they are in this situation. In this case, it is up to the
first n — 1 players to choose at least 1 white hat.

Now, proceeding inductively downstream from Player n — 1 through Player 2, con-
ditioning on what is seen on the heads of all the upstream players k + 1,...,n, each
Player k sees one of s; - S5 ... - §;_; = /2 possible joint column choices for Players 1
through k — 1. Even if Player k assigns a different row of his own hint matrix to each
of these r, /2 distinguishable downstream possibilities, one of his (rk%) columns will
contain 1s in all r, /2 of these rows. (If Player k sometimes assigns the same row to
different distinguishable downstream observations, there will be multiple columns of
his hint matrix that contain 1s in all rows that he actually uses.)

Thus, conditioned on whatever Player k observes upstream and downstream (and
whatever strategy he has committed himself to), with probability at least 1/s; he will
have been assigned a column by the referee that forces him to choose a black hat,
inductively leaving the downstream Players 1 through k — 1 with the responsibility of
choosing at least one white hat. Finally, if Players 2 through n have all been assigned
these most unfavorable columns by the referee, Player 1 will know this fact and will
have the burden of choosing a white hat on his own head. However, his 2 possible hint
columns are equally probable and differ from each other on every level, so Player 1 will
fail with probability 1/2. Multiplying all n of the players’ respective conditional failure
probabilities together, we see that they must lose the misére game with probability at
least

(172772 - (155 (1/$) . .. (1/sy).

Since r,, is defined as 2s;s, . ..s,_;, the claimed upper bound on W,, follows imme-
diately. O

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

On Levine’s notorious hat puzzle =— 161

E.3 Proof that misére success probability W, decreases in n

The next result, mentioned in Section 4, shows that the optimal success probability
W,, for the n-player misére game with p = 1/2 (in which at least one player must point
to a white hat) is strictly increasing in n.

Theorem 13. The optimal misére success probabilities satisfy W,,; > W, foralln > 1,
with lim,_, ., W, = 1.

Proof. Thefactthatlim,_,., W, = 1follows immediately from Theorem 10. Now, much
as in the proof of the previous theorem, we have

P(B...B,«)=P(B...B,B)+P(B...B,W)
for any (n + 1)-player strategy, so
1-PB...B,x)=(1-P(B...B,B))+(1-P(B...B,W)) - 1
for any (n + 1)-player strategy. Thus
sup{l -P(B...B, %)} =sup{(1-P(B...B,B)) + (1-P(B...B,W))} - 1,
where the supremum is over all (n + 1)-player strategies. Then
sup{l—P(B...B, %)} < sup{1-P(B...B,B)} +sup{l- P(B...B,W)} - 1.

Since the maximal probability of avoiding (B... B, B) is the same as the maximal prob-
ability of avoiding (B...B, W) when p = 1/2, we have

W, <2W,, -1,

so W, = 1+ W,)/2 > (W, + W,)/2, where the last inequality is because W, < 1 for
eachn.
Thus we have the strict inequality W,,,; > W, foralln > 1. O

E.4 Details of best strategies known for n players

Now we give details about the best lower bounds known for V5 through V;, (all for
black-hat probability p = 1/2) that were omitted in Section 5. We discuss strategies
found by hill climbing for V5 and V,, and describe generalizations of the basic Winkler
strategy from Theorem 7 in Section 4. Finally, we analyze (recursive) white-reset and
black-reset enhancements for ¢-hat tiers that improve all of the strategies above.

In an email sent in 2014 to various hats enthusiasts, Jay-C Reyes and Larry Carter
reported what were then the best lower bounds known on V5 and V, for p = 1/2. Their
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bounds were constructive and came from hill-climbing on symmetric strategies for 4
hats per player. (Since we will later extend these strategies by considering 4-hat tiers,
we use t rather than h to refer to the number of hats per player in each basic strategy.)
The Carter—Reyes 4-player result leads to what is still the best known lower bound
for V,. Their 3-player search has since been adapted to consider t = 3, 4,5, or 6 hats
per player. Before incorporating the “reset” enhancements, we obtain the following
lower bounds from these searches:

V5 > 9120/(2°)® = 9120/32768 = 0.278320. ..,
V, > 14845/(2")* = 14845/65536 = 0.226516......

Remark 10. The 3-player strategy, which uses 5 levels, can be described by a symmet-
ric 32 x 32 matrix with values in {1, 2, 3, 4, 5} that is used by all 3 players. The 4-player
strategy, which uses 4 levels, can be described by a 16 x 16 x 16 symmetric tensor with
values in {1, 2, 3, 4} that is used by all 4 players.

For n > 5, our best lower bounds on V, come from Winkler-style strategies in
which players focus on the first ¢ ~ log,(n) levels. With Y; defined as the lowest level
on which Player j has a black hat, players using the original Winkler strategy hoped
that Y; +--- + Y,, would have some particular residue (mod t) with probability as much
above the guaranteed 1/t as possible. This best-residue probability can be improved
a little if each player is allowed to apply some permutation 7; to his value Y; before
the values are summed. (The players’ permutations on {1,...,t} can be different for
different players, as long as they are fixed during the strategy session.) For example,
for the usual case p = 1/2, one appears to do better by computing the alternating sum
(Y, =Y, + Y5 —---+(~1)""'Y,)) mod t than the straight sum (mod t), since the alternating
sum concentrates the probability mass more effectively.

Still more generally, one can use t xt Latin squares to “add in” one player’s level at
a time to the “running sum,” possibly permuting the output symbols after each new
player’s level is folded in. When t = 4, for example, one does better by using Latin
squares corresponding to the Klein 4-group than by using squares corresponding to
addition or subtraction (mod 4).

The bounds for 5 < n < 8 all come from applying the Winkler idea to 4-hat tiers,
representing each level within a tier by a dibit in {00, 01, 10, 11}, and XORing the n dibits
corresponding to the lowest level in the tier (if any) on which each player has a black
hat, resetting to the next tier if necessary. The players hope that they will each have at
least one black hat within the 4-hat tier and that the XOR of the n resulting dibits will
be 00, and they each choose the corresponding one of 4 levels on their own heads. It
turns out that for this strategy, the players win if and only the mod-2 sum of all their
dibits really is 00.

However, for many strategies (most notably, for the original strategy of straight
addition of lowest-black-hat levels (mod t)), there is “secondary success probability”
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(or “bonus” probability) coming from cases in which the actual “sum” of the n lowest
levels differs from the targeted value but the players nonetheless serendipitously each
point to a black hat. (In fact, because of this bonus probability, it turns out that straight
mod-t addition almost always yields more overall success than alternating addition
and subtraction (mod t), even though the latter almost always yields higher “primary”
success probability than the former.) We have accounted for this bonus probability in
all of our best known lower bounds in Section 5.
The XOR strategies with t = 4 equivalently use the Latin square

01 2 3
1 0 3 2
2 3 01
32 10

associated with Z, x Z, to combine values corresponding to the lowest-black-hat level
within the tier for each successive player. These strategies outperform strategies based
on mod-4 addition and subtraction (and many permutation-based generalizations
thereof), apparently because the Latin square associated with Z, x Z, concentrates
probability within the first two categories more effectively than the Latin squares
associated with those other arithmetic operations.

For 9 < n < 12, our best strategies use 5-hat tiers (i.e., t = 5). There are two
distinct isotopy classes of 5 x 5 Latin squares (as there are for 4 x 4 Latin squares), and
once again, it appears that the isotopy class not associated with mod-t addition or
subtraction does a better job of concentrating probability within 2 of the t categories.
The 5 x 5 isotopy class that we found to work best corresponds to a nonassociative
quasigroup (in fact, to a loop). Our best results are probably not optimal even within
the class of strategies we considered, since we used a greedy search algorithm, but
they all begin by combining the first two mod-5 values using the Latin square

M~ W N = O
w N DO R
= M~ O WN
N O = W
S = W N D

Later mod-5 values are folded in using Latin squares isotopic to this first square,
but not the same square (or quasigroup) for each new player.

All of the strategies above are improved slightly by working with ¢-hat “tiers” and
recursively “resetting” (shifting up t levels at a time) whenever a player sees another
player with an all-white stack of hats within the current tier. In any such situation, the
players would certainly lose without resetting, and if there is only one player with an
all-white stack within the current tier, he will fail to get the memo, so the team will still
lose. However, if 2 or more players have all-white stacks in the current ¢t-level tier, all n
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players will reset together and give themselves an independent chance of winning at
the next tier. By recursively resetting, the players succeed for all placements of hats on
the lowest t levels that would have won without resetting, but now the denominator
of their success probability is reduced from 2™ to

@ -1)"+ (';)(zf B

One can refine the reset strategy a bit. If any player (call him Player j) sees only
black hats within the first t-level tier on all of the other n—1heads, he can reset (shifting
up t levels on all of the stacks that he sees).

If he has neither all-black nor all-white on his own first ¢ levels, then the other n—1
players will stay on the first ¢ levels and will all be guaranteed to guess correctly. In
this case, the team wins with average conditional probability 1/2 whether Player j (the
nonmonochromatic player) guesses from his first t-level tier or from any other ¢t-level
tier.

If Player j has only white hats in his first tier, then the other n — 1 players will also
reset (since they see his all-white stack), and in this case, the team will get a fresh start
at the next tier of ¢ levels, whereas they would have lost for sure if they had used no
resets or only the reset-on-white strategy. If Player j has all black hats in his first ¢-level
tier, then all n players have all-black first tiers, so they will all reset to the next tier and
give themselves a fresh start of winning with conditional probability V,, rather than
the conditional probability of 1 that they would have enjoyed if they had stayed put.

We see that this reset-on-black strategy will change the probability of winning
(with respect to the earlier strategy of resetting only when at least one player has an
all-white first tier) only when everyone has a monochromatic first tier, with at most one
player having an all-white first tier. This situation occurs with probability (n+1)(1/ Pl
and the conditional net gain in success probability in this case is at least

n

1
m(zn -0)+ m(zn -D)=V,-1n+1),

where V , is any valid lower bound on V,,. Thus as long as we have a starting strategy
that achieves success probability strictly greater than 1/(n + 1), as we do for all n > 2,
this augmented resetting strategy helps.

When this reset-on-black policy is implemented recursively, the denominator of
the players’ success probability is reduced by n + 1, to

@ -1)"+n@ -1)"" - (n+1),

and the numerator is reduced by 1.
With resetting incorporated into the basic t-hat strategies, we obtain the following
lower bounds on V3 and V,,.
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Lemma 9. For the 3-player and 4-player games, we have
V3 > 9119/32670 = 0.279124... and V, >14844/64120 = 0.231503....

Proof. Forn = 3, weused 5 levels and found a symmetric strategy (described by a sym-
metric 32 x 32 matrix with values in {1, 2, 3, 4, 5} that is used by all 3 players) that wins
9120 times out of 32768. With white and black resets, this yields success probability

9120 -1 9119 9119

3+ C)B12-GB+1) (12B1+3)-4 32670

For n = 4, Reyes and Carter used 4 levels and found a symmetric strategy that
wins with probability 14845/65536, which is improved to 14844/64120 with recursive
resetting. O

For large values of n, the best lower bounds we know how to achieve are only very
slightly above the obvious lower bounds from the basic Winkler strategy with ¢-hat
tiers and a reset to the next tier if a player sees at least one other player who has only
white hats in his first tier. (Resetting when one sees only black hats on all other players’
heads provides much less help for large n.) With just the reset on white, we obtain

1 @ -1" 2t -1
Vn > max — —max ——
t -1 +nR -1t t 2-1+n

which decreases asymptotically as 1/ log,(n), essentially as argued in Theorem 7.
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Joshua Cooper and Grant Fickes
Recurrence ranks and moment sequences

This work is dedicated to the memory of Ron Graham, a gentle giant of the
highest scholarly caliber, a peerless and playful teacher, and an extraordinarily generous person. His
scientific contributions will live on in innumerable ways, particularly in his endless demonstrations
that theory and application are not just complementary, but profoundly interwoven. Here, we invoke
three persistent themes of his work: recurrence relations, algorithmic thinking, and expansive TFAE
statements.

Abstract: We introduce the “moment rank” and “unitary rank” of numerical se-
quences, close relatives of linear-recursive order. We show that both parameters can
be characterized by a broad set of criteria involving moments of measures, types of
recurrence relations, Hankel matrix factorizations, Waring rank, analytic properties
of generating functions, and algebraic properties of polynomial ideals. In the process,
we solve the “complex finite-atomic” and “integral finite-atomic” moment problems:
which sequences arise as the moments of a finite-atomic complex-/integer-valued
measures on C?

1 Introduction

We begin with a motivating problem, the original impetus for this work: Suppose that
G is a finite, simple graph; then G is associated with a characteristic polynomial whose
roots are its adjacency eigenvalues. This polynomial, despite substantial attention in
the literature dating back to at least 1957 [6], is still the subject of many open problems.
One example is the question of describing the multiplicity of zero as a root, i.e, the
nullity of the adjacency matrix A(G). If ¢(x) = det(x] — A(G)) is the polynomial, then
this multiplicity is the largest m so that ¢p(x)/x™ is also a polynomial; thus the degree of
¢(x)/x™ (o, for this application, its normalized reciprocal polynomial $(x) = det(I -
A(G)x)/C, where C is chosen so that $ is monic) then encodes this quantity as m =
deg ¢ — deg ¢. Note that

oY

J

18

log p(x) = Y log(1-bp) = Y.
i=1

i=1

J

Il
—_

where {b,-}?flg 9 are the nonzero roots of ¢, whereupon the question becomes of bound-
ing the smallest r so that ¢; can be written as a sum of r jth powers, where jc; is the jth
coefficient of log ¢. As will be defined below, this is exactly the “unitary rank” of the
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sequence (jc;);»1- Lest this seem like a roundabout way to study the quantity m, note
that, using the log det = trlog identity, it is straightforward to see that jc; = tr(A(G)),
the number of closed walks in G of length j, for each j > 1. See condition (6) in Theo-
rem 2 for this connection with log-polynomial degree.

More generally, one might ask for the simplest recurrence that a combinatorial
sequence C satisfies, as a kind of measure of complexity. If C is “C-finite,” then it sat-
isfies a linear recurrence with constant coefficients, and the order of that recurrence
captures this complexity. It is natural then to ask how to compute this order, or even if
it is finite. Famously, for example, this is an open question for the sequence A,, equal
to the number of permutations of n with no 1324 pattern (i.e., ¢ € S, so that there
existnoa < b < ¢ < dso that g(a) < o(c) < o(b) < a(d)). The theory of such
sequences is extremely well-trodden territory, and it is simplest in the case that the
characteristic polynomial—the polynomial whose coefficients are the same as those
of the recurrence—has no repeated roots. We focus on this case presently.

Another way in which the smallest order of a linear recurrence satisfied by a
sequence appears in the literature is in the context of the venerable “moment prob-
lem.” Here, one asks whether a sequence can arise as the sequence of moments
of various kinds of distributions: important instances include (positive) measures
on R, [0,00), [0,1], or T = exp(iR) (the “Hamburger,” “Stieltjes,” “Hausdorff,” and
“Toeplitz”/“trigonometric” moment problems, respectively); signed measures on R
(already considered by Hausdorff [14]); or atomic measures [7, 10]. Important related
lines of research in this area include truncated and multidimensional moment prob-
lems [8, 9] and generalized moment problems and their numerical solution [17]. See
[18, 24] for extensive explorations of this old and very broad range of topics. The ques-
tion of when a sequence does not arise as moments of a finite-atomic measure was
recently addressed [3], a topic with a long history connected with totally positive ma-
trices [12, 21], strong log-concavity/unimodality [4, 5], continued fractions and Padé
approximants [25]. Here, we add to the literature on moment problems by addressing
the case of the underlying space being C with the two conditions that either (1) the
measures are complex-valued and finite-atomic, or (2) the (positive) measures are
finite-atomic with integer masses.

Yet another large constellation of topics closely connected with recurrence rank is
the theory of Hankel matrices [19, 28], matrices which are constant on anti-diagonals.
These matrices—and, more generally, Hankel operators—play an important role in
combinatorial sequence transforms [13, 19], numerical methods in signal process-
ing [5], and Riordan arrays [20]. The determinants of Hankel matrices, known as
“catalecticants,” are objects of study going back as far as Sylvester’s work in the
1850s [27], and lives on in invariant theory [26], polynomial positivity [1], Waring rank
and binary forms [23], and the theory of orthogonal polynomials [16].

Clearly, the subject matters connected with linear recurrence order are vast, and
there is not space here to discuss them all (and many important references are there-
fore omitted, although they can be found by following threads in the aforementioned
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references). Indeed, so much work has been done on related topics over such a long
period of time that it is difficult to trace their history. This work, in addition to present-
ing several new results, is an attempt to relate and distill these perspectives into one
focused on the matter of linear recurrence rank, the order of the shortest recurrence
a sequence satisfies, in the particularly interesting cases we term “moment rank” and
“unitary rank.” We attempt to keep the below exposition mostly self-contained, which
entails borrowing a variety of arguments from the literature, indicated whenever pos-
sible.

In the next section, we introduce notation, definitions, and state some basic re-
sults. In Section 3, we present our first main theorem, a wide-ranging TFAE statement
about moment rank, and discuss a few consequences. In Section 4, we present our
second main theorem, another TFAE statement about unitary rank, and some conse-
quences thereof.

2 Preliminaries

Suppose the sequence C = (¢,)p, satisfies an rth order linear recurrence relation
r
Y ayc, =0 (CAY)
n=0
Then, by classical results [11], the elements of C can be expressed as

r
Cn = Z aiﬁ:"
i=1
for some {a;}{_;, where {8;}]_, are the roots of the degree-r polynomial p(x) = a, H;zl(x—
B = ;;é a;x", as long as the f; are distinct. The {@;}]_, can be obtained by solving the
linear system

r .
Vj e {0,...,r -1}, Zaiﬁfl =g 9.2)
i1

These observations motivate the following definition.

Definition 1. The sequenceC = (Cn)I,LO (with N = oo allowed) is said to have recurrence
rank r if r is the smallest positive integer so that C satisfies a linear recurrence of order r.
If N = 0o, we write rrank(C) for the recurrence rank.

Definition 2. The sequence C = (cn)ﬁ]:0 (with N = co allowed) is said to have moment
rank r if r is the smallest positive integer so that there exists a set of nonzero complex
numbers {a;}}_, and distinct nonzero {8;}}_, so that c, = YI_, &;f"" forall0 < n < N.If
N = 00, we write mrank(C) for the moment rank.
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Use of this definition depends on the uniqueness of the quantity for a given se-
quence. This motivates the following lemma.

Lemma 1. mrank((c,),so) is well-defined.

Proof. Suppose, by way of contradiction, that there are two sets {8;}]_, and {ﬂlf }f=1 of
nonzero distinct complex numbers along with sets of nonzero complex numbers {ai}Ll
and {a } _, o that

r

Z n+1 Z ]{ﬁ]{(ml)

i=1 j=1
Write f(z) = Y2, c,2". Because max; ;| and max; |B]-’| are finite, the following is true
around a sufficiently small ball about z = 0:

>

r

- © S (1)
n TH- n _Ipln+
g = 55 Sy

1

n=0 i= n=0 j=1

s oo
z Z Zn{X n+1 Z z Zna]{ﬁjr(nﬂ)
i=1n=0 j=1n=0

!
Zr: api i %f;
1-zf F1-z

i=1

These two functions are equal, so they have the same set of (simple) poles; thus
{Bi}i = {B]’ }; and r = s. Furthermore, since the residues of these poles are proportional
to the multiplicity of the a;8; and ! B] values, we also have that {a;}_; = {a } O

The beginning of this section motivates the moment rank definition by the satis-
faction of a linear recurrence. The following definition introduces a specific kind of
linear recurrence we consider throughout the work.

Definition 3. An rth order linear recurrence of the form Z] 0 4G, = O satisfied by
the sequence (¢j)jso for all t > 0 is said to be simple if the characteristic polynomial
Yj-o a;x’ has distinct roots.

The characteristic polynomial of a recurrence provides a way to translate between
polynomials and recurrences. Given a sequence which satisfies a linear recurrence,
there are methods to define other recurrences of higher orders, which the given se-
quence satisfies. We consider this idea in the context of characteristic polynomials,
motivating the following definition and the lemma that follows.

Definition 4. Given a complex sequence C = (c,)nog, let

r r
R = {Z a]-x’ :a; € Cand Zajc]-+t =0forallt > 0},
j=0 j=0
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be the set of characteristic polynomials of arbitrary finite order linear recurrences the
sequence C satisfies for all t > 0. We note that the zero polynomial is a trivial element
of R;.

The set above is a subset of one variable polynomials with complex coefficients.
We explore useful algebraic properties of this subset of C[x].

Lemma 2. Given a complex sequence C = (c,)p2, the set R; is an ideal in C[x].

Proof. We know the zero polynomial is in R, by definition. Let a(x) = Y}_, a,-xi and
b(x) = ¥;_o bj¥' be arbitrary elements of R;. Then Y_, ac;,, = 0 and ¥5_, bicj,, = 0,
giving that

Zacl+t+z ]1+t_

Thus R, is closed under addition.

Now let {dk}Z:o be complex constants so that d(x) € R, where d(x) = Z:o dkxk.
Let p(x) = Y[ plxl be an arbitrary polynomial with complex coefficients. If d(x) or
p(x) is the zero polynomial, then p(x) - d(x) € R.. Suppose now that d(x) and p(x)
are not identically zero. Since the sequence C satisfies a recurrence with characteristic
polynomial d(x), the generating function ®(x) of the sequence has denominator d(x).
Therefore, p(x)-d(x)-®(x) is a polynomial, so p(x)-d(x) - ®(x) is the characteristic poly-
nomial for a recurrence satisfied by C, giving that R is closed under multiplication by
elements of C[x]. O

Note that since C[x] is a principal ideal domain, R, is generated by one complex
polynomial. Moreovet, we call R the recurrence ideal of the sequence C.

Corollary 1. Given a complex sequence C = (c,)p, let Rc be generated by p(x). If p(x)
has repeated roots, then C does not satisfy a simple linear recurrence of any order.
Thus C satisfying a simple linear recurrence implies that p(x) has distinct roots, i. e., if
mrank(C) < oo, then rank(C) = mrank(C).

The algebraic structure of the recurrence ideal gives rise to useful properties of
simple linear recurrences, some of which are investigated by Lemma 3. The properties
addressed in the following two lemmas are useful in the proof of Theorem 1.

Lemma 3. Let r be the smallest positive integer so that the sequence (c;);», satisfies the

simple rth order linear recurrence Z] 0 jCj.¢ = 0. Then the following observations hold:

1. a, #0.

2. Theroots of p(x) = Z] 04 X are nonzero.

3. Thepolynomial q(x) = Z] 0 4jX X" (the “reciprocal” of the characteristic polynomial)
has r distinct, nonzero roots.
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Proof. (1) This follows trivially from the minimality of r.

(2) Due to Corollary 1, p(x) is the generator of the recurrence ideal, R;. If x is a
factor of p(x), that corresponds to an index shift in the corresponding recurrence. Then
a(x) = p(x)/x is also the characteristic polynomial of a linear recurrence satisfied by C,
so a(x) € R¢, contradicting the minimality of deg(p).

(3) Since a, + 0 by (1), g(x) has nonzero constant term so g(0) # 0. Therefore, the
reciprocal of g(x) is well-defined, with p(x) the reciprocal of q(x). The polynomial p(x)
has r distinct nonzero roots by (2) and simplicity, so the same can be said of g, whose
roots are the reciprocals of the roots of p. O

Lemma 4. Let the sequence C = (c,)uso Satisfy two rth order linear recurrences,
namely the minimal order recurrence Y,_, a,cn,; = O and another rth order recur-
rence ¥, _o bpCpe = 0, forallt > 0. Then (ay,ay,...,a,) = A(by, by, ..., b,), where A # 0
is a scalar.

Proof. Let a(x) be the characteristic polynomial of the recurrence Y _, a,¢,,; = O.
Since r is minimal, we have that a(x) generates R. If b(x) is the characteristic polyno-
mial of the recurrence Z;:o b,Cpit = 0, it must be that a(x) = Ab(x) for some A € C\ {0}
since R is principal and deg(a) = deg(b), from which the result follows. O

We have already seen that the roots of characteristic polynomials associated with
simple linear recurrences are distinct. The discriminant is a polynomial in the coeffi-
cients of univariate complex polynomials, whose kernel is exactly the set of polyno-
mials with a repeated root. This kernel is the “discriminant variety.”

Definition 5. Fix the natural number r > 1. Then the (affine) r-discriminant variety,
denoted V,, is the closure of

r .
{(bo, b)) eC i f(x) = z b;x' has a repeated root]».
i=0

It is also common to consider a Hankel matrix whose entries are given by the el-
ements of a sequence. Both finite and infinite dimensional square Hankel matrices
are considered throughout the paper. In [2], the authors show that all infinite Hankel
matrices have generalized Vandermonde decompositions of a specified form, depen-
dent on the recurrences the original sequence satisfies. Our investigation into simple
linear recurrences invites the question of which additional matrix properties are satis-
fied by Hankel matrices generated by sequences satisfying simple linear recurrences.
The following lemma and subsequent definition provide tools necessary to analyze
the structure of these matrices.

Lemmab5. Let V be an r x n Vandermonde matrix where the (i, j) entry is aé_l, andlet D
be an r x r diagonal matrix with (i, 1) entry b;. Take a; and b; for 1 < i < r to be complex
scalars. Then the matrix VT DV is a Hankel matrix.

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Recurrence ranks and moment sequences =— 173

Proof. We simply perform the matrix multiplication, showing the form of each product
along the way. Let the matrices D,,, and V,,, be defined as follows, where {g;}}_; and
{b;}!_, are complex scalars. Let D,,, = diag(b;) and

1 aq a - da
1 a4 a - al
V = . .
2 -1
1 a a ay
We see that
b, b, bs e b,
T blal bzaz b3a3 A brar
V'D= ,
byai™ bay' byay' - ba!
and furthermore that
2 -1
Yiabi  Yiaba  Yiba - Y bal
2 3
VoY Yiaba  Yiba Yiba - YL ba}
-1 1 2n-2
Yio bia} Yiabd Yiibat - Yo ba"

T};en G = Yig bl-a’l: for 0 < j < 2n-2is the sequence which populates the Hankel matrix
vV DV. O

We are specifically interested in Vandermonde matrices with no zero entries, mo-
tivating the following definition.

Definition 6. Let H,,,, where n is allowed to be co, be a complex matrix. We say H has
a nondegenerate Vandermonde decomposition if there exists a Vandermonde matrix

V,,, with all entries nonzero and a diagonal matrix D,,, so that H,, = VT DV.

3 Moment rank

Finally, before presenting the main theorem of this section, we describe an algorithm
which returns the moment rank of a sequence and the coefficients of a linear combina-
tion of powers witnessing to this rank. Denote the rxr (modified) Vandermonde matrix
with (i, j) entry B{: forB = (B;,...,5,) by VDM'(B), and the r xr (ordinary) Vandermonde
matrix with (i,j) entry 8" by VDM(B).
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Algorithm MRANK(C). Given the sequence C = (cy)s0, Set 7 = 0. Then:
1. re—r+1

2. Letc;=(cs...,Crypq),and C = (cg,...,ch_l).

3. Ifdet(C) = 0, goto step 1. Else continue.

4. Let(ayp,..., a, )" = —C’lch, and define p(x) = Y _, a,x", where a, = 1.

5. If (cp)nso does not satisfy the recurrence Y!_, a;c;,; = 0 forall ¢ > 0, goto step 1.
Else continue.

6. If p has repeated roots, throw ErrorNotSimple and terminate. Else continue.

7. returnranda = (¢, VDM’(ﬁ)*l)T, where f is the vector of roots of p(x).

Note that the above is in truth only a template for an actual executable algorithm,
since some steps involve unspecified subroutines, such as computation of the determi-
nant in Step 3, or checking for repeated roots in Step 6. Indeed, Step 5 involves check-
ing whether a sequence is satisfied by a given recurrence, a task which could range
from very straightforward (e. g., if the sequence was given as the solution to a linear
recurrence) to undecidable (e. g., if the sequence is not a computable function of its in-
dex). We therefore make no attempt to analyze the complexity of MRANK(-) and instead
treat constitutive subproblems as black boxes. However, we do assume that each step
is indeed computable in the sense that there exists an algorithm which will, in finite
time, return True or False correctly.

The following is our main theorem concerning sequences of finite moment rank.
We show that all of the above contexts provide interpretations of the moment rank.
Recall that an S-measure on a space (X, X), where Z is a g-algebra on X, is a countably
additive function from X to S, where S is an additive monoid with limits such as [0, co)
(positive measure), R (signed measure), or C (complex measure). The tth moment m;
of an S-measure du on X is the quantity IX x' dy, and the sequence {m}2, is its “mo-
ment sequence.” We call a measure “r-atomic” if there exists an A ¢ X with |A| = r so
that u(x) # Oforx € A,and u(B) =0 foranyBc X \ Ain X.

Theorem 1. Suppose C = (c,)p2, is a sequence in C, and r € N. Let Hy,,; denote the

(m + 1) x (m + 1) Hankel matrix whose entries come from the sequence (c,,)f,’ft+ t and

letf = ¥ ,.0Cnz" denote the ordinary generating function of C. Then the following are

equivalent:

1. The sequence C has moment rank .

2. (Csatisfies a simple rth order linear recurrence, and r is the smallest positive integer
so that C has this property.

3. The matrices Hy,, satisfy det(H,_,,) # 0, null(H,,) = 1, ker(H,,) = ker(H, ) for
everyt > 0, and ker(H, ) € V,.

4. There exist {ay,...,a,}L {By, ..., B b A ..., A} € €\ {0} so that, for each t > O, the
polynomial Z]?LO (zj’)cj Xy = Yia A /aj)t(a]-x + ﬁjy)zr and {a;/B;}_, is a set of r
distinct values.
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5. The ordinary generating function ®(z) = ¥, ¢,z" of C is a rational function with
exactly r simple poles.

6. The infinite Hankel matrix H,, has rank r and admits a nondegenerate Vander-
monde decomposition.

7. Theideal R is radical, and the least degree of any nonzero elementisr.

The sequence C is the moment sequence for a complex r-atomic measure on C.

9. The algorithm MRANK(C) returns the parameterr.

&

Proof.

2 & 7: Suppose 7. Let p(x) be a monic generator of R, which exists because C[x] is

a PID. We know that p is the characteristic polynomial for a linear recurrence
of minimal order satisfied by C. Note that deg(p) = r. Let {B;};_; be the distinct
roots of p, and let m be the maximum multiplicity of a root of p. Consider the
polynomial g(x) = [[;_,(x — B;)™. Clearly, p divides q, giving that g(x) € R,.
Since the ideal is radical, we have that {/g(x) = [];_,(x - ;) is an element of R..
Thus deg( ¥/g(x)) < deg(p(x)), and p(x) generating the recurrence ideal implies
deg( %/q(x)) = deg(p(x)), so p(x) has distinct roots.
We prove the reverse direction by contraposition. Let p(x) be the generator of R
and suppose R, = (p(x)) is not radical. Let f(x) € R, and m > 2 be an integer
so that {/f(x) is an element of C[x] \ R,. Since R, is principal, we have that p
divides f, but p does not divide %/f. Since the distinct roots of f and %/f are the
same, we have that p does not have distinct roots. Since p does not have distinct
roots, the same can be said of every polynomial in R, and so C does not satisfy
a simple linear recurrence.

2 = 5 = 4: We adapt an argument from [23], ultimately drawing upon Sylvester’s leg-
endary manuscript [27]. Suppose (2), so for C we have Y _, a,C,,; = 0 fort > 0,
wherer is the smallest order simple recurrence the sequence satisfies. By Lemma
(3), the polynomial g(x) = Y _, a,x" " has no repeated roots, and a, # 0. Define
h(x,y) = ¥,_oa,X"y". Without loss of generality, let a, = 1. Let a, and B, be
complex numbers for 1 < n < r so that h(x,y) = []),_;(-B.x + a,y). Note that the
g—: are distinct since h(x, 1) = g(x) has distinct roots.

Let ®(T) = Y, o,y I™. Then we have the following, which converges within a
positive-radius disk about zero:

(Za,nT">CD(T) ZZar(chkT +ZZa,,<]kT

j=0k=0 j=r k=0

In the second term above, we have j — r > 0. Therefore, Y} _,a,_ KCj-k =
Yo AnCpny(j-r) and the second term vanishes, leaving

r r-1j )
<z ar—nTn)(D(T) = Z Z a,_(]'_k)CkTI.
n=0

j=0 k=0
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Thus @(T) is a rational function with denominator ), _,a, ,T" =Y’ _,a,T" ™" =
h(T,1) = [T;,_, (@, —B,T). Since the “—: are distinct, this completes the proof of (5).
Continuing from here, by partial fractions, since the 4 are distinct there exist
A, for 1 < n < r so that (choosing numerators with foresnight)

A 2r+1

a r B\
dT)=) 2" _ ¢, = Aa2'<—">.
nzlan_ﬁnT m HZI n“n a

n

The following computation completes the proof of (4), noting that the minimal-
ity of r in this setting is due to the construction in 4 = 2 (see below):

B (oo - Sn () 3 () (e

j=0 j=0

= z An(ﬁn/an)t(anx + .Bn)/)zr

n=1
4 = 2: Suppose (4), giving that there exist nonzero {a;, ..., a,}, {;,.... 5}, and {A,, ...,
A} sothat, foreach t > 0, the polynomial Z]?'O (2.’) ¢ Xy = Yo ABilag) (agx+

,Bly)z’ the set {a; /ﬁ} _, consists of r distinct values, and r is the smallest positive
integer for which thlS property holds. Then for O < j < 2r we have

LS .
Cj+t = Z/\j(ﬁj/aj)t(a]?r*]ﬁ] ZAaZr —j— tﬁﬁt.
j=1

Let h(x,y) = []n.;(-Bux + ay). Moreover, let a,, for 0 < n < r so that h(x,y) =
Yoo anx"y". Note that a, = [];,_; a,. Since a,, # O forall1 < n < r, we have that
a, # 0. Continuing, we have

Zacnﬂ_zza/tahnt n+t

j=1n=0

Aar [’B]Zaal’ TIB]

Il
M‘

~.
|
—_

Mx

ﬁ]h(a B]) -

j=1

Therefore, the sequence satisfies an rth order linear recurrence. Notice that the
recurrence is simple since h(x, 1) = [];,_;(-B,x + a,) has distinct, nonzero roots.
Moreover, the minimality of r in this setting is due to the construction in the
preceding argument.

5 = 7: Suppose (5). Let ®(z) = Z;’io c,z". Let the r simple poles of ®(z) be y,, for 1 <
n < rsothatg(z) = H;;l(z -y, is the denominator of ®(z). It is a well-known
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result [11] that the polynomial f(z) = Y[, aizi is the characteristic polynomial of
arecurrence satisfied by C if and only if f (z)®(z) is a polynomial. Thus f(z) € R,
if and only if g(z) divides f(z), giving that g(z) (a polynomial of degree r) is a
generator for R.. The distinctness of the roots of g(z) implies R is radical.

1 & 2: Suppose (1), meaning there exists a set of nonzero complex numbers {a;};_; and

distinct nonzero {B;}/_; so that ¢, = YI_, &, for all n > 0. We multiply both

sides of the equation by z" and take the sum over n to examine the ordinary
generating functions of both sides. We have the following:

r

R n+1l_n SRS n+l_n aiﬁi
(ID(Z):ZZa,-i z :ZZaii z :Zm

n=0i=1 i=1n=0 i=1

Thus, if we let g(z) = []l_,(1 - Biz) = Y, a2 for some coefficients a;, then
D(2)g(z) = 17;(1) Aiz' is a polynomial of degree r — 1 where A,_; # 0, i.e.,

r-1 . o) (o] r .
YAz =) c,2"g2) = ) 2" ) aiZ
=0 n=0  i=0

n=0
00 r r-1 n
n n
= z z z aicn_i + Z zZ Z aicn_i.
n=r =0 n=0 i=0

By matching coefficients of z" on each side, we see, forn > r,

But, a5 =1, so
r
Cp=- Z aiCn_i> 9.3)
i=1

i.e,ifa = (a,a, ,...,a,), we have Ca’ = —c,T, where we define ¢; = (¢;,...,
Ctsr—1)@and C = (cg, ..., CH)T. Soal = —Cflch, and g(x) = YI_, al-x”i is the char-
acteristic polynomial of the recurrence in equation (9.3). Since the recurrence is
solved by ¢, = Y1, a;8"*", the roots of p(x) are the distinct nonzero values {;}\_,.
Moreover, since each f; # 0, we have that a, # 0. Thus C satisfies a simple rth
order linear recurrence, and the minimality of r in this setting is given by the
construction in the other direction of the proof (below) together with Lemma 1.
Suppose (2), giving that Y, _, a,cp, = O forall ¢ > 0, and r is the smallest
order recurrence the sequence satisfies. By Lemma 3, let {;}!_; be the distinct
nonzero roots of p(x), the characteristic polynomial of the recurrence. It follows
from standard facts about rational functions that p(x) having distinct roots im-
plies ¢, = YI_, ;""" for all n > 0 where each a; € C. If any of the a; are zero,
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the construction in the other direction of the proof would contradict the min-
imality of r in this direction. Therefore, all @; are nonzero and C has moment
rankr.

3 & 2: Suppose (2), giving that Y, _; a,c,,; = 0 forall t > 0 with a, = 1, and r is the

smallest order recurrence the sequence satisfies. The rth order linear recurrence
implies H, /A = 0, where A = [ag, a;, ..., a,]T. Let M be the (r + 1) x (r + 1) matrix
given by M;; = 1ifj =i+ 1, My,,; = -a;_, - aj_; for 1 < j < r + 1 where we define
a_, = 0, and M;; = 0 otherwise. Then M is invertible, because M,,,; # 0O, the
(r +1,1)-minor of M is 1, and M(c;, .. ., C,,H)T = (Ctspr---» CH[H)T because M acts
as a left-shift on the first r coordinates, and the r + 1-st coordinate is given by

r+1 r+1 r+1
z (@51 + @ 5)Cjyp 1 = z —aj2Cjt-1 ~ z Ai1Cjrt-1
j=1 j=1 j=1

r r
= ArCrypr1 — z AnCnit+1 ~ Z AnCnat
n=0 n=0

= Crytet-

Therefore, H,; = MkHr,t_k for any integers t > max{0, k}, so ker(H, ;) = ker(H, )
foreveryt,t' > 0.Suppose that there exists a nontrivial vector B = [bg, by, ..., b,]”
contained within ker(H, ). Then Y, _, b,cp, = O forall ¢t > 0, and Lemma 4,
gives that B is a scalar multiple of A. Thus null(H,;) = 1. The polynomial
p(x) = YI_, ax" has no repeated roots, implying that ker(H, ;) ¢ V,.

Finally, the minimality of r gives that null(H,, ;) = Oforall1 < m < r-1, implying
that det(H, ;) # O forall £ > 0.

Suppose (3). There exists A = [ag, ay, .- . ,a,]T so that A ¢ ker(H,,) forall t > 0.
Moreover, (d,...,a,) ¢ Vy, so the polynomial a(x) = ¥}, a;x' has distinct com-
plex roots. Let the first row of H,; = ¢; = [¢,..., ¢4y, ). Then ¢, - A = 0, giving
that 0 = Y7_, a;c;,, forall t > 0, and the original sequence satisfies an rth order
linear recurrence. The minimality of r is given by det(H, ;) # O forallt > 0,
completing the proof.

1 & 6: Suppose (6). Let H,, (with entries from the sequence C) have rank r and admit

a nondegenerate Vandermonde decomposition. Let {;}]_; and {b;}}_, be sets of
complex scalars so that D, , = diag(b;),

1 a & - a!
1 a a& - af!

Vr><oo . . >
1 a a ar!

and H = VIDV. Since rank(H,,) = r, rank(V) < r, and rank(D) < r, we have
that rank(V) = rank(D) = r, and furthermore that b; # 0 for 1 < i < r. By the
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computation given in Lemma 5, we see that

Co G o G
Cl C2 “ee Cn
Ch1 Cn1 0 Copa
r r r n-1
Yi-1b; Yic1 biaé‘ e Y biag
r r r n
Yiabiap  Yiabai - Yig biai
=H, =V'DV = : :
r n-1 r n r 2n-2
Yia bia; Yiabai - Y 1b i

Thus equating the entries of the two representations of H, yields ¢, = Yi_; b;al!
for all n > 0. Using the transformation §; = a; and % = q; for1<i<r, weobtain
the desired form. Note that this transformation is well-defined since a; # O is
a consequence of the definition of a nondegenerate Vandermonde decomposi-
tion. Moreover, all a; = f; are distinct, since a; = g; for i # j implies the ith and
jth rows of V are equal, contradicting rank(V) =r.

Suppose (1) by letting C have moment r. Then there exists a set of nonzero com-
plex numbers {a;}]_, and distinct nonzero {8;}}_; so ¢, = ¥, a;p"*" for all n. We
see from the computation in Lemma 5 that D = diag(a;$3;) and the (i,j) entry of
Vixoo given by ﬁ’l:_l is a nondegenerate Vandermonde decomposition of H,.

It only remains to show that H  has rank r. It is immediately clear that
rank(H,) < r. Moreover, Frobenius’s inequality [15, 0.4.5(¢)] implies that for
the product VTDV,

rank(V' D) + rank(DV) < rank(D) + rank(V’ DV).

We show now that rank(V D) = r. Suppose that rank(V D) < r. Then, not
all columns of VD are linearly independent, and there exists vl c cC
so that Z 1 ViCi = C,, where (; denotes the ith column of VID. By examin-
mg the entries within the columns of V7D, we see that Zl 1viC; = C, implies
Yyt = a, i for all n > 0, leading to the following representation of c,:

r r-1

n+1 (1+ )0( n+1
n= 2 B = ) Ay

i=1 i=1

This implies C has description complexity at most r — 1, contradicting Lemma 1.
Therefore, rank(V'D) = r = rank(DV), and Frobenius’s inequality produces
the desired result. (It is also possible to argue this via Sylvester’s law of inertia
applied to the leading principal r x r submatrices of H,, V, and D.)
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1 & 8:1tisclear thatc, = Y!_, aiﬁ{”l is the (n + 1)-st moment of the r-atomic complex
measure g = Y, a;0p., where 65 denotes the standard Dirac delta function.

1 & 9: We argue that the algorithm returns the parameter r if and only if r is the small-
est positive integer so that every term of the sequence (c,) can be expressed as
Cp = YI_, ;B! for a set of nonzero complex a; and distinct §; (since &; = 0 or
B; = B; for i # j contradict the minimality of r).
Suppose the algorithm succeeds. Then (c,),so satisfies Y, _; @,Cn.; = 0, where
the {a,} are defined by step 4; this is well-defined because step 3 says that
det(C) # 0. The characteristic polynomial of the recurrence p(x) is well-defined
and factors into r distinct linear factors x - ; by step 6. Thus, by standard results
in the theory of linear recurrence relations,

r
_ n+1
Ch = zai i
i=1

for some {0(,-}{:1 ¢ C, which are nonzero by the minimality of r (since MRANK(C)
did not terminate on any r' < r). So, mrank(C) = r.

Now, suppose that ¢, = ¥I_; ; :-”1 with all distinct nonzero f; and nonzero val-
ues a;. By 1 = 3 above, the matrix C = H,_; o introduced in step 2 is invertible,
so we pass step 3. Write @(z) = ¥, c,z". Because max; |B;| < co, the following

is true in a sufficiently small ball about z = 0:

o r
D(z) = z Zz"ai ik

n=0 i=1
_ Zr: aB;
ial -piz

Thus, if we let g(z) = [T._,(1 - Bi2) = Y|, a,_;z', then ®(2)g(z) is a polynomial
of degreer - 1,i.e.,

(o) [ole) r )
D)2 = Y c,2"8@) = Y ;2" Y a, 7
n=0 n=0 i=0

00 r r-1 n

_ n n

- Z z z Ar_iCpi + z Z r_iCn
n=r =0 n=0 i=0
00 r r-1 n

_ n n

- Z QiCiyp-r + Z Qiyr-nCi-
n=r =0 n=0 i=0

By matching coefficients of z" on each side, we see, forn > r, ¥!_ a;Ci,_, = O,
so we pass step 5. But, a, = 1, so settingn =r,

r-1
¢ =- Z a;c;, (9.4)
i=0
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Thus p(x) = Y7, aixi is the characteristic polynomial of the recurrence in equa-

tion (9.4). Since the recurrence is solved by ¢, = YI_, ;"

the distinct values {;}7_;,

algorithm does not succeed for any r’ < r, the result follow.

, the roots of p(x) are

and we pass step 6. Since Lemma 1 implies that the

S. O

In condition (4), the quantity r is known as the “Waring rank” of this polynomial.

Pratt [22] presents a history and many interesting results about
ant.

this classical invari-

Note that, when mrank C is finite, MRANK(C) returns r (the order of the recur-
rence satisfied by C) and a vector a = (¢, VDM(ﬂ)_l)T. Since ¢, = z;zl aiﬁ?“ for some

nonzero values {a;}]_;, we may write

a Bl ﬁz ﬁr a
vomgr| @ | BB B |
% BB o B L@

Co
C1 T
) =¢p.
Cr

Since the {;} are distinct when r is minimal, VDM(f) is invertible, so the vector of g;

values equals (VDM(ﬁ)*l)TCO, ie,a=(a...,qa).

Corollary 2. For a sequence C = (c,)n, satisfying a simple rth order linear recurrence

for r minimal,

null H,, , = max{0,m —r +1}.

Proof. Therank of H,, , is equal to the order r of the smallest linear recurrence satisfied
by C form > r and is m + 1 for m < r, since H,, is invertible. Therefore, null(H,,;) =

max{0,m—-r +1}.
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4 Unitary rank

Given a sequence C = (C,)pso With moment rank r, we know that ¢, = ¥, a8 for
nonzero {a;} and nonzero, distinct {§;}. It will be useful for some applications to isolate
and consider the case when a; = 1foralli, meaningc, = Y|_, ﬁ{”l forn > 0. We proceed
with the following definition (changing the sequence index for ease of use later).

Definition 7. The sequence C = (cn)lr\l’:1 (with N = oo allowed) is said to have unitary
rank r if r is the smallest positive integer so that there exists a multiset of nonzero
complex values {B;}/_; so that ¢, = Y/ i foralll < n < N.IfN = co, we write
urank((c,),s1) for the unitary rank.

Lemma 6. urank((c,),s) is well-defined.

Proof. Suppose, by way of contradiction, that there are two distinct multisets {8;}7_,
and {yj}f:1 of nonzero complex numbers so that

Write f(z) = Y2, c,2". Because max; |8;| and max; |y;| are finite, the following is true
around a sufficiently small ball about z = 0:

oo r oo S

DXL EDWELY
n=1i=1 n=1j=1

- B v P
; 1-2B; ]:Zl 1-zy;

These two functions are equal, so they have the same set of poles; thus, as sets,
{vi}; = {B:};- Furthermore, since the residues of these poles are proportional to the
multiplicity of the y; and f; values, they also occur the same number of times. Thus,
as multisets as well, {y;}; = {B;};- O

Theorem 2. Let C = (c,)n2, be a sequence and r a positive integer. Let H,_, ; denote the
r x r Hankel matrix whose entries come from the sequence (cn)fl’:‘tz“. Lastly, let ®(z) =
Y o1 Cnz" denote the ordinary generating function of the sequence C. Then the following
are equivalent:

1. The sequence C has unitary rank r.

2. The algorithm MRANK(T[C]) succeeds on the sequence T[C] = (Cy41)ns0 and returns

r anda € N" sothata-1= r, where 1is the all-ones vector of dimensionr'.

3. C satisfies an r'th order simple linear recurrence for some r' < r with coefficients

! !
{a}_, ;e Nforalll<i<r,and Y| ja;=r.
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4. LetC' = (cp)nso be a sequence so that cjy = r and c;, = ¢, forn > 1.IfH]_, , is the
r x r Hankel matrix whose first row consists of c,, ..., c;,,_;, then there exists anr x r
Vandermonde matrix V = VDM(B) so that H,_, ; = VD'V where D = diag(B), for
eacht > 0.

5. LetC' = (c})ys0 be a sequence so that c;, = r and c;, = c, forn > 1. If H._ is the
infinite Hankel matrix with entries from C', then there exists a Vandermonde matrix
V] sothatH. = (V)'V'
exp(j —x"'®(x) dx) is a polynomial of degree r with nonzero roots.

7. Thereexistnonzeror' ¢ Nand {ay, ..., 0.}, {By,..., By}, and {A;,..., A} so that, for
eacht > 0, the polynomial Z]% (2;')c]- +tx2r,"' y = Z]il Ai(B;/ a)-)t(a]-x + ﬁ}-y)z”, and the
{aj}]f;l are positive naturals that sum tor.

8. The sequence C is the moment sequence for a complex finite-atomic measure on C
where the masses of the atoms are positive naturals with sum .

Proof.

1 & 3: This is clear from the definitions of urank and mrank, taking into account the
shift in index.

1 & 2: The sequence C having unitary rank r implies there exists ' < r so that
mrank(T[C]) = r’, since we may take the same §; with a; equal to the multiplicity
of B; in the representation ¢,, = ¥|_, BI'. Thus the algorithm applied to T[C] with
Hankel matrix of size r’ succeeds and returns ' and a = (¢, VDM(ﬁ)"l)T, which,
by the note following the proof of Theorem 1, is the vector of coefficients a; in
the representation ¢, = Z{;l a;Bi'. (Note that the exponent of ; is n instead of
n + 1 because T[C] is the input to MRANK here.) But then, the sum Z{;l a; over
the values generated by the algorithm is r, since this is the number of terms in
the representation ¢, = Y_, B
To establish the converse direction, suppose the algorithm returns r’ and a ¢ N
with a - 1 = r. Note that none of the ; are zero, since then MRANK would have
terminated on a smaller value of r'. Thus the g; are positive integers summing to
r, SO we may write

r!

Cni1 = Zi

j=1i=1

B;HI’

ie,cp =28 "if {B; ]’;1 = {B;}}_, with f; appearing with multiplicity a; on the
right-hand side.

3 © 8: This is a direct consequence of Theorem 1.

1 & 5: Suppose condition (1) holds and let {8;};_; be given to satisfy the definition of
unitary rank for the sequence C. To adopt the notation of Lemma 5, letting b; = 1
and g; = f; for 1 < i < r proves (5).
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Now, suppose (5) holds. Letting b; = 1 for each 1 < i < r in the form of vipv
given in Lemma 5, we have that the (i,j) entry of H.  is ¥, a”’ 2. Clearly, then,
we have that ¢, = Y7_; af, further implying that ¢, = Y[, ;”1 The uniqueness
of unitary rank given by Lemma 6 completes the proof.

1 & 6: Suppose (1) holds. Let c = Y, Bl Since f(x) = Y,.1¢.X", we have that

_[ X" f(x)dx = - Zn>1 + C. We have the following computation:

%) ol 285)

nx>1 n=1i=1

- exp(—i Y (B";)n>

= (1 —Bix).
=1

Therefore, we see that j -x"f(x) dx is the log of a polynomial of degree r, as
desired.

Suppose (6) holds. Since it is only possible to take the log of a polynomial if
the polynomial has nonzero constant term, we have that there exists nonzero
{Bi}}_; so that exp(- [ x7'f(x) dx) = [j;(1- B;x). By letting c,, = Y}, B; and work-
ing backwards through the computation given in the first direction of the proof
shows

exp<— Jx"lf(x) dx> =e exp<— Z %)
n>1

Taking log of both sides and differentiating gives that f(x) = ¥, ., ¢,x", showing
that f(x) is the generating function for a sequence with unitary rank r, complet-
ing the proof.

1 & 7: Suppose (1) holds. Having already proved 1 & 3, we appeal to (3) and Theo-
rem 1, to give that (despite the shift in index, which is taken care of by the vari-
able t) there exist nonzero {ay,...,a,}, {B1,....B,}, and {A;,..., A} so that, for
each t > 0, the polynomial Z]?L,O (2;')cj 2y = Z;’:l A(Bjl ) (ajx + B]-y)z”. The
fact that Z{;l a; = r is given by the assumption of condition (1).

Now suppose (7) is true. By Theorem 1, we have that mrank(C) = r’. The as-
sumption in (7) that {cxi}{’:l is a set of positive naturals summing to r gives that
urank(C) =r.
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1 © 4: Suppose (4). By the computation given in Lemma 5, it is clear that the (i, )

entry of V' D'V is given by ¥!_, Bf“.*jfz. By letting ¢, = Y, B, we have that
C = (cp)pey has unitary rank at most r. We note that Lemma 6 completes the
proof that urank(C) =r.

Now, suppose (1). By the computation given in Lemma 5, we see that letting the
ith row of V be generated by f; and defining D = diag(B;), the result follows
immediately. O

Suppose A is an infinite positive-semidefinite matrix (aka positive-type kernel

for (,’2); then A can be written as A = M*M, which we will refer to as a “Gramian
representation” (since M*M is a Gramian matrix in the finite-dimensional case). In
general, this representation is unique up to unitary conjugation.

Corollary 3. The property that a real sequence C is the moment sequence of a finite-
atomic measure on C with integer masses is equivalent to H. | being positive semidefinite
of finite rank with a Vandermonde Gramian representation.

Proof. By Theorem 2, H(’)O has a factorization as V! V for some Vandermonde kernel V.
Note that, if H(’)o = M*M for some M, then H(’)O is Hermitian and symmetric, which
implies that C is real. Thus V7 = V*. O
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Andrzej Dudek, Jarostaw Grytczuk, and Andrzej Rucifski
On weak twins and up-and-down
subpermutations

Dedicated to the memory of Ron Graham

Abstract: Two permutations (x;, ..., x,,) and (y;, . ..,y, ) are weakly similar if x; < x;,, if
and only if y; < y;,; for all 1 < i < w. Let 7 be a permutation of the set [n] = {1,2,...,n}
and let wt(rr) denote the largest integer w such that 77 contains a pair of disjoint weakly
similar subpermutations (called weak twins) of length w. Finally, let wt(n) denote the
minimum of wt(7) over all permutations 7 of [n]. Clearly, wt(n) < n/2. In this paper, we
show that % <wt(n) < g - Q(nl/ 3), We also study a variant of this problem. Let us say
that (n(iy), ..., n(§;)), iy < --- < ij, is an alternating (or up-and-down) subpermutation
of mif m(i;) > n(i,) < m(i3) > ---orm(yy) < n(i,) > n(i3) < ---. Let II,, be a random
permutation selected uniformly from all n! permutations of [n]. Stanley has shown
that the length of a longest alternating permutation in II, is asymptotically almost
surely (a. a.s.) close to 2n/3. We study the maximum length a(n) of a pair of disjoint
alternating sub-permutations in II,, and show that there are two constants 1/3 < ¢; <
¢, < 1/2such thata.a.s. ¢yn < a(n) < c,n. In addition, we show that the alternating
shape is the most popular among all permutations of a given length.

1 Introduction

Looking for twin objects in mathematical structures has a long and rich tradition go-
ing back to ancient geometric dissection problems and culminating in the famous
Banach-Tarski paradox (see [18]). From that research we know, for instance, that two
very different looking objects, like the Sun and an apple, or the square and the circle,
can be split into finitely many pairwise identical pieces. A general problem is to parti-
tion a given structure (or structures) into possibly few pairwise similar substructures.
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A related issue is to find, in a given structure, a pair of twin substructures, as large as
possible.

Despite such “continuous” origins, questions of that sort can be studied in di-
verse discrete contexts, with various types of similarity specified between the objects.
For instance, Chung, Graham, Erdds, Ulam, and Yao [5] studied edge decompositions
of pairs of graphs into pairwise isomorphic subgraphs (see also [6, 12]), while Erdds,
Pach, and Pyber [8] looked for twins in a single graph (defined as a pair of edge disjoint
isomorphic subgraphs). Axenovich, Person, and Puzynina [2, 3] investigated twins in
words, and Gawron [11], inspired by their work, initiated exploration of twins in per-
mutations (defined as a pair of disjoint order-isomorphic subpermutations).

Let us dwell on this last problem for a while. By a permutation, we mean any finite
sequence of distinct positive integers. Let t(n) be the maximum number k such that
every permutation of length n has a pair of twins, each of length k. By a probabilistic
argument, Gawron [11] proved that t(n) = O(nz/ 3) and made a conjecture that this is
best possible, that is, t(n) = ©(n*>). We confirmed this conjecture in [7] (up to a loga-
rithmic factor) for a random permutation. A refinement of our result (getting rid of the
logarithmic factor) was then obtained by Bukh and Rudenko [4]. In the deterministic
case, the t(n) = Q(+/n) follows immediately from the famous result of Erdés and Szek-
eres [9] on monotone subsequences in permutations. Currently, the best lower bound
t(n) = Q(n*"”) is due to Bukh and Rudenko [4].

In this paper, we consider a weaker type of similarity of permutations than order-
isomorphism in which we only look at the relations between neighboring elements.
We say that two permutations (xy,...,x,,) and (y;,...,Y,,) are weakly similar if x; < x;,;
ifand onlyify; < y;,; forall1<i<w.

This notion can be equivalently defined in terms of shapes. For our purposes,
the shape of a permutation 7 = (x3,...,x,) is defined as a binary sequence s(r) =
(15 --->Sy-1) with elements from the set {+, -}, where s; = + if and only if x; < x;,4,
i=1,...,w-1. Forinstance, s(6,1,4,3,7,9,8,2,5) = (-, +,—, +,+,—, —, +). Then permu-
tations i, = (xq,...,x,)and m, = (Y1, --->Yw) are weakly similar if s(r,) = s(my).

Let[n] = {1,2,...,n} and let 7 be a permutation of [n], called also an n-permutation.
Two weakly similar disjoint subpermutations of 7 are called weak twins and the length
of the twins is defined as the number of elements in just one of the subpermutations.
For example, in permutation

6.l 4.3 7,98, 5)

the blue (1,4,2) and red (7, 8,5) subsequences form weak twins of length 3 (with a
common shape (+, -)).

Let wt(rr) denote the largest integer w such that 77 contains weak twins of length w.
Further, let wt(n) denote the minimum of wt(rr) over all n-permutations 7. In other
words, wt(n) is the largest integer w such that every n-permutation contains weak
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twins of length w. Our aim is to estimate this function which, unlike its stronger ver-
sion t(n), turns out to be linear in n.

Theorem 1. For n large enough,

n n 1/3
B <wt(n) < 5" Q(n'"?). (10.1)
Turning to our second result, note that given a sequence s of length n — 1, it
is quite nontrivial to determine the number N (s™) of n-element permutations with
the shape s™. Of course, there is just one permutation with a given monotone shape,
(+,...,+)and (-,...,—). But already for the alternating shapes, a(+”> =(+,—,+,...)and
a"™ = (-,+,-,...), this is so called André’s problem [1], which was solved asymptoti-
cally in the 19th century and exactly, in terms of a finite sum of Stirling numbers, only
in the 21th century [15] (see also [17]).
The asymptotic formula of André says that, setting A, := N(a™) = N(a™),

A, ~ 22/m)" .

In other words, the probability that a random n-permutation II,, is alternating (either
way) is only ~ 4(2/m)"*!. On the other hand, by the result of Stanley [16], we know
that a.a.s. a random n-permutation contains an alternating subsequence of length
at least ~ 2n/3, yielding alternating twins of length at least ~ n/3 (just split in half
a longest alternating subpermutation in II,,). In Theorem 2, we show, however, that
a.a.s. one can get substantially longer alternating twins; on the other hand, they are
much shorter than n/2, the absolute upper bound.

To state this result, let a(71) be the largest integer w such that 7 contains weak
twins of length w with an alternating shape, afrw) or a. We will call them alternating
twins. Further, set a,, := a(Il,,), where II,, is a random n-permutation.

Theorem 2. A.a.s.

1 1 1 1
<§+%+0(1)>nsan£ <§_E+O(1)>n' (10.2)

We end this paper by proving that, in fact, permutations with alternating shapes
are the most popular ones. This result, not directly related to our main theorems, may
be of independent interest.

Proposition 1. For every n and every shape s™ of length n - 1, we have N(s™) < A,.

The proof of Proposition 1 can be found in Section 3.

Note

We believe that Ron Graham would like the topic of this paper. Not only was he among
those who planted the idea of twins into the combinatorial soil, but he also wrote sev-
eral papers devoted to permutations, both with and without connections to juggling
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(see, e.g., http://www.math.ucsd.edu/~ronspubs/ for the entire collection of Ron’s
publications).

2 Proofs of Theorems 1 and 2

2.1 Extremal points

In our proofs, a decisive role is played by local extremes. We call the element i max-
imalinmifi = 1and 1(1) > m(2),ori = nand 7(n - 1) < m(n),or1 < i < nand
n(i—1) < (i) > n(i+1). By swapping all signs < and > around, we obtain the notion of
a minimal point i in 7. Maximal and minimal points alternate and are jointly referred
to as extremal. The points 1 and n are always extremal. Clearly, all extremal points of
7 form an alternating sequence in 7. In fact, as shown by Béna (see [17], and [13] for
a proof), it is the longest one.

Let E = {j;,...,ji} be the set of all extremal points in 7. These points divide the
whole range [n] into monotone segments

ﬂi:(ﬂ(ji)’ﬂ(ji+1)""’n(ji+l))’ i=1,...,k—1, (10.3)
which, however, share their endpoints. For a true partition, we define
f[i = (ﬂ(ji),ﬂ(ji + 1), .. ,ﬂ(jiJrl - 1)), i= 1, e )k - 2)

and leave the last one unchanged, that is, m,_; = m_;.

2.2 Weak twins

Proof of Theorem 1, lower bound. As the extremal points themselves form an alternat-
ing subsequence E of m, by splitting it evenly, we obtain a pair of weak twins of length
Lk/2]. Thus, we may assume that k — 1 < n/6, since otherwise | k/2] > k/2-1/2 > n/12
and we are done.

Let Q;,..., Q, be those segments among 77, . .., 7T;_;, which contain at least 4 ele-
ments each. It is easy to check that

1
Qi+ +1Ql 2 5.

Indeed, otherwise we would have
k-1 1
n=>» |m| <3k-1)+=-n<n,

a contradiction. All we need now is the following proposition.
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Proposition 2. One can find weak twins in Q; U - - - U Q, of length at least

1Q;l - €.

N | =
DM~

I
—_

i

Before proving the proposition, let us finish the proof of the lower bound in (10.1).
By Proposition 2, there is in 77 a pair of weak twins of length

1¢ 1 1 n
= > k-1)>-n--n=—. O
:§1|Q| n ( ) AT

l\)

Proof of Proposition 2. We begin with the following observation. We say that weak
twins (A,B), where A = (n(i}),...,n({)), i < --- < i, and B = (i), ..., (),
j1 < -+ < ji, are aligned upward, respectively, downward if the two right-most el-
ements of A and the two right-most elements of B interwind and form a monotone
subsequence, that is, ji_; < i1 < jix < i, and (ji_y) < 7(i_1) < 7)) < m(iy), or,
respectively, 7T(ji_;) > m(i_1) > () > m(iy).

Claim 1. Let (A, B) be aligned weak twins in  and let Q = (m(my),...,n(my)), s > 4, be
a monotone subsequence of m completely to the right of (A, B), that is, m; > iy. Then one
canextend (A, B) to a new pair of aligned weak twins (A', B') which contains all elements
of A, B and Q except for at most 2 elements. The lost elements are either all from Q (the
first or the last or both) or one from Q (the last one) and one from A (the last one).

Proposition 2 follows quickly from the above claim. Indeed, by its repeated appli-
cations, beginning with selecting a pair of aligned weak twins (4, B;) within Q; (here
we lose one element in the case when |Q | is odd), we recursively construct the desired
object losing along the way at most 1 + 2(¢£ — 1) < 2¢ elements. O

Proof of Claim 1. Without loss of generality, assume that the weak twins (4, B) are
aligned upward. However, with respect to Q, we have to consider both cases of its
monotonicity. We first assume that Q is increasing.

We are going to examine 4 cases of how the two bottom values in Q position them-
selves with respect to the two top ones in (4, B) (see Figure 10.1). Set a = n1(iy), a =
(1), b = 1(jy), b = n(j_;), and q; = n(m;),j =1,2,...,s. Recall that b<a<b<a.

Case 1: q; < b,q, < a. We extend A and B as follows:

A’:A,Q2>Q4)~--, B,:B,ql,q3,....

If s is odd, the point g, is not used (we say it is lost). Note that due to the order of
d1 92 93> 4,4, the new pair (A’, B') is indeed aligned.
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Case 3 Case 4

Figure 10.1: Extending twins in the proof of Claim 1 with increasing Q.

Case 2: g; < b < a < g,. Here, we set
A,:A,Q3,q5,..., B’:B»QZ>Q4>~-~-

We definitely lose g, and, if s is even, we also lose g;. For s = 4 or s = 5, the last 4
points of (A’, B') are thus b, a, ¢,, g3, which are aligned upward. If s > 6, then (4’,B’)
is aligned as well.

Case 3: g; > b,q, > a. This case is very similar to Case 1, so we omit the details.

Case 4: b < gq; < g, < a. This is the only case when we lose a point of (4, B). Let A~
denote the subsequence A without the last element, a. We set

A,:A_,ql,q3,..., B’:B:q2>q4>""
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Besides a, we may also lose g, provided s is even. Observe that for s = 4, b,q;, ¢, g3
are aligned upward. This exhaust the case when Q is increasing.

For decreasing Q, there are also 4 cases to examine. However, three of them,
namely, (i) a > ¢;,b > ¢,, (i) ¢, > a > b > ¢,, and (iii) ¢; > a,q, > b are very
similar to those for increasing Q, so we leave them for the reader. The only somewhat
different case is when (iv) a > ¢, > q, > b (see Figure 10.2). Then, denoting by B the
subsequence B without its last element, b, we set

AI:A,qz,q4,..., B’:Bi,ql,q_tj,....

Besides b, we may also lose g,, provided s is even. Finally, observe that for s = 4,
a,q;, 4, q; are aligned downward, though with the roles of A’ and B’ switched (which
does not really matter to us; formally we should swap A’ and B’ around). O

Figure 10.2: Extending twins in the proof of Claim 1 with decreasing Q.

Proof of Theorem 1, upper bound. We are going to construct a permutation 7 on [n], n
large enough, with no weak twins longer than n/2 — cn'/> for some ¢ > 0. This per-
mutation will consist of k' < k := [n"/?] consecutive increasing segments P,,..., P},
with max P;,; < min P;, of diminishing lengths, which have to be chosen carefully. For
i=1,...,k, set

x; =22 =2(i- 1k - 1.
Note that foralli=1,...,k, x; > 0 and x; is an odd integer. Moreover,
k k
X; =2k3—2k(2>—k=k3+k2—k> n.
=1

o (s j . k'-1
Letk' =min{j: }_ x; > n}. Thenweset |P;| = x;,i=1,...,k"~1,and |Py| = n-Y;_;" x;.

Since fozl X;=n+ O(k2), with a big margin we have, say, k' > 0.99k. Also, what is
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crucial here, foralli =1,...,k' - 1, we have X; — X;.1 = 2k, in fact, with equality except
fori=k'-1.
So, we define 77 = (P, ..., Py) in the following manner. We set

a)=n-x;+LaQ) =n-x+2,...,m(x;) =n and A, = (n(1),...,71(x;)).
Then we dip down and set
g+ =n-x;-%+1La+2)=n-x1-X+2,...,1(X; +X;) =n-Xx4
and
Ay = (m(x +1),..., 10 +X3)),
and so on, and so forth.

We now state a proposition from which the desired bound follows quickly.

Proposition 3. Let (A, B) be weak twins in the permutation m defined above of length
|A| = |B| 2 n/2 - k/3. Then, forall1<i < k', we have |AnP;| = |BN P;|.

Before proving the proposition, let us finish the proof of the upper bound in The-
orem 1. Suppose there is in 7 a pair of weak twins of length at least n/2 - k/2. Since for
alll<i< Kk, |P;| is odd, in view of Proposition 3, at least one point of each such P; is
missing from (A, B). Hence,

|A| = |B] £n/2- (k’ -1)/2<n/2-(0.99 - 1)/2 < n/2 - k/3,
a contradiction. O

Proof of Proposition 3. We proceed by (strong) inductiononi =1,...,k" —1. Let us start
with the base casei = 1. Since at most 2k/3 points of 7 are not in AUB, while |P;| > 2k/3,
without loss of generality, A n P; # 0. It suffices to prove that also Bn P; + 0, since
then, due to the fact that the rest of 7 lies totally below P;, A and B must have the same
number of elements in P;. Suppose to the contrary that Bn P; = @. But then

2
|AnP1|Z|P1|—§k>|P2|>|P3|>"',

so A begins with a longer increasing segment than B does, a contradiction with the
notion of weak twins.

For the induction step, which is similar to the base step, assume that |A N Pj| =
|B N B;l, forj=1,...,i< k' -2.If|An P;,| = |Bn B;,4| = 0, then we are done. Without
loss of generality, assume that |A n P;,4| > 0. As before, it suffices to show that also
BN P;,4| > 0; suppose otherwise. Then, since at most 2k/3 points of 7 are notin Au B,
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we have
2
|Aﬂpl+1| 2 |Pl+1|_§k> |Pl+2| > e

This means, however, that A and B will differ in the length of the first increasing seg-
ment commencing to the right of the point Z}:l x;. This yields a contradiction with
(A, B) being weak twins and completes the proof. O

2.3 Alternating weak twins

Recall that the extremal points of 7 form an alternating subsequence. In the proof of
the lower bound in Theorem 2, we are going to use this fact and then reiterate it for
the subpermutation i’ obtained from 7 by removing all the extremal points of 71. As
a crucial tool, we invoke the Azuma-Hoeffding inequality for random permutations
(see, e. g., Lemma 11 in [10] or Section 3.2 in [14]).

Theorem 3. Let h(rr) be a function of n-permutations such that if permutation m, is ob-
tained from permutation m; by swapping two elements, then |h(m;) — h(m,)| < 1. Then,
foreveryn > 0,

P(Ih(IT,) - E[h(IL,)]| = 1) < 2exp(-n*/(2n)).

Proof of Theorem 2, lower bound. We are going to show that extremal points are
evenly distributed in both “halves” of II,,. For mere convenience, we assume that
nis even.

Let X; and X, be the numbers of extremal points in I, among, respectively,
{1,...,n/2}and {n/2+1,..., n}. Note that the probability that a given pointi,2 < i < n-1,
is extremal is 2 x % = % Thus,

E(X,) = E(X,) =1+<1’ —1>>< 2_ntl
2 3
Now we apply Theorem 3 to show that this expectation is highly concentrated about
its mean. To verify the Lipschitz assumption, note that if 77, is obtained from a per-
mutation 77; by swapping any two of its elements, then trivially |X;(m;) - X;(7,)| < 6,
j = 1,2. (A detailed analysis shows that 6 can be replaced by 4, which is optimal.)
Consequently, Theorem 3 applied with h(rr) = X;(m)/6 andn = P implies

P(IX;(IL,) - E[X;(IL,)]| = n*) = 0(1)
implying thata.a.s. X; = (1+0(1))3,j =1,2.

It is quite hard to characterize the extremal points of 7’. Unable to do so, we in-
stead identify a 6-point configuration in  which contains an extremal point of 7', A
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6-tuple {i,i+1,i+2,i+3,i+4,i+5},1<i<n-5,iscalled alucky sixif n(i) < m(i+1) <
m(i+2) <m(i+3) > m(i+4) > n(i+5)and m(i+2) > m(i+4), or when all signs < and > are
swapped. It should be clear that in a lucky six i + 3 is an extremal point of 7 and, most
importantly, i + 2 is an extremal point in 7’. Of course, the same property is enjoyed by
the symmetrical structures where (i) < m(i+1) < m(i+2) > m(i+3) > m(i+4) > m(i+5)
and 71(i + 1) < 71(i + 3) (and, again, with signs < and > swapped). So, we also call them
lucky sixes. See Figure 10.3 for all 4 types of lucky sixes.

(i + 3) (i + 2)

(i +4)

(i +5)

(i +5)

Figure 10.3: Lucky sixes. The blue points appear in 7’ as consecutive ones.

Let Y; and Y, be the numbers of lucky sixes {i,i + 1,i + 2,i + 3,i + 4,i + 5} in II,, for,
respectively, 1 <i < n/2-3and n/2-1 < i < n-5. Note that the probability that a given
6-tuple is a lucky six is

(%) 1

4 x ? = 3—0
Indeed, considering, for instance, the number of ways to label by 1,.. ., 6, the lucky six
in Figure 10.3(a), there is no question that 6 must be at the top, while 5 to its left. The
remaining 4 values can be, however, distributed freely between the two pairs, i,i + 1
and i + 4,1 + 5. This explains (4). Thus

E(Y,) = E(Y,) ~ %
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Again, a standard application of the Azuma inequality (Theorem 3) yields that a. a.s.
Y;=(Q1+ o(l))%,j =1,2.

Let 4;,j = 1,2, be the alternating subsequences in, respectively, {1,...,n/2} and
{n/2+1,...,n}, consisting of the extremal points of IT,,. Further, let B]-, j =1,2, be alter-
nating subsequences in, respectively, {1,...,n/2} and {n/2 + 1,...,n}, consisting of the
extremal points of IT),. By losing at most one point each, one can concatenate A; with
Bs_j,j = 1,2, obtaining the desired pair of alternating twins. Noting that |A; U B3_;| ~
g + % completes the proof of the lower bound in (10.2). O
Proof of Theorem 2, upper bound. For the proof of the upper bound, we need to con-
sider two kinds of special 5-tuples. A 5-tuple {i,i + 1,i + 2,1+ 3,i + 4} is called cornered
if either the first or the last four consecutive points form a monotone sub-sequence
but all five do not (see Figure 10.4). A 5-tuple {i,i + 1,i + 2,i + 3,1 + 4} is called crooked
if the three middle points form a monotone subsequence but no four points do (see
Figure 10.5). Given a permutation 7, let e(sr) be the number of extremal points in 7,
and let co(rr) and cr () be, respectively, the number of cornered 5-tuples and the num-
ber of crooked 5-tuples in 77. The following crucial lemma sets an upper bound on the
number of elements in two disjoint alternating subsequences of 77 in terms of the three
defined above parameters.

(i + 3)

(i 4)

(i 4 4)

(i + 4)

m(i+4)

Figure 10.4: Cornered 5-tuples.

(i + 3)
(i +4)

(i 4 4)

Figure 10.5: Crooked 5-tuples.
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Lemma 1. Let A and B be two disjoint alternating subsequences in a permutation i of
[n]. Then

|A| + |B| < e(mr) + co(rr) + cr(m). (10.4)

Deferring the proof of Lemma 1 for later, we now deduce from it the upper bound
in (10.2). Let L count the cornered 5-tuples in the random permutation IT,, and let Z
count the crooked 5-tuples in II,,. Note that the probability that a given 5-tuple is cor-
nered is 4 x (g‘)/S! = % and so, E(L) = % x (n — 4). Note also the that the prob-
ability that a given 5-tuple is crooked is 2 x g = % (see Figure 10.6) and so, E(W) =
% x(n-4). Another application of the Azuma inequality (Theorem 3) yields that a. a. s.
L=(1+0(1)% whileZ = (1+0(1))X2, Plugging into (10.4), we finally obtain that

60° 60
1 2 8 1 1 1
anS5(1+0(1))<§+%+%>n:<§—ﬁ+0(l)>n. O
m(4) =4 m(4) =5 m(4) =5
m(l)=5
m(5) =1
m(2)=1 m(2) =2

(a) (b) (c)

Figure 10.6: (a) If m(1) = 5, then m(4) = 4 and the remaining number of choices is (g). (b) If m(4) =
5and m(2) = 1, then we have 3! choices. (c) Finally, if 1(4) = 5and m(5) = 1, then there are 2!
remaining choices.

It remains to prove Lemma 1.

Proof of Lemma 1. Let A and B be given as in the lemma. Let E be the set of extremal
points in 77 and F the set of points neighboring the extremal points but not extremal
themselves. We are going to construct an injective mapping ¢ : AUB — E UF. Then,
noting that |F| = co(rt) + cr(mr), completes the proof.

Letjy,...,ji beall extremal points in 77. These points divide the whole range [n] into
monotone segments defined in (10.3), which we now express in terms of the numbers
of their inner points #;:

;= (G, m(; + 1), ..., 1Gi; + €), (1))

i=1,...,k-1. Note that ¢; can equal 0. Before constructing the desired mapping ¢, let
us examine the distribution of the set A U B among the segments 7;. Our first observa-
tion is that each segment contains at most two elements of A and at most two elements
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of B. Moreover, if 7; contains exactly two elements of A, then one of them is a minimal
element of A and the other—a maximal element of A, and the same is true for B. But
most crucial is the following property concerning a pair of consecutive segments 7;
and m;,4. If j;,; is maximal, respectively, minimal in 7, then there is in total at most
one maximal, respectively, minimal element of A on these segments.

Knowing all this, it is easy to see that the following construction is, indeed, an
injection. If ; is increasing, then to the maximal elements of A U B lying on 7;, assign
the top-most two elements of 7;, that is, to 7(j; + ¢;),7(j;,1), in any feasible fashion.
While to the minimal elements of AU B lying on 7; assign the two down-most elements
of i1, that is, to (j;), m(j; +1). If r1; is decreasing, we proceed similarly, but with the pairs
n(j; + €;), m(j;,1) and 7(j;), (j; + 1) swapped. O

3 Proof of Proposition 1

Given a sequence s = (S;,...,S,) with s; € {+,-} and a linearly ordered set S of size
IS| = r + 1, denote by N(s) the set of all permutations 7 of S with the shape s(rr) = s.
IfS = [r + 1], then we abbreviate N/(s) := N,,)(s). Further, let Ns(s) = |[Ns(s)|. Observe
that N(s) does not depend on S, so we skip the subscript 5 altogether here.

The complement of a sequence s = (s, ..., s,) is naturally defined as the sequence
5=(5,...,5,), where {s;,5;} = {+, -} for each i. In other words, one replaces each + in
s with —, and vice versa. It is easy to see that N(s) = N(5).

Recall that A, = N (ai”)) = N(a™). Our proof of Proposition 1 is by induction on n
and, in its final accord, utilizes the following known identity involving the sequence
A, (see, e.g., [17]):

L /n
y ( )AkAn,k —24,... (10.5)
k=0 k

What is more, our proof is also inspired by the idea behind the proof of (10.5),
which is to build a permutation of [n + 1] beginning with positioning the element n+1,
and then separately counting the completions to the left and to the right of it. Also, as
the RHS of (10.5) is a double of what we want, we are doomed to count in permutations
with the complementary shape as well.

Proof of Proposition 1. For n < 3, the proposition follows by inspection. Fix n > 3 and
assume it is true forall n’ < n. Given a shape s™*" := s = (s,,...,s,,) our goal is to show
that N(s) < A,,1.

Foreachk =0,1,...,n,let N (s) = {m e N(s) : m(k + 1) = n + 1}. As n + 1 is always
a maximum element of 77, we have A (s) # 0 if and only if s; = + and s;,; = —. Thus,
setting K" = {k : s; = +and sp,; = -}, we have N(s) = Jgexn Ni(S), and, as the sets
under the union are obviously disjoint, N(s) = Y ;g Ni(s), where Ni.(s) = [N, (s)|. For
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a fixed k, let us focus on the number N, (s). Every permutation in A (s) consists of a
“prefix” u, followed by n + 1, followed by a suffix v. Introducing “truncated” shapes
S = (Spp...»Sk_g) and sy = (Sgyo».-.,Sp), u and v must satisfy s(u) = s; and s(v) = s/.
Hence, using also the induction assumption,

Ne(s) = (NGONG?) = (1 JArAn i

The same is true for the complementary shape 5 as well. Recalling that N(3) = N(s)
and noticing that the set

{k:5 =+and 5., = -} ={k:s =—andsp,; = +} = K’

is disjoint from K", we thus conclude that

n - (N
2N(s) < Z <k>AkAn—k < Z <k>AkAn—k =241,
keK"UKY k=0

where the last equality is (10.5). O

4 Concluding remarks

We believe that the lower bound in Theorem 1 can be improved and it is plausible to
conjecture that wt(n) ~ g As a matter of fact, if 7 happens to be an n-permutation
with e(rr) = o(n), then the construction used in the proof of (10.1) yields wt(rr) ~ g

It is also not difficult to see that the lower bound on «,, in Theorem 2 can be im-
proved. Let 7’ be the subpermutation obtained from 71 by removing all the extremal
points of 7. Recall that in the proof of the lower bound (10.2) we estimated e(r') by
using the lucky six tuples. But one can also consider more “lucky” structures. This
can be done by incorporating zigzags into the lucky six tuples as in Figure 10.7, for
example. This already gives an improvement on the lower bound on a;;:

1 1 1 117 + 105
an2<§+%+5-4-T+0(1)>n.

Now we can consider longer lucky tuples (of length 10, 12, 14, ...) and use computer to
calculate the corresponding expectations. Computer simulations suggest that

a, > (1/3+0.1006.. )n.

We do not know what the exact value of the second term is here, since it is not even
clear how to compute the expected value IE(e(H;)).
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(a) (b)

Figure 10.7: (a) 117 choices; (b) 105 choices.

Another direction of related studies would be to consider a more general notion of
weak r-twins, defined as r pairwise disjoint subsequences of a permutation with the
same shape. One naturally expects that the analogous function wt" (n) should satisfy
wt"(n) ~ L3

Finally, let us point at some natural counting problems involving the notion
of weak similarity of permutations. For instance, define, for even n, the sequence
T, which counts all n-permutations that are weak twins of length n/2, that is, all
n-permutations that can be split into two subpermutations with the same shape.
What is the asymptotic growth of the sequence T,,?

A related problem stems from Proposition 1. We proved there that no shape is
more represented among all permutations of length n than the alternating ones. It
follows from the proof of Proposition 1 that actually the number 4, is strictly bigger
than B,,—the largest among the numbers N(s) with s being a nonalternating sequence
of length n - 1. It can be shown that A,,/B,, < 2. Indeed, by swapping the first two el-
ements, we see that N(b™) = N’(afr")), where b™ = (-, -, +,-, +,...) is the shape of
permutations which begin with a decreasing triple and then alternate, while N’ (afr"))
counts those alternating permutations 7 of length n for which 7(2) > 7(1) > 7(3). In
turn, swapping the first and the third element of an alternating permutation counted
by N(a{”)-N'(a{"), that s, one for which 1(2) > 71(3) > (1), yields that N’ (a{”) > 1A,.
It would be interesting to compute lim, A, /B,, if it exists.

n—oo
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Sohail Farhangi and Jarostaw Grytczuk
Distance graphs and arithmetic progressions

Dedicated to the memory of Ron Graham

Abstract: A set of positive integers D is called lonely if there exist real numbers a,§ €
(0, 1) such that each point of the dilation aD is at distance at least 6 from the nearest
integer. We prove that for every lonely set there is a 2-coloring of the integers without
arbitrarily long monochromatic arithmetic progressions with steps d € D. This result
is a step toward a more general conjecture by Brown, Graham, and Landman, stat-
ing that a similar 2-coloring exists whenever the set of allowable steps D violates the
restricted version of van der Waerden’s theorem.

1 Introduction

Let D ¢ N be a fixed subset of the set of positive integers. Consider a graph Gp, on the
set of vertices IN in which two vertices a, b € N, with a < b, are joined by an edge if
and only if b — a € D. Investigations of such graphs were initiated by Eggleton, Erdés,
and Skilton [4] in connection with the famous Hadwiger—Nelson problem concerning
the chromatic number of the plane (see [16]).

Let x(D) denote the chromatic number of Gj. A challenging problem is to char-
acterize sets D with finite chromatic number. For example, if D consists of all even
integers, then y(D) = oo, since there is an infinite clique in Gy. On the other hand, if D
consists of all odd numbers, then y(D) = 2, since the sets of even and odd integers are
independent in Gp. This shows that the chromatic number y (D) may radically differ
for sets that are just translates of one another.

The main conjecture in this matter was posed independently by Katznelson [11]
and Ruzsa (personal communication), using different terminology of topological dy-
namics and additive number theory, respectively. To make a precise statement, let us
denote by || x| the distance from x to the nearest integer. A set D is called lonely, if there
exist real numbers a,§ > 0 such that the inequality |ad| > 6 is satisfied for all d € D.
For example, the set of all odd integers is lonely, as can be seen by takinga = § = 1/2.

Conjecture 1 (Katznelson—-Ruzsa). The chromatic number y(D) is finite if and only if
the set D is a finite union of lonely sets.
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That the loneliness condition on D is sufficient for the finiteness of y (D) was proved
by Katznelson [11] and independently (implicitly) by Ruzsa, Tuza, and Voigt [15]. Both
papers solve a problem posed by Erdés whether y(D) is finite for sets with exponential
growth (so-called lacunary sets).

In this note, we prove a result concerning arithmetic progressions whose steps
are restricted to lonely sets. The celebrated theorem of van der Waerden [17] asserts
that any finite coloring of N admits arbitrarily long monochromatic arithmetic pro-
gressions. Clearly, this is not necessarily true if we restrict the set of allowable steps of
arithmetic progressions to some fixed set D. In particular, in a proper coloring of G
with y(D) colors, there are no nontrivial monochromatic arithmetic progressions (with
steps from D) at all.

The problem of characterizing sets D for which the restricted van der Waerden’s
theorem holds was undertaken by Brown, Graham, and Landman [2]. They posed the
following intriguing conjecture.

Conjecture 2 (Brown, Graham, Landman, [2]). Let D be a set of positive integers. Sup-
pose that there is a finite coloring of IN such that all monochromatic arithmetic pro-
gressions with steps in D have bounded length. Then there is a 2-coloring of N with
the same property.

In this note, we prove that lonely sets satisfy this conjecture. In particular, this
solves an open problem, posed in [1] (see also [12]), of determining the least number
of colors needed to avoid long monochromatic arithmetic progressions with steps be-
longing to the set of Fibonacci numbers.

2 Theresult

Let us consider the torus T = R/Z, which is geometrically just a circle of unit cir-
cumference with a distinguished point 0. For x € R, there is a unique point on T
corresponding to x whose circular coordinate is the factional part {x} of x. We will de-
note real numbers and their corresponding points on the torus by the same symbols.
By |x||, we denote the circular distance from x € T to the point 0. More precisely, |x||
equals {x} or 1 — {x}, where {x} is the fractional part of x. Notice also that for any two
numbers x,y € R, the number ||x — y| is equal to the circular distance between the
corresponding points on the torus T.

Suppose now that D is a lonely set, i. e., the inequality |ad|| > & holds for some
a,6 € (0,1)and all d € D. For a fixed a € (0,1), let §,(D) = inf{]lad| : d € D}, and let
A(D) = sup{6,(D) : a € (0,1)}. We shall call it the loneliness constant of the set D.

Theorem 1 (Katznelson [11]). Let D be a lonely set with the loneliness constant A(D).

Then x(D) < [,%D)].
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Proof. Putk = [ﬁ] and partition the torus T into half-open arcs A; = [j jil), for

j k&
j =0,1,...,k - 1. Define a k-coloring ¢ : N — {0,1,...,k — 1} by c¢(n) = j if and only
if an € A;. We claim that this is a proper coloring of the distance graph Gp. Indeed,
suppose that c(a) = c(b) = j for some a,b € N. Then aa,ab € A;, which implies that
laa — ab]| < % Hence, ||a(a - b)| < %, and in consequence a — b cannot be an element

of D (since every d € D satisfies |lad| = A(D) > %). O

Now we use similar methods to prove Theorem 2, which is an effective version of
both Lemma 74 in [9] and Corollary 8.1 in [6].

Theorem 2. Let D be a lonely set with the loneliness constant A. Then there exists a
2-coloring of N such that no arithmetic progression of length £ = [%] +landstepd e D
is monochromatic.

Proof. Let D be a lonely set with loneliness A > 0. Consider a red-blue coloring of the
torus T = RU B, where R = [O, %) and B = [%, 1). Define a red-blue coloring of N so
that the color of a number n € IN coincides with the color of the corresponding point
an € T on the torus. Here, a is a constant satisfying the loneliness condition |lad| > A
foralld € D.

Now, consider any arithmetic progression a,a + d,a + 2d,...,a + kd with d € D.
We claim that it is not monochromatic, provided that k > % Indeed, consider the
corresponding points aa, a(a + d), a(a + 2d), ..., a(a + kd). These points also form an
arithmetic progression with step s = |ad| > A on the torus T (going clockwise or
counterclockwise). So, the length of the whole arc spanned between the first and the
last point of this progression equals at least ks > %/\ = % On the other hand, s < %,
so, there must exist two points in the progression dropping into different parts of the
partition of the torus. This proves the theorem. O

Recall that a set D = {d;,d,,...} is lacunary if there exists a real number 8 > 0
such that % >1+6,foralli=1,2,....Pollington [14] was the first to show that every
lacunary sei is lonely, thus answering a question of Erdds [5] (see also de Mathan [3]).
This fact was independently rediscovered by Katznelson [11], and it was also indepen-
dently shown by Ruzsa, Tuza, and Voigt [15] that sufficiently quickly growing lacunary
sequences are lonely. For instance, the set of Fibonaccinumbers F = {1,2,3,5,8,13,...}
is well known to be lacunary. Hence F is lonely and satisfies the assertion of Theorem 2.
As mentioned at the end of the Introduction, this answers a question posed in [1] (see
also [12]).

Moreover, as proved by Peres and Schlag in [13], every finite union of lacunary
sets is a lonely set. By their results, one may derive the dependence between lone-
liness and lacunary constants and obtain thereby an upper bound on the length of
monochromatic arithmetic progressions in this case. More specifically, let ¢t > 1 be a
fixed integer, and suppose that D; is a lacunary set with the lacunary constant 1 + 6;,
fori=1,2...,t. Then, as proved in [13], the set D = Uf;l D; is lonely with the loneliness
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constant satisfying

1

AD) 2 ———,
240M log, M

where M = max(z§:1f9;11,4).
Finally, notice that Theorem 2 has the following consequence for finite unions of
lonely sets.

Corollary 1. Lett > 1beaninteger andlet D = D;uD,U---UD;, where each D; is a lonely
set. Then there exists a 2t—coloring of N and a constant ¢ = £(D) such that no arithmetic
progression of length ¢ and step d € D is monochromatic.

Proof. Itis enough to take the product coloring whose components are the 2-colorings
guaranteed by Theorem 2 for each of the sets D;. Clearly, there can be no monochro-
matic progression with step in D of length greater than [i], where A = minA(D;). O

3 Further remarks

We conclude this short note with some reflections on further possible applications of
the torus coloring method to other problems for distance graphs.

The first and natural attempt would be to extend Theorem 2 to all sets D with finite
chromatic number y(D). A natural attempt here is to consider finite unions of lonely
sets (cf. Conjecture 8.13 in [6]). By Corollary 1, we know that a desired coloring (avoid-
ing long arithmetic progressions with steps in D) can be obtained by using at most 2!
colors, where t is the number of lonely sets in the union.

We will now propose a series of 2-colorings of the integers which we believe to
show (but are unable to prove) that a union of two lonely sets is not 2-large. Given a
partition of the 2-Torus T? = A U B, and some (a,p) € T2, we may define the coloring

fA,B,a,ﬁ :IN — {1, 2} by

1 if(na,nB)ecA

(11.1)
2 if (na,nP) € B.

faBapn) = {

Informally, Theorem 2 was proven by analyzing the coloring fz 5 ,. Now let S =
L, U L, be a union of two lonely sets. Suppose that a,§ € R and § > 0 is such that
||nal| > 6 for every n € L, and ||nf]|| > 6 for every n € L,. We conjecture that for at least
one of the partitions of T? that are shown below, the coloring fa,B.ap Will not contain
long monochromatic arithmetic progressions with steps in S.
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We hope that at least one of the above partitions will also give insight into partitions
of higher dimensional Tori that will allow us to generalize Theorem 2 to finite unions
of lonely sets.

Another direction could be to look at arbitrary forward paths in distance graphs,
not only following arithmetic progressions. It is known, for instance, that for the set F
of Fibonacci numbers, there is a 6-coloring of Gy avoiding arbitrarily long monochro-
matic forward paths. On the other hand, two colors are not sufficient for this property
(see [1]). Other related problems and results can be found in [8].

It is also known that there is a set H with infinite chromatic number y(H) and
a finite coloring of N avoiding 3-term monochromatic arithmetic progressions with
steps in H (see [10] or Section 9.1 of [7]). On the other hand, there is no finite coloring
of N avoiding arbitrarily long monochromatic forward paths in the graph G.
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Michael Filaseta and Jacob Juillerat
Consecutive primes which are widely digitally
delicate

Dedicated to the fond memory of Ronald Graham

Abstract: We show that for every positive integer k, there exist k consecutive primes
having the property that if any digit of any one of the primes, including any of the
infinitely many leading zero digits, is changed, then that prime becomes composite.

1 Introduction

In 1978, M. S. Klamkin [20] posed the following problem:

Does there exist any prime number such that if any digit (in base 10) is changed to any other digit,
the resulting number is always composite?

In addition to computations establishing the existence of such a prime, the published
solutions in 1979 to this problem included a proof by P. Erdés [7] that there exist in-
finitely many such primes. Borrowing the terminology from J. Hopper and P. Pollack
[15], we call such primes digitally delicate. The first digitally delicate prime is 294001.
Thus 294001 is a prime and, for every d € {0, 1,..., 9}, each of the numbers

d94001, 2d4001, 29d001, 294d01, 2940d1, 29400d

is either equal to 294001 or composite. The proof provided by Erdés consisted of creat-
ing a partial covering system of the integers (defined in the next section) followed by
a sieve argument. In 2011, T. Tao [32] showed by refining the sieve argument of Erdds
that a positive proportion (in terms of asymptotic density) of the primes are digitally
delicate. In 2013, S. Konyagin [22] pointed out that a similar approach implies that a
positive proportion of composite numbers n, coprime to 10, satisfy the property that
if any digit in the base 10 representation of n is changed, then the resulting number
remains composite. For example, the number n = 212159 satisfies this property. Thus,
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references [3] and [13].
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every number in the set
{d12159, 2d2159, 21d159, 212d59, 2121d9,21215d : d € {0,1,2,...,9}}

is composite. Later, in 2016, ]. Hopper and P. Pollack [15] resolved a question of Tao’s on
digitally delicate primes allowing for an arbitrary but fixed number of digit changes
to the beginning and end of the prime. All of these results and their proofs hold for
numbers written in an arbitrary base b rather than base 10, though the proof provided
by Erdés [7] only addresses the argument in base 10.

In 2020, the first author and J. Southwick [12] showed that a positive proportion of
primes p, are widely digitally delicate, which they define as having the property that if
any digit of p, including any one of the infinitely many leading zeros of p, is replaced by
any other digit, then the resulting number is composite. The proof was specific to base
10, though they elaborate on other bases for which the analogous argument produces
a similar result, including for example base 31; however, it is not even clear whether
widely digitally delicate primes exist in every base. Observe that the first digitally del-
icate prime, 294001, is not widely digitally delicate since 10294001 is prime. A specific
example of a widely digitally delicate prime, which has 4030 digits, was provided by
Jon Grantham in the comment section of the article [25]. Recently, the authors with
J. Southwick [10] obtained a related result showing that there are infinitely many (not
necessarily a positive proportion) of composite numbers n in base 10 such that when
any digit is inserted in the decimal expansion of n, including between two of the in-
finitely many leading zeros of n and to the right of the units digit of n, the number n
remains composite (see also [11]).

In this paper, we show the following.

Theorem 1. For every positive integer k, there exist k consecutive primes all of which are
widely digitally delicate.

Let P be a set of primes. It is not difficult to see that if P has an asymptotic density
of 1in the set of primes, then there exist k consecutive primes in P for each k € Z*. On
the other hand, for every € € (0, 1), there exists P having asymptotic density 1-¢in the
set of primes such that there do not exist k consecutive primes in P for k sufficiently
large (more precisely, for k > 1/¢). Thus, the prior results stated above are not sufficient
to establish Theorem 1. The main difficulty in using the prior methods to obtain Theo-
rem 1is in the application of sieve techniques in the prior work. We want to bypass the
use of sieve techniques and instead give complete covering systems to show that there
is an arithmetic progression containing infinitely many primes such that every prime
in the arithmetic progression is a widely digitally delicate prime. This then gives an al-
ternative proof of the result in [12]. After that, the main driving force behind the proof
of Theorem 1, work of D. Shiu [29], can be applied. D. Shiu [29] showed that in any arith-
metic progression containing infinitely many primes (i. e., an+b with gcd(a, b) = 1and
a > 0) there are arbitrarily long strings of consecutive primes—appropriately coined
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“Shiu strings” by T. Freiberg [13]. Thus, once we establish through covering systems
that such an arithmetic progression exists where every prime in the arithmetic pro-
gression is widely digitally delicate, D. Shiu’s result immediately applies to finish the
proof of Theorem 1.

Our main focus in this paper is on the proof of Theorem 1. However, in part, this
paper is to emphasize that the remarkable work of Shiu [29] provides for a nice applica-
tion to a number of results established via covering systems. One can also take these
applications further by looking at the strengthening of Shiu’s work by W. D. Banks,
T. Freiberg, and C. L. Turnage-Butterbaugh [3] and J. Maynard [24] (also see T. Freiberg
[13]). To illustrate the application of Shiu’s work in other context, we give some further
examples before closing this Introduction.

A Riesel number is a positive odd integer k with the property that k - 2" — 1 is
composite for all positive integers n. A Sierpifiski number is a positive odd integer k
with the property that k-2" +1is composite for all nonnegative integers n. The existence
of such k were established in [28] and [30], respectively, though the former is a rather
direct consequence of P. Erdés’s work in [6] and the latter is a somewhat less direct
application of this same work, an observation made by A. Schinzel (cf. [9]). A Brier
number is a number k which is simultaneously Riesel and Sierpifiski, named after Eric
Brier who first considered them (cf. [9]). The smallest known Brier number, discovered
by Christophe Clavier in 2014 (see [31]), is

3316923598096294713661.

As is common with all these numbers, examples typically come from covering systems
giving an arithmetic progression of examples. In particular, Clavier established that
every number in the arithmetic progression

3770214739596601257962594704110 n + 3316923598096294713661, n € Z* u {0}
is a Brier number. Since the numbers 3770214739596601257962594704110 and

3316923598096294713661 are coprime, Shiu’s theorem gives the following.

Theorem 2. For every positive integer k, there exist k consecutive primes all of which
are Brier numbers.

Observe that as an immediate consequence the same result holds if Brier numbers
are replaced by Riesel or Sierpinski numbers.

As another less obvious result to apply Shiu’s theorem to, we recall a result of
R. Graham [14] from 1964. He showed that there exist relatively prime positive integers
a and b such that the recursive Fibonacci-like sequence

Uupy=a, u =b, and wu,4=u,+u,,; forintegersn>1, (12.1)
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consists entirely of composite numbers. The size of known values for admissible a
and b have decreased over the years through the work of others including D. Knuth
[21], J. W. Nicol [26], and M. Vsemirnov [33], the latter giving the smallest known such
a and b (but notably the same number of digits as the a and b in [26]). The result has
also been generalized to other recursions; see A Dubickas, A. Novikas, and J. éiuws [5],
D. Ismailescu, A. Ko, C. Lee, and J. Y. Park [18] and I. Lunev [23]. As the Graham result
concludes with all u; being composite, the initial elements of the sequence, a and b,
are composite. However, there is still a sense in which one can apply Shiu’s result. To
be precise, the smallest known example given by Vsemirnov is done by taking

a =106276436867 and b =35256392432.

With u; defined as above, one can check that each u; is divisible by a prime from the
set

P =1{2,3,5,7,11,17,19, 23,31, 41, 47, 61,107,181, 541, 1103, 2521}.
Setting

N= H p = 1821895895860356790898731230,
pEP

the value of a and b can be replaced by any integers a and b satisfying
a =106276436867 (mod N) and b = 35256392432 (mod N).

As gcd(106276436867,N) = 31 and gcd(35256392432,N) = 2, these congruences are
equivalent to taking a = 31a’ and b = 2b’ where a’ and b’ are integers satisfying

a' = 3428272157 (mod 58770835350334090028991330)
and
b’ = 17628196216 (mod 910947947930178395449365615).

As a direct application of D. Shiu’s result, we have the following.

Theorem 3. For every k € Z*, there are k consecutive primes p;,p,,...,p; and k con-
secutive primes q;,q,, - - ., qy Such that for any i € {1,2,..., k}, the numbers a = 31p; and
b = 2g; satisfy gcd(a, b) = 1 and have the property that the u, defined by (12.1) are all
composite.

This latter result is not meant to be particularly significant but rather an indication
that Shiu’s work does provide information in cases where covering systems are used
to form composite numbers.
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Regarding open problems, given the recent excellent works surrounding the non-
existence of covering systems of particular forms (cf. [1, 2, 16, 17]), the authors are
not convinced that widely digitally delicate primes exist in every base. Thus, a tanta-
lizing question is whether they exist or whether a positive proportion of the primes
in every base are widely digitally delicate. In the opposite direction, as noted in [12],
Carl Pomerance has asked for an unconditional proof that there exist infinitely many
primes which are not digitally delicate or which are not widely digitally delicate. For
other open problems in this direction, see the end of the introductions in [10] and [12].

Before closing this Introduction, we note that Matt Parker has recently done an
excellent presentation [27] on his Stand-up Maths YouTube channel of the material in
this paper.

2 The first steps of the argument

As noted in the Introduction, to prove Theorem 1, the work of D. Shiu [29] implies that
it suffices to obtain an arithmetic progression An + B, with A and B relatively prime
positive integers, such that every prime in the arithmetic progression is widely digi-
tally delicate. We will determine such an A and B by finding relatively prime positive
integers A and B satisfying property (x) given by

(*) Ifd € {-9,-8,...,-1} U {1,2,...,9}, then each number in the set
Ag={An+B+d-10":ne z" k e Z" U {0}
is composite.

As changing a digit of An + B, including any one of its infinitely many leading zero
digits, corresponds to adding or subtracting one of the numbers 1,2,...,9 from a digit
of An + B, we see that relatively prime positive integers A and B satisfying property
() also satisfy the property we want, that every prime in An + B is widely digitally
delicate.

To find relatively prime positive integers A and B satisfying property (*), we make
use of covering systems which we define as follows.

Definition 1. A covering system (or covering) is a finite set of congruences
x=a, (modm;), x=a,(modm,), ..., x=a, (modm,),

wherer € Z*, each a; € Z, and each m; € Z", such that every integer satisfies at least
one congruence in the set of congruences.

In other contexts in the literature, further restrictions can be made on the m;, SO
we emphasize here that we want to allow for m; = 1 and for repeated moduli (so that
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the m; are not necessarily distinct). There will be restrictions on the m; that will arise
in the covering systems we build due to the approach we are using. We will see these
as we proceed.

Foreachd € {-9,-8,...,-1}u{1,2,...,9}, we will create a separate covering system
to show that the elements of .4, in () are composite. Table 12.1 indicates, for each d,
the number of different congruences in the covering system corresponding to d.

Table 12.1: Number of congruences for each covering.

d # cong. d # cong. d # cong.
-9 232 -3 739 4 26
-8 441 -2 289 5 1
-7 1 -1 1 6 19
-6 257 1 37 7 137
-5 268 2 1 8 1
-4 1 3 203 9 4

The integers we are covering for each d are the exponents k on 10 in the definition
of A,. In other words, we will want to view each exponent k as satisfying one of the
congruences in our covering system for a given .A,. In the end, the values of A and B
will be determined by the congruences we choose for the covering systems as well as
certain primes that arise in our method.

We clarify that the work on digitally delicate primes in prior work mentioned in
the Introduction used a partial covering of the integers k, that is a set of congruences
where most but not all integers k satisfy at least one of the congruences, together with
a sieve argument. The work in [12] on widely digitally delicate primes used covering
systems for d € {1,2,...,9} and the same approach of partial coverings and sieves
ford € {-9,-8,...,-1}. The work in [10], like we will use in this paper, made use of
covering systems forall d € {-9,-8,...,-1}U{1,2,...,9}. For [10], some of the covering
systems could be handled rather easily by taking advantage of the fact that we were
looking for composite numbers satisfying a certain property rather than primes.

Next, we explain more precisely how we create and take advantage of a covering
system for a given fixed d € {-9,-8,...,-1} U {1,2,...,9}. We begin with a couple illus-
trative examples. Table 12.1 indicates that a number of the d are handled with just one
congruence. This is accomplished by taking

A=0(mod3) and B=1(mod3).

Observe that each element of A, in () is divisible by 3 whenever d = 2 (mod 3). Thus,
since A and B are positive, as long as we also have B > 3, the elements of .4, for
such d are all composite, which is our goal. Note the crucial role of the order of 10
modulo the prime 3. The order is 1, and the covering system for each of these d is
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simply k = 0 (mod 1). Every integer satisfies this congruence, so it is a covering system.
The modulus corresponds to the order of 10 modulo 3. Note also that we cannot use
the prime 3 in an analogous way to cover another digit d because the choices for A
and B, and hence the congruences on A and B above, are to be independent of d. For
example, ifd = 4, thenAn+B+d - 10=1+4=2 (mod 3), and hence, An+B+d- 10%
will not be divisible by 3.

As a second illustration, we see from Table 12.1 that we handle the digit d = 9 with
4 congruences. The congruences for d = 9 are

k=0(mod2), k=3(mod4), k=1(mod8), k=5(modS8).

One easily checks that this is a covering system, i. e., that every integer k satisfies one
of these congruences. To take advantage of this covering system, we choose a different
prime p for each congruence with 10 having order modulo p equal to the modulus. We
used the prime 11 with 10 of order 2, the prime 101 with 10 of order 4, the prime 73 with
10 of order 8, and the prime 137 with 10 of order 8. We take A divisible by each of these
primes. For (x), with d = 9, we want An + B + 9 - 10X composite. For k = 0 (mod 2),
we accomplish this by taking B = 2 (mod 11) and B > 11 since then An + B+ 9 - 10¢ =
B+ 9 =0 (mod 11). For k = 3 (mod 4), we accomplish this by taking B = 90 (mod 101)
and B > 101 since then An+ B+9-10K =90 +9-10%> = 9090 = 0 (mod 101). Similarly,
for k = 1 (mod 8) and B = 56 (mod 73), we obtain An + B+ 9 - 10 = 0 (mod 73); and for
k = 5 (mod 8) and B = 90 (mod 137), we obtain An + B + 9 - 10" = 0 (mod 137). Thus,
taking B > 137, we see that (+) holds with d = 9.

Of some significance to our explanations later, we note that we could have in-
terchanged the roles of the primes 73 and 137 since 10 has the same order for each of
these primes. In other words, we could associate 137 with the congruence k = 1 (mod 8)
above and associate 73 with the congruence k = 5 (mod 8). Then for k = 1 (mod 8) and
B = 47 (mod 137), we would have An + B+9 - 10% = 0 (mod 137); and for k = 5 (mod 8)
and B = 17 (mod 73), we would have An+B+9- 10k =0 (mod 73). In general, in our con-
struction of widely digitally delicate primes, we want each congruence k = a (mod m)
in a covering system associated with a prime p for which the order of 10 modulo p is
m, but how we choose the ordering of those primes (which prime goes to which con-
gruence) for a fixed modulus m is irrelevant.

Foreachd € {-9,-8,...,-1} U{1,2,...,9}, we determine a covering system of con-
gruences for k, where each modulus m corresponds to the order of 10 modulo some
prime p. This imposes a condition on A, namely that A is divisible by each of these
primes p. Fixing d, a congruence from our covering system k = a (mod m), and a
corresponding prime p with 10 having order m modulo p, we determine B such that
An+B+d-10¥=B+d-10°=0 (mod p). Note that the values of d, a, and p dictate the
congruence condition for B modulo p. Each prime p will correspond to a unique con-
gruence condition B = —d-10% (mod p), so the Chinese remainder theorem implies the
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existence of a B € Z" simultaneously satisfying all the congruence conditions modulo
primes on B. As long as B is large enough, then the condition (*) will hold.

To make sure that there is a prime of the form An+B, we will want gcd(A, B) = 1. For
k = a (mod m) and a corresponding prime p as above, we will have A divisible by p and
B =-d-10% (mod p). Since d € {-9,-8,...,-1} U {1,2,...,9}, if p > 11, then we see that
p 1 B. We will not be using the primes p € {2,5} as 10 does not have an order modulo
these primes. We have already seen that we are using the prime p = 3ford = 2 (mod 3),
so this ensures that 3  B. We willuse p = 7 for d € {-9, -8, -6, -5, -3, 3, 4}, which then
implies 7 } B. Therefore, the condition gcd(4, B) = 1 will hold.

Recall that we used the same congruence and corresponding prime in our cover-
ing system for each d = 2 (mod 3). There is no obstacle to repeating a congruence for
different d if the corresponding prime, having 10 of order the modulus, is different. But
in the case of d = 2 (mod 3), the same prime 3 was used for different d. To illustrate
how we can repeat the use of a prime, we return to how we used the prime p = 11 above
for d = 9. We ended up with A = 0 (mod 11) and B = 2 (mod 11). In order for us to take
advantage of the prime p = 11 for d, we therefore want An + B+ d - 10K=2+d-10" =
0 (mod 11). It is easy to check that this holds for (d, k) € {(-9,1),(-2,0),(2,1),(9,0)}.
The case (d, k) = (9, 0) is from our example with d = 9 above. The case (d, k) = (2,1)
does not serve a purpose for us as d = 2 was covered by our earlier example using the
prime 3 for all d = 2 (mod 3). The cases where (d, k) € {(-9,1), (-2, 0)} are significant,
and we make use of congruences modulo 11 in the covering systems for d = -9 and
d = -2. Thus, we are able to repeat the use of some primes for different values of d.
However, this is not the case for most primes we used. A complete list of the primes
which we were able to use for more than one value of d is given in Table 12.2, together
with the list of corresponding d’s. The function p(m, p) in this table will be explained
in the next section.

Recalling that the modulus in a covering system is equal to the order of 10 modulo
a prime p, the role of primes and the order of 10 modulo those primes is significant in
coming up with covering systems to deduce (*). A modulus m can be used in a given
covering system as many times as there are primes with 10 of order m. Thus, for the
covering system for d = 9, we saw the modulus 8 being used twice as there are two
primes with 10 of order 8, namely the primes 73 and 137. One can look at a list of
primitive prime factors of 10X — 1 such as in [4], but we needed much more extensive
data than what is contained there. Our approach uses that the complete list of primes
for which 10 has a given order m is the same as the list of primes dividing ®,,(10)
and not dividing m where ®@,,(x) is the mth cyclotomic polynomial (cf. [4, 10, 12]). We
used Magma V2.23-1 on a 2017 MacBook Pro to determine different primes dividing
®,,(10). We did not always get a complete factorization but used that if the remaining
unfactored part of @,,(10) is composite, relatively prime to the factored part of ®,,(10)
and m, and not a prime power, then there must be at least two further distinct prime
factors of @,,(10). This allowed us then to determine a lower bound on the number
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Table 12.2: Primes used for more than one digit d.

Prime d’s p(m, p) Prime d’s p(m, p)
3 -7,-4,-1,2,5,8 1 199 -6,-3,7 1

7 -9,-8,-6,-5,-3,3,4 1 211 -6,6 1
11 -9,-2,9 1 241 -6,6 2
13 -9,-3,3,4 2 331 -8,7 1
17 -8,-6,-3,-2,7 1 353 -6,7 1
19 -6,4 1 409 -8,-3 1
23 -9,-8,-6,-3,3,7 1 449 -9,7 2
29 -9,-8,-6,1,3 1 2161 -6,6 3
31 -8,-2,6 1 3541 -6,6 1
37 3,4 1 9091 -6,6 1
43 -8,-3,1 1 27961 -6,6 2
53 -8,-5,3 1 1676321 -6,6 1
61 -6,3,6 1 3762091 -6,6 2
67 -9,7 1 4188901 -6,6 2
79 -9,-5 2 39526741 -6,6 3
89 -6,-3,7 1 5964848081 -6,6 2

103 -9,-8,-3 1

of distinct primes of a given order m. Though we used most of these in our coverings,
sometimes we found extra primes that we did not need to use.

In total, we made use of 673 different moduli m and 2596 different primes dividing
®@,,(10) for such m. Of the 2596 different primes, there are 590 which came from 295
composite numbers arising from an unfactored part of some @,,(10), and there are 63
other composite numbers for which only one prime factor of each of the composite
numbers was used. The largest explicit prime (not coming from the 295 + 63 = 358
composite numbers) has 1700 digits, arising from testing what was initially a large
unfactored part of ®,,(10) for primality and determining it is a prime. The largest of
the 358 composite numbers has 17234 digits. For obvious reasons, we will avoid list-
ing these primes and composites in this paper, though to help with verification of the
results, we are providing the data from our computations in [8]; more explicit tables
can also be found in [19].

Table 12.4 in the Appendix gives, for each of the 673 different moduli m, the de-
tailed information on the number of distinct primes we used with 10 of order m, which
we denote by L(m). Thus L(m) is a lower bound on the total number of distinct primes
with 10 of order m. Note that L(m) is less than or equal to the number of distinct primes
dividing @,,,(10) but not dividing m.

For each d € {-9,-8,...,-1} U {1,2,...,9}, the goal is to find a covering system
so that (x) holds. We have already given the covering systems we obtained for d =
2 (mod 3) and for d = 9. In the next section and the Appendix, we elaborate on the
covering systems for the remaining d. We also explain how the reader can verify the
data showing these covering systems satisfy the conditions needed for ().
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3 Finishing the argument

To finish the argument, we need to present a covering system for each value of d in
{-9,-8,...,-1} U {1,2,...,9} as described in the previous section. For the purposes of
keeping the presentation of these covering systems manageable, for each m listed in
Table 12.4, we take the L(m) primes we found with 10 of order m and order them in some
way. Corresponding to the discussion concerning d = 9 and the primes 73 and 137,
the particular ordering is not important to us (e. g., increasing order would be fine).
Suppose the primes corresponding to m are ordered in some way as p;,p,, ... Prm)-
We define p(p;, m) = j. Thus, if p; is the jth prime in our ordering of the primes with
10 of order m, we have p(p;, m) = j. The particular values we used for the p(p, m) are
not important to the arguments. So as to make the entries in Table 12.2 correct, the
entries for p(p, m) indicate the values we used for those primes. For example, Table 12.4
indicates there are 2 primes with 10 of order 6. One of them is 7. Table 12.2 indicates
then that p(7, 6) = 1. Thus we put 7 as the first of the 2 primes with 10 of order 6. The
other prime with 10 of order 6 is 13, and as Table 12.2 indicates we set 13 as the second
of the 2 primes with 10 of order 6.

Tables 12.5-12.16 give the covering systems used for each d € {-9,-8,...,-1} U
{1,2,...,9} with d # 2 (mod 3). Rather than indicating the prime, which in some cases
has thousands of digits, corresponding to each congruence k = a (mod m) listed, we
simply wrote the value of p(m, p). As m corresponds to the modulus used in the given
congruence k = a (mod m) and the ordering of the primes is not significant to our
arguments (any ordering will do), this is enough information to confirm the covering
arguments.

That said, the time consuming task of coming up with the L(m) primes to order for
each m is nontrivial (at least at this point in time). So that this work does not need to
be repeated, a complete list of the L(m) primes for each m is given in [8]. Further, the
tables in the form of lists can be found there as well, with the third column in each case
replaced by the prime we used with 10 of order the modulus of the congruence in the
second column. In the way of clarity, recall that the primes were not explicitly com-
puted in the case that the unfactored part of ®,,(10) was determined to be composite;
instead the composite number is listed in place of both primes in [8].

For the remainder of this section, we clarify how to verify the information in Ta-
bles 12.5-12.16. We address both verification of the covering systems and the informa-
tion on the primes as listed in [8].

3.1 Covering verification

The most direct way to check that a system C of congruences

x=a, (modm,), x=a,(modm,), ..., Xx=as(modmy)
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is a covering system is to set £ = lcm(m;, m,, ..., m,) and then to check if every integer
in the interval [0, ¢ — 1] satisfies at least one congruence in C. If not, then C is not a
covering system. If on the other hand, every integer in [0, £ — 1] satisfies a congruence
in C, then C is a covering system. To see the latter, let n be an arbitrary integer, and
write n = £q + r where g and r are integers with O < r < £ - 1. Sincer € [0,¢ — 1]
satisfies some x = a; (mod m;) and since £ = 0 (mod m;), we deduce for this same j that
n=£€g+r=gq (mod m).

The above is a satisfactory approach if ¢ is not too large. For the values of d in
{-9,-8,...,-1}uU{1,2,...,9} with d # 2 (mod 3), the least common multiple ¢ given by
the congruences in Tables 12.5-12.16 are listed in Table 12.3. The maximum prime divi-
sor of ¢ is also listed in the fourth column of Table 12.3. The value of £ can exceed 102,
so we found a more efficient way to test whether one of our systems C of congruences,
where ¢ is large, is a covering system.

Table 12.3: Least common multiple of the moduli for the coverings in each table.

d Table 4 maxp d Table 4 maxp
-9 5 14433138720 31 1 11 5040 7
-8 6 699847948800 17 3 12 133333200 37
-6 7 1045044000 29 4 13 1296
=5 8 56216160 13 6 14 360
-3 9 1486147703040 19 7 15 18295200 11
-2 10 321253732800 23 9 16 8 2

Suppose ¢ > 10° in Table 12.3 and the corresponding collection of congruences coming
from the table indicated in the second column is C. Let q be the largest prime divisor
of ¢ as indicated in the fourth column. Let w = 4-3-5- q. This choice of w was selected
on the basis of some trial and error; other choices are certainly reasonable. We do
however want and have that w divides ¢. Based on the comments above, we would
like to know if every integer in the interval [0, ¢ — 1] satisfies at least one congruence
in C. The basic idea is to take each u € [0, w - 1] and to consider the integers that are
congruent to u modulo w in [0, ¢ — 1]. One advantage of doing this is that not every
congruence in C needs to be considered. For example, take d = -3. Then Table 12.3
indicates ¢ = 1486147703040 and Table 12.1 indicates the number of congruences in C
is 739. From Table 12.9, the first few of the congruences in C are

k=4(mod6), k=5(mod6), k=0 (mod16), k=11 (mod21).

Here, w = 4-3-5-19 = 1140. If we take u = 0, then only the third of these congruences
can be satisfied by an integer k congruent to u modulo w, as each of the other ones
requires k # O (mod 3) whereas k = u (mod w) requires k = 0 (mod 3). Let C’ be
the congruences in C which are consistent with k = u (mod w). One can determine
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these congruences by using that there exist integers satisfying both k = a (mod m)
and k = u (mod w) if and only if a = u (mod gcd(m, w)).

Observe that, with u € [0, w — 1] fixed, we would like to know if each integer v of
the form

v=wt+u, withO<t<(/w)-1 (12.2)

satisfies at least one congruence in C'. The main advantage of this approach is that, as
we shall now see, not all £/w values of ¢t need to be considered. First, we note that if
C' is the empty set, then the integers in (12.2) are not covered and, therefore, C is not a
covering system. Suppose then that |C’| > 1. Let £ denote the least common multiple
of the moduliin C'. Let § = gcd(w, £'). We claim that we need only consider v = wt + u
where 0 < t < (£'/6) - 1. To see this, suppose we know that every v = wt + u with
0 <t < (£'/6) — 1 satisfies one of the congruences in C'. There are integers q, q', r and
r' satisfyingt = €'q' +1r' where0 < ' < ¢'-1andr' = (¢'/8)q+r, where 0 < r < (£'/6)-1.
Then

v=wt+u=wl'q +wr' +u=we'q' + w/6)¢'q +wr +u.

The definition of § implies that w/8 € Z. As each modulus in ¢’ divides ¢', we see that
v satisfies a congruence in ' if and only if wr + u does. Here, w and u are fixed and
0 <r < (£'/6)-1. Thus, we see that for each u € [0, w—1], we can restrict to determining
whether v in (12.2) satisfies a congruence in ¢’ for 0 < t < (¢'/6) — 1. Returning to
the example of d = -3, £ = 1486147703040 and |C| = 739, where w = 1140 and we
considered u = 0, one can check that |C'| = 19, ¢' = 12640320, § = w and ¢'/§ = 11088.
Thus what started out as ominously checking whether over 102 integers each satisfy
at least one of 739 different congruences is reduced in the case of u = 0 to looking at
whether 11088 integers each satisfy at least one of 19 different congruences. As u ¢
[0, w — 1] varies, the number of computations does as well. An extreme case ford = -3
occurs for u = 75, where we get £’ /8 = 14325696 and |C’| = 47. As d and u vary, though,
this computation becomes manageable for determining that we have covering systems
for each d in {-9,-8,...,-1} U{L,2,...,9} with d # 2 (mod 3) and ¢ > 10°. On a 2017
MacBook Plus running Maple 2019 with a 2.3 GHz Dual-Core Intel Core i5 processor, the
total cpu time for determining the systems of congruences in Tables 12.5-12.16 are all
covering systems took approximately 2.9 cpu hours, with almost all of this time spent
on the case d = -3, which took 2.7 hours. The largest value of ¢’/ encountered was
¢'/8 = 14325696, which occurred precisely for d = -3 and u € {75,303, 531,759, 987}.

3.2 Data check

The most cumbersome task for us was the determination of the data in Table 12.4. As
noted earlier, although the reader can check the data there directly, we have made
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the list of primes corresponding to each m available through [8]. With the list of such
primes for each m, it is still worth indicating how the data can be checked. Recall, in
particular, the list of primes is not explicit in the case that there was an unfactored
part of @,,(10). In this subsection, we elaborate on what checks should be and were
done. All computations below were done with the MacBook Pro mentioned at the end
of the last subsection and using Magma V2.23-1.

For each modulus m used in our constructions (listed in Table 12.4), we made a list
of primes p;, p, ..., ps, Written in increasing order, together with up to two additional
primes g; and g,, included after p; on the list but not written explicitly (as we will
discuss). Each prime came from a factorization or partial factorization of ®@,,(10). The
primes py,p,, ..., P, are the distinct primes appearing in the factored part of ®,,(10),
and as noted earlier do not include primes dividing m. In some cases, a complete fac-
torization was found for @,,(10). For such m, there are no additional primes g; and g,.
If ©,,(10) had an unfactored part Q > 1 (already tested to be composite), then we
checked that Q is relatively prime to mp,p, - - - p; and that Q is not of the form N* with
N ¢ Z" and k an integer greater than or equal to 2. As this was always the case for
the Q tested, we knew each such Q had two distinct prime factors g, and g,. We de-
duce that there are at least two more primes g;, j € {1,2}, different from p;,p,,...,ps
for which 10 has order m modulo g;. As the data only contains the primes used in the
covering systems, we only included the primes g, and g, that were used. Thus, despite
Q having at least two distinct prime divisors, we may have listed anywhere from O to
2 of them. The question arises, however, as to how one can list primes that we do not
know; there are primes ¢, and g, dividing Q, but we were unable to (or chose not to)
factor Q to determine them explicitly. Instead of listing g, and g, then, we opted to
list Q. Thus, for each m, we associated a list of one of the forms

[p1)p2>~~:p5]> [p1)p2>~ ~~)ps: Q]> [p1>p2:-~ ~>p5) Q> Q])

depending on whether Q either did not exist or we used no prime factor of Q, we used
one prime factor of Q, or we used two prime factors of Q, respectively. It is possible
that s = 0; for example, the lists associated with the moduli 2888 and 2976 each take
the middle form with no p; and one composite number.
For a fixed m, given such a list, say from [8], one merely needs to check the follow-
ing:
— Each element of the list divides @,,(10).
— Each element of the list is relatively prime to m.
— There is at most one composite number, say Q > 1, in the list, which may appear
at most twice. The other numbers in the list are distinct primes.
— If the composite number Q exists, then gcd(Q, p;p,---ps) = 1.
— If the composite number Q exists twice, then Ql/ k ¢ Z* for every integer k ¢
[2,10g(Q)/ log(2)].
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The upper bond in the last item above is simply because k > 1og(Q)/log(2) implies
1< Ql/ k< 2, and hence Ql/ kisnotan integer. For each m, the value of L(m) in Table 12.4
is simply the number of elements in the list associated with m.

With the data from the tables in the Appendix, also available in [8] with the indi-
cated primes py,p,, ..., P 41, ¢, depending on m as above, some further details need
to be checked to fully justify the computations. We verified that whenever m is used
as a modulus in a table, it was associated with one of the primes dividing ®,,(10). Fur-
thermore, for any given d € {-9,-8,...,-1} U {1,2,...,9}, the complete list of primes
used as the congruences vary are distinct, noting that g; and g,, for a given m, will be
denoted by the same number Q but represent two distinct prime divisors of Q. As d
varies, a given modulus m and a prime p dividing ®,,,(10) can be used more than once
as indicated in Table 12.2. To elaborate, suppose such an m and p is used for each
deDc{9-8,...,-11U{L,2,...,9}. For each d € D, then there corresponds a con-
gruence k = a (mod m), where a = a(d) will depend on d, as well as m and p. As noted
earlier, this is permissible if and only if the values of d - 1099 are congruent modulo
p forall d € D. Thus, for each p that occurs in more than one table, as in Table 12.2,
a check is done to verify the corresponding values of d - 10 are congruent modulo p.

The verification of the covering systems needed for Theorem 1 is complete, and
the work of D. Shiu [29] now implies the theorem.

Appendix A

This Appendix begins with Table 12.4!, giving a lower bound L(m) on the number of
distinct prime divisors of @,,(10) coprime to m. The m correspond to moduli in our
coverings, and L(m) is a lower bound on the number of primes p with 10 of order m
modulo p. After Table 12.4, the remaining tables give the congruences k = a (mod m)
that form the covering systems we obtained for d € {-9,-8,...,-1} U {1,2,...,9} with
d # 2 (mod 3). For each congruence, there is an associated prime coming from the
primes listed in Table 12.4 and that prime is tabulated in the second columns of Ta-
bles 12.5-12.16 (using the notation p(m, p) discussed earlier in this paper).

Table 12.4: Number of primes used, L = L(m), with 10 of order m.

m L m L m L m L m L m L
1 1 56 2 132 3 234 3 361 7 520 2
2 1 57 3 133 3 238 3 363 3 522 4
3 1 58 2 135 5 240 3 364 3 527 4
4 1 60 3 136 2 242 5 368 2 528 3

1 The ordering of data in the tables below has been altered by the publisher. See the article in INTE-
GERS or [8] for the original lists of data.

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



223

Consecutive primes which are widely digitally delicate

Table 12.4 (continued)

532
540

370
372

247
248
250
252
253
255
259
260
261

138
140
143

62

63

544
546
552
555
561

374
377
380
384
390
391

64
65

144
145

66
68

148
152
153

10
11
12
13
14
15
16
17
18
19
20
21

69
70

72

570
572
575
578
580
589
592

396
399
403

154
155

264
266
270
272

74
75

156
161
162
165

406
407
408
414
416
418
420
425

76
77
78
80
81

273
275
276
280
285
286
289
290
296
297
299
304
306
310

594
595

168
169
170
171

598
605

84
85

22
23
24
25

608
609
612
620
621

174
175

87

429
432

88
90

176
180
182

434
435

91

26
27
28
29
30
31

92

624
627
630

437
440
442

184
185

93

95

186
187
190
192
195

96

99
100
102
104
105
108
110
111
112
114
115
116
117
119
120
121
124
125
126

638
644
646
651
660
663
665
666
672
676
680
682

444
455

312

32

456
459
460
462

315

33
34

35

319
322
323
330

198
203
204
207
208
209
210
216
217
220
221
222
228
230
231

36
37
38
39
40
42

464
465

333
336
338
340
341
342

476
480
483

484
494
495

44
45

684
690
693
696
702

345
348
350
351
352
357

46

496

48
50

51

506
507
510
513

704
714

52
54
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Table 12.4 (continued)

m L m L m L m L m L m L

55 4 130 2 232 5 360 3 518 2 715 3
720 2 969 4 1288 7 1767 4 2420 6 3468 4
722 3 988 3 1292 3 1768 4 2432 3 3480 3
726 4 990 4 1302 4 1776 4 2442 3 3496 6
728 2 992 4 1311 3 1785 2 2448 2 3534 4
740 10 1001 4 1320 8 1794 6 2484 2 3549 3
741 5 1012 3 1326 2 1805 5 2508 2 3570 6
744 7 1014 4 1330 3 1824 5 2535 4 3627 5
748 4 1015 7 1332 6 1848 4 2550 2 3648 2
754 2 1020 7 1352 8 1850 5 2565 4 3696 4
759 3 1023 4 1368 4 1860 8 2576 3 3700 2
760 2 1026 4 1380 9 1862 1 2584 8 3720 2
765 2 1035 3 1386 3 1870 2 2601 4 3724 6
768 6 1036 2 1392 3 1885 3 2604 5 3740 4
777 5 1040 4 1395 5 1904 5 2622 6 3770 6
782 6 1044 6 1428 2 1932 4 2652 4 3808 2
792 2 1045 3 1430 4 1938 5 2660 2 3876 4
798 3 1054 2 1440 4 1953 6 2664 4 3960 6
805 4 1056 3 1444 4 1976 4 2704 4 3990 2
806 3 1064 3 1445 6 1980 8 2736 3 4004 2
812 6 1083 7 1452 1 1995 4 2775 7 4046 3
814 5 1085 3 1456 6 2002 5 2790 1 4060 6
816 4 1088 6 1480 5 2023 3 2793 4 4080 4
828 2 1104 7 1482 2 2024 2 2888 1 4104 2
833 5 1105 4 1488 3 2030 4 2890 3 4180 6
836 3 1110 2 1496 4 2040 5 2904 2 4224 2
840 5 1122 2 1508 4 2046 3 2907 3 4256 4
845 2 1131 4 1521 1 2052 1 2912 3 4332 4
850 1 1140 1 1530 6 2070 6 2960 5 4352 3
858 5 1150 2 1547 3 2090 3 2964 3 4356 3
867 8 1156 5 1554 6 2108 1 2976 1 4370 5
868 6 1160 2 1564 5 2112 5 3003 3 4416 6
870 7 1173 4 1581 6 2128 4 3042 4 4420 6
874 5 1178 5 1584 2 2166 5 3060 7 4440 5
880 5 1183 4 1596 4 2170 5 3094 4 4560 4
884 4 1188 2 1610 6 2176 2 3108 1 4641 2
888 4 1190 6 1612 5 2185 5 3128 3 4692 2
897 3 1196 7 1615 2 2208 7 3135 9 4752 3
910 5 1197 3 1632 4 2210 3 3162 2 4788 4
912 2 1209 3 1665 3 2220 5 3179 5 4836 5
918 4 1210 3 1666 4 2262 2 3192 3 4864 4
920 2 1216 9 1672 4 2280 4 3230 3 4896 4
924 5 1221 6 1680 4 2300 4 3249 3 5005 3
925 9 1224 5 1690 4 2312 5 3255 4 5016 6
928 4 1235 5 1700 6 2346 4 3264 4 5070 2
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Table 12.4 (continued)

m L m L m L m L m L m L
930 4 1240 6 1716 4 2356 3 3315 5 5130 2
931 7 1242 4 1734 6 2366 4 3330 6 5168 2
935 5 1254 5 1736 2 2380 4 3344 4 5202 4
952 6 1260 7 1740 9 2392 2 3380 4 5320 2
960 2 1275 4 1748 5 2394 5 3420 5 5328 4
966 3 1276 3 1760 2 2418 5 3432 2 5472 7

5544 3 6270 3 7068 5 9405 6 12540 4 25080 1
5550 6 6324 3 7254 2 9537 4 12716 5 25432 6
5586 4 6358 3 7392 4 9576 5 12996 8 25992 6
5776 2 6384 2 7448 7 9792 4 13056 2 30030 6
5780 10 6460 6 7752 5 10010 4 14508 4 37620 2
5808 4 6498 3 7980 10 10032 4 15015 3 51984 2
5814 3 6510 3 8008 4 10140 10 15960 4 60060 6
5928 2 6528 3 8092 3 10260 5 16184 4 75240 6
5985 3 6630 3 8208 4 10336 4 16720 2

6006 6 6660 3 8360 3 10944 4 18810 3

6069 2 6840 5 8664 3 11100 4 19074 2

6188 3 6936 3 8704 2 11172 4 20064 4

6256 3 6960 2 8880 3 12512 2 22344 4

Table 12.5: Covering information for d = -9.

Congruence Congruence Congruence

k=1 (mod2) k = 44 (mod 744) k = 80 (mod 465)

k =0 (mod 6) k =200 (mod 744) k =266 (mod 465)

k =4 (mod 6) k =386 (mod 744 k = 452 (mod 930)

k =6 (mod 32) k=572 (mod 744 k = 638 (mod 930)

k =26 (mod 28)
k=16 (mod 22)
k =26 (mod 33)
k=9 (mod 13)
k =0 (mod 31)
=1 (mod 31)
=2 (mod 31)

mod 93)
mod 186)
mod 186)
mod 186)
= 8 (mod 186)

= 40 (mod 124)
=102 (mod 124)
=320 (mod 372)

4
35¢(
=98 (
68 (
38(
(
0

R N R DN WNRRRWNRNRRRLRNNRLRNDNRS

)
)
k =728 (mod 744)
k=170 (mod 744)
k = 414 (mod 496)
k = 446 (mod 496)
k = 478 (mod 496)
k =14 (mod 496)

k = 662 (mod 992)

k =694 (mod 992)

k =726 (mod 992)

k =758 (mod 992)

k =356 (mod 1488)
k =1100 (mod 1488)
k =542 (mod 1488)
k =2774 (mod 2976)
k =140 (mod 155)

k =16 (mod 155)

NP P WNRPRDMWNRPRPDMWNRNOGOOUVWENI|IS

k = 824 (mod 930)

k =50 (mod 930)

k = 236 (mod 620)

k = 546 (mod 620)
k=112 (mod 1240)
k = 1042 (mod 1240)
k =732 (mod 1240)
k =422 (mod 1240)
k = 608 (mod 1240)
k =1228 (mod 1240)
k = 1538 (mod 1860)
k=1724 (mod 1860)
k =794 (mod 1860)
k =20 (mod 1860)

k =950 (mod 1860)
k =1136 (mod 1860)

AUV WEANROAUVWENRPNRL,DNWNR, VNI
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Table 12.5 (continued)

Congruence

Congruence

Congruence

k =134 (mod 372)

k =104 (mod 372)

k = 42 (mod 248)

k =136 (mod 248)
k=74 (mod 248)

k =12 (mod 248)

k =168 (mod 248)

k = 602 (mod 744)

k =1229 (mod 1395)
k =764 (mod 2790)
k=21 (mod 217)
k=176 (mod 217)
k=114 (mod 217)

k =52 (mod 434)

k =424 (mod 434)

k =300 (mod 434)

k = 84 (mod 434)

k =22 (mod 434)
k=611 (mod 651)

k =332 (mod 651)

k =53 (mod 651)

k =146 (mod 1302)
k = 1232 (mod 1302)
k =302 (mod 1302)
k =674 (mod 1302)
k =796 (mod 868)

k =208 (mod 868)

k = 488 (mod 868)

k = 768 (mod 868)

k =612 (mod 868)

k =178 (mod 868)
k=116 (mod 2604)
k = 1418 (mod 2604)
k = 860 (mod 2604)
k=2162 (mod 2604)
k = 644 (mod 2604)
k=210 (mod 1736)
k=1078 (mod 1736)
k =365 (mod 1085)
k =1016 (mod 1085)
k = 582 (mod 1085)
k =148 (mod 2170)
k = 1884 (mod 2170)
k =520 (mod 2170)
k =86 (mod 2170)

k =1822 (mod 2170)

VP WNRPR,WNRPRPRNRPUDMWNRPAUDDWNRPRPDEWNR,RWNRPUOUOUPRAWNRWNRPRPURL,OUOUDMWNRLR,WNITS

k = 47 (mod 155)

k =78 (mod 310)

k =264 (mod 310)
k=110 (mod 310)

k =296 (mod 310)

k =17 (mod 465)

k =203 (mod 465)

k =389 (mod 465)

k =1574 (mod 1953)
k =242 (mod 341)

k =56 (mod 341)
k=211 (mod 341)

k =25 (mod 341)

k =149 (mod 341)

k = 304 (mod 682)
k=118 (mod 682)

k =614 (mod 682)

k = 428 (mod 682)

k = 88 (mod 682)

k = 584 (mod 682)

k =398 (mod 1023)
k=212 (mod 1023)
k=677 (mod 1023)
k =491 (mod 1023)
k = 1328 (mod 2046)
k =1142 (mod 2046)
k =956 (mod 2046)
k =182 (mod 403)

k =27 (mod 403)

k =275 (mod 403)

k =120 (mod 403)

k =368 (mod 403)

k =616 (mod 806)

k = 58 (mod 806)

k =306 (mod 806)

k =554 (mod 1209)
k = 647 (mod 1209)
k =89 (mod 1209)

k =740 (mod 2418)
k =338 (mod 2418)
k =2198 (mod 2418)
k = 1640 (mod 2418)
k =1082 (mod 2418)
k=524 (mod 1612)
k=772 (mod 1612)
k=1020 (mod 1612)

W NP, U, WNRL, WNERP, WNRPR, U, WNNRPR, WNEPEDOWONPRPOODRNEWNRPRP O WNRPRPONWNER, PR WNR,W A~

k =206 (mod 1860)
k =392 (mod 1860)
k =1322 (mod 3720)
k =3182 (mod 3720)
k =578 (mod 1395)
k=113 (mod 1395)
k = 1043 (mod 1395)
k =299 (mod 1395)
k = 6290 (mod 7254)
k =3314 (mod 7254)
k =896 (mod 14508)
k =8150 (mod 14508)
k =5732 (mod 14508)
k =12986 (mod 14508)
k =10 (mod 34)

k =153 (mod 527)

k = 494 (mod 527)

k =308 (mod 527)
k=122 (mod 527)

k =990 (mod 1054)
k =804 (mod 1054)
k=1145 (mod 1581)
k =959 (mod 1581)
k=773 (mod 1581)
k =587 (mod 1581)
k =215 (mod 1581)
k =29 (mod 1581)

k = 1424 (mod 3162)
k=1238(mod 3162)
k =1052 (mod 2108)
k =4214 (mod 6324)
k = 4028 (mod 6324)
k =866 (mod 6324)
k = 247 (mod 589)

k = 495 (mod 589)
k=154 (mod 1178)
k =402 (mod 1178)
k =650 (mod 1178)
k =898 (mod 1178)
k=1146 (mod 1178)
k=1394 (mod 1767)
k = 464 (mod 1767)
k=1301(mod 1767)
k=371 (mod 1767)
k =1208 (mod 3534)
k =278 (mod 3534)

NP, BRMWNRLRUOUDMNWNRNRL,WNRRNRPLPOUPDMMWNRNRPDNMNWNRRPRPDMNWNRNRDMNWNRNRLOONIT
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Congruence

Congruence

Congruence

k = 1388 (mod 3255)
k =2039 (mod 3255)
k =1760 (mod 3255)
k =2411 (mod 3255)
k =3062 (mod 6510)
k = 458 (mod 6510)
k = 4364 (mod 6510)
k =830 (mod 1953)
k = 1481 (mod 1953)
k=179 (mod 1953)
k=272 (mod 1953)
k =923 (mod 1953)

U R WNRWNRDMWNR|S

k=1268 (mod 1612)
k=1516 (mod 1612)
k = 2942 (mod 4836)
k = 4802 (mod 4836)
k =1826 (mod 4836)
k = 3686 (mod 4836)
k =710 (mod 4836)

k =803 (mod 3627)

k =2012 (mod 3627)
k =3221 (mod 3627)
k =245 (mod 3627)

k = 1454 (mod 3627)

VB WNEFRP, U DWNR OV

k = 2882 (mod 3534)
k =1952 (mod 3534)
k = 2200 (mod 2356)
k =1022 (mod 2356)
k =92 (mod 2356)

k =3626 (mod 7068)
k =2696 (mod 7068)
k = 6230 (mod 7068)
k = 5300 (mod 7068)
k=1766 (mod 7068)

Ve WNRL, WNR,D>WIS

Table 12.6: Covering information for d = —8.

Congruence

Congruence

Congruence

k=2 (mod13)

k =3 (mod 21)

k =19 (mod 28)
k=10 (mod 22)
k=9 (mod 110)

k =0 (mod 6)
k=11 (mod 15)
k=13 (mod 16)
k=0 (mod 17)
k=1 (mod17)

k =2 (mod 34)

k =19 (mod 34)

k =3 (mod 34)

k = 88 (mod 204)

k =20 (mod 204)

k =190 (mod 204)
k =122 (mod 204)
k =4 (mod 68)

k =21 (mod 68)

k =38 (mod 68)

k =123 (mod 136)
k =55 (mod 136)
k=5 (mod 272)

k =243 (mod 272)
k=651 (mod 1632)
k = 2827 (mod 3264)
k=1195 (mod 3264)

N R AN RNRLRWNRDNWNRWNRNRRRRRBRRRR|S

k =1569 (mod 2176)
k = 481 (mod 2176)
k =73 (mod 1088)
k =209 (mod 1088)
k = 345 (mod 1088)
k =617 (mod 1088)
k =753 (mod 1088)
k =889 (mod 1088)
k =56 (mod 459)

k =413 (mod 459)
k=311 (mod 459)
k =209 (mod 459)
k =107 (mod 459)
k = 464 (mod 918)
k =362 (mod 918)
k =260 (mod 918)
k =158 (mod 918)
k =124 (mod 204)
k =22 (mod 204)

k = 447 (mod 1632)
k=991 (mod 1632)
k =1535 (mod 1632)
k = 40 (mod 51)

k =23 (mod 51)
k=7 (mod 51)

k =41 (mod 51)

k =57 (mod 102)

R M WNRWNROAUTDNWNRUDNWNRAAGODNWNRNR|S

k = 1454 (mod 2040)
k=111 (mod 612)
k=9 (mod 612)
k=519 (mod 612
k=417 (mod 612
k=315 (mod 612
k=213 (mod 612
k = 94 (mod 306)
k =298 (mod 306)

k =196 (mod 306)
k=77 (mod 1224)

k =1097 (mod 1224)
k =893 (mod 1224)
k =689 (mod 1224)
k = 485 (mod 1224)
k = 1505 (mod 2448)
k =281 (mod 2448)
k =995 (mod 1020)
k=791 (mod 1020)
k =587 (mod 1020)
k = 383 (mod 1020)
k=179 (mod 1020)
k =10 (mod 85)

k =61 (mod 85)

k =27 (mod 85)

k =78 (mod 170)

k =163 (mod 170)

)
)
)
)

NP, WNRPUOUDPMNWNRNMNRPRODRWNRPOOCOUDPRROAT TGOV DWNR, OIS
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Table 12.6 (continued)

Congruence

Congruence

Congruence

k =1739 (mod 3264)
k =107 (mod 3264)
k =3099 (mod 6528)
k = 1467 (mod 6528)
k =6363 (mod 6528)
k = 4731 (mod 13056)
k=11259 (mod 13056)
k =379 (mod 4896)
k =2011 (mod 4896)
k = 3643 (mod 4896)
k = 4187 (mod 4896)
k=923 (mod 9792)
k =7451 (mod 9792)
k =5819 (mod 9792)
k = 2555 (mod 9792)
k =39 (mod 544)

k =311 (mod 544)

k =175 (mod 544)

k =1025 (mod 8704)
k = 5377 (mod 8704)
k =2113 (mod 4352)
k =3201 (mod 4352)
k = 4289 (mod 4352)
k =181 (mod 765)

k = 436 (mod 765)

k = 1456 (mod 1530)
k =691 (mod 1530)
k =1252 (mod 1530)
k = 487 (mod 1530)
k =742 (mod 1530)
k = 1507 (mod 1530)
k =232 (mod 3060)
k =997 (mod 3060)
k=1762 (mod 3060)
k = 2527 (mod 3060)
k =28 (mod 425)

k =283 (mod 425)

k =113 (mod 425)

k =368 (mod 1700)
k =793 (mod 1700)
k=1218 (mod 1700)
k =1643 (mod 1700)
k = 1048 (mod 1700)
k =198 (mod 1700)
k = 623 (mod 850)
k=79 (mod 1275)

R RPNV WNERE WN R, NV WENERE NP, WNERNR WNERPDWOUNEREDREWNERNRL, WOWNRL, DWW h~]

k=75 (mod 102)
k=127 (mod 153)
k=110 (mod 153)
k=76 (mod 153)

k =59 (mod 153)

k =25 (mod 153)

k =8 (mod 153)

k =297 (mod 306)
k =93 (mod 306)

k =195 (mod 306)
k =145 (mod 408)
k = 43 (mod 408)

k =349 (mod 408)
k =247 (mod 408)
k =128 (mod 408)
k = 434 (mod 816)
k =26 (mod 816)

k = 740 (mod 816)
k =332 (mod 816)
k =230 (mod 2040)
k = 1046 (mod 2040)
k = 1862 (mod 2040)
k = 638 (mod 2040)
k =693 (mod 1904)
k = 455 (mod 1904)
k = 1407 (mod 1904)
k = 64 (mod 357)

k =302 (mod 357)
k =268 (mod 357)
k =149 (mod 357)
k=115 (mod 357)
k =353 (mod 357)
k=183 (mod 714)
k =387 (mod 714)
k = 1305 (mod 1428)
k =591 (mod 1428)
k =200 (mod 595)
k =557 (mod 595)
k = 438 (mod 595)
k =319 (mod 595)
k =676 (mod 1785)
k =81 (mod 1785)
k =880 (mod 1190)
k=761 (mod 1190)
k = 642 (mod 1190)
k =523 (mod 1190)

P WRLRNNRPPMPWNRPRNRNRPRPOAOAUOUDRWNROPRNRWLDEREWUNRDREWUWNRPOUOPAMWNERL,WNR,OOOUDWNRN|TS

k = 44 (mod 170)

k =129 (mod 680)

k =299 (mod 680)

k = 469 (mod 680)

k = 639 (mod 680)

k =215 (mod 255)

k =62 (mod 255)

k =113 (mod 255)

k =164 (mod 255)

k = 45 (mod 510)

k =351 (mod 510)

k =147 (mod 510)

k = 453 (mod 510)

k =249 (mod 510)

k = 640 (mod 1020)
k =385 (mod 1020)
k =130 (mod 4080)
k =3190 (mod 4080)
k =2170 (mod 4080)
k =1150 (mod 4080)
k = 2935 (mod 3060)
k =895 (mod 3060)
k =1915 (mod 3060)
k =235 (mod 374)

k = 65 (mod 374)

k = 456 (mod 748)

k =269 (mod 748)

k =82 (mod 748)

k = 643 (mod 748)

k =592 (mod 1496)
k=218 (mod 1496)
k = 1340 (mod 1496)
k =966 (mod 1496)
k = 405 (mod 1870)
k =31 (mod 1870)

k =3397 (mod 3740)
k = 1527 (mod 3740)
k = 1153 (mod 3740)
k =3023 (mod 3740)
k = 490 (mod 935)
k=116 (mod 935)

k =677 (mod 935)

k =303 (mod 935)

k = 864 (mod 935)

k =337 (mod 561)

k =524 (mod 561)

NP, U WNRPRPPNMNWNRNRPRPRDEAEWNRPAWNRUPMNNWREPNPPEWRNNOUPRWNRDNMEWNRDNWNRL, WIS
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Congruence

Congruence

Congruence

k =334 (mod 1275)
k =589 (mod 1275)
k = 844 (mod 1275)
k = 2374 (mod 2550)
k =1099 (mod 2550)
k =63 (mod 119)
k=29 (mod 119)
k=114 (mod 119)

k =80 (mod 119)

k = 46 (mod 238)

k =165 (mod 238)
k=12 (mod 238)
k=131 (mod 476)
k=216 (mod 476)
k=97 (mod 476)

k = 454 (mod 476)

k =335 (mod 476)

k =1797 (mod 1904)
k =1321(mod 1904)
k = 2273 (mod 3808)
k =369 (mod 3808)
k =336 (mod 952)
k=217 (mod 952)

k =98 (mod 952)

k =931 (mod 952)

k =812 (mod 952)

k =574 (mod 952)

k =542 (mod 2652)
k =2531(mod 2652)
k =270 (mod 1105)
k=712 (mod 1105)
k =933 (mod 1105)
k =49 (mod 1105)

k =2701 (mod 3315)
k =1596 (mod 3315)
k =2871 (mod 3315)
k =661 (mod 3315)
k =1324 (mod 3315)
k = 440 (mod 2210)
k = 1545 (mod 2210)
k =882 (mod 2210)
k = 4197 (mod 4420)
k = 1987 (mod 4420)
k = 2208 (mod 4420)
k =3313 (mod 4420)
k = 4418 (mod 4420)

P WOUNRPR,WUNROUOUDNWNRDNMENWNRPRDMNWAUPDNWNRNRNRPOUORARWNR,RWNRDNEWNRNRDMWNI|TS

k = 404 (mod 1190)
k =285 (mod 1190)
k = 166 (mod 2380)
k = 1356 (mod 2380)
k = 47 (mod 2380)

k =1237 (mod 2380)
k=1118 (mod 3570)
k = 3498 (mod 3570)
k = 2308 (mod 3570)
k =999 (mod 3570)
k =3379 (mod 3570)
k =2189 (mod 3570)
k =251 (mod 833)

k =13 (mod 833)

k = 608 (mod 833)

k =370 (mod 833)

k =132 (mod 833)

k = 1560 (mod 1666)
k=727 (mod 1666)
k=1322 (mod 1666)
k = 489 (mod 1666)
k =99 (mod 187)

k =133 (mod 187)

k =167 (mod 187)

k =14 (mod 374)

k =201 (mod 374)

k = 48 (mod 374)
k=1699 (mod 2312)
k =696 (mod 1156)
k =985 (mod 1156)
k=118 (mod 1156)
k = 407 (mod 1156)
k=1121 (mod 1156)
k = 424 (mod 867)
k=713 (mod 867)

k =730 (mod 867)

k =152 (mod 867)

k =169 (mod 867)

k = 458 (mod 867)

k =475 (mod 867)

k =764 (mod 867)

k =135 (mod 1734)
k = 441 (mod 1734)
k=747 (mod 1734)
k =1053 (mod 1734)
k =1359 (mod 1734)

~ AN~~~ ~ ~ ~

VWA NRPROONUVVOOPREWNRPRPUPDNWNRUWNRWNERPPAEWNRPUOURRWNRPRPROAOCUUDWNR,RDWNRLROANUV|S

k =184 (mod 561)

k =371 (mod 561)
k=711 (mod 1122)
k=1119 (mod 1122)
k=117 (mod 221)

k = 66 (mod 221)

k =185 (mod 221)

k =134 (mod 442)

k =355 (mod 442)

k =304 (mod 442)

k =83 (mod 442)
k=32 (mod 442)
k=1137 (mod 1768)
k =1579 (mod 1768)
k =253 (mod 1768)
k =695 (mod 1768)
k = 644 (mod 884)

k = 865 (mod 884)

k =202 (mod 884)

k = 423 (mod 884)
k=151 (mod 663)

k =593 (mod 663)

k =100 (mod 663)

k =1035 (mod 1326)
k =321 (mod 1326)
k = 1868 (mod 2652)
k =1205 (mod 2652)
k =543 (mod 6936)
k=5167 (mod 6936)
k = 2855 (mod 6936)
k =832 (mod 3468)
k = 2566 (mod 3468)
k = 1988 (mod 3468)
k = 254 (mod 3468)
k =560 (mod 2023)
k=1716 (mod 2023)
k =849 (mod 2023)
k =1138 (mod 4046)
k =3161 (mod 4046)
k = 3450 (mod 4046)
k=5473 (mod 16184)
k =1427 (mod 16184)

k =13565 (mod 16184)

k=9519 (mod 16184)
k = 6340 (mod 8092)
k = 4317 (mod 8092)

N P BMWNRPRWNRPRWNRPRPRPEAEWNRWNRPRPRNRPNRPR,WNRPDNEWNRDEWRLRNUDWNRWNRNR,DMWIS
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230 =—— M. Filaseta and]. Juillerat

Table 12.6 (continued)

Congruence

Congruence

Congruence

k =1103 (mod 4420)
k=219 (mod 6630)
k = 5744 (mod 6630)
k =2429 (mod 6630)
k =168 (mod 1547)
k=610 (mod 1547)
k =1052 (mod 1547)
k =1936 (mod 3094)
k =389 (mod 3094)
k = 2820 (mod 3094)
k =1273 (mod 3094)
k =5472 (mod 6188)
k =3925 (mod 6188)
k = 2378 (mod 6188)
k = 4588 (mod 4641)
k =3041 (mod 4641)
k =16 (mod 289)

k =33 (mod 289)

k = 50 (mod 289)

k =356 (mod 578)

k =67 (mod 578)

k = 84 (mod 578)

k =373 (mod 578)

k =390 (mod 578)

k =1257 (mod 2312)
k = 1835 (mod 2312)
k=101 (mod 2312)
k=679 (mod 2312)

k =1648 (mod 1734)
k = 1648 (mod 2601)
k =2515 (mod 2601)
k =781 (mod 2601)

k =1937 (mod 2601)
k = 2804 (mod 5202)
k =203 (mod 5202)

k =1070 (mod 5202)
k =3671 (mod 5202)
k =220 (mod 1445)

k =1376 (mod 1445)
k =1087 (mod 1445)
k =798 (mod 1445)

k =509 (mod 1445)

k = 815 (mod 1445)

k =1971 (mod 2890)
k =526 (mod 2890)

k = 1682 (mod 2890)
k =3127 (mod 5780)
k =237 (mod 5780)

k =5728 (mod 5780)
k =1393 (mod 5780)
k = 2838 (mod 5780)
k = 4283 (mod 5780)
k =1104 (mod 5780)
k = 2549 (mod 5780)
k =3994 (mod 5780)
k = 5439 (mod 5780)

OV WNRPROAOAUBENRLRWREWNRDWNRL,O|S

1

o

0NV O WN -

k = 2294 (mod 8092)

k = 2005 (mod 6069)

k = 4028 (mod 6069)
k=1155(mod 3179)

k =2311(mod 3179)

k =288 (mod 3179)

k = 1444 (mod 3179)

k =2600 (mod 3179)

k = 6357 (mod 6358)

k =3756 (mod 6358)

k =577 (mod 6358)

k =4912 (mod 12716)
k =1733 (mod 12716)
k=11270 (mod 12716)
k =8091 (mod 12716)
k = 6068 (mod 12716)
k = 2889 (mod 25432)
k = 12426 (mod 25432)
k =21963 (mod 25432)
k = 15605 (mod 25432)
k =25142 (mod 25432)
k =9247 (mod 25432)
k = 4045 (mod 9537)

k = 866 (mod 9537)

k = 8380 (mod 9537)

k =5201 (mod 9537)
k=16761 (mod 19074)
k=11559 (mod 19074)

NP BEANWRPROADUDWRLRNUPR,WNRWNRPRPUOPSWNRLRNR, WIS

Table 12.7: Covering information for d = —6.

Congruence

Congruence

Congruence

k =3 (mod 6)

k = 89 (mod 90)
k =6 (mod 16)
k = 14 (mod 28)
k=9 (mod 32)
k=17 (mod 18)
k =6 (mod 22)
k = 4 (mod 44)
k = 98 (mod 99)
k =22 (mod 30)
k =2 (mod 30)

N R R R R R R R RN RS

k =319 (mod 840)

k =439 (mod 1680)
k =1279 (mod 1680)
k =1399 (mod 1680)
k =559 (mod 1680)
k = 49 (mod 280)

k = 189 (mod 280)

k = 64 (mod 315)

k =274 (mod 315)
k=169 (mod 315)

k =289 (mod 630)

P WNRP NRPDMWNRL, OIS

k =330 (mod 464)
k = 446 (mod 464)
k =388 (mod 928)
k =620 (mod 928)
k =852 (mod 928)
k =156 (mod 928)
k=12 (mod 87)

k =70 (mod 87)

k =41 (mod 87)

k =42 (mod 174)
k =100 (mod 174)

NP, WNRP,PMWNRLNOIT
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Table 12.7 (continued)

Consecutive primes which are widely digitally delicate =— 231

Congruence

Congruence

Congruence

k =12 (mod 30)

k=7 (mod 10)

k =13 (mod 20)

k = 3 (mod 20)

k=1 (mod 25)

k = 6 (mod 25)

k=11 (mod 25)

k = 66 (mod 75)

k=16 (mod 75)

k =41 (mod 75)

k =21 (mod 125)

k = 46 (mod 125)

k=71 (mod 125)

k =96 (mod 125)

k = 246 (mod 250)

k =121 (mod 250)

k = 25 (mod 50)

k =5 (mod 50)

k = 35 (mod 50)

k 65 (mod 100)
=15 (mod 100)

k 45 (mod 100)

k =95 (mod 100)

k =149 (mod 180)

k =59 (mod 180)

k =29 (mod 180)

k = 659 (mod 720)

k =299 (mod 720)

k = 839 (mod 1440)

—~ o~~~

k =1199 (mod 1440)

k=119 (mod 1440)
k = 479 (mod 1440)
k =19 (mod 360)

k =139 (mod 360)
k =259 (mod 360)
k = 679 (mod 840)
k =799 (mod 840)
k =79 (mod 840)

k =199 (mod 840)
k =20 (mod 290)

k = 194 (mod 290)
k =50 (mod 290)

k =224 (mod 290)
k =278 (mod 580)
k =18 (mod 580)

k =338 (mod 580)

W NRP OO, WDEWNRWNRPAEWNRNRWNRDENEWNRWNRNRPDEWNR WNRWNRNRR, WIS

k = 499 (mod 630)
k =79 (mod 630)

k =199 (mod 630)
k = 409 (mod 630)
k =1249 (mod 1260)
k =109 (mod 1260)
k =949 (mod 1260)
k =529 (mod 1260)
k =649 (mod 1260)
k =229 (mod 1260)
k =1069 (mod 1260)
k =104 (mod 175)
k =34 (mod 175)

k =139 (mod 175)
k = 69 (mod 350)

k =349 (mod 350)
k = 8 (mod 40)

k = 28 (mod 40)

k =0 (mod 29)

k =1 (mod 29)

k =2 (mod 29)

k =3 (mod 29)

k = 4 (mod 29)

k = 34 (mod 58)

k = 6 (mod 58)
k=36 (mod 116)

k =8 (mod 116)
k=96 (mod 116)

k =68 (mod 116)

k =210 (mod 232)
k = 66 (mod 232)

k =154 (mod 232)
k=10 (mod 232)

k = 40 (mod 232)

k =94 (mod 464)

k = 414 (mod 464)
k =270 (mod 464)
k=126 (mod 464)
k =98 (mod 464)
k=575 (mod 1015)
k=1010 (mod 1015)
k =430 (mod 1015)
k =865 (mod 1015)
k =285 (mod 1015)
k=720 (mod 1015)
k= 1764 (mod 2030)

P NOUDREWNUDRMWNRPRUOUDREWNRPEWNRNRPUDNWNRNRPRPNRPRWNRNOGOUDRWNR,OUDMWNIIS

k =158 (mod 174)
k =72 (mod 348)

k = 304 (mod 348)
k = 188 (mod 348)
k =16 (mod 348)

k =190 (mod 348)
k =594 (mod 696)
k =130 (mod 696)
k =362 (mod 696)
k =942 (mod 1392)
k =478 (mod 1392)
k =14 (mod 1392)
k =189 (mod 261)
k=73 (mod 261)
k=218 (mod 261)
k=102 (mod 261)
k =247 (mod 261)
k=131 (mod 261)
k=15 (mod 261)

k =160 (mod 261)
k = 44 (mod 522)

k =306 (mod 522)
k = 480 (mod 522)
k=132 (mod 522)
k =596 (mod 1044)
k=74 (mod 1044)
k =248 (mod 1044)
k =770 (mod 1044)
k =944 (mod 1044)
k =422 (mod 1044)
k = 48 (mod 60)

k = 28 (mod 60)

k = 8 (mod 60)

k =75 (mod 145)

k =104 (mod 145)
k =105 (mod 145)
k =134 (mod 145)
k = 280 (mod 290)
k = 164 (mod 290)
k =288 (mod 319)
k =201 (mod 319)
k = 346 (mod 638)
k =578 (mod 638)
k=172 (mod 638)
k = 404 (mod 638)
k = 636 (mod 638)

VA WNRPRPDNWUNRPRPDNWNRPRWNROOWOURERENREPDNMNWNRONOGOUDEEWNR, WNRWNRL,OODMWNRL, WIS
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Table 12.7 (continued)

Congruence

Congruence

Congruence

k =78 (mod 580)

k =978 (mod 1160)
k =398 (mod 1160)
k =225 (mod 435)

k =370 (mod 435)

k = 80 (mod 435)

k =399 (mod 435)

k = 544 (mod 870)

k = 254 (mod 870)

k =690 (mod 870)

k = 400 (mod 870)
k=110 (mod 870)

k = 864 (mod 870)

k =574 (mod 870)

k =2024 (mod 3480)
k= 1154 (mod 3480)
k = 284 (mod 3480)
k = 6374 (mod 6960)
k = 2894 (mod 6960)
k =138 (mod 1740)
k=718 (mod 1740)
k =1298 (mod 1740)
k =1038 (mod 1740)
k =1618 (mod 1740)
k = 458 (mod 1740)
k =198 (mod 1740)
k=778 (mod 1740)
k = 1358 (mod 1740)
k =140 (mod 1015)

B OV O NOOUPAMWNRNRWNRNOOUDWNRDNWNRNRLRDNMNIT

k = 1184 (mod 2030)

k = 604 (mod 2030)
k =24 (mod 2030)

k = 3504 (mod 4060)
k =1474 (mod 4060)
k = 2924 (mod 4060)

k = 894 (mod 4060)

k = 2344 (mod 4060)

k =314 (mod 4060)
k =141 (mod 203)
k=170 (mod 203)
k =199 (mod 203)
k =25 (mod 203)
k = 54 (mod 406)
k = 286 (mod 406)
k =316 (mod 406)
k =142 (mod 406)
k =374 (mod 406)
k=112 (mod 812)
k =84 (mod 812)
k =200 (mod 812)
k =606 (mod 812)
k =432 (mod 812)
k =26 (mod 812)
k = 258 (mod 609)
k =55 (mod 609)
k =461 (mod 609)
k =143 (mod 319)
k =56 (mod 319)

NP, WNPRPOAOU DR WNRPOUODEWNRPRDEEWNRPRPOUDWNRDWNITS

k =114 (mod 1276)
k = 868 (mod 1276)
k =230 (mod 1276)
k =260 (mod 377)

k =144 (mod 377)

k =28 (mod 377)

k =289 (mod 377)

k =550 (mod 754)

k = 434 (mod 754)

k =1072 (mod 1508)
k =318 (mod 1508)
k =956 (mod 1508)
k =202 (mod 1508)
k =840 (mod 1131)
k =463 (mod 1131)
k =86 (mod 1131)
k=1101 (mod 1131)
k =724 (mod 2262)
k =1478 (mod 2262)
k =985 (mod 1885)
k = 608 (mod 1885)
k =1739 (mod 1885)
k =2000 (mod 3770)
k =3508 (mod 3770)
k = 2754 (mod 3770)
k=1130 (mod 3770)
k = 2638 (mod 3770)
k = 1884 (mod 3770)

AU DN WRLR WNRNRDWNRENRLRWNRDNEWNRLWNR|S

Table 12.8: Covering information for d = -5.

k=17 (mod 52)

k = 82 (mod 208)
k = 134 (mod 208)
k =136 (mod 234)

Congruence p Congruence p Congruence p
k=0 (mod13) 1 k =186 (mod 208) 3 k=70 (mod 78) 1
k=1 (mod 13) 2 k =30 (mod 208) 4 k=31 (mod 78) 2
k =2 (mod 13) 3 k =147 (mod 208) 5 k = 44 (mod 78) 3
k =16 (mod 26) 1 k =199 (mod 208) 6 k =5 (mod 78) 4
k =3 (mod 26) 2 k = 43 (mod 416) 1 k=1 (mod 6) 1
k =4 (mod 52) 1 k =251 (mod 416) 2 k =45 (mod 117) 1
2 3 2
1 4 3
2 1 1
2 7 2

k =303 (mod 416)
k =95 (mod 416)
k =18 (mod 39)

k =87 (mod 91)

k =84 (mod 117)
k=6 (mod117)

k = 58 (mod 234)

k = 1427 (mod 6006)
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Table 12.8 (continued)

Consecutive primes which are widely digitally delicate =—— 233

Congruence

Congruence

Congruence

k =214 (mod 234)
k=110 (mod 117)
k =32 (mod 351)
k =149 (mod 351)
k =266 (mod 351)
k =305 (mod 351)
k=71 (mod702)
k =188 (mod 702)
k = 422 (mod 702)
k =539 (mod 702)
k =20 (mod 65)
k = 46 (mod 65)
k =7 (mod 130)
k=72 (mod 130)
k =33 (mod 390)
k =163 (mod 390)
k =293 (mod 390)
k =228 (mod 520)
k = 488 (mod 520)
k =98 (mod 1040)
k =358 (mod 1040)
k = 618 (mod 1040)
k = 878 (mod 1040)
k =59 (mod 195)
k =124 (mod 195)
k =189 (mod 195)
k = 8 (mod 104)
k = 60 (mod 104)
k =21 (mod 156)
k=73 (mod 156)
k =125 (mod 156)
k =34 (mod 312)
k =86 (mod 312)
k =138 (mod 312)
k =242 (mod 312)
k 294 (mod 312)
=190 (mod 624)
k =502 (mod 624)
k = 47 (mod 260)
k =99 (mod 260)
k =151 (mod 260)
k =203 (mod 260)
k = 255 (mod 260)
k=9 (mod91)
k =22 (mod 91)
k =35 (mod 91)

WINER, OO WNRNRL,OUODRWNR WNRNRWNRDMNWNRNR, WUWNRNRNRPDPMNWNRDNWNR PMWIS

k = 49 (mod 182)
k =140 (mod 182)
k =36 (mod 364)
k=127 (mod 364
k =309 (mod 364
k=218 (mod 728
k =582 (mod 728
k =23 (mod 273)
k=114 (mod 273)
k =205 (mod 273)
k =10 (mod 273)
k=192 (mod 273)
k =101 (mod 546)
k =374 (mod 546)
k = 88 (mod 455)
k=179 (mod 455
k =270 (mod 455
k =361 (mod 455
k = 452 (mod 455
k =75 (mod 910)
k =257 (mod 910)
k = 439 (mod 910)
k =621 (mod 910)
)
6

)
)
)
)

~ — — —

k =803 (mod 910

k = 348 (mod 1456)
k =530 (mod 1456)
k=712 (mod 1456)
k =1076 (mod 1456)
k= 1258 (mod 1456)
k = 1440 (mod 1456)
k=166 (mod 2912)
k =1622 (mod 2912)
k = 2350 (mod 2912)
k =62 (mod 416)
k =244 (mod 1001
k=517 (mod 1001
k = 608 (mod 1001
k =881 (mod 1001
k =335 (mod 2002
k =972 (mod 2002
k = 1336 (mod 2002)
k =1973 (mod 2002)
k =1700 (mod 2002)
k =699 (mod 4004)
k =2701 (mod 4004)
k = 62 (mod 3003)

)
)
)
)
)
)

P NP, P WNEDWNRER,OODWNERL,OOO D WNR, OSSN WNER PSR WNERNRERE DR WNERNER WNRNR b~ ]

k = 2428 (mod 6006)

k = 3429 (mod 6006)

k = 4430 (mod 6006)

k = 5431 (mod 6006)

k =790 (mod 5005)

k =1791 (mod 5005)

k =2792 (mod 5005)

k =3793 (mod 15015)
k =8798 (mod 15015)
k =13803 (mod 15015)
k = 4794 (mod 30030)
k =9799 (mod 30030)
k = 14804 (mod 30030)
k = 19809 (mod 30030)
k = 24814 (mod 30030)
k =29819 (mod 30030)
k = 1154 (mod 8008)

k = 3156 (mod 8008)

k =5158 (mod 8008)

k = 7160 (mod 8008)

k =153 (mod 10010)

k =2155 (mod 10010)
k = 4157 (mod 10010)
k =8161 (mod 10010)
k = 6159 (mod 60060)
k=16169 (mod 60060)
k =26179 (mod 60060)
k =36189 (mod 60060)
k = 46199 (mod 60060)
k = 56209 (mod 60060)
k=11 (mod 143)

k =24 (mod 143)

k =89 (mod 143)

k =102 (mod 143)

k =37 (mod 286)

k =115 (mod 286)

k = 180 (mod 286)

k =258 (mod 286)

k =50 (mod 429)

k =193 (mod 429)

k =336 (mod 429)

k =128 (mod 572)
k=271 (mod 572)

k = 414 (mod 572)

k =557 (mod 572)
k=63 (mod 1716)

P DM WNRWNRPRDRNWNRDNMNWOUNMNRPOAOAODNWNRPAMEWNRPPMWRNGOPRUWNR, WNRWNROOUVDMWITS
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Table 12.8 (continued)

Congruence

Congruence

Congruence

k = 48 (mod 91)
k=61 (mod91)
k=74 (mod91)

k =206 (mod 286)
k =141 (mod 858)
k = 284 (mod 858)
k = 427 (mod 858)
k =570 (mod 858)
k = 856 (mod 858)
k=713 (mod 1716)
k=1571 (mod 3432)
k = 3287 (mod 3432)
k=76 (mod 715)

k =362 (mod 715)
k =505 (mod 715)
k=219 (mod 1430)
k = 648 (mod 1430)
k = 934 (mod 1430)
k = 1363 (mod 1430)
k=12 (mod 169)

k =25 (mod 169)

k =38 (mod 169)

k =51 (mod 338)

k = 64 (mod 338)

k =220 (mod 338)
k =233 (mod 338)
k =77 (mod 507)

k =90 (mod 507)

k =246 (mod 507)
k =259 (mod 507)
k = 415 (mod 507)
k = 428 (mod 507)
k = 441 (mod 507)
k=103 (mod 1014)

P NOUVDWRNDWNR,WNRDNWNRWNRLRNRPPORRWNRL,UOOVRM|T

k =1063 (mod 3003)
k = 2064 (mod 3003)
k = 426 (mod 6006)
k=272 (mod 1014)
k=610 (mod 1014)
k=779 (mod 1014)
k=116 (mod 676)

k =285 (mod 676)

k = 454 (mod 676)

k =623 (mod 2704)
k=1299 (mod 2704)
k =1975 (mod 2704)
k =2651 (mod 2704)
k=129 (mod 1352)
k =298 (mod 1352)
k = 467 (mod 1352)
k =636 (mod 1352)
k = 805 (mod 1352)
k =974 (mod 1352)
k=1143 (mod 1352)
k=1312(mod 1352)
k =311 (mod 845)

k = 480 (mod 845)

k =142 (mod 1690)
k = 818 (mod 1690)
k =987 (mod 1690)
k = 1663 (mod 1690)
k = 649 (mod 3380)
k = 1494 (mod 3380)
k = 2339 (mod 3380)
k = 3184 (mod 3380)
k=155 (mod 1183)
k=324 (mod 1183)
k =493 (mod 1183)

W INEREPM;MNWNRPRDNWUNRNRONOGOOAOUDWNRDPAEWNRWNRDNWNNR,R WN|S

k =635 (mod 1716)
k=1207 (mod 1716)
k =349 (mod 572)
k=1169 (mod 1183)
k =662 (mod 2366)

k =831 (mod 2366)

k = 1845 (mod 2366)
k =2014 (mod 2366)
k = 1000 (mod 3549)
k =2183 (mod 3549)
k = 3366 (mod 3549)
k =168 (mod 2535)

k =675 (mod 2535)

k =1182 (mod 2535)
k =2196 (mod 2535)
k = 1689 (mod 5070)
k = 4224 (mod 5070)
k =506 (mod 1521)

k =1013 (mod 3042)
k = 1520 (mod 3042)
k = 2534 (mod 3042)
k = 3041 (mod 3042)
k = 844 (mod 10140)
k = 1858 (mod 10140)
k = 2872 (mod 10140)
k = 3886 (mod 10140)
k = 4900 (mod 10140)
k = 5914 (mod 10140)
k = 6928 (mod 10140)
k = 7942 (mod 10140)
k =8956 (mod 10140)
k =9970 (mod 10140)

O NNV OO, WNRPANEWNRRPRPNRLRDMNWNRWNR,PMNWNRLR PO WNIITS

-
o

Table 12.9: Covering information for d = -3.

Congruence

Congruence

Congruence

k = 4 (mod 6)

k =5 (mod 6)

k =0 (mod 16)
k=11 (mod 21)
k =14 (mod 22)

k =193 (mod 420)
k = 403 (mod 420)
k =109 (mod 420)
k =319 (mod 420)
k =18 (mod 336)

P MWN RS

k =39 (mod 126)
k =249 (mod 252)
k =123 (mod 252)
k=113 (mod 176)
k =69 (mod 176)

N R, NNR NS
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Table 12.9 (continued)

Consecutive primes which are widely digitally delicate =—— 235

Congruence

Congruence

Congruence

k = 40 (mod 44)

k =96 (mod 99)

k = 8 (mod 64)

k =24 (mod 64)

k = 40 (mod 64)

k =56 (mod 64)

k =25 (mod 210)

k =151 (mod 210)

k = 67 (mod 210)
k=619 (mod 1056)
k=971 (mod 1056)
k =795 (mod 2112)
k=91 (mod 2112)

k =1499 (mod 2112)
k =1851(mod 2112)
k=1147 (mod 2112)
k = 443 (mod 4224)
k = 2555 (mod 4224)
k =135 (mod 440)

k =311 (mod 440)

k = 487 (mod 880)

k = 47 (mod 880)

k = 663 (mod 880)

k =223 (mod 880)

k =839 (mod 880)

k =399 (mod 1760)
k=1279 (mod 1760)
k=0 (mod 231)

k =99 (mod 231)

k =198 (mod 231)

k = 66 (mod 231)

k =33 (mod 231)
k=132 (mod 231)
k = 385 (mod 462)
k =253 (mod 462)
k=121 (mod 462)
k=770 (mod 924)
k = 638 (mod 924)
k =506 (mod 924)
k =374 (mod 924)
k=110 (mod 924)
k =308 (mod 1848)

k =1100 (mod 1848)

k = 44 (mod 1848)
k =836 (mod 1848)

AW NEFEPEUVPES,WNER WNR,ONOUDE WUWNRNRL, OO WUNRNERNR OO, WNER WUWNWNRDSWNRRR S

k =228 (mod 336)

k =102 (mod 336)
k=522 (mod 672)

k =186 (mod 672)

k =396 (mod 672)

k =60 (mod 672)
k=270 (mod 672)

k = 606 (mod 672)

k =81 (mod 126)

k = 4268 (mod 7392)
k =6116 (mod 7392)
k =572 (mod 7392)
k = 5060 (mod 5544)
k =3212 (mod 5544)
k = 1364 (mod 5544)
k=0 (mod 19)

k =1 (mod 38)

k =58 (mod 76)

k =58 (mod 76)

k =20 (mod 152)
k=116 (mod 152)
k=2 (mod 152)
k=78 (mod 152)

k =97 (mod 304)

k =211 (mod 304)

k =21 (mod 304)

k =135 (mod 608)

k = 439 (mod 608)

k =553 (mod 608)

k =857 (mod 1216)
k =249 (mod 1216)

k=971 (mod 1216)
k =667 (mod 1216)
k =363 (mod 1216)
k =59 (mod 1216)

k=781 (mod 1216)
k =477 (mod 1216)
k=173 (mod 1216)

k = 1085 (mod 2432)
k =2301 (mod 2432)
k = 1807 (mod 2432)

k = 63 (mod 192)
k =159 (mod 384)
k =31 (mod 384)
k =303 (mod 384)

W INEREPMWNROUOANUVDEAEWNRWNRWNRDNEWNRNRRRP,WNRPMEWNROOUDMWNR WNITS

k =201 (mod 352)

k =333 (mod 352)

k =25 (mod 352)

k =157 (mod 352)

k =3 (mod 704)

k =531 (mod 704)

k =355 (mod 704)
k=179 (mod 704)

k =267 (mod 1056)
k =24 (mod 57)
k=79 (mod 114)

k =98 (mod 114)

k =61 (mod 228)
k=175 (mod 228)

k =194 (mod 228)

k =157 (mod 228)

k = 43 (mod 228)

k =62 (mod 228)

k =308 (mod 456)

k = 404 (mod 456)

k =25 (mod 456)

k =367 (mod 456)

k =253 (mod 456)

k =63 (mod 171)
k=120 (mod 171)
k=6(mod171)

k =595 (mod 912)

k =139 (mod 912)

k =956 (mod 1368)
k = 44 (mod 1368)

k =500 (mod 1368)
k = 1526 (mod 5472)
k =3350 (mod 5472)
k=5174 (mod 5472)
k = 45 (mod 342)

k =216 (mod 342)

k =273 (mod 342)

k =102 (mod 342)

k =159 (mod 342)

k =330 (mod 3420)
k = 3066 (mod 3420)
k = 2382 (mod 3420)
k =1698 (mod 3420)
k =1014 (mod 3420)
k = 5460 (mod 6840)

P U WNRPUOUOUDWNRWNR,WNRPRPNP,PWNPUOUPRMWNRPRPOUDNEWNRNRPRP,WERDNWNR,PDNWNERIS
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Table 12.9 (continued)

Congruence

Congruence

Congruence

k = 451 (mod 693)

k =220 (mod 693)

k = 682 (mod 693)

k = 649 (mod 693)

k = 418 (mod 693)

k = 187 (mod 693)

k =55 (mod 1386)
k=979 (mod 1386)
k=517 (mod 1386)
k = 1826 (mod 3696)
k = 2750 (mod 3696)
k = 3674 (mod 3696)
k =902 (mod 3696)
k =2420 (mod 7392)
k = 3883 (mod 5472)
k =2515(mod 5472)
k =10039 (mod 10944)
k =6619 (mod 10944)
k = 4567 (mod 10944)
k=1147 (mod 10944)
k = 140 (mod 570)

k =26 (mod 570)

k = 482 (mod 570)

k =368 (mod 570)

k =254 (mod 1140)
k =824 (mod 1140)
k = 65 (mod 95)

k = 46 (mod 95)

k =27 (mod 95)

k = 8 (mod 95)

k = 84 (mod 95)

k = 66 (mod 285)

k = 256 (mod 285)

k =161 (mod 285)

k =142 (mod 190)

k =123 (mod 190)

k =104 (mod 190)

k = 85 (mod 380)

k =275 (mod 380)

k = 47 (mod 380)

k =237 (mod 380)

k =218 (mod 380)

k =9 (mod 380)

k =199 (mod 380)

k =370 (mod 380)

CONONUV AP WNRL, WNRL,RWNRPRL,UPDEWNRNRPRPDEWNR,PPWNEPEPNOAR,DEWNER, WNNPRP,POOUV PR WNR h~]

k =127 (mod 384)

k =319 (mod 384)

k =559 (mod 768)
k=175 (mod 768)

k =591 (mod 768)
k=79 (mod 768)

k =207 (mod 768)

k = 463 (mod 768)

k =3935 (mod 4864)
k = 1503 (mod 4864)
k = 2415 (mod 4864)
k = 4847 (mod 4864)
k =3 (mod 57)

k =42 (mod 57)

k =10 (mod 532)

k =390 (mod 532)

k =314 (mod 532)

k = 49 (mod 532)

k =182 (mod 532)
k=276 (mod 1064)
k=124 (mod 1064)
k =580 (mod 1064)
k=1379 (mod 2128)
k=1911 (mod 2128)
k =315 (mod 2128)
k =847 (mod 2128)
k =3108 (mod 4256)
k=4172 (mod 4256)
k =980 (mod 4256)
k = 2044 (mod 4256)
k = 505 (mod 665)

k =106 (mod 665)

k =372 (mod 665)

k =1303 (mod 1330)
k =239 (mod 1330)
k =1094 (mod 1330)
k = 638 (mod 2660)
k = 2234 (mod 2660)
k = 4628 (mod 5320)
k = 3564 (mod 5320)
k =30 (mod 1995)

k =1626 (mod 1995)
k =1227 (mod 1995)
k =828 (mod 1995)
k = 3355 (mod 3990)

P A~ WNEPRPNRPRPNRPRLR WONRL, WOUONRPREPDWONRE PP WUNERL, WOWNPRP OO WOUNERP NP PPWOUNER,PON D WNERL OV DS h~]

k = 1356 (mod 6840)
k = 4092 (mod 6840)
k = 6828 (mod 6840)
k = 2724 (mod 6840)
k =577 (mod 684)

k =7 (mod 684)

k =121 (mod 684)

k =235 (mod 684)

k =1033 (mod 1368)
k =349 (mod 2736)
k=1717 (mod 2736)
k = 463 (mod 2736)
k =5251 (mod 5472)
k = 1831 (mod 5472)
k =885 (mod 1197)
k =87 (mod 1197)

k =2215 (mod 2394)
k = 1417 (mod 2394)
k =619 (mod 2394)
k = 1550 (mod 2394)
k =752 (mod 2394)
k =201 (mod 931)

k =600 (mod 931)

k = 68 (mod 931)

k = 467 (mod 931)

k = 866 (mod 931)

k =334 (mod 931)

k =733 (mod 931)
k=790 (mod 1862)
k = 1721 (mod 3724)
k = 3583 (mod 3724)
k =2120 (mod 3724)
k=1189 (mod 3724)
k =258 (mod 3724)
k =3051 (mod 3724)
k = 657 (mod 7448)
k = 3450 (mod 7448)
k = 6243 (mod 7448)
k = 1588 (mod 7448)
k = 4381 (mod 7448)
k =7174 (mod 7448)
k =2519 (mod 7448)
k =1056 (mod 2793)
k = 1455 (mod 2793)
k = 1854 (mod 2793)

N WEFRPr NGOV WNRPRPOUPNWNRL, RPNV WNRPRP,UOUDRWNR, WNOUODREWNRPRPEDNWNRL,PUOOPMWNITS
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Table 12.9 (continued)

Consecutive primes which are widely digitally delicate =— 237

Congruence

Congruence

Congruence

k = 180 (mod 760)

k =28 (mod 760)

k =145 (mod 1140)
k=715 (mod 1140)
k =601 (mod 1140)
k =31 (mod 1140)

k =1057 (mod 1140)
k = 487 (mod 1140)
k =373 (mod 1140)
k =943 (mod 1140)
k =829 (mod 1140)
k =259 (mod 2280)
k =1399 (mod 2280)
k =105 (mod 133)
k=29 (mod 133)

k =86 (mod 133)

k =143 (mod 266)

k =257 (mod 266)

k =181 (mod 266)

k =69 (mod 798)

k =734 (mod 798)
k=1190 (mod 1596)
k =50 (mod 1596)

k =506 (mod 1596)
k =962 (mod 1596)
k =1988 (mod 3192)
k = 2444 (mod 3192)
k =2900 (mod 3192)
k =164 (mod 6384)
k = 3356 (mod 6384)
k =1874 (mod 4788)
k =3470 (mod 4788)
k =278 (mod 4788)
k = 2348 (mod 4788)
k = 4268 (mod 9576)
k =7460 (mod 9576)
k =1076 (mod 9576)
k =9530 (mod 9576)
k= 4742 (mod 9576)
k =108 (mod 513)
k=279 (mod 513)

k =963 (mod 1026)
k =165 (mod 1026)
k = 849 (mod 1026)
k =507 (mod 1026)

W NPV WNPRI|T

-
o

AW NERPR NP O WNRDAEWNRNR WNRDEAEWNRWNWNRWNRNRR

k =961 (mod 3990)

k = 2557 (mod 7980)
k = 6547 (mod 7980)
k = 4153 (mod 7980)
k =163 (mod 7980)

k = 2690 (mod 7980)
k = 4286 (mod 7980)
k = 5882 (mod 7980)
k =7478 (mod 7980)
k = 5749 (mod 7980)
k = 1759 (mod 7980)

k = 14660 (mod 15960)

k = 8276 (mod 15960)
k = 1892 (mod 15960)

k = 11468 (mod 15960)

k = 4419 (mod 5985)
k = 2424 (mod 5985)
k = 429 (mod 5985)

k = 486 (mod 1197)

k =3129 (mod 5130)
k = 474 (mod 540)

k =510 (mod 540)

k = 186 (mod 540)

k = 402 (mod 540)

k = 78 (mod 540)

k = 294 (mod 540)

k = 204 (mod 540)

k = 6720 (mod 10260)
k =2616 (mod 10260)
k =8772 (mod 10260)
k = 4668 (mod 10260)
k = 564 (mod 10260)
k =2 (mod 48)

k = 38 (mod 96)
k = 86 (mod 96)
k=74 (mod 96)
k =26 (mod 96)
k=14 (mod 192)
k=158 (mod 192
k=110 (mod 192
k =350 (mod 480
k = 446 (mod 480
k = 62 (mod 480)
k = 638 (mod 960)
k = 254 (mod 960)

)
)
)
)

O NNV »WNRNI|T

-
o

N =R, W NP, WNRFRERBDMWNR PP WERLRNNNOUV PSS, WNERNR WNRLR DN WNR

k =2253 (mod 2793)
k = 1987 (mod 5586)
k=5179 (mod 5586)
k = 2785 (mod 5586)
k =391 (mod 5586)
k=2918 (mod 11172)
k=6110(mod 11172)
k =9302 (mod 11172)
k=1322(mod 11172)

k =19676 (mod 22344)

k = 524 (mod 22344)
k =3716 (mod 22344)
k = 6908 (mod 22344)
k =126 (mod 399)

k =183 (mod 399)

k =240 (mod 399)

k =297 (mod 399)

k =12 (mod 399)

k = 468 (mod 798)

k =204 (mod 209)

k =337 (mod 418)

k =261 (mod 418)

k =185 (mod 418)

k =109 (mod 418)

k = 546 (mod 836)

k = 470 (mod 836)

k =394 (mod 836)

k = 1154 (mod 3344)
k =1990 (mod 3344)
k = 2826 (mod 3344)
k =318 (mod 3344)

k =964 (mod 1672)

k =52 (mod 1672)
k=812 (mod 1672)

k =1572 (mod 1672)
k =243 (mod 627)

k = 585 (mod 627)

k =15 (mod 627)

k =357 (mod 627)

k =72 (mod 2508)

k =1953 (mod 2508)
k = 8850 (mod 10032)
k = 6342 (mod 10032)
k = 3834 (mod 10032)
k =1326 (mod 10032)

P WNPRPNRPDPMWNRPRANWUNRPRDNWNRWNRDEAEWNRPRPOUOR,OUDNWBUNNRDMNWRNPMEWERNSNWNONRL,DMNIS
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Table 12.9 (continued)

Congruence

Congruence

Congruence

k =18 (mod 108)

k =30 (mod 108)

k = 66 (mod 108)

k = 2046 (mod 2052)
k= 1476 (mod 4104)
k = 3756 (mod 4104)
k = 2388 (mod 8208)
k = 6492 (mod 8208)
k = 5124 (mod 8208)
k =1020 (mod 8208)
k = 60 (mod 135)

k =6 (mod 135)

k = 87 (mod 135)

k =33 (mod 135)
k=114 (mod 135)

k = 2445 (mod 2565)
k =906 (mod 2565)
k =1932 (mod 2565)
k =393 (mod 2565)
k = 69 (mod 270)

k =105 (mod 270)

k =51 (mod 270)

k =267 (mod 270)
k=2103 (mod 5130)
k = 414 (mod 4180)
k =2010 (mod 4180)
k = 2846 (mod 4180)
k = 1668 (mod 8360)
k = 6684 (mod 8360)
k = 4100 (mod 8360)
k =756 (mod 16720)
k=9116 (mod 16720)
k =2637 (mod 3135)
k =1383 (mod 3135)
k=129 (mod 3135)
k=1725(mod 3135)
k =471 (mod 3135)
k =2352 (mod 3135)
k =1098 (mod 3135)
k =2979 (mod 3135)
k = 1440 (mod 3135)
k = 547 (mod 6270)
k =5563 (mod 6270)
k = 4309 (mod 6270)
k = 625 (mod 660)

k =295 (mod 660)

N R, WNR OVONAANWNURARRNRWNRAOATUGODPDSERL,PDEWNRPAEWNROPSRMRWNRDSNEWNRNRRWNRI|IT

k =1153 (mod 1824)
k =241 (mod 1824)
k =1381 (mod 1824)
k =469 (mod 1824)
k =1609 (mod 1824)
k =2521 (mod 3648)
k = 697 (mod 3648)
k = 45 (mod 80)
k = 61 (mod 80)
k = 157 (mod 240)
k =13 (mod 240)
k =109 (mod 240)
k =127 (mod 228)
k =20 (mod 120)
k =716 (mod 2280)
k=1172 (mod 2280)
k 3908 (mod 4560)
= 1628 (mod 4560)
k 2084 (mod 4560)
k = 4364 (mod 4560)
k =166 (mod 209)
k =90 (mod 209)
k =147 (mod 209)
k=71 (mod 209)
k = 8964 (mod 9405)
k = 2694 (mod 9405)
k = 5829 (mod 9405)
k =901 (mod 990)
k =571 (mod 990)
k =241 (mod 990)
k =307 (mod 990)
k =18787 (mod 18810)
k=12517 (mod 18810)
k =17533 (mod 18810)
k =373 (mod 1980)
k = 1363 (mod 1980)
k =1033 (mod 1980)
k = 43 (mod 1980)
k =109 (mod 1980)
k =1099 (mod 1980)
k =769 (mod 1980)
k =1759 (mod 1980)
k = 35089 (mod 37620)
k=16279 (mod 37620)
k =956 (mod 3960)
k = 2276 (mod 3960)

k =15747 (mod 20064)
k =10731 (mod 20064)
k =5715 (mod 20064)
k =699 (mod 20064)
k = 3207 (mod 5016)
k =452 (mod 5016)
k = 4556 (mod 5016)
k =2732 (mod 5016)
k =1820 (mod 5016)
k =908 (mod 5016)
k =661 (mod 1254)
k =1003 (mod 1254)
k = 433 (mod 1254)
k=775 (mod 1254)
k=1117 (mod 1254)
k =205 (mod 1045)
k = 1041 (mod 1045)
k =832 (mod 1045)
k =623 (mod 2090)
k = 1459 (mod 2090)
k = 965 (mod 2090)
k = 1801 (mod 4180)
k =3891 (mod 4180)
k = 3758 (mod 4180)
k =1308 (mod 1976)
k =282 (mod 741)

k =529 (mod 741)

k =35 (mod 741)

k =738 (mod 741)

k = 453 (mod 741)

k =985 (mod 1482)
k =1441 (mod 1482)
k = 4196 (mod 5928)
k = 4652 (mod 5928)
k = 415 (mod 1235)
k =1156 (mod 1235)
k =662 (mod 1235)
k =168 (mod 1235)
k =909 (mod 1235)
k =29 (mod 34)

k =128 (mod 204)

k =17 (mod 323)

k = 188 (mod 323)

k =36 (mod 323)

k =530 (mod 646)

k =207 (mod 646)

NP, WNRRP,RPOUOPMWNRPNRPNRPOPRNWNERPDRAEWNR,R WNRWNRPOPRRWNROUDRWNRDNWNR|IT
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Table 12.9 (continued)

Consecutive primes which are widely digitally delicate =—— 239

Congruence

Congruence

Congruence

k =361 (mod 660)

k =31 (mod 660)

k =97 (mod 660)

k = 427 (mod 660)

k = 493 (mod 660)

k =163 (mod 660)

k = 889 (mod 12540)
k =7159 (mod 12540)
k = 2485 (mod 12540)
k = 8755 (mod 12540)
k =20 (mod 1320)

k =1076 (mod 1320)
k =812 (mod 1320)

k = 548 (mod 1320)

k = 284 (mod 1320)

k =932 (mod 1320)

k = 668 (mod 1320)

k = 404 (mod 1320)

k = 22340 (mod 25080)

k =351 (mod 495)

k =21 (mod 495)

k =186 (mod 495)

k =252 (mod 495)

k =417 (mod 495)

k = 87 (mod 495)

k =7083 (mod 9405)
k =813 (mod 9405)
k = 3948 (mod 9405)
k = 435 (mod 969)

k = 606 (mod 969)

k =948 (mod 969)

k = 2088 (mod 2907)
k=1119 (mod 2907)
k =150 (mod 2907)
k = 3228 (mod 3876)
k =321 (mod 3876)
k =1290 (mod 3876)
k =2259 (mod 3876)
k = 1879 (mod 1938)
k =1081 (mod 1938)
k =283 (mod 1938)
k =625 (mod 1938)
k= 1765 (mod 1938)
k = 4843 (mod 5814)
k =967 (mod 5814)
k = 2905 (mod 5814)

WNER, OO WNRSAEWNRWNRDNWNMNNMNPAERLROUDRWNRRL,ONOOUPA,WNER,WEAENRLRONOPWUO|T

k = 3596 (mod 3960)
k = 3332 (mod 3960)
k =692 (mod 3960)

k =2012 (mod 3960)
k =37388 (mod 75240
k = 62468 (mod 75240
k =12308 (mod 75240
k = 67484 (mod 75240
k =17324 (mod 75240
k = 42404 (mod 75240
k =130 (mod 247)

k =92 (mod 247)
k = 54 (mod 247)
k=16 (mod 247)
k =225 (mod 247
k =187 (mod 494
k =149 (mod 494
k=111 (mod 494
k =73 (mod 494)
k = 434 (mod 988)

k =890 (mod 988)

k = 358 (mod 988)

k =2790 (mod 2964)
k =814 (mod 2964)
k = 1802 (mod 2964)
k=1916 (mod 1976)
k =396 (mod 1976)
k =852 (mod 1976)
k = 3399 (mod 6460)
k =18 (mod 361)
k =37 (mod 361)
k =56 (mod 361)
k=75 (mod 361)
k =94 (mod 361)
k=113 (mod 361
k=132 (mod 361
k=151 (mod 722
k=531 (mod 722
k =189 (mod 722)

k = 1234 (mod 1444)
k=170 (mod 1444)
k =550 (mod 1444)
k =512 (mod 1444)
k =892 (mod 2888)
k = 5604 (mod 5776)
k=2716 (mod 5776)

NN NS N

— — ~— ~—

— T T OO =

N =R, P B UWNE WNERPNOOUVUENWEREOANWNR WNRLR WOWNERPPPWOUDNPRP,P OO PSRNV, DS WUNER,OGNG DWW b~

k =55 (mod 646)

k = 549 (mod 646)

k =397 (mod 646)

k =245 (mod 646)

k =93 (mod 646)

k =378 (mod 1292)

k =226 (mod 1292)
k=74 (mod 1292)

k =330 (mod 340)

k =126 (mod 340)

k =262 (mod 340)

k = 58 (mod 340)

k =194 (mod 340)

k = 2354 (mod 2584)
k =1062 (mod 2584)
k =1746 (mod 2584)
k = 454 (mod 2584)

k =2316 (mod 2584)
k =2164 (mod 2584)
k =2012 (mod 2584)
k = 1860 (mod 2584)
k = 4292 (mod 5168)
k =1708 (mod 5168)
k = 3684 (mod 10336)
k =1100 (mod 10336)
k = 8852 (mod 10336)
k = 6268 (mod 10336)
k =264 (mod 969)

k =1747 (mod 6498)
k = 6079 (mod 6498)
k =3913 (mod 6498)
k = 1405 (mod 4332)
k =3571 (mod 4332)
k =3229 (mod 4332)
k =1063 (mod 4332)
k =1652 (mod 8664)
k = 3476 (mod 8664)
k = 5300 (mod 8664)
k = 8948 (mod 12996)
k =284 (mod 12996)
k = 4616 (mod 12996)
k =2108 (mod 12996)
k = 6440 (mod 12996)

k =10772 (mod 12996)

k = 8264 (mod 12996)

k =12596 (mod 12996)

printed on 2/10/2023 3:14 PMvia .

Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

printed on 2/10/2023 3:14 PMvia .

240 =— M. Filaseta and). uillerat

Table 12.9 (continued)

Congruence

Congruence

Congruence

k=6572 (mod 7752)
k =3836 (mod 7752)
k=6116 (mod 7752)
k =3380 (mod 7752)
k =644 (mod 7752)

k =815 (mod 1615)

k =1461 (mod 1615)
k =492 (mod 3230)

k =2107 (mod 3230)
k=1138 (mod 3230)
k = 2753 (mod 6460)
k = 5983 (mod 6460)
k = 1784 (mod 6460)
k =169 (mod 6460)

k = 5014 (mod 6460)

VA WERLR NWNRNRL,OOWRNRI|T

k =930 (mod 1083)
k = 588 (mod 1083)
k =246 (mod 1083)
k =987 (mod 1083)
k = 645 (mod 1083)
k =303 (mod 1083)
k = 1044 (mod 1083)
k =702 (mod 3249)
k = 1785 (mod 3249)
k = 2868 (mod 3249)
k=1291 (mod 2166)
k =949 (mod 2166)
k =607 (mod 2166)
k =265 (mod 2166)
k =2089 (mod 2166)

VW NRL,WNRNOOCUVWERNR|T

k =3932 (mod 25992)
k = 14420 (mod 25992)
k =5756 (mod 25992)
k = 23084 (mod 25992)
k = 15788 (mod 25992)
k = 24452 (mod 25992)
k=7124 (mod 51984)
k =33116 (mod 51984)
k =360 (mod 1805)

k =721 (mod 1805)

k =1082 (mod 1805)

k = 1443 (mod 1805)

k = 1804 (mod 1805)

VA WNRNROCUDNWNRI|S

Table 12.10: Covering information

ford = -2.

Congruence

Congruence

Congruence

k =0 (mod 2)
k=1 (mod 16)

k =8 (mod 15)

k =0 (mod 23)
k=1 (mod 345)

k =70 (mod 345)
k =116 (mod 345)
k = 185 (mod 345)
k =231 (mod 345)
k =300 (mod 345)
k = 47 (mod 690)
k =93 (mod 690)
k =277 (mod 690)
k =195 (mod 276)
k =241 (mod 276)
k=11 (mod 552)
k =287 (mod 552)
k=12 (mod 115)
k =35 (mod 115)
k =58 (mod 115)
k =81 (mod 115)
k =104 (mod 115)
k =105 (mod 230)
k =151 (mod 230)

NP UM WNRPRPNRPRPUPDNWNRPRPOOUDNWNRRPL,RL,PRL RIS

k =507 (mod 690)

k =553 (mod 690)

k =139 (mod 1380)
k =369 (mod 1380)
k =599 (mod 1380)
k =829 (mod 1380)
k =1059 (mod 1380)
k =1289 (mod 1380)
k =3 (mod 46)

k =5 (mod 46)

k =27 (mod 46)

k =29 (mod 46)

k =7 (mod 92)

k =85 (mod 368)

k =269 (mod 2576)
k =591 (mod 2576)
k =2201 (mod 2576)
k =39 (mod 966)

k =361 (mod 966)

k = 683 (mod 966)

k =131 (mod 805)

k =292 (mod 805)

k = 453 (mod 805)

k =775 (mod 805)

AP UWNRP,WNRWNRNRL,PSMFWNRLROOUOPRWNRL,OM|T

k =53 (mod 92)
k=77 (mod 92)

k =31 (mod 184)
k =123 (mod 184)
k =9 (mod 69)

k =32 (mod 69)

k =55 (mod 69)

k =33 (mod 138)
k=79 (mod 138)
k=125 (mod 138)
k =57 (mod 276)
k =103 (mod 276)
k =149 (mod 276)
k=111 (mod 1196)
k=203 (mod 1196)
k=617 (mod 1196)
k=709 (mod 1196)
k =801 (mod 1196)
k =893 (mod 1196)
k =295 (mod 2392)
k = 1491 (mod 2392)
k = 88 (mod 897)

k = 387 (mod 897)

k = 686 (mod 897)

P WNNRPNOUPRMWRER, WNR, WNRL,WNRLRNRL,WNIT
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Table 12.10 (continued)

Consecutive primes which are widely digitally delicate = 241

Congruence

Congruence

Congruence

k =13 (mod 460)

k =59 (mod 460)

k =197 (mod 460)
k =243 (mod 460)
k = 289 (mod 460)
k = 427 (mod 460)
k=14 (mod 161)
k=37 (mod 161)

k =60 (mod 161)
k=106 (mod 161)
k=129 (mod 161)
k =313 (mod 1288)
k = 405 (mod 1288)
k = 635 (mod 1288)
k =957 (mod 1288)

k = 1049 (mod 1288)
k=1279 (mod 1288)

k =83 (mod 644)

k =15 (mod 322)

k =61 (mod 322)
k=107 (mod 322)
k =199 (mod 322)
k = 245 (mod 322)
k =291 (mod 322)
k =153 (mod 644)
k = 475 (mod 644)
k = 85 (mod 483)

k = 154 (mod 483)
k =246 (mod 483)
k =315 (mod 483)
k = 407 (mod 483)
k =476 (mod 483)
k=177 (mod 483)
k =499 (mod 1932)
k =821 (mod 1932)

k =1419 (mod 1610)

k =223 (mod 1610)
k = 545 (mod 1610)
k =867 (mod 1610)

k=1189 (mod 1610)
k =1511 (mod 1610)

k =63 (mod 207)

k =109 (mod 207)
k =155 (mod 207)
k=201 (mod 414)
k =247 (mod 414)
k =293 (mod 414)
k =339 (mod 414)
k =385 (mod 414)
k =17 (mod 828)

k =431 (mod 828)
k =110 (mod 253)
k =133 (mod 253)
k =156 (mod 253)
k=179 (mod 253)
k =202 (mod 253)
k =225 (mod 506)
k =271 (mod 506)
k=501 (mod 506)
k = 41 (mod 1012)
k=317 (mod 1012)
k =547 (mod 1012)
k = 823 (mod 2024)

k = 1835 (mod 2024)

k =87 (mod 759)
k =340 (mod 759)
k =593 (mod 759)
k = 65 (mod 299)
k =157 (mod 299)
k =249 (mod 299)

k =479 (mod 1794)
k=571 (mod 1794)
k=1077 (mod 1794
k=1169 (mod 1794
k=1675(mod 1794
k=1767 (mod 1794
k=117 (mod 552)

k =393 (mod 552)

k =531 (mod 2208)
k =807 (mod 2208)

k = 1359 (mod 2208)
k = 1635 (mod 2208)
k =1911 (mod 2208)
k =2187 (mod 2208)

k = 255 (mod 4416)

k =1083 (mod 4416)
k = 2463 (mod 4416)
k =3291 (mod 4416)

k =25 (mod 1104)

k =163 (mod 1104)
k =301 (mod 1104)
k =439 (mod 1104)
k=577 (mod 1104)
k=715 (mod 1104)
k =853 (mod 1104)

k =2095 (mod 4416)
k = 4303 (mod 4416)

k =991 (mod 2208)
k=2 (mod 621)

k =140 (mod 621)
k =278 (mod 621)
k =416 (mod 621)
k=71 (mod 1242)
k =209 (mod 1242)
k =347 (mod 1242)

k = 1465 (mod 1932)
k =1787 (mod 1932)
k=1235(mod 1288)

k =341 (mod 598)
k = 433 (mod 598)
k =525 (mod 598)

k=1175 (mod 1242)
k = 485 (mod 2484)
k = 1727 (mod 2484)

k =39 (mod 368)
k =204 (mod 391)
k =273 (mod 391)
k =342 (mod 391)
k =43 (mod 782)
k =89 (mod 782)
k =227 (mod 782)
k =365 (mod 782)

AW NEFEPEPNFNWUNPRPENPWUNRPREPENYNOOUVPRPWUNR, WOWNOOUDNWONR, POV WNER, P WNERONV D WNR S

k=19 (mod 1196)
k =228 (mod 437)
k =251 (mod 437)
k =343 (mod 437)
k =159 (mod 874)
k =389 (mod 874)
k = 481 (mod 874)
k=711 (mod 874)

A WNRPUPRMWNWNRWNRWNRNRPLPRWNRWNPRPRPUDNMNWNRPRNRPRPUPDNWNRWNRPRPOOAUDWNRI|IT

k =20 (mod 391)
k =987 (mod 4370)

k = 1861 (mod 4370)
k =2735 (mod 4370)
k = 3609 (mod 4370)

k = 45 (mod 460)
k =275 (mod 460)
k =321 (mod 1380)

NONUDAWNRNRPRDMNWUNRPRAEWNPRPUUUUANOGOUPRMWNRDNMNWUNRPRPNOGODNWNR,PMPWOOUDWNRI|TS
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Table 12.10 (continued)

Congruence

Congruence

Congruence

k =549 (mod 782)

k = 687 (mod 782)

k =181 (mod 1564)
k =503 (mod 1564)
k =963 (mod 1564)
k = 1285 (mod 1564)
k = 2205 (mod 6256)
k =3769 (mod 6256)
k = 5333 (mod 6256)
k =1423 (mod 1564)
k =319 (mod 3128)
k=1101 (mod 3128)
k = 1883 (mod 3128)
k = 2665 (mod 12512)
k =8921 (mod 12512)
k =388 (mod 1173)
k=779 (mod 1173)
k=1170(mod 1173)
k = 457 (mod 2346)
k =1239 (mod 2346)
k =848 (mod 1173)
k =135 (mod 2346)
k =1699 (mod 2346)
k =917 (mod 4692)
k =3263 (mod 4692)
k =21 (mod 437)

k =136 (mod 437)

NP NP DAWDENRPL,WNRPRNRPR,WNRPRPUVDWNRDNWNRLROANU|S

k =803 (mod 874)

k =67 (mod 1748)

k =297 (mod 1748)
k=619 (mod 1748)
k =941 (mod 1748)
k =1493 (mod 1748)
k =849 (mod 3496)
k=1171 (mod 3496)
k = 1723 (mod 3496)
k = 2597 (mod 3496)
k =2919 (mod 3496)
k =3471 (mod 3496)
k =90 (mod 1311)

k =527 (mod 1311)
k=964 (mod 1311)
k =205 (mod 2622)
k =757 (mod 2622)
k =1079 (mod 2622)
k =1631 (mod 2622)
k =1953 (mod 2622)
k = 2505 (mod 2622)
k = 435 (mod 2185)
k =872 (mod 2185)
k = 1309 (mod 2185)
k =1746 (mod 2185)
k =2183 (mod 2185)
k =113 (mod 4370)

P U WNRPROUDNWNR,WNRPROUPDNWNRL,POPMNWNRL,O|TS

k =781 (mod 1380)
k =1241 (mod 1380)
k =91 (mod 920)

k =551 (mod 920)

k =137 (mod 1035)
k =252 (mod 1035)
k=712 (mod 1035)
k =367 (mod 2070)
k =597 (mod 2070)
k =827 (mod 2070)
k =1057 (mod 2070)
k =1517 (mod 2070)
k =1977 (mod 2070)
k = 68 (mod 575)

k =183 (mod 575)

k =229 (mod 575)

k =298 (mod 575)

k =413 (mod 575)

k =528 (mod 575)

k = 459 (mod 1150)
k =689 (mod 1150)
k =919 (mod 2300)
k =1149 (mod 2300)
k =2069 (mod 2300)
k =2299 (mod 2300)

~ o~~~ ~

A WNRPNPOUPWNRPROOCTUDWNR,WNRLRNRPR,0OLOIT

Table 12.11: Covering information for d = 1.

k = 24 (mod 28)

k = 4 (mod 35)

k =20 (mod 140)
k = 48 (mod 140)
k =76 (mod 140)
k = 104 (mod 140)

Congruence Congruence Congruence p
k=0 (mod7) k =11 (mod 35) k=12 (mod 42) 3
k=1(mod7) k = 18 (mod 35) k =33 (mod 84) 1
k =9 (mod 21) k =25 (mod 70) k =75 (mod 84) 2
k =2 (mod 21) k = 60 (mod 70) k =19 (mod 63) 1
k =16 (mod 21) k =32 (mod 105) k = 40 (mod 63) 2
k=3 (mod 14) k = 67 (mod 105) k =61 (mod 63) 3
k =10 (mod 28) k =102 (mod 105) k =6 (mod 28) 3
1
2
2
3

B UWNRPRRPLPNRPRRPL,WNRNPRIS

k=5 (mod 42)

k =26 (mod 42)

k =132 (mod 140)
k=27 (mod 112)
k =83 (mod 112)
k =55 (mod 168)

P NP UNR, WNRNRL,WNITS

k =13 (mod 56)
k =41 (mod 56)
k=111 (mod 168)
k =167 (mod 168)
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Table 12.12: Covering information for d = 3.

Consecutive primes which are widely digitally delicate =——— 243

Congruence

Congruence

Congruence

k=0 (mod 3)
k=1 (mod 6)

k =2 (mod 6)
k=4 (mod12)
k =10 (mod 24)
k =22 (mod 72)
k =46 (mod 72)
k=70 (mod 72)
k =3 (mod 22)
k=12 (mod 13)

(mod 74)
mod 74)
(mod 111)

(mod 222)
7 (mod 222)
(mod 148)
(mod 148)
5 (mod 148)
(mod 148)
(mod 148)
(mod 148)

N

8

v o=

(

(

(

(

1

(

0

4

(

3

47 (mod 222)
1

9

3

7

2

1

89

15

53 (mod 444)
275 (mod 444)
17 (mod 444)
239 (mod 444)
129 (mod 296)
203 (mod 296)
277 (mod 296)
647 (mod 888)

= 833 (mod 888)

k =29 (mod 1665)
k=1139 (mod 1665)
k = 584 (mod 1665)
k =1991 (mod 3330)
k =3101 (mod 3330)
k =881 (mod 3330)
k = 2657 (mod 3330)
k = 437 (mod 3330)

AR A AT AITAITAITAIITAITATITAITIITAITTITTRTXT XXX X

VA WNRL, WNRPRERPNWNRRA:EWOUDNRP,OUPRNWUNEREPDNWNRWNRWNRWNRRRRRLRWNRRRRNR|T

k =611 (mod 888)

k = 389 (mod 888)

k=167 (mod 592)

k = 463 (mod 592)

k =353 (mod 1776)

k=1241 (mod 1776)

k= 1685 (mod 1776)

k=797 (mod 1776)

k=1019 (mod 1332)

k=131 (mod 1332)

k=575 (mod 1332)

k=1133 (mod 1332)

k = 467 (mod 1332)

k =317 (mod 333)

k =95 (mod 333)

k =206 (mod 333)

k =281 (mod 333)

k =59 (mod 666)

k =503 (mod 666)

k =245 (mod 666)

k =23 (mod 666)

k =659 (mod 1332)

k = 61 (mod 185)

k=172 (mod 185)

k = 98 (mod 185)

k =24 (mod 185)

k =321 (mod 370

k =247 (mod 370

k=173 (mod 555

k =284 (mod 555

k =26 (mod 555)

k =137 (mod 555)

k =248 (mod 555)

k =359 (mod 555)

k =101 (mod 1110)

k=767 (mod 1110)

k = 693 (mod 740)

k =323 (mod 740)

k = 249 (mod 740)

k = 619 (mod 740)

k=1622 (mod 2775)

k=1178 (mod 2775)

k = 1733 (mod 5550)
)
)

)
)
)
)

k = 5063 (mod 5550
k = 2843 (mod 5550
k = 623 (mod 5550)
k=179 (mod 5550)
k = 3509 (mod 5550)

AUV AP WNERPNOOPPWNERPNRP,POUVPS,WUNERPNRPPDRWOUNPFRPOOP,PWUNEREPDRWOUNRPOOPS,WOUNEREPDRWUNERNREPDW S

k =361 (mod 740)

k =731 (mod 740)

k = 657 (mod 740)

k = 287 (mod 740)

k =213 (mod 740)

k = 583 (mod 740)

k = 875 (mod 2220)
k =395 (mod 2220)
k = 2135 (mod 2220)
k = 1655 (mod 2220)
k =1175 (mod 2220)
k = 1435 (mod 1480)
k = 695 (mod 1480)
k =955 (mod 1480)
k =215 (mod 1480)
k = 475 (mod 1480)
k = 4175 (mod 4440)
k = 2729 (mod 4440)
k = 1619 (mod 4440)
k =509 (mod 4440)
k = 3839 (mod 4440)
k =1731 (mod 2960)
k = 2471 (mod 2960)
k =251 (mod 2960)
k =991 (mod 2960)
k =547 (mod 2960)
k = 4247 (mod 8880)
k =2027 (mod 8880)
k = 8687 (mod 8880)
k =1361 (mod 2664)
k =473 (mod 2664)
k =2249 (mod 2664)
k =29 (mod 2664)

k = 4469 (mod 5328)
k =1805 (mod 5328)
k =917 (mod 5328)
k =3581 (mod 5328)
k = 6023 (mod 6660)
k = 3803 (mod 6660)
k = 1583 (mod 6660)
k =737 (mod 1554)
k = 1403 (mod 1554)
k =1181 (mod 1554)
k =293 (mod 1554)
k =809 (mod 1036)
k =921 (mod 1036)
k = 2069 (mod 3108)
k =220 (mod 407)

P R NP OUVUDENWNRAEWUNRPRPDMNWUNRPRWNPRPUOURMNWBDNRPUOUOPRARWNRPRODRRWNPRPUPMNWNRL,OOVOANUVITS
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Table 12.12 (continued)

EBSCChost -

Congruence p Congruence p Congruence p
k = 1547 (mod 3330) 6 k = 1289 (mod 3700) 1 k =331 (mod 407) 2
k =178 (mod 925) 3 k =3139 (mod 3700) 2 k =35 (mod 407) 3
k =733 (mod 925) 2 k=10169 (mod 11100) 4 k =257 (mod 407) 4
k =363 (mod 925) 1 k=4619 (mod 11100) 1 k =368 (mod 407) 5
k =918 (mod 925) 5 k=7949 (mod 11100) 3 k =72 (mod 407) 6
k = 548 (mod 925) 4 k=2399 (mod 11100) 2 k =183 (mod 814) 1
k = 104 (mod 925) 6 k=217 (mod 259) 1 k=701 (mod 814) 3
k = 659 (mod 925) 7 k =106 (mod 259) 2 k = 405 (mod 814) 2
k =289 (mod 925) 8 k =254 (mod 259) 3 k=109 (mod 814) 4
k = 844 (mod 925) 9 k =143 (mod 259) 4 k =517 (mod 814) 5
k =1399 (mod 1850) 1 k = 180 (mod 259) 5 k=221 (mod 1221) 1
k = 401 (mod 1850) 2 k = 69 (mod 518) 1 k =332 (mod 1221) 2
k =31 (mod 1850) 3 k =329 (mod 518) 2 k =554 (mod 1221) 3
k = 1511 (mod 1850) 4 k =218 (mod 777) 1 k = 665 (mod 1221) 4
k =1141 (mod 1850) 5 k =107 (mod 777) 2 k=776 (mod 1221) 5
k =2621(mod 2775) 1 k=773 (mod 777) 3 k = 887 (mod 1221) 6
k=2177 (mod 2775) p k=551 (mod 777) 4 k =2219 (mod 2442) 1
k=2732(mod 2775) 3 k = 440 (mod 777) 5 k=1109 (mod 2442) 2
k=512 (mod 2775) 5 k =959 (mod 1554) 1 k = 2441 (mod 2442) 3
k =1067 (mod 2775) 4 k=71 (mod 1554) 3

Table 12.13: Covering information for d = 4.

Congruence p Congruence p Congruence p
k=1 (mod3) 1 k =53 (mod 54) 2 k =159 (mod 162) 4
k =0 (mod 6) 2 k =15 (mod 81) 1 k =9 (mod 36) 1
k =5 (mod 6) 1 k =33 (mod 81) 2 k =27 (mod 144) 1
k=2(mod9) 1 k =51 (mod 81) 3 k =99 (mod 144) 2
k =14 (mod 18) 1 k =69 (mod 81) 4 k =63 (mod 216) 1
k =3 (mod 18) 2 k =6 (mod 81) 5 k =135 (mod 216) 2
k=17 (mod 27) 1 k=105 (mod 162) 1 k =207 (mod 432) 1
k = 8 (mod 27) 2 k=123 (mod 162) 2 k = 423 (mod 432) 2
k =26 (mod 54) 1 k =141 (mod 162) 3

Table 12.14: Covering information for d = 6.

Congruence p Congruence p Congruence p
k =0 (mod 5) 1 k =27 (mod 30) 3 k =4 (mod 15) 2
k=1 (mod 5) 2 k = 8 (mod 40) 2 k =29 (mod 45) 1
k =2 (mod 10) 1 k = 28 (mod 40) 1 k =14 (mod 45) 2
k = 3 (mod 20) 1 k = 18 (mod 60) 1 k = 89 (mod 90) 1
k =13 (mod 20) 2 k = 58 (mod 60) 2 k = 44 (mod 90) 2
k =7 (mod 30) 1 k =38 (mod 60) 3

k =17 (mod 30) 2 k =9 (mod 15) 1
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Table 12.15: Covering information ford = 7.

Consecutive primes which are widely digitally delicate =— 245

Congruence

Congruence

Congruence

k =16 (mod 66)

k =136 (mod 264)
k =202 (mod 264)
k =70 (mod 528)
k = 268 (mod 528)
k =334 (mod 528)
k =532 (mod 1584)
k =4 (mod 4752)
k =1588 (mod 4752)
k =3 (mod 16)
k=11 (mod 32)

k =27 (mod 32)
k=0 (mod 11)
k=1 (mod11)
k=10 (mod 16)
k=2 (mod 22)
k=13 (mod 22)

k =3 (mod 22)

k =14 (mod 44)

k =36 (mod 44)

k =15 (mod 33)

k =26 (mod 33)

k = 37 (mod 66)

k =38 (mod 132)
k=126 (mod 132)
k =60 (mod 132)
k =5 (mod 88)

k =49 (mod 88)

k =104 (mod 264)
k =236 (mod 264)
k=71 (mod 264)
k =159 (mod 264)
k =247 (mod 264)
k = 6 (mod 55)

k =17 (mod 55)

k = 28 (mod 55)

k =39 (mod 55)

k =50 (mod 110)
k =105 (mod 110)
k=7 (mod 110)

k =62 (mod 110)
k =18 (mod 220)
k =73 (mod 220)
k =128 (mod 220)
k =183 (mod 220)
k = 40 (mod 275)

—~ o~~~

R B2 WNRDWNRDWNR OO WNERNR WNERERPRPRNRPRNERE WUWNRRNERNRNNRE R WOUNERLNON h~]

k =95 (mod 275)
k =150 (mod 275)
k =29 (mod 165)
k =84 (mod 165)
k =139 (mod 165)
k =51 (mod 220)
k =161 (mod 220)
k =106 (mod 330)
k =216 (mod 330)
k =326 (mod 330)
k =8 (mod 77)
k=19 (mod 77)

k =30 (mod 77)
k=41 (mod77)

k =52 (mod 154)
k =129 (mod 154)
k =63 (mod 154)
k =140 (mod 154)
k=74 (mod 154)
k =151 (mod 154)
k =9 (mod 99)

k =20 (mod 99)

k =31 (mod 99)

k = 42 (mod 99)

k =53 (mod 198)
k =152 (mod 198)
k = 64 (mod 396)
k =163 (mod 396)
k =262 (mod 396)
k =361 (mod 792)
k =757 (mod 792)
k =75 (mod 297)
k =174 (mod 297)
k =273 (mod 297)
k = 86 (mod 297)
k =185 (mod 297)
k = 284 (mod 297)
k =97 (mod 594)
k =196 (mod 594)
k =295 (mod 594)
k =394 (mod 594)
k = 493 (mod 594)
k =592 (mod 1188)
k =1186 (mod 1188)
k=10 (mod 121)
k =21 (mod 121)

N R, NP WNRPOAUPRNWNRNRL, WNRNRPAMWUNPRPOOUOPDNWNERDNWNR, WNR,OAOUVWNRL, WN|TS

k=32 (mod 121)
k=43 (mod 121)

k = 54 (mod 242)

k =175 (mod 242)

k = 65 (mod 242)

k =186 (mod 242)
k=76 (mod 242)

k =197 (mod 484)

k = 439 (mod 484)

k = 87 (mod 484)

k =208 (mod 484)

k =98 (mod 363)
k=219 (mod 363)
k=109 (mod 726)

k =230 (mod 726)

k =351 (mod 726)

k =593 (mod 1452)
k =1319 (mod 4356)
k=2771 (mod 4356)
k =2166 (mod 5808)
k = 5070 (mod 5808)
k = 2892 (mod 5808)
k = 5796 (mod 5808)
k =120 (mod 605)

k =362 (mod 1210)
k =967 (mod 1210)
k = 1088 (mod 2420)
k = 2298 (mod 2420)
k = 604 (mod 2420)
k = 1209 (mod 2420)
k = 1814 (mod 2420)
k =2419 (mod 2420)
k =1060 (mod 1584)
k=3172 (mod 4752)
k =205 (mod 275)

k =260 (mod 275)

k =329 (mod 484)

k = 450 (mod 484)

k =340 (mod 363)

k =472 (mod 726)

k = 4223 (mod 4356)
k =714 (mod 2904)
k = 1440 (mod 2904)
k =241 (mod 605)

k = 483 (mod 1210)
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Table 12.16: Covering information ford = 9.

Congruence p Congruence p Congruence p
k =0 (mod 2) 1 k =1 (mod 8) 1 k =5 (mod 8) 2
k =3 (mod 4) 1
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Jerrold R. Griggs
Spanning trees and domination in hypercubes

Abstract: Let L(G) denote the maximum number of leaves in any spanning tree of a
connected graph G. We show the (known) result that for the n-cube Q,, L(Q,) ~ 2" =
|V(Q,)| as n — oo. Examining this more carefully, consider the minimum size of a
connected dominating set of vertices y.(Q,), which is 2" — L(Q,,) for n > 2. We show
thaty.(Q,) ~ 2"/n, which rather surprisingly is no larger than the asymptotic behavior
of the domination number y(Q,,). We use Hamming codes and an “expansion” method
to construct leafy spanning trees in Q,,.

1 Introduction

The n-cube graph Q, has 2" vertices, the strings q, ... a,, on n bits, where two vertices
are adjacent if and only if their strings differ in exactly one coordinate (where one
vertex has 0 and the other has 1). The n-cube is frequently used as a structure for com-
puter networks, where there are 2" processors corresponding to the vertices of Q.. An
efficient way to connect all of the processors, so that they all communicate with each
other, is to take a spanning tree in Q,,.

With this in mind, S. Bezrukov imagined it would be interesting to construct such
spanning trees with many leaves (degree one vertices). At the INOCA conference (Du-
luth, 2014), Bezrukov proposed the following problem: Letting L(G) denote the maxi-
mum number of leaves in any spanning tree of a connected simple graph G, what can
one say about L(Q,,)? He shared this problem in notes [2].
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For a spanning tree, the nonleaf vertices are connected, so form a tree themselves,
which we may think of as the backbone of the tree: All vertices are either in this back-
bone, or are leaves adjacent to it. Bezrukov’s question then is equivalent to construct-
ing a spanning tree of the hypercube with the smallest backbone.

Notice that the opposite question, finding the minimum number of leaves in a
spanning tree, is easy: By a simple induction, Q,, has a Hamilton path for alln > 1.
This path is a spanning tree with just two leaves. We are interested in the other ex-
treme, maximizing the number of leaves.

Our problem is closely related to the subject of domination in graphs. A subset W
of the vertex set V of a graph G = (V, E) is a dominating set if every vertex is either in
W or adjacent to some vertex in W. The domination number y(G) is the minimum size
of any dominating set.

Note that if one pulls off the leaves from a spanning tree T for a connected graph
G = (V,E) with at least three vertices, then the remaining vertices W form a domi-
nating set, and, moreover, what remains of T still connects them. That is, W forms
a connected dominating set. Conversely, from any connected dominating set we can
span them with a tree and attach any other vertices as leaves to obtain a spanning
tree. The minimum size of a connected dominating set of G is called the connected
domination number y.(G).

We see that maximizing the number of leaves of any spanning tree of such G cor-
responds to minimizing the size of a connected dominating set. From this discussion,
we obtain for such G

L(G) +Yc(G) = |V(G).
The simple ordering relationship between these parameters is
1<y(G) <y.(G) <|V].

For example, one can readily check that for the four-cycle Q,, y = y. = L = 2, while
for the ordinary cube Qs, y = 2,y = L = 4. For larger n, more than half the vertices can
be leaves.

The earliest paper we can find that investigates the connected domination number
of a graph is by Sampathkumar and Walikar (1979) [15]. Several studies investigate
bounding L(G) for classes of graphs G, such as those with given minimum degree [8, 9,
12, 16]. Caro et al. [3] study both parameters, and provide more references. Many papers
concern algorithms for finding leafy trees (or small connected dominating sets).

Searching online, we discovered several papers concerning domination in hyper-
cubes. These were often done independently of other studies. The 1990 dissertation of
Jha [10] gives a good general upper bound on y(Q,), which is just twice the easy lower
bound. Arumugam and Kala [1] (1998) focus on domination in hypercubes. Duckworth
etal. [6](2001) give good general bounds on L(Q,,). It follows that L(Q,,) ~ 2". It means
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asymptotically there is a spanning tree for the hypercube in which almost all vertices
are leaves. It is nicer to restate their results in terms of connected domination.

Theorem 1 ([6]).
- Lower bound: Forn > 2, % > %

- Upper bound: Asn — oo, % <1+ 0(1))%

Another 2012 study of hypercubes [4] gives values of y.(Q,) for small n, but un-
fortunately its formula for general n, stated without proof, is far from correct. Mane
and Waphare [14] investigate several generalizations of domination numbers of hyper-
cubes. The 2017 Master’s thesis of Kubori [13] considers domination in hypergraphs,
and uses some of the same methods as in this paper.

In the next section, we present simple general lower bounds on y(Q,,) and y.(Q,).
In Section 3, we describe the Hamming code construction that gives a “perfect dom-
inating set” for Q,, when n is of the form 2K — 1. We give a method to produce a small
connected dominating set, given a dominating set, that leads to an upper bound on
v.(Q,) forn = 2-1.A simple inductive method we call doubling is used to give upper
bounds on y(Q,,) and y.(Q,) for general n in Section 4.

Where we make new progress is by introducing in Section 5, a new method we
call expansion, in which we take a minimum dominating set in each of 2 copies of
Qy and connect them appropriately to obtain a small connected dominating set in Q,,
where n = N +j. Choosing N and j wisely improves the best previous upper bound on
¥c(Q,) by a factor of 2. Indeed, in Section 6 we settle the leading asymptotic behavior
of y.(Q,).

Theorem 2. Asn — oo, % =(1+o(1)1.

Restating this in terms of the maximum number of leaves, it means

L@, = (1 N o<l>>z".
n n

We conclude with suggestions for further study and acknowledgments of valuable
ideas and support of this project.

2 Domination lower bounds
Let us note some easy lower bounds on our domination parameters for the hyper-
cube Q,,.

Proposition 1.
- Forn>1,y(Q,) =22"/(n+1).
- Forn=2y.(Q,)=@2"-2/(n-1) =2"/n.
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Proof. A single vertex can dominate at most itself and its n neighbors, leading to the
lower bound on y(Q,,).

Next, consider a connected dominating set of Q, of size c. There is a tree T on
these c vertices using ¢ — 1 edges from Q,,. The sum of degrees of these c vertices has
2c — 2 accounted for by T. It means that the number of additional vertices (dominated
by those in T) is at most nc—2(c—1). But there are 2" - ¢ vertices besides T. Rearranging
terms gives the stated inequality on c, hence the lower bounds on y.(Q,,). O

3 Hamming code

The famous Hamming code gives an elegant construction of a “perfect dominating set”
inQ, whenn = 2% — 1 for some integer k > 1. This means it achieves the lower bound
on y(Q,) in Proposition 1. Viewing the vertices of Q,, for such an n as n-dimensional
vectors over GF(2), the code consists of the 2" vectors in the row spaceofa (n-k)xn
matrix built as follows: The first n—k columns form the identity matrix, while the rows
of the other k columns consist of all n — k = 2X — k — 1 vectors of length k with weight
(number of ones) at least 2. The difference between any two vectors in this row space
is then a nonzero vector in the row space, and hence a nonempty sum of rows of the
matrix. By design, such a sum will always have weight at least three.

Consequently, the 2"k stars in Q,, that are centered at the vectors in the row space
are disjoint. Each star is a K ,,. By counting, we see that these stars partition the ver-
tices of Q,. They form a minimum dominating set for Q,,.

As Bezrukov pointed out when he proposed his problem about L(Q,,), for such n
we only have to add some edges between leaves of different stars to obtain a spanning
tree with many leaves. After all, Q,, is connected, and all edges not used in the stars are
between leaves of stars (different stars, in fact). If we have ¢ components, we need to
add c—1edges to obtain a spanning tree; here, ¢ = 2", At worst, each additional edge
costs us two new leaves—it would be less, if we are able to use several edges from the
same leaf. When we finish, we have a spanning tree where the non-leaves are the c star
centers from the Hamming code, as well as at most 2c — 2 vertices that were star leaves.

In fact, we can use this method for any connected simple graph G to build a span-
ning tree. Starting from a minimum dominating set of ¢ vertices, the stars centered at
those vertices cover the entire vertex set (though in general they are not disjoint, and
dominating vertices could even be adjacent). One can add at most ¢ — 1 edges between
stars to create a spanning tree. We obtain this general bound.

Proposition 2. Let G be a connected simple graph. Then
Ye(G) < 3y(G) - 2.

Applying this to our Hamming code construction, we obtain the following.
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Proposition 3. Let n = 2* — 1, where the integer k > 1. Then y(Q,) = K= Mn+ 1),
andy.(Q,) < 3/(n+1))2".

For this Hamming code case n = 2k — 1, our tree construction can be viewed
this way: Starting from a perfect dominating set in Q,,, we take the corresponding
C = 2"/(n + 1) stars K, and add C - 1 edges to form a tree with many leaves. Since
all edges for the star centers are used already, each edge we add will join leaves from
two different stars. At worst, we give up 2(C-1) star leaves (they become part of the tree
backbone), plus the backbone contains the C star centers. This gives us a connected
dominating set of size at most 3C — 2 ~ 3(2"/n).

If we are fortunate, we do not have to pick two new leaves for each successive addi-
tional edge: It could be that one or both leaves are already in the backbone. However,
for each of the C stars we must give up at least one leaf, in order that the stars connect
in the spanning tree. It means that the connected dominating set we construct will
have at least 2C ~ 2(2"/n) vertices.

4 Doubling

So far, we have constructed leafy trees in the n-cube only when n has the special form
2% — 1. One can view the (n + 1)-cube Q,,,; as consisting of two copies of Q, along with
a matching in which each vertex of one Q,, is on an edge with its corresponding vertex
in the other Q,,. This is true for any value of n, not just the special values where the
Hamming code exists.

If we take a dominating set for each copy of Q,,, we get a dominating set for Q..
Moreover, if we take the same connected dominating set for each copy, it gives a dom-
inating set for Q,,,; that is connected. We see this simply by adding the edge joining
the two copies of a vertex in the connected dominating set for Q,,. We record these
observations about doubling next.

Proposition 4. Foralln > 1, y(Q,.1) < 2y(Q,), and y.(Qu,1) < 2y.(Q,).

Now suppose n is between two consecutive values where the Hamming code con-
struction is the last section applies, say n = N+j, wherek > 1, N = 2¥~1,and 0 < j< 2,
We apply the doubling proposition j times, starting from Qy, and obtain
i 2N N4j2r

y(Q")SZJN+1_N+1n <2;'

It follows that
y(Q))/2" <2/n— 0,

as n — oo. This matches the bound given by Jha [10].
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For connected domination, we apply Proposition 2 and obtain

Ye(Qy) < 3y(Qp) < 6%.

It follows that

K@) 6,
n n

as n — oo, confirming our earlier assertion that there are spanning trees for hyper-
cubes with almost all vertices being leaves. Of course, Theorem 1 got a better bound
than this on y.(Q,)/2"; our main result will do even better.

Let us summarize our findings so far. The domination problem for Q,, is solved by
the Hamming code forn = N = 2X — 1. Thenas n = N + j grows with j,0 < j < 2%,
our upper bound on y(Q,)/(2"/n) grows from around 1 to around 2. However, at j = 2k ,
we have the next Hamming code case, n = 2kt 1, and it is better to switch again to
the Hamming code construction. It means we have a sawtooth function upper bound,
rising from 1 to 2 as n increases, then abruptly dropping back down to 1 and rising
again. Of course, each tooth covers an interval of length about 2%, so the teeth get
wider with k.

Owing to our upper bound Proposition 2, for connected domination y.(Q,) has a
similar sawtooth upper bound, but each tooth rises from value 3 to 6.

5 Expansion

We introduce a new method of tree construction that takes advantage of small domi-
nating sets to produce smaller connected dominating sets in Q,,. This will bring down
our upper bound for connected domination, and eventually allow us to solve our prob-
lem asymptotically.

For constructing a spanning tree, the Hamming code bound punished us by po-
tentially using up so many leaves to connect the stars. If we repeatedly double the
construction, then it repeats this penalty over and over. A better idea could then be
to select one copy (or “layer”) of the base hypercube, add edges to connect the stellar
clusters in just that layer, and then connect all the copies of each star center to the one
in the special layer.

Describing this explicitly, let N = 2 = 1, and n = N + j, where 0 < j < 2. Parti-
tion the vertices of Q,, into 2 “layers” according to the last j coordinates of the vertices
(aj,...,ay). Each layer induces a Qy, and its vertices are partitioned into |C| = oN-k
stars, according to the Hamming code partition of Q. For each star S in the partition
of Qy, there are b vertices, one in each layer, that are centers of the stars correspond-
ing to star S. The centers all agree in their first N coordinates, so together induce a
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subgraph Q;. By adding 2 — 1 edges these stars (copies of S) can be connected into a
tree. We now have a forest of |C| = 2V % such trees.

We connect these trees by adding |C| -1 edges, which may as well all be in the layer
ending with 0’s. Each such edge adds at most two vertices to the connected dominating
set we construct. It is similar to how we connected the stars in the Hamming code

construction. We record the result of our expansion construction.

Proposition 5. Letn = N + j, where N = 2 _1and1 < j< 2X. Then Ye(Qy) < 2j|C| +
2(|C| - 1), where C is the set of 2Nk codewords for the Hamming code in Qy.

We have seen that y,.(Q,)/2" > 1/n for all n > 2. It would be nice if we could find
a tree construction for Q, that has so many leaves that its backbone (connected dom-
inating set) comes close to achieving the lower bound, acting asymptotically like a
perfect dominating set: What we want is that y.(Q,)/(2"/n) — 1as n — co. Expansion
allows us to come much closer to this goal. The next result is what we can show now.

Theorem 3. Foralln > 1,y.(Q,)/2" < 2/n. Foralln > 3,y.Q,)/2" > 1/n. We have
liminf,_, y.(Q,)/(2"/n) = 1.

Proof. We have n, N, K, j as above. Proposition 5 gives us

Ye(Qy) < 21Cl +2(IC| - 1)
<2 +2)c]
= (2 +2)(@"H
= 2"+ 2V 2~

We rewrite this as

< (o310 %)
Pn < 1+2].71 1+ )

Inourrangel<j < 2, the first term in the product on the right starts at 2 and de-
creases exponentially quickly toward 1. The second term starts at 1 and grows linearly
to just below 2 at the end of this range. Throughout this whole range in j, the product
is at most 2, giving us the first statement of the theorem.

The second statement, the lower bound on y.(Q,)/2", follows easily from Propo-
sition 1. For the third statement, we select values of n for which we can show y.(Q,)/
(2"/n). Specifically, given k take j = k+1, so thatn = 2% +k. Then in the upper bound in-
equality above on y.(Q,)/(2"/n), both terms in the product are small (slightly above 1),
and their product — 1as k — oo. The lim inf statement follows. O

An interesting observation is that for n of the form 2k 1, the Hamming code ex-
ists, but the corresponding spanning tree construction for Q, we described earlier only
guarantees that y,.(n)/(2"/n) is at most 3 for such n. We can do better, constructing a
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tree that reduces the bound for such n to 2, by taking the Hamming construction for
2! _1and applying the expansion method with j = 21, Nevertheless, we are still
seeking to do better, aiming to construct trees that bring the bound down to 1 asymp-
totically.

6 Main result

We have shown how to construct spanning trees for hypercubes Q,, with many leaves—
the proportion of the 2" vertices that are not leaves is at most roughly 2/n. The idea is
to take a Hamming code and then expand.

Now observe that the expansion idea can be used starting from any values of N,
not just a Hamming code value 2¥ — 1, and from any dominating set C in Qy;, to pro-
duce a connected dominating set for Q,, n = N + j: Set C gives a partition of Qy into
stars. For each star center (vertex in the dominating set), add edges to connect the b
copies of the vertex. In the original Qy add edges to connect the stars. We now have
a spanning tree for Q,.. Denote by D its backbone, a connected dominating set in Q,,.
We get an upper bound on |D| as in Proposition 5. Assuming |C| is minimum-sized, we
get that

ye(Qy) < (2 +2)y(Qy).

Given n large, let j be an integer close to log n (logarithm base 2), and take N = n—j.
Then the display above implies that y.(Q,)/(2"/n) is bounded above approximately by
v(Qy)/ (2N /N). So an upper bound function for the domination number, shifted to the
right by logn, yields an approximate upper bound function on connected domina-
tion.

In particular, if it holds that for domination y(Q,,)/(2"/n) tends toward 1, its lower
limit, then the same will be true for the similar expression for connected domina-
tion! Fortunately, what we need is proven in the 1997 book Covering Codes by Cohen,
Honkala, Litsyn, and Lobstein [5], page 332. They attribute the result to Kabatyanskii
and Panchenko [11] (1988). The proof relies on various coding constructions, includ-
ing g-ary Hamming codes for prime powers q. It also depends on results on the density
of primes.

We include their result on the domination number as the first part of our main
theorem below. It is restated for convenient comparison to our result for connected
domination number, the second part, which can be viewed as a strengthening of the
first part.

Theorem 4. The domination ratio for hypercubes satisfies [11]

hm y(Qn) —

n—co 2M/n

1.
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The connected domination ratio satisfies

Jim Yo =1

Proof. As noted above, the first statement is proven in the literature. What is new is
the second part, which is a stronger statement. Building on Theorem 3, it suffices to
give an upper bound on y.(Q,)/(2"/n) that goes to 1 as n — oo. As in the discussion
above, given n we take j is close to lognand N = n—j. Given € > 0, we have that for all
sufficiently large n (and N) that

and the second part follows. O

Formulating this equivalently in terms of leaves in spanning trees, we obtain the
following.

Corollary 1. Asn — oo, L(Q,) = 2"(1- % + 0(%))_

n

7 Further study

Here are some ideas for continuing research. We were not able to give a simple enough
proof that the domination number that y(Q,)/(2"/n) — 1. We were hoping to give a
self-contained proof of our main result. The proof in the literature of this domination
result relies on rather technical explicit coding constructions. It would be nice if one
could devise an algorithm, or use probabilistic arguments, to prove the existence of
dominating sets in the hypercube that are as small as the theorem.

Another question asked by Bezrukov [2] is this: For n = X -1, starting from the
stars given by the Hamming code, can one describe nicely how to add edges to form a
tree with the most leaves (the smallest connected dominating set)? We have seen that
for large k the connected dominating set will have size between 2 and 3 times 2"/n.
Noga Alon pointed out (pers. comm.) that one only has to take a minimum connected
dominating set and add to it the Hamming code to obtain a connected dominating set
that, in view of the main theorem, is of size only ~ 2(2"/n). Still, we ask whether one
can construct a connected dominating set of size ~ 2(2"/n), including the Hamming
code, without relying on the other known covering codes (used in the proof of the main
theorem).
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What can one say about a more general class of graphs? For instance, one could
consider domination and connected domination in a generalized grid (box) graph,
such as a Cartesian product of n paths on p vertices. This graph on p" vertices is the
hypercube when p = 2. Perhaps the more natural graph to study is a product of n
cycles on p vertices. Note that for p = 4 it is the same graph as Q,,,. Edenfield [7] stud-
ied products of cycles and products of complete graphs, both generalizations of the
hypergraph questions in this paper.

Joshua Cooper suggests considering powers of graphs. That is, for a graph G =
(V,E), such as the hypercube, fix integer r > 0 and consider the same questions as be-
fore, but for the graph G": This graph also has vertex set V, but now edges join vertices
at distance at most r in G. This is motivated by covering codes of radius r.
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Heiko Harborth and Hauke Nienborg
Rook domination on hexagonal hexagon
boards

Abstract: Chess-like game boards B,, are considered, which are hexagonal parts of the
Euclidean tessellation of the plane by regular hexagons. For chess-like rooks on B,, the
domination number y(n) is determined.

1 Introduction

Corresponding to a classical chessboard a hexagonal hexagon board B, is defined
as the following hexagonal part of the Euclidean tessellation of the plane by regu-
lar hexagons: If B, is one hexagon and if B, consists of three hexagons with a common
vertex, then B,, for n > 3 consists of B,,_, together with all neighboring hexagons of B,,_,
(see Figure 14.1). One may wonder whether Ronald Graham, who liked to look at com-
binatorial problems for chessboards, would have liked the corresponding problems
for these hexagonal boards as well.

O D D (%) (%)

Figure 14.1: Hexagonal hexagon boards.

A rook can move on straight-line sequences of edge-adjacent hexagons (see [3]) as on
straight-line sequences of edge-adjacent squares on classical chessboards. Then the
domination number y(n) denotes the smallest number of rooks, so that every hexagon
of B, is either occupied or threatened. Here, we want to determine y(n).

Theorem 1. For alln > 1, it holds that
ifn=0 (mod 4),

ym) =4 ™= ifn=1(mod 4),
1 ifn =3 (mod 4).
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For the domination number of grids that threaten all neighboring hexagons on B,,,
estimates can be found in [5].

The domination number for rooks on triangular hexagon boards seems to be more
difficult to determine (see [1, 4]). The independence number B(n) corresponding to
y(n); that is, the maximum number of pairwise not threatening rooks on B,, is proven
in [1] to be f(n) = 2[51 - 1.

In general, results for domination, independence, and other parameters for chess-
boards can be found in [2, 3].

2 Upper bound

Forn < 3, y(n) is easy to prove, as claimed in Theorem 1. Consider the four consecutive
boards B,, = B,; fori =1,2,3,4, and t > 1. If the first row has ["—“J hexagons at the
top, then we put a first rook in row | %2 | at position | 2 | from the left and a second

rook in the next row at position ["+5J from the right. Vertically below the first rook,
[ ! | further rooks are placed in the hexagons of the rows ["*5 |+2jfor1<j< ["—IJ
and vertically below the second rook, | 4J 1further rooks are placed in the hexagons
of the rows ["*SJ +2j+1for1 <j < |7]-1(see Figure 14.2 for t = 3). Note that this

construction is also possible for n = 4.

Figure 14.2: Rook domination for n = 13, 14, 15, and 16.

rooks, thatis, 2t +1 = &= "“ J2A+1=73,2t+1= nl
2

Together, thereare 1+ | 7 | +
=1, and 4, respectively, as clalmed in Theorem 1. Now it

and 2t +2 =< rooks fori
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is easy to check that the rooks on the three families of adjacent parallel straight lines
of hexagons dominate each hexagon of B,,.

3 Lower bound

The straight-line sequences of edge-adjacent hexagons of B,, are called x-lines if they
have x hexagons. There are three n-lines (diagonals) which, for odd n, have the central
hexagon in common and which, for even n, pairwise have one of the three central
hexagons in common. The six x-lines at the border of B,, have x = "T“ for odd n and
alternatingly x = "T” and x = 3 for even n, say x = 3 at the top.

The strategy for the proofs of the lower bounds is to check all x-lines with x =
nn-1,n-2,...
(i) whether it must contain a rook,
(i) whether it must not contain a rook, or
(iii) whether both cases containing a rook or not having a rook are to be distinguished.

There are two possibilities for (i):

(i); Since each of the assumed y rooks from outside an x-line can threaten at most two
hexagons of the x-line and since each of p pairs of the y rooks that threaten one
and the same hexagon threatens at most three hexagons of the x-line, it follows
that at most 2y — p hexagons are threatened and 2y — p < x forces a rook on the
x-lineifp < x.

(i), If for a hexagon of an x-line the other two lines through this hexagon both contain
no rook, then a rook on this x-line is forced.

If for (i) an x-line has a hexagon, so that one of the two other lines through the hexagon
contains a rook and so that the other line, say an y-line, has been chosen as without
arook because of 2y — p =y, p < y, and this hexagon is threatened only once, then no
rook on this x-line is forced.

For (iii), it must hold for the x-line2y —p > x, p < x.

3.1 n =3 (mod 4)

Assume that y(n) < "7"3 Because 2% < n-2,all (n—1i)-lines for i < 2 each have a rook.
If a rook is assumed on every (n —j)-line for j < i — 1, then on every (n —i)-line there are
p = i — 1 hexagons which are threatened twice (see Figure 14.3). Hence, with (i); and
because of 2y - p < 2”—;3 —({i-1)<n-ifori< "7*1 it follows that all (n - i)-lines must
each contain a rook. Since all (n—i)-lines fori > ”7’3 are required to cover all hexagons
of B,, there are at least 2i + 1 > 2"7‘3 +1= "7‘1 parallel x-lines, each containing a rook,
contradictingy < 5=.
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Figure 14.3: Case i = 3 for Bys.

3.2 n =1(mod 4)

Forn = 4s + 1, it is assumed y(n) < "7_1 Because 2"7"1 < n, every n-line must have a
rook. If all x-lines for n > x > n — t + 1 each contain a rook, then on each (n - t)-line
there are p = t — 1 hexagons that have already been threatened twice. Hence, with (iii)
and because of 2”7’1 —(t-1)=n-tfort< ”T”, every (n — t)-line could contain a rook
or not contain a rook. Note that in the later case, only exactly one threat is allowed
for all hexagons of an (n — t)-line, except for those p = t — 1 hexagons that are twice
threatened.

If there is a rook on one of the six (n — t)-lines, then each of the two neighboring
(n - t)-lines now has t doubly threatened hexagons, so that with (i); and because of
2"7‘1 —-t<n-tfort < g these (n — t)-lines also contain a rook. Now the next two
neighboring (n — t)-lines also have t doubly threatened hexagons, so they also must
have a rook as before. Finally, the sixth (n — t)-line then has ¢ + 1 doubly threatened
hexagons, and it must have a rook as before (see Figure 14.4). So if one of the (n-t)-lines
contains a rook, then all six must contain a rook. Thus there are only two possibilities:
that all (n — t)-lines have a rook and that all are without a rook.

Now the six (n - t)-lines are supposed to be the largest that are without a rook.

t = 1: In this case, all (n—1i)-lines fori = 0,1, 2,... are alternatingly with or without
a rook if i is even or odd, respectively. This is true fori = 0 and i = 1 because ¢ = 1. If
all (n — 2j — 1)-lines are without a rook (j > 0), then every (n — 2j — 2)-line is forced to
have a rook because of a common hexagon together with an (n - 1)-line (without rook)
and an (n - 2j — 1)-line (without rook) and with (i),. If then all (n — 2j - 2)-lines have a
rook, then every (n — 2j — 3)-line is forced to be without a rook because of a common
hexagon together with an (n - 1)-line (without rook) and an (n — 2j — 2)-line (with rook)
and with (ii) (see Figure 14.5).

Since then on every x-line with a rook hexagons occur that are threatened only
once, all x-lines with a rook are required for a domination of all hexagons of B,,. So

there are [‘%”] =25s+1= "T“ parallel x-lines that each have a rook in contradiction
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Figure 14.5: Cases t = 1and t = 2 for By3.

toy(n) < "7_1 It can be noted that for n = 4s - 1, two x-lines, each with a rook, are
omitted, so that y(n) = y(4s-1) = [l%“] -2=25-1= "7_1 could apply.

t > 2: Any (n — x — t)-line for 1 < x < t — 1is forced to be without a rook because
of a common hexagon together with an (n — t)-line (without rook) and an (n — x)-line
(with rook) and with (ii). Next, any (n — x — t)-line for t < x < 2t - 1is forced to have
a rook because of a common hexagon together with an (n - t)-line (without rook) and
an (n - x)-line (without rook) and with (i), (see Figure 14.5). Then on the one hand any
(n-3t)-line is forced to be without a rook because of a common hexagon together with
an (n—t)-line (without rook) and an (n - 2t)-line (with rook) and with (ii). On the other
hand, any (n - 3t)-line is forced to have a rook because of a common hexagon together
with an (n - ¢ — 1)-line (without rook) and an (n — 2t + 1)-line (without rook) and with
(i), (see Figure 14.5). This is a contradiction, and thus a domination cannot exist for
n-3t> "T“, that is, for n > 6t + 1. For n < 6t + 1, there are rooks on each (n — x)-line
forO<x<t-landfor2t <x<3t-1.ThenB,has2(t-1)+1=> "T“ rooks on parallel
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linesifn< 4t-3and2(t-1)+1+2j > "T“ rooks on parallel linesifn > 4t +2j-1,j > 1.
Both cases are contradicting y(n) < "7"1, which finishes the proof for n = 1 (mod 4).

It can be noted that for n = 4t — 1, that is, for j = O, there are only 2(t - 1) + 1 =
"T"l rooks on parallel lines so that y(n) = "7‘1 could apply. Together with the note in
case t = 1 there are only two possibilities for y(n) = "T‘l if n = 3 (mod 4) both of
which are similar by a factor of 2. Then all maximum independences of rooks for the
triple threatened hexagons determine all minimum dominations of rooks for B,, (see
Figure 14.6). This gives the following.

00N NNH
ANXZ /)
OO0

15484
A

=
2% st s’ athath
RO
‘0"0"2:3‘0“0‘

Figure 14.6: Two dominations for n = 11.

Corollary 1. For n = 3 (mod 4), all minimum dominations with rooks on B,, are deter-
mined by all maximum independences with rooks on B,_y) /5.

3.3 n=0(mod 2)

Assume that y(n) < g Then 2(% —1) < n-1implies that all (n — i)-lines for i < 1 must
have a rook. If a rook is assumed on every (n — j)-line for j < i - 1, then on the six
(n —i)-lines there are alternatingly p = i and p = i — 2 hexagons, which are threatened
twice (see Figure 14.7). With (i); and because of 2"7"2 —i<n-iforic< g those three
(n — i)-lines with i doubly threatened hexagons also must contain a rook. Then the
three remaining (n - i)-lines also each have p = i hexagons, which are threatened
twice (see Figure 14.7) and as before these (n - i)-lines also must have a rook. Now all
(n —1i)-lines fori > [%J are needed to cover all hexagons of B, so that there are at least
2i+1> 2[%] +1> g parallel lines, each containing a rook, contradicting y(n) < g This
completes the proof of Theorem 1.

It has to be remarked that after the submission it was noticed that in [6] the domi-
nation number has already been determined, but only for odd n and with a completely
different proof. The rooks are referred to as queens in [6], although queens should be
able to move in six directions.
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Figure 14.7: Case i = 3 for By,.
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Neil Hindman and Dona Strauss
Strongly image partition regular matrices

Abstract: A u x v matrix A with rational entries is image partition regular over N pro-
vided that whenever N is finitely colored, there exists X € N” such that the entries of
AX are monochromatic. We say that A is strongly image partition regular over N pro-
vided that for every IP-set C in N there exists X € IN” such that the entries of AX are in
C. Many characterizations of image partition regular matrices are known. We provide
here two sufficient conditions and one necessary condition for a matrix with rank u
to be strongly image partition regular and show that such matrices can be expanded
horizontally at will. We provide several examples showing that our results are sharp.

1 Introduction

We let N be the set of positive integers and w = N U {0}.

Definition 1.1. Let u,v € N and let A be a u x v matrix with rational entries.

(1) The matrix A is kernel partition regular over N provided that whenever N is finitely
colored, there exists monochromatic ¥ ¢ N” such that A% = 0.

(2) The matrix A is image partition regular over N (IPR/IN) provided that whenever N
is finitely colored, there exists X € IN' such that the entries of AX are monochro-
matic.

In 1933, Richard Rado [11] characterized kernel partition regular matrices in terms
of the “columns condition.”

Definition 1.2. Let u,v € N and let A be a u x v matrix with entries from Q. Fori €
{1,2,...,v}, let ¢; be column i of A. Then A satisfies the columns condition if and only if
there exist m € N and a partition {;, ,,...,I,,} of {1,2,...,v} such that

(1) Yie, & =0and

(2) foreachj € {2,3,...,m}, if any, Zidj ¢; is a linear combination over Q of {¢; : i €

U]t;ll I}

Theorem 1.3 (Rado [11]). Let u,v € N and let A be a u x v matrix with entries from Q.
Then A is kernel partition regular over N if and only if A satisfies the columns condition.
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Say that a subset C of N is large if for every kernel partition regular matrix A,
there exists X in the kernel of A with all entries of X in C. Rado conjectured that if a
large subset of N is finitely colored, then there will be a monochromatic large subset.
This conjecture was proved by Walter Deuber in 1973 [2] using what he called (m, p, ¢)-
sets. These (m, p, ¢)-sets are images of certain “first entries” matrices. Part of Deuber’s
results included the fact that first entries matrices are image partition regular over IN.

We follow the custom of denoting the entries of a matrix by the lower case letter
corresponding to the name of the matrix.

Definition 1.4. Let u,v € IN and let A be a u x v matrix with rational entries. Then A is
a first entries matrix if and only if no row of A is 0 and whenever i,j € {1,2,...,u} and
k =min{t € {1,2,...,v} : a;; # O} = min{t € {1,2,...,v} : g;; # 0}, then a;; = a;; > 0.
An element b of Q is a first entry of A if and only if there is some row i of A such that
b = a;; where k = min{t € {1,2,...,v} : a;; # O}.

Image partition regular matrices were first characterized in 1993 [5]. One of these
characterizations involves first entries matrices.

Theorem 1.5 ([5]). Let u,v € N and let A be a u x v matrix with rational entries. Then A
is image partition regular over N if and only if there exist m € N and a u x m first entries
matrix B such that for each y ¢ N™ there exists ¥ € N" such that AX = By.

Since the publication of [5] several other characterizations of IPR/IN matrices
have been obtained. Theorem 15.24 in [8] lists twelve statements that are equivalent
to IPR/IN. Some of these, first obtained in [6], are included in the following theorem.
Two that are of interest to us involve “central” sets. Central sets were introduced by
Hillel Furstenberg in [4] and defined in terms of topological dynamics.

Theorem 1.6 ([6]). Let u,v € N and let A be a u x v matrix with entries from Q. The

following statements are equivalent:

(a) Aisimage partition regular over IN.

(b) Foreach centralset CinN, {% € NV : AX € C¥} # 0.

(c) Foreach centralset CinN, {¥ € NV : AX € C%} is central in N".

(d) Foreach column¢ € Q", (A ¢) is image partition regular over N.

(e) Foreachrow? e Q" \ {0}, there exists b € Q \ {0} such that ( lj ) is image partition
regular over N.

It was an idea of Vitaly Bergelson [1] to characterize central sets in terms of the
algebra of the Stone—Cech compactification SN of N. See [8, Definition 4.42] for the
algebraic definition of central set and [8, Chapter 19] for a proof of the equivalence
of the algebraic and dynamical definitions of central. We will not go into the precise
definitions in this paper since we will not be using the algebra of the Stone—Cech com-
pactification of a discrete semigroup here. What is important for us here is that central
sets are IP-sets.

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Strongly image partition regular matrices =—— 269

Given a set X, we write P¢(X) for the set of finite nonempty subsets of X.

Definition 1.7. Let (S, +) be a commutative semigroup and let (x,,);>; be a sequence
in S. Then FS({x,;);21) = {DperXn @ F € Pr(N)}. If k,m € N and k < m, then
FS((Xmei) = {Xner Xn : 9 # F c{l, k+1,...,m}}.

Definition 1.8. Let (S, +) be a commutative semigroup andlet C ¢ S. Then C is an IP-set
if and only if there exists a sequence (x,, ), in S such that FS({x,)2;) < C.

For readers familar with the algebra of the Stone—Cech compactification S of a
discete semigroup S, we remark that a subset C of S is an IP-set if and only if C is a
member of an idempotent in 8S; see [8, Theorem 5.12].

Lemma1.9. Let C be an IP-set in N and let m € IN. There is an increasing sequence
(XpYpoq in N such that FS({x,)noy) € C N mN.

Proof. By [8, Lemma 6.6] CnmN is an IP-set so one can pick (x,,)noq With FS({x,)p2;) €
C n mN. By combining successive terms, we may presume that (x,)n; is increasing.

O

Definition 1.10. Let u,v € IN and let A be a u x v matrix with entries from Q. Then A
is strongly image partition regular over N (SIPR/IN) provided whenever C is an IP-set
in N, there exists ¥ in N¥ such that A% € C*.

We shall see in Section 2 that strongly image partition matrices are indeed image
partition regular. It is easy to see that the converse fails. The simplest nontrivial in-
stance of van der Waerden’s theorem [12] tells us that the matrix

_ =
N — O

is image partition regular. On the other hand, if a € IN'\ {1, 2} a simple consideration of
the base a expansions shows that FS( (at>f§’1) does not contain any length 3 arithmetic
progressions, so that matrix is not strongly image partition regular over IN.

We shall see in Section 3 that, if one adds the assumption that the rank of A is u,
where u is the number of rows, one gets a substantial collection of SIPR/IN matrices.
Further, in this section we develop sufficient conditions for such a matrix to be SIPR/IN
as well as one necessary condition. These conditions are in terms of the inverse of a
matrix consisting of u linearly independent columns of A.

Section 4 is primarily devoted to examples.

In Section 5, we will extend the notion of strong image partition regularity to infi-
nite matrices.
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2 Strongly image partition regular over S

In this section, we present some results that apply to arbitrary commutative semi-
groups. Unfortunately, there have been different definitions in the literature for the
notion of image partition regularity over a commutative semigroup. We use here the
definition that we used in [9]. (See the discussion in [9] for reasons for the choice.)

If a commutative semigroup has an identity, we denote that identity by 0. If not,
then of course S\ {0} = S. If S is cancellative and x € S, then by —x we mean the inverse
of x in the group of differences of S.

Definition 2.1. Let S be a commutative semigroup, letu,v € N, and let A be a u x v ma-
trix. If S is cancellative, and therefore embeddable in a group, then A is appropriate
for S provided no row of A is zero and the entries of A come from Z. If S is not cancella-
tive, then A is appropriate for S provided no row of A is zero and the entries of A come
from w.

Definition 2.2. Let S be a commutative semigroup, let u,v € N, and letAbeau x v
matrix which is appropriate for S. Then A is image partition regular over S (IPR/S) if
and only if whenever S \ {0} is finitely colored, there exists X € (S \ {0})" such that the
entries of AX are monochromatic.

In [8, Definition 5.9] what we are calling image partition regular here was called
strongly image partition regular.

Definition 2.3. Let S be an infinite commutative semigroup, let u,v € IN and let A be
a u x v matrix which is appropriate for S. Then A is strongly image partition regular
over S (SIPR/S) if and only if whenever C is an IP-set contained in S \ {0}, there exists
X € (S\ {0})" such that A% € C".

Since we have defined strongly image partition regular, we pause to show that very
weak hypotheses guarantee that a SIPR/S matrix is in fact IPR/S.

Theorem 2.4. Let S be an infinite commutative semigroup, let u,v € N, and let A be a
u x v matrix, which is appropriate for S. Assume that S \ {0} is an IP-set in S and that A
is SIPR/S. Then A is IPR/S.

[e0]

Proof. Letr € N and assume that S \ {0} = [Ji_, D;. Pick a sequence (x,,)>>; in S such
that FS((x,)a2;) < S\ {0}. Then FS({x,,)s>,) < Ui, D; so by [8, Corollary 5.15] pick a
sequence (y,)noq and i € {1,2,...,r} such that C = FS((y,)noy) € D;. PickX € (S\ {0})"
such that AX € C*. Then the entries of AX are all in D;. O

It is easy to see that if S is weakly cancellative, that isif foreach x,y € S, {z € S : x+
z = y}isfinite, then S\{0}isan IP-setin S. In fact, if {x € S : {y € S : x+y = 0} is infinite}

is finite, then it is routine to construct a sequence (x,,)no; with FS({(x,)ne;) € S\ {0}.
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We see now that if S satisfies this weak hypothesis, then SIPR/S matrices satisfy a
conclusion similar to Theorem 1.6(c).

Theorem 2.5. Let S be an infinite commutative semigroup, let u,v € N, and let A be a
u x v matrix, which is appropriate for S. Assume that S \ {0} is an IP-set in S and that A
is SIPR/S. Then for each IP-set Cin S\ {0}, {x € S : AX € C"}isanIP-setin S".

Proof. Let C be an IP-set in S \ {0} and pick a sequence (x,);>, in S such that

n=1

FS({xp)p2y) € C.Picky (1) € (S\ {o})¥ and F 1, Fip .. Fry in Pe(N) such that

ZteFL1 Xt
Ay (1) =

ZteFLu Xt

Letn € N and assume we have choseny (n) and Fp,;, Fy,5, .. ., Fp,. Letm = max Ji_; Fy,;.
Then FS({X;)to,1) is an IP-set in S\ {0} so pick y (n+1) € (S\{0})" and Fp,1 1, Fyy105 - -»
Fp1, in Pp(N) such that min | JZ, F,,,;; > mand

ztEF n+1,1 Xt

Ay(n+1) =

DteF,.. Xt

n+lLu

Given H € P¢(N) andi € {1,2,...,u}, let K; = [ J,,cyy Fp;- Then

Zte]q Xt
A( > y(n)> = : : m

neH
ZteKu Xt

In the generality of Theorem 2.5, we do not see that we can guarantee that
FS({y ()n2y) < (S\{0})"; that is, that 0 ¢ FS({} (n));2,).

Definition 2.3 applies to the semigroup (N, +) and differs from Definition 1.10 be-
cause in the latter the entries of A were allowed to be fractions. We see now that this
makes no essential difference.

Theorem 2.6. Let u,v € N and let A be a u x v matrix with entries from Q, letd ¢ N
such that all entries of dA are in Z. If for every IP-set Cin N, {d € N : (dA)d € C"} # 0,
then for every IP-set Cin N, {b € N" : Ab € C*} # 0.

Proof. Let C be an IP-set in N. Pick @ € N such that (dA)d@ € C*. Let b = dd. Then
Ab € C“. O
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3 Strongly image partition regular over N

We begin by showing that if the rank of the u x v matrix is u, then the property of being
SIPR/IN shares one of the strong conclusions applying to the property of being IPR/NN,
namely the condition of Theorem 1.6(d).

Definition 3.1. Let S be a semigroup. A subset D of S is an IP*-set provided it has
nonempty intersection with every IP-set in S.

Lemma3.2. Let k,v € N. Then {Xx € N : foralli € {1,2,...,v},x; > k} is an IP*-set
inN".

Proof. LetD ={X e N : foralli € {1,2,...,v},x; > k} and let C be an IP-set in N". Pick
a sequence (X,)o; in N¥ such that FS((X,)p2;) < C. Then Z’;Z} X, € CnD. O

Theorem 3.3. Let u,v € N and let A be a u x v matrix with rational entries such that
rank(A) = u and A is SIPR/N. Let y € Q". Then (A y) is SIPR/N.

Proof. Since the columns of A span QY, pick Z € Q" such that AZ = y. Pick m € N such
that mz € Z' and let k = max({1} U {mz; : i € {1,2,...,v}}). Let C be an IP-set in N.
Now {¥ € N" : AX € C"}is an IP-set in IN" by Theorem 2.5 and {X € N" : foralli ¢
{1,2,...,v},x; > k} is an IP*-set in N" so pick X € IN” such that AX € C* and x; > k for
eachie {1,2,...,u}.

Define w € Q' by w; = X; - mz; if j < v and w,,; = m. Note that w ¢ N"*'. Also

]
(A 9)W = AX — A(m2) + my = A% € CV. O

The rank(A) = u hypothesis cannot be simply omitted as seen by considering the
matrix

We saw in the Introduction that the matrix

N = O

is not SIPR/IN. On the other hand, the rank(A4) = u assumption is not necessary since
any column can be added to (}) and the result will be SIPR/N. (We will show in the
next section that any 2 x v matrix which is IPR/IN is SIPR/IN.)

We have two sufficient conditions for a u x v matrix with rank u to be SIPR/IN and
one necessary condition.
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Theorem 3.4. Let u,v € N, let A be a u x v matrix with rational entries and rank u,
and assume that B consists of u linearly independent columns of A. Let D = B! and for
i€ {1,2,...,u}, let ¢ be column i of D. Assume there is nonempty I < {1,2,...,u} such
that all entries of Y., C; are positive. Then A is SIPR/N.

Proof. By Theorem 3.3, we may presume that A = B. Pick m € N such that for each
@1,j) € {1,2,...,u} x {1,2,...,u}, md,-,]- € Z. Let C be an IP-set in N. By Lemma 1.9, we
may pick an increasing sequence (x,,); in IN such that FS({x,);2;) € C n mN.

Pick n € N such that foreachi € {1,2,...,u}, X, Yje; dij + Yjgr dijxq > 0.

Forje {1,2,...,u},leta; = x, ifj € I and let a; = x; ifj ¢ I. Let

X
y=B"

ay

Then Ay € C* so it suffices to show that y € N¥. Leti € {1,2,...,u}. Then

u
Yi= Z d;
j=1
= z di)l-Xn + Z di,jxl.
jel jel
Since x,, and x; are in mN, y; € Z. By the choice of x,,, y; € N. O

Theorem 3.5. Letu,v € N, let A be a u x v matrix with rational entries and rank u, and
assume that B consist of u linearly independent columns of A. Let D = B! and assume
that the first nonzero entry of each row of D is positive. Then A is SIPR/N.

Proof. By Theorem 3.3, we may presume that A = B. Pick m € N such that for each
(1)) € {L,2,...,u} x{1,2,...,u}, md;; € Z. Let C be an IP-set in N. By Lemma 1.9, we
may pick an increasing sequence (x,,); in IN such that FS({x,);>;) € C n mIN.

Fori € {1,2,...,u}, let u(i) = min{j € {L,2,...,u} : d;; # O} LetI = {u(i) : i €
{1,2,...,u}}, let k = |I], and let my, m,, ..., m; enumerate I in order. Note that m; = 1.

Ifk =1,soforallie {1,2,...,u}, u@d) = 1, letaj = x; ifj > 1and pick n; > 1such
that foralli € {1,2,...,u}, di1x, + X;5, d;j@; > 0. Let ay = x,, .

Now assume that k > 1. Forj € {1,2,...,u} \ I, if any, let @ = X;. Pick n; > 1such
that for each i with p(i) = my, d; X, + Z]'-‘:mk +1dja; > 0andlet ay, = xp, .

Given! € {1,2,...,k-1}, having chosenn;,, and ay, , pickn; > 1such that for each

i with (@) = my, d; X, + Xjim41 iy > 0 and let ay, = X,
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Let

X
y=B"

ay

It suffices to show thaty € N" soleti € {1,2,...,u} and pick I such that u(i) = m.

Then
u
Vi z d;;a;
j=m
u
= di’mlxnl + z di’ja]'.
j=m+1
Since each a; is in mZ, y; € Z. By the choice of x,,,, y; € N. O

Theorem 3.6. Let u € IN. Let A be a u x u matrix with rational entries and rank u, let
D=A"Y andforie{1,2,...,u}, let ¢; be column i of D. If A is SIPR/N, then there exists
a nonempty subset I of {1,2,...,u} such that all entries of Y ;. ¢; are nonnegative.

Proof. Suppose not. For each nonempty I ¢ {1,2,...,u} letf(I) = Y.ier G and pick s(I) €
{1,2,...,u}such thatf(I)s(I) < 0.Forx,y € Q% let |x-y| = max{|x;-y;| :i € {1,2,...,u}}.
For this paragraph, fix nonempty I ¢ {1,2,...,u} and let x; be the characteristic
function of I. Note that Dy; = Y, ¢ = F(D). Pick e(I) > 0 such that if ¥ ¢ Q" and
1%~ xll < ed), then DX — F(DI < [f Dy -
Lete = min{e(I) : 0 # I < {1,2,...,u}}. Inductively, choose a sequence (x,,),>, in N
such that for each n, €x,.; > Y1 X;. Pick Fy, F,, ..., F, € Pr(N) and y € N such that

o

where for each i € {1,2,....u}, & = X X;. Pick k such that o = max{e; : i €
{1,2,...,u}} and let m; = max Fj.. We can presume that m; > 1. Now

. a ay/ay
—D . =D
a : :
ay au/ak

Note that, ifi € {1,2,...,u} and max F; < my, then by the choice of the sequence,
0 < a;/a; < € while if max F; = my, then |a;/a; — 1| < €. To verify the latter statement,
note that a;/a; < 1and a;/ay > ka/(zg X¢) = X, X, +Z:'ikl_1 X¢) > Xy, [ X, +€Xp ) =
1/(1+€)>1-e.
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LetI ={i € {1,2,...,u} : max F; = m;} and let

o/

=i
Il

au/ak
Then |% - x;Il < € < e(I) so [D% - F(D)]| < [f(Ds(p)|- Now

)
Dx=/a)D| : |=Q/a)y

ay

s0 [l(1/a)y ~ FDIl < If()g(pyl- Then [(1/a)ysy ~ F Dl < F D] 50 Ma)ysy < O,
and thus y,;) < 0, a contradiction. O

Finally, we have a special situation where one column of A™! has one zero entry
and the rest of its entries are positive.

Theorem 3.7. Letu € N\ {1}, let A be a u x u matrix with rational entries and rank u,
andlet D = AL, Assume we have i,j € {1,2,...,u} such that:
(1) dij=0and
Q) ifke{1,2,...,u}\{i}, thendy; > 0.
The following statements are equivalent:
(a) Ais SIPR/IN.
(b) AisIPR/N.
(c) There exists y € N" such that Ay € N*.
(d) Thereexistsl € {1,2,...,u} such that d;; > 0.

Proof. That (a) = (b) and (b) = (c) are trivial.

To see that (¢) = (d), pick y € N* such that Z = Ay € N". Suppose that for each
lef{1,2,...,u},d;; <0.

Theny = DZsoy; = Y., d;;z; < 0, a contradiction.

To see that (d) = (a), let C be an IP-set in IN. Pick m € N such that all entries
of mD are in Z. By Lemma 1.9, pick an increasing sequence (x,),>; in N such that
FS({Xp)moq) € CNmN.

Pickl € {1,2,...,u}\ {j} such that d;; > 0. For t € {1,2,...,u}\ {j, I} let &, = x;. Pick
ny such that d;x, + Yiepo, upga i@ > 0 and let ay = x,, . Pick n, such that for each
ke {12, upb \ i}, dijxn, + Xtep, gy e > 0 andlet q; = x,,. If y = D@, then
Ay =a e C*. O
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4 Examples

The following theorem will be used in some of the examples of this section.

Theorem 4.1. Letv € N\ {1} and let A be a 1xv or 2 xv matrix with rational entries such
that A is IPR/IN. Then A is SIPR/IN.

Proof. If A has only one row, our claim is immediate from Theorem 3.3 and the trivial
fact that the matrix (c) is IPR/N if and only if ¢ > 0, in which case it is also SIPR/IN. So
we may suppose that A has two rows. By [8, Theorem 15.24(g)], we may pick m € {1, 2},
a v x m matrix G with entries from w and no row equal to 0,ceN ,and a 2 x m first
entries matrix B with entries from w whose only first entry is ¢ such that AG = B. (The
fact that m < 2 is not part of the statement of Theorem 15.24(g), but in the proof that
(a) implies (g), {I}, I, . .., I} is a partition of {1,2,..., u}.)

Let C be an IP-set in N. We will show that there is some j € N™ such that By € C2.
Then letting X = Gy, we have that X ¢ N" and AX ¢ 2.

Assume first that rank(B) = 1so that B = (¢) or for some b € w, B = (¢2). In this
case, our claim follows because it holds for matrices with only one row.

So assume that rank(B) = 2. By switching rows if need be, we either have that
B=(§%)forsomea € worB = ({})for some a,b € w with a < b. In the first case,
our claim follows from Theorem 3.7. So assume that B = (¢ ) for some a,b € w with
a < b. Pick by Lemma 1.9 a sequence (x,,) o = in IN such that FS((xn) ) c c(b - a)N.
Pickn € N\ {1} such that x, > . Lety; = ¢ — ;57> and lety, = ;1. Theny € IN?
and By = (, 1y, ) € C*. O

Let A = ({1). Ais a first entries matrix so is IPR/N and so by Theorem 4.1 A is
SIPR/N. Now Al = (4 1) so A does not satisfy the hypotheses of either Theorem 3.4

or Theorem 3.5 so neither of these sufficient conditions is necessary.
1

2
NowletB=(31)andC = (}2). ThenB™ ( 5, )soBsatlsﬁes the hypotheses

3 3

of Theorem 3.4 but not of Theorem 3.5. And C™' = (} ) so C satisfies the hypotheses
of Theorem 3.5 but not of Theorem 3.4. Therefore, the two sufficient conditions are

independent.
Let
1 2 4
A= 1 0 O
1 1
Then A is a first entries matrix and
0 1 0
-1 11
A = -5 5 2
1 1
3 2 1

EBSCChost - printed on 2/10/2023 3:14 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Strongly image partition regular matrices =—— 277

so A satisfies the hypothesis of Theorem 3.6. It is a consequence of the next theorem
that A is not SIPR/IN, so the necessary condition of Theorem 3.6 is not sufficient.

Theorem 4.2. Let

1 2
A= 1 0
0 1

= O &

and let C = FS((2")%)). Then {y € N° : Ay € C*} = 0.

Proof. Suppose we have y € N such that
Ay=| a |eC.

Pick F,G,H € P¢(N) such that &y = ¥,5 2%, ay = ¥,c 2", and a3 = Yy 2* where
F,G,H € P:(N).

Then rflultiplying by A~ we see that a, > 0, 4a5 > a; — ay, and &, — a, > 2a;.

Let m = max H. Then 2*™ < a; < 2™ 50 2™ < 2, < 22 and 2™*2 < 4a5 <
243 Therefore, 2™ < @) — a, < 2°™*3,

Now ) — & = ¥y 2% = Yieqir 2. Since a > a, F\ G # 0. Let k = max(F \ G).

Casel.G\F = 0. Then 2% < a) — @, < 2°%*1,

Case2.G\F # 0.Letr = max(G\F) and note thatr < k. Then2* < Y teF\G 24t < ke
and =241 <« _ ZteG\F o < _2% 50 24k—1 < 24k QAT+l a -y < 24k+1 _ A < 24k+1.

Thus, in either case, 2! < a, — a, < 2**1, Thus 2! < @, — a, < 2™ and
24m+1 <oy-a, < 24k+1.Since 24m+1 < 24k+1’ m < k-1.S0 24k—1 < 24m+3 < 24(k—1)+3 — 24k—1’

a contradiction. O

We saw in Theorem 3.3 that a strong analogue of Theorem 1.6(d) is valid for SIPR/IN
matrices. We shall show now that the natural analogues of Theorem 1.6(e) are not valid
for SIPR/IN matrices using two examples. One of these starts with a square matrix and
the other ends up with a square matrix. The matrices (11) and (91} ) are first entries
matrices so are SIPR/IN by Theorem 4.1. We will see that they cannot be extended by
adding a multiple of the row (1 0) to ( % %) nor by adding a multiple of the row (1 0 0)
0(93).

Letb € Q) {0}, let

b

Il
_ =
N — O
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and let

o]

I
= O
N = O
~ = O

If b = 1, we saw in the introduction that A is not SIPR/IN and it is a consequence of
Theorem 4.2 that B is not SIPR/IN. Further, since

3 0
A 1 _1
B = 2b 2
1 1
% 1 3

it is an immediate consequence of Theorem 3.6 that B is not SIPR/IN if b # 1. We estab-
lish now a stronger result.

Theorem 4.3. Let b € Q) {0, 1}. Then neither A nor B is IPR/N.

Proof. First, suppose that A is IPR/IN. Then by [8, Theorem 15.24(b)] there exist posi-
tive rationals s and t such that

bs 0 -1 0 O
D= s t 0 -1 O
2t 0 0 -1

satisfies the columns condition. Fori € {1, 2,3, 4, 5}, let ¢; be column i of D. In particular,
there exists nonempty I; < {1,2,3,4,5} such that Y, ¢ = 0. One cannot have I; ¢
{3,4,5}. If 2 € I, then t = 2t contradicting the fact thatf > 0.So2 ¢ I; and 1 € I;. But
then from row 2 one sees that s = 1 while from row 1 one sees that s = %.

Similarly, if one assumes that B is IPR/IN one easily derives a contradiction from

the assumption that there exist positive rationals r, s, and t such that

br 0 0 -1 0 O
0O s t 0 -1 0
r 2s 4t 0 O -1

satisfies the columns condition. O

Our original motive for the current study was [10, Question 4.9].

Definition 4.4. A Q-set in N is a set which contains a set of the form {x, — x,,, : m <
n in N} for some increasing sequence (x,,)5c; in N.

We remark that every IP-set in IN contains a Q-set in IN. Let (x,,);2, be a sequence
inN.Ify, =Y, x;, then {y, -y, : m,n € N,n > m} € FS({x,)22)).
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Question 4.5. [10] Let u,v € N and let A be a u x v matrix with entries from w which is
IPR/N such that rank(A) = u.

(1) IfCisanlIP-setin N, must {X € N' : AX € C"} be an IP-set in N"?

(2) IfCisaQ-setinN, must {Xx ¢ N : AX € C*} be a Q-setin N"?

By Theorems 2.5 and 4.1, the answer to (1) is “yes” if u = 2, even without the rank
assumption. By Theorem 4.2, the answer to (1) is “no” if u = 3.

The proof of the following theorem is very similar to the proof of Theorem 4.1, but
the conclusion is weaker; we cannot assert that {¥ ¢ N” : AX ¢ C2} is a Q-set. That is,
we cannot assert the existence of a sequence (Z (n)), in N” such that z (n) - Z (m) €
{X € NV : A% € C?*} whenever m < nin N.

Theorem 4.6. Letv € N\ {1} and let A be a 2 x v matrix with rational entries such that
AisIPR/N.IfCis a Q-set in N, then {x € N¥ : A% € C*} # 0.

Proof. By [8, Theorem 15.24(g)], we may pick m € {1,2}, a v x m matrix G with entries
from w and no row equal to 0, ¢ € N, and a 2 x m first entries matrix B with entries
from w whose only first entry is ¢ such that AG = B.

Let C be a Q-set in IN. We will show that there is some y ¢ N™ such that By € C?.
Then letting X = Gy, we have that X ¢ N and AX ¢ c2.

Assume first that rank(B) = 1so that B = (¢) or for some b € w, B = (¢%). In the
former case, let b = 0. Pick an increasing sequence (x,),-; in N such that {x,, — x,, :
m < nin N} ¢ C. By thinning the sequence, we may assume that for all m and n,
Xy = X, (mod c). Pick n € N such that x, —x; > b.If B = ({), lety = ®2 s0 that
By =(y) e CLIEB=(Sh) lety = (7, = () e

Now assume that rank(B) = 2. By switching rows if need be, we either have that
B=(§%)forsomea c worB=({4})forsomea,bcwwitha <b.

Assume first that B = (§ ¢) for some a € w. Pick an increasing sequence (x,,)o2,
in N such that {x, — x,, : m < nin N} ¢ C. By thinning the sequence, we may assume
that for all m and n, x,, = x,,, (mod c?). Pick n € N such that c(x, - x;) > a(x, - x;). Let
yr =2 - a(xé %) and lety, = % . Thenj € N’ and By = (¥ ') € C*.

Now assume that B = (¢ ) for some a,b € w with a < b. Pick an increasing
sequence (x,)no; in N such that {x,, — x,,, : m < nin N} ¢ C. By thinning the sequence,
we may assume that for all m and n, x,, = x,,, (mod c(b - a)). Pickn € N\ {1,2} such
that x,, - x, > 2827 Tety, = M4 _ ”(g‘lj z; and lety, = 222, Theny ¢ N° and
By = (Y¥2¢) e e m

Theorem 4.7. LetA = (11),letC =1{2"-2" :s<tinN},andletB = {y € N’ : Ay € C?}.
There do not exist y and Z in B such that y + Z € B. In particular, B is not a Q-set.

Proof. For the “in particular” assertion note that if y (1), j (2), and y (3) are in N, then
B -y@+F@-y@)=F03)-yQ@).
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For x € N, let ¢p(x) = max({i € w : 2 < x}). Observe that, for every x,y € N for
which ¢(x) = p(y), p(x +y) = p(x) + 1. Observe also that ¢(x) is odd if x € C.

We claim that, if a,b,a + b € C with a > b, there exist s,t,p ¢ Nwitht > s > p,
such that a = 2% — 2% and b = 2% - 2%, To see this, suppose that a = 2% — 2% and
b =2¥ — 2% wherep,r,s,t € N, t > sandr > p. Observe that a + b € C implies that
t > r, because ¢(a), ¢p(b) and ¢(a + b) are odd. Since 2% — 25 + 27 — 2% = 2*" _ 2™ for
some m,n € Nwithn >m, 2% + 27 + 22" = 2% 4 2% + 2" Nowt > sand t > r > p.So
t = n, and hence 27 + 22" = 2% 1+ 2% _Since r > p, it follows that r = s.

Suppose we have y and 7 in B such that y + Z € B. Observe that A™ = ( 4 7'). Let
Ay = W and AZ = X. Then W and X are in C?, and A™'w and A™'% are in N2, So x; and x,
arein C,and (1/2)x, < x; < X,. Similarly, w; and w, arein C, and (1/2)w, < w; < w,. Now
2909) < x, < 290+ 50 2P0 < (172)x, < x; < X, < 22991 and thus ¢(x,) = P(x,) - 1
or ¢(x;) = ¢p(x;). Since ¢(x;) and p(x,) are odd, p(x;) = P(x,). Also p(w;) = p(w,).
This implies that x; = 2 - 2* and x, = 2% - 2¥ for some s, t,r € N, and w; = 2% - 2*"
and w, = 2% — 2°" for some m,n,p in N. Since A(y + 2) € C%, W+ X € C*. Sow; + x; and
W, + X, are in C, and thus p = s = r and x; = x,, a contradiction. O

To conclude our discussion of [10, Question 4.9], we show that the matrix of The-
orem 4.2 is a strong counterexample to part (2) of that question.

Theorem 4.8. Let

=
]
O = =

2 4
0 O
1 1

andlet C = {2* - 2% : s < tinN}. Then {y € N> : Ay € C?} = 0.
Proof. Recall that

0 1 0
-1 1 1

A = -5 53 2
1 1

3 3 1

Leta, = 2% - 2%, @, = 2 — 2 ‘and a3 = 2™ - 2%,
Suppose we have y € N° such that

Then multiplying by A~ we see that a, > 0, 4a; > a; — a, and a; — a, > 2a5. That is,
M2 HATH2 At s 24k _ 241 s AmHl _ HAr+l

Since a; > a,, either botht =land k >sort > L
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Casel.t =land k > s. Then 2%M+2 5 24m+2 _ pfr+2 5 ok _ ofs o hm+l _ o4r+l Thap
24m+2 4 % 5 2% The highest power on the left is at least as big as 4k and s < k so
4m+ 2 > 4k, and thus m > k.

Also 2%k > 24k _phs o pmtl _Hhr+l g ok | HAr+l o H4m+l Gince r < m, we must have
4k > 4m +1so k > m, a contradiction.

Case 2.t > I. Then 2#M+2 » 24m+2 _ pir+2 o it _ s ok _ ol g 4m+2 4 s | 24l s
2%+ 2% Now k < I < t so the highest power on the right is 4t. Also s < t and I < t so
4s < 4t and 41 < 4t and (if s = 1) 4s + 1 < 4t so we must have that 4m + 2 > 4t and,
therefore, m > t.

Also 24t + 24k > 24t _ 245 + 24k _ 241 > 24m+1 _ 24r+1 so 24t + 24k + 24r+1 > 24m+1. Now
r<mandk <[ <t sowemust have 4t > 4m + 1so t > m, a contradiction. O

It is easy to take a matrix which is not SIPR/IN and make it SIPR/IN by adding a
column. For example, (1 7?) is not even IPR/N but (} 2 9) is SIPR/N.

Question 4.9. Letu,v € N withu < v and let A be a u x v matrix with rational entries
and rank(A) = u such that A is SIPR/IN. Must there exist u columns of A that form an
SIPR/N matrix with rank u?

5 Infinite strongly image partition regular matrices

In this section, we allow infinite matrices, so some earlier definitions must be modi-
fied. (If u and v are in IN, nothing changes.)

Definition 5.1. Let S be a commutative semigroup, letu,v € NU{w}, and letAbeauxv
matrix. If S = N, then A is appropriate for S provided no row of A is zero, the number
of nonzero entries in each row is finite, and the entries of A come from Q. If S # N
and S is cancellative and, therefore, embeddable in a group, then A is appropriate for
S provided no row of A is zero, the number of nonzero entries in each row is finite,
and the entries of A come from Z. If S is not cancellative, then A is appropriate for S
provided no row of A is zero, the number of nonzero entries in each row is finite, and
the entries of A come from w.

Except for the fact that the matrix in question is allowed to be infinite, the defini-
tions of IPR/S and SIPR/S remain verbatim the same.

If S\ {0} is not an IP-set, then any finite matrix which is appropriate for S is vac-
uously SIPR/S. If S \ {0} is an IP-set, then any finite identity matrix is SIPR/S. So the
number of finite matrices that are SIPR/S is infinite. Since the number of finite matri-
ces with entries from Q is countable, one can enumerate the finite matrices that are
SIPR/S.

We set out to produce an infinite matrix which is SIPR/S. It is based on the results
of [3].
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Definition 5.2. Let (S, +) be a commutative semigroup. For eachn € N, let Y, € Pr(S).
Then

FS((Y)2)) = {Z X, : F € Pp(w) and for each n € F, x, € Yn}.

neF

Thus FS((Y,,),) is all finite sums choosing at most one term from each Y,,.

The following theorem can be proved using the algebra of S copying the proof
of [8, Theorem 6.16] almost verbatim. We present an elementary proof because it is so
simple.

Theorem 5.3. Let (S, +) be a commutative semigroup such that S \ {0} is an IP-set. Let
(A(n));2, enumerate the finite matrices that are (appropriate for S and) SIPR/S where
each A(n) is a u(n) x v(n) matrix. Let C be an IP-set contained in S \ {0}. There exists for
eachn € N, a choice of X(n) € (S\ {0})"(") such that if Y, is the set of entries of A(n)x(n),
then FS((Y,,)p2;) < C.

Proof. Pick a sequence (y,,)no; in S such that FS({y,)neq) € C. Pick X(1) € (S \ {op*®
such that A(1)X(1) € (FS({y, ﬁiﬂ)u(l)- Pick m(1) such that all entries of A(1)X(1) are in
FS((yn)f:(})). Inductively, let k € IN and assume we have chosen X(k) and m(k). Pick
X(k+1) € (S\{0)"** such that A(k + DX(k +1) € (FSCYn)o s - Pick m(k +1)
such that all entries of A(k + 1)%(k + 1) are in FS((y,)™**) ) Foreachk € N, let ¥, be

n=m(k)+1
the set of entries of A(k)X(k). Then FS({Y,,);2;) € FS({(¥,)ney) € C. O

Corollary 5.4. Let (S, +) be a commutative semigroup such that S \ {0} is an IP-set and

let u,v,w € IN. Assume that A ia a u x v matrix which is SIPR/S and B is a u x w matrix
which is SIPR/S. Then the matrix (A B) is SIPR/S.

Proof. Let (A(n))y2, be the enumeration in Theorem 5.3 and pick n,m € N such that
A = A(n) and B = A(m). Let C be an IP-set contained in S \ {0}. Then all entries of
(A B)(;)arein Y, + Y, < C. =

The matrix in the following definition is based on the construction of a DH-matrix
in [7], which started with an enumeration of all finite matrices with rational entries
that are IPR/IN.

Definition 5.5. Let (S, +) be a commutative semigroup such that S \ {0} is an IP-set.
A Strong DH-matrix for S is an wxw matrix SD defined as follows. Let K = Qif S = N, let
K =7 if S + N and S is cancellative, and otherwise let K = w. First fix an enumeration
(A(n));2, of the finite matrices with entries from K that are SIPR/N. For each n, assume
that A(n) is a u(n) x v(n) matrix. For each i € N, let 0; be the 0 row vector with i entries.
Let SD be an w x w matrix with all rows of the form 7, "7, 73" ... where each 7, is either
6V(i) or is a row of A(i), at least one 7; is a row of A(i) and for all but finitely manyi € N,

?i = Ov(i)'
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Corollary 5.6. Let (S, +) be a commutative semigroup such that S \ {0} is an IP-set and
let SD be a Strong DH-matrix for S. Then SD is SIPR/S.

Proof. Let C be an IP-set contained in S \ {O}. For each n € N, pick X(n) as guaranteed
by Theorem 5.3. Then

SD

O

We remark that the property of being SIPR/S can be very different for different
semigroups S. It follows from the definition of an IP-set, that every matrix (finite or
infinite) with entries in {0, 1}, which has no row whose entries are all zero and finitely
many nonzero entries in each row is SIPR/S for every commutative semigroup S. We
will show that these are the only matrices with entries in w, which have this universal
property by considering the semigroup (IN, -).

Since the operation is written multiplicatively, some adjustment in notation is re-
quired. A set C is an IP-set in (IN, ) provided there is a sequence (x,,)n; in N such that
FP({xp)pn2y) € C where FP((x)y21) = {[InepXn : F € Pp(N)}. The assertion that the
u x v matrix A is SIPR/(IN-) says that whenever C is an IP-set in (N \ {1}, -) there exists
X € (N\ {1})¥ such that ¥ € C* where the entry in row i of ¥ is ]—L‘.':l x%i,

Assume that A is a u x v matrix with entries from w, has no row equal to 0, and has
finitely many nonzero entries in each row. Assume that A has some entry g;; € w\{0, 1}.
Let (p,,) o, be the sequence of primes. If X € (N\{1})", then entry i of %4 has a repeated
prime factor, so is not in FP((p,);2,).

The situation is more complicated for matrices with entries in Z. For example, if
A =(}7'), then A is SIPR/S for every commutative cancellative semigroup S because
A(M2) = (). It would be interesting to characterize the matrices with entries in Z,
which have this property.

If S is a Boolean group, then every finite or infinite matrix with entries in Z, is
SIPR/S if and only if it has an odd entry in every row. To see this, let B denote the
matrix obtained from A by replacing every even entry by 0 and every odd entry by 1.
Then, for every column vector X with entries in S which has the same number of entries
as A has columns, AX = BXx.
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Brian Hopkins
Introducing shift-constrained Rado numbers

Abstract: The 2-color Rado number for ax + by = z with positive integers1 < a < b is
known; this is the least integer such that any 2-coloring of the integers from 1 to the
Rado number must include a solution to the equation consisting of numbers that have
been assigned the same color. We modify the requirements by introducing constraints
on the colorings. These constraints are motivated by symbolic dynamics, specifically
the golden mean shift and a version of the even shift, both over a 2-letter alphabet. We
establish several initial results, offer some conjectures, and outline possible directions
for further research in this new study of shift-constrained Rado numbers.

1 Background

We consider a problem in Ramsey theory on the positive integers informed by symbolic
dynamics. We begin with background material for each of these two areas.

For a positive integer r, callamapA : {1,...,n} — {0,1,...,r—1} anr-coloring. A set
of integers is monochromatic if A assigns the same color to each element of the set. In
this article, we limit our attention to r = 2. Within the context of a specific coloring,
we will write A, for the set of integers assigned the color zero and similarly A;.

Issai Schur showed that, for any r > 1, there is a least positive integer S(r) such
that any r-coloring of {1,...,S(r)} includes a monochromatic solution to the equation
X +y = z. For example, the second Schur number S(2) = 5. There are two steps to veri-
fying such a value. First, one demonstrates that there is a 2-coloring on {1, 2, 3, 4} that
contains no monochromatic solutions—the coloring given by A = {1, 4} and A; = {2,3}
satisfies this condition, along with the coloring that reverses the assignments to zero
and one. Clearly, the same coloring restricted to {1,2,3} is equally valid, likewise re-
stricted to {1, 2} and to {1}. Second, one argues that any 2-coloring of {1, 2, 3, 4, 5} would
produce a monochromatic solution: The coloring A given for {1, 2, 3, 4} (and its reverse)
would result in a monochromatic solution for either color assignment of 5 as both
(x,y,2) = (1,4,5) and (2,3,5) are solutions to x + y = z, and any other coloring will
already have a monochromatic solution on {1, 2, 3, 4}.

Acknowledgement: The author thanks Katrina Luckenbach and Matthew Vieira who, as undergraduate
research students, explored some of these topics. Also, the referee read the manuscript very closely
and offered several helpful suggestions. Many computations supporting this research were done with
Wolfram Mathematica.
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Richard Rado extended these ideas to systems of general linear equations and de-
veloped a criterion for which systems have a bound analogous to S(r); these are known
as Rado numbers. See Landman and Robertson [4, Chapter 9] for additional back-
ground. In this article, we restrict our attention to the following parameters, where
the Rado numbers are known to be finite.

Definition 1. Given integers a, b with 1 < a < b, the (2-color) Rado number is the least
positive integer R(a, b) such that any 2-coloring of {1, ..., R(a, b)} includes a monochro-
matic solution of ax + by = z.

Guo and Sun [2] proved
R(a,b) = a(a+b)* +b, (16.1)

confirming a conjecture of the current author and Schaal [3] (the full results allow ar-
bitrarily many variables). Work continues on determining the 2-color Rado number
for the fully general linear equation a;x; + -+ + @py_1X_1 = ApXy + C; see Thanati-
panonda [6] for some recent results towards this goal. There are also related results
involving more colors, selected systems and nonlinear equations, and numeric struc-
tures beyond the integers. Ron Graham’s wide interests in Ramsey theory included
an article in this journal with Alexeev and Fox on minimal colorings without rational
monochromatic solutions to x; + x, + X3 = 4x, [1].

Moving to our other ingredient, symbolic dynamics begins with a choice of what
symbols and patterns are allowed in the underlying system. The full r-shift allows
all sequences over the alphabet {0,1,...,r — 1}. For various theoretical and applied
reasons, often only parts of the full shift are used. Subsets of the full shift are called
shifts, subshifts, or shift spaces. See Lind and Marcus [5] for additional background.

We focus on two simple binary shifts (sor = 2), the golden mean shift and a version
of the even shift, described next.

The golden mean shift is defined by forbidding consecutive ones. Table 16.1 shows
the short binary sequences that can arise in the golden mean shift; notice that their
counts are Fibonacci numbers. Another reason for the name comes from the fact that
the entropy of the golden mean shift is log(¢) where ¢ = (1 + V/5)/2; entropy is a
useful statistic in symbolic dynamics that is invariant under various operations and
measures the information capacity of a shift [5, Chapter 4].

Table 16.1: Allowed length n words in the golden mean shift for small n.

Length Allowed words Count
1 0,1 2
2 00,01,10 3
3 000,001,010,100,101 5
4 0000,0001,0010,0100,0101,1000,1001,1010 8

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Introducing shift-constrained Rado numbers =— 287

The version of the even shift that we use requires that runs of zeros have even length
with the possible exception of a terminal run of zeros, which can have any length. Ta-
ble 16.2 shows the short binary sequences allowed by this shift. For instance, 110 is
allowed since the length 1 run of zeros is at the end of the word, but 101 is not allowed
since that odd length run of zeros is nonterminal. (In the terminology of symbolic dy-
namics, this is the follower set of 1 in the even shift [5, Example 3.2.7] or a particular
one-sided even shift; we will simply call it the even shift.) Notice that the word counts
are the same as for the golden mean shift, which implies that the even shift also has
entropy log(¢), but we will see that the two shifts differ notably in other ways.

Table 16.2: Allowed length n words in our even shift for small n.

Length Allowed words Count
1 0,1 2
2 00,10,11 3
3 000,001,100,110,111 5
4 0000,0010,0011,1000,1001,1100,1110,1111 8

Both of these shifts are closed under taking certain subwords. Specifically, if x; ... x, is
an allowed word in the golden mean shift then, forall1 < i <j < n, the word x; .. .X;is
also allowed. The situation for our even shift is not as strong, but the following holds.
If x; ... x, is an allowed word in the even shift then, forall 1 < j < n, the word x; .. X
is also allowed.

In Section 2, we combine these ideas to create a new class of Rado number prob-
lems. Section 3 presents results related to the shift spaces mentioned here, with proofs
in Section 4. We conclude in Section 5 with some conjectures and ideas for further in-
vestigations.

2 Shift-constrained Rado numbers

We combine Ramsey theory on the integers and symbolic dynamics by requiring that
colorings satisfy the conditions of a shift space. We have seen that shifts can treat
different symbols in different ways, thus the Rado numbers for a given equation can
vary depending on the color assigned to 1. (In other words, the standard initial step
“Without loss of generality, assume that A(1) = 0” is no longer valid.)

Definition 2. Given integers a, b with 1 < a < b and a binary shift S, the S-constrained
Rado number R(S)(a, b) is the least positive integer such that any 2-coloring A of
{1,...,Rg(a, b)} includes a monochromatic solution to ax + by = z where A(1) = 0
and A satisfies the constraints of the shift S. Define Rf (a, b) analogously with A(1) = 1.

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

288 — B.Hopkins

As a first example, consider x + y = z with the golden mean shift constraint, i. e.,
thereisnoisuchthatA(i) = A(i+1) = 1. Note that the coloring detailed above, A, = {1, 4}
and A; = {2,3}, is no longer valid. Write Rg(l, 1) and R‘f(l, 1) for these particular shift-
constrained Rado numbers; we will call them golden Rado numbers.

Suppose A(1) = 0. The solution (1,1, 2) forces A(2) = 1. By the golden mean shift
requirement, we must have A(3) = 0. Then either possible coloring of 4 would give a
monochromatic solution, (1, 3, 4) in color zero or (2, 2, 4) in color one. It is easy to check
that the 2-coloring on {1, 2,3} given by A, = {1,3} and A; = {2} has no monochromatic
solutions to x + y = z. We conclude that Rg(l, 1) = 4.

For the other possibility, A(1) = 1, the reverse of the first coloring does work as
before, since Ay = {2,3} and A; = {1, 4} has no consecutive numbers assigned color
one. The issues with assigning a color to 5 are the same as before, thus R‘f(l, 1) =5.

For a second example, consider x + y = z with the even shift described above and
write Rg(l, 1), R%(1,1) for these shift-constrained Rado numbers. With A(1) = 0, the
solution (1,1, 2) precludes A(2) = 0, while A(2) = 1 would make an odd length nonter-
minal run of zeros, so R°(1,1) = 1. For A(1) = 1, the now-familiar coloring A, = {2, 3}
and A; = {1, 4} has only an even length run of zeros and no monochromatic solutions,
while no coloring of {1, 2, 3, 4, 5} works as before, thus Rf(l, 1) =5.

In both examples, the closure of the shifts under taking subwords, as discussed in
Section 1, means that a coloring of {1, ..., n} avoiding monochromatic solutions while
satisfying the shift constraints restricts to a similarly valid coloring of {1,.. ., k} for all
1<k<n-1

The examples are consistent with the following result.

Proposition 1. Given positive integers a,b with 1 < a < b and a binary shift S, the
S-constrained Rado numbers satisfy

R3(a,b) <R(a,b) and R5(a,b)<R(ab).

In the case of the full shift F, we have Rg(a, b) = Rf(a, b) = R(a, b).

Proof. The full shift F introduces no constraints, so the standard Rado number results
apply, where color assignments to zero and one are interchangeable. Adding the con-
straints of a binary shift S may affect colorings such that monochromatic solutions
must occur at smaller values, decreasing the Rado number, but requiring additional
structure cannot increase the Rado number. O

Note that adding a nontrivial shift constraint does not necessarily decrease the
Rado number, as RY(1,1) = R{(1,1) = R(1,1) = 5.

In the next sections, we establish some initial results on Rg(a,b), R‘f(a,b), and
Ri(a,b), R(a,b).
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3 Some golden mean shift and even shift
constrained Rado numbers

We begin with equations of the form x + by = z and 2-colorings that satisfy the golden

mean shift, i. e., there is no i for which A(i) = A(i +1) = 1.

Theorem 1. Given a positive integer b, the golden Rado numbers are

0 2b+2 ifbisodd,
Ry(1,b) =
if bis even;
5 ifb=1,
RY(LD) = /
3b+1 ifb>2

The golden Rado numbers for ax + by = z with a > 2 are more complicated. We
prove one result for this shift, the case of equal coefficients. In Section 5, we mention
other patterns suggested by computational data.

Theorem 2. Given a positive integer a, the golden Rado numbers are
RY(a,a) = 4d®, R?(a,a) = 4a’ +a.

Before considering Rado numbers with colorings constrained by the even shift, it
is helpful to recall a 2-coloring detailed by Hopkins and Schaal. The following propo-
sition comes from the proof of [3, Theorem 2] applied to the current case of a three
variable equation.

Proposition 2. Given integers 1 < a < b, there are no monochromatic solutions to the
equation ax + by = z in the coloring of {1,...,a(a + b)> + b — 1} specified by
Ao ={1,2,...,a+b-1,(a+ b)Y’ (a+b)’+1,...,aa+b)*+b-1},
A ={a+ba+b+1,...,(a+b)?-1}.
This coloring consists of length a + b — 1 and length (a® + ab — b)(a + b — 1) runs of
zeros and a length (a + b)(a + b — 1) run of ones.
As specified in the next theorem, several even shift constrained Rado numbers,

where nonterminal runs of zeroes must have even length, match standard Rado num-
bers.

Theorem 3. Given integers 1 < a < b, the even shift constrained Rado numbers with
AQ1) = 1 match the standard Rado numbers, i. e.,

R¢(a,b) = R(a,b) = a(a+ b)* + b.
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Also, if a + b is odd, then the same equality holds for colorings with A(1) = 0, i. e.,
Ré(a,b) = R(a,b) = a(a + b)* + b.

Our final result mirrors Theorem 1, determining Rado numbers for equations of
the form x + by = z and 2-colorings that satisfy the even shift constraint.

Theorem 4. Given a positive integer b, the even shift constrained Rado numbers are

1 ifb=1,
R{(Lb)={b*+3b+1 ifbiseven,

b*+2b ifbisoddandb > 3;
R{(1,b)=b"+3b+1.

Note that several cases match the standard Rado number R(1,b) = b* +3b + 1.

4 Proofs of results

The proofs of the four theorems are elementary but sometimes a bit lengthy. When
arguments are analogous to previous ones, we skip some details.

Proof of Theorem 1. We organize the proof into four cases; it is helpful to split the
Rl‘p(l, b) proof into cases for even b and odd b even though the conclusion is the same
for both. Each case requires two things. First, we demonstrate a coloring from 1 to one
less than the Rado number that satisfies the conditions of the golden mean shift and
contains no monochromatic solutions to x+ by = z. Second, we show that any coloring
from 1 to the Rado number satisfying the shift constraint includes a monochromatic
solution.

(a) Consider the case b odd and colorings with A(1) = 0. Write b = 2k — 1. We show
that the coloring of {1, ..., 4k — 1} specified by

Do =1{1,3,....4k -1}, A, = {2,4,..., 4k - 2}

includes no monochromatic solutions to x + (2k — 1)y = z; clearly, it satisfies the golden
mean shift condition. By parity arguments, any solution has exactly one or three of
X, Y,z even. Therefore, there can be no monochromatic solution with x,y,z € A,. Now
suppose x,y € A;. Since x + (2k — 1)y > 2 + (4k - 2) = 4k, beyond the range of the
coloring, there is no monochromatic solution in color one. This valid coloring shows
that R (1,2k — 1) > 4k = 2b + 2.

To complete this case, we show that any coloring of {1,.. ., 4k} with A(1) = 0 and
satisfying the golden mean shift condition includes a monochromatic solution to x +
2k -1)y =z.
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If A(2k) = 0, then (1,1, 2k) would be a monochromatic solution in color zero, so
we may assume that A(2k) = 1. By the golden mean shift constraint, A(2k — 1) = 0 and
ARk +1) = 0.

If A(2) = 0, then (2,1, 2k + 1) would be a monochromatic solution, so we may as-
sume that A(2) = 1.

Now either color assignment for 4k gives a monochromatic solution. If A(4k) = 0,
then (2k + 1,1, 4k) would be a monochromatic solution in color zero. If A(4k) = 1, then
(2,2, 4k) would be a monochromatic solution in color one. This shows that Rg(l, 2k —
1) < 4k.

Together with the bound from the valid coloring, we conclude Rg(l, 2k — 1) = 4k,
i.e., R9(1,b) =2b+2forb = 2k - 1.

(b) Consider the case b even and colorings with A(1) = 0. Write b = 2k. We will
show that the coloring of {1, ..., 4k — 1} specified by

Ny =1{1,3,...,2k - 1,2k, 2k + 2,...,4k - 2},
Ay ={2,4,...,2k-2,2k + 1,2k + 3,..., 4k - 1}

includes no monochromatic solutions to x + 2ky = z; clearly, it satisfies the golden
mean shift condition. It is straightforward to verify that this coloring is valid: For a
solution (x,y,z) to have z < 4k requires x < 2k and y = 1, and in that range parity
arguments similar to those in (a) can be made, etc. The validity of this coloring also
follows from the second part of this case.

We show that any coloring of {1,..., 4k} with A(1) = 0 and satisfying the golden
mean shift condition includes a monochromatic solution to x + 2ky = z.

If Ak + 1) = 0, then (1,1,2k + 1) would be a monochromatic solution, so we
may assume that A(2k + 1) = 1. By the golden mean shift constraint, A(2k) = 0 and
AQ2k +2) = 0.

If A(2) = 0, then (2,1, 2k + 2) would be a monochromatic solution, so we may as-
sume that A(2) = 1. It follows that A(3) = 0.

If A2k + 3) = 0, then (3,1, 2k + 3) would be a monochromatic solution, so we may
assume that A(2k + 3) = 1. It follows that Ak + 4) = 0.

If A(4) = 0, then (4,1,2k + 4) would be a monochromatic solution, so we may
assume that A(4) = 1. It follows that A(5) = O.

This bootstrapping continues through A(4k — 2) = 0 by the golden mean shift
constraint.

If A2k - 2) = 0, then (2k — 2,1, 4k — 2) would be a monochromatic solution, so we
may assume that A(2k — 2) = 1. It follows that A2k - 1) = 0.

If A(4k-1) = 0, then (2k -1, 1, 4k — 1) would a monochromatic solution, so we may
assume that A(4k - 1) = 1.

At this point, we have shown that the coloring described above for {1,...,4b — 1}
does not contain any monochromatic solutions to x + 2ky = z. (It is the unique such
coloring, as the color assignments have all been forced.)
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Now either color assignment for 4k gives a monochromatic solution. If A(4k) = 0,
then (2k, 1, 4k) would be a monochromatic solution in color zero. If A(4k) = 1, then A
would violate the golden mean shift constraint, as the valid coloring requires A(4k —
1) = 1. We conclude that RY (1, 2k) = 4k, i.e., R} (1,b) = 2b for b = 2k.

(c) Consider the case b even and colorings with A(1) = 1. Write b = 2k. The coloring
of {1,..., 6k} specified by

Ay =1{2,4,...,2k,2k + 1,2k + 2,..., 4k + 1,4k + 3,...,6k — 1},
A =1{1,3,...,2k - 1,4k + 2,4k + 4, ..., 6k}

includes no monochromatic solutions to x + 2ky = z; clearly, it satisfies the golden
mean shift condition. Starting with this case, we omit verifications that the given col-
orings are valid. As in (b), one can show that this is the unique valid coloring in this
case.

We show that any coloring of {1,..., 6k + 1} with A(1) = 1 and satisfying the golden
mean shift constraint includes a monochromatic solution to x + 2ky = z.

Since A(1) = 1, the golden mean shift constraint requires A(2) = 0.

If A2k + 1) = 1, then (1,1, 2k + 1) would be a monochromatic solution, so we may
assume that A2k +1) = 0.

If A(4k +2) = 0, then (2, 2, 4k + 2) would be a monochromatic solution, so we may
assume that A(4k + 2) = 1. It follows that A(4k + 3) = 0.

If A3) = 0, then (3,2,4k + 3) would be a monochromatic solution, so we may
assume that A(3) = 1.

Now either color assignment for 6k + 1 gives a monochromatic solution. If A(6k +
1) = 0, then (2k + 1,2,6k + 1) would be a monochromatic solution in color zero. If
A(6k + 1) = 1, then (1, 3, 6k + 1) would be a monochromatic solution in color one. With
the valid coloring above, we conclude that R (1,2k) = 6k + 1, i.e., RY(1,b) = 3b + 1 for
b even.

(d) Consider the case b odd and colorings with A(1) = 1. We established in Section 2
that Rl‘p(l, 1) = 5, so we assume b > 3. Write b = 2k — 1. The coloring of {1,..., 6k — 3}
specified by

Ny =12,4,...,2k - 2,2k, 2k +1,...,4k - 1,4k + 1,4k + 3,...,6k — 3},
A =1{1,3,...,2k - 1,4k, 4k + 2,...,6k — 4}

includes no monochromatic solutions to x + (2k — 1)y = z; clearly, it satisfies the golden
mean shift condition. In fact, it is the unique valid coloring in this case.

The argument to show that any coloring of {1, ..., 6k — 2}, with A(1) = 1 and satis-
fying the golden mean shift condition, includes a monochromatic solution to x + (2k —
1)y = z is very similar to the steps of (c). One can show

2,2k, 4k +1 € Ay, 1,3,4k € A,
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from which no color assignment for 6k — 2 is valid due to the solutions (2k, 2, 6k — 2)
and (1, 3, 6k — 2). With the coloring above, we conclude that R‘f(l, 2k—-1)=6k-2,i.e.,
R?(1,b) =3b+1forodd b > 3. O

Proof of Theorem 2. For the equation ax+ay = z, first consider colorings with A(1) = 0.
The coloring of {1,.. ., 4a® — 1} specified by

A =1{1,2,...,2a-1,2a+1,2a+2,...,3a-1,3a+1,3a+2,...,
4’ -a-1,4a" -a+1,4a° -a+2,...,.4a° -1},
A = {2a,3a,...,4a° - a}

includes no monochromatic solutions to ax + ay = z; clearly, it satisfies the golden
mean shift condition. Following the convention adapted in the previous proof, we do
not verify that the coloring in valid. We mention in passing that the color assignments
are forced except for the integers greater than 4a* — a (although the golden mean shift
constraint still applies).

We show that any coloring of {1,...,4a?} with A(1) = 0 and satisfying the golden
mean shift condition includes a monochromatic solution to ax + ay = z.

If A(2a) = 0, then (1, 1, 2a) would be a monochromatic solution, so we may assume
that A(2a) = 1. It follows that A(2a — 1) = 0 and A(2a + 1) = 0.

Already, either color assignment for 4a® gives a monochromatic solution. If
A(4a®) = 0, then (2a - 1,2a + 1,4a*) would be a monochromatic solution in color
zero. If A(4a®) = 1, then (2a, 2a, 4a”®) would be a monochromatic solution in color one.
With the valid coloring above, we conclude that Rg(a, a) = 4a’.

Second, consider colorings with A(1) = 1. The coloring of {1,... ., 4a*+a-1} specified
by

Ay =1{23,...,4a-14a+1,4a+2,...,5a-1,5a +1,5a +2,...,
4a’ -1,4a> +1,4a° +2,...,4a° +a -1},
A = {1,4a,5a,...,4a%}

includes no monochromatic solutions to ax + ay = z; clearly, it satisfies the golden
mean shift condition. The color assignments are forced except for the integers greater
than 4a’ (although the golden mean shift constraint still applies).

The argument that any coloring of {1, ... ,4a% + a}, with A(1) = 1and satisfying the
golden mean shift condition, includes a monochromatic solution to ax + ay = z is very
similar to the A(1) = O case. One can show

2,2a,4a-1€ gy, 1,4a e \y

from which no color assignment for 4a* + a would be valid due to the solutions (2, 4a —
1, 4a’+a) and (1, 4a, 4a® +a). With the valid coloring above, we conclude that R‘lp (a,a) =
4a’ + a. O

EBSCChost - printed on 2/10/2023 3:14 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



294 — B.Hopkins

Proof of Theorem 3. For the equation ax + by = z, first consider colorings with A(1) = 0
constrained by the even shift. In the cases that the coloring described in Proposition 2
has only even length nonterminal runs of zeros, that coloring shows R (a, b) > R(a, b).
That will complete the proof of this case since Rf)(a, b) < R(a, b) by Proposition 1.

As described after Proposition 2, the length of the initial run of zerosisa + b — 1
which is even exactly when a + b is odd. Thus Rg(a, b) = R(a,b) when a + b is odd and
equation (16.1) provides the formula.

Second, consider colorings with A(1) = 1. The coloring described in Proposition 2
is for standard Rado numbers, so the assignments to zero and one are interchangeable.
Reversing the zero and one colors to satisfy A(1) = 1 results in one run of zeros, length
(a + b)(a + b — 1), which is always even. Therefore, the reversed coloring satisfies the
even shift constraint and, as before, we conclude R{(a, b) = R(a,b) = a(a + b’+b. O

Proof of Theorem 4. The b = 1 case was treated in Section 2. Theorem 3 applies to the
remaining cases except Rg(l, b) when b is odd, so we take b > 3.

Let b = 2k — 1 with k > 2 and consider colorings with A(1) = 0. We want to show
that the even shift constrained Rado number is b? + 2b = 4k? — 1. First, we show that
the coloring of {1,..., 4k* — 2} specified by

Do = {1,2,...,2k = 2,4k% — 2k, 4k* = 2k + 1,..., 4k* - 2},
Ay = {2k - 1,2k, ..., 4k% - 2k - 1}

includes no monochromatic solutions to x + (2k — 1)y = z. Since the only nonter-
minal run of zeros has length 2k - 2, the coloring satisfies the even shift condition.
The standard argument concerning monochromatic solutions is straightforward (i. e.,
X,y <2k -2inA, givez € A, thenx,y € A, givez > 4k% - 2k, etc.), but we will show
that this is the unique valid coloring in the second part of the proof.

We show that any coloring of {1, ..., 4k? — 1} with A(1) = 0 and satisfying the even
shift condition would include a monochromatic solution to x + by = z.

Let ¢ be the least integer such that A(c) = 1. We show that ¢ = 2k—1. Since A(1) = 0,
we know ¢ > 2. By the definition of ¢, we have A(c - 1) = 0.

If A(2ck) = 1, then (c, ¢, 2ck) would be a monochromatic solution, so we may as-
sume that A(2ck) = 0.

If A2k + c—1) = 0, then (2k + ¢ — 1, ¢ — 1, 2ck) would be a monochromatic solution,
so we may assume that AQk +c—-1) = 1.

Either color assignment for (2c¢ + 2)k — 1 would give a monochromatic solution. If
A((2c+2)k-1) = 0, then (2ck, 1, (2c+2)k—1) would be a monochromatic solution in color
zero. If A((2c + 2)k — 1) = 1, then (2k + ¢ - 1, ¢, (2¢c + 2)k — 1) would be a monochromatic
solution in color one.

To avoid this problematic (2c + 2)k — 1 in the range of integers of the valid coloring,
we need 2¢c +2)k -1 > 4k* -2, equivalently ¢ > 2k —1-1/(2k). By the solution (1, 1, 2k),
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we must have A(2k) = 1. Thus the range for ¢ not leading to a monochromatic solution
is

2k—1—i<cszk.
2k

Of the two possible integer values, it must be that ¢ = 2k — 1 since the initial run of
zeros needs to have even length to satisfy the shift constraint. Keeping track of the
color assignments, so far we have

1,...,2k-2 €Ay, 2k-1,2k € A,.

In addition to 2k — 1,2k € A, the initial run of zeros forces many integers to be
assigned color one. Specifically, by the solution (2,1, 2k + 1) we must have A2k + 1) =
1,..., by (2k — 2,1, 4k — 3) we must have A(4k — 3) = 1. By the solutions (1,2, 4k — 1)
through (2k - 2,2, 6k — 4), we must have 4k —1,..., 6k — 4 € A;. Note that 4k — 2 has not
been assigned a color. If A(4k — 2) = 0, then there would be a length one nonterminal
run of zeros, so A(4k —2) = 1 by the even shift constraint. All of this continues through
the solution (2k — 2, 2k — 2, 4k? — 4k) implying A(4k® — 4k) = 1. That is,

2k +1,...,4k% — 4k € A,

Next, we show the color zero assignments that follow from this run of ones. By
the solution (2k — 1,2k — 1, 4k* — 2k), we must have A(4k? — 2k) = 0. By the solutions
(2k, 2k — 1, 4k* - 2k + 1) through (4k — 3,2k — 1, 4k* — 2), we have the length 2k — 1 run
of zeros

4% =2k, ..., 4k* =2 € A,. (16.2)

These additional color zero assignments allow us to extend the run of ones. If
A(4K? - 4k +1) = 0, then (4k* — 4k + 1,1, 4k* — 4k) would be a monochromatic solution
in color zero, so we may assume that A(4k? - 4k + 1) = 1. This continues through the
solution (4k* - 2k — 1,1, 4k* - 2), so that

4l 4k +1,...,4k° -2k -1 € A,.

This establishes the validity and uniqueness of the coloring given at the beginning of
the proof.

To complete the proof, we show that neither color assignment for 4k* — 1 is valid.
If A(4k? - 1) = 0, then (4k? — 2k, 1, 4k* — 1) would be a monochromatic solution in color
zero. If A(4k* - 1) = 1, then equation (16.2) would describe an odd length nonterminal
run of zeros. (Also, (4k — 2,2k — 1, 4k* - 1) would be a monochromatic solution in color
one.)

We conclude that R} (1,2k — 1) = 4k’ —1fork > 2,i.e., R{(1,b) = b’ + 2b for odd
b >3. O
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5 Conjectures and other ideas for further study

Here are some possible next investigations in this new study of shift-constrained Rado
numbers.

For the golden mean shift, computation data suggest additional identities, two of
which we include here as conjectures.

Conjecture 1. Given positive integers a and ¢, the golden Rado number for the case
AQ1) = 0is R¥(a, £a) = (¢ +1)’a’.

Theorem 2 confirms the ¢ = 1 case of Conjecture 1.

By Theorem 1, we know Rg(l, b) < Rl‘p(l, b) for all positive integers b. Also, by The-
orem 2, Rg(a, a) < R‘l”(a, a) for all positive integers a. In general, though, the relation
between R} (a, b) and RY (a, b) is not clear. That is, which color assignment for 1 has
the greater effect on lowering the standard Rado number when applying the golden
mean shift constraint? Computational data support the following claim.

Conjecture 2. Given integers 2 < a < b, the golden mean shift constrained Rado num-
bers satisfy RY (a,b) < R{(a, b) except when b = ¢a for some integer ¢ > 2, in which
case RY (a, €a) > RY (a, €a).

Of course, a full understanding of R? (a, b), RY(a, b) is desired. Similarly, for the
even shift, where we have not determined R{(a, b) for a + b even with a > 1. (The
analogue of Conjecture 2 for the even shift constraint is clear, as we know from Propo-
sition 1 and Theorem 3 that R§(a, b) < R{(a,b) = R(a, b).)

Following developments in the study of Rado numbers, one can generalize from
ax + by = z to equations with arbitrarily many variables, including a constant term,
requiring x # y, etc. In symbolic dynamics, there are many interesting shifts to explore,
including run-length limited shifts, charge constrained shifts, and generalized Morse
shifts, along with larger alphabets corresponding to more colors.
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Mertens’ prime product formula, dissected

Abstract: In 1874, Mertens famously proved an asymptotic formula for the product of
p/(p—1) over all primes p up to x. Observe that this product equals the reciprocal sum
of all integers composed of prime factors up to x. It is natural to restrict such series to
integers with a fixed number k of prime factors. In this article, we obtain formulae for
these series for each k, which together dissect Mertens’ original estimate. The proof is
by elementary methods of a combinatorial flavor.

1 Introduction

We begin with the Euler—-Mascheroni constant y = 0.57721..., defined as the limit of
the difference between the harmonic series up to x and log x. The ubiquitous constant
y crops up in many contexts, notably, in the third of three results from a celebrated
paper of Mertens [6] on the distribution of prime numbers.

As notation, throughout we write f(x) = 0(g(x)) and f(x) <« g(x) to mean
If (x)/g(x)| is bounded, while f(x) ~ g(x) means lim,_,, f(x)/g(x) = 1. Also, let
log, x = loglog x, and let p denote a prime number.

Theorem 1.1 (Mertens (1874)). There exists a constant B > O for which

logp
=logx + 0(1), =log,x+f+ O( > 171
,;( p ,;X 2 log x
1 -1
H(l - —> ~ e’ logx. (17.2)
p

p<x
Here, § = 0.26149...is Mertens’ constant, which is known to satisfy
70
B-vy= Z<10g<1——> —) ZZ -y 29, (17.3)
p j>2 j>2 J

where Z(s) = Zp p~° denotes the prime zeta function, for s > 1; see, for instance,
Theorem 2.7 in [7, p. 50].
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Now by expanding Mertens’ prime product in equation (17.2), we have

-1

1 (ISR A

n)<x

where P*(n) denotes the largest prime factor of n.

Consider “dissecting” the sum in equation (17.4) according to the number of prime
factors of n with multiplicity, denoted Q(n). Our main result is an asymptotic formula
for this dissected sum.

Theorem 1.2. For each fixed k > 1, we have

k k-1

1 Ck—j ; 1

Z = #(logzx +BY + Ok<(olgz—x)> (17.5)
ot ogx
P*(n)<x

where the sequence (c)i2, is recursively defined by ¢, = 1 and
1 &
=7 ]:ZZ i ZG). (17.6)

Theorem 1.2 may be viewed as a “dissection” of Mertens’ prime product formula.
Indeed, as shown later in equation (17.18), the main term e log x in equation (17.2) may
be expressed as the series over all k > 1 of the main terms in equation (17.5) (i. e., the
sum overj < k). Here, “dissection” is meant to highlight the formal compatibly of main
terms. Whereas the estimate equation (17.5) itself does not necessarily hold uniformly
overall k > 1.

We note that this terminology was introduced by Pollack [8], who dissected a clas-
sical mean value theorem of Hall and Tenenbaum.

1.1 Uniform estimates via complex analysis

Classically, the analogous series to equation (17.5) has been studied, replacing the con-
dition P*(n) < x with the more common n < x.
Mertens’ first theorem implies, by induction on each fixed k > 1,

y 1 (og X

ek " k!
n<x

(17.7)

as x — oo; see [7, p. 228]. Note that equation (17.7) is historically attributed to Landau
[4]. This is another example of dissection, as the sum over all k of each side gives
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Ynex % and log x, respectively. We also note that the asymptotic (17.7) also holds with
Q(n) replaced by w(n), the number of distinct prime factors of n.

However, equation (17.7) only holds for fixed k. The celebrated theorem of Sathe
and Selberg implies the following uniform estimate for k less than 2log, x.

Theorem 1.3 (Sathe-Selberg). Define v(z) = ﬁ [1,a - g)’l(l - %)Z, and let r =
k/log, x. For any € > 0, as x — oo we have uniformly forr <2 —¢,

1 k
Y v S (178)
Q(n)=k :
n<x
To see this, [7, Theorem 7.19] or [12, Theorem 6.5] gives an asymptotic in the stated
range

B L(logzx)"-l< < k ))
2 1_V(r)logx (k= 1)! 1+0 log,x /)

Q(n)=k
n<x
Then equation (17.8) follows by partial summation, combined with, e. g., the Erd3s—
Sarkdzy upper bound O(k*27*x log x) uniformly for all x, k > 1; see [2].

Remark 1. Asv(r) = 1 only when r = 0,1, Landau’s estimate (17.7) holds if and only if
k = o(log, x) or k = (1 + o(1)) log, x.

Remark 2. [12, Theorem 6.4] gives an analogous result with Q(n) replaced by w(n), by
substituting the function v(z) above with A(z) = ﬁ [1,a+ p%l)(l - %)z .

Remark 3. The Sathe—Selberg theorem is proved through contour integration in the
complex plane. Recently, Popa [9, 10] and Tenenbaum [13] have obtained results by
similar analytic methods, for a generalized series that replaces the conditions Q(n) =
k and n < x by the condition p; ---p; < x over k independent prime variables. Or
equivalently, they weight n by the number of its ordered prime factorizations.

The uniformity coming from sophisticated analytic tools exemplifies the larger
tension within mathematics, between proving the strongest results and using the sim-
plest arguments. Of particular interest historically is the case k = 1, i.e., the prime
number theorem. Hadamard and de la Vallée Poussin initially gave proofs in 1896 us-
ing complex analysis, and for decades many believed it impossible to prove by ele-
mentary means. It came as a great shock when Selberg and Erdds did so in 1948. For
an intriguing historical account, see Spencer and Graham [11].

As such, we emphasize that in Theorem 1.2, our particular conditions Q(n) = k,
P*(n) < x in equation (17.5) are directly amenable to elementary methods when k is
fixed. Nevertheless, applying analytic tools to equation (17.5) do lend the advantage of
uniformity in k < (2 - €) log, x.
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Theorem 1.4. Letr = k/log, x. For any € > 0, as x — oo we have uniformly forr < 2-¢,

(log, x)*

1. v(ne"T(r + H—>—.
Q(n)=k k!

P*(n)<x

(17.9)

Hence by comparison with the Sathe—Selberg theorem, we obtain the following
elegant relation between sums over P*(n) < x with those over n < x.

Corollary 1.1. Letr = k/log, x. For any € > 0, as x — oo we have uniformly forr <2-¢,

1 1
Y S~ Y - (1710)
=k M =k "
P (m)<x n<x

Remark 4. One may prove an analogous result for w(n), with the same factor e T(r+1).
Note the factor e”T'(r + 1) = 1if and only if r = 0. Hence Corollary 1.1 implies

1 1
- Z - (17.11)

=k a(m=k
P*(n)<x nsx

if and only if k is in the uniform range k = o(log, x). This is an example of friable
regularity, in the following sense. Recall an integer n with P*(n) < x is called x-smooth
or x-friable.

Definition 1. A sequence (a,),c is friably regular' if ¥,,_, a, ~ Y P+ (ny<x An @S X — ©O.

For example, the friable regularity of (u(n)/n),c is equivalent to the prime num-
ber theorem. We also extend the definition to families of sequences.

Definition 2. A one-parameter family (a, ), indexed by x € R, is friably regular if

Dnex Anx ~ 2p+(myex dnx @S X — ©0.

In particular, Corollary 1.1 implies the family (1g)_i/M)pen, indexed by k = k(x),
is friably regular if and only if k = o(log, x).

1.2 The coefficients ¢,

Finally, we emphasize an important feature of the combinatorial approach in Theo-
rem 1.2. The recursion in equation (17.6) enables rapid computation of the coefficients

1 This extends the notion of friable regularity as in [1],[3], from equality of limits of convergent series
to asymptotic equality of (possibly nonconvergent) partial sums.
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¢, to high precision, the first few displayed below.

k Cx k Cx

0,1 1,0 6 0.0108213...
2 0.226123... | 7 0.0054110...
3 0.058254... | 8 0.0027375...
4 0.044814...| 9 0.0013752...
5 0.020323... | 10 0.0006903...

At first glance, one might not expect the coefficients c; arising from equation (17.6)
to exhibit any particular structure. However, the combinatorial approach shows c; to
satisfy exponentially precise asymptotics.

Theorem 1.5. The coefficients satisfy c¢; = nZ‘k + 03375, Here, the constant n is given
byn=e ' [lo(1-2)"'e P = 0.71206...

2 Elementary combinatorial proof for k fixed
In this section, we prove Theorem 1.2. For x, s > 0, define the (truncated) zeta functions

Zk(S!X) = z n—S’ Z(S,X) = Zl(S,X) = Z p_s
Q(n)=k p<x
P*(n)<x

We first express Z; (s, x) in terms of Z(s, x).
Proposition 2.1. Foreach k > 1and any x,s > 0, we have the identity

Zs0)= Y ]‘[ (2Gs, /)" (1712)

n+2n,+--=k ]>1

where the sum ranges over all partitions of k.
Proof. For any x,s > 0, we have a formal power series identity in z,

Q(n) -1

ZZk(s,x)zkz > Zs =n<l+i+;—;+m>:n<l—§>

P’
k>0 Pt(n)<x p=x psx

since the function n — z*"/n® is completely multiplicative. Thus expanding Taylor
series,

Y (s, x)2" = exp(— > log(1-2zp~ > - exp< ) (zp~ s)})

k>0 p=x P<X j>1
Z(js, ; Z ;
= exp(Z _()s. X)z’> He p( OS X) )
j=1 J j=1
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jz1n
1
=Y 2K Z —(2Gs,)/j)". (1713)
k=0  ny+2ny+--=k j=1 n]
Now equation (17.12) follows by comparing the coefficients of z¥. O

Remark 5. This proposition generalizes [5, Proposition 3.1].
Next, the recursion for ¢, in equation (17.6) leads to the explicit formula,

o= H Z())/J (7.14)

2n,+3n;...=k 1>2

by the following lemma, for the choices A; = 0 and A; = Z(j) whenj > 2.

Lemma 2.1. Given any sequence (A;)2,, the sequence (by)2, is given recursively by
by =1and by = % Z]’;l bi_;A;, if and only if (by);2,, is given explicitly as

(4 /J)"
b= ]‘[ )

n+2n,+--=k j=1

Note that the (unique) partition of k = 0 has n; = 0 for allj > 1, so indeed b, =
[Tj1(4/0)° /0! = 1.

Proof. We prove the forward direction by induction on k (the reverse direction is sim-
ilar). For k = 1, we have b; = by4; =
Then assuming the claim for each r<k,

(4 /J)

k k
kb =Y b A=Y A Y [
r=1

r=1  ny+e=k-r j21

X Al (4 /J)" X (4; /J)"
=Y X ol 2 2 mll !
r=1n;+-=k-r T j#r r=1 1:k j=1
(A;/j)" (A;/j)"
n, =k
nﬁ-z—kg ! l;%lk ' nlgzkg nj!

In the last step, we dropped the condition n, > 1 (since rn, = 0 for n, = 0), which gives
Z’r‘zl rn, = k. Dividing by k completes the induction. O

Now equipped with Proposition 2.1 and equation (17.14) for c;, we now prove The-
orem 1.2.
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Proof of Theorem 1.2. For Z(j, x) withj > 2, we trivially bound Zpﬂp*j by x> Zn>xn’2 =
O(xl"j ), which gives

ZG,x) =Y p7 =2G)- Y p7 =Z() + 0(x'7) forj=2.

Dp=<x p>x
Thus plugging into the identity for Z; (1, x), Proposition 2.1 with s = 1 gives

m ; 1-jy\ b
qan- 3 DAz

| .l
ny+2ny+-=k CUN SR J

For any partition of k, the binomial theorem implies ]_[}->2 #([Z G+ O(xl‘j )1/)" equals
22
]—L->2 %(Z(j)/j)”f at negligible cost Oy (1/x). Thus
=2 ol

n n k
zan- Y LU Lo o 22E) am

|
ny+2n,+-=k e 2 1y

Then for Z(1, x), we recall Mertens’ second theorem,

1 . 1
Z(1,x) := z 1_9 =log,x +f+ E(x), withE(x) = O<@>, (17.16)
DX

so plugging in above gives

n o\ 1 k
Z(x= Y i'(logzx +B+E0)" ] i'(z(,)/,) ) Ok<( 08, X) )
ny+2n,+-=k ny: ) n;: X
k
> %(IOgZ" "y 1 %(Z(i)/i)"’ + Ok (E0)(log, 1) (1717)
1-

n,=0 2ny+e=k-ny j22 1

again by the binomial theorem. Here, we used ]'[j>2 %(Z M/ = 0, (D).
22
Now recalling equation (17.14) and E(x) = O(1/ log x) completes the proof of Theo-
rem 1.2. O

From here, we may “dissect” Mertens’ third theorem. Indeed by equation (17.4),
-1

H<1—1> =y %:ZZI((LX)

p<x p P*(n)<x k>0

and using the asymptotic formula for Z; (1, x) from Theorem 1.2,

»

k>0j=0

Cr_i , 1 ;
%(logzx +py =) 7 (logyx + BY o= e logx >

j=0 J: k>j m=0
= ¢’ logx, (17.18)
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as desired, provided } ..o ¢,y = e’ This follows in turn by equation (17.14),

2m=2 X Hn,zo)n 1Y 0"

m=0 m=0 2n,+3n;..=m j>2 j=2 n;=0 ]
= [ exp(zG)/j) = exp(Z (])> =P
j>2 j>2 J

recalling equation (17.3). This shows the claim.

3 Combinatorial proof of asymptotics for

coefficients ¢,
In this section, we prove a strengthening of Theorem 1.5. To this, we first rephrase the
recursion for ¢, in equation (17.6).

LetA; = Oand A, = ), p~* for k > 2. Then ¢y is recursively defined by ¢, = 1
and

k
ke =) A, (1719)
j=1

Consider the following induced sequences 4; 4, ¢, , for each prime g: let Ay, = Ay,
Cx2 = C; and if p is the prime preceding g > 2, let

Ay =Arp,-p " fork=1, (17.20)

Cig = Chp — p‘lck,l,p fork>1, and cy,=cp. (17.21)
Explicitly, we have

=y r* fork>2 and A== p L (17.22)
r>q p<q

Lemma 3.1. For each prime q and k > 0, we have the recursion
k
ka,q = Z Ck*]',qu,Q' (17.23)

j=1

Proof. We proceed by induction on the prime q. The base case g = 2 holds by equa-
tion (17.19).
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Now assume equation (17.23) for p < g. The difference of recursions in equation
(17.23) for ¢y, and pt Cpi-118

keyp — (k- 1)p"lck_1,p
1

=
|

-1
(Chojp =P Ckjrap)Ajp + CopAiyp

™M

—_

~ =
|
—_

_ —i —k
(Ck—j,p -p 1Ck—]'—l,p)(p ! +A}',q) + CO,p(p +Ak,q)

™M

—_

~.

k-1 k-1
— P b PR -k A,
= (p Cr-jp =D Ck—]—l,p) +CopP T Z Ck—],qA],q + CO,qu,q
j=1 j=1
) k
=P Cap+ ) Chojghig
j=1

using equations (17.20), (17.21) and telescoping series. Subtracting p’lck,l’p gives

k
-1
keyg = k(ckp =D Cr1p) = z Crjqig O
j=1
Note that Lemmas 2.1 and 3.1 together imply

A /i)Y
Cg= ]‘[% (17.24)

n+2n,...=k j>1

for each prime g, k > 1.
Now with the recursion in hand, we bound the induced sequence ¢ ;.

Lemma 3.2. For each prime q, we have ¢, 4, <, q"" as k — oo.

Proof. Fix q and let m; = max; qd |cj 4|- We shall prove m; <, 1, and it suffices to
show this along a subsequence, since my is itself a nondecreasing sequence. Namely,
we consider the indices k for which m; = q~ ICrgl-

Recalling (17.22), we have for all n > 1,

Y @A, =qA,+ -+ Y Y(g/rY =n+0,0),

1<j<n 2<jsnr>q

by summing the geometric series, and so the recursion in equation (17.23) gives

Z inJ',q

1<j<k/2

Z ini,q

k/2<j<k
=my(k/2+ 0(1)) + my(k/2 + 0(1)).

k
k—j J
Z q Crjq 9 Ajg
j=1

k
kq |Ck’q| = < My, +my,
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And by our choice of k, we have m;, = q~ |cy 4l and so
Hence by induction on k, we conclude

m <m [[(1+0@27)) <exp Y 027) < 1. O
2i<k 2i<k

Since Lemma 3.2 holds for every prime g and the sequences ¢ , are defined in-
ductively on primes, Lemma 3.2 is self-improving. Indeed, for each pair of consecutive
primes p < g,

-1 -k
Ckp =P Ci-1p =Ckq = O(q )

In other words, multiplying above by p* the modified sequence c,’gp = ck’ppk satisfies
c,’(,p - c,'<_1)p = 0((p/q)"), so (c,’gp)k21 is a Cauchy sequence for each prime p. Hence the

limit

. . k
= lim ¢, , = lim ¢, ,p
Mp P kp = k.p

exists with ¢, = 1, + 0((p/q)¥). That s,
Crp = npp_k + Op(q_k ) for each prime p. (17.26)

To summarize, we expanded the definition of ¢; , and used a zeroth-order expan-
sion for each prime (Lemma 3.2) to prove a first-order expansion for every prime si-
multaneously.

Continuing in this way, we obtain a hth order expansion for ¢; ;, by induction on
the order h > 1, at each step proving the respective expansion for every prime simul-
taneously.

Proposition 3.1. For any h > 1, we have

h-1 1-1
-k -k Pnii
o, = L Ot wheen?, =,y T{(1-224)
1=0 i=0 n+i
for all n as k — co. Here, p, denotes the nth prime, and n, = limy_,, ck,ppk as in
Equation (17.26).

Proof. We proceed by induction on h. The base h = 1 holds for all n by equation (17.26),

since )1;,';) = 17, - Now assume equation (17.27) holds with h for every n, and write ¢, =

ho ) -k ; -k ; -k
Yo n;n)ﬁ D1+ Exnn- By assumption Ey , , < p, 1, and weaim to show Ey ,, , < p,.y.p-
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By equation (17.21) and the induction hypothesis (17.27) for ¢; ), ,

_ -1
Ck)prwl - C _pn Ck*lpn

h-1

(n+1) P\, -k -1
z rlp'::wpn+1+l + O(pn+1+h z ’1p,,+,( - >pn+l * (Ek,n,h ~ Py Ek—l,n,h)
=0

Note that by definition )1("“ 1(;11.11(1 Pna ), and so the above simplifies as

—k -1
O(pn+1+h) = Ek,n,h — Dy Ek—l,n,h-

Thus, similarly as with equation (17.26), the modified sequence E,’(’n)h = Ek)n,hp’n‘ con-
verges as k — oo to some limit £, ;, with Ey ., = €, + O((Pn/Pps1sn)")- That is,

-k -k
Ek,n,h = en,hpn + O(pn+l+h)

On the other hand, E ,; < pX, forces €,, = 0. Hence Eynn = O(p,*,.,) as desired.

O
Next, we determine the expansion coefficients r,, from equation (17.26).
Proposition 3.2. For any prime p, the coefficient n,, = limy._, ., ck,ppk equals
-1
1y = ¢ TPl H(l _ I_’> e Pla (17.28)
a>p q
Proof. Consider the generating function C,(z) = Y ;.o Cx p2 k_On one hand, the explicit
formula for ¢ ), in equation (17.24) 1mp11es
k k (4; /])n 1 )
9-Ya, A=y ¥ 920 1y L,
k=0 k>0  ny+2my.=k j=1 j21 =0 "7°
= H exp(A]-’pz’/] = exp(ZA 2/ >
j>1 j21
Thenrecalling 4;, = Y., g7 forj>2,
Cpl2) = exp(zAl,p ) Z(z/q)"/j) = e exp(— Y [log(1-z/q) + z/q])
q2pj=2 q2p
= e []a-z/g) e, (17.29)

qzp
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On the other hand, by the expansion for ¢, in equation (17.26) we have

, (17.30)

I

C@=Y o =n,Y @p+0 (Z(Z/Q) 1-z/p 1-2/q

k=0 k>0 k>0

since A1, = -3, g . So comparing Cy(2) from equations (17.29) and (17.30) at the
polez =p,

My = lim C,(2)(1 - 2/p) = &~ [ (1 - p/a) e P,
q>p

Hence the result follows since Ay, = - Y, q . O

Finally, we obtain an expansion for the original sequence ¢, = ¢ to arbitrary
order, which gives a considerable refinement of Theorem 1.5.

Theorem 3.1. For each prime q,

Co=) ap +0 "

p<q

where a,, := e! [Tgsp(1 - Z—’)‘le‘p/q. In particular ¢, = azz‘k +03371.

Proof. Setting n = 1in Proposition 3.1, the sequence ¢y, = ¢; satisfies

=Y np ™+ 0,(g7)

p<q

where Proposition 3.2 gives, by definition of rlg) in equation (17.27),

E N (o ol (R AR

q<p q#p

4 Analytic proof for k in uniform range

We prove Theorem 1.4, which quantitative error, which we state below.

Theorem 4.1. Letr = k/log, x and define n(z) = 1,0~ %)Z(l - g)*l. Foranye > 0,
as x — oo we have uniformly forr <2 -¢,

Q(nz):k k e )(1og2X) <1+ 0,_(@)).

P*(n)<x
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Proof. By Cauchy’s residue formula, we have for any r < 2,

a0 =5 [ f@ (1731)
IZI r
where f, is given by the power series

n)
@)=Yz = Y ZT

k>0 P*(n)<x

- O(E 2 (log x)? oz (.1
s
= (14 O(E()))n(z)(log x)*,

as Hpsx(l —) -1 = (1 + E(x))e" log x by Merten’s second theorem in quantitative form
(this also follows from the prime number theorem.)
Hence equation (17.31) becomes

1+ O(E(x))
T om (Z)(IOgX) k+1

lz|=r

Z(1,x) = (17.32)

The desired main term in Theorem 1.4 is given by evaluating n(z) at z = r, namely

n(r)
27

(log, x)*

0 (17.33)

j (log x)* i =n(r)

lzl=r

For the error, we follow the argument in [7, p. 233], which we provide for complete-
ness. Recall E(x) <« 1/logx. For |z| = r = k/log, x, integration by parts gives

1 cdz _ (logy)*"  rllogy0)*
El F[ (z-r)(logx) s T T o =0, and (17.34)
n(z) - n(r) - ' (N - 1) = j(z “win" (wydw < |z - 12 (17.35)

Thus subtracting equations (17.33) from (17.32), the error is

(log, x)*

=5

. dz

- Z,(1,X) < J[n(r) n(z)](log x) sy
|z|=r

(17.:34)

|| 01 =0z - 016z - n]tog 7

|zl=r
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Here, we used | sin x| < x, cos(2718) < 1 — 86 for || < 1/2, and Stirling’s formula.

z
< |z — r|“(log x) ol
lz|=r
12
<k J (sin 710)%e* @) qg
-1/2
(o)
2
< rPkek J 0%e 780 g « r* kel 312
0

= (log, \)* %(e/k)*K? < k(log, x)*2/k!
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Melvyn B. Nathanson
Curious convergent series of integers with
missing digits

To Ron Graham
Abstract: A classical theorem of Kempner states that the sum of the reciprocals of pos-
itive integers with missing decimal digits converges. This result is extended to much

larger families of “missing digits” sets of positive integers with both convergent and
divergent harmonic series.

1 Kempner’s theorem

“It is well known that the series

+ ..

W=

1
+ -+
2

_

D18
S|

1

n:

diverges. The object of this Note is to prove that if the denominators do not include all natural
numbers 1,2,3,..., but only those which do not contain any figure 9, the series converges. The
method of proof holds unchanged if, instead of 9, any other figure 1,2, ..., 8 is excluded, but not
for the figure 0.”

A.]. Kempner, Amer. Math. Monthly 21 (1914), 48-50.

A harmonic series is a series of the form ) .4 1/a, where A is a set of positive integers.
Mathematicians have long been interested in the convergence or divergence of har-
monic series. Let ¢ € {1,2,...,9}, and let A;(c) be the set of positive integers in which
the digit ¢ does not occur in the usual decimal representation. Kempner [6] proved
in 1914 that } ;¢4 () 1/a converges. He called this “a curious convergent series.” More
generally, for every integer g > 2, every positive integer n has a unique g-adic repre-
sentation of the formn = Zf‘zo cigi, with digitsc; € {0,1,2,...,g-1}fori = 0,1,...,kand
i # 0. If Ag(c) is the set of integers whose g-adic representation contains no digit c,
then the infinite series } ;¢4 () 1/a converges. This includes the case ¢ = 0, which was
not discussed by Kempner.

Kempner’s theorem has been studied and extended by Baillie [1], Farhi [2], Gor-
don [3], Irwin [5], Lubeck-Ponomarenko [7], Schmelzer and Baillie [10], and Wad-
hwa [11, 12]. It is Theorem 144 in Hardy and Wright [4].

The g-adic representation is a special case of a more general method to represent
the positive integers. A G-adic sequence is a strictly increasing sequence of positive
integers G = (g;)5, such that g, = 1 and g; divides g;,; for all i > 0. The integer

Melvyn B. Nathanson, Lehman College (CUNY), Bronx, NY, USA, e-mail:
melvyn.nathanson@lehman.cuny.edu

https://doi.org/10.1515/9783110754216-018
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quotients
d. = 8ir1
"o
satisfy d; > 2and
8k+1 = 8y = dodyd; - -+ dy (18.1)

for all k > 0. Every positive integer n has a unique representation in the form

=~

n= )y ¢g (18.2)

where ¢; € {0,1,...,d; — 1} foralli € {0,1,...,k} and ¢; + 0. We call (18.2) the G-adic
representation of n. This is equivalent to de Bruijn’s additive system (Nathanson [8, 9]).

Harmonic series constructed from sets of positive integers with missing G-adic
digits do not necessarily converge. In Theorem 1, we construct sets of integers with
missing G-adic digits whose harmonic series converge, and also sets of integers with
missing G-adic digits whose harmonic series diverge.

2 G-adic representations with bounded quotients
Define the interval of integers
l[a,b)={n€eZ:a<n<b}

Let G = (g, be a G-adic sequence with quotients d; = g;,,/g;. Let I be a set of
nonnegative integers, and, for alli € I, let U; be a nonempty proper subset of [0, d; - 1].
For every nonnegative integer k, let A, be the set of integers n € [g;, g1 — 1] whose
G-adic representation n = Z;{:o c;8; satisfies the following missing digits condition:

¢;€[0,d;-1]\U; forallieln]0,k]. (18.3)

Lemma 1. The set A, satisfies:
(@) Ay =0ifandonlyifk € I and Uy = [1,d; - 1].
(b) IfAy + 0, then

k k

Al < [J(di = 10D [ ] di < 214l (18.4)
i=0 i=0
iel i¢l
Proof. We use the inequality
x<2x-1) forx=>2. (18.5)
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If n € [8,8k41 — 1], then n has the G-adic representation

k-1
n= Z Ci8i + Ci8k
i=0
with ¢, # 0 and so ¢, € [1,d; — 1]. It follows that A, = ¢ if and only if k € I and
Uy = [L,d,—-1].
For A; # 0, there are three cases.
(i) Ifk € IandO € Uy, then

k k

Al = [ ](d; = 10D [ ] d; < 2144.
i=0 i=0
iel i¢l

(ii) If k € ITand O ¢ Uy, then Uy is a proper subset of [1,d; — 1] and so |Uy| < dj — 2.

Inequality (18.5) gives
di = Uil < 2(dy = 1U| = ).
We obtain
k-1 k
Akl = (di = 10l =) [ [(d; = 1U) [ T di
i=0 i=0
iel ¢
k k
< n(di - U) Hdi
i=0 i=0
iel i¢l
k-1 k
< 2(dy - U - 1) [ [(d; - 1U3]) H ;
= e
= 2lA,l.

(iii) We have d; > 2 and so d, < 2(d) — 1) from inequality (18.5). If k ¢ I, then

k k-1 k k
1Al = (d - [ ](di - 1U11) l_[dz<l_[ - 1uD [ d
i=0
i¢l

i=0 i= i=0
iel i i¢l
k k-1 k-1
=di [ [(di - 1U]) 1‘[ ; < (dk—l)l‘[ -1 [[di
11;(1) z IEI i¢l
= 2|4
This completes the proof. O
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Let A be a set of nonnegative integers, and let A(n) be the number of elementsa € A
with a < n. The upper asymptotic density of the set A is dy;(4) = lim sup,,_,o, A(n)/n. If
lim,,_,,, A(n)/n exists, then d(4) = lim,_,., A(n)/n is called the asymptotic density of
the set A. The set A has asymptotic density zero if d(A) = dy(A) = 0.

Lemma 2. Let A be a set of positive integers. If Y ,., 1/a < oo, then d(A) = 0.

Proof. We show that dy;(A) > 0 implies ) ,.4 1/a = co.
If dy(A) = limsup,,_,,, A(n)/n = a > 0, then, for every € > 0, we have

@ <a+¢e forallintegersn > N(¢)
and
A(n;
_;n,) >a—¢ forinfinitely many integers n;. (18.6)
i

Let € < a/3. There is a sequence of positive integers (n;);5, satisfying inequality (18.6)
such that ny > N(¢) and n; > 2n;_; for all i > 1. We have

A(ny) —A(ny_) > (a—e)n; — (a + €)n;_4
(a+e)n;

>(a—-¢&n; - 5

a -3¢
:ni T

and so
Z 1 S A(ny)) -A(n_)) a-3¢ 0.
ona n; 2
n;_ <asn;
It follows that

k
1 1 o -3
> 22y ¥ K%Y
acA a i=1 acA a 2
1<as<my n;_j<asn;

and the infinite series ) .4 1/a diverges. Equivalently, convergence of the infinite se-
ries ) ,c4 1/a implies d(A) = 0. This completes the proof. O

The converse of Lemma 2 is false. The set of prime numbers has asymptotic density
zero, but the sum of the reciprocals of the primes diverges.

Theorem 1. Let G = (g;), be a G-adic sequence with bounded quotients, that is,

d; =5 < g (18.7)

1
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for some integerd > 2and alli = 0,1,2,.... Let I be a set of nonnegative integers, and,
for alli € I, let U; be a nonempty proper subset of [0, d; — 1].

Letn = Zf-‘:o c;8; be the G-adic representation of the positive integer n. Let A be the
set of positive integers n that satisfy the missing digits condition (18.3). If

1(k) > 1(1 +6)logk (18.8)

og(d/(d-1))

forsome 6§ > 0 and all k > ky = ky(8), then the set A has asymptotic density zero and
the harmonic series ) ;.4 1/a converges.

If

(1-06)logk

I(k) < logd

(18.9)

forsome 6 > 0 and all k > k; = k;(8), then the harmonic series ) ,., 1/a diverges.

Kempner’s theorem is the special case g; = 107, d; = 10, and U; = {9} for all
iel=N,.

Proof. Forall k € Ny, the finite sets
Ay = AN [g: 8k — 1]

are pairwise disjoint and A = ;2 Ay.
For alli € I, we have

1<|Ul<d; -1
and
1 1 d-|Uj U]
-< =< =1-—<1--=«<1
54" 4 4, a°
Let I(k) satisfy inequality (18.8). We obtain
I(k) (1+6) log k
1 d — 1 los@@n 1
1--— < | — = —. 18.10
< d ) < d > k1o ( )

Ifa e Ay, thena > g, =dyd, ---dy_;. By Lemma 1,

PSS LSWLE A fy
i¢l

3
ach k=koach, & k=k, Sk K=k, [lizo di i=0
azgy, iel
Sy di- Uy
1 1
<d ) [
k=k,i=0 i

I
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sdi(l—é)

K=k,

S 1
<d Z T < 00.
k=k,

Thus, the harmonic series converges. By Lemma 2, the set A has asymptotic density
zZero.
Let I(k) satisfy inequality (18.9). We obtain

I(k) (1-6) logk

(é) 2(%) o :%, (18.11)

Ifa € Ay, thena < gy, = dod, - - - dy_1dy. By Lemma 1,

1 3 1 & [Ag
R >
11%:4 a k;q a;k a k=zk1 8l
azgy,

and the harmonic series diverges. This completes the proof. O

Corollary 1. Let I be a set of nonnegative integers, and let (v;);; be a sequence of Os and
Is. Let A be the set of integers n such that, ifn € (2%, 21 1] has the 2-adic representation
n= Z;(:O ¢;2', thenc; = v; foralli e In[0,k]. If

I(k) > (1+6)log, k
forsome 6 > 0 and all k > ky(6), then the harmonic series Y ,., 1/a converges. If
I(k) < (1-6)log, k

forsome 6 > 0 and all k > k;(6), then the harmonic series ) ,., 1/a diverges.

Proof. Foralli € I,letu; =1-v;and U; = {u;}. Apply Theorem 1. O
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It is an open problem to determine the convergence or divergence of ) ,., 1/a if
I(k) ~ log, k.

3 G-adic representations with unbounded quotients

Let G = (g), be a G-adic sequence with quotients d; = g;,;/g;. Let I be an infinite
set of nonnegative integers, and, for all i ¢ I, let U; be a nonempty proper subset of
[0,d; — 1]. If the sequence G = (g;);5, has bounded quotients d; < d, then

Uil

— 2

d;

QUi -

for alli € I and the infinite series Y ;; % diverges. Equivalently, the convergence of
this series implies that G has unbounded quotients.

Letn = Zfzo ¢;8; be the G-adic representation of the positive integer n. Let A be the
set of positive integers whose G-adic representations satisfy the missing digits condi-
tion (18.3). The missing digits set A is finite if and only if I is a cofinite set of nonneg-
ative integers and U; = [1,d; — 1] for all sufficiently large i. The harmonic series of a
finite set of positive integers converges.

Theorem 1 shows that harmonic series constructed from infinite sets of integers
with missing G-adic digits do not always converge. It follows from Theorem 1 that if

1(k) > (logk)**®

for some 6 > 0 and all k > ky(6), and if } ,.4 1/a diverges, then the sequence G must
have unbounded quotients, that is,

limsupd; = co.
Theorem 2 gives a sufficient condition for the divergence of harmonic series of sets
of positive integers constructed from G-adic sequences with unbounded quotients. We

use the following inequality, which is easily proved by induction: If 0 < x; < 1 for
i=1,...,n,then

- 1-x)=1- S X;. (18.12)
i=1 i=1

Theorem 2. Let G = (g;)), be a G-adic sequence, and let n = Z?:o c;g; be the G-adic
representation of the positive integer n. Let I be an infinite set of nonnegative integers,
and, for alli € I, let U; be a nonempty proper subset of [0,d; — 1]. Let A be the set of
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positive integers whose G-adic representations satisfy the missing digits condition (18.3).
If the set A is infinite and if

> L/ (18.13)

i
then the sequence G = (g;)%, has unbounded quotients and the harmonic series Y ;.4 1/a

diverges.

For example, the “missing digits” set constructed from G = (g;), with g; = 21172
and d; = 2! and with I = Ny and U; = {0} for all i € I has a divergent harmonic series.

Proof. Because the infinite series (18.13) converges, there is an integer i, € I such that

02": |U| 1
= b
=l
iel

Inequality (18.12) implies that, for all k € N,

ﬁ(l |U|> R N L/
i=i; di i=iy d 2

iel ieI
and so

k ip-1

|Ui|) °< IUI) < |U|>

1-=8)=TT(1-=8 1- =8
iel iel iel

ip-1
H(-9)-550

1eI

Let A, = AN [gy, 841 — 11. The set A is infinite if and only if A; # @ for infinitely
many k. Applying inequality (18.4) of Lemma 1, we obtain

I

acA k=0 aca, ¢ =0 Sk+1
Ak¢0 Ak¢@
13 1
> - Z —]‘[ |U|)Hd
k 0 I—[x 0 1 i=0
Ap#0 iel 1¢I
1 & k < |U|>
-3 2 1e-
2 (20 i=0 d;
A#0 iel
and so the harmonic series ) ;.4 % diverges. This completes the proof. O
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Carl Pomerance
A note on Carmichael numbers in residue
classes

In memory of Ron Graham (1935-2020) and Richard Guy (1916-2020)

Abstract: Improving on some recent results of Matomaki and of Wright, we show
that the number of Carmichael numbers to X in a coprime residue class exceeds
x'/(6logloglogX) fqr a1 sufficiently large X depending on the modulus of the residue
class.

1 Introduction

The “little theorem” of Fermat asserts that when p is a prime number, we have b* =
b (mod p) for all integers b. Given two integers b, pwithp > b > 0, it is computationally
easy to check this congruence, taking O(log p) arithmetic operations in Z/pZ. So, if the
congruence is checked and we find that b # b (mod p) we immediately deduce that
p is composite. Unfortunately, there are easily found examples where n is composite
and the Fermat congruence holds for a particular b. For example, it always holds when
b = 1. It holds when b = 2 and n = 341, and another example is b = 3, n = 91. In fact,
there are composite numbers n where b = b (mod n) holds for all b, the least example
being n = 561. These are the Carmichael numbers, named after R. D. Carmichael who
published the first few examples in 1910; see [4]. (Interestingly, Simerka published the
first few examples 25 years earlier; see [8].)

We now know that there are infinitely many Carmichael numbers (see [1]) the num-
ber of them at most X exceeding X° for a fixed ¢ > 0 and X sufficiently large.

A natural question is if a given residue class contains infinitely many Carmichael
numbers. After the work of Matomiki [7] and Wright [9], we now know there are in-
finitely many in a coprime residue class. More precisely, we have the following two
theorems. Let

ComX) = #{n < X : nis a Carmichael number, n = a (mod M)}.

Theorem M (Matomaki). Suppose that a, M are positive coprime integers and that a is
a quadratic residue mod M. Then C, p(X) = X for X sufficiently large depending on
the choice of M.

Carl Pomerance, Mathematics Department, Dartmouth College, Hanover, NH, USA, e-mail:
carlp@math.dartmouth.edu

https://doi.org/10.1515/9783110754216-019
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Theorem W (Wright). Suppose that a, M are positive coprime integers. There are posi-

2
tive numbers Ky;, X, depending on the choice of M such that C, 3 (X) > X*u/ (logloglog X)
forall X > X,,.

Thus Wright was able to remove the quadratic residue condition in Matomaki’s
theorem but at the cost of lowering the count to an expression that is of the form X°®.
The main contribution of this note is to somewhat strengthen Wright’s bound.

Theorem 1. Suppose that a,M are positive coprime integers. Then C,y(X) =
X/(6logloglogX) ¢4, 11 sufficiently large X depending on the choice of M.

That is, we reduce the power of log log log X to the first power and we remove the
dependence on M in the bound, though there still remains the condition that X must
be sufficiently large depending on M. (It is clear though that such a condition is nec-
essary since if M > X and a = 1, then there are no Carmichael numbers n < X in the
residue class a mod M.)

Our proof largely follows Wright’s proof of Theorem W, but with a few differences.

Unlike with primes, it is conceivable that a non-coprime residue class contains
infinitely many Carmichael numbers, e. g., there may be infinitely many that are divis-
ible by 3. This is unknown, but seems likely. Let A(n) denote the universal exponent of
the group (Z/nZ)* (so that a composite number n is a Carmichael number if and only
ifA(n) | n-1). For aresidue class a (mod M), letg = gcd(a, M) and let h = gcd(A(2g), M).
A necessary condition that there is a Carmichael number n = a (mod M) is thath | a—1.
I conjecture that if this condition holds then there are infnitely many Carmichael num-
bers n = a (mod M). (This modifies a similar conjecture in [3].) Though we do not
know this for any example with g > 1, the old heuristic of Erdds [5] suggests that
CamX) 2 XM as X — co.

2 Proof of Theorem 1

There is an elementary and easily-proved criterion for Carmichael numbers: a com-
posite number n is one if and only if it is squarefree and p — 1 | n — 1 for each prime p
dividing n. This is due to Korselt, and perhaps others, and is over a century old. In our
construction, we will have a number L composed of many primes, a number k coprime
to L that is not much larger than L, and primes p of the form dk + 1 where d | L. We will
show there are many n = a (mod M) that are square-free products of the p’s and are
1 (mod kL). Such n, if they involve more than a single p, will satisfy Korselt’s criterion
and so are therefore Carmichael numbers.

We may assume that M > 2. Let u = @(4M), so that 4 | u. Let y be an independent
variable; our other quantities will depend on it. For a positive integer n, let P(n) denote
the largest prime factor of n (with P(1) = 1), and let w(n) denote the number of distinct
prime factors of n.
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Let
Qo = {gprime : y < g <ylog’y, ¢ = -1(mod p), P(g - 1) < y}.

Ifg < ylogzy and P(q — 1) > y, then q is of the form mr + 1, where m < log2 y and r is
prime. By Brun’s sieve (see [6, (6.1)]), the number of such primes q is at most

2
Y OOY 1« ¥ XY L oglogy.
m<log’y T prime m<log’y p(m)log y
mr<ylog’y
rm+1 prime

Also, the number of primes g < y log2 y with g = -1 (mod p) is ~ o0
by the prime number theorem for residue classes. We conclude that

)ylogy asy — oo

+0(1) )
#0, ~ ——y1 d - lo - 0. 191
Qo ~ gy o8y an qg q= exp< Y og’y), y— oo (19.1)

We also record that

Y L-ow, y-oo (192)
q€Qo

since this holds for all of the primes in the interval (y,y log2 yl.
Fix 0 < B < 5/12; we shall choose a numerical value for B near to 5/12 at the end
of the argument. Let

x=M""TT ¢"". (19.3)
q€Q

It follows from [1, (0.3)] that there is an absolute constant D and a set D(x) of at most D
integers greater than log x, such thatif n < x®, nis not divisible by any member of D(x),
b is coprime to n, and z > nx' 8, then the number of primes p < z with p = b (mod n)
is > 1n(2)/p(n).

For each number in D(x), we choose a prime factor and remove this prime from
Q, if it happens to be there. Let L be the product of the primes in the remaining set O,
so that L is not divisible by any member of D(x), and Q satisfies (19.1) and (19.2). In
particular,

1+0(1) 2 > 1
L:ex< lo , w(l)~——ylogy, and
p o) ylog™y (L) gD(y)y gy

1
Z—:o(l) asy — oo.
a4

(194)

In addition, we have ML < xB.
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For each d | L and each quadratic residue b (mod L/d), we consider the primes

- p< dx' B,
- p=a(modM),
- p=1(modd),

- p=b(modL/d).

Since M is coprime to L, the congruences may be glued to a single congruence modulo
ML, and the number of such primes p is

. n(dxl‘B) S dx' B
2p(ML) ~ 3¢@(ML)logx

for y sufficiently large.
We add these inequalities over the various choices of b, the number of which is
o(L/d) /2“'(” d), so the number of primes p corresponding to d | L is

Xm*Bza)(d)
> )
3. 20D p(Md) log x

We wish to impose an additional restriction on these primes p, namely that gcd((p —
1)/d,L) = 1. For a given prime q | L, the number of primes p just counted and for which
q | (p - 1)/d is, via the Brun-Titchmarsh inequality,

Xm—Bzw(d) dxl—Bzw(d)
<« — ) <« — D .
29Lge(Md) log(x/(gML)) 2" qep(Md) log x

Summing this over all g | L and using that Y ;; 1/q = o(1), these primes p are seen to
be negligible. It follows that for y sufficiently large, there are

. dx1-Bow(@ . 1-Byu(@
20W2p(Md)logx ~ 2¢W+2¢p(M) log x

primes p < dx'"B with p = 1 (mod d), gcd((p - 1)/d,L) = 1, p = a (mod M), and p is a
quadratic residue (mod L) (noting that 1 (mod d) is a quadratic residue (mod d)).

For each pair p, d as above, we map it to (p—1)/d which is an integer < x' 2 coprime
to L. The number of pairs p, d is

yI-B o) 1-B3w(D)

> w(L)+2 2 ~ yw(l)+2 :
2 o(M)logx ar 2 o(M)logx
We conclude that there is a number k < x'™8 coprime to L, which has more than
(3/2)“’(L) [(4p(M) log x) representations as (p—1)/d. Let P be the set of primes p = dk+1
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that arise in this way. Then

3/2“®

# —_—
P> 4p(M)log x

(19.5)

For a finite abelian group G, let n(G) denote Davenport’s constant, the least num-
ber such that in any sequence of group elements of length n(G) there is a non-empty
subsequence with product the group identity. It is easy to see that n(G) > A(G) (the uni-
versal exponent for G), and in general it is not much larger: n(G) < A(G)(1 + log(#G)).
This result is essentially due to van Emde Boas—Kruyswijk and Meshulam; see [1].

Let G be the subgroup of (Z/kMLZ)* of residues = 1 (mod k). We have #G < ML.
Also, A(G) < MA(L). (Note that, as usual, we denote A((Z/LZ)*) by A(L). It is the lcm of
q - 1 for primes q | L, using that L is square-free.) Each prime dividing A(L) is at most
y and each prime power dividing A(L) is at most y log? y, so that

AL) < (ylog? y)"(y).

Thus, for large y, using (19.4),
n(G) < M(ylog? y)ﬂ()/) log(ML) < €”. (19.6)

For a sequence A of elements in a finite abelian group G, let A* denote the set of
nonempty subsequence products of A. In Baker-Schmidt [2, Proposition 1], it is shown
that there is a number s(G) such that if #4 > s(G), then G has a nontrivial subgroup H
such that (A n H)* = H. Further,

s(G) < 5A(G)*Q(#G) log(3A(G)Q(#G)),

where Q(m) is the number of prime factors of m counted with multiplicity. Thus, with
G the group considered above, we have

s(G) < &

for y sufficiently large.

It is this theorem that Matomdki and Wright use in their papers on Carmichael
numbers. The role of the sequence A is played by P, the set of primes constructed
above of the form dk + 1 where d | L. So, if #P > s(G) we are guaranteed that every
member of a nontrivial subgroup H of G is represented by a subset product of P n H.

We do not know precisely what this subgroup H is, but we do know that it is
nontrivial and that it is generated by members of P. Well, suppose p, is in P n H.
Then p{' € H for every integer m. Note that by construction, gcd(A(L)/2, p(M)) = 1, so
there is an integer m = 1 (mod ¢@(M)) and m = 0 (mod A(L)/2). Further, since p, is a
quadratic residue (mod L), it follows that pg(L)/ 2 = 1 (mod L). Thus Py =1(mod L) and
Py = a (mod M) (since m = 1 (mod @(M))).
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Thus there is a subsequence product n of P that is 1 (mod kL) and a (mod M).
(Note that every member of G is 1 (mod k).) Further, nis square-free and for each prime
factor p of n and we have p — 1 | kL. Since n = 1 (mod kL), we have p — 1 | n — 1. Thus
n = a (mod M) is either a prime or a Carmichael number.

We actually have many subsequence products n of P that satisfy these conditions,
and P has at most one element that is 1 (mod L), so we do not need to worry about the
case that n is prime. We let t = [e®], so that t > s(G). As shown in [7, 9], the Baker—
Schmidt result implies that P has at least

()

subsequence products n of length at most ¢ which are Carmichael numbers in the
residue class a (mod M). Thus

t-n(G)

#P — n(G) -n(G)
>< t—n(G) ) (#P)

t-n(G)
> <#TP> #P) O 5 #p) 2Ot

Let X = x'. Since each p € P has p < x, it follows that all of the Carmichael
numbers constructed above are at most X. Using (19.1), (19.3), and (19.6), we have

1/B + o(1) 2 )
X =ex <— lo ,
p o) tylog™y
and using (19.5) and (19.4) gives

log(3/2) + 0o(1)
o)

_ exp< log(3/2) + 0(1)
o)

N> exp< tylogy—tlogt)

tylog y)-
Thus N > X(B108G/2+0()/logy Nay,

1 2
logX ~ ——tylog“y,
s pr(u)ty 8y

so that using t = [e”],
loglog X = 3y + O(logy), logloglogX =logy + O(1).

We thus have N > X(BlosG/2+o()/logloglogX Tha nymher B < 5/12 can be chosen arbi-
trarily close to 5/12 and since (5/12) log(3/2) > 1/6, the theorem is proved.
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I. D. Shkredov and J. Solymosi
Tilted corners in integer grids

Dedicated to the memory of Ron Graham

Abstract: It was proved by Ron Graham and the second author that for any coloring
of the N x N grid using fewer than loglog N colors, one can always find a monochro-
matic isosceles right triangle, a triangle with vertex coordinates (x,y), (x + d,y), and
(x,y+d). In this paper, we are asking questions where not only axis-parallel, but tilted
isosceles right triangles are considered as well. Both coloring and density variants of
the problem will be discussed.

1 Introduction

In this paper, we are going to consider several problems inspired by questions raised
by Ron Graham. After learning Szemerédi’s proof of the Erdés-Turan conjecture on
4-term arithmetic progressions in dense subsets of integers [24], Graham asked the
following question: Is it true that for any real number § > O there is a natural number
Ny = Ny(8) such that for N > N, every subset of [N] x [N] of size at least 8N? contains
a square, i.e., a quadruple of the form {(a, b), (a + d,b),(a,b + d),(a + d,b + d)} for
some integer d # 0? ([N] = {0,1,2,...,N — 1}.) Using the full power of Szemerédi’s
theorem on k-term arithmetic progressions, Ajtai and Szemerédi in [1] proved a simpler
statement: for sufficiently large N, every subset of [N]x[N] of size at least 6N 2 contains
corners, three points with coordinates {(a, b), (a+d, b), (a, b+d)}! (see alsoin [25]). Later
Fiirstenberg and Katznelson proved a much stronger, general theorem in [11], but their
proof did not give an explicit bound as it uses ergodic theory. After Tim Gowers gave an
analytical proof for Szemerédi’s theorem (receiving a $1,000 check from Ron Graham
who paid rewards offered by Paul Erdds), he again raised the question of finding a
quantitative proof for Graham’s question. Such proof was given by the second author

1 Throughout the paper, we are assuming that the corners and squares are not degenerate, d + 0.
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in [23] using a hypergraph regularity lemma of Frankl and Rodl [12]. Although it is
quantitative, it is still very far from a conjecture of Graham.

Conjecture 1 (Ron Graham [9]). Given a set of lattice points in the plane

S= {p1)p2)-~-)pi)pi+1>- -~}s

let us denote the distance of p; from the origin by d;. If

18

= 00,

i
a2

I
—_

then S contains the four vertices of an axes-parallel square.

The second author of this paper heard the conjecture from Ron Graham multiple
times, with increasing reward offer. Once Ron said “I think it is a safe bet to offer $1,000
for the solution. I don’t think I ever have to pay that.”

Even after the recent breakthrough of Bloom and Sisask, breaking the logarithmic
barrier in Roth’s theorem on three term arithmetic progressions [3], we are very far
from such bounds. We offer a weaker conjecture, changing squares to corners even
allowing rotated (tilted) corners. In light of Theorem 7 below, it might be accessible
using techniques available now.

Conjecture 2. Given a set of lattice points in the plane

S= {p1:p2)~-~>pi:pi+1)~ -~})

let us denote the distance of p; from the origin by d;. If

18

= 00,

i
@

1]
—_

then S contains the three vertices of an isosceles right triangle.

If we restrict our attention to axis parallel corners, then the best known density
bound for the Ajtai-Szemerédi theorem belongs to the first author.

Theorem 1 (Shkredov [21]). For sufficiently large N, every subset of [N] x [N] of size at
least N?/ (loglogN )C contains corners, three points with coordinates

{(a,b),(a+d,b),(a,b+d)}.

This problem is one of the few examples where the coloring variant has a better
(known) bound than its density version.
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Ron Graham, Fan Chung, and Jozsef Solymosi.

Theorem 2 (Graham-Solymosi [10]). For N large enough, any coloring of the N x N grid
using fewer than loglog N colors, one can always find a monochromatic isosceles right
triangle, a triangle with vertex coordinates (x,y), (x + d,y), and (x,y + d).

In what follows, we will see variants of the above mentioned problems. The next
section is about saturated point sets of the integer grid, sets without corners (or
squares) which are maximal, adding any further gridpoint will result a corner (or
square).

In Section 3, we summarize what are the best density results one can expect using
the available techniques. Unfortunately, we cannot provide full proofs here; they are
quite technical, but the arguments are hopefully complete enough that experts could
reconstruct the proofs.

The last section is about related coloring problems, briefly addressing Euclidean
Ramsey type problems, one of the many fields where Ron Graham has made significant
impact. We close this Introduction with a nice result of Ron, similar to problems we
are going to consider in this paper, finding monochromatic right triangles in integer
grids.

Theorem 3 (Graham [8]). For any r, there exists a positive integer T(r) so that in any
r-coloring of the lattice points Z? of the plane, there is always a monochromatic right
triangle with area exactly T(r).

2 Square saturated point sets

For technical reasons here and in future sections, we often switch between integer
grids, [n] x [n] and planes over finite fields, FF, x F,,.
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The next definition we are going to use originates in graph theory. It goes back to
a paper from 1964 by Erdés, Hajnal, and Moon [5].

Definition 1. Given a graph H, a graph G is H-saturated if G does not contain H but
the addition of an edge joining any pair of nonadjacent vertices of G completes a copy
of H. The saturation number of H, written sat(n, H) is the minimum number of edges
in an H-saturated graph with n vertices (assuming n > |V (H)|).

Similar definitions can be given for various combinatorial structures. Here, we are
going to use the definition for point sets in a plane. The point sets in the definition are
subsets of a larger set, a universe U, like an integer grid [n] x [n], or a plane over the
finite field FF,. Problems of asking the saturation number for certain subsets of the
integer grid [n] x [n], can be found as early as a paper of Erdés and Guy [6] from 1970,
but similar problems were probably considered earlier.

Definition 2. Given a point set Q, another point set P is Q-saturated if P does not
contain Q but the addition of any point outside of P completes a similar copy of Q.
The saturation number of Q, written sat(U, Q), is the minimum number of points in a
Q-saturated point set in U.

Similarity here means that Q is similar to Q' if there is a transformation T, given
by translation rotation and scaling, such that T(Q) = Q'.

Let us denote the corner, three points with coordinates (0, 0), (1,0), (0, 1), by C,
and the square, four points with coordinates (0, 0), (1, 0), (0, 1), (1,1), by Q.

Claim 1. We have the following bounds on the saturation number for sets in F, x F,
without (tilted) corners:

P . sat(lF, x IF,, C) < p.

5 <

Proof. Let S be a corner saturated set. Two elements of S are vertices of three distinct
squares, so there are six points which could form a corner with the two elements. There
are p2 elements of F, x I, s0

2 S|
-5l < 6( )
p -1 )
providing the lower bound. The upper bound is a simple construction. Set
S=1{(0,i):i€Fy}.

Any point outside S with coordinates (a, b) would form a corner with (0, b), (0, a+b) € S
(also with (0, b), (0,b — a) € S). O

Both bounds hold in [n] x [n] as well. It would be interesting to find the sharp
bound, or even just a construction in F, x T, where S| <p-1.
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Before stating our next result, we recall a nice result of Katz and Tao [18], which
will be our main tool bounding sat(U, Q). It gives a nontrivial bound on a basic quan-
tity in additive combinatorics.

Theorem 4 (Katz-Tao [18]). Let A, B, be finite subsets of a torsion-free abelian group,
and let

G cAxB besuchthat|Al||Bl,{a+b:(ab)e G} <N.

Then|{a-b: (a,b) € G}| < N'V°,

The 11/6 = 1.833... exponent is not known to be sharp. A lower bound follows
from a variant of a construction of Ruzsa [20] showing that the difference set can be
as large as Nlog(é)/log(B) — N1'63093"'.

Theorem 5. Let p be a prime p = 3 (mod 4). Then sat(F, x E,,Q) > p?"' - p*5, i.e,

every set which is square-saturated in T, x T, has size much larger than the obvious
bound, p.

Proof. In this case, we can write the elements of IF,, x IF, similar to Gaussian integers.
We can work on the field F = {a + ib : a,b € F,}. Multiplying by i is a rotation by 90
degrees, so tilted corners are given by a, 8, y triples where

a=(a+ib),=(c+id),y=a+i(a-p).
The key observation is that

1+1i 1+1

a=—-p+ —y and —1<—l3——y> B+i(a-p)

which is the fourth point of the square determined by a, 8, y. If S is Q-saturated then
every point outside S is the fourth point of a square with the other three points in S. We
know that |S| = o(pz) from Theorem 7, but here we can simply assume that |S| < plz/ u
(for otherwise we are done). We have at least p® - p*?™ points outside of S, all of which
are fourth corners of a square with 3 verticesin S. Let us define a graph G with vertex set
S and two elements (8, y) form an edge if and only if they to be diagonals of a corner.
Let us consider the sets A = (1 +i)S, B = (1 - i)S, and a graph G', defined on A x B
as (a,b) € G if and only if (a/(1 + i), b/(1 - i)) € G. With these definitions, we have
{a+b:(a,b) € G'} c2S,and |{a-b: (a,b) € G'}| > p?>— p?/"'. We can apply Theorem 4
with N = |S], so p2 - pu/ < ISIH/ 6 giving the desired bound. O

Note that we did not use that S was square-free; all we used is that any point out-
side of S would form a square with a corner in S. The very same proof works for [n] x [n]
using Gaussian integers.
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Theorem 6. IfS c [n] x [n] has the property that for any a € ([n] x [n])\S there are three
elements in S, which form a square with a, then |S| > n'?/M 4 o(n).

3 Maximum corner-free sets

In the previous section, we gave a bound on the smallest maximal corner-free set;
here, we are going investigate what the size of the maximum corner-free set is. This
part is not self-contained. We collected references to techniques and analogous re-
sults, which can be used to tackle our problem. To follow the arguments here, one
should be familiar with Fourier methods used to deal with three- and four-term arith-
metic progressions up to the level of use of Gowers norms. It was pointed out by the
anonymous referee that Theorem 7 below was obtained in a nice paper of Prendiville
[19, Corollary 1.3] and improved in [2, Theorem 2.21] by Bloom. Our proof below is sim-
ilar to their work. The main goal is to give a better simple upper bound (on the density
of sets without tilted corners) than what is known for axis parallel corners [21].

Theorem7. Let A < [n]* be a set having no isosceles right triangles. Then |A| =
0(n?/10g“ n). Now if A does not contain squares, then |A| = O(n?/(loglog n)%), where
¢y, ¢, > 0 are some absolute constants.

In order to prove the theorem, we will see a more general statement, which shows
that the estimates for Szemerédi’s theorem on k-term arithmetic progressions can be
extended to k-element point sets in dimension two. As we mentioned earlier, this part
of the paper is not self-explanatory, the statements are heavily dependent on the con-
tents of the cited papers.

Lemmal. Let k > 2 be a positive integer and M, ..., M, be 2 x 2 invertible matrices,
M; # M, i # j. Also, let A ¢ [n]? be a set having no configurations x,x + Myy,...,x + My.
Then there is c; > O such that

n2
41O oglogre ) eon

and for k = 2 there exists ¢ > 0 with

n2
IA| = o( oo ) (202)

Proof. Consider the quantity

0= ARARX+My)...AX + My).
v

=i
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Let us follow [15, Proposition 5.3] in the process changing the variables: X = 2, +- - - +Z,
X+My = Z]I-‘:l(l —M,-Mj‘l)Z)-, soy =-— Z]’.‘:l Mj‘12}-. Since M; # M;, i # j it follows that this
is a uniform cover.” Then o is expressed as

k
“k+2 R R 5 S
o=n"" Y AG+--+Z)[[fG- - F)
j=1

2y

where the function fj, j € [k] does not depend on Z;. Hence by the characteristic prop-
erty of Gowers norms, we see that o is controlled by Uk—uniformity norm of A; see [14].
Notice also, that the quantity o is affine—invariant. Applying the method from Bour-
gain’s classical paper [4] (or for a sharper bound follow [3]) for k = 2, and for k > 2
following the steps of [13, 14, 17] we obtain a similar bound as in the case of arithmetic
progressions of length k. O

Now we are ready to prove Theorem 7 as an easy corollary of Lemma 1.

Proof of Theorem 7. To calculate the number of isosceles right triangles, we need to
consider

ARAR +PARX +7*),

X,

=t

where J = (y;,¥,) and y* = (=y,,y;). So, in terms of Lemma 1, we have

1 -1
m=p 1) w=(3 )
0 1 1 O
hence both matrices are invertible. In the case of squares, the correspondent quantity
is
ZAU()A(’? + VYD) AR + (¥ y))ARX + 01 = Y2 V1 +Y2)s
Xy

and hence

1 -1
M:
3 <1 1)

is invertible as well so we can apply Lemma 1. O

Remark 1. Aswe have seen the case of squares corresponds to arithmetic progressions
of length four and in this particular case the result can be improved further following

2 If A and B are finite nonempty sets and @ : A — B is a map, then we say that @ is a uniform cover
of B by A if @ is surjective and all the fibers {@"(b) : b € B} have the same cardinality.
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the work of Green and Tao in [16]. Also, it will be interesting to improve Bloom’s bound
(see [2]) |A] = O(n?/1log'°Y n) for the maximal size of A having no isosceles right
triangles to |A| = O(n?/10g"*° n), ¢ > 0, using methods from [3].

4 Coloring problems

In this section, we show two results from Euclidean Ramsey theory related to corners.
These results follow almost directly from a more general result of the first author’s pa-
per “On some problems of Euclidean Ramsey theory” [22]. As in the previous section,
we are not going to include the details; however, we give enough references so that
with the cited paper the full proof can be recovered. As we stated in Theorem 2, color-
ing the integer grids with few colors results a monochromatic axis parallel corner. Us-
ing two colors and relaxing the axis parallel condition will give many monochromatic
corners. The systematic investigation of monochromatic triangles in two coloring of
IE? started in the third paper of the fundamental sequence of papers titled “Euclidean
Ramsey Theorems I, II, III” [7]. The next result [22, Corollary 6] shows that two coloring
of F, x IF, always gives as many monochromatic corners as one would expect.

Theorem 8 (Shkredov [22]). Let p be a sufficiently large prime number. Then for any two
coloring of the plane T x I, and any a, b + O such that a/b is a quadratic residue there
is a monochromatic collinear triple {x,y,z} with |ly - x| = a, |z - y| = b.

Actually, by the arguments of the proof of [22, Theorem 4] we consider o(R, R, R),
0(B, B, B) the number of ERT at each color R| | B = F, xF, and obtain

0(R,R,R) + 0(B,B,B) = p (IR’ + |B?) + 6(R, R, R) + (B, B, B) + 30(8g. - fz)
+30(85 f3.f3), (20.3)

where fz(x) = R(x)-|R|/p?, f3(x) = B(x)—|B|/p* are the balanced functions of the colors
B and R, correspondingly. As was shown in [22, Theorem 4], the terms (6, fz.fz)>
0(6p. f,fz) in (20.3) are negligible thanks to the bound for the Kloosterman sums, and
hence

0(R,R,R) + 0(B,B,B) = p>(IR]® + |BP) + 0(p°"?) = p*/4 - Cp°"?,

where C > 0 is an absolute constant. As a consequence, we obtain the following.

Theorem 9. Let p be a prime number. Then for any two coloring of ¥, x I, the number
of monochromatic isosceles right triangles is at least

3
L op™).
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A similar argument (now the Kloosterman sums are replaced to the bounds for the
zeroth Bessel function) gives the following.

Theorem 10. Suppose that we have a measurable coloring of the Euclidean plane with
two colors. Then the measure of monochromatic isosceles right triangles in any of such
coloring is at least 0.0079.

Proof. To obtain the statement, we use [22, Theorem 10] and derive that the desired
measure is at least

1 1 .
37 mino® +Jo(v210), (20.4)

where J, is the zeroth Bessel function. Using Maple, we see that the minimum in (20.4)
is at least —0.9683275949. This completes the proof. O
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Noga Alon
Remembrance of Ron Graham!

On October 30, 2019, Ron Graham and Fan Chung invited my wife, Nurit, and I to din-
ner at their place in La Jolla. Their house featured a magnificent ocean view, a vast
collection of gadgets for performing magic tricks, and a truly impressive library of
mathematical journals. Just before dinner, Ron gave me a reprint of the original foun-
dational paper of ErdGs and Rényi on the evolution of random graphs. This was one
day before Ron’s 84th birthday, which sadly turned out to be his last one.

Ron has been a superb researcher, who obtained fundamental results in discrete
mathematics focusing on Ramsey theory and combinatorial number theory, and in-
fluential results in the study of scheduling and online algorithms. He served for many
years in the advisory board of Random Structures and Algorithms. Not much of his
work has been on the probabilistic method, but he has made seminal contributions to
many of the topics investigated by probabilistic techniques, and his work on quasir-
andomness had a profound impact on the subject.

I wrote two joint papers with Ron. Anyone who worked with him or heard him
talk about his work quickly realized that for him doing mathematics had always been
fun. He clearly enjoyed it, and in fact clearly enjoyed a lot of other activities. Indeed,
he served as the President of the American Mathematical Society, the President of the
Mathematical Association of America, and the President of the International Jugglers’
Association.

I first met him at a conference in 1984 in Kalamazoo. Ron gave the banquet lecture
there. He started by saying that he realized everybody must be tired, and he had good
news and bad news. The good news was that he only had one slide (this was still the
era of physical slides with overhead projectors). The bad news, he added, was the
size of this slide. Then he unfolded a slide of one by two meters, and the topic of the
lecture turned out to be the Erd6s graph. Ron had on his single slide the names of
all the participants in the meeting, as well as the names of some others, and much
of the induced subgraph of the Erd8s graph on this set of roughly 400 vertices. The
lecture was absolutely hilarious and yet conveyed the immense impact of Erdés on
the development of discrete mathematics.

Starting in the mid 1980s, I visited the research group headed by Ron in Bell Labs
multiple times. I served on the panel of the combinatorics section in ICM 94 that he

1 This chapter is reprinted courtesy of Wiley Publishing. This originally appeared in Random Struc-
tures Algorithms 57 (2020), no. 3.
Noga Alon, Department of Mathematics, Princeton University, Princeton, NJ, USA

https://doi.org/10.1515/9783110754216-021
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chaired, visited him and Fan in their place in New Jersey, and later in California, and
met him in conferences in numerous countries. One advantage of being a mathemati-
cian, that we sometimes forget, is that we get to meet and befriend interesting people.
Even among these interesting people, Ron has been truly unique. I feel lucky I had the
opportunity to know him for many years as an admirer of his work and personality,
and as a friend.

Ron, 1995, New York City (courtesy of Ché Graham).

Tom C. Brown

Remembrance of Ron Graham

It was my good fortune to meet Ron when I was still in my 30s. This was in 1971 at a
number theory meeting in Pullman, Washington. At the beginning of his talk, he said
something like “First, something a little different,” pulled 5 balls from a paper bag,
and juggled them for 15 or 20 seconds. (A skill that I myself have still not mastered,
after 50 years.) Then he started his talk. (As all his talks were, throughout his whole
life, it was extremely clear, exciting, informative, and entertaining.) I had never seen
anyone juggle before, and I found this amazing. Later that day or the next, I asked
him for a lesson. In 1973, we practiced juggling together at a meeting on the occasion of

Paul Erdos’s 60th birthday at Keszthely, Hungary, and after that, I would get a juggling
lesson from Ron at least once or twice a year. On one occasion, we stood side-by-side,

Tom C. Brown, Department of Mathematics, Simon Fraser University, Burnaby, British Columbia,
Canada
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facing the same direction, and with my right hand and Ron’s left hand, acted like a
single person juggling 5 balls.

At that meeting in Keszthely, at lunch one day I happened to sit opposite Bruce
Rothschild. He remarked that he could make forty throws with four balls, and someone
asked him why so many mathematicians juggled. His reply: “Because Ron does.”

In 1996, in an article by Donald J. Albers in Math Horizons, Ron is quoted as saying
“I taught Tom Brown to juggle who in turn taught Joe Buhler how to juggle and he
now is a better juggler than I am. That’s a true mark of your teaching ability if you
produce better students than you are.” (In fact Ron himself was the main, if not the
first, juggling teacher of Joe Buhler.)

If someone expressed awe or wonder at the depth and breadth of Ron’s accom-
plishments (fluency in Mandarin, one-handed handstands, ping-pong at tournament
level, and on and on—to say nothing of his vast mathematical output) he might say
“Well, there are 168 hours in every week.”

More than anything else, I remember Ron for his extraordinary generosity and
helpfulness. He did so much to further the careers and/or help the lives of innumerable
people, including myself.

Ron giving a $1000 reward to Timothy Gowers for the solution of a longstanding Ramsey theory
problem at the “Paul Erd6s and His Mathematics” conference, Budapest, July, 1999 (courtesy of Tom
Brown).
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Ron Graham, Fan Chung, and Tom Brown, June 6, 2019 (Courtesy of Tom Brown).

Steve Butler

Working with Ron Graham

The way I started working with Ron was a bit nontraditional; I erased chalkboards.
I was a graduate student at UC San Diego and Ron was teaching the introduction to
the discrete structures course. I started attending and noticed that the boards from
the previous class were not erased and so I started erasing them and Ron and I would
talk for a few moments. I eventually found out that his papers had never been posted
online, and so then I had a new project; one which would make me have to visit Ron
regularly to go through his papers and scan and process them (this list of papers is
maintained online at rongraham.org).

Eventually, Ron started feeding me problems and I was able to make progress
in some of them. Ron discovered I was fairly good at generating data and okay at
understanding and explaining some of it. From this, our research partnership was
born and we worked on dozens of papers covering a range of topics (shuffling, jug-
gling, circle packings, guessing games, parking functions, origami, de Bruijn se-
quences, and more). He was the best of research collaborators, in part because of his
steady flow of interesting problems that always seemed to suit our combined talents
well.

Over time, we became close as Ron and Fan opened up their house and let me stay
in their basements during the weekdays as needed (at the time my wife and I lived a
significant distance away). This gave me the chance to see a different side of Ron on
a fairly regular basis. Many people might envision Ron as a caring person with good

Steve Butler, lowa State University, Ames, IA 50011, USA
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humor who was always generous with his time with seemingly unending energy and
a Starbucks coffee in his hand; and this is highly accurate! It always amazed me how
much Ron was able to get done, how much time he spent connecting and reconnecting
with people, and how much he loved watching movies and keeping up with sporting
events.

Given how much he did every day, I always wondered how he was able to get so
much math done. I soon discovered that he could spend the night thinking through
math, it was not unusual for him to say “I was lying in bed at 3 a. m. and was thinking
about the problem and had this idea...,” and often it was the right idea for us to make
progress! The other thing I discovered was how meticulous and detailed his notes on
problems were. He would fill up folders of notes thinking about problems all care-
fully organized. These were not just random computations, rather these were a flow of
consciousness as he would work through the problem. Reading them you would see
him processing his thoughts and how he approached problem solving.? Ron worked
by breaking problems down, and working through examples, often with a fair amount
of computation involved, to make sure he understood them. He had an ability to see
patterns in data and then work slowly, and meticulously to explain them. At times, it
might seem superhuman, but mostly it was persistence and a lifetime of practice that
helped him succeed.

In June 2020, about a month before he passed, Ron called me to talk about a prob-
lem involving sums of distinct powers. Namely, let A(x™) be the largest number which
is not the sum of distinct positive nth powers (this is sequence A201661 in the OEIS).
So A(x?) = 128 since 128 cannot be written as a sum of distinct square numbers, but
every number from 129(= 102 + 5% + 2?) and on can be. During the phone call, Ron ex-
plained how for very small values of n this could be computed, and mentioned that he
believed that when the exponents were powers of 2 that something unusual seemed
to happen and thought that it might be possible that A(x®) > A(x°).

2 With what seems to be one exception, these notes might be the closest thing that we have to a journal
for Ron. The exception was the following he wrote on November 29, 1973:

Helicopter flight was uneventful and nice. While changing money into Krones (Danish), I found I
had been given a counterfeit bill(!) from Summit and Elizabeth. Because of a strike and aggressive
picketing the bags were delayed being loaded onto the plane. Consequently, we were 11/2 hours
late in departing. I hope my bag makes it. In it are the scheduling monographs, all clothes, ping
pong paddle, etc. Two seats away is a whining, yelping dog who is losing his mind. Rats, rats,
rats.

An hour later. The dog stopped. A brilliant fellow and his girlfriend seated across the aisle from me
decided to celebrate. So, they opened a new bottle of champagne. Unfortunately, the decreased
pressure of the air cabin caused the champagne to fly all over the place as it exploded open. What
amess!!
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After his passing, I was looking through some of his old correspondence and dis-
covered that this was a problem he had been thinking about for 60 years (making it
one of the problems Ron worked the longest on without solving). In particular, in a
letter dated May 29, 1969, to the editor for the Journal of Recreational Mathematics
(D. L. Silverman), he wrote the following:

In reference to your problem 71 in Vol. 2, No. 2 of JRM, I have included a reprint which lists some
relevant references to this problem. The value for cubes (12758) was done by myself about ten
years ago by hand (similar to the method used for squares) and checked by machine by several
people in the past few years. The value for fourth powers (5134240) was obtained by S. Lin last
year. The value for fifth powers seems feasible by present day techniques and I would guess it to
be < 2x10 or so. ] have evidence that A(x") is abnormally large when n is a power of 2 and I would
even conjecture that A(xzn) > sz"u) for n sufficiently large (perhaps n > 4).

So in the spirit of Ron Graham and Paul Erdds, I offer $100 to anyone who can either
prove or disprove the following.

Conjecture 1($100). Let A(x™) be the largest number, which is not the sum of distinct
positive nth powers, show that the sequence A(x™) for n > 2 is not monotonic.

Ron Graham, Persi Diaconis, and Ricky Jay (courtesy of Ché Graham).
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Ron, Bell Labs, Murray Hill, New Jersey, 1988 (Copyright, Peter Vidor).

Jerrold R. Griggs
Remembrance of Ron Graham

I studied Ron Graham’s work on Ramsey theory, posets, and graphs in grad school.
Martin Gardner often mentioned him in his Scientific American puzzle column. At my
first professional talk, contributed at the annual 1977 AMS meetings, it was thrilling
to read the nametag of the man asking me expert questions—Ron Graham. I met him
again often at meetings, at colloquia (as he spoke everywhere), and on visits to Bell
Labs. My visits with Ron and Fan in La Jolla were special and memorable.

He influenced my own work in extremal set theory, especially on chain partitions
of posets and in helping develop what came to be called Ramsey—Sperner theory (his
term, I think). I managed to confirm, for any given set X and for infinitely many values
of n, a conjecture of Ron’s on the maximum size of a family of subsets of an n-set such
that any two both contain the same cyclic translate of X. However, Ron’s offered cash
prize requires a solution for every set for general n.

Besides sharing the latest progress in combinatorics, number theory, and com-
puter science, Ron always had some new toy or gadget to amaze everyone, including
an addictive early handheld electronic game (saving babies falling from a burning
building), Rubik’s cube, and a cellphone that could miraculously display web pages.

Jerrold R. Griggs, Department of Mathematics, University of South Carolina, Columbia, SC, USA
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Ron loved to spread math gossip, especially who was moving where or what job
opportunities might open up. I asked him what job was available in 1981, as I felt
isolated at the University of Hawaii. When he learned of the discrete math search at
the University of South Carolina, he encouraged them to call me. I made the move and
spent my career here.

He seemed capable of mastering anything that interested him, whether it was
speaking Mandarin or playing the piano. He was famous for his juggling, trampolin-
ing, and other circus acrobatics. Back when I could still play tennis, he challenged me
to a match when he visited. I was proud to actually win the first game. But he found
his rhythm and swept me away in the next twelve games. No mercy!

I remember when Ron raced Paul Erdds up the stairs at the Hyatt Regency in At-
lanta, during the joint meetings there. I believe Ron agreed to go up ten floors, while
“Uncle Paul” went up five. I think Paul was very annoyed that Ron beat him. I know
Ron looked after Paul’s interests in the USA, and they were very close, but both were
very competitive.

Ron was one of the most famous and influential mathematicians in the world, and
an unforgettable person. His colloquium and conference talks were fantastic, for the
exciting math, the beautiful slides, and the great humor.

When I last saw him, at the 2015 conference in his honor at SFU, I was delighted
that he attended my talk, on the spanning tree project that evolved into my contribu-
tion to this memorial volume.

Paul Erdos, Ron Graham, Peter Frankl, Jin Akiyama: First Japan International Conference on Graph
Theory and Applications, 1986, Hakone, Japan (courtesy of Jerrold Griggs).
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Neil Hindman
Remembrance of Ron Graham?

I would like to call attention to some of the greatest prose in the mathematical litera-
ture. As you may recall, if a, B, y, and 6 are cardinals and [A]" = {C € A : |C| = y}, then
the notation a — (ﬂ)g abbreviates the statement “whenever A is a set with |[A| = a
and [A]” is divided into & classes, there is some B ¢ [A]? such that [B] is contained in
one of these classes.” In his lovely little book Rudiments of Ramsey Theory (American
Mathematical Society, Providence (1981)), Ron wrote “We will occasionally use this
arrow notation unless there is danger of no confusion.”

o

'

17

Ron Graham, Fan Chung, Paul Erdés (courtesy of Ché Graham).

Veselin Jungic

An unexpected encounter with Graham’s Number

Fan and Ron frequently visited Vancouver, BC. They owned an apartment at the very
edge of Stanley Park facing English Bay, both well-known Vancouver landmarks.

On February 25, 2014, Bojan Mohar from Simon Fraser University hosted a dinner
for a group of local discrete mathematicians and a few visitors including Jarik NeSetfil

3 This chapter originally appeared in Integers Volume 7(2) (2007), Article A18.
Neil Hindman, 10900 Fiesta Road, 20901 Silver Spring, MD, USA
Veselin Jungic, Simon Fraser University, Burnaby, Canada
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and Steve Butler. Since Ron was in Vancouver, he attended the dinner, too. And, as was
always the case, in his charming way, Ron was at the center of every conversation,
whether the subject was a burning mathematical question of the day, an anecdote
about a member of the Ramsey theory community, or the latest blockbuster movie
that he, of course, had already seen.

It also happened that, as part of the Math Catcher Outreach Program, the very
next day I was scheduled to visit a school on Vancouver Island. During my class visits,
I use storytelling, pictures, models, and hands-on activities to give to students an early
positive experience with mathematics.

The next day after our dinner, there I was: visiting a school in a remote coastal
community. While walking with me to the next class, my host warned me: “This is my
‘slow’ Grade 10 class. Many of my students struggle to focus for a longer period.”

At one point during my workshop, I asked the class to tell me about something
math-related but outside of their classroom experience. A student responded imme-
diately: “Graham’s number!”

When I asked what Graham’s number was, the student started describing it as
“three, arrow, arrow, ...” And the student beside him added: “The biggest number that
we know.”

I asked how they knew all that. “The Internet,” they answered.

I don’t think that in my professional life I ever gained as much respect from my
audience than when I said: “I had dinner with Ron Graham yesterday.”

June 16, 2015, in Burnaby, BC. From the right: Fan Chung-Graham, Ron Graham, Peter Borwein, Persi
Diaconis, Richard Guy, and Veselin Jungic (Copyright Veselin Jungic).
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Bruce M. Landman

Remembrance of Ron Graham

As I reflect back on my career in mathematics, it is clear to me that Ron Graham prob-
ably had as much impact as anyone, even though I saw Ron perhaps ten times in total.

When I was a graduate student in the early 1980s, I was looking for possible re-
search problems, and was fortunate to buy a copy of the wonderful little book called
“01d and New Problems and Results in Combinatorial Number Theory” by Paul Erdés
and Ronald Graham. This book introduced me to van der Waerden’s theorem and re-
lated questions, which became the basis for my doctoral dissertation and for almost
all of my later research work in Ramsey theory.

I met Ron a couple of times over the next 15 years at meetings, and occasionally
would write to him with a question regarding a research problem. Although he barely
knew me, and I was a virtual “unknown” in research circles, he was always very gen-
erous with his take on my question and with suggestions. It was a great honor for me
in 1997 when Ron expressed interest in collaborating on a paper (which later appeared
in the Canadian Math Bulletin) that I and Tom Brown were working on. At that time,
I was busy with a young family and I recall a lengthy phone conversation with Ron,
with him very patiently explaining his idea for a proof, even while there were chil-
dren’s voices in the background during much of our conversation.

In 1998, I started thinking about the need for a journal whose focus was in the area
of combinatorial number theory. I asked Ron what he thought about this idea. He liked
the idea but suggested I talk to Carl Pomerance, Jarik Nesetril, and Mel Nathanson
about it. His suggestion turned out to be prophetic as, not only did these three es-
teemed mathematicians like the idea but, in fact, they ended up serving as the Editors-
in-Chief for the first 13 years of the journal, Integers. (Jarik and Mel are still in that role.)
Integers, now in its 22nd year of publication, has given rise to a number of conferences
and published proceedings. Indeed, if it were it not for Ron Graham’s initial sugges-
tion, it is unlikely that this memorial volume would exist.

I fondly remember the “Integers Conference 2005,” held in honor of Ron’s 70th
birthday. Friends and colleagues of Ron from around the world gathered for the event.
Entertainment at the conference banquet was provided by the Dazzling Mills Family,
a professional juggling act. One of the most enjoyable parts of their performance was
when Ron joined them onstage. The audience was thrilled.

In addition to his many accomplishments as a mathematician, Ron was also past
president of the International Jugglers Association. In fact, Steve Mills, the leader of
the Dazzling Mills Family and a world-renowned juggler, was taught to juggle by Ron
himself.

I am just one of the countless people whose lives were positively affected by Ron
Graham’s kind and generous nature, and his knack for helping others be successful.

Bruce M. Landman, Augusta University, Augusta, GA, USA
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Ron and Fan, Jinan, China, 1986 (courtesy of Ché Graham).

Jaroslav NeSetfil

Ronald Lewis Graham - Just a Few Memories”

It was high summer of 1973, Keszthely, Hungary. An unusually large meeting “Finite
and Infinite Sets” was held there in Hotel Helikon from June 25 until July 1, on the
occasion of Paul Erdés 60th birthday. It was an excellent meeting by any standards
then and today, too. It is instructive to page through its 3rd volume proceedings [11]:
totaling 1550 pages, containing papers by Rado, Tutte, de Bruijn, Straus, Berge, Galvin,
Rudin, Guy, Selfridge, Hilton, McKenzie, Kleitman, Kunen, Milner, Neumann-Lara to
name just a few; 12 papers coauthored by Erdés (including a joint paper with Lovasz
which inaugurated the Lovasz Local Lemma), 3 papers by Shelah, 4 papers by Hajnal,
3 papers by Laver to list just a few contributions. And also 3 papers by Ron Graham
all related to Ramsey with a total of more than 20 papers dealing with Ramsey type
problems.

This was the meeting which for many years set high standards for universal com-
binatorial conferences which were held in 1970s and 1980s in France, Czechoslovakia,
Hungary, Canada, and elsewhere. It was the event of the year.

One of my strong memories of the meeting is a tall athletic man who excelled at
everything. His name was known to me as well as some of his work (even in that pre-
email and preinternet age). But there he was: running, juggling, frisbeeing, and show-
ing tricks in everything from photography to handling magically an overhead projector

4 This is an expanded version of an article that appeared in the Notices of the American Math. Soc.,
December, 2021 issue. Reprinted with permission of the American Math. Soc.
Jaroslav Nesetfil, Charles University, Praha, Czech Republic
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(as far as I remember there was not a trampoline there). This was Ron Graham at his
best, legendary already at that time. There we met for the first time.

My memory is vivid even now after years when in many meetings and collabora-
tion I have seen that this youthful engaged style was Ron Graham’s modus operandi.
And later we all learned that many of these activities were not mere hobbies but pro-
fessional level acts. What seemed to be easy and what Ron liked to display easily in his
easygoing style was in fact hard learned and hard core. I believe this was symptomatic
of his mathematics, too. Ron aimed for substantial and hard, yet concrete problems.
He was a problem killer with an easy style. I still hear his “take it easy Jarik”—how
helpful this was! He surrounded himself with very good people and aimed for depth
and quality. In fact, he was a very concrete mathematician in the style of the famous
textbook [6].

I have been fortunate to work with Ron on papers and books mostly related to
Ramsey’s theorem and its variations. Ramsey’s theorem is a universal mathematical
principle often summarized by Ron as “complete disorder is impossible.” This was
perhaps Ron’s favorite if not key area. In fact, during his time Ramsey theory emerged
as a “theory” from a mere particular collection of statements of “Ramsey-type” (due
to Van den Waerden, Schur, Hilbert, Rado, and others). In this development had the
above Keszthely meeting an important crystallizing role and Ron Graham’s influence
was pivotal. This was particularly true for structural Ramsey theory where the starting
group of researchers was of course small. See the preface and the selection of topics
covered by [4], the book which became a standard reference for this emerging field.

In this development, a particular place was assumed by the Hales-Jewett theo-
rem [10] and the Graham—Rothschild theorem [2]. These are strong statements, which
found many applications and serve as a tool for proving many Ramsey-type state-
ments. Particularly, they led to a solution of Rota’s conjecture (which is the analog
of Ramsey’s theorem for finite vector spaces) by Graham, Leeb, and Rothschild [3]. All
five people involved in these early results received the inaugural Pélya Prize in 1971.

These results led to many papers since and blossomed into the whole theory. To-
day we seem to be witnessing a renaissance of the field in the context of topological
dynamics, functional analysis, model theory and, of course, combinatorics. In 2016,
there was even a meeting celebrating 50 years of Hales—Jewett theorem in Bellingham.

I cannot resist the temptation to try to outline the mathematical meaning of
these results. Ramsey’s theorem guarantees certain regularity in large structures. For
graphs, this regularity is a complete graph or an empty graph. Ramsey’s theorem is
in fact a general combinatorial principle useful across mathematics and the theory of
computing. Some 50 years later Hales—Jewett and Graham—-Rothschild found another
such principle, this time both combinatorial and geometrical. It is possible to sketch
it as follows:

Think of a finite set A as an alphabet, for example, A = {1,2,...,k}. The prod-
uct set A% is then just a set of vectors (aj, ..., a,) with each a; € A. Alternatively, we
may view A? as a geometric object: A is d-dimensional cube (or rather A-cube) with
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sides indexed by A. Thus {1,2,3}? is the popular Rubik’s cube, {1,2,3}* is a square
lattice like in the game tic-tac-toe. In this way, Al may be viewed as a board for a
d-dimensional version of this game. (In fact, this was one of the motivations of the
original paper [10]. As in tic-tac-toe, we are looking for lines, horizontal, vertical, di-
agonal, and this may be defined for any d-dimensional cube and more generally we
can speak about d-dimensional subcubes of a D-dimensional cube. One can express
lines and d-dimensional subcubes concisely as parameter words (a term coined by
Graham-Rothschild) where parameters indicate which coordinates are “moving.” (In
a square grid, the lines have the form (aA), (Ab) and (AA) for the diagonal.) The exact
definition is a bit technical but it confirms the above intuition. And this is all that is
needed in order to state the result of Graham and Rothschild [2].

Theorem. For every choice of alphabet A and positive integers d, n, there exists N =
N(A, d, n) such that whenever the set of all d-dimensional subcubes of AN is partitioned
in two parts then one of the parts has to contain an n-dimensional A-subcube with all
its d-dimensional A-subcubes belonging to one of the classes of the partition.

(Recall that Ramsey’s theorem speaks about subsets instead of subcubes. Hales—
Jewett theorem correspondstod = O,n = 1.)

It is perhaps surprising that such a seemingly technical result plays such an im-
portant role. But this is like Ramsey’s theorem itself: it is a combinatorial principle,
which fits in diverse situations and assumptions. The Graham—Rothschild theorem is
a far-reaching generalization of Ramsey’s theorem, provides a proper setting for Van
der Waerden’s theorem, and as it was realized later, it yields a “dual” form of Ramsey’s
theorem. This inspiration lives on.

The mathematics of Ron Graham is important and it spans many diverse areas.
But still I think that Ramsey theory was closest to his heart. It was also the topic of
Ron’s invited lecture at ICM 82 (held in Warsaw 1983), [5]. Ramsey theory was also
dear to Paul ErdGs as witnessed by the 2-volume set Mathematics of Paul Erdés where
it occupies a whole chapter ([7, 8]; see also [9]). In fact these volumes, which were
assembled still under the guidance of Paul Erdds himself, contain many pages written
by editors reflecting a long experience of collaboration with Erdés.

The other parts of Ron Graham’s activity are reflected by a forthcoming volume of
the journal INTEGERS and also by volumes, which were published for his 80th birth-
day [12, 1]. Ron was public figure and a well-known mathematician, often representing
mathematics as a whole. This was nicely documented recently by an article in The New
Yorker [13]. But I want to add yet another aspect of Ron’s personality. I believe Ron Gra-
ham was a patriot. Patriot in a very good and decent sense. He liked very much Bell
Labs; he liked his country. Perhaps this was one of the factors why he had such a keen
interest in the development of friendship on the other side of the Iron Curtain. This
interest was of course motivated by mathematics and it was forged by P. Erd6s and
the excellence of Hungarian combinatorics. But there was much more on a personal
and, yes, human level—he really tried to be helpful. He encouraged us and served as

printed on 2/10/2023 3:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Remembrances = 353

Elegant easy style (photo by John Gimbel).

a bridge to the world. And this was in those times when there were not many bridges
at all, and it needed courage. It would take too long to illustrate this. Let us just men-
tion that he helped to establish DIMATIA (as a “European DIMACS”), steadily invited
people to Bell Labs and communicated about chances, possibilities, and simply was
spreading informations and books.

There were no obstacles or curtains for Ron. In this, he is a great role model and

this is the lasting legacy of his personality. He is and will be remembered by many.
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A selected bibliography of Ron Graham

1 Introduction

Ron Graham was a prolific mathematician. During his six decade career, he had over
400 publications;! these included pure research papers, surveys (on scheduling and
Ramsey theory), and popular expository papers (including four papers in Scientific
American). In total, his papers combine to over 5000 pages (this figure does not in-
clude his books). In Figure 22.1 is a chart of Ron’s mathematical output in papers each
year starting from his first publication in 1963.
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Figure 22.1: The number of published papers per year for Ron Graham from 1963-2021. The shaded
region before 2000 marks his time at Bell Labs (and its various incarnations); the unshaded region
after 2000 marks his time at UC San Diego.
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Ron embodied the collaborative spirit of combinatorics with over 200 coauthors (his
top four collaborators were Fan Chung, Paul Erdés, Persi Diaconis, and Steve Butler).
He also published under pseudonyms on two occasions.?

2 Books written by Ron Graham

In this section, we give a full list of the books written by Ron, together with some in-
formation about the contents or stories related to their publication.

1 And still has several papers in the process of being published; a forthcoming book on the mathemat-
ics of juggling; and several unpublished papers, which will eventually appear in a volume of collected
works.

2 G. W. Peck, a name formed from the last initials of the authors Ron Graham, Douglas West, George
Purdy, Paul ErdGs, Fan Chung, and Daniel Kleitman; and Tom Odda, a name which phonetically de-
rives from the Chinese phrase fi &5/,

Steve Butler, lowa State University, Ames, IA 50011, USA, e-mail: butler@iastate.edu

https://doi.org/10.1515/9783110754216-022
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P. Erd6s and R. L. Graham, Old and New Problems and Results in Combinatorial
Number Theory, Monographie No 28 de L’Enseignement Mathématique, Université
Genéve, 1980, 128 pp.

Ron’s dissertation in 1962, under the direction of Derrick Lehmer, was On finite sums of ratio-
nal numbers. The dissertation dealt with problems in combinatorial number theory, in particular
Egyptian fractions. Around the time he was finishing up his degree, he started a correspondence
with Paul Erdds who had written often on the subject of Egyptian fractions. The two met in per-
son in August 1963 at a number theory conference in Boulder, Colorado, USA. While they would
go on and collaborate on many topics, both of them always had a love for combinatorial number
theory. They compiled this collection of results and open problems that went on and inspired the
research of many mathematicians in the field.

Ronald L. Graham, Bruce L. Rothschild, and Joel H. Spencer, Ramsey Theory, Wiley,
1980, ix+174 pp.

Ronald L. Graham, Bruce L. Rothschild, and Joel H. Spencer, Ramsey Theory, Sec-
ond edition, Wiley, 1990, xiii+196 pp. (The paperback edition in 2013 includes several
small additions and corrections.)

Ron became widely known and recognized for his contributions to the field of Ramsey Theory;
including being a corecipient of the first Polya prize. In many ways, his work, including these
books, helped to bring a collection of various topics together and present them in a cohesive
theory, which helped give the field a firm foundation on which to build.

Ron shared the story of how in the first edition all the coauthors had assumed that the other
coauthors had checked the proof of Ramsey’s theorem; but it turned out that the initial version
actually had an incorrect proof! (A good reason for a second edition.)

Ronald L. Graham, Rudiments of Ramsey Theory, AMS, 1981, v+65 pp.
Ron Graham and Steve Butler, Rudiments of Ramsey Theory, Second edition, AMS,
2015, ix+82 pp.

This volume grew out of a set of CBMS lectures that Ron delivered at St. Olaf College in 1979. In
the time between the first and second editions, there had been significant progress and growth in
Ramsey theory leading to a new edition, which was meant to be up to date; but even after just a
few years, several problems raised in the revised text were answered, showing the growth in the
field.

Ronald L. Graham, Donald E. Knuth, and Oren Patashnik, Concrete Mathematics, Ad-
dison Wesley, 1989, xiii+625 pp.

Ronald L. Graham, Donald E. Knuth, and Oren Patashnik, Concrete Mathematics,
Second edition, Addison Wesley, 1994, xiii+657 pp.

This grew out of a course that had been introduced by Donald Knuth at Stanford, which served
as an advanced introduction to the tools of discrete mathematics. Ron taught the course on two
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occasions when visiting Stanford, in 1979 and 1981 (with Ron teaching the course it gave Donald
Knuth some much needed time to work on TgX). Ron was a wildly popular teacher and the stu-
dents of the class had annual reunions for several years after the course was taught. Ron would
later teach much of the same material at Princeton and UC San Diego. This book has proven to be
a commercial success and has so far been translated into a dozen languages.

Ron was also particularly proud of the impact that his teaching of the concrete math course had
in convincing his TA, Mark Haiman, to switch his study to mathematics.

Fan Chung and Ron Graham, Erdds on Graphs, His Legacy of Unsolved Problems, AK
Peters, 1999, xiii+142 pp.

Throughout his life, Paul Erdés posed many problems to mathematicians (some even consider
Erdds as the king of problem posers). After Erd3s passed in 1996, Fan and Ron collected the open
problems that Erdés had posed in the field of graph theory into a book for reference and inspi-
ration for the community. Since the publication of this book several of the problems have been
solved, but many of them still remain open.

Fan and Ron took good care of Erdés, often hosting him in their home when he visited.?> From
1973, Ron also took care of Erdds’ financial matters and continued to pay out the bounties that
Erdds had attached to any of his problems.

Persi Diaconis and Ron Graham, Magical Mathematics, The Mathematical Ideas that
Animate Great Magic Tricks, Princeton, 2012, xii+244 pp.

This book showed how one could take some nontrivial mathematics and incorporate them into
card tricks and other magic-related phenomena. The book was written for a general audience
and was well received, earning the 2013 Euler Book Prize. Ron himself loved demonstrating card
tricks and had decks of cards all over his office and home, and almost always had one on hand
while at conferences.

The book took almost 20 years to write. As the authors were drawing near to having the book
ready they reached out to the publisher, only to discover that the publisher had lost the original
contract! The publisher was of course happy to make a new contract and publish the book.

In addition to these books, it should be noted that Ron worked as editor for countless
numbers of books and book series. Two in particular that stand out for their contribu-
tion to the field are the following:

Handbook of Combinatorics; Volumes I and Il edited by R. L. Graham, M. Grotschel,
and L. Lovasz, published in 1995. This is a tour de force of combinatorial surveys
and has yet to be equaled in the 25 years since publication.

The Mathematics of Paul Erdés; Volumes I and II edited by R.L. Graham and
J. NeSetfil, published in 1996 (a second edition with additional materials was
published in 2013).

3 When Erdds would leave their home, Ron would pack up his bags for him and would playfully in-
clude a random item, such as a heavy clock, in his luggage to be discovered at his next destination.
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3 Selected papers written by Ron Graham

In this section, we highlight several papers written by Ron. These have been chosen to
showcase several aspects of Ron’s mathematical interests and contributions. The full
extent of Ron’s contribution to mathematics is much more significant and there are
many more papers that could have been included in this list. A complete publication
list can be accessed at rongraham.org.

R. L. Graham and H. O. Pollak, On the addressing problem for loop switching, Bell
System Technical Journal 50 (1971), 2495-2519.

Ron considered this one of his most “fruitful” papers. The problem considered is the addressing of
vertices in a graph with {0, 1, d} strings so that the distance between any two vertices is the number
of times the corresponding entries in the string are 0 and 1 (d is interpreted as “don’t care”).
Among other things, they showed that there is a connection to the eigenvalues of the distance
matrix of the graph (this, together with follow-up papers, helped bring the distance matrix to the
attention of the spectral graph theory community). This is also the origination of the Graham-
Pollak theorem, which states that a complete graph on n vertices cannot be edge decomposed
into fewer than n — 1 edge-disjoint complete bipartite graphs. Subsequent work of Peter Winkler
would show that n — 1is worst possible for any graph on n vertices.

R.L. Graham and B. L. Rothschild, Ramsey’s Theorem for n-parameter sets, Transac-
tions of the American Mathematical Society 159 (1971), 257-292.

This paper was a seminal paper in Ramsey theory; it was able to give a generalization of Ramsey’s
theorem and also a much stronger version of the Hales—Jewett theorem; this was also used to
partially prove a conjecture of Rota on finite vector spaces. Ron wrote dozens of papers in the
field of Ramsey theory helping to grow the field and also broaden it into new and interesting
directions.

R. L. Graham, An efficient algorithm for determining the convex hull of a finite planar
set, Information Processing Letters 1 (1972), 132-133.

This paper became one of Ron’s most cited papers and was the origination of the “Graham scan.”
Originally though, when he wrote it he thought of it as a “throw-away” result and did not think
that much would come out of it. The paper presents an O(n log n) algorithm for finding the convex
hull of a set of n points in the plane. This is the first paper in the field of computational geometry
and also one of the first examples of using amortized analysis of an algorithm.

R. L. Graham, The largest small hexagon, Journal of Combinatorial Theory (A) 18 (1975),
165-170.

The paper finds the hexagon with maximal area for which no two points of the hexagon are more
than distance 1 apart. The actual shape is roughly a pentagon with one side pushed out (though
there are slightly more technical details involved, including finding roots of a high-degree poly-
nomial). This is one of many papers which highlight Ron’s geometric approach to problems.
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After this paper came out, a company contacted Ron about the possibility of using the shape to
make memorial markers, making this perhaps one of the more unusual applications of combina-
torics.

Persi Diaconis, R. L. Graham, and William M. Kantor, The mathematics of perfect shuf-
fles, Advances in Applied Mathematics 4 (1983), 175-196.

This paper looks at the possible ways that one can rearrange a deck using perfect in- and out-
shuffles, in particular the group structure formed with these two generators. A complete charac-
terization is given, including the quite unexpected result that for decks of 24 cards the result is
the Mathieu group My, (a result which fascinated John Conway to no end).

F.R.K. Chung, R. L. Graham, and R. M. Wilson, Quasi-random graphs, Combinatorica
9 (1989), 345-362.

This is the first in a series of papers that introduced the notion of quasirandomness. These are
collections of properties which (1) a “random” object would be expected to have and (2) if any
one property is satisfied, then all properties are satisfied. This has become an important tool for
combinatorialists allowing them to split problems into two parts, one which is random-like and
can be solved using typical analysis for random graphs, and the other which is nonrandom and
so has some rich structure, which can be used.

Fan Chung, Martin Gardner, and Ron Graham, Steiner trees on a checkerboard, Math-
ematics Magazine 62 (1989), 83-96.

Bell Labs from time to time was called on to solve problems with real-world implications, and
among these were Steiner trees. This was motivated by litigation, which said that AT&T could only
charge for the least costly installation to create a network connecting several sites. This translates
into finding the shortest set of connections, which connect the sites (possibly adding “imaginary
sites” in the meantime), which is known as the Steiner tree problem. In general it was shown
(by Ron and collaborators) that this problem was NP-hard, but several special cases could be
considered, e. g., as discussed here on a checkerboard.

This paper won the Carl Allendoerfer Award in 1990, and was the only mathematical paper of
Martin Gardner. (Martin Gardner wrote the “Mathematical Games” column in Scientific American
which helped to popularize mathematics; Martin and Ron were good friends and Ron helped
connect Martin to many mathematicians and their results.)

Joe Buhler, David Eisenbud, Ron Graham, and Colin Wright, Juggling drops and de-
scents, American Mathematical Monthly 101 (1994), 507-519.

Ron was juggling since the late 1950s, served as the president of the International Jugglers’ Asso-
ciation in 1972, and was a cocreator of Mills’ Mess (a popular juggling trick). Ron found a way to
combine his passion of juggling and mathematics and helped to popularize juggling inside the
mathematical community.

This particular paper was one of the first to deal with siteswap notation (which describes pat-
terns by instructing what to do with the ball in the hand). Ron would later write papers exploring
juggling through state graphs, juggling cards, multiplex juggling, and more.
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Ronald L. Graham, Jeffrey C. Lagarias, Colin L. Mallows, Allan R. Wilks, and Cather-
ine H. Yan, Apollonian circle packings: number theory, Journal of Number Theory 100
(2003), 1-45.

Apollonian circle packings start with three mutually tangent circles and then recursively filling
in “triangular” holes with a new circle tangent to all three sides. It was known that if the initial
curvatures of the three initial circles together with the first circle to fill a hole were all integers,
then every curvature that would be created would also be an integer. Ron had a huge poster of
an Apollonian packing hanging in his office with the curvatures printed. He would look at the
poster and over time noticed, among other things, that there were certain modular constraints
happening. Eventually, a more full theory of the circle packings was developed and this was the
first in a series of several papers on the subject.
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