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PREFACE

In this book the author shares his more than 45-years’ experience in the
field of spacecraft manoeuvre determination in near-circular orbits.

In the second half of the 70s, the ballistics center of the Keldysh Institute
of Applied Mathematics in the USSR Academy of Sciences was assigned
a task to solve the problem of manned and unmanned spacecraft ballistics
and navigation support. The greatest challenge was to solve the multiple-
impulse rendezvous problem for these types of spacecraft and space
stations.

The author studied the literature available at the time concerning the
rendezvous problem in order to find an analytical or numerical analytical
solution but there was no answer to that question. As a rule, some
cumbersome numerical solutions were used.

Analytical and numerical analytical solutions presented in the works of
J.-P. Marec and J.E. Prussing were only related to the nondegenerate
rendezvous problem (Prussing studied the coplanar rendezvous problem
on circular orbits). In addition, constraints on the impulse application
moments and their orientation were not considered.

Initially a numerical solution method was designed at the Keldysh
Institute of Applied Mathematics in the USSR Academy of Sciences. This
method was suitable for solving the problem but did not give an
explanation as to why this or that solution had been chosen, which made it
difficult to use in emergency situations. A numerical analytical method
was designed in the early 80s. It was intended to solve degenerate
coplanar and noncoplanar rendezvous problems in the classical statement
with and without constraints. A geometric interpretation of impulses in the
space of eccentricity vector components provided an opportunity to
explain the nature of the found solution. A graphical user interface made it
easy to select a new manoeuvring scheme in case of emergency situations.
The method’s simplicity and reliability allowed it to be used on board
spacecraft. Later, analytical solutions for coplanar and noncoplanar
nondegenerate rendezvous were found. In the late 90s, a solution for
rendezvous with significant initial right ascension of the ascending node
(RAAN) deviation and long flight duration was found. Thus, the theory
for optimal multiple-impulse rendezvous was fully developed.
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The next step in the evolution of manoeuvring theory in the vicinity of
circular orbits was the development of solution methods for coplanar and
noncoplanar rendezvous and transfers using low-thrust engines in the
2000s. The types of optimal solutions and their existence domains were
defined. The parameters of these solutions were determined using simple
analytical and numerical analytical algorithms.

The almost fully developed theory of optimal manoeuvring on near-
circular orbits allowed the author to find numerical analytical solutions for
all of the practical problems he faced during more than 45 years of work
with real spacecraft. The solution time for these problems is significantly
smaller in comparison with the time needed to solve the same problems
using classical numerical methods. In addition, it became possible to
explain the physical nature of the found solution. This was the answer to
the question that the author had been searching for since the beginning of
his work on the problem, which was a long time ago.

The problems of coplanar and noncoplanar rendezvous of different
duration, as well as the problems of deployment and maintaining the given
configuration of satellite constellations, were solved. Lately, the primary
focus has been shifted to space debris manoeuvring problems.

In addition to the fact that this book contains the accumulated
knowledge of solving complex practical problems, it will also be useful
for young specialists making their first steps in the field of spacecraft
manoeuvring. Each theoretical section ends with an example using the
specified algorithms. The author’s lecturing experience in Bauman
Moscow State Technical University (BMSTU) and the Academy of
Engineering Faculty of the Peoples’ Friendship University of Russia
(RUDN) shows that it will help students to better understand the material
and to learn how to solve real nonsimplified problems.

Those readers who have extensive experience in solving complex
practical problems can be helped by learning new approaches to problem
solutions and explanations of their nature.
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INTRODUCTION

Manoeuvres play an important role in the spacecraft flight process. A
manoeuvre is a target driven alteration of spacecraft orbit parameters with
the help of a propulsion system. Generally, manoeuvres help to change the
orbit with the necessary precision, which allows the spacecraft to fulfill its
mission. The important role of manoeuvres, as well as their variety and
presence practically in each space mission, determines the attention that is
paid to them in the literature on space flight mechanics.

Released in 1969, F.W. Gobetz and J.R. Doll’s report (Doll and
Gobetz 1969, 801-834) already encompassed more than 300 articles
dedicated to the optimal spacecraft manoeuvring. At the present time,
there are thousands of articles related to the topic, as well as dozens of
monographs including notable works by V.V. Ivashkin (lvashkin, 1975),
K.B. Alexeev, G.G. Bebenin, V.A. Yaroshevsky (Alexeev, Bebenin, and
Yaroshevsky, 1970), V.A. Egorov (Egorov, 1965), T.V. Solovyev, and
E.V. Tarasov (Soloviev and Tarasov, 1973). D.F. Lawden’s work is
considered to be the foundational one (Lawden, 1966).

The problem of optimal manoeuvring parameter determination for
spacecraft in near-circular orbits holds a special place in the theory of
optimal manoeuvring. Firstly, these problems are of big practical interest
as most of the real spacecraft operate in these orbits. Secondly, these
problems are less complicated than those in the classical statement and
they can sometimes be solved using analytical and numerical analytical
methods. Naturally, lots of articles are dedicated to problems of this type.
Their references will be given in successive chapters. The most noticeable
are the monographs by J.-P. Marec (Marec, 1979); V.A. llyin and G.E.
Kuzmak (Il'in and Kuzmak, 1976); and M.F. Reshetnev, A.A. Lebedev,
V.A. Bartenev, M.N. Krasilshikov, V.A. Malyshev, and V.V. Malyshev
(Bartenev, Krasilshikov, Lebedev, Malyshev et al., 1988).

The necessary conditions of the strict local optimality of impulsive
flybys in arbitrary and Newton’s gravity fields were obtained on the basis
of the variation approach (II'in and Kuzmak, 1976). The solution for the
transfer problem (the flyby without time constraint) between the near-
circular orbits in the linearized statement and the solution for the
rendezvous problem are given. A brief and sufficiently complete solution
of the transfer problem in the noncoplanar near-circular orbits is given in
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Edelbaum (1967, 66-73). In the work of Bartenev, Krasilshikov, Lebedev,
Malyshev, et al. (1988), the problems of orbit determination and
manoeuvring with high and low-thrust engines (mostly transfer problems)
are considered. In J.-P. Marec’s monograph (Marec, 1979) major attention
is paid to the nondegenerate rendezvous problem in near-circular orbits. A
fundamental up-to-date review of articles on rendezvous problems can be
found in Guojin, Jin, and Yazhong (2013, 1-11).

The rendezvous problem consideration started in the mid-60s. Even
now, the articles by J.E. Prussing are still cited (Prussing 1969, 928-935;
Prussing 1970, 1221-1228). Prussing considered the two-spacecraft
rendezvous in coplanar orbits with 1-3 revolutions duration. In the book
by J.-P. Marec (Marec, 1979), research was conducted into the classic
average duration noncoplanar rendezvous in near-circular orbits. It was
shown which diapasons of orbit element values could be achieved while
using different types of optimal nondegenerate solutions (reversed
problem solutions). The difficulty in understanding the book’s material
was one of the reasons why its ideas were not widely used. The algorithm
for the rendezvous manoeuvre parameter determination corresponding to
the nondegenerate hodograph of primer vector was introduced in Jones
(1976, 55-90).

In the 60s, the first spacecraft dockings were conducted. It turned out
that additional constraints should be taken into account while solving
practical problems: velocity impulse application time, its orientation and
value, transfer orbit parameters, etc. The problem got far more complex in
comparison with the classic one from the first theoretical articles. It
became impossible to use the solutions from those articles. New effective
numerical methods for solving practical problems were developed.

Nowadays, three major approaches for solving complex multiple-
impulse spacecraft manoeuvring problems are mainly used. In the first
case, the problem is divided into several simple problems. For example,
the problem of manoeuvring within an orbit plane and the problem of orbit
plane rotation are solved separately. The orbit plane rotation in this scheme
is carried out by the single velocity impulse, which is applied on the orbit
plane intersection line. Such a scheme® was used for the rendezvous of
Shuttle and the ISS in Fehse (2003, 441-449). A similar approach is used
for guiding geostationary satellites (Bulynin 2008, 73-74), and satellites in a
constellation (Rylov 1985, 691-714), (Bobronnikov, Fedorov, Krasilshikov,
Malyshev et al. 2001, 43-45), etc. The advantage of the scheme is its
simplicity and reliability, clarity of the physical nature of each of the

1 “Shuttle Press Kit: STS-92”. Accessed March 25, 2007.
http://www.shuttlepresskit.com/STS-92/
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manoeuvres, and the usage of simple spacecraft orientation systems. The
disadvantage of the scheme is the excessive total delta-v expenditure on
manoeuvres.

In the second case, numerical methods are applied, allowing finding
the optimal solution of the most complex multiple-impulse problems with
different constraints. Numerical methods have been successfully used for
decades for the rendezvous manoeuvre determination of “Soyuz” and
“Progress” spacecraft with long-term orbital stations (Bazhinov and
Yastrebov, 1978; Petrov 1985; Baranov 1986, 324-327). The articles by
V.P. Gavrilov and E.V. Obuhov had a great influence on development of
these methods (Gavrilov and Obukhov 1980, 163-172). Numerical
methods allow finding the solutions with minimum total delta-v, which is
sometimes crucial for the accomplishment of the mission. For example,
the orbital module “Kvant” only docked on the “Mir” orbital station after
the third attempt with almost depleted fuel tanks. If only one of three
attempts had not been optimal, there would not have been a sufficient
amount of fuel for docking. The simplex method is mostly used for
manoeuvre parameter determination (Lidov 1971, 687-706; Lidov and
Teslenko 1978, 112-141; Gavrilov and Obukhov 1980, 163-172; Gavrilov
1995; Kolegov, 2007; Bakshiyan, El'yasberg, and Nazirov, 1980). The
method was first used for the abovementioned purposes by M.L. Lidov.

The disadvantage of all numerical methods is the absence of
information on why we arrived at this or that type of solution and how the
solution would alter with an initial condition change. It is especially
critical in the case of emergency situations occurring during the flight
when a new manoeuvring scheme with additional constraints is needed.
Similar problems arise at the stage of development when the future
manoeuvring scheme is being selected. Generally, it is easier to determine
the manoeuvre parameters than the manoeuvring scheme. When choosing
the scheme, we should determine the number of velocity impulses needed
for an optimal solution, the intervals of manoeuvring and rendezvous
duration. After that we can evaluate the manoeuvre parameters. We can
name the cumbersomeness of the numerical methods as their disadvantage.
This creates additional difficulties when using them on board a spacecraft.
For another thing, numerical methods need a significant amount of
computing time to solve problems. This factor appears to be a significant
disadvantage when solving complex combined problems. Sometimes the
solution of lots of conventional transfer and rendezvous problems are
needed to obtain a complex optimal solution. The same problem appears
when we use the space debris catalogue and need to calculate the
parameters of thousands of manoeuvres.
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The third approach to solving the rendezvous problem can often be
found in articles from universities. This approach was first implemented in
articles by P.M. Lion and M. Handelsman (Handelsman and Lion 1968,
127-132) and D.J. Jezewski and H.L. Rozendaal (Jezewski and Rozendaal
1968, 2160-2165). At the first stage of this method, the parameters of the
two-impulse solution using Lambert’s problem are obtained. Then the
primer vector hodograph for the found solution is analyzed. If necessary,
additional velocity impulses are added for the optimal solution. With this
techniqgue and gradient optimization algorithms, multiple-impulse
solutions for a two-body problem were obtained (Gross and Prussing
1974, 885-889; Chiu and Prussing 1986, 17-22; Guzman, Hughes, and
Mailhe 2003, 85-104). The most common and developed method of
solving rendezvous problem is the use of Lambert’s problem (Ohotsimsky
and Sikharulidze 1990; Battin 1966; Battin 1977, 707-713; Ermilov,
Ivanova, and Panushin 1977; Dashkov and Kubasov 1979; Escobal 1970;
Herrick 1978). We can distinguish as a separate group the solution of
multiple-revolution for Lambert’s problem (Prussing 2000, 31-148; Shen
and Tsiotras 2003, 50-61; Han and Xie 2004, 9-13) and the universal
algorithms of its solution (Pitkin 1968, 270-27; Kriz 1976, 509-513;
Sukhanov 1988, 483-491). Nowadays, the method for searching for an
optimal multiple-impulse solution for the rendezvous problem based on
Lambert’s problem is also widespread (Guo-Jin, Hai-Yang, Ya-Zhong,
and Yong -Jun 2007, 946-952).

Problems of orbital station manoeuvre parameter determination can be
put in a special group, although, despite their peculiarity, they might be
considered to be rendezvous problems. They are rather specific due to the
long-time interval between the initial and terminal manoeuvres and
multiple, often controversial, constraints on the parameters of the interim
orbit. The basic research in this field was conducted by E.K. Melnikov
(Melnikov 2004, 176-186; Melnikov 2009; Kolegov and Melnikov 1990,
158-165).

The purpose of this book is to introduce numerical analytical methods
for solving multiple-impulse rendezvous problems in near-circular orbits
to the reader. These methods combine the advantages of the first two
methods. The methods are simple enough, as well as illustrative and
reliable. By using them, we can obtain close-to-optimal solutions. This
allows us to use the results obtained in the articles by G.E. Kuzmak, T.N.
Edelbaum, and J.-P. Marec when solving actual practical problems. The
suggested numerical analytical methods are several times quicker than the
numerical methods and they also give an explanation as to why this or that
optimal solution was obtained. They allow us to determine the existence
domains of optimal solutions of different types. It is hard to determine
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these domains using numerical methods. It is especially important when
we choose the manoeuvring scheme: how many velocity impulses should
we use and on which manoeuvring intervals can they be applied? The
found solutions give us a simple geometric interpretation which simplifies
their explanation and allows the use of a graphic dialogue while solving
the problem.

Also, the basic problems of manoeuvring with low-thrust engines are
considered. Special attention is paid to satellite constellation and satellite
formation flying deployment and keeping. Problems of the determination
of manoeuvres performed by an active space object, problems of space
debris collision avoidance, problems of large space debris de-orbiting, and
problems of the transfer of spacecraft to disposal orbit (DO) are
considered.

The structure of the book is arranged in accordance with the adopted
classification of manoeuvres in near-circular orbits (Doll and Gobetz
1969, 801-834).

In the first chapter a solution of linearized equations of motion system
in a cylinder coordinate frame is given. The statement of the optimal
manoeuvre parameter determination problem in near-circular orbits and
necessary optimal conditions are presented. The iterative procedure is
explained. It allows the realization of terminal conditions with the necessary
accuracy and with due regard to the noncentral gravitational field,
atmosphere, and spacecraft propulsion system etc. The geometric
interpretation of the impulse components’ influence on different orbit
elements is given. The relative motion of two approaching spacecraft with
different target vectors is depicted. It is shown that an impulse transversal
component sum in every manoeuvring interval can be determined
analytically with good precision during the spacecraft-orbital station
rendezvous. The equations for the determination of optimal phase
desynchronization diapason between the spacecraft and orbital station are
given. The equations include options for shifting first interval manoeuvres
to later revolutions and shifting the launch date. Further material is given
in accordance with the adopted manoeuvre classification.

In the second chapter, the problems of transfer between coplanar (three
types of two-impulse solutions) and noncoplanar orbits (three types of
two-impulse solutions and one type of three-impulse solution) are
considered. The equations for the determination of the manoeuvre
parameters of these solutions are given. A comparison between problem
solutions in linearized and accurate statements is made. Equations for the
impulse components of the optimal coplanar two-impulse solution for
fixed impulse application angles are given.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

Spacecraft Manoeuvring in the Vicinity of a Near-Circular Orbit XV

In the third chapter, the coplanar rendezvous is considered. Three types
of possible solutions, which correspond to the point, ellipse, and cycloid
primer vector hodographs, are analyzed. The existence domains for three
types of solutions are determined. The algorithms for the parameter
determination of two-, three-, and four-impulse solutions for each type of
possible primer vector hodographs are considered. Example cases are
presented. It is shown that the total delta-v of the optimal Lambert’s
problem solution might be two or even three times higher than the delta-v
for an optimal three-impulse solution. The rendezvous problem with a
constraint on transfer orbit altitude is considered. The impact of orbit
determination errors and manoeuvre realization errors is analyzed. The
procedure for the solution selection for the minimum influence of these
errors is presented.

In the fourth chapter, a universal algorithm for a four-impulse multiple-
revolution rendezvous in noncoplanar near-circular orbits manoeuvre
parameter determination and a numerical analytical algorithm of long-
range guidance for Soyuz- and Progress-type spacecraft manoeuvre
parameter determination are shown. The six-impulse solutions which
correspond to the spiral hodograph of primer vector are analyzed. The
equations for the determination of optimal impulse application angles for
these solutions are presented. The numerical analytical algorithm for
several dozen rendezvous manoeuvres determination is shown.

There are lots of problems in practical work which are hard to solve
without using numerical methods. This is why Chapter Five is dedicated to
numerical methods. The numerical method, which was used over a
number of years in the ballistics center of the Keldysh Institute of Applied
Mathematics at the Russian Academy of Sciences for real spacecraft
manoeuvre parameter determination, is also presented with selected
examples.

The ballistics center of the Keldysh Institute of Applied Mathematics
at the Russian Academy of Sciences, whose creator and long-term head,
E.L. Akim, was the corresponding member of the Russian Academy of
Sciences, participated in ballistics navigation flight support for all major
scientific spacecraft. The ballistics center played an important role in the
ballistics navigation support of manned spacecraft. The author of this book
took part in the determination of manoeuvre parameters of “Soyuz 19”
(1974), “Soyuz 20” (1975, Apollo-Soyuz Test Project), and “Soyuz 22”
(1976). Over a number of years (since 1978), the ballistics center has
participated in ensuring the functioning of the orbital stations “Salut-6”,
“Salut-7”, and “Mir”; in the activities connected with the deployment of
the International Space Station (ISS); and the ballistic support of the
“Buran” space system. As part of these activities, the author has calculated

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

XVi Introduction

the manoeuvre parameters of approximately 140 spacecraft of different
types: “Soyuz”, “Soyuz-M”, “Soyuz-TM”, “Progress”, and “Progress-M”,
as well as the orbital modules of “Kvant”, “Priroda”, “Spectre”, “Zvezda”,
and the “Buran” space system, etc. Participation in the ballistics navigation
support of these flights gave the opportunity to develop and test different
methods of manoeuvre parameter determination, and to choose the
simplest and most reliable ones with maximum adjustment to the
peculiarities of the flight of real spacecraft. Since the methods presented in
this book were designed for solving practical problems, they take into
account the constraints on moments of impulse application, their
magnitudes and orientation, and interim orbit altitude limits, as well as
meet the strongest demands in terms of performance and reliability.

Due to their advantages, the methods were chosen by CNES as a basis
for their own method of calculating the manoeuvre parameters of
rendezvous problem for the ATV approach to ISS (Carbonne, Chemama,
Julien, Kudo et al. 2009, 1091-1106).

Emergency situations occurring in orbit proved the necessity of the
graphic dialogue, which rapidly reselects manoeuvring schemes with
additional constraints caused by emergency situations.

The first use of the graphical dialogue while solving the manoeuvring
problem was described in the article by A.K. Platonov and R.K. Kazakova
(Kazakova and Platonov 1976). Lambert’s solution was used for the
manoeuvre determination. The book by Y.A. Zakharov gave the description
of the graphic dialogue for the calculation of interorbital transfer with
finite thrust. A transition to the solution of the problem with finite thrust
from an impulsive solution was made by using nonlinear programming.
Both graphical dialogues were developed at the stage of spacecraft flight
design.

The graphical dialogue description, which can be used at the stage of
ballistics design and during the flight in emergency situations, including
space debris collision avoidance, is described in the fifth chapter. Unlike
the previous two dialogues, the solution analysis and its alteration take
place in the space of eccentricity vector projections, and not in the space
orbits themselves.

It was assumed in the problems mentioned above that the burn duration
is noticeably shorter than the orbit period. It allowed us to solve the
problem in an impulsive statement and helped us to recalculate the engine
regime parameter accurately with the help of an iterative procedure. Still,
in a number of practical problems, the manoeuvre duration is comparable
with the orbit period. For example, such a situation appears when orbital
module big-sized manoeuvres are carried out with the use of docking and
attitude thrusters. Another example is the usage of electric propulsion
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engines. In these cases, impulsive approximation is not enough and special
manoeuvre determination methods are needed.

Problems of this type have a special place among optimal spacecraft
manoeuvring problems. A number of articles are dedicated to them.
Articles by the group of authors led by T.M Eneev and V.A. Egorov
(Beletsky and Egorov 1964, 360-391; Akhmetshin, Efimov, Eneev, and
Yegorov 2000, 279-305; Ermilov, lvanova, and Panushin 1977; Akhmetshin,
Beloglazov, Belousova, Efimov et al. 1985; Egorov, Grigoriev, and
Ryzhov 2005), as well as articles by M.P. Zapletin and I.S. Grigoriev
(Grigoriev, Zapletina, and Zapletin 2007, 758-762; Grigoriev and Zapletin
2009, 1499-1513) can be mentioned. Several interesting monographs have
been published (Grodzovski, Ivanov, and Tokarev 1966; Lebedev, 1968;
Bartenev, Krasilshikov, Lebedev, Malyshev et al., 1988; Zakharov, 1984).
Articles by M.S. Konstantinov (Konstantinov 1997) and V.G. Petukhov
(Petukhov 2004, 250-268; Petukhov 2008, 219-232; Petukhov 2012, 249—
261) can also be noted. Due to the complexity of the problems in which
manoeuvring is performed by low-thrust engines, they were traditionally
solved by numerical methods with the use of Pontryagin’s maximum
principle or by dividing the problem into simpler problems which have
trivial solutions, just like the Shuttle manoeuvre calculations. In recent
years, Y.P. Ulybyshev has successfully been using the method of inner
point for long-duration manoeuvre problems (Sokolov and Ulybyshev
1999, 95-100; Ulybyshev 2008, 135-147; Ulybyshev 2012, 403-418).

The aspects of manoeuvring with limited thrust engines are described
in Chapter 6. The algorithms of the transfer problem manoeuvre parameter
determination on coplanar orbits with fixed orientation of engines in
orbital and inertial coordinate frames and the algorithm of optimal engine
orientation change determination are depicted. In the space of deviations
of semimajor axis and eccentricity between final and initial orbits the
areas with optimal engine orientation mentioned above are determined.
The numerical analytical algorithm for the manoeuvre parameter
determination for a noncoplanar transfer is shown. A coplanar rendezvous
with manoeuvring on each revolution and on two separate intervals is
considered.

In the previous theoretical articles from the 60s and early 70s, no
research was conducted in the field of spacecraft manoeuvring in satellite
constellations, which play an important role in modern cosmonautics.
Nowadays, lots of satellite constellations differ in terms of application, the
number of satellites in a constellation, the types of orbits, and the relative
satellites positions used. The most common are satellite constellations on
near-circular orbits. The algorithms mentioned in the previous chapters
might be used for the calculation of a spacecraft manoeuvre parameter in
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satellite constellations. At the same time, the manoeuvres of such satellites
have their own peculiarities.

Dozens of publications have been dedicated to satellite constellations.
At first, the satellite constellation configuration that can provide the
necessary coverage of the Earth should be selected. In this field, the
articles by G.V. Mozhaev (Mozhaev, 1968; Mozhaev 1972, 833-843;
Mozhaev 1973, 59-68), J.G. Walker (Walker 1971, 369-384), B.P. Byrkov
(Byrkov and Razoumny 1992, 62-68), Y.N. Razoumny (Razoumny 1993),
E. Lansard (Frayssinhes, Lansard, and Palmade 1998, 555-564), and V.K.
Saulsky (Saulsky 2005, 34-51) can be noted. Recently, some articles by
Y.N. Razoumny (Kozlov, Razoumny, and Razoumny 2015, 200-204;
Kozlov, Razoumny, and Razoumny 2015, 196-199), and S.Y. Ylybyshev
(Ulybyshev 2015, 311--322; Ulybyshev 2016, 1-11) concerning the
multiple-tiered satellite constellations have been published. The satellites
in these constellations move in circular orbits with different radii.

Despite the variety of satellite constellations, there are two basic types
of optimal manoeuvre problems: satellite constellation deployment and
keeping.

The first one is close to the classic rendezvous problem. Each satellite
is considered separately. The satellite needs to be transferred to a specified
point in the final orbit in a fixed period of time. In this case, the time of
the satellite transfer to a specified point is not important and can be
selected in a wide range unlike in the case of the manoeuvring problem,
which is calculated when docking “Soyuz” or “Progress” to a long-term
space station. It is connected with the search for a compromise solution
between the transfer duration and the total delta-v expenditures. Total
delta-v expenditures usually increase with the decrease of the transfer
duration to a specific orbit point. Also, when dealing with low Earth
orbits, we face a shift of RAAN even after the simplest satellite transfer
along the orbit. And this needs to be corrected. This case is thoroughly
examined in the first paragraph of Chapter 7. The algorithm of optimal
impulse application angle selection and the algorithm of compromise
rendezvous time selection are shown.

The problem gets more complicated when the satellite operational orbit
RAAN differs from the initial orbit RAAN by dozens of degrees. For
example, such a situation occurs when a single launch vehicle injects
several satellites in orbit and some of them need to be transferred to
different operational planes or when a spare satellite needs to be
transferred to another orbit plane in order to replace the malfunctioning
one. The optimal one in terms of total delta-v costs satellite transfer needs
significant time (several hundreds of revolutions). The problem of satellite
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transfer from the circular orbit to a specific point of analogous circular
orbit with a big RAAN difference is also shown in Chapter 7.

It was shown that, with the increase of RAAN deviation, the total
delta-v expenditures do not grow proportionally as might be expected.
They alter in a fashion that corresponds to the sine-shaped fading law over
the line corresponding to the expected proportionality. The magnitudes of
these oscillations are noticeable within several degrees of variations of
RAAN. In this case, the total delta-v expenditures for the compensation of
a substantially bigger deviation of RAAN can be tens of percent less than
the cost of the compensation for relatively small deviations.

In general, it is necessary to have a universal manoeuvre parameter
computing algorithm for a long-duration rendezvous when being transferred
to the given point of the final orbit from an arbitrary injection orbit. This
algorithm becomes more complicated when there is a big difference in
RAAN between the initial and final orbits.

It is impossible to solve this problem using the existing methods for
short and medium duration rendezvous problems. In these methods, the
influence of the Earth’s oblateness was omitted (Prussing 1969, 928-935;
Prussing 1970, 1221-1228; Jones 1976, 55-90; Marec 1968; Marec, 1979)
or accounted for using the iterative procedure (Petrov 1985; Bazhinov and
Yastrebov, 1978; Gavrilov, Obukhov, Skoptsov, and Zaslavsky 1975;
Baranov, Gundobin, Ivanov, Kapralov et al. 1992, 26-27) when obtaining
the given tolerance of terminal conditions. The Earth’s oblateness can be
used for the reduction of total delta-v expenditures in the problem of the
satellite transfer to the given plane, whose RAAN differs from the initial
one by several tens of degrees.

In the available articles, the problems of the parameter determination
of satellite transfer to another operational plane were hardly considered.
The two problem solving methods for a rendezvous with big initial
deviations of RAAN (Bollman, D'Amario, Lee, Roncoli et al. 1999;
Breeden, Guinn, and Ocampo, 2001, 1-20) were presented at international
conferences held by AIAA. The methods were demonstrated for the
solution to rendezvous on Mars orbit. RAAN needed to be changed by 182
degrees. The first one (Bollman, D'Amario, Lee, Roncoli et al. 1999), the
NASA project, is similar to the Shuttle-to-ISS docking method. The
correction of orbital elements in the orbital plane and orbital plane rotation
are carried out separately. The solution obtained is not optimal (the total
delta-v expenditures are 60% higher than the necessary ones). Due to the
complexity of the problem, ten velocity impulses were used instead of five
for NASA’s classical rendezvous problem solution. The second method
(Breeden, Guinn, and Ocampo, 2001, 1-20) developed by JPL and the
University of Texas is numerical. It obtains the optimal solution with three
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velocity impulses, but the time needed to arrive at the solution is
extremely long and a good initial guess is needed. It is hard to perform
multiple solutions for the problem using these methods.

In Chapter 7, a simple, reliable, and fast numerical analytical method
for obtaining an optimal solution of such a type (Baranov and Baranov
2009, 256-262) is given. It allows the formulation of the dependence of
the consumption of the total delta-v on the duration of the flight with a
single solution to the problem. Besides, the computational process is well
illustrated. It is always clear why the optimal solution has its specific look
and how it alters due to the change of initial conditions. It is possible to
obtain solutions which can decrease the influence of manoeuvre realization
errors.

The given method was used for a number of situations including the
solution to abovementioned rendezvous problem on Mars orbit, and the
solution to the manoeuvre parameter problem while deploying satellite
constellations (e.g., “Globalstar”) and satellite formation flying. The
examples of manoeuvre parameter calculations for the initialization of a
cluster for atmospheric tomography and for the satellite formation flying
“Aqua Train” deployment are given. Due to the close positions of
satellites in formation flying, significant attention must be paid to collision
avoidance while calculating the manoeuvres for their deployment. This
problem was considered in (Baranov, Boutonnet, Escudier, and Martinot
2005, 913-920; Baranov, Boutonnet, Escudier, Matinot et al. 2003, 83-96;
Baranov, Boutonnet, Escudier, and Martinot 2003).

Special attention is also paid to the problem of keeping the given
satellite constellation configuration, which has several significant differences
from the satellite constellation deployment problem. Two strategies can be
distinguished: absolute and relative keeping. In the absolute keeping
regime, the motion of each satellite should comply with some given
motion, which allows the manoeuvres for each satellite to be calculated
separately from other satellites in the constellation (Chao and Schmitt
1991; Baranov and Wang 2015, 68-83). In the relative keeping regime,
the cooperative motion of all satellites in a constellation is ensured. It is
significantly cheaper than the absolute regime because there is no need to
correct orbit elements which practically alter in the same fashion
repeatedly for all satellites in a constellation. For example, the semimajor
axis reduces in practically the same fashion for all satellites due to
atmospheric drag and does not need to be corrected. The only thing to do
is to control the relative angular distances between the satellites which
determine the satellite constellation configuration. Relative keeping is a
more complicated problem as it is necessary to take into consideration the
location of other constellation elements while calculating manoeuvres of
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the current satellite. In the articles by G.V. Mozhaev (Mozhaev 2001,
634-647) and R.F. Murtasin (Murtazin 1998, 173-182), two keeping
policies were considered and it was shown that relative keeping leads to a
smaller number of manoeuvres needed and lesser total delta-v expenditures.

The problem of manoeuvre parameter calculation in the relative regime
of constellation keeping has been examined by a number of authors. A
simplex method (Bernussou, Brousse, Dufour, Foliard et al. 1997; Bernussou,
Dufour, and Lasserre 1996, 169-174; Fedorov, Malyshev 2001, 45-46) or
the numerical solution of the Riccati equation (Ulybyshev 1998, 109-115)
are usually used for its solution. In these cases, the system conditions are
controlled after fixed and equal time gaps. It may be needed to perform
some optimal orbit element corrections before or after one of these fixed
moments, which is a disadvantage of both methods. Analytical solutions
were suggested in some articles; however, it was agreed that the manoeuvres
were performed in the initial (Mozhaev 2001, 634-—47) or in the initial
and final moments of time (Murtazin 1998, 173-182). The constellation
was not controlled in the intermediate moments. The numerical analytical
method allows the manoeuvre parameters to be evaluated analytically; this
ensures the necessary configuration keeping on the whole interval is given
in Chapter 7. Taking into consideration the physical peculiarities of
problems helps to decrease the number of manoeuvres used. The suggested
geometrical interpretation of the maintenance process gives a comprehensive
explanation of the nature of the optimal solution. Numerical solutions do
not allow this.

The development of methods for the deployment manoeuvre
calculation and relative satellite constellation station keeping was carried
out in the work initialized and supported by CNES. J.-P. Carrou, J.-P.
Bertiasse, P. Legandre, J. Folliard, P. Brousse, J.P. Guster, and F. Dufour
made great contributions in organizing this and other works. The
development of the universal manoeuvre parameter determination method
of satellite transfer to a specified point of orbit with several dozens of
degrees RAAN deviation was made together with P. Labourdette (Baranov
and Labourdette 2003, 130-142; Baranov and Labourdette 2002).

Absolute keeping is used far more often and is considered in the last
paragraphs of Chapter 8. The example contains the case of the absolute
keeping of a microsatellite in the sun-synchronous orbit which fulfills
Earth remote sensing problems.

The satellite group absolute configuration initialization and its keeping
during a considerable time interval were illustrated by the satellite
formation flying “Tandem”. Much attention is paid to the collision
avoidance problem when maintaining orbit.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

XXil Introduction

Nowadays, the spacecraft safety problem during flight draws more and
more attention due to increasing space debris collision hazards. Manoeuvring
problems have an important place in the space debris problem. Chapter 9
and 10 are dedicated to this issue.

The four trends in space debris manoeuvre calculating problems can be
distinguished. The first and second trends are considered in Chapter 9, and
the third and fourth in Chapter 10.

The first trend is the determination of manoeuvres which allow
collisions with space debris to be avoided. Special collision avoidance
manoeuvres are usually used. They are relatively simple. Their description
is given in the beginning of Chapter 9. It would be more interesting to
solve a more complicated problem like finding the solution to the
rendezvous problem which will allow collisions on the phasing orbit (drift
orbit) to be avoided. A safe orbit can be obtained by searching for
magnitudes and times of velocity impulse applications on the first
manoeuvring interval, and not by adding additional collision avoidance
manoeuvres. A compromise solution can be obtained without a substantial
increase of the fuel needed thanks to the abovementioned graphic dialogue
with the problem.

The second trend is to determine manoeuvres performed by an active
space object. The assessment and future forecasting of such manoeuvres
will allow modeling an active space object movement with higher accuracy
and, hence, to avoid collisions with them. Single- and two-impulse
manoeuvres were assessed. The two-impulse manoeuvre parameter
determination algorithm reduces the problem solution time by several
orders in comparison with Lambert’s solution, which is traditionally used
for these purposes. The manoeuvre determination accuracy is also
improved. Single- and two-impulse long duration manoeuvres were also
assessed. The solution time was also decreased by several orders in
comparison with traditional methods (Alfriend, Kamensky, Stepanyants,
and Tuchin 2009, 3-22; Borovin, Stepanyantz, Tuchin, Tuchin et al.
2012). The assessment algorithms of short and long duration single-
impulse manoeuvres with considerable errors in the determination of
initial and, especially, final orbits were presented. In this case, the
manoeuvre assessment helps to improve the final orbit accuracy (it is
obtained by applying a calculated manoeuvre to the initial orbit) and thus
helps us to increase the approach (of the protected spacecraft with the
given object) determination accuracy. These algorithms can be used while
assessing the impulses which occur during the setup of the given
spacecraft orientation; this helps to increase the orbit forecast accuracy.

Manoeuvre assessment problem statements and approaches to their
solutions have been discussed with V.M. Agapov several times.
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The third trend is the transfer of the decommissioned spacecraft into
orbits where they cannot be dangerous for active space objects. For
geostationary orbit spacecraft, this means a transfer into orbits with
altitudes 250-350 km higher than regular geostationary orbits, while, for
low Earth orbits, it is the transfer to orbits where the existence time is
limited to 25 years. An orbit parameter determination algorithm was
given, and this type of elliptical and circular orbits evolution was
considered. The dependences of elements of orbits with reduced existence
time against the time of their size and orientation adjustment, ballistic
coefficients etc. were considered.

The fourth trend is large space debris transfer (cross-section area is not
less than 5 m2, final rocket stages, boosters) in orbits with a significantly
reduced orbital lifetime which will not be dangerous to active space
objects.

There are lots of projects for space debris mitigation measures. The
most effective ones are the two schemes in which one of the servicer
spacecraft (space vehicle collector [SV-collector]) can remove several
large space objects (LSO).

The first scheme includes a successive flyby of several spacecraft with
their collection or insertion in the exhaust sections of small spacecraft with
their own autonomous control and enough fuel supply (thrust de-orbit kits
[TDKSs]) for braking and large space debris transfer to the disposal orbit
(DO). The flyby is performed by an SV-collector and, when it is out of
fuel and TDKs, it is refueled by a tanker spacecraft.

The second scheme suggests the usage of one spacecraft which
manoeuvres between the objects and provides their transfer to the DO.
This scheme is less effective, but it performs the flyby faster. Both
schemes are considered and compared in Chapter 10.

Five groups of objects with close values of orbit inclinations were
identified. The strategy of the flyby was chosen, and the compromise
times of each flyby were found to meet the time constraints of the whole
mission. The total delta-v expenditures on different flyby schemes were
calculated and the most preferable schemes of each group flybys were
chosen. It was determined which amount of fuel supply and the number of
TDKSs the SV-collector and tanker spacecraft should have. It was also
estimated how many SV-collectors and tanker spacecraft were needed for
the almost complete cleanup of all groups.

Practically all the algorithms described were supported by example
cases. This will allow readers who intend to use the algorithms from the
book to check their own realizations.

Solutions are given for the problems which can be met in practical
work. In those solutions, terminal conditions were calculated with the set-
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up precision using the iteration procedure described in the first chapter,
which takes into consideration all the necessary perturbations.
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CHAPTER ONE

PROBLEM STATEMENT:
GENERAL SOLUTION SCHEME

1.1. Spacecr aft Equations of Motion

A particular interest in manoeuvring in near-circular orbits can be
explained by the fact that most real spacecraft orbits are in this class of
orbits. The circular orbital velocity in a central gravitational field can be
determined as:

y7,
V= £
0 ro

where r, = the circular orbital radius and u = Earth’s gravitational
constant (the product of the gravitational constant by mass of the attracting
body, for Earth 1 =M ~3.986028 -10°km?/s®> and for Earth’'s radius
R, = 6,371 km).

In practice, there are always some perturbations in real and circular
orbits.

The three main groups of perturbing factors can be distinguished as:

1. Deviations in the initial conditions (by velocity, radius or angle)
from the conditions which provide motion along the circular orbit;

2. Additional external forces: the influence of the noncentrality of the
gravitational field; atmospheric drag; attraction between bodies, solar
radiation pressure; and the influence of the magnetic field, etc.

3. Forces caused by the spacecraft’ s propulsion system.

These perturbations can significantly change the circularity of an orbit.
However, in most practically significant cases, deviations from circular
orbits are relatively small and linearized equations of motion can be used
(at least as a starting point) when studying them. Here, we assume that a
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circular orbit of radius ry, is unperturbed, while the orbit under
investigation is perturbed.

1.1.1. Equations of Motion in a Cylindrical
Coordinate Frame

For the description of motion, we use a cylindrical coordinate frame
r,u,z (Fig. 1-1). lts origin O is situated as the center of attraction. Here,

r = the distance between the attraction center and the spacecraft’'s
projection on the unperturbed orbital plane; u = the angle within the
plane of the unperturbed orbit starting from an arbitrary initial Ox axisin
the direction of the satellite’'s movement; and z = the distance between
the unperturbed orbital plane and the satellite. The z axisis perpendicular
to the unperturbed orbital plane. It is aligned in such a manner that if one
were to follow the direction of increasing z , the satellite would movein a
clockwise fashion. It is suggested that the time reference starting point (t =
0) isthe moment when the satellite passes the point at which u = 0.

Viy

Fig. 1-1. The cylindrical coordinate frame connected to a satellite
position in orbit

Here, we consider perturbing acceleration as summed acceleration
caused by all forces except for the force produced by the central

gravitational field (g=x/r?). In addition, let the projection of the
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perturbing acceleration be in the direction of radius-vector r; the projection
of the perturbing acceleration move along a normal line to the radius
vector r in the unperturbed orbital plane; and the projection of the
perturbing acceleration onthe z axisbe S T, and W (Fig. 1-1), respectively.
Keeping in mind that ratio z/r issmall, and neglecting the effects of the
second order infinitesimal, one can obtain the satellite equations of motion
relative to the introduced coordinate frame in Suslov (1946):

S—g=f-ru?

1d 5.
T==S(r20), 1-1
rdt( ) (1-1)
W=7+g2,
r

We will only investigate the case of the minor (with respect to the
major acceleration g) perturbing accelerations S, T, and W, and minor
(with respect to r, and V,) deviations from circular motion caused by

perturbing accelerations.

With accuracies of small quantities of the first order, the influence of
deviations between the perturbed orbit and the unperturbed circular orbit in
terms of the S T, and W vaues can be omitted and these accelerations can
be calculated as accelerations corresponding to the unperturbed orbit. This
assumption alows us to solve the first two parts of Eq. 1-1 independently of
the third equation, as the values S and T, with the accuracies of small
quantities of thefirst order, are not affected by the lateral displacement z .

Let V, =f and V, =ru be the velocity vector projections on the

radius vector and the normal line in the unperturbed orbital plane,
respectively. By substituting these values in Eq. 1-1 we get:

2
_ “ M

Vr—S—r—z"rT,

VV,
V, =T
t P (1-2)
r=V,
u=-+.

=

This system of three differential equations with the unknown values
r,V,,V, cannot be evaluated in a closed form with arbitrary values of the

perturbing accelerations Sand T.
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1.1.2. Equationsin Deviations from a Basic
Circular Orbit

For the approximate solution of Eq. 1-2, we will assume that the basic
characteristics of the perturbed motion under consideration on the time
interval of interest deviate little from the corresponding characteristics of
the unperturbed circular motion. Let Ar,AV,,AV,,Au be the deviations

between the respective values of the perturbed and unperturbed orbits:
r=ry+Ar,
V, =AV,, (1-3)
V, =V +AV,.

Thefirst equation of Eq. 1-2 for the unperturbed orbit can be stated as:

0=-++2. (1-4)

Let us substitute Eq. 1-3 in EQ. 1-2 and subtract Eq. 1-4 from the first
equation of 1-2. In this case, by using Eqg. 1-4 and assuming the values
Ar,AV,,AV, to be small (with accuracy of the first order of smallness),

we get the following relationships (with accuracies of small quantities of
the first order):

AV, = 240AV, — J3AT =S,
AV, + J,AV, =T,
AF —AV, =0, (1-5

AU = ri(Avt — JoAr),
0

where 4, = the angular velocity of satellite motion along the unperturbed
orbit, which can be found by:
Vo

A
0ro

(1-6)

We get the equation system of four linear differential equations with
constant coefficients and a set of unknown variables Ar, AV, ,AV,,Au.
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In a similar manner, we get the equation for the deviations of latera
displacement:

7+ 232=W. 1-7)

1.1.3. Equations of the Motion System Solution

The eguation systems 1-5 and 1-7 have a solution that can be stated as
follows (EI' yasberg 1965):

sin Aqt
Ar = (2—cosAgt)Arg + —-2

2(1-
AV, + (1—cosAgt)

AV,
0 /10

t t
1 . 2
o l SE)sn Aot -£)ds - l T(&)1- cos At - H)HE,
AV, = g Sin Aot - Arg +C0S Aot - AV, +2sinAgt - AV,
t t
¥ j S(£) C0s Ao (t - £)dE + 2 j T(£)sin Aot - £)dE,
0 0
AV, =—74(1-cosAgt)Arg —sin Aot - AV, —(1-2c0sAot) AV,
t t
- j S(&)sin 2t - £)dé - j T(£)[1- 2c08 Ao (t - £)dE,
0 0

3t —28in Ayt Ar - 2(1—cosAgt) AV

o 0

fo

t
Bt-dsndet 2 B )
S A, !sc:)u cos ot~ )]d
F 1-8
- [Tt - )~ 4sin Zo(t- o)1k, (-9
0 0

sinAqt

1 .
Vit l W(&)sin Jo(t - &)dé,

Z=C0SAgt - 25 +
0

t
V, =—=AgsinAgt-z5 + oS4t -V, + IW(cf) cosAy(t—<&)dé.
0
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The members of the equations under the integrals determine the
influence of the perturbing forces, whereas the other members of the
equations determine the influence of the minor initial perturbations on the
current deviations of the orbit from the unperturbed circular orbit. For
now, we will consider only the influence of the minor initial perturbations.
The equations for them in dimensionless form can be found below:

AT, AV,
£:k11_0+k12—r0+k13 toa
o 0 Vo Vo
AT, AV, AV,
AV_Vr:kzl_o*'kzz—ro"‘k23 b )
0 Mo Vo Vo
AV, Ar V AV,
—t= I(31_0 +Ksp o Kas o ;
Vo o 0 Vo
A (-9
"
0 0 0
Z %
— =Kgs—+Ksg—,
lo 0 Vo
Z \V
Yo _ Kes —% + Keg V_ZO-
0 0 0

Here, k; (i,j =12,...,6) = dimensionless coefficients, which can be

written as:

ki1 = 2—c0s@, ki, =sing, ki3 = 2(1—-cosg),
Ky =sing, kyy = C0Sp, Ky = 2sing,
kg = —(1—cosp), ks =—SiNg, key = —(1-2cosg),

Kap =—(Bp—2sng), Ky = —2(1-cosp), k43 =— (3p—4sing),
Kes = —Sing, kg = cosp,

where ¢ = A5t = the unperturbed value of the angle u.
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1.2. Problem Statement

1.2.1. Velocity Impulse Impact on Deviationsin the Specific
Point of an Orbit

Orbit-changing impulse components AV, ,AV,,V, can be trested as

initial velocity deviations. Each impulse, applied at points with the angles
@ (i=1...,N), causes deviations in the orbital elements at the specified

point with the angle ¢ = ¢, which can be found using Eq. 1-9. The sum
of these deviations caused by N impulses can be written as:

N
Z(A\yr‘ Sin((of - ; )+ 2AV—Vti(1— COS(¢f — ))J:%' (1-109)
0 0 0

AV, AV,
Z(V—O’ico o _(,Di)'l' zv—()‘isin(qof 4 )J= AV\:r , (1-10b)

N (AV, AV,
Z[— v ‘ Sin(wf —goi)—v—ot'(l—ZCOS((pf — @ ))j:?/—\:t (1-10c)

ZN:E ZA\Z' -cods 1)) A\Zt‘ [3(% o) H - Au, (1-10d)

=) —4s n(qpf — @ )
N AV
;V—:s'n(wf —wi)=f—oz, (1-100)
5 AV, AV
Zl v coslp; —¢,)= v (1-10f)

where AV, ,AV, ,AV, = theradia, transversal, and lateral components of

thei-th impulse respectively.

From Eg. 1-10, one can obtain the impulse parameters, which will
meet the terminal condition requirements of entering the target orbit if the
deviations on the right side of the equations are treated as deviations
between the target and the initia orbital parameters. These deviations can
be given by:

Ar = Arg —Arg, AV, = AV, - AV, AV = AV, —AV,,

Au=AU; — AUy, AZ=Z; _ZOiAVz:VZf _VZO'
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where the deviations between the circular and terminal orbits and the
circular and initial orbits at the point ¢ = ¢ are given by the indexes “f”

and “0”, respectively.

Deviations from circular orbits derived in the cylindrical coordinate
frame can be used in the most efficient fashion when solving the
rendezvous of two spacecraft in the final manoeuvring interval; this is
when the determination of their relative position and motion is most
important. At this moment, the target point is usually not the spacecraft
itself, but some point in its vicinity. This shift is determined by the so-
caled “target vector”. For example, if an active spacecraft is situated on
an internal orbit relative to a target spacecraft, then some small negative
radial and transversal velocity deviations can be chosen (like
Ar =-05km, AV, =-10m/s, for instance). In this way we ensure a
“bottom-up” approach, as the active spacecraft chases the target and
approaches it from below.

A scheme for the “bottom-up” approach is described in Fig. 1-2. The
scheme presents the positions of the active spacecraft (named “ch”, the
internal orbit) and the target spacecraft (named “tg”) in the moments of
time t;,t,,t;, preceding the rendezvous moment, and in the rendezvous

moment t,y, . The line segments connect the spacecraft positions
belonging to the same moments in time. The deviation Ar =-0.5km
ensures that no collision will occur, even if the autonomous approach
hardware were to fail.

1
v t5

Fig. 1-2. On-orbit spacecraft ~ Fig.1-3. The coordinate frame
approaching process used for the solution of the
rendezvous
problem
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The change in the active spacecraft’s position from the inner to the
outer orbit leads to the ateration of the signs of the specified deviations
from the target point and reverses the approach scheme (the so-called
“from-above”’ approach).

1.2.2. Velocity Impulse Impact on Deviations of the Keplerian
Orbital Elements

It is more preferable in most cases to determine orbits by their
elements. Let us introduce an Oxyz coordinate frame with the origin as the
center of attraction; the Ox axis pointing to the point in which the
deviations are evaluated (Fig. 1-3); and the Oy axis lying within the orbital
plane. The connection between the deviations introduced earlier and the
orbital elements can be given by the equation system from El’yasberg
(1965):

Aa= Z[Ar + A—th

Ao
AV,
e = A0 o8 (1-11)
Mo Vo
AV,
y VO

where a = the semimagjor axis; Aa = its difference fromry; e = orbital

eccentricity; and e,,e, = eccentricity vector projections on the X and y

axes. An eccentricity vector e isavector with magnitude e, which points
to the orbital pericenter (Fig. 1-3). The orbital focus is the Earth’s center.
The deviations can be evaluated at any point, but it is convenient to use
the rendezvous point in the case of the rendezvous problem.

Thus, for near-circular motion the dimensionless conditions of
reaching the specified point in the target orbit can be described as follows:

N
D (Vg sing; + 24V, cosp;) = Ae,, (1-12a)
i=1

N

Z (- AV, cosg; +2AV; sing; ) = Aey, (1-12b)
i=1
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N
Z 2AV; = Aa, (1-12¢)
i=1

N
D (2av,; (1~ cosgy ) + AV, (- 3p; +4sing; )= At (1-12d)

N
Z— AV, sing; = Az, (1-12¢)
i=1
N
ZAVz cosg, = AV,, (2-12f)
i=1
where Ae, = €; COSw; — €, COS®y , Aey =e€; Sihw¢ —€; SN,

Aa=(as; —ag)lrg, At=2A5(t; —ty), Az=2z4lry, AV, =V,5/V,
AV, = AV, IV, AV = AV, IV, and AV, = AV, 1V,.

Here, “f” and “0" = indexes corresponding to the target and initial
orbits; e;,e, = the orbital eccentricities; a;,a, = the semimagjor axes,

¢ ,m, = the angles between the direction towards the pericenter of the

specified orbit and the direction towards the specified point on the target
orbit (the Ox axis is the heading to this point); t; = the time necessary for
the transfer to this point; t, = the moment when the radius-vector

projection on the target orbit (while moving along the initia orbit) appears
to be situated on the beam that intersects the specified point; z, = the

deviation of the spacecraft on the initial orbit from the target orbital plane
at the moment t,; V, = thelateral relative velocity at this moment; Vy, 4o
= the orbital and angular velocities of motion along the reference orbit
with redius rq(ry = a;); N = the number of velocity impulses; ¢; = the
angle of application of the i-th impulse, which is measured in the direction
on the specified point towards the motion of the spacecraft; and
AV, AVy AV, = theradial, transversal and lateral components of the i-th
impulse, respectively. One should bear in mind that the angles ¢; are
negative, it being agreed that in the specified point ¢, = 0 (thisis one of
the reasons why the minus sign is used in the 5th equation).
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1.2.3. Optimization Problem Goals

The manoeuvring intervals F,...,Fy for impulse applications are

usualy defined by the revolution number and the initial and terminal
latitude arguments. There are constraints on the impulse application
angles:

(01 € Fl""'wN S FN’ (1‘13)

where F,...,Fy = the specified manoeuvring intervals.

Thus, the problem of finding the optimal manoeuvring parameters can
be stated as follows:
We determine AV,;,AV;,AV,,¢; (i =1...,N), ensuring the minimum

AV , which satisfies the constraints 1-12 and 1-13.

AV = ZN:Avi - ZN:\/AVHZ LAV + AVZ,
i=1 i=1

Not all of the aforementioned constraints can be used when speaking
about the specified problem.

1.2.4. Geometric Inter pretation of the Velocity mpulse

According to egs. 1-12a and 1-12b, alteration of the orbital eccentricity
vector through the application of the transversal component AV;; of thei-

th impulse on the plane e,,e, can be depicted as vector AB (Fig. 1-4).

The magnitude of this vector is 2AV,; and the angle between the vector
and the e, axisis ¢;. The alteration caused by the radial component
AV,; is depicted by vector BK (Fig. 1-4). The magnitude of this vector is
AV,; and the angle between the vector and e, is 1.5z + ¢; . It is apparent

that vectors BK and AB are perpendicular to each other. Vector AK on

plane e,,e, corresponds to an impulse and shows the alteration of the

eccentricity vector after the application of an impulse with these radial and
transversal components. The equations 1-12e and 1-12f demonstrate that
vector A'KK' with magnitude AV, and angle ¢; to the V, axis corresponds

to the lateral component of thei-th impulse on plane V,,—z (Fig. 1-5).
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AVi

2AV;

A N

I

Fig. 1-4. Eccentricity vector
alteration after impulse
application

Fig. 1-5. Deviation from the
orbital plane due to lateral impulse
component application

Thus, the broken lines correspond to a multiple-impulse solution of the
problem for the coordinates e,,e, and V,,~z. Examples of such broken

lines for the two-impulse solution with zero radial impulse components are
presented in figs. 1-6 and 1-7.

be, 'y
= K(AV,AZ)
AV (B
s
AP
AVz1
A (ex0,ey0) Aey Pi
e {P-
X -
> A’ v,

Fig. 1-6. Two-impulse ateration

Fig. 1-7. Two-impulse rotation
of the eccentricity vector

of the orbital plane

The angles ¢, ¢, , which form the direction of optimal correction of

the eccentricity vector deviation and the correction of the orbital plane

deviation respectively, are marked in the figures. These angles can be
given by:

g, = : 1-14
9¢e re, (1-149)

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



EBSCChost -

Problem Statement: General Solution Scheme 13

Az
tgp, = ———, 1-14b
992 =~y ( )

z

The angle Ag is worthy of particular attention. It is the angular

difference between the direction of optimal eccentricity vector deviation
correction and the orbital plane deviation correction:

A(” =P — Pz, (1'140)

Ai = the minimum impulse (in dimensionless form) necessary for the
alignment of the orbital planes. It can be evaluated as:

Ai = /AZ2 + AVZ. (1-14d)

1.2.5. Relative Or bit

Equation 1-12 describes the orbital element deviations in the
rendezvous point, but not the element values. This means that the transfer
from the initial to the target elliptical orbits with parameters (&, €y, )

and (e, ,ey, ,a;) isformaly equivalent to the transfer from the reference

orbit with radius ry, to the eliptical orbit with parameters

(Ae,,Aey,a=ry+Aa), where Ae, =e, —€,, Ae,=e, -e, , ad

Aa=a; —a,. Hereon, we assume that an elliptical orbit with such

elements is relative. Furthermore, the transfer from point (0, 0) to point (
Ae,,Aey) in plane e,,e, Wwill be depicted instead of the transfer from

point (e ) topoint (e, ey ).

Xo ’e)’o

1.3. Single Impulse Manoeuvr es

It is apparent that a single impulse transfer from the initial to the final
orbit is possible only when the orbits osculate or intersect with each other.
In other cases, only some of the elements of the target orbits can be shaped
using single-impulse manoeuvres.

The equation system 1-12 allows us to make some clear conclusions
about the alterations of orbital elements due to a single impulse.
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1.3.1. Semimajor Axis Correction

A semimgjor axis alteration occurs only due to the transversal
component of the impulse and the variation value does not depend on the
moment of application of the impulse. The radial component does not
affect the semimajor axis. The transversal component can be found from
Eg. 1-12c:

AV, = L aa
2

1.3.2. Eccentricity Correction

Alteration to the eccentricity value occurs due to both components.
The variation value depends strongly on the moment of application of the
impulse. It is evident that the most effective way is to ater the eccentricity
by applying the transversal impulse component at the pericenter (¢ = @,)

or the apocenter (p=¢.+7) of the relative orbit. The transversd

component can be found from Eg. 1-12a. The plus sign corresponds to the
impulse applied at the pericenter and the minus sign corresponds to the
impulse applied at the apocenter:

AV, = J_riAe,
2

where Ae:,/AewaAeﬁ. Consequently, the signs of the eccentricity

variation values will differ too.
The radial component can also ater the eccentricity value. It is half as
effective when used, but the semimajor axis remains unchanged. The

impulse  can  be  applied in (p:¢e+%(AVr:Ae) or

@ =Pe ——(AV, = _Ae)'

1.3.3. Single-Impulse Transfer

If the orbits lie in one plane and intersect with each other, then it is
possible to transfer from the initial orbit to the target one using a single
impulse applied at one of the points of orbital intersection. As has aready
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the broken line corresponds to the problem solution on

plane e,,e,. It starts at the center of the coordinate frame (point A) and
ends at point K, corresponding to the relative orbital eccentricity vector
(Fig. 1-8).
AAey
B
AV,
2AVi  pn
. K(Aey,Aey)
@
$ Pe Aey
A >
Fig. 1-8. Single-impulse transfer between intersecting orbits

The broken line consists of two pieces as the solution involves both the

transversal and
component can

radius Aa (Fig.

radial components of the impulse. The transversa
be found from Eqg. 1-12c: AV, = Aa/2. A circle with

1-8) will be the geometric locus of the points (on plane

e, €, ), which can be reached using this component, because the impulse

application angle is not defined while the transversal component has a
known value. As was mentioned before, the line segment corresponding to
the radial component is perpendicular to the line segment corresponding to

the transversd

component. This means that the line segment that is

tangential to the circle must correspond to the radial impulse component.
It is necessary to form the given eccentricity vector (i.e. it is necessary to
transfer from point A to point K using two components), which iswhy line
segment BK should correspond to the radial component and line segment
AB should correspond to the doubled transversal component (Fig. 1-8).
Using the geometric solution of the problem, the radial component value

and the angle of

application ¢ can be found:

AV, =y Ae? —Aa?,

P=0.tq
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where sing” = AV, / Ae. Then, the delta-v necessary for the transfer can

be given as:
AV =‘/Ae2—%Aa2.

With the help of the radial component, point K can be reached only if it
is outside the circle, i.e. AK>AB, which is equivalent to the condition
Ae > |Aa. However, on the other hand, the single-impulse solution exists

only if the orbits intersect and, hence, the orbits intersect if the condition
Ae> |Aa| is satisfied. Note that the equation for the impulse application

angle in the single-impulse transfer to the target orbit can be used for the
determination of the orbital intersection point.

1.3.4. Orbital Plane Rotation

As can be seen in Fig. 1-7, the orbital planes can aso be aligned with
the use of asingle impulse, which can be applied at ¢ = ¢, :

AV, = Ai
orat p=¢,+r:

AV, = —Ai
Here, Ai, ¢, can befound using egs. 1-14d and 1-14b. It is evident that
these impulses are applied on the line of the initial and target orbital
intersection.
The angle alteration Ai can be determined without evaluating the
deviations Az, AV, if theangle Ay between the orbital planesis known:

A = 26n 27
2

Most of cases in this book deal with the small angles between orbital
planes. Thus, the equation can be simplified:
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Ai = Ay.

Taking into account the aforementioned simplification, Ai can be
treated as an angle between orbital planes. Ay and u, (u, = the latitude

argument of the impulse application point for the orbital plane alignment)
can be determined using the initial orbital inclination iy, the target orbital

inclination i , and the RAAN difference of these orbits AQ :

COSAy = COSi¢ COSig +SiNi¢ Siniy COSAQ,
, sini¢ SSINAQ
snu, =———.

SinAy

A particularly simple equation can be obtained if only one of the
parameters needs to be corrected as i or AQ :
Ay =i; —ig,u, =0" or 180° (eguator), or
Ay =AQ,u, =90° or 270° (orbital apex or vertex).

1.3.5. Semimajor Axis Correction in the Case
of an Elliptical Orbit

Naturally, if only one of the orbital elements needs ateration, more
accurate equations (in comparison to the equations for the near-circular
motion) can be used. For example, the alteration of the semimajor axis for
an elliptical orbit can be calculated as:

2%V
I

Aa

AVT )

where AV, = the tangential component of the velocity impulse and V =

the velocity at the impulse application point. It can be easily seen that for
optimal semimagjor axis dteration, the impulse must be oriented
tangentially, reaching its maximum at the orbital pericenter (the
spacecraft’ s velocity is at its maximum here).
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The simple equations of linearized motion will be helpful in obtaining
the analytical problem solution, in which several of the orbital elements
need to be corrected simultaneously.

1.4. Changein Orbital Size Duetothe Application
of aVelocity Impulse

Let us depict the alteration of the orbital size and along-the-orbit shifts,
which occur under the influence of various impulse components
(EI'yasherg 1965).

1.4.1. Impact of the Radial Velocity | mpulse Component

In Fig. 1-9, the orbit after the application of the positive radial impulse
component is pictured using dashed lines. The orbital pericenter is situated
at point ¢,=15z. The absolute values of radial deviations at the

apocenter and pericenter are equal and can be evaluated as:

AV,
|ar, | = |ar,| =T Vor :

I

Fig.1-9. Orbital size dteration after radial impulse component application

In Fig. 1-10, one can see the shifts aong the orbit during arevolution.
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-

Fig.1-10. Along-the-orbit shift after radial impulse component application

Aswe can see, the lag from the unperturbed motion appears to be at its
maximum after half a revolution:

Au =—4A—Vf,

0

but it becomes zero by the end of the revolution. This indicates the
absence of a secular perturbation.

Fig. 1-11a. Relative motion after  Fig.1-11b. Radial impulse component
radial impulse component approach
application

The results obtained can be used for representing the motion of an
active spacecraft (or an object thrown away from a station) relative to the
station. This motion can be easily described in an orbital coordinate frame
with the origin at the station’s center of mass. The axis r points along the
radius-vector and the axis n lies on the orbital plane and points in the
direction of the spacecraft’s motion.

The relative motion caused by the application of the positive radial
impulse component can be seen in Fig. 1-1la. The positive radius
deviation achieves its maximum after a quarter of arevolution. The along-
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the-orbit lag achieves its maximum after half a revolution. The deviation
of the radiusis zero at this point. A quarter of arevolution later, the radial
deviation achieves its maximum negative value and the object returns to
theinitial point after afull revolution.

Sometimes the difference in the radial velocity component can be used
in the approach to atarget spacecraft. For example, if an active spacecraft
isinserted at a point in the target orbit behind the target spacecraft (point A
in Fig. 1-11b), then, the active spacecraft approaches the target with the
help of the application of the negative radial impulse component (we use
only the lower halves of the ellipse in Fig. 1-11a) (Carbonne, Chemama,
Julien, and Kudo et a. 2009, 1091-1106). This strategy has some
advantages, for example, if the impulse is not located at point C (Fig. 1-
11b), the spacecraft can return to point B and continue its motion without
the secular perturbation of position relative to the target spacecraft. The
approach process can be continued as needed.

1.4.2. Impact of the Transversal Velocity | mpulse Component

In Fig. 1-12, the orhit is plotted using a dashed line, which was
obtained after the application of the positive transversal component.

The orbital pericenter is at point ¢, =0°, and the radial deviation at
the apocenter is:

Ar, = 4rOA—V‘.
Vo
Au
b 27; '
""""" —GTEA—V‘E
~~~~~ AV

Fig.1-12. Orhital ateration after Fig.1-13. Shift along the orbit after
transversal impul se component transversal impulse component
application application
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The aong-the-orbit shift is shown in Fig. 1-13. The shift is initially
positive and reaches its maximum as:

Au~0.4776 2V
VO

when ¢ = 41°24'35", then, the shift decreases and after ¢ = 73°05'32" the

unperturbed motion lag starts.
Per revolution, the lag can be evaluated by:

AU = —67[A—V‘.
Vo

This means that, in fact, the spacecraft starts to move backwards with an
average speed of 3AV, after the velocity impulse application AV, is

pointed forward.

Fig.1-14. Relative motion after transversal impulse component application

The relative motion, caused by the application of the positive
transversal  impulse component (AV, =2m/s, orbita  radius

o =6,700km) is shown in Fig. 1-14. As we can see, an object thrown

forward from the station will move forwards and up. It will continue
moving up with a simultaneous backwards motion before descending and
reaching the level of the station; however, it will now be behind the station
(the same movement during the second revolution is shown by the dashed
line).
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Ar
-120 -100 -80 -60 -40 -20 |0

Fig. 1-15. Relative motion of the “ Soyuz” spacecraft while approaching
the orbital station

The theoretical movement of the “Soyuz” spacecraft relative to the
orbital station after the last application of the velocity impulse (180°
before the target point) is shown in Fig. 1-15. It is supposed that the
deviation at the target point (the target vector) is AV, =-12.5m/s Aswe

can see, the spacecraft chases the station at arange of angles from —180° to
approximately —73° (it approaches the station from the bottom); then, the
spacecraft dightly overruns it; during the last phase, the station chases the
spacecraft (the angle range is from —41° to 09). In fact, the autonomous
rendezvous equipment starts working when the angle range reaches 100°
and the real movement of the spacecraft will differ from the one shown in
Fig. 1-15.

1.4.3. Impact of the Lateral Velocity | mpulse Component

Figure 1-16 shows the influence of the lateral impulse component.

Fig. 1-16. Influence of the lateral impul se component

Aswe can see, thisleads to rotation in the orbital plane at angle:
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Thus, the maximum deviation from the orbital plane will be;

Az:rOM.
VO

As such, no along-the-orbit shift occurs. The relative motion consists
of an oscillating motion along the z axis, which is perpendicular to the
orbital plane.

Let us undertake some training and use the results obtained for the
solution of the problem given in the exams of the Moscow Institute of
Physics and Technology.

EXERCISE. Which direction should you avoid while shooting from a
spacecraft in order not to be hit by your own bullets?

SOLUTION. The bullets will hit the spacecraft if the period of their
orbit is the same. The radial and lateral impulses do not change the orbital
period in case of the near-circular motion and, hence, it is prohibited to
shoot in the plane, which holds the radia vector and the vector
perpendicular to the orbital plane.

1.4.4. Orbital Element Changefor Various Circular Or bital
Radii

Table 1-1 presents the orbital element alterations for circular orbits of
various radii due to the application of a 1m/s transversal impulse

component (the first five elements) and a 1m/s lateral impulse component
(the last two elements).

The orbital height above the Earth's surface is given in the first
column. The changes to the other elements are given in the following
columns: Aa = the semimajor axis alteration; Ae = the eccentricity
alteration; AP = the period alteration; AU = the along-the-orbit angular
shift per revolution; AL = the aong-the-orbit linear shift per revolution;
Ay = the angle of orbital plane rotation; and Az = the maximum

deviation from the orbital plane.
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Table1-1

Hkm |Aakm| Ae APs |AUdeg| ALKkm | Aydeg | Azkm

200 | 1.689 |0.000256| 2.042 | -0.138 | -15.826 | 0.0073 | 0.844

400 | 1.765 | 0.00026 | 2.166 | -0.140 | -16.589 | 0.0074 | 0.880

800 | 1.924 | 0.00027 | 2.432 | -0.143 | -17.928 | 0.0077 | 0.968

1,500 | 2.212 | 0.00028 | 2.930 | -0.149 | -20.465 | 0.0080 | 1.102

10,000 | 6.635 | 0.00040 | 12.674| -0.218 | -62.210 | 0.0114 | 3.274

20,000 |13.566| 0.00051 | 32.887 | -0.278 | -127.899| 0.0146 | 6.725

36,000 | 27.428| 0.00065 | 84.077| -0.351 | -258.471| 0.0186 | 13.704

Some of the deviations are not listed in the table, but they can be easily
evauated with the help of these values. For instance, the maximum radial
deviation is equal to the doubled semimajor axis deviation, etc. The
deviations due to the application of the radial component can be easily
evaluated with the use of the deviations caused by the transversa
component. In addition to single-impulse manoeuvres, multiple-impulse
ones can a so be approximately calculated using this table.

1.5. Manoeuvr e Assessment and | nitial Phase
Range Selection

1.5.1. Features of Soyuz Spacecr aft M anoeuvr es

As an example, let us estimate the sum of transversal impulse
components of the first and second manoeuvring intervals of the four-
impulse approach manoeuvre between the “Soyuz” spacecraft and an
orbital station. The first manoeuvring interval is located on the third and
fourth revolutions, while the second interval starts one revolution before
the target point. The target point is set at the end of the 33rd revolution.

Let us assume that, in the moment of the “Soyuz” spacecraft’s
insertion, the station is Au, =197 ahead (this range of angles is
sometimes called the “initial phase” or simply “phase’). The “Soyuz”
spacecraft's orbit (initial orbit) has the heights h, =192km and
hmax = 238 km , while the station’s orbit (the target orbit) has the heights
Nin =330km and h,,,, =341.5km.

The average orbital radial difference is 12075km As one can see

120.75

from the table, a transversa impulse of magnitude 5 ~714m/s is
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needed to eliminate this difference. With the existing difference between
the orbit’s semimajor axes, the angle range (the phase) will decrease to
197° -0.139-71.4-3=167.218 due to the motion before the first
manoeuvring interval, which is on the third revolution. The impact of a
fixed impulse with magnitude 2m/s, applied at the 17th revolution and
serving the purpose of fixing first impulse realization errors in phase
deviation, can be estimated as 0.139-2-14=3.892°, where 14 = the
number of revolutions between the first manoeuvring interval and the
fixed impulse application. Thus, in order to “catch” the station in 29
revolutions, the phase difference  should  decrease by
167.218-3.892
29
the required semimgor axis difference must be equivalent to the

transversal impulse with magnitude giig ~ 40.52m/s. The calculated

~5.632° per revolution. In order to satisfy this condition,

value should be decreased by the target vector magnitude (—125m/s)
since this deviation is not compensated for by the burns. As a result, the
sum of the transversal impulse components of the second manoeuvring
interval  will be AV, =4052-125=28.02m/s. The sum of the

transversal impulse components of the first interval will be
AV, =71.4-2-12.5-28.02 = 28.88 m/s. An accurate analytical solution

of the problem (see Example 1, Chapter 5) gives the following values:
AV, =28.67m/s, AV, =32.1m/s. As we can see, the phase condition

allows us to determine the impul se values with good precision as the sums
of the transversal impulse components of the second manoeuvring interval
(calculated analytically and numerically) do not differ by much. The sums
of the transversal impulse components of the first interval differ
significantly. This can be explained by the omission of the notable
influence of atmospheric drag on the spacecraft due to its relatively low
orbit.

Simple equations can be used to assess the influence of atmospheric
drag on the spacecraft’s motion in a circular orbit. The atmospheric drag
forceisgiven by:

2
R, = CFm —p\;fd
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where c, = the dimensionless atmospheric drag coefficient; F, = the

spacecraft’s cross-section (the maximum spacecraft section, perpendicular
to the velocity vector of the flight relative to the atmosphere); p = the

atmospheric density; and V,y = the absolute value of the flight velocity

vector relative to the atmosphere. A spacecraft moving along a circular
orbit suffers deceleration, which can be calculated using the following
equation:

T:_&:_vazz_ﬂ
m r’

where c=‘3;i = the ballistic coefficient, which is refreshed during
m

flight. Alterations to the height and period per revolution on a circular
orbit can be found in EI’ yasberg (1965):

& =—4ncpr?,
éP:_lzﬂz Cpf5/2.
Ve

The atmospheric density depends on many factors and there are
different static and dynamical (including the influence of solar pressure)
atmospheric models.

We can use table 1-2 to assess the atmospheric influence (EI’ yasberg
1965). The dterations of 6P and or for circular orbits versus different
heights H above the Earth’'s surface have been calculated for a spacecraft
with the ballistic coefficient ¢ =0.1 (the CIRA 1961 static atmospheric
model was used).

Table1-2
H km 150 200 250 300 350
OoPs 11 24 | 7.010'| 23-10% 8.7-10
or km 9.2 20 |5810'| 1.9-10% 7.1-102
H km 400 500 600 700 800
oPs |3.7-102|8.6:10%| 2.7-10° | 9.6:10* 3.8-10*
dr km |3.0-102|7.1-10%| 2.1.10% | 7.6-10* 3.0-10*
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The basic parameters of this atmospheric model (density, pressure,
temperature, and molecular weight versus different heights) are listed in
El’yasberg (1965).

Using table 1-2, one can estimate the decrease in height for 33
revolutions. Here, the average orbital height after the first manoeuvring
interval is 265 km (corresponding to AV, = 28.88 m/s ). The orbital radius

decreases by 0.46 km per revolution for a spacecraft with the ballistic
coefficient ¢=0.1. The “Soyuz” spacecraft has the approximate ballistic
coefficient 0.039. As such, after 33 revolutions the height has decreased
0.46-0.039- 33 . .
by Ar = o1 5.92 km. In order to compensate for thislossin
height, it is necessary to increase the sum of the transversal components
for the first manoeuvring interval by i—:::; =3.5m/s. Thus, we get

AV, =28.88+3.5=32.38m/s, which agrees well with the numerical
result.

1.5.2. Initial Phase Range at Launch Time

The angular range between the spacecraft and the orbital station in the
moment of the spacecraft’s orbital insertion Au (initial phase) has a
significant influence on the delta-v expenditure distribution between the
manoeuvring intervals. Let us assume that primary manoeuvring occurs at
the beginning and the end of a flyby, lasting N revolutions. If the
spacecraft did not manoeuvre at al, then the along-the-orbit dimensionless
deviation at the rendezvous point would be:

Up =AU’ —%AaN,

where Aa = the semimagjor axis difference between the spacecraft and the
orbital station and Au” = the initial phase, measured in fractions of a

revolution (Au’ =%). To diminate this deviation, the sum of the
T

transversal impulse components of the first manoeuvring interval should
be:
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—3NAV, =AU’ —gAaN,
AV, =Lpa-lU
27 3N

Hence, the sum of the transversal impulse components of the last
manoeuvring interval will be:

AU
3N

Thus, the initial phase and rendezvous duration unambiguously define
the sum of the transversal impulse components of the second manoeuvring
interval and the lasting of the semimajor axis deviation will be eliminated
by the manoeuvres of thefirst interval.

In Fig. 1-17, AV, & a function of Au’, is depicted by the dashed

AV, :lAa—AV =
&y 2 £

ling; AV, , as afunction of Au’, is depicted by the dash-dotted line; and
total delta-v is depicted by the solid line. As aresult, an optimal range of

the initial phase values exists: Au” €[0,Auy,], where Aug, =§NAa. The

total deltav is constant in this range and equals the minimum value

AV = iAa.
2

AL AU Ay,

Fig. 1-17. AV as afunction of theinitia phase

While selecting the initial phase, one should bear in mind that in the
case of abnormal situations there must be the possibility of rescheduling
the first manoeuvres to a back-up revolution. If the back-up manoeuvring
interval is n revolutions behind the first interval, then the sums of the
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transversal impulse components of the first and second manoeuvring
intervals can be found by:

*

AV — AaN  Au
"2N-n) 3(N-n)’
_Aa_ AaN AU

V; - + .
"2 2(N-n) 3(N-n)

With the increase in n, the sum of the manoeuvring transversal
components in the first interval increases and the sum of the manoeuvring
transversal components of the second interval decreases; AV, , however,

should not exceed %Aa. This condition helps us discover the left

boundary of the allowed range Au, :
Ayl = 3 a
2

The 13th revolution used to be the backup revolution for the first
“Soyuz” spacecraft. The first manoeuvring interval was on the 3rd and 4th
revolutions, the second one was on the 32nd revolution, and docking

occurred on the 33rd revolution. Thus, for this scheme n = % N. The left

boundary of the allowed range Au, shifts by the third part of the optimal

range length to the right.

We may encounter a situation where the spacecraft launch is
rescheduled. For the “Soyuz” spacecraft, the backup launch date is usually
scheduled two days later (after the scheduled revolutions). In this case, the
initial phase increases if the station period is less than 90 minutes. The

phase change Aug can be evaluated by:
Au;:{EngnmdD,
vl

where m = the number of revolutions by which the launch date is shifted;
v=mg+Q, , g = Earth's angular speed of movement; and Q; = the
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change rate of Q accounting for the second gravitational field zonal
harmonic.

If the initial phase increases, the right boundary of the permitted range
Au, should be shifted by Aug leftwards from Auy, in order to maintain

the phase inside the optimal range after the change in the launch date.

In addition, there may be some restrictions on the acceptable values of
the impulse sum of the second manoeuvring interval, which can also shift
the right boundary of the allowed range |eftwards.

1.6. Optimality Conditions

A single impulse is not enough if it is necessary to correct al the
elements of the orbit. Two or more impulses are used in this case. The
number of control parameters (4N, where N = the number of impulses)
usually exceeds the number of constraints in the equation system 1-12.
This can be changed if additional restrictions on impulse orientation
and/or on the moments of their application are introduced. The problem of
searching for the optimal solution appears. To find the solution, one can
use the necessary optimality conditions from the primer vector theory
(Lawden 1966).

1.6.1. Equations of Motion in Dimensionless Form

After the conversion of variable t to the independent angular variable
6, the equations of motion in dimensionless form for the mass point in
the cylindrical coordinate frame (egs. 1-5 and 1-7) will be asfollows (1I’in
and Kuzmak 1976):

dAT -
22 AV, 1-15a)
a0 r ( )
AL _ 7 AV, (1-15b)
do
dAZ -
2 _ AV 1-15¢
a0 z ( )
dave _ 2AV, + AT +1,, (1-15d)
do
AV, ~
davi _ —AV, +n, (1-15¢)

de
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dAv,

=-AZ +n,, 1-15f
90 2 (1-15f)
dg
—=n, 1-15
10 (1-159)
Here, AF,AT,AZ AV, ,AV,,AV,,§ = the dimensionless variables;

gq= cInﬂ = the characteristic velocity (¢ = the exhaust velocity; m, and
m

m = the initial and current masses; and n,,n,,n, and n=4/n? +nZ + n?

= the components of jet acceleration and its modulus divided by
gravitational acceleration g(ry) ).

1.6.2. Co-state Equation System

The co-state equation system for Eq. 1-15 will be as follows (II'in and

Kuzmak 1976):
d
T—-s - py (1-168)
o g (1-16b)
do
d
d‘; -s,, (1-160)
d
P _ 0, (1-16d)
do
ds
g é =S - P, (1-16€)
d
d—s‘e ~ 25 1p, (1-16f)
ds,
s 1-16
a0~ P= (1-169)

Here, thevector s=(s;,s;,s,) and thevelocity vector V = (V,,V,,V,) are
conjugated vectors and p,,p;,p, and Ar,At,Az are conjugated
variables.
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The solution of this system can be given by:

P, =24 +4,Sn@+ A5 €086 — 3446, (1-179)
P = A, (1-17b)
p, = A5sing — 1, cosé, (1-17¢)
Py = -1, (1-17d)
S, =—4,C080 + 439N 0 + 244, (1-17¢)
S =24, +21,8N0 + 245050 — 3440, (2-17f)
S, = A, SN 6 + A5 c0sH, (1-179)

where 4;,4,,43, 44,45, 4¢ = arbitrary constants.
The problem Hamiltonian can be written as:

H =[(sn)+ pgnl+s; (2AV, +Ar) + 5 (-AV,) +5,(-A2Z) + 118
+ P AV, + p; (Ar —AV,) + p,AVY,. (1-18)

1.6.3. Necessary Optimality Conditions

Let the primer vector be the vector function s(s;,s;,s,), conjugated

with the velocity vector. D. F. Lawden (1966) showed that the primer
vector should not exceed a unity in the modulus while on the optimal
trajectory; the impulses are applied at those moments when the primer
vector is a unity in the modulus and the impulse vector and the primer
vector are aigned in this point of the trajectory. This means that the
primer vector hodograph of the optimal solution does not exceed the
boundaries of the unit sphere (the spatial problem), or the boundaries of
the unit circle (the flat problem). The optima solution impulses are
applied at those moments when the hodograph osculates with a sphere (a
circle)—the inner impulses—or intersects it (the initial and the terminal
moments of the flyby interval)—the two outer impul ses.

Hence, we only need the variables to conjugate the velocity vector.
The labels A, u,v are often used for these variables. Equations 1-17e to

1-17g can be converted into a more convenient form (Edelbaum 1967, 66-
73):

A=y 22+ 22 Sin(0 - 0,) + 24, (1-19a)
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=2+ 2y 2%+ 22 cos(0 - 0,) - 340, (1-19D)
V= MS@ n(6 - 6,) + Mcos(@ —6p), (1-190)

\/ﬂ%‘i‘ﬂé wMng/ié

tgf, = 22 (1-19d)

The impulse will be optimally oriented in the moment 6; if the
conditions below are satisfied:

S IEPTAN A el B 1-20
A @); AV = u( iXW_V( ). (1-20)

The conditions 1-19 and 1-20 can be obtained using the Lagrange
multiplier method. The Lagrange function L will consist of AV and Eq.
1-12 multiplied by the Lagrange multipliers 4;,..., 4. After differentiation

of L by AV, ,AV, ,AV, ,and equaizing the results of differentiation by

zero, we get the conditions 1-20.
Normally, egs. 1-19a to 1-19d describe a spiral in the dimensions
A,u,v or a cycloid on the plane u,A. If A5 =0, the primer vector

hodograph can degenerate to an ellipse, acircle, aline segment, or a point.
Each hodograph type has a corresponding type of optimal solution. A new
designation for the angle (@ instead of ¢) is used for the conjugated

variables. The primer vector hodograph type defines the possible types of
optimal solution, and the problem’s peculiarities determine the concrete
choice of the type of solution.

The dependences between the primer vector modulus s and the time for
the cases when the hodograph is an ellipse and when it is a one-and-half-
revolution long cycloid are given in Fig. 1-18.
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t t, t Lot oot ot

Fig. 1-18. Primer vector modulus as a function of time for
hodographs in the form: (a) ellipse; (b) cycloid

1.7. General Solution Scheme

The linearized equations of motion are used in the problem stated in
section 1.2. The noncentrality of the gravitational field, the atmospheric
influence, and velocity impulse durations are not taken into account. This
leads to insufficient accuracy in the terminal conditions 1-12. An iterative
scheme from the work of Bazhinov and Yastrebov (1978), Gavrilov,
Obukhov, Skoptsov, and Zaslavsky (1975), and Petrov (1985) can be used
to solve the problem with higher accuracy. The scheme consists of several
steps:

0. In the beginning, an “accurate” prediction of the spacecraft’'s
movement in the initial and terminal orbits to the rendezvous point using
all the necessary perturbation models is made. Deviations between the
initial and target orbit parameters are cal cul ated.

1. The next step involves solving the “approximate” problem. With the
aforementioned simplifying assumptions, we determine the parameters of
the impulses, shaping the “target” orbit. On the first iteration, the “target”
orbit coincides with the terminal orbit.

2. After this, using the calculated impul ses and models of all necessary
perturbations, an “accurate” prediction of the spacecraft’s movement is
made and the parameters of the new orbit are found.

3. The deviations between the new orbit and the corresponding
parameters of the terminal orbit are calculated.

4. If the deviations exceed tolerable limits, the “target” orbit
parameters are changed to values of parameters with the summed up
deviations and the next iteration is performed.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

Problem Statement: General Solution Scheme 35

The procedure ends when the terminal conditions are satisfied.

As a rule, numerical and/or analytically numerical integrations are
used for “accurate” prediction. It is possible to use different prediction
methods on different iterations, but the accuracy of the prediction should
get higher with each successive iteration.

The gravitational field's noncentrality, and the atmospheric and solar
radiation pressure influence, etc., are taken into account while performing
numerical integration and the work of the spacecraft propulsion system is
also modeled. Hence, despite the fact that the manoeuvring parameters are
evauated on each iteration with the use of simple models, the results of
the iteration procedure ensure the acquisition of a solution with the desired
precision.

The flowchart of the iteration procedure is given below. We can see
that use of this iteration procedure does not guarantee that the found
solution is optimal. The search for an optimal solution has been carried out
with some simplifying assumptions. Determination of a possible deviation
from the optimal solution on the first iteration can be found in table 2-1
(paragraph  2.1.6). However, firstly, the alteration of the terminal
conditions of the problem during the iteration process and some special
techniques (for example, the alteration of the order of the impulse
application, see 2.1.6) alow us to get close to the real optima solution.
Secondly, during the solution of the real problem, the first priority takes
the accuracy of adjustment of the given orbit as well as the reliability and
the speed of the solution’s acquisition. This scheme gives al this to the
user and it is acceptable to have a few percent difference between the
found and the optimal solutions. In practice, the simplicity and reliability
of the solution is sometimes worth a 40 % loss of tota deltav.
Furthermore, the results demonstrate that the difference between the found
solutions of real problems using this procedure and the solutions found
using the cumbersome numerical methods hardly exceed 1 %.
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Determination of theinitial E, and terminal

orhit elements E; at the rendezvous point

v

Initial deviation vector evaluation
31 = Ef - E0
v

Determination of the manoeuvring parameters
AV, AV, AV, (i =1 N) for A,

A 4

Y
Determination of the elements (in the Problem
solved

rendezvous point) Ej of theshaped (by the |

manoeuvres) orbit
Yes

A 4
Checking of the terminal condition satisfaction

v No

Deviation vector determination for the new

Using the numerical methods without this iteration procedure, it is hard
to provide the desired accuracy in the satisfaction of the terminal condition
and strict minimization of total delta-v. Also, problems with the selection
of the solution for the start of the minimization process and the search for
the local minimum appear. High speed or reliability can be provided by
this approach in the acquisition of the solution.

The aforementioned explains why this iteration procedure is widely
used in ballistic centers all over the country.
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Reliability is the key feature of practical problem solving methods.
This is why the convergence of the iterative procedure plays a primary
role.

This solution scheme is quite promising. The deviations between the
orbit and the relative orbit can reach several hundred kilometers and the
manoeuvre duration can reach 2-3 tens of degrees by the latitude
argument, which is noticeably far from the initial impulse supposition. For
the mgjority of practical problems, this procedure converges fast and with
certainty. For example, it is enough to pass through the five iterations to
get the manoceuvring parameters for the “Soyuz’ and “Progress’
spacecraft. However, when the omitted perturbations become considerable
or the perturbation group starts to produce a more substantial effect,
problems of convergence appear. In this case, some perturbations need to
be taken into account. For example, the influence of the second harmonic
of the gravitational field’s potential expansion and the long duration of
spacecraft engine firing should be taken into account during manoeuvre
parameter determination. There is also an option to use the techniques
invented by the author. Drawing on 45 years of experience with actual
projects, these can help ensure the required reliability and convergence
speed for all the numerous practical problems.

1.8. Main Types of Optimal Spacecraft Manoeuvring
Problems

The problem of the optima near-circular orbital manoeuvring
parameter search has been stated in genera terms. Severa types of
problems, which have to be solved while supporting real spacecraft, can
be distinguished. Naturally, each problem has its own solution. Even more
simple solutions can be found for different well-known particular cases.

Two basic types of spacecraft optimal manoeuvring problems in near-
circular orhits can be distinguished:

I. The interorbital transfer problem, when the transfer time from the
initial to the target orbit is not fixed (as arule, two-impulse solutions).

I1. The rendezvous problem, when the transfer time to the given point
in the terminal orbit is fixed (sometimes two-impulse solutions, but, as a
rule, requiring multiple-impulse solutions (three or more)).

Each of these types of problem has two manoeuvring subtypes:
Coplanar manoeuvres (where the terminal and initial orbits lie in the
same plane).
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Non-coplanar manoeuvres (where the orbital planes do not coincide).

Hence, there are four different types of problems for impulse
manoeuvres. It should be noted that each of problems has three of four
types of possible solutions.

We have the same types of problems for manoeuvres performed by
low-thrust engines, where the burning intervals take up considerable parts
of the revolutions.

Similar problems can be encountered while evaluating transfer
manoeuvres between highly eccentric orbits.

The described classification of manoeuvres can be found in the
scheme.

Those problems that correspond to the dashed arrows are not
considered in this book. They deal with transfers when at |east one orbit is
highly eccentric. All the problems corresponding to the solid arrows are
considered rather thoroughly.

In this scheme, division by the eccentricity value 0.1 is nomina. In
fact, as aready mentioned, the iterative procedure converges with higher
eccentricity values.

Similarly, it is hard to accurately distinguish those problems that can
be solved with the approximation of the impulse manoeuvres and those
problems that can be solved by taking into account the real manoeuvre
duration.

The impulse manoeuvres of transfers between coplanar and non-
coplanar orbits are considered in Chapter 2. The rendezvous problems in
the coplanar and non-coplanar orbits are examined in the 3rd and the 4th
chapters. The 5th chapter presents the numerical methods for the solution
of near-impulse rendezvous problems and finally manoeuvring with low-
thrust enginesis considered in Chapter 6.
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Impulse manoeuvres

39

Manoeuvres with low
thrust

e<0.1

rendezvous

Non-coplanar
manoeuvres

Manoeuvresof v

deployment and
configuration
maintenance of
satellite
constellations and
formation flying
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The problems enumerated in the first six chapters are used for the
deployment and station-keeping (attitude control) of satellite constellations;
manoeuvre determination for collision avoidance with space debris; and
the assessment of manoeuvres performed by active space aobjects, as well
as lots of others. Some of these problems are also mentioned in the
presented scheme.

The 7th chapter describes manoeuvring peculiarities while forming set
configurations of satellite constellations and satellite formation flying. The
problems in the general statement, as well as some particular cases like the
alteration of a satellite’s position in a satellite constellation in circular
orbits (including the transfer to a different operationa plane), are
considered. In the 8th chapter, problems of the absolute and relative
station-keeping of a satellite constellation and formation flying are given.
Manoeuvres for space debris collision avoidance, including solution
ateration, helping to avoid collisions in the reference orbit, are considered
in Chapter 9. The algorithms, which help us to estimate single and two-
impulse manoeuvres of small and big durations performed by active
spacecraft, including cases when the terminal orbit is determined with
considerable errors, are given.

In the 10th chapter, spacecraft transfer to a disposal orbit is examined.
The evolution of these types of orbitsis considered. An examination of the
problem of de-orbiting large-size space debris is given. The five compact
groups of large-size space debris are distinguished and two schemes for
the transfer of space debris to disposal orbits are considered. The quantity
assessment of spacecraft, needed for the transfer of the majority of the
elements of these groups, isalso given.
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CHAPTER TWO

TRANSFER MANOEUVRES

2.1. Coplanar Transfers
2.1.1. Problem Statement

The lateral motion and time constraints are not taken into account during
the transfer manoeuvre parameter determination. Thus, the conditions for
the transfer to the desired orhit (Eq. 1-12) will be

N
Z (AV, sing; + 2AV, cosg;) = Ae,, (2-14)
i=1

N
Z (-AV, cosg; +2AV, sing;) = Ae, (2-1b)
i=1

N
Z 24V, = Aa, (2-1¢)
i=1

The problem of the optima manoeuvre parameter determination for
the transfer between the coplanar orbits can be stated as “find
AV, AV, , ¢, (i =1...,N), which ensure the minimum total delta-v

AV = iJAvf +AV?
i=1

with the constraints 2-1a—2-1c”.
The problem solution does not depend on the time. Thus, A =0 inthe

necessary optimality conditions 1-19a-1-19d. On the other hand,
As =0, 45 =0, due to the fact that these are coplanar manoeuvres. Hence,

the equations for the primer vector will be
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A= 22+ 22 sin(0-6,),

1= 20y + 2 22 + 2 cos(0 - 6y),

A
A3

There are three types of possible solutions which satisfy the necessary
optimal conditions:
1. The primer vector hodograph on the plane x, 4 is and €ellipse; the

center of the ellipse belongs to the u axis, but it is shifted from the center
of the coordinate frame; the ellipse touches the unit circle at the point C
(Fig. 2-1d) if the center is shifted to the right, or it touches the unit circle
at the point B if the center of the ellipse is shifted towards the opposite
direction;

2. The primer vector hodograph turns to the point that coincides with
the point of the intersection with the unit circle of the z axis; thisis point
B or point C;

3. The primer vector hodograph is an ellipse with the center in the
origin of the coordinate frame, which touches the unit circle at two points—
—-B and C (Fig. 2-1b).

N (@ (b

ﬁ @] 2% A H>
N C c

Fig. 2-1. Primer vector hodograph for the coplanar transfer.

Let us remember that the angles in Eq. 1-12 are negative, and the
deviations are calculated at the rendezvous point. The deviations can be
estimated in the arbitrary point of the orbit in the transfer case but, usualy,
they are estimated in the ascending node on the equator or on the apsidal
line of the relative orbit. We can switch from negative angles, which are
estimated in a clockwise manner from the chosen direction (for instance,
from the node line), to impulse application moments, to positive angles,
which are estimated in the reverse direction (that is not exactly right, but it
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is more habitual). It means that, in the first case, when the deviations are
estimated on the node line, the values of the angles ¢, will coincide with

the latitude arguments of the impulse application points u,, which is
rather convenient. In the second case, when the x axis coincides with the
apsidal line of the relative orbit, Ae, =0, Ae, =€, and for the

determination of the impulse magnitudes which are applied on the apsidal
line of the relative orbit, it is enough to solve the equation system:

24V, -2V, = Ae,
20V, +2AV, =Aa.
1 2

The impulse magnitudes are found from this equation system:
av, =2 (Aa+ Ae)
w=7 +

AV, = %(Aa —Ae)

2.1.2. Coplanar Transfersbetween Osculating Orbits

If 4, #0 and A3+ 43 =0, the primer vector hodograph will be the

ellipse, which has been shifted from the center of the coordinate frame.
The ellipse would coincide with the unit circle on the plane u, 4 if the

condition 24, + 2,45+ 23 =1(with 4, >0), or 24, —-2A5+13 =-1
(with 4, <0) is satisfied. The hodograph osculates with the circle in one
point, which is situated on the u axis (x#=1,4=0). Thus, according to
Eg. 1-20, the solution with one transversal impulse will be optimal. It is
worth mentioning that the necessary conditions would be satisfied again
after one revolution and two revolutions, etc.; hence, this impulse can be
divided into the parts, which can be performed on different revolutions,
but in the same location. The option of impulse division is available for all
transfer problems, but the solutions with the minimum number of impulses
have a higher priority. These solutions will be analyzed further.

The found single-impulse solution is only feasible for transfers
between osculating orbits. The magnitude of this impulse can be found
from Eq. 2-1c
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AV, = 1 Aa,
2

or from egs. 2-laand 2-1b

2AV, cosg = Ae,
2AV;sing = Ae,,

AV, ~lre
2

Thus, for the osculating orbits, Ae=|Aal

The paradoxical feature of the optimal solution of this type draws our
attention. The specific solution, which is only true for osculating orbits,
corresponds to the basic appearance of the primer vector hodograph (lots
of ellipses exist, which osculate with the circle in one point). Most often in
practical work the transfers between the intersecting and nonintersecting
orbits correspond to the particular appearances of the primer vector
hodograph (when it degenerates to the point or ellipse with the center in
the reference frame origin). As will be shown in Chapter 6, this
paradoxical feature disappears if one considers long-duration manoeuvres,
and not impulsive ones.

2.1.3. Coplanar Transfersbetween Noninter secting Orbits:
Coplanar Singular Solutions

A primer vector hodograph degenerating to a point will belong to the
unit circle, if A, = 43 =0, 4; =+0.5. The point coordinates are (1, 0) or (-
1, 0); hence, the impulses are transversal (AV, =0). All impulses are
accelerating (AV, >0), if # =1, and decelerating (AV; <0), if x=-1.

The hodograph does not depend on @ ; therefore, for this type of solution,
it is not possible to determine the impulse application angles and their
minimum number from the equations for the primer vector. Let these
solutions be coplanar singular solutions (CSS) in accordance with the
terminology introduced by Edelbaum for noncoplanar solutions.

Since the signs of al transversal components coincide, solutions of this
type are only possible for transfers between nonintersecting orbits for
which the inequality |[Aa] > Ae is true. It is known that, for transfers

between the intersecting orbits, one of the impulses should be accelerating
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and the other one decelerating. From Eq. 2-1c, one can determine the total
delta-v of the manoeuvre

AV = EN]Avt |= @.
i=1

The solution does not depend on the angle@, as there are lots of
solutions of this type with an equal total delta-vs, but with the different
application angles and impul se magnitudes.

In order to find the solution parameters of this type, one of the impulse
application angles can be fixed; for example, ¢, = ¢, . From egs. 2-1a-2-

1c, one can determine the second impulse application angle ¢, and the
magnitudes of the transversal impulse components AV, AV,

- A€? — Aa? (2.2
" 4(Ae,sing +Ae, cosp; —Aa)’
AV, = % AV, (2-2b)
Ae, _
———AV, sng,
W9e; =2 : (2-2c)

2* — AV, cosg,

All other optima transfer parameters can be found by choosing the
most suitable magnitude ¢, .

If we alter the angleg, , then on the planee,, e, the geometric locus,

which corresponds to the eccentricity vector of the transfer orbit and was
obtained after the first impulse application, will be the elipse (Fig. 2-2)
(Bushuev and Krasovski 1969, 48—489). The solution which meets the
additional constraints can be chosen from the set of solutions with equal
total delta-vs. The additional constraints include the constraints on the
transfer orbit eccentricity, and the constraints on the impulse magnitudes
or the angles of their application, etc. For example, the curved line ADK
with AD=DK corresponds to the solution with equal impulse magnitudes.
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ey P
P2 -~
FK(AeyAey)

€x

C

Fig. 2-2. Relative orhit eccentricity Fig. 2-3. Hohmann' s transfer.
vector locus.

Please note that the famous Hohmann's transfer is the simplest
particular case for this solution. Since the initial and the final orbits are
circular for the Hohmann's transfer, Ae, = Ae, =Ae=0, and, hence,

AV, = AV,, =0.25Aa, 9, = ¢, + 7. An example of such a solution for

¢, = 0.257 is depicted in Fig. 2-3. The line segment AB corresponds to

the first impulse and the line segment BK corresponds to the second
impulse.

2.1.4. Coplanar Transfersbetween | ntersecting Orbits:
Coplanar Apsidal Solutions

The ellipse with the center in the reference frame origin as the primer
vector hodograph on the plane u, A corresponds to the optimal transfers
between the intersecting orbits (Ae>|Aa|). The ellipse osculates with the
unit circle in the points (1, 0) and (-1, 0) (Fig. 2-1[b]). It is necessary that
A5+ 75 :%,ﬂi =0 for such an osculaion. Sincel=0in both
osculating points, the impulses of this solution will be transversal again (
AV, =0). The two-impulse solution will be optimal if the first impulse is

braking (the left osculating point corresponds to it [« =-1") and the

second impulse is accelerating (the right osculating point corresponds to it
[ 4 =1]). Theimpulse application angles ¢, ¢, differ from each other by

half arevolution.
For solutions with no radial impulse components, on the planee,, e,

the locus, which corresponds to the eccentricity vector of the transfer orbit
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(obtained after the application of the first impulse), will be hyperbolic
lines (Fig. 2-48) (Bushuev and Krasovski 1969, 485-489). The impulse
magnitudes and the angles of their application can be determined by
Eqg. 2-2, but one of the impulses will be braking.

€
Y B

\G K(AeyAey)

D1 \Pe ey

A
%

Fig. 2-4a. Relative orbit eccentricity Fig. 2-4b. Transfer between
vector locus. intersecting orbits.

The choice of the hyperbolic line is determined by the order of the
accelerating and the braking impulse applications. Out of the obtained
solutions, the optimal one will be the solution with line segments that
correspond to the impulses directed along the symmetry line of the
hyperbole (ZAVtl = AB,2AV,, = BK [Fig. 2-44)), i.e., the impulses are

applied in the pericenter and the apocenter of the relative orbit.
The impulse parameters (for the solution ABK) can be found by

AV, = %(Aa +Ae), (2-33)
AV,, = %(Aa - Ae), (2-3b)
PL=Per P2 = Pe 7T, (2-3c)

where g, is determined by Eq. 1-14a.
It is obvious that the order of the impulse application can be changed

AV, = %(Aa —Ae), (2-49)

AV, = %(Aa +Ae), (2-4b)

PL= P+ T, 07 = Pe. (2-40)
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Thetotal delta-v value can be obtained by
N
Ae
AV =2 %=

which does not depend on the impul se application order.

Let us remember that if the single-impulse solution with the impulsein
the point of the orbit intersection is used, the total delta-v expenditures can
be determined by the following equation:

AV =‘/Ae2—%Aa2.

The comparison of two equations shows that the total delta-v of the
singleimpulsive manoeuvre is higher, because Ae>|Aal for the

intersecting orbits.
Let us cal the two-impulse solutions of this type coplanar apsidal

solutions (CAS).
2.1.5. Example
Find the parameters of the impulse transfer between the orbits from
Table 2-1.
Table2-1
Elements | Initia orbit | Target orbit
H min km 180 340
H o km 210 360
Uprg deg 20 150

The basic constants are: R, = 6,371.0km; = 3.986028-10° km?/s?.
The semimajor axis and the orbit eccentricity can be given by

+Hmin e= Hmax_H

2 2a

min

a=R.+ H max

The relative orbit is chosen as the drift orbit. The parameters of the
relative orbit are shown below:
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O R SV S S
0 2 7% VT,

The semimajor axis deviation is calculated by

* Aa*
A =a, —a,Aa="—,
Mo

and the eccentricity vector:

{AeX = € COSU g —§ COSU g

Aey =& SiNUyg —€ SiNUyg
_ 2 2
Ae= A€ + A€l

The calculation results:
a =6,566.0km, a, =6,721.0km, g = 0.00228, ¢ = 0.00149,
Aa =155.0km, Aa = 0.02333,
Ae, = -0.00344, Ae, = —0.00004, Ae = 0.00344.

The found eccentricity vectors and their difference vector are depicted
in the below figure:

‘L’
Oy
A
B Ae
Uprg f
- [N 0. r
K Ae

It is needed to calculate the two nonintersecting orbit transfer
parameters(Aa > Ae) . The primer vector hodograph degenerates to the
point and, hence, the two positive transversal impulses should be applied
in order to obtain the optimal transfer. The apsidal solution, which is
suitable for nonintersecting and intersecting orbits, is chosen from the set
of the possible solutions which meet the constraint 2AV, +2AV,, = Aa.
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The impulse application angles for this solution can be obtained by the
following equations:

Aey
= =arctg—=,
P = Pe g A

P2 =@t 7.

AV, = %(Aa ~Ae),

AV, = %(Aa +Ae).

The calculation results: ¢, = ¢, =180.624° (the quadrant of ¢, should
be controlled and it is determined by the signs of Ae, and Ae, ),

@, = 360.6240°.

The impulses, which correspond to these angles, can be obtained with
the use of egs. 2-4a and 2-4b.
The calculation results: AV, =38.5273m/s, AV;, =51.8327 m/s.

2.1.6. Comparison with the Results Obtained after the Problem
Statement Refinement

It should be noted that the statement that the total deltav of the
transfer between the intersecting orbits does not depend on the order of the
accelerating and decelerating impulse application is only true for the
linearized spacecraft equations of motion. It can be seen that the tota
manoeuvre deltav would be a little bit different if one makes the
manoeuvre parameters more accurate with the help of the iterative
procedure from Chapter 1 in order to satisfy the terminal conditions with
high accuracy. The same thing can be said about the transfers between the
nonintersecting orhits but, here, the optimal transfer needs to be found

among the set of transfers with the equal total delta-vSAV =|Aal/2 in the
linearized statement. The theoretical results obtained for the optimal

transfers between the elliptical orbits may help when choosing the genuine
optimal manoeuvre (Ivashkin, 2012).
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Fig. 2-5. Transfers between coaxial orbits:
(a) intersecting orbits; (b) nonintersecting orbits.

During the research into the transfers between the coplanar
elliptical orbits, it was found that in the case of the transfer between the
freely oriented orbits, the delta-v impulse expenditures will be minimal for
the equally coaxia orbit orientation when the apsidal lines are directed
along one line and the directions between the center of the attraction and
the pericenter are equal (w; = @,). The transfer along the curve of the

half-ellipse, which connects the more distant apocenter with the other orbit
pericenter, will be optimal (Figs. 2-5a and 2-5b).

For the counter-axial intersecting orbits (the apsidal lines are aligned
and the directions from the center of attraction to the pericenter are
opposite), the transfer from the apocenter to the apocenter will be optimal
(the curveT; in Fig. 2-68). If the counter-axial orbits do not intersect, the
analogous transfer from the apocenter to the apocenter (the curveT;in
Fig. 2-6b) or the pericenter-to-pericenter transfer (the curveT,in
Fig. 2-6b) will be optimal.

In order to assess the difference between the optimal and the

nonoptimal solutions, we will calculate the total delta-v of the transfers on
the curves T;and T, (Fig. 2-6a) for the case of counter-axial intersecting

orbits with perigee h, = 200km and apogeeh, = 400 km, respectively.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



52 Chapter Two

/./'/(a)
3 \AVZTl

Fig. 2-6. Transfers between counter-axial orbits:
(a) intersecting orbits; (b) nonintersecting orbits.

For the considered case of the counter-axial intersecting orbit solution,
the energetic difference will be maximum. The semimajor axes, the
eccentricities, and the focal parameters are

a=la ;r” . ;h” — 6,67Lkm,

e= raz—ar,, — 0015, p = a(1- €?) = 6,669.5km
The orbit perigee and apogee velocities are

V, = \/Z(1+ e)=7,730.756- (1+ 0.015) = 7,846.717 m/s,
p

a

vV, = \/Z (1-e)=7,730.756- (1-0.015) = 7,614.795 /s
p

By using the equation for the semimajor axis alteration (see Section
1.35)

_2a%V
y

Aa

AVT y

one can find the magnitude of the first impulse for the apocenter-to-
apocenter transfer
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Aau 100- 398,600

> = > -1,000 =58.81m/s,
2a‘V, 2-6,671°-7.614795

AV, =

and for the pericenter-to-pericenter transfer

Aay  —100-398,600
22’V 2.6,671%.7.846717

AV, = -1,000 = -57.07 m/s

On the first stage, we have a difference of 1.74 m/s for the same
semimgjor axis ateration, which comprises approximately 3% of the
impulse magnitude. The transfer orbit semimajor axes noticeably differ for
the transfer along the curveT, a; = 6,771km and for the transfer along the

curveT, a, = 6,571km. Both transfer orbits are circular with the velocity
of motion along the curveT,isV, =7.67259km/sand the velocity of
motion along the curveT, is V, = 7.78848 km/s.

Now, the magnitudes of the second impul ses can be determined by

Aau  —100-398,600
222\, 2-6,771%.7.67259
T, _ Aau _ 100-398,600

> 2adV, 2.6571%.7.78848

AV, = -1,000 = -56.65 /s,

-1,000=59.26 m/s

The total deltav for the transfer aong the curve T,is
AV = 58.81+56.65=115.46 m/s, while the total delta-v for the transfer
along the curve T,iSAV, =57.07+59.26 =116.33m/s. Their difference is

0.87 m/s, which comprises 0.75% of the total transfer delta-v. As can be
seen, the difference in magnitudes of the particular impulses can reach up
to several per cent, but the total delta-v of the transfers themselves differ
dightly. By using the eguations for the near-circular motion, we can
obtain the impul se magnitudes, which are equal for both transfers:

AaVv _ 200.7'72988-1,000:57.936 m/s
4a 4.6,671

AV, =

Thus, the total transfer delta-v iSAV =115.87 m/s . Both magnitudes of
impulses and the total delta-v of the solution, which were obtained with
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the help of the equations for near-circular motion, are within the diapasons
of the analogous variable magnitudes of the two exact solutions.

The accuracy of forming of the given orbit, which was obtained with
the use of equations for near-circular motion (for example, for the
apocenter-to-apocenter transfer), can also be assessed. Due to the
application of the first accelerating impulse of 57.936 m/s

_ 4.6,671°-7.614795
398,600

-0.057936 =197.02 km

the pericenter of orbits became higher by197.02 kminstead of the
necessary 200 km . The braking impulse of the magnitude57.936 m/s,
which was performed at the opposite point, lowers the orbit apocenter

Ay, 46771 -7.67259
2 398,600

_ 4aiVy

Ar -0.057936 = 204.51km

by 204.51 km instead of the necessary 200 km . Thus, a considerable error
when adjusting the orbit apocenter and pericenter exists, but the error of
the semimajor axisis smaller by 2-3 timesat only 1.5km . It can be stated
that the errors comprise 2-3% of the caused alteration of the
corresponding values. They can be easily eliminated with the help of the
iterative procedure from Chapter 1.

The order of the impulse applications, which ensures the optimal
solution is obtained, can be chosen for the analytical problem solution.
The distances to the apocenters and pericenters for each orbit can be easily
calculated because their orbit elements are known. The difference between
the known w;, @, allows us to assess the proximity of orbit apsidal line

orientation to the co-axial or the counter-axial orientation. Then the
optimal solution is chosen out of the two possible solutions with the help
of the aforementioned algorithm. The apsidal solutions can aso be optimal
for nonintersecting orbits. The curved lines ACK and APK correspond to
them in Fig. 2-2. The parameters of these solutions are determined by Eq.
2-4. If there is the option, it is better to obtain accurate solutions for both
successions of the apsidal impulses with the help of the iterative procedure
and then choose the optimal one.

Table 2-2 shows the results of the analogous calculations for the
different orbit heights and different height deviations in the pericenter and
the apocenter. The results for the apocenter-to-apocenter and pericenter-
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to-pericenter flybys are listed in the first line of each cell; the results,
which were obtained by the approximate equations and the relative error,
arelisted in the second line of each cell.

Table 2-2
H km Ah =50 km Ah =100 km Ah =300 km
300 57.832 | 58.049 | 11547 | 116.34 - -
57.937 | 0.0038 | 115.87 | 0.0075 - -
600 54.143 | 54.388 | 108.11 | 108.89 | 322.62 | 329.66
54.237 | 0.0036 | 108.47 | 0.0072 | 325.42 | 0.0218
1,000 49.801 49.97 99.448 | 100.13 | 296.82 | 302.95
’ 49.883 | 0.0034 | 99.765 | 0.0068 299.3 0.0206
1500 45.136 45.28 90.142 | 90.716 | 269.11 274.3
’ 45,206 | 0.0032 | 90.412 | 0.0064 | 271.24 | 0.0193
19.100 7.7617 | 7.7694 | 15516 | 15.547 | 46.463 | 46.738
’ 7.7655 0.001 15.531 0.002 46.593 | 0.0059
36.000 3.6183 | 3.6205 | 7.2346 | 7.2431 | 21.679 | 21.756
’ 3.6194 | 0.0006 | 7.2388 | 0.0012 | 21.716 | 0.0035
Table 2-2 Continued
H km Ah=500km | 4h=1,000 km
300 - - - -
600 - - - -
492,98 | 510.16 - -
1,000 498.83 | 0.0349 - -
1500 446,96 | 461.51 | 891.47 | 952.1
’ 452.06 | 0.0326 | 904.12 | 0.068
19.100 77.309 | 78.072 | 154.06 | 157.13
’ 77.655 | 0.0099 | 155.31 | 0.0199
36.000 36.093 | 36.307 | 72.008 | 72.864
’ 36.194 | 0.0059 | 72.388 | 0.0119
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2.1.7. Solution with Fixed Velocity Impulse
Application Angles

In some cases, it is necessary to find a problem solution with fixed
impulse application angles. Such a necessity occurs, for example, if there
are constraints on the permitted manoeuvring intervals, and al'so when the
transfer problem solution appears to be the part of the solution algorithm
for the more complex rendezvous problem.

The problem solution with the fixed impulse application angles is
given in Gavrilov, Obukhov, Skoptsov, and Zaslavsky (1975). In this
work, the equations for the transversal and radial impulse components for
the minimum manoeuvre total delta-v are depicted. But they are given in
the deviation of the coordinates and velocities at the point of the second
impulse application, which is not convenient. It can be shown that the
equation is true if one uses the results from the work of Gavrilov,
Obukhov, Skoptsov, and Zaslavsky (1975):

AV, AV

2

AV, AV,

By using this equation and the conditions for the transfer to the final
orbit (Eg. 2-1), we can obtain the equations for the impul se components:

a-—Ae cosp, — Ae, sing;
2a— Ae, (Cosg; +COSp,) — Ae, (Singy +sing,)

AV;, =05-Aa

a—Ae, Cosp, —Ae, sing,
2a— Ae,(COSp; +COSp,) — Aey (Sing, +sing,)
_ 2AV;, (Ae, —acosg, + 2AV,, (cosg, — COSp,))

AV, =05 Aa

AV, ,
"2 2AVt2 (Sn¢l+gn§02)—asn¢1
AV 2AV, (A, —acosg, + 2AV, (cosg, — €0sg,))

e 2AV, (Sing; +sing,)—asing ’

which will ensure the solution optimality.
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2.2. Noncoplanar Transfers
2.2.1. Problem Statement

The problem of the optimal transfer between the noncoplanar orbits
has been investigated in works by many authors including Kuzmak (I1'in
and Kuzmak, 1976) and Marec (Marec, 1979). The fullest, the most
compact, and the simplest solution to the problem was given by Edelbaum
(1967, 66—73). However, it is necessary to note that there are no eguations
for the parameter determination of the third-type solution presented in this
work (it is only mentioned that this type of solution exists).

Thefinal orbit transfer conditions for this problem can be written as

N
Z (AV, sing; + 2AV, cosg;) = Ae,, (2-54)
i=1
N
D (-AV, cosg, + 24V, sing) = Ae,,  (2-5)
i=1

N
Z 2AV, = Aa, (2-5¢)
i=1

N
Z—sz sing, =0, (2-50)
i=1

N
Z:AV4 CoS@; = Al. (2-5€)
i=1

It is supposed here that the deviations are calculated in the coordinate
frame with the x axis directed along the line of the orbit plane intersection.
As a consequence, the right-hand side of Eq. 2-5d is equal to zero.

It can be taken that Ai is approximately the angle between the orbit
planes, and its magnitude can be determined by Eq.1-14d

Ai =yAZ* +AV2. The angle Ap between the line of orbit plane

intersection and the relative orbit apsidal line is evaluated by Eq. 1-14c.
Find the impulse parameters AV, AV, AV, ¢, (i=1..,N) for the

minimum total delta-v of the transfer
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N
AV =" AV + AVZ + AV7
i=1

with the constraints 2-5a—2-5e.
The equations for the primer vector for noncoplanar transfers are listed

below:
A=~ 22+ 22 §n(0-6,), (2-6a)

=2y + 2,25 + 23 cos( - 6,), (2-6b)
V= Mg n(6 - 6,) +/12/14—+/13/15003(9 —8,), (2-6¢)
A2+ 22 A2+ 22
A
tg6, = =2. (2-6d)
13

Eqgs. 2-6a—2-6d are ellipse equations in three-dimensional space.

There are three primer vector hodograph configurations in the form of
an ellipse, which allow the hodograph to have more than one maximum,
and, hence, osculate with the unit circle in two or more points (Edelbaum
1967, 66-73). The first configuration is the family of solutions with the
center of ellipse in the reference frame origin (Fig. 2-78). The two
equivalent maximums are situated on the ellipse magjor axis and, hence, the
distance between the impulse application anglesis half arevolution.

Fig. 2-7. Primer vector hodograph for noncoplanar transfer:
a) nodal case; b) nondegenerate case; C) special case.

The following eguations describe this case, which is called the nodal
case (NC):
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2, =0, (2-78)
0, =0,+, (2-7b)
1(91) = —2(492)

u(6h) = —p(0;) . (2-7¢)

v(6,) =-v(6,)

The second configuration, which holds the two identical primer vector
maximums, corresponds to the case when the two points of an ellipse and
its center belong to the u axis and the ellipse center is shifted from the

reference frame origin (Fig. 2-7b). This case, which was called the
nondegenerate case (NDC), is presented by the following equations and

inequalities:

Ay = =35, (2-84)
0, — 6y =06, — 0, (2-8b)

A0,) =-2(65)
w(6y) = u(6,) 4 (2-8c)

v(6,) =-v(6,)
cos(; — 8y) =20 f2+43)° (2-8d)

CY (e Apke)? 3B+ 2)P

(45 + 45)? < (Aahs — Apls)?, (2-8¢)

AIN A5 + 25 < (Aahy — Apds)? —3(15 + 23)2. (2-8f)

The third configuration is the combination of the first two. The primer
vector hodograph is a circle and the primer vector has the same magnitude
in al orbit points (Fig. 2-7c). This singular case (SC) is described by the
following equations, where the primer vector magnitude is unity:

4 =0, (2-99)
Ay = =35, (2-9b)
3
32y +73)" = (aks = 22%6)” = 7, (2-90)

A= %si n(0 - 6,), (2-9d)
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= cos(6 —06y), (2-9¢)

V3

V= i7sin(¢9— 6y) (+if Ai <0). (2-9)

By solving simultaneously egs. 2-5a—2-5e, 1-18, and 2-7a—2-7c or 2-
8a—2-8f or 2-9a-2-9f. one can obtain the transfer impulse parameters,
which correspond to one of the possible optimal solutions.

The easiest way is to do it for the nodal case, where the impulse
parameters can be obtained geometrically.

2.2.2. Nodal Solution

As aways, let us depict the transfer on the plane e, e,. Point K, as

usual, corresponds to the relative orbit parameters. Due to the fact that the
impulse application angles differ by half arevolution (Eq. 2-7b), the orbit
planes can only be aligned if the impulses are applied in the moment of the
orbit plane intersection; hence, the impulse application angles will be 0 or
m. Thus, line segments, which represent the transversal impulse

components, will be parallel to the e, axis, and the line segments, which
represent the radial impulse components, will be parallel to the e, axis
(Fig. 2-8).

K(AeyAe,)

A L CM
Fig. 2-8. Nodal solution

Let us draw the circle of radius |Aa] with the center in the reference
frame origin. Let the e, axis-circle intersection point be L, and the point K

projection on the e, axis be M. The magnitude of the transversa

component of the first impulse can be found with the help of the following
equation (the equality LC = CM should be satisfied):
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2AVy = AC = %(Aa+ Ae)).

The radial component magnitude can be found with the help of the
following equation:

Ae,
AV, =CB=—(Aa+Ae)) o

2Ae,

Point B, which corresponds to the eccentricity of the orbit and was
obtained after the application of the first impulse, should belong to the line
segment AK.

After that, the transversal and the radial component magnitudes of the
second impulse can be easily found:

2AV,, =DK =%(Aa—Aex),

Aey
AV,, =BD =-(Aa-Ae,) e

208,

The components of the same type have different signs, but the impulse
application angles differ by 7 ; this is why the vectors that depict the
impulse components on the planee, , e, are pointed in the same direction.

Similarly, we divide Ai correction into two parts with the lateral
impulse components:

AV, = (Aa+ Ae)Ai 1
* 2Ae,

AV, - (Aa—Ae)Ai .
2 2Ae,

By knowing the impulse components, the transfer total delta-v can be
obtained:

5 1
AV = |Ai% + = A€ + A€,
\/ 45T
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The found solution would meet the constraints of 2-7c, if point C is
situated to the left of point M; hence, the condition,

Aa® < A2

X 1

which denotes that the solution is only possible for transfers between the
intersecting orbits (the inequality Ae>|Ad| is true for this type of orbits),

should be true.
The primer vector should be maximum in the impulse application
point; hence, the second condition can be written as

3A€; < AV,

2.2.3. Nondegener ate Solution

We have to solve the complex equation system 2-5a—2-5e, 1-18, and 2-
8a—2-8f for the nondegenerate case. The solution procedure, the equations
forAV , and the coefficients, 4, A5, 13, 44,45, Can be found using the
results from the work by Edelbaum:

AV = \/;/Aiz +A? + A6? — Aa? +(Ai2 - A€? — Ae? + Aa?)? + 4Ai%AeZ,

Jam pa | 1 A% — A€f — A] + Ad”
20V 2 (Ai2 - Ae? — A€ +Aa?)? + 4Ai%Ae?
L_bey ) — Ai? - A€f - Aej + Aa”
2= - )
2V (8% A2 — A2 + Aa2)? + 4ni2A€? |
L e, Ai? — A€} — A€} + Aa”
3_ - L
28V J(8i2 — ae? — Ae? + aa?)? + 4ni2Ae? ]
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- Aey 2AiAe,
20V | J(Ai% - A€? — A€ + Aa?)? + 4Ai2A€2
- Ai% — Ae? + Ae? + Aa?
de =11 x T

+ .
20V (a2 - ae? — ae? + Aa’)? + 4aiZnel

With the knowledge of these coefficients, one can obtain &, from

Eqg. 2-6d, and then, from Eq. 2-8d, the impulse application moments can
be determined. The impulse orientation can be found from egs. 2-6a—2-6d.
By knowingAV, the impulse magnitude distribution can be determined

from Eq. 2-5c.
The existence domain of the problem solutions is described by the
following inequalities:

Aa® > Ae?,
Aa® > Aef + A€l + %AiAey - Ai%,
3
2.2.4. Singular Solution

For the singular case with the help of the passage to the limit from the
nondegenerate case, one can find the total delta-v

AV =%\/(\/§Ai +Aey)? + A€

the existence domain
Ai® <3A€],

2 . .
Aa® < Ae? + A2 + —AiAe, — Ai?,
& v 3 y

and the &, magnitude
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V3Ai + Ae,

tg6, =
96 Ae,

(2-10)

The initia equation system should be simplified in order to obtain the
impulse magnitudes and their application angles. For this purpose, we will
rotate the coordinate frame by the angle 6, from Eq. 2-10. Let the new

projections of the eccentricity vector Ae, ,Ae, be

Ae, = Ae, cost, + Aey sinb,

Ae, =-Ae sing, + Ae, cosd,

Let usintroduce the new variables, ag, X, Ys, ¥, which are related with
the variables Aa, Ae, ,Ae, ,¢ by thefollowing equations:

1 2 2
ag :EAa, Xg IE(ZAV —Aexn), Ys :§Aeyn W :(0—90.

The equations for the terminal constraints will be

N

ZA\/i — AV, (2-11a)
i=1

N
ZAV‘ cosy; = ag, (2-11b)
i=1

N
D AVisn®y; =, (2-110)
i=1

N
DAV, siny; cosy; = ¥, (2-11d)

i=1

where AV, = the magnitude of i-th impulse.

The equation system 2-11 has fewer equations in comparison with Eq.
2-5, since the two equations from Eqg. 2-11 turned out to be linear
combinations of the other equations and were excluded. Hence, the
variable replacement was made.
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The analytical solution for the parameters of the two-impulse solution
cannot be obtained from a seemingly simple equation system: it can only
be shown that it exists, which is why Edelbaum suggests using the three-
impulse solution. No concrete equations are presented because lots of
three-impulse solutions exist. However, it is important to have the
equations for the calculations and we will go into greater detail by
showing one of the possible ways of obtaining one of these solutions.

Assume that the angle of the first impulse application coincides with
Oy (¢1 = 6y), and that the angle of the second impulse application differs

by half a revolution, i.e, w;=0,y, =z. Then, from egs. 2-11c and

2-11d, one can determine the application angle and the magnitude of the
third impulse

X

tgys ==, (2-129)
Ys
2 2
AV, =25 Ys (2-12b)
X

S

Then the magnitudes of the first and the second impulses can be found
from egs. 2-11aand 2-11b:

AV, = %(Av +ag —AV; 008y 3 + AVy), (2-139)

AV, = %(AV —ag +AV;Ccosy 5 —AVy). (2-13b)

The geometric interpretation of the solution is given in Fig. 2-9. Only
the transversal components of the first two impulses are not zeros. The
impulse application angles are ¢, = 6,, ¢, = 6, + #. The line segments AB
and BC correspond to these impul ses.
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K(Ae A8,

Fig. 2-9. Singular solution

The third impulse lateral component is equal toAi, as it is the only
impulse that changes the attitude of the orbit plane and, hence, its
application angle is ¢5 = 0. The segment, which is parallel to the e, axis,
corresponds to the transversal component of thisimpulse. The ratio of the
radial and transversal components should have a magnitude which ensures
the perpendicularity between line segment CK, which depicts the influence
of the third impulse, and line segment AC.

2.2.5. Solution Existence Domains

This type of optimal solution, which corresponds to the particular
deviations between the initial and the final orbits, can be found with the
help of the following diagram:

Nodal

A 23Ae]

MNondegenerate

Aa . 2

AT 5 A6+ AG = 2 Ae Ai— AR
@

LB

The existence domain areas of different type solutions depend on the
deviations Aa, Ae,, Aey, Al .
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The specific look and the locations of the existence domains for the
different type solutions are depicted in Figs. 2-10a—2-10f.

Aa/AV Aa/AV,
T, 1.
0.5 05
B | 1. H0.5 0.5 L il 3 1| —H05 05 | L
\V ‘ INfAY
0. —05
-1 -1
T % I
(@ (Ap=9p, -9, =0") (b) (Ap =9, -9, =5")
ﬁmﬂ V?‘%ﬁ l
f
I N :
@D
AHLS | il o5 3 | |1 3l
A\S
&-70
E'y
NT—— N
A )
(C) (A(D Pe — P, :300) (d) (A¢7=§De —@Q; = 600)
I Aa!AV I \Y -
Y
k-i y
ﬂ_// 4

(e) (A(p:(De — ¢ =85) M (Ap= Pe =P, =90°)

Fig. 2-10. Different types of solution existence domain.
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The close-ended contours correspond to various values of Ai/AV,

which alter with the 0.05 step from the zero value (on the boundary of the
figures) to the unity in the reference frame origin. Every figure has the
caption with the difference between the angles ¢, and ¢, (Eq. 1-14) under

them. In Fig. 2-10a, the node solution existence domain is the set of two
triangles, the bases of which are the vertical boundaries of the quadrate,
and the apexes of the triangles are situated in the reference frame origin.

The existence domain of the nondegenerate solutions is the remaining
two triangles with the bases as the horizontal boundaries of the quadrate
and confluent apexes.

In Fig. 2-10b, the singular solution existence domain appears near the
vertical boundaries of the quadrate and the node solution occupies the
triangle area, which adjoins to the singular solution area. The existence
domain of the nondegenerate solutions occupies the rest of the figure.

The nodal solution existence domain rapidly decreases with the
increase of the difference between the angles @e and ¢, (Figs. 2-10c-2-
10e); meanwhile, the singular solution’s existence domain increases. As a
result, in Fig. 2-10f, the existence domain of the node solutions is
completely absent.

2.2.6. Optimal Solution without the Radial Velocity Impulse
Components

The solution with the zero radial impulse components was mentioned
by Edelbaum but was never distinguished as a self-consistent type of
optimal solution. The first figure in the set (Fig. 2-10) corresponds to it
(Ap =@, —p, =0); hence, the point K in Fig. 2-8 belongs to the abscissa
axis, and it means that the radial impulse components are equal to zero. It
can be shown that the solution without the radial impulse components can
be classified as the fourth possible type of optimal solution (Baranov
2012, 141-151).

Egs. 1-17e-1-17g with A, = A3 = 45 =0 can be presented as

A=0,
=27,

v =422 + 22 cos(0-6,),
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The primer vector hodograph degenerates to the line segment, which is
parallel to the v axis and crosses the g axis (Fig. 2-11, the line segment
BC). The optimality conditions are satisfied, since the primer vector
hodograph does not exceed the unit circle boundaries and osculates with it
in the two points.

A solution of this type cannot be classified as a particular case of the
nondegenerate solution because Eq. 2-8e is violated and Eq. 2-8d cannot
be used. This new solution will have

V@) _ v(6y)
w(0y) u1(6;) ,

AV, vV, _ o _ L

i.e., —=% =———2_Such a solution exists if the relative orbit apsidal line
AV, AV,

coincides with the plane intersection line for the initial and the target

orbits (¢, = ¢,,Ap =0, Ae, =0). The impulse application angles differ by

180°(6, — 6, =180°). In Fig. 2-10a, this solution (not the nondegenerate
solution) exists in the triangles with the horizontal bases. The
nondegenerate solution occurs in these areas when the condition ¢, = ¢,

is violated, which is why it was the only mentioned solution in the
description of the different types of solution existence domains.

Fig. 2-11. Primer vector hodograph in the line segment form.

It may seem that a solution of this type can be rarely met in practical
work, as it is hard to imagine the case when the node and apsidal lines
fully coincide with each other. However, this solution for the first
manoeuvring interval is often part of the four-impulse solution for the
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rendezvous manoeuvres of “Soyuz”- and “Progress”-type spacecraft and
the orbital station. The existence conditions for this simple and optimal
solution on the first interval can be created by the two impulses of the
second manoeuvring interval.

2.2.7. Manoeuvres without Radial Components:
Universal Solution

During the calculation of the spacecraft manoeuvres, we have to deal
with the constraints on orientation and the moments of impulse
application, and the parameters of the transfer orbit, etc. A prohibition on
the use of the radial impulses can be often met.

Let us consider the two-impulse transfer manoeuvre parameter
determination procedure between the arbitrary noncoplanar orbits without
radial impulse components (in the previous paragraph it was supposed that
the apsidal line of the relative orbit coincides with line of the initial and
the target orbit intersection).

In this case, there are six unrestricted variables (the two angles of the
impulse  application, ¢,¢,, the four impulse components

AV, AV, ,AV,,,AV, ), and five constraints in the equality forms 2-5a-2-
5e. We can fix the value of one of the variables, for example, ¢, =¢;
and determine the values of the variables AV, ,AV, ,, with the help of

egs. 2-2a-2-2¢, and then find the lateral impulse components from
egs. 2-5d and 2-5e:

AV, = __Alsing, (2-14a)
sin(p, — 9,)
_Aising, (2-14b)
7, - :
2 sin(p - @,)

Then it is enough to make the optimization by one variable ¢ in order
to find the optimal solution parameters. If there are no constraints on
angles of the impulse application, the enumeration is carried out on the
interval [0, 7]. If the constraints are present, then ¢, is enumerated in the
permitted diapason and the solutions with ¢,, which do not meet the
imposed restrictions, will be excluded.
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The close-to-optimal solution parameters can be found analytically
among the solutions with zero radial impulse components. We will
suppose that the impulse components of this solution are connected with
each other via the equation:

AV,
AV,

AV,
AV, |

(2-15)

This demand is pretty natural, as the majority of the previously
considered optimal solutions, which meet the necessary optimality
conditions, have this attribute.

We will call the solutions with the following characteristics universal:
AV, =AV, =0, the transversal and lateral impulse components are

connected with each other by Eq. 2-15, and 8, — 8, =180°. They can be
used either with or without the constraint on the usage of the radial
impulse components. The geometric method can also be used for the
universal solution parameter determination (Baranov 2008, 430-439).

Let us suppose again that point K corresponds to the elements of the
relative orbit on the planeex,ey and the e, axis corresponds to the

direction of the optimal orbit plane correction. Let us draw the line CM
through the middle of line segment AK (through the point C). CM is
parallel to the e, axis (Fig. 2-12).

Let us find point B on this line, which meets the constraints
AB + BK = Aa, if|[Aa| > Ae or AB — BK = Aa, and if|Aa| < Ae. The curved

line ABK will correspond to the solution of the flat problem
(AB=2AV, ,BK =2AV, ). Let us extend the line segment KB until it

intersects with the e, axis (point L). Let us draw the line segment AL’
(AL=Ai) on the e, axis and the line segment L B, which is parallel to the
line segment LB.

The line segments AB”and BL”have the same inclinations as the line
segments AB and BK; hence, the curved line ABL” corresponds to the
lateral deviation correction (AB=AV, ,BL’=AV, ). It can easily be

AB' B'L",

z AVZ
seen that—— =——; hence,—%t=—=%
AB  BK

AV, AV

. Thus, a solution with the

desired characteristics is found.
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A
€y

K(AeyAey)
2AVi,

Fig. 2-12. Universal solution.

By knowing the geometric interpretation, we can find, for example, the
first impulse application angle of this solution (Baranov 2008, 430-439):

o =Ap—g;,
A¢) =P — @y, (2'16)
* 2
(2 Ae 2 Aa
g2 =[1-28 || —ctgap + [ctg’Ap+ —2 |
9 ( Aaj 9ne \/ 9T AT et

and then, with the help of egs. 2-2a-2-2c, 2-14a, and 2-14b, we can obtain
the other manoeuvre parameters.

The numerical research showed that the total delta-v of this simplest
solution is close enough to the total delta-v of the aforementioned optimal
solutions, especially to the nondegenerate case solution. Thus, this
analytical solution can be used for the solution of the majority of the
practical noncoplanar optimal transfer problems. Furthermore, when the
solution with the satisfied terminal conditions with the given tolerance is
found with the help of iterative procedure, then sometimes the usage of the
universal solution in the iterative procedure gives smaller total delta-v
value in comparison with the usage of the optimal solution. Besides, in the
complex problems from Chapter 7, the usage of the universal solution in
the iterative procedure allows us to substantially reduce the number of
iterations needed to obtain the given accuracy for the terminal condition
satisfaction.

It is obvious from this section that the impulse application order can be
changed for every solution. Furthermore, the impulses can be divided into
parts and these parts can be applied on different revolutions, but on the
same latitude argument. This allows the reduction of, for example, the
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impulse realization error magnitude. However, just like in the case of the
coplanar transfers, it is necessary to remember that the statement about the
arbitrary impulse application order is only fair in the linear approximation.
If there is the option, it is better to obtain the accurate solutions for both
successions of the impulses with the help of the iterative procedure and
then choose the optimal one.

2.2.8. Example

Determine the parameters of noncoplanar impulse transfer for the
parameters listed in Table 2-3:

Table 2-3
Elements | Initial orbit | Final orbit
H in km 180 340
H o km 210 360
Uprg deg 20 150
i deg 51.7 51.69
Qdeg 17.49 175

The information about the orbit inclination and the RAANs was added
to the first example solution in this chapter.
The caculation results from the first example solution:

Aa=0.02333, Ae, =—-0.00344, Ae, =—-0.00004, Ae=0.00345.

The evaluated RAANSs and inclinations: AQ = 0.01", Ai = -0.07".
By using the equations for the spherical triangle, one can find the angle
between the orbit planesAy and the node line latitude argumentu, :

in
Ast,% /4 . AQ
sini :>tguZ:sm|T.
Ai = cosu,Ay !

Weget Ay =-0.0127°,u, = —38.1240".
Between the two possible optimal lateral correction angles one should
choose the closest to ¢, : ¢, =180° +u, =141.8760°.
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The angle between the optimal eccentricity correction direction and the
optimal lateral correction  direction Ap is  evauated:
Ap =g, — @, =180.624° —141.876° = 38.748".

It is necessary to keep in mind that al angles in the equations are in
radians; the velocities and the other variables are dimensionless.
By using Eqg. 2-16,

* 2
tgt =|1-—=— | —ctgAp +.|ctg’Ap + ———
9= ( Aaj[ 9Ap Jg 9 Aaz—AeZJ

we get (pI: first impulse application angle, starting from the line
@ = CONst, p; =34.004°. The angle ¢, of the first impulse application

starting from the x axis: ¢, = @ — ¢y, @, =146.620°. The transversal

impulse components and the angle of the second impulse application are
determined for the angle ¢ using EQ.2-2: AV, =50.3461ms,

AV,, =40.0139m/s, ¢, = 315.9030".

Then the magnitudes of the lateral impulse components are found with
the use of egs. 2-14a and 2-14b: AV, =-0.9616 m/s, AV, =0.7643 /s,

whereg” = ¢y — ¢,

The sum of the lateral componentsisAV, = ‘szl =1.7259 m/s.

+ ‘AVZz

The sum of all componentsisAV = 90.37 mis.
The minimal possible expenditure on the orbit plane rotation (with node
line correction) is AV, =VyAy =1.7185m/s.

The found solution is close to optimal, and AV, practically coincides with

me )

AV,
AV, |

4

AV,

The ratios' equality is checked for control purposes

AV,

AV,
71 -0.0191,
AV,

The found values are =0.0191.

t2
Theratios are equal; therefore, the found solution is correct.
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CHAPTER THREE

COPLANAR RENDEZVOUS

3.1. Problem Statement

Determine the manoeuvre parameters that ensure the flyby to the given
point of the target orbit for afixed time.

The conditions of the transfer to a given point of the target orbit for a
fixed time in the case of the coplanar rendezvous problem can be
presented as follows:

N
z (AV, sing; +2AV, cosg;) = Ae,, (3-18)
i=1

N
Z (-AV, cosp; +2AV, sing;) = Ae, (3-1b)
i=1
N
z 24V, = Aa, (3-10)
i=1

N
z (2AV, (L-c0sg;) + AV, (-39, +4sing,)) = At.  (3-1d)
i=1

The impulses are applied on two manoeuvring intervals. The first
interval starts from the moment when the possibility to perform the
manoeuvre occurs, while the second interval ends right before the
rendezvous point. Each interval has the length of one revolution; the gap
between the intervals is severa revolutions. The divison of the
manoeuvring intervals into several revolutions has its advantages. In the
case when the total rendezvousAV,y, exceeds the total transfer AV,,; due

to the considerable difference in the initial positions of spacecraft along
the orbit, the long flight interval on the drift orbit significantly brings
AV,q4, closer toAV,; . Besides, the possibilities of the orbit determination

after the first manoeuvring interval and the second manoeuvre parameter
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update (for the error compensation after the first impulse applications)
appear. If necessary, additional burns, which correct errors in the orbit
determination and the redization of the first impulses (a specia
manoeuvre to avoid colliding with space debris, can be added. In real
missions, the manoeuvring intervals are separated from each other by a
considerable number of revolutions. For example, for the “Soyuz” and
“Progress’ spacecraft, the first and the last manoeuvring intervals are
separated by approximately 30 revolutions. There are more than 40
revolutions for the “Shuttle” and several dozens of revolutions for the
European ATV etc. The relatively short rendezvous scheme (the several
revolution approach) which can be found in works by Murtazin (2012, 14—
2149; 2014, 162-175) aso has its own advantages. It is mainly connected
with the convenience of the cosmonaut habitability. However, the
permitted phase diapason (the difference between the latitude arguments
of the target spacecraft and the active spacecraft in the initial moment of
the flyby) becomes extremely narrow, which adds significant constraints
on the possible launch windows. Thus, the multiple-revolution rendezvous
is preferable for automatic spacecraft, and both variants are possible for
manned spacecraft. For manned spacecraft, the transition from the short
scheme to the conventional multiple-revolution scheme is fulfilled in
emergency situations.

The impulse belonging to the given manoeuvring intervals can be
presented as follows:

¢ Fnon S FLon S P oy v, € Fa (3-2)

whereN;, N, = numbers of impulses on the first and the second
manoeuvring intervals and (N=N;+N,), F,F,= the first and the

second manoeuvring intervals, respectively.

The problem of the optimal coplanar rendezvous manoeuvre parameter
determination can be stated as follows:

Find the components AV, AV, 9 (i=1...,N), which ensure the

minimal total manoeuvre AV :

AV = i VAV + AV
i=1

with the constraints 3-1a-3-1d, 3-2.
The equations for the primer vector are listed below:
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A =25+ 23 Sin(0 - G,) + 2, (3-39)
p=2+ 273+ cos0-0p) 3160~ 0, (3-3D)
g, = % (3-30)
or
A = A(cos(0 - 6,) + 2B), (3-4a8)

1= A=2sin(0 — ) — 3B(0 — ) +%), (3-4b)

g0, = 22, (3-40)

where A:w/zgmg,szﬁ,czzzl.

Normally, egs. 3-4a and 3-4b in the plane u, A describe the cycloid.
The cycloid form depends only on the constant B, while the constant A
determines the hodograph scale. The closed loop of the cycloid disappears
for B> 2/3.The cycloid turns into an ellipse with B=0. It degenerates
to the point with A=0, B = 0. Thus, three types of the optimal solutions
are possible;

A) The hodograph degenerates to the point; hence, just like for
coplanar transfers, the impulses will only have transversal components
(A =0), which will al be accelerating (if ¢ =1) or decelerating (if
L1 =-1). In the previous chapter, these solutions were designated as
coplanar special solutions (CSS).

B) The hodograph turns into an ellipse. Similar to coplanar transfers,
the impulses only have transversal components (4 = 0), some of them are

accelerating (« =1), while the rest of them are decelerating (1 =-1).

The impulses are located on the apsidal line of the drift orbit. These
solutions are called coplanar apsidal solutions (CAS).

C) The hodograph is the cycloid. The impulses have radial components
(4 #0); the impulses applied on the first manoeuvring interval are
decelerating (the transversal components are negative [ # < 0]), and the

impulses applied on the other interval are accelerating (the transversal
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components are positive [ ¢ >0]). Let these solutions be coplanar

nondegenerate solutions (CNS).
In the first two cases, the total rendezvous problem AV,q, isequa to

the total transfer problem AV (AV,y =AVy),; in the third case,
AV gy > AVt .

The existence conditions for each of these three possible types of
rendezvous problem solutions will be formulated in the fourth paragraph
of this chapter.

First, we will consider the parameter determination procedures for
each type of solution.

3.2. Rendezvousin Coplanar Noninter secting Or bits:
The Coplanar Singular Solution

Solutions of this type exist when the rendezvous can be performed by
the corresponding division of impulses (which are necessary for the
transfer between orbits) between the first and the second manoeuvring
intervals. For example, the active spacecraft is situated in the inner orbit,
while the target spacecraft is situated in the outer orbit ahead of the active
spacecraft (but not too far). The manoeuvres, which increase the orbit’'s
semimajor axis and change the eccentricity vector appropriately, are
performed for the active spacecraft on the first interval. Then a process
occurswhich isusually called “phasing”. The active spacecraft staysin the
inner orbit and gradually, revolution by revolution, approaches the target
spacecraft. When it is practicaly under the target spacecraft, the
manoeuvres on the second manoeuvring interval, which ensure the two
spacecrafts' rendezvous, are performed. If the active spacecraft was in the
outer orbit, the target spacecraft should have been behind the active
spacecraft in the initial moment of time. Then, similar to the previous
case, the braking manoeuvres are performed, then the phasing stage
follows, and finally the concluding braking manoeuvres are performed.

The primer vector hodograph in the form of the point corresponds to
the considered special solution CSS. The optimal solution to the
rendezvous problem has impulses with only transversal components,
which are al either accelerating or decelerating. The primer vector does
not give any information about the impulse application angles. The total
delta-v of such rendezvous manoeuvres coincides with the total delta-v of
the transfer manoeuvres (the group of rendezvous manoeuvres is a
particular case in the transfer manoeuvres group):
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AV = Z‘AV‘ |7

Two-, three-, and four-impulse solutions are considered. The solution
parameter searching procedures for the various numbers of impulses differ
from each other. Solutions with more than four impulses do not gradually
differ from four-impulse solutions.

3.2.1. The Two-Impulse Solution

We will start the two-impulse solution parameter determination with
the impulse assessment. Eqg. 3-1d shows that, for the considered flybys
with a duration of several revolutions the major influence on the time of
the arrival to the rendezvous point is caused by the transversal component
of thefirst impulse. This alows approximately determining its magnitude:

AVI* ~— At ,

o 3y

Where ¢, = arbitrary point of the first interval permitted for the
manoeuvring. Here, we used the fact that the length of the first
manoeuvring interval is considerably smaller than the distance to the
rendezvous point. We will further mark with asterisk the manoeuvre
parameters for which the condition 3-1d is approximately satisfied. The
geometric condition 3-5 indicates that, on the plane e,,e, , the point B

(3-5)

(Fig. 3-1a), which corresponds to the drift orbit eccentricity vector (the
orbit obtained after the application of the impulses of the first
manoeuvring interval, also called the “phasing orbit”), should belong to

the circle with the radius R, = 2‘32_t

10
because the magnitude of the first impulse is known, but its application
angleis still unknown.

and the center in the point A,
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€x

Figure 3-1. Two-impulse solutions:
(a) both impulses are transversal (b) second impulse hasradial
component

That means that the line segments on the plane e,, e, with lengths of
ZAVII (plotted from the point A with various angles to the e, axis)

correspond to the impulses with magnitudes AVIZ which were applied in

the various points of the initial orbits. The geometric locus of the ends of
these line segments will be a circle with the radius R,.

It follows from egs. 3-1c and 3-5 that

AV ~aa+ 2L (3-6)

2 3p10
Thus, the point B must also belong to the circle of the radius
R, =|Aa+ 2A with a center in point K (Fig. 3-1a). It follows that it is

10
necessary to transfer to point K with the second impulse of known
magnitude AVZ, but the application angle of this impulse is still
unknown; hence, we can transfer to point K with the help of this impulse
from an arbitrary point of acircle with the radiusR,.

The two-impulse solution with zero radial components exists if the
circlesintersect, i.e., the below conditions are satisfied:

R+ R, > Ae, (3-79)
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IR - R,|<4e (3-7b)

The equality of the signs of the transversal impulse components of the
first and the second manoeuvring intervals should be fulfilled in order to
rank the found two-impulse solution as the CSS. The parameters of the
orbits for this case will be determined in the fourth paragraph of this
chapter.

It is obvious that the intersections of the circles give the two two-
impulse solutions ABK and AB'K (Fig. 3-1a). The impulse application

angles ¢, ,p,, in which the intersection of the circles occur can be found
from egs. 3-1laand 3-1h:

*

1 . *
O = Qe Ty —2m, +§;r(1—5|gnAth )(n; =012,...),(3-8)
where

Ae,
= arcco
Pe S( o

)signAe,
y

Ae? +4- (=)' (AV, 2 - AV, %)
4AV, *Ae

In Eqg. 3-8 the upper indexes correspond to the point B, and the lower
indexes correspond to the point B. The constants n; and n, are chosenin a

, = arccos

(i =12).

way that the angles ¢,,¢, would belong to the first and the second
manoeuvring intervals, correspondingly.

The found angle values can be used as the initia guess for the iterative
procedure (Baranov 1989, 689-697), which determines the parameters of
the manoeuvre, for which the condition 3-1d would be fulfilled with the
given tolerance.

On the consecutive iterations of this procedure, the magnitudes of the

transversal impulse components AV, ,AV,  are determined by egs. 3-1c

and 3-1d, where the impulse application angles ¢ , ¢, were calculated on

the previous step. Then, with the help of Eg. 3-8, one can update the
impulse application angle magnitudes. The calculations continue if the
right and the left parts of Eq. 3-1d do not coincide with each other with the

given tolerance for the found values of ¢y, ;,AV, AV, .
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It can be shown that the procedure converges if the condition below is
satisfied:

tg (p1—9,)
2 2 |
(1 —92)

Hence, the intersection of the circles in the small vicinity of the line
AK is not alowed but, in this area, simple apsidal solutions are optimal.
Their parameters will be determined below.

If the circles with radii R, and R, do not intersect, then the two-

impulse transfer with zero radial components of both impulses is not
possible. Thisis possible for nonintersecting orbits when one of the circles
is located entirely inside of the other. For this problem, a manoeuvre with
a nonzero radial component and with a lower (by magnitude) value than
the transversal component will have the least total delta-v (Fig. 3-1b). The
iterative procedure, which determining the parameters of such
manoeuvres, is described in Baranov (1985). The total delta-v of these
manoeuvres is greater than the minimal possible|Aal/ 2, . Therefore, if the

circles do not intersect, then it is necessary to use three- or four-impulse
manoeuvring schemes for obtaining the optimal solution.

The aforementioned manoeuvre parameter determination method is
quite convenient for the qualitative solution assessment. However, the
researchers, who usually carry out this assessment, as arule, have the orbit
parameters in the first (before the first manoeuvring interval) moment of
time, and not in the fina one. With a rendezvous duration of severa
dozens of revolutions, the eccentricity vectors and the semimajor axes
ater insignificantly, which is why one can use their deviations, which
correspond to the initial moment of time, in the aforementioned equations.
It is convenient to transit from At to Au (Au = difference in the angular
positions between the target spacecraft and the active spacecraft in the

initial moment of time [the initial phase]). Then, instead of AVt: , We can

find the approximate value of AVtz

* Au
AVt2 ~ —%.
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then the value of AV, , and then the values of ¢, , ¢, etc.

3.2.2. The Three-Impulse Solution

In the analysis of three-impulse manoeuvres, we will assume that a
single impulse is applied on the first manoeuvring interval. The variant
with two impulses on the first interval can be evaluated in analogous
fashion. It is reasonable to make the assumption that one impulse is
applied on the first manoeuvring interval while the two other impulses are
applied on the second manoeuvring interval. In the moment of manoeuvre
parameter determination, an error in the orbital elements of the active and
target spacecraft exists. The manoeuvres of the first interval will be
fulfilled with errors as well. All these factors will lead to there being a
difference between the active spacecraft’s real orbit and the estimated
orbit before the second manoeuvring interval. Thisiswhy a single impulse
will not be enough for the transfer to the final orbit and thusiit is necessary
to use two burnsin thisinterval.

& & ®

@)

ZA,‘Vn3 K(\z}ex,Aey) R

2 R2

D,' Vtz/
o X
¢1e *
24V,
Pe R1
% Ry x Ex
A A
Fig. 3-2. Three-impulse solutions:
(a) basic solution (b) apsidal solution

The magnitude of the transversal component of the first impulse can be
approximately determined by Eq. 3-5, while the sum of the transversa
impulse components of the second interval can be determined in the same
fashion as Eq. 3-6:

«  Aa At

AV, =AY, +AV, ~ 2 e (3-9)
10
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We suppose that the circles with radii R, = Z‘AVQ‘ and R, = Z‘AVt.. ‘

intersect (Fig. 3-2a) and the signs A\/t: and AV;, coincide, which is

possible for flybys between nonintersecting orbits with optimal values of
At.

For the existence of the CAS-type solutions considered, it is necessary
for all the signs of the transversal impulse components of the second

manoeuvring interval to coincide, which is possible with [AV;| <[av,, (i

= 2, 3). The application angles of these impulses may be arbitrary and,
hence, point C, which corresponds to the drift orbit eccentricity vector,
should belong to the circle with radius R, and its center at point K (Fig.
3-2a). This is connected to the fact that the transfer to point K on the
second manoeuvring interval is fulfilled by a two-section curved line of
length 20V, (since the two impulses are applied on the second

manoeuvring interval, the application angles may be arbitrary), not by the
single line segment of length 2AV; ~ (as in the two-impulse scheme with

one impulse on the second manoeuvring interval). An example of such a
line is the curved line CDK in Fig. 3-2a. Thus, point C can lie not only on
the circle of radius R,, but also inside it. In the meantime, it should belong

to the circle with radius R;. As such, point C should belong to the curve
BB' of the circle with radiusR, (Fig. 3-2a). The set of solutions, which
differ by the application angles and the magnitudes of the second and third
impulses, but have equal total delta-v magnitudes |Aal/ 2, correspond to

the position of point C on curve BB'. The three-impulse example solution
is presented in Fig. 3-2a by the curved line ACDK. Point D, which
corresponds to the orbital eccentricity vector (obtained after the
application of the first impulse on the second manoeuvring interval),
should belong to an ellipse with focus points C and K. The semimajor axis
of thisellipseisequal to AV, ~(Fig. 3-2a).

There are six variables (three transversal impulse components and
three angles of their application) and four constraints in the equality forms
in the considered three-impulse rendezvous problem. Additionaly, if we
fix the values of two out of the six variables, the values of the rest can be
determined using egs. 3-1ato 3-1d.

Let us fix the application angles of the first and second impulses
PL=01 P2 =02, - A solution of the required type can be obtained if
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¢, < (o, .91 ) istrue i.e point C belongs to curve BB'. Naturally, ¢;

and ¢, should belong to the first and second manoeuvring intervals,

respectively. Since ¢, isfixed and AVJ can be determined from Eq. 3-5,

the position of point C is known (the drift orbit eccentricity vector is
known). The last two impulses ensure a transfer without the time
constraint on the second manoeuvring interval (the transfer from point C
to point K). The application angle of the first of these impulses is fixed

and, with the use of egs. 2-2a to 2-2c, one can determine AV, ,AV, and

*

ZE
52 Az2
- Aer-aa _, (3-109)
2 AAeysing, +Ae Ccosp, —Aa)
* Aa *
AV, = AV, (3-10b)
A€, .
% —AV,, sing,,
tgps3 = Ao . (3-10c)
7 - AV{Z COS(02f
where

AG =Ae —2AV, cospy ,AG, =Ae, —2AV, Sing; A8 =Aa-2AV, .
By using AV ,AV, ,AV, ,@; as the initid guess, we can evaluate the

manoeuvre parameters that would satisfy condition 3-1d with the desired
accuracy. For this purpose, let us put the fixed application angles and the

found impulse parameters in the left part of Eq. 3-1d and determine At.
Then, we substitute At to At—At" (At:=At+At—At") in Eq. 3-1d and

repeat the calculations. The procedure ends when ‘At - At*‘ <¢g, where ¢

= the accuracy of Eq. 3-1d. Since we have the outer iterative procedure
(presented in Chapter 1), which ensures that all perturbations are taken
into account, the accuracy of this iterative procedure, as a rule, should be
by an order of magnitude more accurate than the fulfillment of the time
condition in the outer procedure.

The impulse application angle fixation is usually dictated by the flight
conditions. If there are no constraints on the moments of impulse
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application, then it is better to use the simplest solution for the sake of
simplicity and reliability. The impulses of the simplest solution are applied
on the apsidal line of the relative orbit (the apsidal solution). We can
assume, for example, that the third impulse has the same application angle
®. (EQ. 1-148) on its revolution as the first impulse had on its revolution,
and the application angle of the second impulse differs by 180° from the
angle of application of the third impulse. The line segments AC, CD, and
DK correspond to the impulses of such a solution in Fig. 3-2b. The angular
values ¢, can easily be calculated if we know the impulse application

angles on the revolution:

@1 = Qe + 21(N; — Nyg) — Ugs, (3-11a)
@2 =@ — 7+ 27(Nj; = Ngg) = Ugs, (3-11b)
@3 =@ + 2(N}; — Ngg) — Uy, (3-11c)

where N, U, = the number of revolutions and the target point latitude
argument and N,,N,, = the numbers of revolutions on which impulses of

the first and the second manoeuvring intervals are applied, respectively.
The transversal impulse component magnitudes can be evaluated from
Eq. 3-1:

1
AV, = " (Aa—Ae), (3-11d)
A—koAV, — Tkg(Aa+ Ae)
AV, = 4 , (3-11e)
(kg —ks3)
AV, = %(Aa+ A€) - AV, (3-11f)

where k; =4sing, -3¢, (i=1, 2, 3).

Depending on the location of the second manoeuvring interval, there
may be a solution with the reverse order of impulse application. The
application angle of the first impulse of the second manoeuvring interval
is @,, and the second impulseis applied half arevolution later.

It is important to note that, during the determination of the apsidal
solution parameter, the concept of the rendezvous having a multiple-
revolution nature was not used. As such, the found analytical solution can
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be used for the manoeuvre parameter determination of a rendezvous of
arbitrary duration.

We can use Eq. 3-11f, instead of Eq. 3-5, for the assessment of the first
impulse magnitude.

The considered solutions exist if the circles with radii R and R,

intersect, or the circle of radius R, is entirely situated inside the circle
with radius R,. If the opposite situation occurs, with the circle of radius
R, situated entirely inside the circle of radius R, three-impulse CSS

solutions exist only if two impulses are applied on the first manoeuvring
interval.

If one of the circles lies entirely inside the other and three-impulse
CSS solutions exist, one can distinguish the four simplest three-impulse
apsidal solutions from among them (if two of the three impulses can be
placed on the first or on the second manoeuvring interval). The parameters
of these solutions can be determined unambiguously from Eq. 3-1 as well.
As shown in Chapter 2, the real (after the manoeuvre parameter update
with the help of the iterative procedure from the first chapter) total delta-
vs of these solutions can differ. If the lengths of each of the permitted
manoeuvring intervals do not exceed one revolution, only two possible
apsidal solutions remain.

3.2.3. Example

Here, in considering the three-impul se rendezvous, one of the impulses
is applied on the first manoeuvring interval and the other two impulses are
applied on the second. The initial and target orbital elements are listed in
the table. They are similar to the orbital elements from solution 2.1.5, but
the information about the active and target spacecraft latitude argumentsin
the initial moment of time, the numbers of revolutions of both spacecraft
for that moment Ng;,, and Ng;, and the numbers of revolutions for the

rendezvous moment N,y and N,4, are added. The three variants are
considered. They differ from each other by the target spacecraft’ s location.

Elements Initial orbit | Target orbit
H pin km 180.0 340.0
H nax KM 210.0 360.0
Uprg deg 20.0 150.0
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u, deg 60.0 50

u, deg 60.0 210.0

u; deg 60.0 355.0
N, (initial revolution) 1 201
N, (rendezvous revolution) 17 217

The rendezvous point is at the beginning of the 17th revolution, i.e.
u,s =0 is the target point latitude argument and N, =17 is the target
point revolution number. The first manoeuvring interval is on the 1st
revolution, while the second manoeuvring interval is on the 16th
revolution. The manoeuvring scheme can be found in the figure.

r

L5

i ¥

The simplest apsidal solution will be used. The angles ¢;, which start
from the target point, determine the impul se application moments:

¢1:¢e+2ﬂ-(Nl _Nas)_uas’
@2 =@ — 7+ 27 (N = Nig) — Uy,
@3 = P + 27(Nj; = Ngg) = Uy,

where N,, N, = the numbers of revolutions on which the impulses of the
first and second manoeuvring intervals are applied, respectively.

Inourcase, N; =1 N, =16.

The calculated results are:

o =-97.3784, p, = —6.2723, 3 = —3.1307.

The approximate value of the parameter At (the resynchronization of
the arrival times at the rendezvous point of the active and target

spacecraft) is evaluated. The revolution periods of the active and target
spacecraft can be determined as:
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\ « | «

Thetime of arrival of the spacecraft to the rendezvous point is:

360—-u
tin :TIN(Nasi = Noin _1+T0INJ

(with adistance of 15 revolutions plus remaining for the completion of the
full revolution during the motion from theinitial point).
The calculated results: t; =83836.54s.

For the target spacecraft:

360 U
te =Te| Nog — Ngg —1+ ——F-
Fi F( asf of 360 j

At; can bedetermined as: At = (tg —t)n) Ao
The exact At value can be obtained with the help of numerical

prediction of the rendezvous point for the active and target spacecraft
orbits while accounting for al perturbations, just as in the practica
problem solution.

The transversal impulse component magnitudes can be determined
from egs. 3-11d to 3-11f, where k =4sing, -3¢, (i = 1, 2, 3),
k, = 292.0919, k, =18.86044, k; = 9.348559.

The problem solution:
1) Uy, =5 Tk, =87,660.38s At; =4.458352(3,823.845)
AV, =117.8551m/s, AV, = 38.5273m/s, AV, =-66.0223 /s,

2) Uy, =210" Ty, =84,537.82s At,=0.8176375(701.27135)
AV, =18.1158m/s, AV, =38.5273m/s, AV, =33.7169 m/s,

3) U3 =355" Tyx3=82329.17s Aty =-1.757502 (1,507.37 s)
AV, =-52.4314m/s, AV, =38.5273m/s, AV, =104.2641m/s.

Conclusions:
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1) In the first case, the target spacecraft “stays behind”’ the active

o

spacecraft (Uy,;=5", U, =60"). In order to reduce this lag, it is

necessary to gradually increase the spacecraft’s orbital semimgjor axis
(seethefigure). Thiswill alow the target spacecraft to “catch up” with the
active spacecraft while moving along the orbit with a smaller period. The
necessary drift orbit is obtained thanks to a highly-accelerating impulse
and is plotted in the first figure with the dashed line. Then, with the help
of the accelerating impulse performed on the second manoeuvring
interval, an orbit that osculates with the target spacecraft orbit is formed.
The last braking impulse completes the transfer to the target spacecraft’'s
orbit. Such a flyby is not optimal, as one of the impulses is decelerating
and the flyby energetics are higher in comparison to the case when al the
impulses are accelerating. On the other hand, it isimpossible to implement
the reverse scheme and let the active spacecraft “chase” the target
spacecraft because the number of revolutions for the flyby islimited.

2) In this case, the active spacecraft is behind the target spacecraft (

Uk, =210°, U, =60°). The phase difference lies in the optimal range
and, hence, al three impulses are accelerating. The optimal manoeuvre
(the phasing orbit semimajor axis plotted with a dashed line in the second

figure) lies between the semimajor axes of theinitial and target orbits.
3) In this case, the active spacecraft is far behind the target spacecraft (

Uk,=5", U, =355%). In order to chase it down in the fixed number of
revolutions, the active spacecraft orbital period needs to be decreased even
more (see the figure below). As aresult of this step, the required drift orbit

appears (the dashed line in the third figure). The second and third impulses
are accelerating and adjust the target orbit.

1)Uy =5 2) Uy, =210° 3) Uy =355

3.2.4. The Four-Impulse Solution

The use of the four-impulse scheme alows for two impulses on each
manoeuvring interval and, thus, does not depend on the relative positions
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of the circles with radii R, and R, (it does not matter which of the circles

will be inside the other). Besides, the presence of new free variables
allows us to meet different and additional constraints on the manoeuvre
parameters.

Let us approximately assess the sum of the transversa impulse
components of each manoeuvring interval in the same way as was done
for the two and three-impul se manoeuvre solutions:

* * At
AV, =AV, +AV, x——, (3-123)
310
AVt” = A\/tz +A\/t’; zEJrﬂ. (3-12b)
2 3pyp

Let us suppose that the circles, which have the radii R, = Z‘AVtl ‘ and

R, =2|A\/tII | intersect and the signs of AV, , AV, coincide. In this

case, the set of solutions with equal total manoeuvre deltavs |Aa]/2

exists. Point C, which corresponds to the parameters of the drift orbits of
such solutions, should belong to set G (the intersection of the circles with
radii R, and R,, respectively (Fig. 3-3)). This is necessary for the sign
equality of the transversal impulse components on each manoeuvring
interval. The values of eight variables ¢;, AV, (i=1...,4) with four

congtraints are determined in the problem. As such, the four additiona
constraints should be added in order to solve the problem unambiguously.
One should bear in mind that the obtained solution should remain a CSS-
type solution. For example, the three impulse application angles and the
impulse magnitude ratio of one of the intervals can be fixed. Let us

assume that, for example, @ =@, @3=¢3, Q=04
AVy : : : I
m=———— The constraint on the impulse magnitude distribution on
AV, +AV,,

the second manoeuvring interval is often met in practical work during the
manoeuvre parameter determination of the “Soyuz’ and “Progress’
spacecraft.

Fixation of the impulse application angles on the second manoeuvring
interval means that point C, which corresponds to the drift orbit
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eccentricity vector, should belong to line segment LN' (Fig. 3-3a), and not
to the entire circle with radius R,, for the second manoeuvring interval.

€y
A ey R2
(a) (b)
B Ry
. oo
M [-®
A

Fig. 3-3. Four-impulse solutions:
(a) general solution (b) typica “ Soyuz”
spacecraft solution

In the meantime, point C should belong to the circle with radius R,
and, hence, it should by al means belong to line segment LN. Since the
ratio of the impulse magnitudes for the second manoeuvring interval is
given and their sum is known (3-12b), then the magnitudes of these

impulses AV, , AV, are known. Thus, the location of point C on line

segment LN is known.

The first two impulses ensure the transfer to point C without the time
constraint. The application angle of one of the impulses is fixed and the
impulse magnitudes and the application angle of the second impulse can
be determined by the equations, which are similar to egs. 3-10a to 3-10c,
just as for the second manoeuvring interval of three-impulse transfers. The
indexes should be replaced in egs. 3-10a to 3-10c: “3” to “2” and “2" to
“1". Thevalues Aéx,Aéy, Aa should be determined by the equations:

A€, = Ae, —MAV, cosp; —(1-m)AV, cosg, ,
A€, = Ae, - MAV, sings —(1-mAV, sing, , (3-13)
A& =Aa-2AV, .

The curved line ABCDK corresponds to the found solution (Fig. 3-34).
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The values of AV, ,AV, ,AV, AV, and ¢, are used as the initial

guess for the iterative procedure, which is analogous to the procedure for
the three-impulse problem and allows us to deal with constraint 3-1d with
the desired tolerance.

3.2.5. Peculiarities of the Manoeuvring Scheme for the Soyuz
and Progr ess Spacecr aft

During the flight of the “Soyuz” spacecraft, the application angles of
the last two impulses are fixed at one revolution and half a revolution
before the rendezvous point. Thus, with the help of the impulses of the
first manoeuvring interval, it is necessary to transfer to line segment LN,
which is paralel to the abscissa axis (Fig. 3-3b). The constraint of
approximate equality on the impulse of the last manoeuvring interval is
often added. This means that point C, which corresponds to the
eccentricity vector of the drift orbit, should be situated on line segment LN
in the vicinity of point K, when line segment CD (the third impulse) is
approximately equal to line segment DK (the fourth impulse). The
application angle of one of the impulses of the first manoeuvring interval
is often fixed in order to force the application of thisimpulse on the line of
the orbital plane intersection of the “Soyuz” spacecraft and the orbital
station. Thus, four constraints are added, which alow the unambiguous
determination of the magnitudes of al impulses of the four-impulse
coplanar rendezvous. The depiction in Fig. 3-3b corresponds to the real
solution and the real relative position of the circles for the four-impulse
problem, which is solved during ballistic support of the “Soyuz’
spacecraft flight.

The manoeuvring schemes, which had been used for the docking of the
“Soyuz’ and “Progress’ spacecraft with the orbital station in the late
1970s and the early 1980s, differed from the schemes that were used later.
Indeed, a one-day docking scheme, rather than a two-day scheme, was
used for the docking of the “Soyuz” spacecraft. The biggest discrepancy is
found for the docking scheme of the “Progress’ spacecraft, which was a
two-day rendezvous scheme with considerable constraints on thrust engine
orientation.
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(b)

ey

Fig. 3-4. Manoeuvring scheme of thefirst “Progress’ spacecraft:
(a) orientation setting and manoeuvre  (b) example solution for the first
performance scheme “Progress’ spacecraft

An orientation on the center of the Earth is set up with the help of the
infrared vertical 22.5 minutes before the start of the estimated manoeuvre
(Fig. 3-4a, point A). Then, 22.5 minutes later (Fig. 3-4a, point B), when
the set orientation becomes close to the transversal, the first impulse is
applied (it can be accelerating or decelerating). 45 minutes later, one more
estimated earlier impulse is applied, which is also close to the transversal
one (Fig. 3-4a, point C). In order to have two accelerating impulses, the
thrust vector is rotated by 180° before ignition.

The thrust engine orientation on the second manoeuvring interval can
be set in the same fashion. Thus, the coplanar rendezvous problem is
solved with the following constraint: the second impulse is performed
approximately half arevolution after the first one and the fourth impulseis
performed half a revolution after the third one. If the application angle of
the third impulse is fixed (one revolution before the rendezvous point),
then one free parameter stays—the application angle of the first impulse.
By altering this angle, one can obtain solutions with the desired attributes.
For example, we can obtain a solution with approximately equal
magnitudes for the last two impulses (Fig. 3-4b). Such a solution can be
found analytically or by enumerating the application angles of the first
impulse and solving Eq. 3-1 with the fixed angles of application of the rest
of the impulses. Thus, the solution of the four-impulse coplanar
rendezvous problem can be found with the help of the simplest single-axis
orientation to the center of the Earth.
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3.2.6. The Apsidal Four-Impulse Solution

Similar to the case of the three-impulse solution, if there are no
congtraints, it is better to use the simplest solution with the impulse
application on the apsidal points of the relative orbit. However, unlike the
case of the three-impulse solution, there will be options available in
choosing the drift orbit eccentricity vector magnitude, i.e. point C can be
anywhere on line segment LN (Fig. 3-5).

€y

\&Pe R ex

Fig. 3-5. Four-Impulse apsidal solution

In order to eliminate this uncertainty, it is necessary to choose point C
in the middle of line segment LN. Then, the magnitudes of the two
impulses, applied at points ¢, + 7 on their corresponding revolutions, will

be equal and have the value (Aa - Ae)/8, i.e. their sum will be equal to the

impulse magnitude of the three-impulse solution applied in the same
direction. The magnitudes of the two remaining impulses of the four-
impulse solution can be unambiguously determined from the last two
equations of Eq. 3-1. The example of such a solution is depicted in Fig. 3-
5.

Line segment AB corresponds to the first impulse (its application angle
is @, ); line segment BC corresponds to the second impulse (its application

angle is ¢, +); line segment CD corresponds to the third impulse (its
application angle is ¢, +7); and line segment DK corresponds to the
fourth impulse (its application angle is ¢, ). In this case, when we speak

about the impulse application angles, their positions on the corresponding
revolution are implied. The position of point C on the line segment (and,
hence, the eccentricity magnitude and the drift orbit focal parameter) can
be chosen as well in order to provide the necessary drift orbital RAAN

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

96 Chapter Three

evolution. This opportunity will be used in the second paragraph of
Chapter 6.

It isimportant to mention that, just as in the three-impul se case, during
the determination of the apsidal solution, the parameter for the multiple-
revolution rendezvous was not used. The analytical solution found can be
used for the manoeuvre parameter determination of a rendezvous with
arbitrary duration.

The real (after updating the manoeuvre parameters with the help of the
iterative procedure) total delta-vs of the various apsidal solutions can
differ.

3.3. Rendezvousin Coplanar Intersecting Orbits:
The Coplanar Apsidal Solution

The coplanar apsidal solution (CAS) takes place if the circles, having
radii R, and R,, do not intersect and neither circle lies inside the other,

i.e. the condition |R|+|Ry| < Ae is satisfied. This is possible for transfers
between intersecting orbits with some values of At(Au). The existence

domains of different types of solutions will be discussed more thoroughly
in the fourth paragraph of this chapter

Let us consider three-impulse manoeuvres with two impulses applied
on the second manoeuvring interval. All the impulses are applied on the
relative orbital apsidal line and, hence, their application angles are known
(egs. 3-1l1a to 3-11c). Thus, using Eg. 3-1 we can unambiguously
determine the impulse magnitudes. The equations for the apsidal three-
impulse solution from the previous section (egs. 3-11d to 3-11f) are used
for this purpose, but it is worth paying attention to the fact that AV, will

be negative. The advantage of the apsidal solutions is that they offer an
opportunity to use the same equations for both intersecting and
nonintersecting orbits. Figure 3-6a presents the obtained solution. Line
segment AB corresponds to the first burn; line segment BC corresponds to
the second burn; and line segment CK corresponds to the third burn. It
followsfrom egs. 3-5and 3-9 that AB~ R;, and CK - BC = R,.

For four-impulse apsidal manoeuvres, the line segments, which
correspond to the impulses, also belong to line segment AK, which
connects the centers of the circles (Fig. 3-6b). Line segment AB
corresponds to the first impulse; line segment BC corresponds to the
second impulse; line segment CD corresponds to the third impulse; and
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line segment DK corresponds to the fourth impulse. According to egs. 3-
12aand 3-12b, AB-BC~ R,DK-CD = R,.

The exact values of the transversal component are determined from
egs. 3-1a to 3-1d. Since the number of the equations is smaller than the
number of unknown variables, it is necessary to add one more constraint.
For example, we may fix the position of point C on line segment EL,
which corresponds to the drift orbit eccentricity vector, fix the ratio of the
impulse magnitudes of one of the manoeuvring intervals, or apply any
other analogous constraint; however, it is worth remembering that point C
must always belong to line segment EL, which connects the nearest points
of the circles. If there are no additional constraints, one can use the
simplest solution with point C situated in the middle of line segment EL.
Such a solution parameter determination procedure is described in the
following paragraph.

€y (a) e, (b)
R. R2
K

R1 R1
B ~C C
e ex‘ e ey

Fig. 3-6. Apsidal solutions:
(a) three-impulse solution (b) four-impulse solution

Depending on the order of the impulse applications, two possible
three-impulse CAS solutions and four four-impulse apsidal solutions can
be distinguished. If the length of each of the permitted manoeuvring
intervals does not exceed one revolution, only one possible apsidal
solution remains. Thus, in order to find the genuine optimal solution,
which depends on the impulse application sequence, the length of each of
the manoeuvring intervals should be one and a half revolutions. The length
of one revolution for a manoeuvring interval is enough if we narrow our
consideration with the linearized equations of motion, from which it
follows that the impulse application sequence is not important. The real
(after the manoeuvre parameter update with the help of the iterative
procedure) total delta-v of the various apsidal solutions may differ.

As in the case of nonintersecting orbits, during the apsidal solution,
parameter determination using the concept of the multiple-revolution
nature of the rendezvous was not used. The found analytical solution can
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be used for the manoeuvre parameter determination of a rendezvous with
arbitrary duration.

3.4. Nondegener ate Coplanar Solution

If there is a considerable initial difference between the spacecraft
positions along the orbit, the total rendezvous AV,y, exceeds the total

transfer AVy;, and the nondegenerate solution will be optimal. For

example, if the target spacecraft is situated too far ahead of the active
spacecraft, which is situated on the inner orbit. As such, it will be
necessary to reduce the semimagor axis in order to catch the target
spacecraft during the phasing process and then increase the semimajor axis
to the desired value with the help of the second manoeuvring interval
impulses. For solutions of this type, we use accelerating impulses on one
interval and braking impulses on the other.

Coplanar nondegenerate solutions (CNS) exist if the circles with radii
R and R, intersect in the case of a flyby between intersecting orbits, or

where one of the circles lies entirely inside the other during a flyby
between nonintersecting orbits.

For the nondegenerate solution, the primer vector hodograph is a
cycloid. The hodograph must be symmetrical relative to the A axis
(Prussing 1969, 928-935) in order to meet the required optimality
conditions for the four-impulse flyby. Hence, the center of the coordinate
frame should lie either in the middle between the closed loops of the
hodograph (Fig. 3-7) (let us call such a solution a “first-type hodograph”)
or on the axis of the closed loop (a*“second-type hodograph”).

b

@
o lw)
=

Fig. 3-7. Primer vector hodograph for a coplanar rendezvous
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The first-type hodograph existsif C =0, 6, = (eb +6;¢ )/ 2 inegs. 3-4a
and 34, while the second-type hodograph  exists if
C=3BArx,0, = (Hb +6; )/ 2+ 7. The angle 6, corresponds to the start of
the first manoeuvring interval (point A, Fig. 3-7), while @; corresponds to

the end of the second manoeuvring interval (point D, Fig. 3-7).
The constraints on the manoeuvring parameters follow from the
solution symmetry:

0,-6,=6,-0;, (3-19)
A6) 0 315
u(6) 1(0y)

M0) 26 316

) @)

Thus, for an optimal four-impulse solution, the first impulse should be
applied at the beginning of the first manoeuvring interval 6, =¢4,, and the

last impulse should be applied at the end of the second manoeuvring
interval 9, =6;, the angle between the application moments of the first

and second impulses is equal to the angle between the application
moments of the third and fourth impulses (Eg. 3-14). The smple egs. 3-15
and 3-16 also connect the impul se orientations to each other.

It follows from the symmetrical nature of the hodograph that, if the
necessary optimality conditions are satisfied for the first and second
impulses, they will also be satisfied for the third and fourth impul ses.

3.4.1. Parameter Determination for the Four-Impulse Solution

Let us write down the intersection condition of the primer vector
hodograph with the unit circle for the first impulse and the conditions of
the osculation of the hodograph and the circle for the second impul se:

22(6) + 1?(6) =1, (3-17)
R(0,)+ 1% (6,) =1 (3-18)
A0,)A(0;) + 14(6,) £1(65) =0, (3-19)

22(0)+ 12(0) <1v0 [0, 0, ] (3-20)
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Let A0 be Aazaz—elﬁzé(ab—ef ):%(94—91). Then, the
equation system 3-17 to 3-19 can be written as:

A2(+cos@ + 2B)? + AX(F2sin6 —3BA)? =1, (3-21)
A? (+cos(f -A0)+ 2B)? ) 322
+ A2(F2sin(6 — AG) —3B(0 —AB))% =1,

(—cos(@ — AB) T 2B)sin(@ — A) + (F2sin(0 — AD) 323

~3B(0 — AO))(Fcos(d — AG) —3B) =0,

where the upper indexes correspond to a hodograph of the first type and
the lower indexes correspond to a hodograph of the second type.
Deriving B, A from egs. 3-21 and 3-22, and substituting them in Eq. 3-

23, yields the equation for the determination of A& with fixed 6. This
equation, for both hodographs of the first and second types, is written as:

9B2(0 — AG) + (4sin(0 — AO)
+6(0 — AO)cos(@ — AO)B (3-24)
+3sin(d — A8) cos(@ — Af) =0,

where B=—,

P | P

B, =3sin(0 — AG)cos(@ — AO)(O% — (0 — AB)?)
—3(0 — AG)(SiN2 0 —sin?(0 — A0)),

B, =12(6 — AG)(@ Sinb — (6 — AB)Sin(@ — A))
+4(0 — AB)(cosd — cos(0 — AB))
~(67-(0-00)*)

-(6(0 — AG)cos(0 — AB) + 4sin(@ — AD)).

(3-25)

The constant A can be determined from Eq. 3-21:

A=((xcosd +2B)? + (T2sind —386)2) 2. (3-26)
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Equation 3-24 is solved numerically. It can have up to 6 solutions, but
some of them are eliminated due to Eq. 3-20. The correspondence to the
hodographs of the first and/or the second type equation roots stays.

By dtering ¢ and determining the corresponding A&, one can obtain
the dependencies between the distance between the impulses of one

manoeuvring interval A@ and the flyby interval length 20,
These dependencies are depicted in Fig. 3-8.

21

T

0 2t 4«
Fig. 3-8. Distances between impulses as a function of flyby duration

The solid lines correspond to a hodograph of the first type and the
dash-dot lines correspond to a hodograph of the second type. The
continuous existence interval length of each of the solutions is 3z. With

the angular distance of the flyby [27zn,27zn + 72'] , the solutions of both types
exist. On theintervals [37 + 4z (N —1),4zN ], the solutions for a hodograph
of the  firss type  exist, while on the intervals
[5;r+4;r(M -1),6z +4x(M —1)], the solutions for a hodograph of the

second type exist. The first dependency plotted with dots, which
corresponds to the hodograph “with one closed loop”, is an exception
(Prussing 1969, 928-935). In the following discussion, the values of N and
M will be used as the ordinal item of the continuous curves, corresponding
to hodographs of the first and second types.

The dependency A6 = f(§) can be conveniently written as a function
of two variables:  A@=f"(0",N), where 0 =0 -27—4x(N-1),
0 e [037z] As depicted in Fig. 3-8, the dependencies are close to each
other: the function f* has a weak dependency on N and the alteration
A6 ontheinterval [0,37] is determined mainly by the value 6”. Fig. 3-

9a presents the dependency between A6 and 6" for N = 5. Its difference
from the dependencies, obtained for alarge value of N, do not exceed 0.2°
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onal intervals [O,37r], while the difference to the dependencies for smaller
N is depicted in Fig. 3-9b. A similar situation occurs for dependencies
obtained for the second-type hodograph.

A

AB +AB, —AO,

0 3n
Fig. 3-9 (a). Angular distance Fig. 3-9 (b). Difference in angular
between impul ses as a function of distances between impulses vs.
flyby duration for N =5 various values of N

Besides the impulse application angles, the primer vector hodograph
allows us to determine the impulse orientation. After evaluating A@ from
Eq. 3-24, the constants A and B are determined with the help of egs. 3-25
and 3-26, A,u in the points 6,0, are calculated. The dependencies

between the pitches 19:arctg£ and 6" for the outer impulses are
7]

depicted in Fig. 3-10a. Similar dependencies for the inner impulses are
depicted in Fig. 3-10b.

According to the figure, theratio A/ issmall for the inner impulses,
and they can be assumed to be purely transversal. In the case of the outer
impulses, it is necessary to account for their radial components.

A A

9 (@) 9 (b)
=1
30° N=1 3°
20° N=2 2°
= 1 o N:2
10° = _
=4 Ry N=4 0
E 5 3 > Eo 3n -
Y

Fig. 3-10. Pitches of impulses as afunction of flyby duration:
(a) outer impulses (b) inner impulses
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In order to quicken the optimal flyby parameter determination process,

the dependencies A0(9)" and i(§*) , for hodographs of the first and
y

second types, can be approximated with the analytical equations (Baranov
and Terekhova 1995, 382-387). These equations should be both accurate

and relatively simple. The function A9(9~)* can be approximated with the
cubic parabola:

AO=a(0 ) +b(@ )2 +co +d. (3-27)

In the meantime, the dependency between A6 and N or M can be
neglected due to the proximity of the curves to each other with various
values for N and M. There is a common dependency of 6" for all curves,
corresponding to the first-type hodograph. Its coefficients, a, b, ¢, and d,
have been determined with the help of the least sguares method:
a=-0.00125,b =0.003475,c=0.74309,d =0. For the function, which
corresponds to the second-type hodograph, the coefficients a, b, ¢, and d
will have the following values:
a=-0.001213,b =0.00302, c = 0.74444,d = 0.

For a hodograph “with one closed loop™:
a=0.00575,b=-0.11271,c=1.15557,d = -2.52301.

The difference between A@, obtained from Eg. 3-27, and A#9,
obtained from Eq. 3-24, does not exceed 0.7° for the hodograph of the first
type and 0.55° for the hodograph of the second type. The peculiar

distribution of A& = Abm — Abznay » @ afunction of 6" for N=3, is
depicted in Fig. 3-11.

'y

AO AS
06° ;' 10,3° .
0,4° | i

| 10,2° i
0,2° - i

) t0,1° :
0 In i 6_
-0,2° 0 In

Fig. 3-11. Discrepancy in the Fig. 3-12. Difference between impulse
difference of the application angle for  pitches for analytical and numerical
analytical and numerical solutions solutions
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Thus, a very smple and sufficiently accurate equation for the
analytical determination of the impulse application angle of the optimal
solution is found.

For the analytical approximation of the function i(é’w*) for the outer
]
impulses, we can use the equation:

G- (329

where the coefficients |, g, and f depend on N (for the hodograph of the
first type) or M (for the hodograph of the second type). For the hodographs
of thefirst type:

| =0.3605805 e %2072 N 4 01938393, (3-293)
g = 0.7413017e *8305316N 7 1037093 0-04167616N ' (3.29p)
f =—0.1733134e"0306%2N _ 0 55892376, (3-29¢)

and for the hodographs of the second type:

| =0.39946973 e 019462509M | ) 18542422 | (3-30a)
g = 0.90946358e 0->*3307M 1 0936807 0038985M ' (3.30h)
f = —0.24736464e%%8M _( 48186975 3-30

With equal values of N and M greater than 10, the values 4 for the
U
hodographs of the first and the second types practically coincide. The
dependence between the coefficients |, g, f, and N for the first-type
hodograph can be described as:

| =0.2918171e %08470%N | 5 0622614, (3-31a)
g = 0.8709496e %271924N | 009475382, (3-31b)
f =0.0000574N? — 0.0040646 N — 0.7591687. (3-310)

The same equations can be used for the second-type hodograph, but
the replacement of N by M is needed.
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Equation 3-28 approximates i(5*) with good accuracy (~1 %) for
7]

0<0" <222z. The eror increases with increasing @, but on the

interval 2.227 <6 <3r it does not exceed 10 % of 4 (for dependencies
7]
with N<50). The distribution of A8 = A m~AJuay » 3 a function of
6" for N =20, ispresented in Fig. 3-12, where 9 = arctg(i).
U

With magnitudes of N >50 on the interval 0< 0" <2457 , the value

9= arctg(i) does not exceed 0.1° and the maximum & on the interva
U

2457 <0 <37 does not exceed 3°. This alows us to assume that the
outer impulses of the optimal solution for a flyby with a duration greater
than 100 revolutions are purely transversal. The hodograph with “one

closed loop” 4 asafunctionof 8" can be described with the equation:
U

A0y = (11555702 ~6.064970" +9.51334) L. (3-32)
Y7

As such, with a fixed angular distance of transfer 6; -6,, the

application and orientation angles of the impulses of the optimal four-
impulse manoeuvre can easily be found using egs. 3-27 and 3-28. Then,
using egs. 3-1a to 3-1d, we can unambiguously determine the impulse
magnitudes. If the signs of the transversal impulse components of one
manoeuvring interval coincide, the solution will belong to the considered
CNSclass and will belocally optimal.

It is worth mentioning that the simplification of the parameter
determination process for the four-impulse nondegenerate rendezvous
problem was attempted in the work of Alvarez and Carter (2000, 109-
117). The material in section 3.4.1 has previously been published in the
work of Baranov and Terekhova (1993) and Baranov and Terekhova
(1995, 382-387) (Russian and English versions).
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3.4.2. Parameter Determination for the Two and Three-Impulse
Solutions

In order to find the globally optimal solution, it is necessary to find
more two and three-impulse solutions that meet the necessary optimality
constraints and compare the total delta-vs of these solutions.

We can use the iterative procedures in paragraph 3.2 for the parameter
determination of this type of solution. Since the pitches of the inner
impulses are small, the intersection points of the circles with radii R, and

R, (only thesignsof AV, and AV, aredifferent) correspond to the two-

impulse solution as well. The parameter determination procedure for these
solutions was described earlier. The start of the first manoeuvring interval
@ = ¢, and the end of the second manoeuvring interval ¢; = ¢, (for the

two impulses, the first one and the last one are applied at points where the
cycloid intersects with the circle) are taken as the fixed angles of the
impulse application for the three-impulse solution. Then, with the help of
egs. 3-11a to 3-11c, the magnitudes of the transversal impulse component
and the application angle of the inner impulse ¢, are determined. If three-
impulse solutions of this type exist, then the moment of osculation of the
cycloid and the circle correspond to this angle. The manoeuvre parameters
are updated with the help of the iterative procedure.

The procedure of searching for the parameter solution with a single
impulse applied on the boundary and the other two applied at points of the
osculation of the cycloid with the circle is more complicated. On the
interval in which two manoeuvres are applied, one of the impulses should
also be applied on the outer boundary of the interval ¢, . Hence, the

application moment of this impulse is known ¢; =¢,, . The application

moment of the second impulse of thisinterval is chosen inside the interval
@, =@y, - The approximate value of the transversal impulse component of

the first manoeuvring interval AV, can be determined by Eq. 3-5, or,

more accurately, by Eqg. 3-11e. After this the application angle of the first
impulse ¢, and the impulse magnitudes AV, and AV, are evaluated by

egs. 3-1ato 3-1c (Baranov 1985):
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As always, the manoeuvre parameters are updated with the help of the
iterative procedure in order to solve the fourth equation of Eq. 3-1 with the
desired tolerance. After the manoeuvre parameter determination, the total
delta-v solution is calculated. By varying the position of the second
impulse on the manoeuvring interval, one can find the optimal solution of
this type. The simple point enumeration from the corresponding
manoeuvring interval with a constant step can be used for this purpose.

3.4.3. Examples

As an example of implementing the method mentioned above, let us
consider the optimal manoeuvre parameter determination problem, which
leads to the alteration of the spacecraft’s position on the circular orbit and
the transfer to the set point for the fixed time (the orbital plane orientation
alteration that occursis not important here). The problem in this statement
has been considered in the works of a number of authors.

By using the aforementioned equations, we can andytically find the
parameters of optimal four-impulse solutions. It is interesting to compare
the total delta-vs of the obtained solutions with the total delta-vs of the
two-impulse and the “rationa” four-impulse manoeuvres in the works of
Ivashkin and Raykunov (1991, 352-374) and lvashkin and Raykunov
(1994, 33-46). The inner impulses are half a revolution distant for the
“rational” four-impulse manoeuvres.

For this problem, Ae, =Ae, =Aa=0. Theangle 8" fully determines

the nature of the optimal solution, At determines only the sums of the
impulse magnitudes of the first and the second manoeuvring intervals (
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At =0.01 was chosen for the calculations). The research was conducted
using N =1, and " wastaken in the range lo" ,360°J

It turned out that the optima four-impulse solutions exist for
0" < [0",339"] Figure 3-13 presents the appearances of the optimal

solutions for various 6.

e, A o .
e 0 =15° o de

Fig. 3-13. Optimal solutions for various transfer distances

From Fig. 3-13, it follows that there are no optimal three-impulse
solutions for the circular orbit change in position problem. It does not
matter which are the first impulses to be used (to which the line segments
AB and BC correspond), line segment CK should correspond to the third
impulse, but the application angle of this impulse does not coincide with
the possible optima impulse application angles, to which the line
segments CD and DK correspond (besides, the third base of the triangle
would have to be equal to the sum of the other two, which isimpossible).

Table 3-1 gives the total delta-vs of the optima (AV,,) and the

“rational” (AV,,) four-impulse solutions, and also the total delta-vs of the
two-impulse solutions (AV,) and their ratio in percent. The “rationa”

scheme has equal impulses. The magnitudes of the outer impulses differ
from the magnitudes of the inner impulses for the optimal scheme.
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Table3-1

Ny | xy | AVon
AV,, AV,
5 1060 | 2065 | 51.35 | 1.070 | 99.1

15 | 1.0598 | 1.698 | 54.10 | 1.113 | 95.22
30 | 1.0594 | 1.819 | 5824 | 1242 | 77.88
45 | 1058 | 1.698 | 62.32 | 1452 | 72.89
60 | 1.0569 | 1592 | 6640 | 1546 | 68.35
90 | 1.0506 | 1.415 | 74.26 | 2.870 | 3659
120 | 1050 | 1273 | 8246 | 6.400 | 1641
150 | 1.0385 | 1.158 | 89.72 | 47.780 | 2.12
180 | 0.9857 | 1.061 | 92.90 | 5.000 | 19.72
210 | 09389 | 0979 | 9586 | 252 | 37.26
240 | 0.8745 | 09095 | 96.15 | 159 | 55.00
270 | 07900 | 0849 | 9307 | 1.09 | 72.48
300 | 0.6850 | 0.796 | 86.08 | 0.78 | 87.82
330 | 05620 | 0,749 | 7503 | 0593 | 99.77
338 | 05269 | 0.737 | 7145 | 0563 | 93.60
355 - 0714 | - | 05303 -
360 - 079 | - | 05305 -

0 deg | AVop AVyy

With small 5*,A9(A9z§§*) is small as well. Hence, the first two

impulses are applied at the beginning of the flyby and the last two
impulses are applied at the flyby's end. The total delta-v of the optimal
scheme is close to the total delta-v of the two-impulse scheme. Due to the
considerably longer duration of the motion along the drift orbit, we get a
notable gain in total delta-v in comparison to the “rational” scheme.

With the increase in @ ", A6 increases and, hence, the optimal solution
total delta-vs get closer to the total delta-vs of the “rational” solutions, but
thetotal delta-vs of the two-impulse solutions worsen considerably.

With 6" ~ 240°, when A@ ~180°, thetotal delta-vs of the optimal and
“rational” solutions practically coincide. With the further increase of
0" A0 keeps on increasing, but the total delta-vs of the optimal solutions
become considerably smaller than the total delta-vs of the “rationa”
solutions due to the increase in the outer impulse magnitude and the
decrease in the inner impulse magnitudes, once again. The total delta-vs of
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the optimal solutions get closer to the total delta-vs of the two-impulse

solutions. When 6" becomes equal to approximately 33%° (the exact
value depends on N), the magnitude of the inner impulses decreases to
zero. The optima four-impulse solution degenerates to a two-impulse
solution. With a further increase in #”, the optimal-by-primer-vector

four-impulse solutions cease to exist. For the interval [339°,360°J, atwo-
impulse flyby is optimal.

As can be seen from the table, the optimal four-impulse solution
results in maximum profit with 8" =60°. With these angles, the optimal
solution total delta-vs are more than 30 % smaller than the delta-vs of the
“rational” or two-impulse solutions.

With the increase in N, when the duration of presence on the drift orbit
increases, the difference between the total delta-vs of the optima and
“rational” schemes decreases. For example, for N =10, 6" =30°, the total
delta-v of the optimal scheme isonly 5 % smaller than the total delta-v of
the “rational” scheme.

The change in position problem on the circular orbit draws our
attention. It has been considered many times in the works of a number of
authors and will continue to be considered in the future. It appears that the
report by Trofimov (2014, 140-141) is one of the most recent. In this
work, a comparison of the four-impulse and two-impulse solutions has
been conducted. A similar comparison is listed in the last column of table
3-1in Baranov and Terekhova (1993).

3.5. Existence Domains of Various Solution Types

Analysis of the relative positions of the circles with radii R and R,

and various values of Au (the difference of the angular positions of the
target and active spacecraft in the initial moment of time (the initia
phase)) can help us identify the existence domains of various solution
types.

3.5.1. Noninter secting Orbits
First of al, let us consider the variant when the orbits do not intersect.
We will assume that Ae, =0, Ae, >0, and Aa>|Ae| for the sake of

certainty. We suppose the target spacecraft, which is situated on the outer
orbit, is behind the active spacecraft in the initial moment, i.e. Au<0, for
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example, Au=Ay, (Fig. 3-14a). Then, it is necessary to apply impulses
with the positive transversal components on the first manoeuvring interva
with the sum value AV, , which is greater than |Aa|/2, in order to

transfer to the orbit with a semimgor axis greater than the target
spacecraft orbit's semimgjor axis. This will alow the target spacecraft to
catch up to the active spacecraft. Impulses with the sum value of AV, <0

should be applied on the final interval.
The circle of radius R, is entirely located inside the circle of radius

R (Fig. 3-15a) for all Au<O0. In thisfigure, the large circle corresponds

to the impulses of the first manoeuvring interval, while the smaller one
corresponds to the impulses of the second manoeuvring interval; the signs
of AV, and AV, are different and, thus, the nondegenerate solution

(CNS) will be optimal. Since the circles do not intersect, only the three
and four-impulse solutions are possible. The three-impulse solution is
possible only with two burns on the first manoeuvring interval.

The existence domains of various solution types and the number of
possible-to-use impulses are depicted in Fig. 3-14a (Baranov 1989, 689-
697). The digit “2” in the brackets before the digit “3” means that two
impulses of the three-impulse solution should be applied on the first
manoeuvring interval. The digit “2” in the brackets after the digit “3”
means that two impulses should be applied on the second manoeuvring
interval.

AV
()

M : AV
10, 234 7 .58 1234
34 > 34CAS |

s | N
Ay Ay
A Ay Aty A~ Al

Fig. 3-14. Various type-sol ution existence domains:
(a) nonintersecting orbits (b) intersecting orbits
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Fig. 3-15. Alteration of circle positions, corresponding to the sum of the
transversal impulse components of the first and second manoeuvring
intervals for nonintersecting orbits with alteration of the initial phase value

If Au=Aug ~0 (hereafter, we will denote the moments when the
radius of one of the circlesis zero by the index “s’ and we will denote the
moments when the circles osculate by the index “t”). Then, we can
transfer to the required point of the fina orbit by the impulses of the first
manoeuvring interval. Certainly, only the qualitative manoeuvring picture
is considered and the flyby time to the final orbit is not accounted for. The
positions of the circles in Fig. 3-15b correspond to this case. The radius of
the second circle, decreasing with the increasein Au, becomes zero at this
moment.

When Aug < Au < Auy, theimpulses on the first manoeuvring interval
produce only a part of the necessary alteration of the semimagjor axis, the
rest is produced by the impulses of the second manoeuvring interval. The
signs of AV; and AV, coincide and CSS solutions are available. After

Aug , the radius of the second circle increases with the increase in Au.

The circles, which correspond to Au from this interval, do not intersect
and, thus, only three and four-impulse CSS solutions are possible (Fig. 3-
144). The first manoeuvring interval should contain two impulses, just as
in CNS solutions. The moment of the circles osculation (Au=Auy)is
depicted in Fig. 3-15c.

The circles intersect on the interval Au, < Au < Au,,, hence, the two,

three, and four-impulse CSS solutions exist (Fig. 3-14a). The moment
when the circles have equal radii (Au = Au,,) isdepictedin Fig. 3-15d.

With Au > Au,, the picture becomes symmetrically mirrored, i.e. the
same types of solutions exist, but AV, and AV, change places.

When Au> Aug, the target spacecraft is situated too far ahead of the
active spacecraft. Firstly, the semimajor axis of the active spacecraft
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should be decreased in order to catch up to the target spacecraft during
phasing; then, the semimajor axis can be increased up to the required
value by the impulses of the second manoeuvring interval. For these
values of Au, the three or four-impulse nondegenerate CNS solutions will
be optimal.

The values of Au, which lead to the alteration of the signs AV, or

AV;, and, correspondingly, to the change in the solution type, can be

assessed. The sum of the transversal impulse components of the first
manoeuvring interval AV, changesits sign with Au=Aug ~0, while the

sum of the transversal impulse components of the second manoeuvring
interval AV; -, changes its sign with Au=Aug ~37AaN, where N = the

number of revolutions from the beginning of the first manoeuvring
interval up to the rendezvous point.

The osculation of the circles for the case when the radius of the first
circleis greater than the radius of the second (Fig. 3-15c), occurs with:

AV, = %(Aa + Ae), (3-339)
AV, :%(Aa—Ae), (3-33b)

Hence,
Auy = gﬂN (Aa—Ae). (3-34)

The osculation of the circles in the case when the radius of the second
orbit is greater than the radius of the first, occurs with:

AV, = %(Aa _re), (3-353)

AV, :%(Aa+Ae). (3-35h)
Hence,

Auy, = gﬂN (Aa+ Ae). (3-36)
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3.5.2. Inter secting Orbits

Figure 3-14b gives the dependencies between the values AV, ,AV,
and Au for the intersecting orbits. We also assume Aa > 0 for certainty.

The examples of the locations of the circles with radii R, and R, for
the phase differences Au,,Auy,Aug,Au,, are depicted in Fig. 3-16. The
ratio of the circle radii will be inverted for those moments of time that are
symmetrical relativeto Au,,.

As can be seen from the figure, with Au<Auy; and Au>Au, the
circles intersect (3-16a) and AV, AV, <0, hence, the CNS-type solution
will be optimal. Two, three, and four-impulse solutions are possible.

With Au,; <Au<Au, , the circles do not have common points and,
thus, the three and four-impulse CAS solutions will be optimal. The
calculation of the magnitudes Au,,Au, is undertaken by the same
equations, 3-34 and 3-36. The different type-solution existence domains

and the number of burns, which can be used for the acquisition of the
optimal solution, arelisted in Fig. 3-14b.

e, (@
Aa Au

€x

Fig. 3-16. Alteration of the circle locations, which correspond to the sum of
the transversal impulse components of the first and second manoeuvring
intervals for intersecting orbits with alteration of the initial phase

Summing up this chapter, the following simplest algorithm for optimal
solution parameter searching can be suggested. The magnitudes Auy , Au,

can be found using egs. 3-34 and 3-36. By comparing them to the
magnitude of deviation by the phase Au, we can determine which
manoeuvring interval should have two impulses. The parameters of the
apsidal three-impulse solution can be found unambiguously from egs. 3-1a
to 3-1d. If the obtained solution is of the CSS or CAS-type and fulfills the
constraints on the moments of impulse application, then the problem is
solved. Otherwise, the algorithms from the third paragraph of this chapter
should be used in the search for the optimal solution.
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3.6. Four-Impulse Nondegener ate Solution
Existence Domains

As has been aready mentioned, the CNS solution exists if the circles
of radii Ry and R, have common points and the signsof AV, and AV,

do not coincide. It is obvious that the greater the area of the circles that is
occupied by their intersection, the more different CNS solutions exist. The
relative positions of the circles depend on the difference between the
eccentricities Ae, determining the distance between their centers, and on
Aa and At/3p,,, determining the magnitudes of their radii. For the
determination of the four-impulse nondegenerate solution existence
domain, one can fix Ae and investigate the dependency of the existence
of the CNSfrom Aa and At/ 3¢, asonly therelative area of the circles

intersection is important. The research was conducted for Ae=0.01. The
four-impulse CNS solution existence domains are depicted in figs. 3-17
and 3-18 (Baranov and Terekhova 1993).

As has dready been noted, the mgor influence on the primer vector
hodograph iscaused by 6. Thisvariable, whichis crucial for the existence of

the CN'S solution, is put on the x axison all the graphs. Theangle 6" dltersin
the range 0 to 360°. On this interva, solutions of both types exist in the range
0 to 180° and the solution of one type existsin the range 180 to 360° (Fig. 3-7).
It is more convenient to investigate the existence of the hodograph of one type
(in this case, the second type) on the interval O to 540°. This is acceptable
because the first-type hodograph versus 6~ on the interva 0 to 180°

practicaly coincides with the second-type hodograph versus 6" on the
interva 360 to 540°. The primer vector hodograph depends weakly on N and
the radii of the circles depend on N only by theratio At/3g,,, dlowing usto
conduct an investigation into the congtant vaue of N =10, while the
alteration of theratio At/3g,, isundertaken by changing At. The values of

At are depicted in the upper right corner of each graph. The vduesof Aa in
the bottom of the figure belong to al graphs from the corresponding columns.
The existence of CNS-type solutions strongly depends on the angle w, which
sets the orientation of the apsida line relative to the direction on the
rendezvous point. Thisangleis put on they axis on graphs.

Let us consider how the appearance of the CNS existence domain depends
on At and Aa. Narrow S-like areas can be seen for small At (thefirst figure
in each column). This is connected to the smallness of the radius of the first
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circle; it can be assumed that the mgor influence on the existence of the
solution is due to the impulse locations of the second manoeuvring interval.
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Fig. 3-17. Existence domains of four-impulse nondegenerate solutions for

nonintersecting orbits
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Fig. 3-18. Existence domains of four-impulse nondegenerate solutions for
intersecting orbits
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Let us draw the solutions, which correspond to the different points
from Fig. 3-17 (the point marked with the digits), on one figure (Fig.
3-19). We will assume that the transfer is aways fulfilled to one point
(Ae,,0). With this representation, the line segment corresponding to the

last impulse turns out to be rotated by angle @ relative to axis e, (in
reality, the line segment depicting this impulse is paralel to axis e, and
the line segment, which connects the reference frame origin with the point
(Mg, Ae,), isrotated by angle ).

ey fo
2n
Bla K(Aex0)\ &
C#A 4 o T
] Y
Fig. 3-19. Four-impulse Fig. 3-20. Inclination
nondegenerate angle between the focal radius
solutions for various and the main axis of the ellipse as
values of angle ® afunction of the angle between
with small At/3¢ the radii

The sums of the impulses of the last manoeuvring intervals of these

solutions are approximately the same (AV,, +AV;, z%Aa—A). The
lo
point of the line segment’s start, which depicts the third impulse, is close
to the reference frame origin due to the smallness of the radius of the first
circle. Thus, the end of this line segment lies in the vicinity of the ellipse
with the points of focus (0,0) and (Ae,,0). Hence, angle @, as afunction
of angle AG between the third and fourth impulses, is close to angle «
(the inclination angle between the focal radius r, and axis e,) as a

function of angle y (the angle between the focal radii of the ellipse). This

function has a particular S-based appearance (Fig. 3-20). The appearance
of the curved line depends on the parameters of the ellipse: the greater the
magnitude of the semimajor axis with the constant distance between the

focuses, the less curved the line is. The function w(6’~*) can be considered
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as a complex function w(A(8")). Since the function AG(8") is close to
the linear function (see figs. 3-8 and 3-27), the appearance of the curved
line w(§*) is determined basically by the function @(A8). Changesin the
appearance of the CNS solution existence domains can be explained by
theincreasein Aa (seeFig. 3-17).

The smoothing of the curved line due to the increase in the radius of
the second circle also occurs with the increase in At(Aa=const). In this
case, the radius of the first circle increases, leading to an increase in the
number of acceptable solutions due to greater uncertainty in the position
of the left focus of the ellipse. It can be seen in Fig. 3-17 that the CNS
existence domain area widens with the increase in At.

The similar appearance and the dependency of Aa and At can be seen
in the graphs for the variant Ae>Aa (Fig. 3-18). In this case, the
impulses of the first manoeuvring interval have greater influence and must
transfer point C to the area of the circles intersection. If this does not
happen (as a rule it happens for small At and ®» >180"), then the
solutions, which are present on the graphs for Ae< Aa, are not present on
the graphs with Ae> Aa.

The common feature of the graphsin figs. 3-17 and 3-18 is the absence

of solutions with small @° and the absence of solutions with @ > 360°
for big values of At.

The absence of solutions with small @" is evident because, due to the
small A@, the four-impulse solutions do not differ much from the two-
impulse solutions. They exist only for transfers between the two points on
the same circular orbit, or for transfers between the intersecting orbitsin a
narrow range of angles.

With big magnitudes of At/3gp,,, theradii of the circles considerably

exceed the distance between their centers. With the flyby, the angles 6"
close to 2r magnitudes of the outer impulses considerably exceed the
magnitudes of the inner impulses (Fig. 3-214). Thus, the existence of CNS
solutions depends on the rel ative orientation of the outer impulses.
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Fig. 3-21. For solutions with anglesin the flyby of 6" closeto 2r, the
values of the outer impulse solutions are considerably greater than the
values of theinner impulses:

(@) 6" < 2x optimal solution;
(b), (¢) 8" > 27 nonoptimal solutions.

With 6" <27, point B, being the end of the line segment and
depicting the first impulse, is above the line segment depicting the last
impulse. Since A& ~ 240" in this case, the transfer from point B to point
D is fulfilled by the inner impulses, which have the same signs of the
transversal impulses as the outer impulses of the corresponding
manoeuvring interval. These solutions are CNS-type solutions. |If
6" > 2z, then point B lies below line segment DK. In this case, either one
(Fig. 3-21c) or both (Fig. 3-21b) transversal impulses have the signs of the
transversal components; these do not coincide with the signs of the
transversal components of the outer impulses, which correspond to the
manoeuvring intervals, hence, these are not CNS-type solutions.

As was previously mentioned, for this example, the solutions of the
second type on the interval 360 to 540° correspond to the solutions of the
first type on the interval O to 180°. It can be seen in the graphs that the
solutions of both types do not exist simultaneously, not even for
considerable values of At/3p, when the existence domains of the second-

type CNS solutions practically fill the total area of 0 to 360°.

3.7. Lambert’s Problem: Advantages and Disadvantages
of the Two-Impulse Solution

The solution of Lambert’s problem is a well-known and often-used
method for the rendezvous solution (two-impulse manoeuvre parameter
determination with fixed moments of impulse application). It isinteresting
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to compare its capabilities with the capabilities of the previousy
mentioned methods. In the fourth paragraph of this chapter, it was shown
that an optimal two-impulse solution does not exist for all values of the
initial phase deviation Au. Let us assess the magnitude of the difference
between the total delta-v of the two-impulse solution and the total delta-v
of the optimal three-impul se solution.

Lambert’s problem has a trivial solution for near-circular motion. We
have the eguation system containing four linear equations (egs. 3-1ato 3-
1d) with the four unknown variables AV, AV, ,AV, AV, (for the

coplanar rendezvous) for the fixed impulse application moments
Q=00 =¢,, . By solving this equation system and determining the

values of the impulse components, one can find the total delta-v of the
manoeuvres. By enumerating all of the possible combinations of ¢, ¢, a

close-to-optimal  rendezvous solution can be found. The more
combinations ¢, ¢, we consider, the more accurate an optimal solution
we get.

Such a two-impulse rendezvous solution method has two advantages.
Firstly, any constraints on the moments of impulse application can be
satisfied. Secondly, this method is both reliable for a multiple-revolution
rendezvous and for a small-duration rendezvous. However, there is a
problem with the optimality of the found solution. Two-impulse solutions
with total delta-vs that close to optima (both impulses are practically
transversal) exist only when the circles with radii R, and R, intersect.
This intersection occurs for some CSS solutions for nonintersecting orbits
and for the CNS-type solutions for intersecting orbits.

A totally different situation occursif the circles of radii R, and R, do
not intersect. In this case, as mentioned before, optima two-impulse
solutions do not exist (both impulses of which are transversal) and, hence,
Lambert’s problem will lead us to a nonoptimal solution with any number
of the considered set of the points ¢, @.

The difference between the total delta-v of the optimal three-impulse
solution and the total delta-v of the two-impulse solution will be greater
with an increase in the distance between the points of the circle. This can
take place when Ae>>|Aa| or |Ag)>> Ae. For intersecting orbits, with an

increase in the limit of the difference between Ae and |Aa|, the two-

impulse manoeuvre will practically solve the problem with the sole help of
the radial velocity components. In Fig. 3-22a, the curved line ABCK
corresponds to the two-impulse manoeuvre and line segment BC
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corresponds to the radial component of the first impulse. The optimal
three-impulse  manoeuvre (the CAS-type solution) only uses the
transversal components and, hence, the total delta-v for the solution of
Lambert’s problem (AV ~ Ae) will be two times greater than the total

delta-vs of the optimal three or four-impulse solutions (AV = Ae/ 2).

For nonintersecting orhits, the difference can get up to triple the value.
The optimal manoeuvre from among the two-impulse manoeuvres is
presented in Fig. 3-22b.

€y
A 2

Fig. 3-22. Lambert’ s problem solution:

(a) intersecting orbits (b) nonintersecting orbits

The curved line ABDK corresponds to it. This is connected to the fact
that a radial impulse component with magnitude AV, ~2AV, ~Aa

occurs. The total delta-v expenditure of the two-impulse manoeuvre can

be estimated as AV ~[aV,

+|Avtl|:g|Aa|, and the three-impulse

A .
transversal manoeuvre has AV ~ AV, z% Such a variant occurs for

solutions that correspond to the deviations of Au close to the values Aug
or Aug inFig. 3-14a

3.8. Manoeuvreswith Drift Orbit Altitude Constraints

The previous paragraphs presented problems without any constraints
on the orbital elements; however, in practical work one can meet problems
with these constraints. Let us consider, for example, drift orbit
manoeuvres that lie in the desired “ring” with the center as the center of
attraction:
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Min < Tp <Ta <Tmas (3-37)

where Iy, fma = the radii of the inner and outer ring circlesand rp,r, =

the radii of the drift orbit pericenter and apocenter, respectively.

Constraints of this type can often be met while solving the rendezvous
problem. For example, in order to catch up to the target spacecraft (which
is far ahead), the active spacecraft needs to gradually decrease the period
of its drift orbit. This may lead to a considerable decrease in the minimal
orbit atitude and, hence, to a dangerous level of atmospheric deceleration.
There are aso other numerous grounds for the introduction of such
constraints.

Figure 3-23 gives the example of aflyby from an initia orbit (denoted
by T,) to atarget orbit (denoted by T; ), in which the constraint on the

minimum altitude r,,;,, is crucial for the drift orbit (denoted by the dashed
line Ty ). Thefollowing sequence has been carried out in order to catch the

target spacecraft over a fixed time duration: application of the braking
impulse AV, transfer to the drift orbit, which osculates the circular orbit

with the radius r.,,, and the application of the two impulses AV;, and
AV, on the last manoeuvring interval in order to transfer to the target

orbit at the required point.

Because of their importance, many publications have been dedicated to
the solution of manoeuvring problems with atitude constraints on the drift
orbit. The most fundamental results can be found in the work of lvashkin
(1975), in which the transfers between elliptical orbits were analyzed. The
many peculiarities of multiple-revolution flybys between near-circular
orbits have been considered in this work, which can be used for the
acquisition of an analytical solution.

Fig. 3-23. Flyby with constraint on drift orbit altitude
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As mentioned before, condition 3-1d alows for the approximate
assessment of the magnitude of the transversal impulse component sum of

the first manoeuvring interval A\/tI " of the multi ple-revolution flyby and,

hence, approximately determining the magnitude of the drift orbit
semimajor axis.

ag =8, +24V,

where a4 = the drift orbit semimgjor axis, a, = the initial value of the
active spacecraft orbit semimajor axis; and A\/tI " is determined by Eq.3-

12a

It is assumed that Eq. 3-1d is replaced with the approximate Eq. 3-12a
for further analysis of the problem. The values of the optimal manoeuvring
parameters (for which condition 3-1d will be fulfilled with the desired
tolerance), as usual, can be carried out with the help of the iterative
procedure.

It is apparent that the problem stated previously has a solution, if:

Mmin < Qq < Mmex s (3'38)

Otherwise the spacecraft will arrive at the rendezvous point at the fixed
time, but without fulfilling one of the constraints (3-37).

Since the semimagjor axis of the drift orbit is known, the constraint on
the eccentricity of the drift orbit is equivalent to constraint 3-37:

& <e, (3-39%)
e <8, (3-39b)
where e,,e,,6, = the drift orbit eccentricity; the eccentricity of the orbit
with the semimajor axis a4, which osculates with the lower boundary of
the ring; and the eccentricity of the orbit with the semimgjor axis ay,

which osculates with the upper boundary of the ring, respectively. The
magnitudes of e,,q, can be evaluated by:

e — 2~ Mmin (3-40a)

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

Coplanar Rendezvous 125

max — &g
g, =-max (3-40b)
&y

The orientation of the orbit’s apsidal line is not important. We cannot
increase the drift orbit eccentricity more than the lesser value of the
magnitudes e;,q,, while maintaining the set value of the semimajor axis,

because the orbit will exceed the boundaries of the restraining ring.
Thus, it follows from inequalities 3-39a and 3-39b that the geometric
locus on the plane e,,e, will be a circle with radius R,, (Fig. 3-24),

which is equal to the smaller of the values e,,q, (Baranov 1985). The

points from this geometric locus correspond to the acceptable values of the
drift orbit eccentricity vector. The center of the circle is situated in the
reference frame origin.

Let us draw circles with radii R =24V, ,R, =24V, = (AV, " is
evaluated by Eq. 3-12b) with centers at point A (e, e, ) and point K
(e, +€y, )- Let us remember that point A corresponds to the eccentricity

vector of the active spacecraft’'s orbit and point K corresponds to the
eccentricity vector of the target spacecraft’s orbit. In the case when set G
in Fig. 3-24a (the set of the points of the intersection of the circles with
radii R, and R,) has common points with the circle of radius R,,, itis

easy to point out the two, three, and four-impulse variants, for which the
aforementioned points will correspond to the acceptable values of the drift
orhit eccentricity vector, among the solutions, investigated in the previous
paragraphs. Thisis point B for the two-impulse solution; curve BC for the
three-impulse solution with the two impulses on the second manoeuvring
interval; and area BCD for the four-impulse solution. Since the conditions
3-39a and 3-39b are met for the found solutions, then condition 3-37 is
satisfied too. The solution parameters are updated with the help of the
aforementioned iterative procedures, which ensure the satisfaction of
condition 3-1d with the desired tolerance.
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(b)
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Fig. 3-24. Relative positions of circles corresponding to the sum of the
transversal impulse components of the first and second manoeuvring
intervals and permitted values of the drift orbit eccentricity vector:
(a) solutions with fulfillment of the constraint on the drift orbit altitude
from among the conventional rendezvous problem solutions;

(b) special solutions need to be searched for.

The variant when the circles of radii R, and R, have common points

(they intersect or one of them is inside the other) is mostly typical for
problems in which it is necessary to account for constraints on the drift
orbit dtitude. As a rule, we have to account for constraints on altitude
when the sums of the transversal impulse components of the first and
second manoeuvring intervals have different signs (the presence of
common points is anecessary condition for the circles of radii R, and R,
).

If the constraint on the dtitude is severe (g4 is slightly different from
rmin OF Tmax ), then the drift orbit eccentricity (the radius of circle R))

will be small. If the initial and final orbits in this problem have relatively
big eccentricity values, and the differences between their semimajor axes
and the eccentricity vectors are small, then there may be no common
points between the three circles (Fig. 3-24b). In this case, the four-impulse
manoeuvre will be optimal and the curved line ABCDK corresponds to it
(Fig. 3-24b). Point C, which corresponds to the drift orbit eccentricity
vector, should belong to curve LM (curve LM is the part of the circle with
radius R,,, which is limited by line segments, connecting the centers of

thecircleswithradii R, and R, with the reference frame origin).

If the initial and fina orbits intersect, then the variant is possible in
which only the inner points of line segment E; E, (Fig. 3-25) belong to the
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circle with radius R,,. In this case, among the optimal solutions without

accounting for the constraint (Eg. 3-37), only the four-impulse solutions,
for which the points of line segment LN would correspond to the permitted
values of the drift orbit eccentricity vectors, fulfill constraint 3-37.

Fig. 3-25. Four-impulse solutions fulfilling the constraints on drift orbit
atitude and existing among the optimal solutions

When neither set G nor line segment E;E, have common points with
the circle of radius R,,, the total delta-v of the acceptable solution will
exceed the total delta-v of the solution, obtained without accounting for
congtraint 3-37.

We can determine which points of the circle of radius R, can

correspond to the acceptable values of the drift orbit eccentricity vector,
obtained after the optimal manoeuvring performance in this case.

We now consider four-impulse manoeuvres. We assume that point C
(Fig. 3-26), which corresponds to the drift orbit parameters, is the inner
point of the circle with radius R,,. It does not belong to set P (which isthe

set of intersection points of the circles with radii R,, and R, ). For such a

manoeuvre, the value of minimal total deltav is equa to
AV, =0.5(AC + CK). The minimal expenditures for the transfer through

the arbitrary point C', which belong to curve LiL, (Fig. 3-26), are smaller
than AV,, since AC'+CK<AC+CK.

Among the manoeuvres to which points of set P correspond, the
minimal expenditures will result in a manoeuvre that is closest to point A
of set P. This point corresponds to the drift orbit parameters. For the case
depicted in Fig. 3-26, point N will be such a point. The optimality of this
solution follows from the statement that the total impulse delta-v of the
second manoeuvring interval is equal to 0.5R, for al points of set P and
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the minimal impulse delta-v of the first manoeuvring interva is equal to
the half the distance to point A.
Thus, the point of circle with radius R,,, which lies on curve LiN,

corresponds to the optimal transfer. The positions of the points of this set
can be set with angle wq (Fig. 3-26).

€x

Fig. 3-26. Case when the altitude constraint changes optimal solution

Through the minimization of total delta-v by @y, onecan find the drift

orbit parameters. Then, with the help of the iterative procedure, one can
find the optimal manoeuvre parameters, which fulfill constraint 3-1d with
the desired accuracy.

3.9. The Impact of Error in Performing the Manoeuvre

Errors always arise in discovering the spacecraft’s orbital elements and
there are always errors in the performance of manoeuvres during flight.
Accounting and compensating for the influence of these errorsis of great
importance in a multiple-revolution rendezvous. The first priority is to
take into account errors of a secular nature. The influence of these errorsis
usualy investigated using the Monte Carlo or anal ogous methods. In some
cases, it is possible to account for errors analytically for near-circular
motion.

Firstly, we will consider the influence of manoeuvre realization error.
Inaccuracies in the moments of thrust engine ignition, errors in the
magnitudes of the applied impulses, and errors in thruster orientation can
all be highlighted.
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Errors in the moments of starting the engine burn At, and/or finishing
the engine burn At; , lead to the ateration of the moment of impulse
application (in comparison to the modeled one), by the angle Ag :

Aty + At
A=

and to the magnitude alteration of thisimpulse by &V :

AV (At — At
v AVt -ar)
At

Here, T = the orbital period; At = the manoeuvre duration; and AV = the
impulse magnitude.

Let us consider the influence of this error on the ateration of the
eccentricity vector. On the plane e,,e,, the vector, corresponding to the

impulse, is rotated by angle Ag. The vector length also alters by 2\?—\/ in
0

the case of the transversal impulse. An error in impulse orientation also

leads to the rotation of this vector (and to a small dteration of its

magnitude). An error in the impulse magnitude leads to an additional

ateration of vector length.

Thus, during the realization of the first manoeuvre, for example, the
three-impulse solution ABCK (one impulse is applied on the first
manoeuvring interval), vector AB' (Fig. 3-27a) may correspond to the first
impulse instead of the determined vector AB. Point B’ belongs to an ellipse
with its center at point B. If the error in the orientation of the thrust
engines is considerable, then the semimgjor axis of the ellipse is
perpendicular to the line segment, which corresponds to the nominal value
of the impulse (for example, the ellipse in Fig. 3-27a with point B as its
center). If the error in the magnitude of the manoeuvre is considerable,
then the semimajor axis of the ellipse is directed along the line segment,
which corresponds to the nominal value of the impulse (the ellipse in Fig.
3-27awith point D as its center). The error ellipse has such a position, for
example, if there is an error in the moment of engine burn start or finish,
or if these errors have different signs (AtyAt; <0).
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3.9.1. Effectson CSS and CNS-Type Solutions

Let us consider the influence of the impulse realization error on the
first manoeuvring interval of CSS-type solutions. We need to remember
that the problem has lots of three and four-impulse solutions of this type
with equal total delta-vs. The curve of the circle corresponds to the
acceptable drift orbit eccentricity vector values of the three-impulse
solutions and the area of the intersection of the circles with radii R, and

R, corresponds to the acceptable values of the drift orbit eccentricity

vector for four-impulse solutions. If the elipse with the impulse
realization errors of the first manoeuvring interval belongs to the circle
with radius R, and a center at point K, then, with the use of the impulses

of the second manoeuvring interval, one can optimally transfer from an
arbitrary point of the ellipse to point K. In the initial moment, if line
segment AB corresponds to the impulse, and accounting for the realization
error, we change it to line segment AB’ (point B' does not belong to the
circle with its center at point K (Fig. 3-27a)), then, the total manoeuvre
delta-v expenditure of the second interval and, hence, of the flyby, will be
greater than in the case where no accounting for errors has been
conducted.

In order to put the error elipse inside the circle with its center at point
K, the point, which corresponds to the drift orbit eccentricity vector,
should be placed closer to point K. If only one impulse is used on the first
manoeuvring interval, the opportunities for this are limited. For example,
the case to which point D correspondsin Fig. 3-27b. In this example, if the
impulses are to be performed exceeding the nominal value, then point D’
may be outside the limits of the circle with its center at point K. However,
if two impulses are used on the first manoeuvring interval and point K is
situated inside the circle of radius R, with its center in the reference frame

origin, then point B, which corresponds to the drift orbit eccentricity
vector, can be placed as close as possible to point K (Fig. 3-27b). The
error ellipse will be situated at its maximum depth inside the circle with its
center at point K. Strictly speaking, the error ellipse obtained after the
realization of two impulses on one manoeuvring interval, will not take the
form of the elipse. However, it is preferable to put this figure (the
superposition of the two ellipses) as deep as possible inside the circle with
its center at point K.
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(b)

—_ : e

Fig. 3-27. Influence of impulse errors applied on the first manoeuvring
interval for CSS-type solutions

If point B is situated right next to point K, then the impulses of the
second interval will be equal in magnitude and their angles of application
will differ by 180° Such a solution is less sensitive to both manoeuvre
realization errorsin the first manoeuvring interval and errors in the second
manoeuvring interval.

During the evaluation of the four-impulse manoeuvres of the “ Soyuz”
spacecraft, the application angle of the third impulse is fixed one
revolution before the rendezvous point, while the application angle of the
fourth impulse is fixed half a revolution before the rendezvous point. The
constraint that the impulses of the second manoeuvring interval should be
approximately equal is often added. These constraints lead to a situation in
which point B, which corresponds to the drift orbit eccentricity vector, is
very close to point K. Thus, we get the aforementioned solution, which is
the least sensitive one to manoeuvre realization errors for both intervals.
Certainly, the additional constraint increases the total delta-v expenditure
of the manoeuvres of the first interval on the orbital plane rotation;
however, as will be shown in Chapter 4, when points B and K are very
close, it becomes easier to correct the errors in the impulse latera
components on the second manoeuvring interval.

As a matter of fact, it is not necessary to place point B, which
corresponds to the drift orbit eccentricity vector, as close as possible to
point K. Instead, the point B area of possible positions can be determined
with areasonable level of accuracy. Let us remember that for the multiple-
revolution rendezvous sum of the transversal impulses, the components of
the first manoeuvring interval AV, can be determined by Eq. 3-12a. If the

maximum error (30) in the orientation of the impulse Ag,,, and the
maximum error (30) in the magnitude of the impulse k (k=0.01
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corresponding to a possible error in the magnitude of the impulse of 1 %)
are known, then the semimajor axis magnitudes of the error ellipse
a=AV; SiNA@y,,b=kAV; can be determined. Let us denote c as the

maximum of a and b. If point B belongs to the circle of radius R, = R, —¢

with its center at point K (the circle plotted by pointsin Fig. 3-27b), then
the error ellipse will belong to the circle of radius R, with its center at

point K and, hence, it will be possible to optimally transfer from the
arbitrary point B’ to point K with the help of the manoeuvres of the second
interval.

Errors in the impulse magnitudes influence not only the position of the
point corresponding to the drift orbit eccentricity vector, but aso the
radius of the circle with its center at point K. If the real magnitude of the
performed impulse manoeuvres on the first manoeuvring interval exceeds
the estimated magnitudes by kAV, , then, on the second manoeuvring

interval, the magnitudes of the impulses should be smaller than the
estimated ones by A\ in order to ensure the necessary alteration of the

semimajor axis. Thus, it is desirable to locate point B in the circle of radius

R, = R, —c—b with its center at point K (the dashed circle in Fig. 3-27b),
in order for the ellipse corresponding to the impulse errors of the first
manoeuvring interval to beinside the circle of smaller radius.

The apsidal solutions, the parameters of which are determined in the
easiest fashion, are, at the same time, the solutions that are least sensitive
to the errors of impulses of the first manoeuvring interval because they
allow us to find the maximum approach between points B and K with a
corresponding distribution of the impulse magnitudes of thisinterval.

The solution starts with a comparison of the magnitudes AV; and Ae

(the length of line segment AK). If 2AV; <Ae, then it is better to use one
transversal impulse on the first manoeuvring interval. If 2AV; > Ae, then

two transversal impulses are used on the first manoeuvring interval. The
magnitudes of these impulses are connected to each other by the equation
AV, 2AV, —Ae
AV, 24V, +Ae
magnitudes of all the impulses can be found from egs. 3-1ato 3-1d.
The influence of the impulse realization errors on the alteration of the

eccentricity vector has also been considered. However, their distribution
on the correction of the semimajor axis is usually not that important. An

, which ensures the proximity of points B and K. The
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error in the moment of engine burn start and burn finish with the
maintenance of the total duration of the manoeuvre does not lead to a
deviation from the estimated semimajor axis alteration because it can be
corrected equally effectively at any point of the orbit (for the linearized
equations of motion).

The small error in the orientation of the impulse also does not lead to a
considerable alteration of the transversal component magnitude and thus
to a considerable alteration of the semimagjor axis. The basic contribution
to the semimgor axis correction error is made by the error in the
magnitude of the impulse. However, this error does not lead to an increase
in the total delta-v of the manoeuvres for the CAS-type solutions, when
the total delta-v of the rendezvous manoeuvres is equal to the total delta-v
of the transfer manoeuvres between these orbits and the primer vector
hodograph degenerates to the point. In this case, the error in the correction
of the semimajor axis by the impulses of the first manoeuvring interval
can be compensated with a corresponding alteration of the impulses of the
second manoeuvring interval without any increase of the total delta-v for
all manoeuvres.

If the primer vector hodograph is cycloid (CNS-type solution), then the
total delta-v of the rendezvous manoeuvres is greater than the total delta-v
of the transfer manoeuvres between these orbits. In this case, the error in
the correction of the semimagor axis by the impulses of the first
manoeuvring interval may lead either to an increase in the total delta-v of
the manoeuvres (if the ateration of the semimajor axis is greater than the
estimated one), or to its decrease (if the ateration of the semimgjor axisis
smaller than the estimated one). However, in both cases, just like for the
CSS-type solutions, this error in the semimajor axis ateration leads to an
error in the time of arrival at the rendezvous point.

For a multiple-revolution rendezvous, this error, caused by errors in
the correction of the semimagor axis by the impulses of the first
manoeuvring interval, is the most important one.

The arrival at the rendezvous point time miss can be evaluated by the
equation:

Aty =-67NAV,

T

where AV; = the error in the sum of the transversal components of the

impulses of the first manoeuvring interval that caused the error in the
semimajor axis correction.
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It isimpossible to eliminate this error by the necessary analogous
dteration of the impulse magnitudes of the last manoeuvring interval
8Vy = AV, without only altering the moments of the impulse

application of this manoeuvring interval. The corresponding alteration of
the impulse magnitudes gives the alteration of the time of the arrival at the
rendezvous point, which does not exceed the value:

This error can be eliminated with the help of the ateration of the
impulse application moments performed on the second manoeuvring
interval. For the case when points B and K are close and, hence, the
magnitudes of the third and fourth impulses are practically equal to each
other (AV,, ~AV,,), the alteration of the arrival time at the rendezvous

point due to the alteration of the application angle of one of the impulses
by Agy,, and the ateration of the application angle of another impulse of

close magnitude, can be evaluated by the equation:

Aty =3ApAV,,

where AV, = the sum of the transversal impulse components of the

second manoeuvring interval.

The maximum alteration of the application angle of one of the
impulses does not exceed half a revolution (it is suggested that the length
of the manoeuvring interval is approximately one revolution). Thus, the
maximum alteration of the arrival time at the rendezvous point is given by:

At” = 3ﬂ-AVtII .

Asarule, only small aterations of the impulse locations on the second
manoeuvring interval can be done, narrowing the magnitude At;, even

further.
If At, >At,,, it is impossible to eliminate the error in the time of

arrival at the rendezvous point by altering the moments of performing the
manoeuvre in the second interval.

In order to effectively eliminate the deviation in the time of arrival at
the rendezvous point, caused by errors in the impulse redization of the
first manoeuvring interval, additional manoeuvres are usually used.
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For example, for the “Soyuz” spacecraft we can use an additional
manoeuvre on the 17th revolution between the first manoeuvring interval
on the 3rd-4th revolutions and the second interval on the 32nd revolution.
During the parameter determination of the four-impulse manoeuvre on the
3rd and 32nd revolutions, a transversal accelerating impulse with a fixed
magnitude 2 m/s on the 17th revolution has been accounted for. The
magnitude of this impulse should be twice as great (since the distance
between this impulse and the rendezvous point is twice as small as the
distance between this point and the first manoeuvring interval) as the
maximum error in the magnitude of the sum of the impulses of the first
manoeuvring interval AV, - After the determination of the orbit before

the 17th revolution, the parameters of the three-impulse solution are
determined: the first impulse is performed on the 17th revolution, while
the second and third impulses are performed on the 32nd revolution. Thus,
the updated magnitude of the additional impulse is calculated, which
allows the compensation of errors in the first manoeuvring interval. If the
first impulses were performed with an error towards increasing Athe” ,

then the magnitude of the additional impulse will decrease by 2AV,,

after the update. If the first impulses were performed with a shortfall in the
required magnitude, then the mid-impulse magnitude (additional) will be
increased by double the magnitude of the error after the update.

It is very important to correctly choose the magnitude of the mid-
impulse for this scheme. If we make it too big, then the sum of the
transversal components of the first manoeuvring interval will decrease by
half of its magnitude and these impulses contribute most to the necessary
rotation of the orbital plane. Thus, the total delta-v of the manoeuvres will
increase. If we make it too small, then, after the update its magnitude can
become negative, which will also increase the total deltav of the
manoeuvres.

The optimal magnitude of the mid-impulseis:

AVpig = ZkAVt|m ,

ax

where AV; = the maximum value of the sum of the transversal impulse

components of the first manoeuvring interval. lts magnitude depends on
the maximum possible difference between the semimgor axes of the

initial and the target orbits, and on the initial phase Au,* (see section
15.2).
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In order to find the practicaly optima and resistive to errors of the
impulse realization solution, one can divide each of the impulses AV, by

2(1-Kk)AV, and kAV;, (k = the maximum error in the magnitude of the
impulse). Theimpulse (1-k)AV; is applied on the primary revolution and
the impulse KAV, is applied on the following revolution. The application

point on the revolution and the orientation of the mid-impulse are
analogous to the corresponding values of the basic impulse. Thus, for
example, instead of a four-impulse solution we get an eight-impulse
solution. The division is made after the solution of the approximate four-
impulse problem, while accounting for the influence of the division
through the help of the iterative procedure from the first chapter, which
ensures the fulfillment of the termina conditions with the desired
tolerance. With this scheme, even if the manoeuvre were to be fulfilled
with the maximum error, leading to an increase in the given value, the
additional manoeuvre can be omitted because it was already performed by
this maximum error. If the primary manoeuvre were to be performed with
the maximum error leading to a decrease in its value, the magnitude of the
additional manoeuvre will be doubled. Such a scheme allows us to
compensate for the errors of the basic manoeuvres and not spend
additional fuel. If high accuracy is needed for the termina orbit, for
example, during satellite formation flying deployment, then we have to
divide the additional impulses of the second manoeuvring interval with the
same proportions (Baranov, Boutonnet, Escudier, and Martinot 2005, 913-
920).

The parameters of the CNS-type solutions are determined
unambiguously. If the error ellipse of the manoeuvres of the first interval,
corresponding to this solution, belongs to the circle with its center at point
K, then, with the help of the manoeuvres of the second interval, one can
transfer to the fina orbit without significant losses. If the ellipse
considerably exceeds the limits of the circle, then it is worth solving it
through the use of the CSS-type solution, but with different signs of the
transversal components on the first and second manoeuvring intervals.
Then the appropriate solution can be chosen from the set of solutions. This
solution has impulses on the first manoeuvring interval, situated closer to
the beginning of thisinterval (for a decrease in total delta-v expenditure),
and the point, which corresponds to the eccentricity vector of the drift
orhit, is situated closer to point K (for a decrease in the influence of the
error).
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3.9.2. Effects on the CAS-Type Solution

Let us consider the influence of errors in manoeuvre realization on the
total delta-v of CAS-type solutions. The vectors, which correspond to the
impulses of these solutions, lie on the line segment that connects points A
and K (Fig. 3-28).

=S [£:3]
SN
! —. \\
R A5
™ (G
BgTID e
e e

Fig. 3-28. Influence of impulse errors applied in the first manoeuvring
interval on CAS-type solutions

Point E corresponds to the drift orbit eccentricity vector of the three-
impulse solution (one manoeuvre is performed on the first interval), while
point C (which belongs to line segment EL) corresponds to the drift orbit
eccentricity vector of the four-impulse solution. These points are equal in
terms of total delta-v expenditure-per-flyby, but the choice of the concrete
location of point C exercises a substantial influence on the distribution of
errors in the first and second manoeuvring intervals. The closer point C is
to point E, the fewer errors there are in the first manoeuvring interval (as
the magnitude of impulses of this interval decreases) and the greater the
errors in the second manoeuvring interval. By placing point C in the
middle of line segment AK, we get a solution with the maximum equal
possible errors on the first and second manoeuvring intervals (Fig. 3-28).
If we happen to choose point C so that the error elipse of the first
manoeuvring interval will not have common points with the circles of
radii R, and R,, then the error in the magnitude of the manoeuvres of the

first interval insignificantly increases the total delta-v expenditure in the
second interval. If the errors of the second manoeuvring interval are not
important, for example, because the equipment used for the autonomous
approach can easily compensate for them, it is better to place point C
closer to point E, but the error ellipse should not share common points
with the circle of radius R;. Thiswill result in the decreased influence of

the error in the orientation of the impulses of the first interval on the total
delta-v of the manoeuvres of the second interval.

It is harder to eliminate the error in the time of arival at the
rendezvous point, which adds error to the correction of the semimajor axis
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by the manoeuvres of the first interval, for CAS-type solutions than for
CSS-type solutions. The second interval impul se application angles belong
to angle ¢, (EQ. 1-14a). We can only move the moment of velocity

application by one revolution, which is not aways alowed. A
considerable shift in the moments of impulse application, necessary for the
compensation of an error in the time of arrival at the rendezvous point,
leads to a considerable increase in the total delta-v of the manoeuvres of
the second interval. The use of one or several additional impulses may
solve this inconvenience, but it is better to have them factored into the
manoeuvring scheme in advance.

In the multiple-revolution manoeuvring scheme, since the orbit is
determined one more time before the fulfillment of the manoeuvres of the
second manoeuvring interval and the magnitudes of the impulses are
recalculated, the influence of the realization errors is basically calculated
in the same fashion. Only the secular influence of the error in the
magnitudes of the transversal components of the impulses is missing.
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CHAPTER FOUR

NONCOPLANAR RENDEZVOUS

4.1. Problem Statement

The conditions of the transfer to the given orbit for the noncoplanar
rendezvous problem can be written as

N
z (AV,; sing; + 2AV; cosg,) = Ae,, (4-18)
i1
N
(- AV, cosg, +2AV sing;) = Ae,, (4-1b)
i1
N
D 24y, = aa, (4-1c)
=

N
(2AV,; (1-cosg, )+ AV, (- 3¢, + 4sing, )= At,  (4-1d)
1

N
Z — AV, sing, = Az, (4-1¢)
i=1

-

1]
=

AV, cosg, = AV,, (4-1f)

where the deviations are evaluated in the rendezvous point (the x-axis is
directed towards the rendezvous point).

Impulses, just like in the coplanar problem case, are applied on the two
manoeuvring intervals, the length of each interval is one revolution, and
the distance between the intervalsis several revolutions long.

The impulses belonging to the set of manoeuvring intervals can be
stated as

pcFaon PN S Foon N, € (42
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whereN;, N,= numbers of impulses on the first and the second
manoeuvring interval, respectively (N = N; + N, ).

Find the components AV,;,AV;,AV,,¢, (i =1,...,N ), which ensure
the minimal total manoeuvre delta-v with the constraints 4-1a-4-1f, 4-2:

N N
AV = Zl:Avi - ZNAV“Z +AVZ + AV2
i= i=

The equations for the primer vector can be presented as

A =-A,C080 + 38N 6 + 24, (4-39)
H=2)+21,sn60+ 215 c0s0 — 3140, (4-3b)
v =1,SNn6+ A5 C0sH, (4-30)

where 4, A5, A3, 44, 45, Ag = arbitrary constants.
Basicaly, Eq. 4-3 describes a helix. If A5=0, the equations will

describe an ellipse (acircle) or aline segment (point).
When the primer vector hodograph is the helix (4g=0), the

rendezvous problem total delta-v AV, exceeds the total delta-v of the
transfer problem AV,; . Like for the coplanar rendezvous, in this case the

impulses of one of the manoeuvring intervals will be braking, while the
impulses of the other manoeuvring interval will be boosting.
A =0 AV,4, coincides with AV,;.The impulses for the transfers

between the noncoplanar orbits can be divided into parts and applied on
the different manoeuvring intervals. The nature of the solution stays the
same, but the time of arrival to the final orbit changes. The rendezvous
problem can be solved by the appropriate selection of the velocity impulse
division.

The idea of the optimal transfer impulse division for getting the
solution of the rendezvous problem is quite natural and was considered in
the literature multiple times (Petrov 1985; Jones 1976, 55-90). However,
the case when AV,y, exceeds AV, (for such solutions the primer vector

hodograph is the helix) is not usually considered by the authors or another
problem solution is suggested which does not imply the impulse division
of the optimal transfer. It is necessary to notice that the traditional method
of the transfer problem impulse division has its disadvantages. It cannot be
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applied to the problem, in which the different constraints on the impulses
of the first and the second manoeuvring intervals must be satisfied; it also
cannot be used when the constraints on the drift orbit parameters must be
satisfied etc. The methods from the works of Jones (1976, 55-90) and
Marec (1968) cannot be applied for the solution to problems with such
constraints either.

Remembering the multiple-revolution nature of the considered
problem, three calculation algorithms, which ensure that the necessary
manoeuvring parameters are obtained, can be suggested. The first algorithm
is also based on the solution of the transfer problem, but it appears to be
more universal than the algorithms from Petrov (1985) and Jones (1976,
55-90). This will be considered in the second section of this chapter. The
second algorithm (where the transfer problem is also solved for each of the
manoeuvring intervals) is based on the solution of the minimization
problem for the drift orbit elements. The particular case of this algorithm,
which is used for the calculation of long-range guidance manoeuvres, is
considered in this chapter; the algorithm in general will be considered in
Chapter 7. Besides, the optimal nondegenerate solution parameter
determination agorithm (A #0), which is based on the usage of the

necessary optimality conditions, is considered in this chapter.

4.2. Universal Solution Algorithm for the Noncoplanar
Rendezvous Problem Based on the Transfer Problem
Solution

4.2.1. Manoeuvr e Parameter Deter mination

Due to the multiple-revolution nature of the flyby, the coefficients of
the transversal impulse components of the first manoeuvring interval
exceed all of the rest coefficientsin Eq. 4-1d multiple times, but they only
dlightly differ from each other. This alows an approximate assessment of
the magnitude of the sum of these components (AV, ):

AV, ~—2L (4-4)

300

where ¢, = the angular distance between an arbitrary point of the first
manoeuvring interval and the rendezvous point. Then the active spacecraft
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orbit semimaor axis magnitude change by the impulses of the first
manoeuvring interval can be approximately assessed:

Aa, = 2AV, , -
|~ 20V, 4-5

Also, the active spacecraft orbit semimajor axis magnitude change by the
impulses of the second manoeuvring interval can be approximately
assessed:

Aa, ~Aa-2AV, . (4-6)

Let Aa"be Aa” = |Aa, |+]Aa |
The solution of the optimal transfer between the orbits with the orbit
element deviations Ae,,Ae,,Az,AV, and Aa" (instead of Aa) can be

used for the solution of the rendezvous problem. If Aa” =|Aa| (this case

occurs when Aa, and Aa,, have the same sign), then the obtained in this

fashion problem solution will be optimal because itstotal delta-v coincides
with the total delta-v of the transfer problem (corresponds to the case with

25=0). If Aa" >|Ag|, the total delta-v of the found solution is greater

than the total delta-v of the optimal solution, to which the primer vector
hodograph in the shape of the helix corresponds, but the difference will be
small for the multiple-revolution rendezvous.

In order to find the magnitudes of impulses for the rendezvous problem
solution, the impulses, which were caculated for the solution of the

transfer problem, can be divided as the ratios ia' B3 tor the first and

* 7 *

second manoeuvring intervals, respectively (Baranov 2008, 430-439). For
example, the four-impulse solution of the rendezvous problem with the
components of the first impulse of the first manoeuvring interval,

Ag,

Agy Ay
LAa"

AVt|l =AV; AVz|1 =RAVz A" ) (4-7)

and the components of the second impulse of the first manoeuvring
interval,
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Aa,
Aa* 1

Aa,

AV, L.
EAY:)

t,

= AV, AV, =AY, (4-8)

can be obtained from the universal solution (US) to the transfer problem
with the components AV, ,AV, ,AV, ,AV,, (the curved lines ACK and

ACK correspond toitin Fig. 4-1).
Similarly, for the second manoeuvring interval:

Aa Aa
Avtnl :A\/tl I>x|< ’AVZ||1 :szl A I’xl‘ ! (4'9)
_ Aay, _ Agy,
A\/tllz —A\/tz " ,AVZI|2 —AV22 _Aa* . (4-10)

If the signs of Aa, and Aa®coincide on the first manoeuvring

interval, then on this interva the angles of the impulse application of the
rendezvous problem coincide with the impulse application angles of the
transfer problem while, in the contrary case, the angles differ by 180°.
Similarly, the equality of signs Aa,, and Aa" on the second manoeuvring
interval is checked and the values of the impulse application angles for the
rendezvous problem are determined. It is obvious that the revolutions, on
which the impulse application angles are situated, should belong to the set
manoeuvring intervals.

4.2.2. Solution Existence Domains

The point D (Fig. 4-1), which belongs to the line segment AK (first the
variant of nonintersecting Aa* > Aewill be considered), will correspond
to the eccentricity vector of the drift orbit of the found solution in the
spacee, . e, .
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€y

/ Ry ex

Fig. 4-1. Rendezvous problem Fig. 4-2. Existence domains for the
solutions obtained from the transfer rendezvous problem solutions
problem solution

The curved line ABDEK corresponds to the transversal impulse
components of this solution. If one alters the impulse application order on
the first and the second manoeuvring intervals, three more kinds of curved
lines — ABDEXK, ABDEK, and ABDEK — can be obtained. These four
solutions slightly differ between each other in the conditions of the long-
duration rendezvous but, for a small duration, the order of the impulse
application matters. The opportunity to use different solutions may be
handy from an aspect of keeping the moments of the impulse application
in the permitted manoeuvring intervals.

The existence domains of the rendezvous problem solutions, where the
total delta-v AV,y, of which coincides with the total delta-v of the transfer

problem solution AV (Aa" =|Aa]), coincide with the existence domains

of the CSS and the CAS solutions of the corresponding coplanar
rendezvous problem, where the deviations from the plane are not taken
into account (depicted in Figs. 3-14a and 3-14b), in the space Au (the
initial phase). In the same way, the existence domains of the solutions, for
which the expenditures on AV, exceed the expenditures on AVy; (

Aa" > |Ad]), coincide with the existence domains of the CNS solutions
(depicted in Figs. 3-14a and 3-14b) in the space Au.

The sum of the transversal impulse components of the first
manoeuvring interval should be equal to Aa, /2for the approximated

satisfaction of the condition 4-1d:
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AV, +Av, =%
1 2

However, the distribution of the magnitudes of the transversal impulse
components within the limits of this sum can be arbitrary and not be
limited to the distribution set by egs. 4-6 and 4-7. Thus, the line segment
MN (Fig. 4-1) corresponds to the possible values of the drift orbit
eccentricity vector. The four-impulse solutions turn to three-impulse
solutions at the points M and N, when only one impulse with the
magnitude Aa,, /2is applied on the second interval. The angle of

application of this impulse coincides with the angle of application of the
first impulse of the transfer problem universal solution for point M or the
angle of application of the second impulse for point N.

The lateral components should be distributed between the impulses in
a fashion when the ratio between the lateral and the transversal
components (the same as for the corresponding impulse in the transfer
problem) will be preserved for every impulse.

The proportional solution parameters are the easiest to find, even if, for
instance, due to the constraints on the drift orbit eccentricity, a solution is
needed where the point of the line segment MN is different from the point
D (Fig. 4-1).

The position of the line segment MN will be different for the various
values of Au; it will move pardlel to itsdf. For the values
Au € [Aug,Aug | (see Section 3.4), the parallelogram ACKC’ will be the

acceptable set for the drift orbit eccentricity vector values in the space
&, e, . With Au= Aug , the line ssgment MN degenerates to point K and,
with Au = Aug theline segment MN degenerates to point A.

When Au becomes greater than Aug and keeps on growing, or

becomes lesser than Aug and keeps on decreasing, Aa” starts growing
(on the interval [Aug,Aug |, which is constant). At the same time, the
radii of both circles R, and R, start to grow, because Aa, andAa,, , the
signs of which do not coincide (as always, R, =[Aa,|,R, =|Aa, |), grow.

The line segment continues to correspond to the possible values of the
drift orbit eccentricity vector with every concrete value of Au, but its
value will be greater than the value of the line segment, which corresponds
to Au from the interval [Aug,Aug | and intersects the same point of line

segment AK. For the values Au < Aug and Au > Aug , the acceptable set
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for the values of the drift orbit eccentricity vector on the plane e,, e, will

be the geometric figure (depicted in Fig. 4-2), which holds the
parallelogram ACKC”.

The universal solution was used during the research on the existence
domains as it was the simplest one (see paragraph 2.4), but the analogous
picture can be obtained for the existence domains of solutions, as
presented in the work of Edelbaum (1967, 66—73).

Let us consider the variant when the orbits intersect and Aa” =|Ag]. In
this case, the circles with the radii R, and R, on the plane e.e, do not

intersect (Fig. 4-3). The curved lines ACK and ACK correspond to the
universal solutions of the transfer problem, and the curved lines ABDEK,
ABDEK, ABDE K, and ABDEK, correspond to the proportional solutions
of the rendezvous problem. It was mentioned above that the signs of the
transversal components of impulses do not coincide for the transfer
between the intersecting orbit problem solution. Hence, for example, the
solution ABDEK has R, =AB“BD and R, =EK-DE, and aso MB=BD

and DE=EN.

Like in the nonintersecting orbits case, the transversal impulse
component magnitude distribution of the first manoeuvring interval within
the limits of the sum 4-10 can be arbitrary and not be limited to the
distribution set by egs. 4-6 and 4-7. Thus, the line segment MN
corresponds to the possible values of the drift orbit eccentricity vector
(Fig. 4-3).

Fig. 4-3. Rendezvous problem solution for nonintersecting orbits.

The four-impulse solution degenerates to the three-impulse solution at
the points M and N. The solution, when only one impulse with the
transversal component Aa, /2 and the application angle, which coincides
with the application angle of the second impulse of the transfer problem
universal solution, is applied on the first interval; this corresponds to point
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M. The solution when one impulse with the transversal component Aa,, /2
is applied on the second manoeuvring interval correspondsto point N.
Likein the case of a rendezvous on nonintersecting orbits, the position
of the line segment MN will alter with different values of Au. The
parallelogram ACKCwill be the acceptable set for the values of the drift
orbit eccentricity vector on the plane e, e, for the vaues of

Au € [Aug,Aug |. With Au = Aug , the line segment degenerates to point
K, and, with Au = Aug , the line segment degenerates to point A. When

Au becomes greater than Aug and keeps on growing, Aa* also starts to
grow (it was constant on the interval [Aug, Aug ). At the same time, the
radii of both circles R, and R, start to grow, because Aa, andAa,, , the

signs of which do not coincide, grow. The line segment, which is situated
to the left of the point K, continues to correspond to the possible values of
the drift orbit eccentricity vector with every concrete value of Au, but its
value will be greater than the value of the line segment, which corresponds
to Au from the interval [Aug,Aug | and intersects the same point of the

line segment AK. For the values Au < Aug and Au > Aug , the acceptable
set of the values of the drift orbit eccentricity vector on the plane e,,e,

will be the unlimited geometric figure, as depicted in Fig. 4-2.

The existence domains of both solutions were investigated with the
presumption that Eq. 4-1d was replaced by the approximate Eq. 4-10. It is
good enough for understanding the appearance of these areas.

The parameters of any solution from the permitted area can be updated
with the help of the iterative procedure, which is analogous to the
procedure from Chapter 3 (only value of Aa, changes). Equation 4-1d

should be satisfied with the given accuracy.

It is worth mentioning that the Lambert’s problem can be used for the
determination of the manoeuvre parameters instead of the aforementioned
iterative procedure, since it works effectively enough with the small
duration of rendezvous. The magnitudes of the impulse components
AV, AV, ,AVY, (i=12) are determined from the equation system of the

six linear equations with the six unknown variables 4-1a - 4.-1f with the
fixed moments of the application of two impulses. The optimal solution is
found by enumerating possible combinations of ¢;,¢,. The usage of
Lambert’s problem on the small manoeuvring intervals is quite reasonable,
since it is hard to place more than two manoeuvres on these intervals.
Besides, these two manoeuvres are often the part of the estimated earlier
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four- or three-impulse manoeuvre. If it is not enough to use two impulses
for the optima solution of the problem and a three- or four-impulse
manoeuvring scheme is needed, then the numerica method from the
following chapter can be used for manoeuvre parameter determination.

The searching procedure for the optima multiple-revolution rendezvous
problem solution becomes more difficult with the presence of the
additional constraints on the angles of application, orientation, and
magnitudes of impulses. Such constraints can often be found in practical
problems. However, the geometric approach allows finding the optimal
analytical solutions in these cases. The algorithm for the solution of this
type of problem is described in the Section 4.4.

4.2.3. Example

The four-impulse rendezvous on the noncoplanar orbits is considered.
The elements of theinitial and target orbits are listed in table 4-1. They are
analogous to the orhit elements from example 2.2.8, but the information
about the active spacecraft and the target spacecraft latitude argument in
the initial moment from example 3.2.3; the numbers of revolutions of both
spacecraft on that moment N, and N, ; and the number of revolutions

in the rendezvous moment Napi and Napf are added. The three variants

with the different initial locations of the target spacecraft are considered.

Table4-1
Orbit elements Initial orbit | Target orbit

H i km 180 340

H pax KM 210 360

Uprg deg 20 150

i deg 51.7 51.69

Q deg 17.49 175

U, deg 60 5

u, deg 60 210

Uy deg 60 355

N, (initial revolution) 1 201
Ngp (rendezvous revolution) 17 217
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The rendezvous point coincides with the beginning of the 17th
revolution.

Let us assume that the manoeuvre segquence is generated on two
intervals: the first and the last revolutions of flight. The two impulses,
which have the transversal and the lateral components, are applied on each
interval.

The alteration of the semimajor axis on the first manoeuvring interval
can be determined by the equation

Aa| = 2AVt| )

where AV z%,klzllsin(pl—?)(pl. The values of ki, At; were
1
calculated in the example 3.2.3.
The alteration of the semimagjor axis on the second manoeuvring
interval isAa,, = Aa—Aa, .
For ug, =5

Aa, =0.03052705, Aa,, =-0.007195977, A3, > 0,Aa, <O.

By using the first manoeuvres, the active spacecraft transfers to the
orbit with the higher altitude in order to “get caught” by the target
spacecraft, and by using manoeuvres of the second interval it lowers to the
level of the target spacecraft.

For U, =210°, when the phase difference lies in the optima

diapason, the signs of deviations are equal:

Aa, =0.005598495, Aa, =0.01773258,Aa, >0,Aa, > 0.

All manoeuvres are accelerating.
For ug, =355

Aa| = —00120339, Aa“ = 003536497, Aa| < 0, Aa“ > O

With the use of the first manoeuvres, the spacecraft transfers to the
lower orbit in order to catch the target spacecraft.
Let us denote:
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Aa" =|Aa | +|Aay |

Let us determine the impulse components AV, ,AV,,,AV, ,AV,, of the

noncoplanar two-impulse transfer. We shall assume that the value Aa" is
the change of the semimgor axis in the calculations of the transfer
parameters. The angles of the impulse application can also be taken from
the solution of the noncoplanar transfer. The parameters
AV, AV, , AV, AV, inthe second case (with the equal signs of Aa, and

Aay, ) coincide with the estimated parameters of the noncoplanar transfer

problem (example 2.2.8), becauseAa”™ = Aa .
The distribution of the impulse componentsAV, ,AV; ,AV, AV, ,

which were calculated for the noncoplanar two-impulse transfer, is
fulfilled in accordance with egs. 4-7-4-10:

AV, =av, 22 Ay, —av, 28
I 1A I 1
A A
AV, =AV, 22 Ay, =av, 24
I 2 Aa I 2
Aq, Aq,
Avtul = AV, A_alal'AVz”l =AVz, R

AV, =AY, v AVy, =AV, R
1) ug, =5
Aa* =0.03772303, T, =87660.38s, Aty = 4.458352 (3823.8459)
A\/tll =63.3067 m/s, AVZIl =-0.7458 m/s,
A\/tl2 =54.9230m/s, AVZI2 =0.6471m/s,
A\/t”1 =-14.9230 m/s, AVZII1 =0.1758m/s,
AV, =-12.9467m/s AV, =-0.1525m/s
AVy =146.12m/s
¢ =144.9271°, ¢, = 318.3586°,
p3 =144.9271°, ¢, = 318.3586".
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In accordance with the aforementioned procedure, the braking impulse
application angles are changed by the half arevolution:

@3 =324.9271°, ¢, =138.3586".

After the forma application of this procedure, when only the
manoeuvre fulfillment necessity on one revolution was taken into account,
the application angle of the third impulse becomes greater than the angle
of application of the fourth impulse and the impulses must be switched.

05 =138.3586°, ¢, = 324.9271°,
AV, =-12.9467 /s, AV =-0.1525m/s

A\/t”2 =-14.9230m/s, AVZ”2 =0.1758m/s.

2) ug, =210°
Aa" = 0.02333108, Tp, =84537.82s At, = 0.8176375 (701.2713s)
AV, =12.0810m/s, AV =-0.2307m/s,
A\/tI2 =9.6017 m/s, AVZI2 =0.1834m/s,
AV, =38.2651m/s AV, ~=-0.7309m/s,
AV, =304122m/s AV, =0.5809nVs,
AVy =90.37 m/s
¢ =146.6201°, ¢, = 315.9030°,
@3 =146.6201°, ¢, = 315.9030".
3) Ug, =355
Aa" = 0.04739887, T =82329.17 s, At; = ~1.757502(1507.37s)
AV, =-21.9874m/s AV, =-0.2060m/s,
AV, =-246193M/s AV, =0.2307ms,
AV, =723506m/s AV, —=-0.6780m/s,
AV, =64.6162m/s AV, = 0.6055m/s
AVy =183.58m/s
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0, =139.1202°, ¢, = 324.3370",
05 =144.3370°, ¢, = 319.1202".

Here, the angles' alteration of the braking impulses and the change of
the application order of these impulses have already been accounted for.

The solution of the problem for the second variant can be considered
as an example of the work of the iterative procedure.

2) ug, =210°

1st iteration

At =0.8176375(701.2713s) Time used on iteration
Aa, = 0.005598495, Aa, = 0.01773258

Aa" = 0.02333108
1st impulse

AV, =12.08099, AV, = —0.2307577, ¢, = —97.97196 (u =146.6201")
2nd impulse

AV, =9.601689, AV, = 0.1834008, ¢, = —95.01742 (u = 315.903°)
3rd impulse

AV, = 38.26514,AV, = —0.730898, 5 = —3.724182 (u = 146.6201°)
4th impulse

AV, = 30.41223, AV, = 0.5809005, ¢, = —0.7696386 (u = 315.903")
At, =0.8759396 (751.27589) rea deviation by time
At,, =0.8176375 (701.2713s) nominal deviation by time
Aty = At,, — At, = -0.05830208 (-50.00453s) miss by time on this
iteration
At = At + At,; = 0.8176375-0.05830208 = 0.7593354  deviation of
time for the next iteration

2nd iteration

At = 0.7593354 (651.2667 s) Time used on iteration
Ag; = 0.005128624, Aa, = 0.01820245

Aa" =0.02333108

1st impulse

AV, =11.06706, AV, = —0.2113906, ¢, = —97.97196 (u =146.6201°)
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2nd impulse

AV, =8.795837,AV, = 0.1680083, ¢, = —95.01742 (u = 315.903")
3rd impulse

AV, =39.27907,AV, = —0.7502651, 5 = —3.724182 (u = 146.6201")
4th impulse

AV, =31.21808, AV, = 0.596293, ¢, = —0.7696386 (u = 315.903")

At, =0.8095131(694.3031s) real deviation by time

At,, =0.8176375 (701.2713s) nominal deviation by time

Aty = At, —At, =0.00812438(6.968117s) miss by time on this
iteration

At = At + At = 0.7593354 + 0.00812438 = 0.7674598 deviation of
time for the next iteration

3rd iteration
At =0.7674598 (658.2349s) Time used on iteration

Ag; = 0.005183497, Aa, = 0.01814758

1st impulse
AV, =11.18547,AV, = -0.2136523, ¢, = —97.97196 (u =146.6201")

2nd impulse
AV, =8.889947,AV, = 0.1698059, ¢, = —95.01742 (u = 315.903")

3rd impulse
AV, =39.16066, AV, = —0.7480033, p; = —3.724182 (u =146.6201")

4th impulse
AV, =31.12397,AV, = 0.5944954, ¢, = —-0.7696386 (u = 315.903°)

At, =0.8172706 (700.9566's) real deviation by time

At,, = 0.8176375(701.2713s) nominal deviation by time

Aty = At,, — At, = 0.0003669154 (0.314696s) miss by time on this
iteration

At = At + At,; = 0.7674598 + 0.0003669154 = 0.7678267 deviation of
time for the next iteration

4th iteration
At =0.7678267 (658.5495s) Time used on iteration

Aay = 0.005185975, Aa, = 0.0181451
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1st impulse
AV, =11.19082, AV, = —0.2137545, ¢, = —97.97196 (u = 146.6201")

2nd impulse
AV, =8.894197,AV, = 0.169887, ¢, = —95.01742 (u = 315.903°)

3rd impulse
AV, =39.15532, AV, = -0.7479012, p; = —3.724182 (u = 146.6201°)

4th impulse
AV, =31.11972,AV, = 0.5944142, ¢, = —0.7696386 (u = 315.903°)

At, =0.8176209 (701.257 s) real deviation by time

At,, =0.8176375 (701.2713s) nominal deviation by time

Aty = At, — At, =1.657073e—005(0.01421238s) miss by time on this
iteration

At = At + At = 0.7678267 +1.657073e— 005 = 0.7678433  deviation
of time for the next iteration

5thiteration
At =0.7678433(658.5638s) Time used on iteration

Ag; = 0.005186087, Aa, = 0.01814499
1st impulse

AV, =11.19106,AV, = —0.2137591, ¢, = —97.97196 (u = 146.6201")
2nd impulse

AV, =8.894389,AV, = 0.1698907, ¢, = —95.01742 (u = 315.903°)
3rd impulse

AV, =39.15507,AV, = —0.7478966, p; = —3.724182 (u = 146.6201")
4th impulse

AV, = 31.11953,AV, = 0.5944106, ¢, = —0.7696386 (u = 315.903")
At, =0.8176368 (701.2706s) rea deviation by time
At,, = 0.8176375(701.2713s) nominal deviation by time
Aty = At, — At, = —7.483718e— 007 (—0.0006418635s) miss by time

on thisiteration
The initial miss of 701.2713 s becomes 0.00064 s after five iterations,
i.e., the error of the arrival in the rendezvous point islessthan 3 m.
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4.3. Nondegener ate Solution to the Noncoplanar
Rendezvous Problem

4.3.1. Numerical Calculation of the Optimal Six-Impulse
Solution Parameters

The nondegenerate solution (Ag#=0), when the primer vector
hodograph is the helix in the space ( &, 4,v), will now be considered. The

six-impulse optimal manoeuvre exists with the particular parameters of
this helix. The first impulse is applied in the beginning of the first allowed
manoeuvring interval (the helix intersects the sphere in the initial moment
of time& =0). The second and the third impulses are applied inside the
first revolution of the flight in the moment of the osculation of the helix
and the sphere. The fourth and the fifth impulses are applied on the last
revolution of the flight in the osculating points and the sixth impulse
corresponds to the intersection with the sphere in the final moment of time
0; . As it is shown in the work of Marec (1979), there is no other

distribution of the impulses on revolutions. Thus, the first and the last
impulses are maximally separated, which alows reducing the total delta-v
expenditures on rendezvous, because the spacecraft stays maximally long
in the drift orbit.

The osculation of the helix and the sphere in the four inner points is
possibleif the following helix “symmetry” conditions are satisfied:

#(0) = —u(0¢ ), A(0) = A(6; ),v(0) = —v(0s ). (4-11)

Such “symmetrical” nature of the helix leads to the impulse application
moment symmetry, i.e.,

0, =0; —0s,0,=0; —0,. (4-12)

Thus, it is enough to find the application angles and the impulse
orientation of one manoeuvring interval, as similar impulse parameters of
the other interval can be found from egs. 4-11 and 4-12. We have to know
the values of the coefficients 4 (i =1....6), which determine the position

of the helix, in order to find these parameters.
Egs. 4-11 and 1-19 lead to the following equations:
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—Ay, =—A, 00860 + A;8Nn6;,
=2 - 2453 =24+ 22,Sin0; + 215 c080; — 31665, (4-13)
Ag = A4 8iNG; + A5 COSOs

which alow reducing the number of the independent parameters of the
helix to three.

Let us remember that, according to Eq. 4-13, it can be concluded that
the elements of the pairs 4, and 43,14, and 15,4 and /4 should be
among these three parameters. Besides, the parameter 4g has the biggest

influence on the helix behavior, which iswhy it is reasonable to include it
in the list of the independent parameters. The variables 15, 45,15 were

chosen as the independent parameters of the helix.

The search for the values 43, 45, A is fulfilled with the successive use
of the two different programs (Baranov and Roldugin 2011). The only
entry parameter is the length of the manoeuvring interval ; .

The successive usage of two programs allows fully determining the
parameters of helix for eachd; , which osculates the sphere in the four

internal points.

Thus, the moments of impulse application and their orientation are
determined by the fixed rendezvous duration. The dependencies between
the alteration of these manoeuvre parameters and the rendezvous duration,
which are rather interesting, can be plotted.

4.3.2. Characteristics of the Optimal Six-Impulse Solution

Fig. 4-4 holds the gpplication moments of the second (lower row) 6,
and the third (upper row) &5 impulses versus the full length of the flyby
interval. It is assumed that the first impulseis applied when g, = 0.

It can be seen from the figure that the graphs are practically the same
for variousé; . In order to assess this proximity, it is necessary to draw

these dependencies on one figure, by omitting the integer part of the
revolutions of the argument &; for each of the dependencies before the

moments when the six-impul se solution begins to exist.
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Fig. 4-4. Application moments of the second and the third impul ses.

Let us denote the angular part, which will be omitted, as@ . For the
first dependencies ¢, and #; & =2 and for the second ones @ = 3, etc.

For each of the dependencies the left part of &; (let us denote it asé; ),
belongs to the interval 85 €[0,2] . The solutions exist for &5 €[0.9,1.4] .

Let us introduce the variable #" =0.50; and draw the dependencies
between the application moments of the second (&,) and the third (6;)

impulses andd”*. Figs. 4-5 and 4-6 hold these dependencies, which are
obtained by the second piece of software. The legends to each of the
figures hold the information about the thrown-away length of the

manoeuvring interval @ .
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Fig. 4-5. Application moment of the second impulse.
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. . .
045 05 0.55 0.6 0.65 0.7
&', double revalutions

Fig. 4-6. Application moment of the third impulse.
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It can be seen from Figs. 4-5 and 4-6 that the dependencies between
0,,05, and @ for the various € practically coincide. The discrepancies

between the curves can be observed when 8* approaches the end of the
nondegenerate six-impulse solution existence interval. It is connected with
errors in the determination of the solution parameters, which increase with
the degeneration of the helix into the ellipse and with the approach of "
to 0.7. The parameter 1z becomes zero in this case. The problem with the

solution parameter determination for 8* > 0.7 till exists, but with such a
rendezvous duration one can use the results of the previous paragraph,
which holds the simple and reliable algorithm of the degenerate solution
parameter search for the rendezvous problem, to which the hodograph in
the form of ellipse corresponds. As can be seen from the graphs, the
difference between the second and the third moments of impulse
application is practically half a revolution+10° . That is why in the first
approximation it can be assumed that the interval between the second and
the third (and, hence, between the fourth and fifth) impulses can be half a
revolution long.

Figs. 4-7 and 4-8 hold the dependencies between the yaws of the first (
A,) and the second ( 3, ) impulses and the angles&” .

Both graphs demonstrate the same tendency in the alteration of yaws
due tod : the slow decrease of their magnitude. The valued , just like in
the previous graphs, is depicted in the legend.

The yaws of the second and the third impulses have practicaly the
same magnitudes, but have different signs, due to difference in the
impulse application angles (they differ approximately by the haf a
revolution). The differences of their magnitudes mostly do not exceed 1°.
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Fig. 4-7. Yaw of thefirst impulse.

=
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Fig. 4-8. Yaw of the second impulse.

Let us consider the orientation of the impulses in the orbital plane. Fig.
4-9 shows the pitches of the first impulse for the various durations of

rendezvous (it

islabeled near the type of line).
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Fig. 4-9. Pitches of the first impulse.

The graph shows that the pitches of impulses are small. For a
rendezvous with a duration less or equal to 10 revolutions, the pitch angles

do not exceed 1" ; asimilar result was obtained for rendezvous in coplanar
orbits. The same result was obtained for the second and the third impulse
pitches. Thus, the impulses in the orbit plane can be assumed to be purely
transversal in the first approximation. This supposition is highly accurate

(approximately 1°) if the rendezvous duration is longer than 10
revolutions.

4.3.3. Impulse Parameter Approximation with the Help
of Analytical Functions

The results obtained in the previous section allow finding the simple
analytical equations for the determination of the optimal manoeuvre
parameters. It was shown that the impulses within the orbit plane can be
considered as purely transversal and the out-of-plane impulse orientation
for the second and the third impulses are opposite. Thus, it is necessary to
specify only four analytical functions, which approximate the dependencies
between the application moments of the second and the third impulses (the
problem can be simplified by assuming that they differ by haf a
revolution as a first guess) and the yaws of the first and the second
impul ses.
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It can be seen from Figs. 4-5 and 4-6, that the application moments of
the second (6, ) and the third (&5) impulses do not practically depend on

the flyby duration € (the integer part of the revolutions). Third-degree
polynomials are used for the approximation of the dependencies 6,(0")

and 6,(6") :

6,(6) = 724.8(0")® -1382.3(6")?
+1298.9-6" —317.1,

05(0") =-35.9(6") +180.6(0")?
+2139-6" +116.6.

(4-14)

Let us remember that ¢ is measured in the fractions of the double
revolution, while the moments of impulse application in Eq. 4-14 are
measured in the fractions of revolution. In the first approximation, the

dependency 65(9°) can be omitted and it can be said that
05(07)=0,(0")+05.

Basicaly, the error in approximation does not exceed3 and, for
dependencies with a small number of flyby revolutions, it sometimes gets

close to 8 near the boundaries. Such accuracy is enough for the
acquisition of an approximate solution. For example, during the use of the
numerical methods (Baranov 2008), the step for the impulse application
angle enumeration (during the solution of the four-impulse problem) is
usualy setto6° .

It can be seen from Figs. 4-7 and 4-8 that the yaws of the first and the
second impulses depend on the overall flyby duration. We will use the
polynomials of the third order for the approximation of their dependencies
ond", but the coefficients will not be constant, as their dependency from

0 can also be approximated by third order polynomials:

ACAE a3(6*)3 + a2(9*)2 + a0 +ay,

: b (V2 b (419
Pa(07) =b5(0") +b,(07)° + 110" + by,

where
a;=0.48-0° - 44.76-02 +1247.41- 0 —10134.39,
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a, =—0.80-0°+75.58-02 — 2127.97- 0 +18640.44,
a, =0.44-0°%-41.96-02+1190.51- 6 —11002.99,
a,=-0.08-0°+7.69-0%-219.44-0 +2112.89,
by, = -0.23-0°+22.91- 02 - 654.31- 0 + 2418.01,
b, =0.39-6°-38.13-92 +1116.27 - —5726.06,
b, =-0.21-6°+20.71-02 - 619.14- 0 + 3854.87,
by =0.04-6°-3.69-02 +112.37-0 — 798.44.

The approximation error is less than one degree, which is enough for
the acquisition of an acceptable solution.

Thus, with the knowledge of the rendezvous duration (the angular
distance between the start of the first manoeuvring interval until the end of
the second manoeuvring interval) for the six-impulse manoeuvres, the
angles of impulse application and their orientation can be found with the
use of the analytical equations obtained on the basis of the necessary
optimality conditions. For the first manoeuvring interval, the moment of
the application of the first impulse coincides with the beginning of this
interval; the application moments of the second and the third impulses
relatively to the first impulse are given by Eq. 4-14, the yaws of the first
and the second impulses are given by Eq. 4-15, the yaw of the third
impulse is opposite to the yaw of the second impulse, and the pitches of all
impulses are equal to zero. According to egs. 4-11 and 4-12, the impulse
parameters of the second manoeuvring interval are “symmetrical” to the
impulse parameters of the first interval. With the use of this information
magnitudes of the impulses are determined from egs. 4-1a-4-1f.

4.3.4. Comparison of the Six-Impulse Solution with Lambert’s
Problem Solution

Let us compare the total delta-v expenditures, obtained with the use of
the optimal six-impulse solution and the two-impul se solution.

The two-impulse solution was chosen for the comparison because
Lambert’s problem is often used for the rendezvous problem solution. The
impulses of the two-impulse solution are situated on the first and last
revolutions of the flyby. The possible moments of the impulse application
on each of the manoeuvring intervals are enumerated and, for each pair of
angles ¢, ¢, from egs. 4-1a4-1f, the six valuesAV, ,AV, ,AV, , ¢; (
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i =1,2) are determined. By comparing the sums of impulses for various
pairs of ¢y, @, , the impulse application moments with minimal total delta-

v expenditures are found.

The parameters of the six-impulse solutions are determined by
€gs. 4-14 and 4-15, and egs. 4-1a—4-1f. It is assumed that the third impulse
is separated from the second one by half arevolution (similarly, the fourth
and the fifth impulses are separated from each other by half a revolution),
while the first and the sixth impulses are situated on the manoeuvring
interval boundaries.

It turned out that the six-impulse solution, which meets the optimality
constraints, may not exist, even if the duration of rendezvous belongs to
the existence intervals of six-impulse solutions (Fig. 4-4). According to
the necessary optimality conditions, the nondegenerate six-impulse solution
has the positive transversal impulse components on one manoeuvring
intervals and the negative transversal impulse components on the other.
However, by using the found moments of application and the orientations of
impulses, sometimes one can obtain the solution with the different signs of
the transversal impulse components of one manoeuvring interval.

Let us consider an example: when both orbits are circular (
Ae, = Ae, =0), the difference between the semimajor axes values is

Aa=0.01, the deviations between the passive spacecraft orbit plane and
the active spacecraft orbit plane are Az=0.0001, AV, =0.0001, the

active satellite is ahead of the passive one (Au=-50°in the rendezvous

point), and the total duration of the flyby is@ =5.

By using egs. 4-14 and 4-15, the six-impulse solution may be found for
any flyby duration. The six-impulse solution is more efficient than the
two-impulse solution with a duration of up to#* = 0.33. Such a duration
lies outside of the optima solution existence diapasons from Fig. 4-4.
With 0" =0.46, a maximum gain which reaches up to 45% can be
obtained. The gain decreases slowly with the decrease of 8 (with
6" =0.38), i.e., on the boundary of optimal solution existence interval
(according to the first piece of software) the gain is 41%. On interval
6" €[0.33,0.38], the necessary conditions are not satisfied (the helix
cannot be put inside the sphere), but the signs of the transversal impulse
components of one of the manoeuvring intervals coincide, just like it
should be in the case of the optimal solution. The advantage of the found

six-impulse solution can be confirmed by comparison with the two-
impul se solution.
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4.3.5. Five-Ilmpulse Manoeuvr es

Egs. 4-14 and 4-15 can be used for the evaluation of five-impulse
manoeuvres (Baranov and Roldugin 2012, 441-448). By increasing the
duration of the flyby, the zero values of the first or last impulse can be
obtained. The interval of the flyby will be greater than the given one but,
in fact, due to the manoeuvring start from the second impulse (or end with
the fifth impulse); the time of the flyby will meet the problem constraints.
In the example considered above, the six-impulse solution with the
practically zero first impulse exists when & = 0.469 . The second impulse
(the first impulse in the five-impulse manoeuvre) is separated from the
beginning of the interval with zero impulse of the flyby by 0.2 revolutions.
In other words, this manoeuvring scheme corresponds to 8" = 0.369 . This
uses either the six-impulse or the five-impulse (derived from the six-
impulse solution with #"=0.469) solutions on the interval
6" €[0.369,0.469] . In this case, the helix, which represents the nature of
the primer vector hodograph, will start inside the unity sphere, but,
nonetheless, it will meet the optimality conditions (4 oscillations and 1
intersection). The length of the interval on which this solution can be used

is determined by the distance to the first osculation point.
Fig. 4-10 shows a graph of the total delta-v expenditures (in the
dimensionless form) with the use of the six-, five-, and two-impulse

manoeuvres.
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Fig. 4-10. Tota delta-v expenditures with the use of six-, five-, and two-
impulse manoeuvres.
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In Fig. 4-10, the six-impulse solution corresponds to the dashed line,
the solution of Lambert’s problem corresponds to the dot-and-dash line,
and the solid lines correspond to the five-impulse solutions. It can be seen
that, with the values of @°close to 0.5, the six-impulse solution
degenerates, but another five-impulse solution exists withd* =0.51,
which allows widening the diapason of #*, allowing a gain to be obtained
in comparison with the two-impulse solution. With 6" €[0.51,0.52], the

six-impulse solution will not be optimal (the first manoeuvring interval
contains the accelerating impulse), but it is till more profitable in
comparison with the two-impulse solution.

Tables 4-2—4-4 show the parameters of the six- and two-impulse

solutions for various values of 6" .
The tables hold the transversal and the lateral components (AV, and

AV,) of the six-impulse solution of the first (I) and the second (I1)

manoeuvring intervals; the application moments of the second and the
third impulses (Ap, and Ag;); the radial, the transversal, and the lateral

components of the first and the second impulses of the two-impulse
solution (AV,, and AV, ); the distance between the application moment

of the corresponding impulse and the boundary of the flyby interval (Ag,
and Ag,, ); and thetotal delta-v expendituresin both cases (AVg and AV, ).

It can be seen from Table 4-4 that the five-impulse solution does not
meet the necessary optimality conditions. Nonetheless, it alows obtaining
the considerable gain in the total delta-v expenditures.

Thus, usage of the five-impulse manoeuvres obtained from the six-
impulse manoeuvres finds a gain in the total deltav expenditures and
expands the existence domain of the optimal multiple-impulse solutions.

It can be seen that, despite the fact that the optima multiple-impulse
solutions by no means aways exist, the six- and five-impulse solutions
obtain a considerable gain in the total delta-v expenditures in comparison
with the solution to Lambert’s problem.
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Table 4-2. Impulse parameters with 6" = 0.33.

AV, 0 | 0.0037 |0.0049| Ag, =0.0342
AV, |-0.0003 -0.0033| 0 | A@;=05719
AV, | 0.0047 |-0.0028|0.0037| AVg =0.0241
AV, | -0.0003 | 0.0025 |-0.004| AV, =0.0241
AV, | 00201 | 0.0089 |-0.001| Ag, =0

AV, | 0.0257 [-0.0039| 0 | Ag, =0.8488

Table 4-3. Impulse parameters with 8 = 0.38.

AV, | 0.002 |0.0017 | 0.0049 | Ap, = 0.0462
AV;, |-0.0005|-0.0014(-0.0018| Ag; = 0.6166
AV, | 0.0019 |-0.0006| 0.0015 | AVg = 0.014
AV, |-0.0001 | 0.0004 [-0.0016| AV, =0.0239
AV, | 0.0072 | 0.0092 |-0.0001| Ag, =0

AV, 1 0.0178 |-0.0042| 0.001 | A, =0.9443

Table 4-4. Impulse parameters with 0* = 0.469.

AV, 0 0.0029 | 0.0059 | Ag, =0.0342
AV, | -0.0006 | -0.0041 | 0.009 | Ap;=0.5719
AV, |0.000001 |-0.000018| 0.000035 | AV, = 0.0145
AV, 0.000003| 0.000026 | 0.00014 | AV, =0.0221
AV, | -0.0227 | 0.0093 | -0.0003 Ap, =0

AV, | 0.028 | -0.0043 | 0.003 | Ap, =0.1326
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4.4. Long-Range Guidance M anoeuvr e Calculating
Algorithm

The long-range guidance manoeuvres have the aim of transferring the
spacecraft to the given vicinity of the orbital station, in which the
equipment of the autonomous approaching starts to work, which ensures
the spacecraft can dock in the station (Petrov 1985). The statement of the
long-range guidance manoeuvre evaluation problem differs considerably
from the statement of the classic rendezvous problem (another functiona,
multiple constraints on impulses) but, even for the solution of such
unconventional problem, one can use the agorithms from Chapter 3 and
from the second paragraph of this chapter.

4.4.1. Problem Statement

To ensure terminal conditions with a high accuracy (necessary during
the evaluation of the long-range guidance manoeuvres), the iterative
scheme is used from the first chapter. This uses the relatively simple Eq.
4-1 for the determination of the impulse parameters.

During the evauation of the four-impulse long-range guidance
manoeuvres, it is assumed that impulses are applied on the two
manoeuvring intervals, where the distance between them is not less than
10 revolutions. The following constraints on the impulse angles on the
first manoeuvring interval should be fulfilled:

¢ S Dy, 0, < Dy, (4-16)

where ©,,®, = given sets. Usuadly, they are continuous intervals, starting

in the interval of 200°:-220° of one revolution and finishing in the interval
of 60°+-80° of the next revolution. The application angles of the third and
the fourth impulses are fixed on the last revolution of flight:

P3=P3,1P4 = Py (4-17)

As arule, these impulses are applied one and a half revolution before
the rendezvous point.

The orientation of the last two impulses is fixed in order to maintain
the satisfaction of condition 4-1d despite the errors in the thrust engines
burns:
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AV,

a )
L= AV, =0(i =34), 4-18
A, ,=0( ) (4-18)

The penalty members are introduced for the first two impulses in the
functional of the problem (Petrov 1985):

Q = ky(@,AY, ~a AV, )* + (@ +a))Av;,

where a =2-2cosp,a =-3+4sng k=k'sy, k' is the sat

coefficient (k" >0), and Sy is the given maximum error in the impulse
orientation.

The problem can be stated as follows: find the values of
AV, AV, ,AV, ,¢; (i=1...,N) , which minimize the functional

4 2
F= JAVZ+AVZ +AV2 +>'Q
i=1 i=1
with the constraints 4-1a—4-1f and 4-16—4-18.

4.4.2. Solution Algorithm

Let usintroduce the additional constraint:

AV, =AV, =0, (4-19)

which simplifies the problem. Let us note that the obtained solution is
close to optimal (as was shown in Chapter 3, the optimal multiple-
revolution solution, as a rule, has small or zero radid impulse
components).

The distance between the rendezvous point and the first manoeuvring
interval notably exceeds the magnitudes of the intervals. This is why, as
always, one can transit from Eq. 4-1d to the approximate equation, which
determines the sum of the transversal impulse components of the first
manoeuvring interval:
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AV, =AV, +AV, x-—L (4-20)

30
where ¢, = some point of the first manoeuvring interval. The sum of the

transversal components of the last two impulses can be determined from
Eq. 4-1c:

AV, = AV, +AV, <23, At (4-21)
ty t3 ty

2 3p,
On the plane e, e, , the curved line ABCDK (Fig. 4-11), which starts

at point A and ends at point K, corresponds to the four-impulse solution of
€gs. 4-1a—4-1c with constraints 4-18 and 4-19.

A
ey
€y
2AV,, K’
AVy " AD AVrA
D D K(Ae,,Ae)
Ry L K(Aey,Aey) 2AV,, AAV. Y
B o) 13
B c N’
AVy AAV,
N
Pz ex e><;
A A

Fig. 4-11. Geometric interpretation of ~ Fig. 4-12. Drift orbit eccentricity
long-range guidance manoeuvres. vector corresponds to
line segment LN.

During the mission planning, the initial phase difference Au between
the orbital station and the active spacecraft is chosen in a way that the
signs of the transversal components of al the impulses of the optimal
solution will coincide (this is possible because the spacecraft deployment
orbit always lies inside the station orbit). In this case, it follows from
constraint 4-20 that point C, which corresponds to the drift orbit

eccentricity vector, belongs to the circle of the radius R, = ‘ZAVtl ‘ with

the center in point A (Fig. 4-12). According to egs. 4-17, 4-18, and 4-21,
tpoint C should also belong to the line segment L'N (Fig. 4-12). In this
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figure, L'L"=NN'= AV, , KL"LL'L", NN'INK, L"K=AV, %’ KN'=

4
&
&,
L and N can be made more accurate with the help of the iterative
procedure, which differs from the procedures described in Chapter 3, as it
is necessary to take into account the radial components of impulses of the
second manoeuvring interval. As can be seen from Fig. 4-12, the three-
impulse solution with one impulse on the first manoeuvring interval
corresponds to point L. The unknown magnitudes of the transversa
impulse components and the impulse application angle of the first
manoeuvring interval can be easily found from egs. 4-1a-4-1c and 4-20. If
Eg. 4-1d cannot be satisfied with a given accuracy using the found
manoeuvre parameters, the next iteration is carried out. Eq. 4-1d with the
impulse application angle value of the first manoeuvring interval obtained
on the previous iteration is used instead of Eq. 4-20 on the second and
successive iterations.

The parameters of the manoeuvre, to which point N corresponds, are
determined in a similar way. It is aso a three-impulse manoeuvre, since
only the first impulse on the second manoeuvring interval is not equal to
zero. There are five unknown variables in the problem: both the impulse
application angles of the first interval and the transversal component
magnitudes of the three impulses. Hence, the application angle of one of
the impulses can be fixed and then the aforementioned iterative procedure
can be used.

Let us show that, when the position of the line segment LN is known, it
is possible to determine the impulse application angles @1 and ¢, where
functional F iscloseto its minimal value.

By analyzing the alteration of the sum Q +Q, (which belongs to
functional F), it can be shown that its minimum can be obtained if the
application angle of at least one of the impulses of the first manoeuvring
interval lies in the small vicinity of the node line, ¢, € G=0,(p,) , where

= arctg Az
(7 AV

AV, . Thus, point C belongs to the line segment LN. The positions of

-ak(k=12..). In this case, the tota deltav

z
expenditures on the orbit plane adjustment are close to the minimum
possible values:

A=AV, = JAZZ + AV? (4-22)
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We will assume that the angles from set G belong to one of the
intervals @, or®,. This is acceptable since the length of each of the

permitted manoeuvring intervals exceeds haf arevolution.
Let us now determine the magnitude of the second impulse application
angle of the first manoeuvring interval for the minimal total delta-v

2
AV, = ZJAVtiZ +AV/ ; the application angle of one of the impulses
i=1

belongs to set G. In Fig. 4-13, the i-th burn is depicted with the interval
with the projections ‘Avti‘ and ‘szi on the axes AV, andAv,,

respectively. It is obvious that the curved line APM corresponds to
AV, = \/Avtf +A% +\/AV§ +AV/ . It follows from egs. 4-20 and 4-22

that the minimal possible value of AV, is AV, =/AV? + AV, . It can
AV, AY,

be obtained if —*=-——"=% and ‘AVZ

AV, AV, :

segment AE corresponds to such solution in Fig. 4-13). The necessary
values of AV, and AV,, can only be found if the application angles of

+ ‘AV22

=AV, (the line

both impulses of the first manoeuvring interval belong to set G (the
impulses are applied on the line of the orbit plane’s intersection). This is
the fourth type of optimal solution from Chapter 2 when the primer vector
hodograph degenerates to the line segment. This type of solution exists if
the line on plane e,,e, with the inclination ¢, to the abscissa axis

intersects with the reference frame origin and with the line segment LN. If
the line does not intersect with the line segment LN, then the orbit plane
adjustment is fulfilled by the impulse with an application angle that
belongs to set G (it is applied in the orbit plane intersection ling). The
magnitude of the lateral component of thisimpulseis AV, . For solutions

of this type, AV, would be minimal when the transversal impulse
component, which aters the orbit plane orientation, is maximum. For
example, if the plane is rotated by the second impulse, then ADE<AD'E
with DM'>D'M' (Fig. 4-13).

It can be easily seen that, in order to have the maximum transversal
impulse component, which rotates the orbit plane, it is necessary to have
the line segment perpendicular to LN in the plane e,,e,, which

corresponds to the other impulse of the first manoeuvring interval. The
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application angle of this impulse should belong to the set

x_ 7 * eYN B eyL
Pn=¢ ——--2m(n=12..), whereg” = arctg—=>"—2*;
2 S 8
€ 18y, 16 8y, coordinates of the points L and N, respectively.
AV, e,
M M ]
AVa+AV2 5
AVmlE. E c D K(Aex,Aey)
» D T
AV P P C P
1
P D/ D/ M A e
A Ay AVyt+AVp A

Fig.4-13. Comparison of solutions  Fig.4-14. Application angles of the
for the total delta-vs. third and fourth impul ses are not
fixed.

If signs of the transversal components do not coincide with each other
or the angle ¢, does not belong to the permitted manoeuvring intervals

4-16, then the optimal result will be the solution with the drift orbit, which
corresponds with one of the ends of the line segment LN c¢. The boundaries
of the line segment LN are determined with the condition that the impulse
application angles of the first manoeuvring interval belong to the set 4-16.
The total delta-v of the found solution AVy was determined with the

constraint 4-19 and the condition that the application angle of one of the
impulses of the first manoeuvring interval belongs to set G, which is why
it should be compared with AV,, (the minimal possible total delta-v of the

transfer to the given rendezvous point). If their differenceis lesser than AF
(the permitted accuracy of determination of the minimum of the functional
F), the problem is considered to be solved.

In order to find AV,,, it is necessary to determine the total delta-v of
the manoeuvre (the fixed point of the line segment LN corresponds to the
drift orbit of this manoeuvre) and then, by varying the position of this
point on the line segment LN, the value of AV,, is determined.
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The line, which intersects the points L and N, can be described by the
equation e, =d +be,,

\eYN _e)’L b= eYN _eYL ]
e 8 &, 8

For this line, the minimal deltav of the first manoeuvring interval
AV,,, asafunction of e, isgiven by

AVZ —E? + AV?)?
AV,m(eX):\/E AV} +E? - AV + (AVz, v ,
2 +4(AV, (d +be,) — Aze, )?

where d = (eyL - €

where E? = (d +be,)? + €.

The equation for the total delta-v of the transfers without the constraint
on the time between the close and almost circular noncoplanar orbits from
paragraph 2.2 (the nondegenerate case) was used here.

The total delta-v of the impulses of the second manoeuvring interval
AV, asafunction of g isgiven by

e —e
AV =AV, AV, —-AV, J———,
(&) ||L+( y ||L) e,

1/2

2 2 1/2
where AV, =AY, 1+(3J AV, =AY, 1{%}

3 4

By minimizing the total deltav of the four-impulse manoeuvre
AV = AV () + AV, (g,) ontheinterval [e, ,e, ], one can determine

AV, . If AVy — AV, < AF , the solution may be considered to be solved. If

this is not the case, the found solution is used as the first guess for the
minimization of the functional F with the help of the polytope method
from Himmelblau (1975) or with the help of the numerical methods from
the next chapter.

The algorithm is also applicable in cases when the impul se magnitudes
are limited from below, or when it is needed to have approximately equal
impulses of the second manoeuvring interval, etc.
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Let us consider, for example, how the algorithm would change if the
impulse application angles of the second manoeuvring interval are not
fixed. In this case, they can be varied in order to minimize the magnitude
of functional F. As was shown in Chapter 3, solutions with coinciding
signs for the transversal components of all impulses exist, if the circles
with the radii R, and R, intersect (Fig. 4-14). The points, which
correspond to the drift orbit parameters of such solutions, should belong to
set T, which holds the points from the area of the circle intersection. It is
necessary to find the point which will ensure the minimal AV, .

If the line with the inclination angle ¢, to the axis e, intersects the
curve EiE; (for example, the line AP’ in Fig. 4-14), then, just like in the
case for the fixed angles s, ¢, , for any point of the line segment PP', one
can obtain the minimal possibleAV, AV, by choosing the variables

ratio AV, and AV, . The application angle of the third impulse is chosen

arbitrarily, and the application angle of the fourth impulse is
unambiguously connected with it and can be easily determined.

If the straight line with the inclination angle ¢, does not intersect the
curve EiE; (for example, the straight-line AC’ in Fig. 4-14), then point C
needs to be found (AC should be maximum with the condition
AC+CD =AV,). It can be easily seen that, in order to ensure the

maximum value of AC, point D should belong to the line segment CK
(Fig. 4-14).

The optimal acceptable transfer ACDK has one burn on the second
manoeuvring interval. The application angle of this impulse can be
evaluated by the following equation:

Aa cosgD2 Aecos(arctg(A;ey) %)
¢, = 2arctg & —2m,(n=12,..),

—Aasin (022 + Aesin(arctg(—> ey) (pz)

whereAe = \/A€% + A€ .
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4.4.3. Examples

Let us consider the solutions to the three problems as examples
(Baranov 1990, 61-67). For the solution to problem 1, the velocity
impulse application angles of the first manoeuvring interval belong to set
G and are connected with each other by the equation ¢, —¢, =7z (the

optimal position of the point C on the line segment LN is the point of its
intersection with the line with the inclination angleg,). An additional

constraint was introduced for the solution to problem 2: the second
manoeuvring interval impulse magnitudes should be approximately equal
(point C is situated in the middle of the line segment LN). The initial
conditions of problem 2 practically coincide with the initial conditions of
problem 1. For the solution to problem 3, only one of the impulse
application angles of the first manoeuvring interval belongs to set G (it is
necessary to find the optimal point on the line segment LN).

The entry data and the solution results for the problems are listed in
Tables 4-54-9.

Table4-5

Problem| Aey | Ae, | Aa At Az |AV,

1 [-23.77|-22.88|108.83|-10,005.87|-12.23| 0.36
2 |-23.75|-21.56|108.82|-10,003.41|-12.19/ 0.31
3 |-23.96|-22.41|109.06]-10,004.56|-12.05/0.40

Table 4-6

0, ®,
pyrad | gy rad| g rad| gy, rad
-85.217|-79.959(-85.217|-79.959

-85.217|-79.959|-85.217(-79.959
3 - 77.79|-73.449| -77.79 |-73.449

Problem

[

N
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Table4-7

Problem| F | AV | Fp

1 |75.63[57.35|75.68
2 |78.24]60.10|75.71
3 |74.39|57.72|74.04

Table 4-8

Problem| —@ |AV, | AV, [ AV, | —p,

AV,

[P

1 |83.282| 0.23|28.36| -8.28 |80.140| 0.10

2 [83.736/0.33|126.38] 0 [80.136| 0.09

3 |77.002]| 0.25 |27.80|-12.06|73.449| 0.19

Table 4-8 Continued

Problem| AVy, | AV, | AV, | AV | AV, | AV,
1 [12.95/3.95| 0.0 | 1.47|5.46(12.87
2  |12.06[12.19| 0.0 | 7.75|2.97| 7.01
3 [1598] 00 | 0.0 | 2.82|3.37| 7.94
Table 4-9
Solution| F | AV | —¢1 | =@ | AV, | AV, | AV | AV,

77.18|59.95|77.774(73.861(31.97|16.27(11.22

0.54

76.21|59.64|77.062| 73.861|28.62|19.33| 0.54

11.16

76.20|59.63|77.070| 73.861| 28.61 | 19.33| 0.64

11.05

74.53|57.86|77.002|73.743[31.00|15.22| 0.53

1111

I WIN|F-

74.39|57.72|77.002| 73.449|30.30| 15.99| 2.82

8.62

177

Table 4-5 holds the deviations between the initial and the final orbits.
The dimensionless deviations were multiplied by V, =7,771m/s, which
corresponds to r, = 6,600 km for descriptive reasons. Table 4-6 shows the

manoeuvring intervals, which are allowed for the application of the first
two impulses (in radians, starting from the rendezvous point). The
application angles of the third and the fourth impulses are fixed:

@3 =-360", ¢, =—180°. Table 4-7 shows the values of functional F and
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AV. The global minimum values of functional F,, which were obtained
with the help of a numerical agorithm, that uses the enumeration of the
points from the setsg,, @, , are listed for the solution accuracy control.

This algorithm is presented in Chapter 5.
Table 4-8 shows the solution parameters for each problem. Table 4-9
shows the solution results for al analyzed points of the sets ¢, ¢, for

problem 3.

Let us consider the solution results for all the problems. In the solution
to problem 1, the impulse application angles of the first manoeuvring
interval belong to set G and the transversal components of all impulses are
positive. In this case, the found solution is globally optimal, which can be
verified by cross-checking (see the last column of Table 4-7). The small
discrepancy in favor of the analytical solution can be explained by the fact
that during the numerical solution it is practically impossible to obtain the
anglesfrom set G.

Sometimes we need to have approximately equal impulse magnitudes
of the last manoeuvring interval when we are solving the problem. The
suggested agorithm alows finding such solutions: we should use the
iterative procedure, which is similar to the procedure from the previous
chapter.

During the process of the solution to the second problem, the

coefficientk = AV, /(AVt3 - AVL‘) , which determines the position of point
C on the line segment LN, was chosen equal to 0.5. We should take

k =0.4769 in order to get equal magnitudes of the third and fourth
impulses. During the solution to problem 1, the impulse application angles
of the first manoeuvring interval are chosen on the node line and the other
one is determined with the help of the iterative procedure. Only one of the
angles of set G is acceptable: when the orbit plane is changed by the
second impulse.

It can be seen from Table 4-8 that the ratio between the lateral
component of the second impulse and its magnitude in the solution to
problem 2 considerably exceeds the analogous ratios in the solution to
problem 1. Thanks to this, the total transfer delta-v increases and, hence,
the magnitude of functional F for problem 2 also increasesThis conclusion
verifiestheresultslisted in Table 4-7.

For solution to problem 3 with the application angles of both impulses
of the first manoeuvring interval from set G, the signs of the transversal
components do not coincide. In accordance with the aforementioned
algorithm, it is assumed that only one angle belongs to set G, and the
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application angle of the other impulse of the first manoeuvring interval
should be determined.
Only one point from set G (¢, =-73.861) is suitable for the

application of the second impulse of the first manoeuvring interval. With
the help of theiterative procedure, one can determine the application angle
of the first impulse, with which point N would correspond to the drift orbit
parameters. Since the constraint on the minimal possible magnitude of the
impulseisused, AV, issettoitsminimal possible value of 0.5m/s. The

solution parameters are given in the first row of Table 4-9. The second
row of the table shows the solution parameters; point L corresponds to the
drift orbit eccentricity vector. After the determination of the position of the
line segment LN, the optimal solution is found (the third row in Table 4-
9), which has the line segment on the planee,, e, , which corresponds to

the first impulse and is perpendicular to the line segment LN.
Similarly, only one point from set G (¢, =—77.002) is suitable for the

application of the first impulse. The solution, which corresponds to point
L, exists, and its parameters are presented in the fourth row of Table 4-9.
The solution, where the drift orbit eccentricity vector corresponds to point
N (AV,, =0.5m/s), and the solution, where the direction of the second

impulse on the plane e, e, is perpendicular to the line segment LN', are

not acceptable since the angles from set G, which are used in them, do not
belong to the permitted manoeuvring interval. The first acceptable angle
will beg, =—-73.449 . This solution is written in the fifth row of Table 4-9.

As was shown, the found solution in this case is optima among the
solutions with the application angle of the first impulse belonging to set G.
The comparison between this solution and the third solution from Table 4-
9 shows that it is globally optimal, which is why its parameters are listed
in Tables 4-7 and 4-8.

The solution time is much smaller in comparison with the numerical
algorithms from the works of Petrov (1985), Bazhinov and Y astrebov
(1978), and Baranov (1986, 324-327). If the application angles of the third
and the fourth impulses are not fixed, then the problem solution time in the
presented algorithm does not change, and the numerical agorithms
computing the time increase by dozens.

Let us remember that, for illustrative purposes, al the dimensionless
values in &l of the Tables were multiplied by V,=7,771m/s (

ry = 6,600 km).
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4.5. Comparison of the Solutions Used by NASA,
the Russian Mission Control Center,
and the Combined Solution

A relatively simple manoeuvring scheme is often offered for the
noncoplanar rendezvous solution. The circular orbit is formed by the two
impulses of the first manoeuvring interval; the period of which ensuresthe
necessary arrival time to the start of the second interval then, with the help
of the impulses from the second interval, the transfer to the rendezvous
point on the given orbit is ensured. The lateral impulse, which aligns the
orhit planes, is applied on one of these intervals or on the drift revolution
on the line of the orbit plane intersection. Such a manoeuvring scheme (we
will call it “separate”) is attractive due to its simplicity, but it demands
excessive total delta-v expenditures. Even manoeuvres in the orbit plane
may not be optimal during the implementation of such a scheme. This
scheme was used, for example, for the docking of Shuttle? with the
International Space Station (Fehse 2003, 441-449).

Fig. 4-15 shows an example of when the usage of the circular drift
orbit does not increase the total delta-v expenditures. The point with the
coordinates (0, 0) should be in set G of the intersection of the circles with
the radii R, and R, (let us remember that R, =|Aa |, R, =|Aa,,|) for this

purpose. The line segments AB, BC, CD, and DK correspond to the four
impulses by means of which the rendezvous will be performed. However,
if the small alteration of the relatively big eccentric vector magnitude (this
case is depicted in Fig. 4-16) is needed, the flyby with the circular drift
orbit may not be optimal. It can be easily seen that the length of the curved
line ABCDK (Fig. 4-16), which corresponds to the total deltav
expenditures of the “separate” manoeuvring scheme, will be considerably
greater than the sum of theradii R; and R, , which correspond to the total

delta-v expenditure of the optimal flyby between the coplanar orbits.

2 Shuttle Press Kit: STS-92”. Accessed March 25, 2007.
http://www.shuttlepresskit.com/STS-92/.
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€y

Fig.4-15. Energy isthesamefor  Fig.4-16. Energy differs dramatically
different manoeuvring schemes. from scheme to scheme.

Fig. 4-17 compares the total delta-v expenditures with the accountancy
of the expenditures on the orbit plane rotation. Let us suppose that we deal
with the case depicted in Fig. 4-15 where the “separate” manoeuvring
scheme has the same expenditures on the coplanar rendezvous as the
optimal solution. The sum of the impulse transversal components of the
first manoeuvring interval isAV, -, and the line segment AD corresponds to

it (Fig. 4-17). The sum of the transversal impulse components of the
second manoeuvring interval is equal toAV, and the line segment DN

corresponds to it. The minimal expenditures on the orbit plane rotation are
AV, and the line segment AL corresponds to them. The impulse that

changes the orbit plane is situated between the second and the third
manoeuvres in the orbit plane. Thus, the curved line ADPE corresponds to
the “separate” manoeuvring scheme. The curved line APE (Fig. 4-17)
corresponds to the manoeuvring scheme, which is used for the motion
control of the “Soyuz” and the “Progress’ spacecrafts, in which the
impulses of the first manoeuvring interval have both transversal and lateral
components and the impulses of the second interval have only transversa
components. If the line with the inclination angleg, intersects the line

segment LN (Fig. 4-12), then the point P belongs to the line segment LE
(Fig. 4-17).
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Fig. 4-17. Comparison of solution total delta-vs

The line segment AM corresponds to the optimal solution, where the
correction of the orbit plane position is fulfilled by al four burns, which
have both transversal and lateral components, the line segment AO
corresponds to the impulses of the first interval, while the line segment
OM corresponds to the impulses of the second interval.

It is obvious that the length of the curved line ADPE is greater than the
length of the curved line APE and the length of the curved line APE is
greater than the length of the line segment AM. With the decrease in the
expenditures on rotation of the orbit plane (with the decrease of the length
of the line segment DP), the difference in the total delta-v expenditures of
all three types of the solution decreases.

Since the time of the launch is usually chosen in a way that the active
spacecraft occurs on the target spacecraft orbit plane, the total delta-v
expenditures on the orbit plane rotation are considerably less than the
expenditures on the alteration of, for example, the orbit semimajor axis. In
these cases, all three types of the solution have a close total delta-vs. Asit
will be shown in Chapter 7, the total delta-v may differ considerably in
more complex problems.

4.6. Noncoplanar Rendezvous Achieved by Impulsive
Manoeuvring Over aLonger Period of Time

In the aforementioned problems, it was supposed that the manoeuvres
were performed on the two separated manoeuvring intervals. There are
severa, revolutions between these intervals, which are prohibited for the
impul se application.
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The variants when the thrust engines have a relatively low thrust but
when a flyby to the given point is needed to be fulfilled relatively quickly
can be often met. In this case, it is necessary to manoeuvre on the big
number of the successive revolutions; the number of revolutions that are
prohibited for manoeuvring is relatively small and they are needed for the
orbit parameter current update. It will be shown in this section that the
solution method which applied in the first sections of this chapter is also
applicable for this manoeuvring scheme. The magnitudes of all
manoeuvres should be approximately the same; this would alow
decreasing the total delta-v of the manoeuvres and using the impulsive
approximation during the determination of these manoeuvres.

4.6.1. Determining the L ength of Subintervals

The whole manoeuvring interval (the number of the revolutions
permitted for manoeuvring is N) is divided into two subintervals (N, and

N,). Initially, it is assumed that the subintervals have equal lengths (
N; = N5, N; + N, = N ') with an even N, and differ by one with an uneven
N. The interval may be prohibited for the manoeuvring revolutions, which

is why the numbers of revolutions on which the manoeuvring is alowed
on the subintervals (we will denote them as Ny, N2J (

1<i<N; 1< j<N,), may not be in successive order. During the

determination of the genuine values N; and N, several stages can be
distinguished.

Stage 1. The semimagjor axis alteration on each of the subintervals is
assessed with the help of the equation of time and the general semimajor
axis alteration.

Stage 2. The parameters of the two-impulse manoeuvre of the transfer
between the orbits are determined (the five equations and the algorithms
used can be taken from Chapter 2) with the assumption that the sum
ateration of the semimajor axis on both subintervals is corrected; the
members of the sum were calculated on the previous stage.

Stage 3. Each of the two estimated manoeuvres are divided between
the subintervals, proportionally to the ateration of the semimajor axes on
the subintervals.

Stage 4. At this stage, each of two manoeuvres of the subintervals is
divided by the number of the revolutions on this subinterval. Thus, the two
manoeuvres of the first manoeuvring subinterval are divided by N; on

equal parts and applied on the different revolutions. Similarly, the
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manoeuvres of the second manoeuvring subinterval are divided by N, on
equal parts (N; + N, = N ). The equal duration of the manoeuvres on the

revolutionsis optimal for the small orbit element alteration.

For example, if the magnitude of the manoeuvres on the revolution of
the first subinterval considerably exceeds the magnitude of the
manoeuvres on the revolution of the second subinterval, then the number
of the manoeuvring revolutions on the first subinterval will be increased
by 1, and the number of the manoeuvring revolutions on the second
subinterval will be decreased by 1. The transition to the first stage of the
calculation is carried out. The procedure ends when the ratio of impulse
magnitudes becomes opposite, or when the interval decreases to one
revolution. The variant with the lesser magnitude of the manoeuvres on
the second interval should be chosen out of the two boundary cases. The
results of this procedure are the values of N; and N, .

Each stage is thoroughly considered below.

Stage 1. By using the equations for the time of the arrival to the
rendezvous point and for the semimgor axis dteration, the sum
magnitudes of the transversal components AV, AV, on the first and the

second manoeuvring subintervals are assessed:

> 32r(Ng - N, )- ;z)AIL/: + Y doa(Ngy ~ Ny, )-7) A'L/Z' At

AV, +AV, =Aa,

where N ap = number of rendezvous revolutions.

Then the magnitude of the spacecraft orbit semimajor axis alteration
by the manoeuvres on the first manoeuvring subinterval can be
approximately assessed by

A, = 2AVtI ,

and by the manoeuvres on the second manoeuvring subinterval:

Aa, ~ Aa-— ZAVt| .

Stage 2. Similar to the way it was done in the first paragraph of this
chapter, a variable Aa” =|Aa|+|Aa,| is introduced. The problem
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solution to the optimal transfer between the orbits, where the deviations of
the elements are the initial deviations Ae,,Ae,,Az,AV, (Aa" is taken

instead of Aa), is found. Since the correction of the eccentricity vector
component deviations Ae,, Ae, and Az, AV, is fulfilled proportionaly to

the Aa, and Aa,, correction, such a solution to the transfer problem will

be optimal.
The parameters AV, ,AV, ,¢;,AV, ,AV, @, of this transfer between

the noncoplanar orbits can be determined with the help of the agorithm
presented in the Section 2.2.7, for example.

Stage 3. In order to find the magnitudes of the impulses which ensure
the solution of the rendezvous problem, it is necessary to distribute the
impulses, as estimated for the solution of the transfer problem, in the
needed proportion. Similar to the way it was done in Section 4.1, the

Aa| |

impulses are divided in the proportions%, A for the first and the
a

*

second subintervals, respectively. The four-impulse solution of the
rendezvous problem is obtained after the division of each of the impulses
into two parts. The impulse components of the first and the second
manoeuvring subintervals can be found by egs. 4-7-4-10 (Baranov 2008,
430-439).

Stage 4. Each of the manoeuvres of the first manoeuvring subinterval
are divided on N; equal parts and applied on different revolutions,

similarly, the two manoeuvres of the second manoeuvring subinterval are
divided on N, equal parts.

Then according to the aforementioned algorithm, the magnitudes of
impulses on revolutions of the subintervals are compared and the decision
about the alteration of the lengths of the subintervals and the return to the
first stage is made.

With the optima initial phase, whenAa, ~Aa, , the subinterval

lengths are equal. If, for example, due to the big initial phase deviation,
the decelerating manoeuvres Aa, <0 and Aa >0 on the first subinterval
are performed and, hence,|Aa | <|Aa, |, then the length of the second

subinterval will be considerably greater than the length of the first
subinterval. If Aa,, <0, andAa > 0, then the length of the first subinterval
will be considerably greater than the length of the second subinterval.

The solution to the rendezvous problem with the impulses applied on
the permitted for the manoeuvring revolutions is found after the
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implementation of this iterative procedure. The impulse magnitudes,
which are applied on one revolution, may differ, but the impulse
magnitudes applied on different revolutions on the same latitude argument
are approximately the same.

Since the simplified equation system was solved, the necessary
accuracy of the arrival time to the given point of the target orbit is
provided with the help of the usual iterative procedure.

If the manoeuvre duration of the found solution does not exceed
approximately 40° by the latitude argument, the problem is solved;
otherwise, the solution should be defined more accurately by switching
from the impulsive case to the case with the low thrust during the transfer
manoeuvre determination. The manoeuvre parameters can be made more
accurate with the help of the iterative procedure from the first chapter.

4.6.2. Example

The multiple-impulse rendezvous on the noncoplanar orbits is solved.
The elements of theinitial and the target orbits are fully similar to the orbit
elements from the example 4.2.3. Just like before, the three variants,
which differ from each other by the initial location of the target spacecraft,
are considered. It is assumed that the manoeuvring is performed on all
revolutions of the flyby except the 8th and the 9th which is why the
number of manoeuvresin al variantsis 26.

The calculation results:

1) UFl = 50

Thetotal delta-v of the manoeuvres: 322.930 m/s.

Thetotal delta-v of the coplanar components: 322.91 m/s.

Thetotal delta-v of the lateral components: 6.088 nm/s.

Thefirst subinterval holds the revolutions from the 2nd to the 12th; the
second subinterval holds the revolutions from the 13th to the 16th. The
impulses on the first subinterval are accelerating, while the impulses on
the second subinterval are braking (the initial phaseis not optimal).

The impulse parameters are listed below: impulse number, revolution,
latitude argument of the impulse application, and its radial, transversal,
and lateral components.
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Impulse | Revolution| udeg | dV,m/s| dv,m/s | dV,m/s
1 2 140.164 | 0.172 11.990 -0.176
2 2 316.164 | -0.161 | 11.232 -0.053
3 3 140.164 | 0.173 | 12.103 -0.178
4 3 316.164 | -0.162 | 11.347 -0.053
5 4 140.164 | 0.175 | 12.218 -0.179
6 4 316.164 | -0.164 | 11464 -0.0%4
7 5 140.164 | 0.177 12.337 -0.181
8 5 316.164 | -0.166 | 11.584 -0.0%4
9 6 140.164 | 0.178 | 12.458 -0.183
10 6 316.164 | -0.168 | 11.707 -0.055
11 7 140.164 | 0.180 | 12.582 -0.185
12 7 316.164 | -0.169 | 11.832 -0.055
13 10 140.164 | 0.182 12.709 -0.187
14 10 316.164 | -0.171 | 11.960 -0.056
15 11 140.164 | 0.184 | 12.839 -0.188
16 11 316.164 | -0.173 | 12.092 -0.057
17 12 140.164 | 0.186 | 12972 -0.190
18 12 316.164 | -0.175 | 12.227 -0.057
19 13 136.164 | 0.108 | -12.904 | -0.096
20 13 320.164 | -0.115 | -13.785 0.074
21 14 136.164 | 0.107 | -12.773 | -0.095
22 14 320.164 | -0.114 | -13.659 0.073
23 15 136.164 | 0.106 | -12.644 | -0.094
24 15 320.164 | -0.113 | -13.536 0.072
25 16 136.164 | 0.105 | -12.518 | -0.093
26 16 320.164 | -0.112 | -13.417 0.072

2) Ug, = 210°

The total delta-v of the manoeuvres: 93.123 m/s.
The total delta-v of the coplanar components: 93.101 m/s.

The total delta-v of the lateral components: 1.778 m/s.

187

The first subinterval holds the revolutions from the 2nd to the 7th,
while the second subinterval holds the revolutions from the 10th to the
16th (the 8th and the Sth revolutions are prohibited for manoeuvring).
Both subintervals have accelerating impulses (the initial phaseis optimal).

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



188 Chapter Four

Impulse | Revolution | udeg | dV,m/s | dV,m/s | dV,m/s
1 2 144.046| 0.003 0.327 -0.009
2 2 312.046| -0.002 0.259 0.002
3 3 144.046| 0.003 0.327 -0.009
4 3 312.046| -0.002 0.259 0.002
5 4 144.046| 0.003 0.327 -0.009
6 4 312.046| -0.002 0.259 0.002
7 5 144.046| 0.003 0.327 -0.009
8 5 312.046| -0.002 0.259 0.002
9 6 144.046| 0.003 0.327 -0.009
10 6 312.046| -0.002 0.259 0.002
11 7 144.046| 0.003 0.327 -0.009
12 7 312.046| -0.002 0.259 0.002
13 10 144.046| 0.066 7.008 -0.197
14 10 312.046| -0.053 5.589 0.043
15 11 144.046| 0.066 7.040 -0.198
16 11 312.046| -0.053 5.622 0.044
17 12 144.046| 0.067 7.072 -0.199
18 12 312.046| -0.053 5.656 0.044
19 13 144.046| 0.067 7.105 -0.200
20 13 312.046| -0.054 5.691 0.044
21 14 144.046| 0.067 7.138 -0.201
22 14 312.046| -0.054 5.725 0.045
23 15 144.046| 0.067 7.172 -0.202
24 15 312.046| -0.054 5.761 0.045
25 16 144.046| 0.068 7.206 -0.203
26 16 312.046| -0.055 5.796 0.045

3) Ug, =355’

The total delta-v of the manoeuvres: 298.730 m/s.

The total delta-v of the coplanar components: 298.71 m/s.

The total delta-v of the lateral components: 3.199 m/s.

The first subinterval holds the revolutions from the 2nd to the 6th,
while the second subinterval holds the revolutions from the 7th to the
16th. The first subinterval has braking impulses, while the second
subinterval has accelerating impulses (the initial phase is not optimal).
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Impulse | Revolution | udeg | dV, m/s dv, m/s dv, m/s
1 2 136.151 0.096 -10.084 0.052
2 2 320.151| -0.103 -10.749 0.171
3 3 136.151 0.096 -10.006 0.051
4 3 320.151| -0.102 -10.674 0.170
5 4 136.151 0.095 -9.931 0.051
6 4 320.151| -0.101 -10.600 0.169
7 5 136.151 0.094 -9.856 0.051
8 5 320.151| -0.101 -10.527 0.168
9 6 136.151 0.093 -9.783 0.050
10 6 320.151| -0.100 -10.456 0.167
11 7 140.151 0.117 12.223 -0.195
12 7 316.151| -0.109 11.426 -0.059
13 10 140.151 0.118 12.338 -0.197
14 10 316.151| -0.110 11.544 -0.059
15 11 140.151 0.119 12.457 -0.198
16 11 316.151| -0.111 11.663 -0.060
17 12 140.151 0.120 12.578 -0.200
18 12 316.151| -0.113 11.786 -0.061
19 13 140.151 0.121 12.702 -0.202
20 13 316.151| -0.114 11.912 -0.061
21 14 140.151 0.123 12.829 -0.204
22 14 316.151| -0.115 12.040 -0.062
23 15 140.151 0.124 12.960 -0.206
24 15 316.151| -0.116 12.172 -0.063
25 16 140.151 0.125 13.093 -0.209
26 16 316.151| -0.118 12.307 -0.063

It can be seen in the case of the optimal initial phase that the tota
delta-v expenditures are analogous to the expenditures for the case when
the impulses are applied on the two separated intervals, however, the
optimal phase interval is considerably narrower. With the nonoptimal
initial phase (the variants 1 and 3), the total delta-v expenditures are much
higher than when the impulses are applied on two separate intervals. For

the first variant (ug, = 57), it is 146.12 m/s and 322.930 m/s, respectively,

and, for the third variant (ug, = 355°%), it is 183.58 m/s and 298.730 m/s,
respectively.
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NUMERICAL METHODS

The optimal manoeuvre parameter determination problem, which ensures
the spacecraft rendezvous on close near-circular orbits with the help of the
iterative procedure depicted in the first chapter, can be reduced to a
mathematical programming problem.

The anayticad methods from the previous chapters and different
numerical methods can be used for the solution of this problem. However,
due to the considerable number of dimensions and constraints of various
kinds, attempts using numerica methods lead to big computing time
expenses. That is why it is necessary to bear in mind the peculiarities of
the considered problems, which will help to speed up the optimization
process.

The numerical method from the works of Baranov (1986, 324-327),
Baranov (2008), and Baranov, Gundobin, Ivanov, Kapralov et a. (1992,
26-27), which has been successfully used for many years in the ballistic
center of the Keldysh Institute of Applied Mathematics of rhe Russian
Academy of Sciences for the manoeuvre determination of the “ Soyuz” and
“Progress’ spacecrafts, as well as the “Kvant”, “Priroda” modules and
others, is described in this chapter. The method is relatively simple and
universal. It has the necessary performance characteristics and ensures the
high reliability of the problem solution.

5.1. Problem Statement and General Solution M ethod

If the influence of the second term of the gravitational field expansion
series (Cy) is taken into account, Eq. 1-12 will be rewritten as follows

(Petrov 1985):

N
Z {Av,l sin[(1- »)g; |+ 24V, cos[(1- y)p ]}z Ae,, (5-1a)
=)
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AV, cosl(L-y)pi ]+ 22V, sin[(L- ) ]j= Aey, (5-1b)

M 2D

2AV, =Aa, (5-1¢)
i=1
N (2 _ _ ,
3 AV, [L-cos((1-7)e1)] 519
|+ AV, [-31-7)g; + 4sin((1-7)p1)]
N
D (-28AV, ¢ cosu; sin2ig - AV, sing) = Az, (5-1¢)

I
i

-

1l
=

(2BAV, ¢, sinu; sin 2ig + AV, cosg;) = AV, (5-1f)

32 _
where f= —0202—9, v :g(Scos2 ip—1, Cy=-1082637- 10°,
l'o
ro = 6378140 m, iy, r, = inclination and radius of the relative orbit, and
u; = latitude arguments of the impulse application points.

Please note, if the duration of rendezvousis small (less than or equal to
severa days), asimpler scheme can be used (Eg. 4-1).
The angles of impulse applications should belong to the specified sets

q’l g Fl""’¢)N g FN' (5'2)

The sets F;, may be less than the revolution and/or contain the several

separate intervals, as it was for the first “Progress’ spacecraft. The
constraints on the moments of the impulse application are connected with
the Earth’ s visibility zones and the structural aspects of the spacecraft, etc.
Sometimes the impulse application angles are fixed. For instance, during
the determination of the three- and four-impulse manoeuvres of the
“Soyuz” and the “Progress’ spacecrafts, it was supposed that the
application angles of the third and fourth impulses were fixed on the
revolution and half arevolution before the rendezvous point.

The problem of searching for the optimal manoeuvre parameters can

be stated as follows: determine AV, , AV, AV,, ¢ (i=1..,N) with
the minimal functional
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W = i \/AV,iz + AV +AV; + ZN:Qi
i-1 i=1

and the constraints 5-1 and 5-2.
The problem functional can encompass the terms Q together with AV

. The terms Q account for the problem peculiarities. It is preferable to
have Q as the convex functions of impulse components, like AV . For

example, as was aready mentioned in Chapter 4, the functiona for the
“Soyuz” and the “Progress’ spacecrafts will be (Petrov 1985):

N N
W= 21: JAVZ +AVZ 4 AVZ + 21: ky/(a, AV, —a, AV, )% +(a? +a)AV, .
1= 1=

Here, & =2-2c0sp, g =-3+4sing, k=k'sy (k' >0) ae
the fixed coefficients, and oy = the agreed maximum error in the

impul se orientation.

Unlike the impulse component space, in the space of the impulse
application angle, functional W will have local minimums. Besides, the
sets K might be rather complex. Consequently, the minimization process

is usualy fulfilled in two steps (Petrov 1985): firstly, the minimum of the
functional is determined for each fixed (DT ={@,...on}

Wi, (¢) = MinW(p, AV) (53)
AV

over the variables AV ={AV, ,AV, ,AV, ..., AV, ,AV, ,AV, } and the
constraints (Eq. 5-1). On the second step, the global minimum of the

functiond W, () over the variables @' ={@,...oy} is found by
enumerating the points out of the acceptable impulse application set
F=F Fp-..-Fy.

It should be noted that the steps are carried out in turn, and not in a
successive manner. A point is taken from set F. By applying the
minimization in the space of the impulse components, W,, can be

determined and then, after that, another point from set F is taken and the
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corresponding W, can be evaluated, etc. The process continues until the

solution is found, which will be optimal in the space of the impulse
components and in the space of the impulse application angles.

Each stage of the problem solution will be considered thoroughly in
the next two sections.

The found solution is used in the iterative procedure from Chapter 1,
which ensures the satisfaction of the terminal conditions with the given
accuracy and by taking into account the atmosphere influence, the given
number of the harmonics of the gravity field, and the burn duration, etc.

5.2. Minimization with Involved Components
of Velocity Impulses

This minimization can be carried out by different methods, but the best
option is to avoid it in the first place. For this purpose, the number of the
used velocity components should be equal to the number of the system
constraints accounted for in 5-1. If there is a need to account for the six
equations of the equation system, the six impulse components will be
used: four planar and two lateral. All six impulse components are used for
the two-impulse problem. It is necessary to omit some of the impulse
components for the three- and four impulse problems. As was shown in
Chapter 3, it is necessary to omit the radial impulse components for the
four-impulse problem. In this case, the values of the transversal impulse
components can be determined from Eg. 5-1 unambiguously. In the case
of the three-impulse problem, it is necessary to omit the radial impulse
components, which are applied on one manoeuvring interval, and then the
transversal components and the radial component of the impulse, which is
applied on the corresponding manoeuvring interval, can be determined
unambiguously from Eqg. 5-1 as well. It is necessary to remember that the
circle, which corresponds to the transversal components of the two
impulses and is performed on a single manoeuvring interval (see 3.3),
should not be inside the circle which corresponds to the transversa
velocity component of the sole impulse on its interval. It is necessary to
change the impulse distribution between the intervals if this situation
OCCurs.

The use of the aforementioned technique of reducing the number of the
used components may lead to an increase of AV due to the lack of some
radial components, but it is compensated by the ssimplicity and reliability
of the obtained solution.

It is alittle bit more difficult to deal with the lateral components, as it
is not clear which impulses should have these components for the better
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result. It is recommended to use the lateral components for the impulses
where it was agreed to not use the radial components in the three-impulse
problem. For the four-impulse problem, it is necessary to use the lateral
components of the impulses of the first manoeuvring interval. Thus, the
simpler problem with practically no lateral components will be solved on
the second manoeuvring interval (before the docking). If there is a need to
decrease the total delta-v, the lateral impulse components should be used
on the interval with the greater sum of the transversal components. In the
case of along rendezvous duration and big deviations of RAAN (Q), the
usage of the lateral impulse components of the first manoeuvring interval
is almost necessary (see Chapter 7), but it is better to use the lateral
impulse components of both manoeuvring intervals. There is another
simple option of choosing the optimal lateral impulse components. It will
be given later in thistext.

If there is a need to find the optimal solution and more than two
impulses are used, then minimization in the space of the impulse
components is necessary. In order to simplify this, the linear constraints 5-
1 are used for the transition to the unconditional minimization in the space
of the lesser number of dimensions during the search for W,,(¢) . In this

case, the dimensionality of the minimization space will be reduced by the
number of accounted for constraints in the form of equality.

It is important to choose the impulse components as the independent
variables. This is obvious for the impulse components, which lie in the
orbital plane. The transversal components make a major contribution in
the alteration of the orbit elements; their magnitudes alter gradually with
the alteration of the impulse application angles, and the radial components
are practically always equal to zero. Thus, it is better to use the radia
components as independent variables and take their zero values as the
starting point of the minimization process. This would allow gradually
reducing the number of the minimization steps, which are needed for the
minimum determination.

It is harder to deal with the lateral impulse components because it is
hard to distinguish a priori the ones that would make the least contribution
in the minimization process and, hence, could be used as independent
variables. However, if there is an option to ater the purpose of the
independent lateral impulse components during the transition from one set
of the impulse application angles to another, then there is an option to
distinguish the less effective components.

In the case of a long rendezvous duration, the most effective will be
the lateral components with the impulse application angles close to
equatorial, as the ateration of inclination causes the secular influence on
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the dteration of the RAAN. Hence, it is better to use the impulse
components with the application angles most distant from the equator as
the independent variables.

In the case of a relatively small rendezvous duration (the distance
between the manoeuvring intervals does not exceed the several dozens of
revolutions), the inclination correction does not noticeably affect the
RAAN. In this case, the effectiveness of the lateral component only
depends on the proximity of the impulse application angle to the optimal
orbit plane correction angle ¢, (the orbit plane intersection line). In

Fig. 5-1a, one can find the direction of the optimal orbit plane correction
¢,, the magnitude of the lateral deviation Ai (AK), which needs to be

corrected (AizwlAzerAVZZ), and the four angles of the impulse

application gy, @,, 3,0, . 1f only the lateral deviation correction is under

consideration, the usage of the second and the third lateral components
(the curved line ABK corresponds to this solution) will be more effective
than the usage of the first and the fourth components, because the length
of the curved line ADK corresponding to this solution is bigger than the
length of the curved line ABK. Thus, it is optimal to use the lateral impulse
components with the application angles mostly close to ¢, and lying on

different sides from this direction (Baranov 2008).

(@)

Fig. 5-1. Two-impulse correction of lateral deviation:
(a) impulses are applied on (b) impulses are applied
different sides from node line; on one side of node line.

If the impulse application angles lie on one side from the direction ¢,

(Fig. 5-1b), then it is necessary to use the closest one and the most distant
impulse components instead of the two closest ones. The curved line ABK
in Fig. 5-1b corresponds to this solution. The curved line ADK
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corresponds to the solution with the two other components. Its line length
is obviously bigger than the length of the curved line ABK. Thus, the most
effective components are determined. The rest are less effective, and they
should be used as the independent variables during the minimization of the
functional W. Their zero values are taken as the initial point of the
minimization process.

Using the same effectiveness assessment of the lateral components, it
is possible to avoid the minimization in their space and |leave the two most
effective ones.

One more conclusion from the above-mentioned examples may be
handy. For the correction of the lateral deviations, it is more effective to
use the sets of the impulse application angles with the angles that lie on
the different sides from the direction ¢, .

During the flight support of a real spacecraft, it is necessary to solve
the problems with different numbers of impulses and with different
constraints, so the software should be universal enough.

To ensure this utility along the minimization in the space of the
impulse components, the following computing schemeis used.

With the help of the matrix J, the deviation set is set, which needsto be
corrected (from the full deviation vector A , which isused in Eg. 5-1, one
can turn to the vector with a smaller number of dimensions A, = JA if
needed). The impulse components AV, , which will be used for the

problem solution, are set in the corresponding scale with the help of the
flags. The influence matrix A, of these impulse components on the

chosen deviations is formed. The constraints 5-1 can be described as
AkAVk = Ak . (5'4)

Another scale holds the impulse components AV, which will be the

independent variables in the space of which the optimization will take
place. The rest of the components will be the depending variables AV (

AVk = A\/I + AVd )
The matrix A, can be divided into the corresponding parts. Constraint
5-4 will be asfollows:

AAV, + AjAV, = A,. (5-5)

From Eq. 5-5, one can find AVj:
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AVy = ANV, + Ay (5-6)

where A=—A'A, A = A'A.
Thus, the transition to the unconditional minimization W in the space

of AV, occurs:

W =W(AV,).

The differentia derivatives W for the independent variables, which are
needed for minimization with the gradient methods, are computed with the
use of the analogous scheme and the information from the same scales. Its
basis is the derivatives (determined with the analytical equations) of all
used impulse components.

If only part of deviations (A, )are zeros, then the rest of the deviations

(Ap =A-Ay) are added to the minimized functional as penalties

W = ZN: JAVZ +AVZ 4+ AVZ + ZN:Q, +ATGA,,
i=1 i=1

where G = set matrix. For example, an accurate transfer to the vicinity of
the orbital station can be demanded, whereas the velocity deviations will
not necessarily be zeros. They can be decreased by using the penalties.
This situation occurs when the number of the used impulse components is
less than the number of terminal constraints.

It is worth mentioning that the conjugate gradient method should be
used as the minimization method in the space of impulse components. Its
effectiveness for the given class of problems is approximately 10% higher
than the effectiveness of the steepest-descent method (Baranov 1982, 172—
179).

5.3. Minimization with Involved Angles of Application
of Velocity Impulses

The minimization in the space of the impulse application angles (on set
F) is more difficult, because the minimization area may contain several
separate areas due to the presence of local minimums and due to the fact
that the functional value is obtained as a result of the minimization in the
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space of the impulse components. This is why it is difficult to use the
effective numerical methods. Usually, the simple method of enumeration
for the points from the permitted intervals is used, which alows finding
the global minimum of the functional W, but it aso requires considerable
computation time.

The desire to speed up the global minimum search process makes us
search for the option to reduce the number of points F, for which the
computation of W, is made. Two methods could be used for this purpose.
The first one is geometrical, which uses the results from Chapter 3 and
allows us to quickly eliminate nonoptimal points. The second method is
based on the determination of magnitude W, from below.

For the explanation of the first method (Baranov 2008), let us draw, as
always, circles with theradii R and R, (Fig. 5-2), which correspond to
the sum of the transversal impulse components of the first and the second
manoeuvring intervals. As was shown in Chapters 3 and 4, for the optimal
solution of the multiple-revolution rendezvous problem, the point that
corresponds to the eccentricity vector of the drift orbit should belong to
area G (the intersection area of the circles, which have the radii R and

R,).

ey
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- J, \\Q1 {D\ : ” '\‘\I
= Pu R
£ I. ‘-\\.. G \ L\}< ._\.ex ._\ey) |

/ \ X or I /
."L E[’ I \ \ J. /
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% \_\.‘ \
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Fig. 5-2. Existence domains of optimal solutions for flybys between
nonintersecting orhits.

Thus, it is unnecessary to use the impulse application angles of the first

manoeuvring interval, where the point corresponding to the drift orbit
eccentricity vector will belong to areal. Similarly, it is unnecessary to use
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the impulse application angles of the second manoeuvring interval, where
the point corresponding to the drift orbit eccentricity vector will belong to
areall. Areal isasemiplane, which was formed by the line that intersects
the points C and B (CB is perpendicular to AK) and osculates with the
circlein point K as its center. Area | does not contain area G (Fig. 5-2).
Area Il is a semiplane, which was formed by the line which intersects
points D and E (DE is perpendicular to AK) and osculates with the circle
with the center in point A. Areall does not contain area G.

Thus, the point set from sets F is dropped if
Do+ @ <O <@+ 27 — @, and simultaneously

Pt <Py <Po+2m—@, Orif O<@3<@+7—¢, O
Yo+ 7T+ @, <@z <27 and simultaneously 0< ¢, < @+ 7 — @, Of
Qo+ 7T+ <@, <271, where

Ae-R, Ae—-Ry Aey
¢, = arccos ) = arccos———, ¢, = arctg —-.
Rl RZ Aex

One should bear in mind that the angles ¢y, 9,, 05,9, are negétive,

which is why these angles should be increased by the value 27k in order
to make them belong to the interval [ 0,2 ] before the verification of these
constraints.

The point set from space F is dropped if the impulse application angles
of the first interval are situated above line AK, and the angles of the
impulse application of the second interval lie beneath line AK or vice
versa. With these transversal impulse application angles, the point which
corresponds to the drift orbit eccentricity vector will also not belong to the
area G.

The solution example, which should be dropped by this criterion (
point C corresponds to the drift orbit eccentricity vector), can be found in
Fig. 5-3. The line segments AB, BC, CD, and DK correspond to the
impulses of this solution. The impulse application angles of the first
interval ¢y, ¢, lieaboveline AK, and the impulse application angles of the

second interval ¢, @, lie below line AK.
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Ry

Fig. 5-3. Example of a nonoptimal solution.

Thus, for the existence of the optimal solution, the following
conditions are not alowed: the simultaneous satisfaction of ¢, < ¢y,

P <P+,

Chapter Five

P3
Pe

and @+ 77 <@g, @4 <27 Or 0< @3, @, <@, Orviceversa ¢, < ¢,

Py <@+, ad @+ <@, P;<27m Of 0< @y, Py < @e.

The other geometrical constructions can be used, which will reduce
tset F with the help of the numerical optimization, but one should
remember that the algorithm should be simple enough to maintain the

advantage in the time over the computation of W,.

If the circles do not intersect, the point corresponding to the drift orbit

eccentricity vector should belong to area D (Fig. 5-4).

Fig. 5-4. Existence domain of optimal solutions for flybys between

intersecting orhits.
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By using the algorithm analogous to the aforementioned, the big
number of possible points from set F can be dropped during their
enumeration for nonintersecting orbits.

The second stage implies dropping the points from areas G or D, for
which the solution of the coplanar rendezvous problem is optimal, but the
expenditures on the orbital plane altitude correction are substantial. The
algorithm from the work of Baranov (1986, 324-327) is used for the drop-
off of the points. It uses the assessment from below for the minimized
functional Wand Lz, subsequence for the enumeration of the points from

set F (Levitan and Sobol 1976). The analytical assessment from below W,
(with a much shorter computation time in comparison with the numerical
determination of W) gradualy reduces the total time for the problem
solution. If the value W, is bigger than the minimum value of the
functional W, which was found by this moment, then the numerical search
of the minimum in the space of the impulse components (the
determination of W) for the given set of angles of impulse application
may not be fulfilled.

This procedure can be explained with the help of the example from
Fig. 5-5. In this figure, the value of the functional W, is plotted with a
solid line, while the value of the assessment from below W, is plotted
with a dashed line. It is necessary to find the minimum of the functional
W, on the interval AF. Let us denote that the enumeration of points from
theinterval is carried out with a constant step from the point A to the point
F. The value W, will be calculated for al the points before point C.
Starting with point C, the value of W, will be bigger than the value of W,

in point B, and all the points from interval CD will be omitted (the value
W, will not be computed for them).

Vs

|
|
|
C D E F
Fig. 5-5. Usage of below assessment of minimized functional.

—
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The further enumeration will cause a drop in the points of the line
segment EF in asimilar fashion.

If AQ =|Aa| (the definition of Aa" is given in the first paragraph of
4th chapter), then the value

W, = \/Aaz +(av, )2, (5-7)

+ |AVZk

can be used for the assessment-from-below for nonintersecting orbits and
the value

W, = \/Aez +(av, )2, (5-9)

+ |AVZk

for the intersecting orbits, where Aa = difference between the semimajor
axes of the orbits and Ae = module of the difference of the eccentricity

vectors, and AV, ,AVZk = most effective lateral components of the

impulses. The procedure for their determination was presented earlier.
Otherwise, the major of values Aa™ or Ae will be used in the equations.
The points of the Lz, subsequence were chosen for the enumeration
of the points from set F because they use the capabilities of value W, in
the most efficient fashion. The great thing about the Lz, subsequence is
that every 2" of its points are evenly spaced in the unit cube of the
dimension N (Levitan and Sobol 1976). Set F can be fitted in the multiple-
dimensional rectangle L=1L;-L,-...-Ly, where L; = line segment of the
minimum length, which contains setF. If 2" points of the Lz,
subsequence are taken then, from its characteristics, it follows that, for the

L

i-th variable in every E part of line segment L, there will be the point

of the Lz, subsequence. Thus, for every n, the points of the sequence are
equally distributed along t line segment L, , and, with the increase of n, the

density of the distribution also increases.

The areas of existence of the local minimums can be easily determined
because the consideration of the line segment has smaller and smaller
steps each time and not a small constant step starting with its specific part
of the line segment. Thus, the current value W, will be compared with the
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value of the functional W close to the global minimum, and the bigger
number of pointswill be omitted.

This option is shown in Fig. 5-6. Let us consider that, after viewing the
first four points (they are labeled in the order that corresponds to the order
of the Lz, subsequence), which are evenly distributed on the line

segment AF, the minimum current value of the functional Wm will appear
to be in the fourth point. For the all subsequent points, the current value of
W, will be compared with W, and at least al the points from the line

segments AB, CD, and EF will be omitted.

If during the process of the subsequent enumeration one of the points
will be in the vicinity of the global minimum (point M), this would not
allow evaluating W, for abigger number of points.

T ————r-TaTs s

Fig. 5-6. Usage of L, series.

There is one more way to quicken the process of the minimum search
in the space of the impulse application angles. Let us consider the problem
when the angles of application of the two last impulses are fixed. Then,
with the help of the first two impulses, it is necessary to transfer to the line
segment LN (Fig. 5-7). The AB line segment corresponds to the first
impulse; BC corresponds to the second impulse. By altering the angle of
application of the first impulse ¢, and by determining the corresponding

angle of application of the second impulse¢g,, one can obtain ¢, as a
function of ¢, for the flyby to the point N. In Fig. 5-8, this function is

plotted with a solid line. Then the analogous function is obtained for the
flyby to the point L. In Fig. 5-8, this function is plotted with a dotted line.
The plotted functions are the boundaries of area G.

The optimal angles of the impulse application for the correction of the
lateral deviation belong to the set
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D7 =Py, —7zk(k:l2,),

Az
(¢, :arcth = angle between the axis x and the line of the orbit
z

plane intersection); the dash-dotted lines in Fig. 5-8 correspond to these
angles. If the lines intersect inside area G (point A and point B in Fig. 5-8),
then the optimal solution exists with the angles of application for the first
and the second impulses belonging to set ¢,. This variant is possible when

line AP isinclined by angle ¢, to intersect the line segment LN in Fig.
5-7. Thus, it isworth starting to search for the optimal impulse application
angles fromt angles ¢, and ¢,, which belong to set ¢, . If such a solution

exists, it is optimal. If a solution of this type does not exist, then solutions
with only one of the angles ¢,,¢;, that belong to setp, can be

considered. After obtaining the close-to optimal solution, we can begin the
search for the optimal solution on the whole possible space of the impulse
application angles with the help of the aforementioned methods.
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Fig. 5-7. Geometric locus of the
eccentricity vector of the transfer
orbit.

Fig. 5-8. Existence domain of
The optimal solutions.

5.4. Graphical Dialog Exploitation

The numerical method is quite universal, and in case the number of
used impulse components coincides with the number of terminal
constraints, it is also very fast and reliable. The important disadvantage of
this method is the lack of explanation as to why this and only this solution
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was obtained. Besides, it is impossible to determine the nature of its
ateration with, for example, the alteration of the constraints set. It is hard
to choose the manoeuvring scheme by only using numerical methods, i.e.,
it is hard to determine the minimal number of impulses which will be
enough for the optimal problem solution, and in which places these
impulses should be applied. The numerical methods are more suitable for
the determination of the optimal manoeuvre parameters of the given
manoeuvring scheme.

The organization of the graphical dialog with the problem helps to
eliminate these disadvantages. The first use of the graphical dialog was
carried out by A.K. Platonov and P.K. Kazakova (Kazakova and Platonov
1976) during the determination of the manoeuvring parameters for
interplanetary transfers. It has proved its effectiveness. During the dialog
process, the moments of impulse application were shown on screen for the
initial and the target orbits. The manoeuvre parameters were determined
by solving Lambert’ s problem.

The description of the graphical dialog for the interplanetary limited
thrust transfer determination is given in the work by Yu.A. Zaharov
(Zakharov, 1984). A transition from the impulse solution to the limited
thrust problem solution is made with the help of nonlinear programming
methods. The use of the graphical dialog was intended for during the
spacecraft’s flight design stage and during the stage of choosing the
spacecraft’s characteristics.

The emergency situations which occurred in the orbit during the flight
of the “Soyuz” and the “Progress’ -type spacecrafts proved the necessity of
the development of an effective graphical dialog with the problem, which
would enable the ability to quickly choose new manoeuvring schemes that
account for the additional constraints caused by emergency situations.
Such a dialog was created in the ballistic center of the Institute of Applied
Mathematics (Baranov, Gundobin, Ivanov, Kapralov et al. 1992, 26-27).

Aswas already mentioned in the previous chapters, during the solution
of the manoeuvre parameter determination problem for the transfer
between close near-circular orbits, it is convenient to demonstrate the
impulses on the eccentricity vector component plane. The curved line is
plotted on screen. It corresponds to the impulses of the found solution with
using the numerica method. Also, two circles are plotted which
correspond to sum of the transversal impulse components of each
manoeuvring interval. Thus, the illustration on screen is analogous to
Figs. 3-3 and 4-12. The relative position of the four-piece curved line and
the circles allows us to judge the robustness of the solution against the
orhit determination errors and the errors of the impulse performance. This
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depends on how deep the point that corresponds to the drift orbit
eccentricity vector is situated inside the area of intersection of the circles
G. How close the impulse angles, which belong to the first manoeuvring
interval, to the angles of the optimal correction of the orbit plane (this
direction is also shown on the screen), etc., can be estimated. There is an
option of setting up the new angles of the impulse application graphically
or numerically and returning to the problem for the determination of the
new impulse magnitudes. Thus, the additional constraints on the
application point and the impulse magnitudes can be accounted for, and
the number of used impulses can be reduced, etc.

The realization errors and/or the orientation of the impulses can be
accounted for by drawing the corresponding ellipses with the centers at the
ends of the vectors, which correspond to the impulses (Fig. 5-9). The
errors in the thrust engine burns often lead to emergency situations, which
is why they should be accounted for when choosing the manoeuvring
scheme in such a situation. The constraint on the transfer orbit altitude can
be accounted with the use of a graphical dialog (see Fig. 5-10).

(B

Fig. 5-9. Influence of impulse errors applied on the first manoeuvring
interval for the CSS-type solution.
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Fig. 5-10. Relative position of circles, which correspond to the sum of the
transversal impulse components of the first and the second manoeuvring
intervals, and the acceptable values of drift orbit eccentricity vector.
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The call of the didlog occurs on the specified iterations. Its usage
allows combining the capabilities of the numerical and analytical methods.
The dialog is especialy effective on the stage of the manoeuvring scheme
selection and in case of emergency situations during the flight. If the flight
is conducted normally and the predetermined and checked manoeuvring
scheme is used, then only the numerical method can be used since only the
optimal manoeuvre parameters must be determined.

5.5. Examples

The optimal manoeuvre parameter determination problems, which
have been being solved in the ballistic center of the Keldysh Institute of
Applied Mathematics of Russian Academy of Sciences during the
navigational ballistic support of the flight of the “Soyuz TM-30"
spacecraft, are considered in this section (Baranov 2008).

In the moment of deployment of the “Soyuz Tm-30" spacecraft, the
difference in the angular position of the spacecraft and the station (the

phase difference) was Au ~197°.

The four-impulse problem was solved before the first manoeuvring
interval. It was supposed that the fixed impulse with the magnitude 2 m/s
was applied on the 17th revolution.

The initial data and the solution results for the four-impulse problem
can be found in Example 5-1. The initial conditions of both spacecraft (in
the Greenwich rotating reference frame) are listed in the first part of the

example. The parameters of the dynamic atmosphere F and @, and the

number of the harmonics for the expansion of seriesfor the Earth’s gravity
potential, which will be accounted for during the numerical integration of
the equations of motion, are set. The target point is set by the revolution
number and the latitude argument. Also, the time of its approach to the
passive spacecraft is listed. The target vector and the terminal conditions
accuracies are specified. The diagonal element nonzero values of the
matrices J and J, indicate the deviations of parameters for the correction.

The second part of the example holds the alowed manoeuvring
intervals for the impulse application (they are specified by the revolution
number, and the latitude arguments of the left and the right boundaries)
and the steps of the point enumeration from these intervals. Please note
that the application angles of the third and fourth impulses are fixed one
revolution and half arevolution before the rendezvous point. It is specified
in the array V,V,V, which impulse components can be used for the
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problem solution (the first position corresponds to AV, , the second to
AV, the third to AV,, “1" indicates that the component in the

corresponding position should be used, and “0” indicates that is should not
be used). The next line indicates which coordinate frame is used for the
fixation of the thrust engine orientation during the readlization of the
corresponding manoeuvre (“0” for the inertial stabilization, “1” for the
orbital stabilization). This information is separately listed for every
impulse, because sometimes the thrust engine orientation on the different
manoeuvring intervals can be fixed in the different coordinate frames. The
constraints on the minimum and maximum impulse magnitudes and the
minimum angular distance between them are also listed. The last line
holds the values of the coefficients k; for the functional W.

The information about the fixed impulses is given in the third part of
the example.

The results of the manoeuvre parameter determination, which was
obtained on the last iteration (the impulse components and the latitude
arguments of its application points), are depicted in the fourth part. The
number of the iterations for the problem solution, the values of the
functional W, the total delta-v expenditures, the sums of the lateral
impulse components, the total number of the considered points of the
space F, and the number of dropped points due to the various criteria are
givenin the next line.

The information about the manoeuvres obtained after the numerical
integration is given in the fifth part. The time of the ignition and the
duration of the thrust engine burn, as well as the magnitudes and the
orientations of the impulses, are listed. Due to the fact that the orientation
of the engine thrusters was fixed in the inertial coordinate frame, the time
of the ignition and the orientation of the engine thrusters were chosen in a
way that the estimated point of the impulse application was in the middle
of the active interval and the thrust engine orientation in this moment was
the same as the estimated impulse orientation. The presence of small
negative pitches which are proportional to the impulse magnitudes can be
explained by this, despite the fact that the radial impulse components were
not used. This also explains that the latitude arguments of the moments of
the thrust engine ignition (the last column) are dlightly smaller than the
estimated impulse application moments. Also, the deviations between the
spacecraft and the station after the manoeuvre application can be found in
this part of the example.
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The elements of the orbital station orbit and the elements of active
spacecraft orbit in initial moment and after each manoeuvre are given at
the end of the example.

Example 5-1
Orb.' ta Spacecraft Atmosphere parameters Gravity field
station
Rev. 782 3 F,=125.0 a, =120 Ngarm=8
Date 2000.04.06 2000.04.04 Target point:
Time  85139.26 104,719.62 rev. 'a““ézgarg' date  Time
X.km 3150506 5570846 33 oro0 20 9004842
Y,km  -4.262639 -3.503213 Target vector:
Z,km -4110163 0.0 R, Vi, Vn, N, Z, V; (km, m/s)
Vx, km/s 6.286519 2.291193 0.0 0.0 -125 0.0 0.0 0.0
Vy, kmis 1022838 3694669 2CCUAIES R, Vi, Vo N, 2,V
(km,m/s)
Vz, km/s 3.774388 6.110578 0.100 0.050 0.050 0.500 0.100 0.050
S 0.0390 0.0340 Diagonal matrices J=1.1.1. 1.

J=11

Manoeuvring intervals

Impulse number N

Revolution of interval start

Lat. argument of the left boundary, deg.
Lat. argument of the right boundary, deg.
Interval enumeration step, deg.

Impulse components used (V: V: V)
Engine stabilization type (0-inert., 1-orb.)
Min. impulse velocity constraint, m/s
Max. impulse velocity constraint, m/s

Min. inter-impul se distance constraint, deg.

Coefficient values k;

1

3
200.0
440.0
3.0
011

0

05
60.0
120.0
0.007

2 3 4

3 32 33
200.0 344.8 164.8
440.0 344.8 164.8
30 O 0.
011 010 010
0 0 0
05 05 05
60.0 60.0 60.0
120.0 120.0 120.0
0.007r 0.0 00
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Fixed impulses:
Impulse number N Rev Latitude argument (U) dvVm/s Yaw Pitch

3 17 344.8 2.0 00 00
Approximate solution: impulse components and angles of their application
Impulse number 1 2 3 4

0.0 0.0 0.0 0.0
dv.dv dv, 2125 1084 629 22.38
-10.95 5.47 0.0 0.0
Revolution, latitude 3.0; 3.0; 32.0; 33.0;
argument 263.0 437.0 344.8 164.8
N, =5 W=129.70 dVy,, =64.71 dV,, =16.42 N, =821
Ny =134
. . Lat.
N date time dv yaw pitch T,s Rev
argument

1 2000.04.04 115,124.0 23.90 27.26 -194 566 3 261.06
2 2000.04.04 123,445.1 12.14 333.20 -097 286 3 436.03
3 2000.04.05 90,6158 2.00 0.0 0.0 4.7 17  344.80
4 2000.04.06 73,0281 6.29 0.0 -049 147 32 34431
5 2000.04.06 81,5012 2238 00 -1.74 522 33 163.06

Deviations from station: km, m/s
R=-0.001 V,=0.008 V,=-12499 N=-0.046 Z7=0.0 V,=00

Rev. U Hmin Umin Hmax Umax o | Q e
782 344.0 330.0 7.9 341.6 308.7 41.6 51.6687 117.6062 0.00082
3 360.0 192.0 61.2 238.0 264.8 71.5 51.6920 130.1112 0.00369
3 264.0 237.7 261.1 264.3 86.4 258.8 51.6391 129.7626 0.00135
4 78.0 254.6 10.8 274.7 268.8 88.9 51.6315 129.5567 0.00022
17 345.0253.1 7.9 276.0 256.2 10.5 51.6690 123.9449 0.00152
32 345.0 253.8 5.4 285.5 185.8 357.7 51.6675 117.9373 0.00311
33 166.0 285.1 163.1 337.4 305.7 152.3 51.6688 117.7708 0.00447

Target point
altitude, km latitude, deg. longitude, deg.
3326 -11.9 3324

After the redlization of the first two determined impulses on the third
and fourth revolutions and after the orbit determination with the help of
the measurements at the 13"-15" revolutions, the three-impulse problem
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is solved. Also, the manoeuvre parameters on the 17" revolution and in the
last manoeuvring interval are determined. The usage of thisinitially fixed
and then adjustable manoeuvre on the 17" revolution compensates for the
errors of the manoeuvre redlization of the first manoeuvring interval
(primarily their influence on the arrival time to the rendezvous point). It is
much harder to compensate for the deviation of this parameter with the
manoeuvres on the last manoeuvring interval. The initial data for the
solution of the three-impulse problem and the estimated manoeuvre
parameters are given in Example 5-2.

Example 5-2
Orp|tal Spacecraft  Atmosphere parameters Gravity field
station
Rev. 782 15 F=1250 @,=120 Ngarm=38
Date 2000.04.06 2000.04.05 Target point:
Time 85137.80 44135.78 revolutionlamlégzarg' date  Time
X,km 3.160009 3.866979 33.0 344.20 320(;)6 90037.94
Y,km -4.262298 5.393846 Target vector:
Z,km -4.110167 0.0 R, Vi, Vo, N, Z, V, (km, m/s)
Vy, km/s 6.286416 -3.518402 0.0 0.0 -125 0.0 0.0 0.0
Vy, kmis 1023499 2514312 ~ ooUracies R Ve, Vo N, Z, Vz
(km,m/s)
V,, km/s 3.774374 6.081848 0.100 0.050 0.050 0.500 0.100 0.050
S 0.390 0.31559 Diagona matrices J=1.1.1.1. J,=1. 1
Manoeuvring intervals
Impulse number N 1 2 3
Revolution of interval start 17 32 33
Lat. argument of the left boundary, deg. 164.0 3442 164.2
Lat. argument of the right boundary, deg. 410.0 3442 164.2
Interval enumeration step, deg. 1.0 0.0 0.0
Impulse components used (V: ViV,) 011 010 010
Engine stabilization type (O-inert., 1-orb.) O 0 0
Min. impulse velocity constraint, m/s 0.5 19 19
Max. impulse velocity constraint, m/s 60.0 60.0 60.0

Min. inter-impul se distance constraint, deg. 120.0 120.0 120.0
Coefficient values k; 0.007 0.0 0.0
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Approximate solution: impulse components and angles of their application

Impulse number 1 2 3
0.0 0.0 0.0
d\/ri d\4i dV; 061 787 2147

0.0 0.0 0.0
170 320 330
3490 3442 164.2
Nit=5 W=29.95 dVsum=29.95 dVzsum=0.00 Nall =248

Revolution, latitude argument (U)

N  Date Time dvV Yaw Pitch T, sRev. Latitude argument

1 2000.04.05 90,7379 0.608 0.0 0.11 1.4 17 348.95
2 2000.04.06 73,0149 7.868 0.0 -0.62 18.4 32 343.5
3 2000.04.06 81,452.0 21.471 0.0 -1.66 49.9 33 162.54

Deviations from the station: km, m/s
R=00 V=00 V,=-12.500 N=0.0 Z=-0402 V,=0.052

Rev. U HminUmin Hmax Umax o i Q e

782 3442 329.6 7.9 341.5 308.7 41.93 51.6685 117.6067 0.00081
15 0.0 257.5160.9 274.7 271.3 45.32 51.6695 124.9542 0.00120
17 349.0 255.8 13.3 275.4 270.3 29.49 51.6715 123.9506 0.00107
32 34482569 4.9 2855 135.3 357.44 51.6686 117.9417 0.00285
33 165.9 285.1 165.9 337.3 305.0 152.20 51.6699 117.7753 0.00446

Target point
Altitude, km Latitude, deg. Longitude, deg.
332.7 -12.4 332.1

The two-impulse problem is solved after the application of the
manoeuvre on the 17 revolution and the following orbit determination
before the last manoeuvring interval on the 318-32" revolutions. The
initial data for its solution and the determined manoeuvre parameters can
be found in Example 5-3.

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



EBSCChost -

Numerical Methods 213

Example 5-3
(s)t;tbil(t)?: Spacecraft Atmosphere parameters Gravity field
Rev. 782 30 Fo=125.0 a,=12.0 Ngarm=8
Date 200%04'0 2000.04.06 Target point:

Time  84,937.62 30537.89 revolution ditudeag. date  Time

deg
X km 2379805 2004973 330 20 gg%% 90,037.64
Y, km -4.351406 6.325135 Target vector:
7 km  -4522517 00 R Vi, Vi N, Z, V, (km, m/s)

V., km/s 6.700404 -4.125250 0.0 0.0 -14.54 0.0 0.17 0.0

V,, kmis 0459303 1300320 CoUraCies R Vi Vo N, Z, V:
(km, m/s)

V., km/s 3.089667 6.083085 0.100 0.050 0.050 0.500 0.100 0.050

Diagona matrices J=1.1. 1. 1.

S 0.0390  0.031063 3,=11

Manoeuvring intervals

Impulse number N 1 2
Revolution of interval start 32 33
Latitude argument of the left boundary, deg 284.2 104.2
L atitude argument of the right boundary, deg 404.2 224.2
Interval enumeration step, deg 30 30
Impulse components used (V: V:V,) 1117 111
Engine stabilization type (0-inert., 1-orb.) 0 0
Minimum impulse velocity constraint, m/s 05 05
Maximum impulse velocity constraint, m/s 60.0 60.0
Minimum inter-impulse distance constraint, deg. 120.0 120.0
Coefficient values k; 0.007 0.007
Approximate solution: impulse components and angles of their application
Impulse number 1 2

dVyi dVi dVs4 -2.15 578 -2.19 2.36 21.50 -2.29
Revolution, latitude argument (U) 32 3232 33 164.2

N; =3 W=29.17 dVg,, =2830 dV,,, =448 N, =1410
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N Date Time dV Yaw Pitch T, s Rev Latitude Argument
1 2000.04.06 72,513.7 6.545 20.75-19.1515.3 32 323.20
2 2000.04.06 81,518.6 21.753 6.09 6.24 50.6 33 164.20

Deviations from the station: km, m/s
R=-0.001 V,=0001 V,=-1454 N=0.002 Z=0.170 V,=0.0

Rev. U Hmin Umin Hmax Umax o i Q e

782 344.2 330.6 360.0 343.6 300.8 44.95 51.6680 117.6063 0.00078
30 0.0 256.2 10.0 274.6 271.3 42.31 51.6707 118.9471 0.00134
32 32422575 4.4 279.7 114.9 351.86 51.6715 117.9378 0.00166
33 167.6 277.7 164.2 337.0 306.8 153.62 51.6683 117.7690 0.00506

Target point
altitude, km latitude, deg. longitude, deg.
333.0 -12.4 332.12

Let usillustrate the capabilities of the graphical dialog for the analysis
and alteration of the obtained solution using the four-impulse problem
from Example 5-1.

Figure 5-11 shows the illustration that the operator sees on the monitor

after the problem solution at the iteration with the set number (in this case
after the fifth iteration).

Fig. 5-11. Optimal solution. Fig. 5-12. Solution with equalization
of the third and the fourth impul ses.
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Since the application angles of the third and the fourth impulses are
fixed on the angles 7 and 2z before the rendezvous point, the line
segment LM (from which with the use of the impulses from the second
manoeuvring interval the transfer to the final point K can be fulfilled) is
parallel to the e, axis and intersects point K. The dashed line corresponds

to the direction of the orbit plane optimal correction. This line intersects
point A and is inclined by ¢, to the e, axis. The curved line ABCDK

corresponds to the problem solution (the transversal impulse components).

It can be seen that the dashed line intersects the line segment LM. As
was shown in Section 4.2, the solution with the impulses of the first
manoeuvring interval applied in the points of the orbit plane's optimal
correction will be optimal (on the line of the orbit plane intersection), and
the magnitudes of the lateral components will be proportional to the
magnitudes of the transversa impulse components. Indeed, for the
solution from Example 5-1, which was obtained with the use of the
numerical method, the modules of the ratios of the lateral impulse
components to the transversal components for the first and the second
impulses are aimost equal and the line segments AB and BC, which
correspond to the transversal impulse components, are close to the dashed
line. The small deviation from the optimal anaytical solution can be
explained as follows: the enumeration of impulse application angles was
carried out with 3° step, which is why it was impossible to find the exact
optimal solution. The line segment CD corresponds to the third impulse
interval and the line segment DK corresponds to the fourth interval. It can
be easily seen that the impulses of the second interval (the line segments
CD and DK) of the optimal solution differ from each other by magnitude.
It can also be seen from the figure that, in order to obtain the solution with
the amost equal impulses of the second manoeuvring interval, it is
necessary to reduce the angle of the first impulse application. In this case,
the line segment which corresponds to the first impulse will approach
point K.

There is the option of changing the impulse application angles and
using the numerical method for the determination of the impulse
magnitudes afterwards in the graphical dialog developed in the ballistic
center of the Institute of Applied Mathematics. The angles of application
of the first and second impulses, which ensured obtaining the solution with
the desired characteristics were chosen using this option (Fig. 5-12). The
impulse parameters for this solution and the angles of their application are
given in Example 5-4.
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Example 5-4
Impulse number 1 2 3 4
V.V V. - 0.0; 21.89;0.0; 10.09;0.0; 14.11;0.0; 14.95;
r. Vt. Vz
P 0.45 16.72 0.0 0.0

Revolution, latitudes. o1 5 3. 4400 32 344.8 33 1648
argument;

N, = 8; W= 70.49; dVy,, = 70.49; dV,q,, = 17.16

For this solution, CD~DK. The direction of the line segment, which
depicts the second impulse, is close to the direction of the dashed line.
Hence, this impulse is basically used for the orbit plane correction (this
can also be seen by the magnitudes of the lateral impulse components).
Since the expenditures on correction of the orbit plane are not distributed
proportionally between the first and the second impulses, the total delta-v
of the new solution is 5.8 m/s higher in comparison with Example 5-1, but
the impul se magnitudes of the last interval are amost the same.

The iterative procedure from Chapter 1 was used for the solution of all
the aforementioned problems. The effectiveness of this procedure is
clearly seen from the iteration data for the four-impulse problem from
Example 5-5. The following information is printed successively: the
number of the current iteration (N;;); the sum deviation vector (SVD),

which is used on this iteration in Eq. 5-1 for the manoeuvre parameter
determination; the computed components of the impulses (dV; (V,,V,,V,

)) on this iteration; the number of revolutions and the application angles of
the impulses ( N;,U; ); and, after the manoeuvre realization, the deviations

between the orbit elements of the spacecraft and the orbit elements of the
station which were altered by the magnitude of the target vector (CD)
were obtained. The sum deviation vector (SVD) has the dimension of m/s
(the coordinate components of the deviation vector are multiplied by the
angular velocity along the relative circular orbit). The sum deviation
vector which is used on the first iteration coincides with the deviation
vector between the uncorrected orbit of the spacecraft and the station orbit,
which was depicted at the start of Example 5-5. In order to quicken the
converging of the iterative procedure, the angles of the impulse
application have been fixed, starting with the third iteration. As can be
seen from the solution, the iterative procedure ensures the fulfillment of
the terminal constraints rapidly and with a high accuracy (the deviations
decrease by an order with each iteration).
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CD initia deviations of spacecraft from station + target vector km, m/s
R=-141.47 Vg=-11.25VN=95.79 N=17,538.6 Z=2.635 V;=3.287
N, =1 SvVD: 162504 11.250 -95.792 -20,146.397 3.026 3.287

ViV, V, : 0.0 2545 4.48 0.0 9.68 0.02 0.0 -0.77 0.0

0.0 32.34 0.0
Ni Ui 3 302.0 3 4400 32 3448 33 1648

CD: R=1548 Vr=-2547 Vn=-11.89 N=-1468.2 Z=-18.07
Vz =-5.35

Ni; =2 SVD: 144.713 36.728 -83.893 -18,459.880 -17.729

-2.070
V.V, :00 2558 -1328 0.0-647 458 0.0 5.84 0.0

0.0 2292 0.0
Ni Ui 3 263.0 3 4370 32 3448 33 164.8
CD: R=-1413 Vr=1747 V=170 N=3443 Z=1231

Vz=0.310

N =3 SVD: 146.336 19.253 -85.587 -18,463.836 -16.315
-1.760
V,V,V, : 0.0 21.12 -10.84 0.0 10.94 559 0.0 6.26 0.0

0.0 22.410.0
N Ui 3 263.0 3 437.0 32 3448 33 164.8

CD: R=0.170 Vr=-0.408 Vn=-0.207 N=7.379 Z=0.021
Vz=-0.007

Ni; =4 SVD: 146.140 19.661 -85.380 -18,472.312 -16.291
-1.767
VriniVZi :0.0 21.23 -10.91 0.0 10.84 548 0.0 6.29 0.0

0.0 22.380.0
N Ui 3 263.0 34370 32 3448 33 1648

CD: R=0.002 Vr=-0.044 Vy=0.001 N=-0597 Z=-0.010
Vz=-0.003

N;; =5 SvD: 146.138 19.705 -85.382 -18,471.626 -16.302
-1.771
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V.V, V, : 0.0 21.24 -10.94 0.0 10.83 5.47 0.0 6.29 0.0

0.0 22.380.0
Ni U: 32630 3 4370 32 3448 33 164.8
CD: R=-0.001 Vgr= 0.008 VN=0.001 N=-0046 Z=0.0
Vz=0.0

5.6. Thelterative Procedure Taking into Account
the Constraintson the Drift Orbit Altitude

The aforementioned procedure can be effectively used for the drift
orbit parameter constraint satisfaction and for many other purposes.

Let us consider, for example, its usage for an accurate assessment of
the constraint on the drift orbit altitude.

Let us suppose that on the i-th iteration the problem has been being
solved with the constraint that the altitude of the drift orbit h should be

higher than the given value hm_i . The solution with the analytically found

h, , which had met the constraint (1, >Hy, ), was determined. During

the numerical integration of the motion equation system with the
accountancy of the estimated impulses, the drift orbit altitude h, is also

estimated, which corresponds to this solution. The deviation between the
atitude values determined with the help of the analytical method and the

numerical integration Ah=h, —h is determined. On the next i+1

iteration, the value Ny 11 = Nyin+ AN (where h,,, = given minimal drift

orbit altitude value) is used as the constraint on altitude.

This technique allows the use of relatively simple equations for the
drift orbit altitude determination and the meeting of the constraint for the
altitude with the necessary accuracy.

For the determination of the manoeuvre parameters which meet the

atitude constraint hm_i , one can use the numerical analytical method
from Section 3.6. If the numerical method is used for the problem solution
and the number of constraints in the equality form coincides with the
number of used impulse components, then the dtitude constraint

requirement satisfaction is checked for next solution. After the
determination of the impulse components for the next point from set F, the

congtraint fulfillment hf& > hm_i is checked and, if the constraint is not
met, the solution is dropped and, if it is met, the optimality of the found
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solution is checked. If the obtained solution is better than the previous
ones, it becomes the current optimal solution.

The procedure which is analogous to the procedure of hn_i change is

used during the problem solution, when only part of the terminal
deviations is needed to make zeros (A, ); the other deviations (A,) are

added to minimize the functional as penalties.

5.7. The Simplex Method for M anoeuvr e Par ameter
Deter mination

The simplex method is quite effective for the determination of the
optimal manoeuvre parameters on near-circular orbits. The idea of the
implementation of the simplex method for the manoeuvre parameter
determination was proposed by M.L. Lidov (Lidov 1971, 687-706), and
was later developed for manoeuvres with limited thrust in the work of
M.L. Lidov and N.M. Teslenko (Lidov and Teslenko 1978, 112-141). The
further development of this method in the works of V.P. Gavrilov and
E.V. Obuhov (Petrov 1985), Gavrilov and Obukhov (1980, 163-172)
allowed solving the problem with the fixed number of impulses. The
software by V.P. Gavrilov and E.VV. Obuhov has been used for yearsin the
RSC “Energia’ for the flight design of the “Soyuz” and the “Progress’
spacecrafts. The Mission Control Center (Korolev, Moscow Region) had
its own realization of the simplex method. It was realized in 1990 and has
been used for many years for the manoeuvre determination of all
spacecraft docking in the orbital station. R.R. Nazirov and B.T. Bakshiyan
used the simplex method for the manoeuvre parameter determination of
interplanetary transfers (Bakshiyan, El'yasberg, and Nazirov 1980;
Nazirov and Timokhova 1993, 93-101).

The next step made by A.V. Gavrilov (Gavrilov 1995; Gavrilov 2000)
consisted in using the duality theory. This substantially reduced the
solution time for the multiple-impulse problem on the stage of the impulse
application angle enumeration. A comprehensive description of the
simplex method application for the manoeuvring problem solution with
the necessary examples was provided by G.A. Kolegov (Kolegov, 2007).

The simplex method has a number of substantial advantages. It solves
the problem with the arbitrary number of impulses and the arbitrary set of
terminal constraints. It also easily accounts for the constraints on the
impulse magnitudes and on the points of their application. The basic
advantage of the simplex method is the problem solution speed in
comparison with the gradient methods.
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The disadvantage of the simplex method (and every numerical method)
is the inability of find an explanation for the obtained solution. It is
impossible to forecast how the solution will alter with the ateration of the
problem conditions. The simplex method is hard to use for the manoeuvre
parameter determination on board the spacecraft.

During the multiple calculations for the ATV launch preparation,
CNES had some problems with the convergence of the ssmplex method
for the manoeuvre parameter determination. In these cases, the selection of
control constants was needed for the complete problem solution. Due to
this disadvantage in the smplex method, CNES opted for the simple and
reliable method described in this chapter as the basic method for the
determination of the ATV manoeuvre parameters (Carbonne, Chemama,
Julien, Kudo et a. 2009, 1091-1106). L ater, the realization of this method
by CNES was used for the manoeuvre parameter determination for the
deployment of the satellite formation flying “PRISM”. The simplex
method with all its nhumerous advantages is used by CNES for solving
research problems (Baranov and L abourdette 2001, 1-20).

The further development of numerica methods for the manoeuvre
parameter determination is connected with works by Y u.P. Ulybyshev. By
using the inner circle method (Wright, 1997), he was able to spread this
approach for the solution to low thrust and combined problems. In these
problems, part of the manoeuvre is performed by the main thrusters (these
are close to the impulsive manoeuvres), and the rest of the manoeuvres are
performed by the docking and the orientation engines. The duration of the
latter manoeuvres encompass the substantial part of the revolution. In the
works by Yu.P. Ulybyshev, the lengthy active interval is modeled by tens
of thousands of pseudo impulses (Ulybyshev 2016, 1-11), (Sokolov and
Ulybyshev 1999, 95-100).

There are other effective numerical methods for the optimal
manoeuvre parameter determination on near-circular orbits. For example,
the method developed by Y u.P. Pavlushevich. A method of the description
can be found in the work of Bazhinov and Y astrebov (1978). This method
has been used for many years (from 1972 till 1990) in the Mission Control
Center for the manoeuvre parameter determination of the spacecraft,
which is used to dock in the orbital station.

The effective numerical methods for the rendezvous problem solution
can not only be found in mission control centers, but also in universities
(Guo-Jin, Hai-Yang, and Ya-Zhong 2007, 185-191). Lambert’s problem
solution is often the basis for these methods (Chiu and Prussing 1986, 17—
22; Guo-Jin, Hai-Yang, YaZhong, and Y ong-Jun 2007, 946-952).
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MANOEUVRING WITH LOW-THRUST ENGINES

As described in the previous paragraphs, when determining the
manoeuvring parameters, it was supposed that the manoeuvres were being
carried out by engines with infinite thrust. This assumption allowed us to
model the manoeuvres as impulsive. However, real spacecraft engines
always have limited thrust and thus the manoeuvres have restricted
duration. If the manoeuvre duration is small in comparison to the period of
the orbit, an approximation of the impulse can be treated as being
sufficiently accurate. If the manoeuvre duration is several dozens of
degrees long according to the latitude argument, and the impulse model is
used for the determination of the manoeuvre parameters, one can only rely
on the iterative procedure presented in Chapter 1. In some cases this
procedure can provide the fulfillment of the terminal conditions even if the
duration of the real manoeuvres reaches 45° according to the latitude
argument. However, the maximum acceptable manoeuvre duration that
ensures the convergence of the iterative procedure depends on the concrete
problem and may be far less than 45°. For example, this situation occurs
during the solution of the long duration rendezvous problem. In cases
where the thrust engines are working during a considerable part of the
revolution, the convergence of the iterative procedure breaks and the total
delta-v expenditure differs gradually from the impulsive variant. In these
cases it is necessary to account for the time of the thrust engine firing
during the determination of the manoeuvre parameters.

Sometimes, one may try to detach the impulse solution from the low-
thrust solution by orienting it on the engine thrust criterion. This may lead
to incorrect conclusions. Engine division by the high and low thrust
criteriais rather uncertain, as follows from the text below.

The characteristics of different engines and their classification for high
and low thrust have been thoroughly anayzed in the work of Yu. G.
Sukhoi (2011):

“In the work of Anonymous (2002) “Recommendation on Catal oging.
Cataloging of Production for Federal State Needs. Supplies. List of
Confirmed Titles. Russian State Standard” the low-thrust rocket liquid-
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fueled engine is designated as an engine with thrust of less than or equal to
1600 N, which is used as the executive element of the control system for
flying and descent vehicles. The work of lvanov (2002) “Encyclopedia
Russian Weaponry and Technology. XXI century” describes the
applicable scope of alow-thrust rocket liquid-fueled engine for spacecraft.
For example, the low-thrust rocket liquid-fueled engine (LTRLFE)
11D428A — 16 (thrust = 130.5 N, thrust specific impulse = 290 s) is used
for the transport spacecraft “ Soyuz-TM”, “Progress-M”, and the “Zvezda’
service module of the International Space Station. The low-thrust rocket
engines (LTRE) 17D51 (thrust = 111 N, thrust specific impulse = 209 s),
11D456 (thrust = 104 N, thrust specific impulse = 252 s), and 11D457
(thrust = 54 N, thrust specific impulse = 254 s) are used on Earth orbit
remote sensing satellites. LTRE 11D458 (thrust = 400 N) is used on the
upper rocket stage “Briz’. LTRE 17D58E has the thrust 13.3 N. There are
lots of different types of low-thrust rocket liquid-propellant engines with
two-component and single-component fuel. LTRLFE with single-
component fuel (hydrogen peroxide and hydrazine) uses a catalyzer for
fuel decomposition in addition to the fuel itself. A high-temperature gas,
which produces thrust, is the result. The magnitude of the specific impulse
is bigger for two-component engines in comparison to single-component
ones. The thrust range for low-thrust single-component rocket liquid-
fueled enginesis vast, ranging from fractions to hundreds of Newtons.

Gas-jet systems (Belik, Belyaev, and Uvarov 1979) have their own
range of division on the low-high-thrust scale. Compressed air (air,
nitrogen, and argon) in the cylinders is used as the propellant. They are
reliable and the simplest of all rocket micro-engines. Their disadvantages
include the small specific impulse and decrease in thrust by the moment of
fuel depletion. Low-thrust gas-jet systems, as arule, have thrust of 0.1to 1
N, and high-thrust systems have thrust of up to 10 N. The ignition duration
of alow-thrust gas-jet engine may be in the range of fractions of seconds
to severa hours. The ignition duration of a high-thrust gas-jet engine is
usualy limited to minutes.

Electric jet systems are often suitable for geostationary spacecraft,
since they alow operation with ultralow thrust for small orbital
perturbation compensation. Electric jet engines (EJE) usualy differ from
the point of view of the generation of accelerated particles: electrostatic,
electrothermal, electromagnetic, magnetodynamic, and impulsive
(Kvasnikov, Latyshev, Ponomarev-Stepnoy et al., 2001; Gorshkov, 1999,
56-58). Electrostatic engines are divided into ionic and plasmic forms.
Impulse engines are based on the use of gas kinetic energy, which appears
during solid body vaporization by the electrical charge. Liquids, gases,
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and their mixture are used as the propellant in EJE. Recently, considerable
results have been achieved in the development of stationary plasmic
engines. Various Russian magnetoplasmodynamic engines of the SPD
series with different nominal thrust values are known: SPD-35 — 0.01 N,
SPD-50 — 0.02 N, SPD-60 — 0.03 N, SPD-70 — 0.04 N, SPD-100 — 0.083
N, SPD-140 — up to 0.3 N, SPD-200 — up to 0.5 N, and SPD-290 — up to
1.5 N. The SPD-35, SPD-50, and SPD-60 engines may be used for small
spacecraft of mass 500-1,000 kg; SPD-70 and SPD-100 may be used for
medium-sized spacecraft; while SPD-140 may be used for interorbital
transportation and heavy geostationary satellite orbit correction.

SPD-200 and SPD-290 engines are suitable for the orbital correction of
various satellites, for solution of the deployment and transfer problem, and
for use as components of upper stages. The specific impulse of these
enginesis 1500-2600 s. The summary thrust impulse for SPD-100 engines
is approximately 2000 kN-s. SPD-60 engines have been mounted on
“Meteor” satellites; SPD-70 has been mounted on “Geizer”, “Altair”,
“Kupon”, and “Yamal-100" spacecraft; and SPD-100 has been mounted
on “Express-A”, “ExpresssAM”, and “Gals’ spacecraft (Gorshkov 1999,
56-58). Xenon ionic electric jet engines are widely used abroad including:
the “13 sm” (thrust = 0.018 N), the “30 sm” (thrust = 0.092 N), and the
“25 sm” (thrust = 0.165 N). The specific impulse of these engines lies in
the range of 2565-3800 s. The “13 sm” engines have been mounted on the
“Panamsat-5", “Panamsat-6B”, “Panamsat-9”, “Panamsat-5", and
“DirektTV 1R" spacecraft, among others; the “25 sm” engines have been
mounted on the “Galaxy 117, “Panamsat-1R”, and “Anik F1" spacecraft;
the “30 sm” engines on “Deep Space 1" spacecraft. The electrothermal
engines DEN-15 with ammonia as the propellant have been mounted on
the “Meteor-3", “Meteor-Priroda’, “Resurs-O”, and “Electro” spacecraft.
The power of the ammonia engine is approximately 100-400 W, the
nominal thrust = 0.05-0.3 N, the specific impulse = 100-270 s, and the
summary thrust impulse reaches up to 500 kN-s. Other models of EJE (D-
38, D-55, D-100-1, D-100-2, X-40, T-100, T-160, and KM-45) with thrust
of fractions of newtons and a specific impulse of 1300-4200 s are also
known (Gorshkov 1999, 56-58; Belikov, Gorshkov, Muravlev, and
Shagaida 2007). Electric jet systems allow for ignition durations ranging
from several minutes to dozens of hours thanks to their low-thrust
capabilities. Thrust can be conveniently divided into low (approximately
0.5-100 N) and ultralow (0.01-0.5 N) from the middle geostationary orbit
correction point of view, independently of the engine model used. This
criterion is based on the capability/incapability of compensating for
middle geostationary satellite weak orbital perturbations during the
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maximum perturbations from the Sun and the Moon with a single ignition
period”.

6.1. Coplanar Low-Thrust Transfers

For real spacecraft, the engine orientation during manoeuvre
completion is aways practicaly fixed in the orbita or the inertia
coordinate frames. This circumstance leads us to necessarily consider both
variants. Furthermore, the algorithm for the determination of the optimal
orientation ateration law of the thrust vector in the general case is
proposed.

6.1.1. Thrust Vector Constant Orientation in an Orbital
Coordinate Frame

Let us consider the variant of fixing the transversal thrust engine
orientation in the orbital coordinate frame. The case of primer vector

degeneration into the point (A=0, 4, =+1, yA3+13 =0, u=lor
1 =-1 (1-19)) corresponds to this orientation. This means that the

transversal thrust vector orbital orientation can be optimal for the long
intervals of the thrust engine burns. Just as in the impulsive case, the main
result of such a manoeuvre is the alteration of the semimajor axis and,
hence, the orientation of the thrust vector is optimal for transfers between
nonintersecting orhits.

In order to get closer to the impulsive solution, which is considered
foundational, and obtain the optimal solution, the middle of the active
interval should coincide with the impulse application point (Braude and
Kuzmak 1969, 323-338). This assumption is fair, because the spacecraft
mass changes insignificantly during fulfillment of a single manoeuvre and
jet acceleration can be considered as the constant. In Fig. 6-1, the orbital
arc AC (Agp) corresponds to the active interval and point B is the impulse

application point, which is situated on the apsidal line of the relative orbit.
Theimpulsesizeis AV, . Since point B is situated in the middle of the arc

AC, alteration of the eccentricity vector during a long-duration manoeuvre
will be in the same direction as in the impulsive case (to point B).
However, the magnitude of the eccentricity vector alteration caused by the
influence of the dimensionless velocity AV, (Av, = AV," IV, ), equally

distributed on the interval of the latitude argument A, will be smaller in
comparison to its ateration A€ caused by an impulse of the same
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magnitude AV, (Fig. 6-1). This is connected to the fact that the more
distant from the middle of the active interval part of the arc, on which the
impulse 8V, is realized, the more the direction of the performed alteration

of the eccentricity vector o€ (pointed to the center part of the arc) differs
from the necessary direction to point B (Fig. 6-1).

Fig. 6-1. Constant Fig. 6-2. Constant Fig. 6-3. Optimal
orientation in the orbital orientation in the orientation for
coordinate frame inertial coordinate eccentricity alteration
frame

Considering that the arc AC is symmetrical relative to point B, the sum
of the eccentricity vector is pointed to point B, but its magnitude is smaller
in comparison to the impulse case. The ateration to the eccentricity
caused by the dimensionless velocity AV, , equaly distributed along the

latitude argument interval Ag, can be evaluated as:

Apl2 s n%
AV 2
Ae=2 J. A—COS(/IJ(0=4 AV, (6-1)
—Apl2

where ¢ = the angle between the middle point of the active interval and

the current point (Fig. 6-1). It follows from Eq. 6-1 that the increase in
duration of the engine firing interval leads to a decrease in eccentricity
ateration in comparison to the impulsive case. In table 6-1, one can see
the eccentricity alteration decrease (in percent) in comparison to the
impulsive case for different values of burn duration (the burn duration is
measured, by the latitude argument, in degrees).
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Table6-1

Ap deg 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180

Ae % 10| 20| 45| 79 (122|173 231|291 36.3

Ap deg 200 | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360

Ae % 43.6 | 51.0| 58.6 | 66.2 | 73.7 | 80.9 | 87.8 | 94.1 | 100

It is assumed that the spacecraft’s mass does not practically change
during the single manoeuvre and the time At that is needed for the
alteration of the spacecraft’s velocity by the magnitude VAV can be
evaluated as:

At = %VOAV, (6-2)
where m = spacecraft mass and P = engine thrust.
According to Eq. 6-2, Ag is proportiona to AV :

Ag = AgAt = KAV = %AV, (6-3)

2
where A4, =V—0, k_%:&, w, = the centripetal acceleration of the

M Pro w
2
relative circular orbit and (w, = V_O), and w = the acceleration made by
l'o
the thrust engines (v - 7).
m

With the help of Eg. 6-3, one can find the orbital eccentricity
acceleration caused by the engine firing on the interval Ag:

Ae=4 Y gn 2. (6-4)
A 2

The maximum eccentricity alteration that can be reached after a single
firingis:
w

Ae' =4—, (6-5)
WC
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The optimal valueis A = x . If the thrust orientation has the opposite

direction on the other half of the revolution, the sum of the eccentricity
ateration will be:

Ag =81 (6-6)

We

The minimum revolution number n., which is needed for the
correction of the eccentricity deviation A€, should meet the constraint:

n, > 28 (6-7)
A

(0]

Considering that the ateration to the semimajor axis does not depend
on the moment of application of the transversal impulse, but rather

depends on the magnitude of this impulse Aa=2AV, (here, AQ is the

dimensionless value, as aways), the dteration of the dimensionless
semimajor axis after the firing of the thrust engine on the interval Ag can

be found as;

ra=2Y 0. (6-8)

C

The maximum semimajor axis ateration on the revolution when the
thrust engine works for the whole revolution (Ap=2r) is:

4w

Ad = :
We

The minimum number of revolutions n, , which is necessary for the

correction of the deviation of the semimajor axisAa, should meet the
constraint:

n, > 228 (6-9)
A

S|
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The conditions of transfer to the given orbit can be found from the
equation below. Each revolution contains two burns. The centers of the
active intervals are situated on the apsidal line of the relative orbit:

4520 _ 4 A0z _ VeA® :
2 2 wn (6-10)
w.Aa

20 + 200, = ,
wn

where n = the number of revolutions on which the thrust engines work in
the same fashion (n>n,,n>n,). The possible magnitudes of alteration

of Aa,Ae are defined more accurately in section 6.1.6.
Thevauesof Agp,,Ap, canbefoundusing Eq. 6-10:

Ag, = wAa -+ 2arcsin w.Ae ’
4wn 8wn coswc—Aa
8un (6-11)
A 2:W° —2arcsin WeAS
4 8wncos WeAa
8wn

If Ap; appears to be negative, the orientation of the thrust vector

should correspond to the decel eration while performing the manoeuvre.
If the condition for the transfer between the nonintersecting orbits is
true:

W,

°|Aal > 4arcsin weAe
2wn

, (6-12)
8wn COSM
8wn

then the total deltav expenditure for transfer with limited thrust is
analogous to the expenditure of the impulsive solution and may be
estimated as:

av-2
2
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The total deltav expenditure for the transfer with limited thrust
exceeds the expenditures of impulsive solutions in the case of transfers
between intersecting orbits and transfers between nonintersecting orbits
without fulfilling Eq. 6-12. These expenditures can be found by using the
equation:

AV = ‘:;Warcsi n WCAV?/ = (6-13)
¢ 8wncos——!
8wn

By increasing n, we can get closer to the impulse solution for the total
delta-v point of view.

6.1.2. Example

It is necessary to determine the parameters for transfer between the
orbits with the elements from table 2-1 for low-thrust engines. These
initial conditions are anal ogous to the conditionsin Example 2.1.5.

Table6-2
Orbit elements| Initia orbit | Final orbit
Humin kKM 180 340
Hmax KM 210 360
Upg deg 20 150

It is important to know the spacecraft’s mass, m= 300 Kkg , and engine

thrust, P=0.2N, in this problem.
The centers of the thrust engine firing intervals 4, ,», are the

locations of impulse application during an impulsive transfer (as evaluated
in 2.1.5). The assessment of the minimum number of revolutions n for
manoeuvring can be obtained from the second equation of Eq. 6-10. Only
the assessment of the semimagjor axis alteration will be used, as this
alteration is bigger than the eccentricity ateration.

We use the evident constraint that the angular interval of firing on a

single revolution cannot exceed 27:
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w.Aa w.Aa
<2r => n> .
2wn 4w

1t @y =

Here, w-" _0.000667 mis? = the acceleration caused by the thrust
m

V¢
o
25. We will add some spare revolutions to the final number of revolutions
per manoeuvre in order to account for a possible pause between the
manoeuvring revolutions and the inability to get the angles A, due to

the discrepancy of the arcsine function argument and its range of
definition. We thus assume n = 31.

The angular duration of the thrust engine firing intervals can be
evaluated by (6-11):

enginesand w, = =9.0m/s? = the centripetal acceleration. We get n =

W.A . W.A
Ap =—¢ 2 | 2arcsin C\?vAa’
4wn 8wncos—=
8wn
W.A W.A
=—%t " _2arcsin cAe
w.Aa
8wncos
W

Thecalculation results are: ¢ =180624, 44, - 226 012",
AV, :WﬂAgo =69.92 m/s, @, =360240, Ag, = 66.069°,
C

AV, = 20.44 ms.

6.1.3. Thrust Vector Constant Orientation in the Inertial
Coordinate Frame

Let us consider the variant of the fixed thrust engine orientation in the
inertial coordinate frame. In order to get closer to the impulsive solution,
which is considered as the basis solution, the middle of the active interval
should coincide with the impulse application point (in Fig. 6-2, the orbital
arc AC also corresponds to the active interval and point B is the impulse
application point). The thrust vector in the initial moment (point A) should
be pointed in such away that at the middle of the active interval (point B)
it would be directed transversaly. With these constraints met, the
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ateration of the eccentricity vector will be in the same direction as in the
impulsive case, but the magnitude of alteration itself will be smaller. The
eccentricity alteration caused by the application of the dimensionless
velocity AV | which is equally distributed on the interval of the latitude
argument A, can be calculated with the help of the equation:

Apl?2 .
Ae= j ﬂ(ZCOS(pCOS¢+Sin(pSin(p)d(p=AV(§+SmA(D),(G—M)
/zA(D 2 2Ap
-Ap

where Ap = the angular magnitude of the active interval. According to

Eq. 6-14, the eccentricity ateration is greater in comparison to the fixation
of the orientation in the orbital coordinate frame. From table 6-3, one can
see the decrease (in percent) of the eccentricity alteration in comparison to
the impulsive case for the different values of the thrust engine firing
angular duration.

Table 6-3

Ap deg 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180
Ae % 05 (199| 43 |737|109|147|184| 219|250
Ap deg 200 | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360
Ae % 274129.2(302|304|300|291|279|264|25.0

Using Eq. 6-3, one can find the orbital eccentricity alteration for the
interval of the thrust engine firing Ag:

3w Ag+ w
2w,

Cc WC

Ae= sinAg. (6-15)

According to Eq. 6-15, the eccentricity vector ateration in the required
direction is carried out during the whole revolution (Agp=27) with the
fixed thrust vector orientation in the inertial coordinate frame.

The maximum eccentricity ateration that can be gained after one
revolution is:

AE =37 (6-16)

We
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Thevaluewill be Ap=2r.
The minimum number of revolutions n, , needed for the correction of

the eccentricity A€, should meet the constraint:

n, >—. (6-17)

The semimajor axis alteration, caused by application of the relative
velocity AV | can be evaluated by:

. Ap
Apl 2 AV SlI’I?
Aa=2 —cospdp =4 AV. (6-18)
—Apl2 AQ Ap

This equation is analogous to the eccentricity alteration equation for
the fixed thrust engine orientation in the orbital coordinate frame.
Using Eg. 6-3, one can get:

ra=Mgnle (6-19)

W, 2

The maximum semimajor axis alteration that can be gained after a
singleignition is:
w

Aa’ =4—, (6-20)

We

The vaue will be Ap =7. If the thrust vector orientation on the other
half of the revolution is opposite, the sum of the semimajor axis alteration
will be:

ra=8 . (6-21)

We

The minimum number of revolutions n, that are needed for the
correction of the semimajor axis deviation Aa should meet the constraint:
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n, > 42, (6-22)
A

S

The transfer conditions for the given orbit can be found using the
equation below. Each revolution contains two burns. The centers of the
active intervals are situated on the apsidal line of the relative orbit and the
thrust engine orientation is the opposite:

3 1. 3 1. wW.Ae
=A@, +=SNA@, ——Ap, —=SiNAp, =——,
5 2] > %1 > 2 > ) wn

(6-23)
4sin2L , 45in2%2 _ WCAa,
2 2 wn

where n = the number of revolutions on which the thrust engine works in
the same fashion (n>n,,n>n.). The vaues of Ap;,Ap, can be

numerically found from this equation system.

6.1.4. Thrust Vector Optimal Orientation for Eccentricity
Vector Alteration

Let us determine the orientation of the thrust vector for the provision
of the maximum change in eccentricity. We are only interested in the
eccentricity here because we considered the semimgjor axis alteration
earlier—the thrust vector orientation must be transversal.

The thrust vector orientation at this point of the orbit is determined by
the angle », which counts from the perpendicular to the radius vector

*

(Fig. 6-3). Then, after application of the impulse AV, (AVp :Top) at

the point ¢ degrees far from the middle of the active interval (Fig. 6-3),

the following alterations of the semimajor axis a and the eccentricity e (in
the direction of point B) will occur:

AV, = AVp cosa, AV, = Avp sing,

A&(p) = 2AV,, COSa COSp+ AV, Sinazsing, (6-24)

Aa(p) = 2AV, cos a. (6-25)
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According to Eg. 6-24, the maximum eccentricity alteration can be
reached if:

tga = %tg ) (6'26)

The same result can be obtained if one uses the required optimality
conditions. The thrust vector orientation with 2, =0 (Fig. 6-4), is

determined by an equation that is similar to Eq. 6-26:

1 JA +A3sng 1
tga =2 = N27B TP _ 2.
Mo 22+ 2% cosp 2

A7\‘
A

7N
N

Fig. 6-4. Primer vector hodograph for k=1, 11 =0

This thrust engine orientation, which corresponds to the primer vector
hodograph in the form of an ellipse, meets all the optimality conditions.
The ellipse is symmetrical relative to the axis A. This form ensures
maximum eccentricity ateration among all the optimal solutions. Let us
remember that for the case of the optimal impulse transfers between the
intersecting orbits, when the maximum eccentricity alteration is needed,
we use the elipse (with center in the coordinate frame origin) as the
primer vector hodograph. The difference for the case of limited thrust lies
in the fact that the primer vector hodograph determines the optimal
orientation of the thrust engines not just in the two points where the ellipse
and the unit circle osculate, but in all points of the ellipse outside the unit
circle (Fig. 6-4).

Hereafter, the thrust engine orientation determined by Eq. 6-26 will be
termed “ optimal by eccentricity”.

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



Manoeuvring with Low-Thrust Engines 235

The equation for the eccentricity alteration in this point is given by:

Ae= AV, y/1+3cos” p. (6-27)

The ateration of the semimajor axisis calculated by:

B 4AV,, cosp

B J1+3cos’ -

Remembering that AV, = ﬂd(p = ﬂd(p, the semimgjor axis
Ap We
ateration caused by firings on the whole interval will be:

(6-28)

A 4wco 8w J:_3 A
Aa= J Sdo i Fsin%o)-(e-zg)

arcsin
npi2 We1+3c05° 9 Bw, 2

The dliptical integral of the second kind is the part of the equation for
eccentricity ateration:

Apl2 A \/—
J' W 1+ 3c02 pdg = 4— (—‘” j (6-30)
~Apl2 Ve Ve

In tables 6-4 and 6-5, one can see decreases (percent) in the semimajor
axis and the corresponding eccentricity alteration (obtained from egs. 6-29
and 6-30) in comparison to the impulse case for the different values of the
angular duration of firing.

Table 6-4

Apdeg 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180
A% 0 |05]01|25|40]| 65 (100|155 230

Apdeg 200 | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360
A% 325]43.0|53.0|63.0|720|80.0|87.5|94.0| 100.0
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Table 6-5

Apdeg 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180
Ae% 0 |15 35| 60| 90 |125|16.0|195| 230
Apdeg 200 | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360
Ae% 255 |27.7|282|285|280|270|255|242| 230

6.1.5. Comparison of the Effects Caused by Different Thrust
Vector Orientations

Figures 6-5 and 6-6 present graphs depicting the semimagjor axis and
eccentricity alteration plotted against the manoeuvre angular duration for
the various types of thrust engine orientation. In the graphs, one can find
the dependencies of the orbital orientation (solid line), the inertial
orientation (dashed line), and the “optimal for eccentricity” orientation
(dotted ling). In order to remove the account of engine power and the

orbital radius, the variables We o5 and We pe areused instead of Aa and
w w

Ae, which is why the magnitudes of the dimensionless semimajor axis
and the eccentricity are greater than 1. In order to get the actual graphs for

a specific problem, one should divide the values from these graphs by W
Ve

As can be seen, the curves for the different types of orientation are
close to each other for manoeuvre durations of less than or equal to 45°.
The semimagjor axis and eccentricity aterations are the same as the ones
obtained with the equivalent impulse. This explains the effectiveness of
the impulse solution for relatively small manoeuvre durations.

Aa Ae
10

Fig. 6-5. Effectiveness of Fig. 6-6. Effectiveness of
semimajor axis correction eccentricity correction
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It is important to note that the dependencies for the inertial orientation
and “optimal by eccentricity” orientation are close to each other
(especially for the eccentricity alteration). It can be seen in Fig. 6-6 that,
starting from approximate A¢ =180°, the graphs of the inertial and the

“optimal by the eccentricity” orientations go in parallel with good
proximity to each other. This alows the use of the simpler but still
effective inertial orientation instead of the challenging “optimal by
eccentricity” orientation for cases of large eccentricity deviations. Due to
the proximity of the eccentricity alteration for these types of orientation,
one can use the approximate Eq. 6-31 (Baranov and Baranov 2010, 115-
116), rather than Eq. 6-30 for the “optimal by eccentricity” orientation.
The error will not exceed 0.5 % for these cases:

Aezﬂ(EAqwlsin A¢)+O.O4%),A¢)§7r, (6-31a)
e 2 2 T
Ae=1.54ﬂA(p+ 2W SNAp,Ap> 1. (6-31b)
C C

6.1.6. Geometric I nterpretation of Manoeuvr es:
Domains of Existence of the Observed Solutions

The assessments of the domains of existence of the various solution
types, used in the previous paragraphs of this chapter, are rather coarse
and do not alow us to get the whole picture. It is preferable to specify the
area boundaries in one dimension. Earlier, it was shown to be effective to
use the plane e, e, for the geometric interpretation of the manoeuvres. In

this chapter, the ratio of the eccentricity ateration to the semimajor axis
ateration is significant, not the direction of the eccentricity vector
alteration (which is carried out along the apsidal line of the relative orbit).
As such, it is necessary to use the coordinate frame, with the semimajor
axis alteration marked on the abscissa axis and the eccentricity alteration
marked on the ordinate axis.

Let us consider the use of this plane for the impulse solution as an
example. The positive transversal impulse AV, (vector OA corresponds

to it in Fig. 6-7), which is applied at the relative orbit pericenter, causes
the equal alteration of the orbital eccentricity and the semimajor axis 2AV,

. Vector OD corresponds to the negative impulse —AV,, which is applied at
this point. Vector OB corresponds to the positive impulse, the moment of
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application of which is half arevolution distant. Vector OC corresponds to
the negative impulse, which is applied half arevolution later.

4 Ae
-,180° - +
C \\\.\
-,180° + " .
C ™vr
S K 1
N s \\
Y M | N\ PA:
i Aa
an Aay
P
D
i +180° P B 4 180°
D B
Fig. 6-7. Semimgjor axis Fig. 6-8. Semimagjor axis
and eccentricity change by and eccentricity change by
impulses low-thrust engines

Let us consider the transfer to the orbit with deviations between the
parameters of the initial and target orbits Aay, Ae,, (point M in Fig. 6-7)

with the help of two transversal impulses AV, AV, which are applied on
the apsidal line of the relative orbit (AvIZ is applied at the relative orbit’s

apocenter) and, additionaly, Aay, > Ae, (the transfer between the

nonintersecting orbits). The impulse magnitudes can be found from the
equation system:

2AV, +2AV, = Aay,
20V, - 24V, = Aey.

The curved line OLM corresponds to this transfer on plane , . Both
impul ses are positive.

The curved line OKN (the second impulse is negative) corresponds to
the transfer between the intersecting orbits (for example, to point N (
Aay < Aey ).

It is possible to gain the limited eccentricity and semimajor axis
aterations on the revolution when using the manoeuvres carried out by
engines with limited steady thrust. Line OP P (Fig. 6-8) corresponds to the
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orbital element alteration with the fixed transversal orientation of the
thrust engines in the orbital coordinate frame. Point P’ is reached after the
thrust engine fires for half a revolution, while point P is reached after the
thrust engine fires for a whole revolution. The equation depicting the
curve OP P can be found using egs. 6-4 and 6-8:

W oW,
Ae=4—sin—CAa.
WC

Line OKS corresponds to a constant orientation in the inertial
coordinate frame. The equation depicting the curve OKS is derived from
egs. 6-15 and 6-19:

. A . . A
Ae:S—Warcsm Wend | W sin(2arcsin We a).
4w W

We

C

Line OS'S corresponds to the close-to-previous orientation, ensuring
maximum eccentricity alteration. Points S and K correspond to the orbital
element change for a half-revolution manoeuvre duration. Similarly, the
analogous dependencies are presented in the other quadrants (Baranov,
Baranov, and Razoumny 2010).

In the second, third, and fourth quadrants one can find the signs“+”, “-
", and “180°. The plus sign shows the thrust orientation for the
acceleration, the minus sign indicates braking, and the “180° sign
indicates that the influence of the manoeuvre, which has a middle 180°
distant from the middle of the active interval (the influence of which is
depicted in the first quadrant), is shown in the given quadrant.

The orbital orientation of the thrust engines is optimal for reaching the
points from the area, restricted with the line OP’P and the abscissa axis
(areal). The two manoeuvres should be performed on a single revolution.
The middle parts of the manoeuvres are 180° distant from each other and
the thrust engine orientation is the same for both manoeuvres. A part of
line OP'P corresponds to the first manoeuvre, while a part of line OP"P
corresponds to the second manoeuvre. For example, the transfer to point
M is carried out with the use of the trgjectory OMM. The values of
Ag;, Ag, , corresponding to the curves OM”and MM respectively, can
be found using Eq. 6-11.

The orientation of the thrust engines that ensures the maximum
eccentricity alteration will be optimal if the transfer to the orbit (to which
the point of the area, constrained by the ordinate axis and line OS'S (area
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I1) corresponds, for example, point N) is needed. The constant orientation
in the inertial coordinate frame is close to it from the point of view of the
effectiveness of eccentricity correction, but it is a little bit less effective
for the correction of the semimajor axis. The second fact is less important
within the considered area and the “inertial” orientation is more preferable
if smplicity of the orientation setting and maintenance is demanded. The
trajectory ONN corresponds to the transfer to point N and the transfer is
fulfilled with the help of two manoeuvres. A part of line OS'S corresponds
to the first manoeuvre, while a part of line OS'S corresponds to the second
manoeuvre. The values Ag,, Ay, , which correspond to the curves ON’

and NN respectively, can be found from Eq. 6-23 for the “inertial”
orientation, or they can be found by using egs. 6-29 and 6-31 for the
“optimal by eccentricity” orientation.

The orbital transfer, to which the point from area Ill corresponds,
constrained by the lines OSSand OP'P and the line that connects points S
and P, can be carried out with the use of two manoeuvres on a revolution,
the centers of which are 180° distant from each other. However, it is better
to use the different types of thrust engine orientation for the fulfillment of
these manoeuvres. The thrust vector orientation is fixed in the orbital
coordinate frame for the application of the first manoeuvre and the thrust
orientation is fixed in the inertial coordinate frame for the application of
the other manoeuvre. The terms from egs. 6-10 and 6-23 are included in
the equations of the system for the parameter determination of such
Manoeuvres.

Inarealll, it is possible to transfer to the required point with the use of
the single optimal long-duration manoeuvre by changing angle o during
the manoeuvre. Manoeuvres of this type are considered in the next

paragraph.

6.1.7. Existence Domains of Nondegener ate Solutions
in the Case of Optimal Thrust Orientation

Cases in which the primer vector hodograph degenerates to a point and
when it isin an ellipse (symmetrical to the A axis) have been considered.
Let usinvestigate the optimal solutions that correspond to the other ellipse
locations. The ellipses, increasing in size, which osculate with the unit
circle and are located to itsright, are shown in Fig. 6-9.
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(@) (b) ©

7= F= T

Fig. 6-9. Outer osculation of primer vector hodograph and unit circle

With the increasing size of the dllipse, the éllipse variants (a, b, and ¢
for example) in Fig. 6-9, corresponding to the curves on plane Aa,Ae
(also designated a, b, c in Fig. 6-11), move away bit by bit from the curve
OPP and get closer to the curve OLL, which restrains the area
(designated V) of this type of solutions existence.

Similarly, with the increase in the dimensions of the ellipse, which has
an inner osculation with the unit circle, variants (d, e, and f in Fig. 6-10,
corresponding to the curves designated d, e, and f in Fig. 6-11) move away
bit by bit from the curve OS'Sand fill the rest of arealll.

ST SR
T

Fig. 6-10. Primer vector hodograph and unit circle inner osculation

“V

The existence domain of this type of solution is designated by the
number V. The lines, which correspond to ellipses with big dimensions,
also move towards the curve OL 1, but the upwards curve, connected to
the presence of the interval where 1<0, remains. The less that the part of

the ellipse, belonging to the left semiplane, the closer the curved line to
the curve OL L and the smaller the upwards curveis.
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Fig. 6-11. The existence domains of different types of solutions

The curve OL L, which divides the areas IV and V, can be evaluated
approximately using the function (Baranov, Baranov, de Prado and
Razumny 2011, 269-279):

Ae=-0.003Aa° - 0.035Aa° +1.068Aa, 0 < Aa < 9.67, (6-32)
The SEP curveis determined by the equations:

Ae=0.001Aa® - 0.081Aa2 — 0.593Aa + 9.69, (6-333)
0< Aa<8.27,

Ae=-0.04Aa° +1.404Aa® —14.295Aa + 55.332, (6-330)
8.27 < Aa<12.57,

In order to use these results for the specific problem, one should switch
from the true dimensionless deviations Aa*,Ae* to the variables Ag,Ag

which are used in these equations:

W, w,
Aa=—CAa", Ae=—CAe".
w w
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The information concerning the boundary SEP is very important, as it
allows the rather accurate assessment of the possibility of transferring
between orbits with the use of a single manoeuvre per revolution (or
whatever number of revolutions n will be necessary for the manoeuvring)
without the direct calculation of the manoeuvre parameters.

Corresponding to the arbitrary values k, 4, , the curves on plane 3¢

stay within the boundary limits of arealll. This reminds us of the fact that
with the use of the optimal thrust vector orientation, the points of areas |
and |1 can be reached with only two burns.

6.1.8. Parameter Deter mination of the Optimal Nondegener ate
Solution

Let us consider the manoeuvre parameters (duration and law of change
for angle ) that ensure the given alterations of the orbital elements Aa,

and Aeg .
It follows from the necessary optimality conditions that

tge = A__ ksnp (6-34)

u  2(4+kcosp)’

The cosine and the sine of angle » can be found by:

oS — 2(A4 + kcosg)

\/4/112 + 8.k COS(,/')+3k2 cos? ¢ + k? (6.35)
. ksing
sna =

\/4212 +84,k cosg + 3k? cos? ¢ + k?

Using egs. 6-35, 6-24, and 6-25 we obtain the following
equations for the alterations of the semimajor axis and eccentricity:

Apl2

ra- | A +kcosy) do, (6-36)
. \/4/1f +84k cosp +3k* cos’ p+k?

Apl2
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Apl2

Ae= j (2

—-Apl2

2(4, + k cosg) cose
\/ 472 + 84,k cosp + 3k? cos  + k?

+

(6-37)
. ksin? ¢
\/ 472 + 8,k cosp +3k? cos” g + k?

)do.

The following algorithm for the determination of k,4;, and Ag is

proposed (Baranov, Baranov, de Prado and Razumny 2011, 269-279). It is
determined to which area the point ( Aay, Aey) belongs. If it isareal, then
Apy,Ag, canbefoundfrom Eq. 6-11. If itisareall, then Ag,,Agp, can
be found from Eq. 6-23, which is used in the case of the fixed thrust vector
orientation in the inertial coordinate frame, or from egs. 6-29 and 6-31 in
the case of the optimal by eccentricity orientation. We are interested in the
case when the point (Aay, Ae,) belongsto the areas IV or V.

The search for a solution consists of the successive repetition of the
three stages. In the first stage, a point from the dimension k, 2, is taken,
which sets the location of the ellipse and the law of change for angle « .
This point can be rather accurately specified, as areas IV and V are
preliminarily divided into known subareas. In the next stage, Ag is
determined, which corresponds to the part of the ellipse outside the unit
circle (Fig. 6-12). The €ellipse now intersects the circle because the transfer
to the inner point of areas IV and V is considered and, hence, the
manoeuvring is fulfilled for the part of the revolution that corresponds to
the part of the ellipse outside the circle.

A

A

w

Fig. 6-12. Primer vector hodograph for points of arealll

\ &

The value found for Agp determines the limits of integration. At the

third stage, the integrals 6-36 and 6-37 are calculated. The problem is
solved if the determined values of Aa.,Ae, coincide with Aay,Ae, with

the desired accuracy. Otherwise, we return to the first stage, i.e. to a new
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point from area k, 4, is taken. In the vicinity of the optimal solution, the
steps of enumeration in area k, 4, and the integration step are decreased in

order to provide the necessary accuracy for the problem’s solution.

The problem of the deviations from area |1l can be solved with the use
of two manoeuvres and the alteration of the thrust vector orientation, but
the benefit of decreasing the number of manoeuvres will disappear and it
isalso alot easier to realize the fixed orientation of the thrust engines (the
alternative solution).

The algorithm used to determine the parameters of the manoeuvre with
the alteration to the thrust vector orientation described in this paragraph
can aso be used on the active interval of the upper stage for the
determination of its thrust vector.

6.1.9. Number of Revolutionswith Activated Propulsion

The minimum number of revolutions n.,, needed for the flyby to a

given orbit, can be found with the help of Eq. 6-33, to determine the outer
boundary of area Ill. The deviations Aa,/n,,;, and Ae,/n., (point E

corresponds to them in Fig. 6-13) should belong to area lll. By increasing
the number of revolutions n on which the manoeuvring is fulfilled and,
hence, by shifting point E deeper into area OSP, the fuel expenditures for
the flyby can be reduced.

-,180°
C

Fig. 6-13. Semimajor axis and eccentricity ateration by
different types of thrust engine orientation

As can be seen in Fig. 6-13, with a manoeuvre duration of less than or
approximately equal to 45° by the latitude argument, the lines, which
correspond to all three considered thrust engine orientations, practically
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coincide, and the total delta-v expenditure coincides with the expenditures
in the impulsive case. This is one of the explanations for the good
convergence of the iterative procedure with the impulse manoeuvre
parameter determination in the impulsive statement and the manoeuvre
duration that does not exceed 45° during manoeuvre modeling.

In Fig. 6-13, area OKL correspond to the orbital elements that can be
obtained with the help of these manoeuvres. Thus, it is not necessary to
increase the number of flyby revolutions and decrease the manoeuvre
duration to less than one-eighth of a revolution. The discrepancy in the
impulsive solution for eccentricity alteration will be less than 10 % for al
considered thrust engine orientations for a manoeuvre duration of less than
or equal to 90°. The discrepancy in the semimajor axis ateration from the
impulsive case with the “optimal by eccentricity” orientation will be less
than 5 %, or less than 10 % for the inertial orientation. Thus, manoeuvres
of durations ranging from 45° to 90° are effective enough. In Fig. 6-13,
area KLL'K’ corresponds to the orbital elements, which can be obtained
with the help of these manoeuvres. If the duration of the manoeuvre is half
of a revolution, the discrepancy from the impulsive case for the
eccentricity and the semimajor axis ateration (except for the orbital
orientation) will be greater than 20 %. It is necessary to increase the
number of manoeuvring intervals in order to transfer the goal-point from
area K'L'SP to area OK'L'. In the general case, the choice of the number of
revolutions n on which the spacecraft manoeuvres should allow us to find
a compromise between the desire to reduce the time of the transfer to the
given orhit (the decrease in n) and the desire to decrease the total delta-v
expenditure (the increase in n).

6.1.10. Distribution of Orbit Element Correction within Active
Revolutions

As discussed in the previous sections, equal aterations of the
semimgjor axis and the eccentricity should be performed on each n
revolutions at which the thrust engines operate. The resultsin tables 6-1 to
6-4 show that manoeuvre effectiveness decreases with an increase in their
angular duration in a nonlinear fashion. This means that we can suppose
that the angular manoeuvre duration on each revolution should be equal.
Thus, the right terms in egs. 6-10 and 6-23 for different manoeuvre
revolutions should be equal to each other.

Let us suppose that the number of revolutions n on which firing should
occur is determined. Then, the average semimajor axis and eccentricity
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dterations should be aa, = Aa Ae, = A€ Remembering that the angular
n n

duration of the manoeuvres on each revolution should be equal and using
Eq. 6-6 one can obtain the alteration of the semimajor axis aa, for the

last manoeuvring revolution:
WcmAan We, Aag

- , (6-39)
w w

where W, ;W = the centripetal accelerations for the middle and final

manoeuvring revolutions, respectively. Let ar = r, be the difference

— 1y
between the average radii of the set and the initial orbits (the average
radius is the radius of the circular orbit with the same period as the
considered orbit).

Then

day, A4

2 ArS]
™ ()

where | %(ro +r,)- Neglecting the values of the second order of

smallness, one obtains;

Aa; = Aa,(1+ ﬁ).
rm

The necessary semimajor axis alteration on the manoeuvring
revolution with the number i can be determined by:

Aa = Aay @+ 2L (2 -y
fy N

The analogous equation can be obtained for the eccentricity alteration.

The supposition about the equal angular duration of the manoeuvres is
simple enough and, at the same time, more accurate than the supposition
about the equal ateration of the orbital elements on each manoeuvring
revolution.
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Egorov, Grigoriev, and Ryzhov (2005) determined, with the use of the
numerical method, the linear dependency of the duration (by the angular
duration) of the active intervals during the flybys between the distantly
located circular orbits.

6.2. Coplanar Low-Thrust Rendezvous
6.2.1. Rendezvousin Coplanar Noninter secting Orbits

The apsidal solutions from the previous paragraph can be used for the
solution of the rendezvous problem on coplanar orbits. It is supposed that
the thrust engines allow the performance of all necessary manoeuvring on
two intervals, the magnitudes of which gradually become smaller than the
distances between them. Initially, it is supposed that the two manoeuvres
are performed on each manoeuvring interval.

€y

Rz

Qe R,

€x

A
Fig. 6-14. Rendezvous on coplanar nonintersecting orbits

Line segments AB, BC, CD, and DK (Fig. 6-14) contingently
correspond to the four manoeuvres (it is not correct to say that line
segment 2AV, corresponds exactly to the manoeuvre). Point C corresponds

to the drift orbit eccentricity vector.

Each manoeuvre of the first manoeuvring interval can be divided into
m, equal parts, applied on different revolutions. Similarly, the
manoeuvres of the second manoeuvring interval can be divided into m,
equal parts.

In the impulsive case, if al solutions (for these solutions, the points of

line segment EL (Fig. 6-14) correspond to the drift orbital eccentricity
vectors) have equal total delta-v expenditures; then, for the case of the
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limited thrust solution, the total delta-v may depend on the location of
point C on line segment EL. Let x be the distance from point A to point C
(AC = x), then CK=Ae—X. The solution of the rendezvous problem (for
this solution, point C corresponds to the drift orbit eccentricity vector)
may be represented as the solution and involves the combination of the
two transfer problems on each of the manoeuvring intervals with the

alteration of the orbitad elements aa, =2av,, Ae=x and
Aay = 27V, , Ae; =Ae-X, respectively, where av, anday, , which
can be found by the equations:
AV, x4 (6-39)
3¢10
av, ~22, AL (6-40)
2 3po

and ¢, = isthefirst permitted arbitrary point for the manoeuvring interval
(the radii of the dirclesare R, =2AV, | and R, =2AV, ).
Since |aa|> ae for the nonintersecting orbits, then it is necessary to

choose the transversal thrust engine orientation in the orbital coordinate
frame for the fulfillment of the manoeuvre. The maximum alteration of the
orbital semimajor axis occursin this case.

Using Eq. 6-10, we can write:

4_W . WCAVtIl _4WSianAVt|2 :i
A 2w w, 2w om

AV
A\/tll +A\/t|2 =

(6-41)
aw . WAV aw . WAV, Ae—x
—sn——=2 ———dn = ,
W, 2w W, 2w m,
AV, &%,
tiy t, !
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where m; and m, = the numbers of parts for the division of the

transversal manoeuvring components of the first AVtu’Athz and the

second AVt”l ,Athz manoeuvring intervals.

With the help of Eq. 6-11, the magnitudes of the manoeuvres
Athl,Athz, AVt”l,AVt can be found from the following equation

173

system:
AV L WX
t, = — )
2m W 8wmlcos4c b
Wi
AV, = t, 2Warcsm W, X ’
2 We 8wmlcosWc M
4wl
m (6-42)
AV;, W, (Ae— X)
by, = +Z—arcsin :
2my W 8wm, cos—— !
, _AV, 2w w, (Ae— x)
voam W 8wm, cos——

If |aa| gradually exceeds Ae, and the signs of Aa and Aa, coincide

(in the impulse casg, the AS solution type is optimal), then the total delta-v
of the manoeuvres AV can be found by:

Aa
av =mav, [+[av, pemaav,, [+ av, =122 64

If the signs of Ag and Aa, do not coincide (in the impulse case the
CNS solution type is optimal) and |aa,|+ |aa,| gradualy exceeds Ae,

then the manoeuvres AV can be found by:
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= M.ﬁ. @ (6-44)

AV = ml(‘Athl‘+‘Athz .

)+ m, (‘Avt“l ‘ + ‘Avtnz ‘)

The same solution can be used for intersecting orbits when the CNS
type solution will be optimal in the impulsive case.

Equations 6-43 and 6-44 can be used when the point corresponds to the
drift orbit eccentricity vector. This point is close to the middle of line

segment EL. In those cases, when |a a| is bigger than A€, but their values
are close, and for the points that are close to the boundaries of line

segment EL, the total delta-v of the manoeuvres will be higher due to the
bigger expenditures on the alteration of eccentricity.

6.2.2. Rendezvousin Coplanar Intersecting Orbits

The variant when the CNS type solution is optimal in the impulsive
case (the circles, which have the radii R, and R,, intersect) was
considered earlier. Let us consider the variant when the CAS type solution
will be optimal in the impulse case (the circles, which have the radii R,
and R, , do not intersect).

In the impulse case, al solutions of the rendezvous problems on the
coplanar intersecting orbits (for these solutions the points of line segment
EL correspond to the drift orbit eccentricity vector in Fig. 6-15), have
equal total deltav expenditures. In the case of limited thrust, the total
delta-v of the solution depends on the location of point C on line segment
EL. As for the rendezvous problem on nonintersecting orbits, we denote x

as the distance from point A to point C (AC = X), such that CK=Ae—X.
Key
R
K(Aey,Aey)
Ae-x

X
Pe €x

Fig. 6-15. Rendezvous on coplanar intersecting orbits

The rendezvous problem solution (in this solution, point C corresponds
to the drift orbit eccentricity vector) presented here aso involves the

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

252 Chapter Six

combination of the two solutions of the transfer problems with the
alteration of the orbital elements aa =2av, , Ag=x and

Aa, = 20V, , Ag, =Ae-X, respectively, where AV, and AV, Can be

evaluated by egs. 6-39 and 6-40. Let us suppose that the fixed transversal
orientation of the thrust engines in the orbital coordinate frame is used.
Since the eccentricity correction is crucia for the intersecting orbits, by
using Eq. 6-13, one can obtain the total deltav value of the apsidal
solution of the rendezvous problem:

AV = AV, + AV, = W aresin kox + 2 arcsin(k,ae— kyx), (6-45)
C WC

where AV; and AV, = the total delta-v expenditures of the transfer

problem solution on the first and second manoeuvring intervals,
respectively:

WC
MCOSM |
8w

k = (6-46)

WC
e — 6-47
&Alcosw ( )
8w

ko

w, = the centripetal acceleration of the support circular orbit and w is the

acceleration caused by the thrust engine.
Theminimum AV isobtained for the value:

_Ae KoK

X=Ag=—+—2_L1
R 2kZksAe

(6-48)

With the knowledge of Ag and Ae, , and the help of Eq. 6-11, one

can obtain the impulse magnitudes on the first and second manoeuvring
intervals.

Similarly, the solution can be obtained for the problem when different
thrust engines are used on the first and second manoeuvring intervals or
different sets of identical thrust engines are used. In this case, there will be
different values of w for the first and second manoeuvring intervals, and
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the optimal value of x will be determined from the solution of the second-
degree equation.

After the solution of a relatively simple problem with the use of the
fixed orientation in the orbital coordinate frame, one can assess the
characteristics of the solution and, if considerable eccentricity alteration is
needed and the duration of the manoeuvres exceeds 100°, a turn to the
“optimal” orientation. In this case there will be a single dimension
minimization by x, and for every fixed x the two equation sets (similar to
Eqg. 6-38) will be solved numerically.

6.2.3. Rendezvous Achieved by Manoeuvring During Each
Revolution

In some cases, several dozens or even hundreds of revolutions are
needed for a flyby to the vicinity of the target spacecraft and the
manoeuvring scheme is not specified. The problem consists of the
provision of arendezvous with the spacecraft and the demand for reducing
the rendezvous time without a considerable increase in fuel expenditure
becomes important. In order to meet these constraints, the spacecraft
should manoeuvre in a practically uniform fashion during the greater part
of the transfer revolutions and, hence, there are not two apparent
manoeuvring intervals, unlike the abovementioned cases. The following
relatively simple and reliable algorithm for the solution of this problem
can be proposed.

The solution process starts with the determination of the minimum
number of revolutions needed for the flyby to reach the target orbit. For
this purpose, the transfer problem is solved with the help of one of the
methods from section 6.1. The minimum number of revolutions n
necessary for the optimal transfer to the target orbit is obtained as a result.

After modeling the flyby with 2n calculated manoeuvres, one can
discover that the spacecraft will be in the target orbit by the end of the
flyby, but with an angular deviation along the orbit Au, because the

rendezvous condition has not yet been used. Let us suppose that, in the
initial moment of time, the active spacecraft is situated on a lower orbit in
comparison to the target spacecraft orbit (a, > a,, Where a,,a, = the

semimajor axes of the target spacecraft and the active spacecraft orbits,
respectively). This is the most typical case, but if the opposite variant
occurs (a, < a, ), itisconsidered in asimilar way. If a, > a,, thenitis

supposed that Au, >0 is aways the case (the target is located ahead of
the active spacecraft). For example, if the latitude argument of the target
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spacecraft is u= 210", and the latitude argument of the active spacecraft is
u = 215°, then, in the estimated moment of the rendezvous, Au; =355';
and vice versa, ifa, < a,, then it is the case that au, <0 (the target

spacecraft is behind the active spacecraft). Let us designate the phase
deviation of the two spacecraft in the initial moment of time as Au, and

designate the phase deviation after the transfer manoeuvres on the last
revolution of the flight as Au, . If the phase deviation in the initial

moment of time was Aug,, = Aug - Au, instead of Aug, then it would

have been optimal; the initial phase deviation and the solution of transfer
problem would have also been the solution of the rendezvous problem.
Since Au, differs fromau,, , it is necessary to add m revolutions to the

number of total revolutions for the flyby in order to solve the rendezvous
problem. These revolutions are situated at the beginning of the flyby, with
no manoeuvring performed on them. Due to the presence of the difference
in the periods Ap = P, - P, (here p, = the target orbit period and P, =

the initial orbit period), the active spacecraft will decrease the
desynchronization of the angular locations along the orbit per one passive
revolution by the magnitude Au, :

Auy = 2H%P. (6-49)

0

The magnitude m should be greater than the integer part of the ratio

Au, to Au; by one:
[ Aug
m=int — [+1.
Ay

As such, due to the flight on the first passive revolutions, the active
spacecraft will be alittle ahead of the target spacecraft.

In Fig. 6-16, point K corresponds to the location of the active
spacecraft after the fulfillment of the transfer manoeuvres;, point L
corresponds to the location of the target spacecraft in this moment; the
phase desynchronization is aAu ; the ateration of the phase distance per

passive revolution is Au, ; point K’ corresponds to the location of the
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active spacecraft after the addition of m passive revolutions; and the new
phase desynchronization after the addition of the passive revolutions is
Aug -

»
»

Au
fn Auf K

v

Fig. 6-16. Relative position of spacecraft in orbit

In fact, the addition of the initial passive revolutions allows us to start
the manoeuvres at the moment of approximately optimal phase
desynchronization. However, since m is an integer, not all the
desynchronization Au, can be eliminated solely by choosing this

number. The value m is chosen from among the neighbouring values. The
chosen value must ensure the transfer of the active spacecraft ahead of the
target spacecraft. For the situation depicted in Fig. 6-16, m= 5.

In order to eliminate Ay :, (the rest of the angular desynchronization),

one should move the part of the manoeuvre AV, from the last revolution

to the last of the first m revolutions, and decrease the performance of the
previous manoeuvre of magnitude AV, by the magnitude AV, On the last

revolution. All in al, the ateration to the orbital element will remain
practically the same, but the angular position will change at the end of the
flight duration due to the fact that the active spacecraft would fly n
revolutions on a higher orbit.

The necessary value of AV, Can be found by the equation:

67(n+1)AV, = Auy . (6-50)

The error that occurs during the use of this smplified scheme of
determination can be eliminated with the help of the iterative procedure.
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On the next iteration, the additional substitution of the value aAv, by

velue av, , which alows us to eliminate the new phase deviation Aanz,

can be evaluated by using the analogous equation:
AV, =g [6x(n+D). (6-51)

After elimination of the phase deviation, the found solution is made
more accurate with the help of the iterative procedure from Chapter 1 in
order to fulfill the terminal conditions with the given tolerance. Each
iteration of this outer iterative procedure contains the inner iterative
procedure, ensuring the fulfillment of the phase condition with the given
accuracy.

6.2.4. Example

Table 6-6 presents the initial conditions for the active spacecraft and
the target spacecraft, located on a higher orbit. The mass of the active
spacecraft is 300 kg and the thrust is0.1 N.

Table 6-6

Orbital elements Initial orbit | Target orhit

akm 6,566 6,721

E 0.0022845 | 0.00248787

w deg 20.0 30.0

u deg 60.0 5.0

N rev 1 1

Date 2014.06.25 | 2014.06.25

Time 43,120.065 | 43,120.065

For the solution of the transfer problem, the active spacecraft requires
52 revolutions while the target spacecraft makes 50 revolutions in the
same time. The two manoeuvres are performed on each of the 52
revolutions. The thrust engine orientation is fixed by the transversa
component in the orbital coordinate frame. The latitude argument of the
middle of the first manoeuvre is 89.03° and the latitude argument of the
middle of the second manoeuvre is 269.03°. The angular duration of the
first manoeuvre is 246.14°, while the second manoeuvre has the duration
of 102.11° The transversal component of the first manoeuvre on the
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revolution is 1.23 m/s, the transversal component of the second manoeuvre
on the revolution is 0.51 m/s, and the total delta-v of al the manoeuvresis
90.35 m/s. The phase miss with these manoeuvring parameters is

Au; =334133 . |n order to eliminate this miss, 27 passive revolutions are
added at the start of the flyby. After this, the phase miss becomes
u; =-0.166. In order to eliminate the remaining miss, the magnitude of

the first manoeuvre on the last revolution of the flight is reduced by 0.016
m/s, while the magnitude of the second manoeuvre on the last revolution
is reduced by 0.0066 m/s. These parts of the manoeuvres are added on the
28th revolution (the first manoeuvring revolution). After these
adjustments, the phase miss practicaly becomes zero

Au; =-82810" degrees.

6.3. Noncoplanar Low-Thrust Transfer

Two options are usually used for the change of the orbital plane
orientation. The scheme with a spacecraft having two sets of engines (one
set of enginesis responsible for manoeuvres in the orbital plane; the other
set of engines is responsible for the ateration of the orbital plane
orientation) is widely used. The manoeuvres in the orbital plane and the
orbital plane rotating manoeuvres are performed separately. This variant,
which provides simple and reliable although not optimal control, is widely
used in the control of geostationary spacecraft and satellite constellations
etc.

Optimal control can be realized for the spacecraft with the ability to set
the orientation of the thrust vector in the required direction and changing
the orientation according to the manoeuvre realization program. A rather
sophisticated system for motion control around the center of mass is
needed for this. However, one can use the close-to-optimal and easy-
realizable control process as depicted in the second part of this paragraph.

6.3.1. Plane Orientation Alteration Manoeuvre

Firstly, let us consider the first, smpler manoeuvring scheme. Since
the in-plane manoeuvres and the orbital plane rotating manoeuvres are not
connected to each other, they can be considered separately.

The change in the orbital plane orientation, caused by the lateral
velocity AV, , can be evaluated by the equation:
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Apl2 Si n%
. AV, 2
Ai = cosgpdp =2 AV, (6-52)
Ap Ap
—Apl2

where A@ = the angular duration of the active interval and ¢ = the angle

between the middle of the active interval and the current point. The middle
of the active interval is situated on the line of the orbital plane intersection
(Fig. 6-17).

Fig. 6-17. Alteration of the orbital plane orientation

Using the equation A, - We Ay , we obtain:
w

A =2V 5in(22), (6-53)
(A 2

This equation differs from eqs. 6-4 and 6-19 by the multiplier (2
instead of 4, since the influence of the lateral component is 2 times less
than the transversal one). Equation 6-4 depicts the dalteration of
eccentricity in the conditions of the orbital orientation of the thrust
engines. Equation 6-19 depicts the alteration of the semimagjor axis in the
conditions of the inertial orientation of the thrust engines. This fact is very
important and will be used multiple times. For example, one can
determine the decrease (in percent) of the alteration of the angle between
the orbits in comparison to the impulse case depending on the duration of
the thrust engine firing interval in table 6-1.
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It is easy to readlize the presented manoeuvre because it is enough to
maintain the orbital or itsinertial orientation. The engine' s axisis directed
along an axis that is perpendicular to the orbital plane and the middle of
the thrust engine firing interval coincides with the point of the optimal
impulse correction of the lateral deviation (which can be evaluated by Eq.
1-14b).

6.3.2. Simultaneous Changing of All Orbit Elements

In order to obtain an optimal transfer between the noncoplanar orbits,
it is necessary to combine the orbital plane orientation alteration with the
corrections for the eccentricity vector and the semimgor axis. In the
general case, the primer vector hodograph, which determines the optimal
orientation of the thrust engines, will be an ellipse with the dimensions
A, u,v . It is difficult to discover and realize the optimal solution and we

need to enable the rather complicated alteration of the thrust engine
orientation during manoeuvre fulfillment. The control in the conditions of
the fixed orientation in the orbital and/or the inertial coordinate frame is
easy enough to realize. The problem solution will be searched for with this
additional constraint.

The impulse solution is taken as the basis (denoted as the basic
solution), just as in the case of transfers between coplanar orbits. The
solution with only transversal and lateral impulse components is chosen
from the domain of two-impulse solutions for the problem of optimal
transfer between near-circular noncoplanar orbits in Chapter 2. The angle
of application of one of the impulses is enumerated in the given interval.
The enumeration of the angle is carried out extremely thoroughly in the
vicinity of the optimal impulse solution. Once the angle is fixed, the other
manoeuvre parameters are determined unambiguously using egs. 2-2a to
2-2¢, 2-14a, and 2-14b. This solution can be used for the arbitrary
deviations of the orbital elements of the initial and given orbits. The rest of
the solutions from Chapter 2 exist for their respective areas.

L et us suppose that the basic solution consists of two impulses with the
magnitudes AV;, AV, ; the two angles of the impulse application ¢, and

¢, ; and the components av, ,av, and av, ,av, . Thethrust engine
orientation is adjusted by the angles g; :

AV, 2
t = Lot = 2 6-54
9/ Ath 952 AVtz ( )
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The lateral component of the first impulse will ater the orbital plane
orientation by ai, = AV, =AV;sin B, and the transversal component will

alter the eccentricity by Ae, = 2av, = 2AV, cos g, and the ssmimajor axis
by Aa, = 2AV, = 2AV, cos g, -

Let us consider the variant when the thrust engine maintains a constant
orientation in the orbital coordinate frame during manoeuvre fulfillment.
We suppose (as aways) that the moment of the middle passage of the
manoeuvre coincides with the moment of impulse application. The
acceleration made by the thrust engines in the transversal direction is
w;, =wcos 3, Wwhile the acceleration in the lateral direction is
W =wsing.

From the equation:

Ny = AV, = AV, sin g, =228 g n(%) (6-55)
W,

C

we can find the duration of the first manoeuvre A ¢, :
Ap, = 2 arcsin w (6‘56)

The same value A¢p, can be obtained using the equation for
eccentricity:

Ae = 2AV; =2AV,cosp; = 4%%9 n(%),
Cc

A g, = 2arcsin w

Similarly, the duration of the second manoeuvre A ¢, can be found:

Agp, = 2arcsin WAV

Since each manoeuvre provides the required ateration of the orbital
elements Ae;, Ai; andAe,, Ai,, the corresponding elements of the given

orbit will be identical to the elements in the impulse case. Complexity
arises due to the fact that the alteration of the semimaor axis will be
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greater than necessary because the orbital orientation is more effectively
altered than the eccentricity.

Thus, after manoeuvre fulfillment, the deviations in the eccentricity
vector and the planar orientation for the initial and given orbits will be
eliminated, but the error in the adjustment of the required semimajor axis
will remain. This error can be eliminated with the help of the iterative
procedure presented in Baranov and Karatunov (2016, 284-295).

Let us suppose that the initial deviation of the semimajor axis was
Aa, = a; —a, (for example, Aa,>0). This deviation Aa, and the

deviations e, ,Ae, ,Aij, Ay, have dready been used for the

determination of the manoeuvring parameters. The angle Ay, between

the line of the orbital plane intersection and the apsidal line of the relative
orbit can be obtained using Eq. 1-14c.
The new semimajor axis g (a, > a, ) isformed after the redization of

the estimated manoeuvres. On the next iteration, the deviations
Aay = Aag+ay —a, Ae, ,Ae, A, Ay, will be used for the

determination of the manoeuvring parameters, on the next, the following
will be used aa, = Aa, + a; —a,, €C. The process continues until the

semimajor axisis formulated with the required accuracy.

If, for example, the transfer between the nonintersecting orbits (
Aa>Ae) is considered, then such an iterative procedure will lead to a
successive decrease in the semimajor axis of the ellipse in Fig. 2-2. Thus,
the impulse magnitudes, which stand as a base for the solution with
constant limited thrust, will decrease while the angle between them will
increase.

We will suppose now that the thrust maintains a constant orientation in
theinertia coordinate frame during manoeuvre realization.

Using Eq. 6-56, one can determine the manoeuvre duration, which will
ensure the same orbital plane rotation as the basic impulse. Since the
ateration of the semimajor axisin the inertial coordinate frame orientation
is presented by the same equation as the eccentricity ateration in the
orbital orientation, the found manoeuvre duration will ensure the
necessary alteration of the semimajor axis. However, the eccentricity
ateration will differ from the desired one. Since the basic impulses are not
situated on the apsidal line of the relative orbit, the error will occur both in
the magnitude and the orientation of the eccentricity vector.

In order to form the given orhit, one would need to apply the iterative
procedure, during which the projections of the eccentricity vector will
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ater. The process of their ateration is analogous to the process of the
semimajor alteration described earlier.

As shown in the first paragraph of this chapter, sometimes, in order to
obtain a close-to-optimal solution, it is necessary to use the fixed thrust
engine orientation in the orbital coordinate frame for the first manoeuvre
and the inertial coordinate frame for the second manoeuvre. In this case,
for a manoeuvre performed in the orbital coordinate frame we will add the
error in forming of the set semimgjor axis, while for a manoeuvre
performed in the inertia coordinate frame, we will add the error in
forming the given eccentricity vector. Thus, in order to obtain the exact
solution, it is necessary to use the iterative procedure, including both the
eccentricity vector projections and the semimajor axis aterations.

The solutions from this paragraph ensure we get the size and
orientation of the desired orbit with the necessary accuracy. These results
are close enough to the optimal solution, since the rotation of the initial
orbital plane is combined with the alterations to its eccentricity vector and
semimajor axis. In order to get the solution based on the exact equations of
motion with the accountancy of the influence of the noncentral
gravitational field and the atmosphere etc., it is necessary to use the
iterative procedure from Chapter 1. Each iteration of the outer iterative
procedure uses the inner iterative procedure from this paragraph, which
allows usto find the approximate solution with the necessary accuracy.

6.3.3. Example

We determine the transfer parameters with the use of the low-thrust
engine. Table 6-7 presents the parameters of the initial and target orbits.
These parameters are identical to the parameters from Example 2.2.8. The
mass of the spacecraft m= 300 kg and the engine thrust P = 0.2 N.

Table6-7
Orbital elements| Initial orbit | Target orbit
Hpmin kKM 180 340
Hinax KM 210 360
Uy, deg 20 150
i deg 517 51.69
o deg 17.49 175
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After assessing the required number of manoeuvring revolutions, 56
revolutions was decided on.

Due to the fact that the initial parameters for this example and
Example 2.2.8 coincide, one can use the calculation results:

Aa =0.02333 ,Ae, = -0.00344 ,Ae, = —0.00004 ,Ae = 0.00345 ,
AQ =0.01°,Ai =-0.01°,Ay = -0.0127 °,u, = —38.1240 °,
¢, =180"° +u, =141 .8760 °.

In determining the manoeuvre parameters, the calculated orbital
element deviations are divided by the number of manoeuvring revolutions.

The solution procedure consists of the enumeration of the first impulse
application angles, the determination of the rest impulse solution
parameters for each angle (the second angle and the impulse components);
and the parameter determination of all long-duration manoeuvres with the
help of the iterative procedure. A comparison of the solutions with the
different values of the first angles can help to find the optimal solution.
Such a solution was found for the angle ¢, = —206.3°. Table 6-8 presents

the aterations of the solution parameters per iteration, which correspond to
this angle. The second column presents the values of the second angles of
the impulse solution (the middle part of the long-duration manoeuvre). The
third and fourth columns present the angular durations of the manoeuvres (in
degrees). The fifth column presents the values of the semimgor axes (in
km), which are used in the calculations. The sixth column presents the error
in the semimgjor axis correction. The seventh, eighth, ninth, and tenth
columns present the impulse components. The columns between the fifth to
the tenth columns present the summed values for al the manoeuvring
revolutions. This allows us, for example, to control the total missin forming
the semimgjor axis. It can be seen that the required value of the semimajor
axisisformed with an acceptably high level of accuracy.

Table6-8

-0, | Apq Ap, Aa da Ath AVt2 AVZ1 AV22
35.1]105.2 | 76.26 | 155.00 | -18.86 | 50.88 | 39.47 | 0.59 | 2.30
36.5]90.16 | 64.28 | 136.13 | 7.04 |4535|34.01| 0.27 | 1.98
3591|9553 |68.65| 143.17 | -2.28 | 47.41|36.05| 0.39 | 2.10
36.1|93.76 | 67.22| 140.89 | 0.78 |46.74|35.39| 0.35 | 2.06
36.1 9436 | 67.71| 141.67 | -0.26 | 46.97 | 35.61| 0.36 | 2.07
36.1 9416|6754 | 14141 | 0.09 |46.90| 3554 | 0.36 | 2.07

DB WIN|F
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6.3.4. Microsatellite Transfer to the Final Sun-Synchronous
Orbit

The microsatellite transfer problem is considered here as an example.
The spacecraft is transferred from the deployment orbit to the operational
sun-synchronous orbit with an altitude of 491 km. Due to the fulfillment
of different technological operations, it is possible to carry out the
manoeuvres from the 50th revolution onwards only. In order to reduce the
influence of error in the orbital determination, which was carried before
the start of manoeuvres, and the influence of the error connected to the
realization of the estimated manoeuvres, the required ateration of the
orbital elements was divided according to the proportions 0.8:0.2 between
the first and second manoeuvring intervals. The first interval starts on the
50th revolution and the second manoeuvring interval starts on the 85th
revolution. The shaped orbit was controlled in the ascending node for the
93 revolutions. Updating the orbit after the fulfillment of the first interval
manoeuvre and subsegquent recalculation of the second interval
manoeuvring parameters help to gradually increase the accuracy of
shaping the given orbit.

The relatively small flight duration (43 revolutions) between the start
of the first manoeuvring interval and the checkpoint, with sufficiently high
atitudes of the initial and target orbits, allow us to use the iterative
procedure for the problem solution from Chapter 1. The manoeuvring
parameters were determined with the help of the simplest motion model
(the central gravitational field and the linearized motion equations) using
the algorithm from 6.3.2. The orientation of the thrust engine was fixed in
the orbital coordinate frame. The influence of the gravity field 8*8 and the
atmosphere dynamic model were used during the prognosis.

Tables presenting the initial data and the determination results can be
found below.
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Table6-9
Orbital elementg Initial orbit | Target orbit
Hpyin kM 418.330 511.000
Hye kM 420.355 511.100
Uy deg 218.918 | 0.134000
i deg 97.5940 97.5440
o deg 11.1200 17.1900
N ey 1.00000 1.00000
Uy deg 93.7500 | 0.100000
S 0.783330E-020.671130E-02
Ts 448.28006 | 966.07807
Data 2012.04.25 | 2012.05.01
Time 43,120.065 | 42,118.065

Table 6-9 presents the elements of the initial and target orbits,
including: the minimum and maximum orbital altitudes; the pericenter
argument; the inclination and RAAN; the revolution number; the latitude
argument; the ballistic coefficient; and the date and time of the initia
conditions.

Table 6-10 presents the characteristics of a small spacecraft and its
thrust engine, including: thrust N; the specific impulse; the small
spacecraft’ s mass in kg; the minimum time between manoeuvres s, and the
minimum and maximum manoeuvre durations s.

Table 6-10

Thrust Specific impulse Weight | at | Tmin | Tmax

0.20 2,060.0 300.0 | 600.0 | 0.25 | 3,600.0

The first number in table 6-11 is the number of revolutions reached by
which the given orbit must be shaped. The next two numbers are the
revolution numbers, which determine the start of the first and second
manoeuvring intervals. The fourth numbers shows the quantity of
revolutions prohibited for the manoeuvring, the next two numbers are the
numbers of these revolutions. The orbital parameters and the magnitudes
of the remaining manoeuvres can be recalculated on these prohibited
revolutions.
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Table6-11
N N1 N2 N Ni1 N2z
93.0 50.0 85.0 2.0 55.0 91.0

Table 6-12 presents the accuracies of the target orbital element,
adjusting: the eccentricity vector projections; the semimgjor axis in km;
the time in seconds; the inclination in degrees; and the RAAN in degrees.
If the corresponding number equals O, this element is not corrected. The
second line of the table presents the deviations between the final and the
given target orbit.

Table 6-12

& e a T i Q

0.000250 | 0.000250 | 0.010000 | 0.000000 | 0.000500 | 0.000000

-0.000002 | 0.000000 | -0.004580 | 10.825450 | 0.000000 | -0.068249

Table 6-13 presents the impulse solution parameters, which are used
for the quality assessment of the obtained solution with low thrust. The
total delta-v impulse, the sums of the transversal components, and the
lateral components and angles, which determine the moments of the
optimal eccentricity vector correction and alteration of the orbital plane
orientation, are shown. These five parameters help to understand the
problem physics.

Table 6-13
dvimp dVvinpln dVoutpl UEopt UZopt
41.53 41.02 6.51 263.2 0.0

For the sake of comparison, table 6-14 gives the total delta-v impulse
and the summed manoeuvring impulse for the “separate” correction
scheme. In this scheme, the manoeuvres for the ateration of the orbital
elements in the plane and manoeuvres for the orbital plane rotation are
performed separately. The sum impulses for these manoeuvres can be
found in the second and third columns of the table, respectively. The total
number of manoeuvres required and the number of revolutions on which
they are performed are listed further. The separate manoeuvring scheme is
widely used today for the manoeuvring of small spacecraft with low
thrust.
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Table6-14
dVsp dVinpin dVoutpl Nman Nrev
47.56 41.02 6.55 42 14

Table 6-15 presents the parameters of the basic solution, including: the
total delta-v impulse; the sums of the transversal and lateral components,
the total number of manoeuvres, and the number of iterations needed for
shaping the given orbit with the required accuracy.

Table 6-15
av dvinpln dVoutpl Nman Niter
42.30 41.02 7.71 38 6

Table 6-16 presents analogous data about manoeuvres on the first and
second manoeuvring intervals.

Table 6-16
dv dVvinpln dVout Nman Rt
33.60 33.03 6.18 30 0.8
8.70 8.57 153 8 0.2

Table 6-17 presents the number of each manoeuvre; the number of
revolutions; and the latitude arguments of the start and end of the current
manoeuvre, as well as the yaw and pitch, setting the orientation of the
thrust vector and the magnitude of the equivalent impulse.

Table6-17
Nman | REV. bg | U bg | REV.fn | U fn Yaw | Pitch| dVi

1 50 138.55 50 248.05 | 10.50 | 0.00 | 1.162
2 50 295.45 51 36.99 | -10.69 | 0.00 | 1.078
29 65 138.55 65 248.05 | 10.50 | 0.00 | 1.162
30 65 295.45 66 36.99 | -10.69 | 0.00 | 1.078
31 85 139.24 85 245.61 | 10.21 | 0.00 | 1.128
32 85 297.16 86 36.13 | -10.02 | 0.00 | 1.048
37 88 139.24 88 245.61 | 10.21 | 0.00 | 1.128
38 88 297.16 89 36.13 | -10.02 | 0.00 | 1.048
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Table 6-18 presents information for each manoeuvre, including: the
date and time of the start and end; the manoeuvre duration in minutes; and
the small spacecraft’s mass after the manoeuvre.

It can be noted that the total delta-v expenditures for the impulse and
low-thrust solutions are practically identical, indicating the high quality of
the solution accounting for the thrust engine firing duration. The total
delta-v is considerably higher for the traditional “separate” solution.

Table 6-18

Manoeuvrg Date bg | Time bg | Date fn | Time fn | dT | Mass
1 2012.04.28| 85,324.5 | 2012.04.28| 92,147.2 |28.38/299.83

2 2012.04.28 | 93,407.0 | 2012.04.28 | 100,028.3|26.35(299.68

29 2012.04.29| 82,041.1 | 2012.04.29| 84,922.5 |28.69(295.35
30 2012.04.29| 90,149.1 | 2012.04.29| 92,828.6 |26.66(295.19
31 2012.04.30| 154,954.8 | 2012.04.30 | 161,748.2|27.89(295.03

32 2012.04.30| 163,120.9| 2012.04.30 | 165,721.3|26.01(294.88

37 2012.04.30| 203,340.2 | 2012.04.30| 210,137.6|27.96(294.09

38 2012.04.30|211,511.8| 2012.04.30| 214,116.1|26.07|293.93
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CHAPTER SEVEN

SATELLITE CONSTELLATION AND FORMATION
FLYING DEPLOYMENT

The algorithms presented in the previous chapters can be used for the
determination of satellite manoeuvring parameters for satellites in
constellations. However, the manoeuvres of such satellites, in certain
cases, have peculiarities that need to be accounted for.

Despite the variety of satellite constellations, two types of problems for
optimal manoeuvring need to be solved. These are: how to deploy the
satellite constellation with the desired configuration; and how to maintain
this configuration.

The satellite constellation configuration maintenance problem will be
considered in the next chapter. The problem of satellite constellation
initialization, which is similar to the classical rendezvous problem, is
considered in this chapter. Each satellite is considered separately in terms
of how it needs to move to a set position in the target orbit for afixed time
duration. Unlike the classical rendezvous problem, the satellite’s transfer
time to afixed orbital point is not strictly limited and can be chosen from
across a considerably wide range. The problem becomes more
complicated if the satellite is required to be transferred to an orbit with a
RAAN (right ascension of ascending node) that differs by several or even
dozens of degreesfrom the initial orbital RAAN.

7.1. Changing a Spacecr aft’s Position in a Constellation
Operatingin Circular Orbits

Here, a satellite constellation is considered with the satellites situated
on severa circular orbits that have equal radii and inclinations, but differ
in terms of their RAANs. The magjor part of real functioning satellite
constellations belong to this type, including the “Global Navigation
Satellite System (GLONASS)”, “Global Positioning System (GPS)”, and
“Iridium”. The conclusions about the optimal satellite transfer strategy
from one system position to another, which will be examined further, are
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general in form and may be implemented in every satellite constellation of
thistype.

Let us suppose that there is a spare satellite in one of the planes. This
satellite should be placed in a vacant position in its orbit, in an orbit that
has a different RAAN, or designated as the service satellite situated in this
position. Let us consider the different variants of transferring a satellite to
a new position in order to select the optimal manoeuvring scheme with
simultaneous fulfillment of the following contradictory criteria: the flyby
time to a new position, which needs to be reduced, and the minimization
of AV expenditure, which increases with a decreasein flyby time.

7.1.1. Positional Changein Orbit

First, let us consider the transfer of a satellite to another location in the
same orhit, but Au degrees distant from the initial one (|Au|<180°, Au>0, if
the new location is situated ahead of the initial one). Hereafter, the angle
Au will be measured in fractions of a revolution; its maximum value
cannot exceed 0.5.

It is supposed that the transfer is fulfilled at N revolutions of the target
point flight. The number of flyby revolutions is chosen so that the satellite
would not move much away from the initiad orbit. The variant of a
sizeable shift from the initial orbit and the rapid return to it is considered
in the work of G. G. Raykunov (Raykunov, 2002).

Using Eq. 3-1d, one can obtain the transversal impulse component AV,
which is necessary for the required change in the orbital period:

AV, x ——V,, 7-1
t¥ 3y o (7-1)

where V, = \/g = the satellite’ s velocity of motion along a circular orbit

of radius a. The moment of impulse application is arbitrary.

An impulse of the same magnitude and opposite direction is applied on
the final revolution at the apocenter (if Au > 0) or at the pericenter (in the
opposite case) in order to return to the circular orbit. Thus, the total delta-v
expenditure AV will be:

24
AV ==V, (7-2)
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The total delta-v expenditure is considerable for the small duration of
the satellite’s transfer to the desired point and the number of flyby
revolutions N will increase with its decrease. It would appear that zero
expenditure could be obtained with a further increase of N, but thisis not
the case. The orbital semimajor axis is changed by the transfer to a new
position and, thus, a deviation between the RAANs AQ occurs thanks to
different orbital evolutions under the influence of a noncentra
gravitational field. The known equation for the alteration of the RAAN per
revolution 8Q due to the influence of the second member of the
expansion of the gravitational field potential in series by the spherical
functions of the geocentric latitude is used for the calculation of this
deviation:

Q= —2—”‘2 Cosi, (7-3)
Hp

wherei = the orbital inclination, p = the focal parameter (p = afor circular
orbits), &=2.634-10"km>/s®, and u =M =3.986028-10° km®/s?> (M
= the mass of the planet and y = the gravitational constant). In order to

assess o2 , we will nameits values for the several groups of circular orbits
with different atitudes above the Earth’'s surface: h = 330 km:
3Q = 0.521cosi deg; h = 1,400 km: 3Q = 0.394cosi deg; and h = 20,000
km: 6Q2 = 0.034cosi deg .

The semimajor axis and eccentricity will be atered by Aa and Ae,
respectively, due to the application of impulseAV,. By neglecting the
magnitude AaAe (it will be further shown that it is necessary to have a
circular drift orbit, i.e. Ae=0), we can write that p=a+Aa. By
expanding the equation for 62 by Aa in series and taking the member of
the first order of smallness, one can obtain the equation for the alteration
8Q dueto the alteration of a by Aa:

3 = ——2”‘2 cosi (__ZAa) = —ZSQE.
P a a
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Since Aa= ZaAV—Vt (Eq. 3-1c), the equation for alteration 6 due to
0

the application of AV, isgiven by:

ay

Vo

50" =450 (7-4)

The difference between the target orbit RAAN and the drift orbit

RAAN increases by Q" every revolution. Thus, the deviation after N
revolutions can be determined by the equation:

AV,

AQ = —45QN (7-5)

Vo

By expressing AV, interms of Au from Eq. 7-1, one can obtain the
final equation for the deviation between RAANS:

AQ = gamu. (7-6)

For example, the orbital plane rotation can reach up to
AQ =0.262cosideg for an orbit of atitude h = 1,400 km and
AQ =0.022cosideg for an orbit of atitude h = 20,000 km for the
ateration of the satellite’s position by half arevolution.

In order to assess the impulse required to compensate for the deviation
between the RAANS, we find the deviations of Ai and AQ, which are the

given by the application of the binormal impulse AV, (at the point of the

orbit with the latitude argument u) (Fig. 7-1).
The binormal impulse causes an orbital plane rotation by the angle:

Az (7-7)
VO

Ay =

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Satellite Constellation and Formation Flying Deployment 273

Fig. 7-1. Orbital plane orientation correction

The following equation can be written with the help of the sine
theorem for the spherical triangle:

snAy  sin180° (i + Ai))
sSnAQ sinu '

(7-8)

By taking into account the smallness of Ay, Ai, and AQ, we can

obtain the fina equation for the change in RAAN (Nazarenko and
Skrebushevsky 1981):

sinuA _sinu AV,

AQ=——Ay =—— .
sini sini V,

(7-9)

The following equation can be written with the help of the cosine
theorem for the spherical triangle:

€os(180° — (i + Ai)) =—cosAy cosi + SinAy sini cosu. (7-10)

The equation for the change in orbital inclination can be obtained from
Eq. 7-10:

Ai = COSUAy = cosu AVVZ . (7-11)
0
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The velocity impulse should be applied at the maximum distance from
the equatorial points (U=90" or u=270°, the orbital apex or vertex) in
order to effectively compensate for the deviation of Q in the problem
without causing deviation by i. The magnitude of the impulse latera
component AV,  isdetermined by the equation:

sini 4 sini
AV, ~——AQV, = ——3QAUV,. 7-12
2 gnu °" 3sdnu 0 (7-12)

Let us suppose that the flyby to the given position starts at the orbital
apex and ends N revolutions afterwards, also at the apex, i.e. a two-
impulse flyby is used. Let us divide the found lateral component into two
equal parts between these impulses; then, the equation for the total delta-v
of al the manoeuvreswill be given by (Baranov and Terekhova 1993):

_ 2 1 2 _2 1 2 . 2
AV—Z‘/AVt +(§szﬁ) —§|Au|\/o W+45gz sn%i.  (7-13)

The expenditure on correcting the angle between the orbital planes
exceeds the expenditure for the correction of the along-the-orbit position,
which results in this angle with big numbers of N if the value 1/ N isless
than 26Qsini.

A two-impulse scheme, similar to the scheme in the work of Pollard
(2000, 1-39), has been considered, but has not been sufficiently
investigated to give an optimal solution. The evolution of the pericenter
position, as well as the evolution of the RAAN, should be taken into
account. The pericenter will not be at the apex on the final revolution,
since it changes its position on each revolution by the following
magnitude:

Sw=-""(5c08"i -1). (7-14)
P

Due to this shift in the pericenter position, one impulse, applied at the
apex of the last manoeuvring interval, will not be enough to shape the
circular orhit. It is necessary to change the location of the impulse to the
apsidal point; however, this change will lead to an increase in expenditure
on RAAN correction. In reality, this change is small and commensurable
with the changein RAAN.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Satellite Constellation and Formation Flying Deployment 275

The use of the four-impulse system, where every impulse is divided
into two equal parts, helps to preserve minimal total delta-v, which can be
determined using Eq. 7-13. The impulses in the four-impulse scheme are
applied at the apex and the vertex of the first and last revolutions. The
component sums of these impulses for each of the intervals are equal in
magnitude to the corresponding impulse components of the two-impulse
scheme; however, the lateral components have equal signs.

With such a manoeuvring scheme, the drift orbit will have zero
eccentricity, and the points, at the maximum distance from the equator,
can be used again at the end of the flyby for the impul se application.

The orbit T;, which is the drift orbit for the two-impulse transfer to a

new operational position (the single-impulse transfer from the operational
orbit T, to drift orbit T, ), is depicted in Fig. 7-2 by the dashed line. The

two-impulse transfer from the operational circular orbit T, to the drift
orbitT; is depicted by the dotted line. The interim orbit isT,. A return to
the operational orbit is fulfilled with the help of the transfer T;, depicted
by the dash-dot line.

Fig. 7-2. Four-impulse flyby to the drift orbit

There is another opportunity to eliminate the deviation occurring
between the RAANS. This involves the use of deviations in the evolution
of orbits with different inclinations. If the drift orbit has a different
inclination, then its influence on the RAAN may be compensated for by
the influence of the semimajor axis alteration.

For the ateration of the inclination, optimally we apply the impulse on
the equator at the ascending or descending nodes. If the impulseis applied
at the ascending orbital node, then the magnitude of its lateral component
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AV, , necessary for the required change in inclination, can be found from
the equation:

5~ AQ, (7-15)

1

2 . .
where k =—‘§sm| =Q per change in revolution caused by alteration of

S ) . AV,
the inclination by the magnitude Ai= V;
0
obtained by differencing of the equation for 6Q by i. Thus, the equation

for AVA can be written as:

. The equation for k was

43QAU
p2 :W 0- (7‘16)
Taking into account the relationship between k and 62, which can be
stated k = -3Qtgi , one can get the final equation for AV, :

V, =AUy, (7-17)
3Ntgi

This equation is true for the ascending node and the sign of AV, will

be opposite for the descending node.
The high level of effectiveness of this method with i close to 90° (in
this case AV, ~0) can be explained by the fact that the magnitude of AQ

will be small and the alteration of the RAAN evolution together with the
ateration to the inclination is considerable.

Taking into account that it is necessary to obtain the initial inclination
at the end of the flyby, the equation for the total delta-v expenditure is
given by (Baranov 2008, 215-218):

2|Au| 16
2 2
AV =2,/AVZ + AV = L /1+tg—2i. (7-18)
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Equations 7-1 and 7-17 allow us to compare AV; andAV, . If the

orbital inclination satisfies the condition tgi < 4, then the expenditure on

the correction of the orbital plane positional deviation that occurs will be
greater than the expenditure on the position of the satellite’s along-the-
orbit correction, which caused it, with any magnitude of N.

The aforementioned methods are interesting because the impulses are
applied in known locations (at the equator or the orbital points most
distant from the equator). However, the combination of both methods is
optimal when the impulses are applied a some interim point of the
revolution uy. Let us determine the magnitude u, for a set number of

flyby revolutions N. The magnitude of the impulse lateral component AV,

, applied with the latitude argument u, which is used for the compensation
of the deviation between RAANSAQ , can be determined by the equation:

sinu, AV,

(Nk cosu+2——) = 4 3QAuU. (7-19)
sini

On the second manoeuvring interval, the impulses are applied at the
symmetrical points relative to the apex in relation to the impulse
application points of the first manoeuvring interval (uOII =7 Uy, ). Thisis

connected to the necessity of changing the orbital inclination to its initial
value by the impulses of the second manoeuvring interval. In the
meantime, the same Q change, which was fulfilled by the impulses of the
first manoeuvring interval, should be fulfilled by those of the second
manoeuvring interval; this explains the coefficient 2 in the second addend.

The magnitude of AV, is minimal if the value in the brackets is at its

maximum and u must be equal to uo, o that:

Ug = arct . 7-20
0 I Nksini (-20)
One can obtain the equation for the optimal value AV, :

AV, = A50Au Vo. (7-21)

z
3JN2(Sthi)2+ —
san-i
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Taking into account that the lateral components of the same magnitude
are applied at the end of the flyby, the equation for total delta-v will be
given by the equation (Baranov and Terekhova 1993):

2 Gn2 o
AV = 2,/AV? + AV 2 =§|Au|\/0\/$+ ATSNT2A (7.0

N25Q2%sin*i + 4cos?i

7.1.2. Examples

Figure 7-3 presents the dependencies between total delta-v, which is
needed for the satellite’ s change in position by 180° along the orbit and the
number of revolutions N. The upper three lines are plotted for the

Globalstar satellite constellation (h ~ 1,430 km, i » 52°) and the lower
line is plotted for the GLONASS system (h ~ 19,500 km, i ~ 64.2°). The
distribution of AV as a function of N in the case of aong-the-orbit
deviation correction with Au=180" (Eq. 7-2) is plotted with dots. The
distribution of AV versus N in the case of simultaneous correction of Au
and AQ (AQ=~0.16") with the impulse application at the points of the
orbit most distant from the equator (Eq. 7-13) is plotted with the dashed

line. The distribution of AV(N) in the case of the simultaneous optimal
correction of Auand AQ (Eq. 7-22) is plotted with the solid line.

60

50 -

10 20 30 40 5

50 150 250 350 450 550 650

Fig. 7-3. Total delta-v expenditure necessary for satellite transfer by 180°
along the orhit as a function of the number of flight revolutions
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It can be seen that, in the case of the Global star satellite constellation, a
rapid decrease in AV, up to approximately the 200th revolution, with an
increase in N occurs. The further increase in N leads to an insignificant
gradual decrease of AV marked by the solid and the dotted lines and, in the
case where the impulses are applied at those points of the orbit most
distant from the equator (the dashed line), the expenditure of AV does not
practically decrease.

The three analogous dependencies practically merge into one for
GLONASS, as depicted by the dash-dot line 4. This is connected to the
smallness of 82 for such high orbits and hence the small magnitude of

the deviation of AQ that occurs (AQ~0.01"), which can remain
uncorrected, or, if necessary, be corrected at the orbital points most distant
from the equator.

Thus, for the satellite constellations in low Earth orbits (LEO),
different manoeuvring strategies can be used depending on the flyby
duration. With a flyby duration of less than or equal to 100 revolutions,
the velocity impulses can be applied at the apex or vertex of the orbit and
the total delta-v expenditure will not exceed 25 m/s for the satellite
transfer along the orbit by 180° With a duration of more than 1,000
revolutions, the impulses can be applied on the equator and the
expenditure will be less than 5 m/s. The combined strategy is optimal for
medium durations. This conclusion is true for the following satellite
constellations: Iridium (h = 780 km); Orbcomm (h = 800 km); and
Globalstar (h ~ 1,430 km).

The optimal approach sees the application of impulses at the apex or
vertex of the orbit for satellite constellations in medium orbits: GPS (h =
20,100 km) and GLONASS (h ~ 19,500 km).

7.1.3. Compromise Flight Duration

According to the graphsin Fig. 7-3, arapid decrease in AV occurs with
an increase in N; however, afurther increase in N leads to an insignificant
gradual decrease in AV. The moment of the descent rate of change of AV
may be considered as a compromise number of the revolutions of the
standby between the flyby time and the expenditure of AV in its
fulfillment.

Figure 7-4 presents the isochronal dependency of AV versus N for the
altitudes 700 km and 2,500 km. It can be seen that the point of intersection
of thetwo linesliesin the area of the interest.
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Fig. 7-4. Velocity expenditure as a function of isochronal N for various
heights

This point can be calculated analytically (Baranov and Grishko 2013,

289-312):
N = f‘fi— “1252‘470‘, (7-23)
y

where: y=A-K+C-K-A-P-D-A-P-F
E=A-M+B-K+C-M-B-P.D-B-P-F-A-P-E
a=B-M-B-P-E

B =-2ncl u, A= p?sin*i,B=4p;,C=45%sin’ 2,
D =T2T2p%sini, E=4T,'pd, F = 4TT2p%sin? 2i,
K =T*#?sin%i,M = 4T/T;?p5,. P = p,/ p,,

T, and T, = the periods of the two compared orbitsand p, and p, = their

focal parameters. After the application of Eq. 7-23, we find that the curves
intersect twice in the general case. For example, Eq. 7-23 gives the values
N, =81 and N, =554 revolutions for the atitudes 300 and 700 km,

respectively. The principal change in the descent dynamics of the function
AV(N) occurs at point N1, which can be considered the point of flyby
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duration compromise. During the investigation of the applicability of Eq.
7-23, it was found that for al orbits the curves in Fig. 7-4 intersect only
when the inclination of the initial orbit is less than 70°. This can be
explained by the fact that with inclinations close to 90°, the multiplier cos
from the equation for the RAAN precession rate turns out to be close to
zero and hence the influence of the altered semimajor axis on the secular
drift of the RAAN is decreased. As such, with inclinations exceeding 70°,
the choice of the standby compromise number of revolutionsin the interim
orhit is necessary to fulfill (by orienting on the graph) the dependency
between the total delta-v expenditure and the number of flyby revolutions.

This analytical search for a compromise between total deltav
expenditure on the flyby and its duration may be useful in designing
complex multiple-tiered satellite constellations and satellite servicing
constellations, etc.

35

AV, m/fs

30

25

20

15

10

0 50 100 150

Fig. 7-5. Total delta-v expenditure as a function of Au for various
inclinations

Figure 7-5 presents the total delta-v expenditure necessary for the
elimination of phase desynchronization for satellite constellations at
altitudes of 700 km, for different inclinations and with a flyby duration of
100 revolutions (the optimal manoeuvring scheme is used in which AV is
calculated with the help of Eq. 7-22). It can be seen that the maximum
total delta-v expenditure is reached with inclinations close to 45° and the
minimum is reached on either the polar or equatorial orbits.
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7.1.4. Satellite Transfer to Another Operational Plane

The variant is possible when it is necessary to transfer a satellite to a
location with a different latitude argument and in a different operational
plane. This means that it is necessary to correct both deviations by the
latitude Au and the deviation between RAANs AQ , which can reach up to
several dozens of degrees, just like Au.

The direct correction of the considerable deviation between the
RAANSs demands considerable total delta-v expenditure. The influence of
the gravitationa field’'s noncentrality can be used for its decrease. The
deviation between the RAANS, which occurs during movement along
orbits with different semimajor axes, may be compensated for, to a great
extent, by the initial deviation between the RAANS, leading to a
considerable decrease in the total deltav of the manoeuvres. For a
considerable decrease in total delta-v, it is necessary to have the difference
of several revolutions between the number of the flight revolutions of the
satellite and the target point (we will denote this difference n).

Let us suppose that the orbit to which we wish to transfer the satellite
has a smaller RAAN value than the orbit on which the satellite is initially
situated (AQ < 0). By engaging a transversal retrofire at the beginning of
the flyby, one can achieve a double effect. Firstly, due to the decrease in

the focal parameter p, the [3©| of the drift orbit increases, and thus the

difference between the RAANs will decrease with each new revolution of
the flight. Secondly, with a relatively long flyby duration, the satellite will
fly n revolutions more than the target point (due to the smaller period of
the obtained orbit), which will additionally help to considerably decrease
the deviation between the RAANS thanks to the rotation of the orbit on the
additional revolutions of the flight. In this example, it is necessary to
consider Au as the positive value, which changes in the range [0,1], not in
the range [-0.5,0.5] unlike thefirst part of this paragraph.

The equality condition of the time spent on different numbers of
revolutions of the satellite’s flight and the target point can be written as
follows:

(P—=AP)(N +n) =P(N —Au), (7-24)

where P = the circular orbit period and AP = the period alteration due to
the transversal component impulses of the first manoeuvring interval. By

substituting the expression for the period P :V% and the period change
0
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AP:Aua:—\’izﬁAVt a in Eq. 7-24, one can find the sum of the
VO VO VO

transversal impulse component of the first manoeuvring interval AV, :

AUu+n
Vt B — 0
: 3(N+n)

This expression can be obtained from Eq. 3-1d.

Let us consider the combined strategy for the correction of the
deviation between the RAANS, with which the impulses are applied in
some optimal locations: the first with latitude u and the second in a
location half a revolution distant from the first one. Taking into account
egs. 7-5 and 7-19, the equation, which depicts the change in Q, can be
written:

AVy .
—4(N + n)BQV—' —((N + n)8Qtgi cosu
0 (7-25)

inu. AV
_ 23N AYZ _ A -s0n.

sini® V,

The change in Q due to the different numbers of flight revolutions n
has been accounted for in the right part of the equation; the member,
which accounts for the difference in the evolution of Q due to the motion
of orbits with different values for the semimajor axes, has been added to
the left part of the equation.

Just as before, it is supposed that two impulses are applied at the
beginning of the flyby (the first manoeuvring interval) and two impulses
are applied at the end of the flyby (the second manoeuvring interval).

For the optima vaue of the impulse lateral component application
angle, one gets the expression:

Up = (7-26)

actg——— ————,
(N +n)dQtgi sini

which practically coincides with the analogous equation for up for the case
of asatellite’ stransfer to anew location in the same orbit. This leads usto
the statement that the conclusions about the optimal manoeuvring
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strategies, made for the first problem, are true for the problem of satellite
transfer to another working plane as well.

By substituting the expression for AV, in Eq. 7-25, and assuming that
the impulse velocity is applied at the optimal pointu,, one can obtain the
equation for AV, :

(N+1)260%g% - — A2 __za 1 son+ 2s0(au+n),
. 2.
sin“i Vg 3

from which the summed magnitude of the lateral impulse components of
the first manoeuvring interval can be obtained:

AV, __ 3AQ-(AAu+7n)sQ -2

V,
0 3\/(N +n)250°tg3i +

sin?i

Thus, the equation for the sum of expenditure is given by (Baranov
2008, 215-218):

2 _ 2
AV — gVo (Au+n) . (BAQ - (4Au+ 7Nn)dQY) . (728

2
3 4 (N+MT (N1 n)2502tg? +

sin?i

It can clearly be seen that AV has approximately the same dependency
on N, just asin the case of the first problem.

The function of n has a more complex nature, but the search for an
optimal value ng, isrelatively simple becauseit is close to the value:

« _ 3AQ—-4AUSQ
Nopt = o (7-29)
which minimizes the second addend in Eq. 7-28.

Sometimes the variable AQ/3Q is used for the assessment of ny, , as
it is widely thought that the major part of the deviation Q should be
compensated due to the different numbers of flight revolutions. The real
Nope 1S More than two times smaller than AQ/3€2, which is connected to
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the considerable decrease in the deviation between the RAANS on the
coincident number of flight revolutions due to the difference p. It is worth
remembering that n is an integer, hence, the deviation between the
RAANS cannot be eliminated solely by choosing the proper value of n, but
the remaining part of the deviation will not exceed 0.56Q2 and can be

easily eliminated with the help of AV, .

7.1.5. Examples

We can consider a satellite's transfer to the neighboring plane for the
Globalstar satellite constellation as an example of the usage of Eqg. 7-28.
The difference between the RAAN values of the neighboring planes of
this constellation is 45° and the optimal n for the satellite transfer to the
neighboring plane is ny, ~ 70 revolutions. The dependency between AV

and the number of revolutions of flight N isdepicted in Fig. 7-6.
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Fig.7-6. Total delta-v expenditure needed for the alteration of the RAAN by
45° as afunction of the number of flight revolutions (the orbital altitudeis
1,400 km)

For GLONASS n,, ~ 3,000 revolutions; thus, the optimal flyby will

take many thousands of revolutions, which speaks to the ineffectiveness of
using such a scheme to change the RAAN for satellite constellations in
high orbits. It is necessary to launch the satellite to the desired plane.
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7.1.6. Total Delta-V as a Function of the Difference
inthe RAAN

Total delta-v expenditure as a function of the desynchronization of the
RAANS has a close-to-linear nature, but strongly depends on the orbital
inclination; the expenditure rate of increase rapidly rises for the range of

thevalues i €[60°;90°] (Fig. 7-7).

AV, m/s

i=60°, AQ>0

i=80°, AQ>0

i=60°, AQ<0

i=80°, AQ<0

AQ,°

Fig. 7-7. Total delta-v expenditure as a function of RAAN
desynchronization with various inclinations, an atitude of 700 km, and
N = 1,000 including planar rotation in the direction of natural precession
(AQ<0) or opposite direction (AQ>0)

Figure 7-8 gives the results of calculating the various inclinations in
the small range of angles AQ . The function of total delta-v expenditurein
this case is represented by a curve with decreasing oscillations; moreover,
the intensity of these oscillations depends on both the inclination and the
magnitude of the semimajor axis (the nature of the function is similar). It
can be seen in Fig. 7-8 that the oscillations are stronger for the inclinations
20-40°. Based on Fig. 7-8, the following important conclusion can be
made with the fixed inclination and the dtitude of the initial orbit it is
possible to transfer the spacecraft in the plane, with a big value in the
RAAN deviation, but with a smaller total deltav expenditure on the
transfer; moreover, the difference for the medium inclinations can reach
up to 20 m/s (up to 86 %). Thisis explained by the fact that parameter nis
an integer in its distribution, which eliminates the possibility of accurately
compensating the deviation between the RAANS by one phasing operation
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in the orbital plane and the correction of the leftside deviation between the
RAANSi s needed.
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Fig. 7-8. Velocity expenditures as a function of the desynchronization
between the RAANSs for variousinclinations (altitude 700 km and
N = 1,000 revolutions)

The fractional part of n as a function of the angle between the planes
for the dtitude 700 km is depicted below. The graph in Fig. 7-9
unambiguously connects the fractional part of n with the oscillation
amplitudes of the flyby delta-v expenditures (Fig. 7-8): in cases where the
difference in the number of revolutions of the flight n is close to the
integer value and the planes can be amost aligned by phasing, the
function AV (AQ) receivesits minimums.
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Fig. 7-9. The fractional part of the absolute value of n as afunction of the
angle between planes for altitude 700 km and N = 1,000 revolutions
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Let us note the following circumstance: the sign of AQ needs to be
accounted for during the assessment of flyby total delta-v expenditure (in
Fig. 7-8, AQ >0). Figure 7-10 presents the curves for the total delta-v
expenditure for two inclinations (30° and 60°) for the case of planar
rotation by the angle 0.1-5° in the direction of the RAAN precession and
the opposite direction, for the atitude 700 km.

50

AV, m/s

45
40
35
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20

— 304
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15
10

Fig. 7-10. Velocity expenditures needed for planar rotation for inclinations
30° and 60° in the direction of precession (-) and
in the opposite direction (+)

It can be seen from the graph in Fig. 7-10 that, in the case of planar
rotation against the direction of precession, the curve of total delta-v
expenditure will be in the counter phase with curve oscillations, obtained
for the concurrent rotation (a very important regular pattern), but a small
shift takes place due to the negative influence of the RAAN evolution.

The influence of the direction of the planar rotation is also noticeable
in the dependency between total deltav and the number of flyby
revolutions for different values of the orbital desynchronization angle by
the RAAN (Fig. 7-11). With an increase in the value of the required angle
of planar rotation, this influence becomes more noticeable in the area of
relatively small N. The planar rotation in the node lin€'s natural direction
of precession alows, for example, obtaining a gain of 100 m/s in the case
of 450 standby revolutions (= 31 days) with the required planar rotation
angle of 30°.
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Fig. 7-11. Delta-v expenditure as a function of the number of revolutions
for various directions and alteration to the RAAN magnitudes for an
altitude of 700 km

The conducted analysis of the satellite’s orbital transfer, which has a
substantial deviation between the RAANS, alows us to choose the optimal
strategy of such atransfer. The investigated dependency between the total
delta-v of the flyby and the deviation between the RAANSs may be used in
choosing the optimal space debris removal strategy.

7.2. Universal Algorithm for Manoeuvring Parameter
Determination during Satellite Constellation Deployment

The problem of satellite transfer to a desired point in the target orbit
(the target point) is considered primarily in its general statement, with the
initial and target orbits having close, but different values for the semimajor
axes, eccentricities (e< 0.05), and inclinations. The deviation between the
RAANs may be arbitrary by magnitude. Problems of this type occur
during the initialization of a satellite constellation and its maintenance; the
de-orbiting of severa satellites by one spacecraft; and soil delivery from
other planets and their satellites, etc.

The complexity of this problem consists not only of the difficulty in
determining the manoeuvring parameters (such as the solution of the usual
rendezvous problem of fixed duration, considered in chapters 3 and 4), but
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also in finding the optimal number of revolutions N of the target point
flight and the difference in the numbers of revolutions of the flight for the
active spacecraft and the target point n. The optima choice of these
variable values and the drift orbit parameters allows us to practically
eliminate the whole magnitude of the initial desynchronization of the
RAANS due to the influence of the noncentrality of the gravitational field.
This gradually reduces the total delta-v expenditure necessary for the
transfer of a satellite to a given point.

Due to the long rendezvous duration, it is necessary to eliminate the
considerable deviations in the RAAN and the problems of convergence
that appear during the use of the iterative procedure, ensuring the
fulfillment of the terminal conditions with the desired accuracy. This
iterative procedure is presented in Chapter 1. In addition, the orbit’s
eccentricity is not only directly changed by the impulses of the first
manoeuvring interval (like in rendezvous of small and medium durations),
but also through the alteration of the orbital evolution due to the
transversal and lateral components of the impulses, complicating the
problem significantly.

7.2.1. Differencein the Number of Revolutions:
Active and Passive Spacecr aft

During the problem solution, we will assume that the duration of the
rendezvous is fixed (the target point flight revolution number N is fixed).
The problem in this statement is in itself both interesting and important
and if we had a quick enough solution, we could enumerate the values of
N with the set step in the range of interest and solve the problem for every
N. This alows us to choose N, providing the necessary compromise in
reducing both the rendezvous duration and the total delta-v expenditure,
which, as arule, increases with the decrease in rendezvous duration. The
decision about the optimal solution N is made by the operator, who seeks
to solve the problem through the analysis of the total delta-v expenditure
versus the flyby duration.

With the fixed value of N, the problem solution starts with a
determination of the difference in the active spacecraft and target point n
numbers of revolutions of the flight. Once this difference is defined, the
analog of the conventional rendezvous problem is obtained, during the
solution of which it is still necessary to take into account the influence of
the gravitational field's noncentrality.

The determination of optimal n is also carried out with the help of the
iterative procedure described as “outer”. The iterative procedure from
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Chapter 1, which is used for the fulfillment of the terminal conditions with
the given accuracy, is described as “inner”.

The approximate value of n is determined at the first stage with the
condition that only some of the orbital elements are corrected. Let us
denote the difference between the semimajor axes, the latitude arguments,
the inclinations, and the RAANS of the target and active spacecraft orbits
in the initidl moment of time as Aay,Aug,Aiy, AQq, respectively. We
denote the sum of the transversal components of the impulse on the first
and second manoeuvring intervals as AV, and AV, respectively. It is

suggested that the first manoeuvring interval is the first revolution and
second manoeuvring interval is the last revolution of active spacecraft
flight.

Let us start with the case when Ai, is small enough and the change in
inclination does not take part in the change of Q. It is suggested that only
the impulse transversal components are used for the solution at this stage.

Taking into account Eq. 7-5, the conditions for compensating the
deviations Aay,Auy,AQ, in 7-24 have been approximately given
(Baranov 2001, 113; Baranov and Labourdette 2003, 130-142):

2AVtI -i-AVt|| _ Ag,

) (7-30a)
Vo a
AV, AV, +AV, .
—3(N+n)—-=-3N— L+ Aug +n, (7-30b)
Vo 0
AV, AV, +AV,
—4(N +n)3Q v L= ANSQ—L 1 L AQ-30N, (7-30c)
0 0

« A . . .
here, Au, :%. It is also suggested that AQ =AQ, in the beginning
VA
and AQ=AQ,+AQ,; (where AQ; = deviation of RAANSs after the first

iteration) after the first iteration of the outer iterative procedure etc.
The expression for n, which does not depend on the magnitudes of the
impulses, can be found from the second and third equations:

3AQ 4

n=————
7%5Q 7

AU, (7-31)

This relatively simple expression for n allows us to make several
important conclusions. Firstly, n does not depend on the rendezvous
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duration N. As we will further see, it is not exactly true for accurate
solutions, but the dependency is indeed weak. Secondly, as previously
noted, the found value for n is two times smaller than the simplest
assessment of AQ/5Q . Theinitial phase desynchronization Au, adds the

addend, which does not exceed half arevolution, but, during calculation, n
is rounded up and the deviation Au, may change n by unit.

The sum of the impulse transversal components of the first
manoeuvring interval depends on the rendezvous duration and can be
found from egs. 7-30a and 7-30b:

AV, NAa,  Aug+n

= : (7-324)
Vo  2(N+nma;, 3(N+n)
AV, AV,
W A% % (7-32b)
V, 2a, V,

A more accurate value of n can be obtained if the change in inclination
is accounted for. Let us denote the sum of the impulse lateral components
of the first and second manoeuvring intervals AV, and AV, ,

respectively. By supposing that the impulses are applied at the equator and
taking into account Eq. 7-15, the following equation system is obtained
(Baranov and Baranov 2008):

2AVtI +AVtII :A;ao

, (7-333)
Vo 2N
AV, AV, +AV, .
—3(N+n)—-=-3N— L+ Aug +n, (7-33b)
Vo Vo
AV, +AV, ,
— L = Ai, (7-33c)
VO
AV, AV,
—4(N +n)dQ——-— — (N + n)3Qgi L=
VO VO
(7-33d)

AV, +AV, AV, +AV,
—4N3Q——-— N3Qtgi ———-
Vo Vo

+AQ—-50Nn
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The number of variables is greater than the number of equationsin Eq.
7-33. Selecting n as an independent variable, one can obtain the
expressions for the impulse components:

AV, =V, NAa,  Aup+n ’ (7-343)
: 2(N+n)a; 3(N+n)
AV, :voéio AV, (7-34b)
8y
AV, = Vo NAig 4(Aug +N)dQY+ 3F6(2n— AQ) (7-340)
" N+n 3BQugi
AV, =VoAi—AV, . (7-34d)

The value n will be optimal with the minimal function:

AV = JAVZ + AVZ +[AVZ + AV .

Zy

It is not difficult to conduct single-dimensional optimization;
moreover, a good initial value for n can be determined with the help of
Eq. 7-31.

The numerical and numericaly analytical (which is more preferable
thanks to the long rendezvous duration) integration of the equations of
motion for the target point and the active spacecraft’s transfer to the target
point is fulfilled after the determination of n. The target point is given by
the number of revolutions and the latitude argument. The deviations of the
orbital elements are calculated and the manoeuvring parameters, ensuring
the adjustment of all the elements of the target orhit except for the RAAN,
are determined.

During the determination of the manoeuvring parameters, it is
supposed that the inclination correction distribution between the
manoeuvring intervals (the inclination of the drift orbit, calculated during
the determination of optimal n) is preserved. The multiple iterations of the
inner iterative procedure are fulfilled in order to make the deviations of the
corrected elements small enough. After that the magnitude of the left

deviation between the RAANs AQ, is analyzed. If|AQ| >‘SQ*‘, where
8Q" =AQy/n, such that the accuracy of the model used for the
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determination of n is not enough, AQ, should be substituted with AQ;

and the next iteration of the outer iterative procedure should be conducted
(with updated n). The flowchart of the n determination algorithm is given
below.

Evaluation of the difference in the number of revolutions of flight n
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7.2.2. Change of Semimajor Axisand Eccentricity Vector

When the final value for n is found, we can switch to determining the
manoeuvring parameters, which ensure the adjustment of al elements of
the target orbit. As with a medium duration rendezvous, the solution will
be searched for in the form of a solution that combines the two transfer
problems; however, the peculiarities, connected to the noncentrality of the
gravitational field, must be taken into account.

Figure 7-12 gives the target point orbital eccentricity vector in the
rendezvous moment—vector OK; the active spacecraft orbital eccentricity
vector in the initiadl moment of rendezvous—vector OA* and the
rendezvous fina moment—vector OA. The optimal direction of
eccentricity correction is set by vector AK.

Fig. 7-12. Eccentricity vector correction

Let us suppose that the target point is set on the equator with
inclination i corrected and € uncorrected; such a variant is used, for
example, for the first iterations of the outer iterative procedure. In this
case, the optimal direction of the orbital plane correction coincides with
the direction of axis e, . Let us suppose that vector OL corresponds to the
magnitude of the required inclination change.

With the help of egs. 7-32a and 7-32b, the change in distribution of the
semimajor axes Aa,,Aa; by the impulse transversal components of the
first and second manoeuvring intervals is assessed. This assessment is
rather accurate thanks to the long duration of the rendezvous.

By setting the positions of point M on line segment OL and point D on
plane e,,e,, i.e. by distributing the inclination and eccentricity vector

correction between the manoeuvring intervals, the two transfer problems
are obtained. Solving these problems, the optimal values of the total delta-
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v of each of the transfers (AV,; and AV, ) can be found and, hence, the
rendezvous total deltav AV =AVi +AVy; can be found too. The

optimal solution of the rendezvous problem can be obtained by varying

the positions of points M and D (Baranov and Baranov 2009, 256-262).
There is no need to account for the influence of the noncentrality of the

gravitational field during the determination of AV for the second

manoeuvring interval. The alteration of the semimajor axis is determined
by Eq. 7-32b. The ateration of the eccentricity vector is set by vector DK
and the alteration of the orbital plane is set by vector ML. The angle
between these vectors ?s, is known (Fig. 7-12). The transfer problem

(searching for AV, ) is determined and one of the methods from the 2nd

paragraph of the Chapter 2 can be used for its solution.
Accounting for the influence of the noncentrality of the gravitational
field is necessary for the determination of AV, for the first manoeuvring

interval. We get vector OD’, which, as can easily be seen, differs in
magnitude from the desired vector OD, if we change the active spacecraft
orbital eccentricity vector, which it had at the initial moment in time
(vector OA), by the seemingly required vector AD. In order to find the
vector that needs to be corrected, one should draw line segment AD from
OA’ with the same angle  between vector AD and vector OA. Then, we

will get the desired vector OD ”; which will take the place of vector OD
after evolution. The drift orbit, shaped by the impulses of the first
manoeuvring interval, should have the eccentricity vector OD right before
the second manoeuvring interval. As we can see, the magnitude of the
eccentricity alteration is equa to the magnitude of vector OD at the
moment of performance of the first interval manoeuvre, but the direction
gradually changes. The angle between the eccentricity vector's optimal
direction of correction and the optimal direction of the orbital plane
correction changes too. The angle @ differs from angle @y, (Fig. 7-12).

The difference between angles @, and @z, explains the necessity of

searching for the optimal position of point D in the vicinity of line
segment AK, not on line segment AK itself. Let us remember that, in the
medium duration rendezvous problem, the optimal position of point D can
easily be determined: for example, it divides line segment AK
proportionally to AV, and AV, . After determination of the position of

point D7, the transfer problem for the first manoeuvring interval is
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determined: it is necessary to transfer from point A’ to point D” with
angle ¢, between the optimal orbital plane change in direction and the

required alteration to the eccentricity vector. One of the methods from the
second paragraph of Chapter 2 can also be used for its solution.

7.2.3. Orbital Plane Rotation

During the simultaneous correction of the inclination and the RAAN
optimal direction of the orbital plane correction can be different for
different intervals too.

In Fig. 7-13a, the difference between the orbital inclinations Aig),
which needs to be corrected, has been put on the abscissa axis. The
deviation between the RAANS, which remains after the correction of the
eccentricity vector, the semimajor axis, and the position along the orbit
(let usdenoteit asAQ, ) has been placed on the ordinate axis.

There are two ways of performing deviation correction between the
RAANs AQ, .

Let us assume that, during the determination of optimal n, it was found
that the magnitude of the inclination change by the impulses of the first
manoeuvring interval should be equal to Ai,; and by the impulses of the
second manoeuvring interval: Aig — Ai, . Such adistribution of inclination
correction should lead (due to orbital evolution) to the ateration of the
RAAN at the rendezvous point by the magnitude AQ, .

In Fig. 7-13a, the influence of the ateration of the inclination Ai,, on
the dteration of the RAAN is plotted by line segment LM. The angle
between line segment LM and the abscissa axis depends on N+n and on
dQtgi (it depends on the flight duration and the rate of orbital evolution).

Qs Q (b)
AQq
AQIN (a)
AQ,
AQ . .
AQn Al i
\ 0 Aio
Ve L K i, AQ
0 Aiy, Al Al Al '

Fig. 7-13. Orhital plane orientation correction
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Thus, the deviation between the RAANs AQ, —AQ,, remains &fter the
correction of the planar orbital elements and the inclination.

In order to completely eliminate the deviations between the RAANS,
the lateral components of the impulses of the first manoeuvring interval
should alter the inclination by Ai,, not Ai,. In order to find Ai,, line
segment NK, which is parallél to line segment ML, should be plotted from
point N (0, AQY, ). Thisis a method of RAAN correction with the help of
the inclination. The deviation between the RAANs can be eiminated
completely through the lucky choice of the inclination of the drift orbit (
Ai, ) without correcting the deviation between the RAANS. This is a
simple and reliable method, but it may be nonoptimal from the total delta-
v expenditure point of view.

The combined method appears to be more universal and optimal
(Baranov and Baranov 2009, 256-262). Let us assume that the impulses of
the first manoeuvring interval alter the inclination by Ai, and the
impulses of the second manoeuvring interval alter the inclination by
Aiy—Ai;. The alteration of the inclination by Ai. will lead to the

alteration of the RAAN by AQ.. The deviation AQ, —AQ. remains, as
Ai, does not coincide withAi,. The correction of the deviation
AQ, —AQ, is conducted in the usual way and it is optimal to distribute it
between the manoeuvring intervals. For example, on the first manoeuvring
interval AQ , —AQ. may be corrected simultaneously with the correction
of Ai, (Fig. 7-134) and on the second manoeuvring interval AQ, —AQ

may be corrected simultaneously with the correction of Aiy—Ai. . It is
obvious that, in this case, the optimal points for the orbital plane rotation
will shift from the equator and will be different for the first and second
manoeuvring intervals. By altering Ai, and by atering AQ,, for each

Ai., different variants of alteration of the orbital plane on the first and

second manoeuvring intervals are obtained. Since the optimal directions of
eccentricity vector correction are aso different on the first and second
manoeuvring intervals, the opportunity to bring the near optimal directions
of the corrections of the eccentricity vector and the orientation of the
orbital plane on each of the intervals, hence, the decrease of the total delta-
v of thetransfers AVy; and AV, ~arises.

It is worth mentioning that, sometimes, the deviation of i needs to be
increased for the sake of a decrease in the deviation between the RAANSs
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(Fig. 7-13b). This happens when AQ, and AQ, have different signs,
where AQ, corresponds to the ateration of the RAAN due to the change

in inclination by the impulses of the first manoeuvring interval by the
magnitude Ai,. In this case, it is necessary to enumerate the points from

interval [Ai,,Ai,], not from interval [0,Ai,], for obtaining the optimal
value of Ai; (Fig. 7-13b).

7.2.4. General Algorithm for Getting the Precise Solution
to the Problem

The flowchart of the problem solution algorithm is given below.

The solution consists of three embedded iterative procedures. The
outer procedure is used for the determination of the optimal difference in
the number of revolutions of flight n. The inner procedure is used for the
fulfillment of the terminal conditions with the desired accuracy (for each
of the fixed values of n). The third procedure ensures the transfer to the
desired orbit for a fixed time with the required accuracy and the
approximate determination of the manoeuvring parameters.

The manoeuvring parameters, which ensure the adjustment of all
orbital elements except the RAAN, are calculated during updating of the
value n. Once the optima value of n is found, al orbital elements
including the RAAN are corrected in the inner and the third procedures.
This solution isthe final problem solution.
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7.2.5. Examples of Algorithm Application in the Mars Sample
Return Mission Project

The method for calculating the manoeuvring parameters for a long
duration rendezvous, described in this paragraph, was realized in the form
of a piece of software entitted “GAMA”. The numerical analytical
integration of high accuracy of the equations of motion “THEONA” was
used for the propagation of the motion of the spacecraft in the software
(Golikov 1990; Golikov 2008). A detailed description of the numerical
analytical prognosis procedure “THEONA” can be found in the first
paragraph of Chapter 10. The combination of the two numerical analytical
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methods in one program alows us to obtain the solution of the most
complex problems in some dozens of seconds, including the analysis of
the dependency between the total delta-v expenditure of the manoeuvres
and the rendezvous duration. During the development of the “GAMA”
software, considerable difficulties had to be overcome, connected, first of
all, with the poor convergence of the inner iterative procedure with the
long duration of the rendezvous (several months). To demonstrate the
capabilities of the “GAMA” software and the af orementioned method, the
two rendezvous problems on the orbit of Mars and the two problems of the
satellite transfer to the required positions in the satellite constellations in
Earth orbit will be considered.

In the project “Mars sample return mission” (Bollman, D’ Amario, Lee,
and Roncoli et al. 1999), the return vehicle would have to successively
“grab” two capsules with soil in Mars orbit. It was assumed that the first
capsule, delivered by a previous spacecraft, would be deployed in Mars
orbit two years before the arrival of the return vehicle. Thisiswhy thereis
the possibility of considerable desynchronization of the RAANSs of the

return vehicle and the capsule orbits. The deviation AQ=182" was
considered in problem 1. The second capsule would be delivered by the
spacecraft itself, but, due to its long stay on the surface of Mars and due to
the fact that the return vehicle was grabbing the first capsule at that time, a

considerable deviation between the RAANs would aso occur (AQ =80").
The project was not realized, but the problems remain interesting due to
their complexity. The statements and solution results are presented in the
work of Bollman, D’ Amario, Lee, and Roncoli et a. (1999). This alows
us to compare the results obtained with the help of different methods. This
possibility was already used in the work of Breeden, Guinn, and Ocampo
(2001, 1-20), in which the solution of one of the problems considered in
the work of Bollman, D’Amario, Lee, and Roncoli et a. (1999) is
depicted. The results, obtained in Bollman, D’ Amario, Lee, and Roncoli et
a. (1999), Breeden, Guinn, and Ocampo, (2001, 1-20), and the results,
obtained with the help of the “GAMA” software (Baranov and Labourdette
2003, 130-142; Baranov and Baranov 2009, 256-262) are listed in table 7-
1

In the work of Bollman, D’ Amario, Lee, and Roncoli et al. (1999), the
solution for both problems was searched for with the help of the traditional
method for NASA® (Fehse 2003, 441-449), with individual correction of
the orbital plane orientation and other elements. Solutions of this type we

3 “Shuttle Press Kit: STS-92”. Accessed March 25, 2007.
http://www.shuttlepresskit.com/STS-92/.
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will term “separate”. NASA used 10 impulses and 320.8 m/s of total delta-
v with a rendezvous duration of 123.9 days for the solution of problem 1
(the 3rd row in table 3-1). The “GAMA” software used 6 impulses and
233.7 m/s of total delta-v with a rendezvous duration of 123.1 days for the
“separate” solution. The information about the solution is listed in the
second row of table 3-1 and the solution parameters are presented in
Example 1-1.

At the beginning of Example 1-1, the orbital elements of the active and
target spacecraft are presented, including: the minima and maximum
atitudes above the surface of Mars, Hmin and Hmax; the pericenter
argument ®; the inclination i and the RAAN; and the number of
revolutions and the latitude argument Nrev and Ulat, respectively. The
tota deltav of the manoeuvres and, separately, the total deltav
expenditure on manoeuvring in the orbital plane and the orbital plane
rotation, the number of iterations of the inner iterative procedure, needed
for the solution of the whole problem (with updated n) and the solution of
the problem with a fixed value of n, are further listed. The parameters of
each of the manoeuvres are also listed in the rows, including: the number
of revolutions and the latitude argument of the impulse application
moment and its components. Then, the duration of the rendezvous (in
days), the value of n, and, separately, the active and target spacecraft
number of flight revolutions, are listed. The next row gives the distribution
between the manoeuvring intervals of the total delta-v expenditure on
atering the eccentricity vector and the rotation of the orbital plane. At the
end of the example case, the given accuracies of fulfilling the terminal
conditions and the deviations in the rendezvous point between the orbits,
shaped with the manoeuvres, and the given target orbit are presented.

The apsidal four-impulse solution was used, which is why the four
inner impulses are purely transversal. The application angles of one
manoeuvring interval differ by 180° however, as has aready been shown,
the directions of optimal eccentricity correction are different for the first
and second manoeuvring intervals. The two impulses, listed in the last
column, are used for the ateration of the orbital plane. They correct only
the inclination (both applied on the equator), but, through the correct
choice of their magnitude deviation between the RAANS, they can be fully
eliminated. The four transversal impulses can solve the coplanar
rendezvous problem. As shown in Chapter 3, we can use three impulses,
but the four-impulse apsidal solution is more universal as there is no need
to analyze on which of the intervals the two impulses should be applied.
Furthermore, by using four impulses, one can obtain a solution that is less
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sensitive to the errors of impulse realization and the knowledge of the
orbital parameters (see paragraph 3.9).

In the solution given by Bollman, D’ Amario, Lee, and Roncoli et al.
(1999), the five transversal impulses ensure the required evolution of the
orbital plane for the elimination of the main difference between the
RAANS, but do not solve the rendezvous problem completely—they only
ensure the transfer to an orbit 0.5 km lower than the given orbit. At this
moment, a difference in position along the orbit may be half a revolution
long. As such, the necessary standby on this close orbit is fulfilled in order
to let the active spacecraft catch up with the target spacecraft (the standby
can take up to two weeks), after this a transfer to the desired orbit in the
limited vicinity of the target spacecraft is made with help of two additional
impulses. During this final phasing a deviation between the RAANSs
occurs, the special impulse, applied at the orbit apex is used for its
correction. These additional impulses explain the big difference in the
number of impulses used, presented in the two compared solutions. The
general discrepancy in the total delta-v expenditures is connected to the
different eccentricity vector deviation correction schemes (see paragraph
4.5).

The optimal total delta-v expenditure solution can be obtained, if the
use of all components of every impulse is permitted (a “combined’
solution). Such a solution, obtained with the help of the “GAMA”
software is listed in Example 1-2. Four impulses are needed for the
problem solution (the magnitude of the second impulse is only 0.54 m/s),
AV = 202.4 m/s. The information about this solution is listed in the first
row of table 3-1.

A close solution, in term of the attributes (the fourth row in table 3-1; 3
impulses;, AV = 199.52 m/s; and a rendezvous duration of 133.04 days),
was obtained in the work of Breeden, Guinn, and Ocampo (2001, 1-20)
using the numerical method. The expenditures are slightly smaller, but the
rendezvous duration is longer. The total delta-v expenditure can be
decreased by increasing the rendezvous duration. Such a combined
solution, obtained with the help of the “GAMA” software is listed in
Example 1-3. Four impulses are used in this solution: AV = 194.6 m/s; the
duration of the flyby is 144.7 days,; and the parameters of the solution are
listed in the fifth row of table 3-1.

The universal method (the impulses do not have radial components),
leading to practically the same (the second decima place of percent
greater) total delta-v expenditures as the optima Edelbaum solution
(Edelbaum 1967, 66-73), but ensuring a more rapid convergence of the
iterative procedures, was used during the search for the combined
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solutions on each of the manoeuvring intervals for the determination of the
optimal transfer manoeuvring parameters.

The total delta-v expenditure decreases as the rendezvous duration
increases. The high performance of the “GAMA” software allows us to
find compromise values for these parameters. There is an option to
enumerate the target spacecraft flight revolution number (Nf) during
calculation. For every N, the problem is solved and the values of total
deltarv and other manoeuvring parameters are found (Example 1-4)
(Baranov and Baranov 2009, 256-262). The total solution time will be
considerably smaller in comparison to the solution of the succession of
problems with fixed N;. Analysis of the calculation results from Example
1-4 shows that a truly close-to-optimal rendezvous duration was chosen in
the work of Bollman, D’Amario, Lee, and Roncoli et al. (1999).
Specifically, on the interval from 1,350 to 1,400 revolutions of the target
spacecraft’s flight, the dependency between total delta-v and rendezvous
duration decreases considerably. It is not particularly effective to increase
the rendezvous duration further.

For the second rendezvous problem in Mars orbit, the optimal
combined solution (Example 2-1), the separate solution (Example 2-2),
and the solution with the enumeration of the number of target spacecraft
flight revolutions (Example 2-3, 800 to 1,800 revolutions with a step of
200) are presented. The obtained results can be compared to the results
given by Bollman, D’ Amario, Lee, and Roncali et al. (1999) with the help
of table 7-2.

The calculation results, listed in Example 2-3, show that, for the
second problem in the work of Bollman, D’ Amario, Lee, and Roncoli et
al. (1999), the optimal rendezvous duration was chosen as well, since,
specifically on a target spacecraft flight interval of 1,200 to 1,400
revolutions, the dependency between total delta-v and rendezvous duration
decreases considerably.

The impulse manoeuvres were supposed to have been used in all the
aforementioned examples, as there was no information given about the
types of engines used.
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PROBLEM 1
Example 1-1
initial orbit target orbit
Hmin km 250.0 500.0
Hmax km 1,400.0 700.0
o deg 40 184.0
i deg 45.0 46.0
Q deg 2.0 184.0
Nrev 1 1
Ulat deg 184.0 184.0

dV =233.68 m/s dVinpln =184.68 m/s dVoutpl = 49.00 m/s
Niter =95 16

Nimp Nrev Ulat dvrd dwvir dvit
1 1 180.00 0.0 00 -47.09
2 2 18522 00 5493 0.0
3 3 522 00 0.15 0.0
4 1221 3648 00 -0.67 0.0
5 1222 21648 00 -12892 00
6 1,222 000 0.0 0.0 1.91

N_days: 123.1 n=-169.0 REVINITG =1392 REVfnICH = 1223
Ulopt = 185.2 Elopt =109.57 E2opt =256.5 Zlopt=47.09
Z20pt=1.91

Given tolerances of terminal condition fulfillment
& & a t i deg Qdeg
0.0001 0.0001 0.01 0.1 0.0005 0.0005

Deviations in the rendezvous point after manoeuvre fulfillment

Aex Aey Aa At Aideg AQ deg
0.0000199 0.0000008 0.0011981 -0.0932687 0.0000011 0.0000036
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Example 1-2

dV =202.39 m/s dVinpin = 184.22 m/s dVoutpl = 56.66 m/s
Niter =93 15

Nimp Nrev Ulat dvrd dwvir davit
1 2 18610 00 5409 -4741
2 3 30619 0.0 0.54 0.09
3 1221 21005 00 -7871 -547
4 1222 22474 00 -50.86 3.66

N_days: 123.1 n=-169.0 REVfNITG =1,392 REVIICH = 1,223
Ulopt = 183.6 Elopt=107.66 EZ2opt=257.14 Zlopt=47.5
Z20pt=2.1

Aey Aey Aa At Ai AQ
0.0000002 -0.0000002 -0.0000124 -0.0400580 -0.0000013 -0.0000171

Example 1-3

dV =194.59 m/s dVinpln = 186.35 m/s dVoutpl = 53.82 m/s
Niter =79 14

Nimp Nrev Ulat dvrd  dvtr dvit
1 2 18850 0.0 5013 -21.05
2 3 1130 00 -1281 4,56
3 1461 19593 0.0 5.72 -0.71
4 1462 509 00 -117.67 27.48

N_days: 144.7 n=-173.0 REVINITG=1,636 REVNICH = 1,463
Ulopt = 184.6 Elopt=125.88 E2opt =246.60 Zlopt =25.6
Z20pt =28.1

Aey Ae Aa At Ai AQ
-0.0000001 0.0000004 -0.00024 -0.0424021 0.0000052 -0.0000115
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Example 1-4

dV =205.66 m/s dVinpin = 183.11 m/s dVoutpl = 60.77 m/s
Niter =73 14

Nimp Nrev Ulat dvrd dvir dvit
1 2 189.67 00 5087 -47.84
2 3 3456 00 -208 0.67
3 1279 24460 00 -126.83 -6.51
4 1280 8465 0.0 330 -573

N_days: 128.2 n=-169.0 REVfNITG =1,450 REVInICH = 1,281
Ulopt = 185.6 Elopt=105.56 E2opt =259.90 Zlopt=48.5
Z20pt=2.2

Ay Aey Aa At Ai AQ
-0.0000008 0.0000003 0.0000469 0.0951869 0.0000012 0.0000456

Nrevtg av dVinpln  dVoutpl n

1,050 29340  284.35 51.11 -168.0
1,100 27540  266.82 51.52 -168.0
1,150 259.69  251.39 54.81 -169.0
1,200 24523 23524 55.75 -169.0
1,250 231.92  221.97 56.34 -170.0
1,300 21946 21091 53.97 -172.0
1,350 20859  196.96 55.30 -171.0
1,400 206.87  187.01 51.38 -169.0
1,450 205.66  183.11 60.76 -169.0

Table7-1
PROBLEM 1
Number of manoeuvres| AV m/s % Lgs
GAMA (comb.) 4 202.39 100 | 123.1
GAMA (sep.) 6 233.68 | 1155 | 123.1
158.5
NASA (sep.) 10 320.8 (137.3) 123.9
UT& JetPL (comb.) 3 199.52 98.6 |133.04
GAMA (comb.) 4 194.6 96.1 | 1447

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



308 Chapter Seven

PROBLEM 2
Example 2-1
initial orbit target orbit
Hmin km 475.6 446.8
Hmax km 724.4 553.2
 deg 279.3 238.4
i deg 46.0 45.0
Qdeg 80.2 12
Nrev 1 1
Ulat deg 356.5 105.8

dV = 145.36 m/s dVinpin = 130.35 m/s dVoutpl = 56.14 m/s
Niter =73 11

Nimp Nrev Ulat dvrd dvtr VIt
1 2 19096 0.00 -42.60 6.48
2 3 34866 0.00 -4148 -25.61
3 1430 32268 000 2890 -250
4 1431 26091 000 1735 153

N_days: 116.9 n=59.0 REVfITG =1,374 REVfnICH = 1,433
Ulopt = 86.0 Elopt = 16.30 E20pt = 40.14 Zlopt =-51.1 Z20pt=-2.2

Given tolerances of terminal condition fulfillment
Ae Aey Aa At Ai AQ
0.0001 0.0001 0.01 0.1 0.0005 0.0005

Deviations in the rendezvous point after manoeuvre fulfillment
Ae Agy Aa At Ai AQ
0.0000002 0.0000001 0.000023 -0.0148 -0.0000002 -0.000001

Example 2-2
dV =181.74 dVinpln=130.84 dVoutpln=50.91 Niter =86 16
Nimp Nrev Ulat dvrd dvir Vit
1 1 18000 0.0 00 46.34

2 2 26526 00 -8376 00
3 3 8.2 00 -011 00
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4 1,430 4807 00 4410 00
5 1,431 22807 00 286 0.0
6 1,432 0.00 00 0.0 -4.55

N_days: 1169 n=59.0 REVMITG =1,374 REVfnICH = 1,433
Ulopt = 85.3 Elopt = 167.31 E2opt = 82.47 Zlopt =46.3 Z20pt = -
45

Aey Ae Aa At Ai AQ
-0.0000005 0.0000086 0.0004194 -0.0837062 0.0000011 0.000012

Example 2-3

dV =125.47 dVinpln=112.10 dVoutpl =55.34 Niter = 30 10
Nimp Nrev Ulat dvrd dvir dvit
1 2 347.32 00 -4337 -24.18
2 3 196.98 0.0 -31.32 18.18
3 1,859 174.50 0.0 3343 11.68
4 1,860 60.77 0.0 39 -1.28

N_days: 153.2 n=62.0 REVMITG=1,800 REVfICH = 1,862
Elopt =22.39 E20pt =32.04 Zlopt=-41.0 Z2opt=-12.2

Nrevtg av dVinpin  dVoutpl n
800 203.00 193.26 55.37 58.0
1,000 176.27 166.28 56.06 60.0
1,200 156.45 145.34 54.29 60.0
1,400 145.78 130.06 62.01 60.0
1,600 134.80 119.72 59.00 61.0
1,800 125.46 112.10 55.34 62.0

Table7-2
PROBLEM 2
Number of o Time
Manoeuvres AV /s & days
GAMA (comb.) 4 14536 | 100 | 1169
GAMA (sep.) 6 181.74| 125 | 1169
NASA (separate) 10 219.6 (112%18) 116.9
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7.2.6. Example of Algorithm Application in the Globalstar

Deployment Problem

The “GAMA” software is especialy effective for manoeuvring
parameter determination during the deployment and station-keeping of
satellite constellations. Table 7-3 presents the dependency between total
delta-v, required for the satellite transfer to the neighboring operational
plan and the number of target point revolutions of the flight for the
“Globalstar” satellite constellation, and, separately, the total deltav
expenditure on manoeuvring in the orbital plane and the orbital plane

rotation.
Table7-3

N T days AV m/s AVingin AVoutpin

800 63.2 534.06 517.97 114.12
1,000 79 425.86 395.79 147.78
1,200 94.8 342.34 337.59 56.68
1,400 110.6 290.17 285.17 53.41
1,600 126.4 252.63 249.33 40.61
1,800 142.2 223.76 218.81 46.42
2,000 158 201.21 199.46 25.78
2,200 173.8 182.32 179.21 33.06
2,400 189.6 166.99 164.41 28.64
2,600 205.4 154.13 151.93 25.41
2,800 231.2 143.93 143.03 15.67

The dtitude of the initial and target orbits is 1,414 km; the inclination

isi =52°; and the angle between the orbital planesis AQ =45°.

The solution, corresponding to aflyby duration of 2,400 revolutions, is
listed in Example 3-1.
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Example 3-1
initial orbit  target orbit
Hmin km 1,410.0 1,412.0
Hmax km 1,418.0 1,416.0
Uprg deg 10.0 90.0
i deg 52.000 52.001
gOMG deg 45.0 90.0
Nrev 1.0 1.0
Ulat deg 15.50 105.80

dV =166.99 dVinpln =164.42 dVoutpl = 28.65 Niter = 86 8

Nimp Nrev Ulat dvrd dwvir dvit

1 2 19166 0.0 423301 -6.2140
2 3 1524 0.0 41.8784 9.7993
3 2317 16237 0.0 -40.1753 6.0814
4 2318 34236 0.0 -40.0335 -6.5529

7.3. Manoeuvr e Parametersfor Multiple-Tiered
Constellation Deployment

7.3.1. Multiple-Tiered Satellite Constellation Characteristics

In recent times, much attention has been paid to multiple-tiered
satellite constellations (Kozlov, Razoumny, and Razoumny 2015, 200-
204; Kozlov, Razoumny, and Razoumny 2015, 196-199; Ulybyshev 2015,
311-322; Ulybyshev 2016, 1-11), in which satellites are located in circular
orhits of different radii. The satellites are divided into several groups, each
of which is a conventional single-tiered satellite constellation; their
combination gives a constellation with novel attributes. The difference in
the precession rates of their orbital planes occurs with considerably
different values of the semimajor axes of differently tiered orbits. As a
result, different secular drifts of the RAANS occur, leading to a continuous
increase in the difference between the orbital plane angles. These orbits of
different tiers must have different inclinations in order to have equal
secular RAAN drifts. The semimajor axes a,,,,, and the inclinations i,z

of the orbits of one tier can be connected to the semimajor axes a,,, and
inclinations i, of another tier by following the approximate equation:
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cosi cosi
7/n;ax = 7/£n ' (7-35)
amax am

Hereafter, we will term these orbits with different semimajor axes, but
the same evolution of RAANSs as “ synchronized”.

Equation 7-35 is true for an arbitrary value of the initial deviation of
the RAANSs, which iswhy the satellite orbits on different tiers maintain an
equalized relative spatial configuration.

Figure 7-14 gives graphs of the dependencies between the inclination
deviations Ai and the dtitude differences Ah for the orbits, which have
different inclinations. The altitude of al orbits is h = 600 km. Similar
graphs for orbits at an atitude of h = 1,100 km are depicted in Fig. 7-15. It
is assumed that the atitude of the differently tiered orbits will be greater
by Ah and hence the deviations of inclinations Ai should be negative.
Similar graphs can be found in Kozlov, Razoumny, and Razoumny (2015,
200-204).
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Fig. 7-14. Inclination as a function of altitude for lower tier orbits with
atitude h = 600 km
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7.3.2. Estimation of the Delta-V Required for Changing

an Altitude Shell

AV, = V—OAa,
2r,
AVZ = VOA| y

AVy =4/AV2 + AVZ.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use

313

Fig. 7-15. Inclination as a function of altitude for lower tier orbits with

For aflyby from the synchronized orbit to an orbit of another tier (such
a problem occurs during satellite constellation initializations),
necessary to correct for differences in atitude and inclination. The total
delta-v expenditure for such an impulse transfer AVs is lower than the

assessments of total delta-v expenditure for the solution of the real flyby
problem, in which the phase correction and manoeuvre realization with the
help of the low-thrust engines are taken into account. The total delta-v
expenditure on the impul se transfer can be found using the equations:

it is
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Using the expression for AVy, one can find the dependency between
Ai and Ah for the fixed expenditures of AV :

. /Avg Ah?
Al = V02 —TOZ. (7—36)

Such lines for AVy =165m/s, AVy =200m/s, and AVy =300m/s

aredepicted in figs. 7-14 and 7-15.
A more accurate assessment of the necessary AVs. expenditure can be

obtained if the real manoeuvre duration (when the manoeuvres are
fulfilled with the help of low thrust engines) is taken into account. Since
the correction of the deviation between the semimajor axis Aa and the
inclination Ai is fulfilled, optimally we perform the two equal
manoeuvres on the revolution, the middle of which is located on the node
line.

The angular duration of the manoeuvre A¢ and the angle s, which

sets the orientation of the thrust engines in the orbital coordinate frame,
can be found from the equation system:

Aa _ 2wcosp Ap, (7-37)
2n W,

A _pwanfga Ay (7-39)
2n W, 2

here, n = the number of revolutions on which equal manoeuvres are
performed.
Recalculating Ag of one of the manoeuvres into AV of al the

manoeuvres with the help of equation:

AV =2nY Ag, (7-39)
C
one can find the real total delta-v expenditure needed for the transfer to the
synchronized orbit.
Using the equation:
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2

2 .
( Aaw, ) | Aiw _1 (7-40)
AnwAg 4nwsi n(A—;)

we can find the dependency between Ai and Ah for afiring duration of
one revolution (n = 1), two revolutions (n = 2), and three revolutions (n =
3). These dependencies are plotted with dashed lines in figs. 7-14 and 7-
15. Thus, the areas, which can be reached by continuous manoeuvring
during one or two revolutions, can be determined.

7.3.3. Optimal Initial Phase Range

The dteration of AV during the transition from the impulsive model
to the real engine thrust model has been determined. The correction of the
difference between the phases Ay should be accounted for in the next

stage (during satellite constellation deployment). The rate of the maximum
approach along the orbit, when the difference between the phasesis equal
to zero (during maintenance) or to the set value (during deployment), is of
special interest. Figure 7-16 shows the dependency between the
rendezvous number for a one-year time interval and the deviation by
altitude.

150
100

50

50 100 150 200 250 300

——h=600 ki =B—=h=1100 km Ah, km

Fig. 7-16. Number of rendezvous as a function of altitude

Figure 7-17 gives the time between the two neighboring rendezvous as
afunction of deviation by altitude. It can be seen that the time between the
rendezvous is small with a bhig difference between the atitudes and for
which the total delta-v expenditure is considerable. The medium heights
are a compromise with both the total delta-v expenditures being relatively
small and the possibility of the rendezvous arising sufficiently often.
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In the initial moment of flyby, if Ay =0, then it is necessary to

transfer to the target orbit immediately (for impulsive manoeuvres). In the
initial moment of the flyby, if Ay >0 and the phase difference does not

exceed the magnitude, which can be eliminated due to passive flight on
the revolutions left before the moment of rendezvous, then the
expenditures on the rendezvous do not exceed the expenditures on the
transfer between orbits. The range of the optimal phases for the impulse
transfers, which depends on the difference between the orbital semimajor
axes and the flyby duration, is determined in this fashion. With a
considerable or small initiad phase difference, expenditure on the
rendezvous will be greater than expenditure on transfer (see sections 1.5.2
and 3.5).

T.days

50 100 150 200 250 300

=@ h=600 km el h=1100 km Al km

Fig. 7-17. Time between rendezvous as a function of the difference in
altitudes

The assessment of the angular difference between the two spacecraft is
used in many problems. For example, it is used in the problem of
dangerous approach hazard assessment (Baranov and Karatunov 2012;
Baranov and Karatunov 2016). For the controlled time interval, if the
assessed distance along the orbit exceeds the permitted one, then a
collision with this object is impossible. The distance along the orbit
exceeds the permitted one if it is greater within the boundaries of the
interval and the point of the zero angular distance is outside the interval.
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7.3.4. Manoeuvring Calculationsin the Problem of Multiple-
Tiered Constellation Deployment

The peculiarities of flyby between synchronized orbits involve the
presence of a small deviation between their eccentricities Ae, as each one
issmall by itself, there are considerable deviations between the semimajor
axes Aa and, especialy, the deviations between Ai. The manoeuvres
under consideration are rendezvous manoeuvres of medium duration
(since there is no significant deviation between the RAANS, there is no
need to consider the long rendezvous duration). If the manoeuvre duration
is relatively small, then the algorithms from chapters 4 or 5 can be used
for their parameter determination.

7.4. Manoeuvring Parametersin Satellite
Formation Flying

The methods from the first and second sections of this chapter may be
used successfully in the determination of the manoeuvring parameters
during the initialization of satellite groups (satellite formation flyings).
The two problems of satellite formation flying initialization are considered
in this section. With the help of the equations, developed in the first
section, the initialization problem for the atmospheric tomography cluster
has been solved; with the help of the “GAMA” software, the “Aqua Train”
problem of satellite formation flying initialization has been solved as well.

7.4.1. Deployment of the Cluster for Atmospheric Tomography

The problem of initializing the cluster, which consists of four
microsatellites (the weight of each one does not exceed 30 kg) is
considered. The cluster is designed for atmospheric tomography.

The satellites of the cluster should be placed in an orbit with an

inclination i=56"; an atitude h=550km; and with the satellite
positions: u; =0",u, =5°, u;=24.75", and u, =34.75°. The positions
of the satellites are shown in Fig. 7-18 by asterisks.
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Fig.7-18. Atmospheric tomography satellite formation flying

It is assumed that, in the initial moment, the launch vehicle delivers all
the satellites to a single point in the given orbit and it is necessary to
deploy the satellites to their operational positions.

The total delta-v expenditure (AV ) necessary for the change in the
microsatellite positions at half the maximum distance between them by the
latitude argument in this cluster, depending on the number of the
revolutions of the flyby, were calcul ated.

Table7-3

Nrev d ays AVt AVomg AVi AViomg AV; Uopt

20 | 1.326 | 12.210 | 12.366 | 35.132 | 12.249 | 0.980 | 6.591
30 | 1.990 | 8140 | 8373 | 23421 | 8.198 | 0.977 | 84.893
40 | 2.653 | 6.105 | 6412 | 17.566 | 6.182 | 0.974 | 83.205
50 | 3316 | 4884 | 5263 | 14.053 | 4.979 | 0.971 | 81.529
60 | 3979 | 4070 | 4518 | 11.711 | 4.183 | 0.966 | 79.867
70 | 4642 | 3488 | 4.003 | 10.038 | 3.618 | 0.961 | 78.222
80 | 5306 | 3.052 | 3.629 | 8783 | 3.198 | 0.955 | 76.596
90 | 5969 | 2713 | 3.349 | 7.807 | 2.874 | 0.948 | 74.993
100 | 6.632 | 2442 | 3133 | 7.026 | 2.617 | 0.940 | 73.412
110 | 7295 | 2220 | 2963 | 6.388 | 2.408 | 0.932 | 71.858
120 | 7958 | 2035 | 2.827 | 5855 | 2.235 | 0.924 | 70.330
130 | 8.622 | 1878 | 2717 | 5405 | 2.089 | 0.915 | 68.832
140 | 9285 | 1.744 | 2626 | 5019 | 1.965 | 0.906 | 67.363
150 | 9948 | 1628 | 2550 | 4684 | 1.858 | 0.896 | 65.924
160 | 10611 | 1526 | 2486 | 4391 | 1.765 | 0.886 | 64.517
170 | 11.275 | 1436 | 2432 | 4133 | 1.682 | 0.875 | 63.143
180 | 11.938 | 1.357 | 2.386 | 3.904 | 1.609 | 0.865 | 61.801
190 | 12601 | 1.285 | 2.346 | 3.698 | 1543 | 0.854 | 60.492
200 | 13.264 | 1.221 | 2311 | 3.513 | 1.484 | 0.843 | 59.216
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210 | 13927 | 1163 | 2281 | 3.346 | 1430 | 0.832 | 57.972

220 | 14591 | 1.110 | 2255 | 3.194 | 1.380 | 0.821 | 56.762

230 | 15254 | 1.062 | 2231 | 3.055 | 1.335 | 0.809 | 55.584

240 | 15917 | 1.017 | 2211 | 2928 | 1.293 | 0.798 | 54.439

250 | 16,580 | 0977 | 2192 | 2811 | 1.254 | 0.787 | 53.325

260 | 17243 | 0939 | 2176 | 2702 | 1.218 | 0.776 | 52.243

270 | 17907 | 0904 | 2161 | 2602 | 1.184 | 0.765 | 51.191

280 | 18570 | 0.872 | 2148 | 2509 | 1.153 | 0.754 | 50.170

With this approach, AV expenditures for the other microsatellites of
the cluster will be slightly smaller or equal (for one microsatellite) to the
calculated AV expenditures. All the spacecraft will have to manoeuvre,
but, firstly, this will provide for a steady fuel expenditure and, secondly,
the deployment errors can be eliminated.

The first column of table 7-3 shows the number of revolutions between
the first and last manoeuvres (N, ); the second column gives the
microsatellite transfer durations to the desired positions in days (days); the
third column presents the sum of the impulse transversal components,
needed for the required change in satellite position (AV,); the fourth
column shows the sum of the impulse lateral components, performed at
the apex or vertex of the orbit, needed for direct correction of the deviation
occurring between the RAANS (AV,, ); the fifth column gives AV for

similar manoeuvres on the equator ( AV, ); the sixth column presents AV

for the manoeuvres fulfilled at the optimal locations for the orbital plane
rotation (A\/iomg); the seventh column presents the sum of the lateral

components of the manoeuvres from the previous column (AV,); and the
eighth column gives the optimal angle for the orbital plane rotation (Ugy )-

The graphs in figs. 7-19 and 7-20 show the variable changes from the
table in the dependency of the number of revolutions of the flyby.

It follows from the above that the compromise duration of the
initialization of the cluster lies in the range of 100 to 200 revolutions and
the total detav expenditures decrease from AV =2.62m/s to
AV =1.48m/s. The expenditures of AV start to increase rapidly with
shorter durations and the additional increase in duration does not lead to a
significant decreasein AV .

Research into the problem has shown that, for low-thrust engines, the
preferable manoeuvre duration does not exceed one eighth of arevolution.
If the manoeuvre duration exceeds this magnitude with the chosen thrust
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engines, it is recommended that it be divide it into two parts, which will be
performed on different revolutions. With the large number of revolutions,
needed for optimal cluster initialization, such a division is aways possible
and does not significantly influence the results of the calculation.

I :
vt

2 ———dVomg
0k i
—-— - dViomg

Fig.7-19. Total delta-v expenditures with different schemes of cluster
initialization (i = 56°, h = 550 km, and satellite location change relative to
the cluster’s center Au = 17.375°)
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Fig.7-20. Latitude argument alteration for optimal correction impulse
application points
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7.4.2. Manoeuvresfor “Aqua Train” Formation Flying

With the help of the “GAMA” software, one of the problems of
satellite transfer in formation flying “Aqua Train” was considered. This
satellite group consists of six satellites located on identical orbits, but with
shiftsin the RAANSs and the latitude arguments. The approximate location

of the satellitesis shown in Fig. 7-21 by asterisks.

Y

Fig.7-21. Satellite location in the formation flying “Aqua Train”

Table 7-4 gives the AV expenditures for satellite transfer from one
operational position in the group to another as a function of transfer
duration. The solution, which corresponds to a flyby duration of 1,540
revolutions, is depicted in example 3-1.

Table 7-4 (Aqua Train)

N T days AV m/s AVinpinM/s AVoupin M/S
340 23.3 180.58 138.61 112.07
490 33.6 124.15 88.49 81.71
640 43.9 93.61 69.68 55.27
790 54.15 78.77 58.05 44.94
940 64.4 66.67 50.11 34.07

1,090 74.7 57.85 39.78 30.84
1,240 85.02 52.58 35.99 26.08
1,390 95.3 47.78 29.43 24.22
1,540 105.6 44.69 24.82 23.45
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Example case 3-1 (Aqua Train)

initial orbit  target orbit
Hmin km 663.0 705.0
Hmax km 663.1 705.1
®prg deg 53.968 77.149

i deg 98.0800  98.2055
Q deg 26328  266.04
Ulat deg 0.0 30.0

dV =44.69 m/s dVinpln=24.82m/s dVoutpl = 23.46 m/s
Niter =30 11

Nimp Nrev Ulat  dvrd dvtr  dvit
1 2 18495 00 0.024 -3.52
2 3 1108 00 0.316 16.43
3 1552 179.712 0.0 10.703 1.37
4 1,553 170 00 13779 -214

N_days: 105.6 n=15.0 REVITG =1,540 REVfnICH = 1,555

In the aforementioned examples, it was necessary to place the satellites
at considerably large distances from each other. In this case, when the
satellites should be located at small distances from each other, the
manoeuvring strategy during satellite formation flying initialization differs
dlightly. The assessment of satellite collision hazards during their transfer
to the desired positions in the group becomes of great significance. The
use of a target vector may help to reduce this hazard, ensuring the safe
direction of the flight to the satellite formation flying procedure. The use
of the final target vector will allow the occupation of the desired position
in the satellite formation flying procedure. The emphasis should also be on
compensating manoeuvre fulfillment errors. One of the algorithms for the
determination of manoeuvre initialization in closely located satellite
formation flying procuress was described in the work of Baranov,
Boutonnet, Escudier, and Martinot (2005, 913-920).

As arule, the satellites make the desired formation flying manoeuvres
with the help of low-thrust engines. The method determining such
manoeuvres is presented in Chapter 6. This method is ssimple and reliable
enough to be used during the design of onboard algorithms for the
determination of the manoeuvring parameters for in the initialization of
satellite formation flying.
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CHAPTER EIGHT

STATION-KEEPING OPTIMIZATION
FOR A SATELLITE CONSTELLATION

The two main keeping strategies for the given configuration of a satellite
constellation can be distinguished as absolute and relative. With absolute
station-keeping, the motion of each satellite complies with some
programmed motion, which alows an assessment of the manoeuvre
parameters of each satellite to be performed independently from the
locations of the other satellites in the constellation. Coordinated
movements for al satellites from the constellation are ensured with
relative station-keeping. It is considerably more economical than the
absolute one, as there is no need for constant element correction in orbit,
as they change in practically the same fashion for all satellites. For
example, the semimgor axes of al orbits may decrease under the
atmosphere influence practically in the same fashion, but the relative
satellite  angular distances, which determine the constellation
configuration, will be aimost constant. The considerable aterations of the
semimajor axes do not have to be corrected, and only maintaining the
slowly changing angular configuration of the constellation is required.
Relative station-keeping is a more complex problem as it is necessary to
take the positions of all other elements of the constellation into account
during one of the satellite manoeuvre parameter calculations.

8.1. Relative Station-K eeping for a Satellite Constellation
8.1.1. Maintenance Problem Statement

This chapter considers the manoeuvre parameter determination
problem, in which the keeping of the given satellite constellation
configuration is ensured. The satellites are situated on several circular
orbits, which have the same radii and inclinations, but different values of
RAANS. The relative deviations between the satellites and their nominal
values by the latitude argument u, the RAAN Q, and the inclination i are
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required to be smaller than the given values of su, 6Q, and & on the
fixed time interval (the station-keeping interval). The constraints of the
minimum and maximum magnitudes of the manoeuvres, as well as the
number performed within the fixed time interval, should be taken into
account; the constant expenditure of fuel by the satellites from the
satellite constellation should also be considered.

The satellite orbit elements are not fixed, and only their relative
angular distances, which determine the constellation configuration, are
important. Thus, relative constellation configuration keeping is considered.

8.1.2. Calculation for the Basic Orbit Elements

We will denote the base orbits as orbits, where the differences in their
values for controlled parameters comply with the nomina values. If
elements (u,Q,i) for one of the base orbits are known, then the elements
for al other base orbits are determined unambiguously from the nominal
satellite location conditions.

For example, let us consider the 6-satellite constellation (STARSYS).
The initial conditions are listed in Table 8-1 (Bernussou, Brousse,
Dufour, Foliard et a. 1997). The nomina latitude angular distances

between the satellites in one plane are uy =180°, and the locations of the
satellites in the different planes differ by u,, =120°.

Table8-1

Satellite akm i deg Q deg udeg

11 7,377.178 52.9992 0.057 10043

12 7,377.004 52.9994 0.134 189.913

21 7,378.914 52.9995 120.025 130.085

22 7,379.607 53.0010 119.945 310.057

31 7,378.106 52.9998 240.011 250.120

32 7,378.647 52.9989 239.925 69.847

Let us put al the satellites at one point, which, for example,
corresponds to the position of satellite 11. For this purpose, we will subtract
the nominal angular distances uy and/or u,, from the latitude arguments of

the Otha Sa[e”ItES ullp = Ull = 100430 y ulzp = U12 - Ud = 9913O

» Ugy = U —Up, =10.085, Upp =Ugp —Ug —Up, =10.057
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f U31p = U31 - 2Um = 10 1200 f and U32p = U32 - Ud - 2Um + 3600 = 984-7c .
Let us find the value of the normalized base latitude argument Uy, with

equal by magnitude maximum deviations from it. It can be easily seen that
Uy, is equal to the arithmetic mean of the minimum and maximum values

of u, . Inthis case, the maximum valueis Usp and the minimum value is
Usp ; hence, Uy, =9.9835". The maximum deviations are

AU, =10.1365". By knowing u,, from the normalized base orhit, the

latitude arguments of the base orbits of al satellites can be easily
calculated. The nomina angular distances uy and/or u,, should be added

for this purposer Uy, =U,, =9.9835", U =Up, +Ug =189.9835",
Upy =Upp +Up =129.98357, Uy, =309.9835", Uy =249.9835", and
Ug,, =69.9835". A similar procedure is also applied for the determination

of the base values of the RAANSs. By substituting Q4 =0 and Q,, =120°,
we get  Qp =0029%", Qp =00205", Q, =120.0295",

Q,, =120.0295°, Qg = 240.0295°, and Qj, =240.0295°. The base
b b

value of theinclination is easier to find; it is the same for all satellitesin the
constellation and is i, =52.99995" . Thus, the elements of all base orbitsin

theinitial moment of time are found.

A similar algorithm is applied if the satellite planes are distributed on
nonequal but known nomina angular distances from each other. The
transition to the elements of the normalized base orbit is convenient
because we can only deal with one value of each kind of element despite
the number of satellites in the constellation. These parameters determine
the positions of al base orbits.

8.1.3. The General Algorithm for the Maintenance
Problem Solution

It can easily be seen that if the maximum deviations between the
controlled elements of the orbits and the calculated values of the
corresponding elements of the base orbits are less than half of the keeping
accuracy of the constellation configuration, then the relative deviations of
the controlled elements of an arbitrary pair of satellites will be less than the
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given values of 6u,d,6i, which is necessary according to the problem

conditions. It is suggested that at the beginning of the station-keeping
interval the constellation configuration meets the given constraints. The
goa of the fulfillment of the manoeuvre is to ensure that these constraints
will be met at the whole station-keeping interval.

Since the dependencies between the Q,u and time are close to the
linear nature for the near-circular orbits, then the dependency between the
mutual deviations of these elements and time is adso close to the linear
nature. This suggests that, if at the beginning and at the end of the station-
keeping interval the satellite-controlled parameters deviate from the
corresponding parameters of their own base orbits by avalue lower than the
half of the necessary constellation station-keeping accuracy then this
constraint is aso fulfilled inside the station-keeping interval. If this
congtraint is fulfilled for al orbit elements of each satellite from the
congtellation then the mutual deviations by each of the controlled
parameters of the orbits between two arbitrary satellites will not exceed the
permitted values (u,dQ,di ). For brevity, the vicinities of the base orbit

elements [—S—U 8—”} {_@@} and [_QS_H we will denote as

2’2 22 2
838
2’2"

Thus, the control problem for the mutual deviations on all station-
keeping intervals is equivalent to the simpler problem of the transfer of

each satellite to the vicinity {—%%} of their base orbit at the end of the

station-keeping interval.

This suggests using the following algorithm for the problem solution
(Baranov and Baranov 2009, 48-54). A point in the space of elements of
the normalized base orbit in the end of the station-keeping interva is
chosen. The elements of the base orbits for each satellite in this moment
are determined. The impulse parameters, which ensure the optimal (by the

total delta-v expenditures) transfer to the vicinity {—%%} of the base

orbit, are calculated for each satellite. The value of the problem functional,
which corresponds to the given point of the space of elements of the
normalized base orbit, is determined. The functional alteration in
comparison with its value in the previous point is analyzed and the transfer
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to the next point in the space of elements of the normalized base orbit is
fulfilled.

The parameter searching process for the optimal base orbit at the end
of the station-keeping interval (the transfer to the next point) can be
fulfilled with, for example, the help of the numerical method and the
polytope method (Himmelblau, 1975), or by a ssmple enumeration with a
constant step, since the search areaisrelatively limited.

The procedure ends when the optimal position of the normalized base
orhit is found at the end of the station-keeping interval. The manoeuvre
calendar, which ensures satellite transfers to the vicinity of the base orbits
that correspond to this point, will be the problem solution.

The supposition about the control sufficiency of the constellation status
at the beginning and the end of station-keeping interval means that only the
information about its orbit and elements of the base orbits during the initial
manoeuvre parameter determination of each satellite are used and that it
does not take the other satellite motion into account, which simplifies the
problem considerably. The information about the motions within the
congtellation is used for the manoeuvre calendar update, if some of the
congtraints are not met, such as when the number of satellites performing
the manoeuvres on one revol ution exceeds the permitted one.

In order to find the initial point for the minimization process, the initial
conditions of al satellites are adjusted at the end of the station-keeping
interval and the values of the controlled parameters u,Q,i are determined.
By subtracting the nominal difference between the RAAN and latitude
arguments, the parameters are adjusted to the vicinity of the corresponding
values of one of the satellites (a similar procedure to find these values was
described above). Then the mean arithmetical inclination values, the
normalized latitude arguments, and the RAANS, which are used as the
initial point for the minimization of the parameters of the normalized base
orbit in space, are calculated.

The parameters of the normalized base orbit are optimal if the
functional isminimal (Baranov and Golikov 1999, 482-485):

0 AV,
F= ! (8-1)
; AVJ-*

where n = number of satellites, AVj* = impulse for j-th satellite, and
AV = sum impulse, which is necessary for the transfer of this satellite to
the vicinity of its base orbit. The minimization of such afunctional equally
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distributes fuel expenditures between the satellites. The functional
minimization suggested by G.V. Mozhaev adso ensures the uniform
distribution of expenditures:

Pyt 8-2)
AV AV,

The application of this functional is especially effective when the
satellites are low on fuel. Naturally, solutions with AVJ-* —AV; <0 are not

considered. Other functionals can be used in which AVJ-* and AV; ae

present, or the functional of the conventional type F :ZAVi can be
minimized.

8.1.4. Manoeuvr e Parameter Deter mination

During the manoeuvre parameter determination, it is supposed that just
the transversal and the lateral components of impulses are used, as it is
enough to only have these two variables in combination with the optimal
angle of the impulse application to ensure the satellite transfer to the
required point in space u,Q,i with the help of a single manoeuvre.

Taking egs. 1-12.d, 7-11, and 7-25 into account, the equation system
for the determination of the impulse application point latitude argument
u; and its transversal and lateral components A\/tj and AVZj will be as

follows:
. AV
Vo
AVZj .
cosu; v =Aij, (8-3b)

0

AV, . sinu; AV,
—4U ;3Q—— (U ;5Qtgi cosu; ————) ——=AQ;, (8-30)
Vo sini ©

where Au;,AQ;,Ai; = deviations between the controlled parameters of j-
th satellite, calculated at the end of the station-keeping interval and the
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parameters of the base orbit in this point; u; = impulse application point
latitude argument; and U; = angle between this point and the point at

which the deviations are cal cul ated.

The single-impulse scheme will be considered, since the decrease of
the used impulse number is aso important for the station-keeping process,
as well as the problem functional minimization, and the corrected
deviations and the impulses are usually small. However, if the keeping of
the initial deviation by i, or even its increase, alows decreasing the
deviation by Q, and hence AV, then it will be optimal to use the two-

impulse scheme for the transfer from the first paragraph of Chapter 7.

If the impulse magnitude is greater than the permitted one, then it is
divided into severa impulses applied on the different revolutions. If the
impulse magnitude is less than the permitted one, then the impulse
application point can be shifted to the revolution with the greater number;
thiswill lead to a transversal component increase. If the constraint violation
of one of the parameters happens before the minimum impulse application
moment, then it is applied before the constraint violation and then the
dliding mode may occur.

If only the inclination is corrected, the impulse is applied on the equator,
but if only the RAAN is corrected and the satellite constellation is located
on the considerable distance from the Earth (see the first paragraph of
Chapter 7), then the impulse is applied in the orbit apex or vertex. These
are the optimal points for the correction of the corresponding parameters.
The number of the revolution, on which the impulse is applied, does not
matter. If only the position along the orbit is corrected, then the impulse is
applied at the apsidal point, which provides the maximum orbit eccentricity
decrease. Herein the impulse is applied on the revolution, which is the
nearest to beginning of the constellation configuration keeping interval.

If both deviations by the latitude argument and by the RAAN or the
deviation by the inclination are corrected, then the impulse is applied in the
orbit apex or vertex or on the equator of the closest to the beginning of
station-keeping interval revolution. The point is chosen according to the
capability of the orbit eccentricity decreasing in this particular case.

If during the constellation configuration keeping process or during its
initialization the orbit of one of the satellites obtains a considerably high
eccentricity value, it may need to be corrected. In this case, the two
impulses should be used in order to optimally correct al orbit elements.
Firstly, the impulse components and the optimal angle of the orbit plane
rotation are found from Eq. 8-3, and then the parameters of the two
impulses are determined with the help of the equations for the optimal
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transfer between the close near-circular orbits. The deviation of the
semimajor axes Aa used in these equations can be evaluated as follows:

AV,
Aa=2a—", (8-4)
VO
and the angle of the needed orbit rotation can be determined by

AVz,- g
Ay = , -5
y v (8-5
where A\/tj ,AVZJ_ = impulse components, which was determined using

Eg. 8-3.

8.1.5. Iterative Procedure Application

With the help of iterative procedure (which is similar to the procedure
from the first chapter), the impulse parameter update is fulfilled in order to
adjust the base orbit parameters with the necessary accuracy. Each satellite
is considered separately at this stage.

The target orbit used in the iterative procedure coincides with the base
orhit on the first iteration. After the determination (in the linear notation)
of the parameters of the impulses, which shape the target orbit, the
numerical (L'vov and Stepanyantz 2000, 9-14) or anaytical numerical
(Golikov 1990; 2008) propagation of the satellite motion for the accurate
determination of the parameters of almost any shaped orhit at the end of the
station-keeping interval is fulfilled. (Due to the large number of the
satellites which can be in the constellation, the long station-keeping
intervals, and the multiple prognosis application, the use of the numerical
analytical prognosis is, undoubtedly, preferable for this problem). The
deviations between these parameters and those of the base orbit are
determined; if these deviations are greater than the acceptable ones, then the
target orbit parameters are dtered by the magnitudes of the calculated
deviations. Then the impulse parameters, which should shape the new
target orbit, are calculated, and then the deviations between the shaped
orbit and the base orbit are calculated, etc. The process continues until the
deviations will not be lower by K times the needed accuracy of the
congtellation configuration keeping (usually K = 10). This procedure,
which alows eliminating the inaccuracies of the linear approach during the
impulse determination, is repeated for every satellite from the constellation.
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Despite the small impulse magnitude, the use of iterative proceduresis
necessary, since station-keeping intervals may be very long, and small
errors in the impulse magnitude may lead to considerable deviations in the
destination point.

8.1.6. Target Point Selection

The choice of the base orbit as the target point is the simplest one and
ensures fulfillment of the terminal condition. However, it is often
preferable to use the closest boundary to the permitted diapason as the
target point, and not its middle part (Baranov and Baranov 2009, 48-54).
This decreases the AV expenditures and increases the corrected orbit
element in the permitted diapason duration stay, because this element can
change from one boundary to another through the whole permitted
diapason, but not half of it.

For example, let us consider the latitude argument alteration for the 4-
satellite constellation. Figure 8-1 shows the normalized latitude arguments

in the initial station-keeping moment Uy sUp s Us Uy and in the final
moment Uy U ,Us Uy, (if the correction was not fulfilled). The point
Uy, corresponds to the latitude argument of the normalized base orbit in
theinitial moment, and the point Uy, —corresponds to the selected value of

the base orbit latitude argument in the final moment of time. The
permitted swath (the permitted diapason) is restricted by dashed-and-
dotted lines, which intersect the points d, and d; , aswell as b, and b; (

do—ubpzubp—bOde _prf :prf _bf :056U)

The satellite latitude argument alteration by time and without their
motion correction is shown with dashed lines. The latitude argument
ateration after the manoeuvre fulfillment is shown with solid lines. As can
be seen, the closest boundary of the permitted diapason was chosen as the

target point, and not the base orbit |atitude argument Uy, .

According to Eg. 8-3a, the expenditures on the correction of the
deviation by the latitude argument u are proportional to the magnitude of
this deviation. Hence, the expenditures needed for the correction of al
deviations by u are proportional to the sum of the distances from the

points U, ol sUg sUg 1O the target points.
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Figure 8-1. Satellite latitude argument alteration on the station-
keeping interval. The alteration of latitude arguments before manoeuvre
fulfillment are depicted by dashed lines, and the alteration of latitude
arguments after manoeuvre fulfillment are depicted by solid lines.

We will denote that U, —Ug, =aUg —Up =Db, Uy, —Ug =C. If
the latitude argument of the normalized base orbit Uy, E[ngf ’Uzpf] isthe
target point for al the satellites, then the sum of the distances to this point
Z‘uipf = Upp, ‘ isequal to a+ 2b+ ¢ and does not depend on the location
of the point Uy, on the interval (u3pf Uy, ). This is a very important

peculiarity, which can be used effectively. For example, if one of the
boundary points, Ug, or Uy , is taken as Uy, , then the corresponding

satellite will not have to manoeuvre; hence, the total number of used
impulses decreases without the alteration of the manoeuvre total delta-v.

The interval for the search for the optimal value of Uy, , which is

necessary to search for in the diapason [u3pf ,uzm], also considerably

decreases.
If the point Uy, is shifted by x from the interval (uspf Uy ), but still

belongsto the interval (u4pf U, ), then the sum will be a+2b+c+2x. If
the point Uy, is chosen in away that neither point Us . nor point Uy,
belong to the interval (d; ,b; ), and the target points are the nearest to the
boundaries d; and b; (like in Fig. 8-1), then the sum will be

a+2b+c—208u, and it still does not depend on the concrete location of
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point Uy, . Thus, the usage of the boundaries d; and by astarget points

helps to decrease the AV by a magnitude of %Vo . The duration of the

stay in the permitted diapason after the station-keeping interval (since drift
will occur in the direction set by the correction, i.e., from the closest
boundary to the permitted diapason to the furthest) also increase. The
disadvantage of the boundary usage as the target point is the increase in
the probability of crossing the limits of the permitted diapason inside the
station-keeping interval. This is mostly probable, when the solid line is
close to the dashed-and-dotted line, i.e., when the initial and the final

points lie on one side from the line Uy,U,, . These are the lines Uy _dy
f P

and u4pbf in Figure 8-1. Let us draw the real ateration of the latitude

argument of the first satellite with a dotted line. As can be seen, inside the
station-keeping interval the satellite gets out of the permitted diapason by
the maximum value h. In order to eliminate this violation, the target point
can be moved by the corresponding value inside the permitted diapason.
The determination of the boundary violation of the permitted diapason and
the shift of the target point are carried out during the process of the
iterative fulfillment of the terminal conditions. It is worth mentioning,
that, by benefiting from the number of impulses (when one of the satellites
does not manoeuvre), we lose the duration of the station-keeping because
the satellite will be outside of the given diapason after the end of the
station-keeping interval. But, if the satellite is low on fuel and it is
undesirable to manoeuvre, then the manoeuvre-avoiding option becomes
the key.

It can aso be shown that, if the manoeuvre number is uneven, thenitis
optimal to bring the latitude arguments of all satellites to the vicinity of
the latitude argument of the “inner” satellite (the big and small values of
the latitude arguments have an equal number of satellites). If we drop the
fourth satellite in Figure 8-1 (we leave three satellites in the constellation),
then the latitude arguments of the first and the second satellites should be

brought to the vicinity of point Us, -

Sometimes it is suggested to choose one of the satellites and
synchronize the motion of the other satellites in the constellation to it (to
choose “the leader”). In this case, all maintained parameters of the other
satellite orbits accord with the leader-satellite orbit parameters. But, as the
aforementioned example shows, it is optimal to bring each orbit parameter
of the satellites to the “inner” value of this parameter. The “inner” values
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of the different parameters may belong to various satellites. Thus, it is
optimal to choose the fictive satellite as the leader with the maintained
orbit parameters as the “inner” parameters relating to various satellites de
facto. This is a simplified approach, but it shows the possible
nonoptimality of the concrete satellite choice as the leader-satellite. The
parameters of such a fictive satellite may be used as the initial guess for
the numerical search of the optimal values, to which it is necessary to
bring al the satellite parameters. It is worth remembering that the values
of al parameters are calculated at the end of the station-keeping interval,
and not at its beginning. And that this is the moment when the parameters
of thefictive satellite are determined.

8.1.7. Manoeuvring Interval Deter mination

Figure 8-1 revedls the speed of the deviation correction using the
latitude argument for the chosen position of the normalized base orbit at
the end of the station-keeping interval uy, . The extreme points of the

manoeuvre are the intersection points of the dashed and dash-and-dot lines
(point L, point K, point M, and point N). The closest boundary of the
permitted diapason cannot be used as the target point during the
manoeuvre at these moments of time, because the solid line will coincide
with the boundary dash-and-dot line, and the probability of leaving the
permitted diapason will be high.

The orbit inclinations i practically do not ater on the whole station-
keeping interval. It is necessary to quickly bring it to some average value
(which will also decrease the absolute values of the deviations by i) in
order to prevent the secular drifts by Q. For some satellites, it is worth
refraining from correcting the inclination, if the keeping of the initial
deviation by i will decrease the initial deviation by Q .

Figure 8-2 shows the possible dteration of Q for each of four
considered earlier satellites. The dteration of Q after the latitude
argument and inclination corrections is plotted with dashed lines. It is
obvious that, for the third and the fourth satellites with the chosen value of
Qyp, » the correction & may not be conducted, since the values of Q3

and Q4pf occur in the permitted diapason (d; ,b; ).
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Figure 8-2. Alteration of satellite RAANS on the station-keeping
interval. The alteration of RAANSs s shown as a dashed line (before
manoeuvres) and a solid line (after manoeuvres).

For the first satellite, the dashed line QO intersects the boundary

of the permitted diapason (the dash-and-dot line dyd; ); therefore, it is

necessary to alter Q before the critical point K. It is necessary to do this
in the initial moment by combining the corrections of the other deviations,
which lead to the decrease of the impulse number, and manoceuvre AV .
The change of Q has a “leaping nature”, and the new value after the
impulse will be Qs and the line Qi Qs which belongs to the

permitted area, corresponds to the later alteration. The point inside the
permitted diapason (d;,b; ) was chosen as the target in order to prevent

the constraint violation immediately after the station-keeping interval
ends.

The situation stays the same for the second satellite, but the alteration
of Q intheinitial moment islimited by thevalue d, —Q2, , whichiswhy

it is necessary to conduct the new correction of Q inthe point M.

The impulse parameter search procedure is repeated for every satellite,
until al satellites from the constellation will not be able to have their
parameters brought to their base orbits.

The near-optimal solution can be obtained with the help of numerical
methods. However, it is practically impossible to account for the
aforementioned physically understandable options for the AV decrease
and the number of impulses while using numerical methods (as a rule, the
simplex method should be used [Bernussou, Brousse, Dufour, Foliard et
al. 1997; Bernussou, Dufour, and Lasserre 1996, 169-174; Fedorov,
Malyshev 2001, 45-46), since the deviations are checked at equally distant
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moments of time and not in moments when the actual station-keeping
constraint violations occur.

After determining the full manoeuvre calendar, the constraint
fulfillment is checked for al the satellites from the constellation inside the
station-keeping interval. The first priority is to control the constraint
fulfillment for the total number of manoeuvres during the given
manoeuvring interval. If the manoeuvre number exceeds the given value,
the exceeding part is transferred to a later time. The first priority is to
perform the manoeuvres without the transversal impulse component
(because they can be conducted on any revolution), while the second
priority is performing satellite manoeuvres with considerable fuel
consumption and impulses close to the minimum possible magnitudes.
When the manoeuvre calendar is formed, the combined integration of the
equations of motion for all the satellites is conducted taking the calculated
impulses into account. The maximum deviations of the controlled
parameters inside the station-keeping interval are estimated. If the
assumption about the linear dependency of the deviations is not accurate
enough, and the corrected orbit elements exceed the permitted ones for
some satellite deviations, then the target points for these elements are
shifted or additional impulses, which decrease these deviations, are
calculated.

The value of the functional F is determined for the fully prepared
manoeuvre calendar and the decision about stopping the problem solution
is made, or the new values of the normalized base orbit elements are
adjusted, and then the manoeuvre calendar determination procedure, which
would correspond to this orhit, is repeated.

8.1.8. Examples

Table 8-2 shows the results of the manoeuvre caendar determination
(Baranov and Baranov 2009, 48-54) for the satellite constellation; the
initia conditions of which can befound in Table 8-1.

The configuration of the constellation was maintained for an interval
of six months; the deviations of the controlled parameters should not

exceed 0.1 . The sum keeping expenditures are AV = 2.485m/s.

As can be seen from the table, the only deviation is corrected by the
latitude argument; the deviations of i and Q stay in the permitted
diapason even without the corrected impulse application. The position of
the base orbit at the end of the keeping interval was chosen so that satellite
31 was not manoeuvring at all.
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Table 8-2
Satellite Rev u; deg AVim/s AV, m/s
11 3 3304 0.476 0.0
12 2 150.5 0.528 0.0
21 4 151.7 -0.418 0.0
22 1 331.2 -0.801 0.0
31 6 35.7 0.0 0.0
32 5 330.5 -0.261 0.0

The manoeuvre calendar determination method considered in this
paragraph ensures the satellite station-keeping for the time interval from
severa days to twenty-four months. The problem peculiarities are taken
into account during the calculation, which allows using the minimal
manoeuvre number and performing them during optima moments of time.
The method is primarily suitable for the calculation of the satellite
constellation station-keeping manoeuvres at dtitudes of 800 to 1,500 km,
but the deviation by the latitude argument correction strategy is aso
applicable for satellite constellations at altitudes of approximately 20,000
km, since it hasa universal nature.

The agorithm presented by Y.P. Ulybyshev can be used for the
manoeuvre parameter determination of the satellite constellation
configuration relative station-keeping at high altitudes, when, for example,
the solar and lunar attractions are considerable (Ulybyshev 1998, 109—
115). In the works by G.V. Mozhaev (Mozhaev 2001, 634—647) and R.F.
Murtasin  (Murtazin 1998, 173-182), problems similar to the one
investigated in this paragraph are considered. It was supposed in these
works that the manoeuvres are performed in the initial (Mozhaev 2001,
634-647) or the initial and final moments of time (Murtazin 1998, 173—
182). The constellation status was not controlled in the interim moments.
A comparison between the relative and the absolute station-keeping
strategies was conducted using concrete satellite constellations as
examples. It was shown that the relative station-keeping needs fewer
manoeuvres and less total delta-v expenditures.

8.2. Absolute Station-K eeping for a Satellite Constellation
8.2.1. General Solution Scheme

Degspite the costs of absolute station-keeping, it is used far more often
in real satellite constellations, where the station-keeping motion of each
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satellite is accorded with some programmed motion. This alows the
manoeuvres of each satellite to be estimated independently from the other
satellite motion in the constellation. During the station-keeping, the
satellite parameters must belong to the given diapason via each of the
controlled orbit elements (which must be within the given dimensions).
When the satellite reaches one of the boundaries of the box during the
process of its evolution, it is transferred to the opposite boundary by the
manoeuvres. The periodicities of the transfer by various elements may
significantly differ. For example, in low earth orbits we have to increase
the dtitude far more often than correct the other elements. When we
correct an orbit element which has reached its limit, this does not mean we
do not have to correct the other maintained orbit elements. It is optimal
that, in this moment, the other orbit elements are corrected proportionally
to their sum dterations on the whole station-keeping interval. The
algorithms described in the previous chapters may be used for the
manoeuvre determination close to both the impulse and long-duration
manoeuvres. As a rule, they are the transfer manoeuvres described in
Chapters 2 and 6.

8.2.2. Maintenance of the Semimajor Axisand Inclination

Let us consider the problem of the spacecraft orbit semimajor axis and
inclination keeping (Baranov and Wang 2015, 68-83) in a two given
vicinities—[—da,da] , [-i,di] —with their nominal values (ay,iy) at the
giventimeinterval T, (e.g. oneyear).

Three stages can be distinguished within the solution to spacecraft
operational orbit station-keeping problem: the parameter selection of the
“rationa” orbit on which the spacecraft will start functioning; the
determination of the moment of exceeding the constraints by the
operational orbit parameters;, and the parameter determination of the
manoeuvres that transfer the spacecraft to “rationa” orbit.

We will call this a “rational” orbit, which stays for the longest time
within the permitted vicinity of the nominal orbit during the evolution
process. In order to determine the parameters of the rational orbit, it is
necessary to investigate the evolution of the maintained orbit. The figures
in section 8.2.3 show the dependencies between the alterations of the
maintained elements and eccentricity, as well as the time required for
various orbits. All orbit elements suffer from short period aterations, and
the eccentricity and the inclination also periodically ater within
sufficiently greater magnitudes. These are several times smaller than the
station-keeping interval. The monotonous decrease of the semimajor axis
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takes place for orbits sensitive to atmospheric drag; a continuous decrease
of the inclination takes place for sun-synchronous orbits.

If there are no strict demands for the accuracy of the given orbit
keeping, there is no need “to fight” with the short-period perturbations. If
there are no severe constraints on the given orbit station-keeping accuracy,
then there is no sense in reacting to the short period perturbations.
However, they need to be accounted for when choosing the “rational”
orbit in order to not cross the upper boundary of the permitted diapason in
the short time interval. For example, it is desirable to put the “rational”
orbit semimajor axis &g &S the maximum value of the maintained

orbit semimgjor axis minus the value of the doubled magnitude of the
short-period ateration of the semimajor axis Aakp (the shift) plus severa

per cent from this value, and minus Aa,, = the methodical accuracy of
the orbit elevation problem solution.

&, ztional = 9o +0a—2(1+ 0.05)Aakp —Aay,. (8-6)

Thus, in the initial moment the “rational” orbit semimajor axisis close
to the upper permitted boundary, but this is dlightly lower for the
prevention of the constraint on the maximum vaue violation of the
operational orbit semimajor axis due to the short-period perturbations. The
shift is approximately 250 m for the orbits with the altitudes from 270 to

1,100 km. The similar shift values are 0.00" for the inclination and
0.0005 for the eccentricity. Subsequently, the orbit semimgjor axis will
reach its lower boundary by decreasing under the atmospheric drag
influence.

In the program which determines the station-keeping manoeuvre
parameters, the numerical integration of the spacecraft equations of
motion is fulfilled on the first stage with the use of the exit function,
which controls the constraint on the semimajor axis magnitude in the
ascending node of the orbit; the inclination value is also controlled and the
short-period oscillations of both element magnitudes are determined. It is
preferable to have the orbit parameters close to the “rational” orbit
parametersin the initial moment of time. For example, when the constraint
on the semimajor axis lower value is reached, the exit out of the
integration occurs. The parameters of the manoeuvres, which alter the
semimajor axis, are evaluated in order to return its value to that of the
“rational” orbit semimgjor axis. It is optimal to correct the inclination in
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this moment proportionally to its sum alteration on the whole station-
keeping interval.

Let us assume that after the time AT from the beginning of the
station-keeping (or from the previous elevation) the orbit elevation
necessity occurred again. The inclination is changed by the angle Ai for
the time AT . The time T remains before the end of the station-keeping
interval. It can be assumed that the inclination will be more atered by the

angle Ai" =Ai-T/AT for the time left. The total inclination alteration
will be Ai" + Ai by the end of the station-keeping interval. Let us put Ai,,
as the maximum permitted inclination alteration on the station-keeping
interval T+ AT (Aiy, =ig+di—i,, i, = inclination in the beginning of
theinterval AT ; the sign of &i ischosen so that the signs of Ai and Ai,
will coincide). Thus, the exceedance, which is necessary to correct the
interval T + AT, isAi, =Ai" +Ai—Ai,. The exceedance part, which
needs to be combined with the dtitude elevation, is Ai, -AT /(T +AT) .
Thus, in this moment, it is essential to correct the deviation of Ai,;r (not
Ai ) along with the altitude increase:

AT

AiAT =A| —Aimﬁ. (8-7)
If
. . AT
|l <|A|m|_|_ AT (8-8)

then the inclination may not be corrected. When condition 8-8 is not
fulfilled and the semimajor axis correction needs to be combined with the
inclination correction, it is essential to perform the manoeuvres in the
vicinity of the equator.

When the inclination is not corrected and only the semimajor axis
increase needs to be fulfilled (which may be corrected at any point of
orhit), its eccentricity may be decreased by placing the atitude increase
manoeuvre in the orbit apocenter.

The manoeuvring always starts on the revolution before the one where
one of the parameters goes out of the boundaries of the permitted
diapason.
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After the manoeuvre calculation and modeling, the numerical
analytical prognosis for the newly formed orbit will be fulfilled again and
the next moment of the operational orbit parameter boundary violation
will then be found. The process ends when the given time of the station-
keeping interval ending is reached.

One variant of orbit absolute keeping with the help of low-thrust
engineswill be considered in paragraph 8.2.5.

8.2.3. Orbit Evolution Features

The real orbit element alteration needs to be found in order to select
the correct station-keeping strategy. With the help of the numerical
analytical integration of the equations of motion and “THEONA”
(Golikov 1990; Golikov 2008), the dependencies of the element alteration
of the various orbits were obtained. Figures 8-3-8-11 show graphs of the
obtained semimajor axes alterations, as well as the eccentricity and the
inclination for orbits with an initia atitude of 700 km, which have the

initial inclinations 51.6°, 63.8°, and 98° for the following time intervals:
3 revolutions, one week, and one year.
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EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



Station-Keeping Optimization for a Satellite Constellation

Eceeetcieity {sbs. valot}

|
[ |

3.0 0.4 ]

1.2 1.0 2.4 2.0

Short-period inequaliti es for 3 revolutions

wnbar)

Becestricity (s,

J
A/
W
A v
f\/
v
™
YAV
f v
d
/.\ /
v
o
ASY
fW
A o~
LY
0 10 20 30 40 &0 60 70 80 an 100 10
debats

Short-period inequalities for 1 week

\ I|I ‘|I
\ \ \
i | I|I \ I'l /
|'I \ l'[ { \
i | I|I [ \ Vo

| | II || ll H

| \f \f \

| ! | '

o SO0 1000 1500 2080 IS00 3000 3500 4000 4500 S000 S5O0
et

Short-period inequalities for 1 year

Figure 8-4. Orbit eccentricity evolution

EBSCChost - printed on 2/13/2023 10:43 PMvia

(Inclination 51.6°)

. All use subject to https://wwmv. ebsco. conlterns-of-use



344 Chapter Eight

» Orbit ipclinatiom
B1.6028 1
18000

Orodt dneliratisn {deg) {sbs. walee}

51,5600

0.0 0.4 [N 1. 1.6 2.0 24 2.0
oetits

Short-period inequalities for 3 revolutions

Desat inclinstion (e) fabs. value)

W ¥ 30 40 S0 60 FO @0 90 108 110

Short-period i nequglu isti esfor 1 week

® Orbit inclination

Ornit daclination (deq) {ae. vales)

LTS TR0 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500
ortats

Short-period inequalities for 1 year

Figure 8-5. Orhit inclination evolution
(Inclination 51.6°)

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



Station-Keeping Optimization for a Satellite Constellation

ICENER

Short-period inequal ifi esfor 3 revolutions

7083
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
et

Short-period inequéii'iti&s for 1 week

= Semi-major axis
7078, 25

7078, 20
7078.15
2078.10

7078.08

7078. 00

077,80
077.75
07770

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500
Orbats

Short-period inequalities for 1 year

Figure 8-6. Orbit semimajor axis evolution
(Inclination 63.8°)

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use

345



346 Chapter Eight

I|""| |||ﬂ|' lll'r"l I|'“"I ||I'n'|I I| Illl

|II L) II| |I | W NN
3 A . L A |
3 | |1 | [ || | | || | I| | || | | | ||
i ||||||||I||||| ||| |||| |
£ ||H|||||||I |||| '|
e

I 4 i

[ [ |||

[ 1 | AF U | 1‘ ||

freits

Short-period inequalities for 3 revolutions

ur)
—

\ (ATAN
é'i o || I Jll |I \ |n|| |I ||| I"l} | IIlr
| |I | |'II | ”I I|I I'|'\

] | I|I| i ju \[

..' ||I l |f III vlh .

Short-period mequalltlesfor 1 week

Short- perlod mequahﬂ&for 1 year

Figure 8-7. Orbhit eccentricity evolution
(Inclination 63.8°)
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Figure 8-9. Orbit semimajor axis evolution
(Inclination 98°)
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Figure 8-10. Orhit eccentricity evolution
(Inclination 98°)
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Figure 8-11. Orbit inclination evolution
(Inclination 98°)

The spacecraft orbit elements change under the influence of the gravity
field, the Earth’ s atmospheric drag, and the Sun and Moon’ s gravity fields.
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8.2.4. Analytical Orbit Propagation

In a number of cases, there is a necessity for the ssimplest analytical
assessment of the orbit element dteration. These questions were
sufficiently investigated in works by various authors.

The spacecraft orbit atitude constantly decreases due to the
atmospheric drag. The atitude alteration h can be estimated with the help
of the approximate equation for the small eccentricity value orbits
(Vallado, 2007):

h=-C,Sp\/ra/my, &7

where C, = drag coefficient; S = spacecraft cross-section,m?; my, =
spacecraft mass, kg; p = atmospheric density on spacecraft flight altitude,
kg/m®; a = orbit semimajor axis, km; p = 398,603; and the Earth’'s

gravitation constant, km®/s?. Let us consider the calculation example of h
with the help of the aforementioned equation with the use of the
atmospheric density model NRLMSISE-00 for the following inputs: S =

2.5 m?, a = 6,890.396 km. The current value of the solar activity index
Fi07 coincides with the average value and is equa to 125 units; the
average value of the geomagnetic index is a, = 12.0. By neglecting the
dependency between the atmospheric density and the time and latitude,
one can calculate the atmospheric density (Baranov and Wang 2015, 68—
83) on the dtitude h = 512,396 km, which turns out to be equa to
p=218-10 kg/m®, and h=-1.53-10"* m/s=-13.2m/day .

The Sun always stays on one side of the sun-synchronous orbit and its
attraction leads to the orbital plane position alteration, i.e., it changes the
orhit inclination. In case of sun-synchronous orbits. the expression for the

secular perturbations of the inclination i can be found by (Cour-Palais and
Kessler 1978, 2637-2646):

d—i=3—”§sjni(1+ cosi,)?sin(2u, — 2Q) (8-8)
dt  16n s s
where, i = solar declination; ug = solar right ascension; ng = solar mean
angular velocity; @ = RAAN; and n = spacecraft mean motion. If the
solar local time is 21:00, then2ug — 2Q =90° and, for a sun-synchronous
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orbit with latitudeh=512.396km,di/dt =-0.04"/year. The orbit

inclination decreases due to the gravitational attraction of the Sun, which
leads to the RAAN precession rate alteration:

2
_=__J2n(&j cosi, (89)
a

where J, = the coefficient for the second zonal harmonic in the
geopotential expansion and R, = the Earth’s equatorial radius. In

combination with the initial errors, this leads to a considerable deviation
between the solar local time of the ascending node passage and the
estimated active spacecraft lifetime.

8.2.5. Sun-Synchronous Orbit Maintenance for a Microsatellite

In this sun-synchronous orbit station-keeping problem, the
microsatellite needs to be in the diapason with atitudes of 510-512] km.

The solar local time (SLT) on the latitude 40° must be within the range of
10 or 11 hours. The station-keeping is fulfilled with a seven year long
interval. The manoeuvres are fulfilled with the fixed orientation of the
thrust enginesin the orbital coordinate frame.

During the manoeuvre calculations, it is assumed that the orbit planeis
not changed by the manoeuvres and the microsatellite in arelatively large
digpason for SLT is ensured by the choice of an optimal initial inclination
orbit.

The problem solution process consists of the successive repetition of
two stages.

The numerical analytical propagation for the satellite motion was
fulfilled in the first stage. The influence of the gravity field 8*8 and the
dynamic atmospheric model were taken into account. During the
prognosis process, the orbit altitude and the SLT were controlled. At the
moment when the lower boundary reaches the permitted diapason in the
ascending node by its dtitude, the manoeuvre determination problem was
used to determine the manoeuvre parameters, which transfer the satellite
to the “rational” orbit. The iterative procedure from Chapter 1 was used
for the calculations since a small orbit altitude alteration is needed, which
can be achieved by using the manoeuvres in one revolution.

The calculation results for the orbit station-keeping manoeuvres are
listed below (see Tables 8-3-8-9).

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Station-Keeping Optimization for a Satellite Constellation 353

Table 8-3 shows the initial orbit elements, the minimum and the
maximum orbit atitudes, the pericenter argument, the inclination and the
RAAN of the orbit, the revolution number, the latitude argument, the
ballistic coefficient, and the initial condition’s date and time.

Table 8-4 shows the characteristics of the microsatellite and its
engines. thrust N, specific impulse, microsatellite mass kg, minimal time
between the ending of one manoeuvre and beginning of another s, and
minimal and maximum manoeuvre durations s.

Table 8-3
Orbital elementy Initial orbit
Hmin km 511.80
Hmax km 511.83
Uprg deg 0.1340
i deg 97.5473
gOMG deg 17.1900
Nrev 1
Ulat deg 0.1000
Saall 0.78330000E-02
Date 2012.05.01
Time 42,118.065
Table 8-4

Thrust Specific Impulse Weight AT | Tmin | Tmax
0.20 2,060.0 300.0 | 600.0 | 0.25 | 3,600.0

Table 8-5 shows the solution parameters: the sum impulse including all
manoeuvres, the total number of the orbit elevations, and the total number
of performed manoeuvres.

Table 8-6 shows the number for each manoeuvre; the revolution; and
the latitude arguments of its beginning and ending; the yaw and the pitch,
which form the thrust vector orientation; and the equivalent impulse
magnitude.
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Table8-5
dVv | NIift | Nman
36.60 | 38.0] 76.0
Table8-6
Nman REVbg U bg REVfn U fn Yaw | dVi
1 1082 | 928 | 1082 | 5527 | 20| 0485
2 1082 | 18928 | 1082 | 23527 | 200 | 045
3 2223 | 5874 | 2223 | 10337 | 000 | 0470
4 2223 | 23874 | 2223 | 28337 | 000 | 0470
5 2861 | 16250 | 2861 | 21334 | 000 | 0536
6 2861 | 34250 | 2862 | 3334 | 000 | 0536
71| 32809 | 27.04 | 32800 | 7223 | 0o0 | 0476
72 | 32809 | 20704 | 32809 | 25223 8:88 0.476
73 | 35454 | 2357 | 35454 | 6855 8:88 0.474
74 | 35454 | 20357 | 35454 | 24855 8:88 0.474
75 | sr7r | 7ess | ar7wr | 12171 | 00 | 0473
76 | 377 | 25685 | 37717 | 30171 | OO0 | 0473

Table 8-7 shows the dates and times of the start and end of each
manoeuvre, the duration in minutes, and the values of the microsatellite
mass after the manoeuvres.
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Table8-7

Nman| DATE bg | TIME bg | DATE fn | TIME fn | dT | Mass
1 |2012.07.11 | 74,827.5 | 2012.07.11 | 80,031.6 |12.07|299.93
2 |2012.07.11 | 83547.6 | 2012.07.11 | 84,756.3 |12.15|299.86
3 |2012.09.24 | 101,629.0 | 2012.09.24 | 102,810.0 |11.70|299.79
4 | 2012.09.24 | 110,347.0 | 2012.09.24 | 111,535.0 {11.80|299.72
5 [2012.11.05 | 102,743.0 | 2012.11.05 | 104,107.0 |13.40|299.64
6 |2012.11.05|111,508.0 | 2012.11.05 | 112,830.0 |13.36|299.57
71 | 2018.03.30 | 90,113.4 | 2018.03.30 | 91,306.9 |11.89]295.02
72 | 2018.03.30 | 94,835.0 | 2018.03.30 | 100,029.4 [11.91|294.95
73 | 2018.09.20 | 104,313.0 | 2018.09.20 | 105,501.0 [11.81|294.88
74 | 2018.09.20 | 113,033.0 | 2018.09.20 | 114,225.0 |11.87|294.81
75 |2019.02.16 | 92,0304 | 2019.02.16 | 93,217.8 |11.79|294.74
76 | 2019.02.16 | 100,750.0 | 2019.02.16 | 101,940.0 |11.83|294.67

Table 8-8 shows the distribution of the total deltav expenditures
versus years. Their inequality is connected with different solar activity

levels.

Table 8-9 provides information about the SLT for the beginning and
ending station-keeping, as well as the orbit elevations

dVsyi

6.7718.80

7.685.73]12.84|2.85|1.89
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Table 8-9

Nrev | DATE |SLT|Nrev| DATE |SLT|Nrev| DATE [SLT

1 ]2012.05.01/10.20) 1,081 [2012.07.11]10.26| 2,222 |2012.09.24|10.32

2,860 |2012.11.05|10.35| 3,468 |2012.12.15/10.38| 4,272 [2013.02.06[10.41

4,896 |2013.03.19/10.44 5,443 |2013.04.24/10.46| 6,035 |2013.06.02|10.48

6,857 |2013.07.26|10.51] 7,692 |2013.09.19|10.54 8,209 [2013.10.23/10.56

8,680 |2013.11.23|10.57| 9,288 |2014.01.02/10.59) 9,970 |2014.02.16/10.60

10,548/2014.03.26]10.6211,064/2014.04.29|10.63|11,688|2014.06.09/10.64

12,539/2014.08.04/10.65/13,330/2014.09.25[10.67|13,846|2014.10.29|10.67

14,332|2014.11.30]10.68/15,0002015.01.13[10.69(15,760]2015.03.04{10.69

16,383|2015.04.14/10.70/17,067|2015.05.29(10.70/18,192|2015.08.11/10.70

19,134{2015.10.12]10.70]19,863|2015.11.29(10.70/20,926|2016.02.07|10.70

22,005/2016.04.18,10.69|23,480[2016.07.24/10.67|25,090[2016.11.07|10.65|

26,852|2017.03.03|10.62|28,721/2017.07.04/10.58/30,743|2017.11.14/10.52

32,808/2018.03.30/10.46(35,453|2018.09.20/10.35[37,716/2019.02.16/10.25

38,838]2019.05.0110.19] - - - - - -

As can be seen, 36.6 m/s will be needed for the seven-year orbit
altitude keeping, and the SLT changes in the diapason from 10.2 to 10.7
hours.

If necessary, the dispersion of the SLT during the microsatellite
functioning process can be reduced due to the inclination correction.

8.3. Station-K eegping for the Satellite Formation Flying
TerraSAR-X-TanDEM-X

The satellite formation flying (FF) “TerraSAR-X-TanDEM-X" can
serve as an example of successful initialization and station-keeping with a
high accuracy in the given satellite formation flying configuration. The
Satellite “TerraSAR-X" (TSX) was launched on June 15, 2007, and the
satellite “TanDEM-X" (TDX) was launched on June 21, 2010. The
satellites were manufactured by the Astrium GmbH corporation. The
project was initialy financed by the German Federal Ministry of
Economics and Technology, and the German Space Agency (DLR) was
the satellite owner and operator.

The satellite formation flying mission required the development of a
high-accurate global digital model of atitudes, which is now used in
scientific research and for commercial ventures.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Station-Keeping Optimization for a Satellite Constellation 357

8.3.1. Deployment of Formation Flying

After the deployment, the TDX was 16,000 km away from the TSX
along the orbit. The TDX transfer to the TSX vicinity was fulfilled from
June 22 till July 19. It took 23 manoeuvres with total delta-v 6.5 m/s. The
fuel economy was achieved thanks to the RAAN deviation correction with
the help of the inclination alteration. This was presented in the previous
chapter. The special space debris collision avoidance manoeuvres were
fulfilled during the flight process (these are described in the following
chapter). Due to the phasing manoeuvres, the TDX turned out to be 20 km
distant along the orhit from the TSX.

8.3.2. Safe Configuration for Formation Flying

Even arelatively small deviation between the satellite orbit semimajor
axes gradualy leads to the considerable alteration of their relative
positions along the orbit, and, hence, to the constellation collapse. In this
case, the use of the different values of the inclinations or the semimajor
axes aso leads to the constellation configuration collapse due to the
increase of deviation by RAANS. It is possible to ensure the safe and long-
lasting functioning of the closely positioned satellites in formation flying
due to the dispersal of orbit tracks in the plane perpendicular to the
velocity vector and/or their shift along the motion tragjectory. For example,
for the initialization of the steady satellite formation flying, one can use
the RAAN difference and the eccentricity vector difference. The RAAN
difference will lead to the safety shift in the lateral direction in the vicinity
of the equator; however, this shift will be eliminated in the orbit apex and
vertex. This situation can be fixed with the help of the difference in the
eccentricity vector directed to the orbit apex or vertex. Then there will be a
maximum relative shift in the radial direction at the points most distant
from the equator. By choosing the proper values of these two deviations, it
can be demonstrated that the guided satellite (the TDX in our case) would
have an amost circular trgjectory in the plane perpendicular to the guiding
satellite velocity vector relative to the guiding (TSX) satellite.

After the fulfillment of the initialization manoeuvres, the TDX satellite
appeared 20 km distant along the orbit from the TSX, 300 m verticaly
distant (in the orbit apex), and 1,305 m horizontally distant (on the
equator) (i.e., the monostatic formation). The trgjectory, which uses the
guided satellite in this configuration in the plane perpendicular to the
velocity vector of the guiding satellite, is depicted in Figure 8-14 with
dashed lines. The horizontal shift of 1.3 km on the equator intersection
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was chosen for the prevention of the track shift, which is caused by the 2.6
s desynchronization in time taken to reach the equator. This is caused by
the 20 km desynchronization along the orbit. This configuration was used
from July 22 to October 10.

//’_ﬁ\\\
—~ ~
4 )Z
\
7
~ \ /
— —

Figure 8-12. Deviation between the guided and guiding satellitesin the
plane perpendicular to the velocity vector.

Later it was changed to a configuration where the deviation in the
horizontal direction was decreased to 362 m and in the vertical direction
was increased to 400 m (the bistatic formation). The trgectory, which
corresponds to this configuration, is depicted in Figure 8-12 with a solid
line. Since the deviation aong the equator was decreased to 362 m, the
track shift prevention deviation along the orbit must be decreased to 5.5
km, which corresponds to the difference in time when reaching the equator
(0.72 9).

According to the equations from section 1.4.1, in order to get a radial
shift of 400 m in the apex, the radial impulse directed upwards should be
applied on the equator:

AV, = Ay, - % 7609.2~ 0.5m/s

f'o
Thisimpulse will cause the eccentricity change:

AV. 05

= = 0.000066.
V, 76092

Ae=

Due to the influence of this impulse, a shift in the satellite along the
orhit in the descending node will occur (it will be behind the guiding
satellite). This will happen because the guided satellite flies on a higher
orhit from the ascending to the descending node

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



Station-Keeping Optimization for a Satellite Constellation 359

An=Aury =-4 Av; ro ~1600m.
VO

The distance between the satellites along the orbit increases in the
descending node up to 7.1 km.

The guided satellite will fly closer to the Earth on a trgjectory arc
lower than the plane of the equator, and the lag of 1600 m will be
compensated.

The necessary shift by the RAAN will be (AQ)

_Ar_ 04 _ 4 000053,
r, 6886

AQ

Hence, AQ ~0.003deg.

Due to the influence of these deviations, the satellite relative trgjectory
lies on the surface of the cylinder with a radius of 400 m and a length of
1600 m.

Table 8-10 shows the orbit parameters of the guiding (object 1) and the
guided (object 2) satellites, the deviations of the eccentricity vectors, and
the RAANSs which correspond to the calculated deviations.

The projections of the trgectory on the plane perpendicular to the
guiding satellite velocity vector, on the plane of its orbit, and on the plane
perpendicular to its radius-vector (which uses a guided satellite for the
given initial conditions) are depicted in Figures 8-13-8-15. Figure 8-16
shows the inclination changes for the time in the orbital coordinate frame.

EBSCChost -

Table 8-10
Object 1 | Object 2
a 6,892.93 | 6,892.93
& 0.000468 | 0.000468
=) 0.001238 | 0.001171
i 97.44 97.44
Omg 66.733 66.736
U 360.0 359.95
Date 2005.01.07|2005.01.07
20:31:56.1420:31:56.14|
Ball.coef| 0.01 0.01
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Figures 8-13-8-16. Deviation between the guided and the guiding satellite
in the orbital coordinate frame: in planer,b; in planer,n; and in plane n,b.
Deviationsin the orbital coordinate frame by time (dR), by radius (dr), ina
lateral direction (db), and along the orbit (dn).

The relative trgjectory of motion for the guided satellite along the
surface of the cylinder is depicted in Figure 8-17 with a thick solid ling;
the trgjectory of motion of the guiding satellite is depicted with a thick

dashed line. The position of the guiding satellite is marked with an asterisk
(point B).
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Figure 8-17. Guided satellite trgjectory relative to the guiding satellite
trajectory

8.3.3. Maintenance of Formation Flying with a Given
Configuration

The satellite formation flying operational configuration station-keeping
problem is divided into two sub-problems. In the first sub-problem, it is
necessary to provide the synchronized station-keeping of the operational
orbit for each satellite from the formation flying. In the second sub-
problem, it is necessary to provide the configuration of the satellite
position inside the formation flying.

The TSX nomina orbit was chosen to be eleven days. The current
orbit should lie within the tube of the radius 250 m around the nominal
orbit (in Figure 8-17 the tube base and its generatrixes are plotted with
dotted lines). It is very important that the manoeuvres performed by the
guiding satellite must not drag it out from a circle with a radius of 250 m
in the plane perpendicular to the velocity vector. Thus, not less than 150 m
remains between the TSX and the TDX in the plane perpendicular to the
satellite motion direction, which ensures safe satellite motion. In order to
meet the constraint of 250 m in the plane perpendicular to the satellite
motion direction, the semimajor axis ateration must not exceed 250 m (

AV, <0.16 m/s), the inclination ateration Ai <0.002°(AV, < 0.27m/s),
the eccentricity alteration Ae<0.00004 (AV, <0.31m/s, AV, <0.16 m/s

), and the RAAN alteration AQ <0.002° (AV, <0.27m/s).

Depending on the solar activity the manoeuvres of the current
trajectory keeping in the given vicinity of the nomina orbit had to be
performed within periods from 2 days to 2 weeks. In order to maintain the
given satellite formation flying configuration, it is necessary to
simultaneously perform identical manoeuvres for the orbit keeping of both
guiding and guided satellites. If the semimajor axis and/or the inclination
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are corrected for orbit keeping, then the single impulse applied in the
vicinity of the equator will be enough. These two or three impulses have to
be used when correcting the previous parameters with the simultaneous
correction. Hence, simultaneous successions have to be performed.

The detailed description of this project is given in multiple articles.
The numerical two satellite flight modeling with an analysis of the
manoeuvre application periodicity depending on the maintenance accuracy
of the operational orbit and the given configuration was conducted in
(Baranov and Chernov 2019, 220-228).
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MANOEUVRING ISSUESIN THE SPACE
DEBRIS PROBLEM

Manoeuvring issues play an important role in the space debris problem.
Most of the enormous volume of work connected to space object
cataloguing is needed for predicting spacecraft collisions with space
objects and the further calculation and application of collision avoidance
manoeuvres. Collisions with moving space objects are especialy
dangerous due to the lack of information about their future movements. In
this case, it is necessary to have a technique for estimating the already
applied active spacecraft manoeuvres and how to predict future
Mmanoeuvres.

9.1. Collision Avoidance M anoeuvr es

An orbit shaped by the target manoeuvres should not only be suitable
for the tasks assigned to the spacecraft, but also to keep it safe from
collisions with space debris and active space objects. The danger of
collision can be eliminated using specia collision avoidance manoeuvres
or by modifying the target manoeuvres themselves.

While calculating which approaches are dangerous, we have to look at
the problem from two sides. On the one hand, we should not fail to
account for a dangerous approach and, on the other, we should not
exaggerate the danger approach criterion otherwise there will be too many
false alarms. Reacting to these false alarms will lead to the excessive
expenditure of the spacecraft’ s resources.

9.1.1. Dimensions of the Satellite Safety Zone

Spacecraft orbits are determined and predicted using a space tracking
system that looks 72 hours ahead so as to determine possible approaches.
The collision probability p. is calculated according to this interval. If the
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collision probability p. >0.0001, then a collision avoidance manoeuvre

needs to be applied. Such avoidance measures should push the spacecraft
out of the danger zone. In this problem, we let the dimensions of the
danger zone be r,;, by the radius, n.;, aong the orbit, and b,;, in the

lateral direction.

Space objects moving towards the spacecraft are the most dangerous,
as the relative velocity in low Earth orbits can be as high as 15.5 km/s.
The components of relative velocity that have the biggest magnitude are
the transversal and lateral ones. The radius vector component does not
exceed 1 km/s, even for highly eccentric orbits.

The space object’s velocity relative to the spacecraft’s velocity can be
evaluated by:

\7rel =\780 _\73:-

Its projections along the axes of the orbital coordinate frame,
connected to the spacecraft and fixed at the moment of supposed collision,
are denoted Vg , Vig , and Vg, . The safe zone dimensions, fin, Nyin s

and b.,,, are determined, first of al, by the error calculation of the

dangerous approach time At (Melnikov 2009). This error occurs because
of an inaccuracy in determining the orbits of the spacecraft and the space
object. It is hard to predict the motion of a space object because its mass-
inertial characteristics and shape are unknown. Errors also arise from
inaccuracies in determining the atmospheric influence etc.

The transversal deviation caused by the error At can be found as the
multiplication of Atand V4

I’lmm = A'[Vrdn .

The maximum deviation for At = 1 sisapproximately n,;, =15.5km.
For the lateral deviation, we get:

bmin = AtVrdb .

The maximum relative speed in this direction is 8 km/s; hence, the
maximum lateral deviation for At = 1 sis approximately b, =8km.

Similarly, for the radial direction:
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Mmin = AtVrel, ,

and the maximum deviation in this direction for At = 1 sis approximately
Min =1Kkm.

Narrowing the safe zone is possible only by decreasing At. This can be
achieved by decreasing the error in orbital determination and increasing
the frequency of searching and identifying dangerous approaches; the
prediction errors decrease as the motion prediction interval narrows.

There are many algorithms that can help discover the dimensions of
the prohibited area more accurately. For example, this problem has been
investigated in Estes and Foster (1992), Patera and Peterson (2003, 233-
237), Foster and Stansbery (2003), Kelly and Picciotto (2005), Byram,
Slater, and Williams (2006, 1140-1146), and Klinkrad (2007, 955-962).

9.1.2. Single-lmpulse Avoidance M anoeuvr es

Usually, collision avoidance (in relation to a space object) is performed
using a special collision avoidance manoeuvre. The manoeuvre parameter
calculation method in this case is already well known (Melnikov, 2009).

Different manoeuvring schemes can be applied. Along-the-orbit
avoidance is most frequently used so long as there is the opportunity to
apply the manoeuvre several revolutions before an expected collision. This
avoidance procedure is fulfilled by a transversal manoeuvre. A similar
manoeuvre applied half or one and a haf revolutions before collision
resultsin avoidance by atitude. Avoidance by altitude can also be fulfilled
using a radial manoeuvre. This is less effective, but leaves the orbital
period unchanged.

Let us suppose that the transversal impulse AV, is applied Ag;

degrees before the expected location of collision. The minimum
magnitude of the impulse AV, which can push the spacecraft along the

orbit and out of danger n,;,, can be calculated as:

(3A¢1 - 43 n Aqol)AVtmin = lnmm y
_ ﬂ'nmin
"o 3A@—4SinAg; |

AV, 1)
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where 4 = the angular velocity of the motion along the circular drift orbit
and Ag; = the angle between the moment of impulse application and the

possible moment of collision (Ag; > 0).

In the case of forward firing, the spacecraft will reach the collision
point after the space object (n > 0); if retrofiring is used, the spacecraft
will reach the collision point earlier (n < 0). In both cases, safe spacecraft
motion is ensured.

If a collision avoidance manoeuvre is urgently needed, it is effective to
apply it half or one and a half revolutions before the point of the estimated
collision, dragging the spacecraft out of the danger zone by altitude. We
can estimate the magnitude of the manoeuvre AV, which is to be

applied A, degrees before the point of the estimated collision by the
equations:
2(1-cosA@,)AV,  =—Alyins

__ ﬂ’rmin ]
iy 2(1-cosAp,)

(9-2)

AV,

By substituting A¢, =7z, we can get the minimum manoeuvring
magnitude:

AV, = —%lrmm. (9-3)

min

With the use of an accelerating impulse, the spacecraft will go up
above the space object, while the use of the braking impulse will force the
spacecraft to go below the space object. Let us remember that r,;, can be

evaluated asfollows: I, =rgp —I'sc -
The angular distance A, between the impulse application point and

the estimated collision point, ensuring the equal effectiveness of both
strategies, can be found by:

ﬂ|nmin | 1

M = Zﬂ|rmin | (9‘4)

Assuming that Ag; contains the integer revolution number N, we get:
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N = Aol (9-5)
67Z'|I’min|

Using this equation, one can determine that, for the aforementioned
values n;, and ry,, and Ag, greater than three revolutions, the strategy

utilizing along-the-orbit drag becomes more valuable.

Transversal impulses are used in the compared strategies. This allows
us to combine collision avoidance manoeuvres with orbital elevation
manoeuvres, which occasionally need to be fulfilled for Earth remote
sensing spacecraft, the International Space Station (ISS), and other
spacecraft.

However, there are a number of cases for which changing the orbital
period is prohibited; for example, if the spacecraft is in the phasing orbit
and the approach is in process, specificaly, when the ISS is maintaining
the necessary initial phase for the docking spacecraft. In these cases,
transversal impulses cannot be applied. Instead, radial impulses, which
keep the orbital period unchanged, must be used.

The influence of the radial impulse component on orbital atitude at the
estimated moment of collision can be described as:

—AAr =singAV, .

As such, in order to drag the spacecraft out of the danger zone by
changing its atitude, one should apply an impulse with magnitude:

_ Al (9-6)

Tmin Sn ¢)

The magnitude of the impulse will be minima with

go:i%N,NeZ:

= /U'min (9'7)

Tmin

if it is applied one quarter of a revolution earlier (AV, >0) or three
quarters of a revolution after (AV, <0) the approach point. For safety’s
sake, it is necessary to reschedule this impulse to the previous revol ution.
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It can be seen that the use of transversal impulses is four times more
effective than the use of radial impulses in dragging a spacecraft out of the
danger zone by changing its dtitude. Hence, where there are no other
congtraints, the use of transversal impulses for collision avoidance
manoeuvres is more preferable.

At the moment of minimum distance, there are deviations in the
positions between the spacecraft and the space object, which we will
denote Ar,An,Ab. If the collison avoidance manoeuvre drags the
spacecraft towards the space object, for example, if the manoeuvre
increases the spacecraft’s altitude and the space object was initially higher
than the spacecraft, then it is necessary to increase the orbital atitude by
Ar . In this case, if the manoeuvre leads to a decrease in the spacecraft’s
orbital altitude, the magnitude of atitude ateration can be decreased by
Ar .

9.1.3. Geometric Interpretation of the Satellite Safety Zone

In the previous section, we examined the case where the avoidance of a
collision with a space object was fulfilled through the use of an additional
special manoeuvre. However, it is not always possible to do this. This
technique is mainly used when spacecraft perform rendezvous
manoeuvres. For instance, the “Soyuz” and “Progress’ spacecraft will
have communication-free revolutions after fulfilling the first two
(performed on the 2nd or 3rd revolution) of a series of four connected
rendezvous manoeuvres (see section 5.3). The communication-free
revolutions cannot be used for the manoeuvres. If the phased orbit shaped
by the first two manoeuvres is dangerous because of possible collisions,
there will be no possibility of changing it. The only way to resolve thisis
to recadculate the rendezvous problem solution with the use of the
additional constraint so that the spacecraft will not go through the danger
area after the application of the first two impulses.

A safe orbit can be obtained by changing the orbital phase eccentricity
due to the fact that the magnitude of the semimajor axis after the
application of the first interval impulses is determined by the problem
conditions (the initial phase difference Au). The aforementioned special
radial impulse aso solves the problem by changing the orbital
eccentricity. The radial impulse does not change the semimajor axis.

Let us determine the boundaries of the area on the plane e,,e, from

which the orbital phasing eccentricity vector should be moved in order to
avoid a collision with the space object. We assume that the phasing orbit

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

Manoeuvring Issues in the Space Debris Problem 369

has eccentricity €, , the pericenter argument @, and the semimajor axis
a, - A collision with the space object occurs when the latitude argument
reaches ug . The orbital radius at this point can be evaluated as follows:

_ ay(l-€))
1+ ey cos(Ug — mg)

lo

In order to avoid a collision with the space object at the point with the
latitude argument Uy , the orbital radius should be increased to ry + Arp,i,

at the possible collision point (upwards drag) or decreased to ry—Ar,
(downwards drag), where Ar,,;,, = the distance of safe drag. By evaluating
the value e for the different values of ® using the equation:

2
fo + Al = % - e—) ) (9-8)
1+ ecos(uy — w)

one can calculate the outer boundary of the prohibited area. Using the
equation:

2
fo = Almin = % - e—) ) (9-9)
1+ ecos(uy — @)

one can calculate its inner boundary. Thus a collision can be avoided by
dragging the eccentricity vector of the phasing orbit shaped by the first
interval manoeuvres out of the prohibited area.

Figure 9-1 presents the example of the prohibited area of the phasing
orbit with the semimajor axis a, =10,000km , eccentricity e, =0.3, and

the pericenter argument @, =0°. The collision occurs at the latitude
argument uy =30°. It is supposed that the spacecraft’'s atitude at the

collision point should be changed by Ar,,, =600km (higher or lower).

This distance gradually exceeds the usual one used for collision
avoidance, but helps to describe the prohibited area.
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u, = 310°

WA Ex

Fig. 9-1. Prohibited area overview

The dashed line designates the prohibited area’s line of symmetry. The
angle between this line and the e, axis equals ug . The inner boundary of
the prohibited area is represented by the solid line and the outer boundary
is represented by the dotted line. Point X is related to the phasing orbit (
€y, g ). It can be seen that the boundaries of the prohibited area have a
common point (Fig. 9-1) that corresponds to the turning of the elliptica
orbit into a parabola (e=1). The dimensions of the prohibited area are
proportional to Ar;,. The dependency between e and @ is depicted in

Fig. 9-2.

- 6283 —3142 0 3142 6283

Fig. 9-2. Gaps of boundaries of the prohibited areaon plane o, e
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In Fig. 9-3, one can see the prohibited areas for the angles u, =100
and UO = 2100 .
It can be seen that the axis of symmetry of the prohibited area rotates

around the datum point of the coordinate frame. The dimensions and the
position of the prohibited area also change.

Ey

a0
o =210

.o
u, =100

Fig. 9-3. Location of the prohibited areafor the angles up= 100° and up =
210°

As previously noted, the real magnitude of the value Ar,;, is far

smaller than the one used here in the examples. In Fig. 9-4, one can see the
prohibited area for the phasing orbit of the “Soyuz” spacecraft with the
semimgjor axis ay =6,660km, the eccentricity e, =0.005, and the

pericenter argument @, =135°. The orbital station rendezvous point is

U, =358" and a collision occurs when u,=135". The necessary
condition is Ar.;, =3km. As we can see, for the appropriate range of
eccentricity alteration (in the vicinity of point X(e, e, )), the prohibited

areaisrestricted by amost straight lines. The width of the prohibited area
is 2Ae, where Ae can be evaluated as:

Ae=Argn I1g. (9-10)
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Ey y=135"

Fig. 9-4. Location of prohibited areain real conditions for angle up= 135°

Let us determine the position of the prohibited area in accordance with
the latitude argument of the collision. For this purpose, let us draw the

several prohibited areas with uy=0°,45",90°,135" on the single
coordinate plane. In Fig. 9-5, one can see that atering angle u, leads to
the rotation of the prohibited area around point X(e, ,e, ). The

composition of several areas determines the area in which multiple
spacecraft collisions are possible.
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Uy =0° Ey Uy =135"

Fig. 9-5. Orientation of the prohibited area for different uo

The use of the prohibited areas obtained alows us to find the
rendezvous problem’s solution with the help of agorithms from chapters
3, 4, and 5. This solution helps to avoid collisions in the phasing orbit. It is
especiadly effective to use the graphical dialog for the manoeuvre
parameter determination problem from Chapter 5 for these purposes. The
example of the use of these areas for the “Soyuz” spacecraft manoeuvre
parameter recalculation is presented in an article by the author.

9.2. Assessment of Manoeuvr es Performed by an Active
Space Obj ect

The problem of propagating the motion of the manoeuvring spacecraft
appears while keeping the space object catalogue. To solve this problem,
one should know how to estimate the realized manoeuvres using the orhits
obtained on the basis of trgjectory measurements. The assessment of the
performed manoeuvres together with further motion propagation of the
active space object and accounting for future analogous manoeuvres
allows us to gradually increase the accuracy of calculating dangerous
approaches with this object. Manoeuvre assessment is also necessary for a
proximity assessment of the protected spacecraft and the manoeuvring
space object on the manoeuvring interval. This manoeuvre assessment
allows the development of more precise orbital parameters in the case of
determining the terminal orbit with considerable errors. In addition, the
information obtained during the space object manoeuvre assessment
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(information about acceleration during the manoeuvre), together with the
information gathered during its passive motion, alows us to discover
some of the manoeuvring space object’ s characteristics, such asits mass or
engine thrust.

The existing methods of assessment of the performed manoeuvres
(Alfriend, Kamensky, Stepanyants, and Tuchin 2009, 3-22; Borovin,
Stepanyantz, Tuchin, and Tuchin et al. 2012) require a lot of processing
time to obtain results. They are suitable for arbitrary orbits and due to the
problem’s complexity are based on the simple enumeration of the
definable parameters. Space object manoeuvres in near-circular orbits are
described in this book. This simplifies the problem and allows us to use
analytical and numerical analytical methods for its solution. In addition,
the scope of application is insignificantly narrowed as most real
manoeuvring space objects are situated in near-circular orbits. The time
for solving the problem decreases by several orders, speeding up the
updating of the manoeuvring space objects catalogue. The high response
speed is important because the regular manoeuvre assessment has to be
performed for alarge number of real manoeuvring space objects.

9.2.1. Manoeuvr e Parameter Reconstruction:
General Solution M ethod

The two state vectors of manoeuvring space objects for the two
moments of time are already known. The magnitude and orientation of the
impulses that have changed orbit and the times of thruster firing need to be
assessed. If the moments of time are not distant to each other, then it isfair
to assume that one or two manoeuvres were performed during that
interval. For longer time intervals with several possible manoeuvres, it is
amost impossible to restore the magnitudes and moments of manoeuvre
application. Only minimal total delta-v expenditures can be assessed with
the help of the algorithms from chapters 2, 3, 4, and 6.

It is supposed that only single and double-impulse manoeuvres will be
assessed further. The assessment algorithms for close to impulsive
manoeuvres and manoeuvres performed by low-thrust engines differ
gradually from each other and need to be considered individualy. The
final determination of the manoeuvre parameters is made by the iteration
procedure described in Chapter 1.

The assessment methods for close-to-impulsive manoeuvres are mostly
well-devel oped.

The problem of assessing the single-impulse manoeuvring parameters
with good accuracy for the initial and target orbits is the simplest one. If
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the accuracy of determining the orbits is poor, an uncertainty occursin the
assessed impulse parameter selection. Lambert’s problem is usually used
for the assessment of the two-impulse manoeuvring parameters (Alfriend,
Kamensky, Stepanyants, and Tuchin 2009, 3-22). The use of the numerical
analytical methods from the previous chapters allows us to gradually
speed up the process of two-impulse velocity parameter determination.
The two sub-problems can be distinguished for the two-impulse
manoeuvre problem:

1) Parameter determination of the two connected impulse coplanar
Mmanoeuvres,

2) Parameter determination for the two connected impul se manoeuvres
that caused the alteration of all orbital elements.

Nowadays, mostly numerical methods with simple enumeration of the
definable parameters with a constant step are used for the assessment of
manoeuvres performed by low-thrust engines (Alfriend, Kamensky,
Stepanyants, and Tuchin 2009, 3-22; Borovin, Stepanyantz, Tuchin, and
Tuchin et a. 2012). The use of the analytical and numerical analytical
methods from Chapter 6 for long-duration manoeuvre assessment also
helps to gradually speed up the solution of the problem, thus making it
possible to use this method in the technologica cycle of calculating and
keeping the catalogue of near-Earth space objects. In the case of a
manoeuvre performed by low-thrust engines, the proposed method helps
not only to determine the manoeuvre parameters, but aso to determine the
magnitude of acceleration made by the thruster engine.

For long-duration manoeuvres, the problem stated in the general case
can be divided into several simple sub-problems:

1) Determine the parameters of the manoeuvre that results in the
alteration of the semimajor axis and/or eccentricity vector;

2) Determine the parameters of the manoeuvre that causes the orbital
plane rotation;

3) Determine the parameters of the combined manoeuvre that alters all
orbital elements;

4) Determine the parameters of the two connected long duration
coplanar manoeuvres,

5) Determine the parameters of the two independent long duration
coplanar manoeuvres;

6) Determine the parameters of the two long duration independent
manoeuvres that ater all orbital elements.
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Determination of Orbital Parameter Alteration:
Accounting for the Influence of the Impulse

The first step of the solution is the calculation of the orbital parameter
deviation vector A caused by the working of the thrust engines.

In order to determine the deviation vector A, it is necessary to
undertake a prognosis of the initia state vector up to the moment t, . The

prognosis is performed with all perturbations except engine thruster firing.
Then the difference between the elements of the terminal orbit and the
orbit obtained after the calculation of the prognosis. The components of

the deviation vector A =(Aa,Ae,,Ae,,At,Az,AV,)" were determined in

section 1.1.2.

In the case where the thrust engine firing interval is small in
comparison to the space object orbital period, the following assumption
can be made: the orbital parameter change was instantaneous. This
assumption allows us to write out the conditions for reaching the desired
point of the terminal orbit in the form of egs. 1-12a to 1-12f for
manoeuvres in the vicinity of the circular orbit.

In the case of a single-impulse manoeuvre, the definable variables are
AV, ,AV, ,AV, ,¢, asthe components of the first impulse and the angle of

its application. For the two-impulse case, the unknown variables are
AV, AV, AV, 0, AV, AV, AV, @, as the parameters of the first and

second impul ses.

9.2.2. Single-Impulse M anoeuvr e Assessment in the Case of
Accurate Orbital Determination

The simplest method is the variant of the close-to-impulse manoeuvre,
performed in a single ignition with both orbits having been determined
with acceptable accuracy. The solution includes the search for the
minimum distance between the object positions in the initial and target
orbits with further evaluation of the difference between the velocity
vectors at this moment.

9.2.3. Single-Impulse Manoeuvr e Assessment with Inaccuracies
in Orbital Determination

In practice, one has to deal with the initia data errors while
determining the realized manoeuvres. These inaccuracies are connected to
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errors in determining the initial and terminal orbits (especially concerning
the terminal orbit, which has, by default, fewer measurements).
Accounting for the stochastic nature of the trajectory information makes
the problem more complex, but helps us get to a more trustworthy
solution. The coplanar and noncoplanar cases are described further.

Impulsive Coplanar Manoeuvre

Let us state that the realized impulse does not have radial components.
According to egs. 1-12a to 1-12c, the radial impulse components do not
take part in changing the semimajor axis and are twice as inefficient in
atering the eccentricity vector as the transversal ones. This is why this
component is barely used in manoeuvres for orbital maintenance. Thus,
the assumption that the determined manoeuvre has zero radial components
(i.e. AV, =0) isacceptable.

In Fig. 9-10, point K with coordinates Ae,, Ae, corresponds to the end

of the eccentricity vector difference between the initial and target orbit
eccentricity vectors Ae=€; —§,. The angle of transversal impulse

application, which allows us to correct the deviation of the eccentricity
vector, isdesignated ¢, . Following on from egs. 1-12a and 1-12b, and the

magnitude of the impulse, which produces the necessary eccentricity
alteration:

AV, =V, |Ae| V
t = Vo 5 2 0 5 2
Aa @ — C
Let us draw a circle with radius R (R=— = fr % ), which is the
0 0

dimensionless difference between the semimgor axes of the initia and
terminal orbits. The circle’s center is situated at the center of the
coordinate frame. If there are no orbital definition errors, point K would
. aY/
have belonged to the circle becauseE = V_t =Ae.
f'o 0
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AAey
B AV, K*
2AV
K(Aey,Aey)
2AN, A
IK! ".“
e R=Aa A8 R e
A A | \ -

Fig. 9-10. Single-impulse coplanar Fig. 9-11. Influence of the error on the
transfer determination of the difference
between the semimajor axes and the
difference between the eccentricity
vectors

Dueto errorsin determining the semimajor axis and eccentricity vector
of each orbit, point K may not belong to the circle. If the point is inside the

circle (point K’ in Fig. 9-10), then the orbits do not intersect (|Aa > Ae)

and the single-impulse solution does not exist. If point K is outside the
circle (point K* in Fig. 9-10), then the initial and terminal orbits intersect (

Ae>|Aa]) and the single-impulse solution exists and the impulse has a

radial component (BK" in Fig. 9-10). In order to obtain a trustworthy
transversal solution, one has to account for errors in determining the
semimajor axis and eccentricity vector.

Let us designate da as the maximum error in the determination of the
dimensionless difference of the semimajor axes. We will draw two
concentric circles with radii R, = R-6a and R, =R+da. In Fig. 9-11,

these circles are drawn with dashed lines. The area between the dashed
circles corresponds to the acceptable values of the dimensionless
difference between the semimajor axes. Let us draw an ellipse, which will
constrain the area, corresponding to the acceptable values of the difference
between the eccentricity vectors. One of the semi axes of this ellipse is
determined by the maximum error in the absolute value of the eccentricity
vector difference ée, while the other one is determined by the maximum
error in the angular position of the eccentricity vector difference ¢,. The

intersection of the area constrained by the ellipse and the area between the
dashed circles is the shaded area G, the points of which correspond to
possible single-impulse transversal solutions for acceptable eccentricity
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alteration (Baranov, Karatunov, Razoumny, and Vikhrachev 2017, 141-
149). If the areas do not intersect, the single-impulse solution is not
possible and two-impul se solutions should be considered.

In order to assess the parameters of the determined impulse, one
should also take into account the error in the determination of the
manoeuvre gpplication time. The angle ¢, corresponds to the moment of
time when the spacecraft will be on the same revolution and the same
latitude argument, as if it moved forward along the initial orbit and
backwards along the target orbit. The maximum error in determining this
angleis d¢, . The intersection of the sector [¢, —d¢;, ¢, +6¢p,] with area
G will give us the shaded area P (Fig. 9-12) with acceptable single-
impulse transversal solutions. The smaller the error in the orbital
determination, the closer the angles ¢, and ¢, will be.

rey

Vo0
A

Fig. 9-12. Theinfluence of the error in determining the difference between
the semimajor axes, errors in determining the eccentricity vectors, and
errors in determining the impulse application time

There will be one point from area P that will determine the problem
solution. The problem solution can be the point that is determined rapidly
and ensures a minimal difference in the probability of adjusting each
orbital element.

For example, the impulse application angle ¢, can be found from

the equation:

S(De — S(DI
Pe = Pimp  Pimp — Pt

Thus, @i, will be:

EBSCChost - printed on 2/13/2023 10:43 PMvia . All use subject to https://ww.ebsco. conlterns-of-use



380 Chapter Nine

 _ 30 Pe + 39
™ 8§0e +8§Dt

For the determination of point K with this angle, we can use the
equation:

6qzmp N (Pe _(pimp)z _

1
5e? 8p2

One should find the maximum error 3g,, in terms of the difference

between the absolute magnitude of the eccentricity vector during impulse
application with the angle ;:

oe
By =5, V302 ~ (90~ i)
e

Then, from the equation:

x _CD-x
sa  d&y,
one can determine x:
CDda
36 + A’

where CD = the distance between a circle of radius R and an ellipse with
axis x starting from this circle and determining the position of point K.

Impulse Noncoplanar Manoeuvre

Let us suppose that the assessed impulse has both transversal and
lateral components. The angleg,, which determines the position of the

orhital plane line of intersection, is the application angle of the impulse
lateral component. If the orbits have been determined without errors, then
the application angles of the transversal and lateral components coincide
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with each other and ¢, =¢,. If there were errors in the orbita
determination, the angle of optimal eccentricity correction ¢, and the
angle of orbital plane rotation ¢, do not coincide, although in the real

impulse case they should.

Let us call 3¢, the maximum determination error of the angle on
which the orbital plane rotation was performed. The lines between the
angles ¢, -3¢, and ¢, +d¢, determine the acceptable area for the
impulse application angle of the orbital plane rotation. If this area has
common points with area P (we will designate the intersection area for
these two areas L; in Fig. 9-13, this is depicted as the hatched section),
then the single-impulse solution exists. If not, one should move to the
determination of two-impulse solution parameters.

0, %

A TN 9
A Oip C

Fig. 9-13. Theinfluence of the error Fig. 9-14. Probability distributions of

in determining the difference the impul se application angle for
between the semimajor axes, the the correction of the eccentricity
eccentricity vectors, and the vector e, the angle of the impulse
moment of the impulse |ateral application moment ¢, and the angle
component application of the orbital plane rotation start ¢,

Figure 9-14 gives the probability distributions for the impulse
application angles for the correction of the eccentricity vector ¢, the

angle of the orbital plane rotation start ¢,, and the angle of the impulse
application moment ¢, . It can be easily seen that the acceptable angles for
the application should belong to line segment AC. The angle ¢y, is

chosen in accordance with point B (here, the probability density for both
anglesisequal). Then, d€,,, isdetermined for the found angle etc.
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The magnitude of the dimensionless lateral impulse component can be
found as:
AV, = Ay,

where y = the angle between the nominal orbital planes.

9.2.4. Assessment of Two Finite-Burn M anoeuvres

In cases where the single-impulse solution does not exist, one should
consider determination of the two-impulse solution parameters. By
altering the angles ¢, and ¢, in the range corresponding to the time

interval between the epochs of the initial and target orbits, and solving Eq.
1-12 for each pair of angles (in order to find the impul se components), lots
of solutions with different values of total delta-v ensuring the flyby from
theinitial to the target orbit can be obtained. The final result is the solution
with the lowest energy cost. We call this approach the full enumeration
method. This is the traditional approach for solving the two-impulse
manoeuvre assessment problem (Alfriend, Kamensky, Stepanyants, and
Tuchin 2009, 3-22; Borovin, Stepanyantz, Tuchin, and Tuchin et al. 2012).

Usually the solution of Lambert’s problem is used, but, as will be
shown later, the solution can be obtained more easily by using Eq. 1-12.
The number of the enumeration variants gradually grows with the increase
in the time interval between the epochs of the initial and target orbits.
Even if the simple Eq. 1-12 is used instead of calculating Lambert’s
problem, the calculation time gradually increases. This makes it difficult
to use the traditional approach in the technological cycle of keeping the
space object catalogue.

The assumption about impulse orientation can also help reduce the
computation time. As arule, the assessed manoeuvres are not rendezvous
manoeuvres, but are variations of simple transfer manoeuvres. The
semimajor axis change and/or the eccentricity vector change are the goal
of using such manoeuvres while manoeuvring in the orbital plane. As
already mentioned, the radia components are hardly used in orbital
maintenance manoeuvres. Thus, it can be assumed that the estimated
manoeuvres do not have radial impulse components, i.e. AV, =0,

AV,, =0. The radial components, which may occur as result of errorsin

setting up the required orientation of the thrust engines, usually do not
exceed 2 % of the impulse magnitudes. These components do not alter the
semimajor axis and practically do not influence the time of the flyby up to
its end point. They can also be omitted during the manoeuvre assessment,
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as will be shown in one of the examples in section 9.2.9. As such, the
solution of the two-impulse problem is feasible in searching for the class
of manoeuvres that only have transversal and lateral components. The
search algorithm for this solution can be stated as follows (Baranov and
Karatunov 2016, 284-295). The different application angles of the first
impulse are selected on a single revolution interval. The angle o, is the

current value of ¢;. Then, with the help of egs. 2-2a to 2-2c, the
magnitudes of the transversal components AV, ,AV, and the second

impulse application angle ¢, are found. The lateral components

AV, ,AV, can be found using egs. 2-14a and 2-14b. The obtained
1 2

solution will be acceptable for all combinations of the angles
P =@, +2m, @, =@, +2mn, and neN on the interval of the

revolutions between t; and t,. Only pairs of angles that ensure the
solution of Eq. 1-12d with the given tolerance At; are considered. Thus,

we obtain not only a solution with the minimal total delta-v (the traditional
criterion), but also the solution, which fulfils the demand that the flyby
will miss the target orbit at a value not greater than the given value At; .

The solution, which ensures a practically zero time miss, exists because
the real orbital change was caused by impulses with zero radial
components. The solution time with this approach is much smaller than
the solution time with the method of full enumeration, as the basic
enumeration of angle ¢, is made only on one revolution and angle ¢, can

be found using Eq. 2-2c. There is no need to use enumeration to find ¢, .
Further consideration of the different combinations of angles ¢, ,¢p, for

different revolutions requires only the computation of the left part of Eq.
1-12d for each pair.

This method gradually exceeds the method of direct enumeration. It is
much faster and has the same or even better accuracy. A comparison of the
accuracy and performance of these two methods can be found in section
9.2.8.

If the orbits are determined with considerable errors, no specia
solution is proposed, as the suggested two-impulse solution allows us to
solve the problem.
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9.2.5. Manoeuvres Performed by Low-Thrust Engines
in the Case of Accurate Orbital Deter mination

As was mentioned in Chapter 6, the real spacecraft thrust engine
orientation is fixed in the orbital or inertial coordinate frame during
manoeuvring. For a spacecraft with low-thrust engines, the manoeuvres
are usually applied with fixed orientation of the thrust engines in the
orbital coordinate frame. It is supposed further that this orientation of the
thrust engines is used for the manoeuvre parameter assessment problem
solution.

The alteration of the eccentricity and the dimensionless semimajor axis
caused by the firing of the thrust engines on the angular interval A¢ can

be found using egs. 6-4 and 6-8:

4sin22 _Ye po (9-11)
2 w
20p =2 pq, (9-12)
W

After the division of Eq. 9-11 by 9-12, we get the equation for the
determination of Ag :

. Agp
2-sin(—>)
Ae 27 (9-13)

Aa Ap

By solving the transcendental Eq. 9-13, one can find the duration of
the thrust engine firing Ag . Then, with the use of egs. 9-11 or 9-12, the

acceleration of the spacecraft caused by the thrust engine firing can be

fOUhd(WzE)Z
m

w
C_Aa.

W=
2Ap

The manoeuvre delta-v AV, can be found as follows:
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AV, =Y V,Ap. (9-14)
W,

C

The position of the active interval ¢, which coincides with the

impulse application moment in the optimal impulse solution (Braude and
Kuzmak 1969, 323-338) is determined by:

A
Do = arctg[i} (9-15)
Aey

Lateral Manoeuvr e Assessment

The middle part of the active interval of such a manoeuvre should be
on the line of intersection of the initial and target orbits. The angle ¢, ,

which determines the position of the orbital intersection line, can be found
using the equation:

tgp, =
CAV

If the orbital plane rotation is set by the deviations AQ, Ai , then ¢,
can befound as:

tg —sini£
vz Ai

The active interval angular duration can be determined with the use of
Eq. 6-53:

Ap, =2arcs n(WC—ij (9-16)
2w

where Ay = the angle between the orbital planes, which is calculated by
Eqg. 1-14d:

Ay = AZ> + AV, 2.
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The lateral impulse magnitude is determined by:

AV =Yg,
z W,

C

Assessment of Long-Duration Manoeuvres Altering All Orbital
Elements

Let us look at the case when the correction of the orbital coplanar and
noncoplanar elements occurs simultaneously. To perform this manoeuvre,
the thrust vector is rotated by the angle g out of the orbital plane. We

have the following components of the thrust vector:

R = Pcosf (thrust vector transversal component);
P, = Psin g (thrust vector binormal component).

The ratio of the thrust vector to mass (w) will aso have two
components:

R.

W, =—; W, =i. (9-17)
m m

The full acceleration magnitudeiis:

W= W2+ W2,

It is supposed that during the manoeuvre, the orientation of the thrust
vector in respect of the orbital coordinate frame cannot change.
The duration of the active interval Ap can be found from Eq. 9-13,

and then w; can befound using Eq. 9-12:

w, =22y (9-18)
2Ap

w, can be found with the knowledge of A¢ from Eq. 9-16:
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W, =LW . (9-19)

z C
2s n(wj
2
The next step is to find the thrust vector orientation:

b= arctg[&]. (9-20)

Wi

The components of delta-v can be determined with the use of egs. 9-21
and 9-22:

AV, = My, (9-21)

C

AV, = Y2y pp. (9-22)
W,

C

The manoeuvre's magnitude AV can be calculated with the equation:

AV = JAV,2 + AV2.

The middle parts of the active intervals for eccentricity alteration and
the orbital plane rotation should coincide if these alterations were caused
by a single manoeuvre. However, due to the errors in orbital
determination, these moments may slightly fail to coincide. In this case,
the results obtained for the determination of the moment of impulse
application with the errors in the orbital determination can be used for the
determination of the active interval center (see section 9.2.3).

Another approach for the assessment of long-duration manoeuvres is
the full enumeration of parameters such as the start and end times of thrust
engine firing, the thrust vector orientation, and the magnitude of
acceleration made by the thrust engines, with further selection of the
solution, which will ensure the necessary alteration of the orbital elements
(Alfriend, Kamensky, Stepanyants, and Tuchin 2009, 3-22; Borovin,
Stepanyantz, Tuchin, and Tuchin et a. 2012). Meanwhile, the number of
steps, with which the calculation of the orbital element changes are
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. NN, _
performed, is equal to - where n, = the number of the steps of

enumeration for the time of the thrust engine firing start and end; n; =the

number of enumeration steps for the thrust vector orientation; and n, =

the number of enumeration steps for acceleration. Thus, it can be stated
that the method proposed in this section demands reduced calculation time
in comparison to the method presented in Alfriend, Kamensky,
Stepanyants, and Tuchin (2009, 3-22) and Borovin, Stepanyantz, Tuchin,
and Tuchin et al. (2012).

9.2.6. Manoeuvres Performed by Low-Thrust Engines
with Inaccuraciesin Orbital Determination

Coplanar Manoeuvr es

If there are errors in the determination of the initial and target orbits
(especially errors in the determination of the target orbit), the procedure
for determining the single long-duration manoeuvre parameter problem
solution gradually changes.

It is supposed that the acceleration caused by the active space object
thrust engine firing w was calculated before, as a result of the assessment
of the single long-duration manoeuvre parameters with the use of the
algorithm depicted in section 9.2.5 with the initial and target orbits
determined with high precision.

In Fig. 9-15, one can find the area between the dashed circles that
corresponds to the acceptable values of the dimensionless difference
between the semimajor axes. Also, the ellipse that constraints the area,
corresponding to the acceptable values of the eccentricity vector
difference, is shown in the figure. Unlike the case which was considered in
section 9.2.3, the area constrained with dashed circles and the area
constrained with the ellipse may not intersect, and the ellipse will be
inside the smaller circle. According to egs. 9-11 and 9-12, this is
connected to less effective eccentricity correction for long-duration
manoeuvre conditions. However, the solution with a single ignition can
take place in this case as well.
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Fig. 9-15. Determination of the influence of the semimajor axis difference
error and eccentricity vector differences

Unlike the impulsive case, it is hard to determine the time of the
manoeuvre's middle. This is why angle ¢, is not used. If a manoeuvre

that does not change the orbital plane is considered, then angle ¢, is

agreed as the middle of the angular interval of the thrust engine firing.
This is because the middle of the long-duration manoeuvre should
coincide with the optimal impulse manoeuvre application angle (Braude
and Kuzmak 1969, 323-338).

The algorithm of the manoeuvre parameter assessment consists of the
enumeration of the points of line segment BC (Fig. 9-15) with some steps.
The angular duration of manoeuvreAg, , which ensures the corresponding

ateration of the semimajor axis, is estimated for every value Aa; from

line segment BC with the use of Eq. 9-12. Then, with the help of Eqg. 9-11,
the eccentricity alteration caused by this manoeuvre is found. If the found
value of the eccentricity Ag belongs to line segment DE, then the found

solution is acceptable. The goal is to find the solution that has the
maximum close propagation distributions p,,(Ag;) and p,.(Ag). The
angular duration of the manoeuvre Ag;, , which correspondsto Ag;, isthe
problem solution. The middle of the active interval is determined by the
angle Pip = Pe -
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Noncoplanar Manoeuvres

Let us suppose that the assessed parameter has both transversal and
lateral components. In this case, the middle part of the orbital plane
rotating optimal manoeuvre should coincide with angle ¢,, which
determines the position of the initial and target orbital plane intersection
line. If there are errors in orbital determination, then the angle of the
optimal eccentricity correction ¢, and the angle of optimal orbital plane

rotation ¢, do not coincide. The angular difference 3¢, isthe maximum
error in the determination of anglep,. The lines with the inclines
@, —0p, and ¢,+d¢p, determine the area that is acceptable for the

middle of the manoeuvre, which rotates the orbital plane. If this area has
common points with the area constrained by the ellipse (we will designate
it the area of intersection of the two areas P, shaded in Fig. 9-16), then the
solution with one long-duration manoeuvre can exist; otherwise we have
to consider the two manoeuvre parameter determination.

' \‘vl iR,
0; Pimp Rll \

A

Fig. 9-16. Theinfluence of the error in determining the difference between
the semimajor axes, the difference between the eccentricity vector, and the
errorsin angle ¢, which determine the orbital plane rotation

Angle ¢, can be taken as the middle of the angular manoeuvring
interval and can be found by:

3, 39,

(ﬂe_(oimp ¢imp_¢z '
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We get:

The later angular duration of the manoeuvre, which ensures the
corresponding alteration of the semimajor axis Ag, , is calculated for each

value Ag; (from line segment BC, see Fig. 9-16). The equation system 9-
230 9-25 should be solved and the values Ag; ,w;,w, can be found:

Aa
W= 23y (9-23)
w=— 7y, (9-24)

z [on)
zgn(A(‘)i]
2
W= W2+ W2, (9-25)

where Ay = the nominal angle between the orbital planes. Then, by using
Eqg. 9-26:

Aq =4 M gn 20 (9-26)
W, 2

one can find the eccentricity alteration caused by this manoeuvre. If the
found eccentricity value Ag belongs to line segment DE (Fig. 9-15), the

solution is acceptable. The goa is to find an acceptable solution with
maximum close probability densities p,,(Aa;) and p,.(Ag). The

angular manoeuvre duration Ag; , which corresponds to a value such as
Ag;, is the problem solution. The middle part of the active phase is
determined by the angleg;,,, . The thrust vector orientation can be found
using Eg. 9-20.

If the engine thrust is unknown, the problem should be solved the same
way asin the case of precise orbital determination.
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9.2.7. Two-Impulse Coplanar Manoeuvres Over a Longer
Period of Time

As in the previous section, it is assumed that the thrust engines
maintain a constant transversal orientation in the orbital coordinate frame
(as the most effective one) during the manoeuvres. The proposed solution
method allows us to account for the orientation in the inertial coordinate
frame as well, but the orbital orientation is considered because it is met
more frequently in practical contexts.

There are two approaches for the application of the two long-duration
manoeuvres: the realization of the connected manoeuvre with the purpose
of the semimajor axis and eccentricity vector ateration; and the realization
of the two independent manoeuvres (each of the manoeuvres causes the
alteration of one orbital parameter).

If two optimal connected manoeuvres ate performed, the center of the
angular interval Ag;, on which the first manoeuvre is performed, should

be situated on angle ¢, , which is optimal for the application of the first
impulse in the impul se solution:

Aey

99 :E’

The center of the angular interval of the second manoeuvre should be
half arevolution further on.

In accordance with egs. 9-11 and 9-12, the transfer conditions on the
given orbit can be described as:

4sin Apy —4sin Apy _ Wehe
2 2 w
w.Aa

(9-27)

It is supposed that the acceleration w= P/m, produced by the thrust
engines, was determined earlier when the assessment of the single
manoeuvre was fulfilled.

Using Eg. 9-27, one can find the manoeuvre angular durations Ag;

andAg;,:
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w.Aa . w.Ae
Ap, =—S—+2arcsin cha’
aw 8wcos——
w.Aa . w.Ae
Ap, =———2arcsin = :
w.Aa
8wcos

Negative Ap means that the thrust vector should be transversal and

directed towards the space object’s motion during manoeuvring (i.e.
braking occurs).

Thus, the transfer problem solution has been obtained, but, in fact, the
rendezvous problem should be solved. In order to solve the rendezvous
problem, we select the impulse application order and the manoeuvring
revolutions using enumeration, and compare the time deviations.

If the manoeuvres are performed individually, it is more complicated.
It is not necessary for the middle parts of the manoeuvres to be divided by
half a revolution. The first part of the assessment algorithm of such
manoeuvres is analogous to the assessment algorithm of the two small
duration manoeuvres. The application angle of the first impulse ¢, = ¢,

is fixed on one of the revolutions of the allowed interval between the
moments of the initia condition fixation. Then, the transversal
components and the application angle of the second impulse P, ae

determined using egs. 2-2ato 2-2c.

As with the previous casg, it is supposed that the middle points of the
angular intervals with long-duration manoeuvres coincide with the optimal
solution impulse application angles.

Ag, can befound from the equation:

Ael:4ﬂsin%,
W, 2

where Ae, = the eccentricity alteration made by the first manoeuvre of the

impulse solution. Ag; is the necessary angular duration of the first

manoeuvre that leads to eccentricity alteration made by the first impulse.
Similarly, the angular duration of the second manoeuvre Ag;, is:
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. W.Ae,
A@, = 2arcsin——=.,
P2 4w

Each manoeuvre causes a necessary change in eccentricity in the
required direction. Thus, the desired eccentricity vector will be formed
after the manoeuvres.

The problem remains that the semimajor axis alteration will be greater
than needed. According to egs. 9-11 and 9-12, it changes more efficiently
than the eccentricity in conditions of long duration and the fixed
orientation of the thrust engines.

This difference can be eliminated with the help of the following
iteration procedure. Let us suppose that the initial semimagor axis
deviation was Aa, = a; —a, (for example, Aay >0). Thisdeviation Aa,

and deviations Ae, ,Ae, are used in determining the manoeuvre

parameters.
After the realization of the estimated manoeuvres, the new semimajor
axis a will be obtained. Its value exceeds the required one. On the next

iteration, the deviations Aa; =Aay +a; —a,, Ae, ,Ae, (the semimajor

axis deviation will be smaller than the original one) will be used; on the
next iteration Aa, = Aa; +a; —a,, the values will be used etc. The

process continues until the semimajor axis is obtained with the desired
accuracy.
Thus, for the fixed angle P, the target orbit transfer problem is

solved with the use of two long-duration manoeuvres.
The enumeration continues with the angles ¢, , ensuring the solution

of Eg. 1-12d with the desired accuracy At . This alows us to find the

solution with the minimum total delta-v and the target orbit transfer time
miss does not exceed the given At; . Thus, the transfer problem solution

and even the rendezvous problem solution will be obtained.
As we can see, the enumeration of angle P, just asin the impulsive

case, is made by one unknown variable and only on one revolution.
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9.2.8. Two-Impulse Noncoplanar Manoeuvres Over a L onger
Period of Time

The solution results from the previous simpler impulsive problem are
used, just as with the transition from the coplanar two-impulse solution to
the solution with long intervals of thrust engine firing.

Similarly, 1, is enumerated (the first impulse application angle) and

the impulsive solution is searched for each value of the angle ¢,  with the

algorithm from section 9.2.4. Let us suppose that the impulsive solution
consists of two impulses with magnitudes AV;,AV,, the impulse

application  angles ¢, and ¢,, ad the components
AV, AV, AV, , AV, . The orientation of the thrust engines is adjusted by
theangles 5, :

V
t = , .
(o]} Ath t9p, = AVtz

The lateral component of the first impulse will change the orbital plane
orientation Ay, = AV, = AV, sin g, while the transversal component will

lead to the alteration of the eccentricity Ae, = 2AV, =2AV, cosf; and the
semimgjor axis Aay = 2AV, = 2AV, cosf, .

The acceleration made by the thrust engines in the transversal direction
is w, =wcos /g, whilein the lateral directionitis w, =wsing .

As in the previous section, we find the angular duration of the

manoeuvre, which will ater the eccentricity by means of the first
manoeuvre, corresponding to the alteration caused by the first impulse:

Ae, = 24V, = 4ﬂsjn%,
4y C 2

4veos ,Bl Agol
2 1

Ae, = 2AV, COSf; =

C

AV, =2V sn 22 A
A 2

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

396 Chapter Nine

A, = 2arcs nM.
2w

The calculated long-duration manoeuvre will rotate the orbital plane by
angleAy , which can be found using the equation:

Ay = 2% §n22)
W, 2

C

The angular duration of the manoeuvre leading to the required orbital
plane rotation can be evaluated independently:

: wsing, . A
Ay =AV, =AV;sing, = Z—W 'Blsm(—;pl),
C
. AV,
Ag, = 2arcsin e
2w

The same value A¢, was evaluated after using the eccentricity

equation. Thus, the required alteration to the eccentricity and the orbital
plane rotation with the given manoeuvre duration can be obtained.
Similarly, the duration of the second manoeuvre Ag, can be found.

The required eccentricity vector will be formed and the orbital plane
rotation will be done with the known manoeuvre durations. The error
arising in the adjustment of the semimajor axis can be eliminated by the
iteration procedure, which is analogous to the procedure from the previous
section.

9.2.9. Examples

A program for the numerical integration of the spacecraft equations of
motion accounting for the firing of the thrusters was used to formulate the
initial conditions and can be used for the quality assessment of the
aforementioned algorithms. The initia spacecraft state vector and the
manoeuvre parameters provided the initial conditions for this program.
The spacecraft terminal state vector after all manoeuvres was obtained.
Then, the initial and the final state vectors were used in the program,
which uses the aforementioned algorithms and gives assessed values for
the manoeuvring parameters. These assessed values were compared to the
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desired ones, which were used in the motion prognosis program. Based on
this comparison, a conclusion about the magnitude of the error in the
assessment of the manoeuvre parameters was made.

Two initia orbits were considered. Orbit 1 is a low Earth orbit, while
orbit 2 is a geostationary orbit. The orbital elements are described in table
9-1.

The calculation results can be found in tables 9-2 to 9-9 (Baranov and
Karatunov 2016, 284-295; Baranov, Karatunov, Razoumny, and
Vikhrachev 2017, 141-149). In the tables, AV = the manoeuvre delta-v;
B = yaw; 6 = pitch; Ap = manoeuvre angular duration; and w =
spacecraft acceleration made by the thrusters (indexes 1 and 2 near the
parameters denote the number of manoeuvres to which they belong).

The initial orbital parameters for both variants can be found in table 9-
1

Table 9-1. Test orbit initial parameters

Orbital elementy  Orbit 1 Orhit 2
akm 6,662.813 | 42,168.262
& 0.003335 | -0.000021
g 0.000524 | 0.000134
i deg 51.72082 0.15140
Q deg 97.72594 | 84.06768
Udeg 0.014097 | 151.36502
Date 2012.09.20 | 2014.04.14
Time 02:04:13.68321:07:26.540

Table 9-2 presents the results of the two assessments of single
noncoplanar small-duration manoeuvres. This assumption can be
explained by the ratio of the spacecraft thrust and mass (P = 2,940; N (300
kg(f)); m = 7,127 kg) and the impulse magnitude (AV < 26 m/s). The
manoeuvres were applied in orbit 1.

Asis clear, the parameters of such manoeuvres can be estimated with
high accuracy. This is the case not only for the magnitude and the
orientation of the impulse, but also for the moment of impulse application.
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Table 9-2. Assessment of single-impulse noncoplanar short manoeuvres

for orbit 1
Manoeuvre parameters | Given values | Assessment result | Errors
Test 1
AV m/s 25 24.99 0.04%
o deg 0 0.03 -
B deg 330 329.94 0.02%
Time 2:49:31.8 2:49:32.1 0.3 sec
Test 2
AV m/s 125 12.49 0.08%
o deg 0 0.04 -
B deg 45 45.04 0.09%
Time 2:49:16.7 2:49:17.3 0.6 sec

The results of the assessments of the single coplanar and noncoplanar
long-duration manoeuvres can be found in tables 9-3 and 9-4 (Baranov
and Karatunov 2016, 284-295). The spacecraft mass = 7,127 kg; the
engine thrust in case of the coplanar manoeuvres = 132.3 N (13.5 kg(f));
and the engine thrust in the case of noncoplanar manoeuvres = 122.5 N
(22.5 kg(f)). It can easily be seen that the parameters of such manoeuvres
have been assessed with a high level of accuracy.

The assessment results for the two dynamic operations are described in
table 9-5 for low orbit 1. Each operation consisted of the two small-
duration manoeuvres. This assumption can be explained by the ratio of the
spacecraft’s thrust and mass (P = 2,940; N (300 kg(f)); m= 7,127 kg) and
the magnitude of the impulse (AV < 26 m/s). For the sake of comparison,
the assessment was made using the traditional method of full enumeration
and the quick method proposed in this work.

The search interval for the impulse application moments for test 7 was
approximately 3 hours in length: 2012.09.20 6:04:13.6835 — 2012.09.20
9:14:00.0000.

The search interval for test 8 was much longer (approximately 15
hours): 2012.09.20 06:04:13.6835 — 2012.09.20 21:14:00.0000.

The angle selection step for tests 7 and 8 was 1° and the maximum
phase error for the quick method was 1 second.

As can be seen, the use of the quick method for orbit 1 allowed us to
reduce the time of computation by several orders and increase the
accuracy of the manoeuvre assessment.

Table 9-6 presents two examples, which have reference solutions with
the small pitches of the impulses. The pitch was 1°in test 3 and 2° in test
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4. These examples imitate the impulses, performed with respective errors
in the thruster orientation. As a result, the error in the determination of
each impulse does not exceed 8 % for the quick method and can reach up
to 27 % for the traditional method. The total delta-v can be estimated to an
even higher level. The quick method gives a value of approximately 2.5 %
for the determination error, while the value for the traditional method is
6.5%. The time of the impulse application can also be estimated more
accurately using the quick method.

Table 9-7 gives the results of manoeuvre assessment for the
geostationary orhit (orbit 2).

The search interval for tests 11 and 12 was. 2014.04.14 21:07:26.5421
—2014.04.15 21:00:00.0000.

The angle selection step was 0.1° and the maximum phase error was 20
S.

The manoeuvre parameters can be assessed more accurately for orbit 2.
This can be explained by the difference in the orbital periods.

There are practically no errors in the impulse assessment for the
geostationary orbit. The impulses have radial components.

Tables 9-8 and 9-9 show the results of the two-impulse long-duration
manoeuvre assessment.

The spacecraft mass = 7,127 kg and the engine thrust in tests 13 and 14
=98 N (10 kg(f)). The enginethrust in tests 15 and 16 = 5.9 N (0.6 kg(f)).

The search interval for tests 13 and 14 was. 2012.09.20 06:04:13.6835
—2012.09.20 09:14:00.000.

The search interval for tests 15 and 16 was. 2014.04.14 21:07:26.5421
—2014.04.15 21:00:00.000.

The angle selection step for tests 13 and 14 = 1°.

The angle selection step for tests 15 and 16 = 0.1°.

The maximum phase error intests 13 and 14 was 1 s.

The maximum phase error in tests 15 and 16 was 20 s.

We can also note that the manoeuvre parameters have been assessed
with high accuracy and avery short time period.

There is no comparison with the solutions of other types as only single
long-duration manoeuvres were assessed in the works of Alfriend,
Kamensky, Stepanyants, and Tuchin (2009, 3-22) and Borovin,
Stepanyantz, Tuchin, and Tuchin et al. (2012).
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Table 9-3. Assessment of single-impulse coplanar long-duration
manoeuvres for orbit 1

EBSCChost -

Manoeuvre parameters | Given values | Assessment result | Errors
Test 3
AV m/s 25 24.94 0.2%
Ao deg 89.13 86.12 3.4%
W 102 m/s? 1.858 1.917 3.1%
Time of manoeuvre start 2:51:00.0 2:51:47.0 47 sec
Time of manoeuvre end 3:13:33.2 3:13:28.0 5.2 sec
Test 4
AV m/s 12.5 12.49 0.1%
Ao deg 44.66 43.65 2.2%
W 10?2 m/s? 1.858 1.903 2.4%
Time of manoeuvre start 2:51:00.0 2:51:15.5 15.5 sec
Time of manoeuvre end 3:02:13.2 3:02:11.9 1.3 sec

Table 9-4. Assessment of single-impulse noncoplanar long-duration
manoeuvres for orbit 1

Manoeuvre parameters | Given values | Assessment result | Errors
Test5

AV m/s 25 24.65 1.4 %

B deg 45 44.29 16%

Ao deg 96.47 94.66 1.9%

W 102 m/s? 1.720 1.726 0.4 %

Time of manoeuvre start | 2:49:01.6 2:45:46.7 3:14.9

Time of manoeuvre end 3:13:12.2 3:09:29.6 3:42.6

Table 9-4 continued

Manoeuvre parameters | Given values | Assessment result | Errors
Test 6

AV m/s 12.5 12.35 12%

B deg 45 44.44 1.5%

Ag deg 48.24 46.96 2.7%

W 102 m/s? 1.720 1.747 1.6%

Time of manoeuvre start 2:49:01.6 2:45:41.6 3:20.0

Time of manoeuvre end 3:01:06.3 2:57:21.4 3:44.9
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Table 9-5. Assessment of two-impulse short manoeuvres for orbit 1

Impulse Traditional Quick
parameters Reference method Errors method Errors
Test 7
Time of 1st | 2012.09.20 | 2012.09.20 ) 2012.09.20 | ~~.
impulse | 6:14:00.00 |06:12:31.06 01:28.94 06:14:08.52 00:08.52
AVim/s 10.5 12.07 15.0% 11.25 7.1%
1 deg 45 47.60 5.8% 46.10 2.4%
01 deg 0 -14.38 - 0 -
Time of 2nd| 2012.09.20 | 2012.09.20 ) 2012.09.20 | .
impulse | 8:22:30.00 | 08:23:53.66| *123%0 | 0g:02:55 65| 0-2>6°
AV, m/s 15.0 14.26 4.9% 14.91 0.6%
B2 deg 315 317.41 315.24 0.1%
0, deg 0 0.63 - 0 -
>AV m/s 255 26.33 3.2% 26.15 2.5%
Comp. time - 2521s - 0.003 s -
Table 9-5 continued
Impulse Traditional Quick
parameters Reference method Errors method Errors
Test 8
Time of 1st | 2012.09.20 | 2012.09.20 ) 2012.09.20 | .
impulse |18:14:00.00|18:12:27.39 01:22.61 18:14:08.45 00:08.45
AVim/s 10.5 11.90 12.3% 11.25 7.4%
1 deg 45 46.04 2.3% 46.11 2.5%
01 deg 0 -15.95 - 0 -
Time of 2nd| 2012.09.20 | 2012.09.20 . 2012.09.20 | .
impulse  |20:22:30.00|20:24:05.12 01:35.12 20:22:55.48 00:25.48
AV> m/s 15.0 14.49 10.2% 14.91 0.6%
B2 deg 315 316.43 0.5% 315.24 0.1%
02 deg 0 0.92 - 0 -
>AV m/s 255 26.39 3.5% 26.16 2.6%
Comp. time - 57.839 s - 0.005s -
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Table 9-6. Assessment of two-impulse short manoeuvres with
radial impulse components for orbit 1
Impulse Traditional Quick
parameters Reference method Errors method Errors
Test 9
Time of 1st [2012.09.20| 2012.09.20 . 2012.09.20 .
impulse  |6:14:00.00/06:11:27.75 02:32.25 06:14:08.53 00:08.53
2.85 )
AVim/s 10.5 13.35 (27.1%) 11.33 |0.83(7.9%)
1 deg 45 49.04 [4.04(9.0%)| 46.33 |1.33(3.0%)
01 deg 1 -25.19 26.19 0 1
Time of 2nd|2012.09.20| 2012.09.20 . 2012.09.20| An.
impulse  |8:22:30.00|08:24:38.87 °%%887 |0g0o:50.47) 00224
AV, m/s 15.0 1382  [1.18(7.9%)| 14.83 [0.17(1.1%)
B2 deg 315 319.21 |4.21(1.3%)| 315.39 |0.39(0.1%)
0, deg 1 -1.17 2.17 0 1
YAVm/s | 255 2717 [1.67(6.6%)| 26.16 [0.66(2.5%)
Comp. time - 2521 s - 0.003s -
Table 9-6 continued
Impulse Traditional Quick
parameters Reference method Errors method Errors
Test 10
Time of 1st [2012.09.20/2012.09.20 ) 2012.09.20| .
impulse |6:14:00.00(06:11:30.77] 992%23 |0g:14:23.62| 902362
AVim/s 10.5 13.37  |2.87(27.3%)| 11.02 |0.52(6.0%)
1 deg 45 48.99 [3.99(8.7%)| 4441 |0.59(1.3%)
01 deg 2 -25.12 27.12 0 2
Time of 2nd|2012.09.20| 2012.09.20 . 2012.09.20 .
impulse |8:22:30.00(08:24:38.86| 020880 |ng.:03:00.54 003054
AV, m/s 15.0 13.78 1.22(8.1%) 15.13 |0.13(0.7%)
B2 deg 315 319.18 313.93 |1.07(0.3%)
0, deg 2 -0.82 2.82 0 2
YAV m/s 255 2715 [1.65(65%)| 26.16 |.66(2.5%)
Computation) 2521s . 0003s | -
time

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Manoeuvring Issues in the Space Debris Problem

403

Table 9-7. Assessment of two-impulse short manoeuvres for orbit 2

Impulse Traditiona Quick
parameters Reference method Errors method Errors
Test 11 (coplanar manoeuvre)
Timeof 1st | 2014.04.15 | 2014.04.15 |, 20140415 |
impulse | 08:00:00.00 | 08:04:21.91 | *?191| 0g:00:40.66 | 4060
0.02 0.02
AV s 105 1052 | oay| 1052 |03
0.05 0.05
B1 deg 180 17995 | ool 1799 | oom
62 deg 0 010 | 0.10 0 0
Time of 2nd | 2014.04.15 | 2014.04.15 |, 20140415 |
impulse | 20:00:00.00 | 20:01:58.52 | 72892| 19:50,01 25 [0:38-75
0.03 0.03
AV s 150 1497 | oo 497 | o0
0.04 0.03
B2 deg 180 17996 | oo | 17997 | 0im
6 deg 0 005 | 005 0 0
0.01 0.01
TAV s 255 2549 | coml 59 | oom
Computation | 57.163 s 01465
time
Test 12
Timeof 1st | 2014.04.15 | 2014.04.15 | 20140415 |
impulse | 08:00:00.00 | 07:56:17.92 |>#%18 07:58:09.13 | 12087
0.10 0.18
AV; mis 105 1040 | oo | 1032 | 7
0.22 0.56
B1 deg 45 488 | ool #444 | Do
01 deg 0 049 | 049 0 0
Time of 2nd | 2014.04.15 | 2014.04.15 | 20140415 |
impulse | 20:00:00.00 | 20:02:26.30 |#%%39| 20:01:10.69 [110-6°
AV: s 150 1510 | 9101 4517 | OV
2 ' ' (0.7%) ' (1.1%)
0.06 0.24
B2 deg 315 31506 | oo | 3476 | 0o
62 deg 0 123 | 123 0 0
SAV /s 255 25.50 0 2549 | 0.0
Compuitation : 54.556 5 0.145
time
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Table 9-8. Assessment of two-impulse long-duration manoeuvres
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for orbit 1
Impulse parameters |  Reference | Solution | Error
Test 13
Time of 1st manoeuvre| 2012.09.20 2012.09.20 11212
start 06:14:00.00 06:12:47.88 T
Time of 1st manoeuvre 2012.09.20 2012.09.20 0:42.37
end 06:26:41.74 06:25:59.37 T
1.9
A, deg 50.6 525 (3.8%)
AV s 1050 10,51 (880}0)
1.23
B1deg 45 43.77 (2.7%)
Time of 2nd 2012.09.20 2012.09.20 0:41.05
manoeuvre start 8:45:00.00 08:44:18.95 e
Time of 2nd 2012.09.20 2012.09.20 016.72
manoeuvre end 9:03:03.52 09:02:46.80 T
Aps deg 72.23 7350 (11';;0 |
AV s 15 14.22 (2'27;) )
1.
B, deg 315 313.42 0 ;;)
Computation time 0.13s
> AV m/s 25.5 24.73 (?? 07030 )
Test 14 (coplanar manoeuvre)
Time of 1st manoeuvre| 2012.09.20 2012.09.20 0:47.37
start 06:14:00.00 06:13:12.63 T
Time of 1st manoeuvre 2012.09.20 2012.09.20 0:05.03
end 06:26:41.74 06:26:36.71 T
3.2
A, deg 50.6 53.8 (6.3%)
AV s 1050 10.66 (5.51(;))
B deg 180 18373 (23"1702)
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Time of 2nd manoeuvre  2012.09.20 2012.09.20 0:13.44
start 8:45:00.00 08:44:46.56 T
Time of 2nd manoeuvre  2012.09.20 2012.09.20 0:16.28
end 9:03:03.52 09:02:47.24 T
Ap> deg 72.23 72.32 (8802)
1.1
AVo m/s 15 13.9 (7.3%)
B2 deg 180 179.77 (g goi))
Computation time 0.14s
> AV m/s 255 24.56 (g ;)(f/t )
Table 9-9. Assessment of two-impulse long-duration manoeuvres
for orbit 2
Impulse parameters |  Reference | Solution | Error
Test 15
Time of 1st manoeuvre 2014.09.15 2014.09.15 32726
start 06:30:00.00 06:33:27.26 e
Time of 1st manoeuvre 2014.09.15 2014.09.15 5:56.63
end 10:01:35.64 09:55:39.01 T
Ap1 deg 5237 50.23 (3'1%‘/10)
AV: mis 1050 9.70 (3680%)
1.95
B1deg 45.00 43.05 (4.3%)
Time of 2nd 2014.09.15 2014.09.15 4:53.83
manoeuvre start 17:30:00.00 17:25.06.17 T
Time of 2nd 2014.09.15 2014.09.15 827 65
manoeuvre end 22:30:58.72 22:39:26.57 T
A, deg 74.50 78.09 (2'8502)
AV Vs 15 14.39 (f'foz |
B deg 315 31345 (015502 |
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Computation time 0.64s
AV mis 255 24.09 (51;‘02 )
Test16 (coplanar manoeuvre)
Time of 1st manoeuvre 2014.09.15 2014.09.15 4:04.62
start 06:30:00.00 06:25:54.38 o
Time of 1st manoeuvre| 2014.09.15 2014.09.15 312.00
end 10:01:35.64 09:58:23.64 T
155
A, deg 52.37 53.92 (3.0%)
0.36
AVi m/s 10.50 10.14 (3.4%)
1deg 180.00 179.49 ((()) g?(ylo )
Time of 2nd 2014.09.15 2014.09.15 4:36.59
manoeuvre start 17:30:00.00 17:25:23.41 T
Time of 2nd 2014.09.15 2014.09.15 34188
manoeuvre end 22:30:58.72 22:27:16.84 T
211
Ag deg 74.50 76.61 (2.8%)
AV s 15 13.87 (7151;) |
B2 deg 180 179.64 (85’02)
Computation time 0.63s
AV mis 255 24.00 (519';/0 )

Table 9-10 presents the results of the assessment of two single-impulse
coplanar manoeuvres with errors in orbital determination (Baranov,
Karatunov, Razoumny, and Vikhrachev 2017, 141-149). The second
column gives the assessment results obtained without accounting for
errorsin orbital determination. The third one shows the assessment results
obtained while accounting for errors in the initial and target orbital
determination. Finaly, the fourth one gives the magnitudes of the
impulses planned for application. As we can see, the proposed method
alows us to gradually increase the accuracy of the manoeuvre parameter
assessment. Furthermore, if the calculated impulse is applied for the initial
orbit, one can obtain the target orbit, which will be far closer to the rea
orbit than the one that was obtained using the measurements.

printed on 2/13/2023 10:43 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



Manoeuvring Issues in the Space Debris Problem 407

Table 9-10. Assessment of two single-impulse coplanar manoeuvres with
the presence of the errorsin orbital determination

Manoeuvre param etersWithout acco_unti ng forAccountir_1g forR eference
uncertainty uncertainty
Test 1 (Electro-L2)
AV m/s 0.410 0.419 0.419
AV m/s -0.392 0.419 0.419
AV, m/s -0.118 0 -
AV, m/s -0.016 0 -
Manoeuvre 18:07:33 18:08:17 |18:09:54
duration
Test 2 (Luch-5V)
AV mis 0.155 0.107 0.105
AV m/s -0.134 -0.107 -0.105
AV, m/s 0.002 0 -
AV, m/s -0.061 0 -
Manoeuvre 07:49:47 06:01:551 |06:18:25
duration

This agorithm can be used for the assessment of the impulses required
for a given spacecraft orientation. It isimpossible to sequence the thrusters
that rotate the spacecraft perfectly. An impulse that affects the motion of
the spacecraft’s center of mass occurs and the assessment and the further
accounting for these impulses will help increase the accuracy of motion
prognosis for these spacecraft.
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CHAPTER TEN

L ARGE SPACE DEBRIS POPULATION
DECREASE

There are two ways of mitigating overcrowding in the near space region.
The first way focuses on preventing an increase in the number of space
objects. For this purpose, it is necessary to transfer decommissioned
spacecraft to appropriate disposa orbits (DOs). The second way isto clear
space objects, especialy large ones, from populated orbits. These two
problems are considered in this chapter.

10.1. Manoeuvr es Forming an Orbit with Fixed Time
of Ballistic Existence

In solving the disposal problem, it is necessary to transfer various
passive objects to a disposal orbit (DO) where they will no longer be a
danger for active space objects. For the geosynchronous (GEO) region,
such “graveyard” orbits are located above the geostationary orbits (250-
350 km). In the case of the low Earth orbit (LEO) region, the parameters
of the DO should ensure that the passive object orbital lifetime is less than
or equal to the given value T4 . According to “GOST (State All-union

Standard) of Russia 52925-2008: Items of Space System Engineering:
Basic Demands of Spacecraft for the Restriction of Technogenic Pollution
of Near-earth Space” (anonymous 2008), Ty iS recommended as being

no more than 25 years for all spacecraft at altitudes of less than 2,000 km
after the active phase of the flight has been completed.

The spacecraft transfer to the low Earth DO manoeuvre parameter
determination problem can be divided into two sub-problems. In the first
problem, it is necessary to determine an orbit with reduced ballistic
existence; in the second, it is necessary to determine the spacecraft transfer
manoeuvre parameters for this DO. Two main types of DO can be
distinguished. In the first case, an elliptical orbit is shaped with the use of
a single braking impulse applied at the apocenter. Its pericenter is located
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in the upper layers of the atmosphere. In the second case, acircular orbit is
shaped by two braking impulses applied at the orbita apocenter and
pericenter. The orbit is situated in the upper layers of Earth’s atmosphere.
The first case has lower fuel costs; however, the DO’ s apogee stays in the
operational altitudes of active space objects. Hence, a spacecraft
transferred to an elliptical DO will be dangerous for active space objects
with orhits that are lower than the apocenter of the DO. As such, one of
the problems considered involves the assessment of how quickly the
dliptical DO’s apogee will leave the active space object operational area.
The transfer to a circular orbit immediately drags the spacecraft out of the
active space object operational orbit area and the altitude of this orhit is
higher than the altitude of the elliptical DO pericenter.

Due to the fact that the magnitudes of the impulses used to adjust the
DO are quite large, and their precision falls at the end of the spacecraft
existence period, it is necessary to divide these impulses into individual
parts and apply them on different revolutions but with the same latitude
arguments. This improves the accuracy of orbital determination after
application of the velocity impulse and helps us better calculate the
probability of a possible collision with space debris during orbital shaping.
If there is a danger of collision, manoeuvres lowering the orbit can be
rescheduled to future revolutions or performed earlier. Due to the
considerable magnitudes of the manoeuvres, any changes to the times of
manoeuvre execution will be made significantly more efficient in terms of
collision avoidance.

10.1.1. Spacecraft Motion Simulation over aLong
TimeInterval

It is necessary to predict the motion of a spacecraft for a period of 25
years when selecting its DO. This results in considerable restrictions on
the method of propagation. On the one hand, it is necessary to ensure a
high level of prognostic accuracy; on the other hand, it needs to be quick
enough to reduce the total computing time of the problem solution.

Modelling the spacecraft motion can be done very effectively using the
TRACE software. This software is based on the numerical analytical
THEONA spacecraft motion theory developed at the Keldysh Institute of
Applied Mathematics of the Russian Academy of Sciences (Golikov 1990;
Golikov 2008). The software realization has high accuracy and is 100-300
times faster than usual the method of numerical integration. The error is
several centimeters per revolution along the orbit and less than a
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millimeter in the lateral direction in comparison to the method of
numerical integration.

The basic principles of THEONA numerical analytical theory can be
briefly described as follows. As a drift orbit, we take the accurate solution
of the generalized problem of two fixed centers—Euler’s orbit. This type
of solution takes into account the most significant effects of the
gravitationa field, determined by the second, third, and, partialy, the
fourth zonal harmonics of the gravitational potential. Therefore, Euler's
orhital elements are used in differential equations of motion. The element
selection in THEONA allows avoidance of the singularities typical for
near-circular orbits: the satellite orbit latitude argument is selected as an
independent variable. The satellite trgjectory is divided into revolutions.
Each revolution begins at one ascending node and ends at the next
ascending node. For near-equatorial orbits, another variant of the
“revolution” and nonsingular orbital elements are provided. Here, the
integration variable is also angular, but it represents the sum of the latitude
argument and the RAAN.

The choice of Euler's orbit as the drift orbit alows us to include the
most significant disturbing factors in the interim motion of the satellite.
The other dynamic effects are taken into consideration using the numerical
analytical integration of differential equations for Euler’s orbital elements.

The force model used for the calculation and propagation of spacecraft
motion using the THEONA numerical analytical methods considers the
most modern Russian standards:

- The Earth’s gravitational field model PZ-90. The maximum
degree and order of the model are defined by default at the point of
software initialization, but they can also be changed by the operator. It is
also possible to use the EGM2008 model from the IERS Conventions
2010 (ed. IAU 2009), adopted as an international standard.

- The dynamic model of Earth’s atmosphere density GOST R
25645.166-2004.

- Solar and lunar gravitational influence.

- Solar radiation pressure taking the Earth’s cylindrical shadow
into account.

- Tidal forces, caused by changesto the Earth’s surface.

The THEONA force model is practically the same as force models that
are used in the numerical integration of the exact equations of orbital
motion.

The fundamental astronomical and geodetic constants from the IERS
Conventions 2010 (ed. IAU 2009 XXVI GA) are used as built-in
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parameters. The Russian standards for corresponding constants (PZ-90.02)
are also used.

The table of the exact ephemeris of the Sun and the Moon in the
coordinate frame J2000 corresponds to the model DE405 created by JPL
(Jet Propulsion Laboratory). The calculation of the position of the Sun and
the Moon (to account for the gravitational influence of the external stellar
bodies and the solar radiation pressure) can be carried out using this table
or the approximate analytical equations depending on the TRACE
software user selection. This selection is fixed at the point of initialization
of the software for the calculation and prediction of the spacecraft’s orbital
parameters.

THEONA uses the cylindrical shadow model from the celestial body
that has the orbiting satellite while considering the light pressure (from
direct solar radiation). The light pressure force affecting the satellite is
proportional to the light pressure coefficient. This coefficient depends on
the satellite surface reflection coefficient and its figure.

Consideration of the tidal forces is limited (Love's model) with the
tidal potential of “elastic” Earth, accounting for solar and lunar motion.

Also, the motion of the active spacecraft as it executes manoeuvres
(impulsive and low-thrust) is provided in the THEONA numerical
analytical prediction method.

Numerical analytical integration is carried out by the method of “step
by step/revolution by revolution” summation of the orbital element
perturbations calculated analytically within the revolution. Thus, this
calculation scheme allows the tracking of changes to the orbital elements
(long-period and secular) without the difficulties that arise in the classic
methods of the general perturbation theory. The method of summing
“revolution-by-revolution” makes it possible to take into consideration
changes in physical parameters: the solar activity indices and the
geomagnetic disturbance and minor motion (the pole, precession, and
motion of nutation) of the Earth etc. Moreover, the spacecraft’s orbit may
significantly change (the manoeuvres, collisions, changes in spacecraft
orientation and, hence, in the force model, etc.) during its mission. The
new trajectory parameters require recalculation of the orbit and, hence, the
orbital elements need to be updated. THEONA has no difficulty in dealing
with these cases in contrast to analytical theories.

The short-period perturbations at the required time (or angular variable
value) are calculated to make a prediction within the current revolution.
The calculation of al (secular, long-period, and short-period) perturbations
is carried out separately for each perturbing factor by the analytical
integration of the perturbed motion of Lagrange-type or Newton-type
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equations. At the same time, the special function recurrent relations of the
THEONA numerical analytical theory that it uses allow us to realize rapid
calculation. They are designed for the effective functioning of the whole
THEONA extrapolator circuit accounting for all the features of the
revolution per revolution summation of the analytic integrals.
In addition to the functions known from celestia mechanics, new
special functions have been proposed:
e Theorbit inclination functions are used for calculating the gravitational
perturbations from the central (main) celestial body, external celestial
bodies, and solar radiation pressure. They are directly expressed in

terms of Jacobi’s polynomia functions Py, (cosi) from group

representation theory. The basic inclination functions Qg (cosi)
differ from the well-known Kaula's inclindation functions only by the
normalization that optimizes the recurrence relations. The new
additional inclination functions (3,{}( (cosi) were created to take into
account the members of the third order of minority (approximately 10°
for Earth’s gravitational potential) in the inequalities caused by the
noncentrality of Earth’s gravitational field.

e The functions of two arguments G} («,€), their connection with

Jacobi’s functions Pm”k[ J (from group representation theory),

_1
V1-¢?
and cylindrical Bessel functions of the first kind J, (c€) can be
expressed as an infinite scalar product with index k:

N 1

Gn(a,€) = » J,(a®)- Py ko] —— |-
m k_z;o k m-a,k [ 1 ezJ
The second argument of these functions is the orbital eccentricity e.
The first argument, in accounting for the perturbations from the main
celestial body’ s gravitational field, isamultiple of the ratio of the main
celestial body’s rotational angular velocity to the satellite’s mean
motion. When taking into account the influence of the gravitational
forces from external celestia bodies, as well as the solar radiation

pressure, the first argument of the function G[\(«,€) is a multiple of

the ratio of the satellite’s mean motion to the angular velocity of the
external celestial body around the central one.
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In the THEONA numerical analytical theory, the proposed functions
Gn(a,e) are used when taking into account the gravitational

perturbations, the solar radiation pressure, and the tidal forces. These
functions are efficient in terms of integrals with respect to the latitude
argument, true anomalies, or true longitudes.

Hansen's coefficients X, are a particular case with the first integer

argument:

n+1l

x¥ ~f1-e?) 2 -G{™ (k.e).

m

e The attached Legendre functions with noninteger superscripts P,f(x)

can be used to take into account atmospheric braking more effectively
than the associated Legendre functions with the integer indices since
they do not require the additional approximation of the Earth’'s
atmospheric density model. At the same time, they work both for
understanding the distribution of the density over the height and to take
into account the midday effect—the angle between the direction to the
satellite and the “ afternoon hump” in the planet’ s atmosphere.

For all specid functions used in THEONA, a scheme for their
recurrent calculation has been developed. It alows us to implement
fast calculations without using large conserved data arrays. This is
especialy effective for use in manoeuvring problems (TRACE
software implementation).

The TRACE software created using the THEONA propagator returns
results in Cartesian coordinates in the Greenwich coordinate frame,
fixed at a given time and in the osculating orbital Keplerian elements.
Moreover, the accuracy of the obtained spacecraft state vector (the
position and velocity) alows, if necessary, for us to proceed to
numerical integration and back. This can be used in the calculation of
manoeuvring tasks for short time intervals t e[ty,;teq] (accurate

short propagation).
10.1.2. Orbital Evolution with Fixed Time of Ballistic Existence
The results presented below were obtained using the numerical

analytical method for propagation, which alows us to evauate the
dependencies between the various parameters ensuring the lowering of an
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orbit when selecting its DO (Baranov, Budyansky, Chernov, and Golikov
2015, 4-19).

First of all, it is necessary to estimate when the spacecraft should be
inserted into the selected DO. The nature of orbital lowering depends on
the distribution of the atmospheric density at the current moment in time.
This may be due to a seasonal effect (i.e. when the Sun is above or below
the ecliptic), changes in solar activity, and geomagnetic disturbances. Asa
rule, these factors are taken into account in dynamic Earth atmospheric
models by Russian and foreign scientists. Since the geomagnetic
disturbance index cannot be predicted for more than a few days, its
changes should not be used for long-term orbital motion propagation. At
the same time, the solar activity indices for severa years ahead are
provided by various physics research centers around the world. The
American center NOAA provides prognostic data of the current solar
cycle of solar activity on adaily basis and a so assesses the parameters for
the next 11-year cycle. The spacecraft’s orbital lowering rate also varies at
different seasons.

Table 10-1 gives the dependency of the circular orbital altitude (the
second option selecting the operational orbit) versus the time of its
initialization (spacecraft deployment).

Here, we present the results of analysis of shaping a circular spacecraft
orhit for two types of orbits with the different inclinations. 98° and 51.6°.
If the initialization time is “delayed”, the required altitude of the initial
orbit decreases (see lines 1-7 and 8-14). This is explained by the fact that,
in 2013-2015, the average index of solar activity increased (in the first half
of the 11-year solar cycle) and an “early” spacecraft would pass through
the thicker atmosphere over a longer time interval. At the same time, a
seasonal effect can also be observed: the change rate in the autumn/spring
period is slowing (see lines 2-3 and 4-5).
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Table 10-1
Ne| Inclinationdeg |S (ba)|Year| Season Date Altitude km
11] 2013| summer | 2013.06.22 |  687.029
12] autumn | 2013.09.22 |  685.351
1 3] winter | 2013.12.21 | 685.512
14| 98 0.03 |2014| spring | 2014.03.21| 683.213
5] summer | 2014.06.22 |  683.164
1 6] winter | 2014.12.21 |  680.951
7 2015| summer | 2015.06.22 |  679.167
18] 2013|summer | 2013.06.22 |  671.341
19| autumn | 2013.09.22 |  670.871
110] winter | 2013.12.21| 669.772
111] 51.6 0.03 |2014| spring | 2014.03.21| 668.803
12| summer | 2014.06.22 667.963
13| winter | 2014.12.21| 666.175
14 2015| summer | 2015.06.22 |  664.737

Figure 10-1 displays a graph showing the described dependency of the
spacecraft operational orbital altitude with different inclinations versus
deployment date. The altitude implies a 25 year lifetime. The spacecraft
ballistic coefficient is 0.03.
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Fig. 10-1. Operational orbital altitude as a function of the deployment date
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Table 10-2 shows the calculation results for the circular DO atitude
(the second option in initial orbit selection) with the different ballistic
coefficients: S (bal) = 0.18; 0.03; 0.005.

Table 10-2
# Inclinationdeg |S(bal)|Year| Season Date Altitude km
1 98 0.18 |2013| summer | 2013.06.22 816.886
2 98 0.03 |2013| summer | 2013.06.22 687.029
3 98 0.005 [2013| summer | 2013.06.22 541.172
4 51.6 0.18 |2013| summer | 2013.06.22 802.061
5 51.6 0.03 |2013| summer | 2013.06.22 671.341
6 51.6 0.005 |2013| summer | 2013.06.22 540.094

The difference in altitude of the required orbits is significant: 162-175
km between the spacecraft with the biggest and the smallest ballistic
coefficients. It is no coincidence that such values for the ballistic
coefficients are chosen in the proposed test as they reflect the range for
almost all the spacecraft used.

In addition to the circular orbit, another orbit can also be chosen as the
spacecraft DO—an elliptical, eccentric orbit with a given dtitude of
apogee. In order to get the parameters of such an orbit, it is necessary to
find the perigee altitude of a DO ensuring a fixed degradation time. In the
case of an elliptical DO, the perigee altitude should be lower than in the
first variant with a circular DO. This perigee altitude decreases with the
augmentation of the given apogee altitude.

Table 10-3 shows the calculated results of the altitude required for a 25
year satellite lifetime with different ballistic coefficients and different
specified orbital apogee atitudes. The spacecraft deployment starting date
was June 22, 2013.

The lowering of the DO initial minimum altitude allows us to quickly
lower the dtitude of the orbital apogee into the thick layers of atmosphere.
Thus, the DO leaves the area of operational orbits of active space objects
sooner, reducing hazards to the active space objects with orbits lower than
the DO apocenter. Further orbital lowering is similar to the variants with
lower initial values of the given apogee altitude.
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Table 10-3
Perigee dtitude km
Initial Ballistic | Ballistic Ballistic
Initial orbit inclination | coefficient |coefficient L
deg S(ba)= | S(bal)= coeff|_C|ent

0.03 0.18 Sbd) = 0.005
Near-Circular 98 687.031 816.886 541.172
51.6 671.341 802.061 540.094
Apogee altitude 98 658.728 - 537.531
800 km 51.6 625.571 - 532.219
Apogee altitude 98 616.639 774.837 519.231
1,100 km 51.6 614.228 769.414 517.300
Apogee altitude 98 580.110 504.115
1,500 km 51.6 579.868 743.301 503.301

The graph below presents a comparison of similar orbits with
degradation for the initial circular orbit variant, as well as elliptical orbits
with given apogee altitudes of 800 km and 1,000 km. The evolution of the
maximum altitudes of the considered orbitsis shown.

Altitude, km

1100

— Near-circular orbit
—Elliptical 800 km apogee
Elliptical 1100 km apogee

Time, years

Fig. 10-2. Comparison of orbital altitude evolution versus time for circular
and elliptical DOs (apogee altitude)
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The rapid lowering of the “high” orbit with an initial apogee atitude of
1,100 km in the first 4 years makes it possible to argue that the variant of
the high eliptic DOs may be interesting in terms of saving fuel (the fuel
cost reduction on the manoeuvring for spacecraft deployment to the
required orbit).

It is necessary to perform the calculations using the high-performance
software for the DO selection scheme and the deployment of the
spacecraft to this orhit. It is also required for the determination of the
orbital degradation time and the moment of time of leaving the
spacecraft’'s maximum orbital altitude from the spacecraft operational
orhit areain the real project.

The following two graphs demonstrate the nature of spacecraft orbital
degradation during 25 years for both the considered variants of the initial
DO: the circular and the elliptical. In the pictures, besides the average
atitude, the maximum and minimum spacecraft orbital altitudes are
shown.

The eccentricity decreases with time for the elliptical orbit and atitude
lowering into the thicker layers of the atmosphere tends to be the same as
for the circular orbital evolution.

Altitude, km
T00

— Average altiude
— Perigee altitude
Apogee altitude

Time, years

] s 10 15 20

Fig. 10-3. Near-circular orbital degradation versus time (inclination 98°)
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Altitude, km

— Average altitude

— Perigee altiude

Apogee altitude
Time, years

s 10 15 20

Fig. 10-4. Elliptical orbital degradation versus time (inclination 98°)

10.1.3. Parameter Determination Algorithm for an Or bit
with Fixed Time of Ballistic Existence

An iterative procedure for the determination of the spacecraft’s orbit
with the exact (less than 1 hour) specified interval of existence time, uses
the effective TRACE extrapolator based on the THEONA numerical
analytical theory. Its high performance and accuracy make it possible to
form a multiple-iteration process without facing the difficulties in
predicting spacecraft motion over long time intervals.

The input data for the iterative procedure are:

e The spacecraft’s initial orbital parameters (the semimagjor axis a, the
eccentricity e, theinclination i , the perigee argument o , the RAAN
Q, theinitial moment of time t;, and the latitude argument u,) and
the spacecraft’'s characteristics (mass, balistic coefficient, and
coefficient of solar radiation pressure).

e The duration of the disposal time interval T, . The spacecraft enters
the thicker layers of the atmosphere (with the following descent) at the
fixed moment in time with acceptable accuracy.

e The DO selection mode (the circular or elliptical orbit with a fixed
apogee). In both variants, the orbital plane remains unchanged (the
inclination and the RAAN) at the initiadl moment in time. For the
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eliptica DO, the apogee point and the atitude (the geocentric

distance) of the apogee are also fixed. The initial moment of time is

preserved.

Thus, the boundary equation is solved Ah, =h,, where h;,= the
dtitude of the spacecraft’s entry into the denser layers of the Earth’'s
atmosphere and A = the operator, which depends on the time of the
spacecraft’s existence T, in the orbit and the fixed parameters Q of the
desired DO.

While searching for the circular DO, the fixed orbit parameters are:

Q={iy,Qp} at theinitial moment of time t;, while searching for the

elliptical DO.
Q={h,,@.ip,Qp} at theinitidd moment of time t,, where h, =the
orbital apogee altitude.
In both cases, it is convenient to use a, = a(t,) instead of hy = h(ty) .
Taking into account the close to exponential dependence between the

atmospheric density p(h):exp[—%)- p(hy) and the atitude h

above the Earth’s surface, it is more effective to consider the equation
with another operator and a logarithmic variable In(hy—hy) or

In(ag—ay) .

At each iteration, the satellite’'s motion is propagated until it enters the
denser layers of the lower atmosphere and falls down towards Earth’'s
surface (Event 1), or until the specified time interval passes (Event 2). If
these two events coincide (with permissible tolerance), it is supposed that
the iteration procedure is complete and the desired initial parameters of the
spacecraft DO have been found.

The algorithm and methods of the iterative procedure for searching for
the DO can be described as follows:

1. Cross-checking of the event iterative procedure variants available for
theinitial spacecraft.

2. A decrease (or increase, depending on the previous event) of the
spacecraft orbit’s initial semimgjor axis ap = a(ty) with a big step
until the change of the event variant occurs.

3. In the case of a big interval between the values of the previous a{"™

and the current step al”, the golden section method is redlized

(dichotomy method optimization) for the acquisition of the new a§™
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4. In the case of the small interval between a{"™® and a(”, the secant

method or chord method is used depending on the specific
characteristics of the algorithm. If Event 1 occurs on the current step,
the calculation of the direction of the secant while accounting for
perturbations in the semimgjor axis due to atmospheric deceleration
calculated for the prognosis of the initial revolutions is realized. This
quickens the convergence of the iterative process.

5. The iterations are repeated until full convergence is achieved, i.e. until
both events occur with acceptable accuracy. The convergence of the
iterative process is monitored with the possibility of changing its
methods, which were described above.

As an explanation, the boundary equation with operator A can be

represented as a function for Event 1: t(Q,hy,,hy) =T, ; or for Event 2

as. h(QaTb hO) = hmin .
The results (the output data) of the iterative procedure algorithm:
e The dtitude hy =h_(t;) of the DO perigee at the initial moment of

time t,. The perigee altitude coincides with the constant orbital
altitude hy = h(ty) for thecircular orbit.

e The number of revolutions carried out in the DO until the critica
dtitude (“the fall”). This data can be used in reports and results
analysis (in particular, in graphs or tables).

10.1.4. Manoeuvr e Parameter Deter mination Algorithm for
Transfer to an Orbit with Fixed Time of Ballistic Existence

Using the magnitude of the circular DO radius r; and the pericenter
radius of the elliptical DO r; from the previous section, it is possible to

calculate the total delta-v expenditure needed for the adjustment of the
corresponding DO.

The elliptical orbital semimagjor axis alteration can be found using the
equation

AV;, (10-)

where AV, = the impulse tangential component and V = the velocity at
the location of impulse application. According to the equation, it is
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necessary to orient the impulse tangentially to the orbit for optimal
alteration of the semimajor axis. The maximum alteration can be gained
by application of the impulse at the orbital pericenter where the spacecraft
velocity has its maximum value.

Before the start of the main calculation, the velocity at the initial
orbital apogeeis calculated, along with the apogee and perigee radii:

Va = \/Z(l_ e),
p

r, =a(l+e),
r, =all-e).

One braking impulse applied in the initial orbital apogee is used for the
shaping of the elliptical DO. The magnitude of the impulse can be found

by:

_ (rﬂf - r;r)/u

AV,
b da?y,

(10-2)

Two braking impulses are used for the second type solution in forming
the circular DO. The first of the impulses is applied at the initia orbital
apogee and the second one is applied at the orbital perigee, obtained after
the application of the first impulse. The magnitude of the first impulse
applied at the apogee can be found by:

(ry =1 )u
4a%v,

T
(10-3)

Then the semimajor axis a,, , the focal parameter p,, the eccentricity
e, of the orbit shaped by the first impulse, and the velocity at the perigee
V,, arefound:

1
a, =E(ra + 1y )v
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_ ra_rf
= r,+r;
P = ay(1—€7),

v = | are).

The magnitude of the second impulse, applied at the orbital perigee
obtained after the application of the first impulse, can be found as follows:

(rf _ra),u
t, =",

432V
nem (10-4)

If the initial orbit is circular, then additional constraints should be
taken into account while choosing the moment of transfer from the orbit.
For example, one should choose an orbit which generally avoids collisions
with space debris.

10.1.5. Example

The problem of manoeuvre parameter determination for a spacecraft’s
transfer to a DO can be solved in two steps. The first step involves the
determination of an orbit with a reduced time of ballistic existence. The
second step involes the determination of the actual manoeuvre parameters
to transfer the spacecraft to this orbit. The two options for shaping the
orbit with the reduced time of ballistic existence have been realized. In the
first case, the dliptical orbit is adjusted by the application of a single
braking impulse at the apocenter. Its pericenter is situated in the denser
layers of the atmosphere. In the second case, the circular orbit is shaped by
the application of two braking impulses—at the apocenter and the
pericenter. It is situated in the even thicker layers of the atmosphere.

The agorithms for the determination of the DO parameters and the
manoeuvre parameters that shape the DO were described earlier.

Table 10-4 presents the elements of the initial spacecraft orbit. Table
10-5 gives the spacecraft parameters of: engine thrust (P); spacecraft mass
(kg); specific impulse (1); existence time of the DO (dT); the orbital
elements printing step (dN); the accuracy of the DO adjustment (epsR);
and the accuracy of the DO existence time (epsT).
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Table 10-4
rimn e, deglu deg | deg [ degN|  Date Time S (bal)
707.7 [750.3 |0 72 98 |50 [1[2013.01.01 |043000.15 |0.0045
Table 10-5
PN mkg |Is dTdays N |mode |epsRkm |epsT days
3,000 7,000 |0.023 | 9131 3,000 | 2 0.001 1

Information about the transversal braking manoeuvre (Baranov,
Budyansky, Chernov, and Golikov 2015, 4-19), which transfers the
spacecraft to the elliptical orbit, can be found in table 10-6, including: the
date and time of the start of manoeuvring; its magnitude; the number of
revolutions for the manoeuvre application; and the latitude arguments of
its beginning and end.

Table 10-6
Date Time dvm/s Revolution U in U ta
2013.01.01 | 45822.8 71.55 2 174.95 | 185.05

Table 10-7 gives information about the two transversal braking
manoeuvres, which transfer the spacecraft to a circular orbit.

Table 10-7

Manoeuvre,  Date Time | dV m/s | Revolution| U in | U ta
1 2013.01.01 | 45,850.4| 47.90 2 176.62|183.38

2 2013.01.01 | 54,643.3| 59.19 2 355.74|364.26

Below, we find the information about the evolution of the circular and
eliptica orbital elements with a 12,000 revolution step (Baranov,
Budyansky, Chernov, and Golikov 2015, 4-19).

The ballistic coefficient: 0.4500000000000D-02.

The solar radiation coefficient: 0.3500000000000D-09.
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The evolution of the formed circular DO

Revolution  Semimajor axis Eccentricity Argument of
perigee Inclination RAAN Argument of latitude
Time Flight duration Altitude of perigee

0 0.691518526288D+01 0.188963633604D-02
0.534077652727929D+02 0.9798980982053D+02
0.4998835802642D+02 0.2079163930186D+00
0.3869483449816D+00 0.6737776267169D+00
0.5191467727679D+00

12,000 0.6910050637D+01 0.99626895852D-03 0.97675731382D+02
0.9798681758181D+02 0.161677850795D+03 0.1200020791639D+05
0.6902365575951D+00 0.794476952433D+03 0.5174040573780D+00
24,000 0.69045256152D+01 0.17642920474D-02 0.5264659611D+02
0.97988180283D+02 -0.8543534012577D+02  0.2400020791639D+05
0.1272884399222D+00 0.15873735431D+04 0.5093786551627D+00
36,000 0.68984083484D+01 0.12147105789D-02 0.9581586601D+02
0.97984775341D+02  0.28772504210D+02  0.3600020791639D+05
0.75160647230D+00 0.23792727749D+04 0.5044609776106D+00
48,000 0.68915398165D+01 0.1513560635D-02 0.4693031706D+02
0.9798319080282D+02  0.14448699096D+03  0.4800020791639D+05
0.4569529980653D-01 0.317003765099D+04 0.4983694254986D+00
60,000 0.68837999432D+01 0.15692059216D-02 0.8693337542D+02
0.97984573775D+02 -0.9810855747773D+02 0.6000020791639D+05
0.600908254738D+00 0.395952909260D+04 0.4880257878580D+00
72,000 0.68746542153D+01 0.10688947970D-02 0.4866613792D+02
0.97984268041D+02  0.2121055056212D+02  0.7200020791639D+05
0.97688345646D+00 0.4747587858528D+04 0.4842600476981D+00
84,000 0.6864018972D+01  0.1747816097D-02  0.70246607D+02
0.9797954810D+02 0.1427778386D+03 0.8400020791639D+05
0.3987172583D+00 0.55339666134D+04 0.468034014978D+00
96,000 0.6850988423D+01 0.1088092563D-02 0.8351860256D+02
0.97978995099D+02  -0.92957745893D+02  0.9600020791639D+05
0.65934499690D+00 0.631834067892D+04 0.45849168772D+00
108,000 0.6833781483D+01 0.1348714535D-02 0.5312903244D+02
0.9797836567636D+02  0.347462338653D+02  0.108000207916D+06
0.699654008843D+00 0.7100175424764D+04 0.441384506914D+00
120,000 0.6809484442D+01 0.1610268829D-02 0.6796995206D+02
0.97974781525D+02 0.16725486801D+03 0.12000020791D+06
0.27286508923D+00 0.78784892161D+04 0.41456741851D+00
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132,000 0.6763956514D+01 0.1473728186D-02 0.7866936324D+02
0.979682073356D+02  -0.524058950951D+02  0.132000207916D+06
0.550028992118D+00 0.865114296932D+04 0.369315631040D+00
139,573 0.6518598360D+01 0.6637589020D-03 0.2019154822D+02
0.97930094998D+02  0.140965354553D+03  0.141000207916D+06
0.81188654224D+00 0.913143598161D+04 0.131977512142D+00

The evolution of the elliptical orbit

0 0.698300893939907D+01 0.23641198941D-01
0.377324001414D+01 0.9798970932014D+02 0.4998792065997D+02
0.2118375662256D+00 0.3329191174416D+00
0.6737770013786D+00 0.4365476667912D+00

12,000 0.697130821036D+01 0.206665984686D-01 -
0.136684079987D+03  0.9798653713232D+02 0.1471525460116D+03
0.1200021183756D+05 0.6336642014066D+00
0.8056102272414D+03 0.4407849960690D+00

24,000 0.696004050022D+01 0.219267241667D-01
0.794645134932D+02 0.97983352282208D+02 -
0.11327332902293D+03 0.24000211837566D+05
0.45671568048419D+00 0.16085835701008D+04
0.42353845961942D+00

36,000 0.694824990590D+01 0.183332692905D-01 -
0.707421722178D+02 0.97983265094289D+02 -
0.11211388146403D+02 0.36000211837566D+05
0.94559381308499D+00 0.24095504739073D+04
0.43738256021135D+00

48,000 0.693543479024D+01 0.188557098128D-01
0.120943138911D+03 0.97983072289462D+02
0.93474685414810D+02 0.48000211837566D+05
0.13310166721930D+00 0.32084243765405D+04
0.41871106677928D+00

60,000 0.692212780045D+01 0.161662067919D-01 -
0.440936036024D+02 0.97980213151987D+02 -
0.15898563073397D+03 0.60000211837566D+05
0.25084808515384D+00 0.4005036380218D+04
0.42793255247802D+00

72,000 0.690705780952D+01 0.159891438168D-01
0.123727903817D+03 0.97978789158900D+02 -

0.48300702027612D+02 0.72000211837566D+05
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0.88504246552474D+00 0.4799181491725D+04
0.41045768514320D+00

84,000 0.689049144014D+01 0.127885229966D-01 -
0.640357956355D+02 0.97972912852217D+02
0.65859025846478D+02 0.84000211837566D+05
0.64955866942182D+00 0.55906238269624D+04
0.41915043568269D+00

96,000 0.687147050470D+01 0.133690209724D-01
0.809328236263D+02 0.97974377385835D+02 -
0.17604559527898D+03 0.96000211837566D+05
0.25392688997089D+00 0.6379047711272D+04
0.39548862687624D+00

108,000 0.684889647758D+01 0.916118511227D-02 -
0.14887412646D+03 0.97969547364881D+02 -
0.53228668831080D+02 0.10800021183756D+06
0.68754771491512D+00 0.7163888028791D+04
0.39886179535013D+00

120,000 0.681821152587D+01 0.791173060441D-02 -
0.22530022704D+02 0.97963043269527D+02
0.75679477060619D+02 0.12000021183756D+06
0.83711257798131D+00 0.79441739332999D+04
0.38260601229904D+00

132,000 0.676011617528D+01 0.610290374228D-02
0.51041811480D+02 0.97954666432225D+02 -
0.14580580772984D+03 0.13200021183756D+06
0.23680918919853D+00 0.8717434169407D+04
0.33612002482384D+00

135,000 0.672780453941D+01 0.482607282465D-02
0.59407342434D+02 0.97952018476325D+02
0.71634231611012D+02 0.13500021183756D+06
0.79273351724259D+00 0.89087388864899D+04
0.31212370854329D+00

138,531 0.651134593280D+01 0.508719801598D-03
0.260863630465D+02 0.97918439161084D+02 -
0.28915308313555D+02 0.14100021183756D+06
0.57465186133049D+00 0.9131503988132D+04
0.12475769843603D+00

This information allows us to present the dependencies between the
orbital elements and the time or number of revolutions of the spacecraft
flight. The graphs of the alteration of the perigee atitude (Fig. 10-5), the
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semimgor axis (Fig. 10-6), and the apogee (Fig. 10-7) of the two
estimated DOs can be found below.

Altitude. km

—— Circular DO

— Elliptical DO

Time, days

0 1000 2000 3000 4000 5000 5000 7000 8000 9000

Fig. 10-5. Evolution of DO perigee atitude versus time

+=+s Circular DO

e Elliptical DO

o 1000 2000 3000 4000 5000 6000 7000 8000 9000

Fig. 10-6. Evolution of the DO semi-major axis versustime
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Altitude, km
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Fig. 10-7. Evolution of DO apogee and perigee altitude versus time

10.2. Active Debris Removal Problem

In order to stop overcrowding in the near space environment, de-
commissioned spacecraft and large-size space debris (LSSD) should be
transferred to appropriate DOs. Above dl, the final stages of launch
vehicles (LV), upper stages, and large spacecraft should all be transferred
to DOs. Collisions of LSOs with other space objects are accompanied by
the generation of considerable quantities of debriswith high kinetic energy
(Johnson and Liou 2009, 1407-1415). This can lead to snowballing growth
in dangerous space objects. This effect is known as the Kessler syndrome
(Cour-Pdlais and Kessler 1978, 2637-2646; Johnson and Liou 2009, 1407-
1415).

According to the results of research (Lewis and White 2014, 1195-
1206; Johnson and Liou 2009, 1407-1415), the removal of 3-5 LSOs a
year from the near-Earth orbit environment in combination with the
fulfillment of Inter-Agency Space Debris Coordination Committee
requirements (Crowther, Lewis, Stokes, and White 2012, 62-68) is the
only way to stop snowballing growth in space debris. It is worth
mentioning that the accuracy of these recommendations should be treated
with caution due to the complexity of spacecraft motion propagation over
long time periods. This is primarily connected to errors in solar activity
forecasting.
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There are lots of current projects for returning LSOs. Schemes in
which a service spacecraft or a space vehicle collector (SV-collector)
remove several LSOs at one go are the most effective.

The first scheme implies the successive flyby of some objects and
their collection, or the autonomous control of small spacecraft and fuel
supplies in the exhaust sections of LSOs (thrust de-orbit kits (TDKSs)) that
can provide sufficient deceleration for the transfer of an LSO to an orbit
with reduced time of ballistic existence.

The second scheme implies the use of one SV-collector, which
manoeuvres between objects and drags them to the DO with the help of its
engines. It is less effective, but alows for a faster transfer on to the next
object. In this section, both schemes are considered and a comparison is
made.

10.2.1. Geometry of Large Space Debris Objects

Table 10-8 presents the geometrical characteristics of some objects of
the aforementioned type. Based on the anaysis in this table, the
conclusion can be made that a minimal cross-section exceeds 5 m?
(Baranov and Grishko 2014, 39-48).

Table 10-8
Min. Max.
. Diam. |Len. Cross- Cross-
Object Type section section
m m?
“Proton” launch vehicle 3rd stage| 4.098 [4.11| 13.19 16.84
“Soyuz” launch vehicle3rd stage| 2.66 6.745  5.56 17.94
“Zenit” launchvehicle2ndstage| 3.9 [104 11.95 40.56
Arianes 'ggceh venide2nd | 506 l3358 1232 13.29
“AgenarA” 2nd stage 152 |4.73 1.81 7.19
“Briz” upper stage 249 |2.654 4.87 6.61
“Fregat” upper stage 335 |15 8.81 5.025
“Centavr” upper stage 3.05 1268 731 38.67
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10.2.2. Compact Groups of L arge Space Debris Objects
in the LEO Region

Several compact groups of LSOs in the LEO region can be
distinguished due to the target attributes of spacecraft launches. Looking
through the NORAD catalogue?, one can distinguish five groups of objects
with sectional areas of more than 5 m? in LEO (Baranov and Grishko
2014, 39-48) (table 10-9).

The semimgjor axis value interval does not exceed 50 km for orbits of
the second, third, and fourth groups. This value is less than 90 km for the
first group.

The last group has appeared due to spacecraft being launched into sun-
synchronous orhits. Hence, the inclination of the spacecraft in thisgroup is
afunction of altitude. The atitude altersin the range of 527 km.

Approximately 50 m/s is needed for a 100 km alteration of orbital
dtitude by spacecraft in the specified groups. However, approximately
130 m/s is needed for an orbital plane rotation of 1°. As such, the most
crucial aspect is the difference in inclination, which was used to
distinguish these five groups. Besides the inclination, one can find the
number of LSOs in the group and the range of the change in their
semimajor axis vaues.

Table 10-9
G Group elements Semimajor axis Number of LSOs
roup e i .
Inclination deg digpason km in agroup

1 71 7,193-7,281 23

2 74 7,122-7,152 11

3 81 7,211-7,262 28

4 83 7,318-7,358 52

5 97-100 6,973-7,500 46

The groups were determined using the space object catalogue for
November 21st, 2013. All the estimates of these objects are attribute-based
and these attributes are used for the determination of the capability and
effectiveness of different schemes for large space debris recovery.

4“NORAD Satellite Catalog”. Accessed November 21, 2013.
http://www.cel estrak.com/satcat/search.asp
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10.2.3. A Portrait of RAAN Deviation Evolution

The current mutual orientation of orbital planes must be known in
order to design appropriate flyby schemes for the objects of the specified
LSO groups. Direct consideration of the dynamic pattern of RAAN
alteration leads to complications in the analysis of the flyby scheme
problem because the orbital planes rotate at closerates. A parameter that is
more static and that characterizes the orbital plane position should be
chosen. This parameter should be connected to the corrected deviations.
The RAAN deviation for al objects (indexes i) from the RAAN of the
specially chosen object with the fixed number kel m (m = number of

objects in the group) AQ; e[-7,+7] can be chosen. With this approach,
the dependencies AC); (t) for orbits with close parameters (mostly in

groups 1-4) will be lines with small inclination angles, and the relative
angular distance AQy (t) will alter Slowly over time. It is better to choose

an object with number k, which is the reference for relative angular
distance determination, so that the mgjority of the lines AQ; (t) will have

an angular coefficient with one sign.

The graphs of RAAN evolution for the specified groups can be found
in figs. 10-8 to 10-12 (for a time span of 10 years). These deviations need
to be corrected during successive flybys from one LSO to another.
Analysis of these deviations alows us to choose an optimal flyby scheme
for the LSO.
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Fig. 10-8. RAAN deviation evolution for elements of group 1
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Fig. 10-9. RAAN deviation evolution for elements of group 2
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1825 3650

Fig. 10-10. RAAN deviation evolution for elements of group 3
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Fig. 10-11. RAAN deviation evolution for elements of group 4
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Fig. 10-12. RAAN deviation evolution for elements of group 5

10.2.4. First De-Orbiting Variant: Estimation of Delta-V
Budget Required for Flights between Objects

If the evolution of the RAAN deviations primarily described quasi-
parale lines (figs. 10-8 to 10-10), the flyby between the three LSOs
would demand the following action sequence. After the flyby of the SV-
collector to the vicinity of object 1 for the injection of the TDKs into the
exhaust section, the manoeuvring SV-collector fulfills the flyby to object 2
(Fig. 10-13). For this purpose the transfer of the SV-collector from the
orbit of object 1 to a drift orbit using the impulse AV, is fulfilled. The
impulse here denotes, as a rule, two ignitions on one revolution. After
reaching the desired drift orbital plane orientation and the required phase
difference, the SV-collector is transferred to the vicinity of object 2 with
the help of impulse AV, in order to inject the TDKs into the exhaust

section of this object. The aforementioned actions are repeated with the
help of impulses AV; and AV, to reach object 3, etc.
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Fig. 10-13. Flyby between orbits on RAAN deviation evolution for
the case when the LSO orbits for agroup have
small mutual deviations Aa and Ai

During the determination of AV, and AV,, it is supposed that the

initial and target orbits have close but different values for the semimajor
axes (the difference Aa,); that small inclination deviations are possible (

Aiy); and that the deviation of the RAANs AQ, may be arbitrary. The

difference in eccentricity is small and does not effect the solution type; it
can be neglected while assessing the total delta-v of the manoeuvres. It is
supposed that impulses with transversal and binormal components are
applied at the equator on two manoeuvring intervals, which are situated on
the first and last flyby revolutions. It is also supposed that the flyby is
fulfilled using N revolutions of the LSO flight. Due to the transversal
components of the two impulses of the first manoeuvring interval, the
semimagjor axis alters in order to compensate for the initial moment

deviation of the latitude argument Aua and the necessary difference in the
number of revolutions of the flyby n while moving on the new (phasing)
orbit. Also, due to the task-orientated alteration of the orbital precession
rate, a substantial part of the RAAN angular difference AQ, is
eliminated. The binormal components of impulses, which are needed for
the compensation of the inclination difference Ai,, are also distributed
between the manoeuvring intervals so that they can affect the precession
rate of the phasing orbit.

The required values for the sum of the transversal and lateral impulse
components of thefirst AV, = AVy, +AV o AV, = AV, +AV, and the
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second AV, =AV, +AV, , AV, =AV, +AV, manoeuvring
1] 1y 1P 1 112

Zy

intervals can be found using egs. 7-34a- to 7-34c:

NAa,  Aug+n
2(N+n)a;, 3(N+n) |

AVtI = Vo|:

A
AV, =v0%—Avtl ,

AV - {NNO_4(Au0+n)8Q+3(SQn—AQO)}
+

3Bt
AVZ” :VOAIO - AVZI y

where 3Q =the RAAN alteration of the LSO orbit per single revolution.
The functional minimum should be found while transferring from the
current position to the next LSO:

2 2 2 2
AV = JAVZ 4+ AVZ 4 [AVZ +AV2 .

The difference between the number of flight revolutions of the active
spacecraft and the target revolutions n in the first approximation can be
found asfollows:

3\ 4 .

n =0 7 Ug- (10-5)

Single-dimension optimization for n can be fulfilled numerically and
Eg. 10-5 gives a good initia guess for this parameter. It is worth
remembering that n is an integer value, thus, by choosing n, we cannot
eliminate the whole RAAN deviation, but the remaining part does not
exceed 1/ 26Q2.

10.2.5. Duration of Flight to the Next Object in Line

The number of flyby revolutions between the two objects N can either
be fixed or it can be chosen by knowing the magnitude of the differencein
the RAANS, which is more preferable because the real spatial distribution
of the LSOs is taken into account. The total delta-v expenditure decreases
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with an increase in flyby duration. However, some temporal constraints
occur during the process of choosing the flyby scheme. This can be the
result of technical issues as well as an unwillingness to wait too long.
Thus, the compromise value for the flyby duration should be seached for
in the area where AV expenditures start to reduce rapidly with an increase
inN.

The dependency between N and A , which helps find the
compromise value of N, can be obtained for each LSO group based on a
visua analysis of the graphs AV (N) (Fig. 10-14) for various values of

AQ; .

It is necessary to draw a slowly ascending convex curve on the
coordinate plane AV, N, which would intersect the graphs AV (N) , plotted
for the different ACY in the compromise area. Using the intersection
points, one can get the dependency N(AQ; ), which can be approximated

with fairly good accuracy (for LSO group 4) using the linear function
(Baranov and Grishko 2015, 639-650):

N(AQ; ) = 69.32‘AQ;’k +250.6 (10-6)

It is obvious that the described approach for searching for the flyby
revolution compromise number is not very convenient. On the other hand,
the analytical dependency for the revolution compromise number search
cannot be obtained for this problem, unlike with the case of aflyby in the
orbital plane described in Chapter 7.
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Fig. 10-14. Total delta-v expenditure asafunction of the number of flyby
revolutions from various AQix for LSO group 4

The following approach can be suggested as an alternative. The total
delta-v expenditure in the considered problem is mostly formed by the
magnitude of the RAAN deviation. This magnitude can be evaluated using
Eq. 7-28:

2, (Aug +n)? L (880, - (4Aug + 7n)5Q)?

AV =
3 % (N+n)?

(N +n)28Q2tg?i +_i2_
sSNTI

Thefirst guess for n can be found by:

 3AQ, - 4AUgdQ
ot 750 ’

Equation 7-28 can be transformed to:
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a2y 00
3 " 76QN +3AQ,

(10-7)
One possibility for obtaining an analytical solution for N is the use of
the functional:

F=AV(N,..)+ f(N) (10-8)

In Eqg. 10-8, the second term is the penalty function, which increases
with the argument increase, unlike the case of the first term. The analysis
of different variants (linear, logarithmic, and power penalty functions, Fig.
10-14) shows that the best variants for the LSO group 4 appear when this
function has the following form (Baranov, Grishko, Lapshin, and
Medvedevskikh 2016, 229-236):

f(N) = kN (10-9)

where k ~ 0.233917.
The compromise value N can be obtained from the equation:

—56V,3QA0, VN2 + K(78QN +3AQ,)2 =0 (10-10)

10.2.6. Successive Transfer Scheme for a Group of Orbits
with Close Semimajor Axesand Inclinations

In the next stage, it is necessary to determine the order of flyby
elements for each group. The configuration of the first three groups, the
orbital elements of which are close due to the values of the semimajor
axes and inclinations, hardly changes over time for the evolution of the
RAAN deviations. This alows us to use the successive flybys of these
objects in the direction of a natural RAAN precession (Baranov, Grishko,
and Mayorova 2015, 307-317). Before each new flyby, a search for an
object with the least total delta-v expenditure for the flyby with a given
number of revolutions N from the current position is carried out. The total
delta-v expenditures are basically determined by the angular difference
AQ; . The start of the flyby (the first object) is chosen so as to exclude

the flyby between the two neighboring objects that are most distant in
terms of the orbital RAAN. As the flyby of the whole group will take a
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considerable time to complete, the relative angular positions of the orbits
of the final objects may change after the flyby time passes. This should be
taken into account and the RAAN values of the fina objects should be
recalculated after every flyby.

10.2.7. Examples of Calculationsfor Groups1, 2, and 3

Let us consider the active spacecraft manoeuvre total deltav
determination for the flyby for LSO group 3 (Baranov and Grishko 2015,
639-650) as an example.

The objects in this group have orbits with inclinations of
approximately 81°. The identification numbers of the elements of group 3
in the NORAD catalogue® and some fixed orbital elements as of
November, 2013 can be found in table 10-10.

5“NORAD Satellite Catalog”. Accessed November 21, 2013.
http://www.cel estrak.com/satcat/search.asp
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Table 10-10
NORAD ID akm Q2 | !
deg
13771 7,242 35.277 812
7493 7,231 26.186 813
5732 7,244 15.762 812
5018 7,2185 2.758 812
7275 7,2255 336.582 813
7210 7,239 334.788 812
8846 7,235 325.465 813
6393 7,243 316.731 813
9904 7,245 308.01 812
5118 7,242 288.046 813
11963 7,232 287.289 813
12457 7,245 280.501 813
13403 7,2405 274.718 813
11166 7,239 268.278 813
7364 7,2205 226.695 812
8800 7,262 212.623 813
8027 7,240 207.415 813
13719 7,2155 180.447 813
9482 7,2455 166.249 812
11608 7,224 151.181 812
8520 7,262 132.137 812
7715 7,2275 126 812
6257 7,245 125.895 812
4420 7,236 121.222 812
9662 7,2425 116.194 812
10515 7,2485 102.624 813
12646 7,2115 100.14 8L.2
7575 7,2355 83.823 813

The difference in RAANSs between the orbits of the last (7575) and the
first (13771) objects at the moment the flyby startsis 48.5° (maximum). In
table 10-10, the LSOs of this group are given in descending order by
RAAN so as to exclude the most expensive flyby.
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Table10-11
Flyby order with Flyby order | Flexible
fixed number of AV with flexible| number of |Duration AV
revolutions m/s number of | revolutions | days | m/s
N = 1,000 revolutions |  N(AQi)
1 2 3 4 5 6

1-2 211 1-2 1,293 91.6 |167
2-3 222 2-3 1,483 105.1 | 149
34 325 34 1,968 139.5 | 182
4-5 499 4-5 2,601 184.3 | 189
5-6 57 5-6 770 54.6 |108
6-7 144 6-7 752 533 |129
7-8 155 7-8 1,005 71.2 139
89 289 89 2,007 1422 | 167
9-10 320 9-10 1,591 112.7 | 174
10-11 89 10-11 885 62.7 |137
11-12 48 11-12 367 26 26
12-13 168 12-13 1,185 84 |153
13-14 156 13-14 1,093 775 |147
14-16 985 14-16 4,896 346.9 | 213
16-17 340 16-17 2,576 182.5 | 199
17-15 56 17-15 2,044 144.8 | 177
15-18 791 15-18 3,499 247.9 | 209
18-19 207 18-19 1,117 79.2 1128
19-21 521 19-21 2,141 151.7 | 169
21-20 132 21-26 2,306 1634 | 193
20-23 231 26-23 1,243 88.1 |147
23-26 107 23-20 422 299 | 61
26-24 168 20-25 1,555 110.2 | 156
24-25 3 25-24 679 48.1 |113
25-22 58 24-22 1,026 72.7 145
22-28 341 22-27 5,456 386.6 | 232
28-27 564 27-28 6,457 457.6 | 204

AV m/s 7,187 4,213

: 27,000 revs 3,714.3
Total duration 1.913.3 days 52,417 revs days

Calculation of the total delta-v expenditure for flyby manoeuvres with
a fixed number of revolutions N = 1,000 (columns 1 and 2), and the
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expenditures for the flybys with the use of the “compromise” number of
revolutions N depending on the RAAN difference (columns 3-6), can be
found in table 10-11.

The aforementioned method was also implemented for the calculation
of the total delta-v expenditure for the flyby manoeuvres of LSO groups 1
and 2 (Baranov and Grishko 2015, 639-650). The results of these
calculations can be found in tables 10-12 and 10-13, respectively.

Table 10-12
Flyby order with Flyby order| Flexible
fixed number of AV with flexiblel number of Duration AV
revolutions m/s number of | revolutions | days | m/s
N = 1,000 revolutions|  N(AQi)
1 2 3 4 5 6
1-2 14 1-2 504 367 | 16
2-3 123 2-3 1,349 956 | 94
34 11 34 598 24 | 21
4-5 257 4-5 2,520 1785 | 105
5-7 158 5-7 1,709 121 90
7-8 65 7-8 1,009 715 | 68
8-9 100 89 1,285 91 81
9-10 77 9-10 1,100 779 | 73
10-12 338 10-12 3,225 2285 | 122
12-13 92 12-13 1,369 97 76
13-11 135 13-15 2,134 1512 | 94
11-15 211 15-11 1,263 895 | 134
15-14 121 11-14 1,501 106.3 | 90
14-17 378 14-17 1,528 108.3 | 183
17-16 105 17-16 1,710 1212 | 96
16-18 213 16-18 2,122 150.3 | 99
18-19 343 18-19 2,905 205.8 | 104
19-21 230 19-21 2,313 163.9 | 102
21-20 540 21-23 6,303 446.6 | 118
20-22 176 23-22 1,241 879 | 8
22-23 18 22-20 5,346 378.8 | 162
23-6 1,104 20-6 3,805 269.6 | 223
AVs m/s 4,809 2,233
Tota duration 12 2505 g :12;53 46,839 revs 35;55'5
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Columns 1 and 3 show the LSO pairs for the flyby. Columns 2 and 6
present the total delta-v expenditures needed for the fulfillment of this
flyby with a fixed number of revolutions N and “compromise” N,
respectively. Columns 4 and 5 give the values of the best “compromise’
flyby duration—the number of revolutions N and the flyby duration in
days, respectively. According to table 10-11, the use of the “compromise”
number of revolutions allows a decrease in the total delta-v expenditures
approximately by haf, but even in this case the total delta-v expenditures
exceed 4 km/s, which istoo high for modern spacecraft.

Table 10-13
Flyby order with Flyby order | Flexible
fixed number of AV with flexible [number of |Duration| AV
revolutions m/s number of [revolutiong days m/s
N = 1,000 revolutions | N(AQi)
1 2 3 4 5 6
1-2 57 1-2 633 43.9 89
2-3 836 2-3 5,026 348.8 183
34 306 34 2,066 1434 | 176
4-5 612 4-5 3,517 244 182
5-6 616 5-6 3,429 237.9 192
6-8 290 6-8 1,749 1214 | 152
8-7 69 8-7 1,216 84.4 150
7-9 530 7-9 3,324 230.7 196
9-10 180 9-10 855 59.3 116
10-11 101 10-11 819 56.8 104
AVs m/s 3,597 1,540
10,000 revs 22,634 |1,570.6
Total duration |693.9 days revs days

The work of Castronuovo (2011, 848-859) is very interesting because
it offers a comprehensive review of al questions connected to LSO return.
This work suggests the use not only of an SV-collector with two
manipulators and TDKs onboard, but aso spacecraft-refuelers. The
spacecraft-refueler will be injected into the orbit of the basic SV-collector
when the latter runs out of fuel and TDK supplies. The SV-collector docks
with the spacecraft-refueler, refuels its tanks, gets more TDKs, and
continues its flyby for the remaining LSOs. According to the results from
Castronuovo (2011, 848-859), the mass of the SV-callector in this model
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would be approximately 600 kg. The fuel supplies for each spacecraft
would alow the expenditure of up to 2,500 m/s total delta-v and the
number of TDK's on each spacecraft-refueler could be up to 6 or 7.

If the potential of total delta-v suppliesisunder consideration, then one
SV-collector and one spacecraft-refueler would be enough to engage in a
flyby with al the objects of group 3. However, the number of TDKs
needed exceeds the real number twice as much for one spacecraft-refueler,
which is why two more spacecraft-refuelers would be needed. As such, a
part of the fuel supplies on these spacecraft-refuelers would need to be
replaced with more TDKSs.

A delta-v budget of 2,233 m/s is needed for a flyby of the 23 LSOs of
group 1. These total delta-v expenditures would be acceptable for the SV-
collector described in Castronuovo (2011, 848-859), but the number of
TDKSs needed is too big, hence, two more spacecraft-refuelers would be
required. Part of the fuel supplies would have to be replaced with TDKs
on the SV-collector and the spacecraft-refuelers.

A delta-v budget of 1,540 m/s would be needed for a flyby of the 11
LSOs of group 2. The total delta-v expenditure of the SV-collector would
be higher than needed, but the number of TDKs would be insufficent for a
flyby of all objects of the group. Hence, one more spacecraft-refueler
would be needed.

10.2.8. Diagonal Transfer Scheme for a Group of Orbits
with different Semimajor Axesand Inclinations

Groups 4 and 5 have a considerable number of objects with orbital
differences in terms of semimajor axis and inclination. These are enough
to result in the presence of intersections between the lines of relative
difference in the RAANS (figs. 10-11 and 10-12). In Fig. 10-15, one can
find the lines, corresponding to objects with the hypothetical numbers 1, 2,
and 3.

After approaching object 1, being in its orbit, it is enough to apply only
one impulse AV, to approach object 2 in the moment of orbital plane

RAAN coincidence; furthermore, a single impulse AV, should be applied

for the subsequent approach to object 3. Hence, the number of ignitionsin
the interval of the flyby from object 1 to object 3 may be reduced by 2.
The total delta-v expenditure also decreases because there is no need to
correct the RAAN deviations.
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Fig. 10-15. Flyby variants in the evolution of RAAN deviations for the
case when the LSO orbital parameters in the groups have substantial
mutual deviations of Aa and Ai

Let line AQ; (t), which corresponds to one of the orbits and

intersecting the two lines and thus to the different orbits, be “diagonal”.
We have the opportunity to find severa branches that contain a number of
successions of the diagonals, allowing the completion of a flyby to the
greatest number of LSOs in the group. The suggested solution will be
termed the “diagonal” from hereon.

The moment where the lines intersect AQ); (t) in the evolution of the

RAAN deviations means that the orbits of corresponding L SOs have equal
RAAN values. As such, the orbits of these objects may vary only in terms
of their semimajor axes, eccentricity vectors, inclinations, and latitude
arguments. The numerica and numerical-analytical algorithms for the
solution of the small and medium duration rendezvous problem, which can
be used for the determination of the approach manoeuvres with new
objects, can be found in chapters 4, 5, and 6.

10.2.9. Sear ch of Diagonal Solutions

As can easily be seen, the direct deviations of RAANs AQ); (t) inFig.

10-12 chaotically intersect multiple times. As such, a successive flyby of
the objects of group 5 becomes ineffective. In order to address the
branches-solutions of the search problem, under the condition of a large
number of lines and mutual intersections, it is good to use some graph
theory elements.
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In order to find the diagonal solution of the flyby problem to an LSO
inside the group, it is necessary to get the T;; = matrix of line intersection

AQ; (t), analogous to the classical connectivity matrix (Zarubin and
Krischenko, 2004):

o0 t1’2 - .. tl,46
tpy o
T= — o0
_t46,1 o0

The matrix T is symmetrical and its diagonal has the symbol “w0”,
representing the coincidence of the lines AQ; (t) . If the intersection point

of thelines AQ; (t) and AQ; (t) exists, then the coordinatet is shown as
the element t;; ; if there are no intersection points or the intersection occurs

when t — oo, then the dash is set as the matrix element. The search for a
diagonal solution is fulfilled with the help of the iterative algorithm of the
graph node run. The solution should meet the following criteria:
 Thegraph nodes should beintherange AQ; e[-7,+7].

e Thedirection of the increase in branch length should coincide with the
increaseint.

e Each intersection point (graph node) contains two entries and two
exits, and it is unlikely that three or more lines AC); (t) will intersect

in one node.
e Eachline AQ; (t) may be used only once.

e Thelonger branch has priority;

e |f the branches have equal lengths, priority will be assigned to the
branch with the lesser angular coefficient module sum of the lines used
A (1).

Using the diagonal solution, the flyby duration to the next LSO is
entirely determined by the mutual remoteness of the intersection points of
thelines AQ); (t) for the evolution of the RAAN deviations.

Three cycles are used in searching for a solution with diagonal
transfers.
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The inner cycle. Let us designate the point at which the motion from
the object starts as 1. In the first line of matrix T, it is necessary to find the
first element t;, #"co" and t;; #"—". Let us call this element t, , . Impulse

AV, which is needed for the flyby to a new orbit should be found. After
acquiring AV;, we should designate t;, =t,,, ="-" and ml=1..,n, in

order to exclude further usage of the 1st branch, and also assign the value
"= to dl t,,, being t,, <t,,. After the transition to line 2, it is

necessary to find the first element t,; #"«" and t,; #"—". The process
continues until there is no further option to find the element t,.,, from
the node t,,,, with the necessary constraints, or | reaches 46 (the number of

LSOs in group 5), i.e. where the end of the branch with maximum length
isfound. If there is no option to proceed further, it is necessary to write the
numbers of objects of the branch, the total delta-v expenditures, and the
last pair t,,, from matrix T, assign it the value "~" and continue searching

the branches until the algorithm leads to the elements with the coordinates
[1;1]. The aim of the inner cycle is to determine the branch of maximum
length with the start of the flyby from the first object.

The middle cycle. After fixing the longest branch with the start in the
first object and the total delta-v expenditure, it is necessary to cal the
inner cycle for line 2 starting at object 2. This is repeated n times. The
longest branch for the first SV-collector, which works with the use of the
“diagonal” scheme, can be chosen from n interim variants. The goal of the
middle cycle is to determine the priority starting point and the priority
branch originating from this point, determining the first problem solution.

After the work of the middle cycle and sorting of the found branches
according to length, the situation may occur when several obtained
solutions have maximum length for the current configuration of matrix T.
In this case, it is necessary to compare the energy expenditures of the
flybys of these branches indirectly. In the evolution of RAAN deviations,
the angle between the lines AQ; (t) is determined by the difference in

their angular coefficients, which depend on the magnitudes of the focal
parameter and inclination. Hence, the bigger the differences in Ap and
Ai of two object orbits, the bigger angle will shape the corresponding
lines A (t). This is why it is necessary to estimate the sum of the

ateration of the angular coefficients in the transfer from one object to
another for every branch found as an indirect energy assessment.
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Thus, at the end of the middle cycle, the branch with maximum length
and the least sum of ateration of the angular coefficients is chosen. The
L SOs that form the example case are “dragged out” from the initial matrix
T, and the search for the branch of maximum length among the remaining

objects within the outer cycle is carried out.
The outer cycle. It is necessary to “drag out” all the elements from the
initial matrix Ty, which were used in the first solution found, and repeat

the inner and middle cycles. The goal of the outer cycleisto get the set of
al possible “diagonal” branches, which will then be arranged in
descending order by length, encompassing the maximum number of
objects.

After the fulfillment of three cycles, a part of the objects is
encompassed by the “diagonal” transfers and the flyby of the rest of the
LSOs can be estimated with the help of the aforementioned successive
scheme, as used in determining the flyby for the first three groups of
LSOs.

10.2.10. Example Calculationsfor Group 5

The LSO orbits of group 5 have inclinations in the range of 97.1-
100.4°. Apart from the region of near-Earth space with a high probability
of collisions, the area of sun-synchronous orbits needs specia attention
(Castronuovo 2011, 848-859). The information about the L SOs of group 5
for November, 2013 is listed in table 10-14; the objects are in descending
order by RAAN. As a result of the aforementioned agorithm, the
implementations of the two diagona solutions were found, encompassing
30 (18 and 12) LSOs out of 46 (Baranov, Grishko, Lapshin, and
Medvedevskikh 2016, 242-250).

Table 10-14
NORAD ID akm Q 5 | !
1 27940 7.052 170.1286 978
2 7946 74305 169.7677 100.1
3 20323 7.105 166.1984 971
4 27006 73675 165.7893 992
5 28932 69795 163.8276 983
6 28059 7.0905 149.0105 987
7 11081 73155 143212 9.7
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8 32959 7,125.5 127.9842 99

9 33500 6,989 126.2109 98.3
10 13778 7,235 106.7009 100.1
11 25979 6,973.5 96.3879 98.2
12 2174 7,495.5 90.2609 100.4
13 27601 7,159 65.798 98.5
14 32063 7,098.5 55.4669 98.2
15 26387 7,042 42.8234 98.1
16 27422 7,166.5 37.8068 98.3
17 20791 7,291 31.147 99.2
18 36089 7,100 23.6017 98.1
19 16615 7,159 14.203 98.8
20 28499 7,005.5 11.2445 98.2
21 29713 6,995 351.2681 97.6
22 21610 7,129.5 343.3011 98.8
23 21689 7,259 338.5724 99.5
24 37932 7,191 336.9718 984
25 25400 7,178.5 336.8603 98.3
26 10704 7,308 333.6947 98.8
27 28050 7,208.5 327.0023 98.5
28 815 7,173 325.7258 99.9
29 23343 7,013.5 325.2177 98.2
30 20443 7,139.5 320.7193 98.8
31 27387 7,144 315.5157 98.3
32 25732 7,205 309.6141 98.9
33 31114 7,200 306.3191 984
34 19468 7,253.5 304.8742 99

35 25261 7,153.5 303.4229 98.4
36 22830 7,159.5 300.7151 98.8
37 25861 7,008.5 300.5517 97.9
38 27432 7,217 300.2821 98.8
39 28651 7,027.5 299.5225 97.8
40 18961 7,262 298.1063 99.3
41 23561 7,139.5 293.7485 98.7
42 38341 6,999.5 291.5595 98.5
43 23828 7,191 290.3812 98.6
44 23324 7,207.5 279.5703 98.9

Columns 1 and 4 of table 10-15 give the obtained branches (the object
numbers corresponding to the flyby order); columns 2 and 5 give the total
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delta-v expenditures of the flyby to the respective object; and columns 3
and 6 give the flyby time in days. It is supposed that a separate active
spacecraft was used for each branch.

Table 10-15
First Duration Second Duration
Solution AV /s days |Sol utionAV m/s days
1 2 3 4 5 6
37-38 161 60 |30-26| 87 161
38-40 77 5 26-32 | 54 244
40-33 127 52 | 32-25| 83 88
33-35 24 16 | 2536 | 67 52
35-41 41 100 | 36-10| 174 | 1,270
41-24 48 497 |10-13| 221 | 448
24-34 94 130 [ 13-15| 81 122
34-21 228 | 303 |15-17 | 193 78
21-3 89 429 | 17-1 | 221 | 554
35 177 | 171 | 1-29 | 57 1
5-27 124 51 29-4 | 225 | 458
27-8 83 213 - - -
8-28 127 52 - - -
28-16 209 | 331 - - -
16-44 90 30 - - -
44-18 123 | 146 - - -
18-46 69 356 - - -
AVx, m/s per branch 1,891 767
Duration per branch 2,042 3,476
days
AVs m/s 2,658

According to table 10-15, the total delta-v expenditure obtained for the
first branch is 1,891 m/s and 767 m/s for the second. One SV-collector and
two spacecraft-refuelers would be needed for the flyby of the first branch.
The total delta-v budget is enough for aflyby of the whole branch, but the
tanks of deployable modules would need to be refueled. One SV-collector
and one spacecraft-refueler would have to be used for the flyby of the
second branch.

For a 30 object flyby, a delta-v budget of 2,658 m/s is sufficient. Thus,
the presence of the diagonal intersections of RAAN deviation evolution
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allows a decreasing number of manoeuvres to be performed and total
delta-v expenditure in the flyby of objects of the group in comparison to
the successive flyby used for groups 1-3.

The results of determining the successive flyby of the LSOs, which
were not encompassed by the diagonal solution, are listed in table 10-16.

Table 10-16
Number of : Flyby duration | AV m/son
Flyby orderRQVdUtionsDuratlon Av onyor){efull fuel one
N(AQ, ) | d&ys | mis tank fuel tank
1 2 3 4 5 6
2-6 1,669 118.2 | 248
6-7 660 46.7 | 387
7-9 1,350 95.6 | 247 |11,439revolutions 2190
9-11 2,368 167.7 | 282 810.1 days !
11-12 1,185 83.9 | 681
12-14 4,207 298 345
14-20 706 50 187
20-19 406 28.8 | 242
19-23 970 68.7 | 356
23-22 804 56.9 | 113 .
2242 | 1599 | 1133 | 200 12’835’3?’;;;‘20”5 2260
42-31 6,068 429.8 | 361 )
31-43 693 49 265
43-39 1,373 97.2 | 137
39-45 274 19.4 | 399
AVs m/s 4,450
. 24,332 |1,723.2
Duration .
revolutiong days

The data in the first column shows the LSO pair for the flyby. The
second column gives the values for the compromise flyby duration N
calculated by Eg. 10-10. The third column shows the duration of the
corresponding flyby in days. The fourth column gives the total delta-v
expenditures for the fulfillment of these flybys.

A velocity expenditure of 4,450 m/sis needed for aflyby of 16 objects.
Pushing (de-orbiting or DO transfer) of these objects can be fulfilled with
the use of one active spacecraft and one spacecraft-refueler. The
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distribution results of the L SOs and the spacecraft are listed in the 5th and
6th columns.

10.2.11. Example Calculationsfor Group 4

The LSO identification numbers for group 4 in the NORAD catalogue®
and some elements of their orbits for November, 2013 are depicted in
table 10-17. The orbits of the objects of this group have an inclination of
approximately 83°, the semimajor axis has the range of 7,318-7,358 km.

Table10-17
NORADID | akm Q 5 | !
1 11289 73295 73.6622 82.9
2 21131 73345 340.672 82.8
3 24678 73405 172.2879 82.9
4 22208 73425 94.1841 82.9
5 26819 73435 263.8941 83
6 21876 7,346 83.1548 83
7 18710 7,348 1425439 83
8 22007 7,349 241.8947 83
9 12682 73495 118.766 82.9
10 24955 7.350.5 252.8786 83
11 25569 7.351 265.5485 82.9
12 27819 7.351 109.5972 83
13 20509 73515 272.864 82.9
14 21231 73525 171.8711 82.9
15 32053 7.356 167.4046 83
16 23774 7.356.5 111.474 83
17 11327 7.358 230.8018 82.9
18 15100 73195 19.4841 825
19 15517 7.318 318.0135 825
20 16409 7.318 236.493 825
21 16736 7.318 263.3544 825
2 17242 7323 257.8371 825
23 18313 7.3205 260.4844 826

6 “NORAD Satellite Catalog”. Accessed November 21, 2013.
http://www.cel estrak.com/satcat/search.asp
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24 22784 7,323 257.1819 82.6
25 6829 7,345.5 194.4667 82.9
26 10918 7,345 121.9273 82.9
27 11586 7,339 225.249 82.9
28 11681 7,351.5 201.9585 82.9
29 14085 7,348.5 236.6751 82.9
30 15360 7,347 197.7759 82.9
31 16799 7,345 232.311 82.9
32 18130 7,348 340.261 82.9
33 20528 7,360.5 204.5554 82.9
34 20805 7,350.5 208.2701 82.9
35 21153 7,350.5 351.6455 82.9
36 22308 7,350.5 315.5031 82.9
37 22591 7,344.5 191.6403 82.9
38 23466 7,355 52.1648 82.9
39 24773 7,358.5 159.5764 82.9
40 25592 7,356.5 250.7425 82.9
41 25893 7,347.5 174.8071 82.9
42 27535 7,355 11.261 82.9
43 8597 7,352.5 204.1671 83
44 8874 7,353.5 145.1377 83
45 10461 7,347 160.6361 83
46 11668 7,351 190.146 83
47 16728 7,347 123.5242 83
438 19325 7,344 171.2448 83
49 19922 7,345 212.7931 83
50 23180 7,342.5 81.2198 83
51 27437 7,347.5 215.7 83
52 28381 7,342 123.4479 83

The evolution of RAAN deviations for LSO group 4 (fig. 10-11) isa
combination of quasi-parallel and inclined lines ACQ); (t). Hence, the most

effective combination would involve the diagonal solution with the
successive flyby. First of al, diagonal solutions (the branches reaching as
many L SOs as possible) are considered, because their realization needs far
smaller total delta-v expenditures. There are two such solutions in the
given example (Baranov and Grishko 2015, 5450-5462), the flyby order

and the required total delta-v expenditures are shown in table 10-18.

The first and fourth columns present the numbers of overflown objects
between which the flyby is performed. The third and sixth columns give
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the total delta-v expenditures necessary for the flyby. The flyby duration
between two objects within every branch is given in the second and fifth
columns.

The duration of each branch coincides with the range for the RAAN
deviation evolution: 3,148 and 3,522 days, respectively. The total delta-v
expenditures are 540 and 358 m/s, respectively. In the first branch, 12
spacecraft are flown by and in the second branch 10 objects are flown by.
One SV-collector and one spacecraft-refueler are enough for the flyby of
one branch. One SV -collector is enough for the second branch.

Table10-18
S(I):I :,:tisf)n Duration, days rAn\//s S(Sicu(,;r(‘)?] Duration, days ﬁw\//s
1 2 3 4 5 6

48-3 88 19 29-22 409 54
314 9 15 22-17 81 55
14-15 290 19 17-24 102 43
15-20 653 67 24-27 254 41
20-39 309 56 27-43 528 19
39-21 469 56 43-31 752 19
21-7 75 66 31-18 714 54
7-23 363 54 18-30 617 54
23-16 439 55 30-45 65 19
16-19 392 67 - - -
19-52 61 66 - - -

Duration, Duration,
days 3,148 days 3,522

using branch 1 using branch 2
AV, m/susing AVx, m/susing
branch 1 540 branch 2 358
AVz, m/sof
diagonal solution 898

Once the parameters of the two diagonal solutions are determined, the
encompassed LSOs are no longer considered. The evolution of the RAAN
deviations for the last 30 objects presents the same basic appearance as
LSO groups 1-3.

The results of calculating the successive LSO flyby, not encompassed
by the diagona solutions, are listed in tablel10-19. The data from the first
column show the LSO pairs between which the flyby is performed. The
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second column gives the flyby compromise duration values calculated
using Eq. 10-10. The third column presents the duration of the
corresponding flyby in days. The fourth column shows the total delta-v
expenditures needed for the fulfillment of this flyby.

From table 10-19, it follows that the total delta-v expenditure exceeds
7 km/s even in the case of the “compromise” choice of the flyby
revolution number. The “drag” (de-orbiting or DO transfer) of these
objects could be fulfilled using one active spacecraft and three SV-
collectors. The distribution results for the LSOs and the spacecraft can be
seen in the 5th and 6th columns.

Table 10-19
Flyby
Flyby order g;/r;ﬁiroo:s Duration, AV s durationon| AV, m/son
days ' one full fuel | one fuel tank
N(AQ:) ey
1 2 3 2 5 6
111 750 543 | 241
115 334 242 | 106
5-10 990 717 | 272
10-40 482 349 | 166 rev%ﬂ‘t'ﬁ)ns .
408 756 547 | 253 | o oS ’
851 2,049 1483 | 385 il
51-49 472 342 | 174
29-34 807 584 | 239
34-33 387 28 128
33-28 540 391 | 199
28-46 671 486 | 236
26-25 264 336 | 163 | 7358 036
25-37 459 33.2 167 | revolutions !
37-41 1,352 970 | 318 | 532.6days
41-44 1,620 1172 | 348
24-47 1,865 135 | 377
47-12 1,105 80 291
12-26 353 255 | 102
26-9 343 248 | 100 re\;ﬁﬁ) N
96 1,058 1417 | 378 | 'S0 b
6-50 492 356 | 181 oy
50-4 317 29 | 72
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4-13 2,083 150.8 385
13-38 785 56.8 236
38-42 3,046 220.5 420
42-35 1,784 129.1 364 8,695
35-32 1,144 82.8 295 | revolutions 1,701
32-36 1,821 131.8 364 | 629.3 days
36-2 900 65.1 258
AV, m/s 7,218
Duration | 30,129 revs | 21807
days

10.2.12. Second De-Or biting Variant:
Parameters of Disposal Orbits

The second scheme of LSO removal implies the use of a spacecraft
manoeuvring between the objects and transferring them successively to
DOs with the help of its thrust engines. The capture of an LSO is fulfilled
with a specialy developed unit (lutkin and Trushliakov 2013, 56-61;
Emanuelli, Ronse, Tintori, and Trushlyakov 2012, 185-218).

Determination of the disposal orbit. It has been agreed
internationally that LEO spacecraft should remain in a DO for no longer
than 25 years. Two types of DOs can be distinguished for the considered
LSO groups: an elliptical orbit with its pericenter in the upper layers of the
atmosphere and a circular orbit that is entirely situated in the upper layers
of the atmosphere. The transfer to the circular orbit “pushes’ the
spacecraft out of the operational area of the active spacecraft. The atitude
of thisorbit is higher than the altitude of the elliptical DO.

Table 10-20 gives the elements of the circular and éliptica DOs,
calculated for LSOs with an average ballistic coefficient value of 0.045.
The algorithm described in the first paragraph of this chapter was used.
The perigee argument was 45° for the eliptical orbits and the initial date
for propagation was December 1st, 2013. The third column presents the
radii of the circular DOs. The fourth column gives the semimajor axes,
while the fifth gives the eccentricities of the elliptical DOs, corresponding
to the lower (Min) boundary of the orbital semimajor axes values for
orbits of each group. The sixth column presents the semimgjor axes and
the seventh gives the eccentricities of the elliptical DOs, corresponding to
the upper (Max) boundary of the orbital semimajor axes values for the
orhits of each group.
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Table 10-20
Inclination | amin - @max R Min a . max a
deg km km km | ™€ | km | M€
71 77129831 6,912.7 |7,000.3| 0.0275 |7,040.2| 0.0341
7,122-
74 7152 6,912.7 (6,969.6| 0.0219 |6,981.9| 0.0243
7,211-
81.3 7262 6,913.1 |7,007.5| 0.0291 | 7,030.5| 0.0329

According to table 10-20, the semimajor axis of the circular DO for all
L SOs from the first three groups is practically the same: 6,912.7 km. If the
value of the semimajor axis of the LSO lies inside the boundaries of the
respective range (column 2), the orbital element linear interpolation from
columns 4-7 should be implemented for the correct determination of the
elliptical DO elements.

In Fig. 10-16, the relative evolution of the circular DO plane for one of
objects of group 2 is shown by the dashed line.
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—— ] g, S
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Fig. 10-16. RAAN deviation evolution of elements of group 2

Manoeuvring strategy. If the RAAN deviation evolution describes
mainly quasi-paraléel lines (Fig. 10-16), the following sequence of actions
should be done in order to fulfill the flyby between two LSOs using the
second scheme. After the deployment of the active spacecraft in the
vicinity of object 1, the approach to and then capture of this object occurs.
Then, with the help of impulse AV;, the compound unit “ active spacecraft
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+ LSO is pushed from the orbit of object 1 to the DO of object 1. For the
circular DO, unlike the elliptical one, the impulse will be denoted as two
ignitions localized on one revolution. The manoeuvre determination
algorithm, which drags the LSO to the DO, is described in the first
paragraph of this chapter. After shaping the DO, object 1 separates from
the active spacecraft, which temporarily stays on this orbit until the planes
of the DO and the orbit of the next LSO coincide in terms of their RAANS.
Once the RAANS coincide, the transfer of the active spacecraft in the
vicinity of object 2 is fulfilled with the help of impulse AV, (the

determination algorithm for these manoeuvres is described in chapters 4,
5, and 6). Then, the described actions should be repeated. The points of
line intersection in the RAAN deviation evolution correspond to the
coincidence of the orbital planes by RAANSs. In this case, the line
corresponding to the next object and the dashed line intersect.

10.2.13. Example Calculationsfor Groups1, 2, and 3

The results of the flyby manoeuvre determination for groups 1-3 are
described in tables 10-21 to 10-23 (Baranov, Chernov, and Grishko 2016,
48-64). Each table consists of two parts, which differ from each other by
the type of DO to which the LSO will be transferred. All objects within
one group have been sorted in descending order by initiadl RAAN values
and enumerated in order for the flybys for the first scheme.

The delivery of the first active spacecraft to the first object is fulfilled
using a launch vehicle. The succession of further flybys in the case of a
circular DO is shown in the first column. As the configuration of orbital
planes on the RAAN deviation evolution in the case of the first three
groups does not change with time, the initial orbital RAAN order of the
objects, in general, corresponds to the succession of flybys, though with
some exceptions. The second column gives the duration of the active
spacecraft in the previous object’s DO before continuing the flyby to the
current object. The third column shows the total deltav expenditures
necessary for the flyby from the previous object DO to the current object.
The fourth column presents the total delta-v expenditures needed for the
transfer of the current object to its DO. The fifth column gives the
summed-up total delta-v needed for the flyby to the current object and its
transfer to the DO. Similar data can be found in columns 6-10 for the
elliptical DO.
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Table 10-21
Circular DO Elliptical DO
DurationTranSfer DurationTranSfer
Flyby 4 DO from [Transfer> AV, Flyby 4 DO from |Transfer>’ AV,
order days, DOto | toDO | m/s| order days, DOto | toDO | m/s
object object
1 2 3 4 5 6 7 8 9 10
1 0 0 162 | 162 1 0 0 108 | 108
2 0.1 165 165 | 330 2 0.2 112 110 | 222
3 24.1 159 158 | 317 3 36.6 109 106 | 215
4 45 161 161 | 322 4 6.4 109 107 | 216
5 58.5 159 159 | 318 5 88.4 106 107 | 213
6 1.8 161 161 | 322 6 2.1 108 107 | 215
7 37.5 162 162 | 324 7 55.7 108 108 | 216
8 12.3 160 160 | 320 8 19.3 107 107 | 214
9 20.1 159 159 | 318 9 311 106 107 | 213
10 15.6 158 158 | 316 10 24.1 106 106 | 212
12 72.3 150 150 | 300 12 111.7 99 102 | 201
11 10.5 240 192 | 432 13 31.6 106 104 | 210
13 6.6 202 153 | 355 11 5.5 193 124 | 317
14 58.7 226 193 | 419 14 68.8 125 124 | 249
15 134 198 160 | 358 15 5.1 169 107 | 276
17 110.2 | 161 161 | 322 17 162.4 | 108 108 | 216
16 8.8 157 157 |314| 16 21.5 103 105 | 208
18 52.1 157 157 |314| 18 76.6 106 106 | 212
19 93.4 160 160 | 320 19 131.9 | 109 107 | 216
21 53.2 160 160 |320| 21 79.9 107 107 | 214
20 75.4 242 195 437 20 198.9 | 202 126 | 328
22 58.8 213 157 |370| 22 34.5 192 106 | 298
23 18.7 161 161 |322| 23 14.1 110 108 | 218
Total Total
AV, 3,871 | 3,761 |7,632] AV, 2,700 | 2,507 [5,207|
m/s m/s
Total Total
duration,| 806.6 duration,| 1,206.4
days days
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Table 10-22
Circular DO Elliptical DO
DurationTranSfer DurationTranSfer
Flyby 4 DO from |Transfer AV, Flyby 4 DO from [Transfer>’AV,
order days, DOto | toDO | m/s | order days, DOto | toDO | m/s
object object
1 2 3 4 5 6 7 8 9 10
1 0 0 125 | 125 1 0 0 88 88
2 16.7 124 124 | 248 2 23.7 88 88 | 176
3 299.7 | 129 129 | 258 3 426.4 93 91 |184
4 104.8 | 122 122 | 244 4 163 84 87 |171
5 200.3 | 125 125 | 250 5 274.7 89 88 | 177
6 191.8 | 121 121 | 242 6 261.9 85 86 |171
8 91.2 129 128 | 257 8 122.8 95 90 | 185
7 42.8 122 122 | 244 7 88.2 84 87 |171
9 187.2 | 114 113 | 227 9 280.1 82 81 |163
10 42.4 116 116 | 232 10 37.2 85 83 |168
11 32.3 124 124 | 248 11 40.4 92 88 |180
Total Total
AV, 1,226 | 1,349 2,575 AV, 877 957 (1,834
m/s m/s
Total Total
duration,| 1,209.2 duration,| 1,718.4
days days

As can be seen in tables 10-21 to 10-23, the duration of the group flyby
with the use of the elliptical DO is on average 1.5 times longer in
comparison to the use of the circular DO. However, in this case the total
delta-v expenditure is 1.5 times less. The group flyby durations with
object transfers to the elliptical DOs will be 3.3, 4.7, and 8.7 years, which
is acceptable for modern space systems.

The flyby characteristics depend on the initial object for the flyby in
the case of the 4th and 5th groups. Successive analysis of the variants
allows us to choose the optimal initial object. The results of the optimal
flyby manoeuvre determination for groups 4 and 5 are shown in tables
10-24 and 10-25.
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Table 10-23
Circular DO Elliptical DO
DurationTranSfer DurationTranSfer
Flyby 4 DO from [Transfer> AV, Flyby 4 DO from |Transfer>’ AV,
order days, DOto | toDO | m/s| order days, DOto | toDO | m/s
object object
1 2 3 4 5 6 7 8 9 10
1 0 0 175 175 1 0 0 116 | 116
2 50.7 170 169 | 339 2 75.9 111 113 | 224
3 66.1 177 176 | 353 3 102.7 | 120 116 | 236
4 88.9 163 163 | 326 4 1485 | 103 109 | 212
5 131.3 | 167 167 | 334 5 1748 | 114 111 | 225
6 21.1 174 173 | 347 6 39.6 119 115 | 234
7 333 172 171 | 343 7 355 114 114 | 228
8 42.3 175 175 | 350 8 57.5 118 116 | 234
9 80.8 177 177 | 354 9 146.9 | 118 116 | 234
10 814 175 175 |350| 10 100.3 | 116 116 | 232
11 215 170 170 [340| 11 45.8 110 113 | 223
12 16.8 177 177 |35%4| 12 85 120 116 | 236
13 42.2 174 174 |348| 13 70.6 114 115 | 229
14 40.6 173 173 |346| 14 63.9 114 115 | 229
16 2653 | 185 185 |370| 16 3604 | 127 121 | 248
17 89.5 174 174 |348| 17 1854 | 110 115 | 225
15 173 164 164 |328| 15 149.4 | 106 110 | 216
18 2132 | 162 161 |323| 18 261.3 | 108 108 | 216
19 62.1 177 177 |354| 19 70.9 125 117 | 242
21 128.7 | 185 185 |[370| 21 1458 | 125 121 | 246
20 48.1 166 166 [332| 26 154.9 | 115 117 | 232
23 55.9 177 177 |35%4| 20 64.7 106 111 | 217
26 16.3 179 178 |357| 23 43 121 116 | 237
25 54.3 175 175 |350| 25 1111 | 115 116 | 231
24 0.3 172 172|344 24 25.6 112 114 | 226
22 12.1 168 168 [336| 22 53.6 110 112 | 222
28 94.4 172 172 | 344| 28 20.4 117 114 | 231
27 163.3 | 160 159 |319| 27 500.2 | 103 107 | 210
Total Total
AV, 4,661 | 4,828 (9,489 AV, 3,091 | 3,200 |6,291
m/s m/s
Tot.dur., 10378 Tot.dur., 31785
days days
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Table 10-24
Circular DO Elliptical DO
Total AV, m/s Total AV, m/s
Dur. at | Transf. Dur. at | Transf.
';%?r/ DO, | from |Transf.| YAV, ';%?r/ DO, from |Transf. | YAV,
days | DOto |toDO | m/s days | DOto [ toDO | nvs
object object
1 2 3 4 5 6 7 8 9 10
18 0 0 214 | 214 18 0 0 136 | 136

42 351 | 238 232 | 470 42 49.1 162 145 | 307
35 109.1 | 230 230 | 460 35 1784 | 142 144 | 286
32 641 | 229 229 | 458 32 105.0 | 142 143 | 285

2 17.2 | 222 222 | 444 2 49.8 137 140 | 277
36 1111 | 230 230 | 460 36 1495 | 148 144 | 292
19 125.6 | 220 214 | 434 1 3804 | 144 144 | 288

1 852 | 236 230 | 466 5 16.4 144 142 | 286

5 253 | 227 226 | 453 11 56.3 146 144 | 290
11 171 | 230 230 | 460 10 20.4 144 144 | 288
10 344 | 230 230 | 460 19 3.1 157 135 | 292
40 434 | 233 233 | 466 40 60.8 163 145 | 308

8 189 | 229 229 | 458 8 38 142 143 | 285
29 755 | 229 229 | 458 29 169.3 | 144 143 | 287
17 179 | 234 234 | 468 17 145 148 145 | 293
31 121 | 227 227 | 454 31 40.7 139 142 | 281
23 301 | 218 215 | 433 51 14.4 144 143 | 287
51 8.0 234 228 | 462 49 374 142 142 | 284
24 8.8 222 216 | 438 43 45.3 146 144 | 290
27 13 228 224 | 452 27 3.4 139 141 | 280
49 9.5 227 227 | 454 33 85.1 151 146 | 297
21 263 | 223 214 | 437 34 14.3 141 144 | 285
43 6.9 240 231 | 471 46 17.3 144 144 | 288
22 22.6 | 226 216 | 442 28 38.8 145 144 | 289
34 8.7 236 230 | 466 30 60.9 142 143 | 285
33 25 235 235 | 470 25 37.6 142 142 | 284
28 30.7 | 230 230 | 460 23 25.0 148 136 | 284
46 105 | 230 230 | 460 15 2.8 162 145 | 307
30 23.1 | 228 228 | 456 37 2.6 140 142 | 282
25 21.4 | 227 227 | 454 | 241 17.9 143 137 | 280
37 179 | 227 227 | 454 48 4.9 156 142 | 298
15 48.6 | 233 233 | 466 45 80.3 143 143 | 286
48 38 227 227 | 454 14 404 146 144 | 290
20 172 | 223 214 | 437 41 2.9 142 143 | 285
41 153 | 234 228 | 462 44 53.0 146 144 | 290
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14 5.3 231 231 | 462 3 146 | 138 141 | 279
45 9.1 228 228 | 456 39 4.2 150 146 | 296
3 168 | 225 225 | 450 7 35.0 | 141 143 | 284
39 294 | 234 | 234 | 468 21 69.5 | 156 135 | 291
44 223 | 232 231 | 463 22 147 | 138 137 | 275
7 278 | 229 229 | 458 47 547 | 162 143 | 305
47 110.1 | 228 228 | 456 52 349 | 140 141 | 281
52 139 | 226 226 | 452 16 10.3 | 149 145 | 294
16 284 | 233 233 | 466 12 55.3 | 142 144 | 286
12 256 | 230 230 | 460 9 150.2 | 144 143 | 287
26 321 | 227 227 | 454 26 5.5 141 142 | 283
9 4.8 229 229 | 458 6 110.3 | 143 142 | 285
6 118.0 | 228 228 | 456 20 284 | 155 135 | 290
50 220 | 226 226 | 452 50 109 | 161 142 | 303
4 220 | 226 226 | 452 4 135.2 | 142 142 | 284
13 162.0 | 219 219 | 438 38 265.2 | 148 147 | 295
38 29.9 | 232 232 | 464 13 474 | 132 138 | 270
Total Total
AV, 11,675(11,801 (23,476 AV, 7,446 | 7,394 (14,840
m/s m/s
Tot.dur., 1,784 Tot.dur., 2,928
days days
Table 10-25
Circular DO Elliptica DO
Tota AV, m/s Tota AV, m/s
Flyby Dur. at | Transf. Flyby Dur. at | Transf.
order DO, | from |Transf.| YAV order DO, | from |Transf.| YAV
days | DOto [ toDO | m/s days | DOto [ toDO | m/s
object object
1 2 3 4 5 6 7 8 9 10
10 0 0 171 | 171 10 0 0 116 | 116
9 71 247 42 | 289 9 924 | 253 25 | 278
8 97.3 | 147 115 | 262 3 94.8 | 180 69 | 249
3 6.7 272 104 | 376 11 2388 | 176 19 195
11 3215 | 149 34 | 183 1 3316 | 102 49 151
1 2454 | 92 76 | 168 4 949 | 279 163 | 442
4 54,6 | 300 | 238 | 538 7 514.7 | 151 145 | 296
7 2383 | 222 213 | 435 2 355 | 208 184 | 392
6 328 | 163 96 | 259 6 143 | 210 64 | 274
2 263 | 325 | 270 | 595 8 722 91 76 167
5 822 | 257 41 | 298 33 1149 | 139 104 | 243
45 1923 | 365 | 291 | 656 39 1211 | 111 40 151
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33 6.9 260 153 | 413 45 41.9 392 199 | 591
39 60.0 103 63 166 26 13.6 195 142 | 337
26 142.0 | 246 209 | 455 25 80.3 127 96 223
46 32.9 102 94 196 27 76.9 114 107 | 221
43 16.2 149 149 | 298 43 14.0 99 100 | 199
25 3.6 148 142 | 290 31 16.0 102 83 185
27 34.2 160 158 | 318 24 5.4 109 100 | 209
35 45 130 129 | 259 35 16.9 81 87 168
31 2.9 125 124 | 249 21 72.6 141 28 169
24 28.2 149 149 | 298 28 65.8 325 94 419
21 68.5 115 45 160 46 429 209 62 271
37 372.2 66 52 118 37 21.3 123 33 156
28 110.4 | 297 139 | 436 38 351.8 | 185 110 | 295
38 14.5 217 162 | 379 16 102.1 | 122 92 214
34 96.3 183 181 | 364 18 95.8 78 67 145
44 6.1 158 157 | 315 34 29.6 188 123 | 311
16 16.9 157 136 | 293 44 50.3 100 106 | 206
18 44.6 105 101 | 206 5 163.5 | 106 22 128
32 497.3 | 188 156 | 344 32 2447 | 161 105 | 266
41 80.9 125 122 | 247 14 91.7 126 67 193
14 37.9 120 100 | 220 41 236.3 | 118 82 200
36 1285 | 154 132 | 286 13 141.5 95 89 184
13 100.1 | 138 132 | 270 36 22.6 107 89 196
40 11.7 213 185 | 398 15 95.7 132 45 177
15 32.2 173 70 243 17 163.1 | 226 136 | 362
17 65.1 246 200 | 446 40 55.5 122 126 | 248
29 43.0 143 55 198 29 108.9 | 181 35 216
30 500.1 | 146 122 | 268 30 [1,067.0f 128 82 210
19 1134 | 132 132 | 264 19 27.3 92 89 181
20 170.1 | 102 51 153 20 346.3 | 105 32 137
22 2195 | 141 117 | 258 22 915.7 | 125 78 203
12 488.7 | 366 301 | 667 12 469.8 | 334 206 | 540
23 10.6 218 184 | 402 23 256.9 | 164 125 | 289
42 2389 | 144 48 192 42 7409 | 158 29 187
Total Total
AV, 8,158 | 6,141 (14,299 AV, 7,070 | 4,120 |11,190
m/s m/s

Tot.dur., 5167 Tot.dur., 7.970
days days
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10.2.14. Comparison of the Flyby Results Obtained
by the Other AuthorsUsing the Second Scheme

The LSO flyby using the second scheme is examined to the fullest
extent possible in the work of Braun, Flegel, Gelhaus, and Kebschull et al.
(2013, 1638-1648) for active spacecraft types with chemical or electro-
rocket engines. Despite the use of different approaches for the propagation
of orbital motion in the work of Baranov, Budyansky, Chernov, and
Golikov (2015, 4-19) and Braun, Flegel, Gelhaus, and Kebschull et al.
(2013, 1638-1648), similar results were obtained. These results are
connected to the determination of the duration for which the DO apogeeis
in the operationa zone of the spacecraft orbits. the DO apogee for the
considered LSO groups descends to an atitude less than 700 km in
approximately 10 years time. Meanwhile, the risk of collision of an object
transferred to the elliptical DO with other objects during this time is 50 %
less in comparison to the initial value calculated for the initial LSO orbit
(Braun, Flegel, Gelhaus, and Kebschull et al. 2013, 1638-1648). The
statement about the excessively long duration of the passive standby of the
active spacecraft in the DO is not exactly correct (Braun, Flegel, Gelhaus,
and Kebschull et al. 2013, 1638-1648). As can be seen in tables 10-21 to
10-23, this has been fully determined by the current configuration of the
group object orbital planes and may vary from several hours to several
months. The required total delta-v expenditure for the transfer of 5 objects
with similar orbits is 200-300 m/s less in comparison (Braun, Flegel,
Gelhaus, and Kebschull et al. 2013, 1638-1648). This can be explained by
the choice of an optimal manoeuvring scheme. The elliptical DOs have
similar parametersin both cases.

10.2.15. Comparison with Results of Flyby Manoeuvre
Determination for Groups 1-5 Using the First Variant

The results of the flyby for the first three groups using the two schemes
and the results of the flyby for the last two groups using the first scheme
(with the branch subdivision) are listed in table 10-26. In the third and
fourth columns, the first value is for the flyby using the first scheme and
the second value is for the flyby using the second scheme. Total delta-v
expenditures for the LSO flyby in the case of the first and third groups
with the use of the second scheme exceed total delta-v expenditures with
the use of the first flyby scheme by 2.4 and 1.5 times, respectively. The
total delta-v expenditures in the case of the second group are dightly
higher too. The first group flyby time with the use of the second schemeis
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2.8 times smaller than the flyby time with the first scheme. The flyby
durations in the case of the second and third groups with the use of both
schemes are practically the same. It is not entirely valid to compare the
flybys of the fourth and fifth groups: with the use of the first scheme the
flyby is carried out simultaneously by the three spacecraft. The second
scheme flyby suggests that the active spacecraft will perform the de-
orbiting manoeuvre while being attached to a captured object with a mass
of up to 1 ton. Hence, even if the required total delta-v is the same for both
schemes, the realization of the second scheme will demand a bigger fuel
budget and, thus, a greater number of spacecraft-refuelers in comparison
to the first scheme.

Table 10-26
. Number of
Group Object Totd AV F_bey spacecraft for the
number m/s duration days fi
irst scheme
1 23 2,233/5,207 3,318/1,206 1 SC+2 (1) Spare
2 11 1,540/1,834 1,570/1,718 1 SC+1(0)
3 28 4,213/6,291 3,744/3,179 1 SC+3 (1) Spare
Table 10-26 continued
. Number of
Group Object Total AV F_bey spacecraft for the
number m/s duration days fi
irst scheme
12 540 3,148 1 SC+1 (0) Spare
4 10 358 3,522 1SC
30 7,218 2,180 1 SC+3 (2) Spare
18 1,891 2,942 1 SC+2 (1) Spare
5 12 767 3,476 1 SC+1 (0) Spare
16 4,450 1,723 1 SC+1 (0) Spare
C_cr)lol:glﬂn 160 9 SC+14 (5) Spare

It is only possible to approximately determine the required number of
refuelers for the second scheme at the stage of preliminary analysis;
however, it is clear that it will be at least 10. Thus, the advantage of the
second scheme is the reduced duration of object flyby in the case of the
first three LSO groups. At the same time, the first scheme is poorer in the
aspects of energy costs and the number of additional refuels.
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10.2.16. Conclusions on Flyby Strategy for All Five Groups
Using 2 De-Orbiting Variants

The following conclusions can be made.

Using the NORAD catalogue of space objects, five compact groups of
L SOs can be distinguished. The elements of the groups have orbits with
close inclinations.

The RAAN deviation evolution, plotted for the specific LSO group,
allows us to choose an adequate strategy for the flyby of objects of this
group: the strategy of consequent flybys (groups 1-3) or the strategy of a
combination of diagona and consequent flybys (groups 5 and 4).

The use of optimal manoeuvring schemes (from the chapter 7) and the
compromise flyby duration (the algorithm is described in this paragraph)
alow us to gradually reduce the total delta-v expenditures in the case of
the consequent flyby.

The use of the diagona flyby scheme allows us to reduce the number
of performed manoeuvres and the total delta-v expenditures for the flyby
to the objects of the group in comparison to the consequent flyby.

The advantage of the second scheme is the reduced duration of the
object flyby. At the same time, it is poorer in terms of energy costs and the
number of additional refuels required.

Nine SV-collectors and 14 spacecraft-refuelers are needed for the
removal of approximately 160 objects of the five considered groups using
the first scheme (Castronuovo 2011, 848-859).

At present, some works’ imply the use of up to 25 TDKs on one SV-
collector, which is clearly redundant for the removal of LSOs from their
orbits (Lewis and White 2014, 1195-1206). However, the number of
TDKs (6-7 units) on one SV-collector is clearly not enough (Castronuovo
2011, 848-859). If the number of TDKs s increased up to 11-12 units, the
number of spacecraft-refuelers necessary for LSO flybysfor al groups can
be decreased from 14 to 5.

The necessary total delta-v budget for one spacecraft (2,300 m/s) was
determined with high accuracy in Castronuovo (2011, 848-859).

To maintain the pace of annual LSO removal (4-5 objects), having at
least two functioning SV-collectors is recommended.

It is better to solve the problem of LEO decontamination in an
integrated fashion by removing severa compact groups of LSOs

7 “Rocket Space Company Ad AstraTM, Low Earth Orbit Large Debris Removal
Using VASIMR®".
http://www.adastrarocket.com/aarc/ SpaceCl eaner
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simultaneously. Thus, the spacecraft used for cleaning LEOs should have
total delta-v of 2,300 m/s and 12 TDK's on board.

10.2.17. Optimal Schemesfor Flybys between Space Debris
Objectsin Geostationary Orbits

The problem of re-orbiting space debris objects (SDO) from the
vicinity of the GEO region is also extremely important. The problem of
determining the transfer schemes between space debris objects in the
vicinity of the GEO region with the goal of their transfer to disposal orbits
(DO) has been considered. It was supposed that an active spacecraft-
collector (SV-collector) performs flybys between target objects (87 upper
stages). Two re-orhiting variants were considered. For the first re-orbiting
variant, each target object is re-orbited into a DO with specia detachable
modules—TDK's mounted on the SV-collector. For the second variant, the
object is pushed to a DO by the collector itself, which then movesto a new
space debris object from the previous object’s DO.

The geometrical peculiarities of relative orbit positioning in the near-
equatorial region and two transfer schemes between space objects were
considered. For the first scheme, a transfer is executed when the orbits
have the same inclination near the equator and for the second scheme
when the orbit of the next object has the smallest inclination.

The calculations show that both schemes are practically equivalent in
terms of both average AV for atransfer and flyby duration; however, not
all objects under consideration can be covered during the transfer in the
moment of coincidence of inclination.

Distinct from low orbits (in which it is preferable to use TDKY), it is
more beneficial to follow the second variant for re-orbiting SDOs from the
GEO region (i.e. using the SV-collector itself without TDKSs). This
problem has been thoroughly considered in Baranov and Chernov (2019,
220-228) and Estes and Foster (1992).
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