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Preface

This book is pedagogical in nature and will provide a firm foundation in the under-
standing of financial economics applied to asset pricing. The covered materials in-
clude analyses of stocks, bonds, futures, and options. Existing highly cited finance
models are explained and useful references are provided. The discussion of theory is
accompanied by rigorous applications of econometrics. Econometrics contain eluci-
dations of both the statistical theory as well as the practice of data analyses. Linear
regression methods and some nonlinear methods are covered.

The contribution of this book, and at the same time, its novelty, is in synergisti-
cally employing materials in probability theory, economics optimization, economet-
rics, and data analyses together to provide for rigorous learning in investment and em-
pirical finance. This book is written at a level that is academically rigorous for masters
level as well as advanced undergraduate courses in finance, financial econometrics,
and quantitative finance. It is also useful for finance and banking professionals who
wish to better equip themselves.

June 2022 Kian Guan Lim

https://doi.org/10.1515/9783110673951-201
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1 Probability Distributions

1.1 Basic Probability Concepts

Probability is the mathematics of chances defined on possible events happening.
A sample space Q is the set of all possible simple outcomes of an experiment where
each simple outcome or sample point w; is uniquely different from another, and each
simple outcome is not a set containing other simple outcomes, i. e., not {w;, w,}, for
example. An experiment could be anything happening with uncertainty in the out-
comes, such as throwing of a dice in which case the sample spaceis Q = {1,2,3, 4,5, 6},
and w; = jforj = lor2or3or4or5or 6, ora more complicated case of in-
vesting in a portfolio of N stocks, in which case the sample space could be Q =
{(R},...,RY),(RS...,RY),...... } where R]’f denotes the return rate of the kth stock un-
der the jth outcome. Another possible sample space could be Q = {R? ,Ré’ ,R}; s },
where Rf = % ZI,L R]’-‘ denotes the return rate of the equal-weighted portfolio P under
the jth outcome.

Each simple outcome or sample point w; is also called an “atom” or “elementary
event”. A more complicated outcome involving more than a sample point, such as
{2, 4, 6} or “even numbers in a dice throw” which is a subset of Q is called an event.
Technically, a sample point {2} is also an event. Therefore, we shall use “events” as
descriptions of outcomes, which may include the cases of sample points as events
themselves.

As another example, in a simultaneous throw of two dices, the sample space con-
sists of 36 sample points in the form (i,j) € Q where each i,j € {1,2,3, 4,5, 6}. An event
could describe an outcome whereby the sum of the two numbers on the dices is larger
than 8, in which case the event is said to happen if any of the following sample points
or simple outcomes happen, (3, 6), (4,5), (4, 6), (5, 4), (5,5), (5, 6), (6,3), (6,4), (6,5), and
(6,6). This event is described by the set {(3, 6), (4, 5), (4, 6), (5, 4), (5,5), (5, 6), (6, 3), (6, 4),
(6,5),(6,6)} ¢ Q. Another event could be an outcome whereby the sum of the two
numbers on the dices is smaller than 4, in which case the event is described by
{(1,1),(1,2),(2,1)} ¢ Q. Another event could be “either the sum is larger than 10 or
smaller than 4”, and represented by {(5, 6), (6, 5), (6,6), (1,1), (1,2), (2,1)} c Q. Thus, an
event is a subset of the sample space.

1.1.1 Collection of Events

Suppose there is a sample space Q = {a;,a, as, ..., as}. We may form events E; as fol-
lows

E; ={a;, a5}

E2 = {613, a4, a5, a6}

https://doi.org/10.1515/9783110673951-001
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E3 = {ap a, (13}

E, ={a,, a5, a}

¢ = {}, or the empty set, and Q itself are also events. All these events are subsets of Q.
The set of events is also called a collection of events or a family of events. (It is
really a set of subsets of Q.) We denote the collection by

F = {¢) Q, El;szEg,)EL;}

If a collection F satisfies the following 3 properties, it is called an algebra or a
field:
(1a) Qe F
(1b) IfE; € F, then ch €F (ch is the complement of E;.)
(Ic) IfE; € F and Ej € F, then E; JE; € F

If there is an infinite sequence of E, € F, and if | J2, E, € F, then F is called a
o-algebra or o-field in Q. A o-field is a field that is closed under countable unions.
A field describes all possible events that can happen, including events that represent
the non-occurrence (complement) of some events. Therefore each event in a field can
be represented by a chance or probability measure. It will include a zero chance if it
is an empty set ¢.

For association between sets, we need to formalize the idea of mapping. A map
is a function. A function f(x) assigns to an element x € D(f), where D(f) is called the
domain set of f, a unique value y = f(x) € R(f), where R(f) is called the range set of f.
Itis written f : D(f) — R(f) (set to set) or equivalently, f : x — y (element to element).

A function f(x) = yisinjective if and only if each unique element in D(f) is mapped
(paired) to a unique element in R(f). This is also called one-to-one function. There
may exist elements in R(f) that are not paired to any element in D(f). If all elements
in R(f) are mapped onto from elements of D(f), the function is surjective. In this case
there may be different elements in D(f) that mapped onto the same element in R(f).
A function that is both injective and surjective is called bijective (or one-to-one corre-
spondence).

A probability measure P is a function mapping F into the unit interval [0,1], P :
F — [0,1], or equivalently P : E € F — x € [0, 1], such that
(2a) O <P(E) <1forE e F
(2b) P(Q) =1
(2c) For any sequence of disjoint events E,, of 7
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A probability measure is in general neither surjective nor injective. However, there are
examples in which the probability measure is injective, e. g., the number of years n
in which a firm survives before going bankrupt or closing down has a probability of
(1 - p)"p where p > 0 is the constant probability of default or closing down given
that it survived the previous year. The triple (Q, F, P) is called a probability space.
The probability space is a minimal structure for a formal analysis of events and their
chances of happening in a static framework.

For finite sample space, the probability measure P poses no problem as each of the
finite number of outcomes or sample points can carry a strictly positive probability
number or P-measure. For example, if there are N equally likely occurrences in an
experiment, each sample point has probability % > 0, no matter how large N is.

However, in a continuous sample space, where events can be points on a real line
[A,B] € R, A < B, we cannot assign a positive probability measure g to each of the
points like in a finite sample space. We know that a rational number is countably in-
finite or denumerable, which means the set of rational numbers can be put in a one-
to-one correspondence with natural numbers. Real numbers in [A, B] are a lot more
in quantity than natural numbers (1,2,3,...); they are uncountable or nondenumer-
able. If each point or “elementary event” on [A, B] has a probability g > 0, then the
total of all probabilities of the outcomes of the real numbers in [A, B] is infinite. Hence
P(Q) = 1in (2b) is not satisfied.

For continuous sample space, the “elementary events” have to be made up of
something else, e. g., half-open sets (4, B] with A < x < B. In this case, A < B. Each
simple event as in (A4, B] has a non-zero length B — A > 0 which can be used to con-
struct the probability measure, no matter how infinitesimally small the measure is.
This “length” is also called a Lebesgue measure. As an immediate application of the
Lebesgue measure, if an integral is taken over an indicator function f on support [0, 1],
where

f(x)=1 ifx € [0,1] is a rational number

=0 otherwise

the Riemann integral cannot be found. However, using the idea that this integral is ba-
sically the sum of 1x the total lengths of the rational numbers on [0, 1], since Lebesgue
measure of all these total lengths is zero, the Lebesgue integral of the above is zero.
Another famous case of measure-zero set is the Cantor set where the elements are in-
finitely many, but they all add up to zero length. Half-open sets w ¢ R and events
equal to their intersections or unions that form elements of F are also called Borel
sets on the real line.

In the above, we can define the probability of an event of half-open interval (4, B]
as g(A,B) x (B — A) where g(A4,B) < co is a function of A and B. Indeed such a func-
tion g(A, B) can be found using the mean value theorem for integration on a contin-
uous probability distribution, i. e. a continuous sample space on R with a probabil-
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ity measure defined on it. Suppose f(x) is the probability density function on x € R.
The mean value theorem states that there exists a real number ¢ € (4, B] such that
Lf f(x)dx = F(B) — F(A) = f(c) x (B — A) where F(-) is the cumulative distribution
function (cdf), F(B) — F(A) is the probability of event of half-open interval (4, B] or
P(A < x <B),and g(4,B) = f(c) = HB-EA,

Given the probability space (Q, J—" P) comprising half-open intervals E,, as “el-
ementary events”, the o-field F contains events (as its elements) such as J,2; E,
But property (1b) of a o-field implies (Un2y En)° is also an element of F. By De Mor-
gan’s Law, (poq Ep)¢ = ﬂn 1 . If E, is an increasing interval, i.e. E,,; > E,, then
P(Up4 Ey) = 1and P(N,24 Ey) 0 The latter event is a point. Technically, it is possible
to assign a probability of zero to measurable sets that can be constructed as events in
the field 7.

1.1.2 Random Variables

In a horse race involving 6 horses, simply called A, B, C, D, E, and F, a simple outcome
of the race is a 6-tuple or 6-element vector viz. wg = (B,D,F, A, C,E) denoting horse
B coming in first, D second, and so on. Assuming there is no chance of a tie, and no
horse drops off, there are 6! permutations or 6x5x4x3x2x1 = 720 possible outcomes.
However, for most people going to the Sunday derbies to wager, they are more inter-
ested in some function of the simple outcomes rather than the simple outcome itself.
For example, if they had wagered on horse B for a payout of 3 to 1 for the winner, then
the variables relevant to them are the returns to their wager.

There are 5! = 120 permutations with B as winner or a return rate of 200 %. There
are 5 x 5! = 600 permutations where B is not a winner or a return rate of —100 %.
The function f : wg — 200 %, if wy is a 6-tuple (B, ...), otherwise —100 %, is called a
random variable.

Formally, let (Q, 7, P) be an arbitrary probability space where F is a o-field or
collection of measurable subsets of Q, or collection of events. Let X be a real-valued
function on F; in other words, X : 7 — RorX : E € Q — x € R, where E is an event.

X is a random variable (RV) if it is a measurable function from Q to R. It is a mea-
surable function if for any Borel set A ¢ R, its inverse

X'A) = {w:X(w) A} e F

Hence, X"1(A) is seen to be an element of F or a subset of Q that is measurable or that
can be assigned a suitable probability. (Note that X(4) can be ¢ ¢ F.) In other words,
if the probability distribution of a RV X is (adequately) defined, there is a surjective
mapping from the F in (Q, F, P) to each x € X. If not, the RV is not well-defined.
Sometimes, when a RV is defined, it may not be necessary or convenient to refer to
the more fundamental algebra F from which the RV is derived. In the example above,
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each horse race permutation may be the simple event w; € Q. However, the relevant
RV outcome is either the return rate —100 % or Ry % if the bet is on horse K. Or we can
simply take the sample space as Q = {-100 %, Rx%]}, and directly define probability
on the RV. In the same way that investment problems are studied by considering the
stock i’s return rate r; as a RV taking values in [-1, +00), we can regard the sample
space as Q = [-1, +o0) ¢ R. Now, X is a simple RV if it has a finite number of values of
X(w) = x, for each real x € R that is finite, and if E, = {w : X(w) = x} € F. Graphically,
this can be depicted in Figure 1.1 as follows.

reER

E;

S}

E,

Figure 1.1: A Simple RV Function.

A note about the notation of a random variable is in order. A RV X takes different possi-
ble values x each with a particular probability P(x). Thus a RV is sometimes differenti-
ated by having a tilde sign above the alphabet. When we take expectation, we usually
write E(X); but the equivalence in integration uses fx dF (x) since cdf function F(-) is
defined on a value x. However, fixing notations in complicated equations can be te-
dious. We shall typically not use any differentiating signs and let the readers infer if it
is a RV or its value in the context of the equations.

An example of a commonly used simple RV is the indicator variable 1,4, where
this RV takes the value 1 when realized event w is in set A, and O otherwise. The indica-
tor variable is a useful tool in developing analytical solutions to some probability prob-
lems. For example, E(1,4) = P(A). This allows the concepts of expectation and prob-
ability distribution to be interconnected. A more general simple RV is X = Zﬁl Xily,
where X takes value x; in the event 4; = {w : X(w) = x;} € F,and A;n A; = ¢, fori #j.
Simple RVs are easily measurable. Another example is as follows. Since E;, = (—00, b]
is a Borel set in R, a measurable RV X can be defined as a mapping X : Q — R such
that for any event Ej, € Q, X(E})) =b € R.

1.1.3 Distribution Function

The probability distribution function, also called cumulative distribution function of
a random variable X is a mapping from R to [0, 1] defined by F(b) = P(X < b). This
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6 —— 1 Probability Distributions

distribution is a fundamental tool in statistical analyses. A distribution function has

the following properties:

(3a) Fis anondecreasing (or monotone increasing) function, i. e. ifa < b, then F(a) <
F(b)

(3b) limy,_,_., F(b) = 0 and lim,_,,  F(b) =1

(3c) Fisright continuous, i.e. Vb € R, limp, o F(b + h) = F(b)

If the cdf is continuous (without jumps), then it is both right continuous and left
continuous, i.e., limy o F(b + h) = F(b) = limy o F(b — h). This allows its derivative
to be obtained at every point x, i.e., % = f(x) where f(x) is the probability density
function (pdf) of X. f(x) is a non-negative function. To find probabilities of events
on X, we require integration over the pdf, e.g., P(a < x < b) = f; f(x) dx. This is
of course j: dF(x) = F(b) — F(a). Note that the probability of any single point x in a
continuous cdf is zero.

However, sometimes a pdf may not exist even if the cdf exists, e. g., a cdf defined
on a Cantor set where the cdf function has no derivative on the points of the Can-
tor set. Thus cdf is a more general and robust way of defining a probability distribu-
tion that allows for jumps. Right continuity at b in (3c) facilitates a convenient state-
ment of evaluating the probability of a jump occurring at point b, i.e. P(X < b) —
P(X < b) = P(X = b), which is F(b) — F(b_). If we were to use an alternative convention
of left continuity, the probability P(X = b) = F(b) — F(b_) = 0. To capture this prob-
ability under left continuity, one would require use of a different definition such as
P(X < b) = F(b,), which is troublesome.

When a RV X is discrete, X takes only finitely many or countably many values, a;,
i = 1,2,.... The probability of event {X < a;} occurring is cdf F(a;) = ngal_ p(x). The
probability of a; occurring is p(a;) = F(a;) — F(a;—). In the above, p(x) is called the
probability mass function (PMF) for a discrete RV X. Note that pdf does not exist for
discrete distributions.

1.1.4 Some Moments

For a RV X, its nth moment is E(X") if it exists. The mean of X is its first moment when
n = 1. For a continuous RV X with pdf f(x)

+00

U=EX) = J xf(x)dx

-0

In the discrete case, it is given by

p=EX) =) xpx)
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where p(x) is the PMF. The variance of X is
o*(X) = var(X) = E(X — p)?

The moment-generating function (MGF) of RV X is

+00
M(6) = E(e™) = j P dF (x)
Differentiating M w.r. t. its argument 6
M'(0) = iE(e"X ) = E[i(eex)] = E[Xe%™]
de de
Likewise, the second derivative is
d d d
MII :_MI :_EXGX :E[_XGX]:EXZGX
(6) = 25M'(0) = ZpE(Xe™) = E| 25(xe™) | = E[x’e"]

Similarly, we can show %M(G) = E [X"eeX ]. Thus, the nth non-central moment
of X can be recovered by putting 6 = 0 in the nth derivative of the MGF M(6).
E(X"™) = E[X"e%] lo—o- If the moments are unique, then a moment generating function
is uniquely identified with a probability distribution.

The covariance of two jointly distributed (both realizations occurring simultane-

ously) RVs X and Y is
Oxy = Cov(X,Y) = E(X — ux)(Y — py)

The correlation coefficient of two RVs X and Y is (oxy)/(0x0y) where oy, oy are the
standard deviations (square roots of the variances) of RVs X and Y, respectively.

Continuous jointly distributed RVs X and Y have a joint pdf f(x,y). The marginal
distribution of any one of the joint RVs is obtainable by integration, viz.

£ () = jf(x, y)dy

y

Likewise for discrete RVs, the marginal PMF of RV X is

Py(x) = ) P(x,y)
y
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1.1.5 Independence

For discrete RVs X and Y, they are independent if and only if (iff) P(x,y) = Px(x)xPy(y).
For continuous RVs X and Y, they are independent iff f (x,y) = fx(x) x fy (¥).
When X and Y are independent, their covariance is

j j(x — w0y - Hy)f (oY) dx dy
y x

- j j(x — w0V - )y QO ) dx dy

y X

= [ = o[- mosooax ) ay
0

Therefore, independent RVs have zero covariance. However, the converse is generally
not true. For the case of normal RVs, zero correlation does imply independence. More
generally, a sequence of RVs X, X,, ..., X,, are independent if and only if (iff)

P(X, € ApXy €Ay Xy €AY
=P(X, € A) x P(X, € Ay)) x -+ x P(X,, € A,)

1.2 Probability Distributions

1.2.1 Binomial Distribution

Suppose we have an experiment or trial in which there are only two outcomes. Without
loss of generality, we call the two outcomes “head (H)” or “tail (T)” as in a coin toss.
This type of trial is also called a Bernoulli trial. The probability of H is p, while the
probability of T is therefore 1 - p.

Suppose the experiment is repeated and we perform N independent trials. Let X
equal the number of observed H’s in the N trials. X can take the values (outcomes)
0,1,2,...,N. The RV X is a binomial RV B(N, p) with parameters N and p, and the
discrete probability distribution of X is a binomial distribution. Note the surjective
mapping of events (H, T, T,...,T),(T,H,T,...,T),{T,T,H,...,T),....{T,T,T,...,H)
toX =1

For0<k<N,PX =k = (Mp*a-p"™*

i()pa-p
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N (N -1)! ; N-j
ZN(@ DI = )p'(l‘p) }

\.

(N - 1)! g »
Z( DI - n')p] ‘a-p

=1

N-1
_ (N -1)! i \N-1-i
=P _ZO<:'<N 1- z)'> a-p
N N-1-i
=NpZ( ; )p(l p" T =Np

i=0

In the same way, we can show 0)2( = Np(1 - p). The moment-generating function

of B(N,p) is
M) = E[e‘”‘]
- z (M-
N

= Z( ) )'(1-pN™

- [pe’ +a-p]"
From the MGF of X,

M ’ B
i T =M@ = Nipe + (1~ p)]" (e g = N
6=0

E(X*) =M"(0)

= (NN - D[pe’ + 1 - p)]" *(pe?)’ + M'0)}] g
= NN -1p*+Np
= (Np)* + Np(1 - p) = uy + Np(1 - p)

Hence, 0%(X) = E(X?) - [E(X)]* = Np(1 - p).

The Pascal arithmetic triangle shown in Figure 1.2 is closely associated with the
development of the binomial distribution. Each interior number on any line in the
Pascal triangle is the sum of the two adjoining numbers immediately above on the
previous line.

Pascal (1623-1662) showed that numbers on the triangle can be interpreted as
combinatorial numbers as in Figure 1.3. Pascal also showed that "*'C;, = "C;_; + "C;.
What is interesting is that each nth line on the Pascal triangle contains the (binomial)
coefficients in the expansion of (a + b)". The binomial distribution probabilities are a
special case of the binomial expansion wherea=pand b =1-p.
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1

1 1

1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
Figure 1.2: The Pascal Triangle.

0,

10y Yol

205, 20 20,
3Ch 30, 3¢ 30,
e 10, 10 10y 10,
5C, 50, 5, 5 50, 505

Figure 1.3: The Pascal Triangle, in Combinatorial Numbers.

1.2.2 Application: Games of Chance

Games of chance or betting games have been around since the dawn of human his-
tory, and are succinct examples of combinatorial probabilities. In a casino roulette
game, there are usually 38 (sometimes 37) numbers on the wheel, 00,0,1,2,...,36.
Even numbers are red and odd numbers are black. “00” and zero are green. There are
18 reds and 18 blacks to bet on. If green shows up, the banker wins all. A $1 bet on
a red (black) returns $2, including the bet amount, if red (black) turns up, or else $0
with the loss of the bet amount. For each color-bet, there are 20 losing numbers to 18
winning ones. John decides to try his luck on red numbers. He will put $1 bets 19 times
on red. What is John’s expected gain or loss after 19 games?

Assuming the wheel is fair, the probability of a win for John is 18/38. The proba-
bility of a loss is 20/38. His dollar win in each game is $1. His dollar loss in each game
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is also $1. Thus, John’s outcome in each game is +$1 with probability 18/38 and -$1
with probability 20/38.

Let Z be the number of wins after 19 games. Z can take any of the values 0,1, 2,...,
19. Let X be John’s dollar gain/loss after 19 games. X = Z x1+ (19 -Z) x (-1) = 2Z - 19.
Therefore, X takes values -19, -17,-15,...,-1,1,...,15,17,19, with a total of 20 possible
outcomes from B(19, ;—g).

After 19 games, his expected number of wins is E(Z) = 19 x % = 9. His expected $
gain/loss is E(X) = 2E(Z) —19 = -1.

In the casino game of craps, two dice are rolled. The rules are that if you roll a
total of 7 or 11 on the first roll, you win. If you roll a total of 2, 3, or 12 on the first roll,
you lose. But if you roll a total of 4, 5, 6, 8, 9, or 10 on your first roll, the game is not
ended and continues with more rolls. The total number in the first roll becomes your
“point”. This “point” is fixed for the game. If in subsequent rolls, you hit your “point”
again before you hit a total of 7, then you win. If you roll a total of 7 before your hit your
“point”, then you lose. The rolling would continue until your “point” is hit or else 7 is
hit. The game payoff is $1 for a $1 bet. You either win a dollar or you lose a dollar in
each game. One wins or loses against the casino or banker.

First, we list all the possible outcomes in Table 1.1. The outcomes represent the
total of the numbers on the two dice.

Table 1.1: Total of Numbers on Two Dice.

Total 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

There are 8 outcomes with “7” or “11” out of 36. Thus, the probability of a win out of a
first roll is 8/36. There are 4 outcomes with a “2”, “3”, or “12”. Thus, the probability of a
loss out of a first roll is 4/36. If the first roll is “4”, the game continues. The probability
of the next roll being “4” and thus a win is 3/36. The probability of the next roll being
“7” and thus a loss is 6/36. The game continues to a third and subsequent roll if the
total is not “4” or “7”. Thus, the probability of an eventual win if the first roll is “4” is
336+(1—33—6—3%)><316+(1—%—%)Zx%+(l—%—%)3x%+- -, Or 3%(1+§—2+[§—2]2+[§—2]3+- =) =
3 1

% X177 < % Notice that the idea of independence of the outcome in each roll is
~3%

assumed in the probability computations.
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The contingency table of the probabilities of the various outcomes is shown in
Table 1.2. In Table 1.2, the last column shows that the probability of winning equals
the probability of winning given first roll x probability of first roll.

Table 1.2: Outcome Probabilities in Craps.

Firstroll  Probability of first roll  Probability of winning given first roll  Probability of winning

4 3/36 1/3 1/36
5 4/36 4/10 4/90
6 5/36 5/11 25/396
8 5/36 5/11 25/396
9 4/36 4/10 4/90
10 3/36 1/3 1/36

Thus, the probability of winning in a game of craps by rolling is % +2x (% + 9% + 329—56).
This is 49.2929 %. The probability of loss is 50.7071 %. Thus, the casino has a 1.4142 %
advantage over your bet.

From a historical perspective, the Franciscan monk Friar Luca Pacioli (1445-1517)
posed the following question in 1494. In those early days there were no computers,
no video games, and no gadgets for people to play with, except perhaps coins. Two
players would spend their leisure time tossing a coin in a match. If a head came up in
a toss, player 1 won the game, otherwise player 2 won the game. The player who was
the first to win a total of 6 games won the match and collected the entire prize pool
that both had contributed to.

This sounds simple enough. However, Pacioli’s question was: how would the prize
pool be distributed if, for some reason, the games had to stop before the final winner
was determined? This problem posed in the late 1400s came to be known as “the prob-
lem of points”, and it remained unsolved for nearly 200 years until Fermat and Pascal
came along. The issue was to decide how the stakes of a game of chance should be
divided if that game was not completed for whatever reason. It appears that Pacioli
had proposed that if player 1 was up by 5 game wins to player 2’s 3 wins, then they
could divide the stakes 5/8 to player 1 and 3/8 to player 2. However, there were fierce
objections to this proposed solution.

Blaise Pascal (1623-1662) and Pierre de Fermat (1601-1665) began a series of let-
ters around 1654 that led to the solution of the problem of points and expansion of
the foundation for classical probability. Pascal’s solution can be represented by a bi-
nomial tree shown in Figure 1.4. The full dot indicates the current state of 5 wins and
3 losses for player 1 (or equivalently 5 losses and 3 wins for player 2). The empty dots
with number j indicate the completion of the match with j as winner.

Assuming that player 1 and 2 each has a probability 1/2 of winning in each game,
player 1 will end up winning in 3 possibilities: {6 wins, 3 losses} with probability 1/2, {6
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Figure 1.4: Binomial Tree for the Solution to the Problem of Points.

wins, 4 losses} with probability 1/4, {6 wins, 5 losses} with probability 1/8, and player
2 will win in only one possibility {6 wins, 5 losses} with probability 1/8. These 4 pos-
sibilities total up to a probability of 1. Hence, after 5 wins and 3 losses, player 1 has a
total probability of winning the match of 1/2+1/4+1/8 = 7/8 while player 2 has a prob-
ability of winning at 1/8. A more reasonable way of dividing the stakes is therefore 7/8
to player 1 and 1/8 to player 2.

The concept is akin to looking forward in expected risk-return relationships in-
stead of looking backward to sunk costs as in historical accounting.

1.2.3 Poisson Distribution

X is a Poisson RV with parameter A if X takes values 0, 1,2,... with probabilities

X

P(X:k) = F@

If we sum all the probabilities

0 2 3
ZP(X:k):e’A<1+£+A—+A—+~-->:e’}‘e’1:1
et 12 3

where we have used the Taylor series expansion of the exponential function e.
For a binomial RV B(N, p) where N is large and p small such that the mean of X,
Np = Ais 0(1), then

NI .
TIN- k)!k!pk(l -
k N-k

_LG) (1_£>
T (N-k)KI\N N

P(X =k)
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_NWN-1)--(N-k+ DA a-A/N)N
- Nk k! (1-A/N)k

when N is large. Parameter A denotes the average number of occurrences over the time
period whereby RV X is measured.
The MGF of a Poisson X(A) is

(o8] OXAX
M) = Ze i

,A z (/16

_ e—/te/\e _ e/\(e -1)

e)X

for all real values of 6.
Thus, the mean and variance of Poisson X(A) are found, respectively, as

= M'(0) = A%}, = 2,
o3 = M"(0) - )iy
_A[Ae29 /18 1)+e e e 1)”0 0 }JX

=AA+1D) -A% =2

The Poisson process can be motivated and derived from a few reasonable axioms
characterizing the type of phenomenon to be modeled.

A counting process N(t), t > 0, taking values 0,1, 2,... at different higher time
units t, is called a Poisson process if it has an occurrence rate A per unit time, where
at each occurrence the count increases by 1, and
(4a) NO)=0
(4b) N(t + h) - N(t) and N(t' + h) — N(t') are stationary regardless of t or ', and are

independent for t' > ¢ + h.
(4c) P[N(h) = 1] = Ah + o(h) for small time interval h
(4d) P[N(h) = 2] = o(h)

Properties (4c) and (4d) indicate that the probability of a single occurrence of event is
approximately proportional to the time that elapsed without an event. During a short
period of time h, the probability of more than one event occurring is negligible. Clearly,
(4b) indicates that the increments are stationary and independent, and thus memory-
less. In other words, what happened in a previous period will not affect the probability
of what will happen next.

Now

printed on 2/8/2023 6:26 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use



1.2 Probability Distributions = 15

P[N(t + h) = 0] = P[N(t) = O,N(t + h) - N(t) = 0]
= P[N(t) = O] P[N(t + h) - N(t) = 0]
=P[N(t) = 0] [1-Ah + o(h)]

Then
P[N(t + h) = 0] - P[N(t) = 0] _ B @
Y = -AP[N(t) = 0] + h
By definition, limy,_, %h) =0.
Let Py(t) = P[N(t) =0].Ash | O,
dPy(t)
a - Po®

Thus, d1n Py(t) = -Adt, hence

Py(t) = exp(-At) (1.1)

where P, (0) = 1.
More generally

Py(t +h) = Py(6)Po(h) + Py y()Py(R) + Py o(6)Po()
+ -+ Py(t)P,(h)
= (1= AR)P,(t) + AhP,_,(t) + o(h)

Then

P,(t+h) - P,(t h

% = AP, (t) + AP, ,(t) + #
Ash |0

dP,(t
dt( ) _ AP, (t) + AP,_(D)
Thus
[P (t) + AP, (t)] = A" P, (D)

So

%[e’“Pn(t)] =Ae"P, (1)

Suppose the solution is
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n
Mp L(8) = ():) , foranyt 1.2)

To prove by mathematical induction, by first putting n = 0in Eq. (1.2), Py(t) = exp(-At)
which is true as in Eq. (1.1). Second, forn =1

d
o [€"P,(t)] = AeM Py (t) =
Integrating w. r. t. t, e’"Pl(t) = At + c. Att = 0, probability of n = 1 arrival is zero, so
¢ = 0. Therefore, P,(t) = At exp(-At), which follows Eq. (1.2).

Next, suppose Eq. (1.2) applies for n = k — 1. So

A e A _ A
(k-1)! (k—l)!

—[eMPk(t)] =A"P, (1) = AeMe

Integrating w.r. t. t,

<At>k

At
Pi(t) = o

Since P, (0) = 0, ¢ = 0. Thus, Eq. (1.2) is also satisfied for n = k. By mathematical
induction, since n = 1in Eq. (1.2) is true, then n = 2 in Eq. (1.2) is also true, and so on,
forallt > 0.

Poisson events occur with a discrete time interval in-between that we call the in-
terarrival or waiting time between events. Let T,, for n = 1,2,..., be the interarrival
time between the (n — 1)th and the nth Poisson events.

P[T, > t] = P[N(t) = O|[N(0) = 0] = exp(-At) where P[N(0) = 0] = 1, from Eq. (1.1).
Then, T; has an exponential distribution with rate A. The cdf of RV T; taking a value
less than or equal to t is F(t) = 1 — exp(-At) for time ¢t > 0. Differentiating, its pdf is
Aexp(-At) for time t > O.

Its mean is

jot/\exp(—/lt)dt =- Itd(e“) = —[e’“(1 + t)]o _1

The variance is (%)2.

From the above, it is seen that when the interarrival time of events or occurrences
is exponentially distributed, the number of occurrences or events in a given time inter-
val has a Poisson distribution, and vice-versa. A Poisson process can also be defined
as an activity whose interarrival time has an exponential distribution. The exponen-
tial distribution is the only continuous distribution that has the memoryless property
in (4b). Here

P[T, > t,T; > t + h] = P[T, > t + h|T, > t]P[T; > t]
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or
P[T, > t+h] = P[T, - t > h|T, > }P[T; > t]

Since the exponential distribution of the waiting time until an event happens,
P[T, < t] = 1 - exp(-At), is only a function of the waiting time ¢ from the time of
the last event regardless of the past, therefore we can also write P[T; — t > h|T; > t] =
P[T| > h] = exp(-Ah) regardless of the time just past, ¢, and defining T} as the new
waiting time starting at t.

1.2.4 Application: Credit Default Swap

A credit default swap (CDS) is a traded market instrument whereby one party agrees
to pay a regular insurance premium X to a counterparty until such a time T; when the
reference asset defaults, e. g., a bond that fails to make interest or principal payments.
Upon default of the reference asset, the counterparty pays the insuree a one-time only
fixed compensation amount P and the contract is terminated. If by the maturity of
the CDS contract, T < T, the reference asset has not yet defaulted, the contract is
terminated. For simplicity, suppose there are only two insurance premium payments
until T, one at time ¢t = 0 (now) and the otheratt = %T . If default occurs, it is reported
tohappen possibly onlyatt = %T for(0< T' < %T) oratt = T for (% T < T' < T).Insurer
pays the compensation at the time when default is reported to have happened.

Using the exponential distribution to model the probability of no default of the
bond by time %T, P(T' > %T) = exp(—%/\T) where in this application A is sometimes
called the risk-neutral default intensity parameter. Similarly, the probability of no de-
fault of the bond by time T, P(T' > T) = exp(-AT). P(T' = 0) = 0. The probability of
default occurring during t € (0, % T]is1- exp(—%)lT), and the probability of default oc-
curring during t € (3T, T] is exp(-3AT) — exp(-AT). Hence the total probability of the
mutually exclusive but all-inclusive events {default by %T}, {default during (%T, T1},
and {no default by T}is 1.

The present value of expected insurance payments by the insurance buyer is
X[+ 6exp(—%)lT)] where 6 is the constant risk-free discount factor on $1 at time
%T. The present value of expected compensation payment is 6P [1 — exp(—%AT)] +
5°P [exp(—%AT) — exp(-AT)]. At the start of the CDS contract, a fair value of A is that
which sets the present value of expected payments equal to the present value of
compensation.

1.2.5 Uniform Distribution

A continuous RV X has a uniform distribution over interval (a, b) if its pdf is given
by
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a<x<bhb

foo= ” 9

otherwise

b- a 2(b a) 2

x? v¥-a a+ab+b2

b- a 3(b a) 3

b
J X 2@ _a+b
a
) [
a

Thus

@ +ab+b> (a+b} (b-a)
3 4 12

var(X) = E(X?) - [E®)]” =

There is a simple but useful theorem when the uniform distribution appears nat-
urally.

Theorem 1.1. Given any RV X with a distribution function F(X) = U, then U € (0,1) isa
RV with standard uniform distribution.

We provide proof for a more specific case where X is a continuous RV and F(x) is
continuous strictly increasing. The more general case can also be proved.

Proof. P(F(x) <y)=P(x < F *l(y)). Note that to each y, a unique F ’1(y) exists, since
F(y) is continuous strictly increasing. But P(x < F ‘1(y)) by definition is F(F ‘1(y)) =Y.

If F(X) is a RV denoted as U, then the above shows P(U < y) = y. Note that
0 <y < 1. But this is the characterization of a uniform U(0,1) distribution. Hence,
F(X)=UisU(0,1). O

A very useful application of this theorem is to enable the generation of random
values of X with any given cdf F(X) where its inverse could be computed. Generate a
random u from U(0, 1), then compute x = F ~1(u) to obtain the random value of X.

1.2.6 Normal Distribution

Consider jjocf el 'dy = I_OOO ey + I (;00 e Vdy = [el+y]900 | el—ylgoo — 2.
Fory > 0,y°=2ly|+2 = y*-2y+2 = (y-1)>+1 > 0.Fory < 0,y*-2ly|+2 = y*+2y+2 =
2
(y+1)*+1> 0.Then, y*-2|y|+2 > Oforall y. Or, -% < 1-|y|. Hence, jf;o eV Pdy < 2e,

2
and is bounded. This gives an idea that jjofj eV/ 2dy has an interesting value.

We first find I? = J_OZO .[—(2)0 exp(—xzzy *ydx dy. Changing to polar coordinates by
puttingx =rcosfandy =rsinf

2

itk

e "]\ dr do

Ot—.g
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where ] is the Jacobian matrix and |J| is its Jacobian determinant or simply “Jacobian”:

dx dx 9 ino
@ a0 cos@ -rsin .
Jy=| & 9@ ) =rcos’@+rsin’f=r
dy  dy sin@ rcos®
dr dae

Each bivariate point (x, y) has a one-to-one correspondence to (r, 8) on the polar
coordinate system.! Now

21 o
2
I’ = Je‘r Py drad = 2n
0

0

Hence,

1]
| ——|
—y
®
>
o
—_
N So
QU
<
| S

2
Thus, fzo \/%e‘y? dy = 1. Applying a change of variable y = ’%, we obtain

dx=1

[ 1 _u—mj
:LO'\/?T exp[ 2

1 _ ey’
sV &xpl-5a-1

We shall see that the normal distribution is indeed fascinating, if not one of the
most celebrated results in mathematical statistics, via the central limit theorem. It

so that the normal pdfis f(x) =

comes naturally from common phenomena such as aggregation and averaging. Its dis-
tribution is also found to describe well the frequencies of occurrences in natural pro-
cesses such as heights of people, 1Qs of students, spatial densities in plant growth,
and so on. Not surprisingly, it is also used in describing the distributions of stock re-
turns. While this is reasonable in normal times, it would appear from the many inci-
dences of market turbulence in history, that unquestioned application could be greatly
flawed. Even during normal times, stock returns generally display some skewness and

1 See Mood, Graybill, and Boes (1974) for transformations in probability distributions.
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a larger kurtosis or fatter tails than those of a normal distribution. Some more compli-

cated functions of the normal RV are often used to describe stock returns. In any case,

normal distributions are excellent basic pillars to more complicated constructions.
The MGF of a standardized (or “unit”) normal RV X ~ N(0,1) is

(o]
1 _1,2
M) = j e e dx
o

2

1

V2n

1 -6 6
:E J exp{—(x 5 ) +?}dx

Using the MGF, it can be shown that E(X) = 0, E(X?) = 1, E(X°) = 0, and E(X*) = 3.
A related distribution is the lognormal distribution. A RV X has a lognormal dis-
tribution when In(X) = Y is normally distributed:

v £ N, o?)

Then

EXX)=E(e") = J ¢ L\/_e‘ﬁ‘y‘”’zdy

B ovV2n
T 1
_L[(y—}l)z—Zazy]
= —e 2? dy
J oVt
—00
(o]
oV2n
-0
2
— ey+1/20

Similarly, it can be shown that var(X) = e? [ez"2 - e"z].

1.2.7 Related Distributions

Let X ~ N(0,1) be a standardized or unit normal RV. Then RV X? has a chi-square
distribution with one degree of freedom, i. e. 2. If X;, X, . . ., X are k-independent unit
normal RVs, then Y'¥ | X2 has a chi-square distribution with k degrees of freedom, i.e.
)(,2(. The degree of freedom here refers to the number of independent observations in

printed on 2/8/2023 6:26 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

1.2 Probability Distributions = 21

the sum of squares. If Y2 and Z* are two independent chi-square RVs with k; and k,
degrees of freedom, then their sum Y? +Z? is )(,fl +k,+ A chi-square RV is always positive
and its pdf has a right skew. The mean of X,f is k, and its variance is 2k.

An important result for statistical inference is found in the following lemma.

Lemma 1.1. IfX ~ N(u, 0?), X;fori=1,2,...,nareindependently identically distributed
RV draws of X, and S* = (n =)' YL, (X; - X)%, where X = n”' Y1 X;, then

(54

Proof. First we need to prove that X and S? are independent. X ~ N(u, 0%/n), so
- 1 n-1
X—X] = _(Xl +"‘+X]',1 +Xj+l + . +Xn) - TX]
o2 o2
1
~N< =D+ (n-1) —> :N<O ”Taz>

foranyj =1,2,...,n. For any such j,

N
N

(4 o

cov(X; — X, X) = cov(X;, X) - var(X) = Pl 0

Since X and X; - X Vj are normally distributed, zero covariances imply they are statis-

tically independent. Hence, X is also independent of (n — 1) ¥, (X; - X)? = S2.
Nextlet C = Y7, (*#)% Then,

- i((X X+ X - H))
(%)« 3 (52) 55 -

The last term above equals to zero (whatever the realizations), so C = Zl 1( )2
nX-p)’ (n-1S° 1)S + (X u
02

N
—

Il
.M:‘

I
—_

. The latter is equal to . The second term is the square of a unit

normal RV since X ~ N(u, 0%/n) and 1nvolves X.ltisa )(1 RV. But C is Xn Both these )(1

(nl

and 2 are independent as X and S? are independent. Hence Cis Xy O

We note that _/ ~ N(0,1). Another related distribution is obtained when this

\f
unit normal RV is divided by S/o. We obtain the RV s 7 \F Since S/ ~ 7 X" T, then

2
ﬁﬁ ~ N(0,1)/ % The normal RV in the numerator and the chi-square RV in the
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denominator are statistically independent. N(0,1)/ % is a Student’s t-distribution
RV with (n - 1) degrees of freedom, ¢,_;.
From Lemma 1.1, taking expectations, E[(n — 1)52/02] =E ()(,2[_1) = n - 1. Hence,
E(S?) = 0°. Therefore, S* = (n—1)"' ¥, (x; - X)? is the unbiased estimator of o°.
Suppose now X ~ N(uy,0?) and Y ~ N(uy,0?) where X, Y are independent RVs.
Observations x; and y; are independently drawn from these two RVs. Their unbiased

7\2 7\2
sample variances are, respectively, RVs S = Y7, (X;‘l__)l() and Sy = Y1 (Y;'n__? . Their

ratio is the F-distribution with two degrees of freedom, n - 1and m -1, i.e.,

Sy YmX -X%/(n-1)

S YL -DRm-1 "

The F RV is in fact the ratio of two independent chi-square RVs each divided by their

2
%. Note that 1/F is also a F RV. There is an inter-
m-1

esting relationship between the ¢t-distribution RV with k degrees of freedom and the F
RV. t = Fy .

respective degree of freedom,

1.3 Estimation and Hypothesis Testing

Statistics is a major part of applied probability. A large part of applied statistics is
about estimation of unknown parameters and about testing of statistical hypotheses
concerning the parameter values. Suppose a random variable X with a fixed normal
distribution N(u, %) is given. We do not know the value of the mean y and the vari-
ance 0. Therefore the task is to estimate y and o®. There are two common types of
estimates — point estimate and interval estimate.

Suppose there is a random draw of a number or an outcome from this distribution.
This is the same as stating that random variable X takes a (realized) value x. Let this
value be x;. Suppose we repeatedly make random draws and thus form a sample of n
observations: x;, X5, X3, . .., X,_1, X,. This is called a random sample with a sample size
of n. Each x; comes from the same distribution N(u, 6%).

We next consider a statistic, which is a RV and a function of the RVs X;, X,, ..., X,,,
thatis X = % Y, X;. Each time we select a random sample of size n, we obtain a re-
alization of this statistic x = % YL, x; which is a sample mean. In other words,  is a
realized value of RV X. With repeated or different samplings, we can obtain different
values of x. The probability distribution of X is called the sampling distribution of the
mean or the distribution of the sample mean.

Another common sample statistic value is the unbiased sample variance estimator

(X; - X)?

M=

SzzL
n—ll.

I
—_
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Its realized value s? is an unbiased estimate of the variance. Note we use “estimator” to
denote the statistic or RV, and estimate to denote the (realized or computed) value of
the statistic. The sample mean and the unbiased sample variance estimates are point
estimates. When the sample size n is large, these estimates may be close to the actual
pand o°.

Suppose X ~ N(u, %), its cdf is

x
=

ro0 = | (15 o

where f (%) is the standard normal pdf and z = X;—“ The standard normal cdf f(z) is
often written as ®(z). For the standard normal Z,

Pla <z <b)=D(b) - D(a)

The normal distribution is a familiar workhorse in statistical estimation and testing.
The normal distribution pdf curve is “bell-shaped”. Areas under the curve are associ-
ated with probabilities. Figure 1.5 shows a standard normal pdf N(0,1) and the asso-
ciated probability as area under the curve.

Total area from —oo to oo

pr

z =—-1.645 0

Figure 1.5: Standard Normal Probability Density Function of Z.

The corresponding z values of RV Z can be seen in the following standard normal
distribution Table 1.3. For example, the probability P(—co < z < 1.5) = 0.933. This
same probability can be written as P(-co < z < 1.5) = 0.933, P(-0c0 < z < 1.5) = 0.933,
or P(—oo < z < 1.5) = 0.933. This is because for continuous pdf, P(z = 1.5) = 0.

From the symmetry of the normal pdf, P(-a < z < 00) = P(-00 < z < a), we can
also compute the following:

P(z>15)=1-P(-0c0 <z <15)=1-0.933 = 0.067.
P(-00<z<-1.0)=P(z>10)=1-0.841 = 0.159.
P(-1.0 <z <15)=P(-c0 <z < 15) - (-0c0 <z <-1.0) =0.933 - 0.159 = 0.774.
P(z<-10o0rz=>15)=1-P(-1.0 <z < 15) =1-0.774 = 0.226.
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Table 1.3: Standard Normal Cumulative Distribution Curve.

z Area under curve z Area under curve
from —co to z from —co to z

0.000 0.500 1.600 0.945
0.100 0.539 1.645 0.950
0.200 0.579 1.700 0.955
0.300 0.618 1.800 0.964
0.400 0.655 1.960 0.975
0.500 0.691 2.000 0.977
0.600 0.726 2.100 0.982
0.700 0.758 2.200 0.986
0.800 0.788 2.300 0.989
0.900 0.816 2.330 0.990
1.000 0.841 2.400 0.992
1.100 0.864 2.500 0.994
1.282 0.900 2.576 0.995
1.300 0.903 2.600 0.996
1.400 0.919 2.700 0.997
1.500 0.933 2.800 0.998

Several values of Z under N(0, 1) are commonly encountered, viz. 1.282, 1.645, 1.960,
2.330, and 2.576.

P(z > 1.282) = 0.10 or 10 %.
P(z < -1.6450r z > 1.645) = 0.10 or 10 %.

P(z > 1.960) = 0.025 or 2.5 %.
P(z < -1.960 or z > 1.960) = 0.05 or 5 %.

P(z > 2.330) = 0.01 or 1%.
P(z < -2576 orz > 2.576) = 0.01 or 1%.

The case for P(z < —1.645) = 5% is shown in Figure 1.5.

Suppose we estimated the sample mean of a random sample of size n = 100 drawn
from X ~ N(u, 0%) as x = 0.08. This is a point estimate of U. Suppose the variance is
known, ¢° = 0.25. Then Z = ﬁ};o*o = é—g’; is distributed as N(0O,1). Suppose we
find a > O such that P(-a < z < +a) = 95%. Since z is symmetrically distributed,
P(-a <z)=975% and P(z < +a) = 97.5%. Thus a = +1.96.

Then,

X-H
P(-1.96 < < +196 ) = 0.
< 9 <0.05<+9> 95
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Re-arranging, P(x — 1.96(0.05) < u < X +1.96(0.05)) = 0.95. Or, P(-0.018 < u < 0.178).
The interval estimate of y at 95 % confidence level is thus (-0.018, 0.178). This is also
called the 95 % confidence interval estimate of u based on the observed random sam-
ple. Different samples will give rise to different confidence intervals. Given a sample,
there is 95 % probability or chance that the true u is contained in the estimated inter-
val.

In the above, suppose var(X) is not known. Suppose S” is the unbiased variance
estimator. Then,

X-p

S/vn
is distributed as t,,_;. We can find a > 0, such that P(-a < t,_; < +a) = 95%. Since t,,_,
is symmetrically distributed about zero, P(—a < tyg) = 97.5% and Prob(tyg < +a) =

97.5%. Thus a = +1.9842 (found from a t-distribution table).
Then,

)_(_
s/V100

Re-arranging, P(x — 1.9842(s/10) < u < X + 1.9842(s/10)) = 0.95. In this case suppose
sample mean and unbiased sample variance are computed as ¥ = 0.08, s> = 0.36.
Thus P(-0.03905 < u < 0.19905). The 95 % confidence interval estimate of u based on
the observed random sample is thus (-0.03905, 0.19905).

P<—1.9842 < < +1.9842> =0.95

1.3.1 Statistical Testing

In many situations, there is a priori (or ex-ante) information about the value of the
mean y, and it may be desirable to use observed data to test if the information is cor-
rect. yt is called a parameter of the population or fixed distribution N(, o). A statis-
tical hypothesis is an assertion about the true value of the population parameter, in
this case p. A simple hypothesis specifies a single value for the parameter, while a
composite hypothesis will specify more than one value. We will work with the sim-
ple null hypothesis H, (sometimes this is called the maintained hypothesis), which is
what is postulated to be true. The alternative hypothesis H, is what will be the case if
the null hypothesis is rejected. Together the values specified under H, and H, should
form the total universe of possibilities of the parameter. For example,

Hoﬁl,l:l
HAZIJ¢1

Given the sample values and sampling distribution, a statistical test of the hypothesis
is a decision rule based on the value of a test statistic to either reject or else not reject
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(informally similar in meaning to “accept”) the null H,. The set of sample outcomes or
sample values that lead to the rejection of the Hj, is called the critical region. The set
of sample outcomes or sample values that lead to the non-rejection of the H, is called
the acceptance region. The critical region in many cases can be easily specified when
the test statistic has a continuous distribution.

If H, is true but is rejected, a Type I error is committed. In colloquial parlance, this
may be called a false negative. If H; is false but is accepted, a Type I error is committed
or a false positive.

Suppose the test statistic has a t,,_; distribution. The statistical ruleon Hy : p = 1,
H, : u + 1, is that if the test statistic falls within the critical region (shaded), defined
as {t,_; < —aort,; >+a}, a > 0, as shown in Figure 1.6, then H,, is rejected in favor of
H,. Otherwise, H,, is not rejected and is “accepted”.

—a 0 +a

Figure 1.6: Critical Region Under the Null Hypothesis Hy : p = 1.

If H, is true, the probability of rejecting H, would be the area of the critical region,
say 5% in this case. If n = 100, P(-1.9842 < ty9 < +1.9842) = 0.95. Moreover, the
t-distribution is symmetrical, so each of the right and left shaded tails has an area of
2.5%. Using a left-tailed and a right-tailed critical region constitutes a two-tailed test
with a significance level of 5 %. The significance level is the probability of committing
a Type I error when H,, is true. In the above example, if the sample ¢-statistic is 1.787,
then it is < 1.9842, and we cannot reject H, at the two-tailed 5 % significance level.
Given a sample t-value, we can also find its p-value which is the probability under H,,
of |tyg| exceeding 1.9842 in a two-tailed test. In the above two-tailed test, the p-value
of a sample statistic of 1.787 would be 2 x P(tyg > 1.787) = 2 x 0.0385 = 0.077 or 7.7 %.
Another way to verify the test is that if the p-value < test significance level, reject Hy;
otherwise H, cannot be rejected.

In theory, if we reduce the probability of Type I error, the probability of Type II
error increases, and vice versa. This is illustrated in Figure 1.7.

Suppose H,, is false, and pu > 1, so the true ¢,_; pdf is represented by the dotted
curve in Figure 1.7. The critical region ty9 < —1.9842 0r tg9 > +1.9842 remains the same,
so the probability of committing Type II error is 1- sum of shaded areas. Clearly, this
probability increases as we reduce the critical region in order to reduce Type I error.
Although it is ideal to reduce both types of errors, the tradeoff forces us to choose
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-1.9842 0 +1.9842

Figure 1.7: Depiction of Type Il Error.

between the two. In practice, we fix the probability of Type I error when the prior belief
is that Hy, is true, i. e. determine a fixed significance level, e. g., 10 %, 5 %, or 1%. The
power of a statistical test is the probability of rejecting H, when it is false. Thus, power
=1-P(Type Il error). Or, power equals the shaded area in Figure 1.7. Clearly, this power
is a function of the alternative parameter value u # 1. We may determine such a power
function of u # 1.

Reducing significance level also reduces power and vice versa. In statistics, it is
customary to want to design a test so that its power function of u # 1 equals or exceeds
that of any other test with equal significance level for all plausible parameter values
u # 1in H,. If this test is found, it is called a uniformly most powerful test.

We have seen the performance of a two-tailed test. Sometimes, we embark instead
on a one-tailed test suchas Hy : p = 1, Hy : u > 1, in which we theoretically rule out
the possibility of y < 1,i.e. P(u < 1) = 0. In this case, it makes sense to limit the critical
region to only the right side. Thus, at the one-tailed 5 % significance level, the critical
region under H, is {statistic value of t5g 954, > 1.661} for n = 100.

Further Reading

Hogg, R. V., and A.T. Craig (1978), Introduction to Mathematical Statistics, Macmillan Publishing Co.
Mood, A. M., F. A. Graybill, and D. C. Boes (1974), Introduction to the Theory of Statistics,
McGraw-Hill.

2 See Hogg and Craig (1978) in Further Reading.

printed on 2/8/2023 6:26 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

2 Simple Linear Regression

2.1 Simple Linear Regression

A regression is an association between a dependent variable and other explanatory
variables. The idea of checking out the association is basically for two major purposes:
to provide some positive theory of how the dependent variable could be explained by,
not necessarily caused by, other variables, and a normative or prescriptive theory of
how to use the association to predict future occurrences of the dependent variable.
In this chapter we consider simple linear regression involving only one explanatory
variable. The dependent RV Y; takes realized values Y, Y>,... where i could denote
time index or cross-sectional index, e. g., different stock i, or different sample points
at different draws in repetitive sampling. The explanatory RV X; makes sense if the
bivariate cumulative probability distribution function cdf (X;, Y;) exists and is not null.
The explanatory variable X; should not be itself explained by Y; nor dependent on
parameters in the model explaining Y;; hence it is often termed as independent or
exogenous. In Figure 2.1, we show sample observations of Y and X variables.

Figure 2.1: An Association Between Variables X and Y.

The bold line shows an attempt to draw a linear line as “close” to the observed occur-
rences as possible. The line is an attempt to provide a model that is able to indicate
what is the associated Y; value if another different X; value is observed. Or, does it
make sense for us to draw a nonlinear line that fits all the sample points exactly as seen
in the dotted curve? Obviously not. This is because the bivariate points are just real-
ized observations of bivariate random variables. Perfect fitting is only possible when
the points are known ex-post. Drawing the dotted curve line through all the current
eight points is like a model with eight parameters, e. g., an 8-degree polynomial equa-
tion. The dotted curve in-between points is arbitrary here. When another sample point
(Xy, Yo) is drawn, the 8-parameter curve clearly will not fit the new sample point. The
8-parameter model is an over-fitted model with no clear economic sense.

https://doi.org/10.1515/9783110673951-002
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What we want is a straight line in a linear model, or else a curve in a nonlinear
model, that is estimated in such a way that whatever the sample, as long as the size
is sufficiently large, the line will pretty much remain at about the same position. This
will then enable purposes of (1) explaining ¥; € RVY given any X; € RV X, and (2)
forecasting given X;. When the sample size is small, there will be large sampling errors
of the model parameter estimates, i. e. the slope and intercept in Figure 2.1 of the fitted
line may change by alot when a different sample is drawn.

Therefore, the idea of a regression model (need not be linear), Y = f(X; 6)+¢, where
eisarandom error or noise, is one where parameter(s) 6 are suitably estimated as 6. 9 is
small in some statistical sense where g(.) is a criterion function. For example, g(z) = z?
is one such criterion function. Thus, a linear regression model does not fit random
variables X, Y perfectly, but allows for a residual noise ¢ in order that the model is not
over-parameterized or over-fitted. This would then serve purposes (1) and (2).

A linear (bivariate) regression model is:

Y;=a+bX; +e

where a and b are constants. In the linear regression model, Y; is the dependent vari-
able or regressand. X; is the explanatory variable or regressor. e; is a residual noise,
disturbance, or innovation. The i-subscript denotes a sample datum corresponding to
an ith subject. There could be a sample of N subjects (sample size N) and the regres-
sion is a cross-sectional regression (across the subjects). For example, Y; could repre-
sent the ith country’s labor output, and X; could represent the ith country’s average
schooling years. If a constant a has been specified in the linear regression model, then
the mean of e; is zero. If a constant has not been specified, then e; may have a non-zero
mean. It is common to add the specification that e; is i. i. d. This means that the prob-
ability distributions of e;, fori = 1,2,..., N, are all identical, and each is stochastically
(probabilistically) independent of the others.

Often the linear regression is on time series. Thus, Y; = a + bX; + e; where t is the
time index taking values t = 1,2,..., T. In this case, it is common to specify that e; is
stochastically independent of all other random variables, including its own lags and
leading terms, implying cov(e;, e; ;) = 0 and cov(e;, e;,;) = O fork = 1,2,3,...,00.
An even stronger specification is that e; is i.i. d. and also normally distributed, and
we can write this as n.i.d. N(y, 05). In trying to employ the model to explain, and
also to forecast, the constant parameters a and b need to be estimated effectively, and
perhaps some form of testing on their estimates could be done to verify if they accord
with theory. This forms the bulk of the material in the rest of this chapter.

It is important to recognize that a linear model provides for correlation between
Y, and X, (this need not be the only type of model providing correlation, e. g., non-
linear model Y; = exp(X;) + e; also does the job) as we see occurred in joint bivari-
ate distribution (X, Y). For example, in Y, = a + bX, + e;, with i.i.d. e;, we have
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cov(Y;, X;) = bvar(X;) # O provided b # 0, and correlation coefficient p(Y;,X;) =
b+/var(X;)/+/var(Y;).

Sometimes, we encounter a timeplot (a timeplot shows a variable’s realized val-
ues against time) or a scatterplot (a graph of simultaneous pairs of realized values of
random variables) that does not look linear, unlike Figure 2.1. As an example, consider
the following two regressions both producing straight lines that appear to cut evenly
through the collection of points in each graph if we use the criterion that minimizes z2.

The point is that using some intuitively appropriate criterion such as least squares
minimization to fit linear lines is not enough. It is important to first establish that the
relationship is plausibly linear before attempting to fit a linear regression model.

In Figure 2.2, the graph Y versus X is clearly a nonlinear curve. If it is quadratic,
then it is appropriate in that case to use a nonlinear regression model such as Y =
a+bX+cX’+e.In Figure 2.3, for Y versus X, there is clearly an outlier point with a
very high Y-value. As a result, the fitted line is actually above the normal points that
form the rest of the sample. This can be treated either by excluding the outlier point
if the assessment is that it is an aberration or recording error, or else by providing for
another explanatory variable to explain that point that may be a rare event.

Figure 2.3: An Example of Outlier.

Thus, a visual check on the data plots is useful to ascertain if a linear regression model
is appropriate and whether there are outliers. Sometimes, there are theoretical models
that specify relationships between random variables that are nonlinear, but which can
be transformed to linear models so that linear regression methods can be applied for
estimation and testing. Examples are as follows.
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When Y = aX’e, take log-log transformation (taking logs on both sides), so
InY=Ina+blnX +1ne

Note that here the disturbance noise € must necessarily be larger than zero, otherwise
In € will have non-feasible values. Here, In £ can range from —oo to co. Sometimes,
Y is called the constant elasticity function with respect to X since b is the constant
elasticity (when In € is fixed at zero).

When Y = exp(a + bX + ¢), taking logs on both sides ends up with a semi-log
transformation, soInY = a + bX + €. This is also called a semi-log model.

When e” = aX’e, taking logs on both sides ends up again with a semi-log model
Y = Ina + bInX + Ine. Sometimes, when the regressor X is a fast increasing series
relative to Y, then taking the natural log of X as regressor will produce a more stable
result, as long as theory has nothing against this ad hoc data transformation practice.

There are examples of interesting nonlinear curves that are important in eco-
nomics. An example is the Phillips curve shown as follows in Figure 2.4.

Y
Rate of wage
change

X Unemployment

Figure 2.4: Philips Curve Relating Short-Run Wage Inflation with Unemployment Level.

Y versus X is highly nonlinear, but we can use a linear regression model on the recip-
rocal of X,i.e. Y = a + b(1/X) + € or use 1/Y as regressand or the dependent variable,
thus 1/Y = a + bX + €. A serious econometric study of the Phillips curve is of course
much more involved as it is now known that rational forces cause the curve to shift
over time in the longer run. In other words, observed pairs of wage inflation and un-
employment levels over time belong to different Phillips curves.

Next, we study one major class of estimators of the linear regression model and
the properties of such estimators. This class is synonymous with the criterion method
for deriving the estimates of the model parameters. This is the ordinary least squares
(OLS) criterion.

2.2 OLS Method

In the linear regression model, the dependent variable is assumed to be a linear func-
tion of one or more explanatory variables plus a residual error (or noise or disturbance
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or innovation) variable introduced to account for all other factor(s) that are either not
observed or are not known and which are random variable(s). It is important to note
that the dependent variable, the explanatory variable, as well as the residual error
variable are all RVs.

In a two-variable or simple linear regression model

Yi=a+bX;+e, i=12...,N 21

Y; is the dependent variable, X; is the explanatory variable, and e; is the residual error.
The random variables Y;, X;’s are observed as sample bivariate points {X;, ¥;} (for

different i). Disturbances or residual errors e;’s are not observed, and a, b are constants

to be estimated. E(e;) = 0, and var(e;) is assumed to be a constant 05, which is also

not observed. The task is to estimate parameters a and b and 2. Note that we have not

specifically notate a RV with a tilde; the context should be clear which is a random

variable and which is a realized value. Unlike Chapter 1, we do not denote realized

values as lower case letters as otherwise the notations can become quite complicated.
The classical assumptions (desirable conditions) for OLS regression are:

(A1) E(e;) = 0 for every i.

(A2) E (el?) = 05, a same constant for every i.

(A3) E(e;e;) = O for every i # j.

(A4) X; and e; are stochastically independent (of all other random variables) for

eachi,j

In assumption (A2), the disturbances with constant variance are called homoskedas-
tic. On the flip side, disturbances with non-constant variances are called heteroskedas-
tic, a subject we shall study in more depth later. Condition (A3) implies zero cross-
correlation if the sample is a cross-section, or zero autocorrelation if the sample is a
time series. Such properties of the disturbance will be seen to simplify the estimation
theory.

Assumption (A4) is perhaps the most critical and important assumption as it af-
fects the feasibility of a good estimator and it also has to do with interpretation of the
estimation and inference. As it is, the linear regression model essentially puts a prob-
ability distribution on X; and e;. Then RV Y; is derived by adding a + bX; to e;. Typically,
but not necessarily, the probability distributions of X; Vi are the same, and similarly,
the probability distributions of e; Vi are the same. We shall assume that sample points
X; Vi are from same probability distribution X, and unobserved e; are also from same
probability distribution e.

In addition to assumptions (A1) through (A4), we could also add a distributional
assumption to the random variables, e. g.,

(A5) e; ~ N(0,07)
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In Figure 2.5, the dots represent the data points (X;, ;) for each i. The regression lines
passing amidst the points represent attempts to provide a linear association between
X; and Y;. The scalar value é; indicate measure of the vertical distance between the
point (X;, ¥;) and the fitted regression line. The solid line provides a better fit than the
dotted line, and we shall elaborate on this.

/‘ X

Figure 2.5: OLS Regression of Observations (X;, Y;).

The requirement of a linear regression model estimation is to estimate a and b. The
OLS method of estimating a and b is to find @ and b so as to minimize the residual
sum of squares (RSS), Zfil él?. Note that this is different from minimising the sum of
squares of random variables e;, which cannot be done as we do not observe the ¢;’s.
This is an important concept that should not be missed. Given a particular sample, the
computed numbers a and b are realized values of the estimators, and are called esti-
mates. With different samples and hence different realizations of (X;, Y;)’s, there will
be different sets of values of & and b. These values are realizations from the estima-
tors. Hence when &, b are functions of RVs X, Y, they are themselves RVs. When they
are functions of realizations X;, Y;, they are estimates. Although the same notation is
used, the context should be distinguished.

The key criterion in OLS is to minimize the sum of the squares of vertical distances
from the realized points (or data) to the fitted OLS straight line (or plane if the problem
is of a higher dimension):

Since this is an optimization problem and the objective function is continuous in 4,
and b, we set the slopes with respect to @ and b to zeros.
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The First Order Conditions (FOC) yield the following two equations.

az{lé? N .

#:-2;(Yi—a—bx,)=o

oyN &2 .

ﬁ:-zz&(m—a—b&):o
ab i=1

Note that the above left-side quantities are partial derivatives. The equations above are
called the normal equations for the linear regression of Y; on X;. From the first normal

equation,
N N
YYi=Na+b) X
i=1 i=1
we obtain
a=Y-bX 2.2)

where Y = 11\1 YN, V;and X = % YN, X; are sample means. It also shows that the fitted
OLSline Y = a + bX passes through (X, Y), the “centroid”.
From the second normal equation,

XY;i=a) X;+bY X}

M=
IM=

M=

]
—_

1 1

Using Eq. (2.2) and the latter, we obtain:

>N X - X,

B =
YN (X; - X)?

2.3)

b can also be expressed as follows.

SN -D0-T) Sy
¥V (X, - X)? %]

[w il

wherex; =X; - Xandy; = Y; - Y.

Given data set or sample data X;, Y; fori = 1,2,..., N, we can always find the esti-
mates . b via Egs. (2.2) and (2.3). When we treat X;, Y; as RVs, then a, b are estimators.
They are RVs as well.

What happens to the estimators & and b when the sample size N goes toward in-
finity? In such a situation when sample size approaches infinity (or practically when
we are in a situation of a very large sample, though still finite sample size), we are
discussing asymptotic (large sample) theory.
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Consider the following sample moments as sample size increases toward co. Pop-
ulation means E(X) = uy, E(Y) = py, and population covariance E(X — ux)(Y — uy) =
E(XY) - pxpy. The sample means are 5 Y, X; = X, + Y, Y; = ¥. From the Law of
Large Numbers, limy_,., X = py, limy_,, Y = py, when X and Y are stationary. We
deal with some of these statistical laws in more details in Chapter 5.

The sample covariance ﬁ Y(X; - X)(Y; - Y) is unbiased, but we can also em-
ploy & ¥(X; - X)(Y; - ¥) = Sy if N approaches co. Both the unbiased version and
this Sxy will converge to population covariance oyy as N — oco. In dealing with
large sample theory, we shall henceforth use the latter version of divisor N. Sam-
ple variance 1%, Y(X; - X)? = S%, and observe that Sy also converges to 0% as N ap-
proaches co.

The population correlation coefficientis pyy = a‘i"gy . The sample correlation coeffi-
\/% = ;{LSYY Likewise, when we take the limit, limy_,., 7xy =
Pxy- Theoretically, pyy lies within [-1, +1]. Now, sample estimate ryy is defined above
so that it also lies within [-1, +1]. This can be shown using the Cauchy-Schwarz in-
equality:

cientisrgy =

(Tw) = (Z0)(Zr)

Other definitions of sample correlation, though convergent to the population corre-
lation, may not lie within [-1, +1]. One such example is when we use the unbiased
sample covariance divided by the unbiased standard deviations.

Now, from Eq. (2.1), with stochastic ¥; and X;,

cov(Y;, X;) = cov(a + bX; + e;, X;)
= bvar(X;) + cov(e;, X;) = bvar(X;)

since cov(e;, X;) = O via (A4). Thus in terms of population moments, b = cov(Y;, X;)/
var(X;). We showed in Eq. (2.3) that

N
Yic1 XiYi

B =
N 2
Yict1 X

= Sy /S
Thus, when N — oo for large sample, limy_, b = b under conditions of stationarity.
If b is an estimator of b, and limy_,, b = b, b is said to be a consistent estimator. We
can show likewise that limy_,., @ = a, and hence a is also consistent. The concept of
limit of RVs here will become clearer in Chapter 5.

The important question is: what are the desirable properties of the OLS estimators,
assuming (A1) to (A5), in finite sample?

In Eq. (2.3), using Y; = a + bX; + e;, we have
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N N
b= Z(x#fo)(a +DbX; +e)

i=1 =1
N N
=b+ Z<Xi/ ZXf)ei (2-4)
i=1 j=1

Taking unconditional expectation and invoking (A4) and (A1), we have E (B) = b+
Zl LE(x/ Z] 1 )E(e = bsince E(e;) =0
From Egs. (2 2) and (2.4):

Taking unconditional expectation and invoking (A4) and (A1), we have E(a) = E(Y) -
bE(X). Since E(Y;) = a + bE(X;) (Vi), then E(Y) = a + bE(X). Hence E(a) = a.

We just showed that estimators @ and b have means at the true parameter values
a and b, using (A4) and (A1). Thus OLS estimators & and b are accordingly unbiased.
This is a desirable property of estimators, noting that X is stochastic.

Now to find the variances of estimators @ and b and evaluate their efficiencies
— the question of whether the variances are sufficiently small is more difficult. From
Eq. (2.4), the variance of b is

using assumptions (A1) to (A4). Note that the unconditional variance involves expec-
tations of functions of RVs X;, X,, and so on. These expectations are complicated mo-
ments of X, even as the distribution of X itself is not specified. It is a similar situation
in the case of the variance of a.
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For inferences and computation of estimator variances in OLS, the conditional
distributions of the estimators given X, i. e. given realized X;,X,, ..., Xy, are used. The
mean and variance of the estimator under conditional distribution are the conditional
mean and conditional variance, respectively. From Eq. (2.4), conditional mean of bis

E[bIX] = b+z<xl/2x> [e;|X] =
i=1

since E[e;|X] = E[e;] = O with (A4) and (A1). Note that without (A4), E[e;|X] need not
be equal to E[e;].
Conditional variance of b is

N N N N
E[(b-b)*X] = ZZ(xJZxﬁ)(x,-/Zx,f)}s[eiejm
k=1 k=1
2

N N ,
=y X#Z"k) E[e;|X]
2w
=0,/ in (2.5)
since E[e;e;|X] = 0 via (A4) and (A3), and E [efIX ] = 05 via (A4) and (A2). Note that

without (A4), E[e;e;|X] need not be equal to 0, and E [ele | need not be equal to oﬁ,
From Eq. (2.2), conditional mean of a is

E[alX] = E[Y|X] - XE[b|X] = (a+ bX)-Xb=a

since E[Y;|X;] = a + bX; + E(e;|X;) and E(e;X;) = 0 via (A4) and (A1), for every i. The
conditional variance of a is

var(alX) = var(Y|X) - ZXcov(Y EIX)+X2var(B|X)

o2 _X
:ﬁe—ZNcov Za+bX+el,b+z 2IX

i=1 11]1X]

N
+ X202/ Y X}
i=1
o1 &,
=0, N+X/in (2.6)
i1
since the middle term gives Zl 1cov(e,,(x/zj 1 ])e IX) = 0 as Zl 1X%; = 0.Itis also
seen that var(a|X) and var(b|X ) reduce toward zero as N — oo.
Conditional on X and employing (A1) to (A3), the estimators are unbiased and

their variances can be readily computed as seen in Egs. (2.5) and (2.6). By (A5), the con-
ditional estimators are normally distributed. Statistical tests can then be conducted.
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Any statistical tests of the estimators using the conditional distributions are valid, al-
though the conditional variances will obviously change with different samples of X.
For example, the distribution of X; (for every i) may be largely concentrated in a partic-
ular range. If a sample of X is drawn such that its realized values are mostly out of this
range, i. e. ex-ante low probability draws, then the estimator variance conditional on
this sample X may be significantly different from conditional variances based on most
other samples. However, this problem may not materialize in financial economics re-
search dealing with market data (non-laboratory data) as the data, e. g. X, occurs only
once and there is no further draw. The conditional variance is constant if there is repet-
itive sampling, i. e. using the same X each time but with different (e, e, ..., ey) added
to form the Y;’s.

In summary, in linear regression model (2.1), OLS method produces estimators a
and b that are unbiased in finite sample if classical assumptions (A1) to (A4) apply
under the general context of stochastic X and e. The unbiasedness property applies
to both unconditional and also conditional (on X) OLS estimators. When the sample
size N is large, the estimates can be accurate and forecasting can be done using these
estimates of @ and b. However, testing if the estimates are significantly different from
some hypothesized values, e. g., zeros, requires use of the conditional on X distribu-
tion of the estimators in order to conveniently obtain computed conditional variances.
This is typically not a problem with financial economics data. Together with the use
of (A5), this allows for statistical inferences.

2.2.1 Forecasting

In forecast or prediction of Y; based on an observed X;, a useful result is that the best
forecast of Y}, in the sense of minimum mean square error, is the conditional expecta-
tion E(Y;|X;).

Lemma 2.1. For a bivariate distribution of RVs Y; and X;,
2 2
E(Y; -8(X))" = E(Y; - E(Y;IX;))

for any function g(X;).
Proof.
E[(Y; - (X)) "1X;] = E[(Y; - E[YiX;] + ELY,1X;] - (X)) 1X;]
= E[(¥; - EYi1X,))"1X,] + E[(E[¥i1X;) - (X)) 1X;]
+ 2E[(Y; - EIY;1X;])(ELY;1X;] - 8(Xi))1X;]
Given X;, E[Y;|X;] — g(X;) is a function of X; and can be considered a constant.

Therefore the last term is zero since E[(Y; — E[Y;|X;])1X;] = E(Y;|X;) — E(Y;1X;) = O.
Hence the LHS E[(Y; - g(Xi))lei] is minimized by setting g(X;) = E[Y;|X;]. O
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Note that the lemma does not specify if E[Y;|X;] is a linear forecast. In the case of
a linear model, however, it becomes a linear forecast. With the result in the lemma,
the best forecast of Yy, with linear regression model (2.1) is E(Yy,;) = a + bXy,;.In
Eq.(21) Y; = a+ bX; + e;,i=1,2,...,N, the OLS estimates a and b are unbiased using
(A1) to (A4).

The OLS forecast of Yy, given Xy, is thus:

?N+1 =a+ BXNH-

The forecast or prediction error is Yy, — Yy,;. The forecast is unbiased since the con-
ditional mean of the prediction error is zero, i. e. E(Yy,; - Yy.11Xy+1) = E(@—a)+E(b -
b)Xy,; = 0. This OLS forecast also converges to the best forecast of Yy,; when & and b
converges toward a and b, respectively.

Now,

?N+1 :a+BXN+1 = (Y—BX)+BXN+1 = YI+BXN+1

where xy,; = Xy, — X.
But Eq. (2.1) gives ¥ = a + bX + 1%] ZIN: , e; and here we are dealing with a random
variable rather than sample estimate. So,
N
Yyu = ¥V +bxy,, =a+bX+ 1 Y e+ bxy,y
N

i=1

which is again a representation as a random variable. However, Yy, = a+bXy, +ey,1,
so the forecast (or prediction) error is

N
X . 1
Yy =Yy = DXy - DXy teyn - 7 Ye;
i-1

R 1 N
=—(b—b)Xy,1 +eny— - )
N

> 2 o2, 1 5
var(Yy, — Yyu1 | Xyi1) = Xy, var(b) + o, + NU

e
2
1 X
= 05(1 + =+ If;“l )
N Yic1 Xi2

The forecast error (conditional on xy, ;) is normally distributed. So,

YN+1 B YN+1

X12V+1
N

i}

~ ity
0./ + le +

Therefore, a 90 % confidence interval for Yy, is
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Yy,  +t X0 <1+ 1 + X )
N+1 T IN-2959% e N N .2
N Yic1 X

One point to note is that in using the variance of b that is obtained from a sample
X1, X,,..., Xy, that variance is a conditional variance on X;,X,, ..., Xy. There is thus
an assumption that this conditional variance is also the conditional variance when
Xy, is considered.

2.3 Gauss—Markov Theorem

There is an important result in linear regression called the Gauss-Markov theorem that
justifies the use of OLS in (2.1). Linear estimators of a and b in Eq. (2.1) are those that
take the form A = YV, 6,Y; and B = ¥V, y,Y;, respectively, where 6; and y; are fixed
or deterministic functions of X only (and not in Y’s or a or b). The estimators are ex-
pressed as linear functions (conditional on X) of Y.

The Gauss-Markov theorem states that amongst all linear and unbiased (condi-
tional) estimators of the form:

N
A=Y 6,XY;
i=1

B=

™M=

Il
—_

yi(X)Y;

the OLS estimators a, b have the minimum variances, i. e.

var(a) < var(A)

var(b) < var(B)

given the assumptions (A1) to (A4).

To prove the theorem, we develop more general characterizations of the OLS esti-
mators.

From Eq. (2.4), conditional on X, b is a linear estimator with w;’s as fixed weights
(function of X)! on the ¥;’s.

b=)> w;Y;

171

=

I
—_

where w; = x;/ Zﬁj x]-z. It can be seen that the following properties of w; hold. For con-
venience we drop the notations of index on the summation signs. We also do not show

1 Using the condition on X is sometimes called regression using “fixed” regressors.
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explicitly the notation of conditioning on X, i. e. “|X”.
z Wi = O
1
QW=
>x
Z Win' = 1

Similarly, conditional on X, @ = ¥ — bX is a linear function of Y.
The weights for a, v;’s, are as follows.

. 1 N N ~ N
a= NZYi—ZWiXYi:ZViYi

i=1 i=1 i=1
where
1 xX
Vi = N - N—Z
Yic X
X .
Yvi=1- LY
X
iX;
YviX; = X - x2x&i
ZXI i

XX’ 1 X
Z Z<N2 Nzxz (ZX2)2> N+Z_X12

In the above, Y x; = Y(X; -X) =NX-Y X = 0.

Now, for the finite sample properties of the conditional OLS estimators:

b=Y wia+bX;+e)=b+) we
Then, clearly E (13) = b. Now, as seen earlier
var(b) = E[(b - b)’]

=E(Zwl—e) ZWE <lez>

Similarly, a = Y vi(a + bX; + ;) = a+ ) v;e;. Thus, E(a) = a. Then,

var(a) = E[(a - a)?] (Zve) —O'ZZV —0<N ;;)

The OLS estimators @ and b are unbiased.

41

What is the probability distribution of b? Using (A5), since b is a linear combina-

tion of e;’s that are normally distributed, b is also normally distributed.
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5~N(b,ag(z%iz))

What is the distribution of a? Similarly, we see that:

72
a~N(a.o+ _sz2>>
i

The covariance between the estimators @ and b is obtained as follows.

cov(a, b) = E(a - a)(b - b)

= E(Z viei)(z Wiei) =0, ) ViW; = 05(—%){;)

A proof of the Gauss-Markov theorem for the case of b is as follows. Let linear esti-
mator of bbe B = Zf\il y;Y;. Since we consider the class of linear unbiased estimators,

let

EB)=) y;E(Y) =) yila+bX)=a) y;+b) yiX;=b
This implies that
(1a) Yy;=0

(1b) Y y;X; =1, and
(1c) var(B) = ¥ y?varY; = 02 Y y7, given the X;s.

Define y; = ¢; + d;. Without loss of generality, let ¢; = x;/ ¥ x. From (1c), var(B)
oY i+ Y di +2Y cidy).

2

X; Xi
But Zcidizzci()’i—ci):zyiﬁ_Z<W>
= (ZYiXi _XZyi)/ZXiz - UZXI'Z

With (1b) and (1a), the RHS in the last equation equals to zero. Thus var(B)
02(Y c¢? + ¥ d?). The minimum possible variance of B is to set d; = 0 Vi.

Hence the minimum variance is Gf_ Y/ Y xiz)2 = Ug(l /> xf) which is the variance
of the OLS estimator b. We can similarly prove the case for a.

Now the estimated residual é; = Y; — @ — bX;. It can be further expressed as:

éi=Yi—(Y—BX)—Z)Xi=(Yi—Y)—i)(Xi—X)=yi—i)Xi

It is important to distinguish this estimated residual Y; — ¥; from the actual unob-
served e;. From Egs. (2.2) and (2.3), we see that:
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N N N ~
> &=0 and Y X&=0 or »(X;-X)&=0
i=1 i=1 i=1

Their population equivalents are, respectively, E(e;) = 0, E(X;e;) = 0 or cov(X;,e;) = 0

With the Gauss-Markov theorem, OLS estimators (under the classical conditions)
are called best linear unbiased estimators (BLUE) for the linear regression model in
Eqg. (2.1). They are efficient (best) estimators in the class of linear unbiased estimators.
There may be some estimators that have smaller variances but these are biased, e. g.,
the Stein estimators.

2.4 Decomposition

We now analyse the decomposition of the Sum of Squares of Zfil (Y;- Y)2. Recall that in
the OLS method, we minimize the sum of squares of estimated residual errors Y, &2.

Now,
N N N
Y-V =Y (¥ -V + Y- 1)’ =Y (¥; - ¥
i=1 i= i=1
N . N .
+2) (Y- DY -+ Y (Y- 1)
i=1 i=1
N N N
=N -V +2) V-V + Y e
i=1 i=1 i=1
N N
=Y -77+ Y e 2.7)
i=1 i=1
since

(a +bX)e =

M=
7

o}
~

I
M=
=<
~m)
'Mz

I
-

I
—_

I
—_

Let us define the Total Sum of Squares (TSS) = Y (Y;— Y)?. Define Explamed Sum of
Squares (ESS) = ¥ (¥; - Y)2. Define Residual Sum of Squares (RSS) = Z =Y (Y;-Y; )2

From Eq. (2.7), TSS = ESS + RSS. RSS is also called the unexplained sum of squares
(USS) or sum of squared residuals (SSR). Now,

ESS =Y (V;- V)’ = Y (@+bX;-a-bX)’ =b* ) (X; - X’
82
2 2 2 2
=Txy S_ZYNSX = ryyNSy
X
TSS = Y (¥; - ¥)* = NSy

So, ESS/TSS = rgy. In addition, gy, = 1 - RSS/TSS.
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ESS as a fraction of TSS or variation is the square of sample correlation coefficient
in the two-variable linear regression model. But %, lies between 0 and 1 inclusive
since ryy lies in [-1, +1]. This term

ESS _ o
TSS

where 0 < R? < 1, is called the coefficient of determination. This coefficient R? deter-
mines the degree of fit of the linear regression line to the data points in the sample.
The closer R? is to 1, the better is the fit. Perfect fit occurs if all points lie on the straight
line. Then R? = 1.

ESS o, RSS

TSS ~TSS

Now, & = Y; — @ — bX;, so &; is a normally distributed random variable since Y;,
a, and B, (given Xl) are normally distributed. This is obtained using the result that a
linear combination of normal random variables is itself a normal random variable.
Moreover, E(é;) = E(Y;) — a — bX; = 0. Conditional on X;,

var(e;) = var(Y;) + var(a) + Xl-2 Var(B) —-2cov(Y;,a)
- 2X; cov(Y;, b) + 2X; cov(a, b)

_ X 22 1

O‘ +0 (N Z >+anl<Z—Xi2>

—2v0 2Xwa 202X< X)

2
. 1 X2 X 2 X X, 2XX
SN tTe T z_ﬁz_z_z_]
1 1 1 1
[1—1+L(X + X7+ 26X - 2xX; - ZXX)]
N Yx?

1

Similarly, we can show that

cov(e;, &) = cov(Y; — a - bX;, Y; - a - bX;)
=cov([a-al+[b- blX; +e;,[a—a] +[b- E]X~ +ej)
_02<[1 XZ]_XiX_[l x]-X]_XX XiX;

N Yyx2I ¥x IN ¥xl ¥x sz
XX _[1 ~ xiX]_Xin>
2 IV 5l 5x
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=a2<—l - —[X - XX - XX+XX]>

Note that true e; and e; are independent according to the classical conditions, and their

N 52
OLS estimates are asymptotically uncorrelated. Note also that M ~ X12v , is auseful

relationship involving unbiased sample estimate 67 = YN & (N 2) and unknown
population parameter 05.

After obtaining the OLS estimates a and B, there is sometimes a need to perform
statistical inference and testing, as well as forecasting and confidence interval estima-
tion.

VS
S Q
N——
?
=
/
S Q
N———
Q

Ag+ 2l -olls) )

-] o]

So, — s (b) =Z ~ N(0,1). For testing null hypothesis Hy: b = 1, employ sample estimate

of 02 using 62. Use
. h-1
N-2 =
- 1
O, w

For testing null hypothesis Hy: a = 0, use

tNoo =

It should be noted that most statistical or econometrics computing packages by de-
fault report tests of coefficients that are based on a null of zero, i.e. Hy : a = 0,
Hy:b=0.

As a final comment, suppose distributional assumption for e; is made, e. g., nor-
mality, then another important class of estimators — maximum likelihood estimators
(MLE) — can be developed. MLE essentially chooses estimators that maximize the sam-
ple likelihood function. There is equivalence of OLS and ML estimators in the specific
case of normally distributed i.i. d. e;’s. However, MLE is in general a nonlinear esti-
mator.

We use the simple regression tools to examine two important applications in fi-
nance: pricing stock index futures and futures hedging.
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2.5 Stock Index Futures

Although the framework of linear regression can be applied to explain and also predict
many financial variables, it is usually not enough to know just the econometric the-
ory as seen so far in this chapter. To do a good job of exposition and predicting some
financial variables, there would usually be a finance-theoretic framework and an ap-
propriate way to think about how financial variables may interact and dynamically
change over time as a result of investor actions and market conditions. Therefore, we
will introduce these as the chapters proceed. In the rest of this section, we shall con-
centrate on a very important financial instrument used in the futures market as well
as used by portfolio managers for hedging purposes.

A stock index is weighted average of index portfolio stock prices. The Standard
and Poor’s (S&P) 500 stock index, for example, is a market-capitalization weighted
average price of 500 major stocks trading in U. S. The Nikkei 225 is a price-weighted
average price of major 225 Japanese stocks. The FTSE 100 (The Financial Times and
London Stock Exchange) index is a market-capitalization weighted average price of
100 large UK stocks. There are numerous stock indexes reflecting “average” prices of
stocks in a country, in sectors of a country, and sometimes across bourses in a region.

These stock index numbers change every day, and usually more frequently on an
intraday basis, as long as there is an agency or mechanism that computes the new av-
erage number as the constituent stocks change their traded prices in the market. While
the index numbers themselves are not directly tradeable, derivatives or contracts writ-
ten on them can be traded. One such type of contract is the stock index futures. Others
include stock index options, exchange-traded funds, and so on.

We shall consider stock index futures that are traded in Stock or Futures Ex-
changes. In September, for example, one can trade on a Nikkei 225 Index futures
contract that matures in December. This is called a December Nikkei 225 Index futures
contract to reflect its maturity. After its maturity date, the contract is worthless. In
September, however, the traded “price” (this is not a currency price, but an index
price or a notional price) of this December contract will reflect how the market thinks
the final at-maturity Nikkei 225 Index will be. If the September market trades the index
futures at a notional price of 12,000, and you know that the December index number
is going to be higher, then you will buy (long) say N of the Nikkei 225 Index December
futures contracts. At maturity in December, if you still have not yet sold your position,
and if the Nikkei 225 Index is really higher at 14,000, then you will make a big profit.
This profit is calculated as the increase in futures notional price or 2000 points in this
case x the Yen value per point per contract x number of contracts N.

Thus, a current stock index futures notional price is related to the index notional
price at a future time. At maturity, the index futures notional price converges to the
underlying stock index number. As stock index represents the average price of a large
portfolio of stocks, the corresponding stock index futures notional price is related
to the value of the underlying large portfolio of stocks making up the index. This
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relationship is sometimes called the no-arbitrage model pricing. It can be explained
briefly as follows.

2.5.1 Cost of Carry Model

Suppose we define the stock index value to be S; at current time ¢. This value is a
weighted average of the underlying portfolio stock prices. The actual market capital-
ization currency value of the portfolio of stocks in the index is of course a very large
multiplier of this index value. We assume that we can create a portfolio of diverse
stocks those return tracks exactly the index return. (In reality, the tracking can be
close for a large index portfolio but is not exact as the weight of each stock in the
portfolio changes over time.) Given the assumption, the percentage return to the in-
dex changes reflects the overall portfolio’s return. Suppose an institutional investor
holds such a large diversified portfolio say of the major Japanese stocks whose portfo-
lio return tracks the N225 index return.

Let the effective risk-free interest rate or the cost of carry be r, r over (¢, T]. An arbi-
trageur could in principle buy or short-sell the portfolio of N225 stocks in proportions
equal to their weights in the index. Let the cost of this portfolio be aS; whereby the
simplifying assumption is that a is a constant multiplier reflecting the proportionate
relationship of the portfolio value to the index notional value S;. The percentage return
on the index is also the same percentage return on the portfolio.

The arbitrageur either carries or holds the portfolio, or short-sells the portfolio un-
til maturity T with a final cost at T of aS,(1 + r, 1) after the opportunity cost of interest
compounding is added. Suppose the Japanese stocks in the N225 Index issue an aggre-
gate amount of dividends D over the period [t, T]. Since the N225 Index notional value
is proportional to the overall 225 Japanese stocks’ market value, the dividend yield d
as a fraction of the total market value is the same dividend yield as a fraction of the
N225 Index notional value. Then, the dividends issued to the arbitrageur’s portfolio
amount to d x aS;. Suppose that the dividends to be received are perfectly anticipated,
then the present value of this amount, d* x aS; can be deducted from the cost of carry.
LetD* = d"S,. The net cost of carry of the stocks as at time T is then a[S; - D*](1+7, 7).

Suppose the N225 Index futures notional price is now trading at F, 7. The sub-
script notations imply the price at ¢ for a contract that matures at T. The arbitrageur
would enter a buy or long position in the stocks if at t, F; 7 > [S; - D11 + re7). At the
same time ¢, the arbitrageur sells an index futures contract at notional price F, 7. For
simplicity, we assume the currency value per point per contract is 1. Without loss of
generality, assume a = 1.

At T, whatever the index value, Sy = Fr 1, the arbitrageur would sell the portfolio
at ¥S7, gaining

¥Sp - [S; =D |1 +717)
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Cash-settle the index futures trade, gaining
¥F,r-Frp or ¥F,r-Sp

The net gain is the sum of the two terms, i.e. ¥F, 7 — [S; - D*](1 + r, r) > 0. Thus, the
arbitrageur makes a riskless profit equivalent to the net gain above.

Conversely, the arbitrageur would enter a short position in the stocks if at t, F; <
[S¢—D*1(1+r, 7). At the same time ¢, the arbitrageur would buy an index futures contract
at notional price F, 7. At T, whatever the index value Sy = Fr 1, the arbitrageur would
buy back the portfolio at S7, gaining

¥[St — D*](l + rt’T) - ST
Cash-settle the index futures trade, gaining
¥Frr-F,r or ¥Sp-Fir

The net gain is the sum of the two terms, i. e. ¥(S, - D*1(1 + r; 1) — F, ¢ > 0. Thus, the
arbitrageur risklessly makes a profit equivalent to the net gain above.

We have also ignored transaction costs in this analysis, which would mean that
it is even more difficult to try to make riskless arbitrage profit. An early study by Lim
(1992)? showed that such risk-free arbitrage in the Nikkei 225 Stock Index futures had
largely disappeared, after transaction costs in the late 1980s. The cost-of-carry model
price of the index futures F; r = [S; - D*1(1 + r, 1) is also called the fair value price. At
this fair value price, no riskless arbitrage profit could be made. The fair value price is
also the no-arbitrage equilibrium price.

As an illustration, we employ data from Singapore Exchange (SGX) that contain
daily end-of-day Nikkei 225 Index values and Nikkei 225 Index December 1999 futures
contract prices traded at SIMEX/SGX during the period September 1 to October 15,
1999. During this end 1999 period, the Japan money market interest rate was very low
at 0.5% p. a. We use this as the cost-of-carry interest rate. We also assume the Nikkei
225 stock portfolio’s aggregate dividend was 1.0 % p. a. at present value. During these
trade dates, the term-to-maturity on September 1 was 98 calendar days, so we use
term-to-maturity of 98/365 or 0.2685. The term-to-maturity shortened to about 0.1534
on October 15. In addition to the no-arbitrage theory explained earlier, transactions
costs considerations are added. It is assumed that in the arbitrage, if any, any buy/sell
of stocks at t would entail a 0.5% transactions cost (brokerage and exchange fees).
Any subsequent sell/buy at T would also entail a 0.5 % transactions cost.

2 Kian Guan Lim (1992), Arbitrage and price behavior of the Nikkei Stock Index Futures, Journal of
Futures Markets, 12 (2), 151-162.
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If cash-and-carry arbitrage takes place, the arbitrageur would gain ¥0.995S; —
[1.005S; — D*](1 + ry 1) + F,r — Sy or approximately F; ; — 1.01[S; - D*](1 + r; 7). In
this case, the fair price is approximately F, 7 = 1.01[S; - D*](1 + r, 7). If reverse cash-
and-carry arbitrage takes place, the arbitrageur would gain ¥[0.995S, - D*1(1+ 1, 1) —
1.005S7 + S — F, 7 or approximately 0.99[S, — D*](1 + r, 1) — F; 7. In this case, the fair
price is approximately F; ; = 0.99[S; -D*1(1+ rer). Let T = T—t be the term-to-maturity
in terms of fraction of a year. Then r, 7 ~ 0.0057 and D* ~ 0.017/(1 + 0.0057).

Based on the finance theory above, we plot in Figure 2.6 the two time series of the
N225 futures price F, 7, and the fair price F;". We also compute a percentage difference
p¢ = (F,r—F{)/F; indicating the percentage deviation from the fair price F;". The time
series plot of p; is shown in Figure 2.7.

18500
18000
17500
17000 o
— futures price
16500 - — fair price
T T T T
Sep 01 Sep 15 Oct 01 Oct 15

Figure 2.6: Prices of Nikkei 225 December Futures Contract from 9/1/1999 to 10/15/1999.

0.02
0.01 A \
] M\/\/j \/\/\/\/\
-0.01
-0.02 4 —— % Difference between Futures Price and Fair Price
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Figure 2.7: Percentage Difference Between Futures Price and Fair Price.
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Figure 2.6 shows that both the futures price and the fair value are tracked closely to-
gether. The daily percentage differences p, shown in Figure 2.7 were contained within
1% of the fair value Yen price except for two outliers. The deviation of p; from zero
could be due to existence of arbitrage opportunities or other non-fee-based transac-
tions costs such as bid-ask spread and slippage costs. Cost of bid-ask spread exists
because at the point of selling (buying) futures, simultaneous action to buy (sell) the
stocks need not be at the price indicated at that point in time since a buy (sell) action
may hit a higher (lower) ask (bid) price. If the orders from more than one arbitrageur
are triggered and buy (sell) orders on stocks and futures exceed the ask and bid vol-
umes at the next price queue, then slippage occurs where some orders spill over into
even higher ask or lower bid prices. These other costs and impacts could drive actual
futures price away from the fair futures price but yet do not provide for any arbitrage
profits.

The tendency for p; in Figure 2.7 to mean-revert toward zero when it hits about 1%
or —1% may imply that actual arbitrage took place only when the additional 1% non-
fee-based costs are considered. If p; > 0 is too high (or futures price exceeds the fees-
adjusted fair value by 1% in the above context), arbitrageurs would sell the futures
and buy the stocks in a cash-and-carry trade, pushing futures price downward and
stock index upward, thus decreasing p;,; toward zero. Conversely, if p; < 0 is too low
(or futures price drops below the fees-adjusted fair value by 1% in the above context),
arbitrageurs would buy the futures and short-sell the stocks in a reverse cash-and-
carry trade, pushing futures price upward and stock index downward, thus increasing
D41 toward zero. Once p; moves away from the upper and lower bounds of +1% and
—19% respectively, it can move randomly within these no-arbitrage bounds. However,
Figure 2.7 indicates possible negative serial correlation in the change of p; within the
no-arbitrage bounds.>

The time series pattern of p; in Figure 2.7 suggests that if there is practically little
arbitrage, then (2a) deviation of p; from zero is due to random disturbances, and (2b)
change in p; or Ap;, would display negative daily correlation. (2a) is tantamount to a
hull hypothesis H;, : E(p;) = 0, i. e. the expectation or mean of time series p; is zero.

Instead of p; we can use the variable In(F;/F;) which is approximately the same
as p;. Their difference is that In(F,/F;") has a range (—co, +co) whereas p; € (-1, +c0)
since F; and F;" have the range (0, +co). The ranges are theoretical possibilities. If we
require assumption of normal distribution to perform statistical testing, then using
the variable In(F;/F;) to construct the test statistic is more suitable as this variable
can be assumed to follow a normal distribution.

3 An early market microstructure study indicates that bid-ask bounce causes negative serial corre-
lations even when there were no information and the market was efficient. See Richard Roll (1984),
A simple implicit measure of the effective bid-ask spread in an efficient market, The Journal of Finance,
1127-1139.
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The sample size for the two variables of F; and F;" is 30. Assuming g, = In(F,/F;)
is normally distributed, the t-statistic at d. f. 29, based on the null hypothesis that its
mean is zero is V29 x g,/s(q;) = —0.0656 where g, is the sample mean of g, and s(g,) is
the sample standard deviation of g;. Therefore the null hypothesis cannot be rejected
at any reasonable level of test significance. Since p; is a very close approximation of
g; the implication is that the mean of p; is zero or F; = F;. Thus (2a) is supported.
The futures price and its fees-adjusted fair price are statistically not different. There is
support of the cost of carry model.

(2b) suggests that daily changes in p, or Ap;,, are more likely to be negatively cor-
related. We can statistically examine the reversals in Ap, by investigating a regression
of the daily Ap; on its lag. For the same reason, we use g; instead of p;. Specifically, we
perform the linear regression Aq;,, = a + bAg; + e;,,, where Aq;,, = g;.1 — q;» a, b are
coefficients, and e, is assumed to be an . i. d. residual error. In this case, the first data
point Ag, = g, — ¢, is the change in g from 9/1 to 9/2; the last data point Agzy = g3 — g9
is the change in g from 10/14 to 10/15.

Since we employ a lag for regression, the number of sample observations used in
the regression is further reduced by 1, so there are only N = 28 data points involving
Ags3,Aq,, ..., g3, as dependent values and Ag,,Aqgs, ..., Aq,y as explanatory values.
The linear regression would produce ¢t-statistic with N — 2 or 26 degrees of freedom.
The linear regression results are reported in Table 2.1.

Table 2.1: Regression of A In(F;/F;) on Its Lag: Ag;,q = a + bAG; + ;4.

Variable Coefficient Std. Error t-Statistic Prob.
Constant 0.00005 0.0014 0.032 0.9751
Lagged Ag; -0.57340 0.1534 -3.739 0.0009***
R-squared 0.3497 F (d.f. 1,26)-statistic 13.98
Adjusted R-squared 0.3247 Prob(F-statistic) 0.0009***
S.E. of regression 0.0076 Sum squared resid. 0.00151

Note: *** indicates significance at the 0.1 % level whether one-tailed or two-tailed tests.

Table 2.1 shows the usual statistical values reported in most statistical software. The
regression results using the ordinary least squares method show that the estimated
coefficient that is the regression constant a is @ = 0.00005 with a two-tailed p-value of
0.9751, i. e. P(]al > 0.00005) = 0.975. Hence we cannot reject H, : a = O at any reason-
able significance level. The estimated coefficient of lagged Ag;, that is the regression
slope b, is b = —-0.57340 with a two-tailed p-value of 0.0009, i. e. P(|l3| > 0.57340) =
0.0009. This means that the probability of observing any estimate larger in magnitude
than 0.57340 is very small at 0.09 %. If we test the null H,, : b = 0 at 1% significance
level which provides a very small 1% chance of type I error (rejecting when null is
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true), the smaller than 1% p-value means that we reject the null. Thus the statisti-
cal evidence is that b # O (basically b < 0 in this case). This shows the presence of
reversals in Ag; across days.

Several notes regarding the relations of the reported numbers in the Table are in
order. The sum of squared residuals SSR or the residual sum of squares RSS is 0.00151.
The residual standard error or the standard error (S.E.) of regression can be found
as 0, = v/SSR/26 = 0.0076. In this simple two-variable regression, the square of the
t-statistic for the slope coefficient, t§6 = (-3.739)% = 13.98 which is the F-statistic with
1,26 degrees of freedom. The F-statistic is used to test the null hypothesis H, : a = 0,
b = 0. The one-tailed (right-tail) p-value of the F-statistic is 0.00092. Hence we can
reject the null for any reasonable significance level. The coefficient of determination
of the linear regression or R-squared is R? = 0.3497. It is the proportion of the variance
in the dependent variable that is explained by the independent variables.

The problem with R? is that its value increases when more regressors are added to
the linear regression, regardless of whether the added variables help in fact to explain
the regressand or not. This problem arises when one is comparing different regression
models on the same dependent variable but using different numbers of regressors or
explanatory variables. To mitigate this issue, an adjustment is made to R? to impose
a penalty when the number of regressors excluding the constant is increased. This
resulted in the adjusted R? that is equal to 1 — %ﬁvl—l) where k is the number of
regressors excluding the constant. When k = 0, adj R* = R. In our case, k = 1, so adj.
R? =1-(1-0.3497)27/26 = 0.3247. Adjusted R? decreases with k if R? is held constant;
but it may increase when R? itself increases fast enough with more regressors.

In statistics, quantiles are RV X values that divide the cumulative distribution
function cdf of the RV into equal intervals. If cdf (X = x;) = 0.10, cdf (X = x;) = 0.20,
cdf (X = x3) = 0.30, and so on, then x;,x,, x5, ... are called the deciles. If cdf (X = x;)
=0.25, cdf (X = x;) = 0.50, cdf (X = x3) = 0.75, and so on, then x;, X5, X3,... are called
the quartiles. In the latter case, x, is also called the median or the 50th percentile. x;
is called the lower quartile or the 25th percentile. x; is called the upper quartile or the
75th percentile.

The quantile-quantile (Q-Q) plot is a graphical technique for visually comparing
two probability distributions by plotting their quantiles side by side. A special case
is to check if a sample set of points comes from a particular distribution such as the
normal distribution. Suppose the equidistant points 0of 1/28,2/28,...,n/28,...,27/28,1
form the range set of variable X with cdf as the mapping function from x, € X to the
range set. Suppose X follows a normal distribution N(y, ¢?). Then z, = (x, —Ww/o
are realizations of a standard N(O, 1). cdf (x,,) = cdf (z,) = ®(z,) = n/28. The inverse
function can be obtained as x,, = p + o® (n/28). Clearly, the series of numbers {x,} is
ordered from low to high.

At the same time, there is an empirical distribution describing the sample set of
points. In our case we try to check if the regression error RV e;,; comes from a normal
distribution. Let the estimated residuals in the regression in Table 2.1 be ¢, for t =
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1,2,...,28. Suppose we order the 28 points of & from low to high as ¢;. In our case
€1 = —0.01098, ¢;_, = -0.01023, and so on. &;_,; = 0.01162 and &;_,g = 0.02294. Let
the empirical cdf function be M() such that M(e;_,,) = n/28. Then &;_, = M “1(n/28).

If éj is normally distributed with a general mean y and variance o2, then we can
set é]-:n = x, forn = 1,2,...,28. In other words, M(é]-:n) = ®O(z,), so M (n/28) =
U+ o®(n/28)forn =1,2,...,28.In a Normal Q-Q plot (or Q-Q plot based on a theoret-
ical normal distribution), the x-axis measures the theoretical quantiles for the stan-
dardized normal variate ®'(n/28) while the y-axis measures the sample quantiles
M~1(n/28). Then, each point on the plot corresponds to a value n with coordinates
(@ 1(n/28), M~ (n/28)), and the points should fall on a straight line with constant
and slope 0. However, if the empirical points é; are not normally distributed, then the
Normal Q-Q plot would not produce a straight line. We compute the Normal Q-Q plot
of the estimated residuals from Table 2.1, The plot is shown in Figure 2.8 as follows.

Normal Q-Q Plot

Sample Quantiles
0.000 0.005 0.010 0.015 0.020
1 1 1 1 1

-0.005

-0.010
1

Theoretical Quantiles

Figure 2.8: Normal Q-Q Plot of Residuals.

There are two outliers with values 0.01162 and 0.02294. Most of the other values of
é; appear to fall on the straight line indicating closeness to the normal distribution.
However, several points with @ '(n/28) below —1 have M!(n/28) values below the
straight line, indicating a fatter left tail than that of the normal distribution. Similarly,
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several points with @ '(n/28) above +1 have M~1(n/28) values above the straight line,
indicating a fatter right tail.

2.6 Hedging

We can also use linear regression to study optimal hedging. Suppose a large institu-
tional investor holds a huge well-diversified portfolio of Japanese stocks that has re-
turns following closely that of the N225 Stock Index return or rate of change. Suppose
in September 1999, the investor was nervous about an imminent big fall in Japan eq-
uity prices, and wished to protect his/her portfolio value over the period September to
mid-October 1999. He/She could liquidate his stocks. But this would be unproductive
since his/her main business was to invest in the Japanese equity sector. Besides, liqui-
dating a huge holding or even a big part of it would likely result in loss due to impact
costs. Thus, the investor decided to hedge the potential drop in index value by selling
h Nikkei 225 Index futures contracts. If the Japanese stock prices did fall, then the gain
in the short position of the futures contracts would make up for the loss in the actual
portfolio value.

The investor’s original stock position has a total current value ¥V;. For example,
this could be 10 billion Yen. We make the simplifying assumption that his/her stock
position value is a constant factor fx the N225 Index value S;. Then, AV,,; = fAS;,4,
and the portfolio return rate AV,,,/V; = AS;,,/S;. (In reality, the equivalence of return
is approximate.)

By the simplifying assumption, the investor essentially forms a hedged portfolio
comprising ¥f x S;, and h number of short positions in N225 Index futures contracts.
The contract with maturity T has notional traded price F; r and an actual price value
of ¥500 xF,  where the contract is specified to have a value of ¥500 per notional price
point. At the end of the risky period, his hedged portfolio ¥ value change would be:

Ppoy = Pr = f X (Spy1 = Sp) = x 500 x (Fpyy 1 - Fep) (2.8)

In effect, the investor wished to minimize the risk or variance of P;,; — P; = AP;,. Now,
simplifying notations, from Eq. (2.8):

AP 1 =f x AS;,1 — h x 500 x AF; 4

So, var(AP;) = f? x var(AS;) + h* x 500° x var(AF,) — 2h x 500f x cov(AS,, AF,). Note that
it does not matter here if the subscript is t + 1 or t as we are treating their variances
and covariances as similar whatever the time index. This is a property of a stationary
RV that we shall discuss in a later chapter.

The FOC for minimising var(AP;) with respect to decision variable h yields:

2 x h(500%) var(AF,) - 2 x (500f) cov(AS,, AF,) = 0
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or a risk-minimising “optimal” hedge of

W f x cov(AS;, AF;)
500 var(AF;)

This is a positive number of contracts since S; and F; ; would move together and recall
that at maturity T of the futures contract, Sy = Fr r. h* can be estimated by substitut-
ing in the sample estimates of the covariance in the numerator and of the variance in
the denominator.

The optimal hedge can also be estimated through the following linear regression
employing OLS method:

4

AS; = a + bAF; + ¢

where e, is residual error that is uncorrelated with AF;. We run this regression and the
results are shown in Table 2.2.

Table 2.2: OLS Regression of Change in Nikkei Index on Change in Nikkei Futures Price: AS; = a +
bAF; + e;. Sample size = 29.

Variable Coefficient Std. Error t-Statistic Prob.
Constant 4.666338 24.01950 0.194 0.8474
AF; 0.715750 0.092666 7.724 0.0000"**
R-squared 0.6884 F (d.f. 1,27)-statistic 59.6597
Adjusted R-squared 0.6769 Prob(F-statistic) 0.0000***
S.E. of regression 129.325 Sum squared resid. 451573.2

Note: *** indicates significance at the 0.1 % level whether one-tailed or two-tailed tests.

Theoretically, b = cov(AS;, AF;)/ var(AF;) = 500/f x h*. (Recall that earlier in the chap-
ter, when dealing with two-variable linear regression, b = cov(X;, ¥;)/ var(X;).) Hence
h* estimate is found as b x f/500 number of the futures contracts to short in this case.
From Table 2.2, b is 0.71575. With a ¥10 billion portfolio value and spot N225 Index on
September 1, 1999 at 17479, f = 10 billion/17479 = 572,115. Thus the number of futures
contract to short in this case is estimated as:

h* = b x f/500 = 0.71575 x 572,115/500 ~ 819

number of N225 futures contracts.

4 One of the earliest studies to highlight use of least squares regression in optimal hedging is Louis H.
Ederington (1979), The hedging performance of the new futures markets, The Journal of Finance, 34,
157-170.
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Further Reading

Gujarati, D. N. (1995), Basic Econometrics, Third edition, McGraw-Hill.
Johnston, J., and J. DiNardo (1997), Econometric Methods, Fourth edition, McGraw-Hill.
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3 Capital Asset Pricing Model

A capital asset pricing model (CAPM) is a theoretical model to explain the level of ex-
pected return over a specific horizon of an asset using systematic risks. The asset is
typically a traded financial instrument such as a stock (a major form of equity or own-
ership), a bond, a futures, a swap, an option, etc. A systematic risk is often described
as the expected value of systematic risk factors that are RVs that affect all assets within
the market at the same time, although having different degrees of impact on different
assets. The different impacts are due to the different sensitivities of the assets to the
risk factors. In this chapter we focus on the two-parameter (mean-variance) CAPM that
was the mainstream of financial asset pricing in the sixties through the eighties. This is
often mentioned as the Sharpe-Lintner (sometimes Sharpe-Lintner—Mossin) capital
asset pricing model.! The theory and the econometrics will be discussed. To provide a
good grasp of the basic theory of supply and demand in the financial economics of as-
set pricing, we lead the readers through some fundamental aspects of microeconomic
decision theory involving utility or preference.

3.1 Expected Utility Theory

A rational framework for decision-making starts with preference — how a consumer
would choose to consume among different consumption bundles, each of which is
affordable by his/her budget. A consumption vector is (x;, x,, ..., X,) where x; is num-
ber of units consumed of good i, and so on. If the consumer strictly prefers bundle
X = (x4,...,x,) tobundle Y = (y;,...,y,), then we write X > Y. If consumer indeed
chooses X over Y, this is called his/her revealed preference or choice. If the consumer
has equal preference or is indifferent between bundles X and Y, then we write X ~ Y.

Suppose there is a utility function U(-) on the vector of consumption goods bundle
such that X > Y if and only if (iff) U(X) > U(Y), X < Yiff UX) < U(Y), and X ~ Y iff
U(X) = U(Y). The actual number of the utility function, “utils”, is just an ordering that
indicates which bundle is preferred. Thus U(-) is an ordinal or ordering number, and
not a cardinal or counting number (which would have some implications on relative
magnitudes). Note that the assumption of existence of such a utility function U : X —
u € R is not trivial as it projects a consumption vector to a scalar number, i. e., it
collapses a higher dimension object to a single dimension object.

Revealed preferences can in theory be used to build, for example in a two-goods
world, a set of indifference curves quantified by the ordinal numbers of utils for each
consumer. Then, one can tell if another bundle is preferred to existing ones or not by

1 See W. Sharpe (1964), Capital asset prices: A theory of market equilibrium under conditions of risk,
The Journal of Finance, 19, 425-442.

https://doi.org/10.1515/9783110673951-003
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looking at the indifference curves. But this is as far as it gets; there is nothing else in
the cookie jar for understanding choices under uncertainty situations.

3.1.1 Choices Under Uncertainty

In order to build choice theory and decision-making on preferences of risky or uncer-
tain outcomes, the von Neumann—-Morgenstern (VM) expected utility representation
or framework is very useful and popular in economics and financial research. A risky
outcome is generically represented by a lottery which is characterized as a chance
game in which there are two probabilistic outcomes: a probability p of winning X and
a probability (1 — p) of winning Y. X and Y can be monetary amounts, need not be
consumption bundles, and can also be lotteries.

The lottery is expressed as [p © X + (1 - p) © Y]. Even though X or Y may be a
vector of units of goods, the operation © is not a multiplication, but simply denotes
the association of probability p with lottery claim X in p ® X and of probability (1 - p)
with claim Y in (1-p) @Y. The idea is represented by the lottery diagrams in Figure 3.1.

Simple Lottery X Compound Lottery x
ax
p qy
(I —gx)
1—
(1-p) v
(1-qv) Y

Figure 3.1: Simple and Compound Lotteries.

The simple lottery diagram, Figure 3.1(a), shows the lottery [poX + (1-p) @ Y]. Entities
on the nodes represent consumption bundles or lotteries, while those on the branches
represent probabilities. For the compound lottery diagram, Figure 3.1(b), A and B are
themselves lotteries, with A being [gx©X +(1-gx)©Y], and Bbeing [gy ©X+(1-gy)0Y].
This compound lottery is the same as [(r1gx +(1-m)qy)0X +(m(1-gx)+(1-m)(1-qy))0Y]
when we consider that the probability of winning X is now p = ngy + (1 - )gy.

We require a few axioms to construct the useful class of VM utility functions. There
are three assumptions as follows.
(A1) Any two lotteries X, Y can be put into one or both of the preference relations:

XY, X<Y.
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(A2) If X > Y, then for any other lottery Z, [po X+ (1-p)oZ] = [peoY+(1-p) o Z],
where p € [0,1].

(A3) Suppose X > Y > Z are any 3 lotteries, then p, g, r € [0, 1] can be found such that
poX+(Q-p)oZ]l>Y~[goX+(1-q)oZ]l>[roX+(1-r)oZ]

(A1) is called the completeness axiom. It includes the case X ~ Y when both X > Y
andX <Y.

(A2) is sometimes called the substitution axiom or the independence axiom. This
is intuitive, but is not some natural fixture, so it has to be axiomatized. For example,
if I prefer a China holiday to a European holiday, it may also be that I prefer an even
lottery of a European versus Mediterranean holiday to an even lottery of a China ver-
sus Mediterranean holiday, perhaps because of the lesser anxiety in the locational
differences of the lottery outcomes. The axiom does compel some rationality onto the
probability structure so as to make it a bit like a physical fraction p of outcome 1 and
fraction (1 — p) of outcome 2 in the lottery.

In addition, this axiom yields (a) the reflexivity principle, i. e., put p = 0 in (A2),
and for any Z, Z > Z; and (b) the transitivity principle,i.e., X > Y = [poX+(1-p)o
Zl=[poY+(1-p)oZ]; YrZ=[poY+(1-poZl=z[poZ+(1-p)oZ]l=2Z,
hence [poX+(1-p)oZ] =Z,and X = Z by puttingp = 1.

(A2) also implies thatif X ~ Y (or {X > Y and X < Y}), then for any other lottery Z,
[poX+(1-p)oZ]~[peY+(1-p)oZ](or{lpeX+(1-p)oZ]=[peY+(1-p)oZ]
and [poX+(1-p)oZ]lz[poY+(1-p)oZ]}.

(A3)is a continuity axiom and is sometimes called the Archimedean axiom. It buys
a lot of things. First, it allows one to put a lottery of X and Z in equal preference with
possibly a non-lottery Y. Thus U(Y) is some weighted average of the U[poX+(1-p)oZ]
and U[reX+(1-r)oZ]. Thus the utility function cannot be just ordinal as otherwise it is
difficult to define U(Y). The utility function U(-), that is continuous and increasing in
the sense that U(X) > (<) U(Y) iff X > (x) Y, is now extended to a cardinal utility func-
tion that measures levels of absolute satisfaction or preference such that changes in
the levels are comparable in different situations. The latter comparison is not possible
under ordinal utility function. Measures of level changes also provide for measures of
marginal utility which is an important analytical concept in decision theory. We con-
sider the class of cardinal utility functions under positive affine transformation, i. e. if
U(X) is a feasible utility function, so is V(X) = aU(X) + b (for constants a and b). This
preserves the ranking of marginal utility, i.e. dUX) > dU(Y) > dU(Z) & dV(X) >
dv(y) > dv(Z).

Without loss of generality, we define U : X — [0,1] € R. Unit utility is associated
with the best or most preferred lottery B, i. e. U(B) = 1, while zero utility is associated
with the worst or least preferred lottery W, i.e. U(W) = 0. Use of these two extreme
reference points simplifies the construction, but are not really necessary. By the affine
transformation, any analytical results obtained using U(X) € [0,1] can be similarly
obtained using utility V(X) = aU(X) + b € [b,a + b] for arbitrary a, b < co. Probability
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p lies in [0, 1]. “>” means strict preference while “>” means preference and includes
indifference “~”.

Using B and W, (A3) allows any lottery to be put into equal preference with a lot-
teryon Band W, i.e. any lottery X ~ [t@B+ (1-m) o W] foram € [0,1]. (A3) also gives
rise to the following lemma.

Lemma3.1l. [peB+(1-p)oW]>[goB+(1-q)oW]iffp>q.

Proof. Suppose X > Y. By (A3), 3 (there exists) py, py > (such that)
X~ [pxeB+(1-py)oW]>[pyoB+(1-py)oW]~Y
Since X > Y > W, by (A3) again, 37 >
[ToX+(1-moW]~Y
Left-hand side (LHS) is

[fToX+(l-moW]|~[re[pxoB+(1-px)oW]|+(1-nm) o W]
~ [y @ B+ (1-mpy) 0 W]

where we have used (A2).

Therefore, [mpy ©B+ (1-npx) o W] ~ Y ~ [py ©B+ (1 - py) © W]. Thus, npy = py.
As 0 < < 1, we have py > py, which is the proof of the “only if” part when we put
X=B>W=Y.

Conversely, ifpy > py,and X ~ [px©B+(1-px)oW], whileY ~ [pyoB+(1-py)oW],
we can find 0 < 7 < 1, such that ipy = py. Thus, Y ~ [nmpy © B+ (1 — mpy) © W]
~mroX+(1-m)eoW].By(A3),X > Y. O

Theorem 3.1 (VM Expected Utility Representation). There is a utility function on the
lottery space X, U : X — [0,1] € R, such that
UpoX+(1-p)oY)=pUX)+(1-pU(Y)

where p is the probability of outcome X, and 1 — p is the probability of outcome Y.

Proof. By (A3), we can characterize lotteries X and Y as X ~ [pxy @ B+ (1 - px) @ W]
andY ~ [py © B+ (1 - py) © W] for px,py € [0,1]. By Lemma 3.1, X > Y iff py > py.
Let function U : X — [0,1] € R. We can thus fix U(X) = py and U(Y) = py without
loss of generality. This preserves the ranking of X > Y given py > py, and vice-versa,
X>Y=UX)>U{Y)= px >py. Next

poX+(1-p oY
~po[pxoB+(1-py)oW]+(1-p)o[pyoB+(1-py)o W]
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~ [(ppx + 1 -p)py) ©B+ (1-ppx — (1 -p)py) © W]
~ [(PUX) + 1 - p)U(Y)) 0 B+ (1-pUX) - (1 - p)U(Y)) © W]

Since the LHS lottery is again expressed as a compound lottery of B and W, we can
assign its utility as the probability of B in the compound lottery, i. e.,

UpoX+(1-p)oY)=pUX)+1-pUY) O

The utility function U(-) that satisfies axioms (A1), (A2), (A3) and thus the relation-
shipUpoX+(1-p)oY)=pUX)+(1-p)U(Y)is called the VM utility function. It
adds more properties to a primitive ordinal utility function. The VM U(-) has a strong
advantage over a primitive ordinal utility as it is able to provide cardinality in terms of
expectation, optimization, and is able to rank preferences by the expected outcome. It
is also characterized as an expected utility function since any utility can be expressed
as an expected utility with a trivial probability of one.

Is U(X) function limited to characterization by py in X ~ [pxy © B+ (1 —pyx) © W]?
We see what happens when we broaden it to be U(X) = apx + b where a > 0 and b are
constants. This includes the case when U(X) = pyx. Now

poX+(1-p) oY
~polpxyeoB+(1-py)oW]+(1-p)o[pyoB+(1-py)o W]
~ [(ppx + 1 -p)py) © B+ (1-ppx — (1 -p)py) © W]

2] 0-pf 222 o
(oo 520222 o

UpoX+(1-p)oY)

Calp U0 [UDB)

=pUX) + (1-p)U(Y)

And so

Thus, the expected utility representation is preserved and U(-) is unique up to a
positive affine transformation. Any expected utility function or VM function aU(-) + b,
where a > 0 and b are constants, is equivalent to expected utility function U(-), pro-
ducing the same preference outcomes.

There have been refutations of the VM representation via offered empirical para-
doxes showing inconsistencies of VM utility implications, e. g., the Ellsberg and Allais
paradoxes, being two of the most famous. However, the camp of rationalists remains
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very strong, and VM framework remains a major tool in economics and financial-
theoretic modeling.

Hirshleifer and Riley commented,? “The dissident literature claims that the dis-
crepancies revealed by these results refute the economist’s standard assumption of
rationality, or at least the expected utility hypothesis as a specific implication of that
assumption. We reject this interpretation. A much more parsimonious explanation, in
our opinion, is that this evidence merely illustrates certain limitations of the human
mind as a computer. It is possible to fool the brain by the way a question is posed, just
as optical illusions may be arranged to fool the eye”.

3.2 Utility Functions

Under market mechanism where goodsi = 1,2,...,n are traded, suppose the market
prices {p;};-1, ., are competitive and strictly positive (taken as given; in other words,
individual consumer choices cannot affect the prices), a representative individual’s
demand on the goods {x;};_; . , is restricted by his/her income Y accordingly. Denote
X as the vector (x, X5, ..., X;,). The budget constraint is

Ypx <Y
i

As a consumer, he/she chooses x;’s to

max U(X) subjectto Z pixi<Y and X>0
i

Note that vector X > 0 = any element is either > 0 or = 0. Vector X > 0 = at least
one element x; > 0 while the others are >0. X » 0 = all x;’s > 0. U as a function of
direct consumption goods amounts is called a direct utility function and the optimal
demands x; as a solution is called the Marshallian demand function.

How do we solve this constrained optimization problem? Let us consider neces-
sary conditions for a maximum. In Figures 3.2(a) and (b), it is seen that keeping all
other variables constant while varying x;, if a maximum point occurs in the closed in-
terior set where x; > 0, as in Figure 3.2(a), then in this case, Ui’ = 0 at the maximum
point. However, in Figure 3.2(b), the maximum point occurs at x; = 0. At this point,
the slope U is clearly negative. The slope could also be zero here.

Hence, under constraint x; > 0O, Ui’ < 0 at the maximum point. This is one neces-
sary condition. In fact, either {Ul-’ =0,x; > O} or {U! <o, x; = 0}, so we can use another
necessary condition for maximum, i.e. U] x x; = 0.

2 ]. Hirshleifer and J. G. Riley (1992), The Analytics of Uncertainty and Information, Cambridge Univer-
sity Press, p. 34.
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=

0 T; 0 T

(a) (b)

Figure 3.2: Unconstrained and Constrained Maximums.

Form the “Lagrangian” function with Lagrange multiplier A; L = U(X) + A(Y - Y; piX;)-
Then, maximize the objective function

UX)+AlY - iX; .t X>0
n;l&x X) + < ;p1x1> S >

Note that in L, if the maximum occurs within the constraint (Y - }; p;x;) > 0, orin
its interior, then the solution should be as if solving max U(X) without the constraint,
hence A necessarily equals zero. If the maximum is right at the boundary where (Y —
Y.ipix;) = 0, then A > 0 since any increase of Y in the constraint set would increase L
by the shadow price A, which must necessarily be strictly positive in this case.

In fact, either {(Y - }; p;x;) = 0,A > O} or {(Y - }; p;x;) > 0,4 = 0}, so we can use
another necessary condition for maximum, i.e. (Y - Y; p;x;)A = 0.

The first-order necessary conditions (FOC) are:

C) 5 :U(X) - Ap; <0, Vi
(C2) (Ui(X) - Apy)x; = 0, Vi
(€3 G:Y-Yipix; >0,
(C4) (Y-Y;px)A=0

(C5) x; >0, Vi,and

(C6) A>0.

Second-order conditions for maximum are met as U(-) is assumed to be strictly con-
cave.

Conditions (C1) and (C2) follow the same arguments laid out for diagrams in Fig-
ures 3.2(a) and (b) when x; > 0. (C4) is sometimes called the complementary slackness
condition.

Suppose we have an interior solution in (C1)-(C6), then A > 0, and x; > 0  Vi.
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(C)=>U;=Ap;. (C4) =Y = Y,;pix;, s0A = % Then, we have

Ui = %(Z Ui"i) Vi
i

and asolutionxj, x;, ..., x, canbe found. Eachx; isafunctionof p;’sand Y, or ;" (Y; p)
where p is the vector of p;’s. When expressed in terms of given prices and income Y,
the demand function is called a Hicksian demand function.?

Utility function U(Y; p) based on Hicksian demand or income or wealth Y is called
an indirect utility function. It is this indirect form of utility function in terms of avail-
able income or wealth that is most often used in finance theory.

Under preference relations that can be represented as VM expected utility formu-
lated above, an individual determines the probabilities of lottery payoffs, assigns an
index U to each possible payoff, and then makes a decision to maximize the expected
value of the index. The index or sometimes “utils” is a function of income or wealth.
We shall refer to the use of utility under the representation as VM utility function.

Suppose there is an investment A that leads to final wealth W, which is a RV
with probability distribution P(W,). Another investment B leads to final wealth Wp
with probability distribution P(Wp). A is preferred to B iff E(U(W,)) > E(U(Wp)) or
Y U(W,)P(W,) > Y U(Wg)P(Wg). Henceforth, we shall use money in the argument of
U(-). Even if we use a certain good (say, gold) and its amount x in the argument, we
can treat it as “money” or as a numéraire, so all other goods can be denominated in
terms of the amount of gold.

3.2.1 Taylor Series Expansion

For more analytical development of the utility function, a convergent Taylor series ex-
pansion is required. We explain this as follows. The Taylor series expansion is an im-
portant analytical linear approximation to continuously differentiable functions using
polynomials and plays a major role in mathematical analysis. A polynomial function
in x to degree n can be written in the form

2 -1
Ay + @ X + aX° + a3 + -+ @y X+ @ X"

where a; Vk is a constant. The Taylor series expansion is explained by the Taylor’s
Theorem as follows.

Theorem 3.2 (Taylor’s Theorem). Let f be a function that is n + 1 times differentiable on
an open interval containing points a and X. Then, for a fixed a,

3 For more microeconomics, see Varian (1992).
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fIH (a)
3!

fx) =f(a) + (x - a)f'(a) + (x - a)jr (a)

nf“”( )

+(x -

+--+(X—a) +R,(x)

where f (")(a) is the n'" derivative evaluated at point a, and remainder term R, (x) = (x -

)n+1f("“) »
(n+1)!

for some number y such thata <y < x.

Proof. We can always define a function

2f" t)

Fit)=f00)-f(t) - (x-t)f"(t) - (x - t)

()
_____ YA
n'

for a fixed t such that a < t < x. In general, this function will contain x and ¢. However,
specifically, F(x) = 0 and F(a) = f(x)-f(a)- (x—a)f'(a) - (x- a)zf @ _ .. (x- a)nf (a)'

The proof is completed when it can be shown that F(a) = R,(x) = (x — a)"*lf n+1())',) for
some number y such that a < y < x. Now

Fi6)=—F'() - = 0f ") + () - (x - 2L “’ + - 0f"(0)
of () n-1 f<" <t>
—"'—(X—t)—‘+(X—t) m
nf(n+1 (t

=-(x-0

Define H(t) = F(t) - (X1)"'F(a). We have H(a) = 0, and H(x) = F(x) = 0. There

is a y between a and x such that H'(y) = 0 (Rolle’s theorem). But H'(y) = F'(y) +
n+1

(n + )& F(a) Hence, F'(y) + (n + 1)-*22_F(a) = 0. Or, —(x — y)"’% +(n+

(X*ﬂ)"*l

1) (=" F(a) =

(x—a)™*1

Hence, F(a) = (x - a)"”f(m)l()’,' . O

(X a n+1

The Taylor series expansion is very useful for analysis. When the remainder term
R, (x) is very small or = 0, then f(x) can be well approximated by f (a) + (x—a)f ' (a) + (x -
a)z% +eoet (X — a)"’%. The Taylor series expansion can also be used to determine
if a stationary point a (when f'(a) = 0) is a local minimum or a local maximum or a
local point of inflection. The local feature refers to only a section or part of the domain
while a global feature refers to the whole domain of the function. Suppose f'(a) =

= f"D(a) = 0, but f™(a) # 0. By Theorem 3.1, f(x) - f(a) = R,_,(0) = (x - @)" (%)

fora <y < x.Ifnis even, (x - a)" > 0. In this case, if f (”)(y) > 0, and supposing a is
sufficiently closetoy, sof ) (a) > 0,thenf(x) > f(a), hence point a is alocal minimum.
The special case of f'(a) = 0 and f"(a) > 0 implies a local minimum at a on f (x). In the
same case, if f (")(y) < 0, and supposing a is sufficiently close to y, so f’ ™(a) < 0, then
f(x) < f(a), hence point a is a local maximum. For a special case such as a quadratic
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function, the local minimum (maximum) is also the global minimum (maximum). If n
is odd, f(x) - f(a) have opposite signs for x < a and for x > a (whichever sign s f () (a)).
In this case, point a is a point of inflection.

3.2.2 Maclaurin Series
Theorem 3.1 can be specialized to the case of Maclaurin series which is a particular

power series (a polynomial with an infinitely differentiable function) by fixing a = 0.
Then,

0o £(n)
f(X) — Z f nEO)Xn
n=0 :

where f © (0)is defined as f(0). The infinite Taylor series needs to be convergent so that
when computation is done at a particular cutoff of large n, the resulting polynomial
is a good approximation. If the higher derivative "V (a) grows at a rate much faster
than n itself, then the series may not converge and the Taylor series is not valid. Many
important convergent Maclaurin series are as follows.

2 3 00 . n
X X X
eX:1+x+—+—+---:Z—
2 3 £ n!
2 3 00 n+l_n
-1
I+ =x-<+X oy DX
2 3 - n
n=1
) X3 X5 o) (_1)nX2n+1
51nX=X——'+—'—~~= ﬁ
3t 5l Z (n+1)!
2 4 00 n,2n
X -1
COSX:1——+——"': &
20 4 L (2n)!

From the last two expressions, one can see that d sin x/dx = cos x.

3.3 Risk Aversion

First, we note that by the basic axiom of nonsatiation in human economic behavior
(generically, excepting some self-sacrificial souls or instances), U(x) > U(y) iffx > y
where x,y are money units. This is because for fixed x greater than fixed y, x > y,
so by VM expected utility (which after this point we shall always assume, unless it is
otherwise indicated), E[U(x)] > E[U(y)]. Hence U(x) > U(y) as x,y are constants in
this case. If for any x > y, U(x) > U(y), then U(-) is a strictly increasing function of its
argument. Assuming continuous function U(-) with existence of at least the first and
second derivatives, for purposes of easy analysis and exposition of basic theoretical
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results, then clearly, U’(-) > 0. Similarly, if U(x) > U(y) and hence E[U(x)] > E[U®)],
then x > y.

We shall define that a person (or agent or investor) is risk neutral if he (or she) is
indifferent between doing nothing or value 0 and an actuarially (probabilistically in
the expectations sense) fair amount E(X) = O where X is a RV or a lottery, and r > 0:

X { r with probability (1 - )
~ | -@-m)r with probability =

The agent is defined to be risk averse if he or she prefers doing nothing to accepting
the gamble, i. e., prefers certainty to an actuarially fair game. He/she is defined to be
risk loving if he or she prefers the gamble to certainty.

Theorem 3.3. An agent is risk averse iff U(W), where W is his or her wealth, is a strictly
concave function.

Proof. By Jensen’s inequality, if U(:) is strictly concave (which means —U(-) is strictly
convex), E[UW + X)] < U(E[W + X]) = U(W) since E(X) = O for an actuarially fair
lottery. Thus, the agent always prefers certainty to the actuarially fair gamble X, and
is thus risk averse.

For the “only if” part, suppose the agent is risk averse, then

UW)>aUW -[1-malr)+(1-mUW + mr)
forallr > 0 and 7t € (0,1). Since
UW)=U(r(W-[1-ma]r)+ (1 -m)(W +mr))

strict concavity of U(-) is shown. O

We shall henceforth assume all agents are risk averse unless otherwise specified.
Suppose an agent faces a risky lottery of RV X, with E(X) = 0, so his/her final wealth is
W + X, where W is a constant. An insurance company charges him/her an insurance
amount I to remove any uncertainty in his/her final wealth. Then

E[UW+X)]=UW -1)
Using Taylor series expansion, considering I is small relative to variance in X, then
E|UW)+XU' (W) + %XZU”(W) +o(U) | = UW) - IU (W) + o(U)
where o(U) denotes an approximation to a little (small) order, i. e. o(U) tends toward

zero as U grows larger. Conversely, big order O(U) would mean that O(U)/U remains
as some finite constant that does not approach zero. Thus,
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%E[XZ]U”(W) ~ -IU'(W)

~ _1U'w)
orl = R var(X).
u'w)

Intuitively, for any agent, — T = A(W) is a positive number such that insurance
premium I increases with this number A(W) for a given risk X. If the agent is willing to
pay a higher risk premium, he/she is more risk averse. Thus, A(W) is a measure of risk
aversion: the higher the A(W), the higher the risk aversion. A(W) > 0 since concave
U(-) implies U"(-) < 0.

AW) = —[[]],,,((x,’)) is called the absolute risk aversion function; T(W) = 1/A(W) is
called the risk-tolerance function; R(W) = W x A(W) is called the relative risk aver-
sion function. In some VM utility, when these functions become constants, we have
the associated “risk aversion coefficients”. For example, U(W) = —e %W, where a is
a constant, is a negative exponential utility function. U’ = —aU, and U" = a’U, so
A(W) = =U"/U'" = a, and a > 0 is called the constant absolute risk aversion coeffi-
cient.

. witr_1

Another example is U(W) i
function. U' = W, and U" = -yWw ™!, So, R(W) = -WU" /U’ = y,andy > O'is
called the constant relative risk aversion coefficient. Another form or an affine trans-
form of the power utility function is U(W) = "}’_;yy that is also called an isoelastic utility
function since dU/dW x W/U = 1-y, a constant.

The logarithmic utility function In(W) is a special case of the power utility, as seen
below, when y — 1. Apply L’Hopital’s rule:

, Where y is a constant, and U is a power utility

WYY -1 AW —1)/dy
lim = lim =In(W
y—1 1-y y=1 d(d-y)Jdy W)

Note diwln W =1/W > 0, so log utility is increasing in W. Next, dd—m;ln W= —1/W2 <0,
so log utility exhibits strict concavity and thus risk aversion.

Uw) = :( # +d)'t, d > 0, isaclass of hyperbolic absolute risk aversion (HARA)
utilities. U’ = ¢(F + )™, and U" = —c*(5F +d)™". So, AW) = -U" /U’ = c(5F +
d)\. Thus, T(W) = 1/A(W) = v_tv + g. HARA utility functions are linear risk tolerance
functions (in wealth).

It is interesting to note that since the 1980s there have been increasing attempts
to model non-standard utility, i. e. non-VM utility that does not necessarily obey The-
orem 3.1. A non-standard utility may have the advantage of higher flexibility to ex-
plain some of the aberrations or anomalies occurring that could not be satisfactorily
explained by VM-type preferences. An example of non-standard utility is the recur-
sive Epstein—Zin utility function® that is used frequently in life-cycle modeling where

4 L.G. Epstein and S.E. Zin (1989), Substitution, risk aversion, and the temporal behavior of con-
sumption growth and asset returns I: A theoretical framework, Econometrica, 57(4), 937-969.
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intertemporal substitutional issues are significant. In the Epstein-Zin utility, an extra
elasticity of intertemporal substitution parameter allows its disentanglement from the
coefficient of risk aversion so that both intertemporal substitution or resolution of un-
certainty in near versus far risks and also risk aversion in degree of overall uncertainty
can be separately considered.

3.3.1 Application of VM Expected Utility

Nicholas Bernoulli in 1713 posed the “St. Petersburg Paradox” as follows. It was com-
monly accepted at that time that the price of a lottery would be its expected value. The
lottery pays 2! if the first head occurs in the nth toss of a coin.

The probability of a head at the nth toss follows a geometric distribution (special
case of negative binomial) p(1 — p)""! where p = 1/2 is the probability of a head. The
expected payoff of the lottery is then

00 -1 00
Zl(l) P YL
~2\2 ~ 2
i=1 i=1
The paradox is that no one would pay a large amount to buy this lottery with an ex-
pected payoff of co.

Now suppose people are risk averse and not risk neutral (who would then play
actuarially fair games). Suppose they have log utility In(W). Then, a fair price 7 is >
(such that):

i-1

In(r) = °z°: %(%)1 In(2) = Of:(%)i(i_ )In2=In2

i=1 i=1

Hence, 7 = 2 which is a much smaller sum to pay given the risk aversion, and can thus
explain the paradox!

3.3.2 Value of Information

Suppose a market offers shares that give rise to a payoff (RV X;) for every $1 invested
in a future state (event) i share as follows. There are N finite states of the world, thus
N types of shares:

X; with probability p;

f=
$payo { 0  with probability (1 - p;)
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An investor or individual has a budget of $1 with which to allocate amount a; > 0
to the ith share such that Zfil a; = 1. His/her payoffif state j occurs next period is $a;X;.
He/she maximizes his/her expected utility subject to budget constraints, i. e.

N N
maeile;piU(aiXi) s.t. Z;ai =1 and a;>0 Vi
= 1=

If Lagrangian function L = Zfi 10i U(aiX;) + A(1 - Y; a;) is maximized, assuming
the budget constraint is exactly met, and that all a; > 0, then the necessary conditions
(FOCs) are

N
piXiU'(aiXi) = /L Vl, and Z a; = 1
i=1

For log utility U(-), the necessary FOCs are

X ! —pi—/lvi and ia—l
ain' a; > i:II

Solving, A = Zf\il p; =1, so a; = p;. Then, the maximum value of the objective function
is

N N N
Y pilnpX) = Y p;Inp; + ) p;InX; G0
i=1 i=1 i=1

Now, the uncertainty in the problem has to do with which state i will eventually
occur. Suppose the investor is given an information set on which state occurred before
he or she makes an investment decision about a;. Suppose there is perfect information
(or perfect knowledge) about which state i would occur. Then, the investor’s ex-ante
objective function, given this full information each time before he or she decides, is

N N
max E(U(a;X;)|X) = Y piIn(1xX;) = ) p;In(X;) (3.2
! i=1 i=1

where all $1 budget is allocated to state i when X = X;.

Maximum expected log utility is obtained in (3.1) without information while that
in (3.2) is obtained with full information from X. The information value (in util sense,
not $ sense here) is therefore

N N N N
[Zpi lnXi] - [Zpi Inp;+ Y p;InX;| =-) p;lnp; >0
i1 i1 i1 i1
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In statistical information theory, — Zfil p;Inp; is also called the entropy of RV X
and is a measure of the uncertainty embodied in the randomness of X. For exam-
ple, X = 2 with probability 0.5 and X = 1 with probability 0.5 has an entropy of
—1n 0.5 = 0.6931. Another RV has distribution X = 2 with probability 0.9 and X = 1
with probability 0.1. This has entropy —0.91n 0.9 — 0.1In 0.1 = 0.3251. Hence the for-
mer X is a lot more uncertain than the latter in that one is more able to predict the
latter with the higher probability of which value will occur.

3.4 Single-Period CAPM

The Sharpe-Lintner CAPM is a single-period model. From about 1964 until the 1980s,
it was a predominant model for understanding the pricing of stocks as well as projects
through extensive use of its concept of systematic risk in beta. It is still relevant, al-
though there have been much improvements in the understanding of how stocks are
priced, including behavioral aberrations and extensions to multi-factor models. The
CAPM is a single-factor model relying on the market index to explain systematic vari-
ations in stock returns.

Suppose there are N risky stocks and 1risk-free bond with risk-free rate r; over the
period. Utility function is strictly increasing and concave. We shall assume either stock
return rates r;’s are jointly normally distributed® (which means any portfolio or linear
combination of return rates is normally distributed) and/or the investor has quadratic
utility functions.

Investor k maximizes expected utility based on current wealth W, and investment
decisions or portfolio weights (percentage investment) on the stocks, x;:

max E[U(W;)]

Xitici2. v

where W; = Wy (1 + rp), rp being the portfolio return rate, and

N N
rp = inr,- + (1 - in>rf
i=1 i=1

N
= rf + ZXi(ri - rf)
i=1

=1+ xT(r - rfl)

5 Amore general class that includes the normal distribution is the class of elliptical distributions. This
assumption has the disadvantage that W; may become negative. We can assume that the joint normal
distributions of r;’s produce a negligibly small probability as such, or else use W; = W, exp(rp) where
rp is lognormally distributed. However, in the latter, linear combinations of lognormal returns in a
portfolio do not yield exactly a lognormal portfolio return.
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Note that the weights of the N stocks and the risk-free bond sum to 1. In the last step,
we switch to matrix® notations, where xT = (x,%,,...,Xy), 1T = (FTy...,Ty), and
17 = (1,1,...,1),y. Note also that the investor’s portfolio defined above consists of
optimal portions of the N risky stocks and also a portion on the risk-free bond.

For the portfolio return rp which is normally distributed, note that

E(rp)=up = I+ xT(y - rfl),
var(rp) = 0123 =xTsx

and

cov(ry, 7p)

cov(ry, rp)

cov(r,rp) = =Xx

cov(ry, p)

where X is the covariance matrix of the N risky stock returns. Note the above results
are obtained even when the portfolio return rp contains a non-zero fraction (1 - xT1)
of the risk-free bond.

Either the multivariate normal return distribution assumption or the quadratic
utility assumption has the effect of ensuring that the investor’s preference ultimately
depends only on the mean and variance of the return distribution. In the multivariate
normal assumption, the third and higher wealth level moments in a Taylor expan-
sion of E[U(-)] (assuming the expansion is convergent) based on normally distributed
wealth W, at end of period, can be expressed as functions of the first two moments of
the normal distribution. Hence, for any arbitrary preferences, the VM expected utility
E[U(W,)] of end-of-period wealth depends only on the mean and variance. However,
there has been strong empirical evidence that stock return distributions tend to be
skewed and have tails fatter than those of a normal distribution.

In the quadratic utility assumption, investor’s preference depends only on the
mean and variance of returns because third and higher orders of derivatives of E[U(-)]
in a Taylor expansion of U(-) are zeros. Thus, only the first and second moments of
return enter into the VM expected utility E[U(W,)] of end-of-period wealth. However,
quadratic utility has the disadvantage that at some wealth level that is sufficiently
high, expected utility may decrease, thus violating a standing axiom of nonsatiabil-
ity. Moreover, there is increasing absolute risk aversion with respect to wealth, which
is not very intuitive.

Despite the caveats discussed above where we see that mean—variance optimiza-
tion (as in Markowitz’s portfolio optimization)’ may be inconsistent at times with ex-

6 For microeconomic analysis using matrix operations, see Takayama (1985).

7 H. Markowitz (1952), Portfolio Selection, The Journal of Finance, 7, 77-91. See also Huang and Litzen-
berger (1988) for a rigorous discussion of portfolio optimization mathematics.
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pected utility maximization, it is still a very powerful framework to derive meaningful
and positive financial economic theories and understanding. We express E(U) as a
function of only up and o for the mean-variance analysis. Thus, we maximize VM
expected utility, E[U(W;)] = V(yp,alzj).
The FOC becomes (in vector notation)
ov. ov

OX Nx1 0= %( rfl) + (ZZX) .

Rearranging,

s

_ Opp \g-1

X__E(Z‘;)Z (y—rfl)
o0}

=27 (u-rs1) (3.4)

v
where t = ——( up ) > 0 since =— > O due to nonsatiation, and ov %07 < 0 due to risk aver-

Ba a'u
sion. Thus t = —( ao") > 0 (holding V constant), which is a measure of risk tolerance.

We see that investors optimally invest in only two funds. The first fund is a portfo-
lio of stocks as given by x in Eq. (3.4), while the second fund is $W(1 —xT1) in risk-free
bonds. This is sometimes called a two-fund separation theorem, and implies that un-
der mean-variance optimization, investors can achieve optimality by simply investing
in two properly construed funds rather than having to worry about deciding weights
for every stock. This has in the past been used as an argument for passive market index
fund investment, such as in Vanguard.

The model is actually not quite complete yet. The optimization above is for a kth
investor in the market. Suppose there are Z number of non-homogeneous or heteroge-
neous investors in the market. When all their stock demands are aggregated, the total
vector dollar demand on risky stocks is given by

z
Y xWs
k=1
where superscript k denotes association of the quantity with the kth investor. We al-
low different investors to have different original wealth, hence W(’,‘ . They may also
have different utility functions V(up, af,), hence different t* values although they all
have the same information of market return parameters, y and . Suppose the total
market wealth is M = Y% W(’)‘, we can then define N x 1 vector of weights xj; =

% Thus, x,; acts like the optimal portfolio of stocks of a representative investor
(or the aggregated average of all non-homogeneous investors), when aggregate de-
mand is equated to aggregate supply of dollars for each security, i. e. the ith element

of Y2 x, WK equated to the ith element of x; M.
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This equation of demand and supply is called an equilibrium condition and is
necessary for any good solution to a problem involving the whole set of investors in
the market. x;; is the equilibrium market portfolio (weight vector).

zZ A
XM = Y Wy = 3 WEE (1 - r1)

k=1 k=1
Thus
Y tkW§> .
= > -1l
Xm < M (Il rf )
which implies
xy = cov(r, ry) = tM(y -1el) (3.5)

Z  kyk
Lt W
where tM = (—Zk’l,” 0

) > 0O is the market-averaged or representative investor’s risk
tolerance, and ry =1y + x{,l(r —1¢1) is the market portfolio return. The market portfolio
in this case consists of a positive supply of all risky stocks as well zero net supply of
the risk-free bond. We may sometimes distinguish the risky part as the risky market
N

portfolio. It is seen that cov(r;, ryy) = cov(r;, 3,5, X;7;), Vj, where XA];I = (X, X9, -+, Xp)-

Multiplying by XAT/,, Eq. (3.5) becomes
X2y = oy = M Gy — 1)

0.2
or M=_M (3.6)
My —17)

Note that XAT,I(y -1l = XA];IH - erAT/Il = Uy — 1y as the expected risky market portfolio

return is E(ry;) = py, and xITMl = 1 with net zero borrowing and lending.
Substituting Eq. (3.6) into Eq. (3.5), we obtain

XX
u-rl= U—é/l(yM - 1) (3.7)

Eq. (3.7) is the securities market line (SML) of the CAPM. Its ith element is

E(ry) — 1y = Bi(E(ry) —15) (3.8)

where f; = ©X%"u)

Equation (1‘34.8) says that the expected excess return of any security is equal to a
risk premium (required compensation by a risk-averse investor for holding risky stock)
which is proportional to its beta, f;, a measure of its systematic risk. Since systematic
risk cannot be diversified away, the CAPM shows importantly that only diversifiable
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risk does not cost, but non-diversifiable risk fetches a positive risk premium. This pos-
itive risk premium is the market risk premium, (E(ry) — re).

From Eq. (3.4), for a mean-variance efficient portfolio (i. e. a portfolio return with
minimum variance 0y given mean yp),

Ix = t(p —rel) and 012, =xTsx = tuy, —15)

The last equation is a parabola of p, versus O‘IZ).

Similarly from Eq. (3.4), we have x = t(y—rfl)TZ"l, and evaluate xT(y—rfl) = UpTf
as

tu -1 ) = (u-r1) = td

whered = (u - rfl)TZ‘l(y —1¢1) is a constant. Thust = (Mp - rf)/d.
Then,

0, =ty 1) =y —1p)*/d  or (G, —1p)* =do,

The last equation is a hyperbola of u, versus ap.s The hyperbola is shown in Figure 3.3.

1ty CML
B
!
V
Tf
0 Ip
C

Figure 3.3: Mean-Variance Risky Portfolio Efficient Frontier.

Curve A-B-M-V-C is the hyperbola of y, versus g,,. Portfolio V is called the minimum
variance (or minimum standard deviation) portfolio as it is formed of all the N risky
stocks and has the minimum variance. Segment of curve A-B-M-V is called the mean-
variance portfolio efficient frontier as no other risky portfolio can be formed whereby

8 See Robert C. Merton (1972), An analytic derivation of the efficient portfolio frontier, The Journal of
Financial and Quantitative Analysis, 7 (4), 1851-1872.
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its variance would be smaller than that on the efficient frontier for the same given level
of return. Segment VC is the inefficient frontier as for any portfolio on this frontier,
there is another portfolio on the efficient segment with the same variance but higher
mean return.

A geometrical interpretation of the CAPM can be done using this frontier. Sup-
pose an investor invests some amounts in the risk-free asset with return rate ry and
the rest of the wealth in a frontier portfolio. Clearly, his/her optimal risk-return would
now lie on the straight line that has intercept at r, and has the point of tangency at M
on the hyperbola. If all investors behave the same, M is the equilibrium market port-
folio. Points on the tangent line below M comprises lending at the risk-free rate and
buying the risky market portfolio M. Points on the tangent line above M comprises
borrowing at the risk-free rate and buying the risky market portfolio M with leverage,
i. e. investing own wealth plus borrowed money. This tangent line is also called the
Capital Market Line (CML). The equation for the CML is

E(ry) —1¢
+—0

Hp =T¢ b

Oy

where the mean and standard deviation of market portfolio M’s return are u;,; and gy,.

3.4.1 Estimation

The CAPM model or the Eq. (3.8) is testable if we can observe the risky market portfolio
return as well as the returns of individual stocks or returns of portfolios of stocks.
(CAPM is typically a model used on stock returns instead of general securities such
as bonds or options as these other assets have different return characteristics that are
not consistent with having a normal distribution.)

Equation (3.8) can be expressed as a regression equation that implies (3.8), i. e. is
consistent with (3.8). If returns are multivariate normal, then this regression specifi-
cation is plausible, viz.

Tie = T + Bi(he — 1) + €5, Vit (3.9)

where E(e;;) = 0, and we have added time indexing for the risk-free rate r; and risky
market portfolio return r,,; in order to allow the rates to vary over time. The famil-
iar CAPM equation we usually see is the expectation condition (take expectation of
Eqg.(3.9):

E(ry) =rq + BiE (e — ) (3.10)

that holds good for each time period ¢. In other words, this CAPM is actually a single-
period model where the cross-sectional expected returns of stocks are related to the ex-
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cess expected market portfolio return. It has become common for empirical reason, as-

suming stationary processes in the returns, to treat the estimation and testing of CAPM

in the time series version of Eq. (3.9) rather than just the expected condition above.
In Eq. (3.9), when we take the covariance of r;; with r,,,;, we obtain

COV(Tigs Tyye) = COV(Ffy, Tyye) + B VAL (Fg) + COV(€3¢, Ty

Since ry; is supposed to be a constant at ¢, cov(ry,ryz) = 0. By the CAPM model in
Eq. (3.8), in order for B; = %) we must have cov(ey, r,,) = O for each i and t. We
[

M
can re-write Eq. (3.9) in a simple linear regression form as:
Tie = T = & + Bi(Fye — 1) + €3, Vit G.1)

where a; = 0 and cov(ey, ;) = O for each i, t. Hence, Eq. (3.11) provides for OLS estima-
tors that are BLUE under the classical conditions. In particular, estimate &; should not
be significantly different from zero under equilibrium situations, and then the stock
i’s beta or f; is estimated as:

s Y (X -X)(Y, - Y)
ﬂi - T 2
Zt:I(Xt _X)

where X, = ry 15, Yy =1y — 14, X = = ¥ X;,and Y = £ ¥, ¥,. B; is BLUE. It is also
consistent, converging asymptotically to f; = '2—;”

The regression version in Eq. (3.11) involvesmregression of excess stock i return rate
ri¢ — I on excess market return rate r,,; — ry, and a constant. a; is also called the alpha
of stock i. It is theoretically O in equilibrium, but could become positive or negative
in actual regression. The interpretation of the latter then becomes one of financial
performance:

a; > 0, positive abnormal return and
a; < 0, negative abnormal return.

In the investment context, suppose r; is the return of a stock or a portfolio over time.
Positive alpha indicates that the stock or portfolio is providing returns above normal
or above the equilibrium which according to CAPM q; should be zero. Negative alpha
indicates that the stock or portfolio is providing returns below normal or below the
equilibrium which according to CAPM q; should be zero. Strictly speaking, if the CAPM
is plausible, then this disequilibrium occurs only for a small number of stocks over the
sample period in which alpha is measured. Stocks with positive (negative) alphas are
said to outperform (underperform) their benchmark returns, i. e. their ex-post realized
returns exceed (undershoot) significantly their ex-ante expected returns as indicated
by the benchmark model, in this case the CAPM (although other benchmark models
may be used.)
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Alpha is also called the Jensen measure in a portfolio context. Good quantitative
strategy portfolio managers hunt for stocks with significant positive alphas in order to
form their super-performing portfolio. The advantage of using Eq. (3.11) is not only to
provide for possibility of some stocks in disequilibrium situations and uncovering of
abnormal returns in the form of alphas that are significantly different from zero, but
the use of excess returns as dependent and explanatory variables purges any infla-
tionary components in the return rates. The theoretical model deals strictly with real
rates of returns, so it is good to use real excess rates of returns for this reason.

There are some practical issues. What is the ideal sampling size for estimating
betas, alphas, and the other risk and performance measures? It is observed that in
practice one can only obtain in any case a finite sample. Between 5 years of monthly
data and 10 years of monthly data, it may make sense to use only 5 years or 60 monthly
sampling points. This is because the market changes over time in the sense of chang-
ing its distribution so that beta or the slope may also change over time. An example
is when there were five years of recession followed by five years of boom. In such a
case, taking a sample from the entire 10 years for a simple regression may provide in-
correct inferences. How long should a time series be used in the regression is however
an empirical issue as there is no rigid theory about it. Some studies also recommend
adjustments to the estimation of beta to minimize sampling errors. For details, see
Blume (1975).

3.4.2 Application: CAPM Regression

Devon Energy Corporation is a large American company that engages in the acquisi-
tion, exploration, development, and production of natural gas and oil in the United
States and Canada. It is involved in the transportation and processing of the oil and
natural gas. Monthly stock return data of Devon Energy and of the Standard and Poor’s
(S&P) 500 index return are collected in the sampling periods January 2005 to De-
cember 2009, and January 2010 to December 2014. Devon Energy Corporation stock
is traded on the New York Stock Exchange. The S&P 500 is a capitalization-weighted
stock market index comprising 500 of the largest companies listed on stock exchanges
in the U. S. The risk-free return rate is the U. S. 1-month Treasury bill rate obtained from
the Federal Reserve statistics. The monthly return rates of the stock are obtained by
taking the natural logarithms of the end-of-month stock prices plus any dividends is-
sued during that month relative to the previous end-of-month prices. The S&P 500
index is used as a proxy for the market portfolio. Thus the market portfolio returns
are obtained by taking the natural logarithms of the end-of-month S&P 500 indexes
relative to the previous end-of-month S&P 500 indexes.

9 M. Blume (1975), Betas and their regression tendencies, The Journal of Finance, 10 (3), 785-795.
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To compute the excess monthly stock returns, we subtract from the monthly stock
returns the monthly 1-month risk-free return rates. Similarly, to compute the excess
monthly market returns, we subtract from the monthly market portfolio returns the
monthly 1-month risk-free return rates. The linear regression model using Eq. (3.11) is
employed to estimate alpha and beta.

The case of Devon Energy Corporation is illustrated as follows. The dependent
variable is the monthly excess return rate of the stock.

The formulae for the various reported statistics in Table 3.1 are explained as fol-
lows. The number of regressors, k = 2, as shown by number of explanatory variables
in the Variable column. & is estimated coefficient of constant term in the table. B is
slope estimate and is reflected as coefficient of the excess market return explanatory
variable. The standard error of & is

sl X
NT 3L x, - X2

where we use X; = 1, — 1. The standard error of ﬁ is

o
Zt:l(Xt - X)2

Table 3.1: Regression of Monthly Excess Stock Return of Devon Energy on Monthly Excess Market
Return, Jan 2005-Dec 2009.

Variable Coefficient Std. Error t-Statistic Prob.
Constant 0.0141 0.0108 1.307 0.196
Excess Market Return 1.1871 0.2278 5.211 0.0000%**
R-squared 0.3189 F (d.f. 1,58)-statistic 27.16
Adjusted R-squared 0.3072 Prob(F-statistic) 0.0000"**
S. E. of regression 0.0832 Sum squared resid. 0.4013

Note: *** indicates significance at the 0.1 % level whether one-tailed or two-tailed tests.

The SSR, or sum of squared residuals, is SSR = ZtT:I = éf. The standard error of e,

“S.E. of regression”, is 0, = \lﬁSSR.

2
“F-statistic” in the tableis Fj_; r_ = R /(1)

(-R)/(T-k)*
null hypothesis Hy : a; = 0, f; = 0 for k = 2. For the case k = 2, the ¢-statistic for Bi,
is also the square-root of the F, r_; statistic where the first degree of freedom in the
F-statistic is one, i. e. t%_k = F) r_¢. This result does not generalize to k > 2. The“Prob
(F-statistic)” refers to the p-value of the computed F, 54 test-statistic. This p-value is the
probability of the F; g RV exceeding the computed statistic. The smaller this p-value,

This is the test statistic under the
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the less likely the null Hy : a; = f; = 0 is true. So if we set the significance level as
0.1%, we would only accept H, if the p-value is larger than this critical value of 0.1 %
or 0.001. By setting a lower significance level, we establish a lower type I error. In the
above, clearly the null hypothesis is rejected.

3.4.3 Interpretation of Regression Results

What is the OLS estimate of alpha? &; = r; — ¢ - Bim, where the bar denotes the
sampling average. From Table 3.1, alpha was not significantly different from zero at
10 % significance level. In the latter period as seen in Table 3.2, estimated alpha is
negative at —0.0143 with a two-tailed p-value of 0.0607. It is significantly negative at
a test significance level of 10 %. Thus the stock appeared to underperform in the pe-
riod after the global financial crisis of 2008-2009. Another possible interpretation is
that the benchmark CAPM model was not adequate and the negative alpha could be
explained by missing factors.

Table 3.2: Regression of Monthly Excess Stock Return of Devon Energy on Monthly Excess Market
Return, Jan 2010-Dec 2014.

Variable Coefficient Std. Error t-Statistic Prob.
Constant -0.0143 0.0075 -1.913 0.0607
Excess Market Return 1.3144 0.1943 6.764 0.0000%**
R-squared 0.4409 F (d.f. 1,58)-statistic 45.75
Adjusted R-squared 0.4313 Prob(F-statistic) 0.0000"""
S.E. of regression 0.0558 Sum squared resid. 0.1808

Note: *** indicates significance at the 0.1 % level whether one-tailed or two-tailed tests.

From Tables 3.1 and 3.2, it is noted that the ¢-statistics of the beta estimates in both
periods are above 5 with p-values lesser than 0.00005, so the betas are certainly sig-
nificantly positive. The estimated betas of the Devon Energy stock was 1.1871 in the
sample period Jan. 2005-Dec. 2009, but increased to 1.3144 in the sample period Jan.
2010-Dec. 2014. Thus, the stock return is highly positively correlated with market
movements. The F-statistics with degrees of freedomk-1=2-1=1,and T -k =
60 -2 = 58, are 2716 and 45.75, respectively, in both periods. Notice that the higher the
coefficient of determination R?, the higher the F-value. This is a test on null H, : a; =
B; = 0. Thus, a good fit with reasonably high R*s of 0.3189 and 0.4409, respectively,
imply that &; and §; fit well and are unlikely to be zero. Therefore, Hy : a; = ; = O is
rejected since p-value for the F; 54 test-statistic is < 0.00005 for both periods.
The estimate of the stock’s systematic risk is
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T
Bi \ja/T -1) ) (X, - X)?
t=1

where X; = 1y, — 1p.

The estimate of the stock’s unsystematic risk is &, = y/RSS/(T - 2). From the stan-
dard error of regression, 6,, and the standard error of Bi in Table 3.1, we can com-
pute Zthl(Xt - X)? = 0.1334. The systematic risk of the stock is thus estimated as
1.1871 x V0.1334/59 = 0.0564 or 5.64 %. Unsystematic risk is estimated as 0, = 0.0832
or 8.32%. Itis seen that idiosyncratic risk for Devon Energy during the 2005 to 2009 pe-
riod is larger than the systematic risk induced by market movements. From Table 3.2,
systematic risk of the stock is similarly estimated as 1.3144 x /0.0825/59 = 0.0492 or
4.92%. Unsystematic risk is estimated as ¢, = 0.0558 or 5.58 %. It is seen that idiosyn-
cratic risk for Devon Energy during the 2010 to 2014 period is only slightly larger than
the systematic risk.

The regression line as a result of the OLS method can be written as:

Excess Stock Return = &; + f; Excess Market Return

This linear relationship, or the line if expressed graphically, is called Devon Energy
Corporation’s (DVN) Security Characteristic Line (SCL). It shows the slope as Devon
Energy stock’s beta, the intercept as its alpha, and indications of unsystematic risks as
dispersions of the returns about the SCL. We produce such plots in Figures 3.4 and 3.5
for the two periods.

0.2 o o

0.1 o

0.0 4

-0.1 1

Excess Stock Return

-0.2 -

-0.3 -

T T T T T
-0.15 -0.10 -0.05 0.00 0.05 0.10

Excess Market Return

Figure 3.4: DVN Characteristic Line 2005-2009.
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Figure 3.5: DVN Security Characteristic Line 2010-2014.
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Figure 3.6: Fitted residuals in Tables 3.1and 3.2.

The stock’s SCL should not be confused with the market’s security market line (SML)
which is represented by a graph of expected returns versus their corresponding be-
tas. We also plot the estimated (or fitted) residuals of the SCL in Figure 3.6. The fitted
residuals &; from Table 3.1 in period 20102014, resl, and the fitted residuals é; from
Table 3.2 in period 2005-20009, res2, are shown in Figure 3.6. The fitted residual plot
allows a visual inspection of whether the residuals follow the classical assumptions
of zero mean and constant variance. In Figure 3.6, the higher volatility of the fitted
residuals in the earlier 2005-2009 period is seen. There also appears to be clustering
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of higher volatility around 2005 to 2006. It could be that the CAPM model is not well
specified during such a period or that the classical assumptions about the residuals
are not appropriate.

3.4.4 Testing

The two-parameter CAPM model or CAPM Eq. (3.8) has been tested in various ways.
Black, Jensen, and Scholes (BJS) (1972)'° used the equal-weighted portfolio of all
stocks traded on the New York Stock Exchange as proxy for the market portfolio. By
sorting the stocks into ranked betas, they also formed 10 portfolios of these stocks
according to the beta ranks. Stocks with the largest betas were put into the first port-
folio; then the next ranked beta stocks were put into the second portfolio, and so on.
The idea in grouping the stocks into portfolios before measuring the betas of the port-
folios (instead of betas of individual stocks) is to reduce measurement or estimation
errors of the betas. The portfolio betas are estimated by averaging the betas of the
individual stocks within each of the 10 portfolios. This has the effect of averaging out
(presumably random) sampling errors of beta estimates of each stock within each
portfolio. The study also considered the higher likelihood of very high betas or very
low betas due to random chance being grouped together, producing selection bias
in the portfolio grouping and portfolio beta estimation. This is mitigated by estimat-
ing each stock beta (before averaging into portfolio betas) using lagged 60 months
for ranking and sorting into portfolios. Subsequent months’ returns are then used to
re-estimate betas of the portfolios. BJS tested the CAPM in Eq. (3.8) using both a time
series approach and a cross-sectional approach.

In the time series approach, BJS ran regressions on each portfolio based on
Eq. (3.11) and tested if the estimated a; for each portfolio i was statistically not sig-
nificantly different from zero. They found that the estimated intercept or &; were
consistently negative for the high-beta (Bi > 1) portfolios and consistently positive for
the low-beta (Bi < 1) portfolios. BJS also performed cross-sectional regression between
the returns on the 10 portfolios and their estimated betas for different holding periods.
There was some evidence of linearity between the average monthly portfolio returns
and the portfolio betas, indicating significantly positive risk premium of E(r,,, — ) as
in Eq. (3.8).

The cross-sectional regression procedures are further improved by Fama-MacBeth
(1973)." For each month ¢ of the test period, the beta of each stock is estimated using

10 F. Black, M. Jensen, and M. Scholes (1972), The Capital Asset Pricing Model: Some Empirical Tests,
Studies in the Theory of Capital Markets, Praeger, New York, 79-121.

11 E.F. Fama and James D. MacBeth (FM) (1973), Risk, return, and equilibrium: empirical tests, The
Journal of Political Economy, Vol. 81, No. 3. (May-June, 1973), 607-636. See also E. F. Fama and James
D. MacBeth (1974), Tests of the multiperiod two-parameter model, Journal of Financial Economics, 1,
43-66.
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data from earlier months. At t, the sorted portfolios are used to obtain the average es-
timated beta for each portfolio j of stocks. This portfolio j beta, B]-t, at t is then used
in the cross-sectional regression Eq. (3.12), i. e. regression across portfolio returns j =
1,2,...,N att. FMalso used other cross-sectional explanatory variables at t besides B]-t,
including ([Sjt)z and also estimates of the standard deviation of the residual returns, Gj;.

Ve =Tge = Yor + yltBjt + th(ﬁjt)z + V305t + Mjt (3.12)

where n;; is the residual error of the cross-sectional regression at ¢. The OLS estimates
of Yo, Va¢> Vo> @nd 3, are collected for each ¢ in the test period. These formed time
series of N months each in the test period. The ¢-statistics were then computed to test
if the mean of each of these time series was zero. For each ¢, y,; should be zero accord-
ing to CAPM. But since the estimated y,; is a RV with small sample errors, treating
each time estimate as a stationary independent RV in the time series, the t-statistic
testing the sample mean of this time series would indicate if indeed its expected value
is zero according to CAPM.

Likewise, for each t, y;; should be the expected market risk premium according
to CAPM. But since the estimated yy; is itself a RV, treating each time estimate as a
stationary independent RV in the time series, the t-statistic testing the sample mean
of this time series would indicate if indeed its expected market risk premium is not
zero but positive according to CAPM. By CAPM, the t-statistics for the time series tests
of the means of sampling estimates y,;, and y5; should indicate expected values of
zeroes. In general there was support of the CAPM with data from the 1940s through
the 1970s.

We started off in the estimation section by stating that the CAPM model or the
Eqg. (3.8) is testable if we can observe the risky market portfolio return. We note that the
literature has mostly employed a proxy for the market return such as return on a broad
liquid index, e. g., S&P 500 index. Roll’s critique!? states that since we cannot actually
observe the market portfolio return (the market conceivably could be much larger than
stocks on NYSE, including global stocks, bonds, real estates, and other investment
assets), the tests cannot be conclusive. Specifically, as shown in Figure 3.3, if B is any
point on the efficient frontier, then the same CAPM equation E(r;) — I = Bi(E(rg) - 1),
where now f3; = cov(r;, rg)/ var(rg), can be obtained. In other words, if the CAPM test
does not reject the CAPM equation, then it is just a verification that the market proxy B
lies on the efficient frontier, and not necessarily that B is equivalent to M. Roll’s critique
leads to the understanding that all CAPM tests may be construed more appropriately
as tests that the market proxy is an efficient portfolio.

12 Richard Roll (1977), A critique of the asset pricing theory’s tests Part I: On past and potential testa-
bility of the theory, Journal of Financial Economics, 4(2): 129-176.

13 See Michael R. Gibbons, Stephen A. Ross, and Jay Shanken (1989), A test of the efficiency of a given
portfolio, Econometrica, 57, 1121-1152.
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3.5 Performance Measures

The Jensen measure of portfolio performance is given by the alpha estimate in regres-
sions similar to Eq. (3.11) where excess return is used as dependent variable, and the
explanatory variables may include other risk factors besides the excess market return.
Jensen alpha is also called risk-adjusted return or abnormal return.

The Treynor measure of portfolio performance is given by realized excess portfolio
return rate per unit of estimated beta, over the sampling period, i. e.

Tot = Th
By

where subscript p denotes association with a portfolio. Conditional on the true beta,
the expected Treynor measure is E(r,; — rg)/B,. Theoretically, in equilibrium when
there is no abnormal performance as in zero Jensen measure, the expected Treynor
measure is equivalent to the expected excess market portfolio return rate. Therefore,
the realized Treynor measure shows whether a portfolio is performing better than or
equal to, or worse than the market portfolio when it is compared with the realized
excess market portfolio return rate.

It can be shown that if the Jensen measure, conditional on beta, indicates supe-
rior (inferior) performance, then the expected Treynor measure indicates performance
better than (worse than) the market’s.

a = E(rye —15) = ByE(ryn — 1) > (<) O

& M > (<) E(rpye — 1q)

p
Hence, conditional on beta, realized Treynor measure exceeding (below) realized ex-
cess market return rate is tantamount to a positive (negative) alpha.

The above performance measures are useful for well-diversified portfolios, but
could also be interpreted for individual stocks. For portfolios that are not well diversi-
fied, their total risk g, becomes important. Realized Sharpe measure or Sharpe ratio
is

Tpt — Tft
Op

wherer,, — 15 is realized excess portfolio return rate per unit of estimated standard de-
viation of the portfolio from the sampling period. It shows how well the portfolio is per-
forming relative to the realized capital market line with estimated slope ,,; — 14/ p,-
Theoretically,
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E(ry: —rq) . (<)E(rmt —T5)
o, O

0,
© Elrye = 1) = —EE(me = 1) > () 0
m

PpmTpOm
2

=>E (rpt - rft) - E(rp: - rﬂ) > (uncertain) O

m

& a > (uncertain) 0

Hence a Sharpe ratio larger than the CML slope implies positive alpha. A smaller
Sharpe ratio does not have any certain implication about alpha. Thus, there is also
some relationship between the expected Sharpe performance measure and the other
two expected measures. All the expected measures identify superior performance
consistently with one another. The realized measures are estimates of the expected
measures and have approximately similar relationships as indicated.

There is also the appraisal ratio ay, /0., which is estimated by &p /0., where the
numerator is Jensen’s measure and the denominator is residual or idiosyncratic risk,
not total risk. The appraisal ratio ranks portfolios or funds with positive alphas relative
to the specific portfolio risk. The higher the ratio, the better is the portfolio or fund for
investment, all other things being equal. An excellent discussion of some these issues
on performance measures and attribution can be found in Bodie, Kane, and Marcus
(1999).

More recently, sortino ratio has been added to the list of popular portfolio perfor-
mance measures. The sortino ratio, like the Sharpe ratio, is a return-to-risk ratio. It
has realized portfolio return rate less its expected return in the numerator, and square
root of estimated semi-variance in the denominator. The estimated semi-variance in
this case is % Zthl [min(rpt - Fp, 0)]°. The semi-variance is also called a lower partial
moment. It is supposed to measure the downside risk of a portfolio instead of vari-
ance that includes upside variation that strictly is not considered a risk to the investor
(ignoring the utility assumptions). Hence the sortino ratio is meant to rank a portfolio
performance as lower where its Sharpe ratio is similar to another portfolio but where
its downside risk is higher. Many popular sources of investment literature uses the
risk-free rate as the expected return rate. Strictly speaking this is incorrect. An equi-
librium asset pricing model accounting for the downside risk should be used to derive
the benchmark expected return.'* However, there are other issues relating to the ap-
propriate utility function supporting such downward risk pricing.

14 See W. W. Hogan and J. M. Warren (1974), Toward the development of an equilibrium capital market
model based on semivariance, Journal of Financial and Quantitative Analysis 9, 1-12, and V. S. Bawa
and E. B. Lindenberg (1977), Capital market equilibrium in a mean lower partial moment framework,
Journal of Financial Economics 5, 189-200.
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An early study by Banz (1981)"” documented an important observation that stock
capitalization value or size matters (at least during the sampling period and in many
subsequent studies well into 2000s) during in-sample and also ex-post realized re-
turns. This is an aberration from the CAPM that prescribes the market index as the
only common factor affecting all stock returns. It is also termed the size anomaly.

We employ stock data from the Center for Research in Security Prices (CRSP)
database divided into 10 value-weighted portfolios with each portfolio containing
a decile ranked by capitalization value or firm size. Market returns (S&P 500 index
returns) and one-month U. S. Treasury bill rates of returns for the sampling period
January 2002 to December 2006 are also used. Monthly (end-of-month) return rates
are used in the regression of Eq. (3.11) for each of the portfolio.

The alphas and betas for each sized-portfolio are obtained and plotted in Fig-
ure 3.7 against the size deciles. On the horizontal axis, decile 1 denotes the smallest
capitalization portfolio while decile 10 denotes the largest capitalization portfolio.

1.6
O ALPHA
° R ® BETA
1.2 4 ° °
° . R °
o ° °
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Portfolio by Capitalization Size in Deciles
Smallest Size Decile 1 to Biggest Size Decile 10

Figure 3.7: &;’s and B,-’s in CAPM Regressions Using Monthly Returns of 10-Sized-Portfolios in Sam-
pling Period Jan. 2002 to Dec. 2006.

In Figure 3.7, all the betas are significantly different from zero at very small p-values
of less than 0.0005. Only three of the alpha values are significantly different from zero
at the 1% significance level. It is seen that the smallest size firms in decile 1 realizes

15 R.W. Banz (1981), The relationship between return and market value of common stocks, Journal of
Financial Economics, 3-18.
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the largest positive Jensen’s alpha, while the biggest size firms in decile 10 realizes the
only negative alpha among all portfolios. This result appears to be consistent with the
empirical observations by Banz. Betas are seen to fall slightly and converge toward 1
as size increases. However, perhaps due to arbitrageurs, the size anomaly may have
weakened considerably since the 1980s.

The investment performance measures of alpha and also risk measures (system-
atic risk and total risk), however, need to be applied with care, when dealing with
hedge funds and investment strategies such as market timing.

Since the 1990s, hedge funds have become quite fashionable. These funds, unlike
traditional investment funds or unit trusts that go long and hold in selected assets over
selected horizons, can go short, rollover derivatives, and perform all kinds of invest-
ments in virtually any asset classes that are in the financial markets. Therefore, it is
not appropriate to measure the performance of hedge funds using the traditional per-
formance measures described above. The hedge funds may display very high return
to risk (Sharpe) ratio, but a lot of risks could be contained in huge negative skewness
or huge kurtosis that do not show up readily in variance. Fung and Hsieh (2001)'
have described a method using complicated lookback straddles to track these funds
performances. Research in hedge fund strategies has been especially voluminous in
recent years.

Market timing refers to the ability of funds managers to shift investment funds
into the market portfolio when market is rising, and to shift out of the stock market
into money assets or safe treasury bonds when market is falling, particularly if the
market falls below risk-free return. If a particular fund can perform in this way, then
its returns profile over time will look as follows (Figure 3.8).

Excess Fund Return ()

Excess Market Return

Switch to

risk-free asset
when market
falls below rg

Figure 3.8: Display of Timing Abilities.

16 W. Fung and D. A. Hsieh (2001), The risk in hedge fund strategies: Theory and evidence from trend
followers, Review of Financial Studies, 14 (2), 313-342.
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Note the nonlinear profile of the returns realizations over time in Figure 3.8. Suppose
we represent the above by a different set of axes as follows by squaring the X variable,
i. e. squaring the excess market returns (see Figure 3.9).

Excess Fund Return

(Excess Market Return)2

Switch to

risk-free asset}
when market
falls below re

Figure 3.9: Alternative Display of Timing Abilities.

It can be seen that the existence of market timing abilities in a fund portfolio will show
up as a slope when we regress excess fund return on the square of excess market re-
turn as Figure 3.9 indicates. If there is no market-timing ability, there will be as many
points in the negative fourth quadrant, and the slope of a fitted line will be flat or close
to zero. This idea was first proposed by Treynor and Mazur (1966).” Many important
subsequent studies include Merton (1981).'® If we employ a multiple linear regression
using another explanatory variable that is the square of the market excess return,

2
Tie = T = QG + Bi(Te = ) + Vi(rme — T5)™ + €3¢

where e;; is independent of r,,;, then market timing abilities in a fund will show up
as a significantly positive y;. Unfortunately, many mutual funds that were studied did
not display such market timing abilities.

Further Reading

Bodie, Z., A. Kane, and A. ). Marcus (1999), Investments, Fourth edition, Irwin McGraw Hill.

Huang, C.F., and R. H. Litzenberger (1988), Foundations for Financial Economics, North-Holland
Publishing.

Takayama, A. (1985), Mathematical Economics, Second edition, Cambridge University Press.

Varian, H.R. (1992), Microeconomic Analysis, Third edition, W. W. Norton.

17 ]. L. Treynor and K. Mazur (1966), Can mutual funds outguess the market? Harvard Business Review,
43,

18 R.C. Merton (1981), On market timing and investment performance, I: An equilibrium theory of
value for market forecasts, Journal of Business, 54, 363—406.
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4 Event Studies

Event studies in financial econometrics are about the role of information in affecting
market stock prices. Given new information (or conditional on the new information),
investors adjust their demand and supply of stocks and thus move stock prices into a
new equilibrium if indeed the information has value. If the new information is irrele-
vant or of no economic value to the stock pricing, then the stock price would remain
unchanged. The statistical tool of conditional probability is thus of great importance
in understanding the role of information. We review the fundamental Bayes’ formula,
and then discuss the critical idea of market efficiency related to asset pricing.

4.1 Set Operations

Consider the sample space Q and events A, B, C represented by sets in the Venn di-
agram, Figure 4.1, shown below. Suppose simple sample points or elements of Q are
shown as ey, e,, e3, e,, €5, e5. By definition, only one of the sample points can occur in
any one experimental outcome. Events may contain one or more sample points, and
as discussed in Chapter 1, are subsets of the universal set Q. When e; occurs, event
A is also said to occur. Likewise, when e, occurs, event B is said to have occurred.
When e, occurs, both events A and B are said to have occurred, and we can say that
the intersection event A N B has occurred.

ANB B
o
€1 Y
€

Figure 4.1: Venn Diagram.

De Morgan’s law in set theory states that

(AUB) =A°nB°, and
(ANB) = A°UB®

Event Q\A is the same as A€, the complement of set A. A\B is the same as A N B°.

https://doi.org/10.1515/9783110673951-004
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When e; occurs, event Q\(A U B U C) has occurred. Using the above relationship
Q\(AUBUC)=(AUBUC) =A°nB°ncC*

Hence, e; € A“nB°n C°.

From the diagram, clearly An C = BN C = ¢, where ¢ is the empty or null set.
In addition, D ¢ B, which means that if event D occurs, then B is also said to have
occurred.

Suppose there are ny, g, ng\ 4, Nanp, and ng sample points in events A\B, B\A, ANB,
and Q, respectively. Assume each sample point can occur with equal probability. Using
the frequentist notion of probability (taking “long-run” relative frequency as probabil-
ity), the probability of A happening is w That of Bhappening is (”B%Q"A”E) That
of event A N B happening is ("2—23) Since AUB = A\B+ AN B+ B\A, where “+” denotes

union of disjoint sets, then probability of event A U B is W‘—”Bm‘““)

Suppose we are given the information that event B has ﬁlappened. Conditional
on (or given) this information, what is the probability that another event, say A, has
happened?

The conditional probability of A given B is

P(AnB)

P(A|B) = “P(B)

(4.1)
which is ";‘[—;B

Intuitively this is correct since P(A N B) = P(A|B) x P(B) = "ﬁ—;ﬁ X )’:—2 = ";I’—SB For the
case of D, P(BID) = 2352) = P(D)/P(D) = 1.

Suppose there are disjoint sets G;, i = 1,2,3,...,M, such that B ¢ Uf‘ﬁlGi. Then,
Bayes’ formula is obtained as follows.

4.1.1 Bayes’ Formula

P(AIB) = P—(‘; (E)B)
~ P(BNA)
P(BNG,) +P(BNG,) +---+P(BN Gy)
_ P(B|A)P(A)
" P(BIG,)P(G,) + P(BIG,)P(G,) + -~ + P(B|Gy)P(Gyy)
_ P(B|A)P(A) 4.2)
Y, P(BIG)P(G;)

The denominator on the right-hand side (RHS) of Eq. (4.2) exists if B ¢ U?ﬁlGi.
A stronger sufficient condition is that thereis a partition of Q by sets G;,i = 1,2,3,..., M,
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i.e., disjoint sets G; such that Uf‘ilGi = (, and hence, necessarily B ¢ Uf‘flGi. The
probability of an event B as a union of sub-events (B n G;), resulting in P(B) =
Z?ﬁ 1 P(BIG;)P(G;), is sometimes called the Law of Total Probability.

4.2 Market Efficiency

The concept of (informational) market efficiency was investigated by Fama (1970)! and
many others. Fama surveyed the idea of an informationally efficient capital market,
and made the following famous definition: “A market in which prices always ‘fully
reflect’ available information is called ‘efficient’ ”. Three forms of the efficient market
hypothesis (EMH) are often cited. The weak-form asserts that all past market prices
or their history are fully reflected in securities prices. An immediate implication of
this version of the EMH is that charting and technical analyses are of no use in mak-
ing abnormal profit. Technical analysis and charting rely on the belief that past stock
prices show enough patterns and trends for profitable forecasting. This possibility is
opposed to the notion of stock prices “following” random walks (i. e. the next price
change is an independent random movement). When prices adjust instantaneously,
past returns are entirely useless for predicting future returns. The semi-strong form
asserts that all publicly available information, including historical prices, is fully re-
flected in securities prices. The implication is that fundamental analyses such as anal-
yses of a company’s balance sheet, income statement, and corporate news and devel-
opment, are of no use in making abnormal profit. Finally, the strong-form asserts that
all available information including public and private information is fully reflected in
securities prices. If true, the implication is that even insider information is of no use
in making abnormal profit.

We shall consider semi-strong form market efficiency in more detail. The market
is represented by the collective body of investors at time ¢t who make the best use of
whatever available information (thus rational investors) to predict future period stock
priceattimet+1, i. e., price S;,,. Suppose @, is all relevant publicly available informa-
tion available at t. Think of information ®@; as a conditioning RV (i. e. a RV that takes
a certain value that is being conditioned upon) that is jointly distributed with S;,;. In
addition, @, is the information actually used by the market, and is at most all of @;.
The true conditional probability of next period price is P(S;,;|®;) while the market’s
conditional probability is P(S;,;|®,). The market is semi-strong form informationally
efficient if and only if

d
P(SHllq)M) :P(St+1|q)t)

1 E. Fama (1970), Efficient capital markets: A review of theory and empirical work, The Journal of Fi-
nance, 25(2), 383-417.
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i. e. distributionally the same. One implication is that the market forecast E(S;,1|®y) =
E(S¢11Dy).

Suppose not all of the available information @; is used by the market, and
E(St|Py) # E(S¢119;), then the market is informationally inefficient. In this case,
all available information is not instantaneously incorporated into price at t, S;. In the
next instance, when more of the information gets absorbed by the market, the price
S; will adjust toward equilibrium. Hence, an informationally inefficient market will
see price adjustments over a discrete time interval, and not instantaneously, to any
substantive news.

Many tests of asset pricing in the literature employ the framework of rational
investors and (informational) market efficiency. A framework such as the Sharpe-
Lintner CAPM typically employs additional assumptions such as exogenous price
processes and an explicit or implicit homogeneous preference function (typically
a standard strictly monotone concave utility function) for all investors making up
the market. In addition, explicitly or implicitly, the von Neumann—-Morgenstern ex-
pected utility hypothesis is usually employed. Aberrations or non-validation in the
test results were pointed out as evidence of market inefficiencies or sometimes coined
as market anomalies (meaning something yet to be explained). Behavioral finance
arose in this context to help explain the anomalies. It may agree with informational
efficiency, but not with the rationality framework mostly to do with the standard
preference assumption and the expected utility hypothesis. Some examples of early
anomalies were the size effect, day-of-the-week, month-of-the-year effects, value ver-
sus growth premium, and so on. Later anomalies against the implication of random
walk or approximate random walk by rational asset pricing models include contrar-
ian strategies and momentum trading profits.> We provide an illustration of market
efficiency as follows.

Suppose at time t = 0, there was information about whether the December 2008
GM, Ford, Chrysler bailout plan of $25 billion would pass through Senate. Suppose
GM stock price at t = 0 was $3. If the bailout were successful, the stock price would
increase to either $5 or $4 at t = 1. The latter variation is due to other risk factors and
uncertainties. If the bailout were unsuccessful, the stock price would drop to either $2
or $1 at t = 1. All probabilities of the Bernoulli outcomes were 50 %. Assume that the
risk-adjusted discount rate from ¢ = O to t = 1 was 0. This is depicted in Figure 4.2.

If the market did not know about the outcome (i. e., did not process the informa-
tion even when it was known), then at t = 0, its expected stock price at t = 1 was
%($5 +$4+$2+$1) = $3. However, if the market was informationally efficient, then at
t = 0,, its conditional (upon the bailout outcome information) expectation of price at

2 A useful undergraduate investment textbook for reference in these background readings is Bodie,
Kane, and Marcus (1999).
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Automakers’ bailout successful

$2
<
’ $1

Automakers’ bailout failed
t=20 t=1

Figure 4.2: Stock Price Changes Contingent on Bailout News.

t = 1 was either $4.50 if the outcome were successful or $1.50 if the outcome were un-
successful. Looking at this simple setup, it is easy to see thatifat ¢t = O, the stock price
did not quickly move away from $3, then the market was informationally inefficient
as it did not capture the information immediately.

4.3 Conditional Expectation

A conditional probability is constituted by a joint probability and the marginal prob-
abilities. We analyze this from a building-blocks perspective. The automakers’ story is
depicted as follows in a Venn diagram (Figure 4.3).

ENS

N . o

Figure 4.3: Venn Diagram on Automakers’ Events.

In Figure 4.3, one and only one sample point can occur, represented by the bullets. E
is the event that the automakers’ bailout is successful. We can also represent this by
a RV that is an indicator function, X (or denoted using indicator notation 1;) where
x = 1if the bailout is successful, i. e. event E, and x = 0 if the bailout is not successful,
i. e. event E. Let S be the event that a stock takes strictly positive prices, and the RV Y
corresponds to elements of S taking dollar values y € {5, 4,2,1}. Let each sample point
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be a joint outcome of the automakers’ bailout and the stock price, (x,y). Note that we
may allow an event S¢ to denote the firm’s bankruptcy and hence a stock price of zero.
However, in our probability model here, P(5) = 0.

Q ={(1,5),(1,4),(0,2), (0, 1)}. Each point occurs with equal probability 1/4. There-
fore, conditional probability

P(SNE) _ P(1,5)+P(1,4) _

PiyeSlx=1)= PE) 12

1

This may be a trivial exercise in verifying the framework of the Bayesian formula since
the Venn diagram clearly implies that P(S) = 1 independent of whatever the outcome
of X. We had seen that P(S°) = O earlier.

Conditional expectation

E(Ylx=1)= ) yP(ylx=1)
yeS

=Y yiP(x =1,y;)/P(x = 1)

i
=5x%xP(1,5)/0.5+ 4 x P(1,4)/0.5
=5><%+4><%=4.50

Similarly, we can show E(Y|x = 0) = 1.50.

In a more general setting involving two random variables X ¢ R and Y € R, the
outcome probabilities may be represented by Table 4.1 and also the Venn diagram in
Figure 4.4. The table shows P(X = x,Y = y).

Table 4.1: Joint Probabilities of Events (x, y).

x=1 x=2 x=3 X =4
y=1 0.02 0.03 0.01 0.05
y=2 0.03 0.03 0.02 0.01
y=3 0.04 0.03 0.01 0.02
y==4 0.05 0.02 0.01 0.05

Sample points in the Venn diagram are (x, y). The set {x = k} denotes {(k, 1), (k,2),...},
and the set {y = j} denotes {(1, ), (2,j), .. .}. Thus in a multivariable sample space, using
the Venn diagram, it is often that we use marginal variable values x = 1, x = 2, etc.
as defining sets, i. e., all elements with x = 1, or with x = 2, etc. It is easily seen that
P(Y =j) = P(L,j) + P(2,j) +---etc.,and P(X = k) = P(k,1) + P(k,2) +---etc. P(Y =j|X =
k) = P(k,j)/P(X = k).
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Figure 4.4: Venn Diagram of Joint Probabilities.

When the probability distribution is continuous and that pdf f(x, y) is used, it is often
more convenient to employ analytical methods than use Venn diagrams which are
suitable only for relatively small discrete sets.

For continuous x € R(x) and y € R(y), where R(x), R(y) denote the support sets
over which the integrations take place,

EX(y) = J Jyf(x,y)dydx

R(x) R(y)

= J y( J fy) dX>dy
R(y) RK)

- [y =£w)
R(y)

where fy (y) indicates the marginal pdf of RV Y integrated out from the joint pdf f (x, y).
For clarity, we have put superscripts on the expectation operator E(-) denoting the joint
distribution (X, Y) or else the marginal distribution Y underlying the integration.

In addition,

EX¥Y(y) = J Jyf(x,y)dydx

R(X) R(y)

B fx,y)

= J J ny(X) fx(x) dy dx
R(X) R(y)

- ([ womay)rwan
R(x) R(y)
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- j EY(YIX)fy () dx
R(x)
= EXEY¥(y1x)

Conditional probability is just a special case of conditional expectation if we put Y =
1, taking values 1 or 0. In this case

EYYX) = [ af ko dy = PY < kix)
R(y)

It should also be noted that EY (Y|X) is a RV varying with X, and can be expressed as
a certain function g(X) of X.

4.3.1 Application: Value-at-Risk

Suppose RV X is distributed as N(u, 0%) and X is the change in capital of a financial
institution as a result of market forces on its investments. If X > (<) 0, there is a
gain (loss). At (1 - gq) level of confidence, the worst loss situation is v < O whereby
ﬁ'oo f(x)dx = q where the left-hand side (LHS) is the area under the curve of the nor-
mally distributed X from —co to v. f(x) is the pdf of the normal X. By risk convention,
typically a loss is expressed as a positive number. Hence the absolute value |v| is called
the investment’s (absolute) Value-at-Risk (VaR) at the (1 — g) level of confidence.

Suppose |v| is established as the VaR(g) at gth percentile, or equivalently VaR at
the (1 - q) level of confidence. The expected loss conditional on hitting the VaR or the
tail conditional expectation is by convention the absolute value of

jfoo xf (x)dx

EX|X <v)=—
| FO0dx

In risk language, this quantity is also called the Conditional Value-at-Risk (CVaR)
or Expected Shortfall. We shall find this quantity as follows, remembering that
X ~ N(u,0%).

First, let z = ’%, soz € RVZ ~ N(0,1). Now,

EX|IX<v)=E(u+0Z|u+0Z <v)

:y+0E<Z|Z< V;“)

The second step is to find E(Z|Z < v') where v/ = ZE.
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Let ¢ = —. Since

8

d(ce’%zz) = —z(cef%zz)dz

integrating over (-oo, V'], we have

Therefore

V/
op(v')-0=- J zce ¥ dz + k
(ee]

AsV' T +oo, the LHS approaches zero. First term on the RHS approaches the mean of
the standard normal RV, which is zero. Therefore, constant of integration k = 0. Hence

Then,
v dz
E(Z1Z<V')= J-—ffﬂ
| f(2)dz
g0
)
Thus,
P

EXIX<v)=u-o <v

)

4.4 Moving Across Time

So far, we have dealt with joint pdf XY (x, y) and conditional pdf f*"* (y|x) where each
of these yields a certain number in R'. Random variables X and Y occur at one point
in time. When we are in a single time period or instance, conditioning is quite simple
using the conditional probability rule in Eq. (4.1) or the extended Bayes’ formula in
(4.2). It all happens within the same time—space and it is easy to visualize on the same
Venn diagram.
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However, when events unfold across time, more apparatus is needed.? To gener-
ate some more serious results involving conditional probability distributions (over and
above the conditional probabilities of events shown earlier), and which leads to mar-
tingale theory at a deeper end of probability theories and applications, we need a more
formal structure and architecture with regard to the probability space and o-fields. We
shall more explicitly relate o-fields to information sets.

First, it is needful to explain some ideas about information structure and infor-
mation sets. Suppose the sample space is Q = {w;, w,, ws}. The largest field or algebra
is the set

‘Fb = {(l)’ Q, {wl}’ {wz}, {(,U3}, {a)p (1)2}, {a)l’ (»U3}, {wz, (1}3}}

consisting of 23 = 8events E; € F.Itisalso called a field generated by {{w;}, {w,}, {w3}}
which means the smallest field containing {w;}, {w-}, and {w3}. Thus we can always
find a field by picking a subset of Q and using it to generate a field satisfying conditions
(1a), (1b), and (1c) of Chapter 1.

Obviously, the bigger the subset, the bigger the generated field. Fields will always
include ¢ and Q. The largest field associated with sample space Q, i. e. generated by Q,
will contain all elements of Q and all possible unions of these elements, as well as ¢.
In a continuous state space, 7 will be a o-field. Note that in the above case, 7}, = F,
the field generated by Q. The smallest field is 7, = {¢, Q}.

A smaller field than F, could be F, = {¢, Q,{ws}, {w;, w,}}, being generated by
{{ws}, {wy, w,}}. The fields or algebras are collections of subsets of Q or more conve-
niently termed as collections of events.

Let there be two time periods, t = 1 followed by t = T = 2. For events E; € 7}, at
t=2,

Eg=el=¢ withP(e}) = P(¢) =
Eg=el=Q withP(eh) =P(Q)=1

E =e’ = {w} withP(e?) = P({w}) = p,
E, = e;’ {w,} with P(e}) = P({w,}) = p,
Ey = 33 = {ws} with P(e}) = P({ws}) =

E, = e4 = {w;,w,} with P 62) ({wl,wz}) =P+
) = P({w;, ws}) = p; + p3
) = P({wy, ws3}) =p, + p3

(S

(
E el = . b
5 =e. = {w,ws} with P(e;
Eg=el = {wy, w;} with P(el
ForeventsE; € F att =1,

Ey=ej=¢ withP(e]) =P(¢) =

3 See Pliska (1997) for a more detailed description of some of the concepts here.
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try

e =Q with P(ef) = P(Q) = 1
E =¢€f = {w,,w;} with P(e]) = P({w;, w,}) = p; +p,
E,=¢€5 ={w;} withP(e}) = P({lws}) = p5

Q

Now, over time in the period [0, T], the information structure in the market is a
time-sequence of increasing fields or algebras such that each future field is a superset
of past fields (or past fields are subsets of future fields). An information structure can
be conveniently represented by an evolving tree in Figure 4.5 as follows. The events
corresponding to nodes on the information tree show increasing partitioning of exist-
ing sets as time moves forward into the future.

et = {wi,wa} el = {wi}

e = {ws}
¢ or §2
e = {ws}
Fo Fa Fb
] 1 }» Time
0 1 2

Figure 4.5: Information Structure.

Clearly, 7, ¢ F, ¢ F},. The information structure, which is assumed to be known by
all investors at the start t = 0, says that at t = 0, there is trivial information: either null
event ¢ or that all future events are possible, i. e. Q, with probability 1. At t = 1, events
are either ef with probability p; +p, or €5 with probability p;. Then, at t = 2, it is either
ePorelifelatt =1,or eg ife att = 1. Thus, at t = 1, the information set is 7, whereby
investors can tell which event in 7, has occurred. At t = 1, investors cannot tell which
of e? or e£ has occurred since these events do not belong to . If an investor at a time
before ¢ = 1 knows that the information set at t = 1is {{w;, w,}, {ws}, @, Q}, then the
ex-ante probability of occurrence of either event {w,, w,} or event {w;} can be known.
Ex-post, the investor could observe if {w;, w,} or {w3} had occurred at t = 1.

Att = 2, there is greater resolution of uncertainty, and the information set enlarges
to become field 7, (becoming finer) so that the investors can know which of ef s eg , Or
e’ has occurred.

For the field or algebra on the LHS in Figure 4.6, we can find a RV Y as a mapping
Y:E — Y(E), fori=1,23,....

Clearly, the RV is a function from events in F, to R. Sometimes, more than one
sample point maps to the same value that the RV takes. But when we collect all those
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pj

events

Figure 4.6: Random Variable as a Function Y att = 1.

sample points that map to the same value on the RHS in R, we can group those points
as belonging to the same event and redefine the RV if necessary. Then, there is a one-to-
one correspondence or bijection between disjoint events and unique values in R when
the range set is appropriately defined. In the earlier example, a RV can be defined so
that event E; = ef or E; = {w;, w,} is equivalent to RV Y with its value y = 5. Similarly,
event E, = €5 or E, = {w;} is equivalent to RV Y with its value y = 7.

Thus, P(Y = 5) = P(E;), and P(Y = 7) = P(E,). Since we say field or algebra F, is
generated by E; and E,, we can equivalently say F, is generated by Y =5and Y = 7.
Thus, in general, we can say a field at ¢t = j is generated by events at ¢ = j or generated
bytheRVY att =j,i.e., 7; = 0(Y;). In this case, when we say a RV Y is measurable
on field 7, we may also say that it is measurable on o(Y), the field generated by Y.

For discrete RV, it is mapped onto at most countably infinite numbers in R. For
continuous RVs, a properly defined RV may be constructed as a bijection from a o-field
to Borel sets in R, so any probability measure p on the events in the o-field is equiva-
lent to the probability measure p on the corresponding Borel sets in R.

We have shown how an information set at time ¢, ®;, corresponds to a particu-
lar o-field at t, ;. Consider information set ®, = F, where 7}, = {¢,Q, {w}, {w,},
{ws}, {wy, w,}, {wy, w3}, or {w,, ws}}. With a properly defined probability space, we can
always find the conditional probability P(E;|®;), or equivalently P(E;|F;), on the mea-
surable events {E;}.

The probability Table 4.2 for RV X at t = 0 can be shown as follows. The probabil-
ities are in the distribution P(X|F,) or P(X|¢, Q). There is no information about which
event E; has occurred, so the unconditional probabilities are p;’s.

Table 4.2: Unconditional Distribution.

State w RV X(w) Probability
w1 X1 =X(wq) P1
W) X3 = X(wy) p2
w3 X3 = X(w3) p3
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When we condition on an information set or algebra 7;, the defined meaning is that
we are conditioning on events in 7; or RV Y that could occur at ¢. On an ex-ante basis,
the conditioning is done on all events of F; so that P(E;|F;) is really a conditional
probability P(E;|E; € F;) which is a function of E;.

Based on the last statement, we are looking at a two-sided table as follows for F,.
The events in 7, are {w;, w,}, and w;. We omit the trivial events of null and Q. Each
column in the following Table 4.3 shows conditional probability of a sample point (or
possible future event) given the various events in 7.

Table 4.3: Conditional Probabilities Given 7.

EventE; € F,: P({w}IE;) P({w,}IE;) P({w3}IE;)
p p

fwy, @2} pp2 pips 0

{ws} 0 0 1

Note that when event {w;, w,} occurred, it is not possible to distinguish which state w,
or w, had occurred.

Earlier we see how events and RV values may be put in one-to-one correspon-
dence. Conditioning on the events of algebra F, can also be written as conditioning
on RV Y. In particular, P({w;}[{w;, w,}) = P({w;}lY = 5). In addition, P({w;}l{ws}) =
P({w}lY =7).

For F},, the conditional probabilities are shown in Table 4.4.

Table 4.4: Conditional Probabilities Given Fj,.

EventE; € Fp: P({w}IE;) P({w,}E;) P{ws}IE;)
{wy} 1 0 0
{w,)} 0 1 0
{ws} 0 0 1

For RV X(w;), we may define P(X|F;) as a MxN matrix or table in which the ijth element
is P({w;}|E;), (recall in Table 4.2, 3 (there exists) RV X > (such that) w; + x € X) and
there are N simple sample points {w]-} in Q. M is the number of events, E;, E,, ..., Ey,
M < N, excluding ¢, Q, in F;. We can also write P(X|F;) as P(X|®;). When 3RV Y with
bijection g : E; — y € Y, then we can also write P(X|F;) = P(X|Y).

For conditional expectation, we define E(X|F;) = E(X|®;) = E(X|Y)asaM x 1
vector
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E(X|E,)
E(X|E3)
E(X|Ey)

Back to the example of Q = {w;,w,, w3} in Table 4.2 and information 7, 7,
and 7y, conditional on event E; = {w;, w,} att =1,

3
E(X|{wy, w5} € Fp) = Y X(w;) x P(w;]Ey)
i=1

=x-Pix, P2 ix.x0
b1+ D b1+ D
:X1p1+X2p2
pitD

Conditional on event E, = {ws},

3
E(Xllws} € o) = ) X(w)) x P(W{]E,)
i=1
=X x0+X,x0+X3x1

:){3

Hence

Xip1+X,p0,
EX|F, = ( bitp; )
a X3

If we take the unconditional expectation, the scalar

E[E(X|F,)] = P({w,, w,}) x E(X|E;) + P({w;}) x E(X|E,)
Xipy + Xop)
pP1+D;

=piXi + DX, + P3X3

=(p; +p2) +P3X;

which is equal to E[X].
Under information set 7, E(X|F}) is a vector [E(X|E; € F},)]. For event {w,},

3
E(Xl{w,} € Fp) = ) X(w;) x P(w;|wy)
i=1
=X;x1+0+0

=X,

For event {w,},
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3
E(Xl{wy} € Fy) = Y X(w;) x P(w;|w,)
i=1
=0+X,x1+0

:X2

For event {ws},

3
E(Xl{ws} € Fpy) = zx(wi) x P(w;lws)
i=1
=0+0+X3x1

=X

Hence, if X is measurable w.r.t. 7 = 0(X), E(X|X = x) = x or we can write it more
generally as E(X|X) = X. Note that E(X|X) # E(X).
If we take the unconditional expectation

E[E(X|Fp)] = p1X1 + P X5 + p3X3

which is equal to E[X]. How about E[E(X|F;)|F,]? We saw how conditioning on
F, > Fy produces a RV.

LetZ = E(X|F,,) soZis afunction Z(w;). We saw earlier that Z(w;) = X;. Conditional
onevent E; = {w;, w,} € F,

3
E(ZIE) = ) Z(w;) x P(w;|Ey)
i=1

-x-Px, P2 ix.x0
P1+Db p1tD;

_ X + Xop)
pi1tp

Conditional on event E, = {ws3} € F,

3
E(ZIE) = ) Z(w;) x P(w;|Ey)
i=1
=X;x0+X,x0+X5x1

= X,

The probability table for E[E(X|F,)|.F,] can be shown as follows (see Table 4.5).

This is identical with E(X|F,). It is important to recapitulate the usage of informa-
tion sets. When we say an investor has an information set @, equivalent to the field or
algebra F;, we mean that the investor will know which particular event will eventu-
ally occur in that set. The vector P(X(w;)|®,) = P(X(w;)|F;) provides the conditional
probability on an ex-ante basis of each {w;} given each event in @, = 7.
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Table 4.5: The probability table for E[E(X|Fp)|F,].

EventE; € F,: E[E(X|Fp)|F,]
X1p1+X3P>

{wy, wy} P1+P2

{ws} X3

4.4.1 Law of Iterated Expectations

From the previous section, we have the law of iterated expectations. To be more pre-
cise, consider the law as expressed in the following lemma.

Lemma 4.1. Suppose G C F, then
E(E(X|F)|G) = EX|G) = E(E(X|G)|F)

where G is a sub-field of F.

Proof. Let F = o(W) and G = 0(Z) where W, Z are RVs. Since E(X|W)isaRVin W,

E(EX|W)|Z) = J ( J fo|W(x|w)dx>fW|Z(w|z)dw

R(w) R(x)
= ,[ ( J XleWZ(X|W’Z)dX>JMdW
) fz(Z)

where we use the fact G ¢ F & f(x|w,z) = f(x|w) since z yields no additional infor-
mation over w. Then

frwz06w,z) N\ fwz(w,2)
E(EX|W)|Z) = . ’ d
(EX|W)|Z) J(JX fwzw,2) ) f2(2) v
R(w) R(x)
_ fxwz06w.2)
_ x< ) dw)dx
RX)  Rw)
- J XL( J f (xwz)dw>dx
= 5@ xw,z(X6W,
RO R(w)
1
= J x%fx’z(x,z) dx
R(x)
- J Xfyz(xI2) dx = E(X|Z)
R(x)
Also, EE(X|2)IW) = E(NZ)|W, Z) = h(Z) where h(Z) = E(X|2). -
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Consider another useful result:

E(E[X|Y]g(Y)) = J < J Xf(xly)dX>g(y)fy(y)dy

R(y) R(x)

- [ (] xewronsoax)ay

R(y) R(x)

= J J ysW)f (x,y) dx dy
R(y) R(x)
=EY (Xg(Y)) (4.3)

As a corollary from Eq. (4.3), we put g(Y) = 1.
Corollary 4.1.
E(EX|Y]) = B (X) = E(X) = E(X| %)

This is sometimes called a smoothing lemma as h(Y) = E(X|Y) could be a
smoother and more convenient function to integrate than E(X).

Corollary 4.2. From Lemma 4.1, we also obtain
E(E(X|12)1Z) = E(X|Z)

In the earlier discussion, there is a time dimension, and information set 7, =
{¢,Q} occurs at time t = 0, F, = F; attime t = 1, and F;, = F, at time ¢t = 2. We can
see that the information sets become finer and richer as time progresses: 7, ¢ F; <
F;.... This fits with intuition about how rational agents would know more as time
progresses (assuming no loss of memory)! In such a time setup, the information set
stochastic process (probabilistic process over time) F; is called a filtration. Sometimes
the probability space is enhanced to show a filtration, i. e., a filtered probability space
(Q, F,{F} P).

If there is a sequence of RVs Y; that are measurable with respect to each 7;, then
we say the sequence {Y;} is adapted w.r.t. the filtration {F;}. {w;, w,} and {ws} are
adapted to F,, so are {w,}, {w,}, {ws}, {w;, w,}, {w;, w3}, and {w,, ws} adapted to F;,. If
Eje Fy - Y* e Y%and E; € F, — YP € Y?, then RV Y is adapted to F, and RV Y? is
adapted to F},.

4.4.2 Application: Asset Pricing

The Law of Iterated Expectations in application to a filtration says that if 7; ¢ 7,4 <
Fis2 € ..., then

E(EX|F ) Fy) = EXIF)
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This result is used commonly in testing asset pricing models in the empirical
finance and economics literature. In finance theory under rational expectations, a
traded asset price is determined by

Pt = E(my 1D 41 1Dy)
wherem; ., = (B U[;ffg;) )is the marginal rate of substitution or pricing kernel of an econ-
omy agent consuming C; with von Neumann-Morgenstern utility function U(), p; is
the asset price and @; is the agent’s information set. However, in trying to test this
model, an econometrician cannot observe the agent’s information ®;. At time ¢, p; is
known, so it can be treated as a constant. Then, we can take iterated expectations on
the asset pricing formula to obtain the unconditional version p; = E(m;,1p;,1) consis-
tent with the conditional one, and be able to test it using econometric methods such
as the generalized method of moments.

The Law of Iterated Expectations can also be used to show that the best predictor
(in the sense of minimum mean square error) of a random variable Y that is corre-
lated with random variable X is given by the conditional mean of Y given X = x, or
E(Y]X = x). Y and X are jointly distributed.

Suppose function 1(X) is the best predictor of Y. The mean square error of predic-
tion is

E[Y - (X))
= E{[Y - E(Y1X)] + [E(YX) - 7(X)]}
= E[Y - E(YIX)]’ + E[E(YIX) - 1(X)]”
+ 2E{[Y - E(YIX)] [E(YIX) - n(X)]}
= E[Y - EYIX)] + E[E(YIX) - n(X)]’
> E[Y - E(Y1X))

Therefore, the best predictor in the sense of minimum possible mean square error is
m1(X) = E(Y|X) which is a RV varying with X. For now, let E(Y|X) = g(X). In the above
derivation, the middle term becomes zero as seen below:

E{[Y - E(YIX)][E(YIX) - ()]}
= E{YE(Y|X)} - E{Yn(X)}
— E{E(Y|X)E(Y|X)} + E{E(Y|X)7(X)}
= E{Yg(X)} - E{Yn(X)}
- E{E(Yg(X)|X)} + E{E(Yr(X)IX)}
= E{Yg(X)} - E{Yn(X)} - E{Yg(X)} + E{Ya(X)}
-0

printed on 2/8/2023 6:26 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use



EBSCChost -

108 —— 4 EventStudies

The minimum mean square error criterion allows the simple result of E(Y|X) being
best predictor, and since E(Y|X) is analytically more tractable when joint distributions
of (X, Y) are provided, the same criterion is used commonly in ordinary least squares
econometric estimation methods.

4.5 Events

In this section, we study how financial events such as dividend payout, rights issue,
bonus issue, earnings announcements, and so on, may affect the market prices of the
corresponding stocks. The change in the probability distribution of the stock return
conditional on the event is measured by ¢-statistics. The events are usually publicly
available information at the time of announcement or happening. In event study, an
underlying benchmark asset pricing model is assumed in order to make proper or
meaningful inferences about significant return changes.
Event studies are therefore typically not about tests of an asset pricing model, but
are tests of (1) whether the market is informationally efficient given the public infor-
mation of the event, assuming the benchmark model, and also assuming we know or
have a prior belief of whether the event has positive, negative, or neutral impact on
returns, or (2) whether and how the event has positive, negative, or neutral impact on
returns, assuming the benchmark model, and also assuming the market is informa-
tionally efficient.
The distinction between (1) and (2) should be kept in view in the interpretation of
event study results in order not to confuse things. In most practical situations dealing
with positive economics and in policy implications, it is usually more useful to apply
(2), i. e. assuming benchmark model and market efficiency. For testing informational
efficiency via (1), it is also common to assume strong-form market efficiency, so that
significant return deviations before the time of the publicly announced event may be
interpreted as information leakage or inside information revelation.
There are three stages in an event study analysis. First, we need to define the event
of interest and identify the period over which the event will be examined. Next, we
have to design a testing framework to define the way to measure impact and to test its
significance. Finally, we need to collect appropriate data to perform the testing of the
event’s impact and draw conclusions in a model-theoretic and statistical sense.
Event studies are of various types. It is typically in the form of an announcement.
(1a) Firm-specific event, e. g., insider trading, announcement of board change, an-
nouncement of major strategic change, unusual rights issue announcement, an-
nouncement to file or seek “Chapter 11” (reorganization in U. S. in a last effort to
avoid bankruptcy and liquidation which is “Chapter 7”), executive stock option
issues, employee stock option issues, etc.

(1b) Across firms system-wide event, e. g., unanticipated better-than-forecast earn-
ings announcement (good news), unanticipated worse-than-forecast earnings
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announcement (bad news), anticipated better-than or else worse-than forecast
earnings announcement (no news). Others include announcement of bonus is-
sues, stock splits, mergers and acquisitions, better than expected dividends or
worse than expected dividends, new debt issues, seasoned equity issues, block
sales, purchase of other companies’ assets and stocks, etc.

(1c) Macro events, e. g., increase in CPF employer contribution, GDP growth and de-
cline projection, regulatory changes, etc.

Event studies focus on the performance of stock prices (or equivalently stock returns)
before, during, and after the event announcement. On the flip side, it is also about the
reaction of stock investors to news or information, if any, from the event.

4.5.1 Testing Framework

The subject of event studies in finance is usually approached using a formal treat-
ment of statistical and data analyses. The sampling frame or study period must also
be clearly designed and stated. The event sampling time frame and the announce-
ment windows/periods are shown graphically in Figures 4.7 and 4.8. The study period
is depicted as follows. The measurement (or estimation) period is used for estimating
the parameters of the stock return process employing historical data during the pe-
riod. Daily (continuously compounded) stock return, i. e., In(P,,,/P;), using typically
end of day prices, is the variable commonly employed in conjunction with the daily
continuously compounded market return, and also the daily risk-free rate.

Measurement Event Window  Post-event Period
(estimation period)

-250 -10 0 +10 +250
Trading days t

Figure 4.7: Event Sampling Frame.

(Event) Announcement Day

Pre-announcement window . Post-announcement window

v
D EECE L P PR R PP PP I R e >
| | |
| | |
-10 0 +10

Figure 4.8: Announcement Windows.
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Days are measured according to number of trading days before Event Day O (the event
announcement day), or number of trading days after Event Day 0. In the above, the
measurement or estimation is about 240 sample points from t = -250 to t = -11.
Sometimes, when we suspect that the market is disruptive and beta may have changed
over the nearly one calendar year (about 250+ trading days), then we use a shorter time
series, e. g., 60 trading days (t = —70 to —11). During a stable measurement period,
a longer or large sample is better in order to reduce sampling errors in the parameter
estimators.

The post-event period that goes up to one calendar year is less often used except
for studies such as mergers and acquisitions, buyouts, IPOs, when a longer time is
required before the effect of the event is to be seen. The Event Window (or period) is
the most important part of the time frame and is further delineated as follows.

The number of days to use in the event window typically includes two calendar
weeks (or 10 trading days) before the announcement day, the announcement day it-
self, and 10 trading days after the announcement day. This window should be large
enough to show up any possible changes to returns due to the event. The event date
is the day when the event becomes public information, e. g., when the announcement
or news is broadcast as public information. It is denoted as Day O in the event study
calendar.

The parameters estimated from the measurement period are used in the event pe-
riod to compute the defined deviation from normal return as a measure of impact of
event, if any.

4.5.2 Benchmark

A benchmark or conditional expected return rate will have to be defined. Various
benchmark models are used. In what follows, we shall take “returns” to mean return
rates.

(A) Market Model

Suppose r;; is the return rate of stock i at time ¢, and r,,;; is the market portfolio return
rate (or alternatively return rate of a market index) at time ¢. If r; and r,,, are bivariate
normally distributed (all stock returns being MVN (multivariate normally distributed)
is sufficient to give this bivariate relationship), then conditional probability distribu-
tion of ry|r,,; is normal with (conditional) mean and (conditional) variance

O'.
E(rielrye) = E(ry) + f[rmt — E(ryy)]
m

o; o;
= |E(ry) - fE(rmt) + %rrm (4.4)
m m
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and

2
, o
var(rylry,) = o; - ’—;" (4.5)
O-m

where cov(Ty, I'iye) = Op, Var(ry,) = afn, and var(ry) = aiz. Then, we can write the linear
regression model of r; on r,,; as

Tit = Q; + bt + € (4.6)
where
o; o;
a; = |E(ry) - —5E(rpy) |, by =5, and E(eylry,) =0 (4.7)
Um Um

The last condition in (4.7) can be taken as a specification that e;; is uncorrelated
with r,,;;, which in the context of MVN, amounts to stochastic independence. It also im-
plies via the law of iterated expectations that E(e;;) = 0. The above regression model
Eq. (4.6) is called the market model. This is purely a statistical model, but it is consis-
tent with the two-parameter CAPM. The market model does not necessarily imply the
Sharpe-Lintner CAPM as parameter a; is not necessarily constrained to be the CAPM
intercept. Nevertheless, a; is a constant that can possibly follow that constraint. CAPM
does not necessarily imply the market model as quadratic utility and not MVN can be
a sufficient condition for CAPM. But, MVN is both a sufficient condition for CAPM and
for the market model together with some mild preference conditions. Note that in gen-
eral, cov(e;;, e;;_1) is