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Preface to the First Edition

The phenomenon of a knot is a fundamental experience in our perception of three di-
mensional space. What is special about knots is that they represent a truly intrinsic and
essential quality of 3-space accessible to intuitive understanding. No arbitrariness like
the choice of a metric mars the nature of a knot — a trefoil knot will be universally rec-
ognizable wherever the basic geometric conditions of our world exist. (One is tempted
to propose it as an emblem of our universe.)

There is no doubt that knots hold an important — if not crucial — position in the theory
of 3-dimensional manifolds. As a subject for a mathematical textbook they serve a
double purpose. They are excellent introductory material to geometric and algebraic
topology, helping to understand problems and to recognize obstructions in this field.
On the other hand they present themselves as ready and copious test material for the
application of various concepts and theorems in topology.

The first nine chapters (excepting the sixth) treat standard material of classical knot
theory. The remaining chapters are devoted to more or less special topics depending
on the interest and taste of the authors and what they believed to be essential and alive.
The subjects might, of course, have been selected quite differently from the abundant
wealth of publications in knot theory during the last decades.

We have stuck throughout this book mainly to traditional topics of classical knot
theory. Links have been included where they come in naturally. Higher-dimensional
knot theory has been completely left out —even where it has a bearing on 3-dimensional
knots such as slice knots. The theme of surgery has been rather neglected — excepting
Chapter 15. Wild knots and Algebraic knots are merely mentioned.

This book may be read by students with a basic knowledge in algebraic topology —
at least the first four chapters will present no serious difficulties to them. As the book
proceeds certain fundamental results on 3-manifolds are used — such as the Papakyri-
akopoulos theorems. The theorems are stated in Appendix B and references are given
where proofs may be found. There seemed to be no point in adding another presenta-
tion of these things. The reader who is not familiar with these theorems is, however,
well advised to interrupt the reading to study them. At some places the theory of sur-
faces is needed — several results of Nielsen are applied. Proofs of these may be read in
Zieschang, Vogt and Coldewey [382], but taking them for granted will not seriously
impair the understanding of this book. Whenever possible we have given complete and
selfcontained proofs at the most elementary level possible. To do this we occasionally
refrained from applying a general theorem but gave a simpler proof for the special
case in hand.

There are, of course, many pertinent and interesting facts in knot theory — especially
in its recent development — that were definitely beyond the scope of such a textbook.
To be complete — even in a special field such as knots — is impossible today and was
not aimed at. We tried to keep up with important contributions in our bibliography.
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Vi Preface to the First Edition

There are not many textbooks on knots. Reidemeister’s “Knotentheorie” was con-
ceived for a different purpose and level; Neuwirth’s book “Knot Groups” and Hill-
man’s monograph “Alexander Ideals of Links” have a more specialised and algebraic
interest in mind. In writing this book we had, however, to take into consideration Rolf-
sen’s remarkable book “Knots and Links”. We tried to avoid overlappings in the con-
tents and the manner of presentation. In particular, we thought it futile to produce
another set of drawings of knots and links up to ten crossings — or even more. They
can — in perfect beauty — be viewed in Rolfsen’s book. Knots with less than ten cross-
ings have been added in Appendix D as a minimum of ready illustrative material. The
tables of knot invariants have also been devised in a way which offers at least some-
thing new. Figures are plentiful because we think them necessary and hope them to be
helpful.

Finally we wish to express our gratitude to Colin Maclachlan who read the manu-
script and expurgated it from the grosser lapsus linguae (this sentence was composed
without his supervision). We are indebted to U. Liidicke and G. Wenzel who wrote
the computer programs and carried out the computations of a major part of the knot
invariants listed in the tables. We are grateful to U. Dederek-Breuer who wrote the pro-
gram for filing and sorting the bibliography. We also want to thank Mrs. A. Huck and
Mrs. M. Schwarz for patiently typing, re-typing, correcting and re-correcting abom-
inable manuscripts.

Frankfurt (Main)/Bochum, Summer 1985 Gerhard Burde
Heiner Zieschang
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Preface to the Second Edition

The text has been revised, some mistakes have been eliminated and Chapter 15 has
been brought up to date, especially taking into account the Gordon-Luecke Theorem
on knot complements, although we have not included a proof. Chapter 16 was added,
presenting an introduction to the HOMFLY polynomial, and including a self-contained
account of the fundamental facts about Hecke algebras. A proof of Markov’s theorem
was added in Chapter 10 on braids. We also tried to bring the bibliography up to date.
In view of the vast amount of recent and pertinent contributions even approximate
completeness was out of the question.

We have decided not to deal with Vassiliev invariants, quantum group invariants
and hyperbolic structures on knot complements, since a thorough treatment of these
topics would go far beyond the space at our disposal. Adequate introductory surveys
on these topics are available elsewhere.

Since the first edition of this book in 1985, a series of books on knots and related
topics have appeared. We mention especially: Kauffman [187, 188], Kawauchi [190],
Murasugi [265], Turaev [358], Vassiliev [361].

Our heartfelt thanks go to Marlene Schwarz and Jorg Stiimke for producing the
IATgX-file and to Richard Weidmann for proof-reading. We also thank the editors for
their patience and pleasant cooperation, and Irene Zimmermann for her careful work
on the final layout.

Frankfurt (Main)/Bochum, 2002 Gerhard Burde
Heiner Zieschang
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Preface to the Third Edition

This text is a completely revised version of the second edition. Some sections have
been rewritten and some material has been reorganized. The references have been
brought up to date, taking into account recent results. Chapter 16 was added, presenting
a proof of Schubert’s result [319] that the bridge number minus one is additive.

We have not tried to update the nearly comprehensive bibliography of the second
edition, since even approximate completeness of a bibliography would have been out
of the question. Therefore, we have decided to include only references which are cited
in the text. More references are now easily accessible by “MathSciNet”, “zbMATH”
or through the multiple search engines on the World Wide Web. We have also re-
duced the amount of tables in the appendix. Only one table is included containing
certain important knot invariants. Much more tables of knot and link invariants are
made available by J.C. Cha and C. Livingston [65, 66]. A huge variety of knot (up
to twelve crossing knots) and link (up to eleven crossing links) invariants are listed.
Another very useful tool is The Knot Atlas [15] run by D. Bar-Natan and S. Morrison.

Since the second edition of this book in 2002, a series of books on knots and re-
lated topics have appeared. We mention especially: S. Chmutov, and S. Duzhin and
J. Mostovoy [67], C. Kassel and V. Turaev [186], W. Menasco and M. Thistlethwaite
[236], M. Morishita [250].

We would like to thank Leila Ben Abdelghani, Jérome Dubois, Paul Kirk, Jennifer
Schultens and Richard Weidmann for helpful conversations and some proof-reading.
We also thank the editors for their professional and pleasant cooperation.

Frankfurt (Main)/Clermont-Ferrand, 2013 Gerhard Burde
Michael Heusener
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Chapter 1

Knots and isotopies

The chapter contains an elementary foundation of knot theory. Sections 1.A and 1.B
define and discuss knots and their equivalence classes, and Section 1.C deals with
the regular projections of knots. Section 1.D contains a short review of E. Pannwitz’
quadrisecants theorem [280] and the Fary—Milnor theorem [96, 237] intended to fur-
ther an intuitive geometric understanding for the global quality of knotting in a simple
closed curve in 3-space.

1.A Knots

A knot, in the language of mathematics, is an embedding of a circle S' into Euclidean
3-space, R3, or the 3-sphere, S>. More generally, embeddings of S¥ into $”** have
been studied in “higher dimensional knot theory”, but this book will be strictly con-
cerned with “classical” knots S! C S*. (On occasion we digress to consider “links” or
“knots of multiplicity p > 17 which are embeddings of a disjoint union of 1-spheres
Sil, 1 <i <upu,into S3 or R?))

A single embedding i: S' — S3, is, of course, of little interest, and does not give
rise to fruitful questions. The essential problem with a knot is whether it can be dis-
entangled by certain moves that can be carried out in 3-space without damaging the
knot. The topological object will therefore rather be a class of embeddings which are
related by these moves (isotopic embeddings).

There are different notions of isotopy, and we start by investigating which one of
them is best suited to our purposes.

Let X and Y be Hausdorff spaces. A mapping f: X — Y is called an embedding
if f:X — f(X) CY isahomeomorphism.

1.1 Definition (Isotopy). Two embeddings, fo, f1: X — Y are isotopic if there is an
embedding
F:XxI—-YxI

such that F(x,t) = (f(x,1),t), x € X, t € I = [0,1], with f(x,0) = fo(x),
Sx, 1) = filx).

F is called a level-preserving isotopy connecting fo and f.

We frequently use the notation f;(x) = f(x,t) which automatically takes care of
the boundary conditions. The general notion of isotopy as defined above is not good
as far as knots are concerned. Any two embeddings S! — S3 can be shown to be
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2 Chapter I Knots and isotopies

isotopic although they evidently are different with regard to their knottedness. The
idea of the proof is sufficiently illustrated by the sequence of pictures in Figure 1.1.
Any area where knotting occurs can be contracted continuously to a point.

1.2 Definition (Ambient isotopy). Two embeddings fy, fi: X — Y are ambient iso-
topic if there is a level preserving isotopy

H:Y xI =Y X 19 H(y’t) = (ht(y)at)’
with f; = hy fo and hy = idy . The mapping H is called an ambient isotopy.

An ambient isotopy defines an isotopy F connecting fy and f; by F(x,t) =
(ht fo(x),t). The difference between the two definitions is the following: An isotopy
moves the set fy(X) continuously over to fi(X) in Y, but takes no heed of the
neighboring points of ¥ outside f](X). An ambient isotopy requires ¥ to move con-
tinuously along with f;(X), such as a liquid filling ¥ will do if an object ( f;(X)) is
transported through it.

The restriction

hl: (Y = fo(X)) = (Y = fi(X))

of the homeomorphism %;: Y — Y is itself a homeomorphism of the complements of
fo(X) resp. f1(X)in Y ,if fy and f] are ambient isotopic. This is not necessarily true
in the case of mere isotopy and marks the crucial difference. We shall see in Chapter 3
that the complement of the trefoil knot — see the first picture of Figure 1.1 — and the
complement of the unknotted circle, the trivial knot or unknot, are not homeomorphic.

R 3

Figure 1.1. An isotopy of embeddings.

We are going to narrow further the scope of our interest. Topological embeddings
S! — S3 may have a bizarre appearance as Figure 1.2 shows. There is an infinite
sequence of similar meshes converging to a limit point L at which this knot is called
wild. This example of a wild knot, invented by Fox, indeed has remarkable properties
which show that at such a point of wildness something extraordinary may happen.
E. Artin and R.H. Fox proved in [114] that the complement of the curve depicted in
Figure 1.2 is different from that of a trivial knot. Nevertheless, the knot can obviously
be unravelled from the right — at least finitely many stitches can.
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Section 1.A  Knots 3

Figure 1.2. A wild knot.

1.3 Definition (Tame knots). A knot is called fame if it is ambient isotopic to a piece-
wise linear embedding in R? resp. 3. A knot is wild if it is not tame.

If a knot is tame, any connected proper part « of it is ambient isotopic to a straight
segment and therefore the complement S — « is simply connected. Any proper subarc
of the knot of Figure 1.2 which contains the limit point L can be shown [114] to have
a non-simply connected complement. From this it appears reasonable to call L a point
at which the knot is wild. Wild knots are no exceptions — quite the contrary. J. Milnor
proved: “Most” knots are wild [239]. One can even show that almost all knots are
wild at every point [42]. Henceforth we shall be concerned only with tame knots.
Consequently we shall work always in the p.l.-category (p.l. = piecewise linear). All
spaces will be compact polyhedra with a finite simplicial structure, unless otherwise
stated. Maps will be piecewise linear. We repeat Definitions 1.1 and 1.2 in an adjusted
version:

1.4 Definition (p.l.-isotopy and p.l.-ambient isotopy). Let X, ¥ be polyhedra and
fo, f1: X = Y p.l.-embeddings, fy and f; are p.l.-isotopic if there is a level-preserv-
ing p.l.-embedding

F:XxI—=YxI, F(x,t) =(ft(x),1), 0 <t <1.
fo and f| are p.l.-ambient isotopic if there is a level-preserving p.l.-isotopy
H:Y xI =Y xI, Hy,t) = (hs(y),1),
with f1 = hy fo and hg = idy .

In future we shall usually omit the prefix “p.L.”.
We are now in a position to give the fundamental definition of a knot as a class of
embeddings S! — S3 resp. S — R3:

1.5 Definition (Equivalence). Two (p.l.)-knots are equivalent if they are (p.l.)-ambient
isotopic.

We use our terminology loosely in connection with this definition. A knot ¥ may
be a representative of a class of equivalent knots or the class itself. If the knots ¥ and
¥’ are equivalent, we shall say they are the same, £ = ¥’ and use the sign of equality.

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

4 Chapter I Knots and isotopies

The main topic of classical knot theory is the classification of knots with regard to
equivalence.

Dropping “p.1.” defines, of course, a broader field and a more general classification
problem. The definition of tame knots (Definition 1.3) suggests applying the Defini-
tion 1.2 of “topological” ambient isotopy to define a topological equivalence for this
class of knots. At first view one might think that the restriction to the p.l.-category will
introduce equivalence classes of a different kind. We shall take up the subject in Chap-
ter 3 to show that this is not true. In fact, two tame knots are topologically equivalent if
and only if the p.l.-representatives of their topological classes are p.l.-equivalent, see
Corollary 3.17.

1.B Equivalence of knots

We defined equivalence of knots by ambient isotopy in the last section. There are
different notions of equivalence to be found in the literature which we propose to
investigate and compare in this section.

There is a way of defining equivalence of knots which takes advantage of special
properties of the embedding space, R3 or 3. Fisher [103] proved that an orientation
preserving homeomorphism /: S3 — S3 is isotopic to the identity. (A homeomor-
phism with this property is called a deformation.) We are interested in a special case
of Fisher’s theorem. We shall prove it with the help of the following theorem which is
well known and will not be proved here. See [242, Chapter 17] for a modern account.

1.6 Theorem (Alexander—Schoenflies [7]). Let i:S*> — S° be a (p.l.)-embedding.
Then

S® = By U By, i(S%) = B, N B, = 3B = 0B,

where Bi, i = 1,2, is a combinatorial 3-ball (B; is p.l.—homeomorphic to a 3-
simplex).

The theorem corresponds to the Jordan curve theorem in dimension two where it
holds for topological embeddings. In dimension three it is not true in this generality,
Alexander gave a famous example, the Alexander horned sphere [6]. Brown proved
in [46] that a for a locally bi-collared (n — 1)-sphere S in R” there exists an auto-
homeomorphism of R” which maps S onto the unit sphere.

We start by proving

1.7 Proposition (Alexander-Tietze). Any (p.l.)-homeomorphism f of a (combinato-
rial) n-ball B keeping the boundary fixed is isotopic to the identity by a (p.l.)-ambient
isotopy keeping the boundary fixed.
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Section 1.B  Equivalence of knots 5

Proof. Define for (x,t) € d(B x I)

X fort =0
H(x,t)=4x for x € 0B
f(x) fort=1.

Every point (x,t) € B x I, t > 0, lies on a straight segment in B x I joining a fixed
interior point P of B x 0 and a variable point X on d(B x I). Extend H|d(B x I)
linearly on these segments to obtain a (p.l.) level-preserving mapping H: B x [ —
B x I, in fact, the desired ambient isotopy (Alexander trick, [5], Figure 1.3). ]

t=1

Figure 1.3. The Alexander trick.

We are now ready to prove the following proposition:

1.8 Proposition. Let Yo and ¥, be p.L-knots in S>. The following assertions are
equivalent:

(1) There is an orientation preserving homeomorphism f: S° — S3 which carries
£y onto ¥, f oty =1¥.

(2) £ and ¥, are equivalent (ambient isotopic).

Proof. (1) = (2): We begin by showing that there is an ambient isotopy H(x,t) =
(hs(x),1) of S such that i f leaves fixed a 3-simplex [Py, Py, P>, P3].If f: §° —
S3 has a fixed point, choose it as Py; if not, let Py be any interior point of a 3-simplex
[s3] of S3. There is an ambient isotopy of S which leaves S3 — [s3] fixed and carries
Py over to any other interior point of [s3]. If [s%] and [s"*] have a common 2-face,
one can easily construct an ambient isotopy moving an interior point Py of [s3] to an
interior point P of [s’3] which is the identity outside [s°] U [s"}] (Figure 1.4).

So there is an ambient isotopy H° with h(f f(Py) = Py, since any two 3-simplices
can be connected by a chain of adjoining ones. Next we choose a point P; # Py in
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Figure 1.4

the simplex star of Py, and by similar arguments we construct an ambient isotopy H '
with h}hY f leaving fixed the 1-simplex [Py, Pi]. A further step leads to 1A\ f
with a fixed 2-simplex [Py, P, P»]. At this juncture the assumption comes in that
f is required to preserve the orientation. A point P3 ¢ [Py, Py, P»], but in the star
of [Py, P1, P2] will be mapped by h2h1hY f onto a point P} in the same half-space
with regard to the plane spanned by Py, P;, P,. This ensures the existence of the final
ambient isotopy H? such that h3h3hih) f leaves fixed [Py, Py, Py, P3]. The assertion
follows from the fact that H = H>H?>H'H° is an ambient isotopy, H(x,t) =
(hi(x),1).

By Theorem 1.6 the complement of [Py, Py, P>, P3] is a combinatorial 3-ball and
by Theorem 1.7 there is an ambient isotopy which connects /; f with the identity of
S3.

(2) = (1) follows from the definition of an ambient isotopy. O

K. Reidemeister [294] gave an elementary introduction into knot theory stressing the
combinatorial aspect, which is also the underlying concept of his book “Knotentheo-
rie” [296, 302, 303], the first monograph written in 1932 on the subject. He considered
knots as simple closed polygonal curves rather then p.l.-maps. In this context, a polyg-
onal knot ¥ is a simple polygonal closed curve i.e. the image of a p.l.-map S! — R3.
Polygonal knots might be oriented or not. If S! is oriented and if i:S! — §3 isa
knot then the image ¥ = i(S!) inherits an orientation (oriented knot). The notion of
equivalence has to be adjusted: two oriented polygonal knots are equivalent if there
is an ambient isotopy connecting them which respects the orientation of the knots.
Reidemeister introduced an isotopy by moves.

1.9 Definition (A-move). Let u be a straight segment of a polygonal knot ¥ in R?
(or $3),and D atrianglein R, 0D = uUvUw, u,v,w I-facesof D.If DN§ = u,
then ¥ = (¥ —u) U v U w defines another polygonal knot. We say ¥’ results from ¥
by a A-process or a A-move. If ¥ is oriented, ¥’ has to carry the orientation induced
by that of £ — u. The inverse process is denoted by A~! (see Figure 1.5).
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Figure 1.5. A A-move.

Remark: We allow A to degenerate as long as £’ remains simple. This means that A
resp. A~ may be a bisection resp. a reduction in dimension one.

1.10 Definition (Combinatorial equivalence). Two polygonal knots are combinatori-
ally equivalent or isotopic by moves, if there is a finite sequence of A-and A~'-moves
that transforms one knot to the other.

1.11 Proposition. Let ¥g and ¥; be two polygonal knots in R>. The following asser-
tions are equivalent:

(1) There is an orientation preserving homeomorphism f: S° — S3 which carries
£y onto ¥, f(¥y) = ¥£.

(2) £9 and ¥, are equivalent (ambient isotopic).

(3) ¥ and ¥, are combinatorially equivalent (isotopic by moves).

Proof. The equivalence (1) <= (2) follows from the proof of Proposition 1.8.

Next we prove (1) = (3): Let h: S® — S be an orientation preserving homeo-
morphism and £; = h(fy). The preceding argument (see the proof of Proposition 1.8)
shows that there is another orientation preserving homeomorphism g: S — S3,
g(¥o) = ¥o, such that hg leaves fixed some 3-simplex [s3] which will have to be
chosen outside a regular neighborhood of ¥q and £, . For an interior point P of [s?]
consider S3 — {P} as Euclidean 3-space R>. There is a translation 7 of R?, which
moves ¥y into [s3] — {P}. It is easy to prove that ¥y and 7(¥) are isotopic by moves
(see Figure 1.6). We claim that £; = hg(¥y) and hgt(fg) = t(f9) are isotopic by
moves also, which would complete the proof. Choose a subdivision of the triangula-
tion of S* such that the triangles used in the isotopy by moves between £q and 7(¥()
form a subcomplex of S3. There is an isotopy by moves ¥y — 7(¥o) which is defined
on the triangles of the subdivision. 2g: S3 — S3 maps the subcomplex onto another
one carrying over the isotopy by moves (see Graeub [139, 140]).

(3) = (1).Itis not difficult to construct a homeomorphism of .S 3 onto itself which
realizes a AT! -move and leaves fixed the rest of the knot. Choose a regular neighbor-
hood U of the 2-simplex which defines the A*!-move whose boundary meets the
knot at two points. By linear extension one can obtain a homeomorphism producing
the A*!'-move in U and leaving S> — U fixed. O
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Figure 1.6. The knots ¥ and t(¥) are isotopic by A-moves.

The image of a p.l.-embedding i: S' — S3 is a polygonal knot in S3 and it follows
from Proposition 1.11 that two p.l.-ambient isotopic p.l-embeddings give combinato-
rially equivalent polygonal knots. Let us investigate to what extent a polygonal knot
determines a p.l.-embedding.

1.12 Lemma. Let i:S' — S be a p.l.-embedding and denote by ¥ = i(S') the
associated polygonal knot.

If j:¥ — ¥ is an orientation preserving p.l.-homeomorphism then there exists an
orientation preserving homeomorphism f:S> — S3, supported by a regular neigh-
borhood of ¥, such that the restriction of f |t coincides with j .

Proof. Note first that every orientation preserving p.l.-homeomorphism j:f — ¥ is
p-l.-ambient isotopic to the identity. More precisely, j is a finite composition of home-
omorphism which are supported by a closed arc of £. This can be proved by following
the argument used in the first part of the proof of Proposition 1.8. Therefore it is suf-
ficient to prove the lemma for a homeomorphism j supported by a closed arc o C ¥.

Let V = V() be aregular neighborhood of @ C S* and define f to be the identity
on the complement S3 — V. Hence, (V,# N V) is an unknotted ball pair and we can
extend the identity on the boundary of the ball pair to a homeomorphism which agrees
with j on £ NV (see Rourke-Sanderson [311, Prop. 4.4]). This extends f to V' such

flE=17j. O

1.13 Corollary. Let S be oriented and let i1,iy: S' — S3 be two p.l.-embeddings.
The two oriented polygonal knots £, = i{(S') and £, = i»(S") are equivalent if
and only if i) and i, are p.l.-ambient isotopic.
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Proof. If there exists an orientation preserving homeomorphism #: S — §3 such
that h|t,: £, — ¥, preserves the orientation, then

j=iyoir o (hlt) ik — £
is orientation preserving. By Lemma 1.12 there exists an orientation preserving home-

omorphism f:S? — S3 such that f|f, = j and (f o h) oi; = i». Hence, Proposi-
tion 1.11 implies the assertion of the corollary. O

It follows that the isotopy by A-moves provides a means to formulate the knot
problem on an elementary level. It is also useful as a method in proofs of invariance.

There will be a certain abuse of language in this book to avoid complicating the
notation. A knot ¥ will be an embedding, a class of embeddings, the image i(S') = ¢
(a simple polygonal closed curve), or a class of such curves.

1.C Kbnot projections

Geometric description in 3-spaces is complicated. The data that determine a knot are
usually given by a projection of ¥ onto a plane E (projection plane) in R3. (In this
paragraph we prefer R with its Euclidean metric to S3; a knot £ will always be
thought of as a simple closed polygon in R3.) A point P € p(¥) C E whose preimage
p~'(P) under the projection p: R* — E contains more than one point of ¥ is called
a multiple point.

1.14 Definition (Regular projection). A projection p of a knot ¥ is called regular if

(1) there are only finitely many multiple points {P; | 1 < i < n}, and all multiple
points are double points, that is, p~!(P;) contains two points of ¥,

(2) no vertex of £ is mapped onto a double point.

The minimal number of double points or crossings n in a regular projection of a knot
is called the order of the knot. A regular projection avoids occurrences as depicted in

Figure 1.7.
\ /
/ \

Figure 1.7. Non-regular projections.

There are sufficiently many regular projections.
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1.15 Proposition. The set of regular projections is open and dense in the space of all
projections.

Proof. Think of directed projections as points on a unit sphere S> C R? with the
induced topology. A standard argument (general position) shows that singular (non-
regular) projections are represented on S by a finite number of curves. (The reader is
referred to Reidemeister [294], Crowell and Fox [80] or Burde [50] for a more detailed
treatment.) O

The projection of a knot does not determine the knot, but if at every double point
in a regular projection the overcrossing line is marked, the knot can be reconstructed

from the projection (Figure 1.8).
%

If the knot is oriented, the projection inherits the orientation. The projection of a
knot with this additional information is called a knot projection or knot diagram. Two
knot diagrams will be regarded as equal if they are isotopic in E as graphs, where the
isotopy is required to respect overcrossing resp. undercrossing. Equivalent knots can
be described by many different diagrams, but they are connected by simple operations.

Figure 1.8

1.16 Definition (Reidemeister moves). Two knot diagrams are called equivalent if
they are connected by a finite sequence of Reidemeister moves ;, i = 1,2,3 or
their inverses Qi_l . The moves are described in Figure 1.9.

The operations €2 ;JE] effect local changes in the diagram. Evidently all these oper-
ations can be realized by ambient isotopies of the knot; equivalent diagrams therefore
define equivalent knots. The converse is also true:

1.17 Proposition. Two knots are equivalent if and only if all their diagrams are equiv-
alent.

Proof. The first step in the proof will be to verify that any two regular projections
p1, p2 of the same simple closed polygon ¥ are connected by Qiil -moves. Let pi1, p»
again be represented by points on S2, and choose on S? a polygonal path s from p;
to p, in general position with respect to the lines of singular projections on S2. When
such a line is crossed the diagram will be changed by an operation Qiil , the actual
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Figure 1.9. The Reidemeister moves.

type depending on the type of singularity, see Figure 1.7, corresponding to the line
that is crossed.

It remains to show that for a fixed projection equivalent knots possess equivalent
diagrams. According to Proposition 1.8 it suffices to show that a A*!-move induces

Qiil -operations on the projection. This again is easily verified (Figure 1.10). O
<]
Pl —
Figure 1.10

Proposition 1.17 allows an elementary approach to knot theory. It is possible to con-
tinue on this level and define invariants for diagrams with respect to equivalence. The
so-called Abbildungsmengen are such invariants which were introduced by G. Burde in
1978 [50]. These invariants became well-known under the name guandles and are now
systematically studied (see for example the article by R. Fenn and C. Rourke [99]).
One might be tempted to look for a finite algorithm to decide equivalence of dia-
grams by establishing an a priori bound for the number of crossings. Such a bound is
not known, and a simple counterexample shows that it can at least not be the maximum
of the crossings that occur in the diagrams to be compared. The diagram of Figure 1.11
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-

)

Figure 1.11

is that of a trivial knot, however, on the way to a simple closed projection, via moves
Qfﬁl the number of crossings will increase. This follows from the fact that the diagram
only allows operations ]!, 3! which increase the number of crossings. Addition-
ally, Figure 1.11 demonstrates: The operations €2;, i = 1,2,3 are “independent” —
one cannot dispense with any of them (Exercise E 1.5), see Trace [352].

1.D Global geometric properties

In this section we will discuss two theorems (without giving proofs) which connect the
property of “knottedness” and “linking” with other geometric properties of the curves
in R3. The first is the following theorem of E. Pannwitz [280]:

1.18 Theorem (E. Pannwitz). If ¥ is a non-trivial knot in R3, then there is a straight
line which meets ¥ in four points.

If a link of two components £;, i = 1,2, is not splittable, then there is a straight
line which meets ¥\ and ¥, in two points Ay, B resp. Ay, By each with an ordering
Ay, Ao, By, By on the line. (Such a line is called a quadrisecant of ¥ ).

It is easy to see that the theorem does not hold for the trivial knot or a splittable
linkage. (A link is splittable or split if it can be separated in R? by a 2-sphere.)

What E. Pannwitz proved was actually something more general. For any knot ¥ C
R3 there is a singular disk D C R* spanning ¥. For example, such a disk can be
constructed by erecting a cone over a regular projection of ¥ (Figure 1.12).If D C R?
is immersed in general position, there will be a finite number of singular points on £
(boundary singularities).

1.19 Definition (Knottedness). The minimal number of boundary singularities of a
disk spanning a knot { is called the knottedness k of .

1.20 Theorem (Pannwitz). The knottedness k of a non-trivial knot is an even number.
2 .
A knot of knottedness k possesses % quadrisecants. O

The proof of this theorem — which generalizes the first part of 1.18 — is achieved
by cut-and-paste techniques as used in the proof of Dehn’s Lemma. (See also
J.-P. Otal [278] and G. Kuperberg [205].)
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Figure 1.12

Figure 1.12 shows the trefoil spanned by a cone with 3 boundary singularities and by
another disk with the minimal number of 2 boundary singularities. (The apex of the
cone is not in general position, but a slight deformation will correct that.)

Another theorem about knotted curves is due to I. Fary [96] and J. Milnor [237]. If
¥ is smooth (f € C?), the integral

K(8) = /? 1#(s)lds

is called the fotal curvature of £. (Here s — x(s) describes £: S' — R3 with s =arc
length.) k(£) is not an invariant of the knot type. Milnor generalized the notion of the
total curvature so as to define it for arbitrary closed curves. In the case of a polygon
this yields «(¥) = Y 7_, a;, where the o; are the angles of successive line segments
(Figure 1.13).

\
\‘ \
o
2 as's
/LOM

Figure 1.13

1.21 Theorem (Fary—Milnor). The total curvature «(¥) of a non-trivial knot ¥ C R?
exceeds 4. O

We do not intend to copy Milnor’s proof here. As an example, however, we give a
realization of the trefoil in R3 with total curvature equal to 47 4 §(g), where §(g) > 0
can be made arbitrarily small. This shows that the lower bound, 47, is sharp.
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2¢e y —&

Figure 1.14

In Figure 1.14 a diagram of the trefoil is given in the (x, y)-plane, the symbol at each
vertex denotes the z-coordinate of the respective point on f. Six of eight angles «;

are equal to %, two of them, « and B, are larger, but tend to Z as ¢ — 0.

2

1.E History and sources

A systematic and scientific theory of knots developed only in the last century when
combinatorial topology came under way. The first contributions M. Dehn [84, 85, 87]
and J.W. Alexander [3, 8] excited quite an interest, and a remarkable amount of work
in this field was done which was reflected in the first monograph on knots, K. Reide-
meister’s Knotentheorie [296, 302, 303]. The elementary approach to knots presented
in this chapter comes from this source.

1.F Exercises

E 1.1. Let £ be a smooth oriented simple closed curve in RZ, and let —¢ denote the
same curve with the opposite orientation. Show that ¥ and —F are not isotopic in R?
whereas they are in R3.

E 1.2. Construct explicitly a p.l.-map of a complex K composed of two 3-simplices
with a common 2-face onto itself which moves an interior point of one of the 3-
simplices to an interior point of the other while keeping fixed the boundary 0K of
K (see Figure 1.4).

E 1.3. The suspension point P over a closed curve with n double points is called
a branch point of order n + 1. Show that there is an isotopy of D?> — R which
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transforms the suspension into a singular disk with n branch points of order two (see
[281]).

E 1.4. Let p(t), 0 <t < 1, be a continuous family of projections of a fixed knot
¥ C R? onto R?, which are singular at finitely many isolated points 0 < #; < t, <
--- < 1. Discuss by which of the operations €2; the two regular projections, p(ty —¢)
and p(tx +¢), th—) <ty —& <l <tx +¢& < x4, arerelated according to the type
of the singularity at 7 .

E 1.5. Prove that any projection obtained from a simple closed curve in R? by using
Qif', Q5! can also be obtained by using only Q7', Q5.

E 1.6. Let p(f) be a regular projection with n double points. By changing overcross-
ing arcs into undercrossing arcs at k < "T_l double points, p(¥) can be transformed
into a projection of the trivial knot.
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Chapter 2

Geometric concepts

Some of the charm of knot theory arises from the fact that there is an intuitive geomet-
ric approach to it. We shall discuss in this chapter some standard constructions and
presentations of knots and various geometric devices connected with them.

2.A Geometric properties of projections
Let £ be an oriented knot in oriented 3-space R>.

2.1 Definition (Symmetries). The knot obtained from ¥ by inverting its orientation is
called the inverted knot and denoted by —f. The mirror-image of ¥ or mirrored knot
is denoted by £*, it is obtained by a reflection of £ in a plane.

A knot ¥ is called invertible if £ = —¥, and amphicheiral if ¥ = £*.

The trefoil is invertible; the rotation by & about the axis indicated in Figure 2.1 (a)
is a symmetry which reverses the orientation of the knot. The same holds for the only
knot with the minimal number 4 of crossings, the four-knot 4, (see Figure 2.1 (¢)):

The trefoil was shown to be non-amphicheiral by M. Dehn in 1914 [85, 87]. The
right-handed trefoil and its mirror-image, the left-handed trefoil, are displayed in Fig-
ure 2.1 (a) and Figure 2.1 (b) respectively. The four-knot is amphicheiral, this property
is shown in Figure 2.2. Hence the four-knot 4, is both invertible and amphicheiral.

N
) )

Figure 2.1 (a). The right- Figure 2.1 (b). The left- Figure 2.1 (c). The four-knot.
handed trefoil. handed trefoil.
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DG &

Figure 2.2. The four-knot is amphicheiral.

The existence of non-invertible knots was proved by H. Trotter [356]. That the knot
817 is non-invertible was first proved by A. Kawauchi [189] and independently by
F. Bonahon and L. Siebenmann in 1979 [37] using geometric methods. It is the least
crossing non-invertible knot, the only one with 8 crossings. Moreover, the knot ¥ =
817 is negative amphicheiral i.e. ¥ = —£* . By inspection, the rotation by 7 about the
axis indicated in Figure 2.3 maps ¢ to —£*.

)

_ XXX
C D

Figure 2.3. The knot 8,7 is negative amphicheiral.

For this and more refined notions of symmetries in knot theory, see R. Hartley [150],
A. Kawauchi [190, Chap. 10] and F. Bonahon and L. Siebenmann [37].

2.2 Definition (Alternating knot). A knot projection is called alternating if upper-
crossings and undercrossings alternate while running along the knot. A knot is called
alternating if it possesses an alternating projection; otherwise it is non-alternating.

The existence of non-alternating knots was first proved by C. Bankwitz [13], see
Proposition 13.30.

Alternating projections are frequently printed in knot tables without marking under-
crossings. It is an easy exercise to prove that any such projection can be furnished in
exactly two ways with undercrossings to become alternating; the two possibilities be-
long to mirrored knots. Without indicating undercrossings, a closed plane curve does
not hold much information about the knot whose projection it might be. Given such
a curve there is always a trivial knot that projects onto it. To prove this assertion just
choose a curve ¥ which ascends monotonically in R3 as one runs along the projection,
and close it by a segment in the direction of the projection.
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K
ﬁa//ﬂa
Y
&

Figure 2.4. The chessboard coloring.

A finite set of closed plane curves defines a tessellation of the plane by simply con-
nected regions bounded by arcs of the curves, and a single infinite region. (This can be
avoided by substituting a 2-sphere for the plane.) The regions can be colored by two
colors like a chessboard such that regions of the same color meet only at double points
(Figure 2.4, E 2.2). The proof is easy. If the curve is simple, the fact is well known;
if not, omit a simply closed partial curve s and color the regions by an induction hy-
pothesis. Replace s and exchange the coloring for all points inside s.

2.3 Definition (Graph of a knot). Let a regular knot diagram be chessboard colored
with colors @ and 8. Assign to every double point A of the projection an index
0(A) = =+1 with respect to the coloring as defined by Figure 2.5. Denote by «;,
1 <i < m, the a-colored regions of a knot diagram. Define a graph I" whose ver-
tices P; correspond to the «;, and whose edges ozlkj correspond to the double points
AF € 3o N da/ , where a{‘j joins P; and P; and carries the index 9(0111‘].) = 0(4%).

If f-regions are used instead of «-regions, a different graph is obtained from the
regular projection. The Reidemeister moves 2; correspond to moves on graphs which
can be used to define an equivalence of graphs (compare Definition 1.16 and Propo-
sition 1.17). It is easy to prove (E 2.5) that the two graphs of a projection belonging
to o- and S -regions are equivalent (see [376]). Another Exercise (E 2.3) shows that

0(A) = +1

Figure 2.5. The index 0(A) = +1.
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+1 +1 +1 P,

P

Py

Figure 2.6

a projection is alternating if and only if the index function 6(A) on the double points
is a constant (Figure 2.6).

Graphs of knots have been repeatedly employed in knot theory [12], [76], [196]. We
shall take up the subject again in Chapter 13 in connection with the quadratic form of
a knot.

2.B Seifert surfaces and genus
A geometric fact of some importance is the following:

2.4 Proposition (Seifert surface). A simple closed oriented curve ¥ C R> is the
boundary of an orientable surface S, embedded in R>. It is called a Seifert surface
of f.

Proof. Let p(¥) be aregular projection of £ equipped with an orientation. By altering
p(£) in the neighborhood of double points as shown in Figure 2.7, p(¥) dissolves into
a number of disjoint oriented simple closed curves which are called Seifert cycles.
Choose an oriented 2-cell for each Seifert cycle, and embed the 2-cells in R3 as a
disjoint union such that their boundaries are projected onto the Seifert cycles. The
orientation of a Seifert cycle is to coincide with the orientation induced by the oriented

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

20 Chapter 2 Geometric concepts
\/\H Xﬁ/ﬂ\

I“ H\\ A\ |

Figure 2.7

Figure 2.8

2-cell. We may place the 2-cells into planes z = const parallel to the projection plane
(z=0), and choose planes z = a,z = a, for corresponding Seifert cycles ¢y, ¢, with
ay; < ap if ¢; contains c¢;. Now we can undo the cut-and-paste-process described
in Figure 2.7 by joining the 2-cells at each double point by twisted bands such as to
obtain a connected surface S with dS = ¥ (see Figure 2.8).

Since the oriented 2-cells (including the bands) induce the orientation of £, they are
coherently oriented, and hence, S is orientable. O

2.5 Definition (Genus). The minimal genus g = g(¥) of a Seifert surface spanning a
knot £ is called the genus of the knot .

Evidently the genus does not depend on the choice of a curve ¥ in its equivalence
class: If £ and ¢’ are equivalent and S spans £, then there is a homeomorphism
h: §3 — S3, h(f) = £ (Proposition 1.5), and h(S) = S’ spans £’. So the genus
g(®) is a knot invariant, g(¥) = 0 characterizes the trivial knot, because if £ bounds
adisk D which is embedded in R3 (or S?), one can use A-moves over 2-simplices
of D and reduce f to the boundary of a single 2-simplex.

The notion of the genus was first introduced by H. Seifert in [328], it holds a central
position in knot theory.

The method to construct a Seifert surface by Seifert cycles assigns a surface S’
of genus g’ to a given regular projection of a knot. We call g’ the canonical genus
associated with the projection. It is remarkable that in many cases the canonical genus
coincides with the (minimal) genus g of the knot. This is always true for alternating
projections (Theorem 13.26 (a)). In our table of knot projections up to nine crossings
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only the projections 850, 821,942,944 and 945 fail to yield g’ = g: in these cases
g =g+1.

This was already observed by H. Seifert; the fact that he lists 94¢ instead of 944 in
[328] is due to the choice of different projections in D. Rolfsen’s [309] (and our table)
and K. Reidemeister’s [296, 302, 303].

There is a general algorithm to determine the genus of a knot due to H. Schubert
[321], but its application is complicated. More recently, P. Ozsviath and Z. Szab6 [279]
showed that knot Floer homology detects the genus of a knot. For other more elemen-
tary methods see E 4.11.

2.6 Definition and simple properties (Meridian and longitude). A tubular neighbor-
hood V' (£) of aknot ¥ C S3 is homeomorphic to a solid torus. There is a simple closed
curve m on dV(£) which is null-homologous in V(£) but not on dV(¥); we call m
meridian of ¥. It is easy to see that any two meridians (if suitably oriented) in dV(¥)
are isotopic. A Seifert surface S will meet 0V (£) in a simple closed curve £, if V()
is suitably chosen: £ is called a longitude of £. We shall see later on (Proposition 3.1)
that £, too, is unique up to isotopy on dV(¥).If £ and S* are oriented, we may assign
orientations to m and £: The longitude £ is isotopic to £ in V/(¥) and will be oriented
as . The meridian will be oriented in such a way that its linking number 1k (2, ¥) with
¥ in S° is +1 or equivalently, its intersection number int(m, £) with £ is +1. From
this it follows that £ is not null-homologous on AV (¥).

2.C Companion knots and product knots

Another important idea was added by H. Schubert in 1949 [317]: the product of knots.

2.7 Definition (Product of knots). Let an oriented knot ¥ C R? meet a plane E in
two points P and Q. The arc of £ from P to Q is closed by an arc in E to obtain a
knot £} ; the other arc (from Q to P ) is closed in the same way and so defines a knot
. The knot ¥ is called the product or composition of £; and ¥,, and it is denoted by
f = £, # £, ; see Figure 2.9. The knot ¥ is also called a composite knot when both
knots ¥ and ¥, are non-trivial. Moreover, ¥ and ¥, are called factors of £.

It is easy to see that for any given knots ¥, £, the product ¥ = £, # ¥, can be
constructed; the product will not depend on the choice of representatives or on the
plane E. A thorough treatment of the subject will be given in Chapter 7.

There are other procedures to construct more complicated knots from simpler ones.

2.8 Definition (Companion knot, satellite knot). Let ¥ be aknot in a 3-sphere S $3 and
V an unknotted solid torus in § §3 with ¥ C 1% C S’ $3. Assume that ¥ is not contained
in a 3-ball of V.A homeomorphism /: V — V c 3 onto a tubular neighborhood
V of anon-trivial knot ¥ C S* which maps a meridian of S $3—V ontoa longitude
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> 0

_/

9]

Figure 2.9. A product knot.

of ? maps ¥ onto aknot ¥ = h(F) C S3. The knot ¥ is called a satellite of ¥, and
¥ isits companion (Begleitknoten). The pair v, P) is the pattern of f.

The companion is the simpler knot, it forgets some of the tangles of its satellite.

2.9 Examples. (1) Each factor §; of a product ¥ = £ # ¥,, for instance, is a compan-
ion of £ (see Figure 7.2 and Proposition 16. 7). There are some special cases of
companion knots: If ¥ is ambient isotopic in Via simple closed curve on v,
then £ = h(P) is called a cable knot on ¥ .

(2) As another example consider ¥ c Vasin Figure 2.10. For given k € Z let
hi:V — V be the homeomorphism which maps £ to hi(0) = € +k i . The
knot ¥ = hy (f‘) is called a doubled knot of ¥ ormore precisely a k -twisted double
of ¥ which i is also denoted by T k- The case k = 0 is of particular interest and
we will call ¥ an untwisted double of ¥ . In Figure 2.10 the companion ?isa
trefoil, the satellite £ is the 3 -twisted double of ¥ . Doubled knots were introduced

. @
—_—

4 7 )
v \%

Figure 2.10. The 3-twisted double of the trefoil knot.
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by J. H. C. Whitehead in [370] and form an interesting class of knots with respect
to certain algebraic invariants.

For the relation between the genus of a satellite and the genus of its companion see
Section 16.A.

2.D Braids, bridges, plats

There is a second topic to our main theme of knots, which has developed some weight
of its own: the theory of braids. E. Artin introduced braids explicitly in [10], and at
the same time solved the problem of their classification. (The proof there is somewhat
intuitive, Artin revised it to meet rigorous standards in a later paper [11]). We shall
treat braids in Chapter 10 but will introduce here the geometric idea of a braid, because
it offers another possibility of representing knots (or links).

2.10 Braids. Place on opposite sides of a rectangle R in 3-space equidistant points
P;i, Qi, 1 <i <n (Figure 2.11). Let f;, 1 <i <n,be n simple disjoint polygonal
arcs in R3, f; starting in P; and ending in Ox()» Where i = (i) is a permutation
on {1,2,...,n}. The f; are required to run “strictly downwards”, that is, each f;
meets any plane perpendicular to the lateral edges of the rectangle at most once. The
strings f; constitute a braid 3 (sometimes called an n-braid). The rectangle is called
the frame of 3, and i + (i) the permutation of the braid. In R, equivalent or
isotopic braids will be defined by “level-preserving” isotopies of R? relative to the
endpoints {P;}, {Q;i}, which will be kept fixed, but we defer a treatment of these

questions to Chapter 10.
Py \? P

01102 03

Figure 2.11

A braid can be closed with respect to an axis h (Figure 2.12). In this way every
braid 3 defines a closed braid 3 which represents a link of © components, where
is the number of cycles of the permutation of 3. We shall prove that every link can
be presented as a closed braid. This mode of presentation is connected with another
notion introduced by Schubert: the bridge number of a knot (resp. link):
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Figure 2.12

2.11 Definition (Bridge number). Let ¥ be a knot (or link) in R3 which meets a plane
E C R? at 2m points such that the arcs of ¥ contained in each half-space relative
to E possess orthogonal projections onto £ which are simple and disjoint. (£, E) is
called an m -bridge presentation of ¥ ; the minimal number m possible for a knot ¥ is
called its bridge number.

A regular projection p(¥) of order n (see Definition 1.14) admits an n-bridge pre-
sentation relative to the plane of projection (Figure 2.13 (a)). (If p(¥) is not alternating,
the number of bridges will even be smaller than n). The trivial knot is the only 1-
bridge knot. The 2-bridge knots are an important class of knots which were classified
by H. Schubert [320]. Even 3-bridge knots cannot be classified until today.

2.12 Proposition (J. W. Alexander [4]). A link £ can be represented by a closed braid.

Proof. Choose 2m points P; in a regular projection p(¥), one on each arc between
undercrossing and overcrossing (or vice versa). This defines an m -bridge presentation,
m < n,witharcs s;, 1| <i <m,between Py;—; and P,; in the upper half-space and
arcs tj, 1 <i < m,joining P; and Pyj+1(Pam+1 = Pp) in the lower half-space of
the projection plane (see Figure 2.13 (a)).

By an ambient isotopy of £ we arrange the p(#;) to form m parallel straight seg-
ments bisected by a common perpendicular line 4 such that all P; with odd index are
on one side of /& (Figure 2.13 (b)). The arc p(s;) meets /& at an odd number of points
Piy, Pia, . ...

In the neighborhood of a point P;, we introduce a new bridge — we push the arc s;
in this neighborhood from the upper half-space into the lower one. Thus we obtain a
bridge presentation where every arc p(s;), p(¢;) meets h at exactly one point. Now
choose s; monotonically ascending over p(s;) from P;_; until 4 is reached, then
descending to P»; . Equivalently, the #; begin by descending and ascend afterwards.
The result is a closed braid with axis /. O
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Figure 2.13 (a) Figure 2.13 (b)

P. Vogel presents in [362] a simple algorithm that does not increase the number of
Seifert circles and which limits the increase in the number of crossings.

A 2m -braid completed by 2m simple arcs to make a link as depicted in Figure 2.14
is called a plat or a 2m -plat. A closed m -braid obviously is a special 2m -plat, hence
every link can be represented as a plat. The construction used in the proof of Proposi-
tion 2.12 can be modified to show that an m -bridge representation of a knot £ can be
used to construct a 2m -plat representing it. In Corollary 10.4 we prove the converse:
Every 2m -plat allows an m -bridge presentation. The 2-bridge knots (and links) hence

are the 4-plats (Viergeflechte).
M /ﬂ
Y,
(Y
§ )

Figure 2.14. A 4-plat.
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2.E Slice knots and algebraic knots

R. H. Fox and J. Milnor introduced the notion of a slice knot. It arises from the study
of embeddings S? C S* (see [112]).

2.13 Definition (Slice knot). A knot ¥ C R? is called a slice knot if it can be obtained
as a cross section of a locally flat 2-sphere S? in R* by a hyperplane R?. (S? C R* is
embedded locally flat, if it is locally a Cartesian factor.) The local flatness is essential:
Any knot ¥ C R? C R* is a cross section of a 2-sphere S? embedded in R*. Choose
the double suspension of £ with suspension points P4 and P_ respectively in the
half-space Ri and R* defined by R*. The suspension S? is not locally flat at P
and P_ (Figure 2.15).

Figure 2.15

There is a disk D? = S2 N Ri spanning the knot ¥ = dD? which will be locally flat
if and only if S? can be chosen locally flat. This leads to an equivalent definition of
slice knots:

2.14 Definition. A knot ¥ in the boundary of a 4-cell, ¥ C S* = dD*, is a slice knot
if there is a locally flat 2-disk D> C D*, dD? = £, whose tubular neighborhood
intersects S3 in a tubular neighborhood of .

The last condition ensures that the intersection of R® and D? resp. S? is transversal.
We shall give some examples of knots that are slice and of others that are not.

Let f: D> — S3 be an immersion, and d( f(D)) = ¥ a knot. If the singularities
of f(D) are all double lines o, f~!(6) = o7 U 03, such that at least one of the

o
preimages o;, 1 <i < 2,is contained in D, then f is called a ribbon knot.
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2.15 Proposition. Ribbon knots are slice knots.

Proof. Double lines with boundary singularities come in two types: The type required
in a ribbon knot is shown in Figure 2.16 while the second type is depicted in Fig-
ure 1.12. In the case of a ribbon knot the hatched regions of f(D) can be pushed into
the fourth dimension without changing the knot ¥. O

Figure 2.16. A ribbon knot.

Itis not known whether all slice knots are ribbon knots. There are several criteria which
allow to decide that a certain knot cannot be a slice knot [115], [261]. The trefoil, for
instance, is not a slice knot. In fact, of all knots of order < 7 the knot 6| of Figure 2.16
is the only one which is a slice knot. Slice knots can be used to define an equivalence
relation on the set of knots in S3. Two knots £ and ¥’ are equivalent if £# —¥ is
slice. With this equivalence the set of knots becomes a group, the concordance group
of knots. Much progress has been made in studying slice knots and the concordance
group (see the survey of C. Livingston [215] for more details).

Knots turn up in connection with another higher-dimensional setting: a polynomial
equation f(z1,z2) = 0 in two complex variables defines a complex curve C in C2.
At a singular point zg = (zy, z2), where g(zo) = 0,7 = 1,2, consider a small 3-
sphere Sg with center zo. Then ¥ = C N.S; may be a knot or link. (If z¢ is a regular
point of C, the knot ¥ is always trivial.)

2.16 Proposition. The algebraic surface f(z1,z2) = z{ + Zé’ = 0 with a,b, €
Z,a,b > 2, intersects the boundary Sg3 of a spherical neighborhood of (0,0) in a
torus knot (or link) t(a,b), see Definition 3.36.

Proof. The equations

a iap, __ b ibp+in 2 _ R 1}
rie =r,e , N =e&°, zj =rje’/,

+

’
2a

define the intersection Sg NC . Since r12 +r;” is monotone, there are unique solutions

ri = p;i > 0, i = 1,2. Thus the points of the intersection liec on {(z1,z2) | |z1]| =

o1,|22] = p2}, which is an unknotted torus in S?. Furthermore ag; = by, + 7

mod 27 so that S N C = {(ple"b‘/’,pge"a“’*ﬂ?[) |0 <@ <2n} =t(a,b). O
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Knots that arise in this way at isolated singular points of algebraic curves are called
algebraic knots. They are known to be iterated torus knots, that is, knots or links that
are obtained by a repeated cabling process starting from the trivial knot. See J. Milnor
[241], D. Hacon [144] and D. Eisenbud and W. Neumann [91].

2.F History and sources

To regard and treat a knot as an object of elementary geometry in 3-space was a natural
attitude in the beginning, but proved to be very limited in its success. Nevertheless, di-
rect geometric approaches occasionally were quite fruitful and inspiring, H. Brunn in
1897 [47] prepared a link in a way that practically resulted in J. W. Alexander’s theo-
rem [4] that every link can be deformed into a closed braid. The braids themselves were
introduced by E. Artin in [10, 11]. H. Seifert then brought into knot theory the funda-
mental concept of the genus of a knot [328]. Nevertheless, the fact that a simple closed
curve R? bounds an orientable surface embedded in R was first proved by F. Frankl
and L. Pontrjagin in 1930 [117]. Another simple geometric idea led to the product of
knots introduced by H. Schubert [317], and afterwards he introduced and studied the
theory of companions [318], and the notion of the bridge number of a knot [319]. Fi-
nally R. H. Fox and J. Milnor suggested looking at a knot from a 4-dimensional point
of view which led to the slice knot [112].

During the last decades geometric methods have gained importance in knot theory —
but they are, as a rule, no longer elementary.

2.G Exercises

E 2.1. Show that the trefoil is symmetric, and that the four-knot is both symmetric
and amphicheiral.

E 2.2. Let p(f) C E? be a regular projection of a link ¥. The plane E? can be
colored with two colors in such a way that regions with a common arc of p(f) in their
boundary obtain different colors (chessboard coloring).

E 2.3. A knot projection is alternating if and only if 6(A) (see Definition 2.3) is con-
stant.

E 2.4. Describe the operations on graphs associated to knot projections which corre-
spond to the Reidemeister operations €2;, 1 = 1,2,3.

E 2.5. Show that the two graphs associated to the regular projection of a knot by dis-
tinguishing either « -regions or 8 -regions are equivalent (see Definition 2.3 and E 2.4).
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E 2.6. A regular projection p(£f) (onto S?), of a knot £ defines two surfaces Fj,
F> C §? spanning ¥ = 0F; = 0F, where p(F;) and p(F,) respectively cover the
regions colored by the same color of a chessboard coloring of p(f) (see E 2.2). Prove
that at least one of the surfaces F;, F> is non-orientable.

E 2.7. Construct an orientable surface of genus one spanning the four-knot 4.
E 2.8. Give a presentation of the knot 63 as a 3-braid.

E 2.9. In Definition 2.7 the following condition was imposed on the knot ¥ embedded
in the solid torus V':

(1) There exists a ball B suchthat FCc BcC V.
Show that (1) is equivalent to each of the following two conditions:

(2) There exists a meridian disk § C 17, 8 =46N 817, 98 not contractible in 9V
suchthat N6 = @.

3) m@V) > m(V — Af), induced by the inclusion, is not injective.

(Hint: in order to prove “(3) = (1)”, use the loop theorem B.5.)
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Knot groups

The investigation of the complement of a knot in R or S3 has been of special interest
since the beginnings of knot theory. H. Tietze [350] was the first to prove the existence
of non-trivial knots by computing the fundamental group of the complement of the
trefoil. He conjectured that two knot types are equal if and only if their complements
are homeomorphic. In 1989 C.M. Gordon and J. Luecke [137] finally proved this
conjecture — this proof is beyond the scope of this book. In the attempt to classify
knot complements, homological methods are not very helpful. The fundamental group,
however, is very effective and we will develop methods to present and study it. In
particular, we will use it to show that there are non-trivial knots.

3.A Homology

V = V(¥) denotes a tubular neighborhood of the knot ¥ and C = S3 — V is called
the complement of the knot. H; will denote the (singular) homology with coefficients
in Z.

3.1 Theorem (Homological properties).
(a) Hy(C)= H\(C)=Z, Hy(C) =0 for n > 2.

(b) There are two simple closed curves m and £ on 0V with the following properties
(1) m and £ intersect in one point,
2) m~0,L~¥tinV(Q#),

(3) L~0inC =S3—V(f),
4) k(m,¥) =1 and Ik({,¥) = 0 in S>.

These properties determine m and £ up to isotopy on oV (). We call m a meridian
and £ a longitude of the knot €. The knot ¥ and the longitude £ bound an annulus
AcCV.

Proof. For (a) there are several proofs. Here we present one based on homological
methods. We use the following well-known results:

7, forn =0,3,
0 otherwise,

Hy(S?) = {
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Z forn = 0,2,

H,V)=1 Z&Z forn =1,
0 otherwise,
Z forn =0,1,

— 1y —
Hn(V) = Hn(S7) = { 0 otherwise;
they can be found in standard books on algebraic topology, see Spanier [341], Stocker-
Zieschang [346], Hatcher [157].
Since C is connected, Hy(C) = Z. For further calculations we use the Mayer—
Vietoris sequence of the pair (V,C) where VUC = S3, VN C = JV:

H3(3V) — H3(V) ® H3(C) — H3(S3) — H2(8V) —
I I K 2
0 0 Z 7
— Hy(V) @& Hy(C) — Hx(S? — H,V) —

I [ Il
0 0 ZoL

— H{(V) & Hi(C) — H(S?

12 I
Z 0

It follows that H,(C) = Z. Since 0V is the boundary of the orientable compact 3-
manifold C, the group H>(dV') is mapped by the inclusion 9V < C to 0 € Hy(C).
This implies that Hy(C) = 0 and that H3(S®) — H,(dV) is surjective; hence,
H;(C) =0.

Since C is a 3-manifold it follows that H,(C) = 0 for n > 3; this is also a
consequence of the Mayer—Vietoris sequence.

Consider the isomorphism

ZeZ=H©@V)—> H((V)® H ()

in the Mayer—Vietoris sequence. The generators of H (V) = Z and H|(C) =~ Z
are determined up to their inverses. Choose the homology class of £ as a generator
of H{(V) and represent it by a simple closed curve £ on dV which is homologous
to 0 in H;(C). These conditions determine the homology class of £ in dV ; hence, ¢
is unique up to isotopy on 9V . A generator of H;(C) can be represented by a curve
m on dV that is homologous to 0 in V. The curves £ and m determine a system of
generators of H;(dV) = Z & Z. By a well-known result, we may assume that m is
simple and intersects £ in one point, see e.g. Stillwell [345, 6.4.3], Zieschang, Vogt
and Coldewey [382, E 3.22]. As m is homologous to 0 in V' it is null-homotopic in
V', bounds a disk, and is a meridian of the solid torus V. The linking number of m
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and £ is 1 or -1. If necessary we reverse the direction of m to get (4). These properties
determine m up to an isotopy of V. A consequence is that £ and ¥ bound an annulus
ACV.

Since £ ~ 0 in C, £ bounds a surface, possibly with singularities, in C. (As we
already know, see Proposition 2.4, £ even spans a surface without singularities: a
Seifert surface.) O

Theorem 3.1 can be generalized to links (E 3.2). The negative aspect of the theorem
is that complements of knots cannot be distinguished by their homological properties.

3.2 On the characterization of longitudes and meridians by the complement of a
knot. With respect to the complement C of a knot, the longitude £ and the meridian
m have quite different properties: The longitude £ is determined up to isotopy and
orientation by C ; this follows from the fact that £ is a simple closed curve on dC
which is not homologous to 0 on dC but homologous to 0 in C. The meridian m
is a simple closed curve on dC that intersects £ at one point; hence, £ and m rep-
resent generators of H,(dC) = Z?. The meridian is not determined by C because
simple closed curves on dC which are homologous to m™'¢" | r € Z , have the same
properties (see E 3.3).

3.B Wirtinger presentation

The most important and effective invariant of a knot ¥ (or link) is its group: the fun-
damental group of its complement & = 7;(S> — ). Frequently S3 — ¥ is replaced
by R® — ¢ or by §3 — V(¥) or R3 — V(¥), respectively. The fundamental groups of
these various spaces are obviously isomorphic, the isomorphisms being induced by
inclusion. There is a simple procedure, due to Wirtinger, to obtain a presentation of a
knot group.

3.3. Embed the knot ¥ into R? such that its projection onto the plane R? is regular. The
projecting cylinder Z has self-intersections in n projecting rays a; corresponding to
the n double points of the regular projection. The a; decompose Z into n 2-cells Z;
(see Figure 3.1) where Z; is bounded by a;_;, a; and the overcrossing arc o; of f.

Figure 3.1
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Choose the orientation of Z; to induce on o; the direction of . The complement
of Z can be retracted parallel to the rays onto a half-space above the knot; thus it is
contractible.

To compute 1 C for some basepoint P € C observe that there is (up to a homotopy
fixing P) exactly one polygonal closed path in general position relative to Z which
intersects a given Z; with intersection number &; and which does not intersect the
other Z; . Paths of this type, takenfori = 1,2,...,n and &; = 1, represent generators
s;i € mC . To see this, let a path in general position with respect to Z represent an
arbitrary element of 7r;C . Move its intersection points with Z; into the intersection
of the curves s; . Now the assertion follows since the complement of Z is contractible.
Running through an arbitrary closed polygonal path @ yields the homotopy class as a

word w(s;) = sf] '...s7" if in turn each intersection with Z; - and intersection number

ir
¢j is put down by writing sfj /)

To obtain relations, consider a small path ¢; in C encircling a; and join it with
P by anarc A;. Then Ao, kj_l is contractible and the corresponding word /;r;[ j_l
in the generators s; is a relation. The word r;(s;) can easily be read off from the
knot projection. According to the characteristic n € {l,—1} of a double point, see

Figure 3.2, we get the relation

s )
Sk S

rjzsfsi i

Ok

oi Ji ok
gj gj
RTINS JES T
7]] =41, r] = Slsi Sk Si 77] = . r] = SJSsz Si

Figure 3.2. The Wirtinger relations.
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3.4 Theorem (Wirtinger presentation). Let 0;, i = 1,2,...,n, be the overcrossing
arcs of a regular projection of a knot (or link) . Then the knot group admits the
following so-called Wirtinger presentation:

& =m(S3—=V(E) = (51,....80 | F'1s.n.uln).

The arc o; corresponds to the generator s;,; a crossing of characteristic 1; as in
Figure 3.2 gives rise to the defining relations

n 1.1

rfzsfsi i

Proof. 1t remains to check that ry,...,r, are defining relations. Consider R3 as a
simplicial complex ¥ containing Z as a subcomplex, and denote by X* the dual
complex. Let @ be a contractible curve in C, starting at a vertex P of X*. By sim-
plicial approximation @ can be replaced by a path in the 1-skeleton of X* and the con-
tractible homotopy by a series of homotopy moves which replace arcs on the boundary
of 2-cells 0> of X* by the inverse of the rest. If 0> N Z = @ the deformation over
o2 has no effect on the words w(s;). If 0> meets Z in an arc then the deformation
over o2 either cancels or inserts a word s7s; %, e € {1,—1}, in w(s;); hence, it does
not affect the element of 7;C represented by . If o2 intersects a double line a y
then the deformation over o> omits or inserts a relation: a conjugate of r ' orr j_l for
some j . O

In the case of a link ¥ of ; components the relations ensure that generators s; and
s; are conjugate if the corresponding arcs o; and o; belong to the same component.
By abelianizing & = 7{(S? — ) we obtain from Theorem 3.4, see also E 3.2:

3.5 Proposition. H(S> —¥) = Z* where w is the number of components of ¥. O

Using Proposition 3.5 and duality theorems for homology and cohomology one can
calculate the other homology groups of S* — ¥, see E 3.2:

3.6 Corollary. Let ¥ be a knot or link and (sy1,...,5y | r1,...,rn ) a Wirtinger pre-
sentation of & . Then each defining relation r; is a consequence of the other defining
relations ri,i # J.

Proof. Choose the curves A;0; /\j_l (see the paragraph before Theorem 3.4) in a plane
E parallel to the projection plane and “far down” such that E intersects all a;. Let
6 be adisk in E such that ¥ is projected into &, and let y be the boundary of §. We
assume that P is on y and that the A; have only the basepoint P in common. Then,
see Figure 3.3,

n
yzl_[kjgjkj_l inE—(UajﬂE).
J=1 J
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Figure 3.3

This implies the equation

n
L= []um!
j=I1

in the free group generated by the s; , where /; is the word which corresponds to A; .
Thus each relation r; is a consequence of the other relations. O

3.7 Example (Trefoil knot = clover leaf knot). From Figure 3.4 we obtain Wirtinger
generators sy, 57,53 and defining relations

slszs3_1s2_1 at the vertex A4,

1

sz53s1_1s3_ at the vertex B,

1

s3s185 57! at the vertex C.

G
=

Figure 3.4. The Wirtinger relations for the trefoil knot.
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Since by Corollary 3.6 one relation is a consequence of the other two, the knot group
has the presentation

(s1,52,83 | s15255 55 ' s3sisy syt ) = (51,52 | sisasisy tsytss )

(x,y]x=y%)

where y = 575182 and x = sys7. This group is not isomorphic to Z, since the last
presentation shows that it is a free product with amalgamated subgroup 2| xg 2,
where 2; == Z and B = (x3) = (y) with B € A;. Hence, it is not commutative.
This can also be shown directly using the representation p: & — SL,(Z) given by

0 1 01
p.xt—)A—(_l 1), p.y|—>B_(_1 0)

-1 0 -1 1
I PY A I

The reader should note that here for the first time in this book the existence of
non-trivial knots has been proved, since the group of the trivial knot is cyclic.

We can approach the analysis of the group of the trefoil knot in a different manner
by calculating its commutator subgroup using the Reidemeister—Schreier method. It
turns out that &’ is a free group of rank 2, see E 4.2. We will use this method in the
next example.

since

3.8 Example (Four-knot or figure-eight knot, Figure 3.5).

& = (s1,52,53,54 | S3S4_1S3_1S1, slsz_lsl_1S3, S4S2_1S3_]S2)
= (51,53 | s§1s1S3s1_153s1_153s1_1 )
_ 1oy o—1,,—2—1
- 1) i)
(s,u | u= sus ™ u" s us)

where s = s; and u = s7 ls3.

The abelianizing homomorphism & — Z maps s; onto 1 which is a generator of Z
and u onto 0. Hence, {s" | n € Z} is a system of coset representatives and {x, =
s"us™" | n € Z} the corresponding system of Schreier generators for the commutator
subgroup &’ (see [382, 2.2]). The defining relations are

rpo= 8" sus T s T us)s T = x;lxnﬂx;zxn_l, n € 7.

O S3
; @ )
Figure 3.5. The figure-eight knot.
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Using r, we obtain

— —1,.+2.

hence, we may drop the generator x, and the relation r;. Next we consider r, and
obtain

X3 = xle_lx;rz

and replace x; by the word in x(, x| from above. Now we drop x3 and r;. By induc-
tion, we get rid of the relations ry, 72, r3,... and the generators x,, x3, X4, . ... Now,
using the relation ry we obtain

X—1 = x(')"zx]_lxo;

thus we may drop the generator x_; and the relation ry. By induction we eliminate

X_1,X—2,X_3,... and the relation rg, r—,r—, .. .. Finally we are left with the gener-
ators xg, x; and no relation, i.e. & = (x¢, x1|) is a free group of rank 2. This proves
that the figure-eight knot is non-trivial. O

The fact that the commutator subgroup is finitely generated has a strong geomet-
ric consequence, namely that the complement can be fibered locally trivial over S'
and the fiber is an orientable surface with one boundary component. In the case of
the trefoil knot and the figure-eight knot, the fiber is a punctured torus. It turns out
that these are the only knots that have a fibered complement with a torus as fiber, see
Proposition 5.15. We will develop the theory of fibered knots in Chapter 5.

3.9 Example (2-bridge knot b(7,3)). From Figure 3.6 we determine generators for
& as before. It suffices to use the Wirtinger generators v, w which correspond to the
bridges. One obtains the presentation
1,—1 1,,—1

& = (v,w | vwow v lwvw v Tw T lvwrTTw )
11 1—2, —1

= (s,u | susu= s usu= s 2u sus T u)

where s = v and u = wv™'. A system of coset representatives is {s” | n € Z} and
they lead to the generators x, = s"us™",n € Z, of &’ and the defining relations

~1 -1 . —1 —1
Xn+1Xp 40Xn+1X, 10X, Xn+1X, , N € 7.

By abelianizing we obtain the relations —2x, + 3x,4+; — 2Xx,+2 = 0, and now it
follows that this group is not finitely generated (E 3.5 (a)).
From the above relations it follows that

@’/ = .. *23_2 ?I_l *55_1 2[() *530 2[1*231”_,

where A, = (xp, v | —) and By, = (an, b, | —) are free groups of rank 2. The
injections ¢,: B, — A, and ¥,: B, — A,4; are given by

Pn(an) = Xnyy s Onbn) = y% and Yu(@n) = Xnt1, ¥ulbn) = Vi1 Xni
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Figure 3.6. b(7,3) = 5,.

respectively. It follows that %, # ¢(B,) and ¥ (By) # A, +1. Proof as E 3.5 (b).
A consequence is that the complement of this knot cannot be fibered over S! with a
surface as fiber, see Theorem 5.1. This knot also has genus one, i.e. it bounds a torus
with one hole. O

The background to the calculations in Examples 3.8 and 3.9 is discussed in Chap-
ter 4. The next proposition shows that the fundamental group of the complement char-
acterizes the trivial knot:

3.10 Proposition. If ¥ is a non-trivial knot the inclusion i:0V — C = S3—V
induces an injective homomorphism iy. 10V — | C . In particular, if m1C = Z is
cyclic then the knot ¥ is trivial.

Proof. Suppose iy is not injective. Then the Loop Theorem of Papakyriakopoulos
[281], see Appendix B.5 [159, 4.2], guarantees the existence of a simple closed curve
x on dV and adisk § in C such that

k=08, (hencek ~0inC), 6NV =kxandk % 0indV.

Since « is simple and « ~ 0 in C it is a longitude, see 3.2. So there is an annulus
A C V suchthat ANJV =k, 04 = k U¥, as has been shown in Theorem 3.1. This
proves that £ bounds a disk in § 3 and, hence, is the trivial knot. m|

3.11 Groups of satellites and companions. Recall the notation of Definition 2.8:
V is an unknotted solid torus in a 3-sphere S S3 and ¥ C V aknot such that a meridian
of V is not contractible in V —¥. As, by definition, a companion ¥ is non-trivial the
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homomorphisms iy: 710 V > m(? — ,f?) JumdV — m(S3 — f/\) are injective,
see Proposition 3.10 and E 2.9. By the Seifert—van Kampen Theorem we get:

3.12 Proposition. With the above notation:

G=m(SP -t =m(V -1 = Am(s3—?) = %27, S,

is a free product with amalgamation. Here & s the knot group of the companion
knot ? T and X represent meridian and longitude of ¥ and = m(V ?) O

Remark. A satellite is never trivial.

3.13 Proposition (Longitude). The longitude £ of a knot ¥ represents an element of
the second commutator group of the knot group & :

le&® =g,

Proof. Consider a Seifert surface S spanning the knot ¥ such that for some regular
neighborhood V' of ¥ the intersection S N V' is an annulus A with 04 = ¥ U £. Thus
£ = 3(S — A) implies that £ ~ 0in C = S3 — V. A l-cycle z of C and S have
intersection number r if z ~ r -m in C where m is a meridian of £. Hence, a curve
¢ represents an element of the commutator subgroup & if and only if its intersection
number with S vanishes. Since S is two-sided, each curve on S can be pushed into
C — S, and thus has intersection number 0 with S and consequently represents an
element of &', If a1, B1,. .., Qg, ,Bg is a canonical system of curves on S then

g
€~ T Jlotns Bal,
n=1

hence, £ € G@. O

Remark. It follows from the proof of Proposition 3.13 that the canonical homomor-
phism & — Z which maps the meridian to 1 is given by y — 1k(y,¥). Hence each
Wirtinger generator is mapped to 1.

In what follows we will fix the orientation of S° such that the

k(D) =1.

3.14 Remark. The longitude £ of a knot ¥ can be read off a regular projection as a
word in the Wirtinger generators as follows: run through the knot projection starting
on the arc assigned to the generator s . Write down s; (or s, 1y when undercrossing
the arc from right to left (or from left to right) corresponding to s; . Add sz such that
the sum of all exponents equals 0. See Figure 3.7, ¥ =5,, k =1, = 5.
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s4(\ 52
55
53
1
Lol o—lo—1.—1_ 5

N
S5 Sy S; 83 - 87

Figure 3.7. { = s,

3.C Peripheral system

In Paragraph 3.2 we assigned meridian and longitude to a given knot ¥. They define
homotopy classes in the knot group. These elements are, however, not uniquely de-
termined, but only up to a common conjugating factor. Meridian and longitude can be
chosen as free Abelian generators of 7r1dV . (In this section C = C(¥) always stands

for the compact manifold C = S3 -V .)

3.15 Definition and Proposition (Peripheral system). The peripheral system of a
knot ¥ is a triple (&, m, L) consisting of the knot group & and the homotopy classes
m, L of a meridian and a longitude. These elements commute: m - £ = £ -m. The pair
(m, £) is uniquely determined up to a common conjugating element of & .

The peripheral group system (&, ) consists of & and the subgroup B generated
by m and £, B = 10V . As before, the inclusion oV C C only defines a class of
conjugate subgroups B of &. O

Theorem 3.16 shows the strength of the peripheral system; unfortunately, its proof
depends on a fundamental theorem of F. Waldhausen [367] on 3-manifolds which we
cannot prove here.

3.16 Theorem (Waldhausen [367]). Two knots £, £ in S3 with the peripheral sys-
tems (&;j,m;, L;), i = 1,2, are equal if there is an isomorphism ¢: & — &, with
the property that ¢(my) = my and (L) = £5.

Proof. Clearly, if h: S3 — §3 is an orientation preserving homeomorphism such that
h(£)) = ¥5, then the restriction of / to S° — ¥ induces an isomorphism ¢: & — &,
satisfying ¢(m1) = my and @(£) = £5.

Conversely, assume that ¢: & — &) is an isomorphism with the property that
@(m1) = my and ¢(£) = {,. By the theorem of Waldhausen on sufficiently large ir-
reducible 3-manifolds, see Appendix B.7 [367, Cor. 6.5], [159, 13.6] the isomorphism
¢ isinduced by a homeomorphism /’: C; — C, mapping representative curves piy, A
of my,£; onto representatives (i, A, of my,{,. The representatives can be taken on
the boundaries dC; . Note that Waldhausen’s Theorem B.7 can be applied in our sit-
uation, see Remark B.8.
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As i’/ maps the meridian of V; onto a meridian of V5 it can be extended to a home-
omorphism 4”:V; — V, mapping the ‘core’ £; onto ¥, see E 3.14. Together i’
and h” define the required homeomorphism /:S3 — S3 which maps the (directed)
knot ¥; onto the (directed) £,. The orientation on S> defines orientations on V; and
V5, hence on the boundaries V| and dV,. Since h(u1) = pr and h(A;) = A, it
follows that 4|0V 1:dVy, — 0V, is an orientation preserving mapping. This implies
that h|Vi:V; — V5 is also orientation preserving; hence h: S3 — S3 is orientation
preserving. Thus ¥; and ¥, are the ‘same’ knots. O

As direct corollary we obtain the following:

3.17 Corollary. If two tame knots are topologically equivalent then they are p.l.-
equivalent. O

Animmediate consequence of the proof of Theorem 3.16 is the following statement:

3.18 Proposition (Invertible or amphicheiral knots). Ler (&, m, £) be the peripheral
system of the knot ¥ in the oriented sphere S°.

(a) ¥ is invertible if and only if there is an automorphism ¢:& — & such that
em) =m~" and p(£) = L7,

(b) ¢ is amphicheiral if and only if there is an automorphism . & — & such that
v(m) =m~" and ¥ (L) = L.

Proof. Aknot f is invertible if and only if there exists an orientation preserving home-
omorphism A: S3 — S3 such that #(f) = —F. Obviously, (&,m~"!,£~") is the pe-
ripheral system of —f and assertion (a) is a direct consequence of Theorem 3.16.

In order to prove (b) note that ¥ is amphicheiral if and only if there is an orientation
reserving homeomorphism /4:S3 — S3 such that h(f) = ¥. Now the peripheral
system of ¥ in the reversed oriented sphere —S3 is (&, m~!, ). (Note that 2|0V is
orientation reversing.) O

The two trefoil knots can be distinguished by using the peripheral system. We will
give a proof of this fact in a more general context in Theorem 3.39, but we suggest
carrying out the calculations for the trefoil as in exercise E 3.9.

The peripheral group system (&, (m, £ )) has not - at first glance — the same strength
as the peripheral system (&, m, £) since it classifies only the complement of the knot,
see Waldhausen [367]. The question whether different knots may have homeomor-
phic complements was first raised by Tietze in 1908 [350, p. 83]. Gordon and Luecke
proved in [137] that a knot complement determines the knot.

3.19 Theorem (Gordon-Luecke [137]). Let £, and ¥, be two unoriented knots in
S3. If the complements S> — ¥, and S3 — ¥, are homeomorphic then there exists a
homeomorphism h: S3 — S3 such that h(£,) = ¥,.
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3.20 Remarks. (1) The analog of Theorem 3.19 holds for orientation preserving
homeomorphisms too: if two unoriented knots have complements which are
homeomorphic by an orientation preserving homeomorphism, then they are am-
bient isotopic.

(2) By a result of Edwards [90, Thm. 3], see also [131, Prop. 10.1], we have that
S3 — ¢, and S3 — ¥, are homeomorphic if and only if the compact manifolds
C(¥;) and C(f;) are homeomorphic.

3.21 Definition (Dehn surgery). For integers r,n € Z, gcd(r,n) = 1,let M denote
the closed 3-manifold C(¥) Uy V'’ where V" is a solid torus with meridian " and f
an identifying homeomorphism f: 0V’ — 9C(¢), f(m’) ~ rm +nf on dC(¥). We
say that M is obtained from S3 by Dehn surgery on ¥ and write M = S;’ /n(?). The
Dehn surgery is called rrivial if |[r| = 1 and n = 0.

3.22 Remarks. (1) Note that trivial Dehn surgery on any knot in S3 yields S3.
(2) If £ is the trivial knot then Sf/n(?), n € 7, is homeomorphic to S>.
(3) We have H{(S3, (¥)) = Z)r|, see E 3.3. Therefore M = Sf/n(?) is a homology

r/n
sphere, that is Hy«(M) = H«(S?), if and only if |r| = 1.
(4) Tt was proved by W.B.R. Lickorish [213] and A.H. Wallace [369] that every
closed, orientable, connected 3-manifold may be obtained by Dehn surgery on a

link in S3 (see also Rolfsen [309, Chap. 9] and Saveliev [314, Sec. 2.2]).

Theorem 3.19 follows from the following result:

3.23 Theorem (Gordon-Luecke [137, Thm. 2]). Non-trivial Dehn surgery on a non-
trivial knot in S> never yields S3. O

We cannot give the proof here. For an outline see the announcement of C. M. Gordon
and J. Luecke [138] or the lecture of A. Gramain from the Séminaire Bourbaki [141].
The following proposition shows that Theorem 3.23 implies Theorem 3.19.

3.24 Proposition. Ler £y and £, be two knots and h': C(£y) — C(¥3) a homeomor-

phism. If non-trivial surgery on ¥, never yields S> then there exists a homeomorphism
h:S3 — 83 such that h(¥;) = ¥5.

Proof. Let (my,£;) and (m>, ;) be a meridian-longitude pair for ¥; and ¥, respec-
tively. For homological reasons we have hj(m;) = mgclﬁg for some n € Z, see
Paragraph 3.2. We can extend 4’ to a homeomorphism /: S3 — Si_l /n(P). Since
non-trivial surgery on ¥, never yields S it follows that n = 0. Hence, h: S° — S3
is a homeomorphism with A(£;) = £;. O
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3.25 Property P conjecture. Previous to the recent proof of the Poincaré con-
jecture (see Appendix B.10) it was a natural question whether one might be able to
produce a counterexample to the Poincaré conjecture by a single Dehn surgery. This
motivated R. Bing and J. Martin [22] and F. Gonzalez-Acufia [131] to study the fol-
lowing property:

3.26 Definition (Property P). A knot ¥ in S° has Property P if non-trivial Dehn
surgery on ¥ never yields a simply connected 3-manifold. The Property P conjec-
ture states that all non-trivial knots have Property P (see Kirby’s problem list [197,
Problem 1.15]).

Note that the trivial knot does not have Property P, see Remark 3.22. It is clear that
a proof of the Property P conjecture implies Theorem 3.23. On the other hand, the
Gordon—-Luecke Theorem 3.23 and the Poincaré conjecture together imply the Prop-
erty P conjecture.

The final step in the proof of the Property P conjecture was published in 2004
by P.B. Kronheimer and T.S. Mrowka [204] as the combined result of efforts of
mathematicians working in several different fields. According to the 1987 article by
M. Culler, C. M. Gordon, J. Luecke and P. B. Shalen [81], there are at most two possi-
bilities to obtain a simply connected 3 -manifold by Dehn surgery on a non-trivial knot:

3.27 Theorem (Culler et al. [81, Corollary 2]). If ¥ is a non-trivial knot and p/q € Q
is not equal to 1 or —1, then S; /q (¥) is not simply connected. Moreover, S f(f’) and
S2,(8) cannot both be simply connected. O

The proof of this theorem is beyond the scope of this book.

Using tools from gauge theory and symplectic topology, P.B. Kronheimer and
T.S. Mrowka showed in 2004 the following result which implies the Property P con-
jecture. We cannot give a proof here (see the article by H. Geiges [127] for a sketch
of the proof).

3.28 Theorem. Let ¥ be a non-trivial knot in S3. Then there exists a non-trivial
homomorphism p: 71 S; () — SO(3). Therefore, every non-trivial knot has Prop-
erty P. m|

3.29 Remarks. (a) Observe that 715 ; /a () and 7,53 »/a (£*) are isomorphic, see
E 3.4. Hence, Theorems 3.27 and 3.28 together imply the Property P conjecture.

(b) It follows from work of A. Casson (see [2, 143, 314]) that JnSf(?) admits a
non-trivial homomorphism to SO(3) if the symmetrized Alexander polynomial
Ag(t) of ¢ satisfies A%G(1) # 0 (see Remark 9.26 and Exercises E 9.10). Such
knots therefore have Property P. The argument used by A. Casson is closely re-
lated to the work of P. B. Kronheimer and T.S. Mrowka. The quantity A’¢(1) is
equal to the Euler characteristic of a certain Floer homology group associated to f.
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Kronheimer and Mrowka proved that this Floer homology group itself is always
non-trivial if ¥ is not the unknot, even though the Euler characteristic A’(1) may
vanish.

(c¢) It can be proved, with elementary means, that ;S 13 /n(?), n # 0, admits a non-
trivial homomorphism to SO(3) if ¥ is a non-trivial torus knot or a 2-bridge knot
(see E. Klassen [198] and G. Burde [58]).

3.D Knots on handlebodies

The Wirtinger presentation of a knot group is easily obtained and is most frequently
applied in the study of examples. It depends, however, strongly on the knot projection
and, in general, it does not reflect geometric symmetries of the knot nor does it afford
much insight into the structure of the knot group as we have seen in the preceding
Sections 3.B and 3.C. In this section, we describe another method. In the simplest
case, for solid tori, a detailed treatment will be given in Section 3.E.

3.30 Definition (Handlebody, Heegaard splitting).

(a) A handlebody V of genus g is obtained from a 3-ball B? by attaching g handles
D? x I such that the boundary dV is an orientable closed surface of genus g, see
Figure 3.8:

V=B*UH,U...UH,, H;NH; =0 (i #J),
HiNB® = D;; UDj,, DjjNDj=0, Dj=D?

and (9B —; ; Dij) U UU; (0H; — (Di1 U Dj2)) is a closed orientable surface of
genus g.

Another often-used picture of a handlebody is shown in Figure 3.9.

(b) The decomposition of a closed orientable 3-manifold M 3 into two handlebodies
V,W:M> = VUW, VNW = 3V = W, is called a Heegaard splitting or
decomposition of M3 of genus g.

Figure 3.8 Figure 3.9
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A convenient characterization of handlebodies is:

3.31 Proposition. Let W be an orientable 3-manifold. If W contains a system
Dy, ..., Dy of mutually disjoint disks such that OW N D; = dD; and W — U; U(D;)
is a closed 3-ball then W is a handlebody of genus g. (By U(D;) we denote closed
regular neighborhoods of D; with U(D;) NU(D;) =@ fori # j.)

Proof as Exercise E 3.10. O

Each orientable closed 3-manifold M3 admits Heegaard splittings; one of them can
be constructed as follows: Consider the 1-skeleton of a triangulation of M3, define V
as a regular neighborhood of it and put W = M3 — V. Then V and W are han-
dlebodies and form a Heegaard decomposition of M . (Proof as Exercise E 3.11; that
V' is a handlebody is obvious, that W is also can be proved using Proposition 3.31.)
The classification problem of 3-manifolds can be reformulated as a problem on Hee-
gaard decompositions, see K. Reidemeister [297] and J. Singer [339]. F. Waldhausen
has shown in [366] that Heegaard splittings of S are unique. We quote his theorem
without proof.

3.32 Theorem (Heegaard splittings of S3). Any two Heegaard decompositions of S>
of genus g are homeomorphic; more precisely: If (V,W) and (V',W’) are Hee-
gaard splittings of this kind then there exists an orientation preserving homeomor-
phism h: S3 — S3 such that h(V) = V' and h(W) = W'. |

Next a direct application to knot theory.

3.33 Proposition. Every knot in S> can be embedded in the boundary of the handle-
bodies of a Heegaard splitting of S°.

Proof. A (tame) knot ¥ can be represented by a regular projection onto S> which
does not contain loops (see Figure 3.10). Let I be a graph of £ with vertices in the
o -colored regions of the projection (cf. Definition 2.3), and let W be a regular neigh-
borhood of I". Obviously the knot ¥ can be realized by a curve on dW , see Figure 3.11.
f can serve as a canonical curve on dW — if necessary add a handle to ensure £ ~ 0
on W .

W is a handlebody. To see this choose a tree 7" in I' that contains all the vertices
of I''. It follows by induction on the number of edges of T that a regular neighborhood

<O

Figure 3.10. A loop in a regular projection.
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Figure 3.11

of T is a 3-ball B. A regular neighborhood W of I' is obtained from B by attaching
handles; for each of the segments of I' — T attach one handle.

S3 — W is also a handlebody: The finite 8-regions represent disks D; such that

D; N W = aD; . If one dissects S3 — W along the disks D; one obtains a ball, see
Figure 3.12. o

Ny
)

D] D2 //

N

Figure 3.12

We can now obtain a new presentation of the group of the knot £:

3.34 Proposition. Let W, W' be a Heegaard splitting of S° of genus g. Assume that
the knot ¥ is represented by a curve on the surface F = dW = oW'. Choose free
generators si,s;,1 <i < g, mW = (s1,...,858 | =), m;W' = (slf,...,sé, | =),
and a canonical system of curves k;,1 <1 <2g,on F = W N W' with a common
basepoint P, such that Kk, = ¥. If k; is represented by a word w;(sj) € miW and by
wl’-(s]/.) e mW’', then

@ & =m(S? V() = (8155 8g,875 58 | wi(w)™!, 2<i <2g)

(b) u)l(sj-)(w{(s;-))_l can be represented by a meridian m or m~"', and, for some
(well-defined) integer r, wa(s;j)(w 1(w’1)_1)r can be represented by a longitude,
if the basepoint is suitably chosen.
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Proof. Assertion (a) is an immediate consequence of van Kampen’s theorem.

For the proof of (b) let D be a disk in the tubular neighborhood V(¥), spanning
a meridian m of £, and let D meet k in a subarc k| which contains the basepoint
P, see Figure 3.13. We choose the endpoint of o as a basepoint for the fundamental
group 71(S>® —V(¥)). The boundary 9D is composed of two arcs v = dD N W, v/ =
aDNW’, D = v~/ such that v—1v is a meridian m or m~—!. For k! = k1—«}, the
paths vk} resp. v/"k| represent w(s;) resp. w}(s;); hence wy(wf)~! = v~
A longitude /¢ is represented by a simple closed curve A on dV, A ~ k» in V', which
is null-homologous in C = §3 — V. Hence A represents w(s;) - (w1 (w})™!)" for
some (uniquely determined) integer r (see Remark 3.14). O

/'Kz:?
/ /
v /

W/
Figure 3.13

In what follows we shall denote by &, the free group of rank n.

3.35 Corollary. Assume S3 =W UW',W N W’ = F D ¥ as in Proposition 3.34.
If the inclusions i: F —V — W, i’": F —V — W/ induce injective homomorphisms
of the corresponding fundamental groups, then

(‘S{ = 7T](S?’ - V(?)) = T[IW *ﬂ](F—V) T[IW/ = %g *g‘zg—l %g-

There is a finite algorithm by which one can decide whether the assumption of the
corollary is valid. In this case the knot group & has a non-trivial center if and only if

g=1.

Proof. Since F' —V is connected, it is an orientable surface of genus g — 1 with two
boundary components. 7y (F — V') is a free group of rank 2(g — 1) + 1.

There is an algorithm due to Nielsen [272], see [382, 1.7], by which the rank of
the finitely generated subgroup iy (F — V') in the free group m W = &g can be
determined. Moreover, iy is injective if and only the rank of igm|(F — V) is 2g — 1.
The remark about the center follows from the fact that the center of a proper product
with amalgamation is contained in the amalgamating subgroup. O
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We propose to study the case g = 1, the torus knots, in the following section. They
form the simplest class of knots and can be classified. For an intrinsic characterization
of torus knots see Theorem 6.1.

3.E Torus knots

Let S3 = R3 U {oo} = W U W' be a ‘standard’ Heegaard splitting of genus 1 of
the oriented 3-sphere S3. We may assume W to be an unknotted solid torus in R3
and F = W N W’ a torus carrying the orientation induced by that of W . There are
meridians y and v of W and W’ on F which intersect in the basepoint P on F, see
Figure 3.14. We choose the orientation of 1 and v such they form a standard meridian
and longitude of the trivial knot represented by the core of W'.

&

W/

Figure 3.14

Any closed curve ¥ on F is homotopic to a curve u¢ - vo.a,b e 7. 1ts homotopy
class on F' contains a (non-trivial) simple closed curve if and only if a and b are
relatively prime. Such a simple curve intersects p resp. v exactly b resp. a times
with intersection number 41 or —1 according to the signs of a and b. Two simple
closed curves k = /L“vb , A= ,ucvd on F intersect, eventually after an isotopy, in
a single point if and only if | a 2 | = +1, where the exact value of the determinant is
the intersection number of k with A.

3.36 Definition (Torus knots). Let (W, W’) be the Heegaard splitting of genus 1 of
S3 described above. If ¥ is a simple closed curve on F represented by the curve p? pb
and if |a|, |b| > 2 then { is called a torus knot, more precisely, the torus knot t(a,b).

3.37 Proposition.
(a) t(—a,—b) = —t(a,b), t(a,—b) = t*(a,b) (see Definition 2.1).

(b) t(a,b) = t(—a,—b) = t(b,a): torus knots are invertible.
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Proof. The first assertion of (a) is obvious. A reflection in a plane shows t(a, —b) =
t*(a, b). A rotation through m illustrates the equation t(a,b) = t(—a, —b), see Fig-
ure 3.14. Exchanging the role of W and W’ gives t(a,b) = t(b,a). O

3.38 Proposition. (a) The group & of the torus knot t(a,b) can be presented as
follows:

& = (u,v [u™") = (ul=) *(yazpp) (V]-),

where | represents the generator u of m\W' and v represents the generator v of
w1 W . The amalgamating subgroup (u®) is an infinite cyclic group; it represents
the center € = (u®) = Z of & and & /€ = L) * Lyp).

(b) The elements m = v¢u=¢, £ = u*m= where ad —bc = 1, describe meridian

and longitude of t(a,b) for a suitable chosen basepoint.
(c) t(a,b) and t(a’,b") have isomorphic groups if and only if |a| = |a’| and |b| =
|| or |a| = |b| and |b| = |d’|.

Proof. The curve t(a,b) = p%v? belongs to the homotopy class u¢ of W' and to
v of W . This implies the first assertion of (a) by Proposition 3.34 (a). It is clear that
u? belongs to the center of the knot group & . If we introduce the relation u? = 1 we
obtain the free product

(w0 | u 0Py = (u | u®) (v | v0) = Zig * Zpy).

Since this group has a trivial center, see [382, 2.3.9] it follows that u“ generates the
center. Moreover, & = (u|—) *a—,») (v|—) implies that each of the factor sub-
groups is free.

In order to prove (b) note first that the curve x| = M“vd with | a Z | = | isasimple
closed curve on F intersecting k» = t(a,b) = uv® in a unique point. From Proposi-
tion 3.34 (b) it follows that the meridian m*! of t(a, b) belongs to the homotopy class
v4u~¢ . Moreover, lk(u,v) = 1 and Ik(t(a,b),m) = 1 imply that m = v4u~ isa
meridian of t(a, b). Since the classes u? = v? and v¥u~¢ canbe represented by two
simple closed curves on @V intersecting in one point the class u? (v%u~¢)~?b can be
represented by a simple closed curve on dV/. Since it becomes trivial by abelianizing
it is the class of a longitude. This implies (b).

Assertion (c) is a consequence of the fact that u and v generate non-conjugate
maximal finite cyclic subgroups in the free product Z,| * Zp, cf. [382,2.3.10]. O

3.39 Theorem (Classification of torus knots). (a) t(a,b) = t(a’,b’) if and only if
(a',b’) is equal to one of the following pairs: (a,b), (b,a), (—a,—b), (—b,—a).

(b) Torus knots are invertible, but not amphicheiral.
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Proof. Sufficiency follows from Proposition 3.37. Suppose t(a,b) = t(a’,b’). It
follows from Proposition 3.38 (¢) that t(a,b) = t(a’,b’) implies that |a| = |d’|,
|b] = |b'| or |a| = |b'],|b] = |a’l.

By Proposition 3.37 (b) it remains to prove that torus knots are not amphicheiral i.e.
t(a,b) # t(a,—b). Let us assume a,b > 0 and t(a,b) = t(a,—b). By Proposi-
tion 3.15 there is an isomorphism

016 = (uv [uT) = (W | @))) = 6
mapping the peripheral system (&, m,{) onto (&*,m’,{'):
m' = plu=) = () ()~
¢ = g0 7) = @) () ) )
with ad —bc = ad’ + bc’ = 1.
It follows that d’ = d + jb and —¢’ = ¢ + ja for some j € Z and hence
m = @) @)™ = @) (P @) = ) @)
The isomorphism ¢ maps the center € of & onto the center €* of &*. This
implies that ¢(u%) = (u")*¢ for ¢ € {1,—1}. Now,
O = ) () @) = ot 0Tu) ) = put)pvTu)
—ab.

_ (u/)sa ((v/)d (u/)c) :

hence (u/)(!=®¢ = (v )4 (u/)c)_zab. This equation is impossible: the homomor-
phism &* — &*/C* =~ Z, * Z; maps the term on the left onto unity, whereas
the term on the right represents a non-trivial element of Z, * Zj because a } ¢ and
b } d . This follows from the solution of the word problem in free products, see [382,
2.3.3]. O

3.F Asphericity of the knot complement

In this section we use some notions and deeper results from algebraic topology, in
particular, the notion of a K (7, 1)-space, w a group: X is called a K(m, 1)-space if
mX = m and 7, X = 0 for n # 1. X is also called aspherical. Note that a CW-
complex X is aspherical if and only if its universal covering space X is contractible.
For more details see [157, 341].

3.40 Theorem. Let £ C S> be a knot, C the complement of an open regular neigh-
borhood V of £. Then

(@) m,C =0 for n # 1; in other words, C is a K(m,C,1)-space.

(b) mC is torsion free.
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Proof. wpC = 0 since C is connected. Assume that 7,C # 0. By the Sphere The-
orem [281], see Appendix B.6 [159, 4.3] there is an embedded p.l.-2-sphere S C C
which is not null-homotopic. By the Alexander—Schoenflies Theorem 1.6 (see [242,
p- 122]), S divides S 3 into two 3-balls B, and B,. Since £ is connected it follows
that one of the balls, say B;, contains V and B; C C . Therefore § is null-homotopic,
contradicting the assumption. This proves 7, C = 0.

To calculate 73C we consider the universal covering C of C.As 1 C 1is infinite,
C is not compact, and this implies H3(C) = 0. As 7;C = 0 and 7,C = m,C = 0 it
follows from the Hurewicz Theorem (see [341, 7.5.2], [346, 16.8.4], [157, Sec. 4.2])
that m13C = 73C = 0. By the same argument 7,C = 7,C = H,(C) = 0 for
n>4.

This proves (a). To prove (b) assume that 7;C contains a non-trivial element x of
finite order m > 1. The cyclic group generated by x defines a covering p:C — C
with 7C = Zm. As 1,C = 0 for n > 1 it follows that C is a K(Z,,, 1)-space
hence, H,(C) = Z,, for n odd, see [221, IV Theorem 7.1]. This contradicts the fact
that C is a 3-manifold. See also Hatcher [157, Prop. 2.45]. O

3.41 Remark. Theorem 3.40 holds also if C is replaced by an orientable irreducible
3-manifold M with infinite fundamental group. Here a 3-manifold M is irreducible
if each embedded 2-sphere bounds a ball in M . The proof is identical.

3.G History and sources

The knot groups became an important tool in knot theory very early on. The method
presenting groups by generators and defining relations was developed by W. Dyck
[89], pursuing a suggestion of A. Cayley [64]. The best known knot group presenta-
tions were introduced by W. Wirtinger; however, in the literature only the title “Uber
die Verzweigung bei Funktionen von zwei Verédnderlichen” of this talk at the Jahres-
versammlung der Deutschen Mathematiker Vereinigung in Meran 1905 in Jahresber.
DMV 14,517 (1905) is mentioned. His student K. Brauner later used the Wirtinger pre-
sentations again in the study of singularities of algebraic surfaces in R* and mentioned
that these presentations were introduced by Wirtinger, see [41]. M. Dehn [84, 87]
introduced the notion of a knot group and implicitly used the peripheral system to
show that the two trefoils are non-equivalent in [85, 87]. (He used a different pre-
sentation for the knot group, see E 3.15.) O. Schreier [316, 87] classified the groups
(A,B | A%B® = 1) and determined their automorphism groups; this permitted to
classify the torus knots. R. H. Fox [116] introduced the peripheral system and showed
its importance by distinguishing the square knot and the granny knot. These knots
have isomorphic groups: there is, however, no isomorphism preserving the peripheral
system.
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Dehn’s Lemma, the Loop and the Sphere Theorem, proved by C. D. Papakyriako-
poulos in [282, 281] opened new ways to knot theory, in particular, C. D. Papakyri-
akopoulos showed that knot complements are aspherical. F. Waldhausen [367] found
the full strength of the peripheral system, showing that it determines the knot comple-
ment and, hence, the knot type (see the Gordon-Luecke Theorem 3.19 [137]). New
tools for the study and use of knot groups have been made available by R. Riley and
W. P. Thurston discovering a hyperbolic structure in many knot complements. See for
example W. P. Thurston [349], A. Marden [228] and F. Bonahon and L. Siebenmann
[37] and the references therein.

3.H Exercises

E 3.1. Compute the relative homology H;(S?3,¥) for a knot £ and give a geometric
interpretation of the generator of H,(S>,¥) =~ Z.

E 3.2. Calculate the homology H;(S* — £) of the complement of a link ¥ with p
components.

E 3.3. Let £ be a knot with meridian m and longitude £. Show that attaching a solid
torus with meridian m’ to the complement of ¢ defines a homology sphere if and only
if m’ is mapped to m*4" . Prove that H,(S>, (¥)) = Zyy)-

r/n

E 3.4. Prove that there is an orientation reversing homeomorphism between Sir /n (*)
and Sf/n(x‘?*) .

E 35 Let & = ({xp,n € Z} | {xXng1X,0Xn1%, 10X 'Xnp1x,in € Z}).
Prove:

(a) & is not finitely generated.

(b) The subgroups A, = (Xp, Xn+1), Bn = (xn+1,x,,x;}r1xn = (xn+1x;iz)2)
of & are free groups of rank 2, and

@’, = . *5372 ?I_l *2371 ?I() *530 2{1 *le e
(For this exercise compare Example 3.9 and Theorem 4.7.)

E 3.6. Calculate the groups and peripheral systems of the knots in Figure 3.15. (See
Lemma 15.2.)

E 3.7. Express the peripheral system of a product knot in terms of those of the factor
knots.
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n twists

Figure 3.15

E 3.8. Let & be a knot group and ¢: & — 7Z a non-trivial homomorphism. Then
kergp = &',

E 3.9. Show that the two trefoil knots can be distinguished by their peripheral systems.
Hint: follow the steps:

e Show that the epimorphism p:& — SLy(Z) defined in Example 3.7 maps the
center of & to {+1,} (here we denote by I € SLy(Z) the identity matrix).

e Use Figure 3.4 and the procedure given in Remark 3.14 to read off a longitude
L =mbz7" where m = s, = yx~' and z = x> = y? is in the center of &.

e Suppose that there exists an isomorphism ¢:& — & such that o(m) = m and
o(l) = €. Calculate ¢(z) and observe that pg(z) is not in the center of SLo(Z).

E 3.10. Prove Proposition 3.31.

E 3.11. Show that a regular neighborhood V' of the 1-skeleton of a triangulation of S
(or any closed orientable 3-manifold M ) and S3 —V (M — V , respectively) form a
Heegaard splitting of S3 (or M).

E 3.12. Prove that §¢ *g,,_, &§¢ has a trivial center for g > 1. (Here g is the free
group of rank g.)

E 3.13. Let h: S3 — S3 be an orientation preserving homeomorphism with 4 (¥) = £
for a knot £ C S3. Show that / induces an automorphism 7,: &/G” — &' /&”
which commutes with o: &'/&” — &'/&”, x +— t~'xt, where ¢ represents a
meridian of f.

E 3.14. Let V}, V5 be solid tori with meridians 1, m;. A homeomorphism /4: 9V | —
dV 5 can be extended to a homeomorphism H: V| — V; if and only if h(m;) ~ mfcl
on dV5.

E 3.15. (Dehn presentation) Derive from a regular knot projection a presentation of
the knot group of the following kind: Assign a generator to each of the finite regions
of the projection, and a defining relation to each double point.
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Commutator subgroup of a knot group

There is no practicable procedure to decide whether two knot groups, given, say by
Wirtinger presentations, are isomorphic. It has proved successful to investigate in-
stead certain homomorphic images of a knot group & or distinguished subgroups. The
abelianized group & /&’ =~ H,(C), though, is not helpful, since it is infinite cyclic
for all knots, see Theorem 3.1. However, the commutator subgroup &’ together with
the action of the infinite cyclic group 3 = & /&’ is a strong invariant which nicely
corresponds to geometric properties of the knot complement; this is studied in Chap-
ter 4. Another fruitful invariant is the metabelian group & /&” which is investigated
in Chapters 8-9. All these groups are closely related to cyclic coverings of the com-
plement.

4.A Construction of cyclic coverings

For the group & of a knot £ the property & /&’ =~ 3 implies that there are epimor-
phisms & — 3 and & — 3, = 3/n3, n > 2, such that their kernels &’ and &,
are characteristic subgroups of &, hence, invariants of ¥. Moreover, & and &, are
semidirect products of 3 and &”:

& =3xG and &, =n3x &,

where n3 denotes the subgroup of index n in 3 and the operation of n3 on &’ is
the induced one.

The following Proposition 4.1 is a consequence of the general theory of coverings.
However, in 4.4 we give an explicit construction and reprove most of Proposition 4.1.

4.1 Proposition and Definition (Cyclic coverings). Let C denote the complement of
a knot ¥ in S3. Then there are regular coverings

pn: Cp —> C,2<n <o,

such that ppu(m1Cp) = &, and poos(11Co0) = &”. The n-fold covering is uniquely
determined.

The group of covering transformations is 3 for peo: Coo — C and 3, for
Pn: Chp > C,2<n<o0.?

The covering poo: Coo — C is called the infinite cyclic covering, the coverings
Pn: Cp = C, 2 <n < o0, are called the finite cyclic coverings of the knot comple-
ment (or, inexactly, of the knot £ ). m|
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The main tool for the announced construction is the cutting of the complement along
a surface; this process is inverse to pasting parts together.

4.2 Cutting along a surface. Let M be a 3-manifold and S a two-sided surface in M
with S = S NJIM . Let U be a regular neighborhood of S;then U — S = U; U U,
with Uy NU, = @ and U; = S x (0,1]. Let M, U, U; be homeomorphic copies
of M —U,U,,U,, respectively, and let fo: M —U — M, fi: U; — Ui’ be
homeomorphisms. Let M’ be obtained from the disjoint union U{ U M/ U Uj by
identifying fo(x) and f;(x) whenx e M —UNU; = d(M —U)NAU;, i € {1,2}.
The result M’ is a 3-manifold and we say that M' is obtained by cutting M along
S'. There is a natural mapping j: M’ — M .

Cutting along a one-sided surface can be described in a slightly more complicated
way (Exercise E 4.1). The same construction can be done in other dimensions; in fact,
the classification of surfaces is usually based on cuts of surfaces along curves, see
Figure 4.1. A direct consequence of the definition is the following proposition.

TORe

Figure 4.1. Cutting a surface along curves.

4.3 Proposition. (a) M’ is a 3-manifold homeomorphic to M — U = Mj.

(b) There is an identification map j: M’ — M which induces a homeomorphism
M —i7(S)—> M -S.

(c) The restriction j: j~'(S) — S is a two-fold covering. When S is two-sided
F7Y(S) consists of two copies of S ; when S is one-sided j~'(S) is connected.

(d) When S is two-sided an orientation of M’ induces orientations on both compo-
nents of j~'(S). They are projected by j onto opposite orientations of S, if M’
is connected. O

4.4 Construction of the cyclic coverings. The notion? of cutting now permits a con-
venient description of the cyclic coverings p,: C, — C: Let V be a regular neigh-
borhood of the knot ¥ and S’ a Seifert surface. Assume that V' N S’ is an annulus and
that A = 9V NS’ is asimple closed curve, that is a longitude of ¥. Define C = S3 —V
and S = §'NC.Cutting C along S defines a 3-manifold C*. The boundary of C*
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Figure 4.2. Cutting the complement C along a Seifert surface S .

is a connected surface and consists of two disjoint parts St and S~ , both homeomor-
phic to S, and an annulus R which is obtained from the torus dV = dC by cutting
along A:

IC*=STURUST,STNR=AT,S" NR=1",0R=1TUAL",

see Figure 4.2. (C* is homeomorphic to the complement of a regular neighborhood
of the Seifert surface S.) Let 7: ST — S~ be the homeomorphism mapping a point
from S to the point of S~ which corresponds to the same pointof S.Letit: ST —
C* and i~: S~ — C* denote the inclusions.

Take homeomorphic copies C;* of C* (j € Z) with homeomorphisms /;: C*
C; *. The topological space Coo is obtained from the disjoint union _J32 e C j*
1dent1fy1ng hj(x) and h]+1(r(x)) When x € ST, j € Z; see Figure 4.3. The space
Cy is deﬁned by starting with | J7_ i—o C * and identifying &; (x) with ;4 (r(x)) and
hy(x) with h(r(x)) when x € S+, 1 <j <n-—1.For2 <n < oo define
pn(x) = L(hi_l(x)) if x € C/*; here ¢ denotes the identification mapping C* — C,
see Proposition 4.3 (b). It easily follows that p,: C, — C is an n-fold covering.

i ' s
IV cg

——
Q
*

Coo Cn

Figure 4.3. The cyclic coverings.
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By t|Cj* = hj+1hj_1,j € Z, a covering transformation 7: Cooc — Co of the
covering poo: Coo — C is defined. For any two points x, x; € Coo With the same
Poo-image in C there is an exponent m such that 1™ (x;) = x,. Thus the covering
Poo: Coo — C isregular, the group of covering transformations is infinite cyclic and ¢
generates it. Hence, poo: Coo — C is the infinite cyclic covering of Proposition 4.1.
In the same way it follows that p,: C, — C (2 < n < 00) is the n-fold cyclic
covering. The generating covering transformation #, is defined by

tn|Cj =hj+1h]._1 forl<j<n-—1,
tn|Ch =h1h;1.

4.B Structure of the commutator subgroup

Using the Seifert-van Kampen Theorem the groups &’ = 71Cs and &, = 71Cy,

can be calculated from 71 (C*) and the homomorphisms if: ST > 1 C*.

4.5 Lemma (Neuwirth). When S is a Seifert surface of minimal genus spanning the
knot ¥ the inclusions iT: S* — C* induce monomorphisms if: ST - 1, C*.

Proof. Note first that a simple application of the Seifert—van Kampen theorem gives
that the inclusion S* — dC* induces an injective homomorphism 7;S* — 7,9C*
since g(S*) > 0.

If, e.g. i is not injective, then, by the Loop Theorem (see Appendix B.5) there
is a simple closed curve @ on ST, w % 0 in dC*, and a disk § C C* such that
3 =w=38N3dC* =8NST . Replace ST by S;" = (ST —-U(§)) U US_; where
U(S) = [—1, +1] x § is aregular neighborhood of § in C with §; =i x§,0x§ = 6.
Then g(S;t) + 1 = g(S™), g the genus, contradicting the minimality of g(S), if
S;F is connected. If not, the component of S; containing dS™ has smaller genus
than ST, since @ % 0 in ST ; again this leads to a contradiction to the assumption
on §. Compare with Figure 4.4. O

N

Figure 4.4
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4.6 Corollary. When S is a Seifert surface of minimal genus spanning the knot ¥ the
inclusions i: S — C induce monomorphisms iy: 11S — m;C.

Proof. By 4.5, the inclusions i*: §* — C* induce monomorphisms i;f: 7;S* —
71C*. By the Seifert—van Kampen Theorem (Appendix B.3), we obtain that

m1C = mC% %y, s

is an HNN—-extension and hence iy: m1.S — 7 C isinjective (see Scott and Wall [324,
Thm. 1.7]). O

Next we prove the main theorem of this chapter:

4.7 Theorem (Structure of the commutator subgroup).

(a) If the commutator subgroup &' of a knot group & is finitely generated, then &’
is a free group of rank 2g where g is the genus of the knot. In fact, &' = S,
S a Seifert surface of genus g.

(b) If &' cannot be finitely generated then
@’, = ...%I_l *53_1 2{0 *550 211 *531 ?12...

and the generator t of the group of covering transformations of peo: Coo — C
induces an automorphism t of &' such that t(%;) = A1, 1(Bj) = Bj4i.
Here Aj = mC*, Bj = mS = Fog and Bj is a proper subgroup of A; and
Aj 1. (The subgroups B; and Bj 1 do not coincide).

Proof. We apply the construction of 4.4, for a Seifert surface of minimal genus.
By Lemma 4.5, the inclusions #h jii: st - C ;‘ induce monomorphisms
(h jii)#: mS* > 7, C ;‘ . By the Seifert—van Kampen Theorem (see Appendix B.3),
&’ = 11C is the direct lim, . Ly of the following free products with amalgama-

tion:

;'Bn = %[—n *%_n 91—n+1 *%ﬂhtl . *%0 911 *le 912 R *an_l %In;

here 2; corresponds to the sheet C* and B to h ;i (ST) if considered as a sub-
group of U; and to A 1i~ (S7) as a subgroup of ;. Thus for different j the
pairs (2, ;) are isomorphic and the same is true for the pairs (%, 41,%B;).

When &’ is finitely generated there is an n such that the generators of &’ are in
B, . This implies that B, = A, 41 and B_,,—; = A_,_;; hence,

if(mST) =mC* =iy (mS7) = Fag

where g is the genus of S (and £). Now it follows that 71Coo =~ mC* =~ 1S =~

%2g .
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There remain the cases where i; (71ST) # mC* or iy (mS™) # mC*.
Then &’ cannot be generated by a finite system of generators. Lemma 4.8, due to
Brown and Crowell [44], shows that these two inequalities are equivalent; hence,
i (i ST) # mC* # iy (w1 S™), and now the situation is as described in (b). (That
B; and B4 do not coincide can be deduced using facts from the proof of Theo-
rem 5.1, see Remark 5.4). O

Section 4.C is devoted to the proof of the Lemma 4.8 of Brown and Crowell [44]
and can be neglected at first reading.

4.C A lemma of Brown and Crowell
The following lemma is a special case of a result of E. M. Brown and R. H. Crowell.

4.8 Lemma (Brown—Crowell [44]). Let M be a connected, compact, orientable 3-
manifold where M consists of two connected surfaces S+ and S~ of genus g with
common boundary

r
0ST=0S"=STnS"=|Jxi #0. iNk; =0 fori #j.

i=1

If the inclusion i ST — M induces an isomorphism i;: ST = mM so does

it ST > M.

Proof by induction on the Euler characteristic of the surface S*. As dST # @ the
Euler characteristic y(S™) is maximal for r = 1 and g = 0; in this case y(S*) = 1
and ST and S~ are disks, 7; S~ and 7; ST are trivial; hence, ;M is trivial too,
and nothing has to be proved.

If (ST) = x(S7) < 1 there is a simple arc « on S~ with da = {4, B} =
a N dS~ which does not separate S, see Figure 4.5. We want to prove that there is
an arc B on ST with the same properties such that @ =!8 bounds a disk § in M .

if: 11 ST — 71 M is an isomorphism by assumption, thus there is an arc " in S
connecting A and B such that (o, A, B) ~ (B’, A, B) in M . In general, the arc 8’ is

Figure 4.5
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Figure 4.6

not simple. The existence of a simple arc is proved using the following doubling trick:
Let M; be a homeomorphic copy of M with dM; = S;t U S . Let M’ be obtained
from the disjoint union M UM by identifying S and S;" andlet &y C M, be the arc
corresponding to &. In M’, aa;! ~ p’B'~! ~ 1. By Dehn’s Lemma (Appendix B.4),
there is a disk 8’ in M’ with boundary ae;'. We may assume that §’ is in general
position with respect to ST = S;" and that §' N M’ = 3§’ = aa; . The disk &
intersects ST in a simple arc B connecting A and B and, perhaps, in a number of
closed curves. The simple closed curve ™! is null-homotopic in §’, hence in M.
By the Seifert—van Kampen Theorem,

mM' =mM *p s+ M) =T M;

thus the inclusion M < M’ induces an isomorphism 7 M — myM’. Since oz,B_1
is contained in M it follows that B! ~ 0 in M . By Dehn’s Lemma, there is a disk
8§ C M with § N OM = 3§ = « N B, see Figure 4.6.

The arc 8 does not separate ST . To prove this let C and D be points of 95T
close to B on different sides. There is an arc A in M connecting C and D without
intersecting §; this is a consequence of the assumption that « does not separate S .
Now deform A into ST by a homotopy that leaves fixed C and D. The resulting
path A’ C S™ again connects C and D and has intersection number 0 with §, the
intersection number calculated in M ; hence, also 0 with 8 when the calculation is
done in S . This proves that 8 does not separate S .

Cut M along §, see Figure 4.7. The result is a 3-manifold M. We prove that the
boundary of M, fulfills the assumptions of the lemma and that y(dMs) > y(IM).
Then induction can be applied.

Assume that A € k;, B € ky. Let y be a simple arc in § such that y N 36 = dy =
{A, B}. By cutting M along §, y is cut into two arcs y’,y” which join the points
A’,B' and A”, B" corresponding to A and B. The curves «; and k; of dS™ are
replaced by one new curve Klf if i # £ or by two new curves k; 1,k; 2 if i = £. These
new curves together with those «,, that do not intersect § decompose dMy into two
homeomorphic surfaces. They contain homeomorphic subsets S;7, S, which result
from removing the two copies of § in M, . The surfaces S;, S are obtained from
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Figure 4.7

ST and S~ by cutting along 9§ . It follows that
ASH =S+ 1,

since for i = £ the number r of boundary components increases by 1 and the genus
decreases by 1: ro = r + 1, g. = g—1,and for i # £ one has r« = r — 1 and

g*Thegi.nclusions and identification mappings form the following commutative dia-
grams:
A S A
i lﬂ 1i+ iy f ,\[i
M, T~ m M, M

From the second version of the Seifert-van Kampen Theorem, see Ap-
pendix B.3 (b), [382, 2.8.3], [346, 5.3.11], it follows that

mSt = jmSH 3, mST = jy (mSy) * 3,

where 3 is the infinite cyclic group generated by k;. By assumption the inclu-
sion it: ST — M induces an isomorphism i;* which maps j;" (7 S;) to
Juida(m1ST) C ju(mrMy) and 3 onto 3. From the solution of the word problem
in free products, see [382, 2.3], it follows that i;’ bijectively maps j#+ (m S,j' ) onto
ju(w1 M) ; hence, i, is an isomorphism.

As induction hypothesis we may assume that iy is an isomorphism. By arguments,
similar to those above, it follows that i, can be described by the following commu-
tative diagram:

Ji 1Sy * 3 — TS~

i@;*(i;l:%)lz lz‘;
Je(mMy) ¥ 3 —— mM.

Since the mapping on the left side is bijective, i, is an isomorphism. O
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4.D Examples and applications

Theorem 4.7 now throws some light on the results in Examples 3.7-3.9: the trefoil
(E 4.2) and the figure-eight knot (Figure 3.5) have finitely generated commutator sub-
groups. The 2-bridge knot b(7,3) has a commutator subgroup of infinite rank; in Ex-
ample 3.9 we have already calculated &’ in the form of Theorem 4.7 (b) using the
Reidemeister—Schreier method.

We will prove that all torus knots have finitely generated commutator subgroups.
Let us begin with some consequences of Theorem 4.7.

4.9 Corollary. Let the knot ¥ have a finitely generated commutator subgroup and let
S be an orientable surface spanning €. If S is incompressible in the knot complement
(this means that the inclusion i: S — C induces a monomorphism iy: m S —
m1C = &) then S and ¥ have the same genus. O

In the following & always denotes a knot group.

4.10 Corollary. The center of &' is trivial.

Proof. If &’ cannot be finitely generated, by Theorem 4.7 there are groups 2 and
B with & = A xg, B where g is the genus of £, Fog is a free group of rank
2g and A # Foge # B. From the solution of the word problem it follows that the
center is contained in the amalgamated subgroup and is central in both factors, see
[382,2.3.9]. But 2 has trivial center ([382, E1.5]. The last argument also applies to
finitely generated &' because they are free groups. O

4.11 Proposition.
(a) Ifthe center € of & is non-trivial then &' is finitely generated.

(b) The center € of & is trivial or infinite cyclic. When € # 1, C is generated by
an element t"u, n > 1, u € &'. (The coset t&’ generates the first homology
group & /G = 3.)

Proof. (a) Assume that &’ cannot be generated by finitely many elements. Then, by
Theorem 4.7, & = ... % A_j x5, Wy x5, Ay * ... where A; 2 B; < Ajq.
Denote by $, the subgroup of & which is generated by {2;|j < r}.Then $,4; =
Sr x5, Apy1 and H, 2B, S Ay q; hence Hr S H,41 and

S, CHy  ifr <s. 4.1

Let 1 € & be an element which is mapped onto a generator of &/&’ = 3. Assume
that t ', = A,y 1; hence, t 719, = H,11.
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Consider z € €, 1 # z. Then z = ut™ where u € &'. By 4.10, m # 0; without
loss of generality: m > 0. Choose s such that u € ;. Then

Sy =27 19,z
since z € €, and
2719z = MU I Hut™ = TMH™ = Hyim.

This implies 5 = Hg4+m , contradicting equation (4.1).
(b) By (a) a non-trivial center € contains an element (" u, n > O,u € &’ and n
minimal. It follows that &, = €&’ and by Corollary 4.10,

n3=6,/6'=0606"/6'"=¢/CNGE =¢.

Hence € is an infinite cyclic group.
If n =1 then & = €&’ =~ € x &’ which contradicts the fact that & collapses if
the relation ¢ = 1 is introduced. O

4.12 Corollary (Genus of torus knots).

(a) The group Gy p = (u, v | u®v=bY of the torus knot t(a,b), a,b € N, (a,b) = 1
has a finitely generated commutator subgroup. It is, following Theorem 4.7 (a), a
free group of rank 2g where g is the genus of t(a,b).

(b) g= (a_l)é(b_l).

Proof. Since the group of a torus knot has non-trivial center Proposition 4.11 and
Theorem 4.7 (a) imply the first statement of the corollary. It remains to prove (b).
Consider the natural projection

AZ@a,b — @’a’b/@ >~ 34 % 3p-

The center € of &, is generated by u® = v?, anditis € = ker A. Now the restric-
tion of A|@‘;‘b maps the commutator subgroup & "Z p onto the commutator subgroup
(3a*3p) of 34%3p. Moreover, ker(A |@;’h) =E€n (S’:z,b is trivial by Corollary 4.10
and hence N

Mo, Ghp —> (3a* 3p)’
is an isomorphism.

The fact that (3, * 3p)’ is isomorphic to a free group of rank (a — 1)(b — 1) can
be found in the literature (see Serre [331, 1.3 Prop. 4] or Magnus, Karrass and Solitar
[224, p.196, ex 24] ). Theorem 4.7 implies that the genus of t(a, b) is (a—1)(b—1)/2.

Nevertheless, we give a geometric proof: consider the 2-complex C? consisting of
one vertex, two edges &, 7 and two disks §;, 8, with the boundaries £€% and ;? , respec-
tively. Then 77;C? = 3, % 3. Let C? be the covering space of C? with fundamental
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group the commutator subgroup of 3, * 3. The group of covering transformations is
isomorphic to 3, x 3p . Each edge of C? over n (or &) belongs to the boundaries of
exactly b (resp. a) disks of C? which have the same boundary. It suffices to choose
one to get a system of defining relations of 7;C2 2 (3, * 3b)’ Then there are ab /b
disks over 8, and ab/a disks over §; . The new complex C 2 contains

ab vertices, 2ab edges, a + b disks,

and each edge is in the boundary of exactly one disk of C 2. Thus Ty C 2 is a free
group of rank

2ab—(ab—1)—(a+b)=(a—1)(b-1). ]

The isomorphism (3,%3) = & (a—1)(p—1) canalso be proved using the (modified)
Reidemeister—Schreier method, see Zieschang, Vogt and Caldewey [382,2.2.8]. In the
proof above, the geometric background of the algebraic method has been used directly.

4.E Commutator subgroups of satellites

In what follows we let C = S3 — V(¥) denote the complement of a satellite £, C

the complement of its companion PandC := V — V(¢) where V is a tubular
neighborhood of ? Wthh contains ¥. Note that C is a compact manifold with two
boundary components 9 V 119V and that C is homeomorphic to the complement of
the pattern ¥ in the unknotted torus ¥V O ¥ (see Definition 2.8). The complement C
is a union

C = au?éwhere T :=0V =CnC.

Let xg € T be abase point for the fundamental groups. We call a subspace X C C,
Xo € X, m-injective if the homomorphism 771 (X, xg) — 71(C, x¢) induced by the
injection (X, xg) < (C, xp) is injective. In this case we will identify (X, xg) with
the corresponding subgroup of 71 (C, xg).

According to Proposition 3.12, the subspaces C,C and T of C are 71 -injective
and the groups of a satellite ¥, its companion ¥ and the pattern ¥ C V are related by

G = 65’\ *g[]fl(i} —¥f,x9) = @*917[1(5,)&)) = @*g{fé,

where 2 = m(?,xo) = (ﬁ,?) ~ 7% and $ = mA(é,xo).Here # and € are
meridian and longitude respectively of the companion f .

4.13 The infinite cyclic covering of the complement of a satellite knot We let
Poo: Coo — C denote the infinite cyclic covering of C and xo0 € p(xp) a base-
point such that &' = (poo)#71(Coo, X0o) C m1(C,x9) = & . The canonical homo-
morphism ¢: & — Z which maps the meridian m of ¥ to 1 is given by ¢(g) =
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Ik(y,£) where y: (1,d1) — (C, xo) is a loop representing g € & . In the same way
the canonical homomorphism Q: & — Z which maps the meridian i oof ¥ tol
is given by ¢(g) = 1k(p, ¥ ) where p:(I,01) — (C ,Xp) is a loop representing
g€ & . Note that

(@) =1k(m,t)- ¢ (g) forall g & c& (4.2)

where we have identified & with the corresponding subgroup of & . Recall that the
commutator subgroup &’ is exactly the kernel of ¢ i.e & = kerg and let n =
|Ik( 71 ,¥)| denote the winding number of ¥ in V .

4.14 Lemma. If n = 0 then the commutator subgroup &' is not finitely generated.

Proof. 1t follows from equation (4.2) that n = 0 implies that &’ = Ker¢ contains

& and hence a free Abelian subgroup of rank two. The Structure Theorem 4.7 shows
that &’ cannot be finitely generated since it is not free. O

In what follows we shall assume that the winding number n > 0 is nonzero. By
changing the orientation of ¥ if necessary, we may also suppose that n = lk(m ,¥).
Let us recall that for a injective path-connected subspace X C C, xp € X, the
connected components of poo (X) are in one-to-one correspondence with the double
cosets @’\@/nl(X Xo0) (see [324, Lemma 3.12]). It follows that the space Coo :=

(C ) is connected since
0lg:H = 7

is surjective and hence & = G’$. Let K& denote the kernel Ker(gp|g) i.e.
&' NS =K = (poo)im1(Coo: Xoo) -

We have ¢(m) = n and hence (p((S’) = ¢(A) = nZ C Z is the subgroup of
index n. Therefore p_ (C ) and p_ (T) have exactly n components. Let Coo and

Tso be the component of pg (C ) and p_; (T) respectively which contains x . It
follows that

(Poo)#71(C oo, Xoo) = Ker(p| o) = G NG = & 43)

and

o~

(Poo)#71 (T oo, Xoo) = Ker(ply) = (€) = Z

We obtain from (4.3) that the restriction of p to C 00> Doo: C co — C , 1s the
infinite cyclic covering of C.

The covering transformation ¢: Coc — Coo permutes the components of p_ (C )
and again equation (4.2) implies that the transformation ¢” preserves the components
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of poo (C ) and hence 7 = t”| =~ Coo — 600 is the covering transformation of

Doo . It follows that p I( C ) decomposes into path components:

n—1
H(C)=]]1*Cw.

k=0

4.15 Lemma. Let m € & be a meridian of the satellite . We suppose that n > 0.
If we define Ky := & and

Kka1 = Kie * ok T ) m* & ' m* k=0,...n—1,

then & = 71(Coo, Xoo) and &n = &' = 11(Coo, Xoo)-

Proof. Let m € & be a Wirtinger generator of £ represented by a loop u: (I,91) —
(C, xp). Let too be the lift of w which goes from xoo t0 fXo0. Then

(Poo)(m1(t* Coo, x00)) = &' Nk &' m* =mk & mk (4.4)

where we define 7, (1 C o, Xoo) by using the lift M’go of the loop ¥ connecting xoo
to t* Xoo (for more details see [324, Lemma 3.13]). By the same method we obtain that

(Poo)#(ﬂl(lk /’foo’xoo)) =mim*y~z. (4.5)

A repeated application of the Seifert—van Kampen theorem gives that 7| (Coo, Xo0)
is the free product of the groups & = 71(Coo,Xoo) and mFK &' 'mk =
mi(tk C Coo,Xo0), 0 < k = n — 1, with amalgamated subgroups (mk/t”\ mky =
m(tk ToosXs0), 0 < k <n —1.More precisely, if we define &y := & and

Kir1:= K * ik T k) mk/(S\’/m_k, k=0,...,n—1

then & = 71(Coo, Xoo) and Ky = &’ = 71 (Coos Xoo) - O

Remark. The description of &’ given by Lemma 4.15 can also be obtained by using
Bass—Serre theory [331, 324, 68]: the free product with amalgamation & = & %9 $
acts on a tree 7" with fundamental domain a segment. The description of 7' is explicit
(see [331, 1.§4, Thm. 7]). Each subgroup of & is the fundamental group of a graph of
groups [331,1.§4.4].

More precisely, the subgroup theorem [324, 3.14], [68, 8.5, Thm. 27] shows that
&’ is the fundamental group of a tree of groups (see Figure 4.8) with vertex groups
Gy, = K, Gy, = mF& ' m™*, k = 0,...,n — 1, and edge groups Ge, =
(mk 1 m*y~7.
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GIU() e ka e Gwn—l
M—l
GUO

Figure 4.8. & is the fundamental group of this tree of groups.

4.16 Lemma. Let & = & xg &, where & is finitely generated. Then & is finitely
generated if and only if & and &, are finitely generated.

Proof (R. Bieri). When & is finitely generated there are finite subsets X; C &; (i =
1,2) with { X1, X2 ) = &. Since & is finitely generated we may assume that both X
and X, contain generators for &. Let ; = (X;) C &;. Then © = & N &, D
$1 N $H,, but on the other hand $1 N H, D &, sothat & =G NG, = H; N H,. Tt
follows that the map $; xg 92, — & *g & induced by the embeddings $; — &;
is an isomorphism. Now the solution of the word problem implies that $; = &;. O

Let us consider the pattern ¥ in the unknotted torus ¥ C §3 and let ¢ denote a
longitude of V ie. a meridian of_ S —V (see Definition 2.8). We let & denote the
group of the knot Fc $ie. >~ /9 where Nt = ER(K) denotes the normal
closure of £ in $.

4.17 Corollary. With the above notations we have:

(1) For n # 0, &’ is finitely generated if and only if K and [CX are finitely gener-
ated.

(2) If &' is finitely generated, then n # 0 and & and &' are finitely generated.

Proof. The first part follows directly from Lemma 4.15 and Lemma 4.16.

If &' is finitely generated, then n # 0 by Lemma 4.14 and the first part of the
corollary implies that & and &/ are finitely generated. Consider the canonical epi-
morphism ¥: $ — & with Keryy = I the normal closure of £ in . One has
N C K, and

o No>K -G — 1 (4.6)

is exact. Hence & is finitely generated, since & is. |

Remark. Note that the sequence (4.6) is always exact and that K is finitely gener-
ated, if &’ and Ker ¢ are. In the first edition of this book it was wrongly assumed
that Ker y was always finitely generated. D. S. Silver pointed out the mistake and he
supplied the following counterexample: No satellite with pattern £ (Figure 4.9) has
a finitely generated commutator subgroup &’ since K is not finitely generated even
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e

Figure 4.9. No satellite with pattern f hasa finitely generated commutator subgroup.

if the commutator groups &’ and &' are. More details can be found in an article
by M. Hirasawa, K. Murasugi and D. S. Silver, see [173]. We will come back to this
question in a more geometric context in Section 5.C.

4.F History and sources

The study of the commutator subgroup & concentrated on &’/&” in the early years
of knot theory. This will be the object of Chapters 8 and 9. In Reidemeister’s Kno-
tentheorie [296, 111.§ 6], a group presentation of &’ is given. But the structure of &’
eluded the purely algebraic approach.

L. Neuwirth made the first important step by investigating the infinite cyclic cov-
ering space Coo, M1 Coo = &', using the then (relatively) new tools Dehn’s Lemma
and Loop Theorem [267]: Lemma 4.7. The analysis of &' resulted in splitting off a
special class of knots, whose commutator subgroups are finitely generated. In this case
&’ proves to be a free group of rank 2g, g the genus of the knot. These knots will be
treated separately in the next chapter. There remained two different possible types of
infinitely generated commutator groups in Neuwirth’s analysis, and it took some years
till one of them could be excluded by E. M. Brown and R. H. Crowell [44]: Lemma 4.8.
The remaining one, an infinite free product with amalgamations does occur. This group
is rather complicated and its structure surely could do with some further investigation.

4.G Exercises

E 4.1. Describe the process of cutting along a one-sided surface.
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E 4.2. Prove that the commutator subgroup of the group of the trefoil is free of rank 2.

E 4.3. Prove that the commutator subgroup of the group of the knot 6; cannot be
finitely generated.
If the bands of a Seifert surface spanning £ form a plat (Figure 4.10), we call ¥ a

braid-like knot (compare Proposition 8.2).

Z
7

Figure 4.10. A braid-like knot.

E 4.4. Show that for a braid-like knot the group 2 = 7;C* is always free. (For the
notation see 4.4-4.7).

E 4.5. Doubled knots are not braid-like. (See Definition 2.11.)

E 4.6. If ¥ is braid-like with respect to a Seifert surface of minimal genus, then there
is an algorithm by which one can decide whether &” is finitely generated or not. Apply
this to E 4.2.

E 4.7. Let 3, and 3, be cyclic groups of order a resp. b. Use the modified Reide-
meister—Schreier method ([382, 2.2.8]) to prove that the commutator subgroup (34 *
3p)’ of the free product is a free group of rank (a — 1)(b — 1).

E 4.8. Let C™* be the space obtained by cutting a knot complement along a Seifert sur-
face of minimal genus. Prove that in the case of a trefoil or 4-knot C* is a handlebody
of genus two.

E4.9. Let [ = ¥, U---U¥, bean oriented link of multiplicity x« andlet & = 71 (83—
[) denote its group. A meridian m; of the component ¥; acquires an orientation such
that 1k(f;,m;) = 1. Let «: & — Z be the homomorphism which maps m; to 1,
i=1,...,puie. «oisgivenby a(y) = #:1 k%, v).

Generalize the construction of C to links by replacing &’ by the augmentation
subgroup A = ker(a) (see 5.17 for more details).
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i

Figure 4.11. The link [; on the left-hand side and the link [, on the right-hand side.

E 4.10. Consider the two oriented links [ and [, (Figure 4.11) and define
om(SP =) > 7Z,i=1,2,

in the same way as in Exercise E 4.9.
Show that 2 = ker(«y) is finitely generated, whereas 2, = ker(ay) is not.

E 4.11. Let p2p + 1,2 + 1,2r + 1) = £ be a pretzel-knot, p,q,r € Z, Figure 8.9.
Compute ii": ;S — 7 C* and if: H\(S) — H,(C*) for a Seifert surface S of
minimal genus spanning ¥ and decide which of these knots have a finitely generated
commutator subgroup.

E 4.12. Consider the (generalized) “pretzel-knot p(3,1,3,—1,—3)”, and show that
it spans a Seifert surface F* which is not of minimal genus such that the inclusions
i*: F — C* induce injections i;t. (The homomorphisms i are necessarily not

injective, compare E 8.1.)
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Fibered knots

By the theorem of E. M. Brown, R. H. Crowell and L. Neuwirth, knots fall into two
different classes according to the structure of their commutator subgroups. The first
of them comprises the knots whose commutator subgroups are finitely generated, and
hence free, the second one those whose commutator subgroups cannot be finitely gen-
erated. We have seen that all torus-knots belong to the first category and we have given
an example — the 2-bridge knot b (7,3) — of the second variety. The aim of this chapter
is to demonstrate that the algebraic distinction of the two classes reflects an essential
difference in the geometric structure of the knot complements.

5.A Fibration theorem

5.1 Theorem (Stallings). The complement C = S3 — V(£) of a knot ¥ fibers locally
trivially over S with Seifert surfaces of genus g as fibers if the commutator subgroup
&’ of the knot group is finitely generated, &' = Fog. Incidentally g is the genus of
the knot.

Theorem 5.1 is a special version of the more general Theorem 5.7 of J. Stallings
[343]. The following proof of Theorem 5.1 is based on Stallings’ original argument
but takes advantage of the special situation, thus reducing its length and difficulty.

5.2 Fibered complement. To prepare the setting, imagine C fibered as described in
Theorem 5.1. Cut along a Seifert surface S of ¢. The resulting space C* is a fiber
space with base-space the interval I, hence C* = S x I . The space C is re-obtained
from C* by an identification of S x 0 and S x 1: (x,0) = (h(x),1),x € S, where
h: S — S is an orientation preserving homeomorphism. We write in short:

C=S8x1I/h

Choose a basepoint P on dS and let 0 = P x I denote the path leading from (P, 1)
to (P,0). For w’ = (w,0),w' = (w,1) and w € 7{(S, P) there is an equation

w' =ow’c™! inm(C*, (P,1)).

Let «1,...,k2g be simple closed curves representing canonical generators of S.
Then obviously

0,1 1y—1 I 0 in (O F
ok;jo (k;)" =p; 20inC”.
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Figure 5.1

The curves {0} | 1 < i < 2g} coincide in o; they can be replaced by a system
of simple closed curves {p;} on dC* which are pairwise disjoint, where each o; is
obtained from @} by an isotopic deformation near o, see Figure 5.1. There are disks
D; embedded in C*, such that dD; = p;. Cut C* along the disks D; to obtain a
3-ball C** (Figure 5.2).

QZ S**
Q1 N 02 Q1
C**
D D
1,2 D2,1 1,1

Figure 5.2

5.3 Proof of Theorem 5.1. We cut C along a Seifert surface S of minimal genus and
get C* with ST = S x 1,0 in its boundary as in Chapter 4. Our aim is to pro-
duce a 3-ball C** by cutting C* along disks. The inclusions i t: §* — C* and
i: ST — C™ induce isomorphisms i,;t of the fundamental groups. Let m C dC
be a meridian through the basepoint P on dS. Then, by the cutting process C —
C* m will become a path ¢ leading from P+ = (P,1) to P~ = (P,0). As-
sign to cw~ o~ ! for w~ € m (S, P7) the element wt € 7 (ST,PT), wt =
ow~ o~ in 7 (C*, P*). We know the map ¢(w™) = w™ to be an isomorphism
¢: m(S7,P7) — m (ST, PT) such that ¢(A7) = AT. Here AT € n;(S*, P%)
generates the peripheral subgroup, 9.5 + =A% So by Nielsen’s Theorem [273], [382,
5.71, [95, §8], there is a homeomorphism f: S~ — ST inducing fy = ¢. There are
canonical curves Ki+ , k; on S T and S~ with f (k) = Ki+ and ok; o ! ~ Kl-+
in C*. Again the system {O'Ki_O'_l(Ki_i_)_l | 1 <i <2g} isreplaced by a homotopic

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Section 5.A Fibration theorem 73

system {p; | | <i < 2g} of disjoint simple curves, which by Dehn’s Lemma [281]
(see Appendix B.4) span non-singular disks D;, dD; = ¢o; = D; N dC™ which can
be chosen disjoint.

Cut C* along the D;. The resulting space C** is a 3-ball (Figure 5.2) by Alexan-
der’s Theorem (see Theorem 1.6), because its boundary is a 2-sphere in S* composed
of an annulus 9S* x I and two 2-cells (ST)* and (S7)* where S*, (S*)* and
(S7)* are, respectively, obtained from S, ST, S~ by the cutting of C*. So C**
can be fibered over I, C** = S* x I, (S*)T = S* x 1, (S*)~ = S* x 0.1t
remains to show that the identification C** — C* inverse to the cutting process can
be changed by an isotopy such as to be compatible with the fibration. Let gl{ be the
identifying homeomorphisms, g/(D;1) = Dij» = D;, i = 1,2,...,2g. The fibration
of C** induces a fibration on D;;, the fibers being parallel to D;; N (S*)*. There
are fiber-preserving homeomorphisms g;: D;; — D;s which coincide with g} on the
top (S*)* and the bottom (S*)~. Since the D;, Dj, are 2-cells, the g; are isotopic
to the g/;hence, C* = S x I and C = S x I /h (compare Lemma 5.8). |

5.4 Remark. Note that the isomorphism ¢: (S, P~) — m (ST, P™) which we
have used in the above proof can be defined if the subgroups i; 7 (ST, PT) and
oiym(S™, P7)o~! coincide in 7r;C*. This observation finishes the proof of Propo-
sition 4.7 (b) since B; = B; 1 C A;j4+; would imply that

ifm (ST, P =0ciym(S™,P 7)o .

Hence there would be a homeomorphism f: S~ — S™ inducing fy = ¢. Now the
same argument as in the Proof 5.3 shows that C fibers over the circle. This contradicts
the assumption that i;" (71 S™1) # 7 C* # iy (m1S7).

5.5 Corollary. The complement C of a fibered knot of genus g is obtained from
S x I, S acompact surface of genus g with a connected nonempty boundary, by the
identification

(x,0) = (h(x),1), x € S,
where h: S — S is an orientation preserving homeomorphism:
C=8x1I/h.

Now & = n|C is a semidirect product & = 3 xq &, where &' = 11§ ~ Fog.
The automorphism a(t): &' — &', a +— t~at, and hy"' belong to the same class
of automorphisms, in other words, a(t) - hy' or a(t) - hy is an inner automorphism

of &.
The proof follows from the construction used in proving Theorem 5.1. O

Observe that o after identification by /& becomes a generator of 3. If ¢ is replaced
by another coset representative t* mod &, a(t*) and a(¢) will be in the same class
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of automorphisms. Furthermore a(t~') = a~!(¢). The ambiguity h;tl can be avoided
if o as well as ¢ are chosen to represent a meridian of £. (44 is called the monodromy
map of C.)

There is an addendum to Theorem 5.1.

5.6 Proposition. If the complement C of a knot £ of genus g fibers locally triv-
ially over S' then the fiber is a compact orientable surface S of genus g with one
boundary component, and &' = 11§ = Fog.

Proof. Since the fibration C — S is locally trivial the fiber is a compact 2-manifold
S. There is an induced fibration dC — S' with fiber 5. Consider the exact fiber
sequences [157, Thm. 4.41] and use that S lis aspherical:

1 - m(S) - m@OC) - mS' = mdS) — 1
\ 2 [ \

1 - mS —» mC - mS' - xS — 1.

The diagram commutes, and 71(0C) — St s surjective. Hence 7,C — oSt is
surjective and 7p(dS) = mpS = 1, thatis, S and dS are connected. (See E 5.1.)
Now the second sequence pins down 1S as (7;C)’. O

We conclude this paragraph by stating the general theorem of Stallings without
proof:

5.7 Theorem (Stallings [343]). Let M be a compact irreducible 3-manifold (this
means that in M every 2-sphere bounds a 3-ball). Assume that ¢: mi\M — 7 is an
epimorphism with a finitely generated kernel. Then:

(a) ker g is isomorphic to the fundamental group of a compact surface S .
(b) M can be fibered locally trivially over S' with fiber S if ker ¢ % Z,. O

5.B Fibered knots

The knots of the first class whose commutator subgroups are finitely generated —in fact
they are free groups of rank 2g —are called fibered knots by virtue of Theorem 5.1. The
fibration of their complements affords additional mathematical tools for the treatment
of these knots. In a certain way fibered knots are easier to handle: The original 3-
dimensional problem can to some extent be played down to two dimensions. This is
a phenomenon also known in the theory of braids (see Chapter 10) or Seifert fiber
spaces.

We shall study the question: How much information on the fibered knot ¥ do we
get by looking at 4: S — S inthe formula S x I/h = S3 — V(£)?
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5.8 Lemma (Neuwirth). If hg, hi: S — S are isotopic homeomorphisms then there
is a fiber preserving homeomorphism

H: SxI/hy— Sx1I/h.

Proof. Let h; be the isotopy connecting ho and h;. Put g; = h:hy I and define a
homeomorphism
H:SxI—SxI

by H'(x,t) = (g¢(x),t),x € S,t € I.Since H'(x,0) = (x,0) and
H'(ho(x), 1) = (g1ho(x), 1) = (hi(x), 1),

H’ induces a homeomorphism H as desired. O

5.9 Lemma. Let f: S — S be a homeomorphism. Then there is a fiber-preserving
homeomorphism F: S x I/h — S x I/fhf~\. If f is orientation preserving then
there is a homeomorphism F which also preserves the orientation.

Proof. Take F(x,t) = (f(x),1). O

5.10 Definition (Similarity). Homeomorphisms h;: S; — Sy, hy: So — S of
homeomorphic oriented compact surfaces S| and S, are called similar, if there is a
homeomorphism f: S; — S, respecting orientations, such that £/ f ! and h, are
isotopic.

The notion of similarity enables us to characterize homeomorphic complements C;
and C, of fibered knots £; and ¥, of equal genus g by properties of the gluing home-
omorphisms.

5.11 Proposition. Let ¥, £, be two (oriented) fibered knots of genus g with (ori-
ented) complements Cy and C,. There is an orientation preserving homeomorphism
H: C1 =51X1/h1 —>C2=52X1/h2, 11 =851 2?1, H(8Sl) =3Sz=122
£y, if and only if there is a homeomorphism h: S| — Sy, respecting orientations,
h(A1) = Ay, such that hhih™" and hy are isotopic, that is, hy and h, are similar.

Proof. If h exists and hhh™' and h, are isotopic then by Lemma 5.8 there is a
homeomorphism which preserves orientation and fibration:

F:SyxI/hhh™" — S, x I/hs.

Now by Lemma 5.9 F’:S; x I/hy — S» x I/hhih™', (x,t) — (h(x),t), gives
H = FF’ as desired.

To show the converse, let H: C1 = Syx1/hy — S, x1I/hy = C; be an orientation
preserving homeomorphism, H(A;) = A;,. There is an isomorphism

H#I 7'[1C1 = (_S’l — @'2 =7T1C2
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which induces an isomorphism
h#I 7T1S1 = (S’{ — @’é = 7'[152

such that h4(A;) = A,. By Nielsen ([378, Satz V.9], [382, 5.7.2], [95, §8]), there is
a homeomorphism 4: S| — S5 respecting the orientations induced on 9S; and 0.5;.
By Corollary 5.5 we can choose representatives m; and mj of meridians of £,¥;,
such that

1

hig: m1S; — mSi, x> m; xm;, i =1,2.

Since H preserves the orientation, Hy(m;) = mzkk, k € Z. This gives for all
x € m1S; the following:

hahis(x) = ha(my ' xmy) = He(m7 " he(x)(He(m,))
= 27K my hy(ymadk = A7F (haghy(x))A%.

Hence hog and (hhih~"')4 differ by an inner automorphism of 7;S,. By Baer’s The-
orem ([378, Satz V.15], [382, 5.13,11, [95, §8]), h, and hhih~" are isotopic; hence
h; and h, are similar. O

Proposition 5.11 shows that the classification of fibered knot complements can be
formulated in terms of the surface fiber and maps of such surfaces. The proof also
shows that if fibered complements are homeomorphic then there is a fiber-preserving
homeomorphism. This means: different fibrations of a complement C admit a fiber
preserving autohomeomorphism. Indeed, by Waldhausen’s result [367], there is even
an isotopy connecting both fibrations.

In the case of fibered knots invertibility and amphicheirality can be excluded by
properties of surface mappings.

5.12 Proposition. Let C = S x I/ h be the complement of a fibered knot ¥.

(a) ¥ is amphicheiral only if h and h=" are similar:

(b) ¥ is invertible only if there is a homeomorphism f: S — S, reversing orienta-
tion, such that h and fh=" f=" are similar.

Proof (Burde—Zieschang [61]). (a) The map (x,?) — (x,1—¢),x € S, € I induces
a mapping
C=SxI/h—>SxI/h'=cC’

onto the mirror image C’ of C satisfying the conditions of Proposition 5.11.
(b) If f: S — S is any homeomorphism inverting the orientation of S, then
(x,t) = (f(x),1 —1t) induces a homeomorphism

SxI/h—SxI/fh~!f!

which maps dS onto its inverse. Again apply Proposition 5.11. O
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5.C Applications and examples

The fibration of a non-trivial knot complement is not easily visualized, even in the
simplest cases. (If ¥ is trivial, C is a solid torus, hence trivially fibered by disks DZ,
C =S'xD?)

5.13 Fibering the complement of the trefoil. Let C be the complement of a trefoil
¥ sitting symmetrically on the boundary of an unknotted solid torus 77 C S3 (Fig-
ure 5.3). T» = S3 — T is another unknotted solid torus in S3. A Seifert surface S
(hatched regions in Figure 5.3) is composed of two disks D and D, in T, and three
twisted 2-cells in 7. (Figure 5.4 shows T} and the twisted 2-cells in a straightened
position.) A rotation about the core of 77 through ¢ and, at the same time, a rotation
about the core of T» through 2¢/3 combine to a mapping f,: S* — S*. Now C is
fibered by { f»(S) | 0 < ¢ < m} (see Rolfsen [309, p. 329]).

=2
=
£

Figure 5.3 Figure 5.4

5.14 Fibring the complement of the four-knot. The above construction of a fibration
takes advantage of the symmetries of the trefoil as a torus knot. It is not so easy to
convince oneself of the existence of a fibration of the complement of the figure-eight
knot ¥ by geometric arguments. The following sequence of Figures (5.5 (a)—(g)) tries
to do it: (a) depicts a Seifert surface S spanning the four-knot in a tolerably symmetric
fashion; (b) shows S thickened up to a handlebody V' of genus 2. The knot ¥ is a curve
on its boundary; (c) presents V' = S3 — V. In order to find ¥ on 9V’ express £ on
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Figure 5.5. Fibring the complement of the four-knot.
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dV by canonical generators «, B,y,8 of r(3V), ¥ = Ba~ 'y =16 '~ y§. Replace
every generator by its inverse to get ¥ = B~ laySa~!By 167! on dV’. The knot ¥
divides 9V into two surfaces ST and S~ of genus one, Figure 5.5 (d). Figure 5.5 (e)
just simplifies (d); the knot is pushed on the outline of the figure as far as possible. By
way of (f) we finally reach (g), where the fibers of V' — ¢ are Seifert surfaces parallel
to ST and S~ . The fibration extends to V — ¢ by the definition of V.

The following proposition shows that the trefoil and the four-knot are not only the
two knots with the fewest crossings, but constitute a class that can be algebraically
characterized.

5.15 Proposition. The trefoil knot and the four-knot are the only fibered knots of
genus one.

At this stage we only prove a weaker result: A fibered knot of genus one has the
same complement as the trefoil or the four-knot.

Proof (Burde—Zieschang [61]). Let C = S x I/h be the complement of a knot ¢
and assume that S is a torus with one boundary component. Then / induces auto-
morphisms hy: 1S — 7S and hy: Hi(S) — Hi(S) = Z>. Let A denote the
2 x 2-matrix corresponding to % (after the choice of a basis).

(1) detd =1,

since h preserves the orientation. The automorphism /4 describes the effect of the
conjugation with a meridian of £ and it follows that 7|.S becomes trivial by introduc-
ing the relations h4(y) = y € 7S . This implies:

) det (A— ((1) (1))) =41

From (1) and (2) it follows that
(3) trace A € {1, 3}.

A matrix of trace +1 is conjugate in SL(2,Z) to (? _}) or (_(1) i) and a matrix
0

1 _;>, [380, 21.15]. Two automorphisms of &, which

induce the same automorphism on Z @ Z differ by an inner automorphism ([271],
[220, 1.4.5]. The Baer Theorem now implies that the gluing mappings are determined
up to isotopy; hence, by Lemma 5.8, the complement of the knot is determined up to

with trace 3 is conjugate to (

homeomorphism by the matrix above. The matrices ((1) _i) and (_(1) i) are obtained

when the complements of the trefoil knots are fibered, see 5.16. The matrix ((1) _é)

results in the case of the figure-eight knot as follows from the fact that in Example 3.8
the conjugation by s induces on &’ the mapping xo — x1, x| —> xlxo_lxlz.
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Thus we have proved that the complement of a fibered knot ¥ of genus 1 is home-
omorphic to the complement of a trefoil knot or the figure-eight knot. Later we shall
show that ¢ is indeed a trefoil knot (Theorem 6.1) or a four-knot (Theorem 15.7). O

Remark. The proof of Proposition 5.15 gives the following result: A fibered knot
of genus one in a homology 3-sphere has the same complement as the trefoil or the
four-knot.

5.16 The trefoil knot. We conclude this section with an application of Proposition 5.12
and reprove the fact (see Theorem 3.39 (b)) that the trefoil knot is not amphicheiral.
This was first proved by M. Dehn in 1914 [85, 87].

Figure 5.6 shows a trefoil bounding a Seifert surface S of genus one. The Wirtinger
presentation of the knot group & is

-1 -1 —1 1 -1 1
& = (51,520,583 | $385185 85 L, S1528] 83 .52838, S| ).

The curves a and b in Figure 5.6 are free generators of 7S = &> = (a,b). They
can be expressed by the Wirtinger generators s; (see 3.7):

~1 —1
a=s] 82, b=s;"s3.

Figure 5.6. A Seifert surface of the trefoil knot.

Using the relations we get (with 1 = s1):
t~lat = sl_lsl_lhsl = sl_lszs3_1s1 = sl_lszsglszsz_lsl = ab_la_l,

17t = 573 sys) = s7 sy bsasy = s7lso - 55 sy = ab.
Let C = S x I/h be the complement of the trefoil. Relative to the basis {a,b} of
H(S) = Z & Z the homomorphism hy: H(S) — H(S) is given by the matrix
((1) _i) (see Corollary 5.5). If the trefoil were amphicheiral then by Proposition 5.12

there would be a unimodular matrix

(‘;‘ §),1=a8—ﬂy,
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such that
53 0)=G)E )
(O;:/; 3) N (ajy ﬁ_ff?)'

This means: § = —a,y = B — . However, | = o — By = —a> — B(f —a) =
—(a® — af + B?) has no integral solution.

5.17 Links and satellite knots. The aim of this section is to study under which con-
ditions a satellite knot is fibered. The main result is the pattern fibering criterion by
M. Hirasawa, K. Murasugi and D. S. Silver [173].

Let [ = [; U---UI[, be an oriented link of multiplicity p. A meridian m; of the
component [; acquires an orientation such that 1k({;,m;) = 1.Let a: & — Z be the
homomorphism given by

"
a(y) =Y Ik(l;,y) for y € m (S - 1). (5.1)

i=1

The kernel 2 = ker(«) is called the augmentation subgroup of I and was introduced
by Brown and Crowell in [45] (see Exercise 4.9). The link [ is fibered with oriented
connected fiber S C S3 if S = [ and if the complement S3 — [ fibers over S'
with fiber §. It follows from Stallings” Theorem 5.7 [343] and Neuwirth’s argument
(Theorem 4.7) that [ is fibered if and only if the kernel 2 is finitely generated.

Remark. Exercise 4.10 shows that an orientation is required in the definition of a
fibered link. An oriented link is fibered if and only if the link obtained by reversing
the orientation of every component is fibered.

Let now ¥ be a satellite with companion ¥ and pattern v, E) As in Section 4.E
let ¢: & — Z be the canonical homomorphism which maps the meridian of ftol,
denote by C the complement of the pattern fcVand by & = ker(p| C) the kernel

of the restriction of ¢ to the subgroup 7, CCc&.We say that the pattern (V, f‘) is
fibered if there exists a fibration C — S inducing the homomorphism g0|n1 & on the

fundamental groups. Let n = |1k(n"i,'{:)| denote the winding number of Fin V.

5. 18 Theorem (leasawa—Murasugl =Silver [173]). Let ¥ be a satellite with compan-
ion ¥ and pattern (V, f’) Then the following conditions are equivalent:

(1) The satellite t is fibered;

(2) The groups &' and & are finitely generated;

(3) The companion ¥ and the pattern (17,%) are fibered.
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Proof. 1f ¢ is fibered then &’ is finitely generated and by Lemma 4.14 the winding
number 7 is nonzero. Therefore, Corollary 4.17 implies that & and &/ are finitely
generated.

If 6’ "and K are finitely generated the Stallings’ theorem (Theorem 5.7) implies
that ¥ and (V ?) are fibered.

If ¥ and (V,?) are fibered then &/ and & are isomorphic to the fundamental
group of the fiber of the corresponding fibration. Hence & and K are free and finitely
generated. If the winding number n = ¢(/n) were zero then & would contain a free
Abelian group Z @ Z generated by the meridian /7 and longitude ¢ of V. This is ab-
surd. Now again Corollary 4.17 implies that & is finitely generated and Theorem 5.1
implies that the satellite knot ¥ is fibered. O

Consider a pattern (17}:) such that ¥ has nonzero winding number. We associate
an oriented 3-component link [ := ¥ U @ UM C S3, where /i and 71’ are dis-
joint meridians of V with opposite orientations (the orientation of ¥is arbitrary), see
Figure 5.7.

Figure 5.7. The link I.

5.19 Theorem (Pattern fibering criterion [173]). The pattern (17,?) is fibered if and
only if the link 1 is fibered.

Proof. According to Stallings’ theorem, it is sufficient to show that K is finitely gen-
erated if and only if the augmentation subgroup 2 of [ is finitely generated. More
precisely we show that A is isomorphic to the free product & * &, where &, is a
free group of Iank n . Then the Grushko—Neumann theorem [382, 2.9.2], [220, I11.3.7],
implies that 2l is finitely generated if and only if K is finitely generated.
We have to prove that the augmentation subgroup of Tis isomorphic to K * &n.

First note that the group ;(S> — I) is an HNN extension of $ = ,C . In order to
see this, let (S | R) be a presentation of $ then

(S 1) = (S,s | R, siis™' =) = $ #(),
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where the stable letter s is the element represented by the meridian of m. In what
follows we consider $ as a subgroup of 7 (S" - I)

The augmentation subgroup A C T (S3 — [) is the kernel of the homomorphism
@: (83 =1) — Z given by

a(y) = k@, y) + k@@, y) + k@@, y) for y € (8> =T).

The homomorphism ¢:$ — Z, given by ¢(n) = lk(g, n), n € 9, and the restriction
&|g coincide since for every loop n C C we have

k@7, n) + Ik(@', ) =0

(here we use that /7 and /7’ have opposite orientations). Therefore ker(d|g) = & =
ker(g).

The HNN extension $ ) acts on a tree 7" with fundamental domain a loop [331,
324, 68]. Hence 9 is a fundamental group of a graph of groups [331, 1.§4.4]. More
precisely, the subgroup theorem [324, 3.14], [68, 8.5, Thm. 27] shows that 9 is the
fundamental group of a graph of groups (Figure 5.8). The vertices correspond to the
double cosets A g9, gem(S— [) with associated vertex group AN g$g~". The
edges correspond to the double cosets A g (m), g em(S? —I) and the corresponding
edge group is AN g(m)g~". Now there is only one double coset (?I $) since ¢: H —
Z is sur]ectlve The correspondlng vertex group is & = 90 N $. There are n double
cosets A mk (m), k =0,. — 1, since @(m) = ¢(im) = n and ¢(m) = 1 for the
median m of . The corresponding edge groups are trivial since

AN mmym™" = m@ N (m))m™!

istrivial (¢(m) = n # 0). Hence A ~ K*%, where &, is afree group ofrank n. O

Figure 5.8. The graph of groups with trivial edge groups.
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5.D History and sources

The content of this chapter is for the larger part based on J. Stallings’ theorem on
fibering 3-manifold [343]. The fibered complement C = S x I /f of a “fibered knot”
was further investigated by L. Neuwirth in [268] and by Burde and Zieschang in [61].
In the first paper the complement was shown to be determined by the peripheral system
of the knot group while in the second one C was characterized by properties of the
identifying surface map f .

J. Neuwirth’s result is a special case of the general theorems of F. Waldhausen [367].
In this fundamental paper manifolds with a Stallings fibration play an important role.

D. Eisenbud and W. Neumann give topological conditions for a satellite knot in
a homology 3-sphere to fiber [91, Thm. 4.2]. The theorem is stated for multilinks
in homology 3-spheres and uses the decomposition of the multilink into irreducible
splice components arising from the Jaco—Shalen—Johannson splitting theorem.

5.E Exercises

E 5.1. Construct a fibration of a compact orientable 3-manifold M over S'! such that
mM — 1S is not surjective. Observe that the fiber is not connected in this case.

E 5.2. Find a 2 x 2-matrix A representing fix: H;(S) — H;(S) in the case of the
complement C = S x I/f of the four-knot. Show that A and A~! are conjugate.

E 5.3. Compute the powers of the automorphism fz: 715 — 7S

fula) =t 'at = b~
fu(b) =t7'at = ba

induced by the identifying map of the trefoil (see 5.16). Describe the manifolds S x
I/fliel.

E 5.4. Show that the knot 5, can be spanned by a Seifert surface S of minimal genus
such that the knot complement C cut along S is a handlebody C*. Apply the method
used in 5.14 to show that nevertheless 5, is not fibered!

E 5.5. Show that the knot 8, is fibered.
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Chapter 6

A characterization of torus knots

Torus knots have been repeatedly considered as examples in the preceding chapters. If
knots are placed on the boundaries of handlebodies as in Chapter 3, the least possible
genus of a handlebody carrying a knot defines a hierarchy for knots where the torus
knots form the simplest class excepting the trivial knot. Torus knots admit a simple
algebraic characterization; see Theorem 6.1.

6.A Results and sources

6.1 Theorem (Burde-Zieschang). A non-trivial knot whose group & has a non-
trivial center is a torus knot.

The theorem was first proved in [60], and had been proved for alternating knots by
K. Murasugi [259] and L. Neuwirth [269]. Since torus knots have Property P (Theo-
rem 15.5), Theorem 6.1 together with Theorem 3.39 and Proposition 3.38 show: any
knot group with a non-trivial center determines its complement, and the complement
in turn admits just one torus knot t(a, b) and its mirror image t(a, —b).

F. Waldhausen later proved a more general theorem which includes Theorem 6.1
by using Seifert’s theory of fibered 3-manifolds, see [365]:

6.2 Theorem (Waldhausen). Let M be an orientable compact irreducible 3-mani-
fold. If either H{(M) is infinite or miM a non-trivial free product with amalga-
mation, and if myM has a non-trivial center, then M is homeomorphic to a Seifert
fibered manifold with orientable orbit-manifold (Zerlegungsfliche). O

Because of Theorem 3.1, Theorem 6.2 obviously applies to knot complements C =
M . A closer inspection of the Seifert fibration of C shows that it can be extended to
S3 in such a way that the knot becomes a normal fiber. Theorem 6.1 now follows
from a result of H. Seifert [326] which contains a complete description of all Seifert
fibrations of S3.

6.3 Theorem (Seifert). A fiber of a Seifert fibration of S* is a torus knot or the trivial
knot. Exceptional fibers are always unknotted. O

Note that Theorem 6.2 is a special case of the following theorem:
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6.4 Theorem (Seifert fiber space conjecture). Let M be an orientable compact irre-
ducible 3-manifold. If m\ M contains an infinite cyclic normal subgroup, then M is
Seifert fibered. O

Theorem 6.4 was proved for Haken manifolds by F. Waldhausen (Theorem 6.2) and
C.M. Gordon & W. Heil [134]. The final proof of Theorem 6.4, which makes use of
the work of several other authors, was given by D. Gabai [125] and independently by
A. Casson and D. Jungreis [63].

We propose to give now a proof of Theorem 6.1 which makes use of a theorem by
Nielsen [275] on mappings of surfaces. (This theorem is also used in Waldhausen’s
proof.) We do not presuppose Waldhausen’s theory or Seifert’s work on fibered man-
ifolds, though Seifert’s ideas are applied to the special case in hand. The proof is also
different from that given in the original paper [60].

We now state without proof two theorems on periodic mappings of surfaces due
to J. Nielsen [275, 274]. A modern exposition of Nielsen’s result is contained in the
book by B. Farb and D. Margalit [95, Chap. 7]. A proof of a generalization of the first
theorem is due to H. Zieschang [380]; it is a deep result which requires a considerable
amount of technicalities in its proof. A different approach was used by W. Fenchel
[97, 98] and a combinatorial proof of his theorem was given by B. Zimmermann [384].
For a more general result see also the works of S. P. Kerckhoff [192, 193].

6.5 Theorem (Nielsen). Let S be a compact surface different from the sphere with
less than three boundary components. If h: S — S is a homeomorphism such that
h™ is isotopic to the identity, then there is a periodic homeomorphism f of order n
isotopic to h. O

We need another theorem which provides additional geometric information on pe-
riodic surface mappings:

6.6 Theorem (Nielsen). Let f: S — S be an orientation preserving periodic home-
omorphism of order n, f" = id, of a compact orientable surface S. Let ¢ € S be
some point with f*¥(q) = q for some k with 0 < k < n, and let k be minimal with
this property. Then there is a neighborhood U(q) of q in S, homeomorphic to an
open 2-cell, such that f*(U(q)) N U(q) = @ for 0 < £ < k. Furthermore f*|U(q)
is a topological rotation of order % with fixed point q . O

For a proof of Theorem 6.6 see J. Nielsen’s original paper [274], the English trans-
lation [276] or the book by B. Farb and D. Margalit [95, Chap. 7].
Points ¢ of S for which such a k exists are called exceptional points.

6.7 Corollary (Niclsen). A periodic mapping f: S — S as in Theorem 6.6 has at
most finitely many exceptional points, none of them on r = 95S. O
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Proof of Theorem 6.1. Let £ be anon-trivial knot whose group & has acenter € # 1.
Then by Proposition 4.11 (a) its commutator subgroup & is finitely generated, and
hence by Theorem 5.1 the complement C is a fiber space over S! with a Seifert
surface S of minimal genus g as a fiber. Thus C = S x [ /h as defined in 5.2. Let ¢
and r = 9(S x0) represent a meridian and a longitude on dC, and choose their point
of intersection P as a base point for 71 (C) = & . The homeomorphism 4: § — S
induces the automorphism:

hy: & — & = m1(S x0),x — ' xt,

since by Lemma 5.8 we may assume that 2(P) = P . Again by Proposition 4.11,
€ = Z. In the following we use the notation of Proposition 4.11.

6.8 Proposition. Let z = t"u,n > 1, be a generator of the center € of & . Then u
is a power of the longitude v, u = r=™, m # 0, and hY} is the inner automorphism
hi(x) = r"™xr™™. The exponent n is the smallest one with this property. The powers
of r are the only fixed elements of hi, i # 0.

Proof. By assumption ¢t "xt" = uxu~! forall x € &' . From hy(r) =t~ 'rt = r
it follows that ¥ commutes with r. The longitude r is a product of commutators of
free generators of &’ =~ F,e and it is easily verified that r is not a proper power of
any other element of &”; hence, u = r™™,m € Z (see [382, E1.5] or [220, 1.2.17]).
We shall see ged(n,m) = 1 in equation (2) in Paragraph 6.9 and hence m # 0. Fixed
elements of h;,i # 0, are also fixed elements of h;”, hence they commute with r
and they are therefore powers of r.

Now assume that 1 % x7%¥ = vxv~! forall x € &’ and some k # 0 and v € &’.
Then v € @, thus kv = (1"u)* = "*u’. This proves that n is the smallest
positive exponent such that /4 is an inner automorphism of &”. O

It follows from Baer’s Theorem [95, §8] that 4" is isotopic to the identity. Nielsen’s
Theorem 6.5 implies the existence of a periodic homeomorphism f* of order n iso-
topic to & and by Lemma 5.8,

C=8SxI/h=SxI/f.

The trivial fibration of § x [ with fiber / defines a Seifert fibration of C. Ex-
ceptional points in S correspond to exceptional fibers by Theorem 6.6. Since a fiber
z=t"r™™_ m # 0, o0n dC is not isotopic to a meridian, the Seifert fibration of C
extended to give a Seifert fibration of S3, where ¥ is a fiber, normal or exceptional. By
Theorem 6.3 normal fibers of Seifert fibrations of S* are torus knots or trivial knots,
while exceptional fibers are always unknotted. So ¥ has to be a normal fiber i.e. a torus
knot. O
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6.B An elementary proof of Theorem 6.1

We shall now give a proof of Theorem 6.1 by not making use of Seifert’s Theorem 6.3.
In what follows let f be a periodic homeomorphism of order 7 isotopic to & and

C=SxI/f.

6.9. The orbit of an exceptional point of S relative to the cyclic group 3, generated by
J consists of k; points, 1 < k; < n, kj|n. We denote exceptional points accordingly
by Qjv, 1 <j <s5,0=<v=<kj—1,where Q; 11 = f(Qjv),v+1 mod k;.By
deleting the neighborhoods U(Q ;) of Theorem 6.6 we obtain Sy = S —|J U(Q;v),
which is a compact surface of genus g with 1 + Z;zl k; boundary components,
on which 3, = ( f) operates freely. So there is a regular cyclic n-fold covering
po: So — S with ( f') as its group of covering transformations. We define a cover-
ing
p: Co=SoxI/f = SFx1I/id=S;xS'=Cy
by
p(x,7) = (po(x),7),x € Sp, T € 1.

This covering is also cyclic of order n, and f X id generates its group of covering

transformations. Let r;, represent the boundary of U(Q;y) in 71(Sp) in such a way
that

g s kj—1
08 =r = [lai.bs]- [T T ri-
i=1 j=1v=0

The induced homomorphism py: 771 (Co) — 71 (Cy) then gives
pe(r) = 1" pylrjy) = ()™, mjkj =n, (D
where r* and r* represent the boundaries of Sg' in 71 (Sy) such that

N

g*
r* = [Tlaf. 071 [T}
i=1 J

=1

Let z* = Q* x S', O* € r*, be a simple closed curve on r* x S' representing a
generator of 771 (S"'). Aliftof z* isasimple arc on r x I/ f connecting a point (Q,0),
0 € py(0*),to (f71(Q),1) ~ (f~%Q),0). Since f is of order n it follows that
the lift of z*" is a simple closed curve on r x I /f . More precisely, ps ' (z*") = t"v,
v € m1(Sp). The simple closed curve ¢"v on the torus r x I /f is central in 71(Cp),
since z* is central in 71(C{’). Therefore v is central in 7;(C) = &, too; hence,
pil(z*") = z = 1" . r~™, see Proposition 6.8. Since t"v = {"r~™ represents a
simple closed curve on the torus r x I/ f it follows that

ged(m,n) = 1. (2)
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Furthermore, z*" = pu(z) = (p())" - r*~™" Putting px(t) = t*, we obtain

¥ =, 3)

For «, § € Z, satisfying
am+ Bn =1, 4)
g=1rP and py(g) = q* = 1**r* (5)

are simple closed curves on dC and r* x S', respectively. From these formulas we
derive:

= Z*nﬂ 'q*m’ (6)
r*f =% g% (7

Since f'|r is a rotation of order n (see 6.6), the powers {r** |0 < u <n — 1} are
coset representatives in 771 (Cy’) mod pgmi(Cp). From (3) it follows that {z*/*} also
represent these cosets. By (7),

*o

¥ = ¢q* € pymi(Co). (8)

We shall show that there are similar formulas for the boundaries r;‘ .

6.10 Lemma. There are aj € Z,ged(oj, mj) = 1 such that

xo ko % *
27N = q; € pymi(Co).

The o are determined mod m; .

Proof. For some v € 7 we have z*"r;‘ € pusm1(Cp). Now q;‘ = z*r¥ and z*
generate m(r;‘ x S1). Hence q¢j = py 1(q]’.‘) and z = py !(z*") are generators of
m(p_l(r]’." x'S1)). Hence,

=g gedar ) = 1
and
Z*Tne q;ﬁ" = pa(rjo) = ()™ = 2*""ig™,
thus
kjoj =v, m; = ;.
(Remember that m;k; = n, see equation (1) in Paragraph 6.9.) |
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~

6.11 The isomorphism IC . Now let C¢ 0= §(’§ x S! be a homeomorphic copy of
Cy = S§xS! with 2* generatlng 71 (S1) and a* B* P, f?‘ representing canonical

generators of (S’S‘), and 7* ]_[l_1 b*] ]_[j_1 7¥ . Define an isomorphism

ki m(Cy) — 711(66")

KT = 2 G0 = 2

Ki(af) = 2¥7PLa), kE(bY) = 2*7% b,

where p;,0; € Z are chosen in such a way that z*ia, z*%b* € pym(Cy). (The
pi»o; will play no role in the following.)

6.12 Lemma. &} pym;(Co) = mi(S%) x (z*").

Proof. By construction k;~'(a¥) = z*fiaf € pymi(Cy), likewise K;‘_l(l;i*),

-l (f]’.") € pym1(Cop). Since k; is an isomorphism, «; pym(Cp) is a normal sub-
A ~ . . ~* . . .

group of index n in 7;(SJ) % (£* ), which contains 7;( ), because it contains its

generators. This proves Lemma 6.12. O

We shall now see that «; can be realized by a homeomorphism «*: S§ x S! —
So % :S’\l and that there is a homeomorphism «: Cy — Co = So X S! covering K *
such that the following diagram is commutative

Co=SoxI/f —— Sox8'=Co

I 5| ©)

*

Ca“:Sa"xSlK—> Sex S

Here §0 is a homeomorphic copy of §; and p is the n-fold cyclic covering de-

fined by p(x,¢) = (x,"), if the 1-sphere §] is described by complex numbers ¢ of
absolute value one.

6.13 Lemma. There is a hOmeomorphism K*: 8§ x St — SO x ! inducing the
lsomorphzsm Ky m(Sg xS — m1( So x $1 ) and a homeomorphism k: Cy — Co
covering k*.

Proof. First observe that S is not a disk because in this case the Seifert surface S
would be a covering space of S and therefore a disk. The 2g* + s simple closed
curves {a;‘,b;‘,r;" | 1 <i < g*1 < j < s} joined at the basepoint P* =
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Figure 6.1

p(P) represent a deformation retract R* of Sy as well as the respective generators
{al. b}, f]’."} = R*in S{.Itis now easy to see that there is a homeomorphism

Kl R* xS' > R*x §!
inducing «; (Figure 6.1), because the homeomorphism obviously exists on each of
the tori a; x Sl,b;" x ST and r]’." x S!. The extension of x*|R* to

K*: SEx S > SEx 8!

presents no difficulty. More precisely, «* is a Dehn twist along a family of annuli.

Lemma 6.12 ensures the existence of a covering homeomorphism « . O

We obtain by «4: 71(Co) — m(/C\o) a new presentation of 7 (Cp) = m(a)) =
({fj.ai,bi |1 =i =g*, 1 =j =<s}|)x(2), where

Pr(Fy) = Y, pular) = af, pa(bi) = b}, py(2) = 2*". (10)

From this presentation we can derive a presentation of & = 7r{(C) by introducing the
defining relations «#(rjy) = 1. Itis sufficient to choose v = 0 forall j =1,...,s.
We get from equations (1) in 6.9, (9) in 6.11:

K#(rjo) = p\#_ll(;‘(r;mj) — p\#_l(é*—ajkjmj i;]’."mj) — 2—061' f]’nl (] 1)

(Remember that n = mjk;, see equation (1) in 6.9.)
Furthermore (see equation (1) in 6.9 and 6.11):

Ky (r*) = Y= ki px

(8) and 6.11 imply
g (r) = 277%(q").
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By (5) and (9), k}(¢*) € psm1(Co), and by (1) and (10), #* € pyrm;( Co). Now the
definition of ps (see (9)) yields

N
a= ijozj mod 7.

J=1

By Lemma 6.10 we may replace «; by an element of the same coset mod m1, such
that the equation

N
o= ijaj (12)
j=1

is satisfied. By (8), k4 (¢*) = 7'*, and, since py(t) = t*, it follows from (6), (9) that

Kka(t) = 2P .7 (13)

6.14 Lemma. §0 is a sphere with three boundary components: g* = 0,5 = 2.
Moreover my - my = n, ged(my,my) = 1. It is possible to choose m = 1, a = 1,

B =0.

There is a presentation
& = (Z,F1, P | 27N 2700 (2, A1), (2, 72])
of the knot group & .

Proof. We have to introduce the relations Z 7% f;-nj (see (11)) in
mi(Co) = ({Fj.ai.bi | 1 <i <g* 1< j <s}|)x(2).

The additional relations x4(f) = £ - 7™ = 1 must trivialize the group. This remains
true, if we put z = 1.
Now g* = 0 follows. For s > 3 the resulting groups

N
<wf 1<) <sp|pm 1‘[@> (14)
j=1

are known to be non-trivial (see [382,4.16.4] or [323, §2]) since by definition m; > 1.
For s = 2 by the same argument (14) describes the trivial group only if m = £1.
The cases s < 2 cannot occur as ¥ was assumed to be non-trivial. By a suitable choice
of the orientation of r = 95 we get m = 1. Thusby ¢ = 1, § = 0 equation (4) is
satisfied. Now (12) takes the form

o1k + ok, = 1. (15)
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It follows that

(2,71, F | 270 2708 Ry P, [2, 1] [2,F0] ) = 1

is a presentation of the trivialized knot group. By abelianizing this presentation yields
o my + aom; = =£1. (16)

The equations (15) and (16) are proportional since myk, —mik; = n —n = 0, by
(1). As mj, k;j > 0, they are indeed identical, my = ki, m; = k». O

It is a consequence of Lemma 6.14 that Co is obtalned from a 3-sphere S3 by re-

moving three disjoint solid tori. Let B := =3 oYiisp D be an annulus with boundary

dB = 7| U 7, obtained from S o by attaching a disk D tothe boundary component
FcS. Equation (13) together with m = 1,8 = 0 shows «x(t) = 7. We use
this equation to extend «: Cy — C o to a homeomorphism « defined on Cy U V(£),
obtained from Cy by re-gluing the tubular neighborhood V(¥) of £. We get

k: CoU V() — B x St

~1
The fundamental group 71(B x S ) is a free Abelian group generated by Z and 7, =
75! Define §; and g, by

0[1’,. _ql ’
— Am
25" = q2 , oaymo + aomy = 1.

Kk (ri0) =

ky(ra0) = a7
(For the notation compare Proposition 6.8.) Now we glue two solid tori to B X St
such that their meridians are identified with 41, §», respectively, and obtain a closed
manifold S3. Thus & can be extended to a homeomorphism &: S3 — S3. From 17)
we see that §; and §, are a pair of generators of (7] x S'). Therefore the torus
F1x S! defines a Heegaard splitting of S3 which is the same as the standard Heegaard
splitting of genus one of the 3-sphere. The knot ¥ is 1sotoplc (in S 3) to z C 0Cy. Its
image P = /c(f’) can be represented by any curve (Q x S 1) C Sox S!, where 0
is a point of S 0. Take Q € F; then P is represented by a simple closed curve on the
unknotted torus 7y X SUin S3. This finishes the proof of Theorem 6.1. O

6.C Remarks on the proof

In Lemma 6.14 we obtained a presentation of the group of the torus knot which differs
from the usual one (see Proposition 3.38). The following substitution connects both
presentations:

u=prm.zn
AMm N
v=r - z%
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First observe that 7, and 7, generate & :

,cln . ,ﬁ;l — fmlkl . 2m2k2 — soukitonky _ =3,

as follows from (16), the presentation before (16), and (15). It follows that u# and v
are also generators:

200 A A—aomy | o

-z F1- 7y zoa% — g

u® = pom

and similarly, v®2 = 7,. The relation u™! = v is easily verified:

mp _ ;1"117"22(12"11 — samatoom _ 5 _ Mo

u Z =0

Starting with the presentation
& = {u,v|u®= vb), a=mi,b=mm,

one can re-obtain the presentation of 6.14 by introducing

2=y =P and 7| = u®, 7 = @

The argument also identifies the ¥ of Theorem 6.1 as the torus knot £ (1, m>): for the
definition of m,m; see 6.9, equation (1).

6.15. The construction used in the proof gives some additional information. The Hur-
witz formula [382, 4.14.23] of the covering po: So — S; gives

S
2g+ij =ng*+s—1)+ 1.
j=1

Since g* =0,5s =2,k; = b, ky =a, ab = n itfollows that 2¢g +a+b = ab+1,
hence

B (a—1)(b-1)

N 2

and, by Theorem 4.7, this reproves the genus formula from Corollary 4.12.

6.16 On cyclic coverings of torus knots. The ¢-fold cyclic coverings C;’ p of the
complement C, j; of the knot t(a, b) obviously have a period n = ab:

q . q+kn
cl, =ciim.

This is a consequence of the realization of C,p = S x I/ f by amapping f of period
n. The covering transformation of C — C,p can be interpreted geometrically as

a shift along the fiber z = 1ab . _1 ~ t(a b) such that a move from one sheet of
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the covering to the adjoining one shifts t(a, b) through ﬁ of its “length”. There is an
(ab + 1)-fold cyclic covering of C, onto itself:

~ b+1
Cap = CI2F 5 Cuy.

All its covering transformations # id map t(a, b) onto itself but no point of t(a, b)
is left fixed. There is no extension of the covering transformation to the (ab + 1)-fold
cyclic covering p: S3 — S branched along t(a,b), in accordance with Smith’s
Theorem [340], see also Appendix B.9, [380, 36.4]. The covering transformations can
indeed only be extended to a manifold C\a,b which results from gluing to C, 5 a solid
torus whose meridian is 77~ instead of ¢. The manifold aa,b is always different
from S as long as t(a,b) is a non-trivial torus knot. In fact, one can easily compute
71(Cap) = (B, 71, Fa P | PR, PO 707D [2,71), (2, 7] )
by using again the generators 71, 7, and Z . The group 7 ( 6,,,,,) is infinite since |a| >
1, 10| > 1, |ab + 1] > 6, see [382, 6.4.7].

In the case of the trefoil t(3,2) the curves, surfaces and mappings constructed in the
proof can be made visible with the help of Figure 5.3. The mapping f of order 6 =
3:2,a =m; =3,b =my =2 isthe one given by f, (at the end of Paragraph 5.13)
for ¢ = m. Its exceptional points Q1g, Q1 are the centers of the disks D; and D,
(Figure 5.3 and Figure 6.2) while Q»9, Q>1, Q2 are the points in which the core of
T meets the Seifert surface S.

Figure 6.2 shows a fundamental domain of S relativeto 3¢ = ( f ). If its edges are
identified as indicated in Figure 6.2, one obtains as orbit manifold (Zerlegungsfliche)
a 2-sphere or a twice punctured 2-sphere S, if exceptional points are removed.

020 m

Figure 6.2

Figure 6.3 finally represents the annulus B embedded in S3. One of its boundaries is
placed on 977 . The ribbon B represents the orbit manifold minus two disks. The orbit
manifold itself can, of course, not be embedded in S3, since there is no 2-sphere in
S3 which intersects a fiber z at just one point. The impossibility of such embeddings
is also evident because B is twisted by 27 .
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Figure 6.3

6.D History and sources

Torus knots and their groups have been studied by M. Dehn in [85, 87] and O. Schreier
in [316, 87]. The question of whether torus knots are determined by their groups was
treated by K. Murasugi in [259] and L. Neuwirth [269], and answered in the affirma-
tive for alternating torus knots. This was proved in the general case by G. Burde and
H. Zieschang [60], where torus knots were shown to be the only knots whose groups
have a non-trivial center. A generalization of this theorem to 3-manifolds with non-
trivial center is due to F. Waldhausen [365], and, as an application of it, the case of link
groups with a center # 1 was investigated by G. Burde and K. Murasugi in [59]. More
recently, the final step of the Seifert fiber space conjecture was proved by D. Gabai
[125] and independently by A. Casson and D. Jungreis [63].

6.E Exercises

E 6.1. Let a lens space L(p,q) be given by a Heegaard splitting of genus one,
L(p,q) = Vi U V,. Define a torus knot in L(p,q) by a simple closed curve on
dVy = V5. Determine the links in the universal covering S* of L(p,q) which cover
atorus knot in L(p, g). (Remark: The links that occur in this way classify the genus
one Heegaard splittings of lens spaces.)

E 6.2. Show that the ¢ -fold cyclic covering C;I,b of a torus knot t(a, b) is a Seifert
fiber space, and that the fibration can be extended to the branched covering Cj’ p With-
out adding another exceptional fiber. Compute Seifert’s invariants of fiber spaces for
C;I’ » - (Remark: The 3-fold cyclic branched covering of a trefoil is a Seifert fiber space
with three exceptional fibers of order two.)
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Chapter 7

Factorization of knots

In Chapter 2 we defined a composition of knots. The main result of this chapter states
that each tame, oriented knot is composed of finitely many in-decomposable (prime)
knots and that these factors are uniquely determined.

7.A Composition of knots

In the following we often consider parts of knots, arcs, which are embedded in balls.
It is useful to have the concept of knotted arcs:

7.1 Definition. Let B C S be a closed ball carrying the orientation induced by the
standard orientation of S*. A simple path a: I — B with «(d1) C 9B and a([ ) C B
is called a knotted arc. Two knotted arcs @« C By, B C B; are called equivalent if there
exists an orientation preserving homeomorphism f: B; — B, such that § = fo.
An arc equivalent to a line segment is called trivial. Note that an arc is trivial if and
only if it is isotopic to an arc in dB.

If o is a knotted arc in B and y some simple curve on dB which connects the
endpoints of «, then oy — with the orientation induced by « — represents the knot
corresponding to o. This knot does not depend on the choice of y and it follows
easily that equivalent knotted arcs correspond to equivalent knots.

By a slight alteration in the definition of the composition of knots we get the fol-
lowing two alternative versions of its description. Figures 7.1 and 7.2 show that the
different definitions are equivalent.

Figure 7.1. A product knot.

7.2 Alternative descriptions. (a) Figure 7.1 describes the composition £ # [ of the
knots ¥ and [ by joining representing arcs.

(b) Let V(¥) be the tubular neighborhood of the knot £, and B C V(f) some ball
such that ¥’ = ¥ N B isatrivial arcin B, k = ¥ — «’. If «’ is replaced by a knotted
arc A defining the knot [, then k U A represents the product £# [ = x U A.

The following lemma is a direct consequence of the construction in 7.2 and its proof
is visualized by Figures 7.3 and 7.4.
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Figure 7.2. A product knot is a satellite knot.

7.3 Lemma.

(a) [#E=F#1.

(b) £ # (L # £3) = (£ # £y) # £5.

(¢) If i denotes the trivial knot then £# 1 = ¥.

Proof. (a) Figure 7.3. (b) Figure 7.4. O

(e S0 200

Figure 7.3. [# ¢t =t # [.

IR AM\Plot

Figure 7.4. (Pl# Pz)# {'3 = Pl#(Pz# P3)

Associativity now permits us to define ¥, # - - -# £, for an arbitrary n € N without
using brackets.

7.4 Proposition (Genus of knot compositions). Let £, be knots and let g(x) denote
the genus of the knot x. Then

gE#1) =g)+ g().

Proof. Let B C S3 be a (p.l.-)ball. Since any two (p.l.-)balls in S3 are ambient
isotopic, see [242, Chap. 17], we can describe £ # [ in the following way. Let Sy and
Sy be Seifert surfaces of minimal genus of ¥ resp. [ such that Sy is contained in
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Figure 7.5

some ball B C S3, and Sy in S? — B. Furthermore we assume Sy N 0B = « and
Sy N dB = —a to be a simple arc (see Figure 7.5). Obviously Sy U Sy is a Seifert
surface spanning ¥ # [, hence:

gE# 1) <g)+g@. (H

Let S be a Seifert surface of minimal genus spanning £ # [. The 2-sphere S> = 0B
is supposed to be in general position with respect to S. Since £ # [ meets dB in two
points, dB N S consists of a simple arc « joining these points, and, possibly, a set of
pairwise disjoint simple closed curves. An ‘innermost’ curve ¢ on dB bounds a disk
8 C 0B suchthat § NS = o. Let us assume that o does not bound a disk on S . In the
case where o separates S replace the component not containing £ # [ by §. If o does
not separate S, cut S along o, and attach two copies of § along their boundaries to
the cuts (see proof of Lemma 4.5). In both cases we obtain a Seifert surface for £ # [
of a genus smaller than that of .S, contradicting the assumption of minimality.

Thus o bounds a disk on S as well as on dB, and there is an isotopy of S which
removes o . So we may assume S N dB = «, which means

g(t) + () = gt #10). o
7.5 Corollary. (a) £# [ =¥ implies that | is the trivial knot.
(b) If £ # [ is the trivial knot then ¥ and [ are trivial. O

Corollary 7.5 motivates the following definition.

7.6 Definition (Prime knot). A knot £ which is the composition of two non-trivial
knots is called composite; a non-trivial knot which is not composite is called a prime
knot.

7.7 Corollary. Genus 1 knots are prime. O
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7.8 Proposition. Every 2-bridge knot b is prime.

Proof. Let §; and 8§, be disks spanning the arcs of b in the upper half-space, and
suppose that the other two arcs /\;. ,i €{1,2}, of b are contained in the boundary E
of the half space. The four “endpoints” of E Nb are joined pairwise by the simple arcs
/\:. and A; = ENG; . We suppose the separating sphere S to be in general position with
respectto £ and §; . The intersections of S with b may be pushed into two endpoints.
Simple closed curves of §; N S and those of £ N S which do not separate endpoints
can be removed by an isotopy of S. The remaining curves in £ N S must now be
parallel in E, separating the arcs A} and A} . If there are more than one of these curves,
there is a pair of neighboring curves bounding annuli on £ and S which together
form a torus 7. The torus 7T intersects §; in simple closed curves, not null-homotopic
on T, bounding disks § in §; with 6T = 9§. So T bounds a solid torus which does
not intersect b. There is an isotopy which removes the pair of neighboring curves.
We may therefore assume that £ N S consists of one simple closed curve separating
A% and A5. The ball B bounded by S in R3 now intersects b in, say, A}, and A} is
isotopic in £ N B to an arc of S N E. Hence this factor is trivial. O

A stronger result was proved by H. Schubert in [319, Satz 7]:

7.9 Theorem (Schubert). The minimal bridge number b(¥) minus 1 is additive with
respect to the product of knots:

bt #¥E)—1= (b(?l) — 1) + (b(?z) — 1)

or

b(e # £3) = b(£)) + () — 1.

We shall give a proof of this theorem in Section 16.C.

7.10 Proposition (Group of composite knots). Let ¥ = ¥ # ¥, and denote by &,
&, &, the corresponding knot groups. Then & = &1 x3 &, where 3 is an infinite
cyclic group generated by a meridian of ¥, and &' = & * &5. Here &; and & are
— in the natural way — considered as subgroups of & = & x3 &, i =1,2.

Proof. Let S be a 2-sphere that defines the product ¥ = £, # ¥,. Assume that there is
a regular neighborhood V' of £ such that S N V consists of two disks. Then S N C
is an annulus. The complement C = S3 — V is divided by S N C into C; and C,
with C = C;UCyand SN C = C; N C,. Since 71(S N C) = Z is generated by
a meridian it is embedded into 71 (C;) and the Seifert—van Kampen Theorem implies
that

711(C) = m1(C1) *z,(C,nCy) T1(C2) = &1 x5 &,

It is clear that &) C &', i = 1,2, and hence (&7,&;) C &' where (G, &)
denotes the subgroup generated by &1 and &7%. On the other hand each element g’ €
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&’ canbe written as a product g’ = gy ---gx where g; € &, 1 <i <k,l; € {1,2}.
The group &;, | € {1,2}, are semidirect product &; = 3 x &7 hence g; = h;g;
where h; € 3 and g} € GS’I’Z_ . We can rewrite the product

g =g hegy
= hihy-- hy - (h2"'hk)_1g/1(h2"'hk) . (h3"'hk)_lgé(h3"'hk)
(hg—1h) " gy (hie—1hi) - 1 gh_ hic - g5 -

Now g’ € &' implies hihy---hy = 1 and ¢’ € (6],8)), ie. & = (6], 6E}).
Finally, & N 3 = {1}, [ = 1,2, implies that every non-trivial element g’ € &’
can be written in an unique way as a reduced product g’ = gj---g; , thatis k = 1
or gi € (S’l’i —{1} and [; # l;4 for 1 < i < k. Therefore, &' = (&],&)) is
isomorphic to the free product &1 x &7 . m

7.11 Corollary. Torus knots are prime.

Proof. For this fact we give a geometric and a short algebraic proof.

(1) Geometric proof. Let the torus knot t(a, b) lie on an unknotted torus 7 C S* and
let the 2-sphere S define a decomposition of t(a, b). (By definition, |a|, |b|] > 2.) We
assume that S and 7 are in general position, thatis, S N T consists of finitely many
disjoint simple closed curves. Such a curve either meets t(a, b), is parallel to it or it
bounds a disk D on T with D N t(a,b) = @. Choose y as an innermost curve of
the last kind, i.e., D NS = dD = y. Then y divides S into two disks D', D" such
that S’ = DU D’ and S” = D U D" are spheres, S’ N'S” = D. One of these two
spheres intersects t(a, b) in two points and the other sphere does not intersect t(a, b).
Hence, D’ or D” can be deformed into D by an isotopy of S3 which leaves t(a, b)
fixed. By a further small deformation we get rid of one intersection of S with 7'.

Consider the curves of 7" N S which intersect t(a, b). There are one or two curves
of this kind since t(a, b) intersects S at two points only. If there is one curve it has
intersection number zero with t(a, b) and this implies that it is either isotopic to t(a, b)
or null-homotopic on T . In the first case t(a, b) would be the trivial knot. In the second
case it bounds a disk Dy on T and Dy N t(a,b), plus an arc on S, represents one of
the factor knots of t(a, b); this factor would be trivial, contradicting the hypothesis.

The case remains where S N T consists of two simple closed curves intersecting
t(a, b) exactly once. These curves are parallel and bound disks in one of the solid tori
bounded by T . But this contradicts |a|, |b| > 2.

(2) Algebraic proof. Let the torus knot t(a, b) the product of two knots. By Proposi-
tion 7.10,

G = (u,v|uv?) =@ xg &,

where 3 is generated by a meridian m . The center of the free product of groups with
amalgamated subgroup is the intersection of the centers of the factors, see [382, 2.3.9];
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hence, it is generated by a power of m. Since u? is the generator of the center of &
it follows from Proposition 3.38 (b) that the longitude £ of t(a,b) is a power of m.
Since £ is zero homologous it follows £ = 1 which contradicts the assumption that
t(a, b) is non-trivial. O

Now we formulate the main theorem of this chapter which was first proved by
H. Schubert in 1949 [317].

7.12 Theorem (Unique prime decomposition of knots). Each non-trivial, oriented
knot ¥ is a finite product of prime knots and these factors are uniquely determined.
More precisely:

(a) £ =¥t #...#¥, where each ¥; is a prime knot.

b) Ift = &1 #...#8, = 01 #...#¢%, are two decompositions into prime fac-
tors ¥; or ?}, respectively, then n = m and ?l{ = £j(;) for some permutation

1 .. n
(0 2 m )+
Assertion (a) is a consequence of Proposition 7.4; part (b) will be proved in Sec-
tion 7.B. The results can be summarized as follows:

7.13 Corollary (Semigroup of knots). The tame, oriented knots in S> with the opera-
tion # form a commutative semigroup with a unit element such that the law of unique
prime decomposition is valid.

7.B Uniqueness of the decomposition into prime knots:
proof

We will first describe a general concept for the construction of prime decompositions
of a given oriented knot ¥. Then we show that any two decompositions can be con-
nected by a chain of ‘elementary processes’.

7.14 Notations and definitions. Let S;, 1 < j < m, be a system of disjoint 2-
spheres embedded in S 3 bounding 2m balls B;, 1 <i <2m,in S 3 and denote by
Bj, By +j the two balls bounded by S;. If B; contains the s balls By, ..., B, as
proper subsets,

s
Ri = (B — ) By,
g=1

is called the domain determined by B;. Note that a domain R; is the closure of a
connected component of the complement S — UT:] S; . It follows from Alexander
duality [157, Thm. 3.44] that there are exactly m + 1 distinct domains. See Figure 7.6
for an example with m = 2.
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S
1 S

Figure 7.6. R, = By, R» = By and Rs = Ry = S5 — (B, U B,).

If each sphere S; meets f transversally at two points then the intersection x; = £ N
R;, oriented as ¥, and completed by simple arcs on the boundary of R; represents
aknot ¥; C R; C B;j. The knot ¥; is called the factor of ¥ determined by B;. It
is immediately clear that ¥; does not depend on the choice of the arcs on dR;. The
sphere system gives rise to m + 1 different factor knots.

7.15 Definition (Decomposing spheres). Let Sj, 1 < j < m, be a system of disjoint
2-spheres embedded in S* and let ¥ C S3 be an oriented knot. The spheres S; are
said to be decomposing with respect to ¥ C S if the following conditions are fulfilled:

(1) Each sphere S; meets ¥ transversally in two points.
(2) Each factor ¥; of ¥ determined by B; is a prime knot.

By @ = {(S;,f) | 1 < j < m} we denote a decomposing sphere system with respect
to £;if £ itself is prime we put © = @.

The following lemma connects this definition with our definition of the composition
of a knot.

7.16 Lemma. If © = {(S;,f) |1 < j
then the m + 1 distinct domains Ry, , 1
such that

m} is a decomposing system of spheres,

<
<k <m + 1, determining prime knots ?lk

P=b . HE,,

Proof by induction on m. For m = 1 Definition 7.15 reverts to the original definition
of the product of two prime knots. For m > 1 let B; be a ball not containing any other
ball B; and determining the prime knot £;. Note that R; = Bj is different from the
regions R;, i # [, since B; does not contain any other ball B;.

The boundary dB; is the sphere S;; where 1 <1’ <m, [ =1’ mod m. Replacing
the knotted arc x; = B; N ¥ in £ by a simple arc on dB; = S;/ defines a (non-trivial)
knot ¥’ C S°. The induction hypothesis applied to & = {(S;,¥') | 1 < j <m,j #
I’} gives that the m distinct regions R’j, 1 < j < m,of & determine prime knots

) suchthat £ = £ # ... #¥ .
J 1 m
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Each region R determines a region R; — él and a factor ¥] which coincides with
£; . Since the regions R;j , 1 < j < m, are distinct the same holds for the regions
le , 1 < j < m. Moreover these regions are all distinct from R; = B;. Hence by
setting I+ := [ we obtain

P HE = H L R, HE

Figure 7.7 illustrates Definition 7.15 and Lemma 7.16.

Figure 7.7. A decomposing system.

7.17 Definition. Two decomposing systems of spheres & = {(S;,£)}, & =
{(S/,8)}, 1 < j < m, are called equivalent if they define the same (unordered)
m + 1 factor knots £, , 1 <k <m+ 1.

The following lemma is the crucial tool used in the proof of the Uniqueness Theo-
rem. It describes a process by which one can pass over from a decomposing system to
an equivalent one.

7.18 Lemma. Let © = {(S;,¥) | 1 < j < m} be a decomposing system of spheres,
and let S’ be another 2-sphere embedded in S, intersecting £ transversally in two
points and disjoint from {S; | 1 < j < m}. Denote by B" and B" the balls bounded
by S" in S3.If By, 0B; = Sy, is a maximal ball contained in B’, that is B C B’
but there is no Bj such that By C B;j C B’ forany i # 1, and if B’ determines the
knot ¥; relative to the spheres {S; | 1 < j < m,l # j} U{S'}, then these spheres
define a decomposing system of spheres with respect to £ equivalent to © = {(S;,¥) |
1 <j <mj.

Proof. Define S]{ = Sj if j #1, Sl/ =5, Bl/ = B, Br/n+l = B, Bl.’ = B; for
i #1,1 +mand & := {(S},f) | | < j < mj}.Denote by ¥; respectively ¥; the
factor determined by B; respectively B] relative to & respectively &'.
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Figure 7.8. Two equivalent decomposing systems.

We have that the domains R; and R} determine the same factor £; = P; by as-

sumption. Note that R} = (R; — 131) Us, R; and therefore the domain (R — ﬁl)
determines the trivial knot (here we use that ¥; = f’; is prime). The domains R;y,,
and Rj_  arerelated by

[}
Riym = (R; = By) Us; R}, -
/
I+m-
Assume B; c B’. Fori # [, B; and B] determine the same domain R; = R;
and hence the same knot ¢; = ?{ since no inclusion B; C B; C B’, i # [, exists.
For comparing the domains R;,, and R; m (indices modulo 2m) there are several
cases to study:

Hence R; . and R, 4 determine the same prime factor f;4,, = f

e if there exists a k # i,] such that B; C By C B’ then R4+, = R;+m and hence
bivm =€, 5

e if B; C By ismaximal then R} = (R;—l?,)us, R;t+m and hence ¥4, =¥, .,

o
since the domain (R; — B;) determines the trivial knot;

- if B; C B’ is maximal then Ritm = Riqm, R}, = (R, — B;) Us, R = R,
and ¥; = £, .. Note that in this case Ry, = Ritm.

So instead of £;, £;.4,,, £, £iym = £14,, determined by B, Bjip, Bi, Bi+m

in &, we get £/, ¥/4p,, ¥;, ¥, = ¥, are determined by B;, B, ., B, B/,
in @,
The case B; C B” is dealt with in a similar way. O

7.19. Proof of the Uniqueness Theorem 7.12(b). The proof consists in verifying
the assertion that any two decomposing systems © = {(Sj,f) | 1 < j < mj},
& = {(S;.8) | 1 < k < m’'} with respect to the same knot £ are equivalent. We
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prove this by induction on m + m’. For m + m’ = 0 nothing has to be proved. The
spheres S; and S ,’c can be assumed to be in general position relative to each other.

To begin with, suppose there is a ball B; N &’ = @ not containing any other B; or
B,’C. Then by Lemma 7.18 some S ,’c can be replaced by S; = dB; and induction can
be applied to the knot £’ obtained from ¥ N B;,, by completing with a simple arc on
S;.

If there is no such B; (or B), choose an innermost curve A" of S ]/ N & bounding a
disk ' c S J/ = 8B]’- such that B; contains no other ball By of Bj. The knot ¥ meets
8’ in at most two points. The disk §" divides B; into two balls Bi1 and Biz, and in the
first two cases of Figure 7.9 one of them determines a trivial knot or does not meet
f at all, and the other one determines the prime knot £; with respect to &, because
otherwise 6’ would effect a decomposition of ¥;.

N A

B;
Figure 7.9

If Bi1 determines ¥;, replace S; by BBil or rather by a sphere S’ obtained from 8Bi1
by a small isotopy such that A’ disappears and general position is restored. The new
decomposing system is equivalent to the old one by Lemma 7.18. If ¥ meets §’ at two
points — the third case in Figure 7.9 — one may choose §” = § // — & instead of &' if
A’ is the only intersection curve on S’ . If not, there will be another innermost curve
A= S]’. NSk on SJ/. bounding a disk §” C SJ/. . In both events the knot ¥ will not meet
8" and we are back to case one of Figure 7.9. Thus we obtain finally an innermost ball
without intersections. This proves the theorem. O

The theorem on the existence and uniqueness of decomposition carries over to the
case of links without major difficulties. A proof was given by Y. Hashizume in 1958
[153].

7.C Fibered knots and decompositions

It is easily seen that the product of two fibered knots is also fibered. It is also true
that factor knots of a fibered knot are fibered. We present two proofs of this assertion,
an algebraic one which is quite short, and a more complicated geometric one which
affords a piece of additional insight.
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7.20 Proposition (Decomposition of fibered knots). A composite knot ¥ = ¥ # ¥, is
a fibered knot if and only if £, and ¥, are fibered knots.

Proof. Let &, &1, &, etc. denote the groups of £, £ and £, respectively. By Propo-
sition 7.10, & = &7 x &. From the Grushko Theorem, see [382, 2.9.2], it follows
that &’ is finitely generated if and only if & and &) are finitely generated. Now the
assertion 7.20 is a consequence of Theorem 5.1 O

7.21 Theorem (Decomposition of fibered knots). Let £ be a fibered knot, V' a regular
neighborhood, C = §3 —V its complement, and p: C — S' a fibration of C. Leta
2-sphere S C S3 decompose ¥ into two non-trivial factors. Then there is an isotopy
of §3 deforming S into a sphere S’ with the property that S’ NV consists of two
disks and S’ N C intersects each fiber p_l(t), teStina simple arc. Moreover, the
isotopy leaves the points of ¥ fixed.

Proof. Tt follows by standard arguments that there is an isotopy of S3 that leaves
the knot pointwise fixed and maps S into a sphere that intersects V' in two disks.
Moreover, we may assume that p maps the boundary of each of these disks bijectively
onto S!. Suppose that S already has these properties. Consider the annulus A =
C N S and the fiber F = p~!'(x) where * € S'. We may assume that S and F
are in general position and that A N dF consists of two points; otherwise S can be
deformed by an ambient isotopy to fulfill these conditions.

Now A N F is composed of an arc joining the points of A N dF (which are on
different components of dA4 ) and, perhaps, further simple closed curves. Each of them
bounds a disk on A, hence also a disk on F', since 7j(F) — m1(C) is injective.
Starting with an innermost disk § on F we find a 2-sphere § U 8’ consisting of disks
8 C F and § C A such that § N § is the curve 9§ = 38’ and § N 4 = 95. Now &’
can be deformed to a disk not intersecting A and the number of components of AN F
becomes smaller. Thus we may assume that A N F consists of an arc « joining the
boundary components of A, see Figure 7.10.

Figure 7.10
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We cut C along F and obtain a space homeomorphic to F x [ . The cut transforms
the annulus A4 into adisk D, dD = agyoa; 'y !, where the a; C F x {i}, i = 0,1,
are obtained from « and the y; from the meridians dV N S'.

Let g: F x I — F be the projection. The restriction g|D defines a homotopy
qooayp >~ qoawp. Since g o oy and g o o) are simple arcs with endpoints on JF
it follows that these arcs are ambient isotopic and the isotopy leaves the endpoints
fixed. (This can be proved in the same way as the refined Baer Theorem (see [382,
5.12.1]) which respects the basepoint; it can, in fact, be derived from that theorem by
considering 0F as the boundary of a ‘small’ disk around the basepoint of a closed
surface F’ containing F.) Thus there is an isotopy

H: (I xI,0I)xI)— (FxI,(0F)xI)
with
H(,0) =ao(t), H(t,1) = a1(2)
which is level preserving:
H(x,t) = (q(H(x,t)),t) for(x,t) el xI.

Therefore D’ = H(I x I) is a disk and intersects each fiber F x {¢} in a simple arc.
It is transformed by re-identifying F x {0} and F x {1} into an annulus A’ which
intersects each fiber p~!(¢),t € S!, in a simple closed curve. In addition 04’ = 9A.

It remains to prove that A’ is ambient isotopic to A. An ambient isotopy takes D
into general position with respect to D’ while leaving its boundary dD fixed. Then
D N D’ consists of simple closed curves. Take an innermost (relative to D”) curve
B. It bounds disks § C D and 8’ C D’. The sphere § U8’ C F x I C S* bounds
a 3-ball by the Alexander—Schoenflies Theorem 1.6. Thus there is an ambient isotopy
of F x I which moves § to §" and a bit further to diminish the number of components
in D N D’; during the deformation the boundary d(F x I) remains fixed. After a
finite number of such deformations we may assume that D N D’ = dD = dD’. Now
D U D’ bounds aball in F x I and D can be moved into D’ by an isotopy which is
the identity on d(F x [). Therefore the isotopy induces an isotopy of C that moves
A to A’ (see Figure 7.11). O

7.D History and sources

The concept and the main theorem concerning products of knots are due to H. Schu-
bert, and they are contained in his thesis [317]. His theorem was shown to be valid
for links by Y. Hashizume in [153] where a new proof was given which in some parts
simplified the original one. A further simplification can be derived from J. Milnor’s
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uniqueness theorem for the factorization of 3-manifolds [238]. The proof given in this
chapter takes advantage of it.

Compositions of knots of a more complicated nature have been investigated by
S. Kinoshita and H. Terasaka in [196] and Y. Hashizume and F. Hosokawa [154],
see E 14.4 (b).

H. Schubert used Haken’s theory of incompressible surfaces to give an algorithm
which effects the decomposition into prime factors for a given link [321].

In the case of a fibered knot primeness can be characterized algebraically: The sub-
group of fixed elements under the automorphism «a(t): & — &', a(x) =t~"'xt,x €
G’, t a meridian, consists of an infinite cyclic group generated by a longitude if and
only if the knot is prime. This result is due to W. Whitten [373].

For higher dimensional knots the factorization is not unique. This was proved by
C. Kearton [191] and E. Bayer [17], see also E. Bayer, J. Hillman and C. Kearton [16].

7.E Exercises

E 7.1. Show that in general the product of two links [; # [, (use an analogous defini-
tion) will depend on the choice of the components which are joined.

E 7.2. An m-tangle t,, consists of m disjoint simple arcs o;, 1 < i < m,in a
(closed) 3-ball B, dBNJi—, i = |J7L, do; . An m-tangle t,, is called m-rational,
if there are disjoint disks 6; C B, o; = BN 06; . Show that t,, is m-rational if and
only if there is an m -tangle tﬁ in the complement C = S3 — B such that t,, U tS,
is the trivial knot. (Observe that the complementary tangle tg is rational.) 2-rational
tangles are called just rational.

E7.3. Let S3 be composed of two balls By, B, S =B,UB,,BjNB, = S2 C S3.
If a knot (or link) ¥ intersects the B; in m-rational tangles t; = ¥ N B;, i = 1,2,
then ¥ has a bridge number < m.

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



110 Chapter 7 Factorization of knots

E 7.4. Prove Corollary 7.5 (b) using Proposition 7.10 and Proposition 3.10.

E 7.5. Show that the groups of the product knots £, # £, and £ # £5 are isomorphic,
where £7 is the mirror image of £,. The knots are non-equivalent if ¥, is not am-
phicheiral.
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Chapter 8

Cyclic coverings and Alexander invariants

One of the most important invariants of a knot (or link) is known as the Alexander
polynomial. Sections 8.A and 8.B introduce the Alexander module, which is closely
related to the homomorphic image & /&” of the knot group modulo its second com-
mutator subgroup &”. The geometric background is the infinite cyclic covering Coo
of the knot complement and its homology (Section 8.C). Section 8.D is devoted to the
Alexander polynomials themselves. Finite cyclic coverings are investigated in Sec-
tion 8.E — they provide further invariants of knots.

Let ¥ be a knot, U a regular neighborhood of ¥,C = S3 — U the complement of
the knot.

8.A Alexander module

We saw in Chapter 3 that the knot group & is a powerful invariant of the knot, and
the peripheral group system was even shown (compare Theorem 3.16) to characterize
a knot. Torus knots could be classified by their groups (see Theorem 3.39). In gen-
eral, however, knot groups are difficult to treat algebraically, and one tries to simplify
matters by looking at homomorphic images of knot groups.

The knot group & is a semidirect product & = 3 x &', where 3 =~ &/&’ is
a free cyclic group, and we may choose ¢ € & (representing a meridian of ¥) as
a representative of a generating coset of 3. The knot group & can be described by
&’ and the operation of 3 on &’: a +— a' = t~'at, a € &' . In Chapter 4 we
studied the group &”; it is a free group, if finitely generated, but if not, its structure is
rather complicated. We propose to study in this chapter the abelianized commutator
subgroup &'/&” together with the operation of 3 on it. We write &’/&” additively
and the induced operation as a multiplication:

arta,a €@ /&,

(Note that the induced operation does not depend on the choice of the representative ¢
in the coset #&’.) The operation a + fa turns &’/&” into a module over the group
ring Z3 = Z(t) of 3 = (t) by

+o0 ' +o00 .
( Z nit’)a = Z ni(tta), a € &' /&",n; € 7.

i=—00 i=—00
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8.1 Definition (Alexander module). The 3-module &'/&” is called the Alexander
module M (t) of the knot group where ¢ denotes either a generator of 3 = & /&’ ora
representative of its coset in & . (We follow a common convention by writing merely
3-module instead of Z 3-module.)

M(t) is uniquely determined by & except for the change from ¢ to ~!. We shall
see, however, that the operations ¢ and ¢~! are related by a duality in M(¢), and that
the invariants of M (t) (see Appendix A.6) prove to be symmetric with respect to the
substitution 7 > ¢!,

8.B Infinite cyclic coverings and Alexander modules

The commutator subgroup &’ <& defines an infinite cyclic covering peo: Coo — C
of the knot complement, &’ = 71C . The Alexander module M(¢) is the first ho-
mology group H;(Ceo) = &’ /&, and the group of covering transformations which
is isomorphic to 3 = & /&’ induces on H{(Cy) the module operation. Following
Seifert [328] we investigate M (1) = H;(Coo) in a similar way as we did in the case
of the fundamental group 71 Coo = &, see Paragraph 4.4.

Choose a Seifert surface S C S, 3S = ¥ of genus & (not necessarily minimal),
and cut C along S to obtain a bounded manifold C*. Let {a; | 1 <i < 2h} bea
canonical system of curves on S which intersect in a basepoint P. We may assume
that ¢; N £ = @, and that H?:l[azi_l,azi] ~ ¥ on §, see Proposition 3.13. Retract
S onto a regular neighborhood B of {a; | 1 <i < 2h} consisting of 24 bands that
start and end in a neighborhood of P . Figures 8.1 (a) and 8.1 (b) show two examples.

Figure 8.1 (a) Figure 8.1 (b)

Choosing a suitable orientation we obtain dB ~ ]_[lh:l[aZi_l,az,-] in B, and 0B
represents ¥ in S3. The second assertion is proved as follows: by cutting S along
ai,...,a, we obtain an annulus with boundaries ¢ and ]_[;'=1 [@zi—1,a»i]. This proves
the first two parts of the following proposition:
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8.2 Proposition (Band projection of a knot). Every knot can be represented as the
boundary of an orientable surface S embedded in 3-space with the following prop-
erties:

(@) S = D>U B U...U By, where D? and each Bj is a disk.

(b) BiNBj =@ fori # j, 0B; = Oli)/iﬁi)/i/_l, D? N Bi = o; U B, oD? =
18185 8287830284 . . . op—184n—3B3;) San—2B5;— | San—10288an.-

(¢c) There is a projection which is locally homeomorphic on S (there are no twists in

the bands B;.)

A projection of this kind is called band projection of S or of ¥ (see Figure 8.1 (b)).

Proof. It remains to verify assertion (c). Since S is orientable every band is twisted
through multiples of angle 27 (full twists). A full twist can be changed into a loop of
the band (see Figure 8.2). |

( )

Figure 8.2

8.3 Regular neighborhood of §. There is, obviously, a handlebody W of genus 24
contained in a regular neighborhood of S with the following properties:

(a Scw,
b) IW=8STUS™,STNS =93ST=0S"=SNIW =¢,ST =S =S,
(c) S is a deformation retract of W .

We call ST the upside and S~ the downside of W . The curves aj,...,ay, of S
are projected onto curves a1+, .. ,a;z on ST, and ajy,...,d,, on S, respectively.
After connecting the basepoints of ST and S~ with an arc, they define together a
canonical system of curves on the closed orientable surface dW of genus 24 in par-

ticular, they define a basis of H{(0W) = Z*" . Clearly
+

a;” ~a; inW.
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Choose a curve s; on the boundary of the neighborhood of the band B; such that s;
bounds a disk in W . The orientations of the disk and of s; are chosen such that the
intersection number of the disk and a; is +1 i.e. Ik(a;, s;) = 1 (right-hand rule), see
Figure 8.3.

Figure 8.3
8.4 Lemma. (a) {ai+,...,a2+h,a1_,...,a2_h} and {s1,...,$p,a5,...,a5,}
with ¢ = + or ¢ = — are bases of H,(0W) = Z*".
(b) {af,...,d5,} (e € {+,—}) is a basis of Hi(W), and {s\, ..., sy} is a basis of

H(S3—W) =172,

Proof. The first statements in (a) and (b) follow immediately from the definition of
W . The second one of (a) is a consequence of the fact that either system of curves
{sl,...,szh,a‘f,...,agh}, & = + or —, is canonical on dW, that is, cutting dW
along these curves transforms dW into a disk. Finally {si,...,sp;} is a basis of
H(S3— W), since W can be retracted to a 2/ -bouquet of 1- spheres in S3. The
fundamental group and, hence, the first homology group of its complement can be
computed in the same way as for the complement of a knot. One may also apply the
Mayer—Vietoris sequence:

0= H(S )—>H1(8W)—>H1(W)EBH1(S3 W)—)Hl(S ) =0.

Here ¢ is given by ¢(s;) = (0,s;). From H{(0W) =~ Z*" and H,(W) =~ 7%
we get H(S3 — W) = Z*" . Now it follows from (a) that {si,..., s} is a basis of
H\(S3—W). 0

8.5 Definition (Standard Seifert matrix).

(a) Let vjr = Ik(a;, ay ) be the linking number of a; and aj . The (2h x 2h)-matrix
V' = (vjx) is called a standard Seifert matrix of ¥.

(b) Define fjx = lk(a; —aj+,ak) and F = (fjx).

A standard Seifert matrix (v;x) can be read off a band projection in the following
way: Consider the j -thband B; endowed with the direction of its core a; . Denote by

lik (resp. rji ) the number of times when B; overcrosses By from left to right (resp.
from right to left), then put vjx = [
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8.6 Lemma. (a) Let i%: S® — S3 — W denote the inclusion. Then

2h 2h
i,j'(a;') = Z Vg Sk andi*_(aj_) = Z VK Sk-
k=1 k=1

(b) F =

J
infinity. Zj_ﬂ(S 3_W) represents a 2-chain realizing a; ~ Zihzl Vjk Sk , Figure 8.4.
+
J
upward, yields aJ?L ~ Y k VkjSk- Note that vjz = lk(aj_,ak) = lk(aj,a,j') =
lk(a,':,aj).

Proof. (a)Let Zj_ be a projecting cylinder of the curve a’ , and close Zj_ by a point at

. . . . . . + .
The same construction applied to a;", using a projecting cylinder Z, directed

Figure 8.4

(b) There is an annulus bounded by a;” —a l+ . It follows from the definition of the
canonical system {a;} that

SPon—ron = Ik(az,_, —ad,_|,ax) = int(@m—1,a,) = +1,
fomon—1 = Ik(as, — a3, am—1) = int(azn, azp—1) = —1,

fir = 0 otherwise (Figure 8.5). (A compatible convention concerning the sign of the
intersection number is supposed to have been agreed on.) The matrix F' = (fj¢) is
the intersection matrix of the canonical curves {a;} (Figure 8.5). O
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ap \a2 3
aq
aj

In what follows we shall write the equations

Figure 8.5

2h
- +
a; ~ Zvjksk and a; ~kajsk
k=1 k
frequently in matrix form, = = Vs and at = VT, where a®,a™, s denote the

2h-columns of the elements a'.", a;, sj.

Definition 8.5 and Lemma 8.6 imply that standard Seifert matrices have certain
properties. The following proposition uses these properties to characterize standard
Seifert matrices:

8.7 Proposition (Characterization of standard Seifert matrices). A standard Seifert
matrix V of a knot ¥ satisfies the equation V. — VT = F_ (VT is the transposed
matrix of V and F is the intersection matrix defined in Lemma 8.6 (b)).

Every square matrix V' of even order satisfying V — VT = F is a standard Seifert
matrix of a knot.

Proof. Figure 8.5 shows a realization of the matrix

01
00

o O
S

Vo =

01
00
Any 2hx2h matrix V satisfying V—V7T = F isoftheform V = 5+ 0,0 = 0T .
A realization of V' is easily obtained by an inductive argument on / as shown in
Figure 8.6. (Here a (2h —2) x (2h —2) matrix V| and a 2 x 2 matrix V, are assumed
to be already realized; the bands are represented just by lines.) The last two bands can
be given arbitrary linking numbers with the first 2 — 2 bands. O
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8.8 The general Seifert matrix. In this paragraph we are going to free ourselves
from the geometrically defined canonical basis {a; } of S and introduce a more general
concept of a Seifert matrix V' = (v;%) (see the notation at the beginning of this section
and Definition 8.5).

8.9 Definition. Let {a; | 1 <i <2g} beabasisof H;(S).Abasis {s; | | <i <2g}
of H{(C™) is called an associated basis with respect to {a;}, if Ik(a;, sx) = ;. The
matrix V' = (vj;) defined by the inclusion

2g
iT1 ST CY o ifa)) =) viksk

i=1

is called a Seifert matrix. To abbreviate notations we use vectors s = (s), a = (a;),
at = (aii) etc.

We have used standard associated bases a and s derived from a band projection.
For these we deduced i} (a™) = VTs from iJ(a~) = Vs. Moreover, in this case
V — VT = F represents the intersection matrix of the canonical basis {a;}, if a
suitable convention concerning the sign of the intersection numbers is agreed upon.
The following proposition shows that these assertions remain true in the general case.

8.10 Proposition. Let a, s be associated bases of H{(S) and H|(C*) respectively.
Ifi7(a”™) = Vs then i} (at) = VTs. Moreover & = V — VT is the intersection
matrix of the basis a = (a;).
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Proof. We have i (a;) = D vixSk and hence v;x = lk(a;,ax). Now observe
that vy = lk(a; ,ar) = 1k(ai,a,':) = lk(ak+,a,~) and hence

2g
i;"(a?') = Zwiksk where w;; = lk(a;L,ak) = V.
i=1

Therefore we have i}f (aT) = V7s.
Now, the same argument as in the proof of Lemma 8.6 (b) gives:

oy = Ik(aj —a;",ax) = int(a, aj).

Therefore V — VT = % = (o; ) is the intersection matrix of the basis {a; } O

8.11 Remark. Let a, § be the standard bases of a band projection with i (™) = V§
and C aunimodular 2g x 2g integer matrix such that @ = Ca then ¥ and F are
congruent i.e.

s=V-vli=cv-vIicT =cFcT, (8.1

8.12 Corollary. A square matrix V' of even order is a Seifert matrix of a knot if and
only if det(V —VT) =1.

Proof. If V is a Seifert matrix of a knot then (8.1) implies that det(V — V7T) = 1.

For every square matrix V of even order the matrix Q := V — VT is skew-
symmetric. Hence by Theorem A.1 in Appendix A there exists a unimodular matrix
L such that

0 b
—b; 0
0 b
LQLT — —b2 0
0 by
—by, 0
with by | by | --+ | by,. Now, det Q = 1 implies that b; = =£1. The equation

01 0 a\(O0 1\ (0 —a
1 0J\—a 0)J\1 0/ \a O
shows that we can arrange that b; = 1 for all 1 < i < h. Therefore, Proposition 8.7

implies that V = LVLT is a standard Seifert matrix of a knot. Hence V is a Seifert
matrix as in Definition 8.9. O
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8.C Homological properties of C,,

Let us recall that Coo is the regular covering space associated to the kernel of the
canonical epimorphism ¢: 7;C — Z given by ¢([y]) = lk(y,¥). As in Section 3.A
the symbol H; will denote the (singular) homology with coefficients in Z . The group
of covering transformations 3 is isomorphic to the integers and admits a preferred
generator 7: Coo — Coo . The induced automorphism of H;(Ceso) Will be denoted by
t: H(Cso) — H{(Cx).Hence H{(Coo) turns into a Z(t)-module.

8.13 Remark. Note that the ring Z(t) is Noetherian by the Hilbert basis theorem.
Moreover, the chain groups Cx«(Cso) are finitely generated, free Z(¢)-modules since
C is afinite complex. Hence H«(Cxo) is a finitely generated Z(¢)-module. For details
see [206, Chap. X, §1].

Let S be a Seifert surface, W its closed regular neighborhood, C* = §3 — W,
and let C*(i € Z) be copies of C* and h;: C* — C;* the corresponding homeo-
morphism. For the expressions a™, a™, s see Definition 8.9.

8.14 Theorem. Let V be a Seifert matrix of a knot. Then A(t) = VT —tV is a pre-
sentation matrix of the Alexander module H)(Coo) = M(t). (We call a presentation
matrix of the Alexander module an Alexander matrix.) More explicitly: H{(Ceo) is
generated by the elements

2h

i+1 i+1 —

t'sj,i €Z,1<j <2h, andt'a vakjsk Zt’ vikSk =t'"a;
k=1

are defining relations.

Proof (Levine [209], Erle [93]). The Mayer—Vietoris sequence applied to the decom-
position S3 = W U C* gives:

H3(S%) => Hy(0W) —> Hy(W) @ Hy(C*) — Hy(C) = 0.

We have H,(W) = 0 and in Theorem 3.1 (a) we showed H;(C) = 0 for i > 2. This
implies H(C*) = 0.

Recall from 4.4 that Cy, is obtained from the infinite union 1I; C * by identifying
hj(x) with hjy1(r(x)) for x € S*,j €Z,where r: ST — S~ is the homeomor-
phlSHl mapping a point from SV to the point of S~ which corresponds to the same
point of the Seifert surface S. Welet j*:S* — S denote the homeomorphism such
that j* = j~ r.In what follows we let S; denote the image /;(S™) = h;j41(S7)
in Cqs. The canonical homeomorphism g;:S; — S is given by g;j(x) = j+hj_1(x)
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for x € S;. Note that g; = j_hj_-}-1|S.l' since rhj_l|Sj = hJJrl

|Sj and j* = j"r.

* * *
Cj—l Cj Cj+1

Sj— Sj—1 Sj Sj+1

In Co we have S; = C j* N C¥, . The corresponding inclusions will be denoted

j+1°
by ij+:Sj — Cj* and i1 Sj — C]?"H and are given by
i;f=h; it RS  and i = hjy1iT hy S
We apply the Mayer—Vietoris sequence to the following decomposition of Cy:
EgUE| = Coo, Eg = Uiz Cy;, Ey = Uiz Cyi iy, Eo N E1 = U;ezS; .

This gives the following exact sequence:

0= Hy(Ep) & Hr(E|) > Hy(Cxo) = Hi(Eg N EY) ﬁ; H(Ep) & H{(E))
— H{(Cso) = Ho(Eo N E) = Ho(Ey) & Ho(E|) > Hy(Coo) — O.

Since E( and E; consist of disjoint copies of C*, wehave H,(Ey) = H»(E;) = 0.
The homomorphism Hy(EqN Ey) — Hy(Eo) ® Ho(E}) is injective, since for i # j
the surfaces S; and S; belong to different components of Ey or Ej. This implies that
the first line of the following sequence is exact.

0= Hy(Coo) —— @Djez Hi(S)) —— Dz Hi(C}) ——— Hi(Coo) >0

glid glw Ell/f glid
0= Hy(Coo) —— H\(S) ®z Z(t) —— H\(C*) ®7 Z(t) ——> H(Cos) — 0
(8.2)

For x € H(Sj), we have by definition a(x) = (—=1)7 (i;; (x) — ij_*(x)) and the
isomorphisms ¢ and i are defined by
o) = g () ® (D17, y () =h () @1

for x € Hi(S;) and y € Hl(C;‘). The morphisms S and 7 are given by the com-
mutativity conditions. It follows that for z € H{(S) the equation

pezet)y=if(GH ' @&t —i; i) @)@t
holds.

We choose now a basis {a; | 1 < j < 2h} of H (S) and an associated basis
{s; | 1 <j <2h} of Hi(C*) with respect to {a;}. Finally, jf(ajﬂ.:) = a; and

Blaj @) =il (@)@ 1—i (@)@t =il (a])®1—1(iy(a;) ®1).
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Therefore, the map f is represented by the matrix V7 — ¢tV with respect to the
bases {a; ® 1}, {s; @ 1} of H{(S) ®z Z(t), Hi(C*) @z Z(t) respectively (see
Lemma 8.6). O

For further use we are interested in the other homology groups of C,. Let R be an
integral domain i.e. a non-trivial commutative ring with identity in which the product
of any two nonzero elements is not equal to zero. We let R(¢) denote the group ring
R.3 with coefficients in R i.e. R(t) = R ®gz Z(t).

8.15 Corollary. Let R be an integral domain. Then there exists an exact sequence of
R(t)-modules

0= H\(S:R) ® R(t) 2> H\(C*: R) ® R(t) = H\(Coo: R) — 0.  (8.3)

If V is the Seifert matrix of two associated basis of H((S) and H{(C™*) then B is
represented by the matrix VT —tV .

Proof. The proof of Theorem 8.14 can be repeated with R coefficients. Hence se-
quence (8.2) is exact if Z is replaced by R. Now observe that f is injective since
det(VT — V) =1 # 0 by Corollary 8.12 (here we have used that R is an integral
domain). Hence H;(Coo; R) = 0 and the assertion follows. O

8.16 Proposition. Let R be an integral domain.

H,;(Cxo; R) =0 form > 1,
Hi(Coo,0Co0; R) = Hi(Coo; R),
H>(Coo,0Co0; R) =~ R,

H;(Coo,dCo0; R) =0 form > 2.

Moreover, the group of covering transformations acts trivially on H(Ceo, 0Coo; R)
and the isomorphism H,(Coo,dCoo; R) = R depends only from the orientation of
the knot.

Proof. Ceo is a 3-dimensional non-compact manifold, and dCx is an open surface.
Thus: H;;(Coo; R) = Hpy(Coo, 0Co0; R) = 0 for m > 3, and H7(0Coo; R) = 0.
The vanishing of H»(Cso; R) follows from the argument in the proof of Corol-
lary 8.15.
Let S; C Cx. The natural inclusion (S;,0S;) — (Cwo, dCx) then yields to the
following diagram (the coefficients R understood):

0= Hy(S;.0S;) ——s H(0S;)) —— H\(S;) —— H(S;.5;) =0

I ool |

0 = Hy(Coo 3Cos) ——— H{(3Cop) ———> H{(Coo) ——> H(Cop,ICo) — 0.
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The first line of the diagram is clear and 0Coo = 0S; x R this implies the O in the
second line and the other isomorphisms. We obtain the following diagram:

Hy(S),0S)) —— H(3S)) = R

I I

d
H(Coo,0Co0) ——  H1(ICo0)

which implies the assertion of the proposition. O

8.D Alexander polynomials

The Alexander module M (t) of a knot is a finitely presented Z(t)-module. In the
preceding section we have described a method of obtaining a presentation matrix A ()
(an Alexander matrix) of M(¢). An algebraic classification of Alexander modules is
not known, since the group ring Z(¢) is not a principal ideal domain. But the theory of
finitely generated modules over principal ideal domains can nevertheless be applied
to obtain algebraic invariants of M(¢).

We call two Alexander matrices A(t), A'(t) equivalent, A(t) ~ A'(t), if they
present isomorphic modules.

Let R be a commutative ring with a unity element 1, and A an m X n-matrix over
R . We define elementary ideals E;(A) C R, for k € Z

0,ifn —k >mork <0,
Er(A) = JR,ifn—k <0,
ideal, generated by the (n — k) x (n — k) minors of 4,if0 <n —k < m.

It follows from the Laplace expansion theorem that the elementary ideals form an
ascending chain

0=E_1(4) C Eo(A) C Ex(A) C--- C Ep(A) = Ep1(4) =--- = R.

8.17 Remark. Let M be an R-module and let A be an m x n presentation matrix of
M 1i.e. there is an exact sequence

A
R™ > R" > M — 0.

The elementary ideals E(A) are invariants of the module M (see Turaev [359, 1.4],
Crowell and Fox [80, Chap. VII] and Zassenhaus [377, II1.§3] for more details). El-
ementary ideals were introduced by H. Fitting in [104] and are employed in several
branches of algebra and algebraic geometry (see Lang [206, XIX.2] for details).
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Given a knot ¥, its Alexander module M (¢) and an Alexander matrix A(¢) we call
Ep(t) = Ex_1(A(t)) the k-th elementary ideal of £. The proper ideals Ej(¢) are
invariants of M(¢), and hence, of ¥. Compare Appendix A.7 and Crowell and Fox
[80, Chapter VII].

8.18 Definition (Alexander polynomials). The greatest common divisor Ay (¢) of the
elements of Ej(t) is called the k-th Alexander polynomial of M(t), resp. of the knot.
Usually the first Alexander polynomial Aj(¢) is simply called the Alexander poly-
nomial and is denoted by A(z) (without an index). If there are no proper elementary
ideals, we say that the Alexander polynomials are trivial, Ay (¢) = 1.

Remark. Z(¢) is a unique factorization ring. So Ay () exists, and it is determined up
to a factor £¢7, a unit of Z(¢). The k -th Alexander polynomial Ay (¢) is a generator
of the smallest principal ideal containing Ej (¢).

8.19 Definition. Two elements f(t), g(t) € Z(t) are called associated if there is a
unit ¥ = =+t¥ in Z(¢) such that f = u g. It will be convenient to introduce the
following notation:

f(@)=g(t)for f(t),g(t) € Z(t), if f(t) and g(¢) are associated.

The degree of a nonzero element f(t) = ) ; a;t* € 7 is the difference between
the largest and smallest values of i for which a; # 0. It is clear that two associated
elements in Z(t) have the same degree.

8.20 Remark. The Alexander polynomials do not in general determine the elementary
ideals (see Gordon [133] and E 8.3).

8.21 Proposition. The (first) Alexander polynomial A(t) is obtained from a Seifert
matrix V of a knot by

VT —tv| =det(VT —1V) = A@0).
The first elementary ideal E|(t) is a principal ideal.

Proof. By Theorem 8.14, VT —tV = A(t) is a 2h x 2h presentation matrix of
M(t). The determinant |A(z)| generates the elementary ideal Eo(A(z)) = E(1).
Since det(A(1)) = 1, the ideal does not vanish, E;(t) # 0. O

8.22 Proposition. The Alexander matrix A(t) of a knot ¥ satisfies
(@) A(t) ~ AT ™YY  (duality).

The Alexander polynomials Ay (t) are polynomials of even degree with integral coef-
ficients subject to the following conditions:
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(b) For some integer n, Ay is a unit for k > n.
(©) Ar(l) = %1,

(d) Ap(t)=Ap(c™")  (symmetry),
(©) Ar(t) | Ag—i(1),
) (Ar/Ars1) | (Ag—1/Ap).

Remark. The symmetry (d) implies, together with deg Az (#) = 0 mod 2, that A (¢)
is a symmetric polynomial:

2r
Ar(t) = Zait‘, axy—i = aj, ag=day #0.
i=0

Note also that A (¢) is a primitive polynomial i.e. the integer coefficients a; of Ay
are coprime. This follows from Ag(1) = +£1.

Proof of Proposition 8.22. Let V be a Seifert matrix of £. Duality follows from the
fact that A(t) = VT —tV is an Alexander matrix by Theorem 8.14, (VT —t=1v)T =
—t=' (VT —tV). This implies Ex(t) = Ex(¢t~") and (d). Property (e) follows from
the definition. For t = 1 we get: A(1) = det(VT — V) = 1, see Corollary 8.12, and
hence Aj(1) = £1. Then Ag | Ag_; implies (c). The fact that Ag(¢) is of even
degree is a consequence of (c¢) and (d).

Property (f) follows from the fact that A(z) is also a presentation matrix for the
Q(t)-module H(Coso, Q) (see Corollary 8.15). Now, Q(¢) is a principal ideal domain
and hence H|(Cxo, Q) is a direct sum of cyclic modules:

H(Co, Q) = Q1) /(A1) & --- ® Q1) /(An)

where A; € Q(¢) such that A, | A,—1 | --- | A1. The A; are unique up to multiplica-
tion with a unit r ¥ € Q(¢), v € Z, r € Q. Therefore we can chose A; € Z(t) to
be a primitive polynomial. The element €; := A A,—1--- A € Z(t) is then a gen-
erator of the ideal generated by the (n —k + 1) x (n — k + 1) minors of A(¢) in
Q(¢). Since Ay divides each such minor it follows that Ag | € in Q(¢). Moreover,
f € Q(t) and Ay - f = ¢ implies that f € Z(t). Otherwise the product of two
primitive polynomials would be not primitive in contradiction to Gauss’ Lemma (see
Lang [206, IV.2]). Therefore, Aj | €; in Z(t).

On the other hand, if a € Ex(t) C Z(t) then there exists g € Q(z) such that
a = g-€. Again, Gauss’ Lemma implies g € Z(t). This gives Ej(t) C €xZ(t) and
hence € | Ag in Z(t) since Ay is a generator of the smallest principal ideal in Z(t)
containing Ej(t). Therefore Ay and ¢; are associated elements in Z(z). It follows

that Ay = Ag/Ag4; and the condition Ay | Ax_; is equivalent to (f). O

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



Section 8.D Alexander polynomials 125

8.23 Remark. The Alexander module M () is a Z(t)-torsion module. If A(z) is a
n X n presentation matrix of the Alexander module M (¢) and if x € Z(t)" represents
an element of M(¢) then

A(t) - x =det A(r) - x = (x - A*(1)) A(t)

represents the trivial element. Here A™(¢) is the the adjoint of A(t) (see Lang [206,
XIII, §41). Now, M(t) is torsion since A(t) # 0.

8.24 Proposition (Crowell [78]). The Abelian group &'/&" is torsion free.

Proof. Let A(t) be an n x n presentation matrix of the Alexander module M (z).

It is sufficient to prove that for ¢ € Z, x,y € Z(t)" the equation gx = yA(t)
implies y = O mod ¢g since y = ¢y’ for a certain y’ € Z ()" gives x = y'A(r)
and hence x represents the trivial element in M (¢). Now, multiplying the equation
yA(t) = 0 mod ¢ with the adjoint of A(¢) gives y - A = 0 mod ¢ (see [206, XIII,
§41]). On the other hand, A(1) = =£1 implies that A(¢) is a primitive polynomial and
hence by the Gauss Lemma we obtain y = 0 mod ¢ (see [206, IV.2]). |

8.25 Remark. Let R be a factorial ring. Then Corollary 8.15 and the proof of Propo-
sition 8.24 show that H(Cuo; R) is torsion free as R-module.

The symmetry of A(¢) suggests a transformation of variables in order to describe
the function A(¢) by a polynomial in Z(¢) of half the degree of A(¢). Write

A)=ar +ar1(t +t™) + . Fa " +177),

and note that K 4 =¥ is a polynomial in (¢ + ') with coefficients in Z . The proof
is by induction on k . For the sake of normalizing we introduce u =t +t~' —2 asa
new variable, and obtain A(7) = Z;=0 ciut, co=1,¢; € Z.

Clearly, every polynomial Zfzo c;iu' yields a “symmetric polynomial” putting
u=t+t71-2.

8.26 Theorem. The Alexander polynomial A(t) = Z?:o a;tt, arr_; = a; of a knot
can be written in the form

r
A() =) ciut withu=1t+1""=2co=1andc; € L.
i=0

Conversely, given arbitrary integers ¢; € Z, 1 < i < r, there is a knot ¥ with
Alexander polynomial

r
At) = Zciui, co= 1.
i=0
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Consequently, every symmetric polynomial A(t) = ?rzo a;t" with A(1) = £1 is
the Alexander polynomial of some knot ¥ C S°.

Proof. The first assertion is clear. Suppose that integers ¢; € Z, 1 <i < r are given.
Let V' be any 2r x 2r standard Seifert matrix, see Theorem 8.7. By vl = v —-F s
FTF = E and det F = 1 we get

WT —tV|=|V—-F—tV|=|(1-t)V —F|=|(1-t)FTV — E|
1
=(1-0)”|FTv - T El= A7 FTY — AE| (8.4)

where A~! = 1 —¢ such that A= =t u. Now (A(A —1))~! = u, hence with ¢y = 1
we obtain

r r r
Zciui =u" Zciui_r =u" ZC’_i (A(A—=1))". (8.5)
i=0 i=0 i=0

For any integers d; € Z, 1 <i < r, the following (2r x 2r)-matrix

d 0] 0 1
-1 1] 0 O
0O O0|d OO0 1
1 0l—-1 OO0 O
0O of .
V= 8.6
L 0 (8.6)
0 1
0 0
0 0|d O
1 0|—-1 0
is a Seifert matrix of a knot ¥ (see Theorem 8.7).
8.27 Claim.
r—I1 ) )
AA) = [FTV =AE| =) dri (1) "' A = D) + A — D).
i=0
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Proof of the claim. By induction on r. We have

11— -1 0 0
d -2 0 1
-1 0|1-2 0|0 O
0 0 d —-A|0 1

FTyv —\E =
0 0

0 0

| 0 1
-1 0(1-212 0
0 0 dr _A

Denote by D(d), . ..,d,) the determinant of (FTV —AE) ,andby D’(d,,...,d,)
the determinant of the submatrix of (F7 V — AE) that is formed by deleting the last

row and the last but one column. We have
D(d) =AA—1)+d,, D'(d)=-1,
D(di,dy) = —dy + diA(A—1) + AA = 1))*, D'(di,dy) = 1.

By expanding D(dy,...,d,) by the last row, we obtain:

D(d,,....dy) = —d,D'(dy,....d;) + A\(A — )D(d\,...,dr—1)

It is easy to see that

D'(dy,...,dy) =—=D'(d\,....,dr—) = (=1)""2D'(d,,d») = (—1)" 2.

Therefore, by induction:

D(d,,....dy) = (=1)"""d, + A(A = 1)
r—1
(XA T AR = YT G- 1)

i=1
r—1

=2 dri (DT AR - 1) + AR - 1)
=0

Now put dy—; = (=) l¢,_;, 1<i<r—1,and ¢y = 1. Then

[FTV —2E| =) ¢, i AA - 1)
i=0
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By equation (8.4) the Alexander polynomial of ¥ is
Ay = VT —tv| =277 |FTv - )E|

r r
=1y e QA=) =1 et
i=0 i=0
Therefore, A(r) = Y 7_, c;u’ is the Alexander polynomial of £. O

Remark. The presentation of the Alexander polynomial in the concise form

n
Ay == ci
i=0

was first given by Crowell and Fox in [80, Chapter IX, Exercise 4] and employed later
by Burde in [51] where the coefficients c; represented twists in a special knot projec-
tion. This connection between the algebraic invariant A(¢) and the geometry of the
knot projection has come to light very clearly through Conway’s discovery [71]. The
Conway polynomial is closely connected to the form ) _; c;u’ of the Alexander poly-
nomial. It is, however, necessary to include links in order to get a consistent theory.
This will be done in Section 9.E.

8.28 Proposition. Ler Vi and Vi be Seifert matrices for the knots ¥ and 1, and let
A® @) and AD (1) denote their Alexander polynomials. Then

Vi 0 _
(0 V[) =V
is a Seifert matrix of the product knot £ # [, Mgy (1) = Myg(t) ® My(t) and
A®*D (1) = A1) . AD(r),

Proof. The first assertion is an immediate consequence of the construction of a Seifert
surface of ¥ # [ in Proposition 7.4.
If A; is a presentation matrix for the module M; then (“(1)1 /(1)2) is a presentation

matrix for M| @& M;. This implies the second assertion. The third one follows from
VT v = |v®" — iy @) yOT _y®) O
8.29 Corollary. There exists a knot ¥ C S3 with given arbitrary polynomials Ay (1)

subject to the conditions (a)—(f) of Proposition 8.22.

Proof (Gordon [133]). Let V' be the Seifert matrix given in equation (8.6). Then the
module represented by the matrix A(z) = VI —¢V is the cyclic module Z(z)/(A(t))
(see E 8.5).
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By taking direct sums it is possible to construct a knot with given arbitrary polyno-
mials Ag(¢) subject to the conditions (a)—(f) of Proposition 8.22. First define A, =
Ay /Ap+1 and observe that Ax () € Z(t) is a symmetric polynomial of even degree
with A (1) = £1. By Proposition 8.26 there exists a knot £ such that My, (f) =
Z(t)/(Ax). Now, Proposition 8.28 implies that £ = £, # ---# £,, is a knot such that

My(1) = Z(t)/ (A1) © -~ & Z(1)/(An)
and A](f)(t) = Apn- - Ar = Ag. (See Levine [208] for a different proof.) O
8.30 Examples. (a) The Alexander polynomials of a trivial knot are trivial: Ag(¢) = 1.
(Inthiscase & = G /&' = 3,8 =1,M(t) = (0).)

(b) Figure 8.7 (a) and 8.7 (b) show band projections of the trefoil 3| and the four-
knot 4 : the Seifert matrices are:

-1 -1 1 —1
V3] - (O _l)a V4| - (O _1)’
V== =+ 1, V=tV | =02 =30+ 1

(For further examples see E 8.8.)

& o

Figure 8.7 (a). The right-handed trefoil. ~ Figure 8.7 (b). The figure-eight knot.

8.31 Normalization of A(¢). In what follows we shall normalize A(t) such that
At) = Z?rzo ait', ap = arr # 0 i.e. A(0) = ag = ayy is the leading coefficient of
the Alexander polynomial.

The normalized Alexander polynomial is called monic if A(0) = +1.

8.32 Proposition. The Alexander polynomial of a knot ¥ is monic if and only if the
Alexander module is a finitely generated as an Abelian group.

Proof. Since A(t) = det A(7) annihilates the Alexander module the assumption A(z) =
f‘i o ait" monic implies that H1(Cwo) is generated by finitely many elements {'s; |

0<i<2g—1,1=<j <2h} (see Theorem 8.14 for notation).
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If Hi(Cs) is finitely generated then it is a free module of finite rank (Proposi-
tion 8.24). Let y(X) denote the characteristic polynomial of the automorphism ¢ of
H{(Cw). Then the Cayley—Hamilton Theorem implies that y(¢) € Z(t) annihilates
the Alexander module. Moreover, (A/A5) divides y(¢) (E8.12) and hence (A;/A»)
is monic. Then by Proposition 8.22 (f) all (A;/A;+1) are monic. This implies that

Ap = (A1/A)(A2/A3) - (An/An+1),  Any1 =1,

1S monic. ]

8.33 Proposition (Alexander polynomials of fibered knots). The Alexander polynomial

2g
INOEDIIT
i=0

of a fibered knot ¥ (see Chapter 5) satisfies the conditions
(@) A(0) =ag =aze = %1 ie. A(t) is monic,
(b) deg A(t) = 2g, g the genus of .

Proof. (a) If £ is fibered then H|(Cso) is finitely generated and Proposition 8.32 im-
plies that A(¢) is monic.

(b) If S is a Seifert surface of minimal genus g spanning ¥, the inclusion
i*: §* — C* induces isomorphisms iF: 7;8* — m;C* (by Theorem 4.7).
Hence, iF: H{(S*) — H{(C*) are also isomorphisms. This means (by Lemma 8.6)
that the corresponding Seifert matrix V' is invertible over Z. By Proposition 8.21:
A@)=|VTV=' —tE|, A(t) is the characteristic polynomial of a 2g x 2g regular
matrix VT V1, m

Conditions (a) and (b) of Proposition 8.33 characterize Alexander polynomials of
fibered knots: There is a fibered knot with Alexander polynomial A(t), if A(t) is any
polynomial satisfying (a) and (b), (see Burde [51] and Quach [293]). Moreover, it was
proved by Burde and Zieschang [61], and Bing and Martin [22] that the trefoil and the
four-knot are the only fibered knots of genus one. The conjecture that fibered knots
are classified by their Alexander polynomials has proved to be false in the case of
genus g > | by Morton [251]. Later Morton proved in [252] that there are infinitely
many different fibered knots to each Alexander polynomial of degree > 2 satisfying
Proposition 8.33 (a). The methods used in Morton’s paper are beyond the scope of this
book; results of Johannson [179], Jaco and Shalen [177] and Thurston are employed.

It has been checked that the knots up to ten crossings are fibered if (and only if)
A(0) = £1 [184]. More recently it was proved by Friedl and Vidussi [121] that a
knot is fibered if and only if certain twisted Alexander polynomials satisfy conditions
(a) and (b) of Proposition 8.33.
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~

8.34 Proposition (Alexander modules of satellites). Ler £ be a satellzte t its com-
panion, and ¥ the prelmage of ¥ under the embeddlng h: V.— V asin Defini-
tion 2.8. Denote by M(t), M (1), MQ) and A(t), A (1), A(t) the Alexander mod-
ules and Alexander polynomials of £, L fcs3 respectively.

(a) M(t) = M(t)@[Z(t)@Z(tn) M (t™)] where n = |Ik( 1, £)| denotes the winding

number of £ in V.

(b) A@) = A@)- A",

Proof. We use the notation of Paragraph 4.13. Suppose first that n > 0. The infinite
cyclic covering Cw is given by

n—1 n—1 n—1
Coo=foou(]_[zk600) where éooﬂ(]_[tkaoo)=]_[tk?oo.
k=0 k=0 k=0
The corresponding Mayer—Vietoris sequence gives the following short exact sequence

H>(Coo) = 0 — @ ¥ H(T o)
> Hy(Coo) @ (@72} t* Hi(Co0)) — Hi(Coo) = 0.

Recall that /foo ~ (0 :S'\oo) x R where /S\oo is a lift of a Seifert surface of ¥ to C 00 -
Hence a generator of H;( Too) = Z represented by a lift 2 o =10 Seoo of the lon-
gitude of ¥ and is mapped trivially under H 1(Too) = H1(C o). This 1mp11es that
Im(jx) is generated by the set {tk Aoglk =0,...,n—1} and that Im(j«) C H| (Coo).

The complement C (?) of theknot ¥ C V C S 3 is obtained from C by filling in the
torus S 3V with meridian h~ 1()& ) This implies that infinite cyclic covering C (P)oo
of £ C 83 is obtalned from Coo by gluing in n copies of D xR to the boundary
components tk Too, k =0,. — 1, of Coo such that the generator k2 A oo Of
H, (tk To) is killed. Therefore we obtaln an isomorphism

M (1) = Hi(C(})oo) = H(Coo)/ Im ji .
The isomorphism
@I K Hi (Coo) 2= Z(t) ®my M (1")

follows from the fact that the covering transformation 7 of 600 C Cso is the restric-
tion of ¢, T = t"| 600 This implies (a).

Moreover, if A(f) is a presentation matrix for the Z(z‘) -module M |, then A(t”)
is a presentation matrix for the Z(r)-module Z(t) Q) M since forall 7 € M

the equation 1 ® T m =t"® m holds. Hence (b) follows.
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If n = 0 then [CRE A by Lemma 4.14 and therefore C, contains infinitely many
copies of C :

Coozéoou(]_[tka,o) where 6mm(]_[z’<600)= ]_[tk/foo.
keZ keZ keZ

Here ax) ~ C and /7:00 ~ T are lifts of C respectively T to Coo .- The corre-
sponding Mayer—Vietoris sequence gives the following short exact sequence

0= & (“Hi(Too) = Hi(Cox) D ( & 1*H1(Co0) = Hi(Coc) = 0.
€ €

The group H 1(6w) =~ 7 is generated by 7 oo and the group H ](?oo) is free
Abelian generated by 7 o and A o . It follows that

Hi(Coo) 2= H1(Coo)/(t* X ook € Z)

since the image of ’)Coo is trivial under the map H( ?oo) — Hi( 600) and since
M 5 maps to a generator of Hi( Coo). As before we obtain an isomorphism

M(1) = Hi(C()oo) = H1(Coo)/ (t* X olk € Z,)

and therefore H(Coo) = Hi(C (E)w). Now (a) and (b) follow since M (1) is trivial
and A (1) = £1. O

8.35 Remark. The Alexander polynomial of the untwisted double of every knot has
trivial Alexander module and hence trivial polynomial (see Example 2.9 and E 8.14).

8.E Finite cyclic coverings

Beyond the infinite cyclic covering Coo of the knot complement C = S3 — V(¥) the
finite cyclic coverings of C are of considerable interest in knot theory. The topological
invariants of these covering spaces yield new and powerful knot invariants.

Let m be a meridian of a tubular neighborhood V() of ¥ representing the ele-
ment ¢ of the knot group & = 3 x &', 3 = (r). For n > 0 there are surjective
homomorphisms:

Vn: & = 3n. (30 =3)-

8.36 Proposition. kery,, = n3x &' = &,, n3 = (1").
If on: & — 3, = 3/n3 is a surjective homomorphism, then ker ¢, = ker yry,.
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Proof. Since 35 is Abelian, every homomorphism ¢,: & — 3, can be factorized,
On = juk, kerk = &'

&/& = 3.
One has (k(r)) = & /&', ker j, = (n-«(t)), and
kery, =kerg, =n3x &' = G,. 0

It follows that for each n > 0 there is a (uniquely defined) regular covering space
Crn, (Cy = Cxo), with 1, C,, = &, and a group of covering transformations isomor-

phicto 3.

8.37 Branched coverings E‘,, In C, the n-th (n > 0) power m" of the merid-
ian is a simple closed curve on the torus dC, . By attaching a solid torus 7, to C,,
h: 0T, — 0C,,, such that the meridian of T}, is mapped onto m” , we obtain a closed
manifold 6,1 = C, Uy, T, which is called the n -fold branched covering of £. Obvi-
ously pn: C, — C can be extended to a continuous surjective map p,,: C - S3
that fails to be locally homeomorphic (that is, to be a covering map) only in the points
of the core pA (P) = F of T . The restriction p|¥ PP > fis a homeomorphism.
The knot £, ¥ is called the branching set of S3, Cp respectively, and ¥ s said to
have branch index n. As C,, is also uniquely determlned by ¥, the spaces C as
well as C;, are knot invariants; we shall be concerned especially with their homology
groups Hi(Cy).

8.38 Proposition. (a) &, =~ 7;C, =~ (n3) x & with n3 = (t").
(b) Hy(Cn) = (n3) & (S'/G)).

(©) H(Cp) =G/

(d) H\(Cp) = (n3) ® Hi(Ch).

Proof. (a) by definition, (b) follows since &, <&’. Assertion (c) is a consequence of
the Seifert—van Kampen theorem applied to C, = C,, Uy, Tj,. O

8.39 Proposition (Homology of branched cyclic coverings 6,1 ). Let V be a2h x2h
standard Seifert matrix of a knot £ obtained from a canonical systems of cures on S
and the associated band projection as in Definition 8.5, V — vI=F, G=FTv,
and 3, = (t | t").

(a) R, = (G — E)" — G" is a presentation matrix of H;( 6,1) as an Abelian group.
In the special case n =2 one has Ry ~V + VT = A(-1).
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(b) As a 3, -module Hl(an) is annihilated by 0p(t) = 1+t 4+ ... + "L,

© (RaF)T = (=1)"(Rp F).

(d) (VT —tV) is a presentation matrix of H,( 6,,) as a 3, -module.

Proof. Denote by t the covering transformation of the covering p,: C, — C cor-

responding to ¥, (¢) € 3n, see Proposition 8.36. Select a sheet Cy of the covering,
then {Ci* =1'Cy | 0 <i <n—1} are then n sheets of C, (see Figures 4.2 and 8.8).

Figure 8.8

Let s;, aii be defined as in 8.3. Apply the Seifert—van Kampen theorem to
X, =CrucCru...uC ,UC*, and X, = U(S; UT)
a tubular neighborhood of S, U T}, . As in the proof of Theorem 4.7 one gets

~ * * *
7T1X1 = 7T1C0 *TFIS(#_ 7T1C1 *711514_ ...*ms’j-_2 J'L'lCn_l,

7'[1X2§7‘[150_, JT](X]ﬂXQ)%JT]S,j__l* ﬂ]SO_,

(0
where { = 0S5, is a longitude of ¥ in T, . 1t follows by abelianizing m(@,,) =
m1(X1 U Xp) that H(Cp) = m1(Cp)/7{(Cp) is generated by {tisj- |1 <j <
2h,0 <i < n — 1}, and its defining relations are

@Vl =ity =0, 0<i<n—1, "=1, sT =(s1,9,....5n)

see Theorem 8.14. (Observe that in H ( 6,,) the longitude 1 is 0-homologous.) This
proves (d).

Multiply the relations by FT and introduce the abbreviation FTV = G (see
Proposition 8.39). One gets:

Gtls —t's —Gi'tls =0,0<i<n—1 (Ki)
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(note that VT =V — F and FT F = E). Adding these equations gives
(I4t+--+1"Hs=0,

and proves (b).
Add (K;) to (Kp) to obtain

(G—E)s—ts—Gt’s = 0. (Ey)
Multiply (E;) by G — E and add to (K): The result is
(G — E)’s — G*%’s = 0. (R»)

The relations (Kg), (K;) can be replaced by the relations (£;) and (R;), and (E;)
can be used to eliminate ¢s . This procedure can be continued. Assume that after (i —1)
steps the generators fs, t2s,.. ., 1= 1s are eliminated, and the equations (K;), i <
Jj < n —1 together with

(G—E)s—G't's =0 (R:)
form a set of defining relations. Now multiply (K;) by Zj_:lo G/ and add to (R;).

One obtains

i—1
(G-E)s—1's=G)Y G/i'tls=o0. (Ey)
Jj=0

Multiply (E;) by (G — E) and add to (K;). The result is
(G —E)Tls -G itls =0 (Ri+1)

The relations (R;), (K;) have thus been replaced by (E;), (R;+1). Eliminate ¢'s by
(E;) and omit (E;).

The procedure stops when only the generators s = (s;) are left, and the defining
relations

G"'s—(G—E)'"s=0

remain. This proves (a).

Assertion (c) is easily verified using the definition of R, and F: G = F Ty,
G—-E=FT(W—-F)=FTVT and FT = —F imply R, = (FTvTy»—(FTy)".
Hence,

(RuF)T = FT(VF)" = (VT FY") = (=(FV)" + (FVT)) F
= D)"(FTVTY = (FTV)Y")F = (=1)"Ru F . O
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8.40 Remark. It follows from Proposition 8.39 (b) for n = 2 that 1 + ¢ is the 0-
endomorphism of H;( C,). This means

ar>ta=—a forace Hl(@).

8.41 Theorem. H( al) is finite if and only if no root of the Alexander polynomial
A(t) of £ is an n-th root of unity ¢;, 1 <i < n. In this case

|Hi(Co)l =[] AGI-

i=1

In general, the Betti number of H( 6,1) is even and equals the number of roots
of the Alexander polynomial which are also roots of unity; each such root is counted
v -times, if it occurs in v different elementary divisors s (t) = Ak(t)A]:_lH(t), k =
1,2,....

Proof. Since the matrices G — E and G commute,

Ry = (G~ E)" = G" = []l(G -~ E) - &:G).

i=1
By VI =V _-—Fand FTF=E,
(G—E)—tG=FTWwT —tv)=FT A®1)
is a presentation matrix of the Alexander module M (t); thus, by Proposition 8.21,
det((G — E) —tG) = A(1).

This implies that det R, = []’_; A(¢;). The order of the homology group Hj( 6,1)
is det R, , if det R, # 0.

In the general case the Betti number of H( 6,,) is equal to 24 —rank R, . To deter-
mine the rank of R,, we study the Jordan canonical form Gy = L™'GL of G, where
L is a non-singular matrix with coefficients in C. Then L™'R,L = (Go— E)" —GZ.
The diagonal elements of G are the roots A; = (1 — t;)~" of the characteristic poly-
nomial y(1) = det(G —AE), where the t; are the roots of the Alexander polynomial,
see Theorem 8.26. The nullity of L™' R, L equals the number of A; which have the
property (A; — 1) = A7 =0 <= ' = 1,1 # 1, once counted in each Jordan
block of Gy.

From A(1) = 1 and the symmetry of the Alexander polynomial it follows that only
non-real roots of unity may be roots of y(A) and those occur in pairs. O
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The following property of H;( 6,,) is a consequence of Proposition 8.39 (c).

8.42 Proposition (Plans [290]). H 1(6,,) AP Aifn=1 mod?2.

Proof. Q = R, F isequivalent to R, , and hence a presentation matrix of H( 6,,).
For odd 7 the matrix Q is skew-symmetric, O = —Q7, see Proposition 8.39 (c). The
proposition follows from the fact that O has a canonical form

0 aq
—a 0

0 an

—d) 0

LToL = 0 as ,
—as 0
0
0
0
where L is unimodular (invertible over 7). A proof is given in Appendix A.1. O

8.F History and sources

J. W. Alexander [8] first introduced Alexander polynomials. H. Seifert [328] inves-
tigated the subject from a geometric point of view and was able to prove the char-
acterizing properties of the Alexander polynomial (Propositions 8.21 and 8.22). The
presentation of the homology of the finite cyclic coverings in Proposition 8.39 is also
due to H. Seifert [328].

Further relations between Alexander invariants and the homology of finite Abelian
coverings where discovered by J.P. Mayberry and K. Murasugi [231], M. Sakuma
[313] and J. Porti [291].

8.G Exercises

E 8.1. Prove: deg A(¢) < 2g, where g is the genus of a knot, and A(¢) its Alexander
polynomial. (For knots up to ten crossings equality holds.)

E 8.2. Write A(t) = t*—2¢3 4> —2¢ — 1 in the reduced form Z%:o c;iu’ (Proposi-
tion 8.26). Construct a knot with A(¢) asits Alexander polynomial. Construct a fibered
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knot with A(¢) as its Alexander polynomial. (Hint: use braid-like knots as defined in
E4.4.)

E 8.3. Show that the knots 6; and 94¢ have the same Alexander polynomials. How-
ever, prove that for 6, E»(t) = Z(t), whereas for 946, E2(t) = (t—2,2t—1) # Z(t)
(see Gordon [133]).

E 8.4. Show that H,(Cs) = 0 if and only if A(¢#) = 1. Prove that 7 Cw is of finite
rank, if it is free.

E 8.5. Let V' be the Seifert matrix given in equation (8.6). Proof that the module
represented by the matrix A(r) = VT — ¢V is the cyclic module Z(t)/(A(?)).

E 8.6. Prove: H,(C,) = 0 for n > 2 if and only if H;(Cso) = 0.

E 8.7. Show |H1(62)| =1 mod 2; further, for aknot of genus one with |H1(62)| =
4a £ 1, show that H{(C3) = Z3q+1 @D Z3g+1,a € N.

E 8.8. By p(p,q.r), p,q,r odd integers, we denote a pretzel knot (Figure 8.9). (The
sign of the integers defines the direction of the twist.) Construct a band projection
of p(p,q,r), and compute its Seifert matrix V' and its Alexander polynomial. (Fig-
ure 8.10 shows how a band projection may be obtained.)

Figure 8.9. p(3,—5,-7)

p— d\\m S

Figure 8.10
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E 8.9. Let ¥ be alink of ; > 1, components. Show that there is a homomorphism ¢
of its group & = m1(S> — ¥) onto a free cyclic group 3 = (¢) which maps every
Wirtinger generator of & onto 7. Construct an infinite cyclic covering Coo of the link
complement using a Seifert surface S of ¥, compute its Seifert matrix and define its
Alexander polynomial following the lines developed in this chapter in the case of a
knot. (See also E 9.5.)

E 8.10. Let 63 be the 3-fold cyclic branched covering of a knot. If H 1(63) o~
Zp ® Zp for some prime p, then there are generators a,b of Z, @ Z, such that
t: H(C3) — H(C3) is given by ta = b, th = —a — b. For all knots one has
p#3.

E 8.11. Construct a knot of genus one with the Alexander polynomials of the trefoil
but not fibered — and hence different from the trefoil.

E 8.12. Show that the annihilator of the Alexander module M(¢) of a knot is a prin-
cipal ideal which is generated by A(t)A5!(¢) (see Crowell [79]).

E 8.13. Let £ be a fibered knot of genus g, and let F x I /h denote its complement.
Describe hy: H{(F,Q) — H{(F,Q) by a matrix A = @©A; where A; is a com-
panion matrix determined by the Alexander polynomials of ¥. (For the notion of a
companion matrix see, e.g. [360, Section 12.5].)

E 8.14. Prove that a satellite is never trivial. Show, that doubled knots (see Exam-
ple 2.9) have trivial Alexander modules, and therefore trivial Alexander polynomials.
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Free differential calculus and Alexander matrices

In Chapter 8 we studied the homology of the cyclic coverings of the knot complement.
Alexander polynomials were defined, and a general method of computing these invari-
ants via a band projection of the knot was developed. Everyone who actually wants
to carry out this task will soon find out that the calculations involved increase rapidly
with the genus of the knot. There are, however, knots of arbitrary genus with groups of
arelatively simple structure (for instance: torus knots). We shall present in this chapter
another method of computing Alexander’s knot invariants which will prove to be con-
siderably simpler in this case — and in many other cases. The method is based on the
theory of Fox derivations in the group ring of a free group. There is a geometric back-
ground to the Fox calculus with which we intend to start. It is K. Reidemeister’s theory
of homotopy chains [300], or, to use the modern terminology, equivariant homology.

9.A Regular coverings and homotopy chains

The one-to-one correspondence between finitely presented groups and fundamental
groups of 2-complexes, and between (normal) subgroups and (regular) coverings of
such complexes has been exploited in combinatorial group theory to prove group theo-
retical theorems (as for instance the Reidemeister—Schreier method or the Kurosh sub-
group theorem [382, 2.6]) by topological methods. In the case of homology these rela-
tionships are less transparent, but some can be retained for the first homology groups.

9.1 On the homology of a covering space. Let p: X > Xbea regular covering of
a connected 2-complex. We assume X to be a finite CW-complex with one O-cell P .
Then a presentation

@Zﬂl(X’P)=<Sl7---Sn | Rl’,Rm>

of the fundamental group of X is obtained by assigning a generator s; to each (ori-
ented) 1-cell (also denoted by s;), and a deﬁmng relation to (the boundary of) each
2-cell e; of X . Choose a basepoint P € X over P, py(mi(X,P)) = N< &, and
let ® =~ & /N denote the group of covering transformations.

Let 9: & — D, w — w? be the canonical homomorphism. The linear extension
to the group ring is also denoted by ¢: Z& — ZD. Observe: (wjw;)? = wfw?.

Our aim is to present H ()Z X 0) as a ZD-module. (We follow a common conven-
tion by writing merely ©-module instead of Z9-module. X0 denotes the 0-skeleton

of X.)
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The (oriented) edges s; lift to edges §; with initial point P. By w we denote a
closed path in the 1-skeleton X I of X, and, at the same time, the element it represents
in the free group & = (X', P) = (s1,...,5, | —). There is a unique lift 1 of w
starting at P. Clearly w is a special element of the relative cycles Z; ()f X ) which
are called homotopy 1-chains. Every 1-chain can be written in the form Z7=1 &5;,
& € 7. (The expression g3; denotes the image of the edges §; under the covering
transformation g.) There is a rule

wl\w'gzu?l-i-w(f’-u?g.

Tounderstand it, first lift w; to w; . Its endpoint is wﬁ’)-l3 . The covering transformation
w{ maps > onto a chain w{ W, over w, which starts at w{ P . If 1wy = Z;?:l EkjSj
with &; € ZD, k = 1,2, then wjw, = Z;’Zl £;5; with

g =&j+wl-& (1=<j=<n).

(The coefficient & ; is the algebraic intersection number of the path 1w with the cov-
ers of s;.) This defines mappings

3 \* "
(8_) G =mX,P)—> 1D, w—§, withw = E &;5;, 9.1
Sj .

j=1

satisfying the rule

0 ¢ 0 ¢ ad ¢
(gj(wlwz)) = (gjwl) + w? . (gjwz) . 9.2)

There is a linear extension to the group ring Z& :

0 ¢ 9 \?¢  \?
(—(n + S)) = (—77) + (—S) forn, £ € ZS. (9.3)
ds; ds; ds;

From the definition it follows immediately that

8 ¢ . aw ¢ - 1 J = k,

() =omw =2 (55) o= {0 75k
We may now use this terminology to present H, g)f' , X% as a ©-module: The 1-
chains §;, 1 <i < n, are generators, and the lifts R; of the boundaries R = de; of
the 2-cells are defining relations. (The boundary of an arbitrary 2-cell of X is of the

form § R ) GEE’). Hence, in a presentation of H ()? X O) as a ©-module it suffices
to include the R;, 1 < j < m, as defining relations.)

9.2 Proposition.

o 5 5 N oR; %
H](X,X0)=(§1,...,§n|R1,...,Rm), 0=Rj :Z(a j) Si, 1 <i<m
Si

is a presentation of Hi(X, X°) as a © -module. O
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9.B Fox differential calculus

In this section we describe a purely algebraic approach to the mapping (%)“’ intro-

duced by R. H. Fox [107, 108, 109]. Let & be a group and Z& its group ring (with
integral coefficients); Z is identified with the multiples of the unit element 1 of & .

9.3 Definition (Fox derivative). (1) There is a homomorphism
e I1& > 7, tv= Znigi — Zni = 7%,
i i
We call ¢ the augmentation homomorphism, and its kernel /& = &7'(0), the
augmentation ideal.

(2) A mapping A: Z& — Z& is called a derivation (of Z&) if

A +n) =AE) + A (linearity),
and

A - =AE) 0" +&- A (product rule),
for £, n e 7.

From the definition it follows by simple calculations:

9.4 Lemma. (1) The derivations of Z.& form a (right) & -module under the opera-
tions defined by:

(A1 + A2)(7) = A1(7) + Ax(7), (Ay)(r) = A7) - y.
(2) Let A be a derivation. Then:

A(m) =0 formeZ,
Ag™) =—g7" Ag),
A =0+g+-+g"" A,
A== " +g 24+ 4+g ™) Ag) forn=>1. O

9.5 Examples. (1) A;: Z& — Z&, t — © — %, is a derivation.

(2) If a,b € & commute, ab = ba, then (a — 1)Ab = (b — 1)Aa. (We write
Aa instead of A(a) when no confusion can arise.) It follows that a derivation
A: 23" — Z3" of the group ring of a free Abelian group 3" = (S;) x --- %
(Sp),n>2,with AS; # 0, 1 <i < n,is amultiple of A, in the module of
derivations.
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Contrary to the situation in group rings of Abelian groups the group ring of a free
group admits a great many derivations.

9.6 Proposition. Let ¥ = ({S;|i € J}) be a free group. There is a uniquely deter-
mined derivation A: 7.§ — 7.8, with AS; = w;, for arbitrary elements w; € 73§.

Proof. A(Si_l) = —Si_lw,- follows from A(1) = 0 and the product rule. Linearity
and product rule imply uniqueness. Define A(Sl-'z1 RN i:’{k) using the product rule:

AS .. S1F) = AST + STAST 4+ S STTAS K

lk—1

The product rule then follows for combined words w = uv, Aw = Au + uAv. The
equation

AS!S; ) = Au+uAS] +uSTAS; " +ulv = Au +ulAv
= A(uv),n = %1,

shows that A is well defined on . O

9.7 Definition (Partial derivations). The derivations

d 1 fori =
a—Si. Z%‘—)Z%‘, SII—){O fori;éj,

of the group ring of a free group & = ({S; | i € J} | —) arecalled partial derivations.

The partial derivations form a basis of the module of derivations:
9.8 Proposition. (a) A =) ., B%i - A(Sy) for every derivation A: 7.% — 7.3%.

(The sum may be infinite, however, for any t© € 1§ there are only finitely many
Jt

0) Yiesygg =0 > u=0i€el.
©) As(r)=t—7"=) ;5 gj—gl_(Si — 1) (Fundamental formula).

) T—t" =Y vi(Si—1) = vi=F i€l
Proof. (}; %AS;’)SJ- = %ASi = AS; proves (a) by Proposition 9.6. For

A = 0-map, and A = A, one gets (b) and (c). To prove (d) apply % to the equa-
tion. O

The theory of derivations in Z§ (free derivations) has been successfully used to
study Z% and & itself [379]. There are remarkable parallels to the usual derivations
used in analysis. For instance, the fundamental formula resembles a Taylor expansion.
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If (S1,....80), (S],....,S;), (S7,...,S;) are bases of a free group F,, there is a
chain rule for the Jacobian matrices:
/
asl/ B Z S// aS] .
dS; 8S’ 3S,-

(Apply Proposition 9.8 (a) in the form A = Y " =1 ag/ AS’ for A = % to S

J. Birman [23] proves that (S{,...,S)) is a basis of % (S1,...,8,]—) if and

only if the Jacobian ( 35, ) is invertible over Z%.
For further properties 'of derivations see E 9.7, E9.8.

9.C Calculation of Alexander polynomials

We return to the regular covering p: X — X of9.1. Let
Ve ZF=(St,....8|-)—=>(S1,....Sn | Ri,...,.Rm) =&

denote the canonical homomorphism of the groups and, at the same time, its extension
to the group rings:

v ZE{ - IS, (Znifi)dj:Znifiw for fi € §,n; € 7.

Combining ¥ with the map ¢: Z& — ZD of 9.1 (we use the notation (§)¢¥ =
(EV)?, £ € ZF), we may state Proposition 9.2 in terms of the differential calculus.

9.9 Proposition. ((%)‘p‘/’), 1 <k <m, 1< j <n,isa presentation matrix of
J

H\(X, X 9 as a ©-module. (k = row index, j = column index.)

Proof. Comparing the linearity and the product rule of the Fox derivations (Defini-
tion 9.3) with equations (9.2) and (9.3) of Paragraph 9.1, we deduce from Proposi-
tion 9.6 that the mappings (aisi)‘/’ in equation (9.1) coincide with those defined by

(3%-)¢¥ in Definition 9.7. ;

Remark. The fact that the partial derivation of equation (9.3) and Definition 9.7 are
the same gives a geometric interpretation also to the fundamental formula: For w € &
and w its lift,

N Jw \ ¥ - Jw \?Y
8@:(w¢‘”—1)P=§:(a—§) (Sf‘”-l)P:})(a_;f) 05;.
1 .
14

. 4
4
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To obtain information about H, ()Z ) we consider the exact homology sequence

H () = Hy(X) — H (X, X°) -2 Hy(X%) 5 Hy(X) — 0.
[ [l [l 04
0 ) )

Ho(X?) is generated by {w®¥ - P | w € &} as an Abelian group. The kernel of i is
the image (I §)?Y of the augmentation ideal /& C Z& (see Definition 9.3 (a)). The
fundamental formula shows that keri, is generated by {(Sj‘.pw —DP|1<j<n}
as a ®-module.

Thus we obtain from (9.4) a short exact sequence:
- R
0— H(X) > H{(X,X° — keris — O. 9.5)

In the case of a knot group &, and its infinite cyclic covering Coo (N = &) the
group of covering transformations is cyclic, © = 3 = (7), and kerix is a free
3-module generated by (¢ — 1) P . The sequence (9.5) splits, and

Hi(X, X% = H\(X) ®o(Z3-(t — 1)P), (9.6)

where o is a homomorphism o: keriy, — Hl(f,)?o), do = id. This yields the
following:

9.10 Theorem. For & = (Sy,...,Su|R1,..., Ry ), its Jacobian ((%)“"/’) and
¢: & > &/ =3 = (1), a presentation matrix (Alexander matrix) of H;(X) =
H\|(Cx) as a 3-module is obtained from the Jacobian by omitting its i-th column,
if Siw [l (In the case of a Jacobian derived from a Wirtinger presentation any
column may be omitted.)

Proof. Tt remains to show that the homomorphism o: keriy — H; ()f X 9) can be
chosen in such a way that o(kerix) = Z35;.Put o(t — 1) P = £t"5;, Siwf =1tY,
do = id. Then

(t—1)P =do(t — )P = d(£1"5;) = £1(SFY — 1)P = £1*(” — 1) P,

thatis, (t —1) = £t#(tV —1). It follows v = %1, and in these cases o can be chosen
as desired. O

If O is not free cyclic, the sequence (9.5) does not necessarily split, and H) (X)
cannot be identified as a direct summand of H; (X, X°). We shall treat the cases D 2=
Z, and © =~ Z" in Section D.
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There is a useful corollary to Theorem 9.10:

9.11 Corollary. Every (n — 1) x (n — 1) minor A;j of the n x n Jacobian of a
Wirtinger presentation (S; | R;) of a knot group & is a presentation matrix of
Hi(Cso). Furthermore, det Aj; = A(t). The elementary ideals of the Jacobian are
the elementary ideals of the knot.

Proof. Every Wirtinger relation Ry is a consequence of the remaining ones (Corol-
lary 3.6). Thus, by Theorem 9.10 a presentation matrix of H;(Cso) = M(t) is ob-
tained from the Jacobian by leaving out an arbitrary row and an arbitrary column. O

Corollary 9.11 shows that a Jacobian of a Wirtinger presentation has nullity one. The
following lemma explicitly describes the linear dependence of the rows and columns
of the Jacobian of a Wirtinger presentation:

9.12 Lemma. (a) Y7_, (551)¢% =

(b) Z — (BR’ YV =0, n; = t% forsuitable v; € 7 for a Wirtinger presentation
(S1,...,Sn |R1,.. Ry ) of a knot group.

Proof. The first equation follows from the fundamental formula (Proposition 9.8 (c))
applied to R;:

n . v n oV
13 0 o T
. 1 i=1 l

i=1 1=

Since Z.3 has no divisors of zero (E 9.1), the first equation is proved.

To prove the second equation we use the identity of Corollary 3.6 which expresses
the dependence of Wirtinger relations by the equation ]_[;?:1 L;R;j Lj_l = 1 in the
free group (Sy,...,Sy|—). Now

i) v AL\ aR; \*V IL;
— LR L7") == LY (=L) — (R LTV
(8Si I ) (8&) T (85;- EiR L™\ s,

¥
_ rov (OR; Y R —hev _
=L; (BSi) »oas(LjR;L;)%Y =1

By the product rule:

9 n . oY
“as () -
J:

n

j—1
. v (R,
(l_[(LkRkLk )) LY (8S)

j=1 “k=1

which proves the second equation with L;’.W =t" =n;. O
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9.13 Example. A Wirtinger presentation of the group of the trefoil is
(851,82, 83| 815,858, 828387857, 8$3818,'S71),
see Example 3.7. If R = §15,5;'S;! then

OR o oR
s, 7 9S,

_1q—1 OR -1
=51 = 515,578 o = —515,5;
3

IR oY IR v IR oY
— =1, — =r—-1, — = —.
(351) (352) (353)

By similar calculations we obtain the matrix of derivatives and apply ¢ to get an
Alexander matrix

and

1 r—1 —t
—t 1 r—1
tr—1 —t 1

—t 1
instance, is a presentation matrix of the Alexander module. Hence, |A| = 1—1t +
t2=A@t), E\(t) = (1 —t +1t?).For k > 1: Ex(t) = (1) = Z(t), Ax(t) = 1.

It is easy to verify Lemma 9.12 (a) and (b). The 2 x 2 minor A = ( b= 1), for

9.14 Proposition. Let
(StseosSu | Rl .. Ry) =& =(S],....8, | Rl,....R,,/)

be two finite presentations of a knot group. The elementary ideals of the respective
: R’
Jacobians ((%}%)""l’) and ((

R, L
3 Sj.’ Y*¥) coincide, and are those of the knot.

7

Proof. This follows from Corollary 9.11, and from the fact (Appendix A.6) that the
elementary ideals are invariant under Tietze processes. O

9.15 Example (Torus knots). & = (x,y | x?y™2),a > 0,b >0, ged(a,b) = 1, is
a presentation of the group of the knot t(a, b) (see Proposition 3.38). The projection
homomorphism ¢: & — &/&" = 3 = () is defined by: x¢ = b, y? = 14
(Exercise E 9.3). The Jacobian of the presentation is:

a(xay—b) 8(xay—b) oV B ab 1 pab _q
ox  dy S\ re—1 )7

The greatest common divisor

e R AW G s VI
ng(Zb—l ’ la—l)_ (la—l)(lb—]) —Aa,b(l‘)
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is the Alexander polynomial of t(a,b), deg A, (1) = (a — 1)(b — 1). One may
even prove something more: the Alexander module M, p(¢) of a torus knot t(a, b) is
cyclic: M, p(t) = Z(t)/(Ag p(2)).

Proof. There are elements a(t), B(t) € Z(t) such that

b—2

a1 L+t D+ BOEET PP+t ) =1 97

This is easily verified by applying the Euclidean algorithm. It follows that

ab _
al(r
0

B

Hence, the Jacobian can be replaced by an equivalent one:

ab __ ab _ b—1
(z 1t 1)(a(t)t +"'+1)=(Aa,b(t),0)-

tab
/ = Aa,b(l‘)-

a_1

e —1 ) \=B@) t“"+... +1

We may interpret by Proposition 9.9 the Jacobian as a presentation matrix of

H, ()Z, XO) B
19 —1 b — 1Y\ (%
[ ~ - O’
th—1" e—1 )\
where X, y are the 1-chains that correspond to the generators x, y (see 9.1).

The transformation of the Jacobian implies a contragredient (dual) transformation
of the generating 1-chains:

i =04+ DF—+ .+ D)y,
7 =L)X +a()y.

These 1-chains form a new basis with:
u
Bas0.0)(7) =0

Since 3% = (t? —1)P, 35 = (t* — 1) P, one has 9ii = 0 and
3 =BOCE - +a@)t*=1)P =@ —1)P

by (9.7). Thus v generates a free summand o (kerix) (see (9.6)), and # generates
M(t), subject to the relation A, p(2)u = 0. O

Torus knots are fibered knots, by Proposition 4.11 and Theorem 5.1. We proved in
Corollary 4.12 that the commutator subgroup &’ of a torus knot t(a, b) is free of rank
(a—1)(b —1). By Theorem 4.7 the genus of t(a,b) is g = W, a fact which
is reproved by Proposition 8.33, and deg A, 5(f) = (a — 1)(b — 1).
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9.D Alexander polynomials of links

Let [ = ¥; U.-- U ¥, be an oriented link of u > 1 components, and & =
71 (S3 = V(1)) its group. ¢: & - & /G = 3* = (1;) x ... x (1, ) maps & onto
a free Abelian group of rank . For each component we choose a meridian #; with
Ik(¥;,2;) = +1. We assume, as in the case of a knot, that #;, 1 <i < u, denotes at
the same time a free generator of 3" or a representative in & mod &, representing
a meridian of the i -th component ¥; of [ with ¢(¢;) = ¢;. We may consider &'/&”
as module over the group ring Z 3" using the operation a + #; 'ati, a € &', to
define the operation of Z3* on &’/&” . Proposition 9.2 applies to the situation with
N =&, O =~ 3*. Denote by y the canonical homomorphism

Wi % = <S],...,Sn | —) — (S],...,Sn | R],...,Rn) =&
onto the link group &, described by a Wirtinger presentation. The Jacobian
((0R;/ 8Si)‘p‘/’) , then is a presentation matrix of H;(X, X°). The exact sequence (9.5)
does not split, so that a submodule isomorphic to H ()Z ) cannot easily be identified.

Following Fox [108] we call H,(X, X°) the Alexander module of [ and denote it by
My, ... t0).

9.16 Proposition. The first elementary ideal E (11, ...,t,) of the Alexander module
M(t,...,tu) of a pw-component link 1 is of the form:

El(tla---at;,a) =Jo- (A(Zl,“‘,lu))

where Jy is the augmentation ideal of 7.3" (see Definition 9.3), and the second
factor is a principal ideal generated by the greatest common divisor of E((t1,...,t4);
it is called the Alexander polynomial A(ty,...,t,) of |, and it is an invariant of | —
up to multiplication by a unit of 7.3" .

Proof. Corollary 3.6 is valid in the case of a link. The (n — 1) X n-matrix i resulting
from the Jacobian ((8R~,~ /0S ,-)“”/’) by omitting its last row is, therefore, a presentation
matrix of H,(X, X 0y, and defines its elementary ideals. Let

A; = det(al, R o 5 JY's T IR, an)
be the determinant formed by the column-vectors a;,i # j, of i . The fundamental

formula Ry — 1= Y7_, "g%(sj — 1) yields Y-7_; a; (S — 1) = 0. Hence,

ASEY — 1) = det(ar,...,ai(SEY — 1), a1 a4, )

= det(al,...,—Zak(S;fv’ — 1), q-,aj41,...)
ki
= det(al,...,—aj(S;m/’ —D,...q-na540,..0)

= +A[(SEY - 1)
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thus
v _ v
A (S —1)_iA;(SJ‘." —1). 9.8)

The Siw', 1 < i < n take the value of all #;, 1 < k < . Now it follows that
(Si(pw—l)m; .Define A; by (Slfpw—l)A,- = A .Since Z 3" is a unique factorization
ring, (9.8) implies that A; = A for 1 <i < n. The first elementary ideal, therefore,
is a product Jy - (A), where Jj is generated by the elements (fp — 1), 1 <k < pu.It
is easy to prove (E 9.1) that Jj is the augmentation ideal 7 3* of Z3*.

The elementary ideal E; is an invariant of & (Appendix A.6); hence, its greatest
common divisor is an invariant of &, up to multiplication by a unit £¢{" ... 7" of

"w
73" . The polynomial A(ty,...,t,) = A, though, depends on the choice of a basis

of 3*. Butit is possible to distinguish a basis of 3* = H;(S>— Io/(I)) geometrically
by choosing a meridian for each component ¥; to represent ¢; . O

For more information on Alexander modules of links see Crowell and Strauss [75],
Hillman [167], Levine [210].
A link [ is called splittable, if it can be separated by a 2-sphere embedded in S3.

9.17 Corollary. The Alexander polynomial of a splittable link of multiplicity p > 2
vanishes, i.e. A(ty,...,1,) = 0.

Proof. A splittable link [ allows a Wirtinger presentation of the following form: There
are two disjoint finite sets of Wirtinger generators, {S; | i € I}, {T; | j € J}, and
correspondingly, two sets of relations { R (S;)}, {N;(T;)}.Fori € I, j € J consider

oy _ oy
A;(Tj —-1) = :I:A}(Si —1).

The column a; (Sl-w’ —1)in :E:A} (Si(pw —1)isby > res ak(Sl.‘p"/’ —1) = 0 alinear

combination of other columns. It follows that A;(TJ.W/’ —1)=0,ie. A} =0. |

9.18 Remark. Alexander polynomials of links retain some properties of knot poly-
nomials. G. Torres and R. H. Fox proved in [351] that they are symmetric. There are
some necessary conditions, the so-called Torres conditions, which do not characterize
Alexander polynomials of links (i1 > 2), as J. A. Hillman [168, VII, Theorem 5],
showed.

9.19 Alexander polynomial for links. There is a simplified version of the Alexander
polynomial of a link. Consider the homomorphism y: 3* — 3 = (t), t; — t. Put
N = ker y¢. The sequence (9.6) now splits, and, as in the case of a knot, any (n—1) x
(n — 1) minor of the Jacobian ((%)X“””) is a presentation matrix of H(X) =
H|(Cs), Where Co is the infinite lcyclic covering of the complement of the link
which corresponds to the normal subgroup Mt = ker y¢ < & . The first elementary
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ideal is generated by (r — 1) - A(t,...,t) (see Proposition 9.16) where A(t,...,1;,)
is the Alexander polynomial of the link. The polynomial A(z,...,t) (the so-called
reduced Alexander polynomial) is of the form A(t,...,t) = (t — D*2 . vH (1),
and v (1) is called the Hosokawa polynomial of the link (E 9.5). It was shown by
Hosokawa in [174] that VH (t) is of even degree and symmetric. Furthermore, any
such polynomial f(z) € Z3 is the Hosokawa polynomial of a link for any u > 1.

9.20 Examples. (a) For the link of Figure 9.1:
R = ((1— 5157, (81— S18:87'87)¥) = (1 o,y — 1) and A = 1.

Si S5 & =(S1.S|S15571s )

Figure 9.1. The Hopf link.

(b) Borromean link (Figure 9.2).

S3 $2
T I3 Generators: Sy, Sz, S3, 11, T», Ts;
\_ Relations: 77 !S5 ', 15 'S3TT5 !,
n S51838, 5, SIS TSy, ST, 8 157!
N

Figure 9.2. The Borromean link.

Eliminate 77 = S;lSl S3, Th = Sl_lSle and T3 = S2_1S3S2, and obtain the
presentation

& = (51,5, 8357871558, 8571515:8,71 8,81, S71S51 818387 15,81851857!S,).

From this we get

s s s s, T s T s s - s 0

(e =D)L 0, 7 (= D = 1)
- NG - )= 1), =17 6 = 1) — 1), 0 '

- ( —t7 T T = L0, = T = T )
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Therefore

A== = D= DG - D — 1) ==A- (6 — 1)
=157 = D - DG - D -1 =A(n—1)
Ay =17625 = D =D - D= 1) = A (- 1),

where A = A(t1,1,13) = (11 — 1) (o — (13 — 1).

9.E Alexander-Conway polynomial

We have shown in Theorem 8.26 that the Alexander polynomial A(¢) of a knot may
be written as a polynomial with integral coefficients in u = t +¢t~' — 2, A(t) =
f(u). Hence, A(t?) is a polynomial in z = ¢ —t~!. (It is even a polynomial in z2.)
J.H. Conway [71] defined a polynomial Vg(z) with integral coefficients for (oriented)
links which can be inductively computed from a regular projection of a link £ in the
following way:

9.21 Conway potential function.
(1) Vg(z) = 1,if £ is the trivial knot.
(2) Vg(z) =0, if £ is a split link.

(3) Ve, —Vy_ =z Vg, if t4, f_, and £, differ by a local operation of the kind
depicted in Figure 9.3.

— E_\\
+ /:0\
Figure 9.3. A skein relation.

Changing overcrossings into undercrossings eventually transforms any regular pro-
jection into that of a trivial knot or splittable link (compare the paragraph after Def-
inition 2.2). Equation (3) of 9.21 may therefore be used as an algorithm (Conway
algorithm) to compute Vg(z) with initial conditions (1) and (2). Thus, if there is a
function Vy(z) satisfying conditions (1), (2), (3) which is an invariant of the link, it
must be unique. The relation (3) between Vg, (z), Vp_(z) and Vg (z) is called a skein
relation. We shall come back to this topic in a more general context in Chapter 17.

9.22 Proposition. Let ¥ C S3 be an oriented knot or link.

(a) There is a unique integral polynomial Vg(z) satisfying (1), (2), (3) of 9.21; it
is called the Conway potential function and is an invariant of the link.
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(d) Vet —t™Y = AW for p=1and Vet —t™") = (2 = DL o (2) for
w>1.

(Here p is the number of components of £, A(¢) denotes the Alexander polynomial,
and v 7 (¢) the Hosokawa polynomial of ¥, see 9.19.)

Observe that the equations which relate Vg (¢ —¢~') with the Alexander polynomial
and the Hosokawa polynomial suffice to show the invariance of Vg(z) in the case of
knots, whereas for p > 1 there remains the ambiguity of the sign.

9.23 Proposition. Let ¥ C S3 be an oriented knot and link.
Then the function Qg(t) = det(tV — t~'VT) is the (unique) Conway potential
function for any Seifert matrix V of ¥ i.e.
e Qgy(t) is an invariant of ambient isotopy of £ ;
e Qy(t) =1 is ¥ is the trivial knot and Q(t) = 0 if ¥ is a split link;
o Qp (1)—Q_(1) = (1 —t7h. Qp, (1), if £1, ¥, and ¥¢ differ by a local operation
of the kind as depicted in Figure 9.3.

To prove that det(tV —t~'VT) is a link invariant, we use a result of K. Mura-
sugi [261].

9.24 Definition (s-equivalence). Two square integral matrices are s-equivalent if
they are related by a finite chain of the following operations and their inverses:

Ay :V i LTVL, L unimodular,

o110 --- 0 0 010 0

0O 0% --- =x 1 010 0
Ay V> 00 , As: V> 0 x

Do 1% : 14

00 0 x

9.25 Theorem (Murasugi [261]). Two Seifert matrices obtained from two equivalent
knots (or links) are s -equivalent. |

There are several proofs of this theorem in the literature. We refer to Kawauchi’s
book [190, Theorem 5.2.3]. There are elementary treatments in Murasugi’s book [265,
Theorem 5.4.1] and in Cromwell’s book [74, 5.5, 6.6]. Alternative proofs can be also
found in Gordon [133], Rice [304] and in Kauffman’s book [187, VII]. See also Levine
[212] for a high-dimensional version.

Proof of Proposition 9.23. Let £ be alink of multiplicity @, and S any Seifert surface
spanning it. As in the case of a knot, one may use S to construct the infinite cyclic

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



154 Chapter 9 Free differential calculus and Alexander matrices

covering C of ¥ corresponding to the normal subgroup 9t = ker y¢ of 9.19. There
is a band projection of ¥ (see Proposition 8.2), and H{(Cso) —as a Z(t)-module — is
defined by a presentation matrix (V7 —¢V') where V is the Seifert matrix of the band
projection.

It is easily checked that for s-equivalent Seifert matrices V; and V, the equation

det(tVy —t ') = det(t Vo — W)

holds. Therefore, Murasugi’s Theorem 9.25 implies that Qg (¢) is an invariant of am-
bient isotopy of f.
By Proposition 8.21, Paragraph 9.19 and E 9.5,

Qs(t) = A(t?) foraknot,
Qe(t) = (12— D* ' yH %) foralink.

Moreover Qg(1) = |V — VT| = 1. This proves Qg(z) = 1 for the trivial knot.
For a split link the reduced Alexander polynomial vanishes i.e. 0 = A(t,...,t) =
(t — D*2. 7 H (1), (see Corollary 9.17, Paragraph 9.19). It remains to prove the
last statement. If ¥4 is split, so is f_ and ¥y, and all functions are zero. Figure 9.4
demonstrates the position of the Seifert surfaces Sy, S—, Sy in the region where a
change occurs. (An orientation of a Seifert surface induces the orientation of the knot).
We may assume that the projection of ¥ is not split, because otherwise Qg, = 0, and
£4,f_ are isotopic. If the projection of £4,f_, ¥y are all not split, then the change
from ¥( to £4 or ¥_ adds a free generator a to H;(So): H1(S+) = (a)® H (Sp) =
H(S_). Likewise H(S> —S+) 2= H|(S> — So) ® (s), see Figure 9.4.

ay =a— +s

Figure 9.4

We denote by Vi, V_, V the Seifert matrices of £4,¥_, ¥y which correspond to
the connected Seifert surfaces obtained from the projections as described in Proposi-
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tion 2.4. It follows that

where the first column and first row correspond to the generators s and a4 . The rest
is a simple calculation:

Qp, (1) — Qp_(1) = tV_,_—t_lVI‘—)tV_—t_lV_T
t—17" ] x *
0
= . =(—t") Q). O
; tVo -t T
0

9.26 Remarks. (a) For a knot ¥ the polynomial Ag(¢) = det(r'/2V — =12y T) is
called the symmetrized Alexander polynomial of ¥. It is characterized by the two
properties Ag(t) = Ag(t™!) and Ag(l) = 1.

(b) Itis possible to introduce a Conway potential function in p variables correspond-
ing to the Alexander polynomials of links rather than to the Hosokawa polynomial
(see Hartely [149]). The function is defined as a certain normalized Alexander
polynomial A(t3,...,t2)-t{""...t)"" where the u; are determined by curvature
and linking numbers. Invariance is checked by considering Reidemeister moves.

9.27 More invariants. Let V' be a Seifert matrix obtained from a surface spanning
the knot or link £. By virtue of Murasugi’s Theorem 9.25 it is easy to see that the
absolute value of the determinant of ¥V + V7T is an invariant of £ (see E 9.9). It is
called the determinant of ¥ and will be denoted by det(f). The same remark applies
to the signature of V + VT which is called the signature of ¥ and will be denoted by
o (£). We will come back to these invariants in Section 13.D.

9.F Finite cyclic coverings again

The theory of Fox derivations may also be utilized to compute the homology of finite
branched cyclic coverings of knots. (For notations and results compare 8.36-8.42,9.1.)

Let Cy, 0 < N € Z, be the N -fold cyclic (unbranched) covering of the com-
plement C . We know (see Proposition 8.39 (d)) that (VT —tV)s = 0 are defining
relations of Hl(eN) asa 3y -module, 3y = (¢ | V).
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9.28 Proposition. (a) Any Alexander matrix A(t) (which is a presentation matrix
of H(Cso) as a 3-module, 3 = (t)) is a presentation matrix of Hl(aN) as a
3N -module. 3n = (t,| IN).

(b) The matrix

A1)
on O ... 0
0 on = By (?), QN=1—|-t—|—...—l-tN_l,
: -0
0 ... 0 on

is a presentation matrix of Hi(Cy) as a 3-module.

Proof. The first assertion follows from the fact that, if two presentation matrices A ()
and A’(¢) are equivalent over Z 3, they are equivalent over Z 3 y . The second version
is a consequence of Proposition 8.39 (b). Observe that (tV — 1) = on(t)(t —1). O

9.29 Corollary. The homology groups H( C ~) of the N -fold cyclic branched cov-
erings of a torus knot t(a,b) are periodic with the period ab:

Hi(C N tkap) = Hi(CN), k € N.
Moreover
H(Cy) = Hi(Cy)) ifN =—-N mod ab.

A(r)
on (1)
Z(t)-module H;(Cy). Since A(t)|0a () and oy tkap = on + 1V - 0k (t%) - 0ap.
the presentation matrices By (¢) and By 1+ k45 (f) are equivalent. The second assertion
is a consequence of

Proof. By Proposition 9.28 (b), By (¢) = ( ) is a presentation matrix for the

Qab — ON =ZN~Qab_N forO < N < ab. O

9.30 Example. For the trefoil t(3,2) the homology groups of the cyclic branched
coverings are:

Z®7Z forN= 0 mod®6
0 for N =41 mod6
73 for N =42 mod6
Zr®7Z, for N = 3 mod 6.

Hi(Cy) =
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Proof.
N =0 mod6: (1 t+l2)~(1—z+12)
N=1 mod6: (1 ’+t2)~(1)-
N =2 mod 6: (1 ll_:;t) (lj_[)
v=smose (1E0) (1L 7).

N =0 H(Cy) = (s) @ (ts) where s is the generator.
N =1: Hi(Cy) =0.
(
(

O

9.31 Remark. In the case of a two-fold covering 62 we get a result obtained already
in Proposition 8.39 (a):
A1)
141
By(t) = I+ ~ A(=1).

141

Proposition 8.39 gives a presentation matrix for H 1(6 ~) as an Abelian group
(8.39 (a)) derived from the presentation matrix A(z) = (VT —tV) for H;( C N) asa
3~ -module. This can also be achieved by the following trick: blow up A(¢) by replac—
ing every matrix element r; () = Zc(j)tf by an N x N -matrix R;; = Z clk 1‘1]\,,

0o 1 0 ... O
0 0 1 0

T =
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This means introducing N generators s;,7S;,. .., tN—1s; for each generator s; , ob-
serving #(ts;) = t"*'s;, tN = 1. The blown up matrix is a presentation matrix of
Hi( c ~) as an Abelian group. For practical calculations of H( C ) this procedure
is not very useful, because of the high order of the matrices. It may be used, though,
to give an alternative proof of Theorem 8.41, see Neuwirth [270, 5.3.1].

9.G History and sources

Homotopy chains were first introduced by K. Reidemeister [298], and they were used
by K. Reidemeister and W. Franz to classify lens spaces [299, 118]. R. H. Fox gave an
algebraic foundation and generalization of the theory in his free differential calculus
[107, 108, 109], and introduced it to knot theory. Most of the content of this chapter is
connected with the work of R. H. Fox. In connection with the Alexander polynomials
of links the contribution of R. H. Crowell and D. Strauss [75] and J. Hillman [167]
should be mentioned.

9.H Exercises
E 9.1. Show that

(1) the augmentation ideal /3" of Z 3" is generated as a Z 3" -module by the ele-
ments (t; — 1), 1 <i < pu,

(2) Z3* is a unique factorization ring with no divisors of zero,

(3) the units of Z3* are +g, g € 3.

E 9.2. The Alexander module of a 2-bridge knot b(a, b) is cyclic. Deduce from this
that Ap(t) =1 for k > 1.

E93. Let 9: & — & /&’ = (1) be the abelianizing homomorphism of the group
& = (x, y|x®y~?) of a torus knot t(a,b). Show that x¢ = P, y® =4,

E 9.4. Compute the Alexander polynomial A(zy, t;) of the two component link £, U#;,
where £; is a torus knot, ¥; = t(a, b), and £, the core of the solid torus 7" on whose
boundary t(a, b) lies. Hint: Prove that (x,y,z | [x,z],x?y~?z%) is a presentation
of the group of ¥; U £5.

a b__
Result: A(t,1) = %
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E 9.5. Let C be the infinite cyclic covering of a link ¥ of © components (see 9.19).
Show that H;(Cyo) has a presentation matrix of the form (V! — V) with

F is a 2g x 2g matrix (g the genus of ¥), and the order of F’ is 2g + u — 1.
Deduce from this that the reduced Alexander polynomial of ¥ is divisible by (—1)*~2
(compare 9.19), and from this H,(Cs; Z) = ﬁ:ll Zs.

Prove that |7 (1)| equals the absolute value of a (u—1) x (u— 1) principal minor
of the linking matrix (Ik(f;,¥;)), 1 <i,j < jt. Show that 7% (¢) is symmetric.

E 9.6. Compute the Alexander polynomial of the twist knot b, with n half-twists

(Figure 9.5). (Result: A(t) = mt> — (2m + 1)t + m for n = 2m, A(t) = mt* —
Cm—1)t+mforn=2m—1,m=1,2,...)

-
G

Figure 9.5. The twist knot D, .

E 9.7. For % = ({s; | i € I}]) let [ denote the usual length of words with respect
to the free generators {s; | i € I}.Extend it to Z% by [(nx; + ... + ngxg) =
max{/(x;) |1 < j <k,nj #0};here n; € Z and x; € § with x; # x; fori # j.
Introduce the following derivations:

J ‘ —s;i forj =1,
as;l‘Z%_)Z%’ SJH{O for j #1i.
Prove:
0 1 0 d
o, — =
@ 8si_1(s’ ) ds; ! 0s; 5

M) 1 (;’—T) < (1), z(a—fl) <I(r) foralli € I,7 € ZF.

S; ds;
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© z(ii_(f)) <1(0), 1 (ai”%(r)) <I(v).

8si_1 0s;

d a 0 a 0
) — = — ") =
@ ds; (8si_ ! 8si) i ds; ds;!

E 9.8. (a) With the notation of E 9.7 prove: Let t,y € Z§, y # 0 and I(ty) < [(7).
Then either y € Z or there is a sl‘s, i €l,§e{l,—1} such that l(rsl‘s) < Il(7).
All elements f € & with [(f) = /() that have a non-trivial coefficient in 7 end
with si_‘S.

(b) If I(ry) < I(r) and y # O then there is a sf, i € I,8 € {l,—1} such that
I(ts?) < 1(x).

(c) If to € Z then either T or g is 0 or T and o have the form af with f € &,
ael.

E 9.9. Let V be a Seifert matrix obtained from a surface spanning the knot or link ¥.
Prove that the absolute value of the determinant and the signature of V + VT are
invariants of £ (use Theorem 9.25).

E 9.10. Let £ be aknotand Ag(#) its symmetrized Alexander polynomial. Show that
AS(1) = a € Z where Vg(z) = 1 + a7 +agzt + -
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Chapter 10
Braids

In this chapter we will present the basic theorems of the theory of braids including their
classification or, equivalently, the solution of the word problem for braid groups, but
excluding a proof of the conjugation problem. A modern account of the conjugation
problem is available in the monograph Braid Groups by C. Kassel and V. Turaev [186].

In Section 10.C we shall consider the Fadell-Neuwirth configuration spaces which
present a different aspect of the matter. Geometric reasoning will prevail, as seems
appropriate in a subject of such simple beauty.

10.A The classification of braids

Braids were already defined in Chapter 2, Section 2.D. We start by defining an isotopy
relation for braids, using combinatorial equivalence. We apply A- and A~!'-moves
to the strings f; , 1 < i < n, of the braid (see Definition 1.9) assuming that each
process preserves the braid properties and keeps fixed the points P;, Q;, 1 <i <n.
(See Figure 10.1.)

Yy PP L. P,

Z S—

L 2

Figure 10.1. A braid in its frame.

10.1 Definition (Isotopy of braids). Two braids 3 and 3’ are called isotopic or equiva-
lent, if they can be transformed into each other by a finite sequence of A*!-processes.
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Itis obvious that a theorem similar to Proposition 1.8 can be proved. Various notions
of isotopy have been introduced by Artin [11] and shown to be equivalent. As in the
case of knots we shall use the term braid and the notation 3 also for a class of equivalent
braids. All braids in this section are supposed to be n-braids for some fixed n > 1.
There is an obvious composition of two braids 3 and 3’ by identifying the endpoints Q;
of 3 with the initial points P/ of 3" (Figure 10.2). The composition of representatives

P, P, P3 Py Ps
Q1{Q& 03\ O4 5
g G y

/\I

0] 0, 0 0y 05

Figure 10.2. The composition of two braids.

defines a composition of equivalence classes. Since there is also a unit with respect
to this composition and an inverse 37 obtained from 3 by a reflection in a plane
perpendicular to the braid, we obtain a group:

10.2 Proposition and Definition (Braid group B, ). The isotopy classes 3 of n-
braids form a group called the braid group 5. O

We now start to look for a presentation of B,, . It is easy to see that 2B, is generated
by n — 1 generators o; (Figure 10.3).

For easier reference let us introduce Cartesian coordinates (x, y, z) with respect to
the frames of the braids. The frames will be parallel to the plane y = 0 and those
of their sides which carry the points P; and Q; will be parallel to the x -axis. Now
every class of braids contains a representative such that its y -projection (onto the plane
y = 0) has finitely many double points, all of them with different z-coordinates.
Choose planes z = const which bound slices of R? containing parts of 3 with just
one double point in their y -projection. If the intersection points of 3 with each of those
planes z = const are moved into equidistant positions on the line in which the frame
meets z = ¢ (without introducing new double points in the y-projection) the braid 3
appears as a product of the elementary braids o, 0; ~! compare Figure 10.3.

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Section 10.A The classification of braids 163

Py Py...P Piyy... Py PrP... P Pyy... Py

Z
i Y 01 02.--0; Qiy1---On 0102 ... Qi Qiy1---0On
X

Figure 10.3. The braids o; and o] '.

To obtain defining relations for B, we proceed as we did in Chapter 3, Section 3.B,

in the case of a knot group. Let 3 = ofl‘ ...0°" & = =41, be a braid and consider

Iy
its y-projection. We investigate how a A -process will effect the word Ufl ! ...Ol-é; "
representing 3. We may assume that the y-projection of the generating triangle of the
A -process contains one double point or no double points in its interior; in the second
case one can assume that the projection of at most one string intersects the interior.
Figure 10.4 demonstrates the possible configurations; in the first two positions it is
possible to choose the triangle in a slice which contains one (Figure 10.4 (a)), or no

double point (Figure 10.4 (b)) in the y -projection.

T T

Nizr= -

—=g — ET
(a) (b)

Figure 10.4. The effect of a A -process.

In Figure 10.4 (a), 0; 4 is replaced by 0;0;4+10; Ui_+110i_ 1. (b) describes an elemen-
tary expansion, and in (c) a double point is moved along a string which may lead to
a commutator relation ojo;, = oyo; for |i — k| > 2. It is easy to verify that any
process of type (a) with differently chosen over- and undercrossings leads to the same
relation 0;0;410; Ui_—l—lloi_ 101-_4_1 | = 1 (a) describes, in fact, an 23-process (see Defi-
nition 1.16), and one can always think of the uppermost string as the one being moved.
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10.3 Proposition (Presentation of the braid group). The braid group 8,
can be presented as follows:

_ N g ~
By =(01,...,0n-1 |0]oj+1ojoj+loj 0it forl <j<n-2,

[0j,0k] for|j —k|>2). O

In the light of this theorem, the classification problem of braids can be understood
as the word problem for ‘B, . We shall, however, solve the classification problem by
a direct geometric approach and thereby reach a solution of the word problem, rather
than vice versa.

As before, let (x, y, z) be the Cartesian coordinates of a point in Euclidean 3-space.
We modify the geometric setting by placing the frame of the braid askew in a cuboid
K . The edges of K are supposed to be parallel to the coordinate axes; the upper side
of the frame which carries the points P; coincides with an upper edge of K parallel to
the x -axis, the opposite side which contains the Q; is assumed to bisect the base-face
of K (see Figure 10.5).

N 2 Py

Figure 10.5. A braid in a cuboid.

10.4 Lemma. Every class of braids contains a representative with simple z -projec-
tion (without double points).

Proof. The representative 3 of a class of braids can be chosen in such a way that its y-
projection and z -projection yield the same word a . This can be achieved
by placing the strings in a neighborhood of the frame compare 2.10.

Consider the double point in z = 0 corresponding to Ulr , push the overcrossing
along the undercrossing string over its endpoint Q; (Figure 10.6) while preserving
the z-level. Obviously this process is an isotopy of 3 which can be carried out without

disturbing the upper part of the braid which is projected onto 01-81 b .oisr - ', Proceed
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/\/\ ///\U N

Figure 10.6

by removing the double point in z = 0 corresponding to Gfr - ' . The procedure even-
tually leads to a braid with a simple z-projection as claimed in the lemma. O

10.5 Corollary. Every 2m-plat has an m-bridge presentation.

Proof. The corollary follows directly from Lemma 10.4 (see Figure 10.7). O

-
} |

Figure 10.7

Let us denote the base-face of K by D, and the z-projections of f;, P; by f/,
Pi/' The simple projection of a braid then consists of a set of simple and pairwise
disjoint arcs fi’ leading from Pl.’ t0 Qr(),1 < i < n, where 7 is the permutation
associated with the braid 3 (see 2.10). We call { ;' | 1 <i < n} a normal dissection
of the punctured rectangle D — U;’: 1 Qj = Dy. By Lemma 10.4 every braid can
be represented by a set of strings which projects onto a normal dissection of D, ,
and obviously every normal dissection of D, is a z-projection of some braid in K.
Two normal dissections are called isotopic if they can be transformed into each other
by a sequence of A*!-processes in D, . The defining triangle of such a A-process
intersects {f;} in one or two of its sides, line segments of some f;. Any two braids
projecting onto isotopic normal dissections evidently are isotopic. The groups (K —
3) as well as Dy, are free of rank . This is clear from the fact that the projecting
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cylinders of a braid with a simple z -projection dissect K — 3 into a 3-cell. Every braid
3 in K defines two sets of free generators {S;},{S/},1 <i < n,of 7 (K—3): Choose
a basepoint P on the x-axis and let S; be represented by a loop on K consisting of
a small circle around P; and a (shortest) arc connecting it to P . Similarly define Si’
by encircling Q; instead of P; (Figure 10.5).

Since every isotopy 3 > 3’ can be extended to an ambient isotopy in K leaving
dK pointwise fixed (Proposition 1.8), a class of braids defines an associated braid
automorphism of §, = 71(K—3), ¢ : Fn — &Fn, Si = S]. Allinformation on { can
be obtained by looking at the normal dissection of D, associated to 3. Every normal
dissection defines a set of free generators of 71D, . A loop in D, which intersects
{f/} once positively in fk’ represents a free generator Sy € m; D, which is mapped
onto Sx € (K — 3) by the isomorphism induced by the inclusion. Hence, S/(S;)
as a word in the S; is easily read off the normal dissection:

S/ = LiSyz—1iL". (10.1)

To determine the word L; (S;), run through a straight line from P to Q;, noting down
Sk or S U if the line is crossed by fk’ from left to right or otherwise.

The braid automorphism equation (10.1) can also be interpreted as an automorphism
of 71 Dy, with {S;} associated to the normal dissection { f;'}, and {S;} associated to
the standard normal dissection consisting of the straight segments from Pl.’ to Q;.

The solution of the classification problem of 7 -braids is contained in the following:

10.6 Proposition (Artin [10]). Two n-braids are isotopic if and only if they define the
same braid automorphism.

Proof. Assigning a braid automorphism ¢ to a braid 3 defines a homomorphism
B, — Aut F,, 3+ C.

To prove Proposition 10.6 we must show that this homomorphism is injective. This
can be done with the help of

10.7 Lemma. Two normal dissections define the same braid automorphism if and
only if they are isotopic.

Proof. A A-process does not change the S/ = Ll‘ST[—l(i)Li—] as elements in the
free group. This follows also from the fact that isotopic normal dissections are 3-
projections of isotopic braids, and the braid automorphism is assigned to the braid
class. Now let { f;} be some normal dissection of D, and S = LiSn—l(i)Li_l read
off it as described before. If L(S;) contains a part of the form S 8S —¢, the two points
on f/ corresponding to S‘8 and S;¢ are connected by two s1mple arcs on f; and
the loop in Dy representmg S/ ! These arcs bound a 2-cell in D which contains no
point Qy, because otherwise fn—l(k) would have to meet one of the arcs which is
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impossible. Hence the two arcs bound a 2-cell in D,,, and there is an isotopy moving
fj’ across it causing the elementary contraction in L; which deletes SJ‘?" S7¢. Thus
we can replace the normal dissection by an isotopic one such that the corresponding
words L;(S;) are reduced. Similarly we can assume L; S, (,-)Ll._l to be reduced. If
the last symbol of L;(Sj;) is S; (i) there is an isotopy of f/ which deletes S _, )
in L;(S;) (Figure 10.8).

Figure 10.8

Suppose now that two normal dissections { f;'}, { f;”'} define the same braid automor-
phism S; +— S; = L,-S,,—n(i)Li_1 . Assume the LiS,,—l(,-)Li_l to be reduced, and let
the points of intersection of { f;'} and { f;"} with the loops representing the S ]’ coin-
cide. It follows that two successive intersection points on some fk’ are also successive
on f;”,and, hence, the two connecting arcs on f; resp. f;” can be deformed into each
other by an isotopy of { f;'}. This is clear if { f;'} is the standard normal dissection and
this suffices to prove Lemma 10.7. O

We return to the proof of Proposition 10.6. Let 3 and 3’ be n-braids inducing the
same braid automorphism. By Lemma 10.4 we may assume that their z -projections
are simple. Lemma 10.7 ensures that the z-projections are isotopic; hence 3 and 3’
are isotopic. O

Proposition 10.6 solves, of course, the word problem of the braid group B, : Two
braids 3, 3/ are isotopic if and only if their automorphisms coincide — a matter which
can be checked easily, since &, is free.

Proposition 10.6 and Lemma 10.7 moreover imply that there is a one-to-one corre-
spondence between braids, braid automorphisms and isotopy classes of normal dissec-
tions. These classes represent elements of the mapping class group of Dy, ; its elements
are homeomorphisms of D, which keep dD,, pointwise fixed, modulo deformations
of Dy,.

The injective image of B, in the group Aut ¥, of automorphisms of the free group
of rank n is called the group of braid automorphisms. We shall also denote it by 5, .
The injection B, — Aut &, depends on a set of distinguished free generators S; of
&n - It is common use to stick to these distinguished generators or rather their class
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Pi \Pit1

Figure 10.9. The normal dissections of o; and o, L

modulo braid automorphisms, and braid automorphisms will always be understood in
this way. We propose to study these braid automorphisms more closely.
Figure 10.9 illustrates the computations of the braid automorphisms corresponding

to the elementary braids Ui:tl — we denote the automorphisms by the same symbols:
SiSip ST j=i
0i(S;) = SJ/- =19 S Jj=1i+1 (10.2)
S; JFii+1
Si+1, J=i
o] (S))=8] =19 ST SiSiv, j=i+1 (10.3)
Sj, JFii+ 1

From these formulas the identity in &,

[1si =115 (10.4)

i=1 i=1
follows for any braid automorphism ¢: S; — Si’ , as well as equation (10.1)
S; = LiSz—g)Li". (10.5)

This is also geometrically evident, since [] S; as well as [] S/ is represented by a
loop which girds the whole braid.

At this point it seems necessary to say a few words about the correct interpretation of
the symbols o; . If 3 = afl b afr " is understood as a braid, the composition is defined
from left to right. Denote by 3; = afll ...o;(k, 0 < k < r, the k-th initial section
of 3 and by {; the braid automorphism associated to 3; (operating on the original
generators S; ). The injective homomorphism B, — Aut, then maps a factor aiel /
of 3 onto an automorphism of &, defined by equation (10.2) where ¢;_;(S;) takes
the place of ;.

There is an identity in the free group generated by the {o; }:

r r
€ Er—k+1,—1
s=[1oif = [Tor—soi sk 0 =1.
k=1 k=1
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The automorphism &, Gigr ’_‘::11 ¢ ! « (carried out from right to left!) is the automor-

phism Gfr ’__kkil defined by equation (10.2) on the original generators S; (from the top

of the braid). We may therefore understand 3 = 07" ... 0}

either as a product (from
right to left) of automorphisms ois /" in the usual sense, or, performed from left to right,
as a successive application of a rufe for a substitution according to equation (10.2) with
varying arguments. The last one was originally employed by Artin, and it makes the
mapping B, — Aut%, a homomorphism rather than an anti-homomorphism. The
two interpretations are dual descriptions of the same automorphism.

Braid automorphisms of &, (S;) can be characterized by equation (10.1) and equa-
tion (10.4). Artin [10] even proved a slightly stronger theorem where he does not pre-

suppose that the given substitution is an automorphism:

10.8 Proposition. Let %,(S;) be a free group on a given set {S; | 1 < j < n}
of free generators, and let w be a permutation on {1,2,...,n}. Any set of words
S/(Sj),1 <i < n, subject to the following conditions:

(@ S} =LiSx@i)Li",
®) [T Si = [Ti=: Si.
generates & ; the homomorphism defined by S; +— Si’ is a braid automorphism.

Proof. Assume S/ to be reduced and call A({) = >7_ 1 I(L;) the length of the sub-
stitution ¢: S; — S/, where /(L;) denotes the length of L;.If A = 0, it follows from
equation (10.4) that ¢ is the identity. We proceed by induction on A. For A > 0 there

will be reductions in

n
[1S/=LiSayLi" - LuSzmLy"

i=1

such that some Sy(;) is cancelled by S;(ll.) contained in Li__l1 or L;y;. (Ifall L;

cancel out, they have to be all equal, and hence empty, since otherwise at least one of
the words S/ would not be reduced). Suppose L; 4 cancels Sy ), then

I(LiSpGyLiy ' Lig1) < I(Lit1).

Apply o; to S ]’., oi (S j/) =S J’-/ , to obtain A(¢o;) < A(¢) while ¢o; still fulfills condi-
tions (10.1) and (10.4). Thus, by induction, ¢o; is a braid automorphism and so is ¢.

(If Sx(;) is cancelled by Li__l1 , one has to use o, 11 instead of o;.) O

10.B Normal form and group structure

We have derived a presentation of the braid group B,,, and solved the word problem
by embedding ‘B, into the group of automorphisms of the free group of rank 7. For
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some additional information on the group structure of B, first consider the surjective
homomorphism of the braid group onto the symmetric group:

B, —> Gy, 3> 7,

which assigns to each braid 3 its permutation 7. We propose to study the kernel 3, <
B,, of this homomorphism.

10.9 Definition (Pure braids). The group 3, <1 ‘B, is the pure braid group with n
strings. A braid of 3y, is called a pure i-braid if there is a representative with the strings
Jj. J # i,constant (straight lines), and if its y -projection only contains double points
concerning f; and f;, j <1, see Figure 10.10.

P; P;

Py
7 -/
\

(i)
&;

Figure 10.10. Pure i -braids.

10.10 Proposition. The pure i-braids of 3, form a free subgroup %(i) of 3, of rank
i—1

Proof. 1t is evident that &0) is a subgroup of 3. Furthermore §® is obviously
generated by the braids aj(-l), 1 < j <i,asdefined in Figure 10.10. Let 3(i) € %(i) be

an arbitrary pure i -braid. Note down (a}?)sk as you traverse f; at every double point
in the y-projection where f; overcrosses fj, , while choosing e = +1 resp. gx =
—1 according to the characteristic of the crossing. Then 3(i) = a.g)sl a](.i)sz e aﬁi)sr .

It is easy to see that the a}i) are free generators. It follows from the fact that the
loops formed by the strings f; of a](.i) combined with an arc on dK can be considered

as free generators of ) (K — U;;ll 1) = AU O
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10.11 Proposition. The subgroup B;_; C B, generated by {o, | 1 <r <i —2}
acts on %(’) by conjugation. For 1 < j <i — 1 we have

aj(.i), Jj#Fr,r+1,
o, a0y = oo} (@)l =,
o), j=r+l
The proof'is given in Figure 10.11. O
P Pry1 P Pr Pyl B
=4 yi
t T
o a0, o o (@)

Figure 10.11

It is remarkable that o, induces on %(i) the braid automorphism o, with respect to

the free generators a](.i) .

The following theorem describes the group structure of 3, to a certain extent:

10.12 Proposition. The braids 3 of 3, admit a unique decomposition:

3=32...3n 3 € F, gV = 1.

This decomposition is called the normal form of 3. There is a product rule for normal
forms:

n n
( [1 x") ( [1 Ui) = (2292) @ w3) . (=),
i=2 i=2

where n; denotes the braid automorphism associated to the braid y; € %(i).

Proof. The existence of a normal form for 3 € 3, is an immediate consequence of
Lemma 10.4. One has to realize 3 € 3, from a simple z-projection by letting first f;,

ascend over its z-projection while representing the fj, j < n, by straight lines over
the endpoints Q; . This defines the factor 3, . The remaining part of f, is projected
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32 ]/
IR
\P
34 -
\ \
—/l/
<
50 (/T/) 3 = 32333435
\l-\l

Figure 10.12. The normal form of 3, 3; € F@.

onto P, and therefore has no effect on the rest of the braid. Thus the existence of the
normal form follows by induction on n, Figure 10.12.

The product rule is a consequence of Proposition 10.11. Uniqueness follows from
the fact that, if x5...2, - v, ... v5" = 1, then (x, - v; ") =1 is its component
in % _Its string f,, is homotopic to some arc on K in K — U?;} Jj i hence (xp -

19,71)"2_1""7'7—]1 =1, xn = yn. The rest follows by induction. O
The normal form affords some insight into the structure of 3;, . By definition ;}(1) =

1; the group 3, is a repeated semidirect product of free groups with braid automor-
phisms operating according to Proposition 10.10:

3 =30 FPx (L FTV R FM) ).

There is some more information contained in the normal form:

10.13 Proposition. The pure braid group 3, contains no elements # 1 of finite order.
The center of 3y, and of *B,, is an infinite cyclic group generated by (6103 ...0,—1)"
forn > 2.

Proof. Let 3 € 3 and suppose for the normal forms of 3 and 3™

xocxn) " =v2...9p=1,m> 1.

By Proposition 10.12, v, = (x2)™ = 1.Now x, = 1 follows from Proposition 10.10.
In the same way we get x; = 1 successively for i = 3,4, ...,n. This proves the first
assertion.

The braid 3° = (0103...0,—1)" of Figure 10.13 obviously is an element of the
center Z(*B,). It is obtained from the trivial braid by a full twist of the lower side of
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0 s | et | e

ya 1 1 i

Figure 10.13. The generator of the center of 5,,.

the frame while keeping the upper one fixed. The normal form of 3° is given on the
right of Figure 10.13:

30=38...32, 3?=a§l)...a§l_)l.

or the definition of a'”) see igure 10.10.) It is easily verified that 3” determines the
(For the definition of a!") see Figure 10.10.) I ly verified that 3° d h
braid automorphism

n n -1
;02 Si (l—[ Sj)Si(l_[ Sj) s
J=1 Jj=1
and that by equation (10.4) B, N ¥, = (%) = 3, T, the inner automorphisms of
&n -

Note that Proposition 10.11 yields, for 1 <i <r <n

(0,1 o O,r_l)—ral(r‘f‘l)(o.l o Ur—l)r — (a§r+1))(01...0r—1)r
— (agr-f—l) . agr—i-l))al(r-{—l)(agr-{—l) . agr—{—]))—l‘ (106)
For n > 2 the symmetric group &,, has a trivial center, hence, Z(°8,) < Z(3,) for
the centers Z(B,) and Z(3,) of B, and 35, . We may therefore write an arbitrary
central element 3 of 3, or B, in normal form 3 = 35...3., 3;i € & . (We denote
by (i, &, n; the braid automorphisms associated to the braids 3;, xi, ;i .)
For every x3 € %(3):

2233 B = X33 =23 = 32332335 - 35

It follows that x335 = 3323, or 2 = 332333". Now 30 = (a{)F = Dk

for some k € Z. Apply equation (10.6) for r = 2, {H = O'lzki (al@))UIZk
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@Pa§)*aP (@fPaf?)* . Hence, for every x5 € -

2k
332333 =23 = @Paf)exs(@Paf?)*.

Since §© is free with basis a?), a?), we get 33 = (a?)a?))k.

The next step determines 34 by the following property. For x4 € %(4) :

X430 3 = 3233 3 B =32 30 Ea = 303334 X435 . 350

The uniqueness of the normal form gives:

2 = saza3r
The braids agz) and a@ag) commute — draw a figure — and so do 3, and 33 and the
corresponding automorphisms: 3 {3 = {3 85.

We already know 3233 = (a?))k (ag3)a§3))k = (a?) aES)ag))k
(0102)3k . By equation (10.6) we get for all x4 € %(4):

hence ({3 =

3axa3y ! = P8 = (0102) 73k x4(0102)%k
e 3 (Pt

and hence, 34 = (a§4)a§4)a§4))k . The procedure yields 3; = (3?)]‘, 3= (30k. O

The braid group B,, itself is also torsion free. This was first proved by E. Fadell
and L. Neuwirth [94]. A different proof was given by K. Murasugi [264]. We discuss
these proofs in Section 10.C.

10.C Configuration spaces and braid groups

In Fadell and Neuwirth [94] and Fox and Neuwirth [106] a different approach to braids
was developed. We shall prove some results of it here. For details the reader is referred
to the papers mentioned above.

A braid 3 meets a plane z = ¢ in n points (py, p2,...,pn) if 0 < ¢ < 1, and
z = 1 (z = 0) contains the initial points P; (endpoints Q;) of the strings f;.
One may therefore think of 3 as a simultaneous motion of n points in a plane EZ,
{(p1(@),....,pn(t)) | 1 <t < 1}. We shall construct a 2n-dimensional manifold
where (pi1,..., pn) represents a point and (pi(¢),..., pn(¢)) a loop such that the
braid group ‘B, becomes its fundamental group.

Every n-tuple (pi,..., pn) represents a point P = (x, y1,X2, ¥2,...,Xn, V) in
Euclidean 2n-space E>", where (x;, y;) are the coordinates of p; € E*. Leti < j
stand for the inequality x; < xj, i=j for x;, = x;, yi < y;,and i = j for

Xi = Xj, yi = y;.Any distribution of these symbols in a sequence, e.g. (1) =
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7(2Q)=n(3) < x(4)...n(n), 1 € G,, then describes a set of linear inequalities and,
hence, a convex subset of E2". Obviously these cells form a cell division of E?".
There are n! cells of dimension 21, defined by (7 (1) < 7(2) < ... < w(n)).

The dimension of a cell defined by some sequence is 2n minus the sum of the num-
ber of occurrences of = and twice the number of occurrences of =. The permutations
7w € Gy under 7(p1,...,pn) = (Prq)s--- Pr(n)) form a group of cellular opera-
tions on E2". The quotient space 2" = E2"/@,, inherits the cell decomposition.
The following example shows how we denote the projected cells:

() <72)=xB)...=7a(n) > (x=...=).

(Just omit the numbers 7(i).) &, operates freely an E**—A , where A isthe (2n—2)-
dimensional subcomplex consisting of cells defined by sequences in which the sign =
occurs at least once. The projection ¢: E*" — E?" then maps A onto a (2n — 2)-
subcomplex A of E* and g: E?" — A — E?" — A describes a regular covering of
an open 2n -dimensional manifold with &;, as its group of covering transformations.
E" s called a configuration space.

10.14 Proposition. 7 (E2" — A) = B, 71 (E¥ — A) = 3.

Proof. Chopse a basepoint P in the (one) 2n-cell of EZ” —AIA\ and some P,
g(P) = P. A braid 3 € B, then defines a loop in E?" — A, with basepoint

A

P =q(Pr,....Pp) = q(Q1.....Qn). Two such loops 3; = q(pi1(t)..... pu(1)),
3 =q(pi(),....p,()), 0 <t <1, are homotopic relative to P, if there is a con-
tlnuous family 3;(s),0 < s < I, with 3;(0) = 3;, 3:(1) = 3}, 30(s) = 31(5) = P.
This homotopy relation 3; ~ 3, coincides with E. Artin’s definition of s-isotopy for
braids 3,3, [11].

It can be shown by using simplicial approximation arguments that s-isotopy is
equivalent to the notion of isotopy as defined in Definition 10.1, which would prove
10.14. We shall omit the proof, instead we show that (E n A) can be computed
directly from its cell decomposition (see R. H. Fox and L. Neuwirth [106]).

We already chose the base point P in the interior of the only 2n-cell A=
(<...=). There are n — 1 cells A of d1mens10n 2n — 1 corresponding to sequences
where the 51gn = occurs once (< .. . <) at the i -th position.

Thlnk of P asa0-cell dual to A and denote by oi, 1 <i <n—1,the I-cells dual
to )t By a suitable choice of the orientation o; will represent the elementary braid.

1

Figure 10.14 describes a loop o; which intersects A; at = 5.

It follows that the o; are generators of (E n A) Defining relatlons are obtained
by looking at the 2-cells 7;; dual to the (2n — 2)-cells )k, i of E?" — A which are
characterized by sequences in which exactly two signs = occur:

;\ik=(<...<é<...<é<...)
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i i1

y /
Pn —_—

I
=

> i
pl-‘r]( )
1 Y Pit1©) = pi(D)
pi+1({)=pi<0)\1',,ﬁ x 1=0
pi(3) v

P1

l

|
N—

Figure 10.14. The elementary braid o; .

atposition i and k, 1 <i < k < n—1.The geometric situation will be quite different
in the two cases k =i + 1 and k > i + 1.

Consider a plane y transverse to k, 41 1n E? — A. One may describe it as the
plane defined by the equations x; + x; 41 + Xx;j42 =0, x; =0, j #i,i + 1,i + 2.
Figure 10.15 shows y as an (x;, xj+1)-plane with lines defined by x; = xj4+1, x; =
Xi42, Xi+1 = Xj+2-

Xi = Xi4+1
Xi+l = Xi42

Xi < X4l < Xi42

Xitl < Xj < Xj42

Figure 10.15. The relation which corresponds to the 2-cell 7; j 41 .

The origin of the (xj,x;j+)-plane is y N )Ati,i_H and the half rays of the lines are
y N /A\j, i < j <i+4 2. Werepresent the points of y N LJH by ordered triples.
We choose some point X in x; < xj4+1 < X;j4» to begin with, and let it run along a
simple closed curve g; ;+1 around the origin (Figure 10.15). Traversing x; = X; 11
corresponds to a generator 0; = (... = < ...), the point on g; ;4 enters the 2n -cell
Xi4+1 < Xj < Xj4 after that. Figure 10.16 describes the whole circuit g; ;41 .

Thus we get: 0; i+1 = o,-o,-+1o,-0i_+lloi ! z+1 Whether to use o; or o; ~1 can
be decided in the following way. In the cross-section y coordinates x;, y; dlfferent
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Xi < Xji41 < Xi42 /
(.. )

..)<:>(I[

Xi4l < Xj < Xi42 /
(<=0 S04

Xitl < Xj42 < X /
(...

L) &0

1>
A

I
A

Xi42 < Xi41 <X

—1
..)<:>O’H_1

A
1>

Xi42 < X < Xi41
-1

(..=<..) %0
Xitl < Xi42 < Xj41 \
-~ -1
("'<_"')©0i+1
Xi < X4l < Xj42 \

. - _ -1 =1 _—1
Figure 10.16. The circuit 9, ;41 = 0;0;+10; 0;410; Oipy-

from x;, x;+1, Xx;4+2 are kept fixed. Thus we have always y; < yj4+1 < yi42. Now
Figure 10.17 shows the movement of the points p;, pi+1, pi+2 € E? at the points A
and B of Figure 10.15.

N y
prYy
Yi42 . . Yi42 ¢
Di+2 Pi+2
Pi+1
T Vitl Yi+1
Di+1
pi —> Vi iy <«— p;

A B
. > x . . s 3 X
Xi < Xi4+1 < Xi42 Xi42 < Xi41 < Xj

Figure 10.17

The same procedure applies to the case k > i 4+ 1. Here the cross-section to /A\i,k can
be described by the solutions of the equations x; +x;4+1 = X +xr4+; = 0. We use an
(xi, Xx)-plane and again y N ii,k is the origin and the coordinate half-rays represent
y N Ai, y N A (Figure 10.18).

It is left to the reader to verify for i + 1 < k that

-1 __—1

The boundaries are d7;; homotopic to g;x , thus we have again obtained the standard
presentation of the braid group (see Proposition 10.3), B, = (o1,...,0n—1 | 0ix (1 <
i <k <n—1)).Bydefinition 7 (E*" — A) = 3),. O
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A Xk
Xi = Xi41
X = Xk+1
> X
Xi < Xi41] //Qik
X < Xg+1

Figure 10.18. The circuit g;x = o;0r0; "o} fori +1 < k.

A presentation of 35, might be obtained in the same way by studying the cell complex
E?™ — A, but it is more easily derived from the normal form (Proposition 10.12).
Fadell and Neuwirth [94] have shown that E™ A is aspherical; in fact, E™ _ A
is a 2n -dimensional open manifold and a K(*8,, 1) space. From this it follows by the
argument used in Theorem 3.40 that 5y has no elements # 1 of finite order.

10.15 Proposition. The braid group B, is torsion free.
We give a proof of this theorem using a result of F. Waldhausen [365].

Proof. Let V be a solid torus with meridian m and longitude £ and 3 C V a closed
braid derived from an #n-braid 3 of finite order &, 5k = 1. The embedding 3 C V is
chosen in such a way that 3 meets each meridional disk D of V at exactly n points.
For some open tubular neighborhood U(3),

m(V-UQR) = 3xmDy, withDy, =DnN(V -UGQR)),

where 3(= (t)) resp. m1 D, (= MN) are free groups of rank 1 resp. n. The generator
t can be represented by the longitude ¢ (compare Corollary 5.5). There is a k-fold
cyclic covering

p: (V=UG) — (V-U®)

corresponding to the normal subgroup (%) x N < (1) x N. Now (5) x N =
(1% x N since 3¥ is the trivial braid. From this it follows that 7;(V — U(3)) has a
non-trivial center containing the infinite cyclic subgroup (tk ) generated by t* which
is not contained in N = 7y D, . ( Dy, is an incompressible surface in V — U(3).)

By Waldhausen [365, Satz 4.1] V — U(3) is a Seifert fiber space, (%) is the center
of 71 (V — U(3)) and ¥ represents a fiber ~ £¥. The fibration of ¥V — U(3) can
be extended to a fibration of V' [59, Theoreme 2]. This means that 3 is a torus link
t(a,b) = 3. It follows that gk = t(a,kb). Since gk is trivial, we get kb =0, b =0,
and 3 = 1. O
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The proof given above is a special version of an argument used in the proof of a
more general theorem by K. Murasugi [264].

10.D Braids and links

In Chapter 2, Section 2.D we described the procedure of closing a braid 3 (see Fig-
ure 2.12). The closed braid obtained from 3 is denoted by 3 and its axis by /.

10.16 Definition. Two closed braids 3, 3’ in R? are called equivalent, if they possess
a common axis /, and if there is an orientation preserving homeomorphism f: R® —
R3, £(3) = 3, which keeps the axis & pointwise fixed. Of course, R? may again
be replaced by S* and the axis by a trivial knot. E. Artin [10] already noticed the
following:

10.17 Proposition. Two closed braids 3, 3’ are equivalent if and only if 3 and 3 are
conjugate in By, .

Proof. 1If 3 and 3’ are conjugate, the equivalence of 3 and 3’ is evident. Observe that a
closed braid 3 can be obtained from several braids which differ by a cyclic permutation
of their words in the generators o;, and hence are conjugate.

If 3 and 3’ are equivalent, we may assume that the homeomorphism f: R3 — R3,
f(3) = %', is constant outside a sufficiently large cube containing 3 and 3’. Since £ is
also kept fixed, we may choose an unknotted solid torus V' containing 3, 3’ and restrict
fto f:V—V with f(x) = x for x € dV. (We already used this construction at
the end of the preceding section.) Let ¢ again be a longitude of 0V, and &, = 71D,
the free group of rank n where D, is a disk with n holes. There is a homeomorphism
z: D, — Dy, z|0D;, = id, inducing the braid automorphism ¢ of 3, and V —
UBG)=Dpx1)/z, 11y(V-U@B)) = (t) X &, compare 5.2, Proposition 10.6 and
Lemma 10.7. For the presentation

m(V =UGB) = (tu; | tupt™ = ¢(u)), 1 <i <n,

choose a basepoint on dV N D,, and define the generators {u;} of 7y D, by a normal
dissection of D, (see 10.4).

The automorphism ¢ is then defined with respect to these geometrically distin-
guished generators up to conjugation in the group of braid automorphisms. The class
of braid automorphisms conjugate to ¢ is then invariant under the mapping

[ (V=UGF) - (V-UG)).
and, hence, the defining braids 3, 3’ must be conjugate. O

The conjugacy problem in B, is thus equivalent to the problem of classifying closed
braids. There have been many attempts since Artin’s paper in 1925 to solve it. Some
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partial solutions had been attained by W. Frohlich [122], until G. S. Makanin [227]
and F. A. Garside [126] completely solved the problem. F. A. Garside invented an
ingenious though rather complicated algorithm by which he can decide whether two
braids are conjugate or not. This implies a new solution of the word problem by the
use of a new normal form. We do not intend to give a proof. A modern account of the
problem can be found in the book by C. Kassel and V. Turaev [186, Chapter 6].

Alexander’s theorem (Proposition 2.12) can be combined with Artin’s character-
ization of braid automorphisms (Proposition 10.8) to give a characterization of link
groups in terms of special presentations.

10.18 Proposition. A group & is the fundamental group mw,(S> — ) for some link |
(a link group) if and only if there is a presentation of the form

& = (S1,.... 8 | ST'LiSzyL7' 1 <i <n),

with 7w a permutation and ]_[fz 1 Si = H;’: h LiS,,(,-)Li_1 in the free group generated
by {Si |1 <i <n}. O

A group theoretical characterization of knot groups 71 (S” — S”~2) has been given
by M. A. Kervaire [194] for n > 5 only. Kervaire’s characterization includes H;(S"—
S§"72) = 7, Hy(m(S™ — S"72)) = 0, and that 7{(S™ — S™?) is finitely generated
and the normal closure of one element. All these conditions are fulfilled in dimensions
3 and 4 too. For n = 4, there are stronger sufficient conditions, but theses conditions
are not necessary (see J. Hillman [171, Sec. 14.6]). F. Gonzalez-Acufia [132] has given
a characterization for n = 4 in terms of group presentations in the spirit of Artin’s
result (see Proposition 10.18). For n = 3 Kervaire’s conditions are definitely not
sufficient. There is an example G = (x,y | x2yx~'y~!) given in Rolfsen [309]
which satisfies all conditions, but its Jacobian (see Proposition 9.10)

((M)W (M)"’) —@-10),
x dy

x?¥ = 1. y®¥ = ¢, lacks symmetry. It seems to be a natural requirement to include a
symmetry condition in a characterization of classical knot groups 71 (S —S'). Anin-
finite series of Wirtinger presentations satisfying Kervaire’s conditions is constructed
by S. Rosebrock [310]. These presentations do not belong to knot groups although
they have symmetric Alexander polynomials.

We conclude this chapter by considering the relation between closed braids and the
links defined by them.

Let B, be the group of braids resp. braid automorphisms ¢ operating on the free
group &, of rank n with free generators {S;}, {S/}, S = ¢(S;), such that (a) and
(b) in Proposition 10.8 are valid. There is a ring homomorphism

¢ LEn —> L3, 3= (1),
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defined by: ¢(S;) = ¢, mapping the group ring Z®, onto the group ring Z3 of an
infinite cyclic group 3 generated by ¢.

10.19 Proposition (Burau [49]). The mapping B: B, — GL(n,7Z.3) defined by ¢
((3%(—;"))“’) is a homomorphism of the braid group B, into the group of (n x n)-
matrices over 7..3. Then

I I+ 1
E
1—1t t I , 1 <i<n
ploi) = 10 i+1

B is called the Burau representation.

The proof of Proposition 10.18 is a simple consequence of the chain rule for Jaco-
bians:

S// n asll aS/

Si) =S/, ' (Sy) =S}, .
55 = 55 850 = S 5 =D

The calculation of B(o;) (and ,B(Ui_l)) is left to the reader. O
10.20 Proposition. Z;Zl(%)‘” =1, 7' ¢t (%S‘j}'))‘/’ =/

Proof. Again the proof becomes trivial by using the Fox calculus. The fundamental
formula yields

, N e (088D
(@(S,)—l)“’—z—l—j;( 5 ) (1),

For the second equation we exploit [[7_; £(Si) = [17=; Si in &n:
n

Z”i_l(aig)) (as [Tecs )) Z(as ]‘[sl) =00

i=1 i=1 i=1

The equations of Proposition 10.20 express a linear dependence between the rows
and columns of the representing matrices. This makes it possible to reduce the degree

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



182 Chapter 10 Braids

n of the representation by one. If C(¢) is a representing matrix, we get:

0
0
s7'lc@w)S = B@) : (5)
kokeeok |
1 -1 0
11
g 1 s 1 -1
0 ... 1 : 1—1
0 ... ... 1

This is easily verified and it follows that by setting ,BA(E ) = B(t) we obtain a repre-
sentation of %8, in GL(n — 1, Z.3) which is called the reduced Burau representation.
Note that

plony=|_11

Bon_1) =

(B(o1) = (¢) for n = 2).

In addition to the advantage of reducing the degree from n to n — 1, the reduced
representation 8 has the property of mapping the center of B, into the center of
GL(n —1,Z3); thus

t" 0
tn
B(oy...on—1)" =
0 "

The original B maps the center on non-diagonal matrices.
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The algebraic level of these representations is clearly that of the Alexander module
(Chapter 8.A). There should be a connection.

10.21 Proposition. For 3 € By, f(3) = C(2), the matrix (C(t) — E) is a Jacobian
(see 9.19) of the link 3. Furthermore if 8(3) = B(t) then

det(B(t)—E) = (1 +t+ ...+ Ha - vH@).

where VH (t) is the Hosokawa polynomial of 3 (see 9.19), and w the multiplicity
of 3.

Proof. The first assertion is an immediate consequence of Proposition 10.18. The sec-
ond part — first proved by W. Burau [49] — is a bit harder:

The matrix (C(¢t) — E)S, see equation (5), is a matrix with the 7 -th column con-
sisting of zeroes — this is a consequence of the first identity in Proposition 10.20. If the
vector a; denotes the i -th row of (C(¢) — E), the second identity can be expressed
by >'_, " "la; = 0. Hence

n .
Zz’—lb,- =0, (6)

i=1
where D; denotes the vector composed of the first # — 1 components of a; 5.
By multiplying the a; S by S~! from the left we obtain
det(B(t) — E) = det(d; — da, Dy — D3,...,Dp—1 — Dp)
(compare equation (5)). From this we get that

+det(B(t) — E) = det(d, — D1, D3 — Dy,..., 0,4 — D1)

n—1
= det(b, D3,... bp) + Y _det(Da,.... i, (=D1)..... Dp)

i=1

n—l1
= det(b.....Dp) + Y _ det(dy,.... 1 Dig1.....Dn)

i=1

=(U4+t4...+" Y- vH@) ¢ - DL

The last equation follows from 9.19 since det(d, ..., D,) by (6) generates the first
elementary ideal of S~!(C(t) — E)S. O

The question of the faithfulness of the Burau presentation has received some atten-
tion: In Magnus and Peluso [226] faithfulness was proved for n < 3; only recently
this was shown to be wrong for n > 5 (see Moody [246] for n > 10, Long and
Paton [216] for n > 6 and Bigelow [20] for n = 5). At the moment of writing, the
faithfulness of the Burau representation when n = 4 is an open problem.
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It is evident that two non-equivalent closed braids may represent equivalent knots
or links. For instance, 61 and 67! both represent the unknot, but oy and o7 ! are not
conjugate in B,. Figure 10.19 shows two closed n-braids which are isotopic to 3 as
links for any 3 € B,—;.

Figure 10.19. A Markov move.

A. A. Markov proved in 1936 a theorem [229] which in the case of oriented links
controls the relationship between closed braids and links represented by them. The
orientation in a closed braid is always defined by assuming that the strings of the braid
run downward.

10.22 Definition (Markov move). The process which replaces 3 € B, by 30,;&_11
(Figure 10.19) or vice versa is called a Markov move. Two braids 3 and 3’ are Markov
equivalent, if they are connected by a finite chain of braids:

3=30 31 >80 > ... >3 =3,
where either two consecutive braids 3; are conjugate or related by a Markov move.

10.23 Theorem (Markov [229]). Two oriented links represented by the closed braids
3 and 3’ are isotopic, if and only if the braids 3 and 3’ are Markov equivalent.

Proof. We revert to Alexander’s theorem and its proof in Proposition 2.12. Starting
with an oriented link ¥ the procedure automatically gives a closed braid with all strings
oriented in the same direction, assuming that the orientation of £ goes along with
increasing indices of the intersection points P;, 1 <i < 2m. We denote the oriented
projections of the overcrossing arcs from P;;_; to P»; by s;, and the undercrossing
ones from P,; to Pri4+; by t;; we also give an orientation to the axis & from left to
right, Figure 2.13 (b). Let S denote the set { P>;—;} of the starting point of the arcs s;,
and F = {P»;} their finishing points.

We now consider different axes for a given fixed projection p(f).Choose any sim-
ply closed oriented curve %’ in the projection plane R? = p(R?) which separates
the sets S and F and meets the projection p(f) transversely such that S is on the
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Figure 10.20

left and F on the right side of 4’. We arrange that overcrossing arcs always cross i’
from left to right and undercrossing ones from right to left, Figure 10.20. This can be
achieved by changing ¥ while keeping p(f) fixed by introducing new pairs of inter-
section points. But the new sets S’ D S, F’ D F are still separated by /2’ in the same
way. The original axis & of Figure 2.13 (b) can be replaced by an axis in the form A4’
by using an arc far off the projection, and, on the other hand, any axis 4’ defines a
closed braid 3 = ¢ in the same way as /.

We now study the effect of changing 4’ while keeping p(¥) fixed.

We first look at isotopies of 4’ in R?> — (S U F) by A-moves, see Definition 1.10.
The following cases may occur: In Figure 10.21 the bold line is always 4’ while the
others belong to p(¥). Intersection points are not marked.

The moves (5), (6), (7) are isotopies of the closed braid. Move (8) is a sequence of
the remaining moves, Figure 10.22:

Y J 7
) .,l j\[ i;r\

Figure 10.21
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AN
Ml =L

Figure 10.22. Move (8) is a sequence of the remaining moves.

Assume /' to be in the position of the x -axis of R? and S = {P»;_} in the upper half-
plane H* . We investigate the effect of the moves (1)—(4). The arcs s;i=H TN p(si)
form a normal dissection of HT — S and, hence, define a braid 5+ (the four braids
corresponding to H* N'S, H* N F form the closed braid 3 determined by /’).

In Figure 10.23 the move (4) is applied in a special position: we assume that on
the right side of Q,, there are no intersections 2’ N p(¥), and that the A-move is
executed in the neighborhood of Q. This special position can always be produced
by an isotopy of 3.

S
, P2m+1
K
m A 5 i
W ) m+1 ’l‘
' - h -
> ' -
Om Om Im+114 Qom+1
4
P2 ~

Figure 10.23

A comparison of Figure 10.23 with Figure 10.9 shows that 37 is replaced by 3% o,
while the other three constituents of 3 just obtain an additional trivial string. By similar
arguments we see that the moves of Figure 10.21 result in Markov moves.

In general, the isotopy which moves an axis 4’ into another axis /# in R? will not
be an isotopy of R? — (S U F). Figure 10.24 shows the general case.

Suppose that F is contained in the interior of the closed curve &', and let the dis-
section lines {{3;+} start in the {P»;+;} and run upwards to infinity. Consider the
local process which pushes two segments of A’, oppositely oriented, simultaneously
over an intersection point Py; 4, Figure 10.25.

This process again is an isotopy of 3. Applying it, we can deform A’ into h” with
R N (UL2i4+1) = 9. Then h” is a simple closed curve containing F in its interior,
S in its exterior and isotopic to 4 in R> — (S U F). So we have proved the following:
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Figure 10.24

Figure 10.25

10.24 Claim. Given a diagram p(¥) of an oriented link with intersection points
(S, F), and two axes h and h’ separating S and F, then the closed braids defined
by S, F, h and h' are Markov equivalent.

10.25 Remark. Starting with p(¥) and (S, F), a separating axis 4 will in general
enforce additional intersection points S* D S, F* D F, but the separating property
will be preserved.

If two closed braids for p(¥) and axes & and i’ with different intersection points
(S, F) and (S’, F’) are given, they are still Markov equivalent, because by the claim
those given by £, (S, F) and /’, (S’, F’) are, for a common refinement (S”, F”) of
(S, F) and (S', F’).

To complete the proof of Markov’s theorem, we have to check the effect of the
Reidemeister moves 2;, 1 <i < 3, see Definition 1.16, on p(¥). We take advantage
of Claim 10.24 in choosing a suitable axis: for €2; and €2, the axis can be chosen
away from the local region where the move is applied. In a situation where €23 can be
executed, Figure 10.26, the line s; will cross the axis i’. According to the orientations,
two cases arise which are shown in Figure 10.26.
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Figure 10.26

It suffices to ascertain that we can in each case place the intersection points in the re-
gion of the ©23-move in such a way that S and F are separated by 4’. The intersection
points outside the region are not changed. This completes the proof which is due to
H. R Morton, [253]. O

A Markov theorem for unoriented links was proved by A. Simon [334]. In addition
to conjugation and Markov moves a further move (Markov * -move) is necessary which
operates not on the braid group but on the monoid of pseudobraids.

10.E History and sources

Braid groups B, and 3, appeared first, in a different context and under a different
name, in an article by A. Hurwitz in 1891 [175, I1.§1, §2] on the theory of Riemann
surfaces. Section 6.3 of M. Epple’s book [92] presents this aspect of Hurwitz’ work in
a modern context. The connections between the paper by A. Hurwitz and later devel-
opments has been described by W. Magnus in [223].

The notation of the braid and the braid group where explicitly introduced by E. Artin
in his famous paper “Theorie der Zopfe” in 1925. (O. Schreier, who was helpful with
some proofs, should, nevertheless be mentioned.) This paper already contains the fun-
damental isomorphism between braids and braid automorphisms by which braids are
classified. The proof, though, is not satisfying. E. Artin published a new paper on braids
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in 1947 with rigorous definitions and proofs including the normal form of a braid. The
remaining problem was the conjugacy problem. The importance of the braid group in
other fields became evident in Magnus’ paper on the mapping class groups of surfaces
[222]. Further contributions in that direction were made by J. Birman and H. Hilden.
There have been continual contributions to braid theory by several authors. For a bib-
liography see the books of J. Birman [24] and C. Kassel and V. Turaev [186]. The
outstanding work was doubtless Makanin’s and Garside’s solution of the conjugacy
problem [227, 126]. Braid theory from the point of view of configuration spaces was
studied by E. Fadell and L. Neuwirth [94]. They assigns braid groups to manifolds —
the original braid group then is the braid group of the plane R?. This approach has been
successfully applied by V. 1. Arnol’d [9] to determine the homology and cohomology
groups of braid groups.

More recently some important results about the braid group have been obtained:
P. Dehornoy [88] proved that Artin’s braid group B, is orderable and the linear-
ity of B, was established by D. Krammer [202, 203] and S.J. Bigelow [21]. The
book of C. Kassel and V. Turaev [186] gives a modern account of the theory of braid
groups.

10.F Exercises

E 10.1. (Artin [10, Satz 2]) Prove: B,, = (0,7 | 0" = (01)" !, [0't07,1]),2 <

I < % 0 = 0102...0p—1,T = 01. Derive from this presentation a presentation of

the symmetric groups &, [10, Satz 3].
E10.2. B,/ ~ 3, 3,/3, = 30).

E 10.3. Let Z(B,) be the center of B, . Prove that 3™ € Z(*8,) and 3 € 3, imply
3 € Z(Bn).

E 10.4. Interpret 3, as a group of automorphisms of &, and denote by T}, the inner
automorphisms of &, . Show that

Tudn/Th = Tho13u—1, TH N3y = Z(3,) = center of Iy,.
Derive from this that T, 3, has no elements of finite order # 1.

E 10.5. (Garside) Show that every braid 3 can be written in the form

ai

o =0 ...Gi‘;’Ak,ak > 1, with A = (07...04-1)(01...0n—2) ... (0102)0]

the fundamental braid, k an integer.
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E 10.6. Show that the Burau representation B and its reduced version ,f:’ have the
same kernel i.e. f(3) = E if and only if f(3) = E (see [186, Lemma 3.10]). The
representations are faithful for n < 3.

E 10.7. Show that the notion of isotopy of braids as defined in 10.1 is equivalent to
s -isotopy of braids as used in the proof of Proposition 10.14.

E 10.8. Find a sequence of Markov moves which relates o1 and o .
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Manifolds as branched coverings

The first section contains a treatment of Alexander’s theorem [3] (Theorem 11.1). It
makes use of the theory of braids and plats. The second part of this chapter is devoted
to the Hilden—Montesinos theorem (Theorem 11.11) which improves Alexander’s re-
sult in the case of 3-manifolds. We give a proof following H. Hilden [165], but prefer
to think of the links as plats. This affords a more transparent description of the geo-
metric relations between the branch sets and the Heegaard splittings of the covering
manifolds. The Dehn—Lickorish theorem (Theorem 11.7) is used but not proved here.

11.A Alexander’s theorem

11.1 Theorem (Alexander [3]). Every orientable closed 3-manifold is a branched
covering of S3, branched along a link with branching indices < 2. (Compare 8.37.)

Proof. Let M? be an arbitrary closed oriented manifold with a finite simplicial struc-
ture. Define a map p on its vertices ﬁ,-, 1<i <N, p(IS,-) = P; € S3, such that the
P; are in general position in S>. After choosing an orientation for S3 we extend p
toamap p: M 3 — §3 by the following rule. For any positively oriented 3-simplex
[P;,, Py, Pi,, P;,] of M3 we define p as the affine mapping

p: [Py, Py, Py, Pi] — [Pi,, Py, Piy, P,).

if [Py, Pi,, Py, Pi,] is positively oriented in S3; if not, we choose the complement
C[P;,, Pi,. Pi,, P;,] as image,

p: [P, Py, Piy, Pi)] — C[P;,, Py, Piy, P;,).

We will show that p is a branched covering, the 1-skeleton M of M3 being mapped
by p onto the branching set p(M') = T C S3. For every point P € S — p(M?),
M? the 2-skeleton of M3, there is a neighborhood U C S* — p(M?) containing P
such that p~!(U(P)) consists of n dlS]Olnt neighborhoods U /i of the points p~1(P).
Suppose that P € p(M* 2)— p(M" and P € p 1(P) is contained in the interior of
the 2-simplex [Pl, P2, P3] in the boundary of [Po, Pl, Pz, Pg] and [Pl, P2, Pg, P4]
Let [Py, Py, P, P3] be positively oriented in S3. If Py and P4 are separated by the
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plane defined by [P, P>, P3], we get that

plPo, P1, Py, P3| = [Py, Py, P2, Ps), plPy1, Py, P3, Py] = [Py, P2, P3, Py;
if not,

plPo. Pr. Py, Ps] = [Py, Py, Py, P3], p[P1, Py, Ps, Py = C[Py, Py, P3, Py.

In both cases there is a neighborhood U of P which is mapped onto a neighborhood
U of P = p(P), see Figure 11.1.

(Py) *

Figure 11.1

As a consequence; p: M3 — S3 is surjective, otherwise the compact polyhedron
p(M?3) C S3 would have boundary points on p(M?)— p(M"). It follows also that for
every point P € S3—p(M") there is a neighborhood U C S3—p(M") containing P
such that p~!(U(P)) consists of n disjoint neighborhoods U ; of the points p~1(P).
Hence p: M3 — p~!(p(M")) — S* — p(M") is a covering.

It follows from the construction that the restriction p|M': M — S3 is injective.
The preimage p~'(P;) of a vertex P; consists of Pi and maybe several other points
with branching index one. The same holds for the images [P;, P;] = p[13,~, ﬁj] of
edges. It remains to show that p can be modified in such a way that the branching set
T = p(M") is transformed into a link (without changing M?3).

By U(T) we denote a tubular neighborhood of T C §3, consisting of (closed)
balls B; with centers P; and cylindrical segments Z;; with axes on [P;, P;]. The
intersection Z;; N By adisk &; for k =i, j and empty otherwise. With I = [0, 1],
Zij =1 x6,and for ¥ € [ the disk Y x § is covered by a collection of disjoint
disks in M3, of which at most one may contain a branching point Y € M! of index
r > 1. The branched covering p|Y Y x8 — Y x 8 (for short: p: §—8)is cyclic
(Figure 11.2).

A cycle of length r may be written as a product of r —1 transpositions, (12...r) =
(1,2)(2,3)...(r — 1,r). Correspondingly there is a branched covering p’: §' — §
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plg

Q Q

Figure 11.2. Modification of the cyclic branched covering p: §—38.

with r — 1 branch points Yi, 1 <i <r—1,ofindex two. § is adisk, and p’ | 38 =
p|38. We substitute p’ for p on all cylindrical segments Z;; C p~'Z;; and obtain
a new branched covering

p': M3—Up_1(Bi) — S3—UB,-.

We denote by éi the component of p~!(B;) which contains 13,- . The branching
set consists of lines in the cylindrical segments parallel to the axis of the cylinder.
p'|0B; = §* — S% = 3B, is a branched covering with branching points Q;, 1 <
j < g, of index two where the sphere S meets the branching lines contained in the
adjoining cylinders. To describe this covering we use a normal dissection of S —
U;?:l Q; = X4 joining the Q; by simple arcs s; to some Q € X,. (The arcs are
required to be disjoint save for their common endpoint Q, Figure 11.3.)

We assign to each s; a transposition 7; € &, , where n is the number of sheets

of the covering p’: $2 > 82 and G, is the symmetric group of order n!. Crossing

Figure 11.3. A normal dissection of X .
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an arc of p~!(s;) in $2 means changing from the k-th sheet to the 7;(k)-th sheet
of the covering. Since Q is not a branch point, ]_[;4’: T = id, ¢ = 2m. Comput-
ing y(5§%) = 2 gives (n — 1) = m. On the other hand, any set of transpositions
{rj | 1 < j < 2m} which generate a transitive subgroup T, of &,,n =m + 1, de-
fines a branched covering p’: $2 > 82 if ]—[12'21 7; = id. We may assign generators
Sj € m1(Xom) tothe arcs s; (see the text preceding Proposition 10.6), ]_[12’21 Si=1,
and there is a homomorphism ¢: 7122, — &5, ¢(Sj) = t;. Given two normal
dissections {s;} and {sj’.} of Xy, there is a homeomorphism h: Xy, — Yo,
h(s;) = s} which induces a braid automorphism ¢: S; — {(S;) = S]/- = LjSiLj_l,
(i) = j, where & is the permutation of a braid. The generator S ]’ corresponds to
the arc sj’- . The commutative diagram

¢
T Xom ——> M1 Xom

d d

defines a mapping ¢* called the induced braid substitution in T, . This can be used

to compute the transpositions tJ’. = (*(rj) which have to be assigned to the arcs s]’.

in order to define the covering p’: $2 — S2. 1t follows that the homeomorphism
h: Yo,m — Xom can be extended and lifted to a homeomorphism /4 :

[ Ry}

e

§2 "> 52

We interrupt our proof to show that there are homeomorphisms 7, h such that the Tj
are replaced by rj’- with a special property.

11.2 Lemma. If 2m transpositions t; € G, 1 < i < 2m, satisfy ]_[1221 7; = id,
then there is a braid substitution {*: t; +> 'cl-’ , such that

’ o .
L =T, l=j=m

Proof. Let T, denote the subgroup of &,, generated by the transpositions z; . Denote
by 0,:‘ *1 the braid substitutions in T, induced by the elementary braids 0,2“ (Sec-
tion 10.A, equation (10.2) resp. equation (10.3)). If tz = (a,b), 1541 = (c¢,d) and
a,b,c,d all different, the effect of aljil is to interchange the transpositions:

*

+1 +1
o = 07 (00) = e thyy = 07 () =
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If tp = (a,b), tky1 = (b,c) then

O—Ij(‘[k) = (a,c), O-]:(Tk-i-l) = (Cl,b) and G;_I(Tk) = (b,C), Gk_l(Tk+1) = (a,c).

Assume 71 = (1,2). Let t; = (1,a) be the transposition containing the figure 1, with
minimal j > 1. (There is such a 7; because [[7; = id.) If j > 2,71 = (b,¢),
b,c # 1, the braid substitution a*_ill will interchange t;_; and t;, if a,b,c are
different. A pair (a,b) = tj—1, (1,a) = 7; is replaced by (1,b), (c,b) if GJ’."_I is
applied, and by (1,a), (1,b), if 0;‘__11 is used.

Thus the sequence 7y, 70, ..., To;y can be transformed by a braid substitution into
(1,2), (1,i3)...(1,1y), Tl,)/+],. .., Ty » Where the rJ/.’, j > v, do not contain the figure
1. Thereisan i; = 2,2 < j < v.If j = 2, the lemma is proved by induction.
Otherwise we may replace (1,7;—1), (1,2) by (1,2), (2,ij—1) using 0;‘__11. O

We are now in a position to extend p’: (M3 — (J p~\(Bi)) — (83 — U Bi)toa
covering p: M3 — S and complete the proof of Theorem 11.1.
We choose a homeomorphism

h: 22m — EZm

which induces a braid automorphism {: 71X, — 7 2oy, satisfying Lemma 11.2:
() = r,’c, Téj—l = réj, 1 < j < m. The homeomorphism h: S> — S? is
orientation preserving and hence there is an isotopy

H: S*x1 — 8% H(x,0)=x, H(x,1) = h(x).
Lift H to an isotopy
H: $’x1 — 8% H(x,0)=x, H(x,1) = };(x).

Now identify S2 x 0 and $2 x 0 with dB; and 9B, respectively. Moreover, extend
p’' to §% x I by setting p’(x,1) = (p'(x),1).

It is now easy to extend p’ to a pair of balls B/, B/ with 9B/ = §? x 1, 0B} =
S? x 1. We replace the normal dissection {sJ’.} of (S2 x 1) — U{Q}}, h(Q;) =
Q;t—l(j)’ by disjoint arcs #j, 1 < j < m, which connect Q’zj_1 and Qéj (Fig-
ure 11.4).

There is a branched covering p”: B/ — B] with a branching set consisting of m
simple disjoint unknotted arcs t]’., t} N BBJ’- = Q) iy 0} ;»and there are m disjoint
disks §; C B} with 06; = 1; U ¢ (Figure 11.4).

Passing through a disk of (p”)~!(§;) in B/ means changing from sheet number
k to sheet number rj’. (k). Since p”[0B] = p’ we may thus extend p’ to a covering
p: M3 — S3.(There is no problem in extending p’ to the balls of p~'(B;) different
from B;, since the covering is not branched in these.) ]
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Figure 11.5. The branching set of p in B] U (82 x1).

NS NS

32m

P
Figure 11.6

The branching set of p in B] U (S 2 x I) is described in Figure 11.5: The orbits
{(H(Q;,t),t) |0 <t <1} C S? x I form a braid to which in B! the arcs 08; — t;
are added as in the case of a plat.
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The braids that occur depend on the braid automorphisms required in Lemma 11.2.
They can be chosen in a rather special way. It is easy to verify from the operations
used in Lemma 11.2 that braids 3,,, of the type depicted in Figure 11.6 suffice. One
can see that the tangle in B; then consists of m unknotted and unlinked arcs.

11.B Branched coverings and Heegaard diagrams

By Alexander’s theorem every closed oriented 3-manifold is an n-fold branched
covering p: M3 — S3 of the sphere. Suppose the branching set ¥ is a link of
multiplicity u, ¥ = Ul_ i, and it is presented as a 2m-plat (see Chapter 2.D),
where m is the bridge number of £. A component ¥; is then presented as a 24; -plat,
Zf‘ —14i = m. Think of § 3 as the union of two disjoint closed balls By, 31 , and

I x 8% {j}xS?=0B; = S2 j = 0,1. Let the plat ¥ intersect Bo and 31 in m
unknotted arcs spanning dlS_]Olnt disks SJ 1 <i<m,in Bj, j =0,1, and denote
by 3 = £ N (1 x S?) the braid part of ¢ (Flgure 11.7). Every point of £; N (S§ U S?)
is covered by the same number j; < n of points in M3,

Figure 11.7

11.3 Proposition. A manifold M> which is an n-fold branched covering of S>
branched along the plat ¥ possesses a Heegaard splitting of genus

n
g=m-n—n+1-> diu.

i=1

Proof. The 2-spheres sz are covered by orientable closed surfaces F] =p 1(S 2),
j = 0,1. The group (S — ) can be generated by m Wirtinger generators s,,
1 < i < m, encircling the arcs £ N By. Similarly one may choose generators sl
assigned to ¥ N By ; the s; can be represented by curves in Sg ,the 5] by curvesin § 12

It follows that ﬁo and ﬁl are connected. The restriction p|ﬁj: F = Sf, j =01,
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are branched coverings with 2m branch points £N S]? each. The genus g of Fp and Fy
can easily be calculated via the Euler characteristic as follows: p~! (S]? N ¢;) consists
of 2A; u; points. Hence,

"w
A(Fo) = p(F) =n+2-Y Aipi =2m-n+n=2-2g
j=1

The balls B; are covered by handlebodies p_l(Bj) = éj of genus g. This is easily
seen by cutting the B; along the disk 5ij and piecing copies of the resulting space
together to obtain B . The manifold M? is homeomorphic to the Heegaard splitting
éo U i B 1- O

The homeomorphism h: FO — F can be described in the following way. The
braid 3 determines a braid automorphism ¢ which is induced by a homeomorphism
h: [S§— (6N S — [SE - (f‘ N S?)]. One may extend & to a homeomorphism
h: S§ — S? and lift it to obtain h:

~ h A
Fo——F

|l
53— 57

Proposition 11.3 gives an upper bound for the Heegaard genus (g minimal) of a man-
ifold M? obtained as a branched covering.

11.4 Proposition. The Heegaard genus g* of an n-fold branched covering of S>
along the 2m-plat ¥ satisfies the inequality

w
g*fm-n—n%—l—Z)LimS(m—l)(n—l).

i=1
Proof. The second part of the inequality is obtained by putting u; = 1. O

The 2-fold covering of knots or links with two bridges (n = m = 2) have Heegaard
genus one — a well-known fact already observed by H. Seifert (see Chapter 12, [320,
§41). Of special interest are coverings with g = 0. In this case the covering space M?>
is a 3-sphere. There are many solutions of the equation 0 = mn—n+1— Zf Al
for instance, the 3-sheeted irregular coverings of 2-bridge knots, m = 2, n = 3,
ni =2, (see Fox [110], Burde [54]). The braid 3 of the plat then lifts to the brald 3 of
the plat ?. Since 3 3 can be determined via the lifted braid automorphism § p{ ={p,
one can actually find ¥ . This was done for the trefoil by S. Kinoshita [195] and for the
four-knot by G. Burde [54].
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A simple calculation shows that our construction never yields genus zero for regular
coverings — except in the trivial cases n = 1 or m = 1.

For fixed m and n the Heegaard genus of the covering space M?> is minimized by
choosing u; = n—1, g = m + 1 —n. These coverings are of the type used in our
version of Alexander’s Theorem 11.1. From this we get:

11.5 Proposition. An orientable closed 3-manifold M> of Heegaard genus g* is an
n-fold branched covering with branching set a link £ C S> with at least g* +n — 1
bridges. O

We propose to investigate the relation between the Heegaard splitting and the
branched-covering description of a manifold M3 in the special case of a 2-fold cov-
ering, n = 2. Genus and bridge number are then related by m = g + 1.

The covering p|ﬁ0: ﬁo — Sg is described in Figure 11.8.

|
7 | |
12 R e it SR S

! 3
S% 1 Py uy Py ity Py up Psts Pg uz ug g4
P2g+1 P2g+2

Figure 11.8. The 2-fold covering p|Fo: Fy — SZ.

Connect P>; and P11, 1 < j < g, by simple arcs uj, such that
Huihuy ... Uglgy is a simple arc, #; = Sg N 8?. A rotation through 7 about an
axis which pierces ﬁo in the branch points 13]- = p_l(Pj), 1 <j <2g+42iseasily
seen to be the covering transformation. The preimages a; = p~'(t;), ¢ = N (u i)
1<i<g+1,1<j < g aresimple closed curves on ﬁo. We consider homeomor-
phisms of the punctured sphere Sg - szi Tz P; which induce braid automorphisms,
especially the homeomorphisms that induce the elementary braid automorphisms oy,
1 <k <2g+ 1. We extend them to Sg and still denote them by oy . We are going
to show that oy: S§ — S¢ lifts to a homeomorphism of Fy, a so-called Dehn twist.

11.6 Definition (Dehn twist). Let a be a simple closed (unoriented) curve on a closed
oriented surface F, and U(a) a closed tubular neighborhood of a in F. A right-
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handed 27 -twist of U(a) (Figure 11.9), extended by the identity map to F is called
a Dehn twist o about a .

Ua) EECN

Figure 11.9. A right-handed Dehn twist along a.

Up to isotopy a Dehn twist is well defined by the simple closed curve a and a given
orientation of F'. Dehn twists are important because a certain finite set of Dehn twists
generates the mapping class group of F — the group of autohomeomorphisms of F
modulo the deformations (the homeomorphisms homotopic to the identity), see Dehn
[86, 87].

11.7 Theorem (Dehn, Lickorish, Humphries). The mapping class group of a closed
orientable surface F of genus g is generated by 2g + 1 Dehn twists

a1’~~~’agaﬂ2ayla~~~ayg

about the curves a;j, 1 <1 < g+ 1, by and ¢j, 1 < j < g, as depicted in
Figure 11.8.

For a proof see the book by B. Farb and D. Margalit [95, Chapter 4]. We remark
that a left-handed twist about a is the inverse a~! of the right-handed Dehn twist &
about the same simple closed curve a. O

11.8 Lemma. The homeomorphisms o2;—1, 1 < i < g + 1 lift to Dehn twists o;
about a; = p~'(t;) and the homeomorphisms 035, 1 < j < g, lift to Dehn twists
yj about ¢; = p~'(u;j).

Proof. We may realize 0,;— by a half twist of a disk §; containing #; (Figure 11.10),
keeping the boundary 96; fixed.

The preimage p~'(§;) consists of two annuli A; and ©(4;),4; N ©(4;) =
p‘l(li) = qa;. The half twist of §; lifts to a half twist of A4;, and to a half twist
of t(A;) in the opposite direction. Since A; N t(A4;) = a;, these two half twists add
up to a full Dehn twist «; along a; . A similar construction shows that o ; is covered
by a Dehn twist y; along ¢; = p~!(u;j). ]
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Sag

Figure 11.10. The homeomorphisms o; lift to Dehn twists.

There is an immediate corollary to Proposition 11.5, Theorem 11.7 and Lemma 11.8.

11.9 Corollary. A closed oriented 3-manifold M?> of Heegaard genus g < 2 is
a 2-fold branched covering of S* with branching set a link ¥ C S> with g + 1
bridges. O

There are, of course, closed oriented 3-manifolds which are not 2-fold coverings,
if their Heegaard genus is at least three. The torus S' x S! x S! is a well-known
example due to R. H. Fox [113].

11.10 Proposition (Fox [113]). The manifold S' x S' x S is not a 2-fold branched
covering of S>; its Heegaard genus is three.

Proof. We have seen earlier that for any 7 -fold branched cyclic covering C,, of aknot
the endomorphism 147 +...+¢"~! annihilates H| (én) (Proposition 8.39 (b)). This
holds equally for the second homology group, even if the branching set is merely a 1-
complex. (It is even true for higher dimensions, see [113].) Let M3 be a closed oriented
manifold which is an 7-fold cyclic branched covering of a homology sphere Q3. We
chose a triangulation of Q3 and M?> which is compatible with the branched covering
map p: M? — Q3. Let {c{} denote the set of g-simplices of Q°. For ¢ = 1,2, we
choose 6Z a simplex over cg, p((?Z) = CZ. Let (t) =~ 3, denote the group covering
transformations. We obtain a transfer homomorphism t: C4(Q3) — C4(M?3) given
by ‘L'(CZ) =1+t+---+ t"_l)ég . The map t is a chain homomorphism commuting
with the boundary homomorphism. Notice that p~! (cZ) = éZ Ut (?,Z Ue-.-u ! (?Z
and that the simplices ¢’ 5Z are not disjoint if cZ intersects in the branch set.

Let ¢4 = Z:l;é >k niktiég, 3¢9 = 0, be a g-cycle of C4(M?). Then ¢4 :=
p«(Cl) =3 ik n,-ka = 9c?t! is a boundary since Q2 is a homology sphere. The
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following calculation shows that (1 + ¢ + -+ + ¢*71)¢? is a boundary in C,(M?3):

n—I1
(Zﬂ)@q N T Z”ik(zti_“)élz
ik J

j=0 ijk
= (th)(ZnikGZ) = 1(c?) = 1(3c4Th)
J ik
=d1(c?™h

and hence (1 +1 + -+ + " 1)¢4 ~ 0.
Suppose M = S| x S; x S is a 2-fold covering of S°. One has

m(S{ xSIxSHh=H\(S! xS, xSH=ZeZo7Z,

and ¢ can be described by the (3 x 3)-matrix —E with respect to the basis represented
by the three factors. As S| x Si x Si is aspherical the covering transformation t
which induces ¢ in the homology is homotopic to a map which inverts each of the
1-spheres Sil [341, Chap. 8, Theorem 11]. Poincaré duality assigns to each Sil a torus
S ; xS ,i, i, j,k all different, which represents a free generator of Ha(S{ x S1 x S}).
Thus ¢ operates on H,(S{ x SJ x S1) as the identity which contradicts 1 + ¢ = 0.
It is easy to see that S' x S' x S! can be presented by a Heegaard splitting of
genus three — identify opposite faces of a cube K (Figure 11.11). After two pairs are
identified one gets a thickened torus. Identifying its two boundary tori obviously gives
S!x ST x S!. On the other hand K; and K, = K — K; become handlebodies of
genus three under the identifying map. O

K> K I

Figure 11.11

The method developed in this section can be used to study knots with two bridges by
looking at their 2-fold branched covering spaces — a tool already used by H. Seifert
[320, §4]. It was further developed by J. M. Montesinos who was able to classify a set
of knots comprising knots with two bridges and pretzel knots by similar means. We
shall take up the matter in Chapter 12.
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We conclude this section by proving the following:

11.11 Theorem (Hilden—Montesinos). Every closed orientable 3-manifold M is an
irregular 3-fold branched covering of S°. The branching set ¥ can be chosen in
different ways, for instance as a knot or a link with unknotted components. If g is the
Heegaard genus of M , it suffices to use a (g + 2)-bridged branching set ¥.

Figure 11.12. An irregular 3-fold branched coverings p: F — §2 with branch indices < 2.

Before starting on the actual proof in Paragraph 11.14 we study 1rregular 3-fold
branched coverings p: F — S? of §? with branch indices < 2. If F is an ori-
entable closed surface of genus g, a calculation of X(F ) shows that the branching set
in S? consists of 2(g 4 2) points P;, 1 <i < 2(g + 2). Let us denote by o,0,
the transpositions (1,2), (2,3), (1,3). Then by choosing g + 2 disjoint simple arcs
ti,1<i<g+2in S?%, ¢ connecting Pp;—; and P,; (Figure 11.12), and assigning
to each #; one of the transpositions g, o, T, we may construct a 3-fold branched cov-
ering p: F — §2 (see Figure 11.12). The sheets FO 1< Jj < 3, of the covering
are homeomorphic to a 2-sphere with g + 2 boundary components obtained from § 2
by cutting along the t;, 1 < i < g + 2. Traversing an arc of p~ () in F means
changing from FU) to F@U) if 5 is assigned to #;. (For F' to be connected it is
necessary and sufficient that at least two of the three transpositions are used in the
construction.)

It will be convenient to use a very special version of such a covering. We assign o
tot;, 1 <i <g+1,and o to tgy, (Figure 11.13).

AsinFigure 11.8 we introduce arcs u;, 1 < j < g+1, connecting P,; and P; .
We direct the #;,u; coherently (Figure 11.13) and lift these orientations. (),
1 <i < g+ 2, consists of a closed curve a; which will be regarded as unoriented,
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le  Ug ng@
+ 4 N i > ) r's

le

e
Figure 11.13

since its two parts carry opposite orientations, and an arc in FO®forl1<i< g+1,
resp. in FO for i = g + 2. By the Dehn—Lickorish—-Humphries Theorem 11.7 the
mapping class group of Fis generated by the Dehn twists «; , B2, yi, 1| <i < g about
the curves a;, by, ¢; . Lemma 11.8 can be applied to the situation in hand: o5;—; in S 2
liftsto o;, 1 <i < g+ 1 and oy; liftsto y;, 1 < j < 2g, because the effect of the
lifting in FO® is isotopic to the identity. (Observe that 02413 lifts to a deformation.)
The only difficulty to overcome is to find homeomorphisms of 2 — Ulzi ']M P; which
can be lifted to homeomorphisms of F isotopic to the Dehn twist B, . The Dehn twists
Br, 2 <k < g—1 are provided by the following:

11.12 Lemma. Let p: F — 52 be the 3-fold branched covering described in Fig-

ure 11.13.

(@) ogi—1 liftsto a;, 1 <i < g+ 1; 09 liftsto y;, 1 < j < g.

(b) wx = (02g+202g+1 - 02k 4205y Ok 42 - - - O2g+2)" lifts to Py for 2 < k <
g—1.

(c) The lifts of w1 resp. wg are isotopic to oy resp. olgy1.

(d) (Igg 1o and 02g13 lift to mappings isotopic to the identity.
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Proof. (a) was proved in 11.8. We proof (b): consider consider simple closed curves
ei,li, 1 <i < g + 1,in S? (Figure 11.13). The curve e; lifts to three sim-
ple closed curves éi(J ) e FU )1 < j < 3, while ll-2 is covered by two curves

(f .(1))2 f 23) (Figure 11.13). This is easily checked by looking at the intersections

of e¢; and /; with #; and u;, resp. at those of e(J) and lAl.(l),lA-(m) with a; and ¢; .

Since e( )~ b’ ~ l(l), 6@~ by for 2 < k < g—1, and 6(3) ~ 1,
1<i < g+1,a Dehn twist 8k in S? along ey lifts to the composition of the Dehn
twists By and B , while the square of the Dehn tw1st A along [ lifts to the com-
position of (,Bk)2 and By . Thus 8k)k —2 lifts to ﬂkﬂ (ﬂk) 2,3k = Bk . & induces
a braid automorphism resp. a (2g + 4)-braid with strings { f;|l <i < 2g + 4} rep-
resented by a full twist of the strings fox+1, fok+2. - - -» fog+4 (Figure 11.13). (Com-
pare Figure 10.12). ek is then a double twist and )L 2 a double twist in the oppo-
site direction leavmg out the last string f2g+4 It follows that ez)t ~2 defines a braid
(02g4302g 42 .. 2k+102k+2 .02g+3) in which only the last stnng J2g+4 is not
constant, encircling its neighbors for 41, ..., f2g+3 to the left, twice. Since obviously
02g +3 lifts to a deformation, (b) is proved.

Assertion (c) follows in the same way as (b). To prove (d) consider a disk §g
which is a regular neighborhood of ¢4 . The third power (08 g+1)3 of its boundary
lifts to a simple closed curve in F bounding a disk 5g+ 1= p- (8g+1) The defor-
mation Ugg 12 in S3 lifts to a “half-twist” of 8g+1 , a deformation of F which leaves

the boundary 38 ¢-+1 pointwise fixed, and thus is isotopic to the identity. O
An easy consequence of Lemma 11.12 is the following:

11.13 Corollary. For a given permutation w € ©og 14 there is a braid automorphism
0 € Brgr4 with permutation v induced by a homeomorphism of S 2 U?Sf P;

which lifts to a deformation of F.
. 3 .
Proof. Together with 03¢ 42 the conjugates
3 —1 —1 .

lift to deformations. Hence, the transpositions (i,2g + 3) € Gy444 can be realized
by deformations. Since 02443 also lifts to a deformation, the lemma is proved. O

11.14 Proof of Theorem 11.11. Let M = éo Uy By bea Heegaard splitting of genus
g,and p;: ﬁj — sz, Jj €10, 1}, be 3-fold branched coverings of the type described
in Figure 11.13, aéj = I@-.Extend pj to acovering p;: ]§j — Bj, 0Bj = sz, B;
a ball, in the same way as in the proof of Theorem 11.1. (Compare Figure 11.4.) The
branching set of p; consists in B;j of g + 2 disjoint unknotted arcs, each joining a
pair Py;—1, P,; of branch points.
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By the Lemmas 11.8 and 11.12 there is a braid 3 with given permutation deﬁmng
a homeomorphism h: S¢ — S} which lifts to a homeomorphism isotopic to h: Fy —
F).The plat ¥ defined by 3 is the branching set of a 3-fold irregular covering p: M —
S3, and if 7 is suitably chosen, ¥ is a knot. In the case 7 = id the branching set ¥
consists of g + 2 trivial components. O

There are, of course, many plats £ defined by braids 3 € Byg 4 which by this con-
struction lead to equivalent Heegaard diagrams and, hence, to homeomorphic man-
ifolds. Replace ¥ by ¥ with a defining braid 3’ = 31330 such that 3; C Bj, and
¥’ N B; is a trivial half-plat (E 11. 3). Then 3’ lifts to a map I = hihho: Fy — F,
and there are homeomorphlsms H, Bl — B, extendlng the homeomorphlsms
h, F, — F, = 8B,, i € {0,1}. Obviously Bo Us 31 and Bo Uz 31 are home-
omorphic. The braids 3; of this type form a ﬁmtely generated subgroup in Bogya
(Exercise E 11.3, Hilden [164] and Reidemeister [301]).

Lemmas 11.8 and 11.12 can be exploited to give some information on the mapping
class group M(g) of an orientable closed surface of genus g (see also Farb and Mar-
galit [95, 3.5, 9.4]). The group M (1) is well known [129], and will play an important
role in Chapter 12. By Lemma 11.8 and Corollary 11.9, M (2) is a homomorphic im-
age of the braid group Bg. A presentation is known [24]. Since one string of the braid
of Bg can be kept constant, M (2) is even a homomorphic image of Bs. For g > 2
the group M(g) is a homomorphic image of the subgroup gz*g 13 Of $2g+3 generated
by $2g+2 C 32¢+3 and the pure (2g + 3)-braids wi, 2 < k < g — 1, of Lemma
11.12 (b). There is, however, a kernel # 1, which was determined in J. S. Birman
and B. Wajnryb [26]. This leads to a presentation of M(g), see also J. McCool [234],
A. Hatcher and W. P. Thurston [155], and B. Wajnryb [363].

11.C History and sources

J. W. Alexander [3] proved that every closed oriented n-manifold M is a branched
covering of the n-sphere. The branching set is an (n — 2)-subcomplex. Alexander
claims in his paper (without giving a proof) that for n = 3 the branching set can be
assumed to be a closed submanifold — a link in S3. J. S. Birman and H. M. Hilden [25]
gave a proof, and, at the same time, obtained some information on the relations be-
tween the Heegaard genus of M, the number of sheets of the covering and the bridge
number of the link. Finally, H. M. Hilden [165] and J. M. Montesinos [245] indepen-
dently showed that every orientable closed 3-manifold is a 3-fold irregular covering
of S3 over alink ¥. It suffices to confine oneself to rather special types of branching
sets ¢ [166].

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Section 11.D Exercises 207

11.D Exercises

E 11.1. Show that a Dehn twist « of an orientable surface F' along a simple closed
(unoriented) curve a in F is well defined (up to a deformation) by a and an orientation
of F.Dehn twists « and o’ represent the same element of the mapping class group
(o’ = 8ar, § a deformation) if the corresponding curves are isotopic.

E 11.2. Apply the method of Lemma 11.2 to the following situation: Let p: S3 — §3
be the cyclic 3-fold covering branched along the triangle A, B, C (Figure 11.14).
Replace the branch set outside the balls around the vertices of the triangle as was done
in the proof of Theorem 11.1. It follows that the 3-fold irregular covering along a
trefoil is also a 3-sphere.

Figure 11.14. The 3-fold irregular covering along a trefoil is 3.

E 11.3. Let £ be a 2m-plat in 3-space R and (x, y, z) Cartesian coordinates of R*.
Suppose z = 0 meets ¥ transversally in the 2m points P; = (i,0,0), 1 <i < 2m.
We call the intersection of ¥ with the upper half-space R = {(x,y,z) | z > 0} a
half-plat ¥y, and denote its defining braid by 30 € Boy, . The half-plat ¥y is trivial if
it is isotopic in Rg to m straight lines o; in x =0, da +i = {Pai—1, Pai}.

Show that the braids 39 € By, defining trivial half-plats form a subgroup of
By, generated by the braids o2;—1, 1 < i < m, o = 02k02k—102k+102k »
T = azkozk_laz_klﬂaz_kl, 1 <k <m—1 (see Hilden [164]).

E 11.4. Construct S!'xS!'x S! asa 3-fold irregular covering of S* along a 5-bridged
knot.
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Chapter 12

Montesinos links

This chapter contains a study of a special class of knots. Section 12.A deals with the
2-bridge knots which are classified by their 2-fold branched coverings — a method
due to H. Seifert. (H. Schubert published a proof of this result in [320, Satz 6], and he
attributed the theorem to H. Seifert.)

Section 12.B looks at 2-bridge knots as 4-plats (Viergeflechte). This yields inter-
esting geometric properties and a normal form due to L. Siebenmann [333]. Sieben-
mann’s normal form is used in Section 12.C to derive some properties concerning
the genus and the possibility of fibering the complement, see K. Funcke [124] and
R.I. Hartley [147].

Section 12.D is devoted to the classification of the Montesinos links which gen-
eralize knots and links with two bridges with respect to the property that their 2-fold
branched coverings are Seifert fiber spaces. These knots were introduced by J. M. Mon-
tesinos [243, 244], and the classification, conjectured by him, was given by F. Bona-
hon [38]. Here we present the proof given by H. Zieschang [381]. The last part deals
with results of F. Bonahon and L. Siebenmann [37] and M. Boileau [32] from 1979
on the symmetries of Montesinos links. We prove these results following the lines of
M. Boileau and B. Zimmermann [36] where a complete classification of all non-elliptic
Montesinos links is given.

Montesinos knots also include the so-called pretzel knots which furnished the first
examples of non-invertible knots (see Trotter [356].)

12.A Schubert’s normal form of knots and links with two
bridges

H. Schubert [320] classified knots and links with two bridges. His proof is a thorough
and quite involved geometric analysis of the problem, his result a complete classifi-
cation of these oriented knots and links. Each knot is presented in a normal form — a
distinguished projection.

If one considers these knots as unoriented, their classification can be shown to rest
on the classification of 3-dimensional lens spaces. This was already noticed by Seifert
(see [320, Satz 6]).

12.1 Schubert’s projection. We start with some geometric properties of a 2-bridge
knot, using Schubert’s terminology. The knot ¥ meets a projection plane R?> C R3
at four points: A, B, C, D . The plane R? defines an upper and a lower half-space,
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Figure 12.1. The reduced diagram of the 2-bridge knot b(3,1).

and each of them intersects ¥ in two arcs. Each pair of arcs can be projected onto R?
without double points (see Definition 2.11). We may assume that one pair of arcs is
projected onto straight segments w; = AB, wy = CD (Figure 12.1); the other pair
is projected onto two disjoint simple curves v; (from B to C ) and v, (from D to A).
The diagram can be reduced in the following way: v; first meets w;. A first double
point on w; can be removed by an isotopy. In the same way one can arrange for each
arc v; to meet the w; alternately, and for each w; to meet the v; alternately. The
number of double points, hence, is even in a reduced diagram with o — 1 (¢ € N*)
double points on w; and on w;,. We attach numbers to these double points, counting
against the orientation of w; and w, (Figure 12.1). Observe that for a knot « is odd;
a even and dv; = {4, B}, dv, = {C, D} yields a link.

12.2. We now add a point oo at infinity, S? = R3 U {oc0}, S? = R? U {c0}, and
consider the two-fold branched covering T of § 2 with the branch set {A,B,C, D},
p: T — S?, see Figure 12.2. The covering transformation t: T — T is a rotation
through angle 7 about an axis which pierces 7 at the points A= p~H(A), B =

p~(B), C = p~(C), D = p~I(D).

Figure 12.2
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The arcs w; and w; lift to {w, Tw;}, {Ws, TW;} and in the notation of homotopy
chains, see Paragraph 9.1, (1 —7)w; and (1 — )W, are isotopic simple closed curves
on T. Likewise, (1 — t)v1, (1 — 7)0, are two isotopic simple closed curves on T,
each mapped onto its inverse by 7. They intersect with the (1 — t)w; alternately:

int((1 — 7)v;, (1 — D)w;) = a.

Denote by d¢(c) the boundary of a small tubular neighborhood of an arc ¢ in R2.
We choose an orientation on R?, and let d¢(c) have the induced orientation. The
curve dg(w;) lifts to two curves isotopic to +(1 — 7)w;, 1 < i < 2. The preimage

p~1(0:(BD)) consists of two curves; one of them, fo together with 719 = (1 — 7)1,
can be chosen as canonical generators of H;(T') — we call 71y a meridian, and KO a
longitude. Equally p~'(d¢(v;)) consists of two curves isotopic to &(1 — 7)d; .

We assume for the moment o > 1. (This excludes the trivial knot and a splittable
link with two trivial components.) Then (1 — 7)0; = B + aly where B € Z
is positive, if at the first double point of v; the arc w; crosses from left to right in
the double point |8], and negative otherwise. From the construction it follows that
|B| < @ and that gcd(w, B) = 1.

12.3 Proposition. For any pair o, B of integers subject to the conditions
a>0, —a < B <+a, gcd(a, ) =1, B odd, (12.1)

there is a knot or link with two bridges £ = b(w, B) with a reduced diagram with
numbers o, 5. We call o the torsion, and B the crossing number of b(x, ). The
number of components of b(a, B) is £ =« mod 2, 1 < u < 2. The 2-fold covering
of S3 branched along b(«, B) is the lens space L(x, B).

Proof. We first prove the last assertion. Suppose ¥ = b(«, ) is a knot with two
bridges whose reduced diagram determines the numbers « and 8. We try to extend
the covering p: T — S? to a covering of S3 branched along b(«, ). Denote by By,
B the two balls bounded by S 2 in S3 with £ N By = w; U w,. The 2-fold covering
B; of B; branched along B; N ¥ can be constructed by cutting B; along two disjoint
disks &%, 85 spanning the arcs B; N¢,i =0,1.

This defines a sheet of the covering, and l§ itself is obtained by identifying corre-
sponding cuts of two such sheets. B;i,0<i <1,isasolid torus, and (1 —r)w] =y
represents a meridian of By while i1, = (1 —1)0; represents a meridian of B, . This
follows from the definition of the curves d.(v;), d.(w;). Since

iy = (1 — 1)y = Brg + alo, (12.2)

the covering By U7 B, is the Heegaard splitting of the lens space L(a, B).
Further information is obtained by looking at the universal covering T 2 R2 of T'.
The curve 0 is covered by v; which may be drawn as a straight line through a lattice
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a=23
Coi =1
a=3 o=2 a=2
g=1 =1 g=1
By _
~ Ap1
V1 52
~ C
Doo = (0, @) %
U1 v2

Boo Ao = (@,0) By

Figure 12.3

point over B and another over C (resp. A ) for @ odd (resp. o even). If Cartesian
coordinates are introduced with By as the origin and Doy = 0,a), Ao = (o, 0),
see Figure 12.3, ¥; is a straight line through (0,0) and (8,®), and ¥, is a parallel
through («,0) and (¢ + B,®). The 2o x 2« square is a fundamental domain of the
covering p: T—>T. Any pair of coprime integers (o, ) defines such curves which
are projected onto simple closed curves of the form (1 —7)0; on T, and, by p: T —
S2 onto a reduced diagram. O

One may choose o > 0. If ¥; starts in Boo, it ends in (Ba,a?). Thus B = 1
mod 2, since v; endsin C or A.

We attached numbers y to the double points of the reduced projection of b(c, )
(Figure 12.1). To take into account also the characteristic of the double point we assign
a residue class modulo 2« to it, represented by y (resp. —y ) if w; crosses v; from
left to right (resp. from right to left). Running along v; one obtains the sequence:

0,8,28,...,(a¢—1)p modulo 2u. (12.3)

This follows immediately by looking at the universal covering T (Figure 12.3). Note
that v; is crossed from right to left in the strips where the attached numbers run from
right to left, and that —(o¢ — §) = « + § modulo 2«.

12.4 Remark. It is common use to normalize the invariants «, f of a lens space
in a different way. In this usual normalization, L(«, ) is given by L(«, f*) where
0<p*<a,p* =B moda.

12.5 Proposition. Knots and links with two bridges are invertible.

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

212 Chapter 12 Montesinos links

Proof. A rotation through angle & about the core of the solid torus l§’0 (or B 1) com-
mutes with the covering transformation 7. It induces therefore a homeomorphism of
S2 = p(T) - arotation through angle 7 about the centers of w; and w» (resp. v;
and vy) if the reduced diagram is placed symmetrically on S2. This rotation can be
extended to an isotopy of S3 which carries ¥ onto —¥. O

12.6 Theorem (H. Schubert). (a) b(w, 8) and b(a’, B') are equivalent as oriented
knots (or links), if and only if:

a=cao, BT =4 mod 2a.

(b) b(a, B) and 6(a’, B") are equivalent as unoriented knots (or links), if and
only if:
a=d, ' =4 moda.

Here B~ denotes the integer with the properties —a < B~ < a and B! = 1
mod 2. O

For the proof of (a) we refer to H. Schubert [320], see also Turaev [357, §3.1]. The
weaker statement (b) follows from the classification of lens spaces, see Reidemeister
[299], Brody [43] and Turaev [359].

12.7 Remark. In the case of knots (« odd) Theorem 12.6 (a) and (b) are equivalent —
this follows also from Proposition 12.5. For links, Schubert gave examples which show
that one can obtain non-equivalent links (with linking number zero) by reversing the
orientation of one component. (A link b(a, B) is transformed into b(a, '), B/ =
o + B mod 2, if one component is reoriented). The link b(32,7) is an example.
The sequence (12.3) can be used to compute the linking number lk(b(¢, 8)) of the
link:

&y = (—1)[%],

el

Ik(b(. B)) =

V7

v=1

([a] denotes the integral part of a.) One obtains for « = 32, § = 7:

16
Zev:1+1—1—1—1+1+1—1—1+1+1—1—1—1+1+1:().

v=1

12.8 Exchanging By and B;. Lastly, our construction has been unsymmetrical with
respectto By and B . If the balls are exchanged, (71, Eo) and (/m, Zl) have to change
places, where 1 is defined by (12.2) and forms a canonical basis together with Z]

B«
a/lB/

mi= By + aly

5 1A 19 =L
=o' + Bl
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It follows my = B'm; — aél. Since By and B; induce opposite orientations on
their common boundary, we may choose (111, —él) as canonical curves on T . Thus
b(e,B) =b(a,B), BB —aa’ =1,ie. B/ =1 mod «.

A reflection in a plane perpendicular to the projection plane and containing the
straight segments w; transforms a normal form b(¢, ) into b(o, —p). Therefore

b*(a, B) = b(ar, —f).

12.B 4-Plats (Viergeflechte)

Knots with two bridges were first studied in the form of 4-plats (see Chapter 2.D)
by C. Bankwitz and G.H. Schumann [14], and certain advantages of this point of
view will become apparent in the following. We return to the situation described in
Section 11.B (Figure 11.7).

12.9 Euclidean algorithm. The sphere S now is comprised of two balls By, B; and
I x S? in-between, containing a 4-braid 3 which defines a 2-bridge knot b(a, B), see
Figure 11.7. The 2-fold branched covering M? is by Proposition 12.3 the lens space
L(w, B). (In this section we always choose 0 < f < «, B odd or even.) Lemma 11.8
shows that the braid operations o, 03 lift to Dehn twists §;, § such that

81 (o) = ring , 8> (i) = 1o — Lo,
81(€o) = g + by, 52(50) = {y.

Thus we may assign to o, 0, matrices

11 1 0
O'1I—>A1=(O 1), O'2I—>A2=(_1 1)

which describe the linear mappings induced on H 1(1:"0) by 81, 6, with respect to
the basis 1, (. Note that this assignment defines a homomorphism form 83 onto
SLy(Z). A braid 3 = 05 “'0{?05 “* ... 05 “™ induces the transformation

_ 1 0 1 an 1 Am—1 1 0
A_(al 1)(0 1)...(0 1 )(m 1). (12.49)

Suppose the 2-fold covering M3 of a 4-plat as in Figure 11.7 is given by a Heegaard
splitting M3 = T, U; Ti, 8T; = Fj . Relative to bases (rito, £o), (711, £1) of Hi(Fp),
Hl(ﬁl), the isomorphism hy: Hl(ﬁo) — Hl(l:"l) is represented by a unimodular
matrix:

A= (g ;:) a,o,B,p €Z; BB —ad’ = 1.
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The integers «’ and B’ are determined up to a change o' + o’ + ¢B,8" — B’ + ca
which can be achieved by

(o 3o 1) =0 5i)

This corresponds to a substitution 3 — 3o which does not alter the plat. The product
(12.4) defines a sequence of equations (1o = «,r; = B):

ro=airy +n
rn=asr, +r3 (12.5)

Tm—1 = dmTm +0,|rm| =1,

following from the equalities

1 0 rpo ok . T * (%
—a; 1) \ri-y * C\rici—airi * it %)
I —a; rioox\ _ (Ti—dipiTigr ¥\ _ (Tid2 ¥
0 1 Figl * Fit1 * Fig1 *

If we assume 0 < r; < r;—1, then equations (12.5) describe a Euclidean algorithm
which is uniquely defined by &« = rg and = ry.

12.10 Definition. We call a system of equations (12.5) with r;,a; € 7, a generalized
Euclidean algorithm of length m if 0 < |r;| < |ri—1|, 1 <i <m,and ry > 0.
Such an algorithm can also be expressed by a continued fraction:

1
g:'—l= = lai,az,...,am).

B+

The integers a; are called the quotients of the continued fraction. From 0 < |ry,| <
|Fm—1] it follows that |a,,| > 2. We allow the augmentation

lar,az,...,(am £ 1),F1] = [a1,az,...,am], (12.6)
since 1

+ 14+ — =an.
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Thus, by allowing |ry,—1| = |rm| = 1, we may assume m to be odd.

12.11. To return to the 2-bridge knot b(w, 8) we assume ¢ > 0 and 0 < B < «,
gcd(a, B) = 1. For any integral solution of equations (12.5) with ro = a,r; = B,
one obtains a matrix equation:

B o\ _ (1 0\(1 a 1 0) (%1 =

(a ,3/) = (a1 1) (0 | ) (am 1) ( 0 :I:I) ,m odd, (12.7)
B o\ _ (1 0\(1 a 1 am 0 =1

(a ﬂ/) = (a1 1) (0 1) (O | ) (:I:l « )m even. (12.8)

The first equation (m odd) shows that a 4-plat defined by the braid

—a;

3 =0, , 4

az ~—as
01 02 ...02

is the knot b(w, B), since its 2-fold branched covering is the (oriented) lens space
L(w, B). The last factor on the right represents a power of o1 which does not change
the knot, and which induces a homeomorphism of Bj. In the case when m is even

observe that
(-6
[ [

g

o
N

\/f’
Q
/S

ey

)

/

\

)

/

AN _>

Figure 12.4
From this it follows (Figure 12.4) that b(a, B) is defined by 3 = o5 “'of? ... 07 4"

but that the plat has to be closed at the lower end in a different way, switching meridian
m and longitude £, corresponding to the matrix

()=l D66 )
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12.12 Remark. The case « = 1, f = 0, is described by the matrix

()= %)

The corresponding plat (Figure 12.5) is a trivial knot. The matrix

(3= 5)

is characterized by the pair (0, 1) = («, B) (Figure 12.5). It is therefore reasonable to
denote by b(1,0) resp. b(0, 1) the unknot resp. two split unknotted components, and
to put: L(1,0) = S, L(0,1) = S! x S?. The connection between the numbers a;
and the quotient Ba~! allows to invent many different normal forms of (unoriented)
knots with two bridges as 4-plats. All it requires is to make the algorithm (12.5) unique
and to take into account that the balls By and B; are exchangeable.

-

Figure 12.5

12.13 Proposition. The (unoriented) knot (or link) b(o, ), 0 < B < «, has a pre-
sentation as a 4-plat with a defining braid 3 = 053 “'o{*...05, %", a; > 0, m odd,
where the a; are the quotients of the continued fraction [ay,...,am] = Pa~'. Se-
quences (ay,...,am) and (ay,...,a,,) define the same knot or link if and only if
m =m', and a; = a; or a; =a;n+1_i, 1<i<m.

Proof. The algorithm (12.5) is unique, since a; > 0 implies that r; > 0 for 1 <
i < m. The expansion of Ba~! as a continued fraction of odd length m is unique,
see [289]. A rotation through angle 7 about an axis in the projection plane containing
AB and CD finally exchanges By and By ; its lift exchanges l§’0 and B;. O

Remark 12.14. It is an easy exercise in continued fractions (E 12.3) to prove /o~ =
[am...,a1] if Ba=' =[ay,...,am],and BB’ =1 mod a.

Note that the normal form of 4-plats described in Proposition 12.13 represents al-
ternating plats, hence:
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12.15 Proposition (Bankwitz—Schumann). Knots and links with two bridges are al-
ternating. m|

12.16 Examples. Consider b(9,2) = 6] as an example: 2/9 = [4, 1, 1]. The corre-
sponding plat is defined by 05 ‘o105 (Figure 12.6). (Verify: 5/9 = [1,1,4],2-5 =1
mod 9.) Figure 12.6 also shows the normal forms of the two trefoils: 3 = 05 3 corre-
sponds to the right-handed trefoil and 3’ = o5 10102_ ! corresponds to the left-handed

trefoil, according to 1/3 = [3], 2/3 =[1,1,1] and 1-2 = —1 mod 3.

d 00 &

A generalized Euclidean algorithm is, of course, not unique. One may impose various
conditions on it to make it so, for instance, the quotients a;, 1 <i < m can obviously
be chosen either even or odd. Combining such conditions for the quotients with r; >
0 for some j gives many possibilities for normal forms of 4-plats. The following
generalized Euclidean algorithm was used by L. Siebenmann [333].

Figure 12.6

12.17 Proposition. Let o and B be integers of different parity such that o« > 0,
—u < B <« and ged(a, B) = 1. There is a unique generalized Euclidean algorithm

(ro =oa,r = p):

Fi—1 = Cili + Ti41
of length m with even coefficients c;. In the decreasing sequence
ro > |ri| > |2l > |t = 1> |rm+1] =0

any two adjacent numbers have opposite parities. Hence the length m of the algorithm
and o have different parity.

Proof. It follows from the classical Euclidean algorithm that for a € Z, b € Z — {0},
a, b of different parity there are unique integers k, r such that

a=2kb+rand |r| <]|b|.

It is obvious that a and r have the same parity. Hence the length m of the algorithm
and o have different parity. O
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12.C Alexander polynomial and genus of a knot with two
bridges

In what follows we shall study the genus and the Alexander polynomial of a knot or
link with two bridges. Let b(«, 8) be a knot or link with two bridges, —@ < 8 < «,
gcd(a, B) = 1 with B even if « is odd. Then

g = [<2b1,2bs,. .., (—1)¥2hy;]

describes a continued fraction expansion with even coefficients (see Proposi-
tion 12.17). One has k = o + 1 mod 2.

We consider the following oriented surface S = S(by1,by,...,b) of genus g =
[k/2] (Figure 12.7). Here the integer part of x is denoted as [x]. The bands of the
surface S form a plat and hence S spans a braid-like knot or link. It follows that the
complement C* of a regular neighborhood of S is a handlebody. A basis of 7S is
represented by the curves ay, ..., a as indicated in Figure 12.7.

Figure 12.7. S(—1,-2,—1).

The corresponding k x k Seifert matrix V' is given by

by 0 0 v - 0
1 b —1 0
yv=lo 0o » 0 0o (12.9)
0 0 1 by -1 0
. 0 n
0 «+ - 0 € b

where € = 1, n = 0 if k isevenand ¢ = 0, n = —1 if k is odd. Note that the
{a;} do not form a canonical basis of S. Hence V' is a Seifert matrix in the sense of
Paragraph 8.8.
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The following determinant gives the Alexander polynomial of £ = 9S(by, ..., by)
if ¥ is a knot (k even).

(1—1)b 1 0 0
—t (1=0)bs 1 0 ;
Apo @)=V —tvi=| 0 -1 (-nbs 1 0
0 0
0 0 (1 =1)bg
(12.10)

In the case where [ = 3S(by, ..., b) is alink (k odd), the matrix (VT —¢V) is also
a presentation matrix for H;(Cs) of the oriented link [. For the reduced Alexander
polynomial Ay(z,¢) the equation

(I =1)-Ag(t,1) = Ap,,.. p, (1)

holds (see 9.19 and Exercise 9.5).
Note that the boundary of S(by,...,by) is a 4-plat defined by the braid

1 ifkiseven,

__2b;. . 2b, 2by —
=05"0{°*---0;,%, where [(k) =
3 2 A 1(k) (k) {2 if k is odd

(see Figure 12.8).

~

[~

v

N

\
7

Ok
T

J
Figure 12.8. by = —1, b, = =2 and b3 = —1

In the case of a link the orientation of the components is vital — if the link is drawn
as a 4-plat the outside strings must be oriented in different ways (see Figure 12.8).

This implies that for b(o, f) Schubert’s notation is transformed into Siebenmann’s
by substituting 8 by « +  mod 2« .
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12.18 Example. The fibered 2-bridge link [; in Figure 4.11 is the link b(4,—1) in
Schubert’s notation and the link b(4,3) in Siebenmann’s notation.

12.19 Lemma. The degree of the polynomial Ap, . p, (t) (see equation (12.10)) is
k and its leading coefficient is the product bib, - - - by .

.....

Apy b (1) = (1 =0)b Ap, gy () + 1 Apy b, (D).

This together with Ap, (1) = (1—1)by and Ay, p,(t) = biby 1>+ (1—2b1by)t + b1by
proves the assertion of the lemma by induction. O

12.20 Proposition. The genus of a 2-bridge knot or link b(«, B) (Siebenmann’s no-
tation) with defining braid
3 =030t ok

is g(a, B) = k.

The knot or link b(w, B) is fibered if and only if all the b; in its defining braid are
of absolute value one.

(The quotients (—1)/2b; of Ba~! are determined by the algorithm of Proposi-
tion 12.17.)

Proof. The genus of the surface S(by,...,bx) is g = [k/2] (integer part of x is
denoted as [x]). If k is even, then b(a, B) is a knot and the degree of its Alexan-
der polynomial is 2g. Hence the genus of b(w, f) must be g since 2g is bigger or
equal the degree of the Alexander polynomial (see Proposition 8.21). In the case of a
link, k is odd and the genus is ¢ = (k — 1)/2. The reduced Alexander polynomial
Ap(a,p)(t,1) verifies

(1 —1) - App)(t.t) = Ap, . p, (1)

Hence the same conclusion holds by Exercise 9.5.

If the absolute value of one of the coefficients is bigger than one, then the absolute
value of the leading coefficient of the Alexander polynomial is also bigger than one
by Lemma 12.19. Hence by Proposition 8.33 the knot b(w, 8) cannot be fibered.

Let us suppose that all the coefficients b;, 1 < i < k, have absolute value one. The
complement C* of the Seifert surface S = S(by,...,bx) in S is a handlebody of
genus k. We will prove that the inclusion i, : ;S — 71C™ is an isomorphism. Then
Theorem 4.7 together with Stallings’ Theorem 5.1 proves that b(«, §) is a fibered
knot.

First observe that i, :7;S — m;C* is injective since S is a Seifert surface of
minimal genus (Lemma 4.5). A basis of the free group 1 C™* represented by the loops
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O\~

2

Figure 12.9

S1,...,8 asindicated in Figure 12.9. It is easily seen that

-~ sPi if 7 is odd,
l#(ai):{l_l b; e .
s,y s; si1 if i is even,
(here sg 4 is understood to be the trivial element). Now it follows immediately that
iz (a;), 1 <i <k,isabasis of 7;C*. Hence i, is an isomorphism if |b;| = 1 for
all 1 <i <k. O

12.21 Remark. Since 2-bridge knots and links are alternating, deg Ag(¢) = 2g resp.
deg vf (t) = 2g where g is the genus of b(w, B). This was proved by Crowell [76].
Moreover, Murasugi proved that if ¥ is an alternating knot or link then f is fibered if
and only if |Ag(0)| = 1 resp. |vf (0)] = 1 (see [258, 260]). A proof of both results
is given in Theorem 13.26.

Using Proposition 12.13 we obtain:

12.22 Corollary. There are infinitely many knots b(a, B) of genus g > 0, and in-
finitely many fibered knots with two bridges. However, for any given genus there are
only finitely many knots with two bridges which are fibered. O

12.23 Proposition. A knot with two bridges of genus one or its mirror image is of the
form b(a, B) with:

B=2c,a=2b+1, cbeN.
The trefoil and the four-knot are the only fibered 2-bridge knots of genus one.

Proof. This is a special case of Proposition 12.20 and the proof involves only straight
forward computations. By Proposition 12.20, k = 2 and the sequence [—2b1,2b5]
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gives 'R b,
o —4b1by + 1 .

If b1by < O then we may assume that b, is positive by replacing b(«, f) by
b*(a, B) = b(a, —p) if necessary (see 12.8). Hence B = 2b; and o = 28(—b) + 1.

If b1by > 0 we might assume that b, < 0. Then f = —2b, and o = 2(—b;)B — 1.

Now b(a, B) is fibered if and only if b; = +1, i = 1,2. Therefore (by,b,) €
{(£1,£1)}. Now 2/5 = [2,2], 2/3 = [2,-2], =2/3 = [-2,2] and —2/5 =
[—2,—2]. Since the four-knot is amphicheiral the only fibered 2-bridge knots of genus
one are b(5,2), b(3,2) and b(3,-2) = b*(3,2) . |

12.24 Remark. Proposition 12.20 is a version of a theorem proved first by K. Funcke
[124] and R.1. Hartley [147]. Hartley also proves in this paper a monotony property
of the coefficients of the Alexander polynomial of b(«, 8). See also the articles by
G. Burde [56, 57].

12.D Classification of Montesinos links

The classification of knots and links with two bridges was achieved by classifying their
2-fold branched coverings — the lens spaces. It is natural to use this tool in the case
of a larger class of manifolds which can be classified. J. M. Montesinos [243, 244]
defined a set of links whose 2-fold branched covering spaces are Seifert fiber spaces.
Their classification is a straight forward generalization of Seifert’s idea in the case of
2-bridge knots.

We start with a definition of Montesinos links, and formulate the classification the-
orem of F. Bonahon [38]. Then we show that the 2-fold branched covering is a Seifert
fiber space. Those Seifert fiber spaces are classified by their fundamental groups. By
repeating the arguments for the classification of those groups we classify the Seifert
fiber space together with the covering transformation. This then gives the classification
of Montesinos links.

12.25 Definition (Montesinos link). A Montesinos link (or knot) has a projection as

shown in Figure 12.10. The numbers e, a;,a; denote numbers of half-twists. A box

stands for a so-called rational tangle as illustrated in Figure 12.10 (b), and «, 8
B

are defined by the continued fraction ¢ = lai,—ay,as, ..., :I:am],aj =a’. +d’ to-
gether with the conditions that « and B are relatively prime and o > 0. A further as-
sumption is that % is not an integer, that is [«, 8]is not ;in this case the knot has a
simpler projection. The above Montesinos link is denoted by wi(e; &1 /B4, ..., ar/Br).

In Figure 12.10(a): e = 3; in Figure 12.10(b): n = 5, a} = 2,4} = 0 =
ay =2;4dy, =—-1,d) = -2 = ay = -3;a3 = —1,a4 = 3,as =5 and

B/a = —43/105.
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] L
oy, Bi Lfaé

ji/'af‘

az, B2

I if | ?——J
R xﬁ
L LW/
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|

1
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— —

(a) (b)

Figure 12.10. The Montesinos link m(e;a/B1,...,a,/B;) and the rational tangle corre-
sponding to B/« = —43/105.

As before in the case of 2-bridge knots we think of mt as unoriented. It follows from
Section 12.B that the continued fractions g = [ai,..., *am] (including 1/0 = oc0)
classify the rational tangles up to isotopies which leave the boundary of the box point-
wise fixed.

It is easily seen that a rational tangle (o, ) is the intersection of the box with a
4-plat: there is an isotopy which reduces all twists a}’ to O-twists. A tangle in this
position may gradually be deformed into a 4-plat working from the outside towards
the inside. A rational tangle closed by two trivial bridges is a knot or link b(e, ), see
the definition in 12.1 and Proposition 12.13. (Note that we excluded the trivial cases
b(0,1) and b(1,0).)

12.26 Theorem (Classification of Montesinos links). Montesinos links with r ratio-
nal tangles, r > 3 and Z;=1 aLj < r — 2, are classified by the ordered set of frac-

. B B: . .

tions ( @ mod 1,..., - mod 1), up to cyclic permutations and reversal of order,
. . _ ro B

together with the rational number ey = e + i, @

This result was obtained by F. Bonahon [38]. Another proof was given by M. Boileau
and L. Siebenmann [31]. The proof here follows the arguments of the latter, based on
the method Seifert used to classify 2-bridge knots. We give a self-contained proof
which is due to H. Zieschang [381] and does not use the classification of Seifert fiber
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spaces. We prove a special case of Zieschang’s and Zimmermann’s Isomorphiesatz
from [383, Satz 3.7]. The proof of Theorem 12.26 will be finished in Paragraph 12.33.

12.27 Another construction of Montesinos links. For the following construction
we use Proposition 12.3. From S3 we remove r + 1 disjoint balls By, By, ..., By
and consider two disjoint disks §; and &, in S3 — Ule B; = W where the bound-
ary dd; intersects B; in an arc g;; = dB; N §; = B; N §;. Assume that 9§; =
0j0Aj00j1Aj1...0jrAjr. In B; let ky; and k»; define a tangle of type (o;, Bi). We
assume that in By there is only an e-twist, thatis ag = 1, o = e. Then | J(Aj; Uk;;)
(j =1,2,i =0,...,r) is the Montesinos link w(e; (a1, B1), ..., («r, Br)), see Fig-
ure 12.11 and Proposition 12.13.

// o
N

AN
|
00/

Figure 12.11

12.28 Proposition. (a) The 2-fold branched covering 62 of S* branched over the
Montesinos link w(e;a1/B1,...,0ar/Br) is a Seifert fiber space with the funda-
mental group

w1 Co= (hysiyeoosy | SSTRP [si,h] (1< <), s1...8,h7€). (12.11)

(b) The covering transformation ® of the 2-fold covering induces the automorphism
p:m1 C — 1y C; given by

o h— h_l,go:si 5 ...si_lsi_ls-_1 ...sl_l (1<i<r). (12.12)

i—1
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(¢) The covering transformations of the universal cover of 62 together with a lift of
D form a group $ with the following presentations:

S =(hs1,...,5¢ | che ™, esic™!- (s1.. .s,-_lsisi__ll .. .sl_l),
[si,h],s?ihﬂi (1<i<r)si...ssh%,¢c?)
= (h,co,....cr | cF, cihe7"h (0 <i <7), (12.13)

(cimic)®hPi (1 <i < r),cylerh™¢).

Proof. We use the notation of 12.27 and repeat the arguments of the proof 12.3. Cut-
ting along §;, &, turns W into the Cartesian product (D? — | J/_, D;)) x I where
D? is a 2-disk and the D; are disjoint disks in D?. The 2-fold covering T of W
branched over the Aj; is a solid torus with r parallel solid tori removed: 7, =

(D2 —Ji_, Di)xS!. The product defines an S'-fibration of 7} . The covering trans-
formation @ is the rotation through angle 7 about the axis containing the arcs A;;,
compare Figure 12.12.

- < > 6—

Figure 12.12

To calculate the fundamental group we choose the base point on the axis and on
dBy. Generators of 1T, are obtained from the curves shown in Figure 12.13, and

Ty = (h, 50,81, .., 8 | [h,8i] (0 <@ <7), sos1...5¢).

The covering transformation ® maps the generators as described in Figure 12.13;

hence ®y: Ty — miTr, h > h™L, 50 — so_l, S| sl_l, Sy > slsz_lsl_l, ey

50

gfbb 05

Figure 12.13
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Sp B> ST S-S, ~ls Sp_ 11 l.The 2-fold covering of B; (0 <i < r), branched
over the arcs «j;,is a sohd torus /I}i , see Proposition 12.3. Thus the 2-fold covering
C, of S? branched over m = m(e;ar/Bi,....or/Br)is T, U U V; = C, with
corresponding boundaries identified. The fibration of 7, can be extended to the solid
tori V; as we have excluded the case (o, fi) = (0,1), and C , obtains a Seifert
fibration. Adding the solid tori V, introduces the relations s, % pBi for 1 <i <r and
soh® . This finishes the proof of (a).

The proof of (b) follows from the effect of ® on 7,7} . The first presentation of
(12.13) follows from (12.11) and (12.12) by 1nterpret1ng T C2 as the group of cover-
ing transformations of the universal covering of C,. It remains to show ¢2 = 1. This
follows from the fact that ® has order 2 and admits the base point as a fixed point.

Define ¢; =c¢sy...5; (1 <i <r)and cy=c.Thens; = ci__llc,- (1<i<r)and

S =(h,co,...,cr | cohco_lh co(cl-__llci)co_1 -co_l(c,-ci__ll)co,
[e; Y ei, b, (¢! lc,)“ih‘gi (I<i<r),coleh™®,¢cd)
= (h,co,....cr | cihe he? (0<i <),
(cimie)® P (1 <i <), egle,h™e). O

12.29 Remark. For later use we note a geometric property of the 2-fold branched
covering: The branch set @i in 62 is the preimage of the Montesinos link w. From
the construction of 62 it follows that m intersects each exceptional fiber exactly
twice, at the “centers” of the pair of disks in Figure 12.12 belonging to one Vi .

12.30 Lemma. For Y ;_, a%, < r — 2 the element h in the presentation (12.11) of

1 Cy generates an infinite cyclic group (h), the center of w1 C,.

Proof. The quotient 7} G, /{h) is a discontinuous group with compact fundamental
domain of motions of the Euclidean plane, if equality holds in the hypothesis, oth-
erwise of the non-Euclidean plane, and all transformations preserve orientation; see
[382, 4.5.6, 4.8.2]. In both cases the group is generated by rotations and there are r
rotation centers which are pairwise non-equivalent under the action of 62. A con-
sequence is that the center of 7 62 /{h) is trivial, see [382, 4.8.1 (¢)]; hence, (&) is
the center of 62.

The proof that 4 has infinite order is more complicated. It is simple for r > 3. Then

7'[162 =(h,s,s | S?ihﬂi, [h,si] (1 <i <2))xze
(hoss....se | SERP Ths) B <i <r))

where Z? = (h,s1s3) = (h,(s3...s,)”"). (It easily follows by arguments on free
products that the above subgroups are isomorphic to Z2.) In particular, (h) = Z

To show the lemma for r = 3 we prove the Theorem 12.32 by repeating the argu-
ments of the proof of Theorem 3.40. In what follows we will make use of the following
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result of Seifert [325]. Recall that the rank of a finitely generated Abelian group A4 is
the maximal number of linearly independent elements of A. Note that the rank of A
is equal to the dimension of the vector space Q ® A.

12.31 Lemma (Seifert [325]). Let M be a compact orientable 3-manifold with
boundary OM . Then the rank of the map H{(0M) — H{(M) is equal to one half the
rank of Hi(0M).

Proof (Hatcher [156]). The exact (co)-homology sequence of the pair (M,dM)
yields the following commutative diagram

Hy(M,0M:Q) —2 H\(OM:Q) —“>  H;(M:Q)

;l % ;l
HU(M:Q) —— H'(OM:Q) —— H>(M,oM:Q).

The vertical isomorphisms are given by Poincaré—Lefschetz duality. The maps i * and
ix are dual to each other since we have field coefficients. Therefore, we have rank i * =
rank iy, rank 05 = ranki* and Keriy, = Im 0. Hence,

dim H{(0M,Q) = rank i, 4+ dimKerisx = rankis + rank 0« = 2rankix. O

12.32 Theorem. Let M be an orientable 3-manifold with no sphere in its boundary.
If 71 M is infinite, non-cyclic, and not a free product then M is aspherical and w1 M
is torsion-free.

Proof. If myM # 0 there is, by the Sphere Theorem [281], Appendix B.6, [159, 4.3],
a 2-sphere S 2 embedded in M, which is not null-homotopic in M . If S 2 does not
separate M then there is a simple closed curve A that properly intersects S2 in exactly
one point. The regular neighborhood U of S?UA is bounded by a separating 2-sphere.
One has

oM =mUxm(N—-U)=Zxm(N—-U)

contradicting the assumptions that wy M is neither cyclic nor a free product. Thus
S? separates M into two manifolds M’, M" . Since M is not a free product we
may assume that 7 M’ = 1. It follows that dM’ = S§?, since by assumption every
other boundary component is a surface of genus > 1 and, therefore, Im(H;(0M') —
H{(M')) # 0, see Lemma 12.31, contradicting 77y M’ = 1. This proves that S? is
null-homologous in M’. Since 7y M’ = 1, it follows by the Hurewicz theorem, see
[341, 7.5.2], that S? is null- homotoplc a contradiction. This proves mM = 0.

Now consider the universal cover M of M . Since |mi M| = oo, M is not compact
and this implies that H3(M) = 0. Moreover

1 =7T1M, HZ(M) =7‘[2M =7T2M =0.
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By the Hurewicz theorem, msM =~ H3(M) = 0, and by induction M =
H; (M) = 0 for j > 3. Since M = an, the manifold M is aspherical and
a K(mi M, 1)-space.

Assume that 7y M contains an element of finite order r. Then there is a cover
M™* of M with ;yM™* = Z,. Since [1yM : myM™] = oo we can apply the
same argument as above to prove that M+ is a K(Z,,1)-space. This implies that
H;j(Z;) = H;j(M™) forall j € N. Since the sequence of homology groups of a
cyclic group has period 2, there are non-trivial homology groups in arbitrary high di-
mensions. (These results can be found in [341, 9.5].) This contradicts the fact that
Hj(M™*) =0 for j >3. m

To complete the proof of Lemma 12.30 it remains to show that m; 62 is not a
proper free product. Otherwise it cannot have a non-trivial center, that is, in that case
h=1m C 2 = (51,50 | 57,552, (5152)% ). By the Grushko Theorem [382,2.9.2, E
4.10] both factors of the free product have rank < 1, and 7, 62 is one of the groups
Tin % L, Ty x 7 or 7 % 7. But in the group (s1,52 | s7', 552, (5152)% ) there are
three non-conjugate maximal finite subgroups, namely those generated by s, s» and
5152, respectively, (for a proof see [382, 4.8.1]), while there are at most 2 in the above
free products of cyclic groups. This proves also that /4 is non-trivial; hence, by Theo-
rem 12.32, h has infinite order. O

12.33 Proof of the Classification Theorem 12.26. Let &' and $ be groups presented
in the form of (12.13), and let ¥: & — $ be an isomorphism. By Lemma 12.30,
Y(h') = h®, ¢ € {1,—1}, and ¥ induces an isomorphism

V€ =9"/(N)—>$/(h)=GC.

The groups €’ and € are crystallographic groups of the Euclidean or non-Euclidean
plane E with compact fundamental region. Hence, v is induced by a homeomorphism
x: E/€ — E/G, see [382, 6.6.11]. Both surfaces £/C’ and E/C are compact and
have one boundary component, on which the images of the centers of the rotations
€15, ¢5¢%, ..., C¢) and €1¢z, 203, . .., CrC1, respectively, follow in this order, see
[382, 4.6.3, 4]. (The induced mappings on E are denoted by a bar.) Now y preserves
or reverses this order up to a cyclic permutation, and it follows that (a7, ..., «,,) dif-
fers from («y,...,®;) or (¢, ...,a1) only by a cyclic permutation. In the first case y
preserves the direction of the rotations, in the second case it reverses it, and we obtain
the following equations:

V() = mj(l.)fc;l where 7 € {1,—1}, and
(j(ll) - j(r,)) is a permutation with ozl{ = (i)

Moreover,
N o—1 L = \n=—1
XSy X1 - XS X = x(51...5)"x
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in the free group generated by the §;, see [382, 5.8.2]. Hence, ¥ is of the following
form:

YY) =0 (s) = xis T xi WM, A € 2,
where the x; are the same words in the s; as the Xx; in the §; .

The orientation of S* determines orientations on the 2-fold branched covering
spaces C }, and 62. When the links m’ and m are isotopic then there is an orienta-
tion preserving homeomorphism from C ) to 62. This implies that en = 1, since the
orientations of C }, and C, are defined by the orientations of the fibers and the bases
and ¢ = —1 corresponds to a change of the orientation in the fibers while n = —1
corresponds to a change of the bases. Therefore,

’ / —a N—al —
W= g () = () = (s )
— xis__&.‘aj(i)xflh—aj([)li — hsﬂj([)—aj(;)/li
J(@) : ’
that is,
This proves the invariance of the 8; /a; mod 1 and their ordering.
From the last relation we obtain:

hee' = w(h’e/) =Y(s)...s.) = xlg‘;(l)xl_lh'll ...xrs;(r)xr_lhkr

— hll+...+lrx(sl o Sr)ex—l — hll+...+lr+£‘e;

hence,
e=e+ed+...+ ).

Now,

r / r r

; (i) — €0i(i)Ai ;

¢+ a—i:e+e()u+---+kr)+§ —ﬂ’(’)a”’(’)’:wrz ﬂ—’ O
i=1 i i=1 J@) i= aj

12.34 Remark. The orbifold E/C of fibers is a disk with r marked vertices on the
boundary. A consequence of Remark 12.29 is that the image of m consists of the
edges of the boundary of E/C. In other words, the fundamental domain of € is an
r -gon, the edges of which are the images of m . Each component P of fii determines
an element of € which is fixed when conjugated with a suitable reflection of €. The
reflections of € are conjugate to the reflections in the (Euclidean or non-Euclidean)
lines containing the edges of the fundamental domain. From geometry we know that
the reflection ¢ with axis / fixes under conjugation the following orientation preserv-
ing mappings of E':

(i) the rotations of order 2 with centers on [,
(ii) the hyperbolic transformations with axis /.
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Since the image of F contains the centers of different non-conjugate rotations of € it
follows that ¥ determines, up to conjugacy, a hyperbolic transformation in €.

Improving slightly the proof of the Classification Theorem one obtains:

12.35 Corollary. If > ;_, a%' < r—2,thatis, € = $/{h) is a non-Euclidean
crystallographic group, each automorphism of & is induced by a homeomorphism of
E xR. O

Proofs can be found in Conner and Raymond [69, 70], Kamishima, Lee and Ray-
mond [183], Lee and Raymond [207], Zieschang and Zimmermann [383, 2.10].

Moreover, the outer automorphism group of $ can be realized by a group of home-
omorphisms. This can be seen directly by looking at the corresponding extensions of
$ and realizing them by groups of mappings of E x R, see the papers mentioned
above.

12.E Symmetries of Montesinos links

Using the Classification Theorem 12.26 and Corollary 12.35 we can easily decide
about amphicheirality and invertibility of Montesinos links.

12.36 Proposition (Amphicheiral Montesinos links). (a) The Montesinos link

wm(eo; B1/a1,...,Br/ar),r >3,

is amphicheiral if and only if
(1) eg =0 and
(2) there is a permutation w — an r-cycle or a reversal of the ordering — such that

ﬂﬂ(i)/(xn(i) = —,3,’/0{,' mod 1 forl <i <r.

(b) For r > 3, r odd, Montesinos knots are never amphicheiral.

Proof. The reflection in the plane maps m to the Montesinos link

m(_eo;_ﬂl/al’ e a_ﬁr/ar);

hence (a) is a consequence of the Classification Theorem 12.26. Proof of (b) as Exer-
cise E12.5 o

A link [ is called invertible, see Whitten [372, 371], if there exists a homeomorphism
f of §3 which maps each component of [ into itself reversing the orientation. Let us
use this term also for the case where f maps each component of I into itself and
reverses the orientation of at least one of them. In the following proof we will see that
both concepts coincide for Montesinos links.
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12.37 Theorem (Invertible Montesinos links). The Montesinos link
m = m(eo; f1/ai, ..., Br/ar),r =3,
is invertible if and only if, with an appropriate enumeration,

(a) atleast one of the aj, 1 <i <r, iseven, or

(b) all a; are odd and there are three possibilities:

m(eo; Br/ar,. ... Bp/ oy, Bp/otp, ..., Bi/a1) whenr = 2p, or
m = Jm(eo; i/, . ... Bp/ap, Bp+1/0p+1. Bp/op,.... B1/ar)  whenr =2p+1;
m(eo; Br/an, ..., Bp/op, Bp+1/p+1, Bp/tp, ..., B2/aa)  whenr =2p.

Proof. That the conditions (a) or (b) are sufficient follows easily from Corollary 12.35
(and the corresponding result for the Euclidean cases) or from Figure 12.14.

s

e

e e

KEC

(a) (b)
Figure 12.14

For case (a), the rotation through 180° about the dotted line maps the Montesinos link
onto an equivalent one. If «; is even, a component of m enters the i -th box from
above and leaves it in the same direction. The rotation inverts the components. In case
(b) the rotation through 180° shown in Figure 12.14 (b) gives the required symmetry.

For the proof that the conditions are necessary we may restrict ourselves to the
case where € operates on the hyperbolic plane H, since in the Euclidean cases ei-
ther an exponent 2 occurs or all «; are equal to 3 and the links are invertible. Let
f: 8% — 83 be an orientation preserving homeomorphism that maps m onto mt and
maps one component £ of m onto itself, but reverses the orientation on £. Then, after
a suitable choice of the basepoint, f induces an automorphism ¢ of € that maps the
element k € € defined by ¥ into its inverse. By Remark 12.34, k is a hyperbolic
transformation.
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If ¢ is the inner automorphism x — g~ 'xg of € then g has a fixed point on the

axis A of k. Hence, g is either a rotation of order 2 with center on A or g is the
reflection with an axis perpendicular to A. In both cases € contains an element of
even order, i.e. one of the «; is even.

If ¢ is not an inner automorphism then ¢ corresponds to a rotation or a reflection of
the disk H /€ that preserves the fractions B; /«; . It must reverse the orientation since
the direction of one of the edges of H /€ is reversed. Therefore ¢ corresponds to a
reflection of the disk and this implies (b). O

Next we study the isotopy classes of symmetries of a Montesinos link mt with r > 3
tangles, in other words, we study the group 9 (S?, m) of mapping classes of the pair
(S3,m). This group can be described as follows: using the compact-open topology
on the set of homeomorphisms or diffeomorphisms of (S3, m) we obtain topological
spaces Homeo(S?3, m) and Diff(S3, m), respectively. Now I0t(S?3, m) equals the set
of path-components of the above spaces:

12.38. IM(S3, m) = 7o Homeo(S?3, m) = 7o Diff(S3, m).

Each symmetry induces an automorphism of the knot group & which maps the
kernel of the homomorphism & — Z, onto itself, and maps meridians to meridians;
hence, symmetries and isotopies can be lifted to the 2-fold branched covering 62
such that the lifts commute with the covering transformation of G, — S3. Lifting a
symmetry to the universal cover H x R of 62 yields a homomorphism.

12.39. y: M(S3, m) — Out H = Aut $/Inn $: every lifted symmetry induces by
conjugation an automorphism of $. Here, $ has a presentation of the form (12.13).
The fundamental assertion is:

12.40 Proposition. y: IMN(S>, m) — Out $ is an isomorphism.

We cannot give a self-contained proof here, but have to use results of W. P. Thurston
and others (see M. Kapovich’s book [185] and the references therein). This proof
shows the influence of these theorems on knot theory. An explicit and simple descrip-
tion of Out $ is given afterwards in Proposition 12.42.

Proof (Boileau—Zimmermann [36]). Consider first the case Y ;_, a— < r —2.From
Corollary 12.35 it follows that y is surjective and it remains to show that y isinjective.
By Bonahon-Siebenmann [37] 1 is a simple knot, that means, mt does not have a
companion. By Thurston [349, 185], S3 — m has a complete hyperbolic structure
with finite volume. Mostow’s rigidity theorem [255] implies that 9(S>, m) is finite
and that every element of 9t(S3, m) can be represented by an isometry of the same
order as its homotopy class. Now we represent a non-trivial element of the kernel of y

by a homeomorphism f with the above properties. Let f be the lift of f to H x R;
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then f_ ™ e & for a suitable m > 0. Since the class of f is in the kernel of y we
may assume that the conjugation by f yields the identity in $. As the center of & is
trivial it follows that f ™ —= idgxgr and, thus, that f is a periodic diffeomorphism
commuting with the operation of 7 62 . Therefore f is a rotation of the hyperbolic 3-
space and its fixed point set is a line. The elements of 62 commute with f; hence,
they map the axis of f onto itself and it follows from the discontinuity that 7, 62 is
infinite cyclic or dihedral. This is a contradiction. Therefore y is injective.

The Euclidean cases (Z{zl % = r — 2) are left. There are four cases: (3,3,3),
(2,3,6), (2,4,4) and (2,2,2,2). They can be handled using the result of Bonahon
and Siebenmann [37] and Zimmermann [385]. The last paper depends strongly on
Thurston’s approach [349, 185] which we used above, and, furthermore, on Jaco and
Shalen [177] and Johannson [179]. O

Next we determine Out $ for the knot m(e; (a1, B1),. .., (ar, Br)). We assume
0<pBj <aj,1<j =<r,for the sake of simplicity.

12.41 Definition. Let D, , denote the dihedral group of order 2r, realized as a group
of rotations and reflections of a regular polygon with vertices (1,2,...,r). Define

]ﬁ)r:{QEDerg(i):ai forl <i <r}.

Let Iﬁ)r C ]]j)r , consist of

(i) therotations o with ap;y = o; and By(;) = B; and the reflections ¢ with ap(;) =
a; and By = a; — Bi if eg # 0,

(i) the rotations @ with (@), Bo)) = (@i,a; — B;i) and the reflections o with
(20G)s BoGy) = (a4, Bi) if e = 0.

12.42 Proposition. Out & is an extension of L or L ® Z» by the finite dihedral or
cyclic group D,.

Proposition 12.42 is a direct consequence of the following Lemmas 12.43 and 12.45.

Since (h) is the center of $ the projection $ — $/(h) = € is compatible with
every automorphism of $ and we obtain a homomorphism y: Out $ — Out €. Itis
easy to determine the image of y; thus the main problem is to calculate the kernel.

Consider an automorphism ¥ of $ which induces the identity on €. Then ¥ (c;) =
cjh™i, Y (h) = h® where ¢ € {1,—1}, and

B = Y () = Y ((coe) ™) = (coh™erh™) ™
— (Cocl)—alh—al(ml—mo) — hﬂl_al(ml_mo)' (12_14)

(1) Case e = 1. Since h has infinite order it follows that m; = mg and, by copying
this argument, mo = m| = ... = m, = 2l + n with n € {0, 1}. Now multiply by
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the inner automorphism x > hfxh=":
> hleih ™ e kMol = ¢,
cj = h'cj — h'c; =c;h";

hence, these automorphisms define a subgroup of ker y isomorphic to Z,.

(2) Case e = —1.Now 28, = —a(mo — my) by (12.14). Since «; and B, are
relatively prime and 0 < 8; < «; it follows that &y =2, 81 = 1 and my = m; — 1.
Byinduction: oy = -+ =0, =2, 1 == =1, mj =mo+jforl1 <j <r.
Now

h—e — W(he) — W(Co_lcr) — h—moco—lcrhm, — he+m,—m0 — he—!—r.

It follows that e = —% and that the Euler number ¢ vanishes:
r
Bj
ep=e — =0
0 + Z o
j=1

Thus we have proved:

12.43 Lemma. The kernel ker y = 7, is generated by yo: $ — £, ¢j — ¢;jh,
h — h, except in the case where (o, Bj) = (2,1) for 1 < j <r and ey = 0, then
ker y = Z» @ Zy, generated by Vo and yi: & — 9, h—>h~', ¢; > cjh"/. O

Using the generalized Nielsen theorem, see [382, 5.8.3, 6.6.9], Out € is easily cal-
culated:

12.44 Lemma. (a) An automorphism ¢: € — € mapping each conjugacy class of
elliptic subgroups ((cjcj1)) onto itself is an inner automorphism of €.

(b) The canonical mapping D, — Out € is an isomorphism.

Proof. (a) By the generalized Nielsen theorem, see [382, 6.6.11], ¢ is induced by a
homeomorphism f of H/E€ = D? onto itself which fixes the rotation centers lying
on dD?. Now the Alexander trick [5] can be used to isotope f into the identity. This
implies that ¢ is an inner automorphism.

(b) Each automorphism of € induces a diffeomorphism of D? (see (a)). This dif-
feomorphism gives a dihedral permutation of the rotation centers and respects the «; .
By (a) it is isotopic to a standard reflection or rotation. O

12.45 Lemma. The image of Out $ in Out € is the subgroup ]]3), of D,. (See Defini-
ton 12.41.)

Proof. Let ¢ be an automorphism of $. By Lemma 12.44 (b), ¢ induces a ‘dihedral’
permutation 7 of the cyclic set ¢y,...,Cr—1,¢ = co. We discuss the cases with

o(h) = h.
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(1) 7 is arotation. Then

WP = p(hP) = p((cor) ™) = (cimah™cih™ )~
- (Ci_lcl.)oti—alhﬂi—al(ml—mo)

and hence o; = «. Since, by assumption, 0 < f; < «;, it follows that m| = myg
and B = Bi. Therefore ¢ preserves the pairs («;,8;) and maps c; to c;h"™ for
a fixed m. By multiplication with an inner automorphism and, if necessary, with

from Lemma 12.43 we obtain m = 0. The image of ¢ in Out € is in D, , and each

rotation 7w € D, is obtained from a @ €Out$H.
(2) 7 is areflection.Then

WP = p(hP) = g((cor) ™) = (cih™ e h™) ™

= (cjci—y) @ p—Piman(mi=mo)

and hence o} = «; . Therefore m; —my = —1, B; + B1 = a1, and ¢ assigns to a pair
(o, Bx) apair (o, Bj) = (ak,or — Pi). The generators ¢; are mapped as follows:

Co, Cl’ ey cl’ ceey cl-‘,—]’ Cr’

c;h™, ¢.  hm! - _ i - —

MG I T, e, retmiel e pmetmeT
Crh—e+m+l

and
cih™¢TM=T = o(cr) = @(coh®) = c;h™Te.

This implies e = —5 and

r r
Bj 1 Bj | ai—j—PBij
e=et ) —=et —+ ——) =0
0 _Zaj ZZ o a;
Jj=1 Jj=1 :

here i — j is considered modulo r. By normalizing as before we obtain m = 0.
The cases for ¢(h) = h~! can be handled the same way; proof as E 12.6. O

Lemmas 12.43 and 12.45 imply Proposition 12.42. As a corollary of Proposi-
tions 12.40 and 12.42 we obtain the following results of Bonahon and Siebenmann
(for r > 4) and Boileau (for r = 3).

12.46 Corollary. The symmetry group TN(S 3, m) is an extension of 7y or 7y ® 7,
by the finite dihedral or cyclic group D,. O
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12.F History and sources

4-plats (Viergeflechte) were first investigated in C. Bankwitz and H. G. Schumann
[14] where they were shown to be alternating and invertible. They were classified
by H. Schubert [320] as knots and links with two bridges. A different proof using
linking numbers of covering spaces was given by G. Burde [55]. Special properties of
2-bridge knots (genus, Alexander polynomial, fibering, group structure) were studied
by K. Funcke [123, 124], R. Hartley [147] and E. Mayland [232, 233].

J.M. Montesinos then introduced a more general class of knots and links which
could nevertheless be classified by essentially the same method that H. Seifert had used
to classify (unoriented) knots and links with two bridges: Montesinos links are links
with 2-fold branched covering spaces which are Seifert fiber spaces, see J. M. Mon-
tesinos [243, 244], M. Boileau and L. Siebenmann [31], H. Zieschang [381]. In other
papers on Montesinos links their group of symmetries was determined in most cases
(Bonahon and Siebenmann [37], Boileau and Zimmermann [36]).

12.G Exercises

E 12.1. Show that a reduced diagram of b(w, ) leads to the following Wirtinger
presentations:
G (. B) = (S1. 82| Sy LT SILy),
with
Ly =S85'Sp2...85¢2Sfe",a =1 mod 2
G(a.p) = (51,82 | ST'LT'S1L1),
with
Ly=S85'Sy?...8f*285e o =1 mod 2,

is
here ¢; = (—1)["‘ ], [a] = integral part of «.

11 0
(o) o= (40Y)

generate the mapping class group of the torus (Section B). Show that ( Aj, Ay |
A1AyA; = AyA1 Ay, (A1 A2)0) is a presentation of the group SL(2,7Z) and connect
it with the classical presentation

E 12.2. The matrices

SL(2,Z) =(S.T.Z|8*=T*=27,27Z>=1).

E 12.3. Let «, B, B’ be positive integers, ged(a, f) = ged(ee, /) = 1 and BB’ =
mod . If B-a~' = [ay,...,an], are the quotients of the continued fraction 8 - o~
of odd length m, then B’ -a~! = [a;n,...,a;]. (Find an algebraic proof.)

1
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E 124. Let V(«, ) denote a Seifert matrix for b(c, f) as described in (12.9). Prove

k
@ |detV(e,B) =[]bi

i=1
(b) o[V(a,B) + VT (e, B)] = #{b; | bi > O} —#{b; | bi <O0}.

(o denotes their signature of a matrix, see Appendix A.2.) Deduce Lemma 12.19
from (a).

E 12.5. Prove Proposition 12.36 (b).
E 12.6. Finish the proof of Lemma 12.45 for the case ¢(h) = h™!.

E 12.7. Prove that Montesinos knots are prime. (Use the Smith conjecture for involu-
tions.)
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Chapter 13

Quadratic forms of a knot

In this chapter we propose to reinvestigate the infinite cyclic covering Coo of a knot
and to extract another knot invariant from it: the quadratic form of the knot. The first
section gives a cohomological definition of the quadratic form gy of a knot £. The
main properties of gy and its signature are obtained. The second section is devoted
to the description of a method of computation of gy from a special knot projection.
In Section 12.C we will use special projections to prove results of R. Crowell [76]
and K. Murasugi [258, 260] about alternating knots and links (Theorem 13.26). The
last part then compares the different quadratic forms of L. Goeritz [130], H. F. Trot-
ter [355], K. Murasugi [261], J. Milnor [240] and D. Erle [93]. Some examples are
discussed.

13.A The quadratic form of a knot

H.F. Trotter [355] used algebraic methods to define a quadratic form associated to a
knot ¥. Trotter worked with coefficients in a ring R which contains the integers and
in which Ay(0), the leading coefficient of the Alexander polynomial, is invertible.

Let R be an integral domain with unit. In Proposition 8.16 we determined the ho-
mology groups H;(Ceo; R), Hi(Cxo,dCoo; R) of the infinite cyclic covering Coo
of a knot ¥. In the case of a field R = I, these homology groups were studied by
Milnor [240]. He proved that in this case the pair (Coo, 9C) has the homological
properties of a compact 2-manifold bounded by a circle. Milnor proved also that the
skew-symmetric cup product pairing

H'(Cso, 9Co0: F) ® H'(Cop, 8Co0: F) — H*(Coo, Co0;F) = F

is nonsingular. A skew-symmetric pairing alone does not give much information.
Some additional structure comes from the fact that Coc — C 1is an infinite cyclic
covering. Milnor used the automorphism ¢* of H!(Cso,dCoo.FF) and the skew-
symmetric cup product to construct a symmetric bilinear form

H'Y(Cso,3C00,F) @ H'(Cop, dCo0,F) = H*(Coo,3Co0,F) = F

givenby x @ y > x Ut*y + y Ut*x.

In this section we shall follow the treatment of Erle [93] which defines Milnor’s
quadratic form for more general coefficient rings. In a first step it will be necessary to
find coefficients R such that H'(Coo, dCos0; R) is a finitely generated free R-module.
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To this end, we will show that (Cs, dCs) has the cohomological properties of a
compact 2-manifold bounded by a circle, provided that the coefficients are chosen in
an integral domain R in which Ag(0) is invertible. The quadratic form can be defined
by Milnor’s formula.

In what follows we fix an integral domain R and a knot £. The Alexander polyno-
mial of ¥ will be denoted by A(¢).

13.1 Definition. An R-unimodular matrix P is a matrix over R with det P a unit of
R. Two symmetric n X n-matrices M, M’ over R are called R-equivalent if there is
an R-unimodular matrix P with M’ = PMPT . We use the term equivalent instead
of Z -equivalent.

13.2 Lemma (Trotter [355], Erle [93]). Let R be an integral domain in which A(0)
is unity. Every Seifert matrix V is R-equivalent to a matrix

(o w)

where W is a 2m x 2m integral matrix, |W| = detW # 0, and U is of the form

0
-1 0
0 = 0 0
U = -1 0
0 *x 0 =%
Lo 0
0 * 0 =* -1 0

(W is called a “reduced” Seifert matrix and may be empty.)

Proof. TIf |V| #£ 0, V itself is reduced and nothing has to be proved. Let us assume
|V| = 0. There are Z -unimodular matrices Q and R such that Q VR will have a first
row of zeroes . The same holds for QVQT = QVRR™'QT .Since F =V — VT is
Z -unimodular and skew-symmetric, sois QVQT —(QVQT)T = QFQT . Therefore
its first column has a zero at the top and the remaining entries are relatively prime. But
the first column of QFQT coincides with that of QVQT , because (QVQT)T has
zero entries in its first column. So there is a Z-unimodular P such that

0O 00 --0 1 00 --0
—1 % % .-+ x 0 % % .-+ x
T 0 * *x --- % 0 * % --- x
P-(QVQ") = ., P =
* *
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To find P look for the element of smallest absolute value in the first column of
0VQT . Subtract its row from other rows until a smaller element turns up in the first
column. Since the elements of the first column are relatively prime, one ends up with
an element +1; the desired form is then easily reached. The operations on the rows
can be realized by premultiplication by P . The matrix (PQVQ Ty. PT has the same
first row and column as PQVQT .

Similarly, for a suitable unimodular P ,

0 0fO0 0 1 * =x *
-1 0f0 0 * *
(PQVQTPT)ﬁT: 0 k| ko oeee ok , ﬁT:
. : 0 1 x
0 x| x* *

and P - (PQVQT PT PT) is of the same form.
By repeating this process we obtain a matrix

0 0
-1 0
0 0 0
-1 0
~ 0 * 0 *
V =
: 0
0 * 0 * -1 0 0
0 * 0 * 0 *
0 w
0 * 0 * 0 *

equivalent to V (over Z) with |W| # 0. For further simplification of V we now
make use of the assumption that A(0) is a unit in R. Recall that |[VT — V| = A(t),
VT — V| and [WT — (W] all represent the Alexander polynomial up to a factor
+tY.So |W| = A(0) is a unit in R. There is a unimodular P; over R, |Pj| = 1,
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with
* 0 1 0
00 0
- -1 0 0 1
VP = 00 ’ Py = x [ 0
*
Clow o :
00 %10 1

where the column adjoining W has been replaced by zeroes, because it is a linear
combination of the columns of W . Now

* 0
000 --- 0
T —1 0] % *
PLVE = *x 00
w
00

Since the row over W contains —1, there is a unimodular P, |P;| = 1, with

* 0
00/0 ---0
3 -1 0]0 --- 0
(plve) P, = 00
* w
00

and PZT . (PITVPl P>) is of the same type. The process can be repeated until the
desired form is reached. O

13.3 Remark. Note that we can chose the R-unimodular matrix P with

U o
T _
rve _(O W)

such that det P = 1.

For the rest of this section Hx and H* will denote the (co)-homology with coeffi-
cientsin R.

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

242 Chapter 13 Quadratic forms of a knot

13.4 Corollary. If R is an integral domain in which A(0) is a unit, then (WT —tW)
is a presentation matrix of H\(Coso) as an R(t)-module, and |WT —tW| = A(z).
The R-module H|(Cwo) is finitely generated and free and there is an R-basis of
H\|(Cxo) such that the generating covering transformation Tt = h H_]hj_l (see 4.4)

induces an isomorphism ty«: H{(Coxo) L oH 1(Coo) wWhich is represented by the matrix
wowT,

Proof. We may assume that as an R(z)-module H;(Cs) has a presentation ma-
trix (VT —¢V) where V is of the special form which can be achieved according
to Lemma 13.2:

- UT—tU| 0
yT _ 1y =
o |wT—w

0 —1l0 00
t 0 =x *
0 0 —1]0

vl —wv=|29 t 010 * |, (13.1)
0 % |0 =«

There is an equivalent presentation matrix in whose second column all entries but
the first are zero, the first remaining —1. So the first row and second column can
be omitted. In the remaining matrix the first row and the first column again may be
omitted. This procedure can be continued until the presentation matrix takes the form
WT —tWw),or, ( WITW~' —tE), since |[W| = A(0) is a unit of R. Hence we obtain
an exact sequence

Ry WV TE iy Bl (Cog) = 0.

This means that the defining relations of H{(Ceo) as an R(f)-module take the form:
WTW=ls = ts,where s = (s;) is abasis of R(¢)" (see Corollary 8.15). The relation
WTWw=ls = ts implies directly that H,(Cso) is generated by p(s) = (p(s;)) as
an R-module. We will show that p(s) is an R-basis of H{(Coo):if ) ; i p(s;) =
0, 7, € R,in H{(Cs) then there exists x € R(t)" such that W W~lx —tx =
Y irisi € R" C R(t)".If x # 0 then we write

l
X = ijtj with x; € R" and xg,x; # 0.
=k
We call the non-negative integer [ — k the degree of x. Note that the degree of x is
zero if and only if there exists v € Z such that 'x € R". The fact that WT W ~!
is invertible implies that for a nonzero x € R(¢)" the degree of WT W ~!x —tx is
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strictly larger than the degree of x. Hence for all nonzero x € R(¢)" the degree of
Ax —tx is larger or equal to 1. Therefore, x € R(f)" suchthat Ax —tx = ), ris; €
R™ C R(¢)" implies x = 0 and hence r; = 0 forall 1 <i < n. This proves the
corollary. O

By Corollary 8.15, there is a distinguished generator z € H,(S,dS) = R repre-
sented by an orientation of S which induces on 9§ the orientation of . We shall
now make use of cohomology to define a bilinear form. Since all homology groups
H;(Cs), Hi(Coo,0Cx), are torsion free, we have

H' ~ Homp(H;,R) =~ H;

for these spaces ([157, 3.1], [119, Satz 17.6], [341, 5.5.3]). For every free basis {b;}
of a group H; there is a dual free basis {b¥} of H' defined by (bk,bj) = Ok,
where the bracket denotes the Kronecker product, that is { b%, b i) = bk (b i) € R for
bk € Homp(H;, R). We use the cup product [157, 3.2], [172], [346] to define

B: H'(Coo,3Co0) X H'(Coo,3Co0) = R, (x,y) > (x Uy, ju(2)),  (13.2)
where the inclusion j: § — Cq is the following composition:

R o n
sY - Do ooy
(see the proof of Theorem 8.14).
Let {a; | 1 < j < 2g}and {s; | 1 < i =< 2g} denote bases of H;(S) and
H,(C*), respectively, such that i_ (j;)~': Hi(S) — H(C*) according to these
bases is represented by a Seifert matrix

wilo0
V=(0 U), W = (wj;)

where the reduced Seifert matrix W is 2m x 2m, m < g. (See Lemma 13.2; observe
that U and W are interchanged for technical reasons). From Corollary 13.4 it follows
that H|(Cw) is already generated by {p(s;) | | < i < 2m}. Therefore, the matrix
(%) describes the homomorphism j«: H;(S) — H;(Coo) with respect to the bases
{aj | 1 < j <2g}and {p(s;) | 1 <i < 2m}. The long exact sequence of the pair

(Coo, 0Cx) gives a natural isomorphism H(Cwo) = H(Cs, 0Cs) . The transpose
(wij) = (WT 0) then describes the homomorphism

j*: H'(Coo, 0Co0) — H'(S)
for the dual bases {s?}, {a/}, and we get from (13.2)

B = (B(s',s%) = ((s" Usk, ju(2))) = ((j*) U j* (%), 2)). (13.3)
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We define another free basis {b/ | 1 <i < 2g} of H'(S) = H,(S,0S) by the

Lefschetz-duality-isomorphism:

HY(S,R) 25 H((S,8S,R), b/ > b/ Nz =aj.
The b/ connect z with the intersection matrix

V —vT = (int(aj,ar)) = (b UbK,z)) = .
On the other hand

(al UbF 2y =(a/ b Nz) = (a!,a1) = 6.

(See [256, §66],[172, Theorem 4.4.13], [346, Sa_tz 15.4.1]:)
The matrix L effecting the transformation (a') = L(b") is

(d'Udk,z)={d Ubk,z))-L=E-L=L.

Now L = LTSL or (£T)~! = L, and, by equation (13.1),

(wT O)L(Vg):(WT 0) (=T)™! (Vg)

(w=wT] o
E_( 0 |U—UT)

and equation (13.3) it follows that

From

B=-wITw-wh='w.

13.5 Proposition. The bilinear form

B: H'(Co0,0Co0) X H'(Co0,0Co0) > R, (x,y) > (x Uy, ju(2))

(13.4)

can be represented by the matrix —(W —W7T)™1 W is a reduced Seifert matrix, and

B is non-degenerate.

Proof. Itremains to show that 8 is non-degenerate. But, by Lemma 13.2, Remark 13.3
and equation (13.1) |V —VT| =1,and |[U —UT| =1 hence |[W —WT|=1. o

13.6 Remark (Milnor [240]). If A(0) isaunitin R, then the pair (Coo, 0Coo) has the
homological properties of a compact 2-manifold bounded by a circle. The cap product

with the fundamental class j«(z) gives the isomorphisms

H*(Coo: B) 2%, H o (Coo 0Coi B)

H*(Coo, 9Coo; R) 222 :
(Co0, 0Co0; R) ——— Hy(Coo; R).
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We are now in a position to define an invariant quadratic form associated to the
knot ¥. Let : Coo — C denote the generator of the group of covering transforma-
tions which corresponds to a meridian linking the knot positively in the oriented S3.

13.7 Proposition. The bilinear form
g: H'(Coo, Co0) X H'(Cop, dCo0) — R,

given by q(x,y) = (x Ut*y + y Ut*x, j«(2)) defines a quadratic form q(x, x),
which can be represented by the matrix W + WT, where W, see Lemma 13.2, is a
reduced Seifert matrix of ¥. The quadratic form is non-degenerate. A(0) is required
to be a unit in R.

Proof. Remember that t, is represented by W' W T with respect to the basis {p(si)},
so t* will be represented by W(WT)~! relative to the dual basis {s*}.
To calculate the matrix

0 = (q(s'.s%) = (J*6H U (") + 5 6F) U (). 2))
weuse B = ((j*(s)U j*(s5),z)) = —WT (W —wT)"'W, see (13.3) and (13.4).
We obtain
Q0 =BW'wT + wwT)~'BT
=-—WwWIrw -wh)y='wl + ww —wT)~'w.

Since |W — WT| = 1, the matrices (W — WT)™!" and W — WT are equivalent,
because there is only one skew-symmetric form over Z with determinant +1; its
normal form is F (see Theorem A.1 in Appendix A). Let M be unimodular over Z
with

wW-whH=t=pmw -—whHMT, or (13.5)

E=W-whmw —whymT,
Now, Q = —-WTMW —WIHYMTWT + wMW —WTHMTw.
Using (13.5), we get
Q =(E-WMW -—whHMTywT + wmw —wThymTw
=wT +wMw —whHMTW —wT)y=wT 4+ w.

The quadratic form is non-degenerate, since |[W +W7T| = |[W—-WT|=1mod2. O

Let us summarize the results of this section: Given a knot, we have proved that
H(Cso,0Co0; R) is a free R-module if A(0) is invertible in the integral domain R.
By using the cup product, we have defined an invariant quadratic form gy on

H'(Coo, 3Co0, R) = H{(Coo, 3Co0, R),
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associated to the knot. The form can be computed from a Seifert matrix. The form gy
is known as Trotter’s quadratic form.

In the course of our argument we used both an orientation of S3 and of the
knot. Nevertheless, the quadratic form is independent of the orientation of ¥. Clearly
Jx(z2) =t jx(2) in H(Csxo, 0Cs0), by the construction of Co, (see Corollary 8.15),
so that g(x,y) = (x U (t* —t*7 1)y, j«(z)) is an equivalent definition of g(x, y).
Replacing z by —z and ¢ by t~! does not change ¢(x, y) (see Proposition 3.18). A
reflection o of S3 which carries ¥ into its mirror image £* induces an isomorphism
0*: H'(Coo,3Co0) = H'(Coo,Co0). If g5 and gg+ are the quadratic forms of £
and £*, respectively, then gg+ = —qgp, because o*t* = t*~lo*.

13.8 Proposition. The quadratic form of a knot is the same as that of its inverse. The
quadratic forms of ¥ and its mirror image ¥* are related by qp+ = —qp. O

The quadratic form is easily seen to behave naturally with respect to the composition
of knots (see Definition 2.7):

13.9 Proposition. Let us assume that in R the leading coefficients of the Alexander
polynomials of ¥1 and ¥, are invertible such that gy, and qg, are defined. Then

qee, #%,) = 98, D qs,-

Proof. Obviously the Seifert matrix of £, # ¥, has the form

Vil o
V =
( 0]V )
with V; Seifert matrix of ¥;, i = 1, 2. The same holds for the reduced Seifert matrices.
O

Invariants of the quadratic form are, of course, invariants of the knot. Moreover,
every knot has a quadratic form over the rationals R = Q.

13.10 Definition (Signature). The signature o of the quadratic form of a knot ¥ over
the rationals is called the signature o (f) of f.

The signature of the quadratic form — the number of its positive eigenvalues mi-
nus the number of its negative eigenvalues — can be computed without much diffi-
culty [180, Theorem 4] see Theorem A.2 in Appendix A. Obviously the signature of
a quadratic form is an additive function with respect to the direct sum. Moreover the
signature of ((1) (l)) is zero.
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13.11 Proposition. (1) For any Seifert matrix V for £, o(£) = o(V + V7).
(2) o(t1#8) =0(f1) +o(F).
(3) If ¥ is amphicheiral, o(£) = 0.

Proof. We can replace V' by an equivalent matrix of the form as obtained in
Lemma 13.2. Then

. U+UT| 0
V+V ~ ,
o |w4wT
where

0O —-110 O0]O0 - 0O —-110 O0]O0
—1 0 = | x - -1 00 OO0 --
0 0O —-1]10 O 0O 0|0 —-110 O

U+UuT = 0O *|—-1 00 = - 0O O0|-1 0|0 O
0 x| 0 =x 0O 010 O

13.B Computation of the quadratic form of a knot

The computation of the quadratic form ¢ of a given knot ¥ was based in the last
paragraph on a Seifert matrix V° which in turn relied on Seifert’s band projection
(see 8.2). Such a projection might not be easily obtainable from some given regular
knot projection. Murasugi [261] defined a knot matrix M over Z, which can be read
off any regular projection of a link. A link defines a class of s-equivalent matrices
{M} (see Definition 9.24), and by symmetrizing, one obtains a class of equivalent
symmetric matrices {M + M T} which can be described in the following way:

13.12 Definition. Two symmetric integral matrices A and A’ are called S -equivalent
if they are related by a finite chain of the following operations and their inverses:

0 1[0 - 0
100 - 0
Av:Avs LTAL, where L is R-unimodular; A): A | 0 0
S
00
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K. Murasugi proves in [261] that the class {M +M T} of S -equivalent symmetrized
knot matrices is an invariant of the knot (or link). He thereby associates a class of
quadratic forms to a link.

Obviously, S -equivalent matrices have the same signature (see proof of Proposi-
tion 13.11), so the signature o {M + M T} is defined and is a knot invariant. We shall
prove: If W is a reduced Seifert matrix of ¥, then W + WT e {M + MT). This
means that the quadratic form gy as defined in the first section of this chapter is a
member of the class of quadratic forms represented by M + M T, where M is Mura-
sugi’s knot matrix. Since the rule given by Murasugi to read off M from an arbitrary
regular projection is rather complicated, we shall confine ourselves to so-called special
projections, which hold a position between arbitrary projections and band projections.
Any projection can be converted into a special one without much difficulty. We give
a simple rule in equation (13.6) to read off the matrix M from a special projection.

13.13 Definition (Special projection). Let p(f) be a regular projection of a knot £ on
S2. Choose a chessboard coloring (colors a and f) of the regions of S? defined by
p(£) (see Definition 2.1). The projection p(¥) is called a special projection or special
diagram, if the union of the f -regions is the image of a Seifert surface of ¥ under the
projection p.

13.14 Proposition. Every knot ¥ possesses a special projection.

Proof. Starting from an arbitrary regular projection of £ we use Seifert’s procedure
(see Proposition 2.4) to construct an orientable surface S spanning £. We obtain S as
a union of several disks spanning the Seifert circuits, and a couple of bands twisted by
angle m, joining the disks, which may occur in layers over each other. There is an iso-
topy which places the disks separately into the projection plane R?, so that they do not
meet each other or any bands, save those which are attached to them (Figure 13.1 (a)).
By giving the overcrossing section at a band crossing a half-twist (Figure 13.1 (b)) it
can be arranged that only the type of crossing as shown in Figure 13.1 (b) occurs.
Now apply again Seifert’s method. All Seifert circuits bound disjoint regions (-
regions) in R?. So they define a Seifert surface S’ which — except in the neighborhood
of double points — consists of 3 -regions. O

13.15 Remark. The surface S’ is obtained from S by a 1-handle enlargement: the
two bands of Figure 13.1 (b) are joined by a 1-handle. The corresponding Seifert ma-
trices V and V' are s-equivalent (see Proposition 13.18, [190, 5.2], [133, Sect. 11]).

It follows that the number of edges (arcs of p(¥) joining double points) of every « -
region in a special projection must be even. This also suffices to characterize a special
projection, if the boundaries of §-regions are simple closed curves, that is, if at double
points always different § -regions meet. It is easy to arrange that the boundaries of -
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(a) (b)

Figure 13.1. A special projection.

and «-regions are simple: in case they are not, a twist through angle 7 removes the
double point which occurs twice in the boundary (Figure 13.2).

=

Figure 13.2

We now use a special projection to define associated bases {a;}, {sx} of H(S)
and H{(C™), respectively, and compute their Seifert matrix V. (It turns out that V/
is Murasugi’s knot matrix M of the special diagram; see [261, 3.3].) Let S be the
Seifert surface of £ which projects onto the f-regions {f;} of a special projection.
The special projection suggests a geometric free basis of H;(S). Choose simple closed
curves a; on S whose projections are the boundaries de; of the finite «-regions {c; |
1 <i < 2h}, oriented counterclockwise in the projection plane. (See Figure 13.3.)
The number of finite «-regions is 2/, where h is the genus of S. (We denote the
infinite «-region by «g.)

Now cut the knot complement C along S to obtain C*. There is again a geomet-
rically defined free basis {s; | 1 < k < 2h} of H{(C¥) associated to {a;} by linking
numbers: lk(a;,sg) = 8;x. The curve representing s; pierces the projection plane
once (from below) in a point belonging to o and once in «y.

The curve a; splits up into al-+ and a; . We move i y (al.+ ) by a small deformation
away from ST and use the following convention to distinguish between i (a;" ) and
i, (a;). If in the neighborhood of a double point P the curve i 5 (alTF ) is directed
as the parallel undercrossing edge of da; , then i " (al.+ ) is supposed to run above the
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Figure 13.3

projection plane; otherwise it will run below. This arrangement is easily seen to be
consistent in a special diagram.

In Definition 2.3 we defined the index 6(P) of a double point P . We need another
function which takes care of the geometric situation at a double point with respect to
the adjoining « -regions.

13.16 Definition (Index &;(P)). Let P be a double point in a special projection,
P € 0a; . Then

1 if «; is on the left of the underpassing arc at P,
0 if o; is on the right,

¢i(P) = {
is called e-index of P (see Figure 13.4).

-
- /
—
’ /

g(P)=1 6(P)=—1

Figure 13.4

From this definition it follows that &; (P) 4+ e (P) = 1 for P € do; N day . Because
of this symmetry it suffices to consider the two cases described in Figure 13.4.
We compute the Seifert matrix V = (v;z), i+(ai+) = XUjkSk:

Vi = )_peda; O(P)ei(P)

13.
Vik = Y pesaria O(P)EK(P). (13.6)
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This can be verified from our geometric construction using Figure 13.4. The formulas
(13.6) coincide with Murasugi’s definition of his knot matrix M [261, Definition 3.3]
in the case of a special projection. (A difference in sign is due to another choice of
0(P).)

The formulas (13.6) may be regarded as the definition of M ; we do not give a def-
inition of Murasugi knot matrix for arbitrary projections because it is rather intricate.
The result of the consideration above can be formulated in the following way:

13.17 Proposition. Let p(¥) be a special diagram of £ with «-regions «;, index
functions 0(P) and &;(P) according to Definitions 2.3 and 13.16. Then a Seifert
matrix (vix) of ¥ is defined by (13.6). (The Seifert matrix coincides with Murasugi’s
knot matrix of p(£).) O

13.18 Proposition. If W is a reduced Seifert matrix, then (W + WT) is contained
in the class {M + MT} of S-equivalent matrices. The signature og coincides with
the signature (M + MT) of Murasugi [261].

Proof. If S is a Seifert surface which admits a special diagram as a projection the
assertion follows from Definition 13.12 and Proposition 13.17. Any Seifert surface S
allows a band projection. By twists through angle 7 it can be arranged that the bands
only cross as shown in Figure 13.1 (b). At each crossing we change S, as we did in
the proof of Proposition 13.17, in order to get a spanning surface S’ which projects
onto the f-region of a special diagram. We then compare the band projections of S
and S’ and their Seifert matrices V' and V. It suffices to consider the case shown
in Figure 13.5 (a). Note that S’ is obtained from S by a 1-handle enlargement, see
Remark 13.15.

It is not difficult to perform the local isotopy which carries Figure 13.5 (c) over to
Figure 13.5 (d). The genus of the new surface is g(S”) = g(S) + 2. Let {ax}, {s;}
be associated bases of H{(S), (see Definition 8.9) and H;(C™*), and let V be their
Seifert matrix. Substitute &,a},a}/ for aj € {ay} and 3, s’-,sj/.’ for s; € {s;} to obtain
associated bases relative to S’. The corresponding Seifert matrix V' is of the form
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Figure 13.5. A 1-handle enlargement.

Adding the s} -column to the 57 -column and then the @} -row to the a}/-row we get
/ 1
s;—s

/

ISEEST
~.

o Vi
aj =a; +a;

SO OO =M
* ¥ ¥ =

This follows from Figure 13.5 (d), because the overcrossings of sJ’- and sJ’-’ add up to
those of s;j, and a; = a;- + a}’ . Evidently, by adding multiples of the first row to
the other rows the second column can be replaced by zeroes excepting the 1 on top.
After these changes the bases remain associated. We have proved: (V' + V' T) and
(V + VT) are S-equivalent (see Definition 13.12). The procedure can be repeated
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until a Seifert surface is reached which allows a special projection. (Observe: Twists
in the bands do not hamper the process.) O

13.C Alternating knots and links

The concepts which have been developed in the preceding section provide a means to
obtain certain results on alternating knots and links first proved by R. H. Crowell [76]
and K. Murasugi [257, 258, 260]. R. H. Crowell’s paper rests on a striking application
of a graph theoretical result, the Bott—-Mayberry matrix tree theorem [39].

In Definition 2.3 we defined the graph of a regular projection p(¥) of a knot (or
link) by assigning a vertex P; to each «-region «; and an edge to each double point;
we call this graph the o-graph of p(¥) and denote it by I'y. Its dual I'g is obtained
by considering §-regions instead of «-regions.

We always assume the infinite region to be the o -region «g. The following defini-
tion endows I’y and I'g with orientations and valuations.

13.19 Definition. Let I'y, be the «-graph of p(f). The edge joining P; € «; and
Pj. € ay assigned to the crossing Q of p(¥) is denoted by ul’.lk. The orientation of
”?k is determined by the characteristic 7(Q ) (see Theorem 3.4): The initial point of
”?k is P; resp. Py for n(Q;) = +1 resp = —1.

(Loops (i = k) are oriented arbitrarily.) The oriented edge u?k obtains the val-
uation f (ul’.lk) = 6(Q,). The edges Ule of the dual graph I'g are oriented in such
a way that int(ufk, vj”}) = +1 for every pair of dual edges with respect to a fixed
orientation of the plane containing p(f). Now the valuation of I'g is defined by
f (U;Ll) = —f (u?k). Denote the graphs with orientation and valuation by Ty, Fg
respectively.

13.20 The graph matrix. A Seifert matrix of a Seifert surface of ¥ which is composed
of the f-regions of a special projection may now be interpreted in terms of I'y . Define
a square matrix H(I'y) = (hjx) by

hii =Y fuf), hie ==Y ful), i #k. (13.7)
A

J.A

Denote by Hj; the submatrix of H obtained by omitting the i -th row and column
of H . From equations (13.6) and (13.7) we obtain (recall that the subscript O corre-
sponds to the infinite region «y):

13.21 Proposition. Ler p(¥) be a special projection of a knot or link, Ty its o-
graph, and H the graph matrix of T'y. Then Hyy is a Seifert matrix of ¥ with respect
to a Seifert surface which is projected onto the B -regions of p(¥). O
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By a theorem of R. Bott and J. P. Mayberry [39], the principal minors det(Hj;)
of a graph matrix are connected with the number of rooted trees in a graph I'; for
definitions and the proof see Appendix A.3—A.6.

13.22 Theorem (Matrix tree theorem of Bott—-Mayberry). Let Ty be an oriented
graph with vertices P; and edges ”?k’ and a valuation f: {ufk} — {1,—1}. Then

det(Hyi) = Y f(Tr(0), (13.8)

where the sum is taken over the rooted trees Tr(i) C 'y withroot P;, and f(Tr(i)) =
I1 f(ujk), the product taken over all u}k e Tr(i). O

13.23 Proposition. The graphs Iy and T’ E of a special alternating projection have
the following properties (see Figure 13.6):

(a) Every region of Ty can be oriented such that the induced orientation on every
edge in its boundary coincides with the orientation of the edge.

(b) No vertex of TE is at the same time initial point and endpoint.

(¢) The valuation is constant (we always choose [ (u?k) =+1). O

Figure 13.6

The proof of the assertion is left to the reader. It relies on geometric properties of
special projections, see Figure 13.6, and the Definitions 2.3 and 13.19. Note that the
edges of I'y with P; in their boundary, cyclically ordered, have P; alternately as
initial point and endpoint, and that the edges in the boundary of a region of Fg also
alternate with respect to their orientation. O

13.24 Proposition. Let S be the Seifert surface determined by the f-regions of a
special alternating projection p(¥), and V a Seifert matrix of S. Then detV # 0
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and S is of minimal genus. Furthermore, detV = =1, if and only if deg P; =
Yk lhikl =2 fori #0.

Proof. It follows from Proposition 13.23 (a) that every two vertices of I'y can be joined
by a path in T’y . So there is at least one rooted tree for any root P;. Since f (uf‘k) =
+1 the number of P;-rooted trees is by Theorem 13.22 equal to det(H;;) > 0. If
V = Hyo is an (m x m)-matrix then deg A(f) = m in the case of a knot, and
deg v (t) = m—pu+1 inthe case of a ju-component link. (See 9.19 for the definition
of the Hosokawa polynomial % (¢).) It follows that 21 = m where h is the genus
of S. Since deg A(t) < 2g resp. deg v (¢) + 1 — 1 < 2g for the genus g of ¥, we
get g = h,see 8.21,9.19 and E 9.5.

To prove the last assertion we characterize the graphs I'; which admit only one Py-
rooted tree. We claim that for i # 0 one must have deg P; = 2. Suppose deg P, > 4
for some k # 0, with ”?k #* u?l;, and uf‘k contained in a Py-rooted tree Ty. Then
uj“,; ¢ Ty, and there are two simple paths w;, w; in Ty which intersect only in their
common initial point P; with endpoints P; and P; respectively, see Figure 13.7.
Substitute uj‘]; for ul'.lk to obtain a different Py-rooted tree.

Obviously every graph 'y with deg P; = 2 for all i # 0 has exactly one Py-
rooted tree. O

Figure 13.7

As an easy consequence one gets:

13.25 Proposition. A knot or link ¥ with a special alternating projection is fibered,

if and only if A(t) is monic. In this case ¥ is the product of torus knots or links
i =1(a;,2), f=8#...#%.

Proof. See Figure 13.8. It follows from Proposition 13.24 that ¥ is of this form. By
Corollary 4.12 and Proposition 7.20 we know that knots of this type are fibered. O

Proposition 13.25 was first proved by Murasugi [258].
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T r*

KOO - &3

Figure 13.8. A special alternating projection.

13.26 Theorem. Let ¥ be an alternating knot or link of multiplicity j, and p(¥) an
alternating regular projection.

(a) The genus of the Seifert surface S obtained from the Seifert construction 2.4 is
the genus g(£) of £ (genus and canonical genus coincide).

(b) deg A(t) = 2g, resp. deg v (1) = 2g.
(¢) ¥ is fibered if and only if |A(0)] = 1 resp. | v (0)] = 1.

Proof. Consider the Seifert cycles of the alternating projection p(¥). If a Seifert cycle
contains another Seifert cycle in the projection of the disk it spans, it is called a cycle
of the second kind, otherwise it is of the first kind [258]. If there are no cycles of
the second kind, the projection is special, see Proposition 2.4 and Definition 13.13.
Suppose there are cycles of the second kind; choose a cycle ¢ bounding adisk D C S°
such that p(D) contains only cycles of the first kind. Place S in R? in such a way
that the part of ¥ which is projected on p(D) is above a plane £ D D, while the rest
of ¥ is in the lower half-space (Figure 13.9).

Cut S along D such that S splits into two surfaces S;, S>, contained in the upper
resp. lower half-space defined by E such that D is replaced by two disks Dy, D5.
The knots (or links) £; = 051, ¥, = 95, then possess alternating projections p(£;),
p(t2), and p(£)) is special. One may obtain S back from S; and S, by identifying
the disks D and D;. If ¥ results in this way from the components ¥; and ¥,, we
write ¥ = ¥ % ¥, and call it *-product or Murasugi sum [258], [190, 4.2]. (The reader
is warned that the *-product does not depend merely on its factors £; and £,.)

Let C*, Ci*’ 1 <i < 2, be obtained from the complements of ¥, ¥; by cutting
along S, S;, see 4.4. Choose a basepoint P on 0D (Figure 13.9), then

mC*ngI**mCz*, m S = m Sy *x 115, (139)
H(C*) = H\(C]") @ Hi(Cy), H(S) = Hi(S) @ Hi(S2).

I
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T

Figure 13.9. The Murasugi sum.

It is evident that every alternating projection may be obtained by forming *-products
of special alternating projections. We shall prove Theorem 13.26 by induction on the
number of *-products needed to build up a given alternating projection p(f).
Proposition 13.25 proves the assertion if p(f) is special alternating. Suppose £ =
£ x £, and p(¥;) is special.
Let iif: S{f — C, isf: SF — €y, i*: S — C* denote the inclusions. If S+
and S are chosen as indicated in Figure 13.9, the Seifert matrix V* associated with

i + can be written in the form
Vit =
vt =
0 |VF

i
where V;* and V," are Seifert matrices belonging to ii%, i3, .

Assume that |V5T| # 0 for ¥, S, as an induction hypothesis. By Proposition 13.24
we have |V;T| # 0 and |V | = |V;T| - |V, | implies [V F| # 0. Hence (a) and (b)
follow for ¥.

To prove (c) assume that Ag(0) = |V | = £1.Then |Vt| = |V;T|-|V,T| implies
that [Ag, (0)] = 1, i = 1,2. Assume (c) for ¥5, S» as an induction hypothesis. By
Proposition 13.25 we know that £, is fibered. Let

*

wfl)wfz)wél)wg) . wj(.l)wj(-z), w](-k) € m(C,:‘), 1 <k<2,

be an element of 771 (C}*) * 71 (CSf) = 71(C*). If ¥, is fibered, i3} is an isomorphism.

A closed curve w}z) in C* representing wj(-z) is, therefore, homotopic rel P in C*

)

to a curve on ST Since ¥ is also fibered, a curve w; corresponding to a factor
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wj(.l) is homotopic to a closed curve composed of factors at on St and Tji'l, see

Figure 13.9. But the 7} can be treated as the curves a)}z) and are homotopic to curves

on S*. Thus i; is surjective; it is also injective, since S is of minimal genus (see
Neuwirth’s Lemma 4.5, [267]). O

This shows, together with Proposition 13.25, that a fibered alternating knot or link
must be a *-product composed of factors

£ = t(a1,2)# t(a,2) # t(as,2) # ... # t(ar,2).

There is a corollary:

13.27 Corollary. The commutator subgroup of an alternating knot is either

G =Frg or G =... %Fy *g,, Frg * ...

where g is the genus of the knot. The 3-manifold C* is a handlebody of genus 2g
for a suitable Seifert surface of minimal genus.

Proof. The space C* is a handlebody of genus 2g;, g; the genus of ¥;. This follows
by thickening the f-regions of p(f). By the same inductive argument as used in the
proof of Theorem 13.26 (see (13.9)) one can see that C* is a handlebody of genus 2g
obtained by identifying two disks D; and D, on the boundary of the handlebodies
Cy and Cf. O

13.D Comparison of different concepts and examples

In the Sections 13.A and 13.B we defined the quadratic form of a knot according to
Trotter and Erle, and pointed out the connection to Murasugi’s class of forms [261].
Let us add now a few remarks on Goertiz’s form. We shall give an example which
shows that Goeritz’s invariant is weaker than that of Trotter—Murasugi. Nevertheless,
Goertiz’s form is still of interest because it can be more easily computed than the other
ones, and C. M. Gordon and R. A. Litherland [135] have shown that it can be used to
compute the Trotter—Murasugi signature.

Let a regular knot diagram be chessboard colored and let 6(P) be defined as in
Definition 2.3, see Figure 13.10. (Here we may assume again that at no point P the
two o -regions coincide; if they do, define 8(P) = 0 for such points.)

The integers
> 0(P), =]
Peia;

BI=)— % ap). i#j

P eda; Noe;

(13.10)
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Figure 13.10

then determine a symmetric (n X n)-matrix G = (g;;), where {o; | 1 <i < n} are
the finite «-regions. The matrix G is called Goeritz matrix and the quadratic form,
defined by G, is called Goeritz form. (Observe that the orientation of the arcs of the
projection do not enter into the definition of the index 6(P), but that G changes its
sign if ¢ is mirrored.) Transformations G +> LGLT with unimodular L and the
following matrix operation (and its inverse)

o (Shr)

define a class of quadratic forms associated to the knot ¥ which Goeritz showed to be

a knot invariant [130, 199]. A Goeritz matrix representing the quadratic form of a knot
f is denoted by G(¥).

13.28 Proposition. Let p(¥) be a special diagram and V' a Seifert matrix defined by
(13.6) (see Proposition 13.17). Then V + VT = G(¥) is a Goeritz matrix of p(¥f).

Proof. This is clear for elements g;;,i # j, since &;(P) 4+ ex(P) = 1 for P €
da; N day . For i = j it follows from the equality

vie =Y 0(P)si(P)= Y 0(P)(1—&i(P));

Peia; Peia;

the first sum describes the linking number of i (al-+ ) with do; , the second the linking
number of i, (a; ) with de; which are the same for geometric reasons. (There is a
ribbon S'x 1 C 83, S'x0=a;, S'x1=a;", S' x § = do;.) O

From this it follows that each Goeritz matrix G can be interpreted as presentation
matrix of H (éz) (see Proposition 8.39 (a)). H. Seifert [327], M. Kneser and D. Puppe
[199] have investigated this connection and were able to show that the Goeritz matrix
defines the linking pairing H, (Cr) ® Hi(Cy) > Z.

Figure 13.11 (a) shows a diagram of the left-handed trefoil and Figure 13.11(b) a
special diagram of it. The sign at a crossing point P denotes the sign of 6(P), a dot
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(a) (b)

Figure 13.11. A minimal and a special diagram of the left-handed trefoil.

at P in an o -region ¢; indicates €;(P) = 1 for P € da. Thus we get G, = (—3)
from Figure 13.11 (a) and

2 -1
T __ _
M+ M _Gb_(_1 2).

G4 and Gy, can be transformed into each other by Goeritz moves which are described
before Proposition 13.28:

2 -1 0 -1 1
(_21 _21)~ -1 2 0|~[-1 0
0 0 -1 10 -1
10 1 10 0 Lo
~lo ) ~fo 1 1~y )~ (D).
11 -1 01 -2

Figures 13.12 (a) and 13.12 (b) show a minimal and a special projection of the
knot 89.

\S)

Figure 13.12. A minimal and a special projection of the knot 8;9.
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Figure 13.12 (a) yields a Goeritz matrix
0 -1 -1 0

0 —1 —1 -1 0 —1
G:_110_1~—110~010~(3)
-0 2l -1 0 2 -1 0 2

0 —1 —1 1

which is equivalent to that of a right-handed trefoil (the mirror image of Fig-
ure 13.10 (a)). A Seifert matrix V' can be read off Figure 13.12 (b):

2 0 0 0 0 -1
-1 1 0 0 0 O

0-1 1 0 0 O

V= 0O 0-1 1 0 O
0O 0 1 -1 1 O

-1 0 0 0 -1 1

Since |V| = 1, V is already reduced, so its quadratic form gy is of rank 6, different
to that of a trefoil which is of rank 2.

We finally demonstrate the advantage of using a suitable integral domain R instead
of Z . Figure 13.3 shows a special diagram of 8. Its Seifert matrix is

10 1 0
1 0 0 0
=1 0o 1 2 1| V=1
0 -1 1 0
201 10 o1l
I 10
V+Vi=1 1 | 4 2 EE
0 -1 2 0 30

Hence, V + VT is S -equivalent (see Definition 13.12) to

23\ _ T o [~ 2
(22)=vermv=(72).

Using the construction of Proposition 8.7 one obtains a knot ¥’ with Seifert matrix V.
It follows that the Murasugi matrices V +V 7 and V/+V’ T of 859 and ¥/ respectively
are S -equivalent. Over R = Z, the matrix V'’ is not reduced and so the Trotter form
of ¥ is trivial, whereas the Trotter form of 8, is represented by

01

10 0
-2 3

0 30

Moreover both knots have zero-signature, but over Z3 their forms prove that they are
not amphicheiral.
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13.29 Corollary. The absolute value of the determinant of the quadratic form is an
invariant of the knot. It is called the determinant of the knot. It can be expressed in
several forms:

|det(M + MT)| = |det(W + WT)| = |detG| = |H1(62)| = |A(-1)].
Proof. See Propositions 8.21 and 8.39 O

In the case of alternating knots the determinant is a strong invariant; in fact, it can
be used to classify alternating knots in a certain sense:

13.30 Proposition (Bankwitz [13], Crowell [77]). The order (minimal number of
crossings) with respect to regular alternating projections of a knot does not exceed
its determinant.

Proof. Let p(¥) be a regular alternating projection of minimal order n . Consider the
(unoriented) graph 'y of p(¥). Since n is minimal, Iy does not contain any loops,
and every edge of I'y is contained in a circuit, compare Figure 13.2. It follows from
the Corollary to the Bott—-Mayberry Theorem (Appendix A.5) that the determinant
det G(f) of ¥ is equal to the number of spanning trees of [y . It remains to show
that in a planar graph I', with the aforesaid properties the number n of edges never
exceeds the number of trees. One may reduce 'y, by omitting points of order two and
loops. If then Iy, defines more than two regions on S2, there exists an edge b in the
boundary of two regions such that these two regions have no other edge in common.
The graph (I'y, — b) then is a connected planar graph with no loops where every edge
is in a circuit. Every tree of (I'y — b) is a tree of I'y. There is at least one tree more
in I'y, which contains b. O

The inequality n < |det G(f)| can be improved [76], see E 13.4.

Since there are only finitely many alternating knots with |A(—1)| = d, there are
only finitely many such knots with the same Alexander polynomial. If A(—1) = +1
(in particular, if A(z) = 1), the knot is either non-alternating or any alternating pro-
jection of it can be trivialized by twists of the type of Figure 13.2. Consider as an
example the knot 6;, see Figure 13.13. The Goeritz matrix is

G(6)) = (_‘1‘ _;) .

One checks easily in Figure 13.13 that the graph has 11 = A(—1) = ‘_‘11 _é‘ maximal
trees.

Proposition 13.30 of Bankwitz can also be used to show that certain knots are non-
alternating, that is, do not possess any alternating projection. This is true for all non-
trivial knots with trivial Alexander polynomial. Crowell was able to prove that most
of the knots with less than ten crossings which are depicted in Reidemeister’s table
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Py

o
Py

o) o1

59

K

Figure 13.13. The knot 6; .

as non-alternating, really are non-alternating. If, for instance, 819 were alternating,
it would have a projection of order A(—1) = 3 or less. But 89 is non-trivial and
different from 3; by its Alexander polynomial.

We now give a description of a result of Gordon and Litherland. In a special di-
agram the f-regions are bounded by Seifert circuits. If in a chessboard coloring of
an arbitrary projection the Seifert circuits follow the boundaries of « -regions in the
neighborhood of a crossing P we call P exceptional, and by v we denote the number
v = ) 6(P), where the sum is taken over the exceptional points of the projection.
(The B-regions form an orientable Seifert surface if and only if there are no excep-
tional points.) Obviously the signature o (G) of a Goeritz matrix is not invariant in
the class of equivalent Goeritz matrices. C. M. Gordon and R. A. Litherland proved in
[135] the following proposition:

13.31 Proposition. o(qg) = 0(G) — v, where v is defined above. O

The fact that 0(G) — v is a knot invariant can be proved using Reidemeister
moves 2; (Exercise E 13.3).

Since the order of G will in most cases be considerably smaller than that of M +
MT | Proposition 13.31 affords a useful practical method for calculating o (gg). To
compute the signature of a symmetric matrix over 7, a large spectrum of methods is
available. The following proposition was used by Murasugi [261] and can be found in
[180]; we give a proof in Appendix A.2.

13.32 Proposition. Let Q be a symmetric matrix of rank r over a field. There exists

a chain of principal minors D;, i = 0,1,...,r such that D; is principal minor of
Dj11 and that no two consecutive determinants D;, Djy| vanish (Dy = 1). For
any such sequence of minors, 6(Q) = lr;(l) signD; Dj 4. O

As an application consider the two projections of the trefoil 3; in Figure 13.11. The
signature of the Goeritz matrix G, = (—3) of Figure 13.11 (a)is —1 and v = —3.On
the other hand, Figure 13.11 (b) is a special projection and yields o (g3,) = 0(Gp) = 2
(Proposition 13.28), hence o(G4) —v = 0(g3,)-
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13.33 Remark. By symmetrizing a Seifert matrix V of £ to V + VT we obtain
the signature. There are other signatures obtained by building Hermitian matrices: let
® # 1 be acomplex number. We consider the Hermitian matrix H(w) := (1—w)V +
(1 —®)VT . The w-signature oy(w) of ¥ is defined to be the signature of H(w) i.e
op(w) = signature(H (w)). If € S' — {1} we have

Ho)=10-o)V +(1-a)VT
= (0 "? = 0'?)("?V - 2V, (13.11)

The Levine—Tristram [211, 353] signature function is the map op: S! — 7Z given
by op: @ > op(w) if w # 1 and op: 1 — 0. It follows from equation (13.11) that
the signature function is constant away from the roots of the Alexander polynomial
A1) = det(t'/2V — =12y T (For details see [133, Sect. 11,12].)

More recently, X.-S. Lin [214] discovered a relation between traceless representa-
tions of knot groups into SU(2) and the signature o (£) of the knot £. Here traceless
means that the trace of the image of a meridian is zero. This result was extended by
C. Herald [162] and Heusener and Kroll [163] to the more general setting: the signa-
tures are replaced by the Levine—Tristram signature oy (e>*?) and the traceless repre-
sentations by representations where all the meridians have trace 2coso, 0 < @ < 7
and A(e?*') # 0. Note that og(e™') = o (f) and A(e™) = A(=1) # 0.

13.E History and sources

An invariant consisting of a class of quadratic forms was first defined by L. Goeritz
[130]. They yielded the Minkowski units, new knot invariants introduced by K. Reide-
meister [296, 303, 2.9]. Further contributions were made by H. Seifert [327], M. Kneser
and D. Puppe [199], K. Murasugi [261], H. F. Trotter [355], J. Milnor [240], D. Erle
[93] and others. Our exposition is based on [93] and [261], the quadratic form is that
of Trotter [355].

C. M. Gordon and R. A. Litherland introduced in [135] a new quadratic form which
simultaneously generalized the forms of Trotter and Goeritz. As a byproduct a simple
way to compute the signature of a knot from a regular projection was obtained.

13.F Exercises

E 13.1. Compute the quadratic forms of Goeritz and Trotter and the signature of the
knot 61, and the torus knots or links t(2,5).

E 13.2. Characterize the 2 x 2 matrices which represent quadratic forms of knots.
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E 13.3. Prove the invariance of 0(G)—v (see Proposition 13.31) under Reidemeister
moves.

E 13.4 (Crowell [76]). An alternating prime knot ¥ has a graph 'y, with m ver-
tices and k regions in S? such that the number of trees tr(I'y) satisfies the inequality
detG(¥) = tr(l'y) > 1 + (m — 1)(k — 1). Show that 859,942,943 and 94¢ are non-
alternating knots.

E 13.5 (Giller [128]). Suppose f is aknot (but not alink). Then o (£) can be calculated
by the following procedure:

(1) If £ is trivial then o (f) = 0.

(2) If £, £_, and ¥ differ by a local operation of the kind depicted in Figure 9.3,
then
o(f-)-2=o0(ty) =o(t-).

(3) If A(t) = det(t'/2V — 1712y T) is the symmetrized Alexander polynomial (V
a Seifert matrix of £), then sign(A(—1)) = (—1)7®/2,

Prove that the knot which admits a projection with only negative crossings (see Fig-
ure 9.3) has positive signature.
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Chapter 14

Representations of knot groups

Knot groups as abstract groups are rather complicated. Invariants which can be ef-
fectively calculated will, in general, be extracted from homomorphic images of knot
groups.

We use the term representation in this chapter as a synonym for homomorphism,
and we call two representations ¢, ¥: & — $ equivalent, if there is an automor-
phism «: & — $ with ¥ = a@. There have been many contributions to the field
of representations of knot groups in the past decades, and the material of this chapter
comprises a selection from a special point of view — the simpler and more generally
applicable types of representations.

The first section deals with metabelian (2-step metabelian) representations, the sec-
ond with a class of 3-step metabelian representations which means that the third com-
mutator group of the homomorphic image of the knot group vanishes. These repre-
sentations yield an invariant derived from the peripheral system of the knot which is
closely connected to linking numbers in coverings defined by the homomorphisms.
These relations are studied in Section 14.C. Section 14.D contains some theorems on
periodic knots, and their presence in this chapter is, perhaps, justified by the fact that
a special metabelian representation in Section 14.A of a geometric type helps to prove
one of the theorems and makes it clearer.

14.A Metabelian representations

14.1. Throughout this chapter we consider only knots of multiplicity «© = 1. A knot
group & may then be written as a semidirect product & = 3 x &', where 3 is a
free cyclic group generated by a distinguished generator ¢ represented by a merid-
ian of the knot £. An Abelian homomorphic image of & is always cyclic, and an
Abelian representation of & will, hence, be called trivial. A group & is called k-
step metabelian, if its k-th commutator subgroup & &) vanishes. (&® is induc-
tively defined by &%) = commutator subgroup of G*—1 & = G© ) The 1-step
metabelian groups are the Abelian groups, and 2-step metabelian groups are also called
metabelian. It seems reasonable, therefore, to try to find metabelian representations as
a first step. They turn out to be plentiful and useful.

Let ¢: & — $ be a surjective homomorphism onto a metabelian group $. Then
(G = & and $ = ¢(3) - . Moreover, it follows at once that the following
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diagram commutes (lines are exact and vertical maps are surjective)

1 &’ IxE —— 3 — 1
l(pl@f pr l@
1 9’ 039 — 9/ =3, —— 1

where Kerg|3 = n3 = Kerg. It turns out that ¢(3) N &’ = {1} is trivial since
@) = ()9 generates /9’ =~ 3,. Therefore, (&) = $ = ¢(3) X (&)
is a semidirect product. Moreover, the Abelian group $’ and can be considered as a
3-module.

14.2 Proposition. Let ¢: & — $ be any non-trivial surjective metabelian represen-
tation of a knot group & = I x &', 3 = (t), t a meridian. Then $ = ¢(3) x &/,
&' is a finitely generated 7.3 torsion module and t —id: &' — 9 is an isomorphism.

Proof. Note that &’ is a finitely generated torsion module since the Alexander module
&’/&” is a finitely generated torsion module (see Remark 8.23) and the surjection
¢lg: & — &' induces a surjective 3-module morphism &'/&” — &’.

Since & is trivialized by putting ¢ = 1, the same holds for ¢(&), if the ¢ -image of
t (also denoted by ¢ ) is made a relation. For the normal closure m one has m =&
and (1) = ¢(3) x . The relations rat™" = a, a € & trivialize &'; hence
elements of the form (¢t — 1)k, h € &' generate &’. Therefore, as a 3-module,
»' = (t —1)9’. Since &' is a finitely generated 3-module and Z 3 is Noetherian, it
follows that multiplication by (¢ — 1) is also injective. O

14.3 Remark. The 3-module &’ has an annihilating polynomial of minimal degree
coprime to (t —1).

Since ¢(&’) = &' is Abelian the homomorphism ¢ factors through 3 x &'/&”.
If (3) = 3, is finite, it factors through 3, x &'/G,,, &, = n3 x &', compare
Proposition 8.38. The group &’/&” is the first homology group of the infinite cyclic
covering Coo of ¥, &' /&” = H,(Cso) and may be regarded as a 3-module (Alexan-
der module) where the operation is defined by that of the semidirect product. Likewise
&'/&!, = H,(Cy) is the homology group of the n-fold cyclic branched covering of
£, see Proposition 8.38 (¢). The following proposition summarizes our result:

14.4 Proposition. A metabelian representation of a knot group
0: & — 3 x A, respectively . & — 3, x A, A Abelian,
factors through

B: & — 3x H|(Coo), respectively Bn: & — 3, x Hy(Cp),
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mapping a meridian of £ onto a generator of 3 resp. 3n. The group A may be
considered as a 3-module resp. 3,-module. One has ker = &, kerf, =
n3x&;. O

We give a simple example with a geometric background.

14.5 The groups of similarities. The replacing of the Alexander module H(Ceso) =
& /G by H1(Cx) ®z C suggests a metabelian representation of & by linear map-
pings C — C of the complex plane. Starting from a Wirtinger presentation & =
(S1,...,8, | R1,..., Ry ), arelation

S 'SiSkST =1 & SiSk = SkSit (14.1)
takes the form
Ui +tup = ug +tujpr & tuip] —tug —up + Uk (14.2)

for u; = ,B(SjSl_l), 1 <j<n.(u+ tu,u € H(Cx) denotes the operation of a
meridian.) The equations (14.2) form a system of linear equations with coefficients in
Z(t). We may omit one equation (Corollary 3.6) and the variable u; = 0.

The determinant of the remaining (n—1)x(n—1) linear system equals the Alexander
polynomial A(¢), see Definition 8.18 and Corollary 9.11. Thus, by interpreting (14.2)
as linear equations over C, one obtains non-trivial solutions if and only if ¢ takes the
value of a root @ of Aj(¢). For suitable z; € C (z a complex variable)

Si > 64(Si): z = a(z —z;) + z; (14.3)

maps & into the group €4 of orientation preserving similarities of the plane C,
since a Wirtinger relation (14.1) results in an equation (14.2) for t = «, u; = z;. The
similarity 8;(S;) is the identity and for @ # 1 two similarities 64(S;) and 8 (S;)
commute if and only if z; = z;. Hence there exists a non-cyclic representation &y
if and only if Aj(«) = 0; it is metabelian because &’ is mapped into the group of
translations. The class K of elements in & conjugate to a meridian (K = Wirtinger
class) is mapped into the class K, of conjugate similarities of €T characterized by
o. (Note that & # 1.)

14.6 Proposition. There exists a non-cyclic representation 8q: (&, K) — (€1, Kg)
if and only if a is a root of the Alexander polynomial A\(t). When a and o' are
roots of an (over 7. ) irreducible factor of Ai(t) which does not occur in Ay(t), then
any two representations 8y, 8q’ are equivalent. In particular, any two such maps 8,
S8a differ by an inner automorphism of €.

Proof. The first assertion has been proved above. For « satisfying Aj(e) = 0,
As(x) # 0 — that means that the system of linear equations has rank n — 2 and
hence a one-dimensional space of solutions. For a nonzero complex number f let
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Vg € G be the similarity given by yg:z + Bz.If the non-cyclic representation g
of the form (14.3) corresponds to the non-trivial solution (z2,...,z,) then yg 84 )/B_l
corresponds to the solution (Bz,...,z,). Hence two representations for different
choices of non-trivial solutions differ by an inner automorphism of €7 . Finally there
is a Galois automorphism 7: Q(«) — Q(o), if @ and «’ are roots of an irreducible
factor of Ay(¢). Put 84/(S;): z = o'(z — ©(z;)) + 7(z;) to obtain a representation
equivalent to 84(S;): z — a(z — z;) + z; . (In the special case o’ = @ a reflection
may be used.) O

14.7 Remark. The complex numbers « for which there are non-trivial representations
8a: (&,k) — (€1, Ky)

are invariants of & in their own right. The Alexander polynomial A;(z), though,
is a stronger invariant, because it also includes the powers of its prime factors. This
is, of course, exactly what is lost when the operation of ¢ is replaced by complex
multiplication by «: (p(«))”-a = 0, a # 0 implies p(x)-a = 0,but (p(¢))’-a =0
does not imply (p(¢))*~!-a = 0. (Compare Burde [52] and de Rham [83].)

The complete structure of the C[t*']-module H|(Coo, C) is not reflected in these
metabelian representations. More recently, Jebali [178] shows that this can be achieved
by considering more generally metabelian representations of the knot group by upper
triangular n X n matrices.

Example: Figure 14.1 shows a class of knots (compare Figure 9.5, E 9.6) with Alexan-

der polynomials of degree two. They necessarily have trivial second Alexander poly-

nomials. Figure 14.2 shows the configuration of the fixed points z; of 84(S;) for
5

m =5,k = 3. Then §4(S;) are rotations through «,cosa = % =z.

m Sor(S2k+1)

T
S \_‘@S‘t... ™~

52 3 Sok41(S2k42)

Figure 14.1

14.8 Metacyclic representations. A representation B* of & is called metacyclic, if
B* (&) = &' isacyclic group (a) # 1:

B* (&) = (1) x (a).
The operation of ¢ is denoted by a — ta. Putting
ﬂ*(S,') = (t,v;a), v; € Z,
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22 <4 <6

>

Q
<Y ¥

21 23

Figure 14.2

transforms a set of Wirtinger relations (14.1) into a system of n equations in n vari-
ables v; :

—Vig1 +tvi + (1 —1t)vg =0. (14.4)

These equations are to be understood over Z if (a) is infinite, and as congruences
modulo m if (a) = 3.

In the first case B* istrivial when t = 1.If t = —1, f* mustalso be trivial, because
the rank of (14.4)is n —1: Every (n — 1) x (n — 1) minor of its matrix is £A(—1) =
+|H;(C,)| which is an odd integer by Theorem 8.41 and Definition 13.19.

We may, therefore, confine ourselves to the finite case (a) = 3.

14.9 Proposition (Fox [112]). A non-trivial metacyclic representation of a knot group
is of the form
Br: & > 3x 3, m> 1,

mapping a meridian onto a generator t of the cyclic group 3. The existence of a
surjective homomorphism By, implies m|Ay(k) for k € Z with ka = ta, a € 3.

For a prime p, p|Ay(k), ged(k, p) = 1, there exists a surjective representation
ﬁ;. If the rank of the system (14.4) of congruences modulo p is n — 2, all represen-
tations ,3; are equivalent.

Proof. If a surjective representation 3, exists, the system (14.4) admits a solution with
vy =0, ged(va,...,vy) = 1. Let Ax =0 mod m denote the system of congruences
in matrix form obtained from (14.4) by omitting one equation and putting v; = 0. By
multiplying Ax with the adjoint matrix A™ one obtains

A*A-x = (detA)-E-x =0 mod m.

This means m|A (k) since Aj(k) = +det A, see Corollary 9.11.
The rest of Proposition 14.9 follows from standard arguments of linear algebra,
since (14.4) is a system of linear equations over a field Z, if m = p. O
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Remark: If m is not a prime, the existence of a surjective representation S, does
not follow from m|A (k). We shall give a counterexample in the case of a dihedral
representation. By a Chinese Remainder argument, however, one can construct S,
for composite m, if m is square-free. One may obtain from f,;, a homomorphism
onto a finite group by mapping 3 onto 3,, where r is a multiple of the order of the
automorphism ¢: a + ka. As a special case we note:

14.10 Dihedral representations. There is a surjective homomorphism
Vp: & = 3% 3p

onto the dihedral group 32 x 3p if and only if the prime p divides the order of
Hi(C) ie. H; (éz,Zp) # 0. If p does not divide the second torsion number of
H, (6’2) ie. Hy ((:’2, Zp) = Zp, then all representations y, are equivalent. (See Ap-
pendix A.7.) O

14.11 Remark. The prime p in 14.10 must be odd since |A(—1)| = |H;(C,)] is an
odd number.

Since any such homomorphism y;‘ must factor through 3, x H (éz) see Propo-

sition 14.4, the existence of dihedral representations & — 3x3m,m | |H 1(C2)| de-
pends on the cyclic factors of H| (Cz) If H (C2) is not cyclic —for instance H (C2) ~
Z15 @ Zs for 81g — there is no homomorphism onto 3, X 345, though 45|A;(—1).

The group yl’," (&) can be interpreted as the symmetry group of a regular p-gon in
the Euclidean plane. A meridian of the knot is mapped onto a reflection of the Eu-
clidean plane.

14.12 Example. Consider a Wirtinger presentation of the four-knot:
& = (51,52, 53, 84| $35185" S5, 8,1 8:8485", 818387718, S5 8488771,

see Figure 14.3. One has Aj(—1) =5 = p, see Corollary 8.15 (b). The system (14.4)
of congruences mod p takes the form

— vy — v + 23 = 0

— v — vy + 21y = 0
+ 2v; — vz — vy =0 mod 5.
— v + 2n — 1y =0

Putting v; = 0, v, = 1, one obtains v3 = 3, vy =2 mod 5. The relations of & are
easily verified in Figure 14.3.

Remark. More recently, irreducible metabelian representations of knot groups into
SL, (C) were studied by Boden and Friedl in a series of papers [29, 30, 27, 28].
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S3

N

Figure 14.3

14.B  Homomorphisms of & into the group of motions of
the Euclidean plane

We have interpreted the dihedral representations y;," as homomorphisms of & into the
group B of motions of E2, and we studied a class of maps 8, & — € into the 2-
dimensional group of similarities € of the plane E?. It seems rather obvious to choose
any other suitable conjugacy class in one of these well-known geometric groups as a
candidate to map a Wirtinger class K onto. It would be especially interesting to obtain
new non-metabelian representations, because metabelian representations necessarily
map a longitude, see Proposition 3.13, onto units, and are, therefore, not adequate to
exploit the peripheral system of the knot. We propose to “lift” the representation y;‘
to a homomorphism y,: & — B which maps the Wirtinger class K into a class of
glide reflections. The representation y, will not be metabelian and will yield a useful
tool in proving non-amphicheirality of knots. As above, p is a prime.

Let )/; be a homomorphism of the knot group & onto the dihedral group 32 x 3, .
There is aregular covering q: R, — C corresponding to the normal subgroup ker )/I’; .
One has 23 x &' = &, D kery, D &” and &,/kery, = 3,. The space R,
is a p-fold cyclic covering of the 2-fold covering C, of C. For a meridian m and
longitude £ of the knot ¥ we have: m? € ker Yp» L € &" Ckery,. The torus 9C is
covered by p tori T;, 0 <i < p—1,in R, . There are distinguished canonical curves
i, €; on T; with q(m;) = m?, q(fi) = (. By a theorem of H. Seifert [325] (see
Lemma 12.31) the set {n%i,éi} of 2p curves contains a subset of p (> 2) linearly
independent representatives of the Betti group of H(R)). From this it follows that the
cyclic subgroup 3, < .32 x 3p of covering transformations operates non-trivially on
the Betti group of H(Rp). Now abelianize ker y; and trivialize the torsion subgroup
of Hi(Rp) = kery,/(kery, )" to obtain a homomorphism of the knot group & onto
an extension [D,, Z”] of the Betti group Z4 of Hi(Rp), ¢ > p, with factor group
D, = 32 X 3p. The operation of ©, on Z7 is the one induced by the covering
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transformations. We embed Z4 in a vector space C? over the complex numbers and
use a result of the theory of representations of finite groups: The dihedral group O,
admits only irreducible representations of degree 1 and degree 2 over C.

This follows from Burnside’s formula and the fact that the degree must divide the
order 2p of ©,. (See [330].) Since 3, <D, operates non-trivially on Z4, the oper-
ation of ©, on C? contains at least one summand of degree 2. Such a representation

has the form
[ 01 — ¢ 0
7\ o) 470 ¢

with 32 = (7), 3p = (a) and ¢ aprimitive p-th root of unity. (The representation
is faithful, hence irreducible.)
This representation is equivalent to the following when C? is replaced by R*:

1 0 0 O E —n 0 O

0 -1 0 O n &€ 0 0 _ .
=1l o 1 ol 9" 1lo o £y ,C=§E+1in.

0 0 0 -1 0 0 n £

It splits into two identical summands. Introduce again a complex structure on each
of the invariant subspaces R?; the operation of D, on each of them may then be
described by:

w(z) =2z, a(z)=2¢z. (14.5)

By this construction the knot group & is mapped onto an extension of a finitely gen-
erated (additive) subgroup T C C, T # 0, with factor group O, operating on
T according to equation (14.5). First consider the extension [3,, T] and denote its
elements by pairs (a",z).

One has

(a,O)((a”_l,O)(a,O)) = (a,0)(1,w) = (a,w), forw =a® e T,

and

(@0@™.0)@0 = (.w)@.0) = (@ fw).

It follows that w = {w, { # 1;hence, w = 0, and [3p, T] = 3p x T . Similarly
one may denote the elements of [D,, T] = [32, 3p x T] by triples (r",a",z). Put
(r,1,0)> = (1,1,v), v € C. Then

(7,1,29) = (,1,0)%(z, 1,0) = (7, 1,0)(z, 1,0)* = (z, 1, 2v).

This proves v = v € R.
We obtain a homomorphism y,: & — [D,, T] C B. Put

(1,a,b) :z v+ ¢z + b, {aprimitive p-th root of unity,

(z,1,0) :z—>ZzZ+ v, veR. (14.6)
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There are two distinct cases: v # 0 and v = 0. In the first case, a Wirtinger generator
is mapped onto a glide reflection whereas in the second case its image is a reflection.
We may in the first case choose v = 1 by replacing a representation by an equivalent
one.

14.13 Proposition. For any dihedral representation y,: & — 3> x 3, C B of a
knot group & into the group B of motions of the plane there is a lifted representation
Yp: & — B such that y, = kyp, k1 yp(&) — yp(&)/T, where T # 0 is the
subgroup of translations in y,(&) C B (p is a odd prime).

An element of the Wirtinger class K is either mapped onto a glide reflection
(v = 1) ora reflection (v = 0).

If H, (6’2, Lp) = ZLp, see 14.10, the first case takes place and )/I’,“, Yp are unique
up to equivalence.

Proof. The existence of a lifted mapping y, has already been proved. We prove
uniqueness by describing y, with the help of a system of linear equations which at the
same time serves to carry out an effective calculation of the representation. Denote by
Q(¢) the cyclotomic field over the rationals and by ¢; a p-th root of unity. Note that
p is an odd prime (Remark 14.11). Put

vy (Sj): 2 2 (14.7)
vp(Sj): z > G2 + b, (14.8)

for Wirtinger generators S; of & = (S1,...8, | Ri,..., Ry ). Equation (14.8)
describes a glide reflection with axis g; = {{;(r + ({jb; — {;b;)/4 | r € R} and
translation

ZHZ+%@@+QM. (14.9)
A Wirtinger relator
Ry =S;S; W S;'SY, n = £1, (14.10)
yields (foj ¢x)? = 1 under (14.7). Since —1 is not a p-th root of unity we obtain
& =10k, (14.11)
Moreover, the relation (14.10) yields

é’]%l;i—i-bk—{izl;j—bi =0, ifr]j =1
§bi +bj — b —bi =0, if nj = —1 (14.12)

under (14.8). Here we introduce the convention that on the right-hand side of
Yp(wiwz) = yp(wi)yp(w2), wi, wr € &, the combination is carried out from right
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to left, as is usual in a group of motions, whereas in the fundamental group the com-
bination W W, is understood from left to right.

We multiply the equation (14.12) with ¢ if n; = 1 and with ¢; if n; = —1. This
gives

Ek&i (Gibi) + Skbr — &by — Gidi(Gibi) = 0, if ny =1
§Ei(Gibi) + §bj — G — €6 (Gibi) = 0, if nj = —1. (14.13)
(We have used (14.11).) Substitute
vi +iw; = by, vj, 0 € R, (14.14)
Note that v; = (& ibj + & l;j) /2 is the translation length of y,(S;) in the direction
{; and that w; /2 = —i({jb; — {jbj)/4 is the distance of g; to the line {;R in the

direction g;i.
Instead of (14.13) we get the following system of equations

0=n(vg —vj) +i(—oj —wp + (8 + ) i — 0 (GG — &) ivg). (14.15)

(Note that (é_'j &i—¢j ¢;)i is areal number and that (14.10) is equivalent to ¢; Ej =&l

The real part of equations (14.15) yields v = v; € R for 1 < j < n. From the
imaginary part of (14.15) we obtain the following system over R with real variables
wj and v:

0=—wj—wp + b + &l o —n; (G — §G)iv. (14.16)

The lifts y, of y, correspond exactly to the solutions of (14.16). (The trivial solution
corresponds to )/; itself.) Observe that, the group of dilations

D={8,4,€CT |8, 4(z)=rz+b, reR*beC}

acts on the lifts of y, of y;,‘ by conjugation i.e. § -y = §y, 87! for § € D. The
the axis of § - y,(Sj) = 8§y, 871(S)) is 8(g;). If there is a proper lift y, — that is
T # 0 —the axis {gj | | < j < n} cannot pass through one point or be parallel.
Therefore, ® -y}, is a 3-dimensional subspace of lifts of y; and the dimension of the
linear subspace of solutions of the homogeneous system (14.16) is at least a 3.

The rank of the system

0=—wj—wp + &t + ) o (14.17)

is a lower bound for the rank of the system (14.16). Now, the system (14.17) is a linear
system of equations with coefficients in the ring of algebraic integers @ () C Q().
There is a homomorphism ¥,: O({) — Z, givenby yp: ¢ = [1], and Yrp:in = [n]p
where [n], denote the coset of n € Z modulo p. The system (14.17) transforms under
Y into the system of congruences modulo p:

—wj —owr +2w; =0 mod p (14.18)
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which has rank = n—1—dimg, H; (C'z, Zp) . (Compare Proposition 14.9 and (14.4).)
Hence, the dimension of the linear subspace of solutions of the homogeneous sys-
tem (14.16) is bounded by 2 + H;(C, Zp).

We prove that the case v = 0 cannot occur if H;(Cs, ZLp) = Zp . If yp is a proper
lift of y;‘ and if H, (6‘2, Zp) = Z, then the space of solutions of the system (14.16)
is three and corresponds exactly to the orbit © - y,,. If the translation length v of y),
were zero, we would have that the translation length vanishes for all elements in the
orbit ® - y,. But then each element of ® - y, would correspond to a solution of the
system (14.17). Therefore, the rank of the system (14.17) is less or equal to n — 3.
On the other hand, the rank of the system (14.17) is greater than or equal to n — 2, a
contradiction.

Remark: The non-existence of y, under our assumption v = 0 is a property of the
Euclidean plane. In a hyperbolic plane where there are no similarities such lifts y,
may exist.

If H, (C’z, Zp) = 7, we may assume that there is a lift y, of )/1’," which maps the
Wirtinger generators on glide reflections with v = 1. Instead of (14.16) we get the
following system of inhomogeneous linear equations

—wj — g + GG+ Gl wi =0 (GG — L. (14.19)

The rank of the homogeneous part of (14.19) is at least n — 2. Since conjugation by
translations gives a 2-dimensional space of solutions, the rank of (14.19) is exactly
equal to n — 2. O

Foragiven y, with v = 1, aprimitive p-throotof unity and a suitable enumeration
of the Wirtinger generators we may assume

Yp(S1): 2> 2+ 1, yp(S2): z > C22 4 L.

This corresponds to putting w; = w, = 0. The fixed lines g; and g» of y,(S;) and
¥p(S2) meet in the origin and pass through 1 and ¢ (Figure 14.4). A representation
normalized in this way is completely determined up to the choice of ¢.

82

NL—

N

81

Figure 14.4
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The main application of Proposition 14.13 is the exploitation of the peripheral sys-
tem (&, m,{) by a normalized representation y,. Let m be represented by S, then
yp maps the longitude € onto a translation by A({):

vp(0): z =z + (%),

since £ € &” C ker ¥p - The solutions @; of (14.19) are elements of Q({). From
m - £ = {-m it follows that A({) € Q(¢) NR.

14.14 Definition and Proposition. Let & (Q(¢) | Q) be the Galois group of the ex-
tension Q(¢) D Q. The set [A(Q)] = {A(z ()|t € &(Q() | Q)} is called the

longitudinal invariant with respect to yp. It is an invariant of the knot. O

14.15 Example. We want to lift the homomorphism 3" of the group of the four-knot
which we computed in Example 14.12. We obtained .§1 =1, =¢85 =0,
Ly = ¢ for yX(S;) = ¢, and we may put { = e?™1/5 The equations (14.19) are
then

—o1 — oy + ( + Pz = = - ),
—wy — w3 + (¢ + s = ¢ = i,
—w3 — w4 + (7 + D)oy = —( - )i,
—wy — o1 + (4 Doy = (- D
Putting w; = wy = 0 yields
e T (R ROy
&+ ’

and, using b; = {; (1 +iw;) (see substitution (14.14))

ia)3

bi=1,by=0( by==201+8), by =0+ -0
ys(S1): z = Z +1,

ys5(S2): z > P2+ ¢,

ys(S3): z > L7 —2— 202,

ys(Sa): z > B2+ + -0

Figure 14.5 shows the configuration of the fixed lines g; of the glide reflections
Yr(S;j). One may verify the Wirtinger relations by well-known geometric properties
of the regular pentagon. The longitude £ of (&,m,{) with m = S| may be read off
the projection drawn in Figure 14.3:

€= S7'8,87'S,.
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Figure 14.5

One obtains
ys(0): 2> 2+ A0, A0 =2(¢+ 7 = @ +17Y).

The class [A({)] contains only different elements, A({) and —A({) which reflects the
amphicheirality of the four-knot.

14.16 Proposition. The invariant class [A(C)] of an amphicheiral knot always con-
tains — A(¢) if it contains A(C).

Proof. A conjugation by a rotation through angle m maps (yp(m), yp(£)) onto
(—yp(m), —yp(£)). Hence, 3.18 implies that the group of an amphicheiral knot admits
normalized representations y, and 7/1/7 with y,(€™1) = —y,(0) = yl’, 0). O

14.17 Remark. The argument shows at the same time that the invariant [A({)] is no
good at detecting that a knot is non-invertible. Similarly, y, is not strong enough to
prove that a knot has Property P :arelation y,(£%) = yp(m),a # 0, would abelianize
Yp(®), and, hence, trivialize it.

Representations of the type y, have been defined for links by Hafer [145], Hen-
ninger [160]. In Hartley and Murasugi [151] linking numbers in covering spaces were
investigated in a more general setting which yielded the invariant [A({)] as a special
case.
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14.C Linkage in coverings

The covering g: R, — C of the complement C of a knot ¥ defined by ker )/I’," =~
w1 Rp is an invariant of ¥ as long as there is only one class of equivalent dihedral
representations

Vp: mi(C) =& = Dp = 2% 3p.

The same holds for the branched covering §: ﬁp — S, obtained from R, with
branching set f. In the following p is a prime.

The linking numbers lk(f’,,f’ ) of the link b= U P = g~ (¥) have been used
since the beginning of knot theory to distinguish knots which could not be distin-
guished by their Alexander polynomials. ker y, is of the form ( 12 )x R, t ameridian,
and is contained in the subgroup () x # = U C & with [& : U] = p. The sub-
group U defines an irregular covering I, m(/p) = U, and an associated branched
covering I » which was, in fact, used by Reidemeister [295, 296, 303] to study link-
ing numbers. The regular covering R » is a two-fold branched covering of I, p,and its
linking numbers lk(ﬁi, P /) determine those in I p» [146]. We shall, therefore, confine
ourselves mainly to R D -

Linking numbers exist for pairs of disjoint closed curves in Ié,, which represent
elements of finite order in H; (Iép) [329], [346, 15.6].

In the preceding section we made use of Theorem 12.31, due to Seifert [325], which
guarantees that there are at least p llnearly mdependent free elements of H(Rp) rep-
resented in the set {7, . .., H1p— 1,60, ...»£p—1}. To obtain more precise information,
we now have to employ a certain amount of algebraic topology (Hartley and Murasugi
[151]). Consider a section of the exact homology sequence

s Hy(Rp ViQ) 5 HY(V2Q) 25 Hi(RpiQ) —

of the pair (Rp, V), where V is the union V = U V,, dV; = T;, of the tubular

neighborhoods V; of P, in Rp. As indicated, we use ratlonal coefficients. The Lef-
schetz Duality Theorem [346, 14.8.5], [157, 3.43] and excision yield isomorphisms

H'(Ry:Q) = Hy(Rp,0R,: Q) = H(R,.V: Q).
One has [346, 14.6.4(b)]

A*: H'(Rp;Q) — Hy(Rp, V;Q),
(z',21) = int(z2,21), 22 = A*(2Y), 2! € HY(R,; Q)

where (.,.) denotes the Kronecker product.
We claim that the surjective homomorphism

3« A*: H'(Rp; Q) — keris
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is described by
p—1
PLNEN Z(zl,ﬁzi V5. (14.20)
=0
To prove (14.20) put
p—1
B*A*Zl = 0420 = Zajej, aj € Q.
j=0

Let §; be a meridian disk in V; bounded by 11; = d5; . Then
p—1
(z', 0 ) = int(z2,08;) = int(0xz2,8;) = int()_ a;{;,8;) = ai.
j=0

Since j«: H1(Rp; Q) — H, (R ; Q), induced by the inclusion j, is surjective,
j*: H'(Rp; Q) — H'(R,; Q) is injective. The image j*(H'(R,)) consists exactly
of the homomorphisms ¢: H;(R,) — Q which factor through H| (f(’p; Q). But these
constitute ker d«A* by (14.20). Thus, one has

dimker dxA* = dim H'(R,) = dim H;(R,) and
dim 0. A*(H'(Ry; Q)) = dimkeris.

14.18 Proposition (Hartley—Murasugi).
dim H;(Rp; Q) = dim Hl(lép; Q) + dimkeriy
where i: V — f(’p is the inclusion. |

It is now easy to prove that only two alternatives occur:

14.19 Proposition. Either (case 1) all longitudes éi, 0 <i < p—1 represent in
H l(ﬁp; 7) elements of finite order (linking numbers are defined) and the meridians
mi, 0 < i < p—1, generate a free Abelian group of rank p in Hi(Rp;Z), or
(case 2) the longitudes {; generate a free Abelian group of rank p — 1 in H{(Rp;Z)
presented by (éo, .. ,ép_l | bo+01+ ...+ ép_l ), and the meridians m; generate
a free group of rank one in Hy(Rp;Z); more precisely, m; ~ m; in Hi(Rp; Q) for
any two meridians.

Proof. A Seifert surface S of ¥ = 35 lifts to a surface S with S = f:ol i ~0in
R, or ﬁp : the construction of C; (see 4.4) shows that S can be lifted to S, in C; resp.
C’z. The inclusion i: S, — C'z induces an epimorphism ix: H{(S2) — H (6‘2). This
follows from (a~ 4+a™) = Fs (see Lemma8.6)and a™ = ta~ = —a ™ in the case of
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the twofold covering where t = —1 (see Remark 8.40). Thus S, is coveredin R, by a
connected surface S (see [324, 3.12]) bounded by the longitudes Ei . If the longitudes
57,- satisfy in H (ﬁp) only relations ¢ - ) éi ~ 0, ¢ € Z, which are consequences of
Zéi ~ 0, we have dim(keriyx) = 1 in Proposition 14.18. Hence, by Lemma 12.31,
the meridians 71; generate a 1-dimensional vector space in H{(Rp, Q). There is a
covering transformation of R, — C, which maps 71; onto m; ~ rm;, i # j,
i # j,r € Q.From this one gets r? = 1, thus r = 1. This disposes of case 2. If
the longltudes E, are subject to a relation that is not a consequence of ) Z, ~ 0, then
Za,ﬁ, ~ 0 where not all a; are equal. Furthermore, one may assume Za,@, ~ 0,

> a; # 0. (If necessary, replace a; by a; + 1). Applying the cyclic group 3, of
covering transformation to this relation yields a set of p relations forming a cyclic
relation matrix. The determinant of such a cyclic matrix is always different from zero
[266, § 19.6]. Hence, the longitudes generate a finite group. In fact, since the ¢; are
permuted by the covering transformations their orders coincide; we denote it by |£| =
order of Ei in H; (Iép). It follows that dimker i« = p, and by Proposition 14.18 that
the meridians 71; generate a free group of rank p. O

14.20 Proposition. If H; (éz, Zp) = Lp, then there is exactly one class of equivalent
dihedral homomorphisms )/1’,": & — D, and the dihedral linking numbers v;j =

lk(%,‘, f‘j) are defined (case 1). The invariant [A(C)] (see 14.14) associated to the lift
Yp of v, (14.13) then takes the form

p—1
Aj(§) =2 Z vii ¢ with v = — Z Vij (14.21)

i=0 Jj#i

(Here we have put [AM()] = {A(7) | 1 < j < p}. Case 1 and case 2 refer to
Proposition 14.19.)

Proof. For each meridian m € & we have y, (m?) = 1 and hence y,(171;) is a
translation.

The occurrence of case 2 implies y, (111;) = yp(71;) for all meridians 7, 71; . But
in the case of a representation Yy, , mapping Wirtinger generators on glide reflections,
Yp(;) and y, (1) will be translations in different directions for some i, j . Thus
the Wirtinger class is mapped onto reflections, that is, y,(117;) = 0. This contradicts
Proposition 14.13.

In case 1 the longitudes i ; are of finite order in H 1(1@,; 7). Since the covering
transformations permute the i i, they all have the same order |€A il = |£]. Consider a
section of the Mayer—Vietoris sequence:

Y « ~
o Hi(0V) 2 Hi(Ry) & Hy(V) 25 Hi(Ry) — ...
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Since w*(|Z|éj,O) = 0, one has, for suitable by, c; € Z,

p—1 p—1
(1€1¢;,0) = W*(Z b + ) Ckék) = (Zbkﬁik + chék’_zckék)
k=0 k=0 k Kk k

This gives
p—1
€] 4; =) bgr.,  and [€] - 1k(E;, £;) = 1k(£;, Y byring = by
k=0 k

Since lk(éi,éj) = lk(f:i,f’j), one has

=" vijm;. (14.22)
i

The relation Zj:é éj ~ 0 yields 0 = lk(éi, sz) = Zj vi; . Formula (14.21) of
Proposition 14.20 follows from y, (111;): z +— z +2¢* for a suitable indexing after the
choice of a primitive p-th root of unity ¢. O

Remark: Evidently any term Zf) =_01 a;¢", a; € Q, can be uniquely normalized such
that ) ; a; = 0 holds. But a different normalization can be chosen: ay = 0. One
obtains from a sequence {aj,...,ap—1} in this normalization a set of linking number
voj, 0 < j < p—1, by the formula

-1
1 4
2vpj = aj — 5 > ay. (14.23)
k=1

14.21. Linking numbers associated with the dihedral representations y: & — 35X
3¢ for two-bridge knots b(«, B) have been computed explicitly. In this case a unique
lift y,, always exists even if « is not a prime. The linking matrix is

- & £ e Eg—1

Eaml — D& ... Eq—2
(14.24)

£ & e g

with g = (—1)[%‘3], [x] = integral part of x and }_ = Z;x;} , see Burde [55].

The property |e;| = 1 affords a good test for two-bridged knots. “Most” of the
knots with more than two bridges (see Table C.1) can be detected by this method,
compare Perko [287].
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A further property of dihedral linking numbers follows from the fact that A({) is a
real number, A({) = A({). This gives.

Vii—j = Vij:l # ], (14.25)
where i — j is to be taken modulo p. Furthermore,
Vij = Vji = Vitk, j+k- (14.26)

The first equation expresses a general symmetry of linking numbers, and the second
one the cyclic p-symmetry of ﬁ

As mentioned at the beglnmng of this section, Rp is a two-fold branched covering
of the 1rregular covering space I » with one component B j of P = g~ '(¥) as branching
set in R . (There are, indeed, p equivalent covering spaces I corresponding to p
conjugate subgroups U; = (7; ) x &, depending on the choice of the meridian #;
resp. the component f’ .) We choose j = 0. Let q Rp -1 » be the covermg ‘map.
The link ¥ = q(f’) consists of p;rl components ?0 = q(Po), = q(?j) = q(?_j),
0<j < pT_l. (Indices are read modulo p.) Going back to the geometric definition
of linking numbers by intersection numbers one gets for p;; = 1k(¥; ,P]’.),

poj = 2voj, Mij = Vij + Vi—j, i # ] (14.27)
This yields by (14.25) and (14.26) Perko’s identities [287]:
2ij = Moi—j + Moji+j, OF  [Lij = Voi—j + Vot (14.28)

As v;; = %1 for two-bridge knots, p;; = £2 or 0 for these.

It follows from (14.26), (14.27) and Proposition 14.20 that the linking numbers v;; ,
the linking numbers ;;, and the invariant [A({)] determine each other. All informa-
tion is already contained in the ordered set {vo il1<j<Z 1} Equation (14.27)
shows that [151, Theorem 6.3] is a consequence of Proposmon 14.20.

The theory developed in this section has been generalized by Hartley [150]. Many
results carry over to metacyclic homomorphisms g ,: & — 3, x 3, see Proposi-
tion 14.9 and [53]. The homomorphism B} , can be lifted and the invariant [A({)] can
be generalized to the metacyclic case. This invariant has a new quality, in that it can
identify non-invertible knots which [A({)] cannot, as we pointed out in Remark 14.17
(see Hartley [149]).

14.22 Examples. (a) The four-knot is a two-bridge knot, 4; = b(5,3). Thus

0 1 —1 —1 1
] 1 0 1 -1 —1
voj = (DL wp=l-1 1 0 1 -1/,
-1 -1 1 0 1
1 -1 -1 1 0
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and
* 2 =2
(mij) =1 2 =
-2 0 *

The link ¥ = §7'(41) in fs =~ S? has been determined (Figure 14.6) in [54]. (For
the definition of [, see the beginning of Section 14.C.)

Figure 14.6

(b) As a second example consider the knot 74 = b(15, 11) and the irregular cover-
ing /5. Its linking matrix (u;;) is

« 2 -2 2 2 -2 2 -2
2« 2 0 0 2 -2 0

2 2 % 0 0 0 0 0

12 0 0 x« 0-2 2 o0
Wid=1 "% 06 0 0 « 2 -2 2
22 0 =2 2 0

22 0 2 -2 2 % 0

2 0 0 0 2 0 0 =

11/

by (14.28) and vy; = (—1)[F}, 0<j <15,
The numbers %Zﬁéi |wijl =vi, 0<i <7,are7,4,2,3,4,5,5, 2. (Compare
Reidemeister [296, II1.§15, p. 69].)

In general, an effective computation of linking numbers can be carried out in various
ways. One may solve equations (14.18) and (14.19) in the proof of Proposition 14.13
and thereby determine y,, yp and [A({)]. A more direct way is described by Hartley
and Murasugi [151] using the Reidemeister—Schreier algorithm. See also Perko [286].
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14.D Periodic knots

Some knots show geometric symmetries — for instance torus knots. The term “geo-
metric” implies “metric”, a category into which topologists usually did not enter in
the pre-Thurston era. Nevertheless, symmetries have been defined and considered in
various ways by R. H. Fox [111]. Various other symmetries and geometric approaches
can be found in Chapter 10 of A. Kawauchi’s book [190] and in Bonahon and Sieben-
mann [37]. We shall, however, occupy ourselves with only one of the different ver-
sions of symmetry, the one most frequently investigated. It serves in this chapter as an
application of the metabelian representation &y of the knot group introduced in 14.6 —
in this section £ will always have one component.

A knot will be said to have period ¢ > 1, if it can be represented by a curve in
Euclidean 3-space E* which is mapped onto itself by a rotation r of E* of order ¢.
The axis & must not meet the knot. The positive solution of the Smith conjecture (see
Appendix B.9) allows a topological definition of periodicity.

14.23 Definition. A knot ¥ C S has period q > 1, if there is an orientation pre-
serving homeomorphism r: S3 — S§3 of order ¢ with a set of fixed points & = S!
disjoint from £ and mapping ¥ into itself.

Remark: The orientation of ¥ is not essential in this definition. A period of an unori-
ented knot automatically respects an orientation of the knot (E 14.8).

Suppose a knot £ has period ¢. We assume that a regular projection of £ onto a
plane perpendicular to the axis of the rotation has period g with respect to a rotation
of the plane (Figure 14.7). Denote by E; = E3/3, the Euclidean 3-space which

e
zgq_[
AN @
/ N
\ Fy
Fgq1 \/—s
~ 2
~ \ ¢
~—

Figure 14.7. A symmetric diagram of a periodic knot.
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Figure 14.8

is the quotient space of E* under the action of 3, = (r | r?). There is a cyclic
branched covering f@): E® — E} with branching set & in E3 and /@ (¢) = £@

a knot in E;. We call £9) the factor knot of £. It is obtained from ¥ in Figure 14.8
by identifying x; and z;.

One has A = Ik(£,h) = IkE@D, @) £ 0, h@ = @ (h): the equality of the
linking numbers follows by looking at the intersection of £ resp. £(@) with half-planes
in E3 resp. E; spanning A resp. K@ . If A = Ik(#@,h@) = 0, then @ ~ 1 in
i (E 3 — h@) and ¥ ¢ E3 would consist of ¢ components. By choosing a suitable
direction of & we may assume A > 0. Moreover, we have gcd(A,q) = 1, (E 14.9).

The symmetric projection (Figure 14.7) yields a symmetric Wirtinger presentation
of the knot group of ¥ (see Theorem 3.4):

0 0 0 1 1 1
& = (x©,,© O (® 0 0

R pO 5O p @D pa=2 5O pla-D
RV RO RP RV.RTTV REP RO RV, (1429

where 1 <i <n,1 <k <m,1 < j <m+ n. The arcs entering a fundamental
0)

domain Fy of 34, a 2m/q-sector, from the left side, correspond to generators x;
(0)

and their images under the rotation r to generators z;’ = r#(xi(o)). The remaining
©

arcs in [y give rise to generators y, ). Double points in Fy define relations R;O) . The

generators xi(l), y](cl),z-(l), 0 <1 < ¢q —1, correspond to the images of the arcs of

1
xO, ylgo),zi(o) under the rotation through angle 27/ /q, ﬁi(l) = xl.(l)(zi(l_l))_1 and

1

l 0 l 1 /
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The Jacobian of the Wirtinger presentation, see Proposition 9.9, is of the following

form:
On Onxm _En En Onxm On
/‘I(l) On Onxm On
On Onxm On n Onxm _En En Onxm On
0n Onsm  Op A(t) 0n Ousxm On
En Onxm On On Onxm _En
On Ouxm  On 0n Opsm O A(t)

Here E, is an n x n identity matrix, 0, O,xs; are zero matrices and /I(t) is a
(n + m) x (2n + m) matrix over Z(t).

We rearrange rows and columns of A(#) in such a way that the columns correspond
to generators ordered in this way:

© (M ©) (D x@=n (q=1) O
A n b

(g—1) -1
Xp o, X1 7, X JX2 L X0 U AL ,Z,(f ),

The relations and rows have the following order:
NPT AT RPLRE,

This gives a matrix

Zq Oq Oq _Eq Oq
A*(1) = : :
0g Zg Og ... 04 04 —Eq
AT (1)

Here A*(t) is obtained from A() by replacing every element a;x(t) of A(f) by the
q % ¢ diagonal matrix

aD(1) = ai (1) Eq.

The g x g -matrix

01 0
00 1
Zy = :
0 0 1
10 . 0
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is equivalent to the diagonal matrix

Z(&) = WZ,Ww! = ¢2

0 ca1

over Q(¢) where ¢ is a primitive ¢-th root of unity (Exercise E 14.10). The matrix
W A*(t)W ! with
w 0
_ w
W =
0 w
may be obtained from A*(¢) by replacing the submatrices Z; by Z({). Returning to
the original ordering of rows and columns as in A(t), the matrix W A*(1)W~! takes

the form
AD(1,1) 0
A(q)([’g)
A(t,¢) = _ (14.30)
O AD (¢ 971
where
I o0 .-~ 0 —1 0
A9y =0 o o 00

)

A(t,0) isequivalent to A(r) over Q(¢)[t*'], and A (z, 1) is a Jacobian of the factor
knot £ . We replace ¢¥ by a variable 7 and prove:

14.24 Proposition. det(AD(z,7)) = (t — 1)D(t, 1) € Z[t*", 1] with
D@, 1) = p()A\D (1), where py(t) =1+t + ...+ 1271 4 = k(i ¥).

Here qu)(t) is the Alexander polynomial of the factor knot ¥ .
Moreover, D(1,7) = +(1 + 7 + ...+ t*7Y) = £p; (1) and |D(1,1)| = A.
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Proof. Replace the first column of A (¢, 7) by the sum of all columns and expand
according to the first column:

det(AD(t, 1)) = (r = 1)+ Y _ Di(t.7)

i=1

where (—1)"T1D;(z, 7) denotes the minor obtained from A@ (z, ) by omitting the
first column and 7 -th row. Note that the sum of all columns of A(¢) is zero, compare
Lemma 12.9 (a). This proves the first assertion for D(7,7) = Y i, Di(t, 7).

To prove the second one we show that the rows a; of the Jacobian

1 00 -+ 0 -1 0

A2%,=f¢ 10 ... 0 0 -1

T

of £@ satisfy a special linear dependence
2n+m

Z aja; =0 with Zal = p,(t)

(compare Lemma 9.12 (b)). Denote by % the free group generated by {X;, Yx, Z; |
l<i<n t<k<mb,yX)=x29) =yOv(Z) =z There is an
identity

n n n+m
(]—[Xff)(]_[sz) ]_[ LiR;L}" (14.31)

for L € §, ¢ = £1,and R; = R;O)(Xi,Zk,Zi). This follows by the argument
used in the proof of 3.6: The closed path y in Figure 14.8 can be expressed by both
sides of equation (14.31). From this we define:

n

9 4 ntm OR;
_ i v J
“l_a—Xl(“X"s) Z(L)w ( ) hslEm

i=1
hence,

n+m oY

oy = Z<L>“"”( ) 1<l<n,

n+m " R oY
0= ) (Lj)* ( ) 1<k <m.
20" Gy
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Figure 14.9

Putting @yt ; = —(L;j)?Y, 1 < j <n+m,gives Yi"t" a; a; = 0. The funda-
mental formula Lemma 9.8 (c) yields

oy n oy
(t—l)Zoel Zax(]_[xgt) (z—1):(]_[xff) —1=t*—1,

i=l1 i=l1

n

hence 3 oy = py(t). Now Di(t,1) = AP(r), and oy D(t,1) = D;(t,1). The
=1

last equation is a consequence of > «;a; = 0, compare Proposition 10.21.

To prove D(1,7) = (1 + 7 + ... + t*7") consider A@ (1, ). This matrix is
associated to the knot projection, but it treats overcrossings in the same way as under-
crossings. By a suitable choice of undercrossings and overcrossings one may replace
f by a closed braid of a simple type (Figure 14.9) while preserving its symmetry. The
elimination of variables does not alter |det A9)(1, 7)|. Finally, A9 (1, t) takes the

form:

TE A —FE A

—Ey P
where E) is the A x A-identity matrix and P, the representing matrix of a cyclic
permutation of order A. It follows that

det(AD(1,7)) = £det(E), — tPy) = +(1 — %),
because the characteristic polynomial of P, is (1 — r)‘). Therefore,
D(LLt)=x(1+7t+...47 Y =%p,(r) and|D(1,1)|=L. O
14.25 Remark. The polynomial D(z, ) is the two variable Alexander polynomial of
the link [ = 2@ U f‘(q) formed by the axis /@) and the factor knot ¥, In particular

D(t,1) = py (t)A i (t) and D(1,7) = p, () are equivalent to the second Torres
condition (see [190, 7.4.1] and E 14.2).

14.26 Proposition (Murasugi conditions [262]). The Alexander polynomial A(t) of
a knot ¥ with period q satisfies the equation

qg—1
M) = AP0 -] D). (14.32)

i=1
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Here D(t,7) € Z[t*', 1] is a polynomial in two variables with

D(t,1) = pa()AP (1), D(1,7) = +pu(7)

and € is a primitive q-th root of unity. 0 < A = 1k(h,£) is the linking number of ¥
with the axis h of rotation.

Proof. To determine the first elementary ideal of A(z, £) over Q(&)[t*!], see (14.30),
it suffices to consider the minors obtained from A(¢, {) by omitting an i -th row and a
j-thcolumn, 1 <i,j <2n + m, because det(A@ (r,1)) = 0. That the determinant
of such a minor takes the form

q—1
" AP0 - []@ - 1D

i=1

follows from the fact that AD(1,1) is a Jacobian of £@ . Now observe that
?;ll@’ —1) = ¢ is a unit in Q(¢)[t*'] and that ]_[;1;11 D(t,¢") € Z[t*"] satisfies
;1;11 D(1,¢%) = 1. Therefore, A;(¢) and qu)(t) . ]_[;1;; D(t, &%) are associated in

Z[t*"]. (See E 14.11.) O

14.27 Remarks. (1) Note that qu)(t) and ]_[?;11 D(t, ") are knot polynomials i.e.
they are symmetric polynomials with |A{?(1)] = 1 = ITIZZ! D(1, &) (see
Theorem 8.26). (See E 14.11.)

(2) If Aj(t) = qh(t) +1 = 1mod g, then the Murasugi conditions (14.32) are
satisfied for A;(t) = AP ), A = 1and D(t,7) = 14+h(t) (1 +7+---+7971).
Moreover, it was proved by Davis and Livingston [82, Corollary 1.2] that a knot

polynomial which is congruent to 1 modulo ¢ is the Alexander polynomial of a
knot of period ¢ .

14.28 Corollary (Murasugi’s congruence [262]). If A((t) is the Alexander polyno-
mial of a knot of prime period q then

A1) = (AP0 - (020)7 " mod p - for p*|q. p aprime.
Proof. A knot £ with period ¢ also has period p?, p%|q. Let O(p?) denote the
cyclotomic integers in Q(¢), ¢ a p?-th root of unity. There is a homomorphism

a a

)4 b4
Vp: O(p®) — Zp, Zniéi = Z[ni] mod p.

i=1 i=1

Extending v, to the rings of polynomials over O (p“) resp. Z, yields the corollary.
o
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14.29 Proposition. Let £ be a knot of period p® and A((t) # +1 mod p. Then
D(t, ") is not a monomial for some p®-th root of unity ' # 1. Any common root
of AY’Q)(z) and D(t,C%) is also a root of As(t). If all roots of D(t,¢) are roots of
AE”“)(z), then A = +1 mod p.

Proof. If D(t,¢") is monomial, 1 < i < p?, then equation (14.32) yields A;(t) =
A&” a)(t) . Apply ¥, to this equation and use Corollary 14.28 to obtain A&p =1 mod
p and A = 1. From this it follows that A;(¢) = 1 mod p.

Suppose now that D(¢, ¢*) and AE” r)(t) have a common root 1. Transform A(z, ¢)
over Q(&)[r*!] into a diagonal matrix by replacing each block A@(r,¢), 0 < i <
p?, see (14.30), by an equivalent diagonal block. Since det(A9(¢, 1)) = 0, it follows
that the second elementary ideal E,(¢) vanishes for = 5; hence, A,() = 0.

If all roots of D(t,{') are roots of A?"”(z), every prime factor f(z) of D(t,")
is a prime factor of A%””)(z) in Q(¢)[r*"]. Since Agpa)(l) = =1, it follows that
¥ (f(1)) = £1 mod p.But |D(1,1)| = |p;(1)| = A, see Corollary 14.28. O

14.30 Proposition. Let ¢ be a knot of period p%, a > 1, p a prime. If A(t) #
1 mod p and Ay(t) = 1, the splitting field Q(A) of A((t) over the rationals QQ
contains the p®-th roots of unity.

Proof. By Proposition 14.29, there is a D(t,¢") which is non-constant. Hence it has
aroot « € C which is also a root of Aj(t). Since A,(t) = 1 it follows that « is
not a root of AE" 9 (t). Thus, there exists a uniquely determined equivalence class of
representations 8,: & — €7 of the knot group & of ¥ into the group of similarities
G of the plane, see Proposition 14.6. If D(a, ') = 0, the fixed points b;(S;) of

00 (Sj): z = a(z —bj) + b

assigned to Wirtinger generators S; are solutions of a linear system of equations with
coefficient matrix A(«), satisfying bj(zj) = §ibj (xj); for the notation see (14.29).
Thus the configuration of fixed points b; associated to the symmetric projection of
Figure 14.7 also shows a cyclic symmetry; its order is that of ¢’ . All representations
are equivalent under similarities, and all configurations of fixed points are, therefore,
similar. Since the b; are solutions of the system of linear equations (14.2) in 14.5 for
t =, u; = b;, they may be assumed to be elements of Q(«). It follows that

bj(zj)b; ' (xj) = ' € Q(a).
We claim that there exists a representation §y such that the automorphism
(@) 8a(®) — 8o(&)

induced by the rotation r has order p?. If pb , b < a, were the maximal order oc-
curring for any 8, all (non-trivial) representations d, would induce non-trivial rep-
resentations of the knot group & (P“") of the factor knot ¥?“™") . Then o would be
aroot of A,(¢) by Proposition 14.29, contradicting A,(¢) = 1. O
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MONC

NONC)

y©

o _ @
1 1

2 0)
) = CRRNG

MOJNC)

Y1

Figure 14.10. The fixed point configuration of the knot 9; .

Figure 14.10 shows the fixed point configuration of the knot 9; as a knot of period
three. One finds: D(7,7) = t+1,D,1) = pa(t) - AP)(I), AP) =t>—t+1.For
T = /3 and D(x,7) =0,wegeta = e i/,

14.31 Corollary. Let £ be a knot of period q > 1 with A(t) # 1, Ax(t) = 1. Then
the splitting field of A((t) contains the q-th roots of unity or A1(t) = 1 mod p for
some plq.

If ¥ is a non-trivial fibered knot of period q with A,(t) = 1, the splitting field of
A((t) contains the q -th roots of unity [354]. O

The preceding proof contains additional information in the case of a prime period.

14.32 Corollary. If ¥ is a knot of period p and Ay(a) = 0, AP () # 0, then the
p -th roots of unity are contained in Q ().

Proof. There is a non-trivial representation 8, of the knot group of £ with b;(z;) =
¢bj(xj), ¢ aprimitive p-th root of unity. O

As an application we prove:

14.33 Proposition. The periods of a torus knot t(a,b) are the divisors of a and b.
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Proof. By Example 9.15

(1P — 1)@ —1)
@ - Db -1y
From Corollary 14.31 we know that a period ¢ of t(a,b) must be a divisor of ab.

Suppose p1p2lq, pila, p2|b for two prime numbers py, p2, then t(a, b) has periods
P1, P2, and Corollary 14.28 gives

A1) = As(t) = 1.

(@ = )" = 1P = (@ = 1> = D]pa AV (0)]7 mod p,

with a = pfa’, ged(p1,a’) = 1. Let o be a primitive b-th root of unity. We have
gcd(b, p1) = 1 and ged(A, p1p2) = 1, hence pr + A. (See E 14.9.) The root ¢, has
multiplicity s with s = 1 mod p; according to the right-hand side of the congruence,
but since y is not a A -th root of unity, its multiplicity on the left-hand side ought to
be s =0 mod p;. So there is no period ¢ containing primes from both a and b.

It is evident that the divisors of a and b are actually periods of t(a,b). O

There have been further contributions to this topic. In [218] the dihedral represen-
tations y, were exploited by U. Liidicke. The periodicity of a knot is reflected in
its invariant [A(¢)]. In [263] K. Murasugi generalized these results, completed and
formulated in terms of linking numbers of coverings. In addition, certain conditions
involving the Alexander polynomial and the signature of a knot have been proved
by C.M. Gordon, A. Litherland and K. Murasugi when a knot is periodic, see [136].
J.F. Davis and C. Livingston gave in [82] a more convenient formulation of the Mura-
sugi conditions and a partial converse, showing that a polynomial which satisfies
Ai(t) = 1 mod g for some ¢ is the polynomial of a knot with period ¢ . Together
all these criteria suffice to determine the periods of knots with less than ten crossings,
see Table C.1. In the works of Kodama and Sakuma [201] and Henry and Weeks [161]
the complete information on periods and symmetry group can be found up to 10 cross-
ings, see also Cha and Livingston [65]. Many results on periodic knots carry over to
links, see Knigge [200] and Sakuma [312].

It follows from Murasugi’s congruence in 14.28 that a knot of period p“ either has
Alexander polynomial Aj(z) = 1 mod p or deg A (z) > p® — 1. Thus a knot with
A1(t) # 1 can have only finitely many prime periods. No limit could be obtained for
periods p%,if A1(t) =1 mod p. A fibered knot has only finitely many periods, since
its Alexander polynomial is of degree 2g with a leading coefficient 1. It has been
proved by E. L. Flapan [105] that only the trivial knot admits infinitely many periods.
A new proof of this theorem and a generalization to links was proved by J. Hillman
[170]. The generalization reads: A link with infinitely many periods consists of u
trivial components spanned by disjoint disks.

14.34 Two-bridge knots and knots with degA ;(¢) = 2. A simple observation shows
that a 2-bridge knot b(«, ) has period two and its factor knot is trivial (see E 14.13).
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Hence the Alexander polynomial A, g(t) of the 2-bridge knot b(c, B) satisfies
Ag g (t) = pp(t) mod 2

for some odd integer A. Moreover, every Alexander polynomial of degree two is the

Alexander polynomial of a genus one 2-bridge knot (see Lemma 12.19 and E 9.6).
A quadratic polynomial A(¢) cannot be the product of two non-trivial knot poly-

nomials. Hence if A((¢) is the Alexander polynomial of a periodic knot then equa-

tion (14.32) and Remark 14.27 imply that A1 (r) = A (1) or AP (1) = 1.1f ¢ = p®
is a prime power and if Aj(t) = qu)(t) then Murasugi’s congruence 14.28 shows
that

qg—1
=[] De.¢) = (A1) ™ (0a)”* " mod p.

i=1

This is only possible if Aj(z) = 1 mod p. In the case qu)(t) = 1 the Murasugi’s
congruence 14.28 shows that

Ai(0) = (pa()?" ™" mod p.
Hence, if Aj(t) #% 1 mod p then only (A4, p%) = (2,3) and (4, p%) = (3,2) are
possible. Furthermore, if the period is three then it follows that

A=+ 1)?>=r>—t+1 mod 3.

Corollary 14.32 yields further information: If £ has period three, its Alexander poly-
nomial has the form

A@t)=nt>+A=2n)t4+n n=3mm+1)+1,m=0,1,...,

see E 14.14.

There are, in fact, symmetric knots which have these Alexander polynomials, the
pretzel knots p(2m + 1,2m + 1,2m + 1), Figure 14.11. Their factor knot p® is
trivial. One obtains

Dit,t)=(+n(z—1)t+nl—1)+1,
D(,1)=1+1¢,D(,t) =147, hence A =2,

Figure 14.11. The pretzel knots p(2m + 1,2m + 1,2m + 1).
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D(t,0)D(t,¢™") = A(¢), ¢ aprimitive third root of unity.

(We omit the calculations, see exercise E 14.14.) p(1, 1, 1) is the trefoil, p(3,3,3) =
935.

14.35. The different criteria or a combination of them can be applied to exclude periods
of given knots. As an example consider the 2-bridge knot ¥ = 8 . Its polynomials are
Ai(t) = (t> =1t +1)(2t> =5t +2), Ay(t) = 1. The splitting field of A;(¢) obviously
contains the third roots of unity. The roots of the second factor are 2 and 1/2 and
hence by Corollary 14.32 the polynomial (22 — 5¢ + 2) must be a factor of A®)(¢).
Now, Murasugi’s congruence excludes this case: Aj(1) = t*+13+t+1= (1+1)*
mod 3, and the congruence (1 4 1)* = (A (1))3(p;.(r))> mod 3 is not possible.

Figure 14.12 shows symmetric versions of the knots of period three with less than
ten crossings, 935, 940, 941, 947, 949. (The torus knots are omitted, t(4,3) = 89,
t(5,3) = 10124 and t2m + 1,2), 1 <m < 4.)

WNGIG)
EIE)

Figure 14.12. Non-torus knots of period three with less than ten crossings.

We conclude this section by showing that the condition A,(¢) = 1 cannot be omitted
in the hypotheses of Corollary 14.31. The ‘rosette’-knot 8;g evidently has period four.
The Alexander polynomials are A1 (1) = (1—t+12)>(1=3t+12), Ay(t) = (1—t+1?).
One has D(t,7) = tt> + (¢ — © + 1)t + ©. It follows that D(¢,1) = 1 + ¢ +
2 = pst), AP@) = 1, Dt,—1) = 1 =3t + 12, D(t, +i) = £i(1 — 1 + 12).
The representations 8y, D(a,i) = As(a) = 0, are not unique. 1 — 38 + % =0
yields unique representations with period 2. In fact, the splitting fields Q(A;(¢)) do
not contain i (see also [354]). Nevertheless, the condition A,(¢) = 1 can be replaced
by a more general one involving higher Alexander polynomials [169].
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14.E History and sources

It seems to have been J. W. Alexander who first used homomorphic images of
knot groups to obtain effectively calculable invariants [8]. The groups & /&” resp.
&’/&", ancestral to all metabelian representations, have remained the most important
source of knot invariants.

In Reidemeister’s book [296, 303, III, §14] a representation of the group of alter-
nating pretzel knots onto Fuchsian groups is used to classify these knots. This rep-
resentation is not metabelian but, of course, is restricted to a rather special class of
groups. It was repeatedly employed in the years to follow to produce counterexamples
concerning properties which escape Alexander’s invariants. Seifert employed it [328]
to prove that a certain pretzel knot with the same Alexander invariants as the trivial
knot is non-trivial — shattering all hopes of classifying knot types by these invariants.
H.F. Trotter [356] used it to show that non-invertible knots (pretzel knots) exist. The
natural class of knots to which the method developed for pretzel knots can be extended
is the class of Montesinos knots (Chapter 12).

R. H. Fox drew attention to a special case of metabelian representations — the meta-
cyclic ones. Here the image group could be chosen finite. (Compare also R. Hardley
[146].) A lifting process of these representations obtained by abelianizing is kernel
yielded a further class of non-metabelian representations (see G. Burde [52, 53] and
R. Hardley [150]).

A class of representations of fundamental importance in the theory of 3-manifolds
was introduced by R. Riley (Riley-reps), [306, 308, 307]. The image groups are dis-
crete subgroups of PSL(2,C), and they can be understood as groups of orientation
preserving motions of hyperbolic 3-space. A. Marden’s book [228] gives an introduc-
tion to hyperbolic 3-manifolds.

The theory of homomorphisms onto the finite groups PSL(2, p) over a finite field
Zp has not been considered in this book, see W. Magnus and A. Peluso [225], R. Riley
[305], R. Hartley and K. Murasugi [152].

14.F Exercises

E 14.1. Show that the group of symmetries of a regular a-gon is the image of a dihe-
dral representation y; of the knot group of the torus knot t(a,2). Give an example of
a torus knot that does not allow a dihedral representation.

E 14.2. Prove Remark 14.25.
E 14.3. Let §,: & — €T be a representation into the group of similarities (14.6) of

the group & of aknot £, and {b;} the configuration of fixed points in C correspond-
ing to Wirtinger generators S; of a regular projection p(¥). Show that one obtains a
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representation §; of £* with a fixed point configuration {bJ’.} resulting from {b; } by
reflection in a line.

E 144. (a) Let £ = £, # £, be a product knot and Agl)(t) #1, Agz)(t) # 1 be the
Alexander polynomials of its summands. Show that there are non-equivalent repre-
sentations J, for Agl)(oz) = AE” (o) = 0. Derive from this that A(«) = 0.

(b) Consider a regular knot projection p(f) and a second projection p*(£) in the
same plane E obtained from a mirror image £* reflected in a plane perpendicular to
E . Join two corresponding arcs of p(£) and p*(¥) as shown in Figure 14.13 one with
an n-twist and one without a twist — the resulting projection is that of a symmetric
union ¥ U £* of ¥ [196]. Show that a representation &, for ¥ can always be extended
to a representation &, for the symmetric union, hence, that every root of the Alexander
polynomial of ¥ is a root of that of £ U £*. (Use E 14.3.)

NP O—

T T ————

AN

Figure 14.13. The symmetric union of ¥.

E 14.5. Compute the representations y, for torus knots t(a,?2) that lift the dihedral
representations y; of E 14.1, see 14.13. Show that [A({)] = {2a}. Derive from this
that t(a,2) # t(a,2) and t(a,2) # t*(a, 2) have non-homeomorphic complements but
isomorphic groups.

E 14.6. (Henninger) Let y,: & — B be a normalized representation according to
Proposition 14.13, y,(S1): z = Z + 1, yp(S2): z = {?Z + ¢, with ¢ a primitive
p-th root of unity. Show that y,(&) =~ D, x ZP~!. (Hint: use a translation of the

pP—3 p—1
2 . 2 .
plane by > ¢¥/F1 4 37 ¢
Jj=0 j=1

E 14.7. Compute the matrix (i;;) of linking numbers (Proposition 14.13 (b)) of the
irregular covering f15 of 9,. Compare the invariants %Zﬁéi |wijl =vi, 0<i <7
with those of 74.

(Result: 7,6, 5,4,4,3,2,1, [296].)
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E 14.8. If a knot has period ¢ as an unoriented knot, it has period ¢ as an oriented
knot. Show that the axis of a rotation through angle 7= which maps ¥ onto —f must
meet f.

E 14.9. Let £ be a knot of period ¢ and & the axis of the rotation. Prove that
ged(lk(h, £),q) = 1.

E 14.10. Produce a matrix W over Q({) such that WZ,W~! = Z(¢),

01 0 ...0
1 0
00 1 . ¢
Zg=1. o LZ(0) = _ ,
.. 0 1 0 ga!
10

¢ a primitive ¢ -th root of unity.

1

E 14.11. Prove that ]_[;1;1 D(t, ") is a knot polynomial i.e. it is a symmetric polyno-

mial with | []?Z] D(1,¢)| = 1.
E 14.12. We call an oriented tangle T, circular, if its arcs have an even number of
boundary points Xi,...,X,,Z1,..., Z, which can be joined pairwise (Figure 14.14)
to give an oriented knot ¥(T), inducing of T, the original orientation. A g -periodic
knot £ may be obtained by joining ¢ circular tangles T ; the knot £(<,) is then the
factor knot $(@) = £(T,), see Figure 14.7. A circular tangle defines a polynomial
D(t, 1), see Proposition 14.24.

(a) Show D(t+1) =1+ t for the circular tangle T, with one crossing and compute
A(t) = ]_[q_l(t + '), ¢ a primitive ¢g-th root of unity, g odd. A(¢) is the

i=1

Alexander polynomial of t(g,2).

Tk o
ten X Zi,
TS AT
) i
e \J z |
e\ —r -
) X4 C Zy !

Figure 14.14. A circular tangle.
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(b) Find all circular tangles with less than four crossings. Construct knots of period
< 4 by them.

E 14.13. Use Schubert’s normal form (see Section 12.A) to prove that a 2-bridge knot
b(a, B) has period two and that its factor knot is trivial.

E 14.14. If the Alexander polynomial A;(¢) of a periodic knot of period three is
quadratic, it has the form

Ay =nt>+A=2n)t+n, n=3mm+1)+1,m=0,1,....

Prove that the pretzel knot p(2m + 1,2m + 1,2m + 1) has this polynomial as A ().
Hint: Compute D(t,t).

E 14.15. (Lidicke [219]). Let £ be a knot with prime period ¢. Suppose there is a
unique dihedral presentation y,: & — 32 x 3, of its group, and p { qu) (-1).
Then either ¢ = p or g|p — 1.
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Chapter 15

Knots, knot manifolds, and knot groups

The long-standing problem concerning the correspondence between knots and their
complements was solved by C. M. Gordon and J. Luecke [137]: “Knots are determined
by their complements”. (See Theorem 3.19). The proof of the theorem is beyond the
scope of this volume.

The main object of this chapter will be the relation between knot complements and
their fundamental groups.

A consequence of the famous theorem of F. Waldhausen [367] (see Appendix B.7)
on sufficiently large irreducible 3-manifolds is that the complements of two knots are
homeomorphic if there is an isomorphism between the fundamental groups preserving
the peripheral group system. We study to what extent the assumption concerning the
boundary is necessary.

In Section 15.A we describe examples which show that there are links of two com-
ponents which are not determined by their complements, and that there are non-homeo-
morphic knot complements with isomorphic groups. In Section 15.B we investigate
Property P for special knots. In Section 15.C we discuss the relation between the com-
plement and its fundamental group for prime knots and in Section 15.D for composite
knots.

15.A Examples

The following example of J. H. C. Whitehead [370] shows that, in general, the com-
plement of a link does not characterize the link.

15.1 Proposition (Whitehead). Let [,,, n € Z denote the link consisting of a trivial
knot £ and the n-twist knot by, see Figure 15.1. Then:

(a) The links 1o, and Ly, are not isotopic if n # m.

(b) S3—1, =Sy forallneZ.

(- 200
[

IE

Figure 15.1
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Proof. By E 9.6, the Alexander polynomial of b, is nt*> 4+ (1 — 2n)t + n; hence,
Doy = Doy only if n = m.
To prove (b) take an unknotted solid torus V' and the trivial doubled knot by C V
“parallel” to the core of V. W = §3 — V is a solid torus with core ¥ and W — ¢ =
oW x[0,1) = dV x [0, 1). Consider the following homeomorphism V — V: cut V
along a meridional disk, turn it |z| times through 27 in the positive sense if n > 0,
in the negative sense if n < 0 and glue the disks together again. This twist maps Dg
to D2, . The map can be extended to W — ¢ = 9V x [0,1) = (S5 — V) — £ to get the
desired homeomorphism. O

For later use we determine from Figure 15.2 and Figure 15.3 the group and periph-
eral system of the twist knots D, following Bing and Martin [22]. (See E 3.6.)
15.2 Lemma. The twist knot b, has the following group T, and peripheral system.

@ om = (a,b | b= Ya7'b)"a(@ " 'b)y™a(@ ' b)"a" (a7 'b)™™), meridian
m = a, longitude £ = (a='b)"a= (a='b)~ " la= (a='b)"a>

1) Tomot = (a,b | bY@ b)Y b @ by a(a"b)"b(a="' b)), meridian
m = b, longitude (a='b)""b(a~"b)*" ' b(a='b)"b2.

Proof. For n = 2m the Wirtinger generators are drawn in Figure 15.2.

bl

b
|

{

Figure 15.2. The twist knot Doy, .

We obtain the defining relations (here a = a,b = by):

by :al_]blal =a 'ba
ar =bra1by' = (a"'b)a(a”"'b)™!
by =a; 'bray = (a'b)*(a"'b)™?
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bm+1 =y bmam = (a~'b)™b(a"'b)™"
am+1 =bmt1ambyt, = (@ 'b)"a(@™"'b)™"
by =b = am+1a1a;11+1 = (@ 'p)"a(@ ')y ™ a@ b)Y a a b)) ™.

For n = 2m — 1 the last two relations from above must be replaced by one relation
b= b,;h_labmﬁ = (@ '»)y"b @ ')y ™ a(a" ' b)"b(a" b))
(see Figure 15.3).

ay a

N\ N

A am
b// 5 A% <
: bust '

-—|—

ai

b
|
v

Figure 15.3. The twist knot Dy,—1 .

For the calculation of the longitude we use the formulas

ai...am ="b"a'b)y™m,
bm...by = (@ 'b)y"~ g™

A longitude of by, associated to the meridian a is given by

-1 —1 2—2m
am_Ha]az .. .ambl bm+1 e bza

— (a—lb)ma—l (a—lb)—mbm (a_lb)_mb_] (a—lb)mama2—2m
— am(a—lb)ma—l(a—lb)—Zm—la—l(a—lb)ma2—m;

for the last step we applied the defining relation from Lemma 15.2 (a) and replaced
b™ by a conjugate of ™ and b~' by (a~'h)"'a~!. Since the longitude commutes
with the meridian a we get the expression in Lemma 15.2 (a).

For by,—1 alongitude associated to the meridian b is given by

arays...amb1bybm— ... bgbm_Hbl_l_zm
= pm (a—lb)—mb(a—lb)m—lam—l (a—lb)mb(a—]b)—mb—l—Zm
— bm(a—lb)—mb(a—lb)2m—lb(a—lb)—mb—2—m;
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here we used the relation from Lemma 15.2 (b) and replaced a™~! by a conjugate of
bm—l . O

As we have pointed out in Theorem 3.16, the results of [367] imply that the periph-
eral system determines the knot up to isotopy and the complement up to orientation
preserving homeomorphisms. A knot and its mirror image have homeomorphic com-
plements; however, if the knot is not amphicheiral every homeomorphism of S taking
the knot onto its mirror image is orientation reversing. Using this, one can construct
non-homeomorphic knot complements which have isomorphic groups:

15.3 Example (Fox [116]). The knots £ # £* and £ # £ where ¥ is a trefoil are known
as the square and the granny knot (see Figure 15.4). They are different knots by Schu-
bert’s theorem on the uniqueness of the prime decomposition of knots, see Theo-
rem 7.12, and their complements are not homeomorphic. This is a consequence of
Theorem 15.10. The first proof of this fact was given by R. H. Fox [116] who showed
that the peripheral systems of the square and granny knots are different. We derive it
from E 14.5: the longitudes ¢ and ¢’ are mapped by a normalized presentation y,,,
p = 3,onto 12 = 6 + 6 resp. 0 = 6 — 6, compare E 14.5 and Fox [116]. Their
groups, though, are isomorphic by E 7.5.

Figure 15.4. The square and the granny knot.

15.B Property P for special knots

For torus and twist knots suitable presentations of the groups provide a means to prove
Property P. This method, however, reflects no geometric background. For product
knots and satellite knots a nice geometric approach gives Property P. The results and
methods of this section are mainly from Bing and Martin [22].

15.4 Definition (Knot type). The unoriented knots £, ¥, are of the same knot type if
there is a homeomorphism /: S — S3 with h(f;) = h(¥,).
(The homeomorphism / may be orientation reversing.)

Recall the definition of Sr3 /n(?) from Section 3.C: If ¥ is a knot with meridian m
and longitude ¢ then
S3 () =CE) UsV’

r/n
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where V' is a solid torus and f: V' — dC(f) a homeomorphism which maps the
meridian m’ of V' to the curve f(m’) = mP{4, see Definition 3.21.

Thus H(S r3 In (£)) = Z);| and the knot ¥ has Property P, see Definition 3.26, if and
only if me/n(?) = 1 implies n = 0.

Let £1, £, be two knots with homeomorphic complements C(¥;) = C(f;). Now
Proposition 3.24 implies that if one of the knots ¥;, i = 1,2 has Property P then ¥,
and £, are of the same knot type.

15.5 Proposition (Hempel [158]). Torus knots have Property P.

Proof. By Proposition 3.38, & (a,b) = (u,v | u®v=?), m = v¥u=¢, £ = u®m—4°
and

me/n(t(a,b)) = (u,v | u®vb vy W (viu—c)"abyn),

(lal,|b| > 1,ad + bc = 1)
and we have to show that this group is trivial only for » = 0. By adding the relation
u? we obtain the factor group

—C)l—nab) ~ ~ ) ~a ~b’(ﬁl~})l—nab>

(u,v|u“,vb,(vdu ={(u,v | a% 7

with i = u®, = v=?. For n # 0 this is a non-trivial triangle group, see [382,
p. 124], since |1 —nab| > 1. O

In the proof of Property P for twist knots we construct homeomorphisms onto the so-
called Coxeter groups, and in the next lemma we convince ourselves that the Coxeter
groups are non-trivial.

15.6 Lemma (Coxeter [73]). The Coxeter group
A= (x,y]xy (xp)P, (x7y)")
is not trivial when, s,r > 3.

Proof. Introducing t = xy and eliminating y gives % = (¢, x | x3,13, (x7'1)%,
(xt)"). We assume that 3 < s < r; otherwise replace x by x~ L.

We choose a complex number ¢ such that
_ ) T _ ) T ) T
¢¢ =4cos"— andc + ¢ =4cos” — —4cos” — — 1.
r s r

This choice is always possible if r > s > 3, see Figure 15.5. Let X, T be the
following 3 x 3 matrices:

1 ¢ c+1 0 0 1
X=10 -1 -1, T=|14c¢c 1 1
0 1 0 -1 0 -1
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1 [2 T
/ COs -

& = 4 cos? % — 4 cos? z

Figure 15.5

Then
cc—1 ¢ O c+c+cc c+1 c+1
XT=| -¢ -10], x7'T= -1 0 -1
1+¢ 11 - -1 0

The characteristic polynomials are
Px(A)=1-21% Pr(A)=1-23%
Pxr(A) =1—(cc — DA+ (cc —1A* =13
— (A — 1)(A> — 2 cos? % 1),
Px—-i7r(A) =1—(c+ ¢+ cOA+ (c +¢ +co)A? =13
=—(A —1)(A* —2X cos ZT” +1).

+2wi/r +2mi/s

The roots of the last two polynomials are 1, e and 1, e , respectively.
This proves that Py | A" — 1 and Py—17 | A — 1. By the Cayley—Hamilton The-
orem the minimal polynomial of matrix divides its characteristic polynomial, hence
it follows that X3, 73, (XT)” and (X~'T)* are unit matrices. So X, T generate a
non-trivial homomorphic image of 2. O

15.7 Theorem (Bing—Martin). The twist knot d,, n # 0, —1, has Property P. In
particular, the figure-eight knot 41 = b, has Property P.

Proof. We use the presentation 15.2 (a). Define w = a~'b and replace b by aw.
Then

Tom = (a,w | (aw) 'wmaw Maw™a lw™™ ) (15.1)
and, introducing k = aw™™ instead of ¢ = kw™,

Tom = (k,w | w2 kT wm k2w k. (15.2)
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The longitude is

{ = (a—lb)ma—l(a—lb)—Zm—la—l(a—lb)maZ

— wma—l w—1—2ma—1 wmaZ.

Since m = a is a meridian, the 1/n-surgery on Dy, gives an additional relation

1 —1-2m —1 Z)n

"m = (w"a™ a 'wa =1,

or,
k—w T M e w ™ e w™ ) ew™ = 1.
Therefore

352m,n = T S?/n(DZm)
= (k,w | kw? k. (w™k*w™) ™!, (15.3)
k—w M e M e w™ e w™ ) ew™ ).
We introduce in $5,,, the additional relations w3t = 1, k3 = 1. Then the re-

lations of (15.3) turn into (kw_m)3 =1, (kw™)>*! = 1, and, with v = k and
u = w™, the factor group has the presentation

<M, v | u3m+1, U3, (uv—l)S’ (uv)3n+1 )

By Lemma 15.6 this Coxeter group is not trivial if m # 0 and [3n 4 1| > 2. The
latter condition is violated only if n = 0, —1.
For n = —1 the group is
Dom—1 = (k,w | kw? L w™k2w™) 7wk w T w3 T k).
By w > y~°, k — yx~!, we obtain an epimorphism of $yy, — to the triangle group
(x,y | yom+L x3, (xy)?) since

yx~ y—12m 6)})C lyﬁmxy lxy y _yx—ly—3x—1xy—1xy—1y—l —
yxTly Tty Ty = pa Ty Ty = Ty = gy =,
and

yﬁmxy—lyﬁmyx—lyISm—6yx—l — y—lxy—lx—ly—Zx—l — y—1x2y—1x—l = 1.

The triangle group is not trivial, see [382, p. 124].

Next we consider D,;,—1. To achieve a more convenient presentation we define
w = a~'b. Furthermore we substitute k = hbw ™™ and eliminate b by kw™. Then
we obtain from Lemma 15.2 (b)

Tome1 = (b,w | b w™b lw T bw T pw ™)
= (k,w | w k2w kw2 k).
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The longitude is
C=wbw bw b2 = w M kw¥ ew kT w Tk
Thus

Som—1n :nlsf/n(DZm—l)
=(k,w | w k2w M kw™ 'k,
(W kw ™ ew ™kl w T T  ew™ ).

3m

Adding the relations w3™~!, k3 we obtain the group

(k, w | k3, w3m—1’ (kw—m)3’ (w—mk—1)3n—l )
= (x,y | X7y ey ()
with x = w™, y = k=1,
By Lemma 15.6 this group is not trivial unless |3m — 1| < 2 or |3n — 1| < 2, that
is, unless m,n = 0, 1. For m = 0 we get the trivial knot and this case was excluded.

In the case m = 1 the knot b is the trefoil which has Property P by Proposition 15.5.
So we may assume that [3m — 1| > 3. Forn = 1

Som—1.1 = (k,w | wk 2w kw?™ ke, w kw3 ew k).
The relations are the equations
kw™ 'k = w™k*w™, wkw™ = kw ™ k.
We rewrite the first as
(W™ kw™)w " (wmkw™) = kw*™ 'k
and substitute the second in this expression to obtain
kw™ 2"k = w'= kw3 'k = wmkw™.

Put k = xw™ . Now the defining equations are

—m —m 1—6m 1—6m —m —mx—l

xw Mxw™ =w , W =w "xw Mxw™ ™,

w TXxw

Substituting the first in the second we obtain w!=0" = (xw™")2, x* = (xw ™).

Hence there is an epimorphism of
Som—11 = (x,w | w7 = (xw™)?, X} = (xw™)?)

onto the non-trivial triangle group (a,b | a®~!, b3, (ab)*) given by x > b~! and
w > a®. |
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Next we establish Property P for product knots. It is now convenient to use a new
view of the knot complement: one looks at the complement C(¥) of a regular neigh-
borhood of the knot ¥ from the center of a ball in the regular neighborhood. Now C (¥)
looks like a ball with a knotted hole. Following Bing and Martin [22] we say that the
complement of ¥ is a cube with a ¥ -knotted hole or, simply, a cube with a (knotted)
hole, see Figure 15.6. A cube with an unknotted hole is a solid torus.

Figure 15.6. A cube with a knotted hole.

Suppose that W is aregular neighborhood of a knot §) and C(¥) a knotted hole, associ-
ated to the knot ¥, such that C(¥) C W and C(¥) N oW = dC(¥) NdW is an annulus,

then (S3 — W) U C(¥) is the complement of £ # §, if the annulus is meridional with
respect to ) and ¥, Figure 15.7.

Figure 15.7

15.8 Lemma. Let V be a homotopy solid torus, that is a 3-manifold with boundary a
torus and infinite cyclic fundamental group. Suppose that K is a cube with a knotted
hole in the interior of V. Then there is a homotopy 3-ball B C V such that K C B.
( B is a compact 3-manifold bounded by a sphere with trivial fundamental group).

Proof. 7V = Z implies, as follows from the loop theorem (Appendix B.5), that there
isadisk D C V with D N dV = dD and 9D is not null-homologous on dV . By
general position arguments we may assume that D N dK consists of mutually disjoint
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simple closed curves and that, after suitable simplifications, each component of D N
0K is not homotopic to 0 on dK . Let y be an innermost curve of the intersection on D
and let Dg be the subdisk of D bounded by y. As K is a knotted cube, 710K — 7 K
is injective; hence, Do C V — K. By adding a regular neighborhood of Dy to K we
obtain B O K, 3B = S?. So we may assume D N dK = @. Let U be a regular
neighborhood of D in V. Now V — U is a homotopy 3-ball containing K . O

15.9 Lemma. Let Vi, Vs be solid tori, Vo C Vy such that

(a) there is a meridional disk of V| whose intersection with V, is a meridional disk
of Vo and

(b) V, is not parallel to V), see Figure 15.8.

Then the result of removing V, from V| and sewing it back differently is not a homo-
topy solid torus.

S/~

Figure 15.8

Proof. Let F be a meridional disk of Vy, thatis F N dV; = dF % 0 on 0V, which
intersects V, in a meridional disk of V,. Let N be a regular neighborhood of F in
Vi.Then K| = Vi — (N U V3) is a cube with a knotted hole since V5 is not parallel
to V1. Now K N dV] is an annulus. We push this annulus slightly into the interior of
V1 and call the resulting cube with a knotted hole K 1.

Suppose that V; is removed from V; and a solid torus V; is sewn back differently;
denote the resulting manifold by V. Assume that V| is a homotopy solid torus. Then
there is a disk D C V/ such that D N dV/ = D NaV; = 9D and dD # 0 on
aV{. Since, by Lemma 15.8, K, liesin a homotopy 3-ball contained in V| we may
assume that D N Igl = () and, hence, that also D N K; = @. This implies that
D NaVy = D NaVy is parallel to F N dV;. Moreover, suppose that D and 0V, =
dV, are in general position so that D N dV, = D N dV, is a finite collection of
mutually disjoint simple closed curves, none of which is contractible on dV5,. Now the
complement of K; in V| — V; is the Cartesian product of an annulus and an interval,
and the boundary contains an annulus on dV; and another on 9V, = 9V . Therefore
each curve of D NaV; is homotopic on dV to the simple closed curve F NadV, which
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is meridional in V5. Let y be an innermost curve of D N dV, and Dy C D the disk
bounded by y, Dy N dV, = y. Since y is a meridian of V; it is not a meridian of
Vyshence, Dy C V{ — V) =V —V,,infact Dy C Vi — (Vo — K;) = (S'xI)yx1I
which contradicts the fact that y represents the generator of the annulus S' x 1.
Consequently, D N dV, = @ and dD ~ 0 in V} — (V, U K}), contradicting the fact
that dD also represents the generator of 7;(S' x I). This shows that V{ is not a
homotopy solid torus. O

15.10 Theorem (Bing—Martin [22], Noga [277]). Product knots have Property P.

Proof. Let ¥ = £ # ¥, be a product knot in S°. We use the construction shown in
Figure 7.2 and Figure 15.7. Let V' be a regular neighborhood of ¥, . Replace a segment
of ¥, by ¥; such that ¥; C V, see Figure 15.7. Notice that S3 — V' is a cube with a
£, -knotted hole and, hence, it is not a homotopy sohd torus.

Now let N be a regular neighborhood of £, N C V and let M result from S3 by
removing N and sewing it back differently. Lemma 15.9 implies that 0V does not
bound a homotopy solid torus in M . Thus 7y M is the free product of two groups
amalgamated over 771(9V) = Z @ Z and therefore 71 M 1is not trivial. O

15.11 Theorem (Bing-Martin [22]). Let ¥ C S 3 be a satellite, t its companion and
(V,¥) its pattern. Denote by m,€; i, 0; 1,0 the meridian and longitude of ¥, k,
and by my , Ly those of V. Then ¥ has Property P if

(a) ¥ has Property P, or
(b) ¥ has Property P and g = Ik(my,¥) # 0.

Proof of Theorem 15.11 (a). (The proof for (b) will be given in 15.14.)

There is a homeomorphism /: V — V,h() =F.Let U be aregular neighborhood
of £ in V. We remove h(U) from S? and sew it back differently to obtain a manifold
M .1If ¥ is the trivial knot then & can be extended to a homeomorphism S — S3 and
it follows from assumption (a) that M is not simply connected.

So we may assume that ? is a non-trivial knot. If the result W of a surgery on ?in
¥V does not yield a homotopy solid torus, then /(9 V) divides M into two manifolds
which are not homotopy solid tori. Since ? is a knot, T h@V)) > mi(M = W) =

71(S3 — h(V)) is injective. When 7 (h(dV)) — 7 W has non-trivial kernel, there
isadisk D C W, dD C W, dD 2 0in oW suchthat X = W — U(D) is bounded
by a sphere, U(D) being a regular neighborhood of D in W . Now X cannot be a
homotopy ball because W is not a homotopy solid torus. Therefore 7y M # 1. If
i (h(0 17)) — m W is injective, w1 M is a free product with an amalgamation over
T (h(V)) =~ 72, hence non-trivial.

Finally, suppose that ? is non-trivial and the sewing back of h(U ) in h(V) yields
a homotopy solid torus W . Then a meridian of W can be presented in the form
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ph(mV) + gh({y) where p, g are relatively prime integers. From A ({y) ~ 0 in
— h(V) it follows that H;(M) is 1som0rphlc to Zp| or Z (for p = 0). To see

that |p| # 1, we perform the surgery on ¥ in ¥V which transforms V' into the manifold
V' =h" 1(W). (The new meridian defining the surgery represents mp Eq e m@dV).)

Now V/US3 — V is obtained from S? by surgery on £. Since £y ~ 1 in §3 — V the
relation mIp,ﬁ({, ~ 1 is equivalent to mlp, ~ 1,and |p| = 1 implies that V' U §3 — V

is a homotopy sphere. Thus |p| # 1 because ¥ has Property P. O

15.12 Remark. The knot h({’) is a satellite and (V,F) is the pattern of h(?) The
condition h(fy) ~ 0 in C (P) ensures that the mapping A does not unknot ?; this
could be done, for instance, with the twist knots d,, n # 0, —1 when & removes the
twists. As an example, using the definition of twisted doubled knots in Example 2.9 (b)
and Theorem 15.7, we obtain

15.13 Corollary. Doubled knots with g twists, ¢ # 0, —1 have Property P. O

15.14. Proof of 15.11 (b). We consider surgery along the knot h(f) where h is a
homeomorphism /: V — V, h(f) = ¢. Replace a tubular neighborhood UcvVv
on F by another solid torus 7 using a gluing map f: 7 — dU. The manifold
obtained is

M = (S3-V)U, (V-0) Us 7).

Define C = C(@) =S3—V and X = (V—-0) Uy T. Since F is non-trivial the
inclusion 9C — C defines a monomorphism m(aé) — 1 C.If X — X induces
also a monomorphism 71(0X) — X, then 7y M is a free product with amalga-
mated subgroup 71 (0C) = m(3X) =~ Z2.

Therefore, if M is a homotopy sphere, ker(w;(dX) — m;X) # 1. By the loop
theorem (Appendix B.5), there is a simple closed curve v C dX, v not contractible
on 0X, which bounds adisk D in X, dD NdX = dD = v. Then v ~ il of
0X with ged(a,b) = 1; we may assume a > 0.

If W is aregular neighborhood of D in X, the boundary of X — W is a 2-sphere
S? and

=(CUW)UX =W), S?=(Cuw)nX —w).
Therefore 1yM = 71(C U W) % (X —W). Thus 7;(C U W) = 1. Since by
assumption 15.11 (b) f has Property P, it follows that v must be the meridian m of P
and b = 0 and a = 1; moreover, /i = h(my) if my is a meridian of V.

Let n~1~ be a meridian of the tubular neighborhood U of f. Then, for the meridian
my of V

my ~qm inV — U with g = lk(my, k) # 0. (15.4)
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Moreover, there is a longitude € of U such that

{~qly inV-U. (15.5)

{ can be obtained from an arbitrary longitude 570 as follows. There is a 2-chain ¢; in

V — U - the intersection of V — U with a projecting cylinder of {o — such that
dey = Lo + arm + Bmy + yly.

Now

q = Ik(my,b) = k(my, L) = Ik(my, —aii — Bmy —yly) = —y,

and

f=20+(a+ﬁq)n~1=l70+,3mquﬁy inV-U.
(See E 15.1.) 3
For a meridian ms of T one has

mg ~ on + ol ondT =0aU, ged(p,0) = 1. (15.6)

Here ¢ = =£1 since we assume that the surgery along ¥ gives a homotopy sphere. The
disk D is bounded by my . We assume that D is in general position with respect to
dT and that D N 3T does not contain curves that are contractible on 37 ; otherwise
D can be altered to get fewer components of 9T N D . This implies that T N D isa
collection of disjoint meridians of T and that 37 N D consists of parallel meridional
disks, and, thus, for a suitable p

my ~pmgz inV—-U. (15.7)
Ly and m are a basis of H (m) ~ 72 . The formulas (15.4)—(15.7) imply
q i ~my ~ pmg ~ poii + pol;
thus
po =0, po = q, thatis, since p,q # 0,0 = 0,0 = +1,p = £q.
So we may assume that ¢ = 1 and p = 1. Butthen mz = m. O

15.15 Definition (Cable knots). Let W be a solid torus in S> with core ¥, m and
£ meridian and longitude of W where £ ~ 0 in C(¥) = S3 — W. A simple closed
curve ¢ C dW, ¢ ~ pm+qf on dW, |q| > 2 is called a (p, q) -cable knot with core

. (Compare Definition 2.8.)
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15.16 Proposition. (a) (p, q)-cable knots with 2 <

(b)Let £ be a (1, g)-cable knot about the non-trivial knot E. If |q| = 3 then ¥ has
Property P.

Proof. The first statement is a consequence of Proposition 15.5 and Theorem 15.11 (a).
For the proof of the second assertion, we consider the pattern (17, %). It can be con-
structed as follows. Let o denote the rotation of the unit disk B through the angle
27 /q . Choose in B asmall disk D; with center ¥, such that D, is dlS_]Olnt to all its
images o/ D, 1 < j < ¢ — 1. Then the pattern consists of the solid torus B x I /o,
that is, the points (%, 1) and (o(%),0) are identified, and the knot ¥ consists of the
arcs o (%1) x I, 0 < j < ¢. A regular neighborhood U of ¥ is qu.;(l)(gj (D)) x 1),
see Figure 15.9.

Figure 15.9

Then C(¥) = C(P) uX, C(P) NX = dC(F) C 90X, where X is homeomorphic to
the pattern described above. Let /1 be a meridian of b (m is the i image of BB) and

my,...,mg meridians of £ corresponding to dDy, .. 8Dq Let ¢ be the longitude
of £. Then
mX =(mmy, .. omg LT my . mg, [, ),

lmpl om0 < j o< @) 0 mgl - i mym) )
=(r,my, £ | m = oy 0209 00m 9 ( myai) L i, 4])
=(my, € | my, (€79, [m €79, 0]).
Note that m7 4 (mlé_l)q is a longitude of ¢.

Next we attach a solid torus W to C(¥) such that the result is a homotopy sphere
M . The meridian of W has the form m; - (m7 4 (m{~")9)" = mi_nq(mlﬁ_l)”q. If
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we show that n = 0 the assertion (b) is proved. We have
T (X UW) = (my, 8| fmy, (m 879, [mi €9, 8, my ™" mi 7))

and M = m(C (P) UX UW). We obtain a quotient of 7r; M by adding the relation
m = (m1€ 1)q£q = 1. Since 7,C (?) is trivialized by this relation, a presentation of
M/ (i) is given by

(my, €| [my, mi €79, [0 €7, 8), mi ™" (my 71", (my£71)49409 ).

Here (m) denotes the normal closure of /71 in 71 M .
Put v = m £~ and replace £ by v='m; to get

aM/R) = (miv | [y, o) 7 0™ m om0 0 0 mp?).
Adding the relation v¢ = 1 we obtain the group
(miv [ my 7, W my?)

which must be trivial. Since |¢| > 3 this implies 1 —ng = =+1, see [382, p. 122];
hence, n = 0. m|

15.C Prime knots and their manifolds and groups

In this section we discuss to what extent the group of a prime knot determines the knot
manifold. For this we need some concepts from 3-dimensional topology.

15.17 Definition. (1) A submanifold N C M is properly embedded if IN = N N
oM .

(2) Let A be an annulus and a C A a non-separating properly embedded arc, a so-
called spanning arc. A mapping f: (A,04) — (M,0M), M a 3-manifold,
is called essential if fs: m1A — m M is injective and if the arc f(a) is not
homotopic rel its endpoints to an arc on dM . (Note that the definition of essential
is independent of the choice of a.) The annulus f(A) is also called essential.

(3) The properly embedded surface I C M is boundary parallel if there is an em-
bedding g: F x I — M such that

g(F x{0}) = F and g((F x {1} U (OF x I)) C IM.

15.18 Remark. A properly embedded annulus A C M is boundary parallel if and
only if there is a solid torus V' C M such that A C dV, 0V — A C M and the core
of A is alongitude of V. (Proof as Exercise E 15.2).

To illustrate the notion of an essential annulus we give another characterizing con-
dition and discuss two important examples.
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15.19 Lemma. Let A be a properly embedded incompressible annulus in a knot man-
ifold C. Then A is boundary parallel if and only if the inclusion i: A — C is not
essential.

Proof. Clearly, if A is boundary parallel, then i is homotopic rel 94 to a map into
dC, thus not essential. If i is not essential then, since A is incompressible, that is
ig: mA — mC is injective, a spanning arc a of A is homotopic to an arc b C dC .
We may assume that b intersects dA transversally, intersects the two components of
dA alternately and is simple; the last assumption is not restrictive since any arc on
a torus with different endpoints can be deformed into a simple arc by a homotopy
keeping the endpoints fixed. The annulus A decomposes C into two 3-manifolds
C1,Cy: C =C1UCy, A= C;NC(Cy, such that 3Cj = (8CJ NaC)YUA (j =1,2)
is a torus. We have
7T1C = 7T1C1 *m A 711C2.

If b C dC; for some j then b Ua C dC; is null-homotopic in C;, thus bounds a
disk in Cj . This implies that C; is a solid torus and dA consists of two longitudes of
C; . By the remark above, A is boundary parallel.

If b intersects dA more than twice then b = by ...b, where b; and b; | are
alternately contained in C; and C,. The boundary points of each b; are on different
components of 4. By adding segments ¢; C A we obtain

b ~ (bic)) ey baca) (e ... (¢t bn)

such that ab;cy, Cl_lbzcz, .. .,c;_llbn are closed and are contained in dC; or 0C,.
If in some C;, abjc; is contractible or homotopic to a power ¢? of the core of 4
we replace b by bjcic™?, respectively, and argue as above. If one of the c;llbkck
(c¢n is the trivial arc) is contractible or homotopic to a curve in A in some Cj it
can be eliminated and we obtain a simpler arc, taking the role of ». Thus we may
assume that none of ab;cy, cl_lbzcz, e, c;_llbn is homotopic to a curve in A. Then
the above product determines a word in 771C where consecutive factors are alternately
in 71Cy and 1 C; and none is in the amalgamated subgroup; thus the word has length
n and represents a non-trivial element of 771 C , see [382, 2.3.3], contradicting ab ~ 0
in C. |

15.20 Proposition. Let C(¥) = C(£;) U C(£;) be the knot manifold of a product knot
t =t # % with A= C¥)NC(¥y) an annulus. If €| and £, are non-trivial, then A
is essential in C(¥).

Proof. Otherwise, by Lemma 15.19, A and one of the annuli of dC(f), defined by 94
bounds a solid torus which must be one of the C(£;). This is impossible since a knot
with complement a solid torus is trivial, see Proposition 3.10. O
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15.21 Example (Cable knots). Cable knots were introduced in Definition 15.15. Let
¢ be the (p, q)-cable knot with core £, |g| > 2.

Another description is the following: Let V' be a solid torus with core ¥ in S3 and
CE NV =(@CE) N@V) = A an annulus the core of which is of type (p,q) on
dC(¥). Then 9(C(£) U V) is a torus and U(c) = S3 — (C¥) U V) is a solid torus
the core of which is (p,q)-cable knot ¢ with core ¥, see Figure 15.10. This follows
from the fact that the core of S3 — (C(£) U V)) is isotopicin W = §3 — C(¥) to the

/ /
) ¥
//// /%

Figure 15.10. The complement of a cable knot.

We will see that the annuli of 15.20, 15.21 are the prototypes of essential annuli in
knot manifolds.

15.22 Lemma (Simon [336, Lemma 2.1]). Let C, Wy, W) be knot manifolds. Sup-
pose C = Wy U (A x[0,1]) U Wy,

Wo N ((Ax[0,1]) UW) = Ax {0}, Wi N (WoU (4 x[0,1])) = A4 x {1},

where A is an annulus, see Figure 15.11. Then either the components of dA bound
disks in dC or the components bound meridional disks in S3 — C and the groups
11 C, miWy, w1 W) are the normal closures of the images of w1 A.

Proof. Since W, is a knot manifold, S3 — W, is a solid torus containing W;. By
Lemma 15.8, there is a 3-ball B such that W| C § C B C S3—W,;so the 2-sphere
S2 = 0B separates W, and W; and therefore must intersect A x (0,1). We may
assume that S% N (94 x (0, 1)) consists of a finite number of pairwise disjoint curves
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Figure 15.11

ol,...,00. If 0; is innermost in S2 then o; bounds a disk D C S? such that either
DCS* CorDCAx(0,1).

If o; also bounds a disk £ C dA4 x (0, 1) — which it necessarily does in the latter
case — then the intersection line 0; can be removed by an isotopy which replaces S?2
by a sphere S 12 still separating Wy and W . It is impossible that all curves o; can be
eliminated in this way, as 94 x {0} and A x {1} are separated by S?. There exists
acurve y C SN (34 x (0,1)) bounding a disk in S3 — C which is not trivial on
04 x (0,1). So there are non-trivial curves y;, ¥, on each component of dA4 x (0, 1)
bounding disks in S3 — C. They are isotopic on 34 x [0, 1] to the components of

dA x {0}, respectively, which, hence bound disks in S3 — C. O

15.23 Lemma. Let C be a knot manifold in S3, C = Wy U Wy, where Wy is a cube
with a hole, Wy is a solid torus, and A = Wy N Wi = oWy N oW, is an annulus.
Denote by £c the core of the solid torus S3 — C. Assume that m; A — m W) is not
surjective. Then ¥ is a (p,q)-cable of the core ¥y of S — Wy, |q| = 2. If Wy isa
solid torus then ¢ is a torus knot.

Proof. We may write C = Wy Uy W where f is an attaching map on A. This
mapping [ is uniquely determined up to isotopy by the choice of the core of A on
W, since S3 — C is a solid torus. Hence, the core ¥c of S3 — C is by 15.21 the
(p,q)-cable of £y. When |¢g| = 1 the homomorphism 714 — 7 W) is surjective. If
q = 0, ¢ is trivial and C is not a knot manifold. In the special case where W} is a
solid torus, £y is trivial and ¥¢ a torus knot. O

15.24 Lemma. Let C be a knot manifold in S 3 and let A be an annulus in C,
0A C dC, with the following properties:

(a) the components of A do not bound disks in 0C ;

(b) A is not boundary parallel in C .

Then a core ¥c of S3 — C is either a product knot and each component of 9A is a
meridian of £c or ¢ is a cable knot isotopic to each of the components of 0A.

Proof. By (a), the components of dA4 bound annuli in dC . Hence, there are subman-
ifolds X; and X, bounded by tori such that C = X; U X5, X1 N X, = A4, and, by
Alexander’s Theorem (Appendix B.2) X; is either a knot manifold or a solid torus.
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If X; and X, are both knot manifolds then, by Lemma 15.22, each component of
dA bounds a meridional disk in S3 — C, and a core of S3 — C is, by Definition 2.7,
a product knot.

Suppose now that X, is a solid torus. There is an annulus B C dC satisfying
AU B = 0X;. If the homomorphism 714 — 71 X>, induced by the inclusion, is
not surjective, then, by Lemma 15.23, a core of S 3 — C is a cable knot. Now assume
that ;A — m; X, is surjective. Then a simple arc B C B which leads from one
component of dB to the other can be extended by a simple arc « C A to a simple
closed curve u C 90X, which is 0-homotopic in the solid torus X, and, hence, a
meridian of X,. Since u intersects each component of dA at exactly one point it
follows that A is boundary parallel, contradicting hypothesis (b). O

In order to study the relation between the complement and its fundamental group
for prime knots we shall make use of the following theorem of Feustel [101, Thm. 10]
and Johannson [179, Prop. 14.9], which we cannot prove here. (See also Jaco [176,
X.15])

15.25 Theorem (Feustel, Johannson). Let M and N be compact, connected, irre-
ducible, boundary irreducible 3-manifolds. Suppose that oM is a torus and that M
does not admit an essential embedding of an annulus. If ¢: m\M — mN is an
isomorphism then there is a homeomorphism h: M — N with hy = ¢. O

We will prove in 15.40 the following result of Simon [338], without using Theo-
rem 15.25.

15.26 Theorem (Simon 1980). There are at most two cable knots with the same knot
group.
A consequence of Theorems 15.25 and 15.26 is the following:

15.27 Corollary (Simon 1980). The complements of at most two prime knot types
can have the same group.

Proof. Suppose £, £1, £, are prime knots whose groups are isomorphic to 7;C (£p) . If
£; isnotacable knot then C(¥;) does not contain essential annuli, see 15.24. Now The-
orem 15.25 implies that the C(¥;), j = 0, 1,2 are homeomorphic. So we may assume
that £q, £, £, are cable knots and the assertion follows from Theorem 15.26. |

In 1987, Whitten improved Simon’s result:

15.28 Theorem (Whitten’s Rigidity Theorem [375]). Prime knots in S 3 with isomor-
phic groups have homeomorphic complements.
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We prove in 15.41 the following:

15.29 Proposition (Whitten [375]). If there exist prime knots with isomorphic groups
and non-homeomorphic complements, then there exists a non-trivial knot ¥ in S* and
an integer n such that |n| > 2 and Sf/n(?) ~ §3.

Proof of Theorem 15.28. By, Proposition 15.29 the existence of two prime knots with
non-homeomorphic complements implies the existence of a non-trivial knot ¥ in S3
and an integer n € Z such that S f/n(f’) ~ S3 and |n| > 2. This contradicts Theo-
rem 3.27. O

As a corollary of Whitten’s Rigidity Theorem 15.28 and the Gordon—Luecke The-
orem 3.19 we obtain:

15.30 Corollary. Iftwo prime knots have isomorphic groups then they are of the same
knot type. O

In what follows we shall give a proof of Theorem 15.26 and Proposition 15.29.
Some parts of the this section will be applied in Section 15.D to answer the question:
How many knots have the same group?

15.31 Lemma. Let £, and £ be cable knots with complements C(¥;) and C(¥).
Assume that ¥ is not a torus knot and that

CEH=XUV,A=XNV =0XNaV,

where X is a knot manifold, V a solid torus, and A an annulus. Let ¥ be a (p,q)-
curve on a torus parallel to the boundary of S* — X, |q| > 2.

If miC(t)) = mC(F) then there is a homotopy equivalence f: C(£;) — C(¥)
such that =V (A) is an annulus.

15.32 Remark. We do not use the fact that ¥; and £ are cable knots in the first part
of the proof including Claim 15.34. By Theorem 6.1 we know that ¥ is not a torus
knot. (A non-trivial knot whose group has a non-trivial center is a torus knot.)

The proof of Lemma 15.31 is quite long and of a technical nature. However, some of
the intermediate steps have already been done in Chapter 5. The proof of Lemma 15.31
will be finished in 15.38.

Proof. Since C(¥;) and C(¥) are K(m,1)-spaces, see Theorem 3.40, any isomor-

phism 7;C(¥;) — mC(¥) is induced by a homotopy equivalence g: C(¥;) —
C(%), [157, 1.B], [341, 7.6.24], [346, p. 459]. We may assume that g has the follow-
ing properties:
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(1) g is transversal with respect to A, that is, there is a neighborhood g='(4) x
[-1,1] € C(¥)) of g71(A) = g7'(A) x {0} and a neighborhood A x [—1, 1] of
A such that g(x,t) = (g(x),t) for x € g71(A), t € [-1,1].

(2) g7'(A) is a compact 2-manifold, properly embedded and two-sided in C(£;).

(3) If A’ is a component of g~!(A) then ker(w; A" — 7;C(f)) is trivial for j =
1,2.

(1) (2) (3): These properties can be obtained by arguments similar to those used in the
proof of Theorem 5.1; see also Stallings [343], Waldhausen [365, §1], Hempel [159,
Chap. 6], Jaco [176, II1.9].

Choose among all homotopy equivalences g that have the above properties one
with minimal number 7 of components A; of g~!(A).

15.33 Claim. Each A; is an annulus which separates C(£y) into a solid torus V;
and a knot manifold W;, and 71 A;j — mV; is not surjective.

Proof of Claim 15.33. Since m,C(¥;) = 0 it follows from (3) that 7, 4; = 0; more-
over, since w1 A; — m1C(¥) is injective and gx: 71 C(¥;) — 7 C(f) is an isomor-
phism, (g|A;)s: w1 A; — 71 A is injective. This shows that 71 A; is a subgroup of Z,
hence, trivial or isomorphic to Z. Now A; is an orientable compact connected surface
and therefore either a disk, a sphere or an annulus. We will show that A4; is an annu-
lus. mpA; = 0 excludes spheres. If A; is a disk then dA; C dC(¥;) is contractible
in C(¥;). If dA; is not null-homotopic on dC(¥;) then C(£;) is a solid torus and £
is the trivial knot. But then 77;C(¥;) = Z and this implies that f is also unknotted,
contradicting the assumption that it is a (p, ¢)-cable knot. Therefore dA; also bounds
adisk D C dC(f;) and D U A; is a 2-sphere that bounds a ball B in C(f;). Now
Q = C(¥;) — B ishomeomorphicto C(¥;), g|Q: QO — C(¥f) satisfies the conditions
(1)—(3), and (g|Q)~'(A) has at most (n — 1) components. This proves that there is
also a mapping g’: C(f;) — C(¥) satisfying (1)—(3) with less components in g’~!(A)
than in g~'(A), contradicting the minimality of 7.

Thus we have proved that A; is an annulus. Because of (3), dA4; is not null-homo-
topic on dC () and decomposes dC (¥}) into two annuli, while A; decomposes C(¥)
into two submanifolds W;, V; which are bounded by tori and, thus, are either knot
manifolds or solid tori.

If V; and W; are knot manifolds then, by Lemma 15.22, 7;C(¥;)/m1 A; = 1, where
1 A; denotes the normal closure of 71 A; in 7;C(£;), and so, since g is a homotopy
equivalence

i C)/mA = 1.

This implies that each 1-cycle of C(f) is homologous to acycle of A4, thatis H (A) —
H | (C(¥)) is surjective and, hence, an isomorphism. On the other hand, if ¢ is a core
curve of A and if m is a meridian of ¥ then the map H{(A) — H(C(¥)) is defined
by ¢ = +pgm, see E 15.4. It follows that | pg| = 1, a contradiction since |g| > 2.
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So we may assume that V; is a solid torus. If 71 4; — mV; is surjective, that is
|g| = 1, then g can be modified homotopically such that A; disappears, i.e. we can
find a neighborhood U of V; in C(¥;) such that U =~ A; x [—-1,1], 4; x {—1} =
Vi NOC(£)), A; x {0} = A;, A; x [-1,0] = V;, UN g~ '(A) = A;. Then Q =
C(t)—U = C(t)) and g|Q: QO — C(F) is a homotopy equivalence satisfying (1)—
(3) and having fewer than n components in g~ ' (A); this defines a mapping C (£;) —
C(£) with the same properties, contradicting the choice of g. Therefore m; A; — 7 V;
is not surjective.

W; is not a solid torus, since ¥, is not a torus knot. O

15.34 Claim. W, C ... C Wy, after a suitable enumeration of the annuli A; .

Proof of Claim 15.34. It suffices to show that for any two components A;, A, either
Wy C Wr or W, C Wp. Since A; and A, are disjoint there are three configurations
(see Figure 15.12):

~Wi>|«— 1 — <~ Vio|l«— W —
[ | |
A] A2 Al A2
| | |
<~ W —)‘(—Wz—) <~ W, —)‘(—Vz—)
@WnNnWw,=0 G Vnrh=0

<—W1—>‘ <~ Vi —>

Ay Ay

<~ W, —>‘(—V2—>

YWy Cc Woor W, C W,

Figure 15.12. Cases (a)—(c)

Configuration (a): Wi N W, = @. By Claim 15.33, W, is a knot manifold which can
be contracted slightly in order to be contained in the interior of the solid torus V;. By
Lemma 15.8, there is a 3-ball B such that W, C B C B C Vj;hence A, C W, and
ker(mw; Ay — m;C(¥1)) is non-trivial, contradicting (3) .

Configuration (b): Vi NV, = @. Put Y = W; N W, and denote by ¥y, the core
of S3 — W;. Since dY consists of the two annuli A4, A, and two parallel annuli
on C(£;) and since S* does not contain Klein bottles it follows that 3Y is a torus.
Wo=YUV, Ay =Y NV, =09YNaJV, and 7 Ay — 71 V] is not surjective. When
Y is a solid torus then fy, is a non-trivial torus knot. When Y is a knot manifold
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then, by Lemma 15.23, ¥y, is a cable about the core fy of Y . In any case the knot
fyy, is non-trivial and parallel to each component of dA4;, see Lemma 15.24. Hence,
m Ay — mS3 — W, is an isomorphism and therefore 7y A; — 7V is surjective.
Now, the components of dA| and dA, are parallel on dW,. This implies that 7 A, —
1V, is surjective contradicting Claim 15.33. Therefore, we are in the configuration
c): Wi Cc Wy or Wo C Wj. O

15.35 Claim.
(W 0V, AL, ..., Ap) is homeomorphic to (A x [1,n], A} x {1},..., A x {n}).

Proof of Claim 15.35. V; N W;4 is bounded by four annuli, hence by a torus. This
shows that V; N W; 4 is either a knot manifold or a solid torus contained in the solid
torus V;. The first case is impossible by Lemma 15.8, since A; is incompressible in

C(¥)). Now
Vi=VinWir) UVigr, (VinWig) N Vigr = Aip
where V;, Viy1, Vi N W4 are solid tori and A; 4 is incompressible. Therefore

S=mVi =m(Vi N Witt) *7,4;4, 1 Vit

i+1
Since, by Claim 15.33, mA;4+; is a proper subgroup of m;V;4; it follows that
miAiy+1 = (Vi N Wig1). Since dA4; is parallel to dA4; 41, which contains the gen-
erator of mA;4+1, it follows that 7y A; also generates wy(V; N W;4+1). Moreover,
Ai UAjp CO(V; N Wigy) and 4; N Ajpq = 0.

This means that

(Vl N I/Vi'i‘l’Ai,Ai'i‘l) = (Al X [l$l + 1],Al X {l}9 Al X {l + 1}) g
15.36 Claim. g|A; is homotopic to a homeomorphism.

Proof of Claim 15.36. In the following commutative diagram all groups are isomor-
phic to Z.

Hi(A) —2 Hy(C@y)

(g‘A")*l ;lg*

H\(4) - Hy(C(¥))

where ji: Aj — C(¥)) and j: A — C(¥) are the inclusions. As g is a homotopy
equivalence, g is an isomorphism.

By Claim 15.33, A; decomposes C(¥;) into a knot manifold W; and a solid torus
Vi C(t)) = W;UV;, A; = W;NV;, and by Lemma 15.24 a component b; of 0A4; is
isotopic to ¥;. The component b; is, for suitable p’, ¢’, |¢’| > 2,a (p’,q’)-curve on
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d(S3 — W;). For generators of the cyclic groups of the above diagram and for some
r € 7 we obtain

J:
Z; 2 plpd

T

A ti”|PQ|;

here we used the fact that a component of 94 is a (p,q)-curve on 9(S3 — X) (for
the notations, see Lemma 15.31). Since g, is an isomorphism, g«(t') = t*1; hence,
|p'q’| = +r|pq|. This implies that pg divides p’q’

By a deep theorem of Schubert [318, p. 253, Satz 5], see also Gramain [142] for a
modern proof, ¥; determines the core ¥y, and the numbers p’, ¢’. Hence, since g is
a homotopy equivalence, we may apply the above argument with the roles of ¥; and
¥ interchanged and obtain that p’q’ divides pg; thus |r| = 1.

This implies that g|A;: A; — A can be deformed into a homeomorphism. Since
A; and A are two-sided, g is homotopic to a mapping g’ such that g’|4;: A; — A
is a homeomorphism and g’ coincides with g outside a small regular neighborhood
U(Ai)gAiX[O,l] of A;. O

For the following, we assume that g|A; is a homeomorphism for all A; .
15.37 Claim. g~ '(A) # 9. In fact, the number of components of g~ (A) is odd.

Proof of Claim 15.37. By Claim 15.35, 1}, contains a core v; of V;.Let § be a path
in V| from x; € A; to v;. Then 7 W, and §v;8~" generate the group m;(C(f1)) =
nl(Wl,xl) *,,1(,41 x1) m(Vl,xl) Since g is transversal with respect to A, it follows
that Vl N Wz+1 and V,.H N Wl+2 are mapped to different sides of A; hence, if the
number of components of g~!(A) is even, g maps W, and Vj, —and hence v — both
into X or both into V. Since g is a homotopy equivalence, hence g4 an isomorphism,
it follows that 7r; C(f) is isomorphic to a subgroup of 7 X or 7V, in fact, to 71 X
or 71V, respectively. In the latter case 71 C(¥) is cyclic; hence, ¥ is the trivial knot,
contradicting the assumption that ¥ is a cable knot. In the first case 7;C(¥)/m X = 1.
This implies that H(X) — H(C(£)) is surjective; hence H;(C(¥),X) = 0 as
follows from the exact sequence

Hi(X) — Hi(C() > H(C(£), X) > Ho(X) => Ho(C(r)).

On the other hand, by the excision theorem H;(C(¥), X) =~ H;(V, A) and the exact
sequence

Hz(V,A) —_— HI(A) Ltd:q) Hl(V) —_— HI(V,A)i)Ho(A) i)I‘I()(V),

=| E

{(z=) {t=)
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implies H{(V,A) = Z4 # 0 since |g| > 2. Thus the assumption that the number
of components of g~!(A) is even was wrong. O

15.38 Claim. The number n of components of g~ '(A) is 1. (This finishes the proof
of Lemma 15.31.)

Proof of Claim 15.38. It will be shown that for n > 1 the mapping g can be homo-
topically deformed to reduce the number of components of g~!(A) by 2, contradicting
the minimality of #n; thus, by Claim 15.37, n = 1. The proof applies a variation of
Stalling’s technique of binding ties from [344] (see also Massey [230, VIL.6]).

Choose x € A, x; € A; for 1 <i < n suchthat g(x;) = x. There is a path « in
C(¥y) from x; to x, with the following properties:

(1) g(e) =~ 0in C(¥);
2) () o =oay...0r where
(i) @ c C)—U'Z, 4, daj € !, 4; and

(iii) «; is either a loop with some x; as basepoint or a path from x; to x;4.

A path with these properties can be obtained as follows: Let @’ be a path from x
to x,. Then [g o &’] € m1(C(¥), x) and, since gs is an isomorphism, there is a loop
§ C C(¥;) in the homotopy class g5 '[g o @] € m1(C(£1),x,). Then @ = o’§~! has
property (1). We can choose « transversal to g~ (A4) and, since each A; is connected,
intersecting an A; only in x; .

Assume that « is chosen such that the number r is minimal for all paths with the
properties (1) and (2). In m;C(¥) = 1 X *z 4 MV,

l=[goa]=[goa]...[goa]

Since g o; and g o ;4 are in different components X, V' it follows that there is
at least one «; with [g o ;] € myA. Aloop «; from x; to x; in V; N W4 with
[g o ;] € m A can be pushed into V;_; N W;, contradicting the minimality of r.
Therefore o connects x; and x; 1, for a suitable i .

By Claim 15.35, V; N VVi_;_l ~ A x [l,l + 1] and 4; = A X {l}, AH.] =
Ay x{i + 1}, and therefore «; is homotopic to an arc B C d(V; N W; ) connecting
x; and x;j41.Let y beanarcin d(V; NW;4) suchthat Uy is a meridian of the solid
torus V; N W; 4 and bounds a disk D . We may assume that dD N A; and 9D N A;j 4
are arcs connecting the boundary components, see Figure 15.13.

Let B3 be the closure of the complement of a regular neighborhood of 4; U D U
Ajx1 in V; N Wi4q; then B? is a 3-ball.

In the following we keep g fixed outside of a regular neighborhood of V; N W, 4.
Since [go f] € m1A and g o B ~ g oy, g may be deformed such that g(f) C A4
and g(y) C A. Since A is incompressible in C(¥) and mp X = 0 = 7V, g can be
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Vin Wi

Figure 15.13

altered by an homotopy such that g maps D and also the small neighborhood into A,
that is, g(V; N W+, — B?) C A. Finally, since 73V = m3X = 0, we can alter g by
a homotopy such that g(B3) C A; thus g(V; N W;4+1) C A, and an additional slight
adjustment eliminates both components A;, A;+ of g~ (A). O

This finishes the proof of Lemma 15.31. O

15.39 Lemma. Let £ and £ be (pi,q1)- and (p,q)-cable knots about the cores
and Yy where |q1|, |q| > 2, and let

COHH=ChHuVv, ChHNV =aCH)NaV =4
be an annulus. If 7,C(£)) = m1C(¥) then

() there is a homeomorphism F: C(5;) — C(Y) such that Ay = F~'(A) defines a
cable presentation of ¥y, that is
C(t)) = C(t) — C(h) U C(h),
C(t) —C(h) NC(hy) = aC(E) — C(h1) NAC(hy) = Ay,

and

®) |pil = |pl and |q1] = |q|.

Proof. We may assume that §; and §) are non-trivial, because otherwise ¥; and ¢
are torus knots and Lemma 15.39 follows from Proposition 15.5. We have 7 C(¥) =
71C(h) *7,4 V. Since w1 A — 71V} is not surjective (as |g| > 2), the free product
with amalgamation is not trivial. By Lemma 15.31, there is a homotopy equivalence
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f: C(f;) — C(f) such that f~'(4) = A; is an annulus. Then A; decomposes
C(£;) into a knot manifold X, and a solid torus Vj:

CE)=X1UWV, XinV, =0dX;NaV; = A;.
For any basepoint a; € Ay,

mi(C(£1),a1) = mi(X1,a1) *x,(4,.a) T1(V1,a1).

Since f~'(4) = A, consists of one component only, one of the groups
fu(mi(X1,ay)) and fz(m1(V1,ay)) is contained in w1 (C(h), f(a;)) and the other
in w1 (V, f(ay)). By assumption C(h) and X, are knot manifolds, V', V; solid tori
and fi is an isomorphism. From the solution of the word problem in free products
with amalgamated subgroups, see [382, 2.3.3] it follows that

Se(ri(X1,a1)) = mi(C(h), f(a1)) and fu(m(Vi,a1)) = mi(V, f(ar)).
This implies

(1) f(Xy1) c C), f(V1) C V,andthat (f|X1)# and (f|V1)4 are isomorphisms
and f|X: X1 — C(§) and f|Vi: Vi — V are homotopy equivalences because
all spaces are K(r,1).

For the proof of (b) we note that ( f|A;)s: w1 A1 — 71 A is also an isomorphism.

Assume that f| X is homotopic to amapping fo: X; — C(}) suchthat fo(dX;) C
dC(h) and fy|0A; = f|0A;. Then, by Waldhausen [367, Theorem 6.1] there is a
homotopy f;: (X1,0X1) — (C(}),0C(h)), 0 <t <1, such that f; is a homeomor-
phism; this proves (a).

To prove the above assumption on dX; we consider By = dX; N dC(¥;). Now
0B = 0A;.Wehave to show that f|By: (B1,dB1) — (C(}), dC(h)) is not essential.
Otherwise, by Lemma 15.19 there is a properly embedded essential annulus A" C
C () such that A" = dA. The components of dA are (p,q)-curves on dC(§) and
(n, 1) -curves on dC(¥) for a suitable 7 ; the last statement is a consequence of the
fact that the components of dA are isotopic to £, see Lemma 15.24.

Since A’ is essential, C(}) is either the complement of a cable knot or of a product
knot, see Lemma 15.24. In the first case, the components of dA’ are isotopic to the
knot §; hence (n’, £1)-curves on dC (D). In the latter case they are (&1, 0)-curves.
Both cases contradict the fact 94 = dA’ and the assumption |g| > 2.

For the proof of (b), let m; and m be meridians on the boundaries dV;, dV of
the regular neighborhoods Vi, V' of b, §. In the proof of (a) we saw that there is a
homotopy equivalence f: C(f;) — C(f) with f(A;) = A.Let 51 be a component
of dA; and s = f(s1); consider s; and s as oriented curves. Then s represents
+pirmy in Hi (X)) and s represents £+ p m in H;(C(})). The homotopy equivalence
f induces an isomorphism fi: H{(X;) — H{(C(H)) and fi(p1mi) = £pm;
hence, |pi| = |pl.
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By (a), (f|V1)# and ( f|A})# are isomorphisms, thus fi: H(Vi, A1) — H(V, A)
is an isomorphism. Now H{(V1,41) = Z4,| and H{(V,A) = Z, imply |q1| =
lq]. O

15.40 Proof of Theorem 15.26. Assume that Yo, £y, £ are (p,q)-, (p1,4q1)-,
(p2,q2)-cables about §o, by, hy with the same group. If by is unknotted then £
is a torus knot and the equivalence of ¥y, £, £, is a consequence of Proposition 15.5.
Now we assume that hy, b, by are knotted. By Lemma 15.39, C(h;) = C(by),
|pil = Ipl. lgil = Igq| for i = 1,2.

Let, for i = 0, 1,2, an essential annulus A; decompose C(¥;) into a knot manifold
C(h;) and a solid torus V;; now the knot £; is parallel to each of the components of
0A4; . Because of Lemma 15.39 there are homotopy equivalences

Fij: C(t;)) = C(t;) (=015 =1,2)

such that

Fij = Fij | C(h): (C(h:), Ai) — (C(bhy), 4/))
are homeomorphisms.

It suffices to prove that Fm , F 12 Or ﬁoz =F 12 © Fm can be extended to a home-
omorphism of S3, because by a theorem of Schubert [318, p. 253] (see also Gramain
[142]) cable knots are determined by their cores and winding numbers.

Let (m;,{;) be meridian-longitude for §; , i = 0, 1,2; assume that they are oriented
such that the components of dA; are homologous to pm; +¢g{; on dC(h;). There are
numbers o, B,y,8,&,n € {l,—1} and x,y € Z such the I*Zi.,-|8C(f),‘) are given by the
following table.

For Fi Foo

moy = m{ey m; = mie mo mgyﬁgwsx
N 6 0 I~y L

mf L > mfehe  mfef s mPe)"r  mfef — (mFed)en;

The last row is a consequence of the fact that the 15, j: Aj — Aj are homeomorphisms.

If some m; is mapped to mE! = mF'L0 then the homeomorphism F; j can be ex-
tended to S3 and this finishes the proof. Hence, we will show that one of the exponents
x, y and ay + 8x vanishes. Assume that x # 0 # y. Now

(mPe9)® = For(mf ) = m§Pefat>r
implies

ep=ap, eq=pq+xp =— e=a, xp=(x—pPq.
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Therefore, p # 0 # x implies « # B, and |a| = || = 1 gives « = —p. Therefore

xp = 2aq and x = 2"7‘1. The same arguments for Fj, imply that § = —y and
y = 21’7‘] . Finally,
2 200
ozy—l—szaﬁ—y—q:O. O
P P

15.41 Proof of Proposition 15.29. Assume that £; and ¥ are prime knots with iso-
morphic groups 71C(¥) = 71 C(f) and non-homeomorphic complements C(f;) and
C(¥). Theorem 15.25 implies that both C(¥;) and C(¥) must contain an essential an-
nulus. If either £; or ¢ is a torus knot, so is the other, see Theorem 6.1, and it follows
from the classification of torus knots, see Theorem 3.39, that £; and ¥ are of the same
knot type. Hence, £, and ¥ are (p, ¢1)-cable and (p, g)-cable knots about the non-
trivial cores b; and b where |q1], |¢| > 2. Let A be an annulus and let V' be a solid
torus such that C(f) @ C(h)) UV and C(h) NV =aC(h) U aV = A.

By Lemma 15.39, there exists a homeomorphism F:C(h;) — C(h) such that
Ay = F~1(A) defines a cable presentation of ¥; and |p;| = |p| and |q;| = |q].

Let (m,£;) and (m,{) be a meridian-longitude pair for §; and § respectively.
Note that a (pi,¢1)-curve on dC(h1) is mapped to a +(p,q)-curve on IC(¥). By
changing the orientation of §; (or §) along with the orientation of both m; and ¢,
(or m and £) we can arrange that g; = g > 2. Set p; = € p where € € {£1}. Thus
homologically we have Fy(£;) = £*! and Fy(m;) = m®'4" for some n € Z, and
Fu(mP' ey = m*P(%9 | o € {£1}. On the other hand,

F*(mfhg(l]l) — miplgplnith ,

and it follows € pn &g = aq. Thisimplies n = 0 or pn = £2q.If n = 0 then we
can extend F:C(h;) — C(h) to a homeomorphism F:S3 — S3 with F(f;) = §.
Since a boundary component of A and A; belongs to the same knot type as £ and
£, respectively and since F(A;) = A it follows that ¥; and ¥ are of the same knot
type. Hence, n # 0 and n p = +2q. Since p and g are coprime it follows that
1 <|p| <2and
2q, if |p| =1

"= g oda), it [p] = 2.

and so |n| # 0, 1,2, since ¢ > 2.
Finally, F:C(};) — C(b) is a homeomorphism and Fy(m;) = m . Hence,
either S7), (h) = 8% or %, (h) = S°. O

:i:len

15.D Groups of product knots

Next we consider problems for product knots similar to those in Section 15.C. The
situation now is in some sense simpler, as product knots have Property P, see The-
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orem 15.10; hence, product knots with homeomorphic complements are of the same
type. However, the groups of two product knots of different type may be isomorphic
as we have shown in 15.3. We will now prove that there are no other possibilities than
those described in Example 15.3.

15.42 Lemma. Let £ and ¥, be knots with w;C(¥1) =~ w1 C(¥;). Then both knots
are prime or both are product knots.

Proof. Assume that ¥, is a product knot. Then there is a properly embedded incom-
pressible annulus A C C(£;) such that C(£;) = X' U X", A = X' N X" where
X’ and X" are knot manifolds. Since 7, C(f;) = 0 for i = 1,2,n > 2 there is a
homotopy equivalence f: C(£;) — C(¥;). By Claim 15.33, see Remark 15.32, we
may assume that the components of f~!(A) are incompressible, properly embedded
annuli which are not boundary parallel in C(¥;). Now f~!(4) = @ is impossible,
since, otherwise, fu(m;C(£1)) C m X’ or fu(mC(£;)) C m X", contradicting the
assumption that 71X’ and 71 X" are proper subgroups of 71C(¥;) and that fy is an
isomorphism. By Lemma 15.24, C(#;) is the complement of a product knot or a cable
knot. In the first case the assertion is proved. In the latter case, 71 C(£;) = 7, C(¥y) is
the group of a cable knot and, thus, applying the arguments of Claim 15.33 to C(£,)
and the inverse homotopy equivalence, it follows that C(¥,) is also the complement
of a cable knot. Since products knots have Property P (Theorem 15.10), we conclude
that £, is a cable knot, contradicting the fact that cable knots are prime, see Schubert
[318, p. 250, Satz 4], Gramain [142, Cor. 2], Cromwell [74, Cor. 4.4.3]. O

15.43 Theorem (Feustel-Whitten [102]). Let ¢ = ¢ # ... #¢, and §Hh =
Di#...#b, be knots in S>3, where the ¥; and h; are prime and n > 1. If
m1(S3 —¥) = 71(S3 =) then ¥ is a product knot, m = n and there is a permutation
o such that £j and Y4 (;y are of the same type.

Proof. By Lemma 15.42, ¥ is also a product knot, i.e. m > 1. Let A be a properly
embedded annulus in C(h) = X' U X", A = X’ N X" where X’ and X" are knot
manifolds. As in the proof above we conclude that there is a homotopy equivalence
f: C(f) — C(b) such that f~'(A4) consists of disjoint incompressible, properly
embedded essential annuli. Let A; be a component of £~ (A). In the following com-
mutative diagram all groups are isomorphic to Z .

Hi(A)) —22 Hi(C(e))
(fIAu)*l lf*
Hi(4) —2— H(CE):

where ji: A1 = C(¢), j: A — C(h) are the inclusions. As f is a homotopy equiv-
alence, fx isanisomorphism. Since C(¥) and C(}) are complements of product knots

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Section 15.D  Groups of product knots 331

the components of d4; and A bound disks in S3 — C(¥) and S3 — C(), respec-
tively, see Lemma 15.22. The boundaries of these disks are generators of H;(C(¥))
and H{(C(})); hence, j;, and jx are isomorphisms. This proves that (f'|A1)« is
a isomorphism and, consequently, that f|4;: A] — A is a homotopy equivalence
homotopic to a homeomorphism. Since f is transversal with respect to A, see (1) in
the proof of 15.31, there is a neighborhood A4 x [0, 1) C C(§) such that the homotopy
flA; can be extended to a homotopic deformation of f which is constant outside
of A x [0,1). By the same arguments as in the proof of 15.38, one concludes that in
addition f can be chosen such that A; = f~!(A) is connected. The annulus A4; de-
composes C(¥) into two subspaces Y’, Y” of S3 bounded by tori, which are mapped
to X" and X", respectively: f(Y') C X', f(Y") C X" .1t follows that (f|Y')# and
(f1Y")4 are isomorphisms. This proves that ¥’ and Y are knot manifolds. Therefore
E=¢#F and h) = §'# b” where ¥ and §’ have isomorphic groups. This isomor-
phism maps meridional elements to meridional elements, since they are realized by
the components of dA; and 0A. The same is true for ¥ and §”.

Assume that §’ and, hence, ¥’ are prime knots. Then (C(£')) = B;UA; where B,
is an annulus. If f(B;) is essential then there is a properly embedded essential annulus
in C(¢’). One has 0B} = dA; and f(dB;) = dA. Now 94 bounds meridional disks
in S3 — C(h) and therefore alsoin S3 — C (/) ; this contradicts the assumption that b’
is prime. Therefore f(B;) is not essential and thus f|B; is homotopic to a mapping
with image in dC(}) —by a homotopy constant on dB; = dA; . This homotopy can be
extended to a homotopy of f which is constant on A, . Finally one obtains a homotopy
equivalence (Y',dY’) — (X’,90X’) which preserves meridians. By Corollary 6.5 of
[367], see Appendix B.7, Y’/ =~ X', where the homeomorphism maps meridians to
meridians and, thus, can be extended to S3, see Theorem 3.16. This proves that ¥’
and §’ are of the same knot type.

Now the theorem follows from the uniqueness of the prime factor decomposition of
knots. O

In fact, we have proved more than claimed in Theorem 15.43:

15.44 Proposition. Under the assumptions of Theorem 15.43, there is a system of
pairwise disjoint, properly embedded annuli Ay,...,A,—1 in C(¥) and a homeo-
morphism f: C(¥) — C(8) such that {A,,..., Ap—1} decomposes C(¥) into the
knot manifolds C(¥y),...,C(ty) and {f(A1),..., f(An—1)} decomposes C(Y) into
Che)),---» Chom))-
Since product knots have the Property P, the system of homologous meridians

(m(£y),...,m(t,)) is mapped, for a fixed € € {1,—1}, onto the system of homologous
meridians (m(Yq(1))%,....mBgw))°). O

15.45 Proposition (Simon [338]). If & is the group of a knot with n prime factors
(n > 2), then & is the group of at most 2"~ knots of mutually different knot types.
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Moreover, when the n prime factors are of mutually different knot types and when
each of them is non-invertible and non-amphicheiral, then & is the group of exactly
2"~ knots of mutually different types and of 2"~ knot manifolds.

Proof. By Theorem 3.16, an oriented knot ¥ is determined up to isotopy by the periph-
eral system (&, m,{) and we use this system now to denote the knot. Clearly (proof
as E 15.5, see also Proposition 3.18),

—t = (G, m Y, = (&m0, —¢* = (&, m, 7,

and
b # 8 = (O *m=m, ©2,my, L142).

Lett =¥ #...#¢%,,n>2.ByTheorem 15.10, ¥ has Property P; hence, on dC (¥)
the meridian is uniquely determined up to isotopy and reversing the orientation. It is

((S’,m,E) = ((S’],I’I’ll,zl)# . .#(@’n,mn,én) = (@’1 * ...k @’n,ml,ﬁlﬂz .. Zn)
my=..mp
Suppose ) is a knot whose group is isomorphic to & . Now the above remark and
Proposition 15.44 imply that the peripheral system of [ is given by

(G, mS, 80 # . # (G ms 00 = (G % ... % GpmS, €8 00m),

my=..mp

Corresponding to the choices of €, 8, ..., 8, there are 2" *! choices for . Therefore

h) represents one of, possible, 2! oriented isotopy types and %2”“ knot types.
Clearly, this number is attained for knots with the properties mentioned in the second

assertion of the proposition. O

15.46 Corollary. Since prime knots are determined by their groups, see Whitten’s
Rigidity Theorem 15.28, the hypothesis n > 2 in Proposition 15.45 is unneces-
sary. O

15.E History and sources

The theorem of F. Waldhausen [365] on sufficiently large irreducible 3-manifolds,
see Appendix B.7, implies that the peripheral group system determines the knot com-
plement. Then the question arises to what extent the knot group characterizes the knot
type. The difficulty of this problem becomes obvious by the example of J. H. C. White-
head [370] of different links with homeomorphic complements, see Proposition 15.1.
First results were obtained by D. Noga [277] who proved Property P for product knots,
and by R. H. Bing and J. M. Martin [22] who showed it for the four-knot, twist knots,
product knots and again for satellites. The 2-bridge knots have Property P by Taka-
haski [347].
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A first final answer was given by C. Gordon and J. Luecke [137] proving that the
knot complement determines the knot type.

The Annulus and the Torus Theorem of C.D. Feustel [100, 101], Cannon and
Feustel [62] gave strong tools to approach the problem of to what extent the group
determines the complement. The results of J. Simon [335, 336, 337, 338], W. Whit-
ten [374], Feustel and Whitten [102], K. Johannson [179], Whitten [375] and Culler,
Shalen, Gordon and Luecke [81] combine to give a positive answer to the question: Is
the complement of a prime knot determined by its group?

The final step in the proof of the Property P conjecture was published in 2004 by
P.B. Kronheimer and T. S. Mrowka [204], as the combined result of efforts of math-
ematicians working in several different fields, see Paragraph 3.25.

15.F Exercises

E 15.1. Use Lemma 16.3 to prove that h~'({) = +0 satisfies equation (15.5) in
15.14.

E 15.2. Let M be a 3-manifold, V C M a solid torus, oV N A04 = A an annulus
such that the core of A4 is a longitude of V. Then A is boundary parallel.

E 15.3. Show that both descriptions in Definition 15.15 and Example 15.21 define the
same knot.

E 15.4. Let £ be a (p,q)-cable knot and let A be an annulus, defining ¥ as cable.
Then Z =~ H(A) — H|(C(¥)) = Z is defined by ¢ — =+ pgm, where c is a core
curve of A and if m is a meridian of f.

E 15.5. Let f = (&, m,{) and ¥; = (&;,m;, ;). Prove that —f = (&, m~',{7"),
P = (@',m_l,é), —f* = (@,m,ﬁ_l), and £ # £, = (@'1 *m=m, 6’2,”’11,@162).

printed on 2/10/2023 4:14 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

Chapter 16

Bridge number and companionship

In what follows we consider solid tori in the 3-sphere which contain a given knot
¥ C S3 in its interior. Such tori were studied in a seminal paper by Schubert, the
famous Knoten und Vollringe [318], where he introduced the companions of a knot.
Schubert was motivated by the question of if a knot has only finitely many companions.
More precisely, he asks if each companion occurs in only a finite number of orders and
in each order it has only a finite multiplicity. This multiplicity is defined in a natural
way that generalizes the multiplicity of a prime factor in a factorization of a knot.
Schubert answered these questions in the affirmative (see [319, §8]).

In order to prove these results Schubert introduced an invariant, the so-called bridge
number b(¥), which is compatible with companionship i.e. the bridge number of a
proper companion of ¥ is smaller than b(¥). The aim of this chapter is to prove this
result (Theorem 16.28), and that the minimal bridge number b () minus one is additive
(Theorem 16.27).

16.A Seifert surfaces for satellites

In this section we will introduce some notation and we will study the Seifert surfaces
for satellite knots.

Let V be a solid torus i.e. V is homeomorphic to S! x D2. A simple closed
non-oriented curve & in the interior of V is called a core curve if there exists a
homeomorphism f: V — S!x D? which maps o to the curve S!' x {x}. Up to
orientation, two core curves of V are ambient isotopic in V. A solid torus vV cs?
is called knotted if the knot ¢ represented by one of its core curves is a non-trivial
knot.

Let £ be an oriented knot in S and let ¥V C S? be a solid torus which contains
f in its interior. The minimal number of intersection points of £ with a meridian disk
of V is called the order of V with respect to £. The winding number of ¥ in V is
the absolute value of the algebraic intersection number of ¥ with a meridian disk of
V . Note that the winding number does not depend on the choices of the orientation
of ¥ and the meridian disk. The difference of the winding number and the order is
always even. The double knots (see Example 2.9) have vanishing winding number but
nonzero order (see E 16.1).

In the case where the winding number n > 0 is nonzero we can orient the knot
¢ represented by a core curve of V such that ¥ is homologous to 7 - ¢ in V.In
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this case we will say that c is positively oriented with respect to £. We will say that
f is contained non-trivially in V if the order of V with respect of £ is nonzero.
Recall that the order of V' is zero if and only if f is contained in a ball B C % (see
E 2.9). The knot ¢ represented by a core curve of V is called a companion of £ if ¢
is non-trivially embedded in V andif V isknotted. We will say that c is a proper
companion if in addition £ is not a core curve of V.A companion c is oriented if
the winding number 7 is nonzero and non-oriented if » = 0. If £ admits a proper
companion then ¥ is called a satellite knot.

16.1 Remark. The knot ¥ possesses a proper companion if and only if £ contains an
incompressible, non-boundary parallel torus in its complement.

If ¢ is a companion of ¥, then the torus i: T < S3_¥is incompressible, i.e. the
inclusion induces an injective map iy: T - m (S3 —¥), see Proposition 3.12. If
moreover c is a proper companion then T isnot parallel to the boundary of a regular
neighborhood of f.

On the other hand, if i: 7 <> C is an incompressible torus in the complement
of the knot ¥, then 7 bounds a knotted solid torus V < S3 and V contains £
non-trivially in its interior. Hence, the core curve ¢ of V isa companion of ¥. More
precisely, ¢ is a proper companion of ¥ if T isnot parallel to dC .

Let ¥ be a knot in a  3-sphere S $3 and ¥ an unknotted solid torus in S* with ¥
V C §3. Assume that ¥ is not contained in a 3-ball of V. A homeomorphism £: V-
V c S? onto a tubular neighborhood 74 _of a non-trivial knot ¥ c S3 which maps
a meridian of S3—V onto a longitude of ¥ maps ¥ onto aknot ¥ = h(F) C S3. The
knot ¥ is called a satellite of ¥,and T is its companion (Begleitknoten). The pair
(17, t) is the pattern of £.

There is a relation between the genus of a satellite knot and the genus of its com-
panion.

16.2 Proposition (Schubert [318]). Let ¥ bea companion of a satellite t, (V,?)
the pattern and h: V. — V the homeomorphism such that ¥ = h(¥) (as in Defi-
nition 2.8). Denote by ¢, g, g, the genera of ¢, ¢, ¥, and by n > 0 the winding
number of ¥ in V . Then

g>ng+g.
This result is due to H. Schubert [318]. We start by proving the following lemma:

16.3 Lemma. There is a Seifert surface S of minimal genus g spanning the satellite
P such that S N3V consists of n homologous (on BV) longitudes of the companion
¥ . The intersection S N (83— V) consists of n components.

Proof. Let S be an oriented Seifert surface of minimal genus spanning f. We as-
sume that S is in general position with respect to d V' : thatis, S N d V' consists of
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a system of simple closed curves which are pairwise disjoint. If one of them, y, is
null-homologous on 9 1% , it bounds a disk § on 0 V. We may assume that § does not
contain another simple closed curve with this property, § NS = y. Cut S along y
and glue two disks 81,8, (parallel to §) to the curves obtained from y. Since S was
of minimal genus the new surface cannot be connected. Substituting the component
containing ¥ for S reduces the number of curves. So we may assume that the curves
Voo yr =8N 9V are not null-homologous on the torus dV ; hence, they are
parallel. Re-index so that yy, y»,..., ¥, are cyclically ordered on 3V and give each
¥i the boundary orientation induced by S N (S3 — V).

If for some index y; ~ —yj4+; on d V we may cut S along y; and y;4+; and
glue to the cuts two annuli parallel to one of the annuli on 3V bounded by y; and
vi+1. The resulting surface S’ may not be connected but the Euler characteristic will
remain invariant. Replace S by the component of S’ that contains £. The genus g
of S’ can only be larger than that of S if the other component is a sphere. In this
case y; spans a disk in §3 — V', and this means that the companion ? is trivial which
contradicts its definition. By the cut-and-paste process the pair y; ~ —y; 4 vanishes;
so we may assume y; ~ yj+ forall i . Hence ¥ is homologous to ry; in V,and ry

is homologous to 0 in 3 — V. We show that S N (S3 — 17) consists of r components.
Suppose there is a component Sof SNS3—V with # > 1 boundary components.
Then there are two curves y;,y; C S such that Ve N S =0fori >k > J-
Connect y; and y; by a simple arc « in the annulus on 3V bounded by y; and y;,
and join its boundary points by a simple arc Aon S.Acurve u parallel to ¢ U A in
R will intersect S in one point (Figure 16.1), mt(u S) = +1. Since u does
not meet V, we get £1 = 1nt(u,S) lk(u,BS) Felk(u,?); hence 7 = 1,a
contradiction.
This implies that the y; are longitudes of ?; moreover

n = |Ik(m, ?)| = k@, ry;) = r-1k(m,y;) = r. |

Figure 16.1
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Proof of Proposition 1 6.2. Let S be a Seifert surface of ¥ according to Lemma 16.3.
Each component Siof SN (S3— ) is a surface of genus 7 which spans a longitude
y; of ¥, hence ¥ itself. The curves 7 ; i=h" !(y;) are longitudes of the unknotted solid
torus V C §3 bounding disjoint disks §; c S>— V. Thus h™'(SN V) U (Ul i)
is a Seifert surface spanmng [ 1(¥). Its genus li is the genus of S N V. As
S—(SﬂV)UUl S we get

~

=nh+h>ng+3. |

16.4 Remark. Note that the inequality might be strict: for an untwisted doubled knot £
wehave n = 0,2 = 0and h = g = g(f) = 1. Therefore, the genus of a knot
is an invariant which is not compatible with companionship: the genus of a proper
companion ¥ of ¥ canbe greater than the genus of f.

It can be proved (E 16.2) that the equality g = n g + g holds if there exists a Seifert
surface of minimal genus S for ¥ which intersects 9V at exactly n homologous lon-
gitudes Cof V (see Definition 2.8).

16.B Companions of order one.

Companions of order one are factors of £:

16.5 Proposition. Let £ be an oriented knot in S> and let V C 83 be a solid torus
which contains ¥ in its interior. If the order of V with respect of £ is one, then either
t is a core curve of V or¥tis a product knot ¥ = ¥’ # ¢ where ¥’ is a non-trivial
knot and c is a positively oriented core curve of V.

Proof. Let 3 be a median disk of V,oV n 3 = 8’8\, 98 +£ 0 in 3V , which
intersects ¥ transversally in one point. The regular neighborhood B of §in V is
a ball. We can choose B small enough such that « = £ N B is a trivial arc. The
boundary B = § = 3 U 3 2UA=S 2 of B is the union of two disjoint meridian
disks § 1, s > and an annulus A C 0 V . The knot ¥ intersects 8 ; ; transversally in
one point P;, say.

The two meridian disks & 1 and 8 2 decompose V into two balls B and B’ such
that BUB' =V, BNB = 81 U 52 We obtain that £ = oo’ where &/ =N B’ is
the oriented arc in B’ determined by ¥. We choose the numbering in such a way that
o connects P; to P, and o’ connects P, to P;. Note that the knot ¥ is a core curve
of V ifand only if the arc o’ = ¥ N B’ is trivial, too.

Let us assume that ' C B’ is a non-trivial arc and choose an oriented arc y’ on
8B’Aconnecting P> to P;. The knot ¢ := ay’ is in S* equivalent to a core curve
of V.
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The oriented knot ¥ = (y’)~!a’ is non-trivial since «’ C B’ is a non-trivial arc
by assumption. By the very definition of the product knot, Definition 2.7, we obtain
P=c#? =ad. i

16.6 Corollary (Schubert [318]). If ¢ is a proper companion of order one of the
oriented knot ¥, then ¥ is a product knot of ¢ and a non-trivial knot. O

The converse of Corollary 16.6 holds too:

16.7 Proposition. Let £ = £ # £, be a product knot with non-trivial factors ¥, and
5. Then the factors ¥;, i = 1,2, are companions of order one of .

Proof. Let S be a 2-sphere that defines the product ¥ = £o# £; andlet S x I be a
small product neighborhood of S which meets ¥ in two line segments. Then S x [
decomposes S3 into two disjoint balls By and By, S3=ByU(SxI)UBy, BiN
(Sx1)=S8x{i},i =0,1, such that B; defines the knot ¥; (see 7.14).

Let H; denote a regular neighborhood of the arc «; = ¥ N B; in B;, i = 0,1.
We have that H; is homeomorphic to 7 x D? and that (S x 1) N H; is the union
of two disjoint disks §; U 8;, i = 0,1. Therefore Vo = B; U (S x I) U Hy and
Vi = BoU (S x 1)U H; are solid tori containing ¥ in its interior. Moreover §; and 8{
are meridian disks of V;, i = 1,2, intersecting ¥ transversally in a single point. The
knot represented by a core curve ¢; of V; is given by the union of the core «; of H;,
i = 0,1 with atrivial arcin S x {i}. Hence ¢; = £;, i = 0, 1. This proves that ¥; is
a companion of order one of f. O

Sx I

Figure 16.2. The two swallow-follow tori

16.8 Remark. The two solid tori constructed in the previous proof are sometimes
called swallow-follow tori: the torus V; follows the knot £y and swallows £;. The

o
boundaries 7; of the tori V; are disjoint and their complements C; := S 3_V; are
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also disjoint Cy N C; = . We obtain C; C I;O and Cy C 131 . Note that the solid tori
are not disjoint Vo N'Vy = HyU (S x 1)U H;.

16.C Bridge number and height functions

Up to now we have defined a knot as the p.l.-embedding of the circle S' in S3. The
distinction between piecewise linear, smooth, and locally flat topological embeddings
is unimportant in these dimensions. For convenience we will use in this section the
language which is associated to the smooth category. The discussion in this section
follows Scharlemann’s [315] and Schultens’ [322] expositions.

16.9 Notations and definitions. In what follows let £ C S be a smooth knot and let
h:S3 — R be a standard height function, that is h is a Morse function with exactly
two critical points, one maximum P4 and one minimum P_. The height function £
induces a foliation of S3 — { P, P_} by level surfaces which are 2-spheres: for each
PeS>—{Py,P_}theset S = Sp := h~!(h(P)) is a 2-sphere which decomposes
S3 into two balls S3 = B, Ug B_ where Py € Bi.We will call By the upper ball
of the level surface Sp and B_ the lower ball of S .

After a small isotopy of £ we may assume that / restricts to a Morse function /¢
ont and Py ¢¢F.

16.10 Lemma. Let ¥ C S3 and suppose that the standard height function h: S3 — R
restricted to ¥ is a Morse function h|¥ on ¥ with m maxima and m minima. Then ¥
is a 2m-plat.

Proof. Without loss of generality we will assume that 2(P+) = £2 and that h(f) C
(—1/2,1/2).Each point on £ on which /|f has a local maximum can be pushed higher
by an isotopy of ¥ along an arc « that rises monotonically from the local maximum
and misses the rest of £. Similarly, each point on which %|f has a local minimum can
be pushed lower. Therefore we can assume that all the local maxima of /|# occur near
the same height (say in the interval (1 4 €, 1 — €) and that all the local minima of A|f
occur near the same height (say in the interval (—1 4+ ¢€,—1 —¢€)).

Now B4 = h™!([2, 1—¢]) is a 3-ball containing all the local maxima of A|¢, B_ =
h='([-1 + €,—2]) is a 3-ball containing all the local minima of A|¢ and 2~ !([1 —
€,—1 4+ €]) = S? x I intersects ¥ in 2m monotone arcs (see Figure 2.14). O

16.11 Corollary. Let h: S® — R be a standard height function and let ¥ C S* be a
knot. The bridge number b(£) is the minimal number of maxima that the restriction
h|¥ of h has on a knot £’ which is ambient isotopic to ¥. O

16.12 Remark. Note that a 1-bridge knot is trivial (E 16.3).
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16.13 Critical points and leaves. In what follows we will consider a family T =
{Ty,..., Ty} of disjoint tori in S such that the two points P+ do not lic on T. After
a small isotopy, which is supported in a regular neighborhood of T, we can assume
that the restriction h|T;, i = 1,...,n, of the height function is a Morse function.
Moreover, we may assume that all the critical values are differenti.e. each level surface
contains at most one critical point.

A critical point P € T; of h|T; is a maximum, minimum or a saddle point (see
Figure 16.3 and Figure 16.4). Let P € T; be a saddle point. The level surface of &
passing through P intersects T in a certain number of simple closed curves, which
do not contain P, and in a component ¢ C 7; which contains P . The component
o = s{ Vv s§ consist of two circles s7 and s7 wedged at P. We will call o the
leaf corresponding to the saddle point P. The curves 57, i = 1,2, bound disjoint
disks D, i = 1,2, on the level surface Sy = h='(h(P)) of h containing P . The

o [}
complement A% := S, — (D¢ U DY) is homeomorphic to a pinched annulus, i.e. the
one point compactification of R x 7. If there is no confusion as to which saddle we
are referring, we will drop the superscripts o .

mazimum

minimum

Figure 16.3. A minimum and a maximum.

Figure 16.4. A saddle point.
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If either s{ or s is null-homologous on 7;, then we call P an inessential saddle
and o an inessential leaf. Otherwise, P is called an essential saddle and o an essential
leaf.

16.14 Remark. Consider a tubular neighborhood of an essential leaf o = s{ v 5§ in
T . The boundary of this tubular neighborhood is a pair of pants and has three boundary
components c{, ¢§ and c¢§ where ¢f is parallel to sy for i = 1,2 (see Figure 16.4).
Since the Euler characteristic y(7") = 0 it follows that ¢§ bounds a disk D in T'.

We will see that we can simplify the torus 7 if 2|7 has an inessential saddle. The
easiest situation occurs if one of the curves s7, i = 1,2, of a leaf o bounds a disk in
the level surface S, which does not intersect £ :

16.15 Lemma. Let h: S° — R be a standard height function, ¥ C S 3 a knot and
let B = {Vy,...,V,} C 8 be a family of solid tori, with ¥ C I;, non-trivially for
i = 1,...,n. We will assume that the boundary tori T; = dV; are disjoint and that
the restrictions h|¢ and h|T; are Morse functions for i = 1,...,n.

If there exists a saddle P € T; with leaf o = s V 52 such that one of the curves
s; bounds a disk D’ in the level surface Sy disjoint from ¥, then P is an inessential
saddle and there exists an ambient isotopy of S3 which is the identity in a neighbor-
hood of ¥ and which transforms T = {Ti,...,T,} into a family of tori T’ with
fewer critical points.

o
Proof. 1f the intersection D’ N‘T is nonempty we choose an innermost curve y in the
intersection. The curve y is contained on one of the tori, say 7}, and bounds a disk

D” C D’ such that D” N'T = @. It follows that y bounds a disk D on the torus
Tj . Otherwise, the disk D" would be a meridian disk of V; with D” N ¥ = @. This
contradicts the assumption that the order of V; is nonzero.

The 2-sphere S’ = D’U D decomposes the 3-sphere into two balls B and B’. One
of these balls, say B, does not contain ¥. It follows that B neither contains 7; — D
nor any other torus 7j, since otherwise B’ would be a ball containing ¢ C B’ and B’
would be contained in one of the solid tori V; contradicting the assumption.

We can now define an ambient isotopy of S* which is supported in a regular neigh-
borhood of B which maps D to D’ and transforms 7; into Tj/ . In particular the iso-
topy is the identity on ¥ and on any torus T;, i # j . After a small deformation which
is supported in a regular neighborhood of D’ we can arrange that h|T is a Morse
function and that the number of connected components of DN T/ has decreased We
replace T; by T and contlnue the procedure.

Eventually the intersection D’ N'T is empty and s; bounds a disk in one torus, say
T . The same procedure allows us to eliminate the saddle P and we obtain a torus
T! such that the number of critical points of h|Tj/ is less than the number of critical
points of 1|7 . O
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In the case where one of the tori 7; contains an inessential saddle it is possible to
simplify the situation.

16.16 Lemma. Suppose we have the same assumptions as in Lemma 16.15.

If h|T; has an inessential saddle then there exists an ambient isotopy of S 3 which
is the identity in a neighborhood of ¥ and which transforms the family T into T’ and
T} into Tj/ which has an inessential saddle P € Tj’ with leaf o = 51V s satisfying
the following properties:

(a) one of the circles, say s\, bounds a disk D C Tj’ such that h|D has exactly one
critical point Q which is a maximum or a minimum,

(b) the curve s\ bounds a disk D’ in the level surface Sy such that sy lies outside
D’ and D U D’ bounds a ball B such that

* B C By if Q is amaximum and Py & B;
e B C B_if Q isaminimum and P_ ¢ B.

Here B is the upper respectively lower ball of the level surface Sy (see 16.9).
Moreover, the h|T' has the same number of critical points as h|T .

Proof. First we show (a). Suppose that P’ € T} is an inessential saddle and that s/

bounds a disk D’ C Tj, 0D’ N Spr = 5. If h|D°’ has one critical point then this
point must be a maximum or a minimum since y(D’) = 1. We choose P := P’ and
s1 1= s to satisfy (a). If h|13’ has more than one critical point then one of these must
be a saddle P since y(D’) = 1. The two leaves s; and s of P are bounding disks
Di and D, in T . If one of the disks D; satisfies (a) we are done. Otherwise we replace
P’ by P and we continue the procedure. Eventually we arrive at the inessential saddle
which is innermost in D’ and which satisfies (a).

Suppose that P is an inessential saddle satisfying (a) and that the critical point Q
of h|D is a maximum. It follows that the disk D is contained in the upper ball B4 of
the level surface Sp and s; = D N Sp. The disk D decomposes B into two balls
B’ and B”, By = B’ Up B”. The curve s; = 3D decomposes the level surface
Sp into two disks D’ and D”. We chose the notation such that 0B” = D U D’,
dB” = D U D”. One of the balls, say B”, does contain P . If the disk D” does
contain s, then we may take B := B’ and we are done. Hence suppose that s, C D’.
In this case we chose a monotone arc « starting a the maximum Q of D’ and ending
at P4 . We can chose the arc « disjoint form ¥ by a general position argument. We
cannot prevent o from intersecting T but by looking at the intersection of the level
surfaces with T it is easy to see that we can chose « such that it intersects T only in
finitely many maxima Qy, ..., Q of h|T . The arc « avoids T as long as possible.
The numbering of the Q; is chosen such that Q = Qg and h(Q;) < h(Qi+1),
i=0,....,k—1.
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Let S be the subarc of o between Qp € T; and Py and choose a small ball B
centered at Py and disjoint from T . Let U be the closure of a small tubular neigh-
borhood of B. After a small isotopy we may assume that 77 N U consists of a small
disk D C T; centered at Qp . The union U := U U B is a 3-ball which does not
contain ¥ and 7; — D or any other torus 7; . We can define an ambient isotopy of $3
which is supported in a regular neighborhood of U and which transforms 7; into the
torus Tl/ = (T;— D)U(dU — D) (see Figure 16.5). After a small isotopy, which is the
identity outside a regular neighborhood of dU , we can arrange that /|7} is a Morse
function and that the maximum Qy of /|7; has turned into a maximum of 4|7} ata
higher level. The isotopy is the identity in a neighborhood of ¥ and on any torus 7;,
i # . The number of critical points of /|’ is the same as that of #|T . We replace
T; by T/ and continue the procedure.

Eventually the intersection of « N T = Q¢ € 7T is the maximum of h|D. The
same construction using « describes an ambient isotopy of S which transforms the
torus 7; into a torus TJ.’ . This isotopy augments B’ to contain P4 and shrinks B” to
avoid P4 . We choose B to be the shrunk version of B”. i

Figure 16.5. Overturning a cap (Uberschlag einer Haube).

16.17 Proposition. Suppose we have the same assumptions as in Lemma 16.15.

If h|T; has an inessential saddle, then there exists an ambient isotopy of S 3 which
transforms ¥ into ¥’ and which transforms the family T into T’ such that h|¥’ has
the same number of maxima as h|¢ and h|T' has a smaller number of critical points
than h|T .

Proof. Suppose that there are inessential saddles. We may suppose that there is an
inessential saddle P € T} satisfying the conclusions of Lemma 16.16. We may also
suppose that Q is a maximum and that D and B lie above the level surface Sp. Let
S’ be a level surface below Sp such that there are no critical points of #|T and h|¢
between Sp and S’.
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Figure 16.6

The intersection (fFUT)N B can be shrunk horizontally and lowered to lie between
Sp and S’ (see Figure 16.6). This can be done by an ambient isotopy of S which is
the identity outside a regular neighborhood of B and which transforms £ into a knot
¥’ and T into a family T’ such that /|¢’ has the same number of maxima as 4|f and
such that the nature of critical points of 4| and h|T’ are the same.

We obtain an inessential saddle P of 4|’ with a leaf s; which bounds a disk D’
in the level surface Sp such that D’ N ¥ = @. Hence Lemma 16.15 applies. i

16.18 Remark. If the height function #|T has only essential leaves, then for each
leaf o the disk bounded by c§ contains exactly one singular point, a maximum or
a minimum, which will be denoted by my. We call my the maximum or the mini-
mum corresponding to o . If there are no inessential saddles then every maximum of
minimum of /2|T corresponds to a saddle in this way.

16.19 Definition. Let P € T; be an essential saddle of 2|7T; and o = s7 Vv sJ the
corresponding essential leaf. The saddle is called nested if a collar neighborhood of
o = sy Vv 59 on the pinched annulus A is contained in the solid torus V; .

Figure 16.7 shows a pair of adjacent saddles, one nested and the other not nested.
Here two essential saddles oy, o> are called adjacent saddles if they are contained in
the same torus 7; and if one component of the surface obtained by cutting 7" along
01 U 0y is a cylinder C which contains no critical points of /|7 .

16.20 Black-white coloring (J. Schultens). Let us consider a single solid torus V' C
S3 and h|T, T = 0V .Let S be a level sphere such that /(S) is a regular value of
h|T . Then S N T is a collection of simple closed curves in S which decompose S
into planar regions. There is a black-white coloring of these regions: we colog aregion
black if it is contained in ¥ N S and white if it is contained in C := S3 — V.
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If o is a saddle contained in the level surface Sy and if S” and S” are regular level
surfaces such that 2(S’) < h(Ss) < h(S"”) and such that o is the only critical point
between S’ and S”, then the number of black regions (respectively the white regions)
of S’ and S” changes by one if o is not nested (respectively nested). Hence, if the
saddle P is not nested then the number of white regions does not change between S’
and S”.

DM

Figure 16.7. A pair of adjacent saddles, one of which is nested.

16.21 Lemma. Suppose we have the same assumptions as in Lemma 16.15. If all
saddles are essential then the highest saddle of h|T; is not nested.

Proof. Let P be the highest saddle of 2|T; and o = s1 Vs its leaf. Let Dy and D, be
the two disjoint disks in the level surface S, bounded by s; and 5o, D1 N Dy = {P}.
Any curve of T N 13,~ bounds a disk in 7} lying above S, since P is the highest
saddle. Therefore, we obtain from D; a disk le such that D; and le coincide in
a collar neighborhood of 0D; = s; = dD; and such that D; N T; = s;. On the
other hand, s;, i = 1,2, is essential in 7; and since V; is knotted, the curve s; is a
meridian, D; is a meridian disk and hence D; C V. Therefore a collar neighborhood
of o0 = 51 V 52 on the pinched annulus A? is contained in the complement of V; i.e.
o is not nested. |

16.22 Proposition. Suppose we have the same assumptions as in Lemma 16.15.

If all saddles of h|T are essential and if there is a nested saddle then there exists
an ambient isotopy of S3 which transforms ¥ into ' and which transforms the family
T into T’ such that h|¥' has the same number of maxima as h|¢ and h|T’ has a
smaller number of critical points than h|% .
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Proof. Suppose that there is a nested saddle on 7;. By Lemma 16.21 there is also a

non-nested saddle on 7} . Hence we can find a pair of adjacent saddles o1 = sf ) (1) ,

o) ( ) \% sé ) with o) nested and o, not nested. We will chose the notations such

that s( ) and s( ) meet the cylindrical component C without critical points of 4|7} .

Without loss of generality, we may assume that o} lies above o>. The component
of T; — o7 lying above Sy, is an open disk DM ¢ T; whose boundary is o7, and the
component of T — o> lying below Sy, is an open disk D® ¢ T; whose boundary is
02 . We construct a new disk D by adding the closure of D™ to C and by capping

off s( ) with the disk D ) ¢ A 8D(1) = s). Note that the horizontal part D( ) o
D will meet £ and 7;. More precisely, if D( ) does not meet ¥ then Lemma 16.15

applies and o7 would be inessential. Moreover, D( ’n T; = @ would imply that Dgl)

is a meridian disk of V; contradicting the assumption that o is nested.

We now proceed as in Lemma 16.16. We have 0D = sz)

@

and D decomposes the

of the level surface Sy, into two balls B’ and B”, (2) = B'U

B”. The curve s\ = 0D decomposes the level surface Sg, into two dlsks D’ and

D" . We choose the notation such that 0B’ = D U D/, 9B” = D U D”. As in the
proof of Lemma 16.16 we may assume that B” contains Py and that s§2) C B”, see
Figure 16.7.

The next step is to proceed as in the proof of Proposition 16.17. We want to apply
a similar isotopy to the portion (f U T) N B where B = B’. The difference here is
that the horizontal portion Dél) of D will meet ¥ U T

There are product neighborhoods of S5, and S, which intersect (T — D) U¥ only
in vertical arcs and cylinders. We let B denote the portion of B between So, and
S, and we choose a level surface S’ below Sy, such that there are no critical points
between Sy, and S’ (Figure 16.8 shows a cross-section).

The intersection B N (T UF) can be shrunk horizontally and lowered to lie between
Ss, and S’ as in the proof of Proposition 16.17. At the same time the portion of B
above Sy, does not change and the product neighborhood below Sy, is extended such
that B intersects T/ U ¢ only in vertical lines and cylinders (see Figure 16.8).

Now observe that there is a vertical disk D C B with the following properties:

upper ball B

* The boundary dD consists of three monotone arcs o1, ap and 3. The arc o is
contained in C and connects the saddle point P; with a point Q| € D® just below
So, and avoids P (here D® s the component of 7; — o, below Sy, ). The arc

ay is contained in the cylinder C’ attached to s( ) it connects Py with a point Q,
which is on a slightly lower level then Q. The last arc a3 connects Q1 and Q5.
(See Figure 16.9.)

. Wehavei‘ﬂﬁ:alﬂag and DNE=9.
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DD DM
DY Dél)
Scn — SUI ~
/ B /7 B
Py Py
c— @uenB|| ¢ C—| «C
D
So. - S,
P2 Q1 P2
Q2
(EUE)N B3
Sl SI

D® D@

Figure 16.8. A cross section.

Figure 16.9

The existence of D follows from the fact that B intersects T/ U ¢ only in vertical
lines and cylinders.

In the last step we deform 7} along D such that the saddle P is pushed into Q.
Formally, we cut 7 along a; U o and we add two parallel copies of D which meet
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along the arc a3 to obtain a new torus TJ.’ . By a small isotopy, which is the identity

outside a regular neighborhood of D, we can arrange that the restriction h|Tj’ is a
Morse function. The number of critical points of thj’ is the same as the number of
critical points of /|7 . The critical point P, of h|7; was replaced by the critical
point Q; of h|Tj’ . Now, observe that P; as well as Q| became inessential saddles
(Figure 16.10). Hence Proposition 16.17 applies. O

Figure 16.10

16.23 Lemma. Assume the same conditions as in Lemma 16.15. Let r be a regular
value of h|Tj, 1 < j < n, andlet 01,...,0m be the saddles of h|T; and m; = m;,
i =1,...,n, the corresponding maximum or minimum of h|Tj.

If h|T; has no nested saddles then the level surface S, = h™'(r) intersects V;
in disks. Moreover, between the level surfaces Sy, = h=Y(h(m;)) and So; lies a
portion By, of V; that is a three ball such that By, N Sg; = DY’ U D3". The disks
DY'UDy,i=1,...,n,cutV into By,,...,Bg, andvertical cylinders.

m

Proof. Let us consider the collection of simple closed curves 7; N S, C S, and
the corresponding black and white coloring of the planar regions (see Remark 16.20).
The black regions corresponds to the intersection V; N S, . It follows from Alexander
Duality [157, Thm. 3.44] that each black region is a disk if and only if the white region
is connected.

Since there are no nested saddles the number of white regions cannot change if r
varies and passes through a singular value corresponding to a saddle point of /|7j .

Now recall that the complement C;j := §° — Io/] is connected. Hence if we had two
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disjoint white regions then there must be a path in C; connecting them. But this would
be only possible if we had nested saddles.

Hence there is at most one white region and each black region is a disk. The second
assertion follows from the first part by observing how the intersections V; NS, change
as r varies. O

16.24 Corollary. Assume the same conditions as in Lemma 16.15.

If h]T;, 1 < j < n, has no inessential and no nested saddles then a core curve
of Vj represents a knot c¢; whose bridge number b(c;) is less than or equal to the
number of maxima of h|Tj .

Proof. Let o1,...,0m, be the singular leaves of T} . The meridian disks
D{ru D', ...,D{" U DJ"
cut V; into 3-balls By, ..., By, and vertical cylinders which are also 3-balls. In order

to construct a core curve of V; we chose a midpoint in each disk D;Tj and we con-
nect the midpoints of D?j and ng by an unknotted arc in By, on which the height
function has only one extremum. The midpoints of adjacent disks are connected by a
monotone and hence unknotted arc in the cylinder. These unknotted arcs fit together
to give a core curve ¢; of V; and the number of maxima of /|c; is exactly the number
of maxima of h|7;. i

16.25 Definition. Let ¥ C S3 beaknotand B = {V;,...,V,} C S* afamily of solid

tori such that each V; is knotted and contains ¥ C V; non-trivially, i = 1,.. o7
The family B is called adjoint to ¥ if the complements C; := S3 -V, i =
1,...,n, are pairwise disjoint.

Example: The swallow-follow tori V, V| of a product knot £ = £ # £, are adjoined
to ¥ (see Remark 16.8).

16.26 Theorem (Schubert [319, Satz 2]). Let ¥ C S> be a knot and suppose that
B = {Vi,...,Vu} C S is a family of solid tori adjoined to ¥ such that each V; has
the order a with respect to ¥.

If ¢; denotes the companion of £ represented by a core curve in V; then

@) (b(ci) = 1) +a <b(r), (16.1)

i=1
where b denotes the bridge number.

Proof. Note first that the boundary tori 7; = dV; are disjoint by Definition 16.25. We
choose a standard height function 4: S* — R with critical points P... We arrange that
f and T :={T},...,T,} avoid P+ . After a small deformation which is the identity
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outside a regular neighborhood of T U¥ we may suppose that the restrictions /|f and
h|T are Morse functions.

By Corollary 16.11 we may also assume that the number of maxima of /| coincides
with the bridge number b(¥). Moreover, by Proposition 16.17 and Proposition 16.22
we may assume that 7| has no inessential saddles and no nested saddles.

In the next step we chose a level sphere Sy close to P+ such that S NT = @.
We raise all maxima of /|T above S+ by an isotopy which is the identity in a neigh-
borhood of £ and which does not change the number of critical points of #|% . More
precisely, as in Lemma 16.16 (see also Figure 16.5) we can chose a monotone arc start-
ing at a maximum of /| and raising above S . The maximum can be pushed along «
by an isotopy which is similar to the isotopy constructed in the proof of Lemma 16.16
(see also Figure 16.5).

Now the intersection T N St is a union of simple closed curves and each curve
corresponds to a maximum of /| T . Foreach j € {1,...,n} the intersection V; NSy
consists of b; disjoint disks and the intersection F; := C; N S of the complement

Cj:=58— I;] with S is connected by Lemma 16.23. Hence the connected planar
surface F; has b; boundary components which is exactly the number of maxima of
h|T;.

We obtain again a black-white coloring of S : aregion of S4+ —7 is colored black
if it is contained in the intersection N?_,V; and a region F; is colored white. Note
that the surfaces F; are pairwise disjoint.

We will count the number of maxima of /|# with the help of the black regions. To
this end we push each point on £ on which %[ has a local maximum above Sy by an
isotopy of ¥ along an arc that rises monotonically from the local maximum and misses
the rest of ¥ and T . This is always possible by a general position argument and since
all the local maxima of 4|T lie above S .

The number of black regions is the number of connected components of the com-
plement of (U”_, F;) in S+ . By Alexander duality, we obtain

i=1

Ho(S4+ — (]i[Fi),Z) >~ ﬁl(ﬁFi,Z) >~ EnBHl(Fi,Z)

i=1 i=1 i=1

and hence, if y denotes the number of black regions,

y=> (bi—1+1.

i=1

Corollary 16.24 implies that b(c;) < b; for i = 1,...,n. Therefore, we obtain equa-
tion (16.1) if we can show that ay < b(f).

Let G C S+ beablackregionandlet ¢1,. .., denote the boundary components of
G . The curves 11, ..., are contained in different tori since the intersection V; N Sy
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consist of disjoint disks. Hence, we may suppose that t; C 7;,i = 1,...,r. To each
curve t; corresponds a local maximum of 4|7; and hence a saddle 0; C T;, i =
1,...,r. The component of 7; — o0; lying above S, is a disk D whose boundary
s 0;.

We are interested in the saddles {o; | i = 1,...,r} and we choose the numbering
such that oy = s{'vs3' C T is the saddle on the highest level. The disks D{', DS' C
Sy, are meridian disks of V; and D{' U D5"' cuts off a 3-ball By, from V). The
boundary of By, is D{' U D3* U D°'. The intersection of D%, j =2,...,r, with
Bs, isadisk Dj/. which contains 7; and whose boundary BDJ’. lies on Dof‘ UDog . Each

[} [}
curve 3D} bounds alsoadisk D C DY'UDS' . We construct two new meridian disks
DY, DS from D', D' by replacing DY by D%, j =2,...,r.Since the order of
V1 with respect to £ is & we have that £ N (DS'u DS ') consists of at least 2« points.
Now ¥ does not intersect DJ’- C T; and there is no local maximum of %|f below

S+ .Hence ¥NG also consists of 2« points and there are at least o local maxima of /[f
above G . Hence /|t admits at least oy local maxima and therefore oy < b(¥). O

16.27 Theorem. [f £ = £o# £, is a product knot then b(¥g) + b(£1) — 1 = b(¥).

Proof. The two swallow-follow tori V{ and V; constructed in the proof of Proposi-
tion 16.7 are of order one with respect to £. Moreover, Vj, V| are adjoined to £ (see
Remark 16.8). Hence Theorem 16.26 implies b(¥y) + b(£1) — 1 < b(f).

The inequality b(fo) + b(¥;) — 1 > b(f) follows from the fact that the product of
a 2m-plat and a 2n-platis a 2(m + n — 1)-plat as illustrated in Figure 16.11. O

1)

x Moo

LAt

Figure 16.11. The product of a 2m-plat and a 2n-platis a 2(m + n — 1)-plat.

16.28 Theorem. Let ¢ be a companion of order « of ¥. Then

a-b(c) <bl)anda < ?

Moreover, if ¢ is a proper companion of ¥ then b(c) < b(¥).
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Proof. The first inequality «-b(c) < b(f) is a special case (n = 1) of equation (16.1).
This inequality implies o« < b(£)/2 since a companion is always a non-trivial knot and
since the bridge number of a non-trivial knot is bigger or equal to 2 by Remark 16.12.

Now suppose that ¢ is a proper companion of £. If @ > 2 then « - b(c) < b(¥)
implies b(c) < b(¥). Hence we suppose @ = 1, i.e. ¢ is a companion of order one.
Corollary 16.6 implies that ¥ = c# ¥’ is a product knot of two non-trivial knots ¢
and ¥’. By Theorem 16.27 we obtain b(c) + b(¥') — 1 = b(f) with b(¥’) > 2 by
Remark 16.12 (E 16.3) and hence b(c) < b(¥). O

16.D History and sources

By Remark 16.1, the knot ¥ possesses a proper companion if and only if the com-
plement of £ contains an incompressible, non-boundary parallel torus. Therefore,
H. Schubert studied incompressible tori in knot complements. Such tori were studied
in his seminal paper Knoten und Vollringe [318], where he introduced the companions
of a knot. The companions generalize the factors of a knot. Schubert’s article Uber
eine numerische Knoteninvariante [319] was motivated by the question if a knot has
only finitely many companions. Schubert answered this question in the affirmative, he
introduced an invariant, the so-called bridge number b(f), which is compatible with
companionship, i.e. the bridge number of a proper companion of ¥ is smaller than
b(¥) (see Theorem 16.28). Our exposition in Section 16.C is based on J. Schultens’
article [322].

The study of incompressible tori in knot complements is now part of the JSJ-theory,
see Jaco and Shalen [177] and Johannson [179], applied to the complement of links
in S3. R. Budney studied in [48] the global nature of the JSJ-decomposition for knot
and link complements in 3.

16.E Exercises

E 16.1. Prove that double knots (see Example 2.9) have vanishing winding number
but nonzero order.

E 16.2. Prove the statement in Remark 16.4.
E 16.3. Show that a 1-bridge knot is trivial.

E 16.4. Let F be adoubled knot of ¥ _(see Remarks 2.9). Prove that ?isa companion
of order 2 of £ and that h(f) = 2b(¥).

E 16.5. Let ¢ be a (p,q)-cable knot with core ¥, see Definition 15.15. Prove that
b(c) = lq|b(®).

E 16.6 (S. Orevkov). Prove that a 3-bridge knot ¥ with irreducible Alexander poly-
nomial is prime.
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The 2-variable skein polynomial

In Section 9.E we studied the Conway polynomial as an invariant closely connected
with the Alexander polynomial. It can be computed by using the skein relations, Fig-
ure 9.3, and hence is called a skein invariant. Shortly after the discovery of the famous
Jones polynomial several authors independently contributed to a new invariant for ori-
ented knots and links, a Laurent polynomial P(z,v) in two variables which is also a
skein invariant and which comprises both the Jones and the Alexander—Conway poly-
nomials. It has become known as the HOMFLY-PT polynomial after the contributors
of [120]: Hoste, Ocneano, Millet, Floyd, Lickorish, Yetter. Nevertheless, it was inde-
pendently discovered by Przytycki and Traczyk [292].

17.A Construction of a trace function on a Hecke algebra

In the following the HOMFLY-PT polynomial is established via representations of the
braid groups B, into a Hecke algebra using Markov’s theorem, see Theorem 10.23.
We follow Jones [182] and Morton [254].

17.1 On the symmetric group. The symmetric group &,, admits a presentation

Gn ={t,.- > Tn—1] ti2=1for1§i <n-—1,
5 =1rforl <i<j—-1<n-2,
TiTi+1Ti = Ti+1TiTi+1 for 1 <i <n—2),

where 7; is the transposition (7,7 + 1). We write the group operation in &,, from left
to right; for example, the product of the transpositions (1,2) x (2,3) = (1,2)(2,3) is
the cycle (1,3,2).

We identify &,,_; with the subgroup of &, of permutations leaving n fixed.

Every permutation 7w € &, can be written as a word in the generators t; in many
ways; we choose a unique representative b, (z;) foreach  in the following. If 7w (n) =
Jj we put

br(ti) =(j,j + DG +1,j+2)(n—=1,n)-by(n) withn' € Gy,

see Figure 17.1. The words W,, = {b,(7;) | 7 € S} satisfy the “Schreier” condition
which means that, if b, (7;) = w(z;) 7%, then w(t;) = byr.g, (i), and bjq is the empty
word. Furthermore the b, (7;) are of minimal length, and the generator t,,—; occurs at
most once in each b (7;) € W, ; both assertions are evident in Figure 17.1. Figure 17.2
shows for the cycle (1325) the representative b (ti) = T2 T3T4T3T1 T2 T -
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1 2 7 ') n

(n — 1)-braid

Figure 17.1 Figure 17.2

17.2 Definition. The following presentation

A

G, = (%1,%2,...,‘3,,_1 | fi%j ij%i forl <i <j—1§n—2,
TiTi+1T = Ti+1%iti+1 forl <i <n-—2)

defines a semigroup @n .

The elements of @n are the classes of words defined by the following equivalence
relation =: two words w(7;) and w’(%;) are equivalent, w(%;)=w’(z;), if and only
if they are connected by a chain of substitutions

LT > T, Tli41T B> G410 Ti41

employing the relations of Definition 17.2. (The building of inverses is not permitted.)
There is a canonical homomorphism «: C%n — Gy, k(1) = 1;; we write b, =
br (%) and Wy = {by | 7 € Gy} A o A
Two cases occur in forming a product by - Tx : either b, Ty =b,, the class of by Ty
contains a representative ZSQ € Wn (case @), or not (case fB). Case o occurs when the
strings crossing at 7z do not cross in b, (Figure 17.3), 0 = w1 . In case 8 they do,
and Figure 17.4 shows

We note down the result in:

17.3 Lemma.

5,, 2 {bg, 0 = T, case o a17.1)

bgflz 0T =7, case f. O
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L N R 1 '
bx } (k — 1)-braid = bo
Tk
Figure 17.3
. ) 2 - 1
LI T
be | (k= 1)- 2 b,
braid
T Tlg
Figure 17.4

17.4 Construction of a Hecke algebra. Next we construct a special algebra, a so-
called Hecke algebra. We define a free module M, of rank n! over a unitary com-
mutative ring R > 1 using the n! words of ‘W, . We replace the generators 7; by
¢i, 1 <i <n—1 and write w(c;) = w'(c;) if and only if Ww(z;) = W' (7;). Let
M, be the free R-module with basis W, (c;) = {br(c;) | # € &,}. Note that
Wn(ci) 3 ¢j = be;(ci), 1 < j <n—1.Weintroduce an associative product in M,
which transforms M,, into an R-algebra H,(z) of rank n!.

17.5 Definition. We put ci =zcp + 1,1 < k <n—1 for some fixed element
z € R.Then (17.1) takes the form

by (ci), case o,

(17.2)
z2br(ci) + bo(ci), otx = m, case p.

br(ci) ¢k = {
By iteration (17.2) defines a product for the elements of the basis W, (c;) and, thus,
a product on M,, by distributivity. It remains to prove associativity for the product on

Wa(ci).

17.6 Lemma. The product defined in Definition 17.5 is associative on Wy (c;).
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Proof. Given a word w(c;) we apply the rule (17.2) from left to right (product algo-
rithm) to obtain an element

Y ¥jiba;(ci) = w(ci) € My, yi € R.

J
One has by (c;) = by (c;) by the Schreier property. We prove

(b1b2)by = b1(b2b3), bj € Wy(ci),
by induction on |b1| 4+ |bs| 4 |b3| where |b;| denotes the length of b; . We may assume
|bi| > 1. Applying the product algorithm on the left side lets case 8 occur for the first
time for some ¢y in b, . (It cannot happen in b; since b; = b;.) We have

by=b5by and Bibh =Y yjba, (). by < bi] + BS]. (17.3)

We stop the product algorithm at this point and get:

> " yj bay (i) - b

On the right side we have
br ((B3h3)bs) = by (553 9))
by induction. Applying the algorithm and stopping at the same ¢, we obtain:

(X2 7 by () Bsb).

Using the distributivity and the induction hypothesis, compare (17.3), we get the de-
sired equality.

If now the case B occurs for the first time in b3 at ¢ when applying the algo-
rithm, then we have b;b, = bb,. Since the strings meeting in 7 have not met in
b1 (zi) - ba(7;), they have not met in b, (7;). So case B cannot have occurred when the
algorithm is applied to byb3 at an earlier time. Now the same argument applies as in
the first case. If case B does not occur at all, equality is trivial. O

The module M, has become an R-algebra of rank n!, a so-called Hecke algebra;
we denote it by Hy(z).

17.7 Theorem. Let R be a commutative unitary ring, and z € R. An algebra gener-
ated by elements {c; | 1 <i <n — 1} and defined by the relations

CiCi+1Ci = Ci41Ci Ci+1, 1 =i =<n-—2,
cicj = ¢jci, I<i<j—-1<n-2,

c?zzci—i—l, 1<i<n-1

is isomorphic to the Hecke algebra Hy(z).

The proof follows from the construction above. O
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17.8 Remark. One has (¢; —z)c; = c]g —zc; = 1; hence, cj_l =c¢ —z.

We choose R = Z[z*!, v*!] to be the 2—variable ring of Laurent polynomials and
denote by H,(z,v) = H, the Hecke algebra with respect to R = Z[z*!, v¥!]. Next
we define a representation of the braid group 8, :

0v: B — Hy, ov(oj)=vcj, 1=<j=<n-1,
see Proposition 10.3. There are natural inclusions
Hy—1 — Hyp, Wp—i1(ci) = Wal(ci),

and we define

o0

H=|JH, We)=])Wilc). H =R
=1

n=1

For the following definition we use temporarily the ring R = Z[z*!, v*!, T adding
a further variable 7 .
17.9 Definition. (Trace). A function tr: H,, — Z[zil, vl T] is called a trace on

H if it satisfies the following conditions for all n € N.

(@) tr(Qree, %nbr) = ) reca, Antr(by) where oy € Z[z*', v*!]  (linearity);

B) tr(ba) = tr(ab) fora,b € Hy;
(7) tr(l) = 1;
(8) tr(xcp—1) =T - tr(x) forx € H,—;.

17.10 Lemma. There is a unique trace on H .

Proof. Tt suffices to show that a trace on H, can be uniquely extended to a trace on
Hy 4. From (B) and (8) we get

tr(xcpy) =tr(yxen) =T -tr(yx) =T -te(xy) forx,y € Hy.

The basic elements of H,; which do not belong to H,, are of the form xc,y with
X,y € Hy; this follows from the remark in Paragraph 17.1 that 7, appears only once
in by . So we must define the extension of the trace by

tr(xcpy) =T -tr(xy) forxcpy € Wnti(ci) \ Wa(ci).

We have to show that the linear extension of this definition to H,y; is in fact a
trace. Condition («) is the linearity which is valid by definition. We first prove
tr(xc,y) = T - tr(xy) for arbitrary x,y € Hj,. An element £ € W, has the form
E=cjcit1-cn—1-E,& € Wy_1(ci). Now

/ /
Ecny =CjCjt1...Cn—1§ Cny = CjCjg1...Cn—1Cn§ Yy
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by the braid relation §'c, = c,&". Put £’y = ) Bjn;; by the linearity («),

trEeny) = Y Bit(er...cnny) = Y B T -ti(cy ... cnoinj)

since ¢g ...cpn; is in the basis of Hy,y1. It follows
trEeny) =T -tr(cr...cnm1E'y) = T - tr(€y).
Since x is a linear combination of elements like £ from above, we obtain by («)
tr(xc,y) =T -tr(xy) forx,y € Hy.

This implies (§).
It remains to prove (f). A basis element b, 41 € Wy41(c;) is of the form b, 4+ =
Xcpy,X =c¢j Cy—1,y € Hy.For k <n we have

tr(cp -xcpy) =T -tr(cegxy) =T -tr(x ycp) =tr(xcp y - )
by induction. To prove tr(by+1-b;,, ) = tr(b), | -by+1) — which implies () by («)
— we now need only to prove tr(b, 41 - ¢) = tr(cy - bp+1) for by+1 = xcpy.

Case 1: If byy1 = xcpy with x,y € Hy_; then byyicn, = cnby+1 since ¢y
commutes with x,y € Hy,_;.

Case 2: If x = acy—1b with a,b,y € H,_, then

tr(cn - acp—1bcpy) = tr(acncp—1cnby) = tr(acp—icncn—1by)

=T -tr(aci_,by) = T -tr(a(zcu—1 + 1)by)

=z-T -tr(acn—1by) + T - tr(aby) = (zT?* + T)tr(aby);
tr(acp—1bcny - cn) = tr(acp—1bcay) = tr(acp—1b(zen +1)y)

= ztr(acp—1bcpy) + tr(acy,—1by)

=z-T -tr(acp_1by) + T - tr(aby) = (zT?* + T)tr(aby).

Case 3: The case y = ccy—1d with x,c,d € H,—; can be dealt with analogously.
Case 4: Let x = acy—1b, y = dcy—1e with a,b,d,e € Hy_;. Then

tr(cy - acp—1b - cp-dep—i1e) =T - tr(ac,%_lb -dcy—1e)

=T -z-tr(acp_1b-dcp_1e) + T? - tr(abde);
tr(acp—1b - cp -dep—1e-cy) =T - tr(acn_lbdcﬁ_le)

=T -z-tr(acp_1bdcp_1e) + T? - tr(abde).

We deduce from ¢, ! = ¢, — z that:

17.11 Remark. tr(xc, ) = tr(xc,) — z - tr(x) = (T — z) - tr(x), ¥x € Hp.
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17.B The HOMFLY-PT polynomial

Consider the representation
o0v: By — Hy, o0y(0;) = v,
where the Hecke algebra H,, is understood over Z[z*!, vE!, T']. We put

P;, = kn-tr(0vGn))> 3n € Bn,

for some k,, € Z[z*!,v*!, T] which is still to be determined. Property () in Defini-
tion 17.9 of the trace implies that P;, € Z [Zil, vE! T] is invariant under conjugation
of 3, in By, and is, hence, a polynomial P;, assigned to the closed braid 3, . To turn
p;, € Z[z*', v, T to an invariant of the link represented by 3, , we have to check
the effect of a Markov move 3, +— 3, G,fcl on 3, see Proposition 10.21 and Definition
10.22. We postulate:

kn - tr(0y(3n)) = kn+1tr(0v (3n0n))-
It follows k,, = ky+1-v - T since

tr(0v(3non)) = v - tr(0v(Gn) cn) = v - T - tr(0(Gn)).

Another condition follows in the second case:

kn-}—ltr(Qv(SnGn_l)) = kn—f—lv_ltr(Qv(Sn) : C;l) = kn-f—lv_l(T —z) - tr(ov(3n))
(see Remark 17.11); hence k,, = ky+1- v~ (T —z). We solve v™ (T —z) = vT in
the quotient field of Z[z*!,v¥!, T] by T = Z4— and define inductively
1 (U—l _ v)n—l

_ —1/,,—1 _ _
v-T_kn-Z W —v), k=1 = k,= g

kn+l = kn .

17.12 Remark. The extension H, C Hp4+; introduces the factor T = UZ—_U,:—IU, but
the denominator v~! — v is eliminated by the factor knyik, '=z71(v=! = v) such
that P;, (z,v) is indeed a Laurent polynomial in z and v.

From the above considerations we obtain the first part of the following:

17.13 Theorem and Definition. The Laurent polynomial

(v—l _ U)n—l

P, (z,v) = g -tr(ov(3n))

associated to a braid 3, € 3, is an invariant of the oriented link | represented by the
closed braid 3.

Pi(z,v) = P;,(z,v) is called the 2-variable skein polynomial or HOMFLY-PT
polynomial of the oriented link |.

The trivial braid with] n strings represents the trivial link with n components; its

—1 n—
. . v —v
polynomial is 7?— .
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To prove the last statement observe that 0,(3,) = 1 for the trivial braid 3, the
empty word in 0; . As a special case we have P;,(z,v) = 1 for 3, the trivial knot. O

17.14 Definition. For an oriented link ¥ the smallest number # for which £ is isotopic
to some 3, is called the braid index B(£) = n of £.

The following proposition gives a lower bound for the braid index S(¥) in terms of
the HOMFLY-PT polynomial Pg(z,v) of . Write

Pe(z,0) = an(2)™ + ...+ an(z)v", a;(z) € Z[z,z7"],
m<n, m,n €Z, and a # 0 # ay.

By Spy(Pg(z,v)) = n —m we denote the “v—span” of Ps(z,v).

17.15 Proposition. |
B®) = 1+ 3Spy (Pe(z.v)).

Proof. Suppose that ¥ is isotopic to 3, . From Definition 17.9 (§) it follows by induc-

tion that the trace of an element of H,, is a polynomial in 7" of degree at most n — 1.

1 &
Hence, for 3, = H;?:(l) o’

;7 we obtain
J

n—1
0v(Gn) = vk . 1_[ cfj;’ with k = Zaj
Jj=0 J

n-l Jy=i
— k. (VT j— =0
= tr(oy(Gn)) =v j;)aj (z)T/ where T/ = -
(v—l _ v)n—]
=  B,Gv) = e — ~tr (0v(3n))

n—1
= k. Zaj (z) -z "y (T =)L
=0
Therefore, Spy(P;,) < 2(n —1). O

17.16 Example. 6;,7;,74 have braid index 4.

Let £+ be a diagram of an oriented link. We focus on a crossing and denote by £_
resp. ¥y the projections which are altered in the way depicted in Figure 17.5, but are
unchanged otherwise.

17.17 Proposition. Let £,¥_, ¥ be link projections related as in Figure 17.5. Then
there is the skein relation

v_IPg+ —vPp_ = z Py,

There exists an algorithm to calculate Py for an arbitrary link £ given by a projection.
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XA

Figure 17.5. A skein relation.

£

Proof. The braiding process which turns an arbitrary link projection into that of a closed
braid as described in Proposition 2.12 can be executed in such a way that a neighbor-
hood of any chosen crossing point of the projection is kept fixed. Furthermore, the
representing braid 3, can be suitably chosen such that £ = 3,05, f— = 3,,01._1 and
fo = 3n. Now,

v Pp, —vPr = v katr (00 (3n07)) —vkntr (00 (3n07 ")) = knztr (0u(3)) = 2 Py,

since
U_IQU(SnUi) - UQv(SnUi_l) = 0v(3n) (v_le(Ui) - va(Ui_l))
and
0v(3n) (Ci_ci_l) = 0v(3n) - 2. O

17.18 Remark. The skein relation permits to calculate each of the polynomials P,
Pg_, Py, from the remaining two. By changing overcrossings into undercrossings
or vice versa any link projection can be turned into the projection of an unlink. This
implies that the skein relation supplies an algorithm for the computation of Pg. The
process is illustrated in Figure 17.6: each vertex of the “skein tree” (Figure 17.6 (b))
represents a projection; the root at the top represents the projection of ¥, the terminal

14
/Ei\
% @ fo
(b)

Figure 17.6. Skein trees.
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points represent unlinks. Starting with the polynomials of these one can work the way
upwards to compute Pg. The procedure is of exponential time complexity.

17.19 Proposition. Let —¢ and £* denote the inverted and mirrored knot respec-
tively. Then:

() Pp(z,v) = P_g(z,v);

(b) P{»(Z,U) = P?*(Z’ _v—l),

(©)  Ppys,(z,v) = P (z,v) - Pg,(z,0);

A Ppup(z,v) = 27T =) P, (z,v) - Pp,(z,0)

where # and U denote the product and the disjoint union respectively.

Proof. (a) Changing ¥ into —Ff allows to use the same skein tree.
(b) If ¥ is replaced by £*, we can still use the same skein tree, and at each vertex
the associated projection is also replaced by its mirror image. The skein relation

v_lP;»Jr (z,v) —v Ps_(z,v) = z Pg(z,v)
remains valid if v is changed into —v~':
—v Py, (z, —v_l) + U_le_(Z, —v_l) =z Py (z, —v_l),
but
Pe (z,~v7") = Ppx(z,0),  Pe_(z,—v7") = Py (2,0),
Pey(z.~v7") = Pys (2.0).
and z=@=D . (y=! — y)?~1 is invariant under the substitution v — —v~".
The formulae (c) and (d) for the product knot and a split union easily follow by
similar arguments. O

17.20 Example. We calculate the HOMFLY-PT polynomials of the trefoil and its
mirror image; using this invariant they are shown to be different, a result first obtained
by Dehn [85, 87]. Let us call b(3,1) = 3] (see Figure 12.6) the right-handed trefoil
and b(3,—1) = 37 the left-handed one. Figure 17.7 describes the skein tree starting
with £ = £ = 37 . The crossing where the skein relation is applied is distinguished
by a circle. One has:

v_lP;s+ —v Py = v_le —v =2z Py,
Moreover, with £54+ = f( the second crossing gives:
v_ng0+ —v Py = v_ng0+ —v Py, =z
hence

Pf’o+ = U2P00 + vz
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o~
06
Figure 17.7
where Pyy = z~!(v™! — v) denotes polynomial of the 2-component trivial link (see
Theorem 17.13). Therefore the first equation gives:
Py (z,v) = —v* 4+ 207 4+ 222

By Proposition 17.19 we have

P31+ (z,v) = —v 42072 4 22072,

and, hence, 3] # 37 . (For an exercise do a calculation of P3]+ (z,v) using a skein
tree.)
We give a second computation of P3-(z, v) using the definition in Theorem 17.13:

Py (z,v) =z ' (v —)tr (0(0})) .

Here n = 2, and 37 = b(3,—1) = 67, see Figure 12.6. We have o(a}) = v* - ¢;.
Applying ¢ = vzcy + 1 twice we get ¢ = (z2 + 1)c¢; + z. By Definition 17.9 ()

Pi-(z,v) =z '(v ! —v) - v’ ((z2 + Dir(cr) +2) = 0222 4 207 — v,
using Definition 17.9 (§): tr(c;) = T = zv~ (v~ —v)~L.

The HOMFLY-PT polynomial P(z,v) contains as special cases the Alexander—
Conway polynomial and the Jones polynomial.

17.21 Theorem. The HOMFLY-PT polynomial specializes to the Jones polynomial
and to the Alexander—Conway polynomial:

P ((t% — t_%), 1) = A(t) = Alexander—Conway polynomial
P((Z% — t_%), t) = V(t) = Jones polynomial.
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Proof. By 9.21 the following skein relation holds for the Conway polynomial Vy(z):
Ve, (2) = Vp_(2) = 2 Vg, (2).
The same skein relation holds for P(z, 1), and since both sides are equal to l1 for tllle
trivial knot, equality must hold. Now, Proposition 9.23 gives A(¢t) = V(t2 —t72)
and hence ] 1
P((t2 —172),1) = A(t).
In the second case we obtain the skein relation
TV, (1) = 1 Ve (17) = (17 — 19 Vy (1)
of the Jones polynomial V(z). O

17.22 Remark. For a one component link (knot), V(¢ %) isin fact a Laurent polynomial
int.

17.C History and sources

The discovery of a new knot polynomial by V.F.R. Jones in 1985 [181, 182] which
can distinguish mirror images of knots had the makings of a sensation. The imme-
diate success in proving long-standing conjectures of Tait as an application added to
its fame. Consequently many authors (Hoste, Ocneano, Millet, Floyd, Lickorish, Yet-
ter, and Conway, Kauffman, Prytycki, Traczyk etc.) combined to study new and old
(Alexander-) polynomials under the view of skein theory; as a result the 2-variable
skein polynomial (HOMFLY-PT) was established which comprises both old and new
knot polynomials (see [120, 292]).

17.D Exercises
E 17.1. Prove Proposition 17.19 using the Definition 17.13 of P(z,v).

E 17.2. Compute the HOMFLY-PT polynomial for the Borromean link, see Exam-
ple 9.20 (b) and Figure 9.2.

E 17.3. Prove that 61,75, 74,76, 77 are the only knots with less than eight crossings
whose braid index exceeds 3.
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Algebraic theorems

A.1 Theorem. Let Q be an n x n skew-symmetric matrix (Q = —Q7T) over the
integers Z.. Then there is an integral unimodular matrix L such that

0 aq
—da 0
0 an
—d) 0

T —

_as 0

with ay|az| ... |as.

Proof. Let 9N denote the module of 27 -columns with integral coefficients: I =
7" Every x| € I defines a principal ideal

aloylyeM) = (a) CZ

We may choose a; > 0 if Q # 0. So there is a vector y; € I such that x7 Qv =
ap , hence, UT Qux; = —a; . If follows that a; is contained in the ideal defined by v .
Let x; be chosen in such a way that a; > 0 is minimal. Then a; generates the ideal
defined by x| and v;.

Put

M = {u]zf Qu=y{ Qu =0}
We prove that
N =Zx, & Zy & My;

in particular, M == Z>" 2.
Consider 3 € 9t and define «, 8 € Z by

27 03 = Bay, v 03 = aay.
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Then

270G — By —ax1) =Par—Pa;—0=0
v QG — By —ax1) = aa; —0—aa; = 0;

note that Q7 = —Q implies that 27 Qx = 0. Now 3— By; —ax; € M; and x; and
y1 generate a module isomorphic to Z?. From

xl QEx1 + nv1) = na, v QEx1 + ny1) = —Ea

it follows that £x1+ny; € 9N, implies that £ = n = 0. Thus M = Zx, HZH M, .
The skew-symmetric form Q induces on 9 a skew-symmetric form Q’. As an

induction hypothesis we may assume that there is a basis 17, §2,..., %5, b, of I
such that Q' is represented by a matrix as desired.
Toprove 1 = aj|as|...|as, we may assume by induction 1 =< as|as]| ... |as already

to be true. If 1 = d = ged(a;,az) and d = ba; + ca, then
(bx1 + cx2)T Q(y1 + v2) = bay + car =d.

Hence, by minimality of a; we obtain d = a;. O

A.2 Theorem (B. W. Jones [180]). Let Q, = (q;x) be a symmetric n X n matrix
over R, and p(Qy) the number of its positive, q(Qy) the number of its negative
eigenvalues, then 6(Qn) = p(Qn) — q(Qn) is called the signature of Q. There is
a sequence of principal minors Do = 1, Dy, D», ... such that D; is principal minor
of Djy1 and no two consecutive D;, D4 are both singular for i < rank Q. For
any such (admissible) sequence

n—I1
o(Qn) =Y _sign(D; Diy). (A.1)
i=0

Proof. The rank r of Q, is the number of non-vanishing eigenvalues A; of Q; it
is, at the same time, the maximal index i for which a non-singular principal minor
exists — this follows from the fact that O, is equivalent over R to a diagonal matrix
containing the eigenvalues A; in its diagonal. We may, therefore, assume r = n and
Di =A...Ai, Dy #0.

The proof is by induction on n. Assume first that we have chosen a sequence
Dy, Dy, ... with a non-singular minor D,_;. (It will be admissible by induction.)
We may suppose that D,,—; = det Q,—; where Q,— is the submatrix of Q, con-
sisting of its first 7 — 1 rows and columns. Now sign (D, —; D, ) = signA, , and (A.1)
follows by induction.

Suppose we choose a sequence with D,_; = 0. Then D,_, # 0, and, since
D, # 0, we obtain an admissible sequence for Q. There is a transformation
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BI 0, B, = Q) with

By = Boor ||, BuieSO(m—1,R)

which takes Q,_; into diagonal form

A
Oy = . A #0.
An—2
0
By a further transformation
h
E,— :
CnTQ;lcn = ;1/’ Cn = ! , L € R,
In—2
0
0 0] 1
one can achieve the following form
A 00
n_ . N
0 ... 0 |0 «
0 ... 0 |a B

Since D, # 0 it follows that @ # 0. Thus there exists an admissible sequence, and
we can use the induction hypothesis for n — 2. Now

Al 0
0 «o
o (a ﬁ) =0, and o(Q,) =0
kn—2
The same result is obtained by (A.1) if D,—; = 0. |

Let I" be a finite oriented graph with vertices {P; | 1 =i = n} and oriented edges
{u;lj }, such that P; is the initial point and P; the terminal point of ul); . (For the basic
terminology see Berge [18]). By a rooted tree (root P;) we mean a subgraph of n — 1
edges such that every point Py is terminal point of a path with initial point P;.

Let a;; denote the number of edges with initial point P; and terminal point P; .
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A.3 Theorem (Bott—Mayberry [39]). Let I be a finite oriented graph without loops
(aj; = 0). The principal minor H;; of the graph matrix

> ag,) —a;p  —d3 ... —a,
k#£1
—dy (> akz) —dy3z .- —dop
H() = k#2
—ap ey T ( Z akn)
k+#n

is equal to the number of rooted trees with root P;.

Proof. The principal (n — 1) x (n — 1)-minor Hj;; is the determinant of the submatrix
obtained from H(I") by omitting the i -th row and column. We need a:

A.4 Lemma. A graph C (without loops) with n vertices and n — 1 edges is a rooted
tree, root P;,if H;;(C) = 1; otherwise H;; (C) = 0.

Proof of Lemma A.4. Suppose C is arooted tree with root P;. One has Z,qéj agj =
1 for j # 1,because thereisjust one edgein C with terminal point P; . If the indexing
of vertices is chosen in such a way that indices increase along any path in C, then Hy;
has the form

1 % *
0 1
0 0 1

To prove the converse it suffices to show that C is connected, if Hj; # 0. As-
suming this, use the fact that every point Pj, j # 1, must be a terminal point of C,
otherwise the j-th column would consist of zeroes, contradicting Hy; 7# 0. There
is, therefore, an unoriented spanning tree in the (unoriented) graph C . The graph C
coincides with this tree, since a spanning tree has n — 1 edges. It must be a tree, rooted
in Py, because every vertex P;, j # 1, is a terminal point.

The rest is proved by induction on 7. We assume that C is not connected. Then we
may arrange the indexing such that Hj; is of the form:

B/ 0 / "
H, = , det B' # 0, det B” # 0.
O B//
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By the induction hypothesis we know that the subgraphs T'" resp. I'” each containing
P and the vertices associated with the rows of B’ resp. B” — together with all edges
of C joining these points — are P;-rooted trees. This contradicts the assumption that
C is not connected. O

We return to the proof of the main theorem. One may consider H;; as a multilinear
function in the n — 1 column vectors a;, j = 2,...,n of the matrix (a;;), i # j.
This is true since the diagonal elements ) k#; Ak; are themselves linear functions.
Let e; denote a column vector with an i -th coordinate equal to one, and the other
coordinates equal to zero. Then

Hi(ay,...,ap) = Z Akyp - Ak, nH11(ekys - - -5 €k,) (1)

with
n
aj = Z Ag;iek; -
ki=1
By the lemma Hjj(eg,,...,et,) = 1 if and only if the n — 1 edges ug,,,
Uk,2s--->Uk,n form a Pj-rooted tree. Any such tree is to be counted a,; ... ag,,
times. O

Two corollaries follow easily.

A.5 Corollary. Let I' be an unoriented finite graph without loops, and let b;j the
number of edges joining P; and P;. A principal minor Hj; of

dktibkr —bi —bis
—by) Zk;éz bka

> kestn Dkn

gives the number of spanning trees of I, independent of i .

Proof. Replace every unoriented edges of I by a pair of edges with opposite directions,
and apply Theorem A.3. O

A.6 Corollary. Let I be a finite oriented loopless graph with a valuation
f: {u;lj} — {1, —1} on edges. Then the principal minor H;; of (f(aij)), f(aij) =
Y f (uf;), satisfies the following equation:

Hi; =) f(Tr(i))
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where the sum is to be taken over all P;-rooted trees Tr(i), and where

Sy =[] sog).

up; €Tr(i)

Proof. The proof of Theorem A.3 applies; it is only necessary to replace a;; by

faij). O
For other proofs and generalizations see Bott and Mayberry [39].

We add a well-known theorem without giving a proof. For a proof see Bourbaki
[40, Chap. 7] or Zassenhaus [377, III].

A.7 Theorem. Let M be a finitely generated module over a principal ideal domain.
Then

M=M,&...&M, &My

where Mg is a free module of rank B and My, = (a | e;ja) is a cyclic module
generated by an element a and defined by ¢;a = 0, ¢; € R. The ¢; are not units of
R, different from zero, and form a chain of divisors €; | €j+1, 1 =i = r. They are
called the elementary divisors of M ; the rank B of the free part of M is called the
Betti number of M.

The Betti numbers 8 and B’ of finitely generated modules M and M’ coincide
and their elementary divisors are pairwise associated, eg = w;&, o; aunitof R, if
and only if M and M’ are isomorphic. i

Remark. If M is a finitely presented module over commutative ring R with unit
element, the theorem is not true. Nevertheless the elementary ideals of its presentation
matrix are invariants of M . (See [359, 1.4], [80, Chapter VII] and [377, II1.§3] for
more details.)

In the special case R = Z the theorem applies to finitely generated Abelian groups.
The elementary divisors form a chain 71|T5|...|T, of positive integers > 1, the or-
ders of the cyclic summands. 7 is called the first, T,—; the second torsion numbers
etc. of the Abelian group.
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Theorems of 3-dimensional topology

This section contains a collection of theorems in the field of 3-dimensional manifolds
which have been frequently used in this book. In each case a source is given where a
proof may be found.

B.1 Theorem (Alexander). Let S? be a semilinearly embedded 2-sphere in S>. There
is a semilinear homeomorphism h: S* — S3 mapping S* onto the boundary [0
of a 3-simplex 0. O

Proofs can be found Alexander [6], Graeub [139] and Schubert [318]. A modern
account is given the book of Moise [242, Chapter 17] and in Hatcher’s notes [156].

B.2 Theorem (Alexander). Let T be a semiliniarly ﬁmbedded _torus in S3. Then
S3 —T consists of two components Xl_and X, X1UX,=83 XNnX,=T,and
at least one of the subcomplexes X, X, is a torus. O

Proofs are given by Alexander [6] and Schubert [318]. A short proof using Theo-
rem B.1 and the loop theorem B.5 is given in Rolfsen’s book [309, Chap. 4, C].

B.3 Theorem (Seifert—van Kampen). (a) Let X be a connected polyhedron and
X1, X connected subpolyhedra with X = X; U X, and X| N X, a (nonempty)
connected subpolyhedron. Suppose

JT1(X1,P)= (Sl,...,Sn|R1,...,Rm)
7'[1(X2,P)= (Tl,...,Tk|N1,...,N1)

with respect to a basepoint P € X1 N X>. Aset {v;j | 1 = j = r} of generating loops
of mi(X2N X, P) determines sets {V1;(S;)} and {V2;(T})} respectively of elements
in m (X1, P) or m (X3, P) respectively. Then

7'[1(X,P) =
(Styee s Sus Ty, T | Rty ooy Ry Ny, Ny ViV L VRV ).

(b) Let X1, X; be disjoint connected homeomorphic subpolyhedra of a connected
polyhedron X , and denote by X = X / h the polyhedron which results from identify-
ing X| and X, via the homeomorphism h: X\ — X,. For a base point P € X and
its image P under the identification a presentation of 7\(X ; P) is obtained from one
of m1(X; P) by adding a generator S and the defining relations ST; S™' = ha(T}),
1 =i =r where{T; | 1 =i =Zr} generate w1(X1; P). O
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For a proof see Zieschang, Vogt and Coldewey [382, 2.8.2]. A topological version
of Theorem B.3 (a) is valid when X, Xi,, X2, X| N X3, are path connected and X1,
X, are open, Crowell and Fox [80], Massey [230], Hatcher [157, 1.2], Stocker and
Zieschang [346, 5.3.11]. A topological version of Theorem B.3 (b) may be obtained if
X, X1, X, are path connected, X, X, are closed, and if the identifying homeomor-
phism can be extended to a collaring.

B.4 Theorem (Generalized Dehn’s lemma). Let h: S(0,7) — M be a simplicial im-
mersion of an orientable compact surface S(0,r) of genus 0 with r boundary com-
ponents into the 3-manifold M with no singularities on the boundary oh(S(0,r)) =
{C,Cy,...,Cr}, Ci aclosed curve. Suppose that the normal closure (Cy,...,Cy)
in mi (M) is contained in the subgroup 71(M) C (M) of orientation preserv-
ing paths. Then there is a non-singular planar surface S(0,q) embedded in M with
d5(0,q) a non-vacuous subset of {Cy,...,Cy}. O

Proof are made available by Shapiro and Whitehead [332], Hempel [159], Rolfsen
[309] and Jaco [176]. See also Hatcher’s notes [156].

Remark. Theorem B.4 was proved by Shapiro and Whitehead. The original Lemma
of Dehn r = 1 = g was formulated by Dehn in 1910 [84, 87] but proved only in 1957
by Papakyriakopoulos [281].

B.5 Theorem (Generalized loop theorem). Let M be a 3-manifold and let B be a
component of its boundary. If there are elements in ker(mw1 B — 7wy M) which are not
contained in a given normal subgroup N of w1 (B) then there is a simple loop C
on B such that C bounds a non-singular disk in M and [C] € R. O

Theorem B.5 was proved by Papakyriakopoulos [281] and Stallings [342]. Proofs
in books are available, see Rolfsen [309], Hempel [159] and Jaco [176]. See also
Hatcher’s notes [156].

Remark. The proof is given in the second reference. The original version of the loop
theorem (R = 1) was first formulated and proved by Papakyriakopoulos. Another
generalization analogous to the Shapiro-Whitehead version of Dehn’s Lemma was
proved by Waldhausen [364].

B.6 Theorem (Sphere theorem). Let M be an orientable 3-manifold and R a 7 M -
invariant subgroup of moM, R C moM. (R is m M -invariant if the operation of
M on mM maps R onto itself.) Then there is an embedding g: S* — M such
that [g] € R. O

Theorem B.5 was proved by Papakyriakopoulos [281]. Proofs in books are avail-
able, see Hempel [159] and Jaco [176]. See also Hatcher’s notes [156].
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This triad of Papakyriakopoulos theorems started a new era in 3-dimensional topol-
ogy. The next impulse came from W. Haken and F. Waldhausen:

A surface F is properly embedded in a 3-manifold M if dF = F N M. A 2-
sphere (F = S?) is called incompressible in M , if it does not bound a 3-ball in M ,
and F # S? is called incompressible, if there is no disk D ¢ M with DNF = dD,
and 0D not contractible in F. A manifold is sufficiently large when it contains a
properly embedded 2-sided incompressible surface. A 3-manifold M is irreducible
if each embedded 2-sphere is compressible in M .

B.7 Theorem (Waldhausen). Let M, N be oriented, sufficiently large, irreducible
3-manifolds whose boundaries are empty or incompressible surfaces. If there is an
isomorphism fu: (myM,7110M) — (1N, m10N) between the peripheral group sys-
tems, then there exists a homeomorphism f: M — N inducing fu. O

Waldhausen [367, Cor. 6.5], Hempel [159] and Jaco [176].

B.8 Remarks. 1. The Waldhausen theorem states for a large class of manifolds what
has long been known of surfaces.

2. Theorem B.7 applies to knot complements C = M . A Seifert surface of mini-
mal genus is a properly embedded incompressible surface in C, see Corollary 4.6.
By Alexander’s Theorem B.1 a knot complement is irreducible, and by Proposi-
tion 3.10 C has irreducible boundary.

B.9 Theorem (Smith conjecture). A simplicial orientation preserving map h: S —
S3 of period q is conjugate to a rotation. O

A conference on the Smith conjecture was held in 1979 at Columbia University in
New York. The proceedings, edited by Morgan and Bass [248], contains a proof. The
case ¢ = 2 is due to Waldhausen, see [368]. The Smith Conjecture is now a special
case of Thurston’s Orbifold Theorem. A general introduction to this subject can be
found in Scott’s survey article [323], in the books by D. Cooper, C.D. Hodgso and
S. P. Kerckhoff [72] and M. Boileau, S. Maillot and J. Porti [34]. A partial result was
obtained by M. Boileau and J. Porti in 2001 [35] and a complete proof of the Orbifold
Theorem was published by M. Boileau, B. Leeb and J. Porti in 2005 [33].

B.10 Theorem (Poincaré conjecture). Every simply connected, closed 3-manifold is
homeomorphic to the 3 -sphere. O

G. Perelman presented a proof of the Poincaré conjecture in three papers made avail-
able in 2002 and 2003 on arXiv, see [283, 285, 284]. The proof followed R. Hamilton’s
program to use the Ricci flow to attack the problem, and several teams of mathemati-
cians have verified that Perelman’s proof is correct. (See J. Lott’s speech at the ICM
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2006 [217].) J. Morgan and G. Tian present a proof of the Poincaré conjecture in the
monograph [247].

In 1982, W.P. Thurston [348] proposed a conjectural picture of 3-manifolds as
built up by geometric pieces. This conjectural picture became known as Thurston’s
geometrization conjecture (it includes the Poincaré conjecture). The geometrization
conjecture is an analogue for 3-manifolds of the uniformization theorem for surfaces,
see Scott [323]. Perelman’s work also includes a proof of Thurston’s geometrization
conjecture. The monographs by L. Bessieres, G. Besson, S. Maillot, M. Boileau and
J. Porti [19] and J. W Morgan and F. T.-H. Fong [249] offer an accessible account of
the subject.
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The following table lists certain invariants of knots up to ten crossings. The identifi-
cation (first column) follows Rolfsen [309] but takes into account that there is a dupli-
cation (10161 = 10;¢2) in his table which was detected by Perko. For each crossing
number alternating knots are grouped in front, a star indicates the first non-alternating
knot in each order.

The first column (Ay, (¢), Ax(¢)) contains the Alexander polynomials, factorized
into irreducible polynomials. The polynomials Ay (z),k > 2, are always trivial (see
Chapter 8). Alexander polynomials of links or of knots with eleven crossings are to be
found in Rolfsen [309], Conway [71] and Perko [288].

The second column (7°) gives the torsion numbers of the first homology group
H,; (C'z) of the two-fold branched covering of the knot. The numbers are 75, T—1, ...
where T1|T3|...|T, is the chain of elementary divisors of H 1(@2) (see Chapter 9).
For torsion numbers of cyclic coverings of order n > 2, see Mehta [235]. Torsion
numbers for n = 3 (knots with less than ten crossings) are listed in Reidemeister
[296].

The column (|o|) records the absolute value of the signature of the knot (see Chap-
ter 13).

The column (g) states the periods of the knot (see Section 14.D). The sign
this column indicates that the knot has no period.

The column headed o, B contains Schubert’s notation of the knot as a two-bridged
knot. (The first number « always coincides with 7,..) Where no entry appears, the
bridge number is three (see Chapter 12).

The column (s) contains complete information about symmetries in Conway’s no-
tation (see Chapter 2).

732

in

amphicheiral non-amphicheiral

invertible f r
non-invertible i n

It has been checked that for knots with up to ten crossings the genus of a knot always
equals half the degree of its Alexander polynomial.

Knotlnfo, LinkInfo and The Knot Atlas. Very powerful tools are the tables of knot
and link invariants of J. C. Cha and C. Livingston [65, 66]. A huge variety of knot (up
to twelve crossing knots) and link (up to eleven crossing links) invariants are listed.
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Another very useful tool is The Knot Atlas [15] run by D. Bar-Natan and S. Morri-
son. Every knot and link up to some size has a page with much data about it: words,
pictures, and values of invariants.

Acknowledgment: The Alexander polynomials, the signature and most of the periods
have been computed by U. Liidicke. Periods up to nine crossings were taken from
Murasugi [263]. Symmetries and 2-bridge numbers (o, 8) were copied from Con-
way [71] and compared with other results on amphicheirality and invertibility from
Hartley [148]. Periods and symmetries have been corrected and brought up-to-date
using Adams et al. [1], Kodama and Sakuma [201], Henry and Weeks [161] and
Kawauchi [190]. As far as possible, the data has been compared with J. C. Cha and
C. Livingston’s table of knot invariants KnotInfo [65].

C.1 Table

£ Ay (1) As (1) T lo| ¢ ap s
3 -t +1 3 2 2,3 31 r
4, 2 =3t +1 5.0 2 52 f
51 I N | 5 4 2,5 51 r
5, 212 =3t 42 7 2 2 71,3 r
6, 212 =5t 42 9 0 2 92 r
6, =33 432 -3t + 1 11 2 2 11,4 r
63 =33 452 -3t + 1 13 0 2 13,5 f
7 -+t -+ —t+1 7 6 27 7,1 r
7, 3t2 -5t +3 1 2 2 11,5 r
73 204 =33 4312 -3t +2 13 4 2 134 r
74 42 — Tt + 4 15 2 2 154 r
7s 2% — 413 4512 — 4t 42 17 4 2 17,7 r
76 =53 472 =5t + 1 19 2 2 197 r
77 =53 492 -5t + 1 21 0 2 21,8 r
8 3t2 -7t +3 13 0 2 132 r
8, 10 —365 +3t4 =33 + 31> =3t + 1 17 4 2 17,6 r
83 42 -9t + 4 17 0 2 17,4 f
84 2t — 513 £ 512 -5t +2 19 2 2 19,5 r
85 (=t + (=t +2083 -2 +2t - 1) 21 4 2 r
86 2% — 613 + Tt — 6t +2 23 2 2 2310 r
8; 10 =315 454 =503 4512 -3t + 1 23 2 2 239 r
8g 2t% — 613 4+ 912 — 6t +2 25 0 2 259 r
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£ A(1) As(1) T lo| q ap s
89 10 =30 454 — 73 452 -3t + 1 25 0 2 257 f
810 > =t +1)>» 27 2 - r
811 Q2 =5t +2)(t> =t + 1) 27 2 2 27,10 r
8  tr=T7+ 132 -Tt+1 29 0 2 29,12 f
813 24— T + 1112 =Tt +2 29 0 2 29,11 r
814 264 — 83 + 1112 -8t +2 31 2 2 3L,12r
815 t* =t + )3t =5t +3) 33 4 2 r
816 10— 45 + 814 — 913 + 812 — 41 + 1 35 2 - r
817 10— 4 + 8 — 113 + 82 — 4t + 1 37 0 - i
813 =t + D> =3t + 1), 2—t+1 153 0 2,4 f
8o (-t +DE* =12+ 1) 3 6 23,4 r
820 > —t +1)? 9 0 - r
81 =t +DE>=3t+1) 15 2 2 r
9 =t +D =3+ 1) 9 823991 r
9, 42 — 7t + 4 15 2 2 157 r
93 260 =385 4314 =313 4312 -3t +2 19 6 2 196 r
9 3t =583 +5t2 -5t +3 21 4 2 21,5 r
95 61> — 11t +6 23 2 2 236 r
9% (12—t + D)(=2t* + 263 — 12 + 2t —2) 27 6 2 27,5 r
9, 3t =T 92— Tt +3 29 4 2 29,13 r
9% 264 — 83 + 1112 -8t +2 31 2 2 311«
9 260 — 415 + 61* — T3 + 612 — 4t +2 31 6 2 31,9 r
99 4t —83 4+ 92 -8 +4 33 4 2 33,10«
911 O =555+t — T3+ T2 =5t + 1 33 4 2 3314 r
91, > =3t 4+ D2t =3t +2) 35 2 2 3513 r
913 4% — 913 + 1112 -9t + 4 37 4 2 37,10 r
914 214 — 93 + 15t — 9t +2 37 0 2 37,14 r
95 214 — 1083 + 15t — 10t + 2 39 2 2 3916 r
916 (12—t + 1)(=2t* + 36 = 31> + 3t — 2) 39 6 2 r
9,7 10 =56 +9t* — 03 + 912 —5¢t + 1 39 2 2 39,14 r
95 4r* — 1063 + 132 — 10t + 4 41 4 2 41,17 r
99 24 —1063 + 171> — 10t + 2 41 0 2 41,16 r
90 10— 50 49 — 113 + 92 — 5t + 1 41 4 2 41,15 r
9 2% — 1183 + 1712 — 11t + 2 43 2 2 43,18 r
9, 10— 565 4 106* — 1143 4+ 1012 =51 + 1 43 2 - r
9,3 =t +D)E> =Tt +4) 45 4 2 4519 r
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£ Aq(7) As (1) T lo| q¢ ap s
94 =t +D**=3t+1) 45 0 - r
955 3t — 1263 + 17t — 12t + 3 47 2 - r
9  tO—55 + 114 — 1363 + 1112 =5t + 1 47 2 2 47,18 r
957 1O —565 4+ 11t* — 1563 + 1112 =5t + 1 49 0 2 49,19 r
98 (2=t + D)(—t*+483 =712 + 4t — 1) 51 2 2 r
99 (2=t +D)(—t* +43 -T2+ 4t - 1) 51 2 - r
939 10— 565 4 124 — 173 + 1212 =5t + 1 53 0 - r
93 10— 565+ 13t* — 1763 + 1312 =5t + 1 55 2 2 5521 r
93, 10 —65 + 14" — 1763 + 141> — 61 + 1 59 2 - n
933 10— 617 4+ 14t* — 193 + 141> — 61 + 1 61 0 - n
934 t9—617 + 166* =233 + 1612 — 61 + 1 69 0 - r
935  TtP—13t+7 9,3 2 2.3 r
936 10— 565 + 84 — 93 + 812 —5¢ + 1 37 4 - r
937 (> =3t + 1)(2t> =5t +2) 153 0 2 r
933 > =t + D)5t =9t +5) 57 4 - r
939 (2 =3t + 1)(3t2 =5t + 3) 55 2 - r
940 (2=t + D> =3t + 1), 2 =3t 41 155 2 2.3 r
Oy 3t4 — 1263 + 1962 — 121 + 3 7,7 0 3 r
#¥9p t*=203412-2t+1 7 2 - r
93 O —35 + 24— 4212 =3t + 1 13 4 - r
O 14— 4T — 4t 4+ 1 17 0 - r
945 th—613 +92—6t + 1 23 2 - r
46 212 -5t 42 33 0 2 r
947 10 —4r +61* =503+ 612 —4t + 1 93 2 3 r
9ug =T 11T+ 1 9,3 2 2 r
949 3t* — 613 + 7t — 6t + 3 55 4 3 r
10, 42—9r +4 17 0 2 17,2 r
10, 8 —=3t7 3% =315 4 3¢t* =313 + 312 =3t 4+ 1 23 6 2 23,8 r
10 6t2—13t +6 25 0 2 256 r
10,  3t* =73 +7t2—T7t +3 27 2 2 21,7 r
10s (2=t + D=2 +2t* =34+ 22 -2t + 1) 33 4 2 3313 r
106 210 =685 +Tt* —Tt3 +7t> — 6t +2 37 4 2 37,16 r
10, 3t* =113 + 152 — 11t + 3 43 2 2 4316 r
10 215 =585 + 5t —5t3 + 52— 5t +2 29 4 2 296 r
100 (12—t 4+ D =265 4264 =33 22 =2t + 1) 39 2 2 3911 r
10 3t* =113+ 17t =11t + 3 45 0 2 4517 r
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£ A(1) As(1) T lo| q ap s
10, 4% =113 + 13t — 111 + 4 43 2 2 43,13 r
105, 265 =687 +10t* — 113 + 101> — 6t + 2 47 2 2 47,17 r
1013 2% — 1313 42312 — 13t + 2 53 0 2 5322r
1014 265 =885 +12t% — 1313 + 121> — 8t + 2 57 4 2 57,22 r
1015 265 — 61> +9t* — 913 + 92 — 61 +2 43 2 2 43,19 r
101 4% — 1263 + 15t — 12t + 4 47 2 2 4714 r
1017 8 —=3t7 56 =765 4+ 9t — 73 4517 =3t + 1 41 0 2 41,9 f
101 4t* — 1413 + 191> — 14t + 4 55 2 2 5523 r
1010 2t5—=765 + 11t =113 + 112 =Tt 42 51 2 2 SlLl4r
100 3t* =93 + 1112 -9t + 3 35 2 2 3516«
100, Q2 =5t +2)(—t*+ 83—+t —1) 45 4 2 4516 r
105 265 — 617 +10t* — 1343 + 101> — 6t + 2 49 0 2 49,13 r
103 210 =765 —13t* — 1563 + 13> =Tt + 2 59 2 2 59,23 r
1004 4t* —14¢3 + 19¢2 — 14t + 4 55 2 2 5524 r
1025 210 — 8% + 14t* — 1713 + 1412 — 8¢t + 2 65 4 2 6524 r
1056 260 =765 4 13t — 1763 + 1342 =Tt + 2 61 0 2 61,17 r
107 260 —8¢% + 16¢* — 1913 + 1612 — 8¢ + 2 71 2 2 71,27 r
108 4t* — 133 + 19t — 13t + 4 53 0 2 53,19 r
1050 9 =765 +15t* =173 + 152 =7t + 1 63 2 2 63,26 r
1030 4t* — 1763 + 25t — 17t + 4 67 2 2 67,26 r
103, 4% — 1483 + 2187 — 141 + 4 57 0 2 57,25 r
103, (2 —t+ D) (=2t* + 613 =Tt2 + 6t —2) 69 0 2 69,29 r
1033 4t* —16¢3 4 251> — 16t + 4 65 0 2 6518 f
1034 3t* =93 4+ 13t2 -9t + 3 37 0 2 37,13 r
1035 2% — 1263 + 2142 — 12t 4+ 2 49 0 2 49,20 r
1036 3t* — 1363 4+ 1912 — 13t + 3 51 2 2 51,20 r
1037 4t* — 1363 + 191> — 13t + 4 53 0 2 5323 f
1033 4t* — 1563 42112 — 15t + 4 59 2 2 59,25 r
1030 265 — 817 + 13t* — 15¢3 + 131> — 8t + 2 61 4 2 61,22 r
1050 (2=t 4+ 1)(=2t* + 613 — 9> + 6t —2) 75 2 2 7529 r
104 t5=70 + 174 =213 + 172 =Tt + 1 71 2 2 71,26 r
104 =765 +19¢* = 2763 + 192 =7t + 1 81 0 2 8,31 r
1043 0= 765 417t =233 + 1712 =7t + 1 73 0 2 7327 f
104 19 =765 +19¢% —25¢3 + 1912 — 7t + 1 79 2 2 79,30 r
1045 10— 765 +212* =313 + 2112 =Tt + 1 80 0 2 89,34 f
1046 135 —=3t7 + 45— 56> +5t* — 563 + 42 -3t + 1 31 6 - r
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£ Aq(7) As (1) T ol q op
1047 13 =3t7 +6t°—7t> + Tt* —7t3 + 61> -3t + 1 41 4 -
104 13 =317 +6t5—95 + 11+* — 93 + 617 — 3t + 1 49 0 -
1049 30— 825 + 12¢* — 1313 + 12¢2 — 8¢t + 3 59 6 -
1059 20 =785 + 11t* — 13683 + 1112 =Tt 4+ 2 53 4 -
105, 260 =785 + 15t — 1963 + 1562 =7t +2 67 2 -
105, 29— 76> 4 13t — 1563 + 1312 =Tt + 2 59 2 -
10s3 6t — 183 + 25t — 18t + 6 73 4 -
1054 21— 615 + 106* — 1123 + 102 — 61 + 2 47 2 -
1055 5t% — 1563 + 212 — 15t + 5 61 4 -
10ss 21— 817 + 14t* — 173 + 141> — 8t + 2 65 4 -
1057 26— 8% 4 18r* — 2313 + 182 — 8t + 2 79 2 -
10ss (12 =3t + 13> =7t +3) 65 0 2
10s9 (22—t + 1)(? =3t + 1)? 75 2 -
1060 (12 =3t + 1)(—t* + 43 =712 + 4t - 1) 85 0 2
101 (2 —t+ 1) (=2t* +33—1>+3t-2) 33 4 2
10 (P—t+ D>t =34+2—1+1) 45 4 -
1063 (> —t 4+ 1)(5t> =9t +5) 57 4 2
106 (12—t 4+ D@ =205 434 =563 +3t2 =2t + 1) 51 2 2
105 (12—t 4+ 1)>(=2t> 4+ 3t —2) 63 2 -
10gs (12—t 4+ 1)(=3t* + 613 — 71> + 61 — 3) 75 6 2
105; (22 =3t +2)(2t>2 =5t +2) 63 2 2
10gg  4t* — 1413 + 2112 — 14t + 4 57 0 2
100 0 =785 +212% — 2963 + 2112 — 7t + 1 87 2 2
1050 1% =75 +16t* — 193 + 161> =7t + 1 67 2 -
105, 0 =765 + 18t — 2563 + 1812 =Tt + 1 77 0 -
109, 2t°—9¢% 4 161* — 1913 + 162 — 9t + 2 73 4 -
10735 10 =765 4206* —27¢3 + 206> =7t + 1 83 2 -
1074 (212 =3t +2)(2t> — 5t +2) 213 2 2
1075 % =765 +19¢* —27¢3 + 1912 — 7t + 1 273 0 2
1076 (2 —t + 1)(=2t* +5t3 =5t + 5t — 2) 57 4 2
10,7 (2=t 4+ D)*(=22 4+ 3t —2) 63 2 -
1075 (12—t 4+ D(—t* +6t3—92 + 6t — 1) 69 4 2
1079 13 —=3t7 4+ 7t0 —126° + 15¢* — 1263 + 71> — 3¢ + 1 61 0 -
10g9 316 — 985 + 15¢* — 173 + 15> =9t + 3 71 6 -
10g; 1 — 815 +20¢* — 273 + 2012 — 8¢ + 1 8 0 -
105, (=t 4+ D>t =203 +12 -2t + 1) 63 2 -
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£ A(1) As(1) T o] ap s
10g3  26%— 9% 4 19¢* — 2563 + 1912 — 9t + 2 83 2 n
10gy (12—t + D(=2t* + 763 — 1112 + 7t —2) 87 2 n
105 (12—t 4+ D)(° =35 +4t* =313 + 412 =3t + 1) 57 4 n
10gs 215 — 915 + 19¢* — 2343 4 191> —9r 42 85 0 n
10g7 (12—t + 1)*(=2t2 +5t-2) 81 0 n
10gg % — 817 4+ 24¢* — 3513 + 2412 — 8t + 1 101 0 i
10g9 10— 8¢ +241* — 3313 + 2412 — 8t + 1 99 2 r
1099 215 —8¢° + 17t* — 2313 4+ 171> — 8t + 2 77 0 n
1007 13 —4t7 +91° — 1465 + 17t* — 146> + 912 — 41 + 1 730 n
109 2t — 1085 +20¢* — 25¢3 + 2012 — 10t + 2 89 4 n
1005 26% — 8> 4+ 15¢* — 1763 + 1512 — 8t + 2 67 2 n
100, 13— 417 + 915 — 1415 + 15¢* — 1483 + 912 — 4t + 1 71 2 n
1005 (2t2 =3t +2)(—t* + 313 =52 + 3t — 1) 91 2 n
100s 10— 715 +22¢* =333 +22¢2 — Tt + 1 93 0 r
1097 5t% —22¢3 + 3312 —22t 4+ 5 87 2 r
100 (t2 —t 4+ 1)>(=2t> 4 5t — 2), (2=t +1) 273 4 n
100 (12—t +1)*, (> —t+1)? 99 0 f
10100 (=342 —t+DE* =33 +5> -3t +1) 65 4 r
10101 762 —2113 +29¢2 — 21t + 7 85 4 r
10100 2t°—8¢° + 16t* — 2113 + 1612 — 8¢ + 2 73 0 n
10103 (12—t 4+ D) (=2t* + 613 — 9> + 61 —2) 155 2 r
10104 13— 417 + 915 — 1565 + 19t* — 1563 + 91> — 4t + 1 77 0 r
10105 % — 817 +22¢% — 2913 + 222 — 8t + 1 91 2 r
10106 (2=t 4+ 1)(° =365 +5¢* =763 + 52 =3t + 1) 75 2 n
10197 20— 8¢ +22t* — 3113 + 2212 — 8t + 1 93 0 n
10108 26 — 8% 4 14¢* — 1563 + 1417 — 8t + 2 63 2 r
10199 3 —4t7 + 10t — 176> +21t* — 1763 + 102 -4t +1 85 0 i
10110 % — 817 +20t* — 253 + 20> — 8t + 1 83 2 n
1011 2 =3t +2)(—t* + 363 =312+ 3t — 1) 77 4 r
101 (2=t 4+ D =45 4 6t* =713 + 61> — 4t + 1) 87 2 r
1013 (12—t 4+ D(=2t* + 93 — 15t 49t — 2) 11 2 r
1014 (12—t 4+ D(=2t* + 83 — 11> 4 8t — 2) 93 0 r
1015 10 =915 4+ 26¢* — 3713 + 261> — 9t + 1 109 0 i
1016 13 —=5t7 + 126 — 1965 +21¢* — 1963 + 122 =5t +1 95 2 r
1017 26— 108 + 24¢* — 3123 + 241> — 10t + 2 103 2 n
1008 8 =507 41269 — 196 +23t* — 193 + 1212 =5t +1 97 0 i
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£ Aq(7) As (1) T lo| q¢ ap s
10110 26— 106 + 23t* — 313 4+ 231> — 10t + 2 01 0 - n
10120 (212 =3t +2)(4t> =Tt + 4) 105 4 2 r
1012; 260 — 1185 +27t% — 3563 + 2712 — 11t + 2 s 2 - r
101 (12—t + D> =3t + 1)(=2t> + 3t —2) 105 0 2 r
1013 (* =33 +32 =3t + 1), t*=33+32=3t+1 1,11 0 5 f
#1010 B3 —17 +2 1443 -1t +1 1 8 35 r
10105 t0—205 + 2t — 3+ 212 -2t + 1 1 2 - r
10126 0 =285 +4t* =563 + 42 -2t + 1 9 2 - r
10107 10 —4> +61* =73 + 61> —4t + 1 29 4 - r
1010 2t =38 + 14+ 3+ 12 -3t +2 11 6 - r
100 2t*— 613 4912 — 61 42 25 0 - r
10130 2t* — 43 45t — 4t +2 17 0 - r
1013 2t — 83 + 1112 — 8t +2 31 2 - r
1030 t*—3+2—1+1 5 0 - r
10135 t* =53 4+7t2 -5t + 1 9 2 - r
10134 260 — 4% 4 4¢* =313 441> — 41 42 23 6 - r
10135 3t*—93 + 1312 —9¢ + 3 37 0 - r
1036 (2=t + D> =3t+1) 15 2 2 r
10137 (12 =3t 4+ 1)2 25 0 - r
1053 (2 =3t + 1) (=t*+203—t>+2t—1) 35 2 2 r
10130 (=t 4+ D=0+t -3 4+12-1) 6 2 r
10140 (2 —t+1)2 0o - r
10 (=t +D(—t*+203 1242t 1) 21 0 2 r
10 (P—t+D(2t*+34+12+1-2) 15 6 2 r
1043 (12—t 4+ 1)3 27 2 - r
10144 (12—t + )32 =71 +3) 39 2 2 r
10145 t* 413 =32+t +1 3 2 2 r
10146 2t* =813 4+ 1312 — 8t +2 33 0 2 r
10147 (2=t 4+ D> =5t +2) 217 2 2 n
1048 0 =365 +7t* =93 4712 =3t + 1 31 2 - n
1040 =565 4+9* — 1163 492 -5t + 1 41 4 - n
10150 % — 483 +61* —T7t3 4612 — 4t + 1 29 4 - n
10151 % — 487 + 106* — 133 + 1062 — 4t + 1 43 2 - n
10150 3 —t7 =044 —5t* + 43 —1> -1t + 1 11 6 - r
10153 5= —t* 433 -2 —1+1 1 0 - n
10154 10 —dt* 4+ 763 — 42 + 1 13 4 - r
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£ A(1) As(1) T o] ap s
10155 =305 +5t* =73 4+ 512 =3t + 1 55 0 r
10156 10 —4 + 8t — 913 + 812 —4r + 1 35 2 r
10157 1% =68 4 11t* — 133 + 1142 — 6t + 1 77 4 r
10155 10— 415 4+ 106* — 1563 + 10¢2 — 4t + 1 45 0 r
10150 (12—t 4+ D)(=t* + 363 =52+ 3t — 1) 39 2 r
10160 0 — 41> +4t* =363 4+ 412 — 41 4+ 1 21 4 r
10161 t0—2t*+33 =212+ 11 5 4 r
1010 3t*—97 + 1112 -9t + 3 35 2 r
10163 (2=t + 1) (=t* +43 =72 + 4t —1) 51 2 r
10164 3t*— 113 +17t2 — 11t + 3 45 0 r
10165 2t* — 1063 + 15t> — 10t + 2 39 2 r
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A(t) ~ A'(1), 122
a;L,aj_, 113

B,, 162

By (1), 156
6(7,3), 37

b(a, B), 210

by, 353

B,243

b(®), 100
C=5%-V,30
Cso, 54

€*, 268

C;, 139

Cp. 133

C,.157
Cp,=C,U,T,, 133
Cc*,55

A(0), 129
A(1),123

A(ty, ..., 1), 149
AC#*D (1) 128
Ag, 142

Ax(1), 123

Aa, 142

O -module, 140
Dy, 159

E? 174

El(ll, Ce ’tl/«)’ 149
E 175

Er(A4), 122
Er(t), 123

e, 142

%@ 170
F = (fjr). 114
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&n, 47

(&, %), 40
(&,m, ), 40
((S’i,mi,ﬁi), 40
&,32

&' /G", 111
&, 133

&, 132
g=2g(£),20

H(C), 30
H(Coo), 119
Hi(Cy), 133
Hi(S*—¥),34
H;(S3,8),52
H,(C), 30
$,225

9 =0(3) x (&), 267

H(Cx). 138
H (X, X%, 141
Hi(C»), 136

Hi(C ,), 133,134, 136, 138

Hpn(Coo), 121
Hyp(Coo, Co0), 121
Hi(X, X9, 141

v (1), 151, 159

3,170
16,142
13%,150, 158
0(A), 18
int, 115

Jo, 149
K(m,1)-space, 50

£,9,16
t,22,335
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—t, 16
v, 16
F, 21,335
By # £y, 21

Ik(a;,ar), 114
A, 175

A, 175

[A(D)], 277
£,21

M(t), 119
M(ty,...,1,), 149
M, (1), 148
IM(S3,m), 232
m, 21

Ve(z), 152

Q,15

Q:, 10

Qe(r), 153

% 143

7, C, 50

Y, 132

Poo:Coo — C, 112
7, C — 583133

qe, 245

R, , 133
Vj,33
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Sx1I/h,71
S*, 113
S, 113
Sf/n(P),42
Yipciu', 125
S, 19

o(f), 246

o, 264
G,,353

t(a,b), 48, 148

u=t+t"1-2,125

V(£), 30
vk, 114

W, 353
)¢V, 144

3,54

Z(t), 111

ZF 115

Z; 115

7. -module, 140
73,158

73", 149, 158
76,142

3xq &', 73

30 = 3/n3, 132
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Abbildungsmengen, 11
adjoint
matrix, 125
tori, 349
Alexander
matrix, 119, 122, 145, 156
module, 111, 122, 148, 149, 158
duality, 123
presentation of, 119
satellite, 131

polynomial, 123, 137-139, 148, 149,

158, 363
2-bridge knot, 218-222, 295
monic, 129, 130
normalised, 129
reduced, 151
roots, 136
satellite, 131
symmetrised, 155
symmetry, 124
twisted, 130
trick, 5
alternating knot, see knot, alternating
ambient, 2
isotopic, 5, 7
amphicheiral, see knot, amphicheiral
annulus
essential, see essential annulus
aspherical, 50
associated
basis, 117
elements, 123
augmentation
homomorphism, 142
ideal, 142
subgroup, 69, 81

ball
lower, 339

upper, 339
band projection, 113, 138
Betti number, 136, 370
binding ties, 325
Borromean link, 151
boundary parallel surface, 315
boundary singularity, see singularity,
boundary
braid, 23
automorphism, 166
axis of, 23
closed, 23
frame of braid, 23
group B, , 162
permutation, 23
braids
equivalent, see braids, isotopic
isotopic, 23
branch
index, 133
point, 14
order, 14
branched covering of ¥, 133
branching set, 133
bridge-number, 24
cable knot, 352
companion, 351
double knot, 352
minimal, 100
product knots, 351
Burau representation, 181
reduced, 182

cable, see knot, cable

Casson invariant, 43

chess-board, 18

commutator subgroup, 71
companion, see knot, companion, 335
complement, 30
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composite knot, see knot, composite R-, 239
configuration space, 175 s-, 153
Conway essential annulus, 315, 316, 318
polynomial, 128, 152155, 363 essential leaf, 341
potential function, 153 essential saddle, 341
core curve, 334 exceptional points, 86
covering
2-fold, 157 factor knot, 286
branched, 201, 375 factors, see knot, factors
3-fold fibered
branched, 203 3-manifold, 74
cyclic, 54 link, 81
branched, 133 pattern, 81
finite, 54, 55, 94, 132, 133, 155, 267 figure-eight knot, see knot, four-
infinite, 54, 55, 111, 238, 267 finite cyclic coverings, 54
n-fold Floer homology, 43
branched, 199 Fox derivation, 142, 155
Coxeter group, see group, Coxeter free product with amalgamation, 39
crossing, 9 fundamental formula, 143, 144
cube with a (knotted) hole, 309
cutting along a surface, 55 genus, 130
canonical, 20
decomposing systems of spheres, 104 of the knot, see knot, genus
decomposition of fibered knots, 107 geometrization conjecture, 374
deformation, 4 Goeritz
degree, 123 form, 259
Dehn matrix, 259
lemma, 372 graph of a knot, 18
presentation, 53 group
surgery, 42 braid
twist, 200 presentation of, 164
A- Coxeter, 305
move, 6 metabelian, 266
process, 6 k -step metabelian, 266
derivation, 142 of braid automorphisms, 167
determinant, see knot, determinant of mapping classes, 232
diagram of motions, 272, 274
reduced, 209 of similarities, 268
special, 248, 251 ring, 111, 140

downside, 113
half-plat, 206, 207

elementary braids, 162 handlebody, 44
embedded locally flat, 26 Heegaard
embedding, 1 decomposition, 44
g-index, 250 genus, 198
equivalent, 122 splitting, 44

S -, 247 genus of, 44
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HOMFLY-PT polynomial, 353, 359, 363
homological properties, 30
homology

equivariant, 140

of branched cyclic coverings, 133
homotopy chain, 141
Hopf link, 151
Hosokawa polynomial, 151

ideal

elementary, 122, 149
incompressible surface, 335
index

double point, 18
infinite region, 18
integral domain, 121
intersection number, 114
invertible, see knot, invertible
irreducible 3-manifold, 51, 74, 373
isotopic, 1, 3

ambient, 3

by moves, 7
isotopy

ambient, 2

combinatorially, 7

level-preserving, 1

Jones polynomial, 363

knot, 1

2-bridge, 37, 208-222, 294, 300

817,17

80, 84

k -twisted doubled, 22

algebraic, 28

alternating, 17, 253-258, 262

amphicheiral, 16, 76

braid-like, 69

cable, 22, 313, 352

clover leaf, 35

companion, 22, 38, 335
positively oriented, 335
proper, 335, 351

composite, 21, 100, 107, 301

determinant, 155, 160, 262

diagram, 10

doubled, 22

equivalent, 10

factor, 21

fibered, 74

fibred, 130, 139

four-knot, 16, 28, 29, 36, 77-80, 84,

129, 130, 198, 221, 222, 271,
278,283, 332

genus, 20

granny, 304

inverted, 16

invertible, 16, 48, 76

iterated torus, 28

mirrored, 16

non-alternating, 17

non-trivial, 36

not amphicheiral, 49

oriented, 6

pattern, 22, 335

period, 285

polygonal, 6

pretzel, 138, 208, 295, 297, 300

prime, 99, 319

prime decomposition, 102

product, 21, 52, 128

projection, 10

ribbon, 26

satellite, 22, 38, 81, 335, 335
commutator subgroup, 64—68
order, 334
winding number, 334

slice, 26

square, 304

symmetry, 17, 375

tame, 3

torus, 85, 147, 156, 158

trefoil, 2, 35, 77,79, 129, 130, 156

trivial, 2

twist, 159, 302, 312

type, 304

untwisted double, 22, 132

wild, 2, 3

knot group, 32

center, 85

prime knot, 315-329
product knot, 329-332
satellite, 39

torus knot, 49
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knots
equivalent, 3, 5,6, 7,7
isotopic by moves, 7
product, 21

knotted solid torus, 334

knottedness, 12

leaf of a saddle point, 340
lens space, 96
level surface, 339
link, 1, 149
Alexander module, 149-152
Alexander polynomial, 149-152
Borromean, 151
split, 12
splittable, 12, 150
linking numbers
dihedral, 281, 283
longitude, 21, 30
longitudinal invariant, 277

mapping class group of D, , 167
Markov move, 184
Markov-equivalent, 184
matrix
R -unimodular, 239
Seifert, see Seifert, matrix
meridian, 21, 30, 132
metabelian, 266
k -step, 266
metacyclic, 269
mirror-image, see knot, mirrored
Montesinos
link, 222
amphicheiral, 230
classification of, 223
invertible, 231
symmetry group of, 235
multilink, 84
Murasugi
conditions, 290
congruence, 291
matrix, 251
sum, 256

nested saddle, 344
normal dissection, 165
standard, 166

orbifold, 229
order of a knot, 9

partial derivations, 143
pattern, see knot, pattern
period of a knot, 285
peripheral group system, 40
peripheral system, 40
Perko’s identities, 283
permutation
of the braid, see braid, permutation
7 -injective, 64
2m-plat, 25, 165, 196, 197, 207, 351
4-plat, 208, 216
Poincaré conjecture, 373
point
double, 9
multiple, 9
polynomial
Alexander, see Alexander polynomial
Conway, see Conway polynomial
HOMFLY-PT, see HOMFLY-PT
polynomial
Jones, see Jones polynomial
primitive polynomial, 124
product, see knot, product
product rule, 142
projection, 9
knot, 384
special, 248
special alternating, 255
projection plane, 9
Property P, 43, 43, 304-315
conjecture, 4344
product knot, 311
satellite knot, 312-315
torus knot, 305
twist knot, 306
pure braid group, 170
pure i-brad, 170

quadratic form
Trotter, 246
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quadrisecant, 12
quandle, 11

rational tangle, 109, 223

regions, 18

regular projection, 9

Reidemeister move, 10

relative homology, 52

representation, 269
abelian, 266
dihedral, 271
metabelian, 267
metacyclic, 270
trivial, 266

satellite, see knot, satellite
Alexander module, 131
commutator subgroups of, 64
winding number, 65, 81
Seifert
cycle, 19
fiber spaces, 74
fibration, 87
fibred manifold, 85
matrix, 117, 117, 128
reduced, 239
standard, 114, 116
signature
of a knot, 246
function, 264
w -signature, 264
similar homeomorphisms, 75
singularity
boundary, 12
ribbon, 26
skein relation, 152, 353
Smith conjecture, 373
spanning arc, 315
special diagram, 248

splittable, 150

sufficiently large, 373
surgery, see Dehn, surgery
swallow-follow torus, 338
symmetric union, 298

theorem
Alexander—Schoenflies, 4, 51
Alexander-Tietze, 4
annulus, 319
Baer, 76, 87
Burde-Zieschang, 85
Gordon—Luecke, 42, 301, 320
Hilden-Montesinos, 203
Jordan curve, 4
loop, 38
Nielsen, 86
Pannwitz, 12

Seifert Fiber Space Conjecture, 85

sphere, 372
Stallings, 71, 74
Waldhausen, 40, 85
Whitten, 319
Torres conditions, 150, 290
total curvature, 13
transfer homomorphism, 201
tree
rooted, 254, 367
skein, 361
trefoil knot, see knot, trefoil

units, 158
unknot, 2
upside, 113

valuation, 253
Wirtinger

class, 268
presentation, 34
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